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O 3aJa9aX MMITIYJIbCHOTI'O YIIpaBJICHNA, BOGHUKAKOMINX IIPpA pa3pa60TKe
ABTOMATU3NPOBAHHBIX CUCTEM KOHTPOJIA YNCJI€HHOCTHN Bpe,HI/ITeJIeI';'I
B TEeIlJIMYHBIX KOMIIJIEKCaX

Esrenunii Onerosuy BYPJIAKOB'?3 , Buranuii Anekceesua APEMA?
L ®I'BYH «Mucturyt mpobiaem yrupasienns uM. B. A. Tpamesnuxosa PAH»
117997, Poccuiickass Penepanusi, 1. Mocksa, yi. IIpodcorosnast, 65
2@IBOY BO «Tamb6osckuil rocynapceTseHnblil yausepcurer nM. 1. P. Jlep:xaBunas»
392000, Poccuiickas Penepartus, r. Tambos, yi. Uarepnannonanbuas, 33
3 ®rAOY BO «TroMeHcKnit rocyIapCTBeHHBIH YHHBEPCHTET >

625003, Poccuiickas ®Penepartus, . Tiomenn, yia. Bosogapckoro, 6

Awnnoramus. B pabore npemraraercs mMmareMaTmdecKas MOJEIb HA OCHOBE HEIPEPBHIBHON -
HAMUYIECKOI crucTeMbl, (hOpMaIu3yOIas B3auMOIEHCTBUE MOIY/ISIIIU HACEKOMOTO-BPEIUTEIsI
TEIUINIHON arpoKyJIbTYpHI U dHTOMOdAara. B paMkax Mojesn sHTOMOMAr, CONIACHO KOHIEIINN
KOMILJIEKCHOU GOPBOBI ¢ BPEJUTENISIMA, BBICTYIAET Ar€HTOM IKOJOTHIECKOr0 KOHTPOJIS TOIYJIs-
nuu HaceKOMOro-Bpeuresisi. [IpoBogurest naeHTHGUKAIMS TTApAMETPOB MOJIE/IN Ha OCHOBE JKC-
[IEPUMEHTAJIBHBIX JAHHBIX, [TOJIy9YeHHBIX B JIADOPATOPHBIX YCJIOBUSX JIJIsI TEIJIMYHONW CHCTEMBI
«oryper;, OOBIKHOBEHHBII — Ay THHHBIH KJIer — Kireri-akapudars. s mpeaioxkeHHoit Mojenn
dopmyspyeTcs 3a/1a9a UMITYJIbCHOTO YIIPABIEHUS, OTBEYAOINAsl PEATU3ANNNA KOHTPOJISI TOITY-
JISIIIAY BPEJIATEJIS [IPU TIOMOIIM HTOMOdAra, UCCIEYITCS BOIIPOCHI CYIIECTBOBAHUSI PEIIEHU
U MX HEIPEPBIBHOI 3aBUCUMOCTH OT ylpaBjieHusi. Ha 0CHOBe MCCIIeI0BAHHON YIIPABIISIEMOI CH-
CTeMBI 0DCYXKIAIOTCH BOIPOCHI TOCTPOEHUS SKOHOMUIECKH d(MDPEKTUBHBIX YIIPABJIAIONINX CTPa-
Teruil, MO3BOJIAIONINX PEAN30BBIBATH BOCTPEOOBAHHOE IIPU TPOEKTUPOBAHUK «YMHBIX» TEILIHIL
MaTeMaTH4IecKoe obecrevdeHne MporpaMMHO-aIIaPATHBIX CPEJICTB ABTOMATH3NPOBAHHBIX CUCTEM
KOHTPOJIST YUCJEHHOCTH BPEIUTENIEH.

KiroueBnble cjioBa: MaTeMaTHIeCKOe MOIE/JIMPOBAHUE 9KOJIOTUICCKUX CUCTEM, H,ZLGHTH(bI/IKaHI/IH
IIapaMeTpOB MaTeMaTUYIeCKUX MO,HQ.)IGVI, UMITYyJIbCHOE YIIpaBJIEHNE, KOPPEKTHOCTH

BuaarogapuocTu: VccseoBanue BBIOJIHEHO 3a cueT IpaHTa Poccuiickoro HaydHOro (hoHIA
(mpoext Ne 20-11-20131, https://rscf.ru/project /20-11-20131/).

Hnsa muruposauusi: bBypaaxos E.O., Apema B.A. O 3amadax UMITyJIbCHOTO YIIPABJIEHUS, BO3-
HUKAIONUX [IPU Pa3pabOTKe aBTOMATU3UPOBAHHBIX CHCTEM KOHTPOJIS YMCJIEHHOCTH BPEIUTEel
B TEILIMYHBIX KOMIUIeKcax // Becrruk poccuiickux ynusepcureros. Maremaruka. 2024. T. 29.
Ne 148. C. 381-390. https://doi.org/10.20310/2686-9667-2024-29-148-381-390
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control in greenhouses
Evgenii O. BURLAKOV'?? Vitaly A. YAREMA?

L'V. A. Trapeznikov Institute of Control Sciences, Russian Academy of Sciences
65 Profsoyuznaya St., Moscow 117997, Russian Federation
2 Derzhavin Tambov State University
33 Internatsionalnaya St., Tambov 392000, Russian Federation
3 Tyumen State University

6 Volodarskogo St., Tyumen 625003, Russian Federation

Abstract. The paper proposes a mathematical model based on a continuous dynamic system
that formalizes the interaction of populations of a greenhouse agricultural insect pest and
an entomophage acting as an agent of environmental control of the pest population in the
framework of the concept of integrated pest management paradigm. The model parameters
are identified based on experimental data obtained in laboratory conditions for the greenhouse
system “cucumber — spider mite — acariphage mite”. For the proposed system, an impulse
control problem that corresponds to the implementation of the pest population control using
an entomophage is formulated, and the issues of the existence of solutions and their continuous
dependence on control are investigated. Based on the studied control system, the issues of
constructing cost-effective control strategies that allow implementing the mathematical software
for automated pest control systems in greenhouses are discussed.

Keywords: mathematical models in ecology, parameters identification, impulse control prob-
lems, well-posedness

Acknowledgements: The research was supported by the Russian Science Foundation (project
no. 20-11-20131, https://rscf.ru/project /20-11-20131/).

Mathematics Subject Classification: 37N25, 34H05.

For citation: Burlakov E.O., Yarema V.A. On impulse control problems arising in automatiza-
tion of pests control in greenhouses. Vestnik rossiyskikh universitetov. Matematika = Russian
Universities Reports. Mathematics, 29:148 (2024), 381-390.
https://doi.org/10.20310/2686-9667-2024-29-148-381-390 (In Russian, Abstr. in Engl.)

On impulse control problems arising in automatization of pests


https://doi.org/10.20310/2686-9667-2024-29-148-381-390
https://rscf.ru/en/project/20-11-20131/
https://doi.org/10.20310/2686-9667-2024-29-148-381-390

O 3AJAYAX VMITYJIBCHOT'O YIIPABJIEHUA ... 383

BBenenue

CoBpeMeHHbIe MTHHOBAIMOHHBIE PEIEHUsI B CEJILCKOM XO3dHCTBE HAIPAB/ICHBI HA TO, ITOOBI
IOTPEOUTEIIH TTOJTy AN KATeCTBEHHYIO arPOIPOLYKITUIO, BBIPAIIIEHHYIO ¢ MUHUMAJIbHBIM ITPUMe-
HEHMEM XUMHIecKuX cpejcTB. OHUM U3 TOAX00B K PEIIEHUI0 STON 3aa19n SIBJIAETCA UCIIOIhb-
30Bale KOHIIEIIIN KOMILTEKCHOi 60psOb! ¢ Bpeguressvu (Integrated Pest Management). lan-
Hasl KOHIICIIIIUS To/Ipa3yMeBaeT 3alllUTy arpoKy/IbTyP, OCHOBAHHYIO Ha IIPUMEHEHUH KOMILIEKCa,
MEPOIPUATHUHN, YINTHIBAIONINX [TUK/IBI COBMECTHOTO PA3BUTHS IPE/ICTAB/IEHHBIX B TEILIUIE PaC-
TEHUH, HACEKOMBIX ¥ MUKPOOPTaHU3MOB, & TaKyKe X B3aUMOJIECHCTBUs C MUTATETbHBIMU Bellle-
crBamu |1,2]. CoBpeMeHHBIE OJIXO/IbI, HAIIPABJIEHHBIE HAa CHUZKEHUE 3aBUCHMOCTHU arpOKYJIbTYP
OT TIECTHUITUIOB, TPEOYIOT OT TEIIMIHBIX IKOCHCTEM CIIOCOOHOCTU CAMOCTOSITE/THHO BOCCTAHABIIH-
Barbed [3]. duist cozmanus noo0HbIX yeToiiuuBbix skocucTeM B nHCTHTYyTe X-BIO Tromenckoro
rOCy/IapCTBEHHOTO YHUBEPCUTETa BeJEeTCs pa3pabOTKa MPOrPaMMHO-AIIAPATHOIO KOMILIEKCA
JIJIsI BBIpAOOTKU U peaim3aliii Mep TpPopuIakTUKI 1 O0PHOBI ¢ HarboJjiee pacipocTpaHeHHBIMA
BPEIUTE/IAMEI CETHbCKOXO3IHCTBEHHO 3HAUNMbBIX PACTEHN, BRIPAIINBAEMbBIX B 3aKPBITOM IPDYHTE.
OHuM 13 MOJTyJIel JJAHHOTO KOMILIEKCA JIOJIZKEH CTATh IMPOrPAMMHBIN KOMILIEKC aBTOMATH3a-
K SKOJIOITIECKOI0 KOHTPOJISI BPeIUuTe el TeITMIHbIX aIPOKYIbTYP, UCIOIb3YIONINii Ouorpe-
IapaThl Ha OCHOBe SHTOMOMaroB. B ocHOBY MaTeMaTn1ecKoro obecrevueHmst mporpaMMHOTrO KOM-
IIeKca OyIyT MOJI0KeHbI I depeHITuaIbHbIE CUCTEMbI THIIA «XUIIHUK-2KEPTBay, COJIepzKalllie
yIpaBJsiolire napameTpol. B Hacrosieit pabore paccmarpuBaeTrcs 1mojiodnast auddepeHimalib-
Has MOJeJb, COJep:Kallas UMITYJIbCHOE yIpaBjeHne, (hOpMau3yoNee CEpUi0 YIIPABIISIONIIX
BHeceHUil Ouonpenapara-3HTOMOdara B TEINIMIHYIO CHCTEMY.

B nepBom paznerne manaoit paboThl perraeTcs 3ajatda BOCCTAHOBJIEHUS ITAPAMETPOB HE CO-
JiepzKalieil yrpaBJIeHUsS MOJIEIN <«XUITHUK-’KEPTBa» Ha OCHOBE SKCIEPUMEHTAIbHBIX JIAHHDIX,
[IOJTYIE€HHBIX JIJIS TeIJIMIHON CUCTEMBI «Oryper OObIKHOBEHHBIN — MayTUHHBINH KJIEIT — KJIEIl-
akapudars. Bropoii pazjen paboThl TOCBAIIEH UCCIEIOBAHUI0 KOPPEKTHOCTH 331841 UMITYJIHC-
HOT'O YIIPaBJIEHUS JIJId U3YyYeHHONW B IIEPBOM pazjiesie CUCTEMbI, a TaKKe BOIPOCY IOCTPOCHUS
9KOHOMHUYIECKH 3(PDDEKTUBHBIX YIIPABJISIONINX CTPATETW HA OCHOBE PACCMaTPUBAEMOI MOJIE/IN.

1. Maremarndeckass MOJIeJjIb

Pacemorpum cucremy

d x(t)
@x(t) _ a(l — ?>$(t) — fx(t)y(t),

(1.1)
() = cf(@(t), y(O)y(t) — my(t),

rae t €[0,7] (T'>0), x(t) u y(t) — 3HAYCHUS WIOTHOCTH MOIY/IAIAN BPEJAUTEA U SHTOMO-
dara, coorsercTBeHHO (B Tabsuie 1 npuBeieHa HHTEpIpeTarus napaMeTpos Mojesn). OyHKums
bx
d+
BoccranosuM 3Hauenust napaMeTpos Mojean (1.1), onmpasich Ha JJAHHBIE TIOJIEBBIX SKCIIEPH-

f — tpoduueckas dbyukuus Xosmmnra Broporo tuia (4], umeomast suy f(x)

MEHTOB, IIPOBEJIEHHBIX cOTpyAHuKamMu HcTuryTa mcciaenoBanust pacrennii B JlemapramenTe
CEJTLCKOTO X03dicTBa OKpyra Bukropus, ABcTpasus (KCIEepUMEHTAJbHBIE JAHHBIE, 8 TaK¥Ke
HO/IPOOHOE OMUCAHNE TIOCTAHOBKY SKCIIEPUMEHTOB JIOCTYIIHBL B pabore [5]), rie posu TerminaHoii
arpoKyJIbTYPbI, BpeIUTe s U SHTOMOMDara urpaJin 0ObIKHOBEHHBIH oryper; Cucumis sativus, may-
TUHHBIN Kjery Tetranychus urticae u xnen-akapudar Tetranychus persimilis, COOTBETCTBEHHO.
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Tabmaumna 1
Ommcanne napamerpoB Mogesu (1.1)
[Tapamerp | Onmcanue
a>0 CKOpOCTh MPUPOCTA TOIYJISIIIUE BPEIUTES
K >0 [LroTHOCTD TOMYIAIMKA BPEUTE s, IPUBOJIAIIAS K [TOJTHOMY
IIOPaXKEHUIO UM arpPOKyJIbTyPhI
b>0 MakcumasibHast CKOPOCTh UCTPeOJIEHUsT BPEIUTEN SHTOMO-

darom

0<c<1l | DPpdeKkTnBHOCTh KOHBEPCUN MUTAHUSA SHTOMOMAra BpeInTe-
JIEM B IIPUPOCT TOIYJISIUN SHTOMOdara

0<b/d<1 | dbdbdekTuBHOCTH TOKCKA BpeauTeieM SHToMOoMara

m >0 CxopocTh ecTecTBEeHHON THOEN SHTOMODAra

Bammmiem cucremy (1.1) B cOKpaleHHOM BHIE
X(t) = G(X(t). P), (1.2)

rie X(t) = (x(t),y(t))" = (z(t,P),y(t,P))T G : R> x M — R? — dyHKIus, COOTBETCTBY-
tomas npasoit vactu (1.1), M C R® — MHOKeCTBO JIOMyCTHMbIX 3HaYeHHU mapaMeTpos. JIjis
peleHust 3a/1a9u uIeHTudUKaIn TapaMeTpoB cucreMbl (1.1) UCIob3yeM MeTo[ MaKCUMaJIb-
HOTO TIpaBonoobusd. BrejieM dyHKIMoHaI F, ompeaedionuii OTKJIOHEHUE PENeHnusT MOJIEIH
OT 9KCIEPUMEHTABHBIX JTAHHBIX:

FX =% ‘7(@,1‘3) ~ X
ti€l

3iech t; — i-asi HeJe/s SKCIEPUMEHTa, X; — BEKTOD SKCIEPUMCHTAIBHBIX JAHHEIX 110 THC-
JIEHHOCTAM TOMYJIANMI Ha Hejesio t;, P — BeKTOp TapaMeTpos Mojen (cM. Tabmmmy 1),
X (t;, P) — snadenne X B MOMEHT BpeMeHHU t; IPH 3HAYEHHUAX MAPAMETPOB P, MOJyHeHHoe
B pesysbrare perrenns cucreMmbl (1.1), cuMBosoM | - | 0603HAUEHO €BKJIMIOBO PACCTOSHEE B
R2. JIng naeaTndUKaIIN TapaMeTpoB MOJIEIN HeOOXOANMO MIHIMAZNPOBATL (PYHKIHOHAT F
OTHOCHTE/ILHO HePeMeHHON P, HpeBapuTe/IbHO ONEHUB 00JaCTH ONPeIeeHIs ee KOMIIOHEHT
(rpamumpsr MuoxecTBa M ).

Uexopst u3 6Guosiormyeckoro cMbicia napaverpa K, npumem ero 3nadenne K =1 (100%).
OTmeTuM, 9TO JeHCTBUTENbHAS [JIOTHOCTH TMOIYJISIIIUE BPEIUTEI MOXKET JOCTUTATh 3HAUEe-
HUM, IIPEBBINAONNUX 1, OJHAKO B HACTOSIIEM HCC/IEJOBAHUN HAC MHTEPECYET PEXKUM pPabOThI
cucremsl (1.1), npu koropom x(t) < K mpu Bcex t € [0,T], 9T0 COOTBETCTBYET COXPAHEHUIO
TEIJIMIHO KyJIbTYPhI Ha PACCMATPUBAEMOM WHTEpBaJje BpeMeHNU (BbINIEeyTOMSIHYThIe IKCIIEePH-
MEHTaJIbHBIE JIAHHbIE TaKKe coryiacyiorcs ¢ yciaosueM z(t) < K ).

OmeHnM CKOPOCTh @ MPHUPOCTA MOILYJISIINNA BPEIUTE UCXO/s U3 JaHHBIX, COODAHHBIX Ha
9KCIIEPUMEHTAJBHBIX ILIOMIAKAX [0 MOMEHTa BBEJEHH: B IKCIIEDUMEHT KJella-akapudara
(em. Tabsuiy 2). [IpomnTerpupyem mepBoe ypasHenue cucreMbl ypasHenue (1.1) B orcyTcrBre
saToModara (1. e. mpu y = 0). [omyuum

(20K = a(1)
=1 (m(l)(K—x(O))>'

ByneMm ncriosb30BaTh B HAIMX BBIYUCIEHNAX cpegHee 3Hadenne a = (0.6159 ckopocTu nmpupocra

TIOIIYJIAIINN BPEJIUTEJIA.
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Tabuma 2

DKcIlepuMeHTaIbHbIE JIaHHbIE 110 IPUPOCTY YUCJIEHHOCTH 1Ay TUHHOI'O KJIEIa
B OTCYTCTBHE KJella-akapudara

Howmep sxcnepumventa | 2(0) | z(1) a
I 0.65 | 0.76 | 0.5336
II 0.36 | 0.56 | 0.8165
III 0.94 | 0.96 | 0.4265
1A% 0.64 | 0.70 | 0.6897

Jist GuoIoruiecKn pesieBaHTHOM OIEHKH MPAHUIL CKOPOCTH b MaKCHUMAaJILHOTO MOTPeb/IeH s
JI00bI9H SHTOMOMAroM, OyeM ONUpaThCd Ha JIAHHbIE 110 MOTpedseHuIo KieoMm P. persimilis
sury (em. [6-9]), muannok (em. [8,10]) 1 B3pocibix ocobeit (eM. [§]) mayrurHOrO Kilema, a TakKe
Ha CBEJIEHUS O TUIMYHON IPOIOPIMU IIPEJICTABICHHOCTH BBINIEYKA3aHHBIX CTaUi Pa3BUTHUS
nayTuHHOrO Kiema B momyaanuu (em. [8]). [omxyanwm onenky b € [3.49,4.92].

Cornacno [6], s3bdekTrBHOCTS KOHBepCHH UTaHusA P. persimilis B IPUPOCT MOIYJISIIUH Me-
eT npubsm3uTesbHOe 3HaUeHne ¢~ 0.7. B mammx pacderax soibepem jpuamnazon ¢ € [0.6,0.8].

Orienky 3HaveHnil mapamerpa d B TEPMUHAX OHMOJIOIMMYECKN HHTEPIPETUPYEMOIO IAPAMeTPa
b/d, XapaKTepH3yIOIIero B pacCMaTpuBaeMoil TeIInIHOf 9KocucreMe 3(hdEKTHBHOCTH MOMCKA
JTIOOBIYN XUIITHAKOM, TPOU3BECTHU JIOBOJIBLHO 3aTPYIHUTEILHO BBULY CYIECTBEHHON 3aBUCUMOCTH
9TOrO mapaMeTpa OT Psijia YCJIOBHUil SKCIepUMeHTa (HAIPUMED, OT TeMIEPATyPbl B TEILTHYHOI
cucreme), He TpejcTaBieHHbIX B dopmanusaryu (1.1). B ¢Basu ¢ stum, npu BoCCTAaHOBJICHUH
napamerpa d OyJeM HCHOJIb30BaTh CTaHgapTHyio Jyisi P. persimilis onenky b/d € [0.2,0.65]
(em. [5]), orkyma moxyunm d € (1.53b, 5b).

Kosdbdurment cmeprHocTn Kirema-akapudara m ToJaraercs HaMU BapbUPYIOMIMMCS OT
1.4 1o 2.8 Ha ocHOBe CBeJIeHHIA, cojiepzKaruxcst B paborax [11,12].

JI1s1 pelrenys 3a1a91 TIOMCKa, KOMIOHEHT BEKTOPa P, COOTBETCTBYIOINX MEHIMYMY (DYyHK-
muonasa JF, ucrnosbsyem Meroy, Hemnepa—Muya [13]. Uarerpanbibie kpusble cucrembt (1.1)
IPH HalIEAHOM MIHEMU3HpYTomeM (GyHKIHOHA 3HadeHnn Py (cM. Tabmmmy 3) msobpake-
ubl Ha pucynke 1. Cucrema (1.1) obsagaer enHCTBEHHBIM (HEYCTONYUBBIM) [TOJIOKEHHEM DaB-
HoBecusi F, mmerormum Koop/mHaTel (32.67,4.99) Ha Ha30BOM MIOCKOCTH U MOPOZKIAIOIIIM
OpeaeTbHBIA TTUKJI.

Tabnma 3

Boccranosiienabie 10 IKCIIEpUMEHTAJIbHBIM JJaHHBIM 3Ha4Y€HUA ITapaMETPOB CUCTEMbI (].].)

a b c d m
0.6159 | 4.31 | 0.68 | 20.52 | 1.8

2. Ba;[aqa NMIIYJIbCHOI'O yIIpaBJIEHU:A

ITposemoHcTpupyeM IpUMEeHNMOCTE Mojiesn (1.1) y1g aBToMaTu3amm SKOJIOrmIecKOro KOH-
TPOJIsT BPEJUTEIEHl TEININIHBIX arpoKyabTyp. s Beskoro vadanbroro yeaosus (2(0),y(0)) =
(wo,y0) € R?, ypasnenue (1.2) MOXKHO NPeJCTABUTHL B BHJIE

X(t) = Xo+ /t Go(X (s))ds, t € [0,T], (2.1)

e X(0) = (20,50)7, Go(X) = G(X, Py).
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Puc. 1. Junamuka kommonenT cucremsl (1.1) npu unenrudunupoBannbix 3uadennsx napamerpos (A). Cpashe-
HEEe BOCCTaHOBJIEHHOH jquHaMuku koMmnoneHT z(t) (B) m y(t) (C) cucrempr (1.1) ¢ cCOOTBETCTBYIOMUMHE IKCIIE-
PUMEHTAJBHBIMA JAHHBIME (OTMedeHbl cuMBozaMu " x ")

s cucremsr (2.1) BO3MOKHOCTH KOHTPOJISI YHCJICHHOCTH BpeUTe e, OCHOBaHHAST HA BHe-
CEeHUU B TEIIMNYHYIO CUCTEMY OHOIIpernapaToB Ha OCHOBE SHTOMOMAroB, MOXKeT ObITh (hopMaJIu-
30BaHa CJIEYIOMIM 00pa30oM:

¢

X(t) = Xo+ / Go(X (s))ds + U(t), (2.2)

rie U — wumuyibenoe ynpasienne suga (0, w X1 (O)yk)T xa — xapaxrepucruieckast
dbynkius muoxecrsa A C [0,7], {tx} C [0,7] n y, > 0 — MOMEHTHI BPEMEHHU U BeJIH-

YUHBI UMITYJIBCHBIX BO3/eiicTBUil, coorBeTcTBeHHO, prdeM 0 < k£ < K € N. Takum obpazom,
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pasauvnble yupasijenusd U MOTYT COCTOATH U3 PA3HOTO KOJMYECTBA UMITYJIbCHBIX BO3/IEMCTBHIA,
o0I1ee KOJIMIeCTBO KOTOPBIX I KaXKJIOTO YIIPABJICHUS HE ITPEBOCXOIAT K.

Onpenemam MHOXKecTBo ) dyukmmit uga Y = X + U, rae X — dynxuug us Kiacca
HEIIPEPBIBHBIX JBYMEPHBIX BeKTOP-byHKIMI. MuOXKecTBO ) 00pa3yer MOJHOEe MEeTPUUIECKOe
IIPOCTPAHCTBO OTHOCUTEJIbHO METPUKHN

T
py(Y1,Ys) = [ X1 — Xoflc +/ ’ Z Xieto (DY — Z X[tg,b}(t)yz‘dt, (2.3)
0

k:t} €[a,b] k:t2 €la,b]

rae cumBosioM || - || ofosHaueHa HOpMa B COOTBETCTBYIOMIEM IIPOCTPAHCTEE HEMPEPBIBHBIX
dyukuuii (cm. [14]). Tlomobuas merpuka Obuia ncnosb3oBana padore [15] mpu uccseoBannm
OTKJINKA HEHPOHHBIX CHCTEM Ha 3PUTEJIbHBIE CTHUMYJIbL.

Pemennem 3aia4n ynpasienns (2.2) GyjeM cautaTh GyHKmao Y € ), yI0BIeTBOPAIONLYTO
ypaBHeHHIO (2.2).

Vreepxkaenue 2.1. [Ipu mobom ynpasienuu U 3adava (2.2) umeem eduncmeennoe pewe-

)
Hue. KpOM@ moeo, ecau HeEKoOmopas nocaedosamesbHoCmb ynpasAcrHuY U cxodumes % ynpae-

T

aenuro U 6 cmvicae cxodumocmu / ‘ Z X[tzﬂ(t)‘/}fdt— Z X[t%T](t)VkO dt — 0 npu
k:ti €[0,T] k:t€[0,T]

1 — 00, MO NOCAEI0BAMENHOCTND PEUWEHUT] Y cucmemo (2.2), coomsememesyrowur ynpas.ie-

— —0
HUAM U, crodumecsa x pewerHuro Y, coomeemcmaeyrouemy YynpasieHuro U, 6 MeEmpure (23)

CrpaBeyIMBOCTb yTBep K IeHus 2.1 ciie/lyer u3 OCHOBHOIO pe3yJibrara paborsl [14].

Haubombimuit mpakTuvuecKuii nHTepec MPeJICTaBIsgeT UCIOJIH30BaHUE PE3YILTATOB JAHHOTO
UCCJIeJIOBAHUS JIJIsI PEIeHUs 3a/1a9 SKOHOMUYECKONH ONMTUMU3AIMHI SKOJOTMIECKOTO KOHTPOJIS
BpeIUTEell, 3HAUMMOCTh KOTOPBIX HEOJHOKPATHO MOAYEPKUBAIACH B TPOMUIBLHON JTUTEPATY-
pe [0 HAIPABJIEHUIO KOMILIEKCHON GOphOBI ¢ BpeauTensmu (cM., Hanpumep, paborst [16,17],
a Takzke 0030p [18] u Gubsmorpaduio). YreepxKaenue 2.1 060CHOBBIBAET KOPPEKTHOCTH 3314~
Y1 UMITYJIbCHOT'O YIIPABJIEHUs JJIs PACCMaTPUBAEMOU CUCTEMBI «XUIHUK-KEPTBA», OTKPBIBaSI
BO3MOXKHOCTHU OTBICKaHUsA HanOoiee 3(PEKTUBHBIX ¢ SIKOHOMUYIECKONW TOYKHU 3PEHUS yIIPABJIs-
IONUX CTPATEruii, B TOM YHUCJe, C HCIOJIb30BAHUEM YNCIEHHBIX MeToJ0B. [lomobuble 3amaun
ONITUMUBAIIYI MOTYT OBITH (POPMATIMIOBAHBI, HAIIPUMED, CJIEIYIONIIM 00pa30M:

t
X(0) =Ko+ [ GO¥s)ds+ 3 xn (O, ¢ € 0.7,
. a vk
(. (1,0 le < ©.
Y v Yk — min,

rae © > 0 — KpuTudeckuil ypoBeHb MOPaYKEHUs TEIINIHON arpoOKyIbTYPbI BPEIUTEIEM, CUM-
BOJIOM (-, ) OBO3HAYEHO CKAJISIPHOE MPOU3BEJIEHIE BEKTOPOB.

Hacrosimiass pabora He mpecseayeT 1en OThICKAHUS ONTUMAJILHBIX YIIPABJISIONUX CTpaTe-
I'Uii, OJIHAKO MBI IIPUBEJIEM SBPUCTUYECKYIO CXEMY TOCTPOEHUS CTPATErMH UMITYJILCHOIO yIIPaB-
JIEHUSI CUCTEMOI «XUIIHUK-KEPTBay, NCCJIEOBAHHO B Ipe bl ayeM naparpade. [Iycrs © =0.5,
Xo=1(0.01,0). ®azoBbIii IOPTPET JaHHO}M cucTeMbl H306payken Ha pucyrke 2 (A). C yuerom
UMEIOIIErocs: 3HaHUsl O KOOpJMHATAX MOJI0KeHust paBHoBecusi F = (32.67,4.99) paccmarpuba-
€MOi1 CHCTEMBI, IPUMEHUM OIEPAIUI0 BHECEHUS SHTOMOMATrOB B TEIIMIHYIO CUCTEMY B KOJIHYe-
crBe y; = 4.99 B Takoit MOMeHT Bpemenn t1, uto x(t;) ~ 32.67. B cusy Toro, 9To UncIeHHOCTD
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Puc. 2. Illarm mocTpoeHus! JOMYyCTUMOrO yIPABJIEHNS B paMKax cucTeMbl (2.2). CHHHE CTDEJIKH MOKa3bIBa-
JOT HAIIPABJIEHUE JBUXKEHUS M0 KPUBBIM (PA30BOTO COCTOSTHUA. 1epHOI OKPYZKHOCTBHIO M300pPaskeHO TIOJIOKEHTe
pasHoBecust E cucremsl (1.1), KpacHoii myHKTUPHOI JinHKEN H306pazkeHo IOPOrosoe 3HadeHne O NOopayKeHus
arpoKyJIbTYPbl, Y€PHBIE IyHKTUPHBIE BEKTOPBI 0TOOParXKAIOT UMILYJIbCHBIE BO3/IEHCTBUSI HA SKOCUCTEMY TEILIUIIHI.
Pucynku (A), (B) u (C) orsevaror nepBoMmy, BTOPOMY U TPETHEMY MMILYJIbCHOMY BO3IEHCTBUIO, COOTBETCTBEHHO
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HOIYJISIIAN B TEIUIMIHO 9KOCHCTEME MOXKET ObITh OleHeHa MpH moMoru cucreMbr (1.1) b
npubJIMKEHHO, OyIeM ToJIaraTh, YTO MOMEHT PEAJU3AIU UMITYJIbCHOTO BO3JIEHCTBHUS OIIPe/Ie-
JISIeTCS KBaJIPATOM Ha KOHIIe YePHOro IIyHKTHUPHOIO BeKTOpa (IPU 9TOM JIMHA BEKTOPa paBHa
esmmanne y; = 4.99, cm. pucynok 2 (A)). @a30Boe cOCTOSIHUE CUCTEMBI, TAKKM 06pa3oM (¢ yue-
TOM MOTDEITHOCTEN ), TIePEMECTHIIOCh B OKPECTHOCTH TOJIOKeHNsT paBHOBecusi F  (mosioxenne
paBHOBeCHsT N300pasKeHO YEePHOI OKPYKHOCTBIO, cM. pucyHok 2 (B)). Cremyomum MoMeHTOM
[IpUMEHEHWsI YIIPABJICHUs MpeJjiaraeTcst HanboJbliee 3uadenHune lo, x(ty) ~ 32.67, mpeiie-
CTBYIOIIEE BOZHUKHOBEHUIO OOIIMX TOYEK KPHUBOi (ha3oBOro COCTOSHUSA W JIMHUU [TOPOIOBOIO
3HAYEHUS [TOPAYKEHUsI arPOKYJIBTYPhI (0ToOpazkeHa KpacHbIM ITyHKTUPOM). C yueToMm Hen36ex-
HBIX IOIPEITHOCTEN, Oy/IeM MoJIaraThb, 9YTO MOMEHT HUMIIYJIbCHOTO BO3JEHCTBHS OIPEJIEIAETCsI
KBa/[paTOM Ha KOHIIE YEPHOrO IYHKTUPHOTO BEKTOpa (IPU 9TOM JIMHA BEKTOPA PABHA BEJIH-
qnie Yy = 4.99 — y(t3), oM. pucynok 2 (B)). ®azoBoe cocrosinme CHCTEMBI II€PEMECTHIIOCH B
OKPECTHOCTbH MOJIOZKeHHsI paBHOBecHs F (M300payKeHo YepHON OKPYKHOCTBIO, CM. DHCYHOK 2
(C)). Cuemyromum MOMEHTOM HPUMEHEHHsI YIIPABJICHUS [IPE/IaracTcsi HanboJIbIlee 3HATCHIE
ts, x(t3) ~ 32.67 (cMm. pucynok 2 (C)), mpeimecTByoniee BOSHUKHOBEHNIO OOIIX TOYEK KPH-
BOIi (hba30BOI0 COCTOSIHUS U JIMHUU TIOPOTOBOIO 3HAYEHUsI TIOParKEHHsi arpoKyJIbTypbl. Mojtyiib
Y3 TPUMEHSIeMOTrO MMITYJILCHOTO BO3JeicTBust pu 5ToM paBer 4.99 — y(ty). U rak nasee ...
Hrorosast ¢cTOMMOCTD TIOJIEPKAHKA MOIYJIAIMNA BPEAUTENA B JOIMOPOTOBOM COCTOSTHUU OyJIer
[POTIOPITMOHAJIbHA CYMMe JIJIMH YePHBIX IIyHKTUPHBIX BEKTOPOB. KcrecTBeHHBIM 06pa3oM, KJIto-
YEeBYIO POJIb B CHUKEHHH CTOMMOCTH PeasIn3alii MOJ00HBIX YIIPAB/ISIONUX CTpaTeruii urpaer
BBICOKasl TOYHOCTH OIEHKU YUCJIEHHOCTH MOIYJ/IAIUN BpeauTe/ist 1 SHTOMOMAara, O3BOJIA0IIAs,
[yTeM BHECEHUsI HEOOXOMMBIX KOJUIECTB 0c00eil sHTOMOMAra B TEILINYHbI KOMILIEKC, Tepe-
BOJIUTH COCTOSIHME CHCTEMbBI KaK MOXKHO OJIHMKe K €€ MOJIOXKEHUIO PABHOBECHSI.
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BBenenue

OreHKa TIOTPEITHOCTH TTPUOJIMZKEHHOTO perteHuns auddepeHIua bHOro ypaBHeHs TIPU 110~
KOOP/IMHATHOM OICHMBAHUU UMEET SKCIIOHEHITHAIBHBIN POCT, JTazKe €CJIM CaMa MOTPEITHOCTh Pac-
TeT He Tak ObicTpo. Takoit adpderT HazbBaeTcs 3pdekToM packpyTKu min 3ddexrom Mypa
[1, c. 155].

OjiuH U3 croco0OB MOCTPOEHUs OIEHKHU IOIPEITHOCTH, ITO3BOJIAONM n3dexars 3 dexra
pacKpyTKH, ObLT mpejytoxKer B [2]. HucsieHHOe perieHre 3aKI09aI0Ch B SJUIUIICO, KOTOPbIi
cojiepzKaJl TakKxKe 1 TouHoe perrerne. C UCIOIb30BaHUEM PA3HOCTHOI'O YpaBHEHUS JI/Isd IIOTPEII-
HOCTH 3TOT SJIIUIICOU/T TIEPECUNTHIBAJICS HA KaXKJIOM IIare.

Hns sisroro merosa Illtepmepa B [3], Graromapst 60jiee TOYHOMY OIEHUBAHUIO MAJIBIX CJIa-
raeMbIX, ObLI IPEJTIOZKEH CIIOCOD TOJIyUeHUs OoJiee TOUHOI OIEHKHU HOrperHocTr. B crarbe [4]
5TUM crocoboM 611 060011eH Mero; Hymeposa (HesiBHBII aByxiaroseiii Meros [ltepmepa).

B manHoit pabore mpejiaraercsi pacipoCTPAHUTh pe3ysbTar paboThl [4] Ha HesBHBIH MHO-
TOIIArOBBINT METOT JTIOOOTO TTOPSIIKA.

1. IlocraHoBKa 3aga4n

st BeIYUC/ICHUS TPUOJIMKEHHOTO perntenns 3aja4du Kot

yv' = flz,y), y0)=1y, ¥(0)=y, 0<2xr<X, yfeR (1.1)

Oy/1eM UCIOJIb30BaTh HessBHYIO k-maroByto dopmyiry meromna [Itepmepa (em. [5, c. 143])

k
v2ym - hZf(xm—h ym—l) + h2 Z 6zvzf(xma ym) + W, m 2 k.

=2

Baech Yy, siBiIsieTcs NPUOJINKEHHBIM 3HaYeHueM st y(Z,,) B TOYKe x,, = hm; h — no-
CTOstHHBIA 1mar; (3; — roaddumnuentor Meroa [lltepmepa; V — Koneunast pasHoCcTh (Hasan),
T. e. Vdy = Gy — Qp_1; V' — KOHeuHas pasHOCTh i-ro nopsjka, Via,, = V(Vila,),
i=2,3,..., B UACTHOCTH KOHe4YHas Pa3HOCTb BTOPOro Hopsika V2 ompesesercs (hopMyIIoil
Vi, = V(Van) = am — 2am-1 + Gpm_2; W, — omubKa, NogydaeMas U3-3a OKPYTJIeHHil u
00pbIBA UTEpaInii.

[Morpemsocts 2, = Y(Tm) — Ym FUCIEHHOTO PENIeHUs YIOBJIETBOPIET PA3HOCTHOMY yDPaB-
HEHUIO

V2 = W (f(@m-1,Y(@m-1)) = [ (@m-1, Ym-1)

+ h? Zﬁzvz (f(xmay(xm)) - f(mmvym)) + Ny — W, (1.2)

rne N,, — ommbKa k-ro Mmeroma IIltepmepa Ha m-M mare:
Nm = _/Bk+1hk+3y(k+3) (5)7 Tt < 5 < Tp,.

[Hesbio paboThl ABJIAETCA MOJTyYeHNE TaPpAHTUPOBAHHON OIEHKH ITOT'PENTHOCTU 2y, .
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2. OineHuBaHME MOTPENIHOCTU C IIOMOIIBIO JIJIUIICOUI0B

B crarbe [2] 61T IpeioxKeH crocob MoCTPOEHMsT OMEHKN MOTPEITHOCTH, He MPUBOISAIIIA K
sddekTy packpyTku. HucIeHHOe PelleHne 3aK/I09aI0Ch B SJLIUIICOU]T, COJAEPKAIMNA TOUHOE
pelenne, KOTOPBIH MePeCUnThIBAJICA Ha KaxkKJI0M IIare.

Criocob noJryuenust 60Jiee TOUHOI ONEHKHU TOMPEITHOCTH Jijist stBHOTO MeTojia [1Itepmepa 6bL1
IpeJJIOXKeH B 3], /U1 HeSIBHOTO JIBYXIIIArOBOTO YnCIeHHOro Metosa (Merona Hymeposa) — B [4].

B nannoit pabore moJiydeHHble paHee pe3yabTaTbl Oy yT 0000IEeHbI Ha HEABHBIN MHOTOIIIA-
POBBIN METOJI JIF00OTO TIOPSIJIKA.

B ciayuae, korma npasasi gactb gauddepentmanbioro ypasaenus (1.1) aBisiercst muHeRHOd
no y, T.e. f(x,y) = A(z)y, ypasuenue (1.2) MOXKHO 3amncarh B BUJie pa3HOCTHOTO YDaBHEHUST

k
vQZm = thm—lzm—l + h2 Z ﬁzvl(AmZm) + Nm — W, (21)

1=2

e A, = A(z,,). Ilycrs npu Becex paccMaTpuBaeMbIX 3HAYEHUSIX 1M CHPABEJJIMBBI OINEHKU
N > |Np| 71w > |wy.
Tak ke Kak U B 2] BBeJIeM BCIOMOTaTeIbHYIO IIEPEMEHHYIO Uy, U TpejcTaBuM (2.1) B Buje

CHUCTEMBI

Vm =Um—1 + hAm—12m-1 + b Qm, m >k,

k

2 =Zm—1 + hvm + h? Z BV Apzm), m>k—1, (22)

=2

rne @, = N,, — w,,, ¢ HAYAJIbHBIMHA 3HAYCHUSIMU

k
Rk—1 — Rk—2 i—1
Vo=V =...=V2=0, vp_1= T —h E BiV* (Ak:—lzk—1)-
i=2

[MoxcraBum v, u3 mepBoro ypasuenus (2.2) BO BTOpoe U mepeiiieM K MAaTPUTHON 3aIUCH:

0
Um . 1 hAm—l VUpn—1 h_lQm
(Zm) N (h 1+ h2Am—1> (Zm—l) + h? iﬁiviil(Amzm) + ( O > . (23)
1=2

B [2] onenKa BeKTOPOB HOIPEHOCTH Zy, = (U, 2m )’ (371€Ch 1 HuzKe BepxHUil nnjeke T —
3HaK TpaHCHOHHpOBaHHH) CBO/INJIaCh K IIOCJIEIOBATCJIbHOMY HaXOXKJIECHUIO OIICHOK U3 YPaBHCHU A
JJIgd BEKTOPa IIOI'PEIIHOCTHU

k—1
Z_;n = ZCz‘Zr;z‘ + Q:n, m > k.

1=0

BeKTOp HOrPeIHocTell Zy, 3aK/I0uaics B SJUIHICOn (CM. [6]), 1 9TOT SIUIHICOM IepecanThi-
BaJICA Ha KazKJI0M mmare. st cuMMeTpraecKoil IToJI0zKITeIbHO-0IIPE/Ie/IeHHON MaTpuIbl B pas-
Mepa (2% 2) smmancons, E(c, B) ¢ nentpoM B ¢ onpeaensica kak B2S) +c, e S = E(0, 1)
— eIMHMYHBI Iap ¢ IEHTPOM Hatdaje KOOP/IHAT.

Jst mestBHOTrO JAByXImarosoro Merozga (meroma Hymeposa) B [4] mis mocsienoBaresibHOro
HAXOZK/ICHUS OIEHOK BEKTOPOB IIOIPENIHOCTEl OBLIO IPEJIOKEHO 3AIICATH IIPE/ICTABIICHIE

Ty = CoZom 4+ C1Zm—1 + Qry m > 2,
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rie
0 0 1 hA;, 1
C(] — h2 5 Cl - 1].h2 3
— 1 _
0 ] 2Am h 1+ B A1
B BUJIE

= _— > =
Lo = Do Z,y, + B (V(Amzm)> +Qn, m>2, rtme D (h 14 h2Am—1)

B sroM ciydae TOYHOCTH OIEHKH IOIPENTHOCTH YBEJUYUBAJIACH 33 CUYET TOTO, UTO HCIOJIb-
30BAJINCh HE OIEHKU BeJIUYUH A, ;Z,_;, & OIEHKH WX IEPBBIX Pa3HOCTEH, TO €CTh OIEHKA
[IPOMCXOJIUJIA C YUIETOM 3HAKOB MAJIbIX CJIAraeMbIX.

[IposejieM 10106HOE Yiry dIleHue i HesIBHOIO MHOT'OIIIArOBOTO MeTojia. [y 9Toro Bhipasum
B (2.3) i-e pasnoctu yepe3 V(A _iZm_i):

U\ (1 hA;,—1 Up—1 L , 0 h1Q,,
(z’”> - <h 1+ hQAm—1> (Zm—1> i hz;% (V(Am—izm—i>> " ( Qm ) - 24

rjie KO3 PUIMEHTHI 7y, BBIpAYKAOTCA depe3 [3;.
Bropoe ciaraemoe mpaBoit YacTu paBeHCTBa COAEPKUT Beaudanny V(A,,_izZm—i). Bbipasum
OIIEHKY TIepBbIX pasnocreil P! > max |V (A;z;)| uepes onenku
0<i<l

L> |4y, L >|VAjl/h, 2% >maxl|z|, v > max|v.
0<i<l 0<i<l

U3 Bropoit ctpouku (2.2) ciemyer, 9To

k-1
Vz, = hv, + h? Z ViV (Am—iZm—i)- (2.5)
=0

B cuiy mepasencrsa |V(A;z;)| < |VA;|zP + LIV, ucnonbsysa npsmvo nosydaemyto us (2.5)
OIIEHKY, MeeM

k-1
V(Aiz)| < hL'2P + L(hof + h>LPYY " |4j]).
i=0
Orkyza ciemyer, 9To
h
P! < — (L'zf + LvP). (2.6)
1= nLY )
i=0

Bamernm, aro mar h 107zKeH ObITh BEIODAH TAKUM MaJIbIM, YTOOBI 3HAMEHATENb 1pobu B (2.6)
OBLIT TTOJIOKUTETHHBIM.
[IycTtb morpermHocTh HavYaJIbHBIX 3HAYEHHWI He mpeBocxomuT d, Torga Z; € E(0,Z;) npu

B \2
1=0,....k—1, tne Z; = (O 0) npu 1 =0,....k—2 un Zk_1:2((vk1) O). 31ech

0 &2 0 52

25 F
lvp—1| S vy = 5t h(SL; i,

rje v; — K03 UIMeHThl, KOTOPble BOSHUKHYT B (2.5) I0C/Ie pACIUCHIBAHUS TIEPBBIX PA3HOCTEN.
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[Ipennaraercs, HauMHasT ¢ 9TUX 3HAYEHMH, HA KayKJIOM IIare IepecuuThIBATD JIIUIICOU
E(0,7Z,,), conepxKamuii BeKTOp Torpemnocteit (v, zm )’ .

[Tpu ymuoxkenun marpurpl D Ha simncons, E(0, B) Halo HCHOIb30BATh (CM., HATIPUMED,
[6, c. 74]) paBencTBO

D - E(0,B) = E(0, DBD").
HpI/I CJIO2KEHNH JIBYX 9JIJIMIICOWU/IOB Ha/0 HUCIIOJIB30BaTh BJIOZKEHUE
E(0,By) + E(0, By) C E(0, (1 + p)By + (14 1/p)B,).

[Tapamerp p MOXKHO BbIOpaTh (CM. [7]) U3 yCJIOBHS MHUHHUMATILHOCTH CYMMBI KB&PATOB IIOJIY-
oceit (p = /TrBy/TrB;) wm munnmaisuoctu obbema (p = \/nTr(By ' By)) simmconsa,

Cco/iepzKaliero CyMmMy JaHHBIX 3JIJIMIICOUI0B.

CyMMOfI BTOPOI'O 1 TPpEThETro CJlara€MbIX B HpaBOfI HacCTu (24) ABJIAETCA BEKTOPD
h'Qm
5 k—1
! )
=0

a’ ab

k—1
b bQ))? raic a = hilQa b = h2P7}1 Z |’7z/| + Q7 Q =
a =0

comepKaruiicss B ssumncone F(0, (

N+ w.

B pesyabrare, obIas mocie0BaTe IbHOCTD ACHCTBUI BBITVISIUT CJIEIYIONIIM 00Pa30M.

1. OHpe,H‘eJIHIOTCH Ha4daJIbHbIC SHaYCHUA:
k
20
* % X _ B __ E
=0

Yeranasaupaerca m = k.

2. Brrunciasiercsa npeJaBapuTe/ibHad OIleHKa ITOI'PEIIHOCTH:

‘ h
e =Th o+ W(gm@(?\ad +laa) + 2, o L(|ew| + [azl)
k
) +LY |04i|2;%—z‘> + (N +w)(h™" + |ag|L), 27)
=3
|20 =zl om >k

3aech 2z — yJydlleHHas OIEHKa OIIMOKH, IOJIydeHHAs Ha IIPEIbIIYIIHIX Iarax, Hada lb-

uble 3Havdenus 2 =0 npu i =0,....k—1, 2 = 2—};5; mar h rtakoii, aro |ag|h?L < 1.

3. Tlo npespapurenbHoit onenke 22 us (2.7) naxomures simmncoun E(0, Z,,), comepKamiuii
BEKTOP Zm = (Um, zm)T 13 (2.4). JI1s1 5TOr0 BBIMHCIISCTCS SIUTHIICOI, B KOTOPOM JICZKHT
CyMMa 3JLIMIICOUJIOB, COJIepZKAIMX ciaraeMble mpasoit acru (2.4). anee Bbraucisercs
YAy4IIeHHas OlEeHKa HOIPeITHOCTH

* 2,2
2 =V 1Ly,

rie syumncous E(0,Z,,) = Z2S;, S; = FE(0,I) — equuudnblii map.

SareM m yBeJIMUYUBaeTcd Ha 1 U MPOUCXOJUT MEPEXOJT K IIYHKTY 2.
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3. IlosryyeHue OLEHKM MOTPEITHOCTHU C 0OJIbINEeil TOUHOCTHIO

JList TOro, 9TOOBI MOJIYYUTH OIEHKY TOTPENTHOCTH C eIe OOJIbINeil TOYHOCTHIO, HAJI0 BTOPOE
ciaraemoe B (2.3) mpejCcTaBUTh B BHJIE CyMMbI BEJIMIKMH JABYX TUIOB. K mepBOMY THITY OTHECEM
YIEHBI, cojlepzKalie z; U vU; TOJBKO C MHJIEKCOM M — 1 U NPHUCOEIMHUM UX K IIEPBOMY CJlarae-
momy (2.3). Ko Bropomy Tuiy oTHeceM «MaJible» 9JI€HBI — PA3HOCTH TOPSIKA HE MEHbIIE deM
G € {0,1,...,k — 1} u, BOBMOXKHO, cJlaraemble, COJlepKalliue HeOIHOPOIHOCTL (. Ilpuem,
[pPeJUIOKEHHBI B IyHKTE 2., coorBeTcTByeT G = 1, a Meron crarsu |2| coorBerctByer G = 0.

Jna G > 2 npejncraBum

k G k
Z /Bivi_l(AmZm) - Zﬁzvz_l<Amzm) + Z Bzvz_l(Amzm)
=2 =2 i=G+1
Bropoe ciraraemoe MOKHO OIEHUTDH 9epe3 OLEHKY pasHocTeil (G -ro mopsiKa, IpeIBapuTeIbHo
BbIpa3uB Bce pasHoctu (i — 1)-ro mopsIka depes pasHocTu nopsaka G.
HepBoe CJIaraeMo€ HY2KHO Hpeo6pa30BaTb TaKNM O6pa30M, 4TOOLI B HErO BXOJMWJIN YJICHDbI
TOJIBKO JINOO IIEPBOTO, JUOO BTOPOrO THIIA.

I[JIH 9TOI'O BBLIIIOJIHUM CJIeJyIoIiue HpeO6pa30BaHI/IH'

G
S = Zﬁzvz_l(Amzm Zﬁzz 1 vz - qu q)(v Zm)
=2

G
= Z Bi(VIT A - 2 + Z(i — 1BV A1) - Vi, + S,

i=2
IJe ciaraeMoe Ss = Z Bi Z 1 (ViT1714,, ) (Viz,) noseaserca Toibko B ciydae G > 3.

C yuerom 3navenus szm u3 (2.1), umeem

Z@Z (VT A, ) (P2 (A 12 1)

k
+ 02D BV (A zn) + VI Qn).

Cuauasia ipeobpasyem z,, u Vz, B S, ucrnoyb3ys Bropyio crpoky (2.2). [Toayunm

G k
S = BV Ap) - (zmot + hom + 12D BV T (Apzm))
=2 1=2
G

k
+) (= DBV T Ap) - (hvw + 07 BV T (Anzn)) + Ss.

=2 =2
Tenepnb 1peodbpazyem v,,, UCHOIB3YS ITEPBYIO CTPOKY (2.2). [Tosryaum
G
S=> "BV Ap) + (zmt + (Vo1 + A2y + B Q)
;=2

k G
+ h2 Zﬁzvl_l(Amzm)) + Z(/L - 1>Bi(vi_2Amfl) . (h(vmfl + hAmflszl + h_lQm)

=2 1=2

k
+B2Y BV (Apzm)) + Ss.
=2
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YiteHbl MOJIyYE€HHOM CYMMBI, COJIeprKalllie B KAadeCcTBE MHOXKUTENEH Z, 1 U Uy,_1, HAJO
[PUCOEJMHNUTD K IIepBoMy ciaraeMomy (2.4). Jliis ocTaJbHBIX WIEHOB, KOTOPBIE HE HPUHAJIIe-
JKaT KO BTOPOMY THITY, Hy?KHO [TOBTOPUTDH BCIO ITPOIEYyPY pa3OMeHns Ha cJlaraeMble TIepBOro u
BTOPOI'O TUIIOB 3aHOBO.

[TocmorpuM, Kak mpe/itozKeHHbIi MeTo 1 pabotaer ipu G = 2. B sTom ciyuae S3 = 0,

k
1 h 1
=—(VA A Am1)2m-1 + = ApUpm 1 + —A 2 Vit (A .
CreoBaresibHO, 3annch (2.3) paBHOCHIbHA 3AIUCH

()=l S ) (00)
Zm B h(] + %Am) I + h2<Am—1 + % + %AmAm—l) Zm—1
0 _
1 B2 i i—1 i i—1 + (h 1Qm) :

(3.1)

+ K2

Haiiyiem onenky mnorpemntnoctu HessBHOro Metosia Illtepmepa 5-ro mopsika.
B sTom ciryuae cipaBeyimBa ciieayonias oleHKa BTOPOil KOOPAWHATHI BTOPOTO CJIAraeMoro
upasoit gactu (3.1):

h2

1
—A,,Qm + —
12 @m + 12

4 4
Am Z Biviil (Amzm) + Z ﬁiviil (Amzm)
1=2 =3

L h*L 1 h*L
< —Q+ —P. 4+ —P*(1+—).
SOt et 120 (1 12 )

B1ech B KadecTBe ONEHKM TepBbIX pasHocreit Pl : max IV(Aiz)|| < P! ucnombsyercs
0<i<

onenka (2.6). Tperbu pasHoCTH GbLIN BBIPAYKEHBI Yepe3 BTOPbIe, JIJI KOTODBIX HEKe OyJer

noJtyuena onenka P? Inax V2(A:z)| < P2
AN

IIycrs BBImosHeHO Hepasencteo L’ > h™2||V2A;||. Toraa, ncnonssys onenkn Vz; n V2z;,
nostydennble u3 (2.5) u (2.1) coorBercrBeHHo, /1A k > 4 nMeeM

k—1 k—1
< RAL'2P +2hL (hof + 12 1P + L(R Lz + 12> PP+ Q).
j=0 Jj=0
Orkyna
1 k-1
P2 < — (hQZlB (L + L%) + 20°Lvf +20°L) ) 5| P + Q).
1=R2L Y |7 =
§=0

4. YwmcaeHHBI YKCIIEPUMEHT

[IpogemoncTpupyem paboTy IPEJIOZKEHHOIO METO/1a OINEHKH MOTI'PEITHOCTH Ha KOHKPETHOM
npuMepe. Bprancienus OyJieM TPOBOAUTH € TOYHOCTBIO JIO H6-TO JIBOMYHOrO 3HAKA, T. €. C
0= %2_56 = 27%7, PaccMoTpuM JImHeiHOe ypaBHEeHHe

" 9 cos?
=5 .Y
2+ cos?x
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¢ TOUHBIM pemenneM y(x) = sinz +  sin 3z,

YucnenHoe perrenne OyJjieM TakzKe cauTaTh MeTosioM [lITepmepa H-ro mopsiika ¢ TOYHOCTHIO

§ =27° ¢ marom h =278,

Onenka N = 55|y [A7 < 1.5-107"7, = k. |[y®| < 244, Ouenka w =7-10""%.

B rabmiie TpUBeIEHbI TOILKO OIEHKH, He mpeBocxodmme 1074,

| Xo || 100r | 200r | 4007 | 600w
4.1076
9.-10%[8-107[3-107F
9.-10°%[7-107[5-10[2.10°°

QQQ
I
o=l o

Pe3yﬂbTaTbI YUCJICHHBIX 9KCIICPUMEHTOB IIOKa3bIBalOT, 9YTO IIPU y4Ye€Te 3HaKOB MaJIbIX CJlarac-

MbIX TOYHOCTDL OIEHKU ITOI'PEITHOCTH HEeABHOI'O METO/ a U_[TepMepa SHa4YUTE/JIbHO YBE/JIMIUBaCT-

Ccd.

KpOMe TOr'o, IMIPOUCXO/JUT yBeJIMYEHUE IJIMHbI MHTEPBaJla IIPUMEHUMOCTH METOJa OIleHUBa-

Hu IIOI'PEIIHOCTH C ITIOMOIIBIO SJIJIMIICOUI0B.

[1]
2]

3]

4]

[5]

[6]

7]
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Accelerating convergence of Newton-type methods
to singular solutions of nonlinear equations
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! Lomonosov Moscow State University

1 Leninskiye Gory, Moscow 119991, Russian Federation
2 Derzhavin Tambov State University

33 Internatsionalnaya St., Tambov 392000, Russian Federation

Abstract. We consider the simplest extrapolation procedure, specifically doubling the step,
intended for acceleration of convergence of Newton-type methods to singular solutions of smooth
nonlinear equations. We demonstrate that the acceleration effect of this procedure can be
different for different Newton-type methods. For linear-quadratic equations we provide theo-
retical results yielding quantitative estimates of the potential effect of extrapolation for the
Newton method, for the Levenberg-Marquardt method, and for the recently proposed LP-
Newton method, in some sense explaining the observed difference. Theoretical analysis relies on
interpretation of these methods as a perturbed Newton method with the appropriate estimates of
perturbations, as well as on sharp results yielding a quantitative characterization of a step of such
perturbed method, and its local convergence at a linear rate to singular solutions satisfying the
2-regularity condition in a direction from the null space of the first derivative. Furthermore, we
perform numerical experiments with globalized versions of the algorithms in question, equipped
with choosing the stepsize parameter, on two sets of test problems. Experimental observations
confirm the theoretical results, and also demonstrate that in cases when the equation contains

nonlinear and nonquadratic terms, the effect of extrapolation is evened out.

Keywords: nonlinear equation, singular solution, Newton method, Levenberg—-Marquardt me-
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BBenenue

3BeCTHBIM CPEJICTBOM YCKOPEHHS CXOJMMOCTH HBIOTOHOBCKHUX METOJOB K OCOOBIM peIlle-
HUSM HEJIMHEHHBIX ypaBHEHUI sBjsieTcs sKeTpamossanms |1,2]. OnHako, Kak JeMOHCTPUPYETCsT
B 9TOI cTaThe, yCKOpsromuii 3hpeKT 3Toi mMporeLyphbl 4 PA3HbIX HbIOTOHOBCKUX METOI0B MO-
JKeT ObITh Pa3HbIM, U IEJIbI0 PAbOTHI SIBJIAETCA TEOPETUIECKOE 00'bSICHEHNE ITOM Pa3HUIILI JIJIs
JIMHERHO-KBaAPATUIHbIX YPABHEHNH, & TaKyKe IUCACHHbINH anaan3 3(pdeKTa oT IKCTPAIIOJIIIIN
JUIsT TJI00AIM30BAHHBIX OJIHOMEPHBIM MOMCKOM MeTo10B Hbiorona, JlesenGepra—Mapksapira,
a TaKzKe HbIOTOHOBCKOI'O METO/Ia C MOJ3a/[adaMy JIMHEHOIO IIPOrpaMMUPOBAHUs (COOTBETCTBY-
IOTIe CCBLIKK HA JINTEPATYPY TPUBOJIATCS HUZXKE).

Hcnonb3yeMble B CTaThe 0603HaYCHNs BIOJIHE TPaIUIHOHHEl. Yepes L oboszHagaeTcs op-
TOTOHAJIBHOE JIONOJIHEHNE JIMHEHHOTO nojrpocTpancTa L. Eciu He ykazaHo uHoe, OyjaeM c4u-
TaTh, 9T0 || - || — eBKJIMIOBA HOpMA; B HEKOTOPBIX CJIydasX OyIeT TaKyKe HCIIOJb30BAThCS
00 -HOpMa, KoTopasi st u € RP onpegensiercst Kak ||ulloo = max{|u;| | 7 € {1, ..., p}}. Hna
3aJaHHbIX U, U € RP, € >0 u 6 > 0 onpemesmM MHOXKECTBO

K. 5(a;0) = {u e R” | [lu —a|| <&, [[[0](u = a) - [Ju —alo]| < dllu—all]o]}.

Yepes [ obosHauaeTcs euHIIHAs MaTpuIia, a depe3 im A u ker A — obpa3 (MHOXKeCTBO 3Ha~
YeHuit) 1 siipo (MHOXKECTBO HyJielt) MaTputibl (JinHeiinoro oneparopa) A. s cuMMeTprudHOro
6usmaeitnoro orobpaxkenus B @ RP x R? — RP u mug 3agannoro v € RP gepes Blv| o6o-
3HAYAeTCsl MaTPUIA JUHeHHOro oneparopa Blv, -]. Hakonern, 3amucs O(t)u ucmosb3yercst jiis
npoussejsiernst Buga Au ¢ marpuneit A = O(t) B ciydasx, Korja Jpyras crerpduka Toil
MaTpHUIIbI HE UMeeT SHaYeHUAd.

1. IlocTraHoBKa 3aga4y M HbIOTOHOBCKHE METObI

PaceMaTpuBaOTCs HHIOTOHOBCKHE METOJIBI JIJTsI PEMIEHNs HEJIMHEHOTO ypaBHEHHST
O(u) =0 (1.1)

¢ JoctaTovHo riaaikuM orobpakernem P : RP — RP. Taxkue MeTO/IbI 110 UMEIOIIEMYCS TPUOJIH-
xenno u € RP reHepupylor cieyolnee NpuoImKenne Kak u + v, rje v € RP ecTh perienue
0/I38/1a9 1, XapaKTepu3yoleil KOHKpeTHbI MeTo/ . Hampumep:

e no3anada Merona Hetorona (NM; em., mampumep, |3, pasm. 2.1.1]) — sTo auHeapu3oBaH-
Hoe ypaBrenue (1.1), T. e.
O(u) + '(u)v = 0; (1.2)

e no/3a1a9a Metojia Jlepenbepra—Mapksapra (LM; mpoucxoaur u3 pador [4,5]; eM. Takxe,
Harpumep, [6, pasza. 10.2], a Takxke 0630p COBpeMEHHBIX Teopuii cxouMocTu B [7]) umeer
BT

1 1
S1®(w) + @ (w)o]|* + So(w)|v]* — min, (1.3)

¢ dyuknueit o : RP — R, omnpejessdionieil 3nadenus mapamMerpa peryidpusaiiui, ITo
PaBHOCUJILHO JTUHEHHOMY ypaBHEHUIO

(@'(u) " @(u) + ((¥'(w) @' (u) + o (u) v = 0; (1.4)
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e 110133/1aa HHIOTOHOBCKOI'O METO/Ia C [0/[33/JaaMl JINHeHHOro tporpamMupoBanus (LPN;
[8]) mmeeT BHT

v = min, [ @(u) + @' (wol| <yl )|, [lv] <[], (1.5)

otrHOCHTENBHO (v, 7y) ¢ 7 € R, 1 ecim ucmosib3yercst 00 -HOPMa, TO 9TO 3aJ1a4a JHHEHHOTO
IIPOTPaAMMUPOBAHUS, YTO U JlaeT Ha3BaHUE METO/LY.

Kak obcyzxmaercs HizKe, Bce mepevncaeHHble METO/IbI MOI'YT HHTEPIPETHPOBATHCH KAK BO3-
myiennbiit Metos Hetorona (pNM) ¢ nojzaiadeit

O(u) + ('(u) + Qu))v = w(u), (1.6)

rie orobpaxkenust §2 : RP — RP*P n w : RP — RP xapakTepusyoT pa3jndHble BO3MYIIE-
nust 6azosoro NM. CgoiicrBax 6azoBoro NM u pNM BOm3u HEOCOOBIX pelIeHnit n3/1araioTcs
B [3, pasm. 2.1.1|. Baecy pemenne @ ypasmenust (1.1) maspiBaercs meocoObiM, ecaun O (a) —
HEBBIPOXKJICHHAST MATPUIIA, U OCOOBIM B IIPOTHBHOM CJIydae.

Jlannast paboTa IMOCBSIEHa UMEHHO CJIydaro ocoboro pernieHus . KiodeByio pojib pu
9TOM WT'PAET YCJIOBUE 2-PeryasgpHocTu orobpaxkenuns ® B Touke 4 1o Hampasiennio v € RP
[9, pasza. 1.3.3], cBojsIeecss B paccMaTpUBaeMOM 371eCh Cydae oroOpaxenus u3 RP B RP k
HEBBIPOZKICHHOCTH JIUHeliHOTo onepatopa u +— ®”(u)[v, u] : ker ®'(u) — (im ®'(a))*, rue
II — onepaTop opToroHajbHOro npoekTuposanus Ha (im ®'(7))+. Baxmuoe cpoiicTBo, KOTOpOE
JIETKO MPOBEPUTH, COCTOUT B TOM, UTO u3 2-peryiagpHoctu ® B TOUKe U 110 HAIIPABJICHUIO U
BBITEKaeT cymecTBoBanne € > 0 u 0 > 0 Takux, 9ro mig u € K. 5(u, v) marpuma ' (u)
HEBBIPOXKJICHA, TTPUIEM

(@' ()™ = O(llu—al™) (1.7)

upu u — 4. C ucnojab3oBaHreM 3TOro (pakTa, CIEAYIOMUil pe3yIbTaT O JOKAJILHON CXOAMMOCTH
pNM c nmnHeiiHO# ckopocTbio 6611 ostydeH B [10, Teopema 1] (em. Takxke [11, Teopema 3.1|, rae
HCHOJIB3YIOTCsE 60J1ee ciabble MPeIITOIOKEHNUS TIaIKOCTH ), 1 SABJISETCS PA3BUTHEM Pe3yJIbTaToB,
nostyueHnnix [1,2| mius 6azosoro NM. [lis Besikoro w € RP BBeJieM OJJHOZHAYHOE PA3JIOKEHUE
u = +uy, u € (ker®(u))*, uy € ker &' (a).

Teopema 1.1. IIycmov & : R? — RP dsaorcdv duddepenyupyemo ebausu u € RP, u ezo
8MOPAsA NPOU3BOOHAA NUNUWUYUESA OMHOCUMENLHO U, M. €.

CI)”(U) _ @”(ﬂ) = O(HU - ﬂ”)

npu u — u. IHycmo @ asasemca pewenuem ypasnenus (1.1), npuuem P 2-peeyaapro 6
mouxe u no nanpasaenuro U € ker &'(u) \ {0}. ITyemv das Q : RP — RPP 4y w : RP — RP
cywecmeyem 6 > 0 makxoe, 4wmo ouyenku

Qu) = O(llu—al)), w(u)=O(|lu—al*),
() = O(Jlur — @ l) + O(||u — al*)
Nw(u) = O(flu — | lur = @) + O(flu — ul|*)

svinoanatomes oaa u € K. s(u; 0) npu € — 0+ .
Tozda dnz mo0bwx € >0 u § >0 natidymea € =e(0) >0 u § = 0(v) > 0 maxue, wmo daa
searoti nanaavnot mowku u’ € K. s(i; U) cywecmeyem eduncmeennan nocaedosamensnocms
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{uF} C RP maxasn, wmo das xasicdozo k evmoansemes utt = uF+0* 2de v* ydosaemeopsem
(1.6), u das omoti nocaedosameavnocmu u das Kkascdozo k umeem mecmo uy # Uy, ub €
K_ 5(u; v), {u*} cxodumes  a, {||u* —ul||} cvodumca x wyao mornomono,

|ui ™ — | .
W =0O(|[u" —u
o~ D
npu k — oo, u
kE+1 = 1
lim HUQk _UQH -
k—o00 ||u2 — UQH 2

XapakTep cXoAuMOCTU B TeopeMe 1.1 CiIy?KUT OCHOBOM /It TEXHUK YCKOPEHUs CXOAUMOCTH
HBIOTOHOBCKUX METOJIOB K OCOOBIM pereHusM |1, 2|, oHOl 13 KOTOPBIX SIBIISIETCS SKCTPAIIOIS-
U1, KOTOPad B CBOEM IIPOCTEHIIIEM BapUaHTe COCTOUT B TCHEPUPOBAHNN, MAPAJIICIBLHO ¢ OCHOB-
Hoit ocseoBaTenbHoCcTHIO {uf}, BemoMmoraTesbHol ocie0BaTeIbHOCTH {UF} HOCpeICTEOM
yasoenust tmara (p)NM:

ot = uF 4+ 0P, (1.8)
Kaxk nokazano B |2, Theorem 4.1|, ayst 6asosoro NM moxkno oxugars {u*} numeiinoit cxomu-
MOCTHU C aCHMITOTHIECKUM OBIIUM YacTHBIM 1/4, B TO BpeMsi Kak J|jisi OCHOBHON MTEPAIMOHHO
nocienosarenbroctn {uf} omenku B Teopeme 1.1 rapaHTHPYIOT TaKoe CBOHCTBO TOJILKO ¢ 1/2.
Bamernm, uro (1.8) He cBsI3aHO HU € KAKUMHU JIOMOTHATEbHBIME BBIIUCINTEIbHBIME 3aTPATA-
MU, KPOME OJIHOTO JINIIHErO BhlumcaeHns P Ha KaxKI0i nrepanun, 9To Tpebyerca /i ONeHKN

KavecTBa IOyHIeHHOro NpubmzKenns 1ur !,

Kpowme Toro, srcrpanossinyst HUKaK He BJIUSET
Ha OCHOBHYIO IOC/e/0BaTebHOCTL {uf}, U 109TOMY JIerKo KOMOMHUDYETCS ¢ Pas/uvHbIMU
peanmmsarmsvu pNM, 1 B 9acTHOCTH, ¢ MIODATU3AIMAME CXOIUMOCTH METOJIOB 9TOTO KJIACCa,
B TOM 9HCJIE C PACCMATPUBAEMBIME B Pa3fl. 4. aJrOPUTMAMU, MCIOJb3YIONMMHI OJHOMEDHbIi
HOWCK JIJIsT 8/IAlITHBHOIO BBIOOpa mapamerpa Jumubl mara. OHako, 3GpdeKT 0T 9KCTpaIoJs-
[N MOYKHO OKHJATH TOJIBKO IIPU ACHMIITOTHIECKOM ITPUHSTUH [TOJTHOTO HBIOTOHOBCKOTO ITIara,
IIOCKOJIBKY JIaHHAas [IPOIleypa OCHOBaHA Ha XapaKTepe CXOAMMOCTH MMEHHO IOJIHOIIAIOBOIO
pNM; em. [12,13].

Bosspamascs k 6azosomy pNM, ams meroma LM, ucnombsytomero o(u) = O(||®(u)||?)
¢ dukcupoBanubiM 6 > 0, Ha ocuoe (1.7) B [10, pasu. 3.1] nokazano, 4To 1pu 2-peryIspHOCTH
¢ B rouke u mo nanpasiennio U € ker ®'(u) \ {0} maiinyrea € >0 u 6 > 0 Takue, 9TO 1A
u € K. s(u, v) (1.4) sanuceiBaercs B Buge (1.6) ¢ w(-) =0 u

Qu) = o (u)(¥'(w)™)" = O(llu —al = [|@(w)]|) (1.9)

npu u — 4. B [14, pa3a. 3.2| npe/yiokena aabrepHATHBHASA WHTepHpeTanus noxsagadn (1.3)
merosa LM kak mogzagaan (1.6) pNM, ¢ Q(-) = 0 u coorBercTByIoIIeii onenkoii Ha w. B omm-
e OT MPUBEJIEHHO BBIIle MHTEPIPETAINH, BHO OCHOBaHHON Ha (dhopme (1.4) nrepalioHHO
nojzajaun Merona LM, ajaprepHaTUBHAS MHTEPIPETAIUS MPUMEHUMa U B CIydae ypaBHEHUS
C JIONIOJIHUTE/IbHBIM OIPAHUYEHUEM, HO IOJIydaeMble IIPH 9TOM OIEHKU HECKOJIBKO cjiabee U He
HOAXOAAT JJI UCIOJL30BAHNs B pasj. 3 HUKE.

Hns merona LPN| caosa ¢ ucnosibzosanuem (1.7), B [10, pasa. 3.2| mokaszano, 9410 B T€X XKe
peIosIoKeHnsax Hafigyres € > 0 u 6 > 0 Taxue, uro misg u € K. 5(4, 0) smoboe pertenne
noxzagadn (1.5) yaosaersopsier (1.6) ¢ (-) =0 u HEKOTOPBIM w, JJIsi KOTOPOTO

lw(@)ll < v(@)l|@@)[I* = O(||u — all[|®(u)|]) (1.10)

upu u — 4, rjae y(u) — omrmMasbHoe 3Hadenue 3agaqn (1.5).
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2. CpasBHureinbHblil 93P PEKT OT IKCTPATIOJISAITUN

HaumneMm ¢ mpocToro mpumMepa, XOpoIro JeMOHCTPUPYIONIETo 3(hMDEKTHI, 0 KOTOPLIX UJIET Pedb
B 9TOM paszJeJle.

Mpumep 2.1.Iyers p =1, ®(u) = v?. Exuncreennbiv permenueM ypasnenns (1.1)
sapisiercd 4 = 0, oHO siBJIsieTca 0coObIM, 1 P 2-peryssipro B Touke ( 110 J1000MYy HEHYJIEBOMY
HAIPABJIEHHIO.

Nrepanuonnoe ypasuenue (1.2) NM umeer sug u? +2uv = 0, unupu u # 0 ero ejuHcTBeH-
HBIM perieHueM sipjsiercs v = —u/2. [losromy u+2v = 0, 1.e. NM ¢ skcrpanossiueii 3a onus
mIar mornajaeT B TOYHOE pelleHre U3 JII0O0r0 HA9a bHOTO MPUOIMZKEHNUSI.

Ianee, nrepanuonnoe ypasuenue (1.4) meroma LM umeer sug 2u® + (4u? + o(u))v =0, u
npu u # 0 ero eUHCTBEHHBIM permenneM apiagerca v = —2u®/(4u?+o(u)). Ecm o(u) = |u|?,

To 2041
u+ 20 = a(u)u = |u] ’
(4u? +o(u)  (4u® + [ul?)’

qro pu 0 > 1 jaer OoleHKH
1
w20 = Z[uP* 4 ofjuf ) = O(lu* ),

aro pu 6 > 2 npespamaercs B onenky u + 2v = O(|ul?).
Haxkownerr, nrepanuonnasi nojgzajgada (1.5) meroga LPN nmeer Bus

v —min, —yut <u?+2uv < qut, —yu? <o < qu?,

U, cKazkeM, Ipu u > () €JUHCTBEHHBIM DeIeHIeM STON 381841 JIMHEHHOTO IPOrPaMMUIPOBAHNIS
assterca (v, y) = (—u/(2+u), 1/(2u + v?)). Torma w+ 2v = u?/(2 + u), 9ro KaeT oneHKn

1
u+2v = §u2 + o(u?) = O(u?).

Oyuknus B ipuMepe 2.1 saBjiseTcs KBaIpaTUIHON CKaIIPHON (DyHKIHEit 0/HO TepeMeHHOi].
O6paTumcst Terepb K CIydaio o0IIero JuHeHHO-KBaIpaTHuIHOro orobpaxkenns @ : mycThb

B(u) = Au + %B[u, ), (2.1)

e A — (nxn)-marpuna, a B : RP x R? — RP — cummerpudnoe 6uimHeiiHOE 0TOOpayKeHe.
Torma ®'(u) = A+ Blu], n ypasuenue (1.1) nmeer pemenue @ = 0, B kotopom P'(0) = A,
1, COOTBETCTBEHHO, 9TO PEIIeHUE siBJISIeTCA O0COOBIM, ecyin marpuiia A BbIpOXKeHA. YCIOBHE
2-perynsgspaoctn ® B Touke ( 1o HampasjeHuio v € RP mpu 3TOM COCTOUT B HEBBIPOKJIEHHO-
crn muneiinoro oneparopa B(v) : ker A — (im A)Y, B(v)u = IB[v, u], tae I — oneparop
OPTOrOHAJILHOIO MpOeKTHpoBanus Ha (im A)L.

Ureparmonnas nopzamada (1.2) NM npunumaer Buj

(A+ Blu))v = —Au — %B[u, ul. (2.2)

Ecau u € ker A, to npasyio gactb (2.2) MmoxkuO 3amennth Ha —(A + Blu|)u/2, u Torma ypas-
HeHue (2.2) uMeer perienne v = —u,/2, IPUYEM ITO PEIIeHHe eJUHCTBEHHO B CJIyYae HEBBIPOXK-
nennoctu A + Blu]. TIpu stom u + 20 = 0, T. e. SKCTPAIOJIAIMs HEMEJIEHHO JIAeT TOYHOE
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pemrenne. B uncro KBajaparmdnoMm ciydae, Koraa A = 0, ycioBue u € ker A BbIIOJIHSIET-
¢ aBTOMATHUYCCKN, U 3HAYUT, SKCTPAILO/ISAINS JaeT TOUHOE PEIICHNe 34 OJUH IIar U3 JII0OOro
HAYATBHOIO MPUB/IMKEHUsT %, B KOTOPOM Marpuria Blu| HeBbIpOKIeHA.

Hamnee, urepanmonnas noxzanada (1.6) pNM npurnmaer Bu

(A+ Blu] + Q(u))v = —Au — %B[u, ul + w(u), (2.3)

u npu u € ker A npasyio gactb MoxKHO 3ameHnTh Ha — (A + Blu] + Q(u))u — Q(u)u) /2 + w(u).
Eciaun marpuna A + Blu| + Q(u) obparnma, TO € IMHCTBEHHBIM pertieHneM (2.3) sBJIsgeTcs

v = —%u + (A+ Blu] + Q(u)) ™ (%Q(u)u + w(u)) : (2.4)

[Ipu u € ker A umeer mecto onenka ®(u) = O(||ul|?), u, npemnonaras 2-perynapuocts @
B Touke 0 mo mampasienuio v € ker A\ {0}, mma meroma LM ¢ 6 > 1, B cuy (1.9), aua
u € K. 5(0, v) npu mocrarodno Maisix € >0 u 0 > 0 nmeem

Qu) = O([[ul7), (2.5)
u marpuia A + Blu] + Q(u) obparuma, npudeM, anagorundno (1.7),
(A + Blu] + Q(u)) ™ = O([[ul 7). (2.6)

Torga u3 (2.4) (u Toro, uro w(-) = 0) nosyvyaem

1 _
v = —u+O(ul’) (27)

upu u — 0. [HosTomy skcrpamnossinus JaetT npudbInKenmne
u+ 20 = O(J|uf*), (2.8)
U, B YaCTHOCTHU, IpU # > 2 mMeeT MeCTO OIeHKa
w20 = O(|[ull)

mpu u — 0.
Hnga merona LPN anamormaabiv obpasom npu u € ker A u3 (1.10) BeIBomMTCST OlIeHKA

w(u) = O(|[ull), (2.9)

u B cuiy (2.4), (2.6) (1 Toro, uro Q(-) =0)

1
v =—gu+O(ulP),

u cjaeaoBaTeJIbHO,

w+ 20 = O(|[ul]?) (2.10)

upu u — 0.
Tem caMBIM JTOKa3aHO
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Mpennoxenune 21. lHyemv A — (nxXn)-mampuya, a B :RP X RP — RP — cum-
mempuuHoe busunetinoe omobpascerue, u nycmv das nexomopozo v € ker A\ {0} aunetnwvid
onepamop g(@) HEGBIPOINHCOEH.

Tozda natidymea € >0 u 6 > 0 maxue, wmo das u € K. 5(0, v) Nker A, daa ypasrerus
(1.1) ¢ aunetino-xeadpamuunvim omobpasicenuem P uz (2.1) cnpasedauso caedyrouee:

e NM ¢ nodszadaueti (1.2) odnosnauno onpedessem nanpasienue v, U OAf He20 IKCMPAno-
aayua daem u + 2v = 0;

e memod LM ¢ nodsadaueti (1.3), ucnoavayrowedi o(u) = O(||®(u)]|?) ¢ durcuposarmivim
0 > 1, odnoznauno onpedessem HanpasieHue v, U OAA HE20 IKCMPANOAAUUA Daem NPU-
bausticenue u+ 2v, 0as Komopozo evnoansaemcs ouenka (2.8);

e memod LPN ¢ nodsadauets (1.5) onpedessem nexomopoe nanpasierue v, u 0Af CAKO20
MAK020 HANPABAEHUS IKCMPANOAAUUA daem npubiudicerue u—+ 20, 0l KOMOPO20 GbiNON-
naemesa oyenka (2.10).

B wacrunoctu, pu 6 > 1 onenka (2.8) mis meroga LM syure, wem onenka (2.10) ms
Metosia LPN, 1 9370 MOXKeT CIyKuTh 00bACHEHUEM OOJIBIIEro 3pdeKkTa IKCTPAIIOIAINNA JIJIs
Meroma LM, gem gjst LPN.

B obmem smHeliHO-KBaipaTuaHoM ciydae (korja A % 0, M, COOTBETCTBEHHO, BBIIOJIHE-
Hre u € ker A He sIBJIsIeTCS aBTOMATHYECKKM), W JlaXKe MPOCTO B CIydae OOIIEro JOCTATOYHO
rimagroro P, corsacuo [15, Teopema 6.1] (cm. Takxke [13, temma 7|), 3a ogun mar NM «mpu-
6/imKeHHO» nonajiaer B ker A U3 acMMITOTHYECKH TLIOTHOIO 3BE3/IHOIO MHOXKECTBA HAYAIbHBIX
touek u’ € RP, a umenno, nonamaer 8 K. 5(0, v) ¢ coorsercreyomum v = 0(u’/||u’]|), upn
066X Harepes 3agaHabix € > 0 u § > 0. (Tounoro nomaganust B ker A moxker He OBITH
naxke g NM, maxke B JIMHEHHO-KBAJIPATUIHOM CJIydae, UTO JeMOHCTPUPYETCsl IPUMEPOM 2.2
umxke, B koropom dimker A = 1; amasoruunsiit apdext npu dimker A = 2 nmabiomaercs
B Tecte Misc 10 B pasi. 4.) OjgHako, KaK yKas3aHO B KOMMeHTapusx B kKouie |10, paszm. 2|,
rapaHTHpOBATh yKaszaHHOe CBOWCTBO Jijist 00mero pNM He yjaercs, ec/in TOJIbKO He HAKJIAJIbl-
BaTh KECTKUE TIPEJIIOIOKEHNsT Ha 2400a.4bH0e (He TOIbKO BOIM3H s1/ipa) HoBeeHue ) n w, a
nmenno, Q(u) = O(||ul]?) n Hw(u) = O(||u||®) m1st v U3 paccmMaTpuBaeMoro 3Be3HOTO MHO-
JKeCTBa, HadaJbHBIX npubsmkenuii. [Iis merona LM 91 npenosioxkeHns: CBOISTCS K OIEHKE
o(u) = O(||ul|?), uro MmoxkHO TapanTupoBaTh ToMbKO Mpu 6 > 3. na merona LPN rapanru-
poBaTh Tpebyemoe MOKHO IpH BbinosHenun orenkn y(u) = O(||u||), a sTa onenka HHOTKYy/a
me ciemyer. Tem ne menee, na npakruke nomaganue LM u LPN B K. 5(0, ¥) ¢ gocrarotno
MastbiME € > 0 1 § > 0 0OBIYHO HADJIIOIAETCs, eCJIM He 3a OJIHY, TO 38 HeDOJIbIIOe KOJIUIECTBO
HaYaJIbHBIX UTEpaluil.

Mpumep 22 Ilycrs p=2, ®(u) = (u1+u3/2, uyus+ui/2). ExuncrBenHbIM perenuem
ypasaenus (1.1) aBasiercss u = 0, oHo siBasiercst ocoObiM, ker ®'(0) marsuyro vHa v = (0, 1), u
® 2-perynapno B Touke () Mo HanpaBJeHUAIO V.

Ha puc. 1 nokazama Jjimnus, 3agaBaemas paBeHcTBoM det ®'(u) = 0, a rakke obsacTu
HaYaIbHBIX TOYEK, OJMH Il PACCMATPHBAEMBIX METOJOB U3 KOTOPLIX mpusoaut B K. (0, 0)
¢ € = 0.1, npu JBYX pasHbIX 3HAYEHHUSAX 0. DTU OOJACTU YMEHBINAIOTCSA [IPU YMEHBIIEHUN O,
HO, IIO-BUIUMOMY, OCTAIOTCA aCUMITOTHYECKN ILIOTHBIMU B ToUke 0.
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B coOTBeTCTBUM €O CKa3aHHBIM BBIIIe, Jajiee OyjleM paccMaTpuBaTh cilydail, Korga u’ €
K. 5(0, v). Ilo-pexxuemy OymeM HCIONBL30BATH PA3JIOXKEHHE BCSIKOrO 4 € RP B cymmy u =
Uy + ug, TJe B JuHeiiHo-KBajpaTHaHoM ciaydae u; € (ker AL, uy € ker A.

Cornacno [11, jgemma 3.1] ayis obuiero (He obg3aTe/IbHO JTUHEHHO-KBAJAPATUIHO) CIydasd, U
Jlazke BCEro JIMIIb IIPU CHIbHOI noiyriaajgkoctn ' B pemennn @ = 0, mia v € K, 5(0, 0)
npu Masibix € >0 u 8 > 0 nmamnpasienne v NM 0JHOBHAYHO ONPEIEIACTCA U Y/IOBICTBOPHET
OLICHKAM

ur +v1 = O([[uallfJul)) + O([lul®), (2.11)

1
Uz +v2 = §U2+O(HU1H)+0(HU|F) (2.12)

upu u — 0. IIpu srom ||u + v|| > 7||ul| ¢ mekoTopeiM durcnpoBanubiM 7y > 0, U, HOCKOJIBKY

[[ur ]| = O(fful});

lur + v | —0 <||U’1‘J|;Jl||) -0 (llm”) +O(|Jul]) = O(1), (2.13)

lu + ]2 [l

T. e. up +v; = O(|Ju + v||*). Hanee, cormacuo |11, Teopema 3.1], ecm € > 0 u 6 > 0 gocra-
ToYHO MaJibl, To s moboro u’ € K. (0, ¥) nocaemosarenbnocts {uf} ¢ maramu vf NM
OJIHO3HAYHO OIIpejiesseTcs, cxoauress K 0, mpuaeM uf € K. 5(0, v) nna moboro k, oTKyJa n

us onenku (2.13) cienyer, uro uf = O(||u*]|?) npu k — co. Torua, cuosa npussexas (2.11),

& k k k k
i vl _ (M) ~0 (M) +0(1) = 0(1),

[k + ok []? [[u¥}? |2

T. €. UMeeT MeCTO OILl€HKa

up = O([[u*) (2.14)

npu k — 00, KoTopas coriacyercs ¢ |2, Teopema 2.1, (iii)], rae sra onenka npuseieHa 6e3
JIOKa3aTeIhCTRA.
Hnsg pNM, cormacuo [11, nemma 3.1], onenkn (2.11), (2.12) 3amensiorcs Ha

ur +v1 = O([fur]|[[ul]) + O([ull|2w)l]) + Olw(w)]) + Ollull*), (2.15)
Uy + vy = %uz +O([[us)) + OIIQ(w)[1) + O(Jull ™ || T (u)[) + O(ful|*) (2.16)

upu u — 0. [y meroga LM, cormacuo (2.5), mOCKOIBbKY B 9ToM ciydae w(-) = 0, 9TH ONeHKH
IIPUHAMAIOT BUJ,

u + o1 = OJlu[[lull) + O([[ul*) + O(|Ju]?),

1 .
uz +va = Sz + O(Jwa]) + O(l[ul*=) + O([[ul|?),

qro pu 6 > 3/2 maer (2.11), (2.12). g meroma LPN, cormacuo (2.9), mOCKOIBKY B 9TOM
caygae () = 0, omenkn (2.15), (2.16) cpady npunumator sBux (2.11), (2.12). Suauut, n s
9TUX METOJIOB B YKA3aHHBIX CJIydasiX HPOXOJSAT PACCYK/ICHHs, IPOBeeHHbIe Bhie s NM, u
npuBoIsIye K oneHke (2.14).

Crenyromast leMMa yTOIHSICT B JINHCHHO-KBAPATHIHOM CiIydae omeHky (1.7).
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JIemma 2.1. ITyemv A — (n X n)-mampuua, a B : RP x RP — RP — cummempuy-
Hoe busumetinoe omobpascenue, u nycmv 0As nexkomopozo v € RP  aunetinwid onepamop g(@)
HeBLLPOIHCIEH.

Tozda natioymes € > 0 u 6 > 0 makue, wmo s u € K. 5(0, ) mampuya A+ Blu]
Hesupostcdena, npudem oas w € im A cnpasediusa oueHka

(A+ Blu))™'w = O([Jwl]) (2.17)
npu w — 0.

Hoxaszareusbctso. Huazamanaeix v € RP u w € im A, ymMHOXKAas JIEBYIO U IIPABYIO
qaCcTU YpPaBHEHUS

(A+ Blu))v =w (2.18)
na [ —II u II, nmomy4yaem ypaBHeHUS
(A+ (I —II)Blu))vy = w — (I —II)Blujvy, IB[ulvy = —I1B[ujv;. (2.19)

O6osnaamm wepes A : (ker A — im A cyzxenue mmmeiinoro onepatopa A ma (ker A)*, a
aepes A(u) : (ker A)t — im A — cyzkenue yuneitnoro onepatopa A+ (I —11)Blu] na (ker A)~*.
Torma R

A(u) = A+ O([[ul]),
IIpUYeM OIepaTop A obpaTuM, OTKyna u, HanpuMmep, u3 |3, memma A.6| ciemyer, 9To mis u
nocrarouno 6mskux K 0 omeparop A(u) Toxe obparum, mpudem

(Aw) ™ = A7+ O(|lul))

npu u — 0. Torma mepsoe ypasuenue B (2.19) mpu jrobom vy € RP umeeT eIMHCTBEHHOE
pelrienne

vt = (Aw) ™ (w — (I = ) Blujvz) = O(J|wl]) + O([[ul)v2 (2.20)

mpu v — 0 n w — 0.
[Toacrapisis Boipazkenue u3 (2.20) Bo Bropoe ypasaenue B (2.19), mosmydaem

B(u)vs = TO([|uf[[w])), (2.21)
ryie maneitnbiii onepatop B(u) : ker A — (im A)L B jieBoit wacTu umeer BuY
B(u) = B(u) + O([[ul*).

U3 ueBbipox qennoctn B(U), cHoBa npuMeHsisd |3, jemMa A.6|, moaydaem cymiecrBoBanue &£ > ()
u § >0 rakux, uro g u € K 5(0, v) omeparop B(u) HeBBLIPOXKJEH, HpHIEM

(B(w)™ = (B(w))™" + O(1) = O(||ul| ")

nmpu u — 0. Orcrooga ciemyer, uro (2.21), a 3mauut, u BTOpoe ypasHenue B (2.19) mmeer
eIMHCTBEHHOE PeIleHne

vz = O([|lwl]) (2.22)

npu v — 0 n w — 0.

Tem campiv nokaszano, uro A w € K. 5(0, ¥) ypasuenue (2.18) mmeer eJuHCTBEHHOE
perierne v = vy + vy, T. e. Marpuna A + Blu| neBbpoxkiena, npudem n3 (2.20) un (2.22)
BBITEKACT orenka (2.17). O
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Mg NM, cornacuo (2.2),
1 1
(A + Blu))v = —§(A + Blu])u — §Au,

¥ B TIpe/nooxKenuax jgemmbl 2.1 nua u € K, 5(0, v)

1 1 1 1
v= U= 5(14 + Blu]) ' Au = —ut O(||Aull) = —put O([furl)

npu u — 0. Tosromy, ¢ yuerom (2.14), ecrm u® € K. (0, ¥) ¢ gocraroano mMambivu € > 0 u
0 >0, To
u? +20% = O(|Juf]]) = O(||u"|*)

npu k — 0.
Hna meroma LM, anamornano nocrpoenusM soimme, a1d u € K 5(0, U) BeIBOAUTCH Ciley-
fotee 06061eHe OreHKN (2.7):

1 3 1 _
v = — -t O(ul*1) + Ol 4ul) = ~ u+ O(ul*~1) + O]

npu u — 0, oTkyJga u u3 (2.14) BeITEKaET OIEHKA
ut + 20" = O(|[u***7") + O(|luy])
npu k — oo. Torma, cormacho (2.14),
ub 4 20% = O(||uk||min{20-13}) (2.23)

U, B YaCTHOCTHU, TIpu 6§ > 2
ub + 207 = O(||u*||?) (2.24)

npu k — 0o, Kak u s NM.
Hakonern, g metoma LPN anamormaabiM obpasom st u € K, 575(0, U) BBIBOJUTCS OIEHKA

v= —%u +O(J|ull?) + O(|| Aul|) = —%u + O([[ull*) + O(lluall)

npu u — 0, a 3Ha4nT, coryacho (2.14), u oreHka
u® + 20% = O(||u”||?) (2.25)
upu k — oc.

[Ipennoxenune 2.2. B npednonroocenunxr npedrosicenusn 2.1 natioymesa € > 0 wu
5 > 0 makue, wmo daa u’ € K. 5(0, v), dan ypasnenus (1.1) ¢ aunetno-keadpamusrvim
omobpasicenuem ® uz (2.1) cnpasedauso caedyrouiee:

o NM ¢ nodsadaueti (1.2) odnosnaumno onpedeasem nocaedosamenvrocmu {vk} wazoe u
{uF} npubauosicenuti, u das cOOMEEMCMEYIOWUT FKCTNPANOAUPOSAHNBLT NPUBAUICENUL
sunoanaemes oyernka (2.24) npu k — oo;
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o memod LM ¢ nodsadaueti (1.3), ucnoavayrowedi o(u) = O(||®(u)]|?) ¢ durcuposarmvim
0 > 3/2, odnosnauno onpedeasem nocaedosamenrvnocmu {v*} wazos u {u*} npubau-
orcenut, u OAA COOMBEMCMBYIOUWUT IKCMPANOAUPOSAHHBIT NPUOAUNCEHUT BLINONHACTNCA
ouenka (2.23) npu k — 00;

e memod LPN ¢ nodsadaueti (1.5) onpedeasem nocaedosamenvrocmu {v*} wazos u {u*}
npubaustcerutl, u OAf MOOVT MAKUT NOCACIOBAMEALHOCED, OAf COOMBEMCNEYIOULUT
IKCMPANOAUPOBANHOLT NPUOAUICENUT sbinosnsemes oyenka (2.25) npu k — oo.

[Tosrygennble B 9TOM pasziesie Pe3yJIbTaThl CYIIECTBEHHO UCHOJIB3YIOT JTMHEHHO-KBAIPATHI-
HBIIT XapakTep orobpazkerust . 3a mpejesiaMu JIUHEHHO-KBaIPATHIHOTO CJIydast OleHKa (2.24)
qutst metoga LM ¢ 0 = 2, u maxe it NM, MoxkeT HapyIaThCsi, B TOM 9uCjIe U nIpu u € ker A,
1 3ddexT oT sxcTpanosiun 1id MN u merogoB LM u LPN npu 5T0M MOXKeT BIpaBHUBATHCS,
49TO OYIET MPOJEMOHCTPUPOBAHO B CJICJIYIOIIEM pasieie.

3. I'mo6anu3zoBaHHBIE AJITOPUTMbI 1 YMCJIEHHBbIE€ pe3yJ/ibTaTbl

Asropurym 1 HuzKe, riaobausyomuii cxoaumMocTb NM, HCIIoIb3yeT crpaxoBOYHbIE MIArd I'pa-
JIMEHTHOTO MeTojia Jiytd pyHKimu ¢ : RP — R

o) = Sl e, (31)

IrPaJIieHT KOTOPOIl MMeeT BUJ
¢ (u) = (¥'(u)" D(u). (3.2)

Takwue maru mcIoJIb3y0TCI B TEX caydasx, Korja HamnpasiaeHue NM mbo He yaaercs: onpe/ie-
JIMTh, JTUOO OHO OKA3bIBAETCs «CJMIIKOM JITMHHBIM» B CMBICJIE HapylieHus Tecta (3.3). Dror
aJropuT™ ObLI IpeJIozKeH B |12, asroputm 3.1|, 1716 ObLIM yCTAHOB/IEHBI CBOHCTBA €0 IJI06A/ b
HOW CXOJIUMOCTH.

Anropurm 1. @ukcupyem napamerper C' >0, 7 >0, p € (0,1) u s € (0, 1). Boibupaem
u® € R? u nonaraem k = 0.

1. Ecm ®(u*) =0, crom.

k k

2. Boruncasiem v kak perenne smneiinoro ypasuenns (1.2). Ecam v we ynaercs Boramc-

UTH, W v* HapyIIaeT HepaBeHCTBO

¥l < max{C, 1/[|®(u")[|"}, (3-3)
repexo/inM K mmary 4.
3. Ilomaraem a = 1. Ecyin BeIOJIHAETCA HEPABEHCTBO
12(u” + av®) || < (1= pa)[|@(u®)]), (3.4)

moJjlaraeM «y = (¢ ¥ IepexoJuM K mary 6. B mpoTtuBHOM ciiydae 3aMeHsieM o Ha > |
IPOBEpsieM CHOBA HEPaBEeHCTBO (3.4) 70 TeX MOp, [MOKa OHO He BBIMOJHUTCS, MOCJIE Yero
rojaraeM «j = ¢ ¥ IIepexo/iuM K mary 6.
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k:

4. Monaraem v* = —¢'(u¥), rae byukmua ¢ onpenenena B (3.1) (em. (3.2)). Ecim v* = 0,

CTOII.

5. Iomaraem o = 1. Ecan BeInosiHsieTCsT HEpaBEHCTBO APMUXO
p(u' +av) < p(u®) — palv®|?, (3.5)

rnojaraeM «y = . B IpPOTUBHOM cjlydae 3aMeHsieM « Ha s W IIPOBEPSEM CHOBa Hepa-
BeHCTBO (3.5) JI0 Tex mop, MOKa OHO He BBIMOJIHUTCS, [OCJIe 9ero mojiaraeM o = (.

k+1

6. IMomaraem u**! = u* + qv*, yemumuausaem k ma 1 u nepexomum K mary 1.

B omymaune or NM, meton LM moxkeT ObITH 100 M30Bal «9UCTBIMY 00pa30oM, 6e3 KaKuX-
JInO0 rMOPUIHBIX JIEMEHTOB M, B YaCTHOCTHU, 06€3 HeoOXOAUMOCTHU HMCIIOJIb30BaHUS KAKUX-JT100
CTPaxXOBOYHBIX IIIAr0B.

AusroputMm 2. @ukcupyem napamerpbl § > 0, p € (0,1) u » € (0, 1). Boibupaem u® € RP
u noyiaraem k = 0.

1. Ecin ®(uf) =0, crom.

2. Tlonaraem o(u¥) = [|®(u*)]|?, u Boramcasem v*

(1.4). Ecm v* =0, crom.

KaK pellneHnue JMHENHOTO YpaBHEHWA

3. Ilomaraem o = 1. Ecyu BbImosiHsieTCo HEPaBEHCTBO

1
k k k k k|12
Pt +ar) < p(ut) = Spout)alot|?, (36)
rie dbyHKIMs @ oupejeneHa B (3.1), nomaraem oy = . B nporuBHOM ciryvae 3aMeHseM
(v Ha »Q ¥ IPOBEpPsieM CHOBa HepaBeHCTBO (3.6) J10 Tex mop, MOKa OHO He BBIMOJIHUTCH,
IocJjie 4ero IojiaraeM o = «.

k+1

4. Tlomaraem u*t! = u¥ + av¥, yBemmamsaem k ma 1 u mepexomum K mary 1.

Asropur™ 2 (¢ € = 2) u aHasu3 ero rI006aJdBHON CXOMAUMOCTH OBLIN HpeIoKeHbl B [16];
cM. Takxke |7, asroputm 6.2, Teopema 6.2].

Meton LPN Takzke J0IyCcKaeT «9ucTyio» rIobaJIn3aIiio CXOIMMOCTH, pa3paboTaHHyo B |17,
asroput™ 1, reopema 3.1|. Asropurm 3 HEUKE OCHOBAH Ha OJHOMEPHOM MOUCKE JJIst (DYHKIIUK
f:RP - R,

fu) =12(u)]- (3.7)

Ausropurm 3. @uxcupyem napamerpbl p € (0, 1) u 3 € (0, 1). Boibupaem u’ € RP u
nosaraem k = 0.

1. Ecm ®(u*) =0, crom.

2. Boraucssiem (v¥) ;) Kak permenue 3ajaum jiuHeiinoro nporpamvuposanus (1.5), B KoTo-
POii MCIOJIb3yeTCsi 00 -HOPMa. Ecium JI71si BeJIMIiHbI

Ap = —f(uP) (1 = f(u")),

rie dbyskiys fonpenesnena B (3.7), Bomodasiercas Ay = 0, cro.
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3. Ilomaraem o = 1. Ecyu BbIosiHsIETCA HEPaBEHCTBO
fur 4+ av®) < f(u¥) + pady, (3.8)

nojaraeM «j = . B IpoTUBHOM ciydae 3aMeHseM ¢ Ha > U IIpOBepsieM CHOBa Hepa-
BeHCTBO (3.8) JI0 Tex 10D, II0Ka OHO HE BBIIOJIHUTCS, IIOC/IE Yero HMOoJIaraeM oy = (.

k+1

4. Tlomaraem uf*! = u* + ¥, yBesmumsaem k ma 1 u mepexomuy K mary 1.

B skcniepumenTax, pe3yibTaTbl KOTOPBIX IIPEJICTABIEHBI HUXKE, AJITOPUTM 3 ObLII TAK2Ke CHab-
JKEH BCEMHU MPEJIOKEHHBIME B |17, pas3. 5| MomudukanusaMu, yIydmaoniMi ero ToBejIeHne,
KpOMe HEMOHOTOHHOT'O OJTHOMEPHOT'O TIONCKa. B mporeaypax oJHOMEPHOTO MTOMCKA MCIOIb30Ba-
muce napamerpel p = 0.01 u k= 0.5. B amropurme 1 ucnonszopamcs C = 107 u 7 = 2.

3alryck 3aBepIiaJcs ¢ yCIexXoM B ciiydae BbIojHenus iy nekoroporo k < 100 yciaosus

1@ (u)]| < 107,

JInOO yCJIOBUS
min{[|®(u")], |@(u""" + 2047} < 107° (3.9)

B CJIy49ac HUCIIOJIb30BaHUA IKCTPAIIOJIAIINN. B ocranbabix CJIydadX 3allyCK CIUTaJICA HEeYyJaIHbIM,
KaK 1 IIPU BBIIOJHEHHH JIJId HEKOTOPOI'O k yciaoBud

(2 (") " @(u")[ < 107

JJIsT aJropuTMoB 1 u 2, n
|Ag| < 10710

a1 agropuTMa 3, mbo yerosus «f|vF|| < 10716 B mporecce omHoMepHOTO TIONCKA HA COOTBET-
CTBYIOIIUX IIIarax aJrOPUTMOB.

B anropurme 2 mpaBmio BeIOOpa MmapamMeTpa peryidpu3aliui ObLIO MOIU(MUITTPOBAHO CJle-
JIYIOIIUM 00Pa30M, MCKIIIOYAIONIUM CJIUITKOM OOJIBbIIE 3HAYEHUs ITOr0 NapaMeTpa BJIad OT
pemennit: o(u) = min{1, ||®(u)||?}, npuuem ncnombzosanocs snavenue 6 = 2.

DKCIEepUMEHT MTPOBOJIUIICA Ha BCeX 3ajadax u3 recroBoro nabopa MGH 18|, mist koTopbix
U3BECTHBI TOYHBIE PEIeHUs, 3a MUCKIIOUYEeHneM TpeX 3aJad ¢ JUHEHHbIME oToOpaxkeHuAMUu P.
HexkoTopbie 13 BEIOpaHHBIX TAKIM 00Pa30M 3aJ1ad UMEIOT OOJIbINE YPAaBHEHU, YeM ITEPEMEHHBIX,
U B TAKUX CJIydasiX JIMITHUE YPABHEHUs! YIAJISINCH (BCEryia JIMHEHbIe, 38 UCKIIIOYEHUEM TecTa
Beale, B KOTOPOM BBIOOD YpaBHEHU JI/I YAAJICHUS HE BJUIET CYIIIECTBEHHBIM 00Pa3oM Ha MoBe-
JleHne agroputMoB). Mudopmanus o moydeHHOM B pe3yJibraTe TeCTOBOM HabOpe COMePIKUTCSI
B |12, Tabmuma 1]. [ajee, BeiOpaHHble 331a9u TPAHCHOPMUPOBAINACH TOCPEICTBOM TEXHHUKH
u3 [19] Takum 06pa3om, 9TOObI U3BECTHOE PEIEeHNe & OCTABAJIOCH DellleHrneM MO UINPOBaH-
HOT'O YPABHEHUSsI, HO MPHU 9TOM BBIIOIHAIOCH rank ®'(u) = p— 1 (3a uckiroueHnemM Tpex 3a/1ad
Powell singular, Extended Powell singular, u Variably dimensioned, KOTOpbIe UMEIOT
U3BECTHBIE 0COOBIE pellleHrsl B CBOeil opuruHaibHol dopme). 3agaun Variably dimensioned
1 Brown almost-linear mcrnosb30BaJiNCh B JABYX Bepcusax: ¢ p = 10 u ¢ p = 500.

3alrycKn cpaBHUBAEMBIX AJITOPUTMOB OCYIIECTB/IINCH n3 100 OMHAKOBBIX CJIyYaHbIX Ha-
JaJIbHBIX TOYEK, PABHOMEPHO PACIPEIEIEHHBIX B [y -Tape (runepkybe) pajuyca 1 ¢ meHTpoM
B pEIICHUN.
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Pesynbrarsl npejcrasiensl B gpopMe Tak HasbiBaeMbIx performance profiles, u3nadaabHo
npeiokeHubix B (20|, u amanTupoBaHHBIX B [21] Ha caydaii MHOTOKDATHBIX 3aIyCKOB JIJIS
KaXKJI0if TeCTOBOW 3a/1a9H, ¢ UCIIOJIb30BAHUEM CPEJIHUX XapaKTEePUCTHK dPMEKTUBHOCTH U IIPO-
[IEHTOB YCIIENIHBIX 3aIyckoB. Ha puc. 2 jijid KaxkJ0ro ajropuTMa moka3aHn rpaduk GyHKInm,
3HaYEHNEe KOTOPOil B ¢ IO CYIECTBY COOTBETCTBYET JI0OJIE 3ajad B HAOOpe, JJIsT KOTOPBIX CPeJl-
HUi TToOKa3aTes b 3pMEKTUBHOCTH I JAHHOIO aJropuTMa ObLI Xy:Ke HauIydirero He ooJee,
geM B t pa3s. [Ipm sTOM cumrTaercs, 9To pe3ysbTaT JIOOOr0 HEYIAaTHOrO 3allyCKa B OECKOHed-
HOe YHCI0 pa3 XyzKe JIOoro japyroro. 3HadeHns (yHKIMU HA MPaBOM KOHIE (Tpu GOJIbIINX
) COOTBETCTBYeT JI0JIe YCIIENTHBIX 3allyCKOB AJIOPUTMA, a Ha JIEBOM — JI0JIe 3314, JJIs KOTO-
PBIX €ro CpeJIHuil MmokasaTe/b 3PEKTUBHOCTH ObLT HAMJIYUIIIUM. B JJaHHOM CpaBHEHUU B POJIH
nokazareseit 3pHEeKTUBHOCTHA UCIIOIb30BAINCH KOJIUIECTBO UTEPAIMl 1 BpeMsi 3aIlyCcKa.

[IpeicraBieHHbIe pe3yIbTATHI JEMOHCTPUPYIOT, ITO 3D MEKT OT IKCTPAIIOIATIAN JI/IsT METOJIA,
LM ciabee, gem g NM, a g meroga LPN ciabee, wem mast LM.

DkcrepuMeHT Ha TectroBoM Habope MGH ObL1 om0/ 1HEH aHAIOTUYHBIM SKCIIEPUMEHTOM HA
nHabope Misc(ellaneous), cocrosimum u3 HEGOJIBIINX CHCTEM HEJTMHEHHBIX YDABHEHUH ¢ OCOOBIMIE
PEIIeHUsIMU, COOPAHHBIX U3 PA3IMIHBIX UCTOYHUKOB (11epBbie 11 TecToB B3sThI U3 22, pass. 5)).
A mMenHO, HAOOP COCTOUT U3 CIAEIYIONINX 3a1ad.

2. wzommpoBannoe ocoboe

Misc 1. 9ro ypasuenue (1.1) uz npumepa 2.1, ¢ p=1, ®(u) =u
pemenue 4 = 0.

Misc 2. Vpasmenue (1.1) ¢ p = 2, ®(u) = (uy, 2u3); uzonupoBanHOoe 0coboe pereHue

u = (0, 0).
Misc 3. Vpasuenue (1.1)c p=2, ®(u) = (u}—u3, ujus); Us0IMpPOBAHHOE 0COGOE PEITEHNE
u=(0,0).

Misc 4. VYpasuenne (1.1) ¢ p = 2, ®(u) = (u1 + ug, —uy — Uz + Ujuz); U30IUPOBAHHOE
ocoboe pemenne 4 = (0, 0).

Misc 5. Vpasuenne (1.1) ¢ p = 2, ®(u) = (u}, u3); uzo/mpoBanHOE OCOGOE pEINICHUE
u = (0, 0).

Misc 6. ¥Ypasuenue (1.1)c p =2, ®(u) = (2(u1—u3), u3); n30MpPOBaHHOE OCOGOE PENTEHNE
u = (0, 0).

Misc 7. ¥Ypasuenue (1.1) ¢ p =2, ®(u) = (u1(u?+us), us(1+us)); usonuposamnoe ocoboe
perrerne 4 = (0, 0) (mmerorcs Takke Heocobbie pemenus (0, —1), (1, —1), (-1, —1)).

Misc 8. Vpasuenue (1.1) ¢ p =2, ®(u) = (ug +u3, 3ujug/2+u3(1+uy)); usosmposanmoe
ocoboe pemenre 4 = (0, 0) (umeercs Takzke Heocoboe pemienue (—4, 2) ).

Misc 9. Vpasuenue (1.1) ¢ p =3, ®(u) = (ug +us +uz — 1, u3/5 +u3/2 —ug +u3/2 +
1/2, uy + ug + u3/2 — 1/2); mszommposannoe ocoboe pemenue 4 = (0, 0, 1) (umeercs TakxKe
Jpyroe ocoboe perenue (—5/2,5/2, 1) ).

Misc 10. Vpasnenne (1.1) ¢ p = 3, ®(u) = (ug + wyus + u3, —2uy + u? + u3, uy + u3);
u3oupoBanHoe ocoboe pemenne @ = (0, 0, 0).

Misc 11 (muckpermsoBannoe H -ypashenue Yamnmpacexapa). Ypasuerue (1.1) ¢ BeiOupae-
MBIM 3HAYCHHEM P (B 9KCIEPHMEHTAX HCIOJIB30BAJIOCH P =5 ),

7 LI
d; = U — Uy -1, ie{l,....ph
(W=wi-gow) =1 ie{l...p}

Jj=1
Jsi p = b upubJIMKeHHOe N30 IMPOBAaHHOE 0cOD0e pelreHne

u = (1.359753, 1.688205, 2.005894, 2.318350, 2.627810).
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Misc 12. Vpasuenne (1.1) ¢ p = 2, ®(u) = (u1 + au3/2, u3/2) c BemecTBEHHBIM Hapa-
MeTPOM a (B SKCIEPHMEHTaX MCIIOILb30Bajoch a = +/15); u3oimpoBanmnoe ocoboe pereHue
u=(0,0).

Misc 13. Dro ypasnenue (1.1) uz npumepa 2.2, ¢ p = 2, ®(u) = (u; + aud/2, ujus +
u3/2) ¢ BeleCTBEHHBIM TapaMeTpoM a (B SKCIIEPUMEHTaX HUCIOIb30Baloch a = 1, Kak U B
npumepe 2.2); nzonuposanHoe ocoboe perenne 4 = (0, 0) (mmMeercs Takzke HeEOcobOe peIIeHNE
(—=1/(2a), 1/a)).

Misc 14. Vpasnuenne (1.1) ¢ p =2, ®(u) = (uf + u3, uyus); u30IMpOBaHHOE OCOGOE perIre-
e o = (0, 0).

Misc 15. VYpasuenne (1.1) ¢ p =2, ®(u) = (u1 +ujug +u3, ui —2u; +u3); UB0UPOBAHHOE
ocoboe pemenne 4 = (0, 0).

Misc 16. VYpasuenne (1.1) ¢ p = 2, ®(u) = (u} — ug, u? + u3); mzomuposannoe ocoboe
pemenue 4 = (0, 0).

Misc 17. Vpasmenue (1.1) ¢ p =2, ®(u) = (u?—u3, 3u?—3u3); HEU30IMPOBAHHOE PEIITCHNE
u=(0,0).

Misc 18. VYpasuenue (1.1) ¢ 9uCIOM HEpEMEHHBIX p = 5, ¥ C YUCJIOM yDaBHEHUii, paB-
eiM 4, D(u) = (ug +us +ui +uf +ui —2, ug —us +ui+uj +ui, —ui+ui+ud, ud+ui—ud);
HenmsosmpoBanuoe pemenne © = (1,1, 0, 0,0). s sroit 3amaan NM paboraer Kak MeTo
laycca—HbroToHa, HCIIONB3YIOMUI pelenne MUHIMAILHON HOPMbI UTEPAIMOHHOTO YPABHEHHUSI
(1.2).

Misc 19. Vpasuenue (1.1) ¢ p = 3 u3 |1, npuwioxkenne| ¢ napamerpavu k = 1, m = 1;
u3opoBanHoe ocoboe pemenne u = (0, 0, 0).

Misc 20. VYpasuenne (1.1) ¢ p =2, ®(u) = (uf+ui—2, €' +u3—2); Heocoboe pemenne
u = (1, —1), koropoe TpaHcHOPMUPOBAIOCH B 0COOOE MOCPEICTBOM YIOMSIHYTOM! BBIIIE B CBS3H
¢ nabopom MGH nponeyper u3 [19] (y ucxoaoro ypaBHeHust UMeeTcst TakKe JIpyroe Heocoboe
pemenne (1, 1)).

Misc 21. VYpasuenue (1.1) ¢ p = 2, ®(u) = (u; — 10, uyus — 5000); HEOCOOOE perIeHHE
u = (5000, 10), koTopoe TpaHChHOPMUPOBAIOCH B 0CO0OE TIporierypoii u3 [19].

Misc 22. Vpasuenue (1.1) ¢ p=2, ®(u) = ("7 — 1, uy 4 uy — sin(3(uy + us))); uz0m8-
poBanHOe ocoboe pemienne U = (0, 0).

Misc 23. ¥Ypasuenne u3 Misc 22, K peleHnio KOTOPOro JIOMOJTHATE/THHO MPUMEHSIIACH TTPO-
neaypa us [19].

Misc 24. Ypasuenue (1.1) ¢ p =2, ®(u) = (u1, 1—u1/(u1+0.1)+2ul); neocoboe pemenne
u = (5000, 10), xoTopoe TpaHchHOPMHPOBATIOCH B 0000 mporeaypoit u3 [19)].

Misc 25. Vpasmenue (1.1) ¢ p = 2, ®(u) = (u; + u3, 2(u; — 1)uy); HEOCOGOE pemienue
u = (0, 0), KoTopoe TpaHcHOPMUPOBATIOCH B 0c0bOe Tporierypoit u3 [19].

Pesynbrarhl skcnepuMenTa na nabope Misc mpejcraBieHbl Ha puc. 3, W BBIBOAbI U3 HUX
araormgabl BeiBogaM 11t MGH: s dekr o sxkerpanossinym i NM 60J1biire, geM 11t MeTOIa
LM, a gias meroma LM 6oubine, vem st metoga LPN.

Janbreitmmit skcuepuMenT ObLI HAIIPABIEH Ha JIEMOHCTPAIMIO TOIO, 9TO 32 IPEeIe/aMu
JINHEHO-KBaIpaTUIHOro ciaydad ekt ot sxcrpanoaruu g NM u merogo LM u LPN
BBIPABHUBAETCSI, UTO COIJIACYETCS C paccMOTpenusimu B pasj. 3. s sroro uz wadbopos MGH
n Misc ObLIn 0TOOpaHBI 3a/1a4i, B KOTOPBIX oToOparkeHne P He siBIsieTcs JIUHEHHO-KBaJIpa-
TAYHBIM, & UMeHHO, Freudenstein and Roth, Beale, Helical valley, Gulf research and
development, Box three-dimensional, Biggs EXP6, Trigonometric, Brown almost-linear;
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(f) AnropuTm 3, 10 BpeMeHH 3aIrycka
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Misc 7-9,Misc 14, Misc 20, Misc 22-24. Pe3ysbTaThl Ha puc. 4 MOKa3bIBAIOT, YTO HA JTAHHOM
BBIOOPKE TECTOB CpaBHUBAEMbI€ aJITOPUTMbI UMEIOT CXOXKUi 9(PDEKT 0T IKCTPAIIOISIINN, XOTS
g metosia LPN addekT Bce ke MeHbIle, 4eM I JIPYTUX aJTOPUTMOB.

1t ] 1t ]
P N
o8t/ ol ] ]
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'
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§
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(¢) C arcrpanosanueii, 0 KOJUIECTBY UTEPAIii (d) C sxcrpanossimeil, 10 KOJIUIECTBY BBIYUCICHUI

Puc. 5. CpaBHenue Ha MOJTHOM TECTOBOM HabOpe

Ha puc. 5 npuBejieHHbIe BBIIIE PE3YJILTATHI JOMOJIHEHBI CPABHEHHEM TPEX aJrOPUTMOB 1, 2
u 3 Mexy coboit. CpaBHEHHE 110 BpEMEHH 3/1eCh He NPUBOIUTCH, MOCKOIbKY MeTon LPN s
paccMaTpUBAEMbIX 371eCh YpaBHEHUI 0€3 JIOTOJTHUTE/ILHBIX OI'PDAHMYEHUN HeM30€KHO ITPOUTPbI-
BAeT 10 ITOMY TIOKA3aTeN0, TaK KaK PellleHne ero noj3ajiad (3aad JMHeHOrO IporpaMMupo-
BaHMsl) sIBJISIETCS TOpa3 10 6oJiee 3aTpaTHBIM, deM perrerne noazanad NM n meroma LM (cucrem
JIMHEeHHBIX ypaBHeHuit). BMecTo 3moro npuBouTesi cpaBHEHUE MO JIPYToi BaXKHOI XapakTepu-
CTHUKE, & UMEHHO, 110 Koju4ecTBy Bblunciaennit ®. BarkHoe Hab/rogeHne cOCTOUT B TOM, UTO
10 TOI XapaKTEePUCTUKE METO/IbI C SKCTPAIIOJISIEl MOT'YT ObITh CYIIECTBEHHO MeHee 3 deK-
TUBHBI, 9€M I10 KOJIMYECTBY UTEPaIlnii, IIOCKOJIbKY Ha KaXKJI0¥ UTEpaIuu TPeOYIOT 110 KpaitHeit
Mepe OJ[HOTO JIUIIHErO BhIYUCIeHUusT ® JjIsd IPOBEPKHU yCIOBUS OCTaHOBKH (3.9).

st aaropuTMOB C OJTHOMEPHBIM TTOUCKOM 3(hMEKT OT SKCTPAIOJIAIINT BO MHOIOM OIIpe-
JesigeTcsd aCUMITOTUYECKAM TMPUHATHEM IIOJIHOTO Iara, IMOCKOJbKY 3Ta TEXHUKa OCHOBaHa Ha
XapakTepe CXOJMMOCTU K OCOOBIM pPEeNIeHUsIM UMEHHO ITOJTHOIIANOBBIX HBIOTOHOBCKUX METOJIOB.
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Tabmumna 1. IIpomeHT cpeaHero KOan4decTBa MOCIEIHNX MOJTHBIX IIaroB

Tect | NM | LM | LPN
Rosenbrock 98.67 | 49.70 | 70.87
Freudenstein and Roth 99.44 | 98.95 | 99.75
Brown badly scaled 32.14 | NaN | 100.00
Beale 99.08 | 100.00 | 99.93
Helical valley 95.77 | 33.95 | 49.63
Gulf research and development | 24.05 | 13.64 | 17.39
Box three-dimensional 90.71 | 28.46 | 44.85
Powell singular 100.00 | 100.00 | 100.00
Wood 99.23 | 94.97 | 98.16
Biggs EXP6 83.20 4.20 6.91
Extended Rosenbrock 93.48 | 26.68 | 87.02
Extended Powell singular 100.00 | 100.00 | 100.00

Variably dimensioned, p = 10 100.00 | 100.00 | 99.82
Variably dimensioned, p = 500 100.00 | 100.00 | 62.91
Trigonometric NaN 53.00 | NaN
Brown almost-linear, p = 10 98.24 | 100.00 | 95.34
Brown almost-linear, p = 500 100.00 | 98.27 | 65.41

Misc 1 100.00 | 100.00 | 100.00
Misc 2 100.00 | 100.00 | 100.00
Misc 3 100.00 | 100.00 | 100.00
Misc 4 98.65 | 100.00 | 100.00
Misc 5 100.00 | 100.00 | 100.00
Misc 6 100.00 | 100.00 | 100.00
Misc 7 97.89 | 99.74 | 99.18
Misc 8 98.57 | 100.00 | 100.00
Misc 9 97.75 | 100.00 | 98.77
Misc 10 98.50 | 100.00 | 100.00
Misc 11 100.00 | 100.00 | 100.00
Misc 12 100.00 | 100.00 | 100.00
Misc 13 96.75 | 99.33 | 99.50
Misc 14 99.86 | 100.00 | 100.00
Misc 15 98.43 | 100.00 | 100.00
Misc 16 97.94 | 100.00 | 100.00
Misc 17 87.50 | 100.00 | 100.00
Misc 18 99.76 | 100.00 | 100.00
Misc 19 89.61 | 83.42 | 86.06
Misc 20 89.69 | 55.38 | 79.58
Misc 21 100.00 | NaN 13.21
Misc 22 98.07 | 100.00 | 99.07
Misc 23 13.29 | 18.83 | 13.12
Misc 24 96.56 | 52.57 | 57.29
Misc 25 76.92 | 73.04 | 84.40
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B s1ux skcrnepuMenTax e MHCTBEHHBIN TECT, HA KOTOPOM HHOT I HAOJIIO/IAIUChH CJIyYard HEIOJI-
HOT'O MOCJIETHErO Iara, (JIIs BCeX TpeX aJropuTMoB), — 310 Misc 23, B koropom ®'(u) = 0, =HO
2-perysgpHOCTH He MMeeT MecTa HU M0 KaKOMY HampasJenuio. Tadsmia 1 comep:ut nadopma-
IIMIO O IIPOIEHTE CPEeJIHErO KOJIUYECTBa IOCIETHUX ITOTHBIX ITAr0B Ha OJUH YCIIENIHbIN 3allyCK,
OT ODIIETO KOJIMIECTBa UTEPAITN.

WNutepecnoe HaOIIOIEHTE COCTOUT B TOM, UTO IO BPEMEHHU aJITOPUTM 2 TIOKA3bIBAET JIYUIIHUi
pesyibrar Ha npumepro 70% 3ajad (0 yKa3aHHBIM BBIIIE PUYUHAM 9TU PE3YJIBTATHI 3/1€Ch
He MPUBOJATCSI), a 110 KOJIUYIeCTBY BblUucaeHud P U 0COGEHHO MO KOJMYECTBY MTEPAIii Ta-
KOIl IPOIEHT ropa3jio HuXKe; cM. puc. Ha, bb. Boszmoknoe obbscHeHNE COCTOUT B TOM, UTO IO
CPeJTHIM 3HaYeHUSAM [IPUHUMAEMBIX aJTOPUTMAaMHU [TapaMeTPOB JIJINHBI IIara aJrOpuTM 2 TaKzKe
OKa3bIBAETCH JIYUIIUM Ha CPABHUMON JI0JIe 3a/1a9, KaK U 110 CPeJHEMY KOJMYECTBY IOCTIETHIX
IIOJTHBIX IT1aroBs; CM. TaOuILy 1.

B zakmroyenme KpaTKO OIHWIIEM Pe3yIbTaThl dKCIepuMeHTa ¢ MeTojioM LM, B KoTopom B
npaBuie yig HapaMerpa peryiapusaimu o(u) = min{a, |®(u)|*} ucnoabzopamuch pasmble
3HAUCHUA O, a UMEHHO, Hapaay ¢ 1, paccMmarpusamuch sHadenus 107, 107° u 1071° Ha
JIAHHBIX TECTOBBIX Habopax Bepcuu MeTona LM ¢ MeHbInMU 3HAYEHUSAME G (9TO B IPUHIAIIE
[IO3BOJISIET AJITOPUTMY 2 BJAJIA OT PElIeHuil rTeHepUpPOBaTh U IPUHUMATL O0Jjiee JIIMHHbBIE MATH,
OKa3bIBAIOTCs HECKOJIBLKO 0oJsiee 3(PEKTUBHBIMU, HO TIPU ITOM HECKOJBKO MeHee POOACTHLIMH,
OJ/IHAKO pa3HUIla HeBenKa. Bmecte ¢ TeM, BBIOOD 0 = 1 3HAYNUTEHLHO IPOUTPHIBAET IO BPEMEH!
paccMaTprUBaeMbIM aJIbTEPHATHBAM.
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Pazjioxkenune momysieit Haa o000IIeHHbIME ajareopavmmu /Inkcona
Cepreit BuktopoBuy JIIO,Z[KOBCKI/Iﬂ

MUPSA — Poccuiickuit TeXHOJOTHIECKUN YHUBEPCUTET

119454, Poccuiickas Penepariusi, r. Mocksa, npoct. Beprajickoro, 78

Awnnoramusi. CtaThsi IOCBSIIIEHA MOJLYJIsIM HaJ| 0000ImeHHbIMU ajiredpamu Jlukcona. dtu aJ-
reOpbl HEACCOIMATUBHBI U B OOIIIEM CJIydyae MOI'YyT ObITh HeaJbrepHaTUBHbIMEU. OHU COCTABJIAIOT
BaKHBII KJIacc ajaredp u pas3iiesl MaTeMaTuKu. B pabore m3ydarorcsi JeBble, IIpPaBble U JIBYCTO-
poHHUE Momysu Haj 0600meHHbIME ajaredpavmu /Iukcona. Vcciemyercss ux CrpyKTypa U IOJI-
Moy, Ocoboe BHUMaHME yIe/eHO OMMOLYJ/ISIM C MHBOJIIOIMEl HaJl 0O00IEeHHBIME ajaredpaMu
Hukcona ¢ nasosnonueit. Takme 6UMOIy M UMEIOT crienudpuIecKrne 0COOEHHOCTH, BEI3BAHHDBIE Ha-
JinareM MHBOJIIOIMY. VcceayoTes MUHIMAJIbHBIE IOAMOIYJIN U pa3JjIoXKeHne MoyJeil. B qact-
HOCTHU, U3yYIAIOTCS ITUKIMIECKUE TTOIMO/TY/IN.

KuroueBbie cjioBa: MOIY/Ib, pa3ioxKenne, 06001mennast aarebpa Jlnkcona, MHBOJIIONHS, KOJIBITO

dnsa murupoBanus: Jodkosckut C.B. Pasnoxenne mojysieil Hai 0000IIEHHBIME aJIredpaMu
Hukcona // Becrruk poccuiickux yuusepcureros. Maremaruka. 2024. T. 29. Ne 148. C. 425-439.
https://doi.org/10.20310/2686-9667-2024-29-148-425-439 (In Engl., Abstr. in Russian)
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Introduction

Dickson algebras compose a great class of nonassociative algebras (see [1,2]). They are
formed by induction using a doubling procedure of a smashed product (see [3-6] and references
therein). This class of algebras is the generalization of the octonion (Cayley) algebra. There
are wide-spread applications of Dickson algebras in the theory of Lie groups and algebras
(see [7T—11]) and their generalizations (see [12]), noncommutative mathematical analysis, non-
commutative geometry (see [13,14]), operator theory (see [15,16]), PDE (see [17]), elementary
particle physics and quantum field theory (see [18]). In the aforementioned areas naturally
modules over Dickson algebras are very important, but they are only a little studied.

In this article left, right and two-sided modules over generalized Dickson algebras are
studied. They are complicated in comparison with alternative algebras. Specific definitions
and notations are given (see Definitions 1.1, 1.2, 1.3, 2.1, 2.2, Remark 1.1), because generalized
Dickson algebras are neither associative nor alternative. Structure of modules and submodules
over generalized Dickson algebras are investigated. For this purpose auxiliary Lemmas 1.1,
1.2, Corollaries 1.1, 1.2, Examples 1.1 and 2.1 are provided. Dickson algebras posses very
important involution property. Therefore bimodules with involution are studied in Section 1.
Bimodules with an involution are scrutinized in Theorems 1.1, 1.2, Corollary 1.3. For them
necessary and sufficient conditions are elucidated. Identities in them are studied in Proposition
1.1. Subbimodules are investigated in Theorem 1.3 and Corollaries 1.4, 1.5. Relations between
left, right and two-sided modules over Dickson algebras are given in Corollary 1.6 and Remark
1.3. Bimodules which are not bimodules with involution also are studied (see Proposition 1.2).
Left subbimodules are investigated in Theorem 1.4, Proposition 1.3, Corollary 1.7. In particular,
cyclic submodules are studied.

All main results of this paper are obtained for the first time.

1. Modules over generalized Dickson algebras

To avoid misunderstandings we recall necessary definitions and notations in Definition 1.1
and Remark 1.1 (see also [1,3,4] and Appendix).

Definition 1.1. Assume that F' is an associative commutative and unital ring. Then
over F' a unital algebra A is considered, which may be generally nonassociative (relative to
multiplication A x A — A). Assume that A is supplied with a scalar involution a — a so
that its norm N and trace T maps have values in F' and fulfil conditions:

aa = N(a)l with N(a) € F, (1.1)
a+a="T(a)l with T(a) € F, (1.2)
T(ab) = T (ba) (1.3)

for each a and b in A.
If a scalar f € F' satisfies the condition: Ya € A fa =0 = a = 0, then such element f

is called cancelable. Using a cancelable scalar f the Dickson doubling procedure provides new
algebra C'(A, f) over F such that:

C(A, f) = A Al (1.4)

(a+bl)(c+dl) = (ac — fdb) + (da + bé)l and (1.5)
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(a+0bl) =a-— 0l (1.6)

for each @ and b in A. Then 1 is called a doubling generator.

Remark 1.1. From Definition 1.1 identities follow: Ya € A Vb€ A T'(a) = T'(a + bl)
and N(a+bl) = N(a)+ fN(b). The algebra A is embedded into C(A, f) as A > a > (a,0),
where (a,b) = a+ 0l It is put by induction A, (fn)) = C(An-1, fn), where Ag=A, fi = f,
n=12,..., foy="(f1,.-..,fa). Then A,(fu) are generalized Dickson algebras, when F' is
not a field, or Dickson algebras, when F' is a field, where 1 < n € N.

If the characteristic of F' is char(F') # 2, then the imaginary part of a Dickson number z
is defined by:
Im(z)=2-T(2)/2,

hence N(a):= Ny(a,a)/2, where Ny(a,b) := T(ab).
If the doubling procedure starts from A = F'1 =: Ay, then A; = C(A, fi) is a *-extension
of F.

Remark 1.2. We consider also the following generalizations of the Dickson algebras.
Let F' be a commutative associative unital ring of characteristic

char(F) # 2; (1.7)
an algebra B has a structure of a F'-bimodule with

r+y=y+z, (z+y)+tz=z+@y+2),

a(ayz) = (aay)z, (xa;)a = x(aa;) and such that axr = xa,

(1.8)

for each @ and a; in F, z, y and z in B, B asthe F'-bimodule is free and isomorphic with
the direct sum

B~ (P Fi; (1.9)
§=0

with elements i; € B for each j = 0,...,n, satisfying Tyt = & i, where Tpx = (ipx)iy,
&k € F foreach k, [ in {0,1,2,...,n}, = in B, where n > 2 is a natural number,
€= (&i)ki=1,.nt+1 (1.10)

isa (n+1) x (n+1) matrix having matrix elements &; such that the corresponding F'-linear
operator is invertible.
It will frequently be useful also the additional condition

’ij’ij = Ujio (111)
with nonzero cancelable v; in F' possessing an inverse vj_l € F foreach j=0,...,n.

Lemma 1.1. Let an algebra B satisfy Conditions (1.7)—(1.10) in Remark 1.2. Then there
exist F'-linear operators m; : B — Fi; which are F -linear combinations of the operators
To,..., T, for each j € {0,1,...,n} such that Z?:o 7; = idp, where idg(x) = x for each
x € B.
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P r o o f. From the conditions of this lemma it follows that there exists an inverse operator
having matrix p = ¢! with matrix elements py; belonging to F. Then we put m;(z) =
Y reoPikTi(x), consequently, m;(xz) = > ,_,xym;(i;), where z; € F for each [ such that
xr = Z?:O x4, * € B. Then Wj(il) = Zzzomek(il) hence Wj(il) = Zzzopj,kfk,lil = (SjJZj,
where §;; =1, §;, =0 for each k # j. Thus m;(x) = z;i;. O

Corollary 1.1. Let the algebra B satisfy conditions (1.7)—(1.11) in Remark 1.2. Then
vy i;mj(x) = x; for each x € B and j = 0,...,n, where z; € F for each | such that
xr = 27:0 l’lil.

Example 1.1. Assume that F' is a (commutative associative) field of characteristic
char(F) # 2, B satisfies conditions (1.7)—(1.10) in Remark 1.2, {ig,1,...,%,} is a basis of B
over F, det(§) # 0. Then there exists an inverse matrix p = £~! with matrix elements py
belonging to the field F.

In particular, let us choose B = A,,(fum)) such that 2 < m € N, where F' is the field of
characteristic char(F) #2, fi=1,..., fn=1 n=2"—1, Ay = F with the trivial involu-
tion (i. e. @ = a for each a € Ay), ip = 1, where 1 = 15 is the unit element in B (see Remark

1

1.1). Then Z = moig — X103 — ... — Ty, for each z € B, where xy,...,z, denote expansion
coefficients belonging to F' for x such that x = z¢ig + 2171 + ... + ui,. Then Ty(z) = =z,
Ti(x) = —xolp — 181 + Xolis + ... + Tpin, .., Tn(T) = —xoio + X101 + ... + Ty_10n_1 — Tpin,
since igiy = iy, 12 = —1, izl = —iyip and (ixd;)iy, = 4; for each k #1 with k> 1 and [ > 1.

Therefore, 5= (To+...+Tom_1)(z) = Z, consequently, m(z) = zoio = 3(To+ 575w (To +. .. +
Tom_1))(x). Then my(irx) = xyio for each k > 1, hence m(z) = (mo(ip2))ix = xpig. Thus &
is the invertible matrix.

Lemma 1.2. Let A, = A,(fm)), Ao = A, 2 < n € N, where A is the commutative
associative unital algebra with the trivial involution over the commutative associative unital ring
F' of characteristic char(F) # 2. Let iy = 14, g1 =1 for each k=1,...,n, i;, =1, 1,
with j; = 2R~ jo =1 + 2871 foreach s=2,...,p, 2<p<n, 1<k <...< k, <mn,
where 1, denotes the doubling generator 1 at the p-th step in Formula (1.5) in Definition 1.1.
Then {i; : j =0,1,...,2"=1} s a family of generators of A,, over Ay satisfying the identities:

ij(iju) = (i5i5)u, (uij)i; = u(izij), i;(vi;) = (i50)i;, T(i(iRv)) =0 (1.12)
for each ue A,, v=v€ A, and j=0,1,...,2" =1, 1 <k #j.

P roof Since the ring F' is commutative and associative, then as it is known the left and
right F'-module structures can be considered as equivalent: (pp;)u = p(p1u) = p1(pu) = (p1p)u
for each p, p; in F, u € A,, by putting L, = R, on A, for each p € F, where L,u = pu,
R,u = up (see |9, Ch. 2]). The algebra A, is unital, hence A; is unital, and by induction A, is
unital according to Formulas (1.4), (1.5) in Definition 1.1. The elements f; in F are cancelable
for each k, consequently, the product fi, ... fy, is nonzero for each 1 < k; < ... <k, < n,
p > 2, since A, is the unital algebra. For each ag, a; in Ay by the conditions of this lemma
apa; = ajag and Goa; = apaj.

Using Formulas (1.4), (1.5) in Definition 1.1 by induction we deduce that for each z in
A, there exist elements xg,...,z9n_1 in Ay such that x = zgig + ... + Xon_1i9n_1. That is,
{i; : 7=0,...,2"} is the family of generators of A, over Ay. Therefore,

21 2n—1 2n 1
i) = Y ii(i@mim) = Y (i(ijim))Tm  and  (wi;)i; = Y T((imi;)is)- (1.13)
m=0
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From Formula (1.5) in Definition 1.1 we deduce that

L (Le(ag—1 + di—11g)) = (Lelg)(ag—1 + di—11;) and

(1.14)
((ag—1 + de—11i) L)l = (ap—1 + d—11;) (Lely)

for each aj_1, dy_; in Az_;, where k > 1. Note that 12 = —f, for each k& > 1, since
Ay is the unital algebra. If {li ,...,1;, }4p) denotes an ordered product, where ¢(p) is a
vector indicating an order of pairwise multiplication with a corresponding order of brackets
in ly,..., 1, where 1 <k <n, k # k, foreach [ #5s, [ and s in {1,...,n}, 2<p<mn,
then there exist unique n(ki,...,ky, q(p)) € {1,2} and j(ki,...,kp, q(p)) € {1,...,2" — 1}
such that (—1)"{L,,..., 1k, }op) = i, Where n = n(ky,... . kp,q(p)), j = j(k1,... kp,q(p)).
Therefore, from (1.14) by induction in k& = 1,...,n it follows that i;(i;im,) = (i;i;)i, and
(mi;)i; = im(i;i;) for each m and j. For each v =10 € A,, from Formulas (1.5) and (1.6) in
Definition 1.1 it follows that T'(lyv) = 0, 1(vly) = (Iyv)ly = Lx(v];) for each k& > 1 and by
induction i;(vi;) = (i;v)i; for each j, since ig = 1. The latter and (1.13) imply (1.12). O

Corollary 1.2. If the conditions of Lemma 1.2 are satisfied and F is a field, Ay = F,
then {i; : j=0,...,2" — 1} is a basis in A, (as in the F -linear space).

Definition 1.2. Let F' bethe commutative associative unital ring. Let B be a unital
algebra over F' with F' C Cg(B). Let M be a unital left Cg(B)-module:

b(byu)= (bby)u, b(u+v)=bu+bv, (b+b)u=bu+bu, u+ (u1+v)=(u+u)+v (1.15)

for each u, uy, v in M, b, by in Cg(B). Let u; be a Cg(B)-bilinear map py : BXM — M,
that is,

pi(z, utv)= pi(z,u)+p (2, v0), pi(r+y,u)= (e, u)+p(y,w), pi(br,w)=bui(z,u) (1.16)
such that u is compatible with the left Cg(B)-module structure of M :
pi(x,bu) = bu (x, u) (1.17)

foreach z, y in B, w, v in M, b in Cg(B). Then M will be called a left B-module. Shortly
p1(z,u) can also be denoted by xu. Similarly is defined a right B-module, or a B-bimodule.

For B = A.(fwm)) with Ay = A, n > 2, where A is the commutative associative
unital algebra with the trivial involution over the associative commutative unital ring F' of
characteristic char(F') # 2, if M satisfies conditions (1.15)—(1.17) and

ij(ijz) = (ijij)z (1.18)

foreach x € M, j=0,...,2"! then M will be called a left A, (f(,))-module. Symmetrically
is defined the right A,(f(»))-module with condition (1.19) instead of (1.18):

(wij)i; = 2(ijiz) (1.19)
for each x € M, j=0,...,2"" 1 If M satisfies (1.15)—(1.19) and (1.20):

L, =R, on M for each b € Cp(B), (1.20)
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then it will be called A,(f(n))-bimodule and denoted by pMp or shortly by A, where

B = A,(fn))-
If in the B-bimodule M there exists a Cp(B)-linear map J: M — M such that

J(br) = (Jx)b foreach x € M and b€ B, J* =1 (1.21)
and ((3z € M Vb€ B bz + J(bx) =0) = (z =0)) (1.22)
and (i;y)i; = i;(yi;) and i;(igy) + i;(igy) =0 (1.23)

for each y = Jy in M and j >0, j # k > 1, where B = A, (f)), I : M — M is the
identity map I = idy, on M, Ixr = x, then M will be called the B-bimodule with the
involution J and denoted by gMp or shortly by M. Briefly Jz will also be denoted by .

Theorem 1.1. Let M be the unital A,(fu))-bimodule with the involution J, let the
subalgebra Ay over F be commutative associative and with the trivial involution a = a for
each a € Ay, let also char(F) # 2 and f; possess an inverse element fj’1 m F relative to

multiplication for each j =1,...,n, where 2 < n € N. Then there exists an Ag -subbimodule
My such that a,Ma, = @ " i;My with JMy = My, and My = Cyr(Au(fiw)), and there
exists an Ag-linear map 7, from M onto izMy with 71, o 71; = Oy 7k, where Op) = 1,

Ok; =0 if k#j, for each k and j in {0,1,...,2" —1}.

Proof By virtue of Lemma 1.2 the Dickson algebra B = A,(f»)) has the family of
generators 3, :={i;: j =0,...,2"—1} over Ay. By the conditions imposed above in Definition
1.2 the algebra A, and the ring F' are unital such that there is the natural embedding of F
into Ay as F'lu, and hence into B. Therefore, B contains the Dickson subalgebra algrf,
over F' with generators ig,..., 79 _1.

Note that F' C Cg(B) and Fiyf, = Ff,, Fpnix = F3, for each k, since F C Cy,(Ap).
As in Remark 1.2 let Tyu = (ixu)ip for each u € B, and Thx = (ipx)iy for each = € M,
k=0,...,2" —1. We put mo(u) = “T¢ for each u € B, and 7o(x) = &% for each z € M.
Let My = 7o(M), hence My =J{y € M : 3z € M,y = 2}, On the other hand, Ryx = Lyx
for each b € Cg(B) and x € M by Definition 1.2, where Ly,u = bu, Ryu = ub for each
u, b in B. The algebra Ay is commutative and associative with ag = ag for each ay € Ay,
consequently, Ay C Cp(B) and hence agy = yag = yag = agy for each y € My and ag € Ap.
Therefore, M, is the Ag-subbimodule in M, since Ay C B and M has also the structure
of the Ap-bimodule 4,My4,. It follows that y = y and 7(y) = y for each y € M, hence
Ty © Ty = 7o, where as usually (goh)(v) = g(h(v)) denotes the composition of maps ¢ and h
with a variable v of h.

For each x € M there is the decomposition = y + z such that y = %, z =% Let
M_:={z€ M :zZ=—z}. Evidently, My N M_ = {0} and M_ is the Ay-subbimodule in
Ao Ma, such that My @® M_ = 4, Ma,, since J: M — M and J? = I, also By N B_ = {0},
By =my(B), By=Ay, B_:={ue€B:3ve B u="3"}

We put

Sl ) ::U{fEF:EIpE{l,...,n} Jjhe{l,...,n} ... F,e{l,....n}
o €Z ... EIaPEZEIUG{—l,l}:f:vj‘:l,,,f.%}7

Jp

consequently, i = s, € S for each k > 1, where S = S,(fn)). Note that if y € My,
z€ M_, be B_, then (by —yb) € My, (by +yb) € M_, bz+zb € My, bz—zb e M_.
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On the other hand, (ixy = yix) < ((ixy)ix = ysk) < (ix(yix) = ysg) for each k > 1,
consequently, from conditions (1.21), (1.22), (1.23) in Definition 1.2 it follows that iyy = yiy
for each £ =0,...,2" — 1, since s, € S C F, 19 = 1. This implies that ¢,y € M_ for each
k > 1. By the Ag-linearity and Lemma 1.2 this implies that My C Com(B).

Then we put 7;(z) = —s; ' (o(bjx))i; for each € M, j =1,...,2" — 1. Notice that
7r(x) = 7r(y) + 7x(2) = 7p(z) for each &k > 1 and = € M, where y € My, z € M_,
v=y+z y="3l2, »=L5I2 since iy € M_ and 7(M_) = {0}. Thus 7y o@p =0 for

each k > 1, since 7x(My) = {0} and 7g(M) = My. From itz = ix(izz) = sz with s, € S
for each k > 1, char(F) # 2, F C Ay C Cp(B) and the conditions (1.15)—(1.19) in Definition
1.2 it follows that L; : M — M and similarly R;, : M — M are Aj-linear bijections for each
k=0,...,2" — 1, since M is the unital B-bimodule with involution, since the algebra B is
unital, 4o = 1p. Then we deduce that 7j(z) = 5= 3, (L + J)(bp) )i, = Sty " (bpx)ix + 7] for
each x € M and k=1,...,2" — 1. Therefore, 7rk M_ — M_ for each k> 1, since z = —Z2
for each z € M_. This implies that 7y o Tx(x) = To(7x(z)) = 0 for each x € M and k > 1,
since Mo N M_ = {0}, where z = Z=2z. Then we infer that @ o x(z) = —7,(Z) = () for
each x € M and k > 1, since my(z) = mx(z) with z = I2Jx since L;, R; g = Lz, since
7o(M) = My. Particularly 7x(ixy) = ixy for each k > 1 and y € My, since ixy = yig. This
implies that 7, (M) = 7ty o Tp(M) = Tp(ixMo) = ixMo, My = Myiy for each k > 0, since
io = 1. Note that i,My C M_ and #o(bpw) = @o(bpz) with z = %x for each & > 1 and
x € M. Thus 7o|n, = idag, Tolm. = 0, where idy,(y) = y for each y € M,. Therefore,
wjo7, = 0 for each j # k, since i;My NixMy = {0}, since i;(ixy) + i;(iry) = 0 for each
y=Jyin M and j >0, j#k >1, since f; is invertible relative to multiplication in F' for
each j.

Then we put K = Z?igl 7 on M, and K = Zjigl m; on B. These operators are
idempotent K2 = K and K? = K, since Tjofy = jxft; and ;o my = &;xm; for each
J,k=0,...,2" — 1. Hence I — K also is the idempotent operator.

It is known that the minimal subalgebra A in A,(f)) generated by {Aq,i;,ix} is
associative for each j, k=0,...,2"—1, since F and Ay are commutative and associative by the
conditions of this theorem (see [1,4,9]). Therefore, M) := Mo@® ;Mo @i Mo® (i5ir) My is the
Aj ) -subbimodule with involution in M, since iy Mo = Myiy for each k, ;Mo NipMy = {0}
for each j # k, i, € G, where G = Gy(fm)) = {io, ... d2n_1}- S, F C A,.

On the other hand, Ky = 7oy = y and k(ijy) = 71,(i;y) = i;y foreach y € My and j > 1,
since 7 (i;y) = 7 0 7;(i;) = 0 for each j # k. Then we deduce that KM_ = @31;1 i; Mo,
since Ly, : My — M_ and 7;M_ = i;My for each j > 1, since (7;M_)i; = My, Moi; = i;My.
Hence 7y (ixP) = 7o(P) = {0}, where P := M © (@3251 i;Mp). Notice that P is the proper
Ay (fny) -subbimodule with involution in M, that is P satisfies conditions (1.18)—(1.23) in
Definition 1.2. On the other side, the condition

(3z € M Vbe Bbx+ J(bx) =0) = (z=0)) is equivalent to
(Bz e MVjed{0,...,2" =1} iz + J(ijz) =0) = (z =0)),

since for each b € B there exist aq,...,asn_1 in Ay such that b = agig + ...+ aon_1i9n_1 by
Lemma 1.2. From 7(P) = {0} and Py = 7o(P) it follows that Py = {0}, consequently, P =
{0}, since Py = i;x;(P_) = {0} for each j > 1. Thus P = {0}, consequently, K =1 on M
and hence 4, M4, = @3; ;Mo and consequently, My = Comy(B), where M is considered
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as the Ap-bimodule 4,Mp,,, since M_ N Comy(B) = {0}. Analogously 4,Ba, = @3181 i; By
and By = Compg(B), By = m(B), where B is considered as the Ag-bimodule 4,Ba4,.
Therefore, for each y € My and for each j # k such that 7 > 1 and k£ > 1 we infer that
((i;9)ik) = 0 and m(i;(yix)) = 0 for each t # r, 7. ((¢;v)ix) = (4;y)ir and 7,(i;(yix)) =
i;(yix), where r € {1,...,2" — 1} is such that i;i, € 4,5, since (i;y)ix € Myn—, 1;(yir) €
M ry—. We put v = i;(yix) — (¢;9)ig. Therefore, v € L; My C M;-. From Formulas (1.21),
(1.22) and (1.23) in Definition 1.2 we deduce that v = v. Thus v € My N M_ = {0}, that
is v = 0. Hence (i;y)ir = i;(yi)) for each j # k such that j > 1 and k¥ > 1. For j =0
or k=0 evidently ¢;(yix) = (i;y)ix, since ig = 1. Using My = Comy(B) and Conditions
(1.21), (1.22), (1.23) in Definition 1.2 we infer that i;(yix) = —(yix)i; for each y € M, and
Jj # k such that 7 > 1, & > 1. Then it is similarly deduced that ¢;(ixy) = (i;i5)y and
(yix)i; = y(igi;) foreach j # k in {1,...,2" =1}, y € M), since v+v; =0 and v = v; with
v =14;(ipy) — (i5ik)y, v1 = (yix)i; —y(ixi;), since ve M_, vy € M_, MynM_ = {0}, since i;,
ik, il belongto B_. If j =0 or k=0, evidently ¢;(ixy) = (i;ix)y and (yix)i; = y(ixi;) for
each y € My. By the Aj-linearity and Lemma 1.2 we infer that My C Ny, (B), consequently,
Cu(B) = M. O

Corollary 1.3. Let the conditions of Theorem 1.1 be satisfied and n = 3. Then b(bzx) =
(bb)x, (bx)b = b(xb), (xb)b= x(bb) for each x € M and b€ B.

Proposition 1.1. If the conditions of Theorem 1.1 are satisfied and there is some
equality with a finite sum like

> Yoskrekma{doge) - - Ao Yapm) =0

in An(fn)), where dip; € An(fn))s Yowkr,okmit € Ao for each kj, j, 1, 0, then there exists a
corresponding identity in M.

P r o o f. For the identity satisfying the conditions of this proposition we use the decompo-
sition 4,My, = @3161 i;My and JMy = My, where My = Cyp;(B). Then we substitute one of
dy, on dy;y with an arbitrary fixed nonzero y € M, for each additive {dg(kl) . dg(km)}qw(m),
where S,, denotes the symmetric group of {1,...,m}, 6 : {1,...,m} — {1,...,m} is a
bijection for each 6 € S,,,, g 9(m) is a vector indicating an order of pairwise multiplications in
{...}. Then it is possible to make sums of such type equalities with multipliers from Ay. O

This proposition shows that definitions above are natural, because particularly the algebra
has also the structure of the module over itself. There may other equivalent definitions be given.

Theorem 1.2. Assume that F is a commutative associative unital ring, char(F) # 2, a
unital algebra Ag over F' is associative and commutative with the trivial involution a = a for
each a € Ay, My is a unital Ay -bimodule, B = A,(f)) is the generalized Dickson algebra,
and f; possess an inverse element fj_1 in ' orelative to multiplication for each j =1,...,n,
A My, = @?ialijMo such that My = Cp(B), where n > 2. Then a,Ma, can be supplied

with B -bimodule with involution BM B Structure.

Proof Weput by =yb, a(by) = (ab)y, a(yb) = (ay)b, (ya)b = y(ab), J(by) = by for
each y € My, a and b in B, J(x+ z) = Jr+ Jz for each z and z in M = @?181%’]\/[07
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since My = Cp(B) and igy = y for each y € My. Therefore, Jx = zoby + ...+ Ton_1ban_; for
each o = gl + ...+ XTon_1i9n_q in M with xo,...,29n_1 in My, consequently, J? = I and
hence J is the involution on M. In view of Lemma 1.2 the equalities by = yb, a(by) = (ab)y,
a(yb) = (ay)b, (ya)b = y(ab) for each y € My, a and b in B, supply M with properties
(1.15)—(1.23) in Definition 1.2, since the minimal subalgebra A, in A,(f)) generated by
{Ao, 5,1k, 0} is alternative for each j, k,l in {0,...,2" — 1} (see |1,4,9]), since F and A
are unital, associative and commutative, a = a for each a € Ay, since each x € M has the
decomposition x = xgig+,...,+Ton_199n_1 in M with zq,...,zon_1 in M. O

Definition 1.3.1If M istheleft B-module (see Definition 1.2), E is a subset in B,
D is a subset in B (orin M ), then

E-D=|J{ed:ecE, de D},

ED:U{l‘ZzekdeWEN, Vk:ekEE, deD}

k=1
denote subsets in B (or in M correspondingly). Then it is put
EW = F, (E-D)(l) — E-D;
Vn>1 dE™ = E-E"', (E-D)™ = E.(E-D)™Y;
E<> =E, (ED)~” = ED,
Vn>1 E<"> = FE"! (ED)<" = E(ED)<""'>;

E(o) — U E™  d(E- D)™ = U(E.D)(n);
n=1 n=1
E<oo> — ZE<”>? (ED)<OO> — Z(ED)<TL>
n=1 n=1

If N isaleft B-submodulein M suchthat 3d € M, D ={d}, E =B, N = (B{d})<>~,
then N is called a cyclic left B-submodule in M generated by d.
Similar notations are for right B-modules or B -bimodules.
If M is the B-bimodule, then
(E-D)" =(E-D)u(D-E), (ED)*"'> = (ED)+ (DE),
vn>1 (E-D)™ =(E.(E-D)"t=Uyy(E.D)" 1D, E),
(ED)<n,n> — (E(ED)<n—1,n—l>) 4 ((ED)<n_l’n_1>E);

(E . D)(oo,oo) _ U(E . D)(n,n)7 (ED)<oo,oo> _ Z(ED)<n,n>'
n=1 n=1

If N isa B-subbimodulein M suchthat 3d € M, D ={d}, £ =B, N = (B{d})<*>~,
then N is called a cyclic B-subbimodule in M generated by d.

If F is the field and V' is an A, (f())-subbimodule with the involution in an A,(fu))-
bimodule with the involution, then dimgV denotes the dimension of V' over F.

Theorem 1.3. Let the conditions of Theorem 1.1 be satisfied, D C M. Then (BD)<™™> C
(BD)<m+Lm+1>" for each m > 1, (BD)<**> = (BD)<**> for each k > 4. Moreover,
(BD)<**> is the B -subbimodule with involution in M and (BD)<**> = (BD)<*>>
(BD)<oo,oo> — (BD)<oo,oo>.
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P roof. Thealgebra B = A,(fr)) is unital, the B -bimodule with involution A is unital,
n > 2, by the imposed conditions. Therefore, (BD)<™™> C (BD)<m™+bm+1> for each m > 1.
For each x € D the element 7;(x) belongs to (B(B{z}))B for each j =0,...,2" — 1,
since . (i) G )i
1T)11 on 1 )lon 1
m( + 8—1 + ...+ T)
by Theorem 1.1, where s; is invertible in F' (relative to multiplication) for each j > 1.
Evidently, (B(B{z}))B C (BD)<**> for each x € D. On the other hand, R; 7;(x) belong
to (BD)<**> for each j and k in {0,...,2" — 1}, z € D, since by Theorem 1.1 7;(z) €
1;Mp, each x in M has the decomposition x = wgig + ... + Ton_1ion_1 With wg,..., 220
in My, #;(x) = x5i;, My = Cp(B). This implies that (BD)<**> = 2" 14, Vj with Vj =
spcmFU{xj 3z € D 3j € {0,...,2" — 1} z; = ;—ijrj(x)}, where spanp() denotes the
F-linear span of a subset @ in M. Certainly, Vj C M, and consequently, (BD)<*> is
the B-subbimodule with involution in M and (BD)<**> = (BD)<*>> (BD)<>®>®> =
(BD)<eo0>, O

Corollary 1.4. If the conditions of Theorem 1.3 are satisfied and F is the field, then
dimp(BD)<%>> = 2"dimpVy and dimpVy < 2"card(D).

T =

Corollary 1.5. Let F' be a commutative associative unital ring, char(F) # 2, let Ay be a
commutative associative unital algebra over F with trivial involution a = a for each a € Ay,
2<neN, f; beinvertible in F' relative to multiplication for each j =1,...,n+1. Let also N
be an A, (fm)) -bimodule with involution and N be contained in some Api1(fni1)) -bimodule
P such that Cn(An(fm))) = Co(Anti(fint1))), then M = N @ (Nl,1q) is an Apia(finsr)) -

bimodule with involution and My = Ny.

Proof By virtue of Theorem 1.1 N has the decomposition N = @i:ol Nyt with
Ny = CN<An<f(n)>>7 hence

2ntl_g
M= P Nij.
J=0

From Theorem 1.2 it follows that M is the A, i(f(n41))-bimodule with involution and M, =
No, since Cn(An(fm)) = Cv(Ans1(finrn))- O

Remark 1.3. For the generalized Dickson algebra B = A,(fn)) with n > 2, there is
its unvolutorial algebra B, which as an F -linear space, is the same, but has the multiplication
obtained from B by the following formula: @ o b = ¢ with ¢ = ba induced from B by the
involution operator Jb = b for each @, b in B, an addition in B is induced by that of in B.

Therefore, the left B-module 5M also has the structure of the right B-module Mp such
that ao (box) = (xb)a, where ¢ denotes the multiplication of  in M on b, @ in B. Using
the tensor product over F' and the involutorial algebra B instead of the opposite algebra B
one gets the involutorial enveloping algebra B¢ = B & » B instead of the enveloping algebra
B¢ = B B®. Then the left B¢ -module peM also has the structure of B-bimodule gMpg,
but generally it may not have the structure of the B-bimodule with involution sMp.

Proposition 1.2. Let B = A,(fw)), n > 2, where Ay is the commutative asso-
ciative unital algebra with trivial involution a = a for each a € Ay over the commutative
associative unital ring F, char(F) # 2, f; is invertible in F relative to multiplication for
each 37 =1,...,n. Then there exist B -bimodules which are not B -bimodules with involution.
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Proof. Take A,p(finip) with n > 2 and p > 1, with f; invertible in F' for each
j=n+1,...,n+p. Then M = A, ,(fntp)) has the structure of the B-bimodule pMp, but
it is not the B-bimodule with involution by Theorems 1.1 and 1.2. That is, this M does not
satisfy conditions (1.21), (1.22), (1.23) in Definition 1.2. O

Theorem 1.4. Let gN the left B -module with B = A,(fn)), n > 2, where Ay is the
commutative associative unital algebra with trivial involution a = a for each a € Ay over
the commutative associative unital ring F, char(F) # 2, f; is invertible in F relative to
multiplication for each 7 =1,....,n. Let D C N, N C M, where M has the structure of the
B -bimodule with involution gMpg. Then (BD)<™> = (BD)<*> for each 1 < m < oo and
(BD)<*> s the left B -submodule in gN.

Proof In view of Lemma 1.2 (BD)<!> is the Ay-linear span spana,@ of the family
Q= {ijx cxe D, jeA0,... ,2”—1}}. By virtue of Theorem 1.1 each element = in M has the
decomposition x = xgig+...+Ton_1ign_1 With xg, ..., zon_1 belonging to My, thatis = = f[x],
where 8 = 8, = (ig,...,i2m_1), [2]" = (0,...,22n_1), U' denotes a transposed matrix of a
matrix U. Consequently, i;x = wo(ijig)+,...,+xan_1(ijion_1) for each j € {0,...,2" — 1},
since My = Cyp/(B).

On the other hand, {i;, ...4;, }¢m) € G for each ji,...,jm in {0,...,2" =1}, 2<m € N,
where G = G,(fn)), where g(m) is a vector indicating an order of pairwise multiplications in
{...}. Note that si;G =G for each j € {0,...,2" — 1} and s € S, where S = 5,(fm))-

Notice also that S C F' C Ay. On the other side, Ag(Ap{z}) = Ao{z} and A(Ao{b}) =
Ap{b} for each x € M, b€ B. For each j, k, | in {0,...,2" — 1} the minimal subalgebra
Ay in B generated by {Ao, 1,1k, 4} is alternative (see [1,4,9]). Therefore, i;(ixi;)+ix(i;4) =
0 for each j # k with j > 1 and k> 1, [ in {0,...,2" — 1}, since (i; + ix)((i; + ix)i) =
((ZJ + Zk)(lj + Zk>>’ll, Z]Zk + ’lk’l] = 0, ’LJ(ZJZl) = (ZJZ])ZZ Then Zkﬁ = Ukﬁ with 2™ x 2™ matrix
Ui with entries in S for each k. From this and Conditions (1.1)—(1.4) in Definition 1.2, and
x = Bla] for each & € zgMp, it follows that span,Q = (BD)<*> and spana,Q = span,(GD),
span, (GD) = span 4, (Gspan,(GD)), since D C gMp, S C Ap. It implies that (BD)<?> =
(BD)<'>. By induction this gives (BD)~™*!'> = (BD)<™> for each 2 < m € N, hence
(BD)<oo> — (BD)<1>.

Certainly (BD)<*> is the left B-submodule in gN, consequently, (BD)<'> is the left
B -submodule in gNV. O

Corollary 1.6. Let the conditions of Theorem 1.4 be satisfied. Then (BD)<>>= (DB)<>>

Proposition 1.3. Let the conditions of Theorem 1.1 be satisfied with Ay = F, where
F is a field, char(F) # 2. Let either My = F™ and m € N, or My be a F -linear space such
that My © Fy be isomorphic with My for each y € My. Then for each x € M there exist an
inwertible F -linear operator V : M — M and b € B and y € My such that Vx = by.

Proof If x =0 the assertion of this theorem is evident. For x # 0 in M there is the
decomposition x = xgig+,...,+Ton_1ion_1 With xg,...,z9n_1 in M, such that there exists
ke {0,...,2" — 1} with x; # 0. So it is possible to choose such marked k. If M, = F™,
then it has a basis ey,...,e, as the F'-linear space. Therefore, for each 0 # x; € M, there
exists an invertible F'-linear operator V,, on My such that V, z; = x;,. If M, is the F-
linear space such that My, & Fy is isomorphic with M, for each y € M,, then for each
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0 # z; € M, there exists an invertible F'-linear operator Ve, on My such that V, z; = .
We put V = @3;1 ‘A/_,Ej, where V,, =idy, if ;=0 orif [ =k, where ij : Moi; — Moij,
ij(yij) = (Va,;(y))ij = i;(Va,(y)) for each y € My. In view of Theorem 1.1 My = Cp(B),
hence it is naturally V(bI) = (bI)V for each b in F, where I = idy. Therefore, V is the
left and right F'-linear operator on M such that V' is invertible on M, since Cp(B) = F
in the considered case Ay = F' with n > 2. This implies that Vx = by with y = 2, and

b=73,ca, i, Where Ay ={je{0,....,2n =1} : z; #0}. O

Corollary 1.7. Let B be the division alternative algebra, let M be a B -bimodule with
mwvolution satisfying the conditions of Theorem 1.1, x = by with y € My, b€ B. Then

(B{z})=™" = ({=}B)~" = (B{z})=™>".

1.1. Conclusion

The results of this paper can be used for further studies of a structure of modules over
nonassociative algebras, operator theory in modules over Dickson algebras, their applications
to PDEs, mathematical physics, quantum field theory, their applications in other sciences, etc.

This can be used for analysis and solution of PDEs utilized in gas dynamics and high
energy density physics, hydrodynamics, particularly, describing tidal deformations and the
gravitational potential of the planet [17,19-21].

It is worth to mention, that spectral theory of operators over Dickson algebras and par-
ticularly Cayley algebras was studied in [15-17|. Therefore, using the results obtained in this
article, it will be important to investigate further operator theory in modules over generalized
Dickson algebras, theory of factors for nonassociative analogs of C* -algebras, analogs of direct
integrals for them, applications in coding theory [22], etc.

2. Appendix
Definition 2.1. Let X be an algebra over a ring F, let M be a X -bimodule and
B C X. We put
Compy(B) :={x € M :V¥b € B,xb=bx};
Nuyy(B) :=={x € M :V¥b e B,Vc € B,(xzb)c = z(bc)};
Nym(B) :={z € M :Vb e B,Vc € B, (bx)c = b(zc)};
Nyo(B) :={x € M : Vb€ B,Vc e B, (bc)r = b(cx)};
NM(B) = NMJ(B) N NM,m(B) N NM,T<B) and
Then Comy(B), Ny (B), and Cyp(B) are called a commutant, a nucleus and a centralizer
correspondingly of the X -bimodule M relative to a subset B in X. Instead of Com(X),
Ny (X), or Cy(X) it will be also written shortly Comy;, Ny, or Cyp correspondingly.

A left (or right) X -module M is also denoted by xM (or My correspondingly), similarly
for bimodules.

Example 2.1. Particularly over the real field F' = Ay =R for A.(fy)), 2<r, upto
normalization of the doubling generator 1, on k-th step, a scalar f, € {—1,1} can be chosen
for each kK =1,2,... (see Definition 1.1 and Remark 1.1). Frequently a is also denoted by a*
or a.



438 S. V. Ludkovsky

Definition 2.2. Let N and M be two left B-modules (see Definition 1.2). A map
T: N — M we call a left B-quasi-linear operator, if it is additive:

Tv+w)=T()+T(w)

and left Cp(B)-homogeneous:
T(av) = aT(v)

for each a € Cg(B), v and w € N.

Evidently, each left B-quasi-linear operator is left Cp(B)-linear. Similarly right B -quasi-
linear operators for right B-modules are defined. If N and M are B-bimodules and a map
T : N — M is left and right B -quasi-linear, then T will be called a B -quasi-linear operator.

If for left B-modules N and M the operator T is additive and

T(bv) =0T (v)

for each b € B, v in N, then it will be called left B -linear. Analogously right B -linear
operators for right B-modules are defined. If N and M are B-bimodules and a map T :
N — M is left and right B -linear, then T" will be called a B -linear operator.

The operator left or right B-quasi-linear (or left or right B-linear) T': M — M is called
invertible if there exists a left or right B -quasi-linear (or left or right B -linear correspondingly)
operator V : M — M such that TV = [ and VT = I, where I = idy;, where idy(z) =z
for each x € M. Then V is called an inverse operator of T' and also denoted by 7.
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KommnakTHast cxema A penieHus cynepanddy3noHHOTO ypaBHEHUS
C HECKOJIbKMMHW MepeMeHHbIMHU 3aIla3IbIBAHUSIMA

Baagumup epmanosuy IIMMEHOB? , Auapeit Banentunosuu JJEKOMIIEB!
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Awnnoranusa. PaccmarpuBaercsa cynepaudy3unonnoe ypaBHEHHE ¢ JIPOOHLIMUA ITPOU3BOIHBI-
mu Pucca 1o mpocTpaHCTBY ¢ HECKOJIBKAMU MIEPEMEHHBIMU 3amas3biBaHusMu. lIpousBoaurcs
JMCKperu3anus 3aja4du. 1lo BpeMeHr KOHCTPpYHMPYyeTCsl aHaJIor Pa3HOCTHOro merojaa KpaHka—
Huxoscon ¢ Kycodno-sinneiinoit nurepossnueii 1is ydera 3ddekra mepeMeHHoro 3ana3/bBa-
HUS U C 9KCTPAMOJIANNEN TPOIOIPKEHNEM JIJIsi TOrO, ITOOBI HESBHOCTh METOA CTaJIa KOHETHO-
Mephoii. [To mpocTpaHCTBY KOHCTPYUPYETCsI aHAJIOT KOMIIAKTHOM CXEMBI CO CIEIUaJbHON 3aMe-
HOH TPOOHBIX TPOU3BOIHBIX Prcca IpoOHBIMU IEHTPAJIHHBIME PA3HOCTIMU. B pe3yibrare MeTosr,
CBOIMTCS K PEIEHUIO Ha KAaXKJOM IIIare BPEeMEeHH CUCTEMBbI JIMHEHHBIX aJredpandecKux ypaBHe-
HUIl ¢ CHMMETPUYIHON U TOJIOYKUTEIBHO ONPEJIeJICHHON TyIaBHOU MaTpurieit. V3ydaercs: mopsiok
MaJIOCTH OTHOCHTEJILHO IIaroB JIMCKPETH3alluu 10 BpeMeHu A U MPOCTPAHCTBY h HEBSI3KH
MeTo/a 6e3 WHTepHOMANAN 1 ¢ maTeproammeil, on pasen O(A% + h*). OcHosHoit pesymbrar
COCTOUT B JIOKA3aTeILCTBE TOTO, UTO METOJ, cXoauTes ¢ opsagkoM O(A%4-h*) B smeprerudeckoit
U KOMIIAKTHON HOPME IOCJIOHOrO0 BEKTOPA MOTrPentHocTH. [IpuBoasTCs pes3yibTaThl TECTOBBIX
IpUMepOoB ist cynepaudy3uOHHBIX yPABHEHUH C IOCTOAHHBIM UM II€PEMEHHBIM 3ala3/IbIBa-
HASAMH. BBIYucInMble TOPSIKU CXOIUMOCTH MO KaXKJIOMY IMary JUCKPETU3AINNd B IIPUMEPax
OKa3aJIuCh OJIM3KY K TEOPETUYECKU TIOJIy YeHHBIM ITOPSIIKAM CXOIUMOCTHU II0 COOTBETCTBYOIIIM
ImaraM JUCKPETU3AINHN.

KuroueBsbie ciioBa: ypaBuenue cynepanddy3nn, HeCKOJIbKO TepEeMEHHBIX 3aIa3/bIBAHUIT, KOM-
MaKTHAs CXeMa, KYCOUHO-JINHEHHAS HHTEPIIOJISIINST

Hns uurupoBauusi: [Tumenos B.I., Jlexomues A.B. KoMmmakTHast cxema Jijisi PEIeHus Cy-
nepauddy3MOHHOrO ypaBHeHUsl ¢ HECKOJLKMMU IIePEeMeHHbIMU 3ana3jbBanusavu // Becrnuk
poccuiickux yHuBepcureroB. Maremaruka. 2024, T. 29. Ne 148. C. 440-454.
https://doi.org/10.20310/2686-9667-2024-29-148-440-454
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BBenenue

YpaBHEHUsI B YACTHBIX IIPOU3BOHBIX C 3aIla3/bIBAIOIINM apTyMEHTOM IMUPOKO MTPUMEHSIOT-
csl B MaTeMaTHIeCKOM MojesnpoBanuu (cM., Hanpumep, [1,2]), Takzke B mocieiHee BpeMsi Bce
Jale B MaTeMaTHIeCKUX MOJIEJISX UCIOJIb3YIOTCs APOOHBIE IPOU3BOAHbIE. UKC/IEHHBIE aJIlOPUT-
MBI PEIlleHNs] YpaBHEHWI ¢ 9aCTHBIME [TPOU3BOIHBIME € 3(DMEKTOM 3aI1a3/IbIBAHNAST U3y YAJINCH,
Harnpumep, B [3,4|. Jlureparypa M0 YUCIEHHBIM MeTOJaM pPEeIIeHUs YPABHEHWH C JIPOOHBIME
[POU3BOHBIMU OIPOMHA, OTMETHM JIAIIL paboThl [5—8|, B KOTOPBIX PACCMATPUBAJIUCH YHCJICH-
HbI€ METOJbI PellleHnsl ypaBHeHUsI cynepanddy3noHHOrO THIa, T. €. ¢ JAPOOHON MPOM3BOIHOMN
10 IIPOCTPAHCTBEHHO IepeMeHHOR mopsiaka or 1 1o 2. s cynepauddy3noHHbIX ypaBHEHM
¢ dyrkmoHanbHBIM 3¢ deKToM 3anasnpiBanug B pabore [9] mocTpoeH u muccaeI0BaH YUCIEH-
HBli MeTost opaaka A%+ h, roe A — mar pasbuenus 1o BpeMeHH, a h — Imar pa3oueHns 1o
pocTpaHcTBy, a B pabore [10] mocrpoen u uccyieoBan dncienublit MeTos nopsijika A? + h2.
B paGore [11] Ha ocHOBe mporie Lty phl 3KCTpanosiuni Pudap/icona GbLT TOCTPOEH METOJT TIOPSITKA
A3 + h3, omHAKO IIPU YKECTKOM YCJIOBUH IIPOIOPIHOHAIBLHOCTH maros A u h.

Hespio mamnoit paboThl OBLIO MOCTpoeHue st cyTepanddy3noHHoro ypaBHeHus ¢ 3¢ dek-
TOM 3alla3/IbIBaHI YHCIeHHOTo MeTosa nopsaka A2+ h*, ocHoBaHHOTO Ha MIEAX KOMIIAKTHOL
pasHOCTHOI cxembl. KoMIakTHasi cxema m3ydasiach Jijisi pa3HbIX JIPOOHBIX ypaBHEHUIT 06e3 3a-
nas3/pIBaHKsl BO MHOTUX PaboTax, B YacTHOCTH, Jjis cyOmuddy3nonnbix ypaBHenuii B [12, 13|,
JIUIE TPOOHOTO 110 BPEMEeHU U TpocTpaHcTBY ypasHenus byoxa—Toppu B [14], mist cy6nuddy-
3MOHHBIX yPaBHEHUil ¢ MOCTOSTHHBIM 3ama3/piBaHueM B [15].

B nannoit pabore myis cynepauddy3noHHOro ypaBuenus ¢ rnpousBojnoit Pucca n sddek-
TOM 3alla3/IbIBaHus CTPOUTCS aHaJIOr MeTo1a Kpanka-HuKo/bCcoH 110 BpeMeHHO 1TepeMeHHO 1
AaHaJI0T KOMIIAKTHOM CXeMBbI JIjIs JIpOOHO# MPOCTPAHCTBEHHOM TepeMeHHoi. OCHOBHOI pe3y/Ibrar
PabOThI — JI0KA3aTEILCTBO CXOAUMOCTH B SHepreTrdeckoii Hopme ¢ nopaiakom A%-+ht. Texnuka
JIOKa3aTe/IbCTBa MOTpeboBaia OrpaHmIUTh (P EeKT 3ama3/IbIBaHus /10 YPABHEHUI ¢ HECKOJIb-
KHAMHI [T€pEMEHHBIMU 3alla3/IbIBaHUsIMUA. B CHIy ITepeMeHHOCTH 3alla3/IbIBaHuil, CyIeCTBEHHBIM
9JIEMEHTOM AJITOPUTMA, SIBJIIETCST UHTEPIOJISIIINS U SKCTPATIOJISINS ¢ 33 JAaHHBIMI CBOHCTBAMU
JUT (DYHKITUU-TIPEIBICTOPUU YHUCIEHHOW MOJIEIN, B paboTe IMPUMEHSIeTCA KyCOYHO-JIMHeHasT
UHTEPIIOJISIHUS C SKCTPAOJIAIINEH TTPOJI0JIZKEHUEM.

1. IlocTranoBKa 3a1a4u M OCHOBHBIE ITPEINOJIOXKEHMS

PacemorpuMm ypasuenue cynepind@y3noHHOTO THIIA ¢ HECKOJLKUMHU ITEPEMEHHBIMU 3a11a3-

JIIBAHUSIMU
Ou(x,t 0*u
(z, 1) =d + fz tyu(t — 1 (t), u(t — m2(t)), ..., u(t — 7x(1))), (1.1)
ot O|z|™
e 0 <t <T, 0<ax< X — He3aBucuMble nepeMeHnbie, u(z,t) — uckoMasi GyHKIUs
pemenns, d > 0 — kodddunuent cynepauddy3un, BeTUINHBI 3ala3/IbIBAHUS YIOBIETBOPIIOT
orpanmydernaM 0 < 73(t) < 7 mua seex k= 1,..., K u t € [0,T]. IpobHasi npousBojHast
Pucca o npocrpancrBy nopstyika «, 1 < a < 2, onpejensgercs GpopMmyIoit
b's
0%u(w,t) 1 0? / u(é,t) i
Olzle  2cos(am/2)T(2 —a) 022 | |z — &t
0

BaﬂaHbI I'paHU4YIHbIE YCJIOBUA

uw(0,t) =0, wu(X,t)=0, 0<t<T, (1.2)
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U HavaJIbHbIE yCJIOBUS
u(z,s) =p(z,s), 0<zx<X, —717<s<0. (1.3)

Bynem npennonarars, aro pemenne u(z,t) 3amadn (1.1)—(1.3) cymecrByer n eguncTBen-
Ho. Kpome Toro, mpu jokasaTesbcTBe CXOJMMOCTH YHCIEHHBIX METOJO0B OyJeM IHIpelosararhb
HEeOOXOMMYI0 TJIaJKOCTh perenns u(x,t).

JonouTenbHo GyieM Tpeanonarath, uto dbynknus f(z,t,ul, u?, ... u®) mummunesa o
u”, T. e. cymecTByeT IOCTOAHHAA L rakas, aro js eex « € [0, X|, t € [0,T], ul,u?, L uks,
vh, 0%, .. v BemosnHserca

K
1,2 K 1,2 K k k
|f(z, t,u,u”, oo u™) — f(o, t,o, 0%, 00,0 < Ly E |u® — . (1.4)
k=1

2. duckperusanusi. Metosa Kpanka—HuUKo/JIbCOH ¢ KyCOUYHO-JIMHENHOI
WHTEPHOOJIANNEN U JIPOOHBIM OIIepATOPOM IEHTPAJbHBIX pa3HOCTEN

T
Mo’
toukn (y3ibl 10 BpeMmenn) t; = jA, j = —Moy,..., M. Ioxynemnsie y3minl GymeMm 0603Ha4aTH

til =t + 3.

Beenem mar mo Bpemenn A = rie My — marypaJibHoe, u myctb M = [%] Brejiem

J

Paszobbem orpesok [0, X| Ha "acTu, BBeJd AT 110 TPOCTPAHCTBY h = 2

N
Beemem Touku (ysibl 1o npoctpancTBy) x; = th, i = 0,..., N. AnnpokcumMario QyHKIHT

rne N — meJioe.

i
u(z;, t;) B ysnax Gyaem obosnauars Us.
[Ipu Bcakom dpukcupoBanaoM ¢ = 0, ..., N BBeJleM JUCKPETHYIO IIPEIBICTOPUIO K MOMEHTY

ti, 7=0,....M: {U}; ={Ui, j — My < k < j}.

Onpemgenenne 2.1 Hasosem orobpamenme I : {Up}; — Ui(-) € Ct; — T, tic1]
ONEPAMOPOM UHMEPNOAAUUU-IKCINPATIOAAUUL OUCKPEMHOT NPEJOCTROPUL.

Onpenenenne 2.2. Bymem ropopurh, 9T0 OIEpaTOp WHTEPIIOIAIANA-IKCTPAIIOIAIAN
UMeeT NopAJOK NOZPewHocmuy, p Ha TOYHOM PelIeHu’, ecjii CymecTByoT KouctanTthl C; n Co
TaKue, UTO 1A BCeX 4, j u t € [t; — 7,1, 1] BBIIOTHACTCA HEPABEHCTBO

2

|U;(t) —u(z;,t)| <Oy max U — u(w;, )| + CoAAP.

J—Mo<k<j

Pacemorpum Kycouno-mneiinyio marepnonammo I({Ug};) = Uj(-), 3amaBaemyio cooTHO-

IMeHnAMN 1
Ui(t; +s) = A=t = $)Up_y + (tj+ 5 — te1)Uy), 2.1)
e <ty +s<ty, J—My<k<y,
C IKCTPAIIOJIAIEN ITPOJIOJIZKEHIEM
i 1 i i
Ui(t; +s) = Z((—S)Ujf1 +(A+9)U)), ty<tj+s <t (2.2)

Kycouano-yuneiinass HHTEPHOJANNS ¢ SKCTPAIOJIANNEl IPOJIOZKEHIEM HMeeT HOPIOK 2,
ecm TouHOe pemtenne u(x,t) ABaXK/bl HEIPEPLIBHO Hud depeHnupyeMo 1o ¢ Ha IPOMEKYTKe
[—7,T] (cm. [16, c. 97]). Kycouno-umeitnast HITEPIOIAH 00/IaIaeT CJICYIONIM CBOHCTBOM.



444 B.T. Ilumenos, A.B. Jlekomner

[Tycts w(t) n v(t) — pe3yibTarsl KyCOUHO-JIMHEHHO nHTepHoaanuy no y3aam {ug}; u {vg};
COOTBETCTBEHHO W t € [ty_1,tx], j— Moy < k < j. Torma

]u(t) — ’U(t)’ S |’U,k,1 — ’Uk71| -+ ]uk — Ukl- (23)

DKCTPAIOIAIIS IPOIOJIKEeHIeM 0bsataeT cueyomum coiictBoM. Ilycrs u(t) u v(t) sB-
JITIOTCS PE3yJILTATAMU SKCTPAIIOJIAIME TPOJIOJIKEHNEM KyCOYHO-JIMHEHHON MHTEPIOIAINT 10
yznam {ui}; u {vx}; coorsercrBento u t € [tj,tj+%]. Torya

1 3
lu(t) —v(t)] < §|Uj—1 —vja| + §|uj — vl (2.4)

O6a 9T CBOHCTBA IIPOBEPSIIOTCH 110 OIPEIEJICHIIO KYCOTHO-INHEHHON HHTEPIIOJIAINE U SKC-
TparmnosAnuy npogoskenneM. Oobeauiss (2.3) n (2.4), moxydaen, 1ro ecam u(t) u v(t) pesymnnb-
TaThl KyCOYHO-JIMHEHHOM MHTEPIOJIAINN C SKCTPAIIOJIAIEH IIPOJIOJIKEHIEM 110 y3aaM {ug}; 1

{vg}; coorBercrBenno u t € [t; — 7, To

j+%]>

N Lo

u(t) — v(t)| < = (Juk—1 — ve-1] + |ux — i), (2.5)
rjae t € [tg_1,1;] B ciydae unTepnonsuu u k = j B ciaydae skcrpanosanuu. Hazosem 310
CBOIICTBO KGA3UAUNWUYEBOCTHI0 ¢ KOHCTAHTOH 3/2.

s armmpokcuMaliny JIpoOHoi mpon3BoiHo# Pucca BeibepemM MeTo1 IPOOHBIX IEHTPAIbHBIX
pasHocreii |7]. Ilycts

o (=D (a+1)
T Tlaj2—k+ 1T (0/2+k+1)

k=0,F1,F2,....

Torma, eciin dyukimst u(x,t) naTh pa3 HeNpepbIBHO auddepeHimpyeMa 1Mo T Ha OTPe3Ke
[0, X], To (em. [7])

0%u —a ; o 2 2 2
a‘x|a = —h _z}; gku(x - khvt) + O(h )7 |O(h )l S CSh :

Memodom Kpanrxa—Huroncon Ha30BeM HESIBHYIO PA3HOCTHYIO CXEMY

Ui, Ul 1 = SN
J+1 J —a arri—k —a arri—k
= —Sdh Z‘ 9RUST — 5dh Z’ geU;
k=—N-+i+1 k=—N+i+1
+f(x17 thr%a U;(thr% o Tl(thr%))’ U;<tj+% - TQ(thr%))? R U;(t]Jr% - TK<tj+%))7

i=1,....N—1, j=0,...,M—1,

(2.6)

C HadaJIbHBIMU YCJIOBUAMU
Ul(t) = p(x;,t), —-1<t<0, i=0,...,N,

1 'paHUYIHbIMUA yCJIOBUAMU
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rae Ui(t) — pesymbrar jeficTBES OmepaTopa KyCouHo-IiHeinof nuTepno/smma (2.1) ¢ sxerpa-
nostsiuedt (2.2). Obozmatmm
i1
U =h Y grUh,
k=—N-+i+1

fz_i_% = f(xza tj+%7 U;(tj-s-% - Tl(tj—i-%))a U;(tj-s-% - T2<tj+%))a R U;(tﬂ-% - TK(tj—s-%)))'
Torma metosn (2.6) MozkeT OGbITH 3amucal B KpaTKoil popme
Ui, — U

1 , 1 S
J J arTe arTt 7

Dror Meron 6buT usyden B pabore [10] B Gosee obrem ciaydae dyHKIMOHAIBHOIO 3alias-
JIBIBAHUSA W JIBYX IIPOCTPAHCTBEHHBIX IlepeMeHHbIX. Kak cireyer u3 pesynbraToB paborst [10],
MeToJ yeToituns u cxomutes ¢ nopaakom A% + b2, Iless 3Toif cTaTbu COCTOUT B MOCTPOCHUH
aJaropuTMa 060Jiee BBICOKOTO TIOPSIJIKa CXOJAUMOCTH Ha OCHOBe MeTofa (2.6).

3. Komnakraaga cxema

Bsejiem citeryrorue onepaTopbl

1—1 7 i+1
g Ui 20+ U
zj h2 ’

i=1,...,N—1,

i g ol

CKOHCTpyHpPYeM MeTOJI, KOTOPBI 110 aHAJIOTUN ¢ TOJ00HBIMI METOJIAMU JIJIs JIPYTUX YPaB-
HeHUil Oy/ileM Ha3bIBATbH KOMNAKMHOU CTeMOU:

HU! , — HU:! 1 . 1 . _
Jj+1 J arri arTi 7
[Iepenumiem MeTo 1 B BuIe
A « 7 A « 7 I
(H + 5 d63)Uj = (H — Sd5)US + AHJ, . (3.2)
Paccmorpum ritaBnyio marpuiy A = H + Edé‘; 9TOil cucTeMbl. PaciuimeM MaTpHUIbI
1-— % % ... 0 0 0 .. 0
21 - 15 0 0 0 0
H = (0] [0 [0} Y
0 0 . 1-— 15 54 0
0 0 0 0 0 1-— %
9o g-1 - G2 91— g—i o g2-N
g1 90 e g3— 9o 91— - g3-nN
5o — . . . .
9i-1  Gi-2 ... G- 90 g1 e Gi+1-N

gN-2 GgN-3 -+ GgN—i YGN—-i—1 GN—i—2 ... 90
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Marpuria H cumMeTpudHas U MOJIOZKHUTETHLHO onpejiesiennas. B cuty cBoiicTB Ko3bduiu-
oo

eHToB go > 0, g =g <0, kK # 0, >  ¢gr =0, marpuna 02 Takxke CHUMMETPUIHAS W
k=—o00
HOJIOKATEILHO onpeaesnennas. OTKyma caeayer, 970 MaTpuna A — cuMMeTpUYIHas U IOJIO0KH-

TEJILHO OIIpe/IeIeHHAsd, T. €. cucreMa (3.2) OJHO3HAYHO Pa3pentuMa.

4. HeBga3ka KOMIIAKTHOM cXeMbI

Ounpegenenue 4.1. Hesaskoit 6e3 unrepnossanuu MeToga (3.1) Hasosem

u(wi, 1) — u(wi, t)
A

. 1
Vv, =H + d5a (x;, ]+1)+ —dogu(x;, t;) — Hf

;% = f(xi,tﬂ%,u(xi,tﬁ% —Tl(tﬂ%)),u(xi,tﬂ% —Tg<tj+%)),...,U($i,tj+% —TK(tj+%)).

JIlemma 4.1. Ecau mounoe pewenue u(x,t) wecmov pa3 nenpepueno duddeperyupyemo
no T U no t, npuvem CMEUAHHBIE YACTIHBIE NPOU3BOIHBLE D0 ULECTNO20 NOPAJKA HENPEPLLEHDL,
dyrnxuyua f deasrcdv, nenpepwvisro duddepernuupyema no T, Mo HeGA3KaA 0e3 UHMEPNOAAUUL
memoda (3.1) npedcmasuma 6 eude

Vi =O(A*+ 1Y), |O(A* + h*)| < Cy(A* + hY).

HoxasaTeunbcTso. Pasnoxnum no popmyre Teityiopa BeMUInHbL, BXOAAIIAE B OLIPe-
JIeJIeHne HEBA3KN 0e3 mHTepnossanuun Meroga (3.1) B OKPEeCTHOCTH TOYKH € KOOD/JIMHATAMU
(zist, 1 ). s xpatkocTn OysieM omycKaTh apryMenT (¥t %) y bymxkmm u = u(w;,t;, %)
U ee nNpousBoAHLIX. Torma

1,
Ut

) U 1
W= H(% + ) +

A, A
A 9 — Uy + O(AQ) - utt + O(A2))

vy
4 A 4
d « A / 2 A / 2 )
+§5w(u+5ut+O(A )+u—5ut+O(A ))—Hfﬂ%
= Huy +doju— Hf; . +O(A%).  (4.1)

Yuuoxum ypasuenne (1.1) npu u = u(z;,t;, %) Ha H, moyydmm

0“u ;
Huty = dH 5+ H (4.2)
Boinosasiercst (em. [14])
0“u
H——— = —03u+ O(h"). 4.3
e (1.9
Torpa uz (4.1), (4.2), (4.3) BbITEKAET yTBEPKICHHUE JIEMMBL. O

Onpegenenune 4.2, Hesaskoit meroma (3.1) ¢ KycodHO-MHElHO HHTEPIOIANNEH T
SKCTPAIOJIAIUEN IIPOIOJIZKEHIEM HA30BEM BEINIUHY

i = T tin) — ua )

(0% 1 7
y A + - dé u(x;, J+1)+ —dogu(x;, t;) — Hf+1, (4.4)

A;_’_% = f($i,tj+%,ﬂ(l’i,tj+% — 7'1<tj+%)), ﬁ(xi,tﬂ% — TQ(lfjJr%)), . ,ﬁ(.ﬁﬂi,thr% — TK(tj+%)),
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rae u(x;,t; +S) — pe3yabTar KyCOYHO-JIMHEHHON MHTEPIOJIANNN ¢ SKCTPALOIsIUeil IPoIoII-

KeHrueM TOYHOTI'O peHICHUA:

%((tk —tj = s)u(wi, tr—1) + (t; + 5 — ter)u(ws, i),

b1 <t;+s<ty, j—My<k<j,

QAL(ZEZ', tj + S) =

1
(@i by + s) = L((=s)ulzi tj) + (A + sulwity), & <tj+s <t

Jlemma 4.2. Ilpu ycrosuax aemmo, 4.1 nesasrka memoda (3.1) ¢ wycouno-aunetinot un-
mepnoaayuets u axcmpanosayuet: npodosstcernuem npedcmasuma 6 6ude

~

U= O(A? + hY), [O(A% + ") < C(A% + hY).

Jloka3zaTesabcTBo. HeBaska 6e3 MHTEPIOAINN U HEBSI3KA C KYCOTHO-JTMHENHOMN MH-
TEPHOJAIHIEN U SKCTPAIOAIIEN TPOIOIKEHNEM CBI3aHbI COOTHOIIEHTEM

B cuny onpenenenunst oneparopa H, mummmnesoctu (1.4) dyukium f u cBoiicTB oneparopa
KYCOYHO-JIUHENHON MHTEPHOJAIMEN C IKCTPALOJIAIINEA TPOJOIZKEHUEM IOy YaeM

K
< max lLfZ ’u(xi,tj+%—Tk(tj+%)) — a($i>tj+%—7k(tj+%))| < KLngAZ-
' k=1

YUauThiBasi 9Ty OLEHKY, a TakyKe yTBepKjenue jeMMbl 4.1, u3 (4.5) BbITEKaeT yTBepKeHUe
JeMMBI 4.2. O

5. CxoauMoCTh KOMIIAKTHOM CXEMbI

PaccmorpuMm BekTOpHOE TTpOcTpaHCcTBO pasmepHoctu N — 1, B KOTOPOM BBEJIEM CKAJIIPHOE

1,2 N—l) 1,2 N—l)

npousBejieHue: ecan u = (u',u®, ..., u uov= (v v . . v , TO

N-1
(u,v) = Z hu'v'.
i=1

Brejiem snepreTmyeckyio HOpMyY
ull* = (u, ),

KOMITAKTHYIO HOPMY ¥ HOPMY IPEIbICTOPUN IO PENTHOCTH

Jully = (u Hw), ksl = max o

VX

Beimosastiorest orenku (em. [12])

2
Sllel® < flullz < lull® (5.1)

CrpaBeI/IBBI CJIEIYIONIE BCIOMOraTeIbHBIE OIEHKH.
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Jlemma 5.1.
[Hul| < [Jull (5.2)
HoxkasaTeabctso. Hapaty ¢ sekropom u = (u,u?,... ,uN™1) BBesem BekTOpBI
evemenus v~ = (0,ub, ..., uN"2) u ut = (u? u?,...,0). Ilo onpesenennio sHepreTuyecKoil
HOpMBI BbiosiHATCA cooTHommenus |[u™ || < |lufl, [Ju™|| < ||ull.

BekTop Hwu mnpeacraBuM B BHJIE

h? h?u= —2 + 1
Hu:u+O;—45§u:u+O;4u };H_u :ﬂ(au*+(24—2oz)u+ozu+),
TOrI1a
1 _ n 1
1Hull < o (alw” [ + (24 = 2a)[|ull + allu™]]) < 5 (aflull + (24 = 20)||u]| + af|ull) = |[u].
O

Jlemma 5.2. Ecau aq,as,...,ax — NPoOU3BOALHDBLE YUCAL, TO

K K

(Y <2y e

k=1 k=1

JJoxkaszaTeabcTso. [IpoBoaurcs unaykiueit mo K. ]

[ i .
Beesiem morpermuocts € = u(w;, t;) - U; ¥ 1moc/Iofiiy1o BEKTOPHYIO TIOrPENIHOCTh METOJIa
(3.1) KaK BEKTOp €; C KOODJMHATAMHE e, i=1,...,N—1

Teopema 5.1. [Tycmwv svinoansromes yeaosus semmot 4.1. Toeda
lejll < C(A% + 1Y).

Hoxkaszatensnctso. Ucnombays (3.1) u (4.4), BeImuieM ypaBHEHWs JJisi KOODJIXHAT
BEKTOPa MOIPEITHOCTH

g, . —¢t 1 ‘ . N N
J+1 J i i i i i
HT déx €11 §d5x€J+H< j+%_ j+%>+wj‘ (53)
Brenent sexroput fiuy = (Fyp Flypoo o S0 Sivd = Uy Fopo o D Wiy =
(2/131+1, FRTRR ,wﬁ?) u 3anuiieM (5.3) B BEKTODHOM BH/Ie
2
7R e D Lo, + 0 — j
N e A I (fjs = fis1) + 05
1
YMHOXKHM 5TO ypaBHEHHC CKAIAPHO Ha BEKTOP €, 1 = 5(53- +€j41), HOIydInM
Si+1 7 &y a 7 ;
(HT’8j+%) - (d5a: Ci+1r €5+ ) + (H(fj% - fJ+%)v Jt3 ) (%, it} ) (5.4)

JleBast 4acTh 9TOro ypaBHeHUs TPeodpas3yeTcs K BUJLY

€ix] — E; 1
(H ) = gx Uesmllh = Il (5.5)
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[lepBoe ciraraemoe B mpaBoit wactu (5.4) B CHIy TOJIOKUTEILHOCTH d W TIOJIOKUTETHHOl
OIIPEJIEJIEHHOCTN 05 OIEHMBAETCS CJIE/LYIONIIM 00pa3oM

— (dogej 1,501) <0 (5.6)
OrnennM Bropoe ciraraemoe B npasoil wactu (5.4), yaursiBas (5.2) u (5.1),

(H(fj+l - f]+ )> g+ ) < HH( +1 _]?jJr%)HH‘SJJrQH

2 2

N . 3 ~
<N yrg = Bl lesagllr < Wivy = Frog I3 sl + llslla). (57)

OneHnM KOMIIOHEHTBI BEKTOpa [ 1= fit 1, YIUTBIBAS JIAIIIHAICBOCTD (1.4) dysknun f

\f;Jr%— ;+%| = ’f(xi7tj+%7U;(tj+%_Tl(t'+ ))7U;<tj+§_T2(tj+%))a--->U;<tj+%_TK(tj+

it3
D)@ tys = oty 1), i@t — it )
K
=

< Ly Z |U;(tj+% - Tl(tj—&—%)) - ﬁ’($i7tj+% - Tl(tj+%>)|- (5.8)

1

YauThiBasi CBOMHCTBO KBa3UJIUIIIHIIEBOCTH (2.5) omeparopa KyCOIHO-JINHEHHON WHTEPIIOJISIIINI
C 9KCTPAIIOJIAIIACH TIPOJIOJIZKEHNAEM, 10Ty YacM

i N 3
U5 (s = 7ilty2)) = @ity = milty10))] < §(|€k al +lel) (5.9)
rie tj+% —Tl<tj+%) € [try-1.e0) | mmm k(1) = j B ciyuae tﬂ% —Tl(tj+%) > t;. Taxum obpasom,
3 (5.8) u (5.9) caemyer

K

£ i 3
s = Fal L5 D (el + ler]).

=1

[To orpejiesieHIIO SHEPTETUIECKON HOPMBI ITOJTY YaeM

N-1 3 N-1 K
7 ; i Fi 2
1 fis1 = fisal? = ) hlfies = j+%|2 < (Lf§) h(> (exp-1l + lex)))*.
i=1 i=1 =1

W3 mory4eHHoro COOTHOIIEHNS, UCIOJIb3Ysl OIEHKY JIEMMBI D.2, cJIeIyeT

N-1 K
3.2 -
1F5ey = FalP < (Le5)" D 0271 Y (lekayaf* + lexo )
=1 =1

K
3 _
= (Ls5)" 25D (w2 + e ).

I=1
N3Biiekas KopeHb, MOJIydaeM

K
1

_ . 3 . 1 1
1fiv1 = Fienll SLf§2K () (ller@y-1l® + lexll?) ? 2KZ lerp—1ll + lexwl)-

=1
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OHQHHB&H KaxKJ10€ CJlaracMoe CyMMBI B HpaBOI'/JI JaCTH 3TOIr'0 COOTHOIIEHU A, II0JIyIaeM HEPABEH-
CTBO

Mo<k<j

Fyes = Frgll <3LASK max el (5.10)

Uz (5.7) u (5.10) BBITEKAET OIEHKA BTOPOTO CJIAaraeMoro B mpaoil dactu (5.4)

~ ~

(H(fi41 = fin)ieipn) S OL2° K (llejualla + llejlla) - max _ [le]

2 J—Mo<k<j

< 2TL2" 2K ([lejlla + llejllar) s omax e (5.11)

OnennM TpeThbe ciaraemoe B nipasoit dacru (5.4). Vimeem

(dr,e541) < Idslllless - (5.12)

Cornacno jiemMe 4.2 BBITIOJHAETCS

N-1
1|2 =D hlihy[* < C2(A? + h*)2X
i=1
TO €CTh
;]| < CsVX (A% + 1Y), (5.13)
YVYuThIBas OIEHKY
3 3
||5j+%|| < §||5j+%||H < Z(ngH“H + [l #),

3 (5.12) u (5.13) nosygaem
~ 3
(¥y,6541) < 105\/Y(A2 + 1) (lejealler + llgjlla)- (5.14)

Honcrasmss (5.5), (5.6), (5.11) u (5.14) B (5.4) u, cokpamas Ha (||gj41]|m + ||gj]a), momy-
qaeM

1
2A(||5]+1||H —llejllm) < 27Ly2%7 sz max Newlle + 05\/Y(A2 +h?)
nJjim
lejaalla < llgjlln + A2TL 251K Cmaxenlln+ A3 05\/_(A2+h4). (5.15)

O6o3nauuM 1 KPATKOCTA KOHCTAHTBI
A=27L 28 'K, B= gcsx/f
U 3anuiineM ciaeyontyo u3 (5.15) olmeHKy Jiis PeIbICTOPUN TOTPEITHOCTH
{er}ialls < (1+ AA)H{er}sll- + BA(A® + 1Y). (5.16)
U3 (5.16) BBIBOIMTCS OIEHKA
Hexrtill- < —6 H(A%+hf)

quist Becex j = 1,..., M. Orkyna cjemyer 3aK/II0UCHIE TEOPEMBI. O
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6. YmucieHHbIe 3KCHEPUMEHTHI

[Ipumep 6.1. PaccmoTrpum TecToBoe ypaBHEHHE C TTOCTOSIHHBIM COCPEJIOTOYEHHBIM 3a-

I1a3IbIBaAaHECM
8“59? 2 dﬁj,ﬁ + 3674 (1 — 2)* + u(w, t — (1)) — (£ = 0.5)%*(1 — )’
t3d I'(9) 8—a 8—a Ar®) 7, T—a
Toos I‘(9—a)($ +(1—x) )_—F(8—a)(x +(1—x)7%)
6F(7) 6—a 6—a 4F(6) 55—« S5—a
G R N
- F(E(_E)a) @+ 1 =2)),

rie z €10,1], t€[0,1], 7(t) =05, d=100.

BajiaHbl HAUAIbHBIE
u(z,t) = *2*(1 —2)*, x€[0,1], te€[-05,0],

1 TPAHUIHBIE YCJIOBHSI
uw(0,t) =u(l,t) =0, te]l0,1].

TounbiM pertienreM sBJisieTCst (DYHKITHS
u(z,t) = 22 (1 — ).
BseneMm ciremyrorue 0603HaYEHNS:
En (A h) = max [uy — Ukl

wp = (u(xy, ty), u(za, ty), .. ., u(xy_1,t)), Ur= (U,i, U,f, .. .,U,iv’l).

Meroz (3.1) rectupoBajicss Jyisi pas3jndHbiX maroB A u h. Bbuin 1mojydeHbl BBIYUCIIA-

Ex(2Ah Er(A2h
TeJIbHblE NOPAJKH cxotuMocTH ordera = logy (- (( N h))), ordery = logy(Z- (( N h))) mo A u h
COOTBETCTBEHHO.
B Tabsmiie 1 1mokasaH BBIYUCIUTEIbHBIN MOPSI0K CXOIUMOCTH 10 A.

Tabmuna 1

3aBUCUMOCTD HOFpeIHHOCTeﬁ 1 BBIYUCJIUTEJIbHBIX ITOPAAKOB CXOAUMMOCTU OT IIIaroB h

« A h Eu(Ah) ordery,
1,1 | 1/4000 | 1/10 | 0,0000031166
1,1 | 1/4000 | 1/20 | 0,0000001791 | 4,1211
1,1 | 1/4000 | 1/40 | 0,0000000103 | 4,1201
1,5 | 1/4000 | 1/10 | 0,0000051913
1,5 | 1/4000 | 1/20 | 0,0000003065 | 4,0821
1,5 | 1/4000 | 1/40 | 0,0000000176 | 4,1222
1,9 | 1/4000 | 1/10 | 0,0000086378
1,9 | 1/4000 | 1/20 | 0,0000005535 | 3,9640
1,9 | 1/4000 | 1/40 | 0,0000000341 | 4,0207
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Ta6JII/IHa 2 TTOKa3bIBAET BBIYHUCINUTEIHLHBII IHOPAJOK CXOJUMOCTHU 110 A.

Tabauma 2

3aBUCUMOCTD HOFpeHlHOCTeﬁ " BBIYHUCJIUTEJIBbHBIX ITIOPAAKOB CXOJUMOCTHU OT ITaroB A

o' h A Ey(A,h) ordera
1,1 | 1/1000 | 1/10 | 0,0000160075
1,1 | 1/1000 | 1/20 | 0,0000039999 | 2,0007
1,1 | 1/1000 | 1/40 | 0,0000009999 | 2,0001
1,5 | 1/1000 | 1/10 | 0,0000160223
1,5 | 1/1000 | 1/20 | 0,0000040036 | 2,0007
1,5 | 1/1000 | 1/40 | 0,0000010009 | 2,0000
1,9 | 1/1000 | 1/10 | 0,0000160299
1,9 | 1/1000 | 1/20 | 0,0000040062 | 2,0005
1,9 | 1/1000 | 1/40 | 0,0000010014 | 2,0002

[Ipumep 6.2. PaccMOTpuM TeCTOBOE YpaBHEHUE C ITEPEMEHHBIM 3alla3/IbIBAaHUEM:

8“;";’ b _ daﬁj@ Falt+1)° 21— 2)* + ule, t — 7(t)) — (2@3+ Dyeut(1 = o)t
t+1%, 9 s, 8—a Ar@®) 1, 7-a
+ Jcos 1 {F(9—a)(x +(1-2) )—m(x +(1-2)7)
R (1)) = O (1= ) )
i (e (1= )

41
e z € [0,1], ¢ €[0,1], T(t):%, d=1.

Baiatbl HauaIbHBIE ¥ TPAHUYHbBIE YCIOBUS
ulwt) = (4 D)1 -0,z e0,1), te[-1/3,0]
uw(0,t) =wu(l,t) =0, tel0,1].

u(z,t) = (t+1)*z*(1 — x)* — Tounoe perenue.

Metron (3.1) recrupoBasics jyist pa3indHbix maros A u h. B tabaune 3 mokas3aH BBIYHC-

JUTEJIbHBINA IOPAJOK CXOJIUMOCTHU 110 h.

Tabmuna 3

3aBUCUMOCTD HOFpeIHHOCTeﬁ 1 BBIYUCJIUTEJIbHBIX ITOPAAKOB CXOAUMMOCTU OT IIaroB h

« A h Eu(Ah) ordery,
1,1 | 1/4000 | 1/10 | 0,0000064160
1,1 | 1/4000 | 1/20 | 0,0000003705 | 4,1141
1,1 | 1/4000 | 1/40 | 0,0000000216 | 4,1004
1,5 | 1/4000 | 1/10 | 0,0000139590
1,5 | 1/4000 | 1/20 | 0,0000008242 | 4,0821
1,5 | 1/4000 | 1/40 | 0,0000000473 | 4,1231
1,9 | 1/4000 | 1/10 | 0,0000307599
1,9 | 1/4000 | 1/20 | 0,0000019696 | 3,9651
1,9 | 1/4000 | 1/40 | 0,0000001213 | 4,0213
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1]
2
3
]

[5]
[6]

7]
8]
19]

[10]

[11]

[12]

[13]

Tabsmiia 4 moKa3bIBaeT BHIYUCIUTEIbHBIN MOPSIIOK CXOIUMOCTH 10 .
Tabmuma 4

3aBUCUMOCTD HOFpeLHHOCTefI 1 BbIYUCJIUTEJIbHBIX IIOPAJKOB CXOAUMOCTU OT IIaroB A

o' h A Eu(Ah) ordera
1,1 | 1/1000 | 1/10 | 0,0000001679
1,1 | 1/1000 | 1/20 | 0,0000000419 | 2,0026
1,1 | 1/1000 | 1/40 | 0,0000000105 | 1,9966
1,5 | 1/1000 | 1/10 | 0,0000015431
1,5 | 1/1000 | 1/20 | 0,0000003845 | 2,0048
1,5 | 1/1000 | 1/40 | 0,0000000960 | 2,0019
1,9 | 1/1000 | 1/10 | 0,0000045433
1,9 | 1/1000 | 1/20 | 0,0000011142 | 2,0277
1,9 | 1/1000 | 1/40 | 0,0000002775 | 2,0055
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Awnnoramusa. PaccmarpuBaercs peryiaspusanus KJIACCHIECKUX YCIOBHUIl ONTUMAIHHOCTH
(KYO) — npunnuna Jlarpanxa (ILJI) u npunnuna makcumyma Honrpsaruna (IIMIT) — B BbI-
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MOTOYeYHBbIME (PA30BBIMU OMPAHUYEHUSIMA TUIA PABEHCTBA M HEPABEHCTBA. YIIPABJIsSeMAasi CU-
cTeMa 3a1aeTCs JIMHEHHBIM (DyHKITHOHAILHO-0IIEpaTOPHBIM ypaBHerueMm 11 poma obrrero Bumga B
pocTpancTse L3, OCHOBHOI OIIEpATOp IIPABOIl YaCTH yPABHEHUS IIPEIIIOIATAeTCH KBa3UHIIIb-
norenTHBIM. [losrydenne perymisipuzoBanubix KYO ocHOBaHO Ha MeTOJ/E ABORCTBEHHON PEryJis-
pusamuu. OcHoBHOe nipeauasnadenne peryaspu3oBanubix [1JT u IIMIT — ycroitansoe renepupo-
BaHMe MUHUMU3UPYOIWX npubsmkenHbix pemernit (MIIP) B cmbicae k. Bapru. Perynspuso-
Baruble KYO: 1) dopmynmupyrorest Kak TeopeMbl CyIECTBOBAHUsI B UCXOIHOM 3a1a1e MIIP ¢ oz-
HOBPEMEHHBIM KOHCTPYKTHBHBIM IIPEJCTABJICHAEM TUX PENIeHH; 2) BHIPAXKAIOTCA B TEPMHUHAX
peryssipubIx Kiaccudeckux dbyuxiumit Jlarpamnxka u Famunasrona—Ilonrpsiruna; 3) «mpeojosesa-
10T» cBoiicTBa HeKOppekTHOCTH KYO U 1afoT peryssipusupyoliye aJropuTMbl JIJIsl PEIeHnst
ONTUMU3AIMOHHBIX 3a7ad. CTaThs MPOJOJIKAET CEPUI0 PADOT aBTOPOB Mo peryispusaun KYO
JJIS Psijia, KAHOHUYIECKUX 337127 ONTUMAJIBHOTO YIIPABJICHUS JINHEHHBIMU PACIPEIeIEHHBIMA CH-
cTeMaMU BOJIBTEPPOBa THUIA. B KadecTBe NPUIIOKEHUsI TOJIyIEeHHBIX B paboTe «abCTPaKTHBIX
pe3y/IbTaTOB» B €€ 3aKJII0IUTEeIHLHON YacTu paccMarpuBaercs peryispusanus KYO B KoHKpeT-
HOH ONTUMHU3AIMOHHON 3a/1a9€e ¢ MOTOYE€IHBIMA (ha30BBIMU OMPDAHNYEHUSIMI THUIIA PABEHCTBA U
HEPABEHCTBA JJIsI yIIPABJISIEMONl CUCTEMBI C 3aI1a3/[bIBAHUEM.
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Abstract. The regularization of classical optimality conditions (COCs) — the Lagrange principle
(LP) and the Pontryagin maximum principle (PMP) — in a convex optimal control problem
with a strongly convex objective functional and with pointwise state constraints of the equality
and inequality type is considered. The control system is defined by a linear functional-operator
equation of the second kind of general form in the space L§, the main operator of the right-
hand side of the equation is assumed to be quasi-nilpotent. Obtaining regularized COCs is
based on the dual regularization method. The main purpose of regularized LP and PMP
is stable generation of minimizing approximate solutions (MASs) in the sense of J. Warga.
Regularized COCs: 1) are formulated as existence theorems of MASs in the original problem
with simultaneous constructive representation of these solutions; 2) are expressed in terms of
regular classical Lagrange and Hamilton—Pontryagin functions; 3) “overcome” the ill-posedness
properties of the COCs and provide regularizing algorithms for solving optimization problems.
The article continues a series of works by the authors on the regularization of the COCs for a
number of canonical problems of optimal control of linear distributed systems of the Volterra
type. As an application of the “abstract results” obtained in the work, the final part considers the
regularization of the COCs in a specific optimization problem with pointwise state constraints
of the equality and inequality type for a control system with delay.
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BBenenue

Januast craThs MpoOIoIKaeT cepuio paboT aBTopos [1-6] mo perymsipusanum KIacCHIecKux
yeaouit onruMasbaoct (KYO) — npunnuna Jlarpanxka (I1T) u npunnuna makenmyma [onr-
psarusa (IIMII) — st psijia KAHOHHYIECKUX 38189 ONTHUMAJIBHOTO YIIPABJICHUS TMHEHHBIME Pac-
[peJIeJIEHHBIME CHCTEMaMu BOJIbTeppoBa Tuma. CucreMaMu BOJBTEPPOBA THUIIA MbI HA3BIBAEM
YIPABJISIEMbIE CHCTEMBI, KOTOPbIE MOTYT ObIThH OIUCAHBI JIMHEHHBIMU (DYHKITMOHAIBHBIMU (MHA-
4e, yHKIMOHATIBHO-OIIEPATOPHBIMI) ypaBHeHusaME 11 poa ob1ero Buia ¢ KBa3MHUIBIIOTEHT-
HBIM OCHOBHBIM JIMHEHHBIM OllepaTopoM 1paBoil qactu. [1omobubiM cBoiicTBOM 00J1a1a10T, TIPEK-
Jie BCEro, Pa3/IMIHOrO POJia BOJIBTEPPOBBI OMEPATOPHI. 3aAMETHUM, UTO HA3BAHUE «BOJIHTEPPOBBI
onepaTopbl» (omepaTopbl Turia BosibTeppa) NpUCBAMBAIOCH PA3HBIME ABTOPAME DPA3IHIHBIM
KJIaccaM OIepaTopOB CO CXOJHBIMU CBONCTBaME (HCIIOJIB3YIOTCS TAKYKE HA3BAHUS: TPUIMHHBIE
olepaTopbl, HACJIEJCTBEHHBIE OTIEPATOPHI U JP. ), HadnHast ¢ n3BecTHBIX pabor L. Tonelli (1929)
u A.H. Tuxonosa (1938); cMm., Hanpumep, KpaTKuii 0630p onpejiesieHuii BOJbTEPPOBbIX Onepa-
topos |7, Jonomnnenue|, a rakxke [6,8]. B ciyuae JuHEHHBIX OII€paTOPOB ITH ONPEIETCHNS TaK
WM WHAaYe CBA3aHbI CO CBOMCTBOM KBa3WHUIBLIIOTEHTHOCTH: JITOO 3TO CBOMCTBO BKJIIOYEHO B Ca-
MO OIIpejieJIeHre BOJIbTeppoBa orneparopa (cM., manpumep, [9, c¢. 10]), smbo npu ecrecTBEHHBIX
YCJIOBUSIX CJI€JIyeT U3 9TOTO OIpeJiesieHnst (CM., HapuMep, IIeM0YedHbIil MPU3HaK KBA3HHUIIBIIO-
TeHTHOCTH |8, Teopema 2|, onumparomuiica Ha onpejenenue |10] dyHknoHaIbHOrO oneparTopa,
«BOJIBTEPPOBA HA CUCTEME MHOYKECTB», ABJIAIONIEECS] MHOTOMEPHBIM O0OOITIEHUEM OITpeIeIeHUS
A.H. Tuxonoga). [TosTomy Takue ypaBHeHHsI MOKHO HA3BAThH (DYHKIMOHAJILHBIME YPABHEHMUSI-
MM BOJITEPPOBA THUIIA.

K ypaBHeHUsIM BOJIBTEPPOBA THIIA €CTECTBEHHBIM 00pazoM (obpaleHreM TJIaBHOW YacTH)
CBOJISITCS caMble Pa3HOOOPa3HbIe HAYAIbHO-KPAaEeBbIe 33,/ 1a91 JIJIsl PA3JINYHBIX YPABHEHUN C 4aCT-
HBIMI [TPOU3BOIHBIMU (TUIIEPOOINIECKUX, TTAPAbOTMIeCKUX, HHTErpo-TiuddepeHInatbHbIX, CH-
CTeM TAKUX YPaBHEHUN, yPABHEHUIT ¢ 3ala3/IbIBAHUSMEI PA3HOIO POJIA U JIP., CM. pa3HOOOpa3HbIe
KOHKDETHbIe puMephl B [7, TiaBa 2|, 0630ps! B [7,11]). D10 mozBosmio B HacTosImmed cTaThe
nostyunThb peryiasgpuszoBanabie [LJI u IIMII emrOo0Opa3HO J1/1s1 MIMPOKOTO KJIacca pacipeie/eH-
HBIX ONTUMU3AIMOHHBIX 3a1a4. [Ipr 3TOM CyIecTBEHHBIM 00Pa30M UCHOIb3YETCS TPETOKEH-
HOe HAMU paHee MOHsITHe PABHOCTEIIEHHON KBa3HHUIBIIOTEHTHOCTH ceMelicTBa ornepaTopos |12]
(ucropuio Bompoca M. B [11]).

B craresx |1, 2] paccmarpuBasuch pasindnble BapuanThl peryiasipusanun KO mig 3amada
C CUJIbHO BBIIMYKJIBIMU IEJIEBbIMUA (DYHKIIMOHAJIAMU U C (DYHKITMOHAJIHLHBIMU OTPAHUYIECHUSIMUI
THUIIA PABEHCTBA U HEPABEHCTBa. B cBOO ouepenb, B |3, 4| aHasornvHbie BOIPOCHI U3y YaIUCh
MIPUMEHUTEIFHO K 3aJladaM TaKyKe C CHJIBHO BBIMYKJ/IBIMU IeJeBbIMU (DYHKIIMOHAJIAMEI, HO C
OIEPATOPHBIM (T. €. 33/]aBACMBIM OIIEPATOPOM € GECKOHETHOMEDHBIM 06pa30M) OrDAHUICHUCM-
paBeHCTBOM ¥ (DYHKIHOHAJBHBIME OrpaHiYeHusMu-HepaBeHcTBamu. Hakoner, B [5, 6] peryiis-
puzanus KYO npoojuiack jijisg 3a/1ad TakKoro e Buja, Kak u B [1-4], Ho B cuTyaiuu, Korja
1es1eBoil (PyHKITMOHAJ BBIMTYKJION 38191 MOYKET OBbITh U He CHJIBHO BBIMTYKJIBIM. « AOCTpaKTHBIE
pesysibrarhl» 1o peryiaspusann KYO B [1-6] mogpobHo «pacmmdpoBblBaIMCh> st Psijia KOH-
KPETHBIX 33J[a4 OINTUMAJILHOTO YIIPABJIECHUs PACIPE/Ie/IEHHBIMU CUCTEMAaMU BOJILTEPPOBA THUIIA,
(paccMaTpUBAJINCh, B YACTHOCTH, ONTHUMU3AIMOHHBIE 33149, CBSI3aHHbIE C CHCTEMON ypaBHe-
HUIl ¢ 3a1a3/[bIBAaHUEM, ¢ UHTErpo i PepeHITnATLHBIM YPABHEHIUEM THIIA, YPABHEHUS IIEPEHOCa
u ¢ runepbosmyeckoii cucremoii auddbepeHnnaIbHbIX yPaBHEHHI IePBOro MOPSIIKA).

B nacrosiimeit pabore paccmarpuBaercs peryispusaiius KYO B BbIIYK/IBIX 3aJadax Oll-
TUMU3AINY JTMHEHHBIX PACIPEIIEHHBIX CHCTeM BOJIBTEPPOBa THIlA, HO, B ormame or |[1-6],
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B KavuecTBe OIIePATOPHBIX OUPAHUYEHUIl BBHICTYIAIOT MOTOYEYHBbIe (Da30Bble OrPaHUYCHHUA TH-
IIa paBeHCTBa U HepaBeHCTBa. B KauecTBe NPUIOXKEHNUdA IOTYUYCHHBIX B PabOTe «aOCTPaKTHBIX
pe3yJIbTaToOB» B Hell paccMarpuBaercs peryinapudanug KYO B KOHKpeTHOI ONTHMI3aIIOHHOM
3aj1a4e ¢ I0TOYeYHBIME (Pa30BbIMI OIPAHUIEHUAME THIIA PABCHCTBA U HEPABEHCTBA, JIJId yIIPaB-
JsieMoit cucTeMbl ¢ 3amasapiBanneM. Kak nssectro [13-16], 3agaun ¢ motodednsivu (ha3oBbIME
OrpaHMYCHUAMHI BOT y’Ke Ha IPOTdAKeHHM OoJjiee IECTU JECATHIICTHH IPHUBJICKAIOT IIOCTOAH-
HOE BHUMAHHUE CIIEIUAIUCTOB B 00JIACTH ONTHUMHU3AINU COCPEIOTOYCHHBIX M PacCIpPee/ICHHbIX
cucteM. Camn ke oTovevHble (ha30Bble OrpaHUYeHNs, ¢ TOYKN 3PeHNd ONTUMU3aIMOHHOM Teo-
pHH, TPAJUIMOHHO OTHOCATCA K IHUCIIy HambOoJjee CIOXKHBIX OIEepaTOPHBIX OIDaHUYCHU.

Perynapuzarusa KYO, 1. e. perynsgpusarust [IMII u I1JI, B Beiyk/IbIx 3a1a14ax onTuMaibHO-
ro yIpaBJeHUus U MaTeMaTUIeCcKOro MporpaMMHUPOBaHUS Ha 0asze OCHOBAHHOI'O HA JIBOMCTBEH-
HOCTH TOJAXO/a K peryiasipusarnuu 17| Oblia BrepBble mpejyiozkeHa B paborax [18, 19]. Yka-
3aHHasd Peryadpu3alisgd B TEOPUU YCJIOBHOM OINTUMHM3AIMMA, B TOM YUC/IE W B 3aj@dax OIITHU-
MaJILHOT'O YIPABJICHUS, SIBJIETCS «EeCTECTBEHHOW IPOIE/yPOiiy BBUJY CBOICTB HEKOPPEKTHO-
cru KYO [19-22]. Toopst o nekopperTHOCTH KYO, MBI, IPEK/IE BCErO, IMEEM B BUJLY TaKHe UX
CBOWMCTBA, KAK HEBBITIOJHUMOCTD U HEYCTOWINBOCTD [19-22]. HamoMunM, 910 0 HEBBIIOJIHUMOCTH
KYO mbI ToBOpuM TOra, KOIJa M3BECTHO, UYTO B TOH MJIM MHOI 3a/ade Ha YCIOBHBIA dKCTPe-
MyM OHH He MOTyT ObIThb 3ammcanbl. B cBoio ouepenn, nHeycroitamBocth KYO Mbl monnmaem
B TOM CMBICJI€, UTO HEYCTONYUBO 110 OTHOIIEHUIO K BO3MYIIEHUIO MUCXOJHBIX JIAHHBIX IKCTPE-
MaJIbHON 331891 BeJIyT cebs JIOMYCTUMbIE JIEMEHTHI, YIOBJIETBOPAIONINE BCEM COCTABJISIIONIAM
KVYO coornommennsiM. AHamU3 pasindHbIX MPUMEPOB HeKOppekTHOCTH [19-22] maror ocHoBanue
paccmarpuBarh KYO kak maremarudeckne 00bEKTHI ¢ IPUCYIIUMEA UM OT IIPUPOJIbI CBOMCTBA-
MU HEKOPPEKTHOCTH. B 9TOM ciIydae MeHTpasbHas poJib, Kak mokasaHo B [19,20,22], B 3amauax
YCJIOBHO# OIITUMUBAIINY €CTECTBEHHBIM 00Pa30M HEN30€KHO MEPEXO/IUT OT KJIACCUIECKOTO MTOHSI-
THUS ONITUMAJIBHOTO 9JIEMEHTa K TIOHSTHIO MEHUMU3UPYIoIero npubsmzkernoro perennst (MIIP)
B cMbicie [Tk, Bapru (23|, cM. Huzke onpejesierne 3roro mnonsaTus B paszerne 2.3 (B MareMa-
TUYECKOM ITPOrPAMMHUPOBAHUYN TaKUe IOCIETOBATETBHOCTH YACTO HA3BIBAIOT ONTHUMAJIHLHBIMU
obobmmenubiMu wianamu [24]). Takoit mogxon 661 pearmsosan B [19,21,22] (B [22] masa obo-
sunadenus MIIP ucnosp3oBasocs ciioBocodeTanne «0000MEHHAT MUHIMU3UPYIONIAS [TOC/IEI0BA~
TeJIbHOCTB» ) IPUMEHUTEIHHO K BBIIYKJIBIM 33/[a9aM Ha YCJIOBHBIH 9KCTPEMYM C OIIEPATOPHBIM
OrpaHUYeHNEeM-PaBEHCTBOM U KOHEYHBIM YNCIOM (DYHKIIMOHAJIBHBIX OIPDAHIMYEHNII-HEPABEHCTB.
Tor ke 1m0/1X0 1 OBLI peain30BaH U B HAIIKX YK€ MUTHPOBAHHBIX BbIIe paborax [1-6] mpumvenn-
TeapHo K peryagpusdanun KYO 11 KaHOHMIeCKUX 3a/1a1 ONTUMU3AINN JTUHEHHBIX PacIpe/ie-
JIEHHBIX CUCTeM BOJIbTeppoBa Tuia. [loydennbie B ykazaHHbIX paboTax pe3yJibTaThl O3BOJISIOT
BBIJIEIUTH CJIEJIYIONINE BaXKHbIE, HA HAI B3IV, OCOOEHHOCTHU MOJTyYaeMbIX PETyIapU30BaAHHBIX
KVYO B BbIyKIIBIX 3a/ladax ycJIOBHOH onTuMmmsaruu. MoXKHO yTBEPKIATh, UTO PEryJIsspU30-
Banuble KYO: 1) npu yc/ioBun KOHEYHOCTH 3HAYEHUsT UCXOMHOM 3a1auu (hOPMYIUPYIOTCST KAk
TeopeMbl cyriecTBoBanud B Heit MIIP, cocrodmux n3 Munumasieil peryigpHbix (OyHKIIMOHAIOB
Jlarpamzka, IBOfiCTBEHHbIE TIEPEMEHHbIE JJIsi KOTOPBIX T'€HEPUPYIOTCs B COOTBETCTBUU C BHIOPAH-
HOIT TIPOTIE/yPOii peryspu3aIun JBoiicTBeHHOl 3a1aun; 2) obobmator KYO, npuBogsaT K HUM
«B TIPEJIEJIe» M COXPAHSAIOT OBIILYI0 CTPYKTYPY KJIACCHIECKUX AHATIOTOB; 3) ABJIAIOTCS YCJIOBUAME
ONTUMAJILHOCTHU, BBIPAXKEHHBIMH B CEKBEHIIMAJILHON (hOpMe B TEpMUHAX PEryJIAPHBIX (DYHKITU-
onasio Jlarpanxka; 4) «IIpeoJloJIeBal0T» CBONCTBA HEKOPPEKTHOCTH KJIACCHYECKUX AHAJIOTOB W
peJICTaBIIsioT coboro yHuBepcasibabie MITP-ob6pasyomue (perysisipusupyoriye) ajropuTMbl B
cMbicste [25] s perieHust 3189 Ha YCJIOBHBIN 9KCTPEMYM.
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Panee perynasgpuzanus KYO 151 BBITYKIBIX 38489 ONTUMAJBHOTO YIIPABJIEHUS C TOTOYET-
HbIMI (ha30BBIME OI'DAHUYEHUSIMU THITA PABEHCTBA U HEPABEHCTBA PACCMATPUBAJIACH B HAITHX
paborax B cilydae ynpaBjisieMbIX CHCTEM, CBA3AHHBIX ¢ OObIKHOBEHHBIMU [18] u mapabosmuecku-
mu g depenianbabiMI ypaHeHusMu [26]. PacemarpuBaemast HizKe yupasiisiemMas CHCTEMa
BOJIBTEPPOBA THUIIA CBOEH OOIMHOCTHIO CYIIECTBEHHO OTJIMYAETCSI OT PACCMOTPEHHBIX paHee B
Hammx paborax [18,26] ynpasisiembIx cucreM.

Crarbs COCTOUT U3 BBEJCHUS U TPEX OCHOBHBIX PA3/IE/IOB, HEPBbIH N3 KOTOPBIX ITOCBAIICH
ITOCTAHOBKE BBIMTYKJION 381291 ONTUMAJILHOTO YIIPABIEHUS JIJIsl JIMHEHHOMN pacipe/1e/IeHHON CH-
CTEMBI BOJIBTEPPOBA TUIIA C TIOTOYEIHBIME (DA30BBIMUA OTPAHIMIECHUSIMEI TUIIA PABEHCTBA U HEPA-
BEHCTBA, (DOPMYIUPOBKE U JIOKA3ATETHLCTBY Ba’KHBIX BCIIOMOTATE/IHHBIX PE3YJIbTATOB, OIpee-
sennto MITP-o6pa3ytorero asropurma. Bropoit pas e mocBsieH 10Ka3aTeibCTBY CXOIUMOCTH
AJIPOPUTMA JIBOUCTBEHHON PEry/IsIpU3aliiu JIjis PACCMaTPUBAEMOIT 33/1a91, & TaK¥Ke JTI0Ka3aTe b
CTBY Ha 5TOil ocHOBe peryaspu3oBanabix KYO mrs nee. Hakownerr, B 3aK/II09NTETHHOM TPETHEM
pasjiesie oApoOHO 06CYKTaeTCsl, KaK «abCTPAKTHBIE» PE3YJIbTATHI MIEPBLIX JBYX Pa3/e/IOB MO-
r'yT OBITH «PacHIndpPOBAHBI» IPUMEHUTEIHFHO K KOHKPETHOI 3a/1atie ONTUMAIbHOTO YIIPABICHUS
C TOTOYEYHBIMU (ha30BBIMU OIPDAHUYICHUAME TUIIA PABEHCTBA U HEPABEHCTBA JIJIsl yIIPABJISIEMOI
CUCTEMBI C 3alla3/IbIBAHUEM.

[Tpumem creyromue obo3HaUeHUST U corvianienusi: R"” — IpocTpaHCTBO 1 -BEKTOPOB-CTOJI-
61oB; (-,-), u ||-||,, — eBKINIOBBI CKaJIsIpHOE IIpOU3BeIeHIe U HOpMa B R™; BeKTOpHI, ecin He
OTOBOPEHO TPOTUBHOE, cunTaioTcd crosionamu; 0, — woib B R™; R, — MHOXKecTBO Bcex 110J10-
JKUTEJIbHBIX dncesr; R — MHOXKeCTBO BCeX HENOJIOKUTETbHBIX THCENT; * — 3HAK CONPSIZKeHU
u TpaHcronupoBanus; I C R"™ — BBIIyKIIBIE KOMIIAKT ¢ HEIYCTOH BHYTPEHHOCTHIO, UTPAO-
Uil POJIb OCHOBHOT'O MHOYKECTBA M3MEHEHUs] HE3ABUCUMBIX ITEPEMEHHBIX, 3JIEMEHThI KOTOPOIro
obosnauaem wepes t = {t',...,¢"}; L, = L,(II) — se6eroBo mpocTpaHCTBO CO CTAHIAPTHOMN
nopyoit (1 < p < oo); L' = LiP(Il) = (Ly(I1))™ (1 < p < 00);
HOpMa TIPAMOTO Tipousseenns B L' (-, '>2’m — CTaHJIAPTHOE CKaJISIPHOE IIPOu3Be/ieHne B L'
Ly ={yeLly:yt)<0,tell}; Loy = {y€Ly:y(t)>0,tell}; C = C(II) — npo-
crpancTBo HenpepbiBHbX Ha 11 dynkmmit co crangaprroit nopmoit [|-[o; C" = (CO); |lq,

[Nl — cranpapruas

— cTaHJapTHasd HOpMa IpaMoro npoussenennsa B8 C; ecim H ruanbepToBO IPOCTPAHCTBO, TO
CKAJISIPHOE IIPOM3BEeHNe B HeM 0003HadaeM 4depe3 (-, -)r, a COOTBETCTBYIONIYIO HOPMY KaK
Il 7 ; cybanddepeHmpyeMoCTb MOHNMAETCH B CMBIC/IE BBIILYK/IOTO aHAIA3A.

1. IlocranoBKa 3aJa4¥ ONTUMAJIBHOTO yNPAaBJIEHUS

1.1. BazsoBag onTuMH3aIoOHHasI 3ajad4a

[Iycrb 3a7aHbl: HATYpadbHBIE YUCaa M, n, ¢, T, $; dyskmus c(t), ¢ € I, kmacca LY =
Ly (I1); nuueitnsiii orpanndaennbiii oneparop (JIOO) A : LI — L' ¢ HyJIeBBIM CIIEKTPATHHBIM
paguycom; JIOO B : L§ — LI'. Paccmorpum jmHeliHoe DyHKIINOHAJIBHOE YpPaBHEHNE

2(t) = Alz](t) + Blu](t) +c(t), tell, zely, wuels, (1.1)

cuntasi u(-) ynpasistomieil byukimeii (yupasiennem). Beuny kBasunusibnorenTHoctu A ypas-
uenne (1.1) nmeer s kaxaoro u(-) € L eauncrsennoe B LY pemenue z(t), t € II, npuaem

z(t) = S[Blu] +¢|(t), tell, welLs, (1.2)
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rae S : LY — Ly — JIOO — cymma psaga Heitmana: Sly] = Z A'ly], y € LY. Orseuaromee

yupasiieHnio u(-) pemenue z(-) ypasuenus (1.1), 3agaBaemoe (bOpMyJIOI/I (1.2), obozaaxmM 2,(-).

Hro6bI moCTaBUTEL it yipasisemoii cucrembl (1.1) 3apady onTHMAaJIbHOTO YIIPaBJIECHUS,
OyzmeM cumraTh, 9TO 3ajansl: dyukmuonan J([z,ul = Klz| + Mu], z € LY, w € Lj, rne
K : L7 — R — HenpepbIBHBII BBIIYKJIbI dyHKImonaa, a M : L — R — HenpepbIBHBIII
CHJIBHO BBIITYKJIBIN (DYHKITHOHAJ € TIOCTOSIHHON CUIbHOM BhiyKjIocTu k; JIOO X : L' — C" n
T: LY — C9 dbyukmun w(-) € C u Z(-) € C?% dynukuuga F(t,y) : IxR"” — R, HenpepbiBHas
10 COBOKYITHOCTH IEPEMEHHBIX, BBINyKJIas o y Ha R’ npu kaxiaom t € 1.

Ucnonbsyst pasenctso (1.2) kak dopmysy HOJCTAHOBKH, 3aJauM Ha L5 GyHKIHOHA
Ju] = Jlzu,u] = Kz, + M[u], u € L3, oneparopnt Glul(t) = (Z(1), T [2.] ()),, t € 11,
u € Ly, n Eu)(t) = F(t,X[z.)(t)), t € II, uw € L§. OueBuano, uro dynkimonan J Hempe-
PBIBEH W CUJIBHO BBIIMYKJ HA L5 € IOCTOSHHON CHIIBHOI BBIIYKJIOCTH K, a omeparopbl G un &
neiicteytor u3 L5 B C.

IIycte D — BBIIYKJIOE OIrpaHMYEHHOE N 3aMKHYTOe MHOXKeCTBO IpocTpaHcTBa Lj. Pac-
CMOTPUM 3aJIa41y ONTUMAJLHOTO yIpaBjeHusi cuctemoii (1.1) ¢ MUHUMU3UPYEMBIM II€JIEBBIM
dbyukmonamom J IpU MOTOYEUHBIX ONPAHUYEHUSIX TUIA PABEHCTBAa U HEPABEHCTBA

Glul(t) =w(t), tell, ue Ly; Eult) e R_, t€ll, ue L, (1.3)
U MHOXKECTBE JIONYCTUMBIX yrpasieHuit D. DTy 3a1ady CHMBOJMYCCKI 3alUINEeM B BUJIE
J[u] = min, (1.3), we€D. (1.4)
1.2. TouyHasi u NPUGIN>KEHHBbIE ONTUMU3ANMOHHbBIE 3a1a4M

Bamaua (1.4) onpenensiercss Habopom ucxopubix ganubix f = {A B¢, K, M,Z, Y, w, F,X}.
IIpe IoIoKIM, UTO TOYHBIE MCXOJIHBIC JaHHBIE 0 = {A% BY % KO MO =0, 70 w0 FO 301
HaM He M3BECTHBI, HO Mbl MOYKEM OIIEPUPOBATH C MPUOINKEHHBIMIA NCXOIHBIMI JTaHHBIMI

fo={A° B K M Z° Y u F %},

rjae § — MeHSIONuiicss B HeKOTOpoM (ukcnpoBanHOM mostyunaTepBase (0, dg] wucioBoii mapa-
MeTp, XapaKTePU3YIONIHil 6JIM30CTh TPUOIHKEHHBIX JaHHbX fO K TounblM jannbiM O B yKa-
3aHHOM HuzKe ycsoBusMu A, B u B cmbicie (1o1okuTeIbHBIM 3HAYEHUSAM [IapaMeTpa § COOT-
BETCTBYeT TIPUOIMYKeHHasa ONTUMHU3AIMOHHAA 3a1a49a Bua (1.4) ¢ manmeivu f°, a sHaweHmio
§ = 0 — Tounag onTUMU3ANUOHHas 3aa4a Buja (1.4) ¢ qannbivu O ). Takum o6pasom, MbI cuu-
TaeM, 94To npu KaxJaoM 0 € [0,dp] cymecTByoT CJIe,[LyIOH_II/Ie O00BEKTDI: KBA3UHUIBIIOTCHTHBIN
JIOO A°: Lm — L JIOO B : Ly — L5 byunknus ®(-) € LYY HenpepbIBHbBI BLITYK/IbHIi
byrkmmonan K° : LT — R; HempepbIBHbIN CHIBHO BHLITYKbIT dbynkmmonan M? : L — R
C TIOCTOSIHHOM CcHABHOM BhIyKaocTn k; JIOO X0 : LB — C" m Y0 . L — (9 dynxmun
wW’(-) € C m Z(-) € C% nenpepuisras byakmma FO(t,y) : II x R — R, BbIIyKIasg 10 Y Ha
R npu kaxkaom t € II.

CumTaem, 9T0O TIPUOIMYKEHHbBIe HexXoaHble Janubie 0, § € (0, 0], cBA3AHBI ¢ TOIHBIME HC-
XOAHBIME JlaHHBIME O TpuBeeHHBIME HIKe yeaosuayu A, B, B, T, J1.

VYeaosue A. Oynximonanst K : LT — R u M° : L — R upu siobom & € [0, §] ymrmmmm-
IIeBBI Ha KazK/IOM OIPAHMYEHHOM MHOYKECTBe IIPOCTpaHCTB LI u L3 COOTBETCTBEHHO, pUYeEM
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JIMIIIAIEBOCTL paBHOMepHa 10 mapamerpy 0 € [0,dp], To ecTb cymecTBYIOT HeyOBIBaIOIIUe
dbyuxmun Ny (), No(+) : Ry — R4 Takme, aro jya kazkgoro | > 0 u jmoboro § € [0, o

|K°[21] = K°z0)| < Nu(D) |2 — 22lly, 1w lz1llyy s 220100 <0,

| MC[ur] = M°[us]| < No(l) lur —wallyy  mpn JJually, s uallyy <1 (ur,us € D).

Oynxmua FO(t,y) : II x R™ — R npn mobom § € [0,] pasromepno 1o t € I mHa Kaxaom
orparmyenHoM B R” MHOXKecTBe jmmmmiesa 1o y. [Ipudem JIUIIIAIEBOCTL PaBHOMEPHA II0
napamerpy 0 € [0, dg], To ecthb cymecrByer HeybbiBatomast dbyukus N3(-) : Ry — R, rakas,
910 it Kazkaoro [ > 0 u moboro § € [0, &)

[F2(t ) = FO(ty2)| < No(D) oy —woll, mpu t € TL, lyall, s llyall, < L. (1.5)

VYcaosue B. Cymecrsyer nocrostanas C; > 0 Takast, aro npu jsobom d € (0, do]
|45 — A <6, B - B <Cis, [ =, < Cid, (1.6)

[ - <o [T T <C [~ <O [E -2, < Cit

VYceaosue B. Cymecrsyior Heyobisatonue dyukimu Ny(+), N5(+) : Ry — R, u nocrosinnas
Cy > 0 rakue, aro Jyist kaxjgoro [ > 0 u joboro § € (0, oy

|K°[2] = K°[2]] < Ny(1)8, | M°[u] — M°[u]| < Cy6 mpu |2y, <1, weD,  (1.7)

[Fo(t,y) — FO(t,9)| <Ns()5 mpu t€TL, [ly]l, <1 (L8)

Yro0b1 chopmympoBarh yeaoBue 1) BOCIOIb3yeMcs CIETYIONUM BBEJIECHHBIM HAMU paHee
(ucropuio Bompoca cM., Hanpumep, B [11]) nonsTuem paBHOCTENEHHOH KBA3MHUIBIOTEHTHOCTH.
IIycts B — 6amaxoso mpocrpancrso, X — Hekoropoe MHOXKecTBO, {G(§)[] : B — Bleex
— ceMeiicTBO 3aBucAuX or mapamerpa { € X kpasunuiabnoreHTHbIX JIOO (HamoMHuM: KBa-

sunmibnorentHocts JIOO G(€)[]: B — B osnauaer, uro {/||[{G()}F| — 0 npu k — o).

Hasosem cemeiictBo omeparopoB {G(§)}eex pasHocmenernno Kea3unuabnOMeHmMmbM, €CIIm

sup {/ ‘{G({’)}k‘ — 0 mpu k — oo.
gex

Ycnosue I'. CemeiicTBo {A‘s Ly — LQL} 5c(0.5,] PABHOCTENEHHO KBASHHU/IBIOTEHTHO.
,00

[Ipu sr060oM & € [0, 0] yupasisemoe GyHKIMOHAIBHOE YpaBHEHNE
2(t) = A°[2](t) + B°lu](t) + &(t), te€ll, ze Ly, wcls, (1.9)

UMeeT JUIS Kakioro u € L§ enmHCcTBeHHOE B Kiacce L' pemenue z(t), t € I, npuuem

2(t) = S°[B[u) + °)(t), tell, wue€lLj, (1.10)
e S° 0 LY — L — JIOO — cymma paga Heitvana: SOfy] = Y (A%)[y], v € L. Orge-
i=0

Jarolee ynpapienuto u € L§ u 3amaBaemoe dopmydoii (1.10) pemenue z(-) ypasrenus (1.9)
Gyem obosnadath 22(-), & € [0,8]. IIpu mobom & € [0, 5] MbI UMeeM HAGOP OrpaHUYeHMi

GFlu](t) =w’(t), te€Il, ue Ly Eu)t)eRY, tell, uelLj, (1.11)



462 B.1. Cymun, M. . Cymun

roe GOul(t) = <"‘S [ ](t)>q, tell, ue Ly a () = FO(t,2°2°)(t)), t €11,

uels; n Sa,aaqy ONTUMAJIbHOI'O YIIPAaBJICHUA
J°lu] — min, (1.11), w € D, (0C?)

B Koropoit J°[u] = J°[22,u] = K°[28]+ M°[u], u € L§. Banauy (OC°) nasosem mounoti sada-
weti, a zagaan (OC°), & € (0,68, — npubausicermvimu 3a0a4aMUu ONTAMATBLHOTO YIIPABJICHUS.

YenoBust B u I' maror Takoe cBOiCTBO ceMeiicTBa OepaTopoB {A5 [4, memma 1].

}ogégéo

Jlemma 1.1. Cywecmeyem K > 0 maxoe, wmo HS‘S — SOH <K HA5 — AO{

, 0€10,d] .

Jlemma 1.1 mosBosisieT jierko BbiBecTu u3 yciaosuit A, B, B, I' u orparmaennoctu D cyte-
crBoBanne nocroguubix Cp, Cy u dynknun Ni(-) : Ry — Ry rakux, aro qs § € [0, o)

I-

o < C1 120 = 225, < Cod, weD, (1.12)

|7 [u] = Tl ||G°lu] — G°Lul| ..

Eu] — E°Ml||, < C26, u €D, (1.13)

|7 [wr] = J°[us],

1] — GOlus] || ||€°[ua] = EMua] || . < N1(D) lux — ual,,
Hu1H2,s ’ Hu2”2,s S ! (ul’u2 < D)

[IpemmoaraemM, 9ToO BBIIOJIHSIETCS CJIEIYIONIEE YCIOBHE, JTOTOJHITE/IHHO CBA3BIBAIOIIEE Orpar-
ardenns (1.11) ¢ ynpasagemoit cucremoit (1.9).
Yeaosue . Tlpu smobom § € [0,00] cimabast cxoquMocTh B IpoCTpaHcTBe L mocsieno-
. .
BATEJILHOCTU {uj} _, C D K HEKOTOPOMY 3JIEMEHTY U, BJledeT 3a COOOil IOTOYeYHYIO Ha

IT cxomumocts nocieoBaresrocreit {20 [27;] ()}j; u {7T°[2)] ()}j; COOTBETCTBEHHO K
20 [z0] () w00 [, ] ()

Jdemma 1.2. IIpu aobom § € [0,00] onepamopv. G° u E° crabo nenpepwvienv. Kax one-
pamopw, uz L5 6 Lo, mo ecmv npeobpasyrom caabo crodawyroca x HeKomopomy INeMenmy
6 L5 nocaedosamenvrocms 6 nocaedosamenvnocmy, crodauyyroca 6 nopme Lo % 06pasy amozo
ANEMEHMA.

HoxaszatTenbcrtso. U3 ycnosus [l ciemyer, aro npu mobom § € [0, 0] cnabas s L
CXOJIUMOCTD TOC/Ie[0BaTe IbHocT {u’ };11 C D K HEKOTOPOMY 3JIEMEHTY U, BJIeUeT 3a cOoDOil
noroueunyto na Il cxomumocrs {G° [u] (- )};’i u {& W] ( )}oil K G°lu () u &% u(+)
COOTBETCTBEHHO. TaK Kak nM3-3a OrpaHndeHHOCTH D B Lj yKa3aHHBIE IOTOYEYHO CXO/IAIIIECS
T0CTeIOBATETLHOCTH PABHOMEPHO OTPaHMHIeHbl, TO OHH CXOJATCA COOTBeTCTBeHHO K G° [u,] ()
u £ [u.] () u B HOpPME Lo. O

1.3. OOoOIiIeHHast HUXKHSS TPaHb 1 MUHUMU3UPYIOMINE NPUOINKEHHbIE PellleHus

Tak Kak Lo _ BBIIYKJIO I 3aMKHYTO B TMJILOEPTOBOM HpPOCTpaHCTBEe Lo, TO jrobasg TOIKa U
[POCTPAHCTBA UMEET €JMHCTBEHHYIO MPOEKINIO Ha Lo _; paccrosane B Ly OT TOYKH v IO ee
npoexknun Ha Ly obosmaumm uepes p(v) (p(v) = minger,  |[v — wll2, ). [Ipoexnua roukn
v(:) € Ly ma Ly_ ects v(-), tme v(-) — «cpeska mymem csepxy» bdyukmma v(-) (v(-) cos-
najaer ¢ v(-) tam, rae v(-) oTpuraTeabHa, U paBHA HYJIIO TaM, TJe v(-) HeOTpHIATe/bHA);
coorsercTBenno, p(v) = ||ull21, Tae v(-) — «cpeska mysnem cumsy» bynknun v(-).
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IIycTn
D ={ueD:||g°] - o, < pEf]) <ef, Te[0,8], €20,

u DY = DY, JjiemenTapHBIMU BBIK/IQIKAME [TPOBEpSETCst, UTO Tpu Jobbx § € [0, ], € > 0
MHOYKeCTBO D% BBLITYKJIO U 3aMKHYTO B Lj; U3 orpaHmdeHHocTH D cliejiyeT orpaHumdeHHoCTD
D¢, Boobie roBops, D¢ MoxKeT 6BITH U 1wycThIM. [L0/103KIM

Bo = inf JOu], ecrm D° #0; By = +oo, ecmm D° = 0.

u€eDO

Bemmmauny 3y MOXKHO Ha3BaTh KJIACCHIECKON HUzKHel rpambio sagatn (OC?). Tlomoknm

B.= inf J°u], ecrm D¢ #£0; B. = +oo, ecimum DY = ().

ueDOe

O6o6mennoit nuzkHeil rpanbio 3agaun (OCY) Haz0BeM PeETbHYIO BEJUIHHY
= = lim f..
ﬁ ﬁ+0 540 /BE

BBuly HEIPEepLIBHOCTH U BBIIYK/JIOCTH (QyHKIIOHAa J°, OrpaHHueHHOCTH, 3aMKHYTOCTH I
BeIyKIocTH MHOKecTBa D° zajaua (OCP) 3aBemomo paspemuma, ecim DO # () [27, Teope-
Ma 8.2.8]. A tax kak dyukuuonan J° cuiabHO BBIIYKIIBI, TO 3aga4a (OCY) Moxker umeTh He
outee oHorO pemtenust |27, Teopema 8.2.10]. Takum obpazom, eciin DY # ), zagaua (OCY) ume-
0

(B 3Tom cyuae JO(u®) = min JO(u) =

€T POBHO OJIHO peleHne, OyaemM 0003Ha9IaTh ero 4epes u 1
u€D

Bo)-
HemocpeicrBerHo u3 ompejiesiennst 06001eHHOM HUKHEN rparu [ cieayer, ato [ < [y.
[TokazkeM, uyro nama 3agada (OC?) Taxkopa, 4To MMeeT MecTO paseHCTBO 3 = [o.

Teopema 1.1. Beauwunw, 3 u [y cosnadarom. Ecau onu xomeunw, mo 3zadaua (OC?)
paspewuma, u ee peulerue eOUHCMBEERHO.

HdoxasareanbcrBo. [Ipu f = +oo paseHcrBo [ = [ ciejiyer U3 HEPaBEHCTBA
B < By. Paccmorpum cayuait 3 < 4o0o. Ilpn € > 0 muOkecTBo D¢ Hemycro, Tak Kak
Be < B < 400. Babukcupyem mexoropoe € > 0. Tak kax dynxmmonan J° mempepbisen u
CHJILHO BBIIYKJI Ha Lj, a muoxkectso D% mpu € > 0 BBILYKJIO M 3aMKHYTO B L, TO IIpH JIF0GOM
€ € (0, " cymecrByer epuncTBenHbI 3eMenT u¢ € DY taxoit, uro JO [uf] = min JO[u] = 3.

ueD0€
[27, Teopema 8.2.10).

MHuozkecTBO D BBINYKJIO, OTPAHNYEHO W 3aMKHYTO, a IIOTOMY 1 cJ1abo KoMIakTHo B L§ [27,
reopema 8.2.3]. To ecrb cymectByior u, € D u cTpeMsimascs K HYJIO HOCIEI0BATEIbHOCTD
{e:}io, C (0,€%) rakume, uro {u“};°, cmabo B L§ cxomurcs K u,. Pynxumonan J° Henpepsbr-
BEH U BBIIYKJI, a TIOTOMY U cjiabo ToJIyHenpepbiBer cHu3y Ha D [27, Teopema 8.2.7|. 3uaqur
CYIIIECTBYET IOJIIOC/IEI0BATEIHHOCTD {eij };il (obozHATMM ee {aj};.’il ), JUTst KOTOPOit

JY [u,] < liminf J? [u¥] = lim J [u%7] = 3. (1.14)

1—+00 Jj—o0

B cuny yeaosus [ cnabas 8 L cxogumocts {u” };’;1 K U, BJIeYeT 3a co0O0il MOTOYETHYIO

na I cxomumocts nociegosarensaocreit {0 [2,05] ()};‘;1 u {0 [z,7] ()}j‘;l COOTBETCTBEHHO

K X0[2,](-) m Y0[z,](-). Orcroma creayer noroueunas ma 11 exommvocrs {G° [u™] (1)}2,
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o
u {50 [u%7] ()} K GOl () m E%u,](-). Tak Kak yKa3aHHbBIE MOTOYEYHO CXOJANAECH
TI0C/ICI0BATEIBHOCTH PABHOMEDHO OIPAHITCHBI, TO MOYKEM 3aIlHCATH IPEICIbLHBIC COOTHOIIC-

i (G0 [u”] = o0l — 16° (] =y, [€01um)|) |0 ]| mom G - o0 Bemay
' ' —ll2,1 —ll21

u¢ € D% noyuaem

16° [us) — ||, = 0, Hgﬂ ], =o0.

)

To ects u, € D°. Dro osmagaer, aro D’ memycro n [y KOHEUHO.
Tax kax D’ C D%, 0 u, € D, 0 <e <€’ Toeers J(u,) > JO(u) = min J(u) = f.
ueDY-¢

Ho 8. — 8 npu € — 0 u nostomy J°(u,) > B, uro Bmecte ¢ (1.14) naer J°(u,) = 3. Nmeem:

By = ing0 JO(u) < J%u,) = B. A tak kak 3 < By, To mosmyqaem 3y = rnlpl% JO(u) = J%(u,) = B,
ue ue

To ectb 3 = By, u, — pemenue 3agaun (OCY).

Tak, ecau ofHa U3 BeqmanH 3, [y KOHEYHa, TO OHH COBIAIAIOT, MHOXKecTBO DY HermycTo,
a sajada (OC®) paspemmma. PaszpenmMocThb, Kak yzKe ObLIO OTMEYEHO, MOXKET OBbITh JIHIIb
OJHO3HAYHOM. ]

Crenys [23|, BBeieM ciejtytoriee ompe/iesieHue.

Onpenenenne 1.1. HazoBem mociemosarensnocts u' € D, 1= 1,2,..., MUHIMH-
supytomum npubmkenubiv pemenuem (MIIP) zagaun (OCP), ecim JO[u'] — B 1upu i — oo
u u € DO (i =1,2,...) [Ig HEKOTOPOW CXOJAIIEHiCT K HYJIIO MOCJIEI0BATEIbHOCTH THCET
€>0, i=12,....

YraxeMm yciaosus (Teopema 1.2), mpu koropsix MIIP 06si3aresibHO Tak Wil nHAYE CXOISATCS
K pemennto 3agaan (OC?). Ham noMoxker, B 4aCTHOCTH, CJIeJlyIoliee yTBep K IeHue.

Jlemma 1.3. IIycms X — 6w6inykaoe 3aMKHYMOE MHOHCECMBO 2UNBOEPMOGA NPOCTPAH-
cmea H, a ¢pynxuyua f(-) : X — R swnykaa, noaynenpepwisna crusy u cybougdgepenyu-
pyema Ha X. Tozda, ecau ona ABAAEMCA CUALHO SbNYKAOT Ha X € NOCMOAHHOU CUNHOU
BUNYKAOCTIU K, MO

F@ =) +0fW),z— vy +slz—ylh, zyeX (1.15)

JlokaszaTeabcTBo. Bociosb3syemes Tem, 4To 0bIIee oIpeie/ieHne CUJILHON BBITYK-
aoctu (27, rir. 8, ¢. 650] aHATIOTUYHO OIIPEJIETIEHIIO CHIIBHOM BBIYKJIOCTH (DYHKIIMH KOHETHOTO
9K/ IePeMEHHBIX. AHAJIOr JIJIs Ciiydasi TUIb0EPTOBa IPOCTPAHCTBA yTBePXKIeHusl |27, JieM-
Ma 4.3.1] mo3Bossier cka3arh, 9T0 f CHIBHO BBIIYKJa Ha X € MOCTOAHHON K > 0 TOrJa U TOJIb-
KO TOr/Ia, Korja Hafijercs soinykiaas gyukmms g(-) : X — R rtakag, aro f(z) = g(2)+k|2]|%,
z € X. Ilpu stom (em. [28, coescriue 4.3]) dyuknuu f u g cybuuddepeHnupyeMbl B TOUKaX
X OJIHOBpEMEHHO U

Af(y) = 0g(y) +2ry, y € X. (1.16)

Takum ob6paszom, Beiykiag dbynkius g(z) = f(z) —k||z]|%, 2z € X, cybauddepenuupyema na
X, T e
9(z) 2 9(y) + Og(y),z —y)y, 2y X. (1.17)

Ocranoch 3ameTuTh, uro n3 coornomenuii (1.16), (1.17) u ouesmmmoro tToxkaectsa |z[|%, =
1yl + 2y, 2 =y} + 12 = yli, 2y € X, crenyer (1.15). O
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Teopema 1.2. Ecau 3 < +oo, mo moboe MIIP caabo ¢ L crodumca % pewenuro u’

zadavu (OCP). A ecau ewe u dynryuonan J° cybouggpepenyupyem 6 mouxax D, mo ecaxoe

0

MIIP cxodumca x u’ cuavho 6 Lj.

HoxkasaTeabcrtso. lyers B < +oo. ITo Teopeme 1.1 zagaga (OC?) umeer ejun-
creennoe pemenne u’. Iycrs {u'},", — nexoropoe MIIP sanaun (OC?). IocsenosarenbHocTh
{u'};2, orpannvena B Lj Bmecre ¢ D. To ecth ona ciabo komnaktaa B L |27, Teopema 8.2.3]
1 y Hee CyIIeCTBYeT HOIIOC/Ie0BATEIbHOCTD, c1ad0 cxondmasicad B L K HEKOTOPOMY 3JI€MEHTY
u, € D. Tyers {u%}7, — yKasaHHas HOJIIOC/IEIOBATEBHOCTD. BOCIIOIB30BABIINCH BBIK/TA/T-
KaMH M3 JI0Ka3aTeJbCTBa TeopeMbl 1.1, mosiydaem, YTO SJIEMEHT U, COBIAJIAET C DeIeHHeM
u® zamaum (OCY). Tem cambIM MBI JOKa3au cymectsoBanue y kaxaoro MIIP sanaan (OCY)
nozmnocseoBaresibHocTu (a ona Toxke ectb MIIP), ciiabo B L cxomsiieiicst K pemeHuo 3a/1a49n.

[Tokazkem Tenepn, uro moboe MIIP sanaun (OC?) cmabo B L§ cXOmuTest K PENIEHUIO Ug.
Bocnosibzyemest Tem, 9To cirabast CXOQUMOCTh B L5 3KBHUBaJEHTHA CXOJUMOCTH B CJIa00H HOD-
Me (cM. [23, Teopema 1.3.11]), obosmatmm ee ||-||,, . JeficTByst OT HPOTHBHOIO, HIPEIIOIOKIM,
uro nekoropoe MIIP {u'}°, sanaun (OC°) me cxomurest ciabo B Ly K up. DTo o3HAYA-

er, uro cymecrsyer v > 0 u nognocieoarenbiocts {u'} 7, raxue, uto |[u' —u’||, > v
o

=1
JIOKA3aHHOMY BBIIIIE U3 Hee MOXKHO BBLIEINTH HO/IIOC/IEI0BATEILHOCTD, CXO/AILYIocs ¢1abo B L3

a 3HAYNUT U B cJ1aboit Hopme ||- k pemernio 1’ 3amaan (OC?). Iloayunam mpoTHBopedne.
w

(j =1,2,...). Tax xax nocseosarenpuocts {u%},~; cama ectb MIIP Bmecre ¢ {u'} TO TI0

I[IpennonoxuM Tenepb, uro dyuxuumonan J° cybmuddepenmupyem B Toukax D. Ilycrn
{u'};2, — mekoropoe MIIP sagaun (OCP). Ilo memme 1.3, BBHY cuiibHOI BbimyKaocTn JO,
Jst aoboro ¢ = 1,2,... cHIpaBeIIiBO HEPABEHCTBO

T [ul] = J0 [u?] = (0J°(u0), wf — u®) > & (J|lu — uO]|o)*

1) OC
Tak Kak 110 JOKA3aHHOMY NOCJIEIOBATENBHOCTb {u'},~, cnabo B L cxomures K permeHnio u’

sagaun (OCY), a no teopeme 1.1 JO [uf] — B = By = J° [u’] mpu i — 00, TO U3 BHIUCAHHOTO
HepaseHcTBa caeayer, uto |[u' — u®||gs — 0 mpu i — oo. O

1.4. Perynapusupytomiuii 1 MIIP-ob6pa3yromiuii orreparopbl

Curenyst Hameit pabore [25], BBeJieM olpejiesieHne Peryssipu3upyoniero oneparopa B 3ajade ¢
noroueunbiMu azosbivu orpanndenuamu (OC?).

Oupenmenenne 1.2, BaBucammiti or § omeparop R(-,0), craBsimuii B COOTBETCTBIE
KazK/IoMy Habopy MCXOAHBIX maHnbix 0 smement R(f0,6) = u’ € D, ynowmersopsiommuit yco-
suam (1.6), (1.7), (1.8), naseiBaerca peryaspusupyomum B 3agade (OC?), eciu

J° [uﬂ — B, Hgo[ué] — cuo||271 —0, pE°[])) =0 mpun §—0.

Hanee, o ananoruu ¢ |25, BBemeM «MOpokKaaeMoe» 3TuM orpejesnenneM mnoustue MITP-
obpaszyrorero oneparopa (aaropurma) B 3agaue (OCY).

Onpemenenne 1.3. Ilyers 6 € (0,00), 1 =1,2,..., — cxoudmagacs K HyJIIO TIOCJIe-
JI0BATEJILHOCTD HMOJIOXKHUTEILHBIX Uicesl. 3apucanii or 0°, i = 1,2,..., oneparop R(-,d"), cra-
BSIMIL B COOTBETCTBIE KAZKIOMY HAGODPY MCXOMHDBIX JAHHBIX 0 sjeMenT R(f‘si, 5 = u' e D,
nassiBaercs MITP-oGpasyrormmm B 3ajade (OCP), ecim nocaesosarensiocts u’, i =1,2,.. .,
ectb MIIP B sT0i1 3a1a4e.
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2. /IBolicTBeHHasl peryJjiipu3anus 1 ycjoBusi cymniectrBoBanusi MIIP B BbImyKJI0Oii
3a/lave ONTUMAJIBHOTO yIPAaBJIEHUS C IMIOTOYEYHBIMU (Pa30BBIMU
OrpPaHNYEHUSIMHI U CUJIBHO BBIMYKJIBIM (DYHKIIMOHAJIOM KavdecTBa

B srom pasgene chopmynupyem u jgokazkem yejosust cymecrBoBanust MIIP (oTmesnbro
HeoGxouMble 1 jloctarounbie) B 3agade (OCY) ¢ 0 HOBpEMEHHBIM KOHCTPYKTUBHBIM YCTOMIN-
BBIM IIPEJICTABICHIEM KOHKPeTHOro sK3eMiuisipa MIIP (mamomumnM, 94T0 BMecTO TOUHOM 3a1a4u
(OC®) B Hamem pacnopszKeHnn uMeercs ceMeitcTso 3aau (OC?) ¢ BO3MYMEHHBIMI HCXOHBI-
MU JIAHHBIMU, 3aBUCAIIIMEI OT TapamMerpa ¢ > 0, XapaKTepusyrolero ommoKy 3ajaHus ITHX
JIAHHBIX 10 CPABHEHUIO C TOYHBIMU JIAHHBIMHU). YKa3aHHBIE YCJOBUSI CYIECTBOBAHUS MOXKHO
TPaKTOBaTh M KaK yCJOBUs ycToifumporo koHcrpyuposanus MIIP B zamaue (OCY). Bygem
MPUJIEPKUBATHCA ODITEH CXeMbl PACCY2KJICHU, NCTIOIb30BAHHON MIPU MOJIyYCHUN aHAJTOTHIHBIX
pesysibTaToB B paborax [17,19].

2.1. /IBoiicTBeHHasi peryJisipu3anus B BBIMYKJION 3ajiave ONTUMUIAIAN C
MNOTOYEYHBIMU (PA30BBIMU OTPAHUYEHUSIMU M HEOOXOAMMbIE YCJIOBUS
cymiecrBoBanusas MIIP

B nanHOM pasjese onuiiem Iporelypy JABOCTBeHHON peryagpusanuu [17,19] ais samaqau
ONTUMAJILHOTO YIIPaB/IEHUs ¢ IT0ToYedHbIME (bazosbiMu orpanndenusyu (OCY) u nosydaemble
¢ ee TIOMOIIBIO HEOOXOUMbIe yeaoBus cyinectoBanuss MIIP B sroit 3a1ade.

2.1.1. JpoiicTBennas 3agada. Beenem mia sagaan (OC%), § € [0,68], peryasaprbrii
dyuknuonas Jlarpanxa

Lo(u, A ) = I [u] + (N, G[u] =), + (. &), w€D, A€ Ly, p€ Ly,
W COOTBETCTBYIONLYIO JTBOMCTBEHHYIO 331419y

VO ) = iI€1£ Lo(u, A\, p1) — sup, {\, pu} € Ly x Lo . (2.1)

Oynxnmonan V° ompenenen (KoHeweH) B Kaxoit Touke {\, u} € Ly x Ly m sorayT. ITosTo-
My OH SIBJISIETCS JIOKAJIBHO JIMIINUTEBBIM Ha Lo X Lo, Tak Kak Osarojiapsi orpanudennoctu D
OrpaHuYeH Ha JIIDOOM OMpaHHYEeHHOM MHOXKecTBe |28, Teopema 2.1|. Bujy BbIIyKIOCTH U 3a-
MKHYTOCTH B L3 MHO)KecTBa D, HENPEPBIBHOCTH M CHJIBHOIN BBINIYKJIOCTH Ha D dyHKIMOHAIA
Jo(u), 3mech irelzfa Lo(u, A\, pt) = zréilr)l L (u, A\, 1) jyist kazioit mapwt {A, i} € Ly X Ly, npudem

MUHUMYM JIOCTHIAeTCsl B e/IMHCTBEHHO TOUKe
u’ [\, p] = argmin {L°(u, \, p), u € D}.

N3 nepaseHcTBa ‘V‘S()\,u) — VO(/\,,u‘ < sup ‘L‘S(u7 A p) — LO(u, /\,,u)‘ u ycaosuit A, B, B
u€D

u [' mpocThiMu BBIKJIAJIKAMU, UCIOJIB3Yd JeMMy 1.1 u orpanndenHocTb D, 1ojiydaem, 9TO MpH
nekoTopom C' > 0

VOO 1) = VO] < O+ [ Ao + llell2n), {An} € Lax Loy, 6€(0,60)  (22)
[Tpu so6bIx 0 € [0, 0], a > 0 cuIBLHO BOrHYTHIH (DYHKIMOHA

R (A ) = VO (A 1) = al All3; — allnl

%,17 {>\7:u’} S L2 X L2,+7
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nocruraer Ha Lo X Lo MakcuMyMa B OJJHOH TOUKe
{N po ) = argmax {R**(\, p), {\, i} € Ly x Lo }.

[Iycts a(-) : Ry — Ry — Hekoropasi GyHKIWs, yIOBIETBOPSIONIAS YCIOBHUIO

)
— — 0, a(d) =0 upu 6 — 0. 2.3
Ob6murue cBoiicTBa Meroja crabunuzaiuu |27, i, 8, § 4| mo3BOJISIIOT cKa3aTh, YTO B CIydae
paspernmMocT JIBoiicTBeHHOM 3a1a4un (2.1) mpu d = 0 orenka (2.2) u ycaoBHe COrIACOBAHUS
(2.3) BIEKyT 32 COBOI CXOIUMOCTD

H/\é’a(é) - >‘0H2,1 + ”“M(é) - 'U“OHQ,I =0, 40, (2.4)

rae {A\% u’} — MunMMasbHOE 110 HOpMe pellleHne yKazaHHOl [BOHCTBEHHON 3a/1a4H.

2.1.2. CynepauddepeHiinajg BOTHYTOTO MeJIeBOTO (pyHKIIMOHAJIA JABONCTBEHHOM
3aga4u. /lanee nam norpedbyercs popmyiia jiis cytepanddepeniaia BOrHyToro gyHKInoHa-
s sHadennit V(- ), KOTOPBI MO ONPE/IC/IeHIIO PAaBEeH B3ATOMY ¢ OODATHBIM 3HAKOM CyOtmd-
dbepernnmarny Beiykaoro dyrkmmonana —V (-, -). YTobb BBITIICATH 9Ty (BOPMYILY, 06paTHMCST
cHavaJsia K o0mieil curyaruu, paceMorpentoit B [17].

[Iycts Y, H — HEKOTOpbIE I'MJILOEPTOBBI IIPOCTPAHCTBA, P — OrpaHUYEeHHOE 3aMKHYTOE
muoxecrso B Y, Iy(-) : P — R — ymmmunes dyskmmonan, I1(:) : P — H — jummu-
1ieB orneparop. Cunraem Iy u [; paBHOMepHO orpanmdeHHbIMEA Ha P. OupeaesuM COCTABHON
dbyHKIHOHAT (€ro ecrecTBEHHO Ha3BaTh GyHKIMOHAIOM JlarpaHxka)

L(y7 V) = Iﬁ(y) + <V7 Il<y)>7-[7 ye Pv Ve H?
U COOTBETCTBYIONTHH (IBONCTBEHHBIN) (DyHKIIMOHAT 3HAYEHII

V(v) = inf L(y,v), veH.
yeP
Cynepmauddepennual Borayroro ¢pyHKIMoHaa 3HadeHuit V' 3aaercs cieyromeii hopmyJioi,
[PU 3allUCH KOTOPOIi HCmosb3yeTcst 0bobienHblii rpaauent Kiapka (29, § 2.1].

Jlemma 2.4. Cynepduddepenyuan soenymozo dynkyuonara V- 6 mouke v € H pasen

IV (v) =0cV(v) = @{w—ili)rgo L(y):y' €P, Ly',v)— ;gf)L(y, V), i— oo},
ede OcV (v) — obobwennwii epaduenm Kaapka dynrkyuonana V6 mouke v, c0 X — zamoi-
Kanue eunykAol oborouru mmoocecmea X, npedes w—lim nowumaemes 6 cmvicae caabot
cxodumocmu 6 npocmparcmee H. Ipyeumu crosamu, cynepdudgeperyuan OV (v) ecmo 3a-
MBUKAHUE 8BINYKAOT 060N0UKU COBOKYNHOCTU BCEX CAADBIT NPEIEN06 BCEE03MONCHBIT NOCAEAOEA-
meavnocmeti I, (y'), i =1,2,..., xo2da nocaedosamenvnocmo y' € P, i =1,2,..., A6asemca
MUuHUMU3Upyrowet oaa gynrkyuonara L(y,v), y € P.

HokaszaTeabcTBO 3700 JeMMbl cM. B [17, jemma 2.
[pumvennm gemmy 2.4 x bynkmmonany VO(A, i), {A, u} € Ly x Ly. B stom caygae Y = L3,
H=1Lyx Ly, P=D, V(v)=V°(\,p), L(-) = T[], Li(-)={G°[] -’ E]}.
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Jlemma 2.5. Cynepdugdepenyuan coznymozo dynrxyuonara V° 6 mouxe {\, u} € Ly x Lo
pasen

OVO (A, ) = 0cVO(\, ) = @{w—hm {G°[u] —w’, &)} - u' €D,

11— 00

Lo 1) = inf L8 (u, A, ), i o0},
ue

20e OV (A, 1) — obobwennmidi epaduenm Kaapxa dyrryuonana VO 6 mouxe {\, u}, a npedea
w—lim noxumaemca 6 cmuicae craboti crodumocmu 6 npocmparcmee Lo X Lo.

B cBoo odepenp, jgemma 2.5, B cmIy caaboit mempepbiBHOCTH omeparopos G°[], £°[]
(em. menvy 1.2) m emHCTBeHRHOCTH st 0008 mapbl {\, 1} € Ly X Lo vmmmvamm ul[\, u],
npeobpasyeTcs K CIeyIoneMy BH/LY.

Jlemma 2.6. Cynepduddepenyuan coenymozo dynxyuonara VO 6 moure {\, u} € LoxX Ly,
ABAACNCA OOHOMOUEUHBIM MHOHCECTBOM U PAGEH

VoA ) =0V (A p) ={G° [W’[\ 1] =, [N 1]},
2de OcVO (N, 1) — obobwernwiti 2paduenm Kaapxa dynxyuonara V° 6 mouke {\, pu} .

JlokazaTeabcTBO. YTBepXK/JEHNE JJeMMbI BBITEKaeT HEITOCPEICTBEHHO U3 JIEMMBI 2.5
u omykyoctr 3agaan (OC®) ¢ CHIbHO BLITYKJIBIM (BYHKIMOHAJIOM e, JleficTBHTe bHO,
B CHJTy eJWHCTBeHHOCTH TOYKM u’[\, y], MUHUMM3HpYIOmEH CHILHO BBITYK/ILIH (BhyHKIMOHAT
L‘s(u, A, i) Ha D, M CHJIbHOI CXOJMMOCTU K 3TOH TOUYKE JIH0O0NH MUHUMUBUPYIOUIEH MOCIe10-
BATEJIBLHOCTH B 9TOi 3a1ade Munnmusanun (npu {\, u} € Ly X Ly ), 0600IIEeHHDIA IpaHeHT
Krapka OcVO(A, /1) COCTONT M3 eIUHCTBEHHOTO djeMeHTa. JIpyTuMm ClIoBaMu, B CUJIy paBeH-
ctBa Oc(=VO(\, 1)) = —0cV(\, 1) u copnasienns cybmubdepenmuana d(—V2(\, 1)) ¢ 0606-
mennbiM rpagmentoM Oc(—VO (A, 1)) [29, mpeamorkenns 2.2.7, 2.3.1], B3aATHIi ¢ 06paTHHIM 3Ha-
KoM cybmuddepennuan BoimyKaoro dynknunonata —VO(\, 1), To ectsh cymepauddepenmat
soruyToro dbymnknuonana VO(\, u), B xamoit Touxe {\, u} € Ly X Ly, cocTouT Juib u3

ozroro suementa {G° [u[\, p]] — w?, E° [W[A, 1] } . O

2.1.3. MeToa aBoiicTBEeHHOI peryJjisipu3anuu. B janHoM pas;iesie oluiineM MeTOo T IBO-
cTBeHHOM peryssipuzanuu [17,19] mpuMeHnTEebHO K 3a/1a9e ONTUMAIBHOTO YIIPABJIEHHS C TOTO-
yeunbiMu aszosbivu orpanndernamu (OC?) u J0KazKeM COOTBETCTBYIONLYIO TEOPEMY CXOJIH-
moctu 31oro Metofa. Cuuraem npu 3roM, uto sagada (OC?) paszpemmma. DTo Ipu e IaHHBIX
[PEJITOIOKEHHsIX 00 UCXOHBIX JAHHBIX PABHOCUIIBHO cyIliecTBoBanuio B Heit MITP (cm. Teope-
mer 1.1, 1.2).

Jlnsg ommcanus u 00OCHOBAHUS TPOIEIYPHI JIBONCTBEHHON DPEryJIsiPU3AIME BOCIOJIL3YEMCs
CJIE/IYIOMIElt JIEMMOIi, JacTHBIM CIydaeM Oosiee obmero yreepxkaenns |30, ciaexcrsue 4.3.6(c)].

Jlemma 2.7. ITycmo H — 2uavbepmoso npocmpancmeo, f: H — RU{+oc0} — cobcmsen-
HaA BuNYKAGHA nosynenpepuenan cnusy dynkyua ¢ dom f = {z € H : f(2) < o0} = H,
Q C H — samxnymoe svinykioe muoxcecmeo. Toeda x € € — mouka murnumyma [ na €
8 MoM U Moavko 6 mom cayyae, kozda 0 € Of(x) + No(x), 2de No(x) — xonyc nopmanet 6
CMBICAE BHINYKA020 GHAAU3A KO MHodcecmsy ) 6 mouke .
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BameruM, 4ro B yciaoBusx jgemmbl 2.7 (em. [30, npemioxenue 4.1.4])
No(z)={pe H: (py—2)ug <0, y € Q}.

[Tpumennm nemmy 2.7, B398 H = Lo X Ly, ) = Ly X Ly, a B KadecTBe f BBIIYKIIYIO
byuxmmo f(A, ) = =V, p) + al|A3, + allpl3y, {Ap} € Ly x Ly C yuerom nemmer 2.6,
MO3BOJISIIONIEH BhIUCATh CcyOanddepentman BeIOpanuoit GpyHKIMn f, KpuTepuii MEHEMYMA
JIEMMBI 2.7 JlaeT cJie/lyiolee BapualmoHHoe HePaBeHCTBO

<{g6[u6[>\5,a(5)’ Mé,a(d)“ . wé’ gé[ué[Aé,a(é)’Mé,a(é)H} . 2(1/(5){)\6,04(6)’ M&,a(&)}’
{)\/’lu/} . {)\S,a(5)7u5,a(6)}>L2XL2 <0, {X;N/} €Lyx Lo (2.5)

CrecTBIEeM BapUaIMOHHOTO HEPABEHCTBA (2.5) SIBIISIFOTCS COOTHOIIEHUS

g5 |: 0 [)\5,&(5) 5,(1(5)” . wé _ 2@(5)/\670‘(6); (26)
& [ul [Xsa H (t) = 2a(0)p>*®(t) mpum ms. t € Il Taxux, uro x>0 (t) > 0; (2.7)
& u 5[)\6(1 H(t)<() npu 1m.8. ¢ € II Taxux, uro x> (t) = 0. (2.8)

U3 coorromenwuit (2.6)—(2.8), B CBOIO 0Yepe/ib, Oy IAEM:
<g6 [ué [Aé,a(é)’ﬂé,a(é)” . W(‘S7 )\6,0((6)>2 = 2a(6>||/\5,a(5)“2 > (). (29>

<g§ [u5 [)\5,0[(6)7#5,04(5)}] 7M6,a(6)>271 _ 2a(6)|’u6,a(6)”2 > 0.

U3z (2.7) creayer takwxe, uro ecmm o9 (t) > 0 m1a HEKOTOPOro t, MPHHAIEIKAIIETO
MHOZKeCTBY TostHOM Mephl B {t € IT: %) (¢) > 0}, To

€8 [u (A3 5@ ] (1) — 20 ()t (t) = 0, E NI, uPo@)(1)uP @ (1) > 0 (2.10)

u, 3HauuT, 1pu 1. B. ¢ € I takux, aro & [u’ [A%) 12e@]] (¢) < 0, BbIONHSETCS PABEHCTBO
p>@ () = 0. Us (2.7) u (2.10) nomygaemM ofHOBPEMEHHO, HTO

M&,a(é) (t)gé [ud [/\5,04(5)7M5=0‘(5)H (t) >0 mpu . B. t € I1.

Kpowme Toro, uz (2.9) mosyyaem paBeHCTBO U HEPABEHCTBO

<{g5 [u(s [)\5,04(5)’ qus,oa(d)}} . wé) 85 [Ué [)\5,01( ”} {)\6,&(6)7“5,a(6)}>L2XL2
= 2a(6) (H)\aa ©) H21 + [| > 6)H%,1) > 0. (2.11)

Hamee, Tak Kak

10 (ua [)\5,&(5)’ M(S,a(d)} ASa(®), M(S,a(d)) = Js [ua [/\5,05(5)#5,04(5)“

1 <>\6,a(5)’ G [u5 [Xs,a(a) 5,a(5)ﬂ _ 5> 4 <u5,a(5)>56 [ué [}\6,01(6)’ Ma,a(a)ﬂ >2’1

<10 (uo, N3a(8) | 8.a(d) ) = JO[u] <X5 a(a GO w5>2 t <N6,a(6)7€6[u0]>2 )

<1 (u07 A3a(8) | 8.a(d) ) = Jlu <X5 a(6) GO w5>2:1 I <M6,a(6)7€6[u0] _7 50[u0]>2 )
< T+ [P [] = T ) + HA “(‘”Hm 1G°[) = |y + (|1, [[E°7u") = %

RITE
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To B cuity oreHok (1.6), (1.13) u pasencrsa (2.11) mosydaem nocse psijia JieMeHTaAPHBIX IIpe-
oOpa30oBaHmil OIEHKY

20(0) (N3 + [l 15,0) < Cd (I + 47 l21) + T () + C56 — min J* (u)

< 046\/||/\5704(5)||%’1 + [|pde@3  + J(u’) + C36 — ruréilrjl J°(u) upu § € (0,6),

NJI

20.(0) (IN3, + (1> 13,) —045\/||>\‘5’“(5)||§,1 + (e @ |3, = I (u’) = Csd+min f*(u) <0,

rne (3, Cy — He 3aBHUCAIINE OT 0 TOJIOXKHUTEJIbHbIE TOCTOsTHHBIE. OTCIOa HAXOMUM, UTO

045 + \/(045)2 — 80(((5)K<(5)
4a(6)

VIO 3, + o3, < wn §€(0,6],  (212)

e K(9) = mig JOo(u) — JO(u) — C3d, ciejieTBUeM Yero sBjigeTcs 1Ipe/ie/IbHOe COOTHOIIeHHE
ue

a(6) ||{)\6’a(6)’:“6’a(6)}||L2xL2 —~0 upu 0§ — 0. (2.13)

Kpowme Toro, u3 coorromenuit (2.6)—(2.8), onenox (1.5), (1.6), (1.7), (1.8), (1.12) u onenku
(2.12), B cBOIO OUEpE/IB, CIIEAYIOT OICHKH (B KOTOPBIX moJIozkuTesbHbIe octosumsie Cs, Cg, Cr
He 3asucar ot § € (0, 9] ):

167 [ A0, O] = W],y < (197 [u” [N p O] = ], ) + Cs0

< 20(8) [N ||, + C50 < Cud 4+ \/(Cad)? — 8a(8) K (5) + C56, (2.14)

E [u® [N O] (1) = FO(t, 2020 o] (1) = FO (20205 poiac sacon] (1))
— F2(t, 2%[20s pssa say | (1)) + F2 (6, 2020 5.0 sany| (1)
— P (1,2 [20s psa@ o] (D) + F2 (6 2200y o) (£))

< Cgd + C70 + F? (t, 26[Zié[)\é,a(é)7“5,a(5)]](t))

F§
FE

< Cs6 4+ C70 +2a(8) O (t) mpum. B. t €I, (2.15)

20(8)[| > |91 < Cud + 1/ (C16)2 — 8a(0)K(5) mpu & € (0,5). (2.16)
U3 nmepasencts (2.14), (2.15), (2.16) BbIBOAUM, 9TO

G° [u‘S [A‘;’O‘(‘S),M‘S’O‘(‘;)H —w’ =0 mpm §—0, (2.17)
u gyt soboro § € (0,0q] cymecrByer dyukims ¢s(-) € Lo Takas, 9ro
g0 [’ [Aé’a(‘s),ué’a(‘s)” (t) < ¢s(t), tell, mpudem |[ps(-)][21 — 0 mpu § — 0. (2.18)
Hepasenctso B (2.18) o3nauaer, 410

(SN, 2O = 65() € Lo,
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O,ZLHOBpeMeHHO JJId BCEeX U € D BBIIOJIHSIETCS HEPABEHCTBO

J6 [ué[)\(s,a(é)’ M&,a(&)u + <)\6,0¢(6)7 gﬁ[ué[AE,a(é)’M&a(é)]] . w6>2’1+ <lu5,a(5)’ 85[u6[>\6,a(5)’Mzs,a(é)“>2’1

< Jul + (X0, Gu) = w?), | + (0, Eul),

U3 KOTOPOTO, ¢ yueToM oreHok (1.13), ciesyer, aro

J(5 [ué[)\(s,a(é)7#6,a(6)ﬂ + <)\6,o¢(5)7 g&[ud[)\&oc((s)’ M(S,oe(&)“ . w5>2 , + <M6,o¢(6)’ 85[u6[)\6,a(6),ﬂ5,a(6)”>
< J(S[UO] + <>\5,a(6)’ gé[u()] . w6>2 ) + <u5’a(§),55[u0]>
< JO[u] 4 Cg (]| A>)

2,1

)

2,1
o1 + 8[| |aq +6), (2.19)

rae Cg > 0 — mocrosianasg, He 3aBucsmasg ot 6 € (0,dp]. YumreiBasg orpanmdeHHOCTH D,
nosyaaeM, aro npu Beex o € (0, &gl

JO [ué[)\é,a(é),ﬂ,é,a(é)ﬂ S JO [U,O] + (JO [ué[)\é,a(é)”ué,a@)” . J(5 [ué[)\(s,oa@)’ﬂ(s,a((s)]])
+ C8 (Ao + [0 + 1) < T[] + Co (8IN |z + 8| lo1 + ) ,

riae Co > 0 me 3aBucut or 6 € (0,d0p]. Orcrona, B cuity ycaoBusi coracoBanust (2.3) U COOTHO-
menus (2.13), caenyer: s moboro § € (0,0] cymecrsyer uncio ¢s > 0 Takoe, 9To

J° [ué[)\‘s’a(é),u‘s’a(‘s)}} < J°u’] + @5, mpmuem @5 — 0 mpm & — 0. (2.20)

Urak, ¢ yaerom orpanmderHoctu D mocrpoeno cemeiicTBo 3aucsumx or d € (0,0q] sue-
mentos u’ (N> ;520)]  yropnersopsomux onenkam (2.14), (2.15), (2.20) u, crago GbITb,
TaKoe, YTO BBIIOJIHAIOTCA cooTHOMeHus (2.17), (2.18) n oxHOBpeMeHHO

J° [u‘s[/\‘;’o‘(‘s),u(s’a(‘s)ﬂ — IIGHDI(l) Jlu] = B =By =[], §—0. (2.21)
u

Cootrrorenus (2.17), (2.18), (2.21) B coorBercTBUE € OnpejieieHneM 1.2 MO3BOJISIOT CKa-
3aTh, 4TO onepaTop R(-,d), cTaBAmmil B COOTBETCTBHE KasKIOMY HAOOPY HCXOIHBIX JAHHBIX
yaossersopstomux onenkaM (1.13), amement ul[\®) ;520 € D gpuaerca perymapusnpy-
oM B 3agade (OC?). Tlpu 3TOM B COOTBETCTBUE ¢ TeopeMoii 1.2 jmobast moc/enoBare -
nocts ud [NFe@) 8he@] =12 ) 6F — 0, k — 0o, cxomurcs cabo K PEIICHHIo
sagaun (OCY), a B cayuae cybnuddepennupyemoctn J° wHa D CXOAUTCA CUIBHO, TO €CTh
R(f0,6) = ul [\ 50 5 40§ — 0.

Hakownen, ciencrsuem onenku (2.19), yenaosus (2.3), mpeienbroro coorHomenns (2.13),
orpanudenHoctn D u cootHomeHus (2.21) saBisiercs npeebHOe COOTHOIICHIE

<{)\5,a(5)’ Iu5,o¢(5)}’ {gé |:u6 [)\6,&(6)’ ud,a(é)“ . w(57 86 |:U,6 [)\6,04(5)’ M5,o¢(6)j|:| }>L2XL N 07 5= 0.
(2.22)
Pagencrso (2.11) u coornomenne (2.22) MO3BOIAIOT CKa3aTh, 9TO
a(d) ||{/\5’0‘(5),;15’0‘(5)}”1th —0 mpu d— 0. (2.23)
[TokazkeM, 9TO BBIIOJIHSIETCS U IPEIEILHOE COOTHOIIEHUE
lim VO(X(©) 000y — sup VO, 1) = min J[u] = J[u°]. (2.24)

6—0 {\uyeLoxLa ¢ u€DO
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Bamernm cHadasa, 9To Gsarogaps coorHormennsM (2.21), (2.22) mMoxkem 3anucarhb

lim V(N8 1 500)y — JO[,0],

6—0

OTKY/Ia B CUJIy OIEHKH (2.2), nmpe/ieJibHbIX cooTHOIenuit (2.13) u yeaoBus (2.3) mosydaem
VONS®) 500y 5 JOw®] mpm 6 — 0,

UTO M O3HATAET, B CUJIy HEPABEHCTBA sup VO u) < min Ju] = J[u], cnpasemu-

{AuyeLax Lo ¢ ueD®
BOCTD NIPEJIEIBHOIO COOTHOIIEHNUS (2.24).

Takum obpa3oM, Kak pe3y/IbTaT IPOBEJIEHHBIX BBIIIE PACCYKJIECHUNH, MbI MOXKeM chopMy-
JINPOBaTh CJIEYIONLYIO0 TEOPEMY CXOIMMOCTH METOJIa JABOWCTBEHHOI peryJsipusalii B 3ajade
(OCY). Dra Teopema CXOIUMOCTH SIBJSETCS CJICJCTBUEM CICJAHHOrO B Hadase pasjena 2.1.3
IpeJIIoJIoKeHus o cylnecTeoBanuu perenus sajadn (OC?). Tlo sToit npuumne cdopmyJn-
POBaHHBIN B Heil pe3yjbraT MOKHO TPAKTOBATHL U KaK HEOOXOIMMOE YCJIOBUE ONTHMAILHOCTH

yupasiaeans u’, BRIpasKeHHOE B CeKBEHIMAIbHOM (hopMe.

Teopema 2.3. ITycmv zadaua (OC°) umeem pewenue ul.

cywecmeyem uau nem eexmop Kyna—Taxxepa 6 s3adaue (OC®), uau, dpyeumu crosamu, pas-
pewuUMa uAU Hem deoticmeennan K Hetl 3a0a4a, UMEIOM MEeCMO COOMHOULEHUSA

Bne sasucumocmu om moeo,

awHHAM@ M| p, = 0 npu § =0, (2.25)
0 d,a(d ,a(&) : 0 __ 70r1,,0

JO [ul [)\ ]}%gg})J[u]—J[u]npué—)O,

Gg° [ [XSO‘ ’O‘(‘S)H —w’ =0 npu §—0,

E0 [u [N O] (1) < @5(t), t €T ||ggllan — 0 npu § — 0,
<{)\6,o¢(5)’ Iué,oc(S)}’ {g5 [u(s [/\5,04(5)’ M&,a(ti)}] . w5’ 86 [U6 [)\5,04((5)’ M(S,a(d)}} }>L2XL2 -0 npu 5 — 07

2de ¢5(-) € Lo umnepaserncmeo osnauaem exarouerue (EO[ul(A>@ 2O — ¢5(-)) € Lo .

Anemenmor ul [N 18O npy § — 0 caabo crodames uo, a 6 cayuae cybduggpe-
pernyupyemocmu J° na D cxodumocms ssasemcea cuavhoti. Taxum obpasom, sasucawuts om
§ onepamop R(-,8), cmasswuidi 6 coomsemcmeue kadicdomy nabopy ucxodnviz damnvir f,
ydosaemsoparowuz overnkam (1.6), (1.7), (1.8), ssemenm R(f°,5) = ud[\2®) ;5] ¢ D,
asasemcsa peeyaapusupyrowum (6 cmuicae onpedeaenus 1.2) 6 sadane (OC®). Kpome mozo
suinosHAEMmes npedeavroe coomnowenue (2.24), a 6 cayywae pazpewumocmu 080GcmeerHol x

(OCY) zadawu u npedeavroe coommnowenue (2.4).

Bameaganne 2.1 Teopema 2.3 chopmyanpoBatna ¢ yIeTOM <«OIMOPBI» HA MPEIEIbHOE
coorHomienne (2.13). Ecyin ke 910 1pejie/ibHOe COOTHOIIIEHIE 3aMEHUTD 00JIee «CHJIbHBIMY IPe-
JIeJTBHBIM COOTHOIIEHNEeM (2.23), TO MbI TIOJIydaeM JIPYToii BApHAHT T€OPEMbI CXOJANMOCTH METOIa
JBoiicTBeHHOI perysapusanun B 3agade (OCY), KoTopblit oTmIaeTcss 0T ¢hOpMyINPOBAHHOTO
BBIIIIE JIUIIBb T€M, YTO UCIOJIb3YEMOE B T€OpEME 2 3 Hpe,ZLeJH)HOQ cooTHoIerune (2.25) 3aMeHseTcst
}H — 0, 0 — 0. Takoit

L2><L2
BapUaHT TEOPEMbI CXOJIMMOCTU HUCIIOJIB3YEeTCs ITPU PACCMOTPEHUN 3aJ1ad YCJIOBHOM MUHUMU3a-

HA «aHAJIOPMYHOe» MpeJIeJIbHOe COOTHOIIeHne H {)\‘5‘” ‘50‘(‘5

[N ¢ HEOIPAHUYEHHBIMI MHOKECTBAMHE JIOMYCTHMBIX 3JieMeHTOB D [20-22].
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2.1.4. Heobxomumbie ycioBusi cyinecrBoBanus MIIP. Kak ciencrsue Teopembr 2.3
cchopMyIIpyeM, HaKoHell, HeobXoJuMble ycosus cymectsosanus MIIP B zanaue (OC?).

Teopema 2.4. ITycmo {5’“};0:1 C (0,00] — Purcuposantas cmpemawascs £ HYL0 nocie-
dosamervHocmy wucen. Bre 3asucumocmu om pazpewumocmu Uil HEePA3PEWUMOCmu 0601-
cmeennoti k (OC?) zadavu cnpasediuso caedyrowee. Jas mozo, wmobw, 6 zadave (OC?) cywe-
cmeosano MIIP (6 caywae cyuecmeosanus ono cxo0umces caabo ¥ pewenuto 3a0avu), Heobro-
JUMO CYUECMEoBaNUE CIMPEMAWETCA K 1YMO NOCAC06AMENLHOCTIU Hucen { 6k}Z°:1 C [0,00), a
makoice nocaedosamenvrocmu deoticmeennoe nepemenno N, pF} € Lox Ly y, k=1,2,...,
maxux, ¥mo oF H { Ak, yf“}H Lo, — 0 DUk — 00 U 6vIN0ANAIOMCA NPEJEABIBIE COOMHOWEHUA

WA R e D 0, ko oo, (2.26)
<{)\k,,uk} , {gék [u‘sk [\, M) — W, £ [u‘sk AR, i) }>L2XL2 —0, k— 0. (2.27)

Oodnospementio ¢ npedeavhvim coommowenuem OF H{)\k"u'k}HLngg — 0, kK — oo, u npe-

deavrvimu coomuowenuamu (2.26), (2.27) swnoansemes u npedesvroe coOMHOWEHUE
lim VO(AF, %) = sup VO, 1) = min JOu] = J[u’]. (2.28)
k—o0 {AuYELaX Lo 4 ueDO

Ecau nexomopoe MIIP cywecmeyem, mo neobxrodumo natidemcs u nocaedo6amensbHocmsy
deoticmeennox nepemennwx {N*, 0y k= 1,2,..., ¢ yrasannomu evwe ceoticmeamu, ze-
nepupyemas memodom deoticmeennol peeyaapusayuu meopemve 2.3, mo ecmv {AF, pk} =
{A‘Sk’a(‘sk), ,u‘sk’o‘(‘sk)}, k=1,2,...; npu pazpewumocmu 06olicmeennoti 3a0auu yKka3aHHAL NO-
cAed06aAMEALHOCTD CTOOUMCA K MUHUMAALHOMY N0 HOpMe pewenuto smoti s3adawu. Coomeem-
CMBY0WAA NOCACIOBAMENLHOCTIVD u® (N k], k= 1,2,..., 6ydem MIIP; 6 cayuae cy6oud-
deperyupyemocmu J° na D omo MIIP cxodumes cuavro npu k — 0o % pewenuro u’ 3a-
danu (OC®). To ecmv onepamop R(-,6%), cmassawuti 6 coomeememeue npu makom evibope
{)\k, uk } , k= 1,2,..., Kaocdomy HabOPY UCTOOHLT JaHHbIT f‘sk, YI0BAEMBOPAIOWUL OUEH-
kam (1.6), (1.7), (1.8) npu & = &%, anemenm v’ [N, "] € D, k=1,2,..., asasemca MIIP-
obpasyrougum 6 sadave (OCY).

Bamewganue 22 3amernM, 9T0 BBHJY OorpaHudeHHocTH D coorHorenus (2.26) Bbl-
k k .
NOJIHAIOTCS TOTJA U ToJbKO Torma, Korma ud [AF, uk] € DY ana mexoropoit nocsenosarets-
HOCTHU CXOJIANINXCS K HYJII0 HEOTPHIATEIbHBIX unces €, k=1,2,....

SBameuganune 23.C yuerom 3amedanus 2.1 apyroit BapuaHT HEOOXOIMMBIX yCJIOBHUI
cymecreosanusg MIIP B zajaue (OC?) Mbl noTyuaem, ecjim UCHoIb3yeMoe B TeopeMe 2.4 Tpe-
serbroe coornomenne 0F [[{AF, 1| Loxr, —0 0, k — 00, BaMeHHTL Ha «aHAJIOTHTHOE» IIpe-

2
NeJIbHOe COOTHOIIeHne F H{)\’“,,uk}H Loxly 0, £k — oo. Ilpu sTOM, Kak JIErKO 3aMETHTD,

IEepBOE N3 YKa3aHHBIX JABYX IIPEICIbHBIX COOTHOUIEHUN dBJIdeTCd CcJIeICTBUEM BTOPOTIO.

2.2. JlocraTtounsble ycjioBus cyinecrBoBanusa MIIP B BeinmykJioil 3ajaue
ONTUMAaJILHOT'O YIIPABJIEHUS C IIOTOYEYHBIMU (PA3OBBIMU OrPAHUYIECHUSIMU

Kazk oMy u3 jIByX BapuaHTOB HEOOXOIMMBIX ycsoBuil cymiectBoBanus MIIP, o koropbix
UJIeT pedb B 3aMevYaHuu 2.3, MOJIXOIUT CBOW BapUAHT yKA3aHHDLIX JIOCTATOYHBIX YCJIOBUI CyIIe-
croBanusg MIIP. Tak kak mnpejie/ibHOe COOTHOIIIEHUE

5 s, = 0, o0
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MO2KHO TPpaKTOBaTb KaK MeEHE€ 2KECTKOE 110 CpaBHEHUIO C IIPpEJACJIbHBIM COOTHOIICHHUEM
S* || {A* ’“}H2 —0, k— oo
y Lox Lo ) )

TO HUZKe TIPUBOUTCs (BOPMYJIUPOBKA U JIOKA3ATe/IHCTBO BapUAHTa JIOCTATOMHBIX YCJIOBUI, CO-
OTBETCTBYIOIIErO EPBOMY U3 JBYX YKa3aHHBIX MPEJIeIbHBIX coorHomennii. CooTBeTcTByomuii
BTOPOMY IPEJIEJIHHOMY COOTHOIICHUIO BapHaHT JOCTATOYHBIX YCJIOBUIl MPUMEHSIETCS IPU pe-
ryaspusanun KYO B 3a1a4aX ¢ HEOrpaHUIEHHBIMH MHOKECTBAMHE JIOIYCTHMBIX 3J€MEHTOB D
(o, [20-22]).

CripaBse//inBa cJIe/lyIoNas TeopeMa, yCTaHaBIUBaIoNIast JOCTATOYHbIE YCIOBUsI CYIECTBOBA~
rust MITP B 3amaue (OC?).

Teopema 2.5. [Tycmwv {5'“}:;1 C (0,90] — dPurcuposanas cmpemAawancs £ Hya0 nocie-
dosameavrocms wucea. Bue 3asucumocmu om paspeuiuMocmu Uil HePa3PetUMocmuy 080T-
cmeennoti k (OC®) zadawu cnpasedauso caedyrowee. Jas mozo, wmobw, 6 zadave (OC?) cywe-
cmeosano MIIP (6 cayuae cyuecmeosarus orno bydem crodumvcs caabo K pewenuro 3a0ayu),
doCMaAMOYHO CYW,LCMBOBAHUA CMPEMAWETCA K HYAN0 TOCAEI0BAMENLHOCTIU YUCEA {ek}zozl C
[0,00), a makoice nocaedosamesvrnocmu I8OUCTNEEHHDIT NEPEMEHHBLT {)\k,uk} € Ly x Lo,
k=1,2,..., makux, wmo &~ H{)\’“,,LLIC}HszL2 — 0, k — 00, u 8bNOAHAIOMCA COOMHOULEHUS

(2.26), (2.27). Ipu smom nocaedosamenvrocms u® NE ], b =1,2,..., Academesa uckomvim
MIIP. Omo MIIP cuavno cxodumces x pewenuwro u’ sadawu (OCY) 6 cayuae cybouddepen-
yupyemocmu J° na D. Jpyeumu cirosamu, onepamop R(-,6%), emasawuti 6 coomsemcmeue
Kaorcdomy nabopy uczodnuz dannwx f°, ydosaemeopaowus oyenkam (1.6), (1.7), (1.8) npu
§ = 0%, anemenm R(f" %) = us* [Nk k] € D, asanemea MITP-o6pasyouum 6 sadave (OCP).
Oonospemenrio ¢ npedesvrvim coommoweruem O ”{/\k’/‘k}HLngQ — 0, k — oo, u coomno-
wenuamy (2.26), (2.27) ewnoansemcsa u npedesvnoe coomnowenue (2.28).

HoxaszaTenbcrtso. llpexae Beero, HaoMauM (cM. pazgen 1.2), uro dbyHKIuoHa
JO crabo momymenpepsiBeH cHu3y Ha D omeparopsl G, £ crmabo mempepwiBHBI Ha D, TO
eCTh NepeBoAT caabo cxousumecs B L5 1ocae10BaTeIbHOCTH yipasaeduii u3 D B CHILHO
cxopammuecss B Lo IOC/IEI0BATEILHOCTH UX 00pa30B. YKasaHHBIE CBOHCTBA, BBUJY BKJIIOYE-
mns u® (A, k] € D" u orpammuenmoctn nocaesosaremsnoctn utt [N b, ko= 1,2,
obecrieanBaioT HerycroTy MHoxkecTBa D) a ciieoBaTesibHO, U Pa3permuMocThb (OIHOBHAMHYIO )
uexompoit sajaun (OCY). Hanee, tak xak touka u® [AF, u¥] mumumumsupyer dyuxiponan
L‘Sk(-,/\k,,uk), npu u € D MOXKeEM 3alncarh

Jo* [uak [)\k’uku . <{)\k”uk} 7 {gak [usk [)\k7uku _ w5k7gak [uak [)\k’uku }>

<l ({0 0" ) - )

L2><L2

LQXLQ

B custy yenoBuii TeopeMbl (CM. IpejiesibHOE cooTHOmeHue (2.27)) orcroja ciejyer, 9To MnpH
JIoboM u € D cymecTByeT CTpeMsIascs K HYJO I10CIeI0BaTe/TbHOCTh {wk}zozl HEOTPUIIA~
TEJIbHBIX IUCesT TaKasl, 9TO
k k k k k k
T [ ) < 0T ]+ ({9 ) =™ E ]} ) k=12,
2 2

0

ITomoxkum 34€Cb U = U~ 1 UCIIOJIb3YEM OI'DaHUYICHHOCTD D, a TaK2>Ke YCJIOBHE COIVIaCOBaHUA
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5" H{/\k, uk}||L2xL2 — 0, k — oo. Moxkem 3anucars, ucrosbsys onenku (1.6), (1.13),
JO [ I Y] < O] [ ] = 20| |0 [ A ) = T I )

k ~6Fr 01 _ ~01,,0 E,o0_ & k o6%r, 01 _ 007, 0 k
+]<A,g W) — G [u]>271 +‘<A,a) W >2’1 +\<u,s (] 5[u]>21—%¢
< JO[UO] + C1o6* + 0115k||)\k||2,1 + 0125k||,uk||2,1 + ¢k, k=1,2,...,

rie nocrosiaabie Cg, Cr1, Cio > 0 He 3aBucar or k. [loaydaem: cymecTByeT cTpeMsasacs K

~ \ o
HYJIIO IIOCJIEI0BATEJIbHOCTD @/Jk} HEOTPUIATE/IbHBIX 9YUCEJI TaKasd, ITO
k=1

Tl [NF, i¥]] < O[] + 9k, k=1,2,... .

Tak Kak omHOBpeMenHo mveeM srymodenus ud [N %] € D"k =1,2 ..., a smauur, B cu-
JIy OCpaHHYeHHOCTH D, IpH HEKOTOPOIl cTpeMsIneiics K HyJIIO MOCIeJ0BATCILHOCTH {Ek};il
HEOTPHIATEIBHBIX YHCe U BKIIOUEHHS u° \E uk] e DY | = 1,2,..., To mocienoBa-
renpiocts u’ [N, pF], k= 1,2,..., ssuserca MIIP B sagade (OC?). asee, npunumas

BO BHUMaHUE CHOBA IPeJIeJIbHOE COOTHOIIeHNe (2.27) 1 MOJIyYeHHOe PEeJIeIbHOE COOTHOIIEHUE
k
JO[u® [NF, p*]] — JO[u®], k — oo, MozKeM 3ammcaTh COOTHOIIEHNE:

V&’“()\k”uk) _ J‘Sk [ué’“ [)\k7uk]]
+ <{)\k,uk} : {g‘s’“ [u‘sk N, M) = W £ [uék [A*, 1] }> — J°’], k — oo,

L2><L2
a CJIeJIOBATENIbHO, U IPeJeIbHOe cooTHOMeHue (2.28) B cuity oreHKd (2.2) U HpeiesbHOro Co-
k ko k
OTHOITIEHHUST ¢ H{)\ , b }HszL2 =0, k— . O]

2.3. PerynspusoBanHble npuHONN Jlarpanka m NpUHIUII MAKCUMYyMa
llonTpsaArnHa B BBIIIYKJION 3a/ja4ye ONTUMAJIBHOI'O YIIPABJIEHUS C IOTOYEYHBIMU
dazoBbIMEU OrpaHUYEHUAMU

2.3.1. PerynsapuzoBannbiii npuanun Jlarpamxka. «O0benunus» Teopembl 2.4, 2.5,
cpopMympyem, HaKOHEIL, pery/iipru30BaHHble TpuHInII Jlarpanka u npuaimn Mmakcumyma [Ton-
TparuHa B hopMe KputepueB cyiiecrBoBanus MIIP B BbITyKI10ii 3a/1a1e ONITUMAIBLHOTO yIIPaB-
JIEHUsI C TIOTOYEYHBIMU (DA30BBIMU OrpanuvdeHusivu. PerynspusoBanubiii npunnui Jlarpamnxka
(BBuy perymsiprocTu dyHKImA Jlarpanzka ero MOKHO Ha3bIBATH TaKyKe DEry/IsdpU30BAHHON
reopemoit Kyna—Takkepa) MOXKHO 3anucarhb B CJICIYIONIEM BHJIE.

Teopema 2.6. IIycmo {5’“}:;1 C (0,00] — Purcuposanman cmpemawaca x Hya0 nociedo-
8AMENDHOCTIL YUCEA. BHe 3asucumocmu om pa3pewumocmu Uit Hepadpetumocmuy 060TCmeeH-
noti x (OC°) zadawu cnpasedauso caedyrowee. Jas mozo, wmobw 6 s3adaue (OC°) cywecmeo-
sano MIIP (6 cayuae cyuecmeosarus ono 6ydem caabo cxrodumuvcs K MouHOMY PEULEHUIO 30~
davu), Heobrodumo u docmamouno, 4Wmobv, CYULLCMBE08AAL NOCAEIOBATNEALHOCTNY 080TCTNGEH-
HOIT NEPEMEHHDLT {)\k,uk} € Lyx Loy, k=1,2,..., maxas, wmo 6" H{)\’“,,uk}HszLg — 0,
k — 0o, u ewnosnsiucy npedeavrvie coomnowenus (2.26), (2.27). Ipu smom nocaedosamenn-
noemo u® N uF], k=1,2,..., asaaemca uckomvim MIIP, cxodauumcs cusvho K peueniuso
u® zadanu (OC®) 6 cayuae cybduddpeperyupyemocmu J° na D. Jpyeumu crosamu, onepamop
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R(-,6%), cmasawuiti 6 coomsemcemeue xkascdomy nabopy uczoomvlr danmvlx fo* ydosaemeops-
rowuz ouenkam (1.6), (1.7), (1.8) npu & = 6%, anemenm R(f‘sk, 5’“) = %" [Adk’a(ék),u‘sk’a(‘sk)} €D,
asasemea MITP-o6pasyrouum 6 zadave (OC?).

Oodnospementio ¢ npedeavivim coommoweruem O ||{)\k, u’“}HLﬂL2 — 0, k— oo, u coom-
nowenuamu (2.26), (2.27) ewvnoansemes u npedeavroe coommowenue (2.28). B kawecmse
nocaedosamesbHoOCmU {)\k,,uk}, k= 1,2,..., moocem Oumbvb 63AMa 2eHEPUPYEMAA MEMO-
dom 060TCMBEHHOT PE2YAAPUSAUUL EOPEMBL 2.3 NOCACIOBAMEALHOCTIVD {)x‘sk’“(‘;k),u‘sk’“(‘sk)},
k=1,2,..., cxodawaacs ¥ MUHUMAAOHOMY NO HOPME PEULEHUIO JB0TUCMEEHHOT 36044 6 CAY-
YAe Pa3perniuMocmy nociedted.

2.3.2. O munummzanuu pysxknun Jlarpanxka. Kiodesoit 3aj1a4eit npoueaypbl ABOii-
CTBEHHOI pery/spu3alum mporecca npud/mzKennoro pemtenus 3agaan (OC?) apigercs 3aaua
munnvusanun dynkimonana Jlarpanma LO(u, A, 1), {\, pu} € Ly X Lo, 3anaun (OC?)

Lo(u,\, ) — min, u € D, (2.29)

pelrmienne KOTopoit Mbl 0603HaMmIN depes u’ [\, p]. 1 yIponmenns n3/M0sKeH st TPe/ITOTOAIM,
ato mpu KazkaoM § € (0,80] bymkmmonansr K°[z] : LT — R, M°[u] : L§ — R mudbdepentu-
pyembt o @pere, a bynxmua FO(t,y) : I x R" — R muddepenmupyema o y #a R” 1pn
kaxkjoMm t € II. Torga npu xkaxgom 0 € (0, 0] muddepennupyemnr 1o Pperrte na L oneparop
&[] (paccmarpubaem ero Kak omeparop u3 L3 B Ly ) u dbymrkmmonan Jlarpamka L°(-, A, ).
B stom cirydae pemenne u®[\, ] samadm (2.29) yIoBIeTBOPAET KPUTEPHIO MIHIMYMA

L (WA ], A ) [u— '\ @] >0, weD, (2.30)

rjie L5 (4, \, p) [.] — npoussomnas Operme bynknmonana L°(u, A, 1) 110 mepeMeHHOf U B TOU-
ke U € L§ mpu dbuxcupopamnbix A\, g. Ilyers WO[u, A, p](-) € Ly — dynkmma Pucca dbynxmnu-

oHaJjia Léi (w, A\, 1) [.] € (L))" . Kpurepnii (2.30) MoxkHO 3anmucaTh B Buje
(WO’ [A, g, A, ] — u[A, ,u]> >0, uweD. (2.31)

Haiiem npescrasenne dynkmm W[, A, u(t),t € I, B Tepmunax 3agaau (OC?), § > 0.
HenocpeacrBeHHO BBIMUCIA, Oy daeM

L‘S/ (@, A, ) [v] = (¢° U>2 + (¢ [, A, B‘S[U]>27m, ve L ue Ls, (2.32)

snecy ¢° [u] () € Ly — dynxmus Pucca dynkumonana M?(@) € (L), a % [a, A\, u] () € LY
— byHKIWS, KOTOpast 3a/1aeTcd hopMyJIoi

W0 [a, A () = (%) [ [a] + 6 [, A + &5 [@, 1] (), (2.33)

re &S [u] (), @5 [a, A\ (-) u ¢ [a, u] () — bynknun Pucca npunajyiexanmx kiaccy (L5)*
dbyHKIIIOHAIOB K5/( 2), (T )*[)\”5} u (25)*[u(-)(F‘s; (-, 20 [28] (1)) )] coorsercrsenno.

Tax xkax ($9)" = ((E—A4°)"") = (E-A4)) " = (E—(4))", e E — enn-
HUYHBI onepatop B L', To onpenessiemast dhopmysioit (2.33) u Bxoggmas B (2.32) dyHkuus
Y[, \, 1] ectnb (emuncTBeHHOE B LY') perenne ypaBHeHUs

Y(t) = (A)" [W)() = ¢ [@) (1) + 65 [, \] (1) + o5 [a ] (1), tell, we Ly (2.34)
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[Tepemucas (2.32) B BuzE L5/ (@, A\, ) [v] = ((B)" [¢0[a, A, p]] + ¢°[al, v>2 v € L§, naxo-
JUM CKOMOe TipejicTasienue byrknun W [u, A, yu] B TepMuHAX 3371241 (OC‘S).

Wla A () = (B°) [0l A ] () + Sla)(r). ¢ eI (2.35)

B KoTopoMm 0 [u, \, ] — enumcTBenHOE B LY pemenne ypasuenns (2.34).

2.3.3. Cayyaii orpanm4yeHHBIX ynpasjeHuii. Pacevorpum sagaay (OC®) B curyanun,
KOor'la JOIIYyCTHMBIC YIIDpaBJICHUA IIPUHUMAIOT SHAYCHUA N3 HEKOTOPOI'O OI'PaHUYI€HHOI'O 3aMKHY-
Toro u BhIIyK/I0ro MuokectBa U C R®, To ectb D = {u(-) € L%, :u(t) € U, t € II}. B sTom
ciydae nosrydaem u3 (2.31) kpurepuii MurnMyMa dbyHKImoHa A JlarpaHzka B BUJIE CJIELYIOIIEr0
JIMHEaApPU30BaHHOI'O ITIOTOYE€YHOI'O IIPUHIIUIIa MaKCHUMYyMa.

Jlemma 2.8. Qynruyua u(-) € D ecmv pewenue 3adavu (2.29) mozda u moavko mozda,
Ko2da

('[a, /\,,u](t),ﬂ(t)>s = max (¥°[z, )\,,u](t),w>s npu n.e. t € Il (2.36)

wel

2de Wolu, \, p] sadaemea dopmyaoti (2.35), 6 komopoti °[i, A, i) — pewenue (2.34).

Hdoxkaszarennbcrso. Heobxomumocrs jyuist pemenns @ 3agaqu (2.29) yenosus (2.36)
JIOKa3bIBaeTCA IIPOCTEHIIUM Ur0JIbYaThIM BapbUPOBAHUEM, & JOCTATOYHOCTDL I10JIydaeTcsd CTaH-
JAPTHBIM puMenenneM TeopeMbl A. A. Jlsamynosa (cm., mHanpumep, [14, § 2.4, § 8.2]). ]

O6oznauum uepes US [\, ] MHOKecTBO Beex ynpabienuit us D, yiosiersopgaomux (1pu
cOpPMYJTIPOBAHHBIX BBIIIE OMOJTHATEIBHBIX YCIOBUSIX T hEPEeHITUPYEeMOCTH ) TIPHHITAITY MaK-
cuMyMa JleMMbl 2.8. B marmem cirydae, 6/1aroapst CHIbHOM BBILYKJIOCTH IEIEBOrO (byHKI[HOHA-
a, MHO}KGCTBO Ul [)\ {] cocTomT M3 OIHOTO dMeMenTa, 0obo3HaumM ero uepes ul, [\, u]. Ouesus-
1o, uro ud [\, ] = u’[\, p]. To ecTb HerocpecTBeHHO U3 TeopeMbl 2.6 1 JleMMbI 2.8 Ho/Tydaem
CJTeJIYIONIUI PEery IsIpH30BaHHbBIN TTIOTOYEUHBI MPUHIHI MakcuMyMa i 3agaan (OCY).

Teopema 2.7. IIpu chopmysuposantuiz 6viute JONOAHUMEALHBLT YCA0BUAT Juddeperuupy-
k
emMocmu 6ce ymeep:)fc@enu.ﬂ meopemui 2.6 0CTNAHYMCA CNPAGEOAUCHLMU, ECAU 6 HUT U° [)\k , uk}
samenums eesde na ul, [)\k,u }

3. IIpumep. OnTuMusamuoHHas 3aJa4a C IMIOTOYEIYHBIMU (PA3OBBIMU
OTrpaHUYEHUSMU [Jis YIIPABJIAEMOM CUCTEMBI C 3ana3/ibIBAHUEM

EcrecrBennbIit mepexo1 0T HaYaIbHO-KPAEBOI 38/1a91 K SKBUBAJIEHTHOMY eif (pyHKITMOHA -
Homy ypasHenuio 11 pojia BoJibTeppoBa THIIA OCYIIECTBIISETCS C IIOMOIIBIO OOpaIeHusT IJIaBHOM
qacTu 3aja49n. PasHooOpasHble KOHKPETHBbIE MPHMepPbl HAYaTbHO-KPAEBbIX 3a/ad (JIJIs Tapa-
0OJITIECKHUX, TUIIEPOOJINIECKIX, NHTEIPOnddpepeHITNAIbHbIX YPABHEHUH ¢ 9aCTHBIMU ITPOU3-
BOJHBIMM U CHCTE€M TAKUX YPaBHEHMIl, pa3/INIHBIX YPABHEHUI C 3aIIa3/IbIBAIOIINM apryMEHTOM
U JIp.), KOTOPbIE JIOMYCKAIOT SKBUBAJEHTHOE ONUCAHKE C TOMOIIBIO (DYyHKIIMOHAIBHBIX ypaBHe-
HUI BOJIKTEPPOBA THIIA, MOXKHO HaiiTu, Hanpumep, B [7| (cMm. Takxke o630p B [11]). U3 MHOKe-
CTBa CAMbBIX PA3JIMYHBIX IMOJO00HBIX HAYAJIHHO-KPAEBBIX 3a/1a9 MbI JJI WIJTIOCTPAIIIN H3JI07KEH-
HO¥ BBIIIIE TEOPUHU BBHIOpAJM HAYAJIBHYIO 3aJady JJjIs CUCTEMBI C 3ala3jblBaHueM. B mpumepe
BBIIUCHIBAIOTCS T€ OCHOBHBIE KOHCTPYKIIUU, KOTOPBIE M yYACTBYIOT B (DOPMYJIMPOBKE PEryJisi-
puzoBarabix KYO (dopmupyromas kpurepuit MunnmyMma dyHkimonana Jlarpanzxka dyHKIms,
COTIPsiZKEHHOE ypaBHeHue, . .. ). CHopMympoBaTh ¢ X MOMOIIBIO COOTBETCTBYOIIE PErYJIsipU-
zoBannble KYO — KoHKpeTHBIE pean3aiun c(hOpMYTHPOBAHHBIX BBIIIIE TEOPEM Y7Ke He CJI0KHO.
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[Iycrs n=1; T =10,1]; p € (0,1) — durcuposannoe uucio; 7 € R™ — dbukcuposanubii
BekTop; a(-),b(-) € Ly™™, d(-) € L7, &(-) € C™[—p,0] — duxcuposannsle HyHKIUN.
PaccmorpuM HagabHyto 384y JJId JIUHEHHOHM ylpaB/isgeMoil cuctembl guddepeHimabHbIX

YPaBHEHHI ¢ 3ama3pBaronmM apryMeHToM (z(-) — m-BeKTop-pyHKIN)
& =a(t)x(t) +b(t)x(t — p) +d(t)u(t), te]l0,1]; (3.1)
x(t) =¢(t), te[=p,0); x(0)=n, (32)

riae u(-) € Ly — yupasienne. Permenne HauaabHOl 3agaun (3.1), (3.2) moHnMaeM Kak perieHne
B CMBIC/IC <«IIOYTH BCroy» u3 npocrpanctsa (W20,1])™ abcomoTno HenpepbIBHBIX Ha OTPe3-
ke [0,1] dyHKIMil ¢ KBAJAPATHIHO CyMMUPYEMbIMHU TI€PBLIME [TPOU3BOIHBIME, PACCMATPUBAS
nepBoe u3 ycsosuit (3.2) kak Tpebyemoe B (3.1) ycaosue poonpenenenus x(t) ciaesa or t = 0:
x(t—p) =&t —p) upu t — p < 0. Ilpusegem 3agaqay (3.1), (3.2) K SKBUBAIEHTHOMY ypaBHe-
Huto Buja (1.1), mokasas TeM caMbIM, 9TO KazkaoMy u(-) € L oTBedaeT eJMHCTBEHHOE B KJIacce
W dyukmuit z(-) € (W4[0,1])™, yaosrersopsiomux BTopoMy yciosuio (3.2), pemenue Toit
sagaan. s sroro caenaem B (3.1), (3.2) sameny no dopmyiie

x(t) =n+/0tz(g)d§, t €[0,1], (3.3)

YCTAHABJIMBAIONIEH B3aMMHO OJJHO3HAYHOE COOTBETCTBHE MeXKIy Kiaaccom W dyukumit z(-) u
npocrpancTBoM LY dbyskmumit z(-) (takoe mpeobpaszoanue 3amaun (3.1), (3.2) ecrecTBeHHO
Ha3BaTh obpalleHneM TJIaBHON YacTu 1ol 3amaun). «Ilogcrasisia» (3.3) B (3.1) (¢ yaerom npu
t € [0, p) mepsoro yciaosus (3.2)), norydaem

z@zwm+aa[4wmw@mww4”4@KMWMW relpll (34)

zwzawﬁwwllwa+mma—m+wwm,temm. (35)
HOJIO}KI/IM x(t) = {&@t - ,0 t € [0,p);m t € [p1]}, ¢t €0,1; M[2](t) = fotz(()dg,
As[Z] {Om, € [0, pJ; 72(Q)d¢, t€ (p, 1]}, 2(-) € Ly Bamumenm (3.4), (3.5) B Buge

z(t) = a(t) {n + Mu[z](t)} + (1) {x(?) + A2[=](1) } + d(t)u(?)
= {a(t)A1[2](t) + b(t)A2[2](t)} + d(t)u(t) + {a(t)n + b(t)x (1)}, tell (3.6)

Ypasuenne (3.6) u ects ypasuenue Buja (1.1), sxkBuBasenTHOe HadaabHOI 3a1a4e (3.1), (3.2).
Baecs 11 =1[0,1]; Al2](t) = a(t)A1[2](t) + b(t)As[2](t), 2(-) € LY, t € I (KBa3UHMIBIOTEHT-
HoCTh omeparopa A[] 1 LY — L' jierko npoBepsiercsi, HAIPUMED, ¢ HOMOIILIO IIENOYeTHOIO
npusHaka [8, teopema 2|, cm. makxke [11, c. 269]); Blu](t) = d(t)u(t), u(-) € L, t € II;
c(t) =alt)n+b(t)x(t), t € II. Ecm x(-) € W — perrerne 3aga4au (3.1), (3.2) npu HEKOTOPOM
u(+) € L§, o cBazannas ¢ z(-) dopmysoit (3.3) bynknus z(-) € LY ecTb penieHne ypaBHEHUs
(3.6) upu Tom ke u(-). M mnaobopor, eciim z(-) € LL* — pemenne ypasaenus (3.6) npu jan-
HoM u(-) € L5, 1o dbynkmua z(-), ceasannasg ¢ z(-) dopmynoii (3.3), ecTh pelneHne Kiaacca
W samauan (3.1), (3.2) npu srom u(-). OrBevarormue yupasiennio u(-) € L perienns 3a1a4m
(3.1)—(3.2) u ypaBuenust (3.6) 0603HAYNM Yepe3 T, U Z, COOTBETCTBEHHO.
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[Tycts 3aman0 cienyiomee: byuknun Q(-) € C™, (-) € C; HenpepbIBHAs BBITYKJ/Ias QYHK-
must F () : R™ — R; BbIIyKJI0€ OrpaHIYeHHOe U 3aMKHYTOe MHOXKeCTBO D mpoctpaHcTBa L.
PaccmorpuM 3a/1811y ONTHMAIBHOTO praBHeHI/IH cucremoii (3.1), (3.2) ¢ MEUHIMU3HPYEMBIM I1e-
neBbIM byHKIoHATIOM J [u] = Hu”2 s+ W E L3, npu orpanniennsx

(Qt),z(),, =~(t) (tell), F(z(t)) <0 (tell), z()e (W;0,1]))",  (3.7)
U MHOXKECTBE JIOIYCTUMBIX yIpaBjeauit D. DTy 3a7ady CUMBOJIUYICCKN 3AIUIIEM B BUJIE
Jlu] - min, (3.1), (3.2), (3.7), ueD. (3.8)

Caenas B 3aja4e (3.8) 3ameny (3.3), HOIy9IUM CJIEIYIONLYIO SKBUBAJIEHTHYIO 33149y OITH-
MU3AIMN yrpassieMoii cucremsl (3.6):

Jul = min, Plz,](t) = () = (Q1),m),, (ell), Fn+Mz]() <0 (tcIl), ueD,
rae P2] (t) = (Q(t), Ai[2](t)),,, z € Ly (t € II). Dro 3amaga (1.4) ¢ IT = [0, 1];
Ju] = JMu] (Klz] =0, Mu] = J[u]); Glu] = Plz] (E(t) = Q) [Z]( = M[2](2),

| = )
qg=m); w(t) =) =(Qt),m),,; Elul(t) = Fln+Mlz]t) (F(t,y) =Fn+y), ]E) =
A[Z](t), m=m).
[Iycrs f = {n,a,b,d,§;Q,v; F} — nHabop JaHHBIX 3ama4n (3.8), KOTOPbIE IIOBEPTAIOTCS
posmymennto, u Tounbiii Hatop fO = {n° a® 0%, d° €% Q% ~°; F°} mam me mssecren, HO MOXK-
HO OIIEPUPOBATH C HPHOJIIKEHHBIME Habopamu ° = {77 Lad b0 d0 €9, Q0 A0 7.7-"5}, 5 € (0,d]

(60 > 0 dukcuposano), KoTopble cBszanbl ¢ HabopoMm O ciemytomumu yeaopusamu 3.1-3.3.

Venosue 3.1. Oymkmua FO(-) : R™ — R Jmmmmiesa Ha Kayk/IOM OTPaHTYEHHOM
MHOKECTBe, IPUIeM JIMIIIUIEBOCTh paBHOMEPHA 110 iapamerpy d € [0, dg], To ecThb cyiecTByer
HeyObiBatomasa dynkmua L1(-) : Ry — R, makas, aro gus mobeix [ > 0 u § € [0, 0
soimosseno |F°(y1) — F(y2)| < L1(1) yr = well,, mon flwall,, . llvell,, <1

Ycanosue 3.2. Cymecrsyer nocrosganas C > 0 takas, aro npu jobom § € (0, dg
BEITTUHBI Hn(s B T,O“m’ Ha(S B aoHQ,me’ Hb5 o bOHQ,me’ Hd5 B do”oo,mxs’ Hgé B §0||Cm[—p,0]’

H75 _ 70”07 HQ5 - Q‘)Ham He npeBocxoadaT Beanaunbl Co.

Yecnosue 3.3. Cymecrsyer HeybniBatomas dbyukius Lo(-) : Ry — Ry rakas, uro
st kazkgtoro [ >0 n moGoro 4 € [0, 8] mueem |F(y) — FO(y)| < L2(1) 6 wpu |yll,, <1

[Tpu sio6om & € [0, dp] MBI MMeeM yIpaBIAEMy0 HAYAJbHYIO 3889y
i =a’()a(t) + b (t)x (t — p) + d°(H)u(t), t€][0,1]; (3.9)
w(t) =&(t), te[—p,0); z(0) =7’ (3.10)
Habop OrpaHIdeHuii
(@1),z(t)), ="(t) (tell), F(zt) <0 (tell), z()e (Wy[0,1])",  (3.11)

u 3aa4dy ontuMusaruu cucreMsl (3.9)—(3.10) ¢ MurnME3UpYeMbIM (bYHKIHOHATIOM 1esan 7 [u]
npu orpannderusx (3.11) u MHOXKeCTBe JIOIYCTUMBIX ypasienuii D. DTy 3agady onTuMalib-
HOT'O yIIpaBJIeHUd CUMBOJIMYECKU 3allUIleM B BHJIE

Jlu] = min, (3.9), (3.10), (3.11), ue€ D. (3.12)
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[ycts 2°(-) — orpeuatomee yipasienuio u(-) pentenue HauaabHoit 3a1aun (3.9), (3.10).

Crenas B 3agade (3.12) sameny z(t) = n° + fot 2(¢)d¢, t € [0,1], coorBeTcTBYIOIIYIO 00-
palennio IIaBHoil yacTu Hadaiabnoil 3amaau (3.9), (3.10), moayunM SKBHBAICHTHYIO 3a/1ady
ONTUMU3AIIN YIIPABJISEMON CUCTEMBbI

= {a’(t) )+ V()N [2](8) } + P (t)ult) + {a® ()’ + ()N}, tell, (3.13)
rne X°(t) = {&(t —p), t€[0,p); n°, t € [p,1]}, t €Il Dry zanady samumem B Buze

J[u] — min,
P[] (1) = () — (1)), (t€ID), F (' +M[=] (1) <O (t€ll), ueD, (3.14)

e PO [2] (1) = (Q°(1), A
Honoxus A°[2](t) =
tell, ue Ls; 05(t) =

J(t)), , ze Ly (tell), z) — orsevasomee u pemenne (3.13).

u

1z
EL "M (1) + P (0)A[2](F), t € TL, 2 € LY B[uf(t) = d°(t)u(t),

a’ ()’ +b°(t)x°(t), t € 11, nepenucnisaem (3.13) B hopme (1.9). Bataaa
(3.14) mveer Bug (OC?%), snecw: Jo[u] = Ju] (K°[2] =0, M°[u] = J[u }) Golu] = [z‘s] =
(@), Mi[2] (1)), (E2(t) = Q°(t), T°[2(t) = Ml=](t), g =m); W'(t) =7°(t) —(Q°(t),n°),,

Eul(t) = P + M[)(8) (FO(t.) = P +y), SOL)0) = Mile)(e), 7= m>.

[Ipu ciesaHHBIX OTHOCHTEIBHO cemeficTBa 3amad (3.12), § € [0, dg], mpennookeHnsx ce-
meitcTBo 3a1a4 (3.14), ¢ € [0, dg], yaosaersopsier yeaosusim A—J1. JleficTBUTEIbHO, BBITOTHEHNE
yeaosuit A, B u B nposepsieTcst s/ieMeHTapHBIME BBIKJIAIKAME, UCXOJIs U3 MPEIIIOJIOKEHUN B
ycaoBugx 3.1, 3.2, yemoBun 3.2 m ycaoBuax 3.2, 3.3 coorBeTcTBeHHO. Bhinosnenue yciosus I
cJieJlyeT U3 HEenovYeqHoro Mpu3Haka PaBHOCTENEHHO! KBasuHuborenTHOCTH |11, Teopema 2.

s mpoBepKM BbIOIHEeHUs ycsoBug /I 3amermm, yro jia Kaxjoro u € Lj nupu ¢ € 11,
ucnosb3ys obosuadenue ((t,() = {1, 0< (<t 0,t<(<1}, 0 <t <1, 0< (<1,
oIy YaeM

TO[0] () = 20[0] (1) = M [29] (1) = / (. 0)25(C)dC = / (t,0)° (B[] + €] (O)dC.

PacemorpuMm cnadasa ciaydait m = s = 1. Ilepexois K cOmpszKEeHHBIM OllepaTOpaM, MOJIydaeM

Ylz] (1) =2°[20] (1) = /0 B S u(t, )] (Q)u(¢)d¢ + /0 SOt ) Q) (Q)dC, t €1, u € Lo,

YTO, OYEBUJIHO, O3Ha4YaeT BoinosHenue yciaosud . [Iposepka Boimosinenus /[ B obeM cirydae

AHAJIOTUYIHA — MOYKHO BOCIIOJIb30BATHCS MaTPUYHBIM IpeJicTaBiennem S u B.
[pemnonoxkus, aro dynxmm F°(-), § € (0,dy], mmudbddepeHmupyeMbl, MOXKEM BBIITACATD

JIUIs HAIIero IIpuMepa KpI/ITepI/II/I (2 31) u (2 36) peleHns 3a,/1a4n (2 29). HpHMbIe BBIYUC/IEHUA

sawor: §ffal(t) = 0, ¢lm () = [INOQdE, ol ) = J n(€) (F7 (23(0)) ) de.

t € I1. ITo omnpeneneHnio cONpsizKEHHOI'O OllepaTopa
(A [)(e) = A7 [ () 0] () + A3 [(¥) ] (), tETL, v e Ly,
1
NBl0 = [ w0,

A3 [yl (1)

1
{/ y(CQ)d¢, 0 <t <1—p; Om,l—p<t§1}, tell, ye Ly

t+p
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To ectb ypasHenue (2.34) MOXKHO 3a1mCcaTh B BHJIE

b(t) - / (*(0))" $(Q)dC = Wl A pl(t), 1—p<t<1:
! 1 (3.15)

(1) —/t (@®(€) 9 (Qd¢ — [ (B°(0)) 9 (Q)d¢ = h’[a, A (1), 0<t<1—p,

t+p

rae ho[a, A, ) ( ft {)\ +u() (]-"6/( )> }df, t € I1. ®opmupyroias Kpurepuu
(2.31) m (2.36), KOTODBIM yJIoBJIeTBOpsteT pernenne u’ [\, p] 3anaun (2.29), dynkuus W0, \, y]
3asaercst hopMyIoit

WOla, \, ) (1) = () ¥0a, A, p)(t) + 2a(t), ¢ eI,

e Y°[ii, A, j1] — perenue conpsizkeHHOTo ypasHennud (3.15). To ypasHeHue BOIBTEppPOBa THIIA.
Emncrsennoe 8 LY pemenne 1 [u, A, ] ypasnernus (3.15) abcomtoTno HenpepbisHo Ha I1 u
npunajiexkut kaaccy (Wy (I1))™. VYpasuenue (3.15) SKBUBAJEHTHO CHCTeMe ypaBHEHMI

b+ (a°(0)" () = —AOQW) — pt)(F7) (5(1) ), 1=p<t<1; (1) =0;  (3.16)
b+ (@) D)+ (0 + p) et + p)
“AXDQ (1) — p(t) (F') (x51)) )", 0<t<1—p;  (317)

(1= p) = / @) (0 + MOQU) + O (FT, («5(0)) )", (3.18)

cocrostieit u3 3aaan Komn (3.16) ist 06bIKHOBEHHOTO i PepeHInaIbHOrO ypaBHEeH s, Pac-
cmaTpuBaemoro Ha orpeske 1 —p <t < 1, ¢ ycioBuem Komum B Touke ¢ = 1, U HadaJIbHOI
sagaun (3.17), (3.18) musa pacemarpusaemoro ua orpeske 0 <t < 1 — p auddepenimanibHOro
ypaBHeHusi ¢ onepexkerneM (3.17), B koropoii yciosue (3.18) urpaer posb yeiaosus Kormm B
Touke t = 1 — p; Tpebyemoe B (3.17) u (3.18) moonpemesnenue dbyHKIMU 1) clpaBa OT TOYKH
t =1 — p obecneunBaercs 3amadeit Kormm (3.16).
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Abstract. In this paper, we study the question of conditions for the existence and uniqueness
of a fixed point of a mapping over a complete metric space. We first discuss the concepts of F'-
contraction and F™ -contraction in fixed point theory. These concepts, developed respectively
by Wardowski and Piri with Kumam, have catalyzed significant research in various metric
spaces. We then propose a generalization of these concepts, p — F -contraction and p — F* -
contraction, and demonstrate its effectiveness in ensuring the existence and uniqueness of fixed
points. This new approach provides greater flexibility by including a function p that modulates
the contraction, extending the applicability of F'- and F* -contractions. We conclude the
paper with an example of a mapping that is a p — F -contraction and a p — F™* -contraction,
respectively, and has a unique fixed point. However, this mapping does not satisfy the conditions
of Wardowski and the conditions of Piri and Kumam.
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Awnnoranusga. B pabore ucciemxyercs Bompoc 06 yCIOBUSAX CYITECTBOBAHUS U €IUHCTBEHHOCTH
HEIIO/IBIKHON TOYKHU OTOOPaKEHMs [TOJTHOIO METPUIECKOro IMPOCTPAHCTBA. BHadase obcyxkaa-
0TCst ToHATUs F -cokarust u F* -cokaTusi B T€OPUU HEIMOJBUXKHBIX TOYEK. DTH IOHSITHS, Pa3-
paboranmbie coorBeTcTBeHHO Bapmosckum u Ilupm coBmectro ¢ Kymamowm, mocayxuim Kata-
JIN3aTOPOM 3HAYUTEIbHBIX UCCJIEIOBAHUI B PA3IMIHBIX METPUIECKUX ITPOCTPAHCTBAX. 3aTEM
[peJIararoTcst 000bIeHns STUX MoHATHit — p — F' -cokatme u p — F* -cxxkatue, JeMOHCTPUPYET-
cs1 uX 3 HEKTUBHOCTH B 006€CIIeYEHNN CYIIIECTBOBAHUS U €IMHCTBEHHOCTH HEIOBUXKHBIX TOYEK.
DTOT HOBBII MOJIXOJT 00eceunBaeT GOJIBITYI0 THOKOCTD 38 CIET UCHOJb30BaHus (DYHKIHH ) , KO-
TOpasi PEryJupyeT C:KaThe, PACIIUPsis BOSMOXKHOCTH npuMenust F - u F* -cxxkaruii. 3aBepiiaer
CTATBIO IIPUMEDP OTODParKeHus, ABJISIOIIerocst p — F -cxkatuem u p — F* -cokaTueM n mMeroIero
€/INHCTBEHHYIO HENOABUKHYIO TOUKY. [Ipu 9TOM 9TO 0TOOparkeHne He yIOBIETBOPSAET YCIOBUIM
Bapnosckoro u yciaosusm Iupu n Kymama.
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Introduction

The introduction of two distinct approaches to the concept of F'-contraction and F™-
contraction, whereas F* stands out as an adaptation of the F' -contraction [1|, developed
respectively by Wardowski [2] and Piri with Kumam on [3] and authors on [4], has catalyzed
significant research in the field of fixed point theories [5]. These approaches have found extensive
applications in a multitude of metric spaces, such as b-metric, conic, partial, and fuzzy spaces,
among others [6-10]. Essentially, this concept guarantees the existence of a fixed point S :
X — X, where (X,d) represents a complete metric space. The F' and F* have the possibility
of assimilating these two contractions to well-established contractions such as Boyd—Wong [11]
and Matkowski [12], for this, we must ensure certain conditions. Once S satisfies the following
property, known as the F'-contraction mapping:

37 >0,Ve,y € X, Sx # Sy, F(d(Sx,Sy)) + 71 < F(d(z,y)),
where F':[0,+00) — R is assumed to satisfy the following F[R] conditions: [1]
e (1p): F is strictly increasing, i.e, 0 <t < s = F(t) < F(s),

e (2p): lim F(t) = —o0,

t—0t

e (3r): There exists k € (0,1), such that lim t*F(t) =0,

t—=0+
or we use the F*[R] conditions [12], which means that F' verifies (1z), (2r) and
e (3p+): F is a continuous function in (0, 400).

However, while this theory represents great mathematical interest, it has seen numerous different
applications and a strong attraction for scientific research. We find that Awais et al [13]
establish fixed-point results for F'-contractions of Reich type for single-valued and multivalued
applications in complete metric spaces. Sahil et al [14] introduced the notion of generalized F -
contraction and established fixed point theorems for this type of functions in complete metric
spaces. They also explore F' -expansions and their applications. We find also Inayat et al [15]
establish fixed-point results for generalized F' -contractions in complete metric spaces. They
generalize and unify several known results in the literature. But, Meir Keeler [16] addresses
fixed-point results for a class of contractions in metric spaces. He demonstrates that F'-
contractions (and F'x-contractions) fall under the category of Meir-Keeler contractions. Many
results derived from F'-contractions also apply to Meir—Keeler mappings.

Whereas, Zhukovskiy [17] extends the fixed point theory to f-quasimetric spaces, parti-
cularly generalizing the concept of F'-contraction. Unlike the classic F' -contraction proposed
by Wardowski, where the parameter 7 is constant, the article introduces a generalized version
where 7 is a variable function that depends on F'(d(x,y)). As illustrated in [17, example 7|,
this new formulation allows 7 to vary based on the distance between two points x and
y, providing greater flexibility in analyzing contractions within nonsymmetric metric spaces.
This generalization maintains key results, such as the existence of a unique fixed point and
convergence of iterations towards that point, while broadening the scope to f-quasimetric
spaces.
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Our objective is to introduce a new class of contraction, p— F'-contraction condition defined,
for p: R — R, as follows:

Ve,y € X d(z,y) >0 = F(d(Sz,Sy)) < p(F(d(x,y))).

This relation only indicates that it can be a generalization of F' -contraction with p(t) =t —T,
t € R. These assumptions are as follows:

e (1g): p is increasing,
e (2g): p is continuous,
e (3g): Forall teR, p(t) <t

In this work, we will demonstrate that the hypotheses (1g), (2r), (3g) are sufficient with the
class F|R] and F*[R] to ensure the existence of a fixed point for an operator S.

1. Preliminaries

Our goal is to demonstrate that if S is a p — F'-contraction, where F' is either of class
F[R] or of class F*[R] and p satisfies (1g), (2r) and (3g), then S has a unique fixed point.
But before beginning all this, we need the result presented by the following lemma.

Lemma 1.1. Suppose that p: R — R is verifying (1g), (2r) and (3g), then,

Vte R lim p"(t) = —o0.

n—-+0o00

P r o of. Suppose that there exists ¢ty € R, such that,

lim p"(ty) = M.

n——+o00

We define the sequence {tn}nzo by to chosen in R and t¢,.; = p(t,), for all n > 0. This
means that lim ¢, = M. Using (2r) we get,

n—-+00

lim ¢, =p( lim t,) = M= p(M).

n—-4o00 n—+400

And this is a contradiction with (3g). O

2.  p— F*-contraction

In this section, we show that the class of function p[R] is compatible with the F*[R,]
to ensure the existence and the unicity for a mapping S through the new condition p — F'-
contraction.

Theorem 2.1. Let (X,d) be a complete metric space. Let S : X — X and for p verifying
(1R)7 (2R) and (3R>7 Fe F*[R],

Va,y € X d(a,y) >0 = F(d(Sz,Sy)) < p(F(d(x,1))).
Then, S has a unique fized point > € X and

Vege X lim S"zg = x™.

n—-+4o0o
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Proof. For zy € X, we define the sequence {z,},>¢ given by z,1 = Sz, for all n > 0.
We remark that if exists ny > 0, z,, = Sz,, then z,, will be the fixed point x*°. Now,
suppose that for all n >0, d(z,,Sz,) > 0. We obtain,

F(d(zy, Sxy)) = F(d(Stp_1,S2,)) < p(F(d(zp-1,2,))).
Applying (1,) n-times we find

F(d(wn, St)) < p(F(d(wn-1,20))) < p*(F(d(@-2,20-1))) < ... < p"(F(d(w0,21)))-
Then, using Lemma 1.1,

Jim EF(d(zn, Swa)) = lim p"(F(d(z0, 21))) = —o0,
and by (2r) we conclude that
lim d(z,,Sz,) = 0.

n—-+o0o

Now to obtain the fixed point we have to show that {z,},., is a Cauchy sequence.

We suppose the existence of some ¢ > 0 and two sequences of natural numbers {¢(n)}, -,
and {¥(n)},>, such that:

Vn >0 o) >Yn) >n, dTem),Tym) =€ Ad(Tpm)—1, Typn)) < €.

We obtain,

™
VAN

A(ZTpn), Ti(n)) < ATpn)s Tpm)—1) + A(Tpm)—1, Ty(n))
AT p(n), Tpm)-1) + & = d(Tpm)-1, STe(m)-1) + €.

IN

But,
Im d(Zym)-1, STpm)-1) =0 = lIm d(zem), Tpm) = €.

n—-+o0o n—-+o0o
On the other hand and using lim d(z,, Sx,) =0, we can conclude the existence of ny > 0,

n—-+o0o

V> ng d(Tpmy, STem)) < = A(Tym), STym)) <

1 ™
1 ™

Now, we show that
Vn > No d(ajcp(n)Jrl’ :L’w(n)Jrl) = d(5$¢(n), S:L‘w(n)) > 0. (2.1)
In fact, suppose dm > ng, such that

AT pm) 41, Typemy41) = 0.
Then,

™
IA

d(-% (m)» »Wm ) < d(Zip(mys STpim)) + AT p(m) 415 Typ(my+1) + A(STyp(ny s Tp(m))
E

< S4o045=
< JH0+7=3

Which is a contradiction. From (2.1) and using p — F' -contraction hypothesis, we obtain

F(d(Spmy, STym))) < p(F(d(Zpm)s Tyn))))-
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Then
F(e) < p(F(e)) < F(e).

The last contradiction allows us to confirm that {z,}, .y is a Cauchy sequence converging to
x*>°. Then
d(Sx>*,z>) = lim d(Sx,,z,) =0 = =™ = Sz*™.

n—-+4o0o

Suppose now that there exists another fixed point for S denoted y*°, i.e. y>* = Sy>, and
x® £y = d(x>®,y>) > 0. Now,

F(d(z%,y%)) = F(d(52%,5y>)) < pF(d(x™,y™)) < F(d(z™,y7)),
which is a contradiction, then S has a unique fixed point x>°. O]

3. p— F-contraction

Our objective now is to show that the family of conditions (p1), (p2) and (p3) ensure,
for a p — F -contraction mapping S, a unique fixed point, when F is in the class F[R,]. To
achieve our goal, we add a condition on p :

VB>1VteR > |p"(t)| " < o0, (3.1)

n>P(t)
where P(t) is the smaller natural such that, p”®(¢) < 0.

Theorem 3.1. Let (X,d) be a complete metric space and S : X — X be a p— F -
contraction. Then S has a unique fixed point x>, i. e.

x> =Sz and Vroge X lim S"xy = x™.
n—-+oo

Proof For zp € X, n €N, we introduce the positif real sequence {a,},>0 by
an = d(zy, Sxy) = d(Th, Tni),

where {x,}n>0 C X is given by zy € X and z,41 = Sz, Vn > 0. If there exists ng > 0 such
ap, = 0, then z,, = Sz,, is the fixed point.

Now, suppose that a, > 0, for all n > 0. Using the p — F'-contraction hypothesis, we
obtain

Fan) < p(F(an1)) < p*(F(an-2)) < ... < p"(F(ap)).

Then,
Lt Bl = Bp ot (Flao)) = —eo,
and
lim a, = 0.

n—-+00
Let

n > p(F(GO))’
then

a"F(a,) < afp"(F(ap)) <0 = lim a*p"(F(ap)) = 0.

n—-+o0o
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We take n > N > P(F(ap)), N bigger enough such that,

e

lanp(Fla)l £1 = ay < [p"(F(ao))| ™%,

then, for all m >n > N,

[un

d(xma xn) S d<xm7 xm—l) + d(gjm—la xm—?) +. _I' xn-‘,—la xn Z |P “E = 0.
n>N

Then, {x,},>0 is a Cauchy sequence and it is converging to > in X. It is clear that = is
a fixed point of S. Suppose now that y>* € X is also a fixed point of S. Then,

F(d(z™,y>)) = F(d(Tz>,Ty>)) < p(F(d(z*,y>))) < F(d(z>,y>)),
which is a contraction. Then, S has a unique fixed point. O

4. Illustration

Let X ={x,|n=1,2,...,00} and define the metric d : X — X as follows: for m > n
AT, Tm) = (T, Tp) = %, and d(z,,z,) =0.
Let S: X — X be defined by S(z,) = z,+1. Then we have:

d(S(n), S(xm)) = :

and

d(S(zn), S(Tm)) _n
d(Tp, Tp,) n+1

— 1, n— 0.

Therefore, S is not an ordinary contraction. Let’s define the function F(d) = Ind, which
satisfies the conditions F[R] and F*[R].
Now, let’s compute 7

1 1 n+1
+In—=1n
n+1 n n

T=—F(d(S(x,),S(xm))) + Fd(xp, xpy)) = —In

— 0, n— oo.

This implies that S does not satisfy the conditions of the Wardowski and Piri-Kumam theorems
(where 7 > 0). Let us show that S satisfies the conditions of the theorems proven in this article.

Now, let the function p(t) = In (et+1> =t —1In(e’ 4+ 1). This function is increasing as:
e 1

'(t) =1— = > 0.
Pt) et+1 et+1

Furthermore, p(t) <t for t > 0, and p is continuous. Thus, p verified all conditions (p),
(p2) and (ps).

Finally, we have:

1 1 e 1
Fld(z,, 2,,))) = <F<—)>: (1 —>:1 (—>—1 — F(d(Sz,, St,)).
o) =o(F(5)) =p(2) = (5577) = g = F(d(S. Si)
We have introduced the concept of p— F -contraction, which extends the classic F'-contrac-
tion. This new approach is crucial because it generalizes fixed-point results in metric spaces
by incorporating a function p that adjusts the contracting behavior of the F -function. This
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generalization is important as it not only covers traditional F'-contractions but also broader

versions like those of Wardowski and Piri-Kumam, offering greater flexibility in constructing

unique fixed points and analyzing contractive behaviors in various contexts.

As a future direction, it would be interesting to apply this notion of p — F -contraction to

f -quasimetric spaces [17], where distances are not necessarily symmetric. This would open up

the exploration of new classes of contractive mappings and further validate the effectiveness of

this generalized approach in more complex spaces, where distances may be asymmetric or only

partially defined.
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O )\-kOMMyTUpOBaHUHU, J€BOM (IIPABOM) MCEBIOCHEKTPE U
JieBOM (IIpaBOM) yCJIOBHOM IICEB/IOCIEKTPE JIMHENHBIX HEeIPEePbIBHBIX
omnepaTopoB Ha yJibTpaMeTpUieCKnX 0aHAXOBBIX ITPOCTPAHCTBAX

xkasag 9TTAUDB
Pernonasibuas akajgemus obpasoBatust u obydyenust Kacabianka Cerrar,

YHuBepcuTeTcKasi cpeHsis MmKoJa XaMmMana Aib—DaraBaku

26402, Mapokko, r. Xau Cyasem, jopora B Beppertu

Awnnoramuga. B pabore MBI JeMOHCTPUPYEM HEKOTOPBIE CIIEKTPAJJIbHBIE CBOMCTBA A -KOMMY-
THPOBAHUS JIMHEHHBIX HEMPEPBIBHBIX OIIEPATOPOB B yILTPAMETPHIECKIX OAHAXOBBIX MPOCTPAH-
CTBaX, a TaK¥Ke U3ydaeM oreparopubie ypasueuus ASB =S u AS = SB. Mubl paccMaTpuBaemM
HEKOTOpbIe CBOMCTBA 3TUX ONEPATOPHBIX YPABHEHU; NPUBOIUM UJLIIOCTPATUBHBIE TpUMephl. C
JIPYroil CTOPOHBI, MBI BBOJAMM U U3ydaeM JIeBblil (IPaBblii) IICEBIOCIEKTD U JIEBBI (IIpaBblii)
YCJIOBHBIN TICEBJIOCIIEKTD JTMHEHHBIX HEINPEPHIBHBIX OMEPATOPOB B YJILTPAMETPUIECKUX OAHAXO-
BBIX IIPOCTPaHCTBax. MBI JOKa3bIBAEM, UTO JIEBBIE IICEBJIOCIIEKTPHI, CBA3AHHbIE ¢ PA3IMIHBIMUA
€ > 0, ABJISIOTCS BJIOYKEHHBIMU MHOXKECTBAMM, & MEPECEUEHNE BCEX JIEBBIX MICEBIIOCIEKTPOB B~
JIETCsl JIEBBIM CIIEKTPOM. MBI BBISIBJISIEM CBSI3b MEXKJLY JIEBBIM (IIPABBIM) IICEBIOCIIEKTPOM U
JIeBBbIM (IIPABBIM) YCJIOBHBIM IICEBIOCIIEKTPOM. Bojiee TOro, JOKa3biBaeM elle Psijl Pe3y/IbTaToB,
KaCAIOIMAXCS JIEBOTro (IPABOro) MCEBIOCIEKTPa U JIEBOTO (IPABOTO) YCJIOBHOTO TICEBIOCTIEKTPA
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1. Introduction and preliminaries

The classical theory of commutators was studied by H. Weyl [1] and J. von Neumann [2] and
it played an important role in quantum mechanics [3-5]. In [6], C. R. Putnam collected some
properties of the commutation of continuous linear operators in a Hilbert space over the field of
complex numbers C. Recently, many researchers studied and explored the operator equation
AS = ASA where A € C\{0}, A and S are continuous linear operators on complex Hilbert
spaces, see [7-9].

In ultrametric operator theory, the author [10| extended and studied the operator equation
of the form AS = ASA where A € K\{0}, A and S are continuous linear operators on
ultrametric Banach spaces over K. He presented some spectral properties of A-commuting
operators on ultrametric Banach spaces over K and he gave an illustrative examples, see [10].

Recently, A. Ammar et al. [11] introduced and studied the pseudospectra of closed linear
operators on ultrametric Banach spaces. On the other hand, A. Ammar et al. [12] introduced
and studied the condition pseudospectra of continuous linear operators on ultrametric Banach
spaces and gave some of its properties.

In [13], the author presented and studied the determinant spectrum, the M -determinant
spectrum, and the C'-trace pseudospectrum of ultrametric matrix pencils.

There are many studies on pseudospectra and condition pseudospectra of continuous linear
operator pencils and \-commuting of operators in ultrametric operator theory, see [14-17].
In Section 5., we consider the problem of finding the eigenvalues of the generalized eigenvalue
problem of the form

PNz =0,

where P(\) = DL AP A, Ay € M,(K), X € K, z € K" and M, (K) is the space of all
n x n matrices over K. [ is the identity matrix of M, (K). If C' € M, (K), the determinant
of C' is denoted by det(C) (for details on the space M, (K) see [18] and [19]).

Throughout this paper, Q, is the field of p-adic numbers, £ is an ultrametric infinite-
dimensional Banach space over a complete ultrametric valued field K with a non-trivial
valuation |-| and L(€) denotes the set of all continuous linear operators on £. Recall that
K is called spherically complete if each decreasing sequence of balls in K has a non-empty
intersection. For more details, see [20]. Let S € L£(&£), R(S), N(S), S*, 0,(5), o(5) and
p(S) denote the range, the kernel, the adjoint, the point spectrum, the spectrum and the
resolvent set of S respectively [20].

The aim of this paper is to demonstrate some spectral properties of A-commuting of
continuous linear operators on ultrametric Banach spaces and we introduce and study the
operator equations AS =SB and ASB =S for some S € L(£). Moreover, some illustrative
examples are provided. On the other hand, we introduce and study the left (right) pseudo-
spectrum and the left (right) condition pseudospectrum of continuous linear operators on
ultrametric Banach spaces. We obtain some results related to them. We continue by recalling
some preliminaries.

Definition 1.1. [20] A field K is said to be ultrametric if it is endowed with an
absolute value |-|: K — R, such that

(i) |a| =0 if, and only if, o = 0;

(ii) For all A\,a € K, |Aa| = |A||al;
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(iii) For each A\, a € K, |A + a| < max{|A|, |a|}.

Definition 1.2. [20] Let £ be a vector space over K. A mapping |- || : £ — Ry is
said to be an ultrametric norm if:

(i) Forall z € &€, ||z|| =0 if and only if = =0,
(ii)) For any =z € £ and XA € K, || Az| = |A|||z],
(iif) For each z,y € &, [lz +yl| < max([|lz], [ly[]).

Definition 1.3. [20] An ultrametric Banach space is a complete ultrametric normed
space.

Example 1.1. [20] Let ¢y (K) be the space of all sequences (x;),.y in K such that
lim; ,oo x; = 0. Then ¢ (K) is a vector space over K and

I (@i)sen | = sup ||
1eN
is an ultrametric norm for which (cq (K), || - ||) is an ultrametric Banach space.

Theorem 1.1. [21]| Let £ be an ultrametric Banach space over a spherically complete field
K. For each z € £ = E\{0}, there exists z* € E* such that z*(z) =1 and ||z*| = ||=|~".

Definition 1.4. [20] An ultrametric Banach space £ over K is called a free Banach
space if there is a family (z;);ez € € indexed by a set Z such that all = € £ is written in a

unique fashion as = = ), ., A\iw; and |[|z|| = sup;ez |Ail||z;]|. The family (z;);ez is called an

orthogonal basis for £. If, for each i € Z, |z = 1, hence (z;),c; is called an orthonormal
basis of £.

Definition 1.5. [20] Let w = (w;); be a sequence of K* = K\{0}. We define &, by
Co={r=(2;);: VieN z; €K, and lim \wl|%|xz| =0},
71— 00
and it is equipped with the norm

Vee &, x=(z:) || = sup(jwi]?|zi]).
€N

Remark 1.1. [20]

(i) The space (&,,] - ||) is an ultrametric Banach space.
(ii) If
<'7'> :gw ng —>K7 (‘ray) Hzxiyiwi)
=0
where = = (z;); and y = (y;);- Then the space (&, |||, (:,-)) is called an ultrametric

Hilbert space.

(iii) The orthogonal basis {e;, ¢ € N} is called the canonical basis of E, where for all i € N,
leill = Jowil2.
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Remark 1.2. [20] Let K=Q,, if p=1(mod4), then i =+/-1€Q, and i = —1.

Definition 1.6. [20] Let S € M, (K). The spectrum o(S) of S is defined by
o(S) ={Ae€K: S — I is not invertible}.

By Definition 6 of [13| (where B = I), we have the following:

Definition 1.7.1f S e M,(K) and € > 0. Then the ¢-determinant spectrum d.(5)
of S is the following set:

d.(S)={N e K: |det(S — \I)| < e}.
From Remark 2 of [13] (where B = 1), we get

Remark 1.3. Note that for ecach S € M,,(K) and £ >0, o(S) C d.(S) and dy(S) =
a(9).

The X-commuting of operators is defined as follows.

Definition 1.8. [10]Let A,B € L(E), A and B are called A-commuting operators
if AB= ABA for some \ € K*.

Example 12 [10] Let K = Q, with p = 1(mod4), let A and B be defined on

Q, x Q, respectively by
0 1 0 i
a= (o) mam= (" ).

Example 1.3. [10] Let A € K*, let A and B be defined on K* by

Then AB = —BA.

1 0 0 0 00
A=11 X O and B=|[1 0 0
1 A\ 010
Then AB = ABA.
Example 1.4. [10] Let A € K such that |A] > 1 and let A, B € L(cy(K)) be given
respectively by

Ty T I3

T’p7ﬁ7”'> for all (z1,22,z3,...) € co(K)

B($1,$27ZE3, .. ) = (

and
forall n>1, Ae,=-¢e,.1,

where (e,,)n>1 is a base of ¢y(K). Hence AB = ABA.

Let A € L(E) be given, set S\(A) ={B € L(£): AB = ABA}. We collect some properties
of \-commuting operators.

Proposition 1.1. [10] Let A€ L(E) and X € K.
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(i) If B1,By € S\(A), hence By + By € S\(A) and BBy € S\2(A);
(ii) If B is invertible and X\ # 0, then B! € S1 (A)
(iii) SA(A) is closed in the uniform operator topology;
)

(iv) If AB = ABA and AB # 0, then Ap(B) = p(AB)A where p is a non-constant
polynomial.

Proposition 1.2. [10] Let A,B € L(E) and N\ € Z, such that AB = ABA,

AB #0 and ||B|| <pﬁ. Then
AeP = P A,

Proposition 1.3. [10]If A,B € L(E), A € K* with AB = ABA, hence 0,(AB) =
Ao,(BA).

Proposition 1.4. [10] Let A,B € L(E), A € K* with AB = ABA. Then p(AB) C
Ap(BA). Furthermore, for any p € p(AB), R(u, AB) = AX"'R(\"'u, BA).

Proposition 1.5. [10] Let A,B € L(E) and X\ € K* with AB = ABA. Then
(1)
(i)
(iii) For all p € K, N(AB — ) = N(BA — X"'p);
v)

(i

N(AB) = N(BA);

R(AB) = R(BA);

For any n € K, R(AB — ) = R(BA—X\"1p).
From Proposition 1.5, we conclude:
Theorem 1.2. [10] If A,B € L(E) and X € K* with AB = ABA, then
0e(AB) = Ao.(BA).
For A € L(E), set r(A) = lim,_ ||A”||#. We have the following proposition.

Proposition 1.6. [10] Let A,B € L(E) and A € K with |\|=1 and AB = ABA.
Then r(AB) < r(A)r(B).

We continue with the following definitions.

Definition 1.9. [20] Let £ be a non-Archimedean Banach space over K and let
B e L(€), the spectrum o(B) of B is defined by

o(B)={p€eK: B—ul is not invertible},
the resolvent set of B is defined by p(B) = K\o(B).

Definition 1.10. [13]Let B € M,(K), the trace Tr(B) of B isdefined by > " b
where for each i € {1,...,n}, b;; € K are diagonal coefficients of B.

Proposition 1.7. [13] Let B,C € M,(K). Then
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(i) For any A € K, Tr(B+ XC)=Tr(B)+ XT'r(C),
(ii) Tr(BC)=Tr(CB).
We have:

Definition 1.11. [13] Let B € M,(K), ¢ > 0, the trace pseudospectrum Tr.(B)
of B is given by
Tro(B)=0c(B)U{NeK: |Tr(B—X)| <e}.

The trace pseudoresolvent Trp.(B) of B is defined by
Trp.(B) = p(B) N {pn e K: |Tr(B — ul)| > c}.
Lemma 1.1. [20] Let S € L(E) with ||S|| <1, then ||(I —S)7'| < 1.
2.  A-commuting of ultrametric operators
Similar to the proof of Proposition 1.6, we conclude:

Proposition 21. Let A,B € L(E) and X € K such that |\ =1 and AB = ABA.
Then r(BA) < r(A)r(B).

Question: In Proposition 2.1, if || # 1, does r(BA) < r(A)r(B) hold?

Definition 2.1. Suppose that ||€]] C |K|. Let A € L(E), the approximate spectrum
oap(A) of A is defined by

Oap(A) ={p e K: I(xy)neny € E VR €N ||z,,|| =1 and nlglglo (A = pl)z,|| = 0}.

Proposition 22. Suppose that ||E|| C |K|. If A,B € L(E), N € K* with AB =
ABA # 0, then 0,,(AB) = \o,,(BA).

Proof Let p€ 0,(AB), thenthereis (z,)nen in € such that foreach n € N, ||z, || =1
and lim, o [[(AB — pul)x,|| = 0. Since

[(AB — pD)a |
A

I(BA - ED)a, || =

; (2.1)

Then § € 04,(BA) that is, u € Aogy(BA). Similarly, if £ € 04,(BA) and using (2.1), we get
W E 0ap(AB). O

Lemma 2.1. Let A,B € L(£), X € K such that AB = ABA # 0. Then for any n € N,
A"B = \"BA™.

Proof. Since AB=ABA#0. Then A’B = NMABA = A\2BA?. One can see that for all
neN, A"B— \"BA". 0

Proposition 23. Let A,B e L(E), X\ €Z, such that AB = ABA, AB # 0 and
|A|| < pTs. Then
eB = BeM.
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Proof By |4 < pﬁ, we get e and eM exist. Since AB = ABA # 0. Using Lemma
2.1, we conclude that e4B = BeM. O

In the finite-dimensional ultrametric Banach space, we obtain.

Proposition 24.If A B e M,(K) are invertible matrices and X\ € K* such that
AB = ABA, then \" = 1.

Proof From det(AB) = \"det(BA) and det(BA) = det(AB). We get A" = 1. O

From Proposition 4.2, we have the following:

Corollary 2.1. If A, B € M, (K) are invertible matrices and A\ € K* such that AB =
ABA, then |\ =1.

Proposition 25. Let A,B € M,(K) and A\ € K* with AB = ABA. Then u €
d.(AB) if and only if § € d - (BA).

™
Proof From det(AB—pl) = det(ABA—pul) = X\"det(BA—£1) for p € K and A € K*.
Then p € d.(AB) if and only if £ € d_-_(BA). O

IA"VL
Proposition 26. Let A,B € M,(K) and A € K* with AB=ABA and AB # 0.
If tr(AB) #0 or tr(BA) # 0, then X\ = 1.

Proof Since tr(AB) = Mr(BA) = Mr(AB) and (tr(AB) # 0 or tr(BA) #0), we get
A=1. O

Let & is a free Banach space over K, we set Lo(E) ={A € L(E) : A* exists}.
Proposition 27. [20] If A,B € Lo(E,) and X € K, then
(i) (A+AB)* = A* + \B*.
(i) (AB)* = B*A*.
Definition 22. [20] Let A € Lo(E,). We have
(i) A is said to be selfadjoint if A* = A;
(ii) A is said to be normal if A*A = AA*;
(iii) A is said to be unitary if A*A = AA* = 1.
The following proposition describes some spectral properties of A -commuting operators.

Proposition 28. Let A,B € Ly(E,) and N € K with AB=ABA#0. If A isa
selfadjoint, then ABB* = BB*A and ABB* is selfadjoint.

Proof If A, Be Ly(E,) with AB = ABA, then (AB)* = (ABA)*. Hence
B*A* = \AB". (2.2)
Since A is a selfadjoint and by (2.2), we get B*A = AAB*. On the other hand
ABB* = ABAB* = A\\"'BB*A = BB*A,

and
(ABB*)* = (BB*)*A* = BB*A = ABB".
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As the proof of Proposition 2.8, we get the following:

Proposition 29. Let A,B € Ly(&,) and N\ € K with AB=ABA#0. If B isa
selfadjoint, then BAA* = AA*B and AA*B is selfadjoint.

By Proposition 2.8 and Proposition 2.9, we conclude that:

Lemma 2.2. Let A,B € Ly(&,) and X € K with AB = ABA # 0. If A and B are
selfadjoint operators, then AB%* = B2A and BA? = A%B.

Proposition 2.10. Let A,B € Ly(E,) and N\ € K with AB = ABA # 0 and
BA%?#£0. If A and B are selfadjoint operators, then X € {—1,1}.

Proof From AB = ABA, we get A’2B = \?BA?. By Lemma 2.2, we have A’B =
B?A = )\?BA?% Since BA?#0, we get A>=1. Then \ € {-1,1}. O

We give another proof of Proposition 2.10 without the condition BA? # 0.

Proposition 211. Let A,B € Ly(&,) and A € K with AB = BA#0. If A and
B are selfadjoint operators, then A € {—1,1}.

Proof. From A and B are selfadjoint operators, we get (AB)* = (ABA)*, hence
BA = B, (2.3)

Using AB = ABA and (2.3), we get AB = A\2AB. Hence \* =1. Thus X € {-1,1}. O

Proposition 212. Let A, B € L(&,). If there is an unitary operator U € Ly(E,)
with AB = UBA = BAU, then AB*A = BA?B.

Proof Since AB=UBA = BAU, we have
AB*A =UBABA = BAUBA = BAAB = BA®B.
]

Lemma 2.3. Let A, B € Ly(&,) be selfadjoint operators. If there is an unitary operator
Ue€ Ly(E,) with AB=UDBA. Then

(i) U and U* commute with AB;
(ii) U and U* commute with BA.

Proof. (i) From AB = UBA, we have BA = ABU*. Hence AB = UBA = UABU".
Thus ABU =UAB and U*AB = ABU"*.

(ii) From (i), we get U*BA = (ABU)* = (UAB)* = BAU*. On the other hand BAU =
UU*BAU = UBAU*U = UBA. O

Proposition 2.13. Let A, B € Ly(&,) be selfadjoint operators. If there is an unitary
operator U € Ly(E,) with AB=UBA. Then AB*A = BA?B.

Proof. From Lemma 2.3, UBA = BAU. Therefore, BA’B = BAAB = BAUBA =
UBABA = ABBA = AB?A. ]
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Lemma 2.4. Let A,B € L(£). If AB*> = B*A and BA* = A’B, then AB*A = BA®B.
Proof Onecanseethat AB2A = B?A? and BA?B = B?A?. Thus AB?A = BA?’B. [
Question: Let A, B € Ly(€) be selfadjoint operators. Is the converse of Lemma 2.4 hold?
Example 21 Let K=Q, andlet A and B be defined on Q; by

a 0 0 0
A= (b )\a) and B = (1 0),
where Aa € Q,\{0}. Then AB = ABA.
Example 22 Let A€ K* let A and B be defined on K3 by

a 0 0 000
A=1b la 0 and B=|1 0 0
c \b Na 010

Then AB = ABA.

Lemma 2.5. Let A, B € Lo(E,). If there is unitary operators U,V € Ly(E,) with AB =
UB*A* and BA =V A*B*, then the following statements hold:

(i) AB commutes with U and U*;

(i) BA commutes with V and V*.

Proof (i) From AB = UB*A*, we have B*A* = ABU*. Hence AB = UB*A* =
UABU*. Thus ABU =UAB and U*AB = ABU*.

(ii)) By BA=VA*B*, we get A*B* = BAV*. Thus BA = VBAV*. Hence BAV =V BA
and V*BA = BAV™*. O

Theorem 2.1. If A, B € Ly(&,) are selfadjoint operators and A € K* with AB = A\BA #
0, then AB and BA are normal commuting operators.

Proof Set S= AB, hence S* = BA. From S = AB = ABA, we get S = AS*. Then
SS* = \(S*)? = §*S. Thus AB is normal and SS* = S*S. Hence AB and BA are normal
commuting operators. ]

Theorem 2.2. Let A € Ly(&E,) and let B € L(E,) and N € K* with AB = ABA # 0,
A*B = BA* and A*A=1 with B#0. Then A\ = 1.

Proof From AB = ABA, hence A*AB = MA*BA. Since A*B = BA* and A*A =1
we get B =AA*BA = ABA*A = AB. Hence (A—1)B =0. Since B#0, weget A=1. [

Proposition 2.14. Let A, B € Ly(E,). If there is unitary operators U,V € Ly(E,,)
with AB =UB*A* and BA =V A*B*. Then AB and BA are normal.

Proof By Lemma 2.5, we get UB*A* = B*A*U. Then
AB(AB)" = ABB*A* =UB*A*B*A* = B'A*"UB*A* = B*A*AB = (AB)*AB

and
(BA)*BA = A"B*BA = BAV*BA = BABAV* = BA(BA)".
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Definition 23. [22] Let A € L(£), A is said to be bounded below if for each
xe&, M|z|| <|Az| for some M > 0.

We have the following statement.

Theorem 2.3. Let A,B € L(E) and A € K* such that AB = ABA # 0. Then AB is
bounded below if and only if A and B are bounded below.

P r oo f Suppose that AB is bounded below and AB = ABA # 0. Then there is M > 0
with for each x € &,
Mjz[| < [|[ABz|| < [[A][|| Bz].

Hence B is bounded below. Since M||z|| < ||ABz|| for any = € £, and AB = ABA # 0, it

follows that for every z € &, WZYBHH:CH < ||Az||. Consequently, A is bounded below.
Conversely, it is easy to see that if A and B are bounded below, then AB is bounded

below. ]

3. Some properties of ultrametric operator equations

In this section, let A, B € L£(£). We shall study the operator equations AS = SB and
ASB = S for some S € L(£). We continue with the following results.

Lemma 3.1. Let A, B,S € L(E) such that AS =SB and ASB=S. If A>—1 or [ —B?
1s invertible, then S = 0.

Proof From AS =SB and ASB =S, we have S = SB% Then S(I — B?) = 0. Since
I — B? is invertible, we conclude that S = 0. Similarly, one can see that (4% —1)S = 0. From
A? — T is invertible, then S = 0. O

Further, R(S) denotes the range of S dense in &, i.e. R(S)=¢.

Proposition 3.1. Let A,B,S € L(E) and R(S) = & such that AS = SB and
ASB = S. Then A?=1.

Proof. From AS =SB and ASB = S, then (A% —1)S = 0. Hence R(S) C N(A%—1).
Since R(S) =&, we get A*=1. O

One can see the following:

Lemma 3.2. Let A, B,S € L(E) with ASB = S. If S is one to one, then B is one to
one.

Proof. It follows by S is one to one and N(ASB) = N(S). O

Theorem 3.1. Let A, B € L(E) such that A is injective and R(B) is dense. If A%2S = SB?
and A3S = SB3, then AS =SB for some S € L(E).

Proof Set U = AS and V = SB. Using A%2S = SB? and A3S = SB?. We get
AU = VB and A2U = VB2 Then A(AU) = AVB = (UB)B, thus (AV — VB)B = 0. By
R(B) is dense, we get B # 0 then AV =V B. From AU = VB = AV, we get A(U—-V) =0.
From A is injective, then U = V. Hence AS = SB. O
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Theorem 3.2. Let A,B € L(E) with A is injective and R(B) is dense. If A2SB? = S
and A3SB® =S, then ASB =S for some S € L(E).

Proof From A%2SB? = S and A3SB3 = S, then A2SB? = A3SB3. Hence A2SB? —
A38B3 = 0. Thus A(A?2SB?—ASB)B = 0. From A is injective and R(B) is dense, we obtain
that A2SB? — ASB =0. Thus ASB = S. O

4. Left (right) pseudospectum and left (right) condition pseudospectum of
bounded linear operators on ultrametric Banach spaces

We introduce the following definitions.

Definition 4.1. Let £ be an ultrametric Banach space over K and let A € L(E).
(i) A is said to be left invertible if there exists B € £(£) such that BA = I.
(ii) A is said to be right invertible if there exists C' € L£(€) such that AC = I.

Definition 4.2. Let £ be an ultrametric Banach space over K. Let A € £(£), the
left spectrum o!(A) of A is defined by

oc'(A) ={\ € K: A — X is not left invertible in £(£)}.

Definition 4.3. Let £ be an ultrametric Banach space over K. Let A € L(£), the
right spectrum o"(A) of A is defined by

0"(A) ={X € K: A— Al is not right invertible in L(E)}.

Definition 4.4. Let £ be an ultrametric Banach space over K, let A € £(£) and
e > 0, the left spectrum o'(A) of A is defined by

ol(A) =o' (A)U{X e K: inf{||C)|| : C;a left inverse of A — X[} > &'},
with the convention inf{||Ci|| : C; a left inverse of A— A} = oo if A—AI is not left invertible.

Definition 4.5. Let £ be an ultrametric Banach space over K, let A € £(£) and
e > 0, the right spectrum o’(A) of A is defined by

"(A)=0"(A)U {)\ € K: inf{||C,|| : C, aright inverse of A — A\I} > 871},

with the convention inf{||C,|| : C, a right inverse of A — A} = oo if A — Al is not right
invertible.

We obtain the following results.
Remark 4.1. From Definition 4.4 and Definition 4.5, we get
ol(A) C ol (A) C 0.(A)

and

o"(A) C ol(A) C o.(A).
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Proposition 4.1. Let €& be an ultrametric Banach space over K, let A € L(E) and
e >0, we have

(i) o'(A)=()0oL(A) and o"(A) =[)oL(A).

(ii) For all &1 and &5 such that 0 < &1 < &3, ¢'(A) C ol (A) C oL (A) and o"(A) C
ol (A) C ol (A).

Proof. (i) From Definition 4.4, for any ¢ > 0, o'(A) C oL(A). Conversely, if \ €
() oL(A), hence for all £ >0, X € gl(A). If A& 0'(A), then

e>0

A e {XeK:inf{||C) : C)aleft inverse of A — X[} > &'},

taking limits as ¢ — 0T, we get inf{||C}|| : C; a left inverse of A — A} = co. Thus ) € o!(A).
Similarly, we obtain ¢"(A) = ﬂ ol (A).
e>0

(ii) For &; and e such that 0 <e&; <es. Let X € ol (A4), then
inf{||C|| : C; a left inverse of A — A} > e7! > &5,
hence X € 0!, (A). Similarly, we have ¢"(A) C o (A) C oL, (A). O

Proposition 4.2. Let £ be an ultrametric Banach space over K, let A € L(E) and
e >0. Then

U +0) cdA). (4.1)
CeL(E):]|C|<e

Proof If A€ Uccre) o)< o'(A+ C). We argue by contradiction. Suppose that \ ¢
ol (A), hence A & o'(A) and inf{||C}]| : C; a left inverse of A — A} < e~ !, thus ||CCy|| < 1.
Let D defined on & by

D=> ¢(-co".
n=0

One can see that D is well-defined and D = C;(I+CC))~!. Henceforall y € £, D(I+CC))y =
Cly. Set y = (A — M)z, we have for all z € £,

r=D(I+CC)A—-XN)x=DA-XN+CC(A— X))z =D(A—- X+ ().

Hence A+ C — Al is left invertible which is contradiction with A € Ugc e d(A+QO).
Thus, (4.1) holds.

Theorem 4.1. Let £ be an ultrametric Banach space over a spherically complete field K
such that |E|| C K|, let A€ L(E) and € > 0. Then,

A= |J dUA+o.

CeL(€):||Cll<e
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P roof. According to the proposition 4.2 the embedding (inclusion) (4.1) is satisfied.

Conversely, suppose that A € aL(A4). We discuss two cases.

First case: If X € o'(A), we may set C' = 0.

Second case: Assume that A € ol(A) and )\ ¢ o!'(A), then for all C; a left inverse of
A — X, we have ||Cj|| > %. Hence, there exists y € £\{0} such that

Iyl ~ e

Set y = (A—Al)z, then Ciy = z. From (4.2), we have [|[(A—AI)z| < ¢||z|. Since ||€]] C K],
then there exists ¢ € K\{0} such that |¢| = |z||. Putting z = ¢ 'z, then |z|| = 1, hence
|[(A—AI)z|| <e. By Theorem 1.1, there exists ¢ € £* such that ¢(z)=1 and ||¢]| = ||z||"* = 1.
Define

forall ye &, Cy=—o(y)(A— N)z.
Then C € L(€) and ||C]| < e, since for all y € &,
ICyll = lloW)IIII(A = AD:z[| < elly]-

Furthermore, we have (A— A+ C)z = 0. Thus A—AI+C' is not left invertible. Consequently,
A € Uoere) o)< o' (A+C). u

We continue with the following definitions.

Definition 4.6. Let £ be an ultrametric Banach space over K, let A € £(€) and
e > 0, the left condition pseudospectrum Al(A) of A is defined by

AL(A) =o' (A u{r e K: inf{||(A— AD|||Di|| : Dy a left inverse of A — X} > e '},

with the convention inf{|[(A — AI)||||D:|| : D, a left inverse of A — A} = oo if A — Al is not
left invertible.

Definition 4.7. Let £ be an ultrametric Banach space over K, let A € £L(£) and
e > 0, the right condition pseudospectrum AZ(A) of A is defined by

AL(A) =0"(A)U{X € K: inf{||A = X||||D;|| : D, a right inverse of A — X[} > &'},

with the convention inf{||A — X ||||D,|| : D, a right inverse of A — A\[} = co if A — A\ is not
right invertible.

We have the following results.
Remark 4.2, From Definition 4.6 and Definition 4.7, we get
ol(A) C AL(A) € A(A)

and

o"(A) C AL(A) C A(A).

Proposition 4.3. Let €& be an ultrametric Banach space over K, let A € L(E) and
e >0, we have
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(i) o'(A) =[)AL(A) and o"(A) = [ AL(A).

e>0 e>0

(ii) For all &1 and ey such that 0 < g1 < &5, 0'(A) C AL (A) C AL (A) and 0"(A) C
AL (A) C AL (A).

Proof. (i) From Definition 4.6, for any ¢ > 0, o'(4) C AL(A). Conversely, if A €
MNeso AL(A), hence for all € >0, A € AL(A). If X & o'(A), then

Ae{XeK: inf{||[A = X|||D)|| : D a left inverse of A — X} >},

taking limits as ¢ — 07, we get inf{||A — XI||||D,|| : D, a left inverse of A — A} = co. Hence
A € o'(A). Similarly, we obtain ¢"(A4) = (.., AL(A).
(ii) For e; and ey such that 0 <& <es. Let A € AL (A), then

inf{||A — M ||||Dy|| : Dy a left inverse of A — M} > &7 > &5,
hence A € AL (A). Similarly, we have o"(A) C AZ (A) C AZ_(A). O

Proposition 44. Let £ be an ultrametric Banach space over K and let A € L(E)
and for every € >0 and ||A— M| #0. Then,

(i) A€ AL(A) if, and only if, \ € Ué||A—,\I||<A)‘
(A).

Proof. (i) Let A € AL(A), then X\ € o'(A) or

(i) X € ol(A) if and only if X € A!

13
[A=XT]|

inf{||(A = AD||||Ci]| : C; a left inverse of A — A} >

Hence \ € o!(A) orfor all C; a left invertible of A — \I, ||| >

A€ Oi\\A—AIH(A)' The converse is similar.

(ii) Let A € ol(A), then, X\ € o'(A) or for all C; a left inverse of A — I, ||Cj|| > 7.
Thus X € o'(A) or for all C; a left inverse of A — A, ||[(A — AD]||||Ci]| > e Y[(A = AD)].
Then, X € AZHA_EMII (A).

The converse is similar. H

1
Ay Consequently,

One can see the following corollary.

Corollary 4.1. Let £ be an ultrametric Banach space over K, let A € L(E) and ¢ > 0.
If a,8 € K with B#0, then AL(BA+ al) = a+ BAL(A).

Proposition 4.5. Let £ be an ultrametric Banach space over K, let A € L(E) such
that A# X and Cy = inf{||]A— | : A € K} and € > 0. Then o.(A) C AlCL(A).
A

Proof. Let u € ol(A), then u € o'(A) or for all C; a left inverse of A — ul, ||Cy]] >
el Since ||[A — ul|] > C4 > 0. Then p € o'(A) or for all C; a left inverse of A — ul,
|A— uI||||Ci|| > e 'C4. Hence X € AZCL(A). O

A

Lemma 4.1. Let £ be an ultrametric Banach space over K, let A € L(E) and € > 0. If
X € AY(A)\d'(A). Then there exists x € E\{0} such that ||[(A— X)z|| < g||A — X ||||z]|.
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Proof If A€ Al(A)\o!(A), then for all C; a left inverse of A — \I, we have

1
|4 =TG-

Thus .
cll > ——m.
|| l” €||A— /\]H
Then there exists y € £\{0} such that
|Cuyl| 1
) (4.3)
lyll — ellA— A
Set y = (A — M)z, then Cyy = z. From (4.3), we have |[(A— X)x| < e||A — A||||=|]. O

Theorem 4.2. Let £ be an ultrametric Banach space over K, let A € L(E), N € K and
e > 0. If there exists C € L(E) with ||C|| < e||A=X|| and X € c'(A+C). Then, X € AL(A).

P roof. Assume that there exists C' € L(E) such that
|C|| < el]A— M| and X € o'(A+C).

If A\ZAL(A), hence \ ¢ o'(A) and for each C; a left inverse of A—\I, ||A—\||||Cy]| <&t
Consider D defined on £ by

D=> C(-ca)".
n=0

Consequently D = C)(I+CC))~!. Henceforall y € £, D(I+CC))y = Cyy. Put y = (A—\I)z,
then
Ve e E) DIA= XN +C)x ==z

Then A — M + C is a left invertible which is a contradiction. Thus A € AL(A). O
Set C.(€) ={C € L(E) : |C]] < e|]|]A— M|}, we have.

Theorem 4.3. Let £ be an ultrametric Banach space over a spherically complete field K
such that ||E|| C |K|, let A€ L(E) and € > 0. Then,

A= | dA+o0).
cec:(&)

P roof By Theorem 4.2, we have Joee (s ol(A+ C) C AL(A). Conversely, assume that
A e AL(A). If X € 0'(A), we may put C = 0. If X\ € AL(A) and X & o'(A). By Lemma 4.1
and ||&|| C |K|, there exists x € E\{0} such that ||z|| =1 and ||[(A— A])z| < e||A— M.

By Theorem 1.1, there is ¢ € £* such that ¢(z) = 1 and ||| = ||z||”* = 1. Consider
C on & defined by for all y € X, Cy = —¢(y)(A — AI)z. Hence, |C| < €]|]A — \|| and
D(C) = &. Moreover, for z € E\{0}, (A — A+ C)xz = 0. Then, (A — X + C) is not left
invertible. Consequently, A € Ucec. (e o(A+C). O
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5. Determinant spectrum of non-Archimedean polynomial pencils

From Proposition 1 and Theorem 2 and Theorem 3 of [13], we get.
Theorem 5.1. Let C € M, (K). Hence,
(1) If 0 <1 < e, TTgl(C) C T’I“gz(c),

(ii) If p € K and o € K\{0}, hence Tr.(aC + pI) = ozTr‘%‘(C’) + B,
(iii) For any a, X € K, we have Tr.(al) = {)\ eK: [ A—al < ﬁ}

Theorem 5.2. Let C,S,A € M,(K) and € > 0. If S=ACA™', then Tr.(S) = Tr.(C).

Theorem 5.3. Let C € M, (K), hence for any € > 0,
5

T B
T(;(C) + f(O, ’nl

) C T, (C)

with v = max{e,d}, if 6 <e, we get
5

TT5(C> + Bf(O, |n|

) C Tr.(C).

We have the following example.
Example 5.1 1If
10
A= (0 2) € M (Qy).

Then for any € > 0,
Tro(A)={1,2} U{Ae€Q,: [3—-2)|, <e}.

By Definition 5 of [13], we get.
Definition 5.1. Let C € M,(K), € > 0. Then the e-trace set tr.(C) of C is
tro(C) ={NeK: |Tr(C - \)| <e}.
From Remark 1, Theorem 4, Proposition 2 and Proposition 3 of [13], we get.
Remark 5.1 Foreach ¢ >0, tr.(C) C Tr.(C).
Theorem 5.4. If B,C € M, (K). Then, for any € > 0,
(i) tre(BC) = tre(CB),
(ii) tro(B) +tr(C) Ctr(B 4+ O).

Proposition 5.1. Let C € M,(K), ¢ >0, if \,u € tro(C) and o € K with
la| < 1. Then ap+ (1 —a)X € tr.(C).

Proposition 5.2. Let C € M,(K), € >0 with |C| <e. If \,u € tro(C), then
A—p e tr(C).

The following propositions are valid.
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Proposition 53. Let Be M,(K), A€ K and ¢ > 0. If there exists C € M,(K)
with |Tr(C)| <e and Tr(B— X —C) =0, then X € tr.(B).

Proof. Since Tr(B— X —C) =0 and |Tr(C)| < ¢, hence Tr(B — \) =Tr(C) and
|Tr(C)| <e, then |Tr(B — \)| =|Tr(C)| <e. Hence A € tr.(B). O

Proposition 54. Let A € M,(K), A € K and € > 0. If there is C € M,(K)
with |Tr(C)| >¢e and Tr(A— X —C) =0, then X\ € tr.(A).

P roof. Assume that there is C' € M, (K) with |Tr(C)| > ¢ and Tr(A— X —C) = 0.
If \etro(A), thus |Tr(A— M)| = |Tr(C)| < e which is contradiction with |T'r(C)| > ¢ and
Tr(A— M —C) = 0. O

Proposition 5.5. Let Ae M,(K), A€ K and ¢ > 0. If X\ € tr.(A), then there
exists C € M, (K) with |Tr(C)| >¢e and Tr(A— X —C) =0.

Proof If A&tr.(A), hence |Tr(A— A)| >e. Set C = TT(A*M I. Thus C € M, (K)
and |T7(C)| = |Tr(ZA2AD )| = | ZHAAD oy (1)) = | THAAD | |Tr(A )| > e. ]

Proposition 5.6. Let A€ M,(K), N€ K and € > 0. If X € tr.(A), then there
ezists C' € M, (K) with |Tr(C)| <e and Tr(A— X —C) =0.

Proof If A€ tr.(A), hence |Tr(A — M) <e. Set ¢ =201 Thus ¢ € M, (K)
and [Tr(C)| = [Tr(FHA20T)| = rMTW—\WT”\ ITr(A - AD)| <. O

From Definition 6 and Remark 2 of [13], we get.

Definition 5.2, Let C € M,(K), € >0, the e-determinant spectrum d.(C) of C
is the set
d-(C) ={N e K: |det(C — )| < e}.

Remark 52 If Ce M,(K), then for any ¢ >0, o(C) C d.(C) and dy = o(C).
Using Proposition 4 of [13], we get.
Proposition 5.7. Let C € M, (K). Then for any ¢ > 0,

() 0(C) = Moy d-(O).

(il) For any 0 < ey < &9, d.,(C) Cd,(C).
We get:
Example 52 Let

C= G D e Ma(Qy).
Then for any € >0, d.(C) ={p e Q,: |u(p—2)|, <e}.

Example 53. Let a,06€Qp, c€Q, and

C= (g Z) € My(Q,).

Hence for any € >0, d.(C)={A€Q, :|a— A|p|b— A, < e}
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Example 54. Let
a b
C = (C d) € MQ(@p)
Thus for any € >0, d.(C) ={A € Q,: [\ = \Tr(C) +det(C)|, < e}.
Example 5.5. Let

c=(y o) < M@

Then for any ¢ > 0,
d:(C) ={A e Qy: |>‘2|p <e}

We have the following propositions.

Proposition 58 Let Di,Dy € L(Q)) be two diagonal operators with for each
1€ {1, Ce ,n}, Dlei = )\iei and Dgei = Ui€; with )\1,/% € @p; )\,L # )\i+1 and 27 7é Mia1- Then
d=(D1, D2) = {p € Qp : [\ = ppalp - - [An — pipinlp < €}

Proof Foreach ie{l,...,n}, (D1 —ADs)e; = (N\i — A\;)e; where (ej)1<j<n is a basis
of Q7. Hence, |det(Dy — ADy)|, = [A1 — Mualp - - - [An — Apin]p. Consequently for any e > 0,

de(D1, D2) = {p € Qp : [det(Dy — puDs)l, < €}
={neQ: | = Mlp- - [pptn — Anlp < €}
m

Proposition 5.9 Let C € M,(K) be invertible and X\ € K\{0}. Then for any
e >0,

A €d.(C) ifand onlyif \7' € d e (c). (5.1)
P r o o f. By virtue of the relation
det(C — M) = det(AC(A™' — C 1)) = det(\C) det(A™! — C 1),
where A # 0, (5.1) is satisfied. O

Proposition 5.10. Let B,C € M, (K) with det(B) # 0 and € > 0. Then d.(BC) =
d-(CB).

P roof. Since B is invertible, then

det(BC — M) = det(B(C — AB™")) = det(B) det(C — AB™})
= det(C — AB™ 1) det(B) = det(CB — \I).

Then A € d.(BC) if and only if A\ € d.(CB). O

Now, we consider the problem of the eigenvalue of the polynomial pencil given by

where P(A\) = >  AFA; and A, € M,(K) and z € K", we introduce the determinant
pseudospectrum of polynomial pencils. Set P(\) = Y7  A*A; and A;, € M, (K), we have.
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Definition 5.3. Let P(\) € M, (K), the resolvent set p(P(\)) of the polynomial
pencil P()) is
p(P(N\)) ={X € K: P()) is invertible},

the spectrum o(P(X)) of P(A) is K\p(P(X)).

Definition 5.4. Let P(\) € M,(K), >0, the e-determinant spectrum d.(P(\))
of the polynomial pencil P()) is defined by

d.(P(\) = A e K: [det(P(\)] < £}

Remark 53. From the Definition 5.4, if P(\) € M,,(K), then for any ¢ > 0, o(P(\)) C
d:(P()\)) and dy = o(P(N)).

Proposition 5.11. If P(\) € M,(K), then
(1) a(PA) = Nesg de(P(N));
(ii) For all 0 < ey < g9, we have d.,(P(N)) C d.,(P(X)).

Proof (i) Obvious.
(ii)) Let 0 < &1 < g9 and A € d.,(P()\)). Then |det(P(\))| < &1 < e9. Hence \ €
de, (P())- =

Example 5.6. Let
11
A= (1 1) € M3(Qy).
Set P(\) = A?A% — I. Then for any ¢ > 0,
de(P(A)) ={A e Q: [2A=1)(2A+ 1))[, <}

Let A, B,C € M, (K). We consider P(\) = AN?A+AB+C. For all A € p(P()\)), R(\,P) =
(MA+AB+C) L

Proposition 5.12. Let A, B,C € M, (K). If the inclusions A € p(P) and p € K
with RO, PY(X — j2)A+ (A~ w)B)| < 1, then € p(P) and | R, P)|| < [ RO\, P)|.

P roof Because

WPA+puB+C = NA+AB+C— (N —p*)A+ (\—pu)B)
= (NMA+AB+C)(I—R\P)((N—p)A+(A—pn)B)),

and ||[R(A, P)((N* = p®)A+ (A= p)B)|| <1, thereis R(u, P) and [|R(u, P)|| < |R(A\, P)||. O
The next theorem presents the perturbation of operators.

Theorem 5.5. Let £ be a non-Archimedean Banach space over K, let B,C € L(E).
Let p € p(B,C) and N\ € K with |A\ — u| < [|[R(u, B,C)C||™', then X\ € p(B,C) and
IRO B, C)|| < |R(u, B,C)|| where RO\, B,C) = (B — AC).



514 J. Ettayb

Proof. Let uep(B,C), we have:
B—=XC=B—puC+puC —\C = (B—puC)(I—(\—p)R(u,B,C)C).
Since A € K with |\ — u| < ||R(u, B,C)C||7!, by Lemma 1.1,
(1= (A= wR(w. B,OYC) ™" and [|(I = (A~ p)R(n. B.C)C) | < 1.
Then A € p(B,C) and R(\, B,C) = ([—()\—/L)R(/L,B,C)C)_IR(,M,B,C). Thus A € p(B,C)
and RO\, B, O)| < |R(, B, O)||. .
From Theorem 5.5, we have.
Corollary 5.1. o(B,C) is closed in K.

From the results of M. Vishik 23] for C' = I, there is a nonanalytic resolvent of an operator,
for that we assume that application A € p(B,C) — R(\, B,C) = (B — AC)™! is analytic on
p(B,C).

Theorem 5.6. Let £ be a non-Archimedean Banach space over an algebraically closed field
K, let B,C € L(E) with R(\, B,C) is analytic on p(B,C). Then

d
aR(A B,C) = R(\ B,C)CR(\, B,C). (5.2)
Proof. Let A€ p(B,C), let pe€ K with |A—pu| <|[R(\, B,C)C||~!, by Theorem 5.5,
we have:

R(u,B,C) = (I—(u—NR(\, B,C)C) 'R\, B,C)

i ((u = MR\, B,C)C) R(X, B, C).

[e=]

Then
B,C) — R(\, B
HR(“’ ’CZL_ f“’ ) ROLB.C)CR(. B (J)H
= [ - 2t mo B oY)y RO BLO)|
k=2

< A= plsup [[(p = A" (R(\, B, C)C)*R(A, B,C))|

hence B,C) — R(\,B,C
H (1, ) (A, 5,C) —R(A,B,C)C’R()\,B,C)H -
u—))\ - A

Therefore, (5.2) is satisfied. O

From Theorem 5.7 and B = I, we get.

Theorem 5.7. Let £ be a non-Archimedean Banach space over an algebraically closed field
K, let C € L(E) such that R(\,C) is analytic on p(C). Then
d

—TR(\.C) = R\ O
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