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AnnoTAnud. UccnenoBana HOpMasibHasl cUCTeMa OOBIKHOBEHHBIX AUDEPEHIUAIBHBIX YPABHEHUIA
C MaJIbIM TIapaMeTpoM. 1oy deHbl yCJIOBUSI CYIeCTBOBAHUSI U YCTONYNBOCTH MTEPUOIMIECKOTO PEIIEHNS,
KOTOPOE TIPU HYJIEBOM 3HAYEHWU MapaMeTpa yJI0BJIETBOPSIET JIMHEWHON OJHOPOIHOI cucTteMe. B ocHOBe
PAaCCyKIEHUI JIEZKUT aHAJIN3 CBOWCTB IIPABOT0 OMEPATOPA MOHOIPOMUU.

Karouessie cnosa: uddepeHiimaabHoe ypaBHEHUE, IEPUOINIECKOE PEIIeHNe, MAJIBII TapaMeTp, orre-
paTop MOHOJPOMMH.

ON BRANCHING OF PERIODIC SOLUTIONS
OF QUASILINEAR SYSTEMS OF ORDINARY
DIFFERENTIAL EQUATIONS

(© 2022 V. V. ABRAMOV, E. Yu. LISKINA

ABSTRACT. In this paper, a normal system of ordinary differential equations with a small parameter is
examined. We obtain conditions for the existence and stability of a periodic solution, which, at the zero
value of the parameter, satisfies a linear homogeneous system. The reasoning is based on the analysis
of properties of the monodromy operator.

Keywords and phrases: differential equation, periodic solution, small parameter, monodromy

operator.
AMS Subject Classification: 34C25

1. Bseaenme. B monorpaduu U. I Mankuna |7] u3si0:keHbl Kiaccuieckue pes3yJibTaThl 110 IpobJieMe
CYIIECTBOBAHUSI ¥ YCTOMUMBOCTU MEPUOJMIECKUX PellleHnit cucreMbl Buga & = Ax + f(t) + pF(t, x, 1),
3aBUCAIIEH OT MaJIOro BEIIECTBEHHOIO TapaMeTpa (. PaccMaTpuBa/MCh KaK PE30HAHCHBIN, TAK U HEpe-
30HAHCHBIN CJIyYau 10 JIMTHEHHOMY PUO/IMKEHN0. B 9acTHOCTH, YCIOBUS CyIIECTBOBAHUS IIEPUOIAYIE-
CKOI'O DEIeHUs] YCTAHABJIMBAJIUCH C ITOMOIIBIO TEOPEMbI O HEsIBHON (DYHKIMH. AHAJIOIUIHBIE PE3YJih-
rarel npuseieHbl E. A. I'pebernkosbivm u FO. A. PsiGosbiMm B [3], rie akieHT cieian Ha BbIYUCJICHUH
peleHuii.

B nannoit pabore mpesjaraercs pasBuTHe Mojixoja, mnpejjoxennoro M. I MajkuabiM, HA OCHOBE
pe3yJIbTaToB, TMOJIyYeHHbIX B [1,2,4,5].

Paccvorpum cucremy mudbdepeHInaibHbIX YPABHEHUI

i:A(t)x+f(ta$uu)a (1)

ISSN 2782-4438 (© BUHUTU PAH, 2022



4 B. B. ABPAMOB, E. IO. JIUCKINHA

B KoTopoit x € R”, u € R™ — maJjbiii mapaMerp, IpaBas 9acTh w-IEePUOINIECKas HHTerpupyemMast 1o t
upu Beex x u , yukiwst f(t, z, (1) MIaJKo 3aBUCHT OT & U OT [i, & TAK¥KE yJOBJIETBODSIET yCJIOBUIO

F(t,2,0,) = 0, @
(0; — HysieBoii [-MepHBIi BEKTOD).
Bamaua. Haiitu ycioBus cymiecTBOBaHUsl U YCTOWYMBOCTH W-NEPUOIUIECKOro pernenus x(t,a, p),

x(0,a, ) = a cucremsl (1) B TepMHHAX CBONCTB IEPBOTO MPUOJIMZKEHUs JJIsl YCPEJIHEHUs HA EPUOJIE
dbyukuuu f(t, z, 1) BIOIb peleHnii COOTBETCTBYIONIEH JIMHEHHONH CUCTEMBI

&= A(t)r, (3)
npudeM z(t, a,0,,) — HeHyJIeBOE pellieHre CucTeMbl (3).

Permienne 3aadqu B Takoil mocTaHOBKE Ie/1€CO00Pa3HO it (hOPMYJIUPOBKU KOI(DMUITUEHTHBIX TPHU-
3HAKOB, IPUT'OHBIX JIJIS ITPOBEPKHU € IIOMOINIHIO KOMIIBIOTEPHBIX BBIYHUCJICHU.

2. Heob6xoauMbie ycJIOBUs CYII[€CTBOBAHUSI MTEPUOAUYECKOTO peleHusi. [Ipu Maibix 3Hade-
HUSIX [IapaMeTpa pasasi 9acThb cucteMbl (1) Gimska k juHeitnoit. Ilosromy Jyist pemennii cucrembr (1)
C TIOMOIIBIO OTEPATOPa MOHOJPOMHUU MOYKHO OIIPEJIEINTH CABUI HAYAJIBLHON TOYKM Ha IIEPHUOJ. YCTAHO-
BUM CTPYKTYPY 9TOI'O OIEPaTopa, YTOOBI IMOCTPOUTDL HemumpdepeHInabHoe ypaBHeHne OTHOCUTE/IHHO
HAYaIbHOTO 3HAYEHUsI U IIapaMeTpa, ONPEIe/IsIIoNUX Iepuouieckoe pemenne. Kpome Toro, Ha 0CHOBe
CBOICTB BO3MYIIEHUIT ollepaTopa CJABUTa 10 TPACKTOPHUAM MOYKHO UCC/IEJI0BATH MPOB/IEMY YCTONIMBO-
CTH IIepHo/decKoro perrennst (cm. [6]).

[Tycrs X (t) — dynmamentanbias MaTpuiia cucreMbl (3), Hopmupoantas ycejaosueM X (0) = E. Pe-
nierne cucreMbl (1) uMeer Buj

a(t,a,p) = X(t)a + z(t, a, p), (4)
B KOTOPOM

it = X(0) [ X0 (707,00, i
0

ITo ycnoBuio (2) crpaBeInBO TOXK/IECTBO

Z(t,a,0,) = X(t) /Xl(T)f(T,x(T, a,0m), 0 )dT = 0y, (5)
0

U3 KOTOPOIO CJIEJIYeT, YTO PABEHCTBO (4) MOYKHO IIPEJICTABUTH B BHUJIE
l’(t,a,/,j,) = X(t)a_‘_il(taauu) +j2(t7amu’)> (6)

rie
t
T1(t,a,p) = X(t) /XI(T)f(T,X(T)a,M)dT, To(t,a, p) = i(t,a, 1) — 21(t, a, p).
0
B cuy pasencrsa (4) mo dopwmysie Jlarpamxka BbIYHCIM

8i1 (ta d) /J’)

T (ta a, M) = X(t) /Xl(T)(f(T> X(T)CL + i(Ta a, M)a M) - j(ﬂ X(T)CL, :u’))dT = Tj(t’ a, :u’)'
0

3HAYUT, U3 TOXKIECTBA, (5) CJIeJlyeT, YTO CIIPABEJINBO YyCJIOBUE
B2t e pl
Iull—0 [|Z1 (¢, a, p)]|

(311€Ch U Jlajiee TOXKJIECTBEHHOE PABEHCTBO MPUMEHsIEM Jijisi 0O03HAYEHUs] PABHOMEPHON CXOJUMOCTH).
Urax, nojacraBus ¢ = w B paBeHcTBO (6), mosryunm st cucreMbl (1) BU oriepaTopa MOHOJAPOMUM

x(waaa/‘) :Xa—l—p(a,,u)—i—cp(a,,u), (7)
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B koTopoM X = X (w) — marpuria MoHojgpomun cucreMsl (3); p(a, i) — nepsoe npubsmkenne GyHKIUKI
Z1(w,a, u) upu ||p|| — 0, To ectb Ty (w, a, p) = p(a, u) + pla, u) u

. p(a, w)| _ s
lim 7507 wla, k) = pla, p + T2 w,a, ).
=0 [[p(a, )| (@ ) = Bla, ) ( )

U3 pasencrsa (7) cuemyer, aro jyist cucrembl (1) onpejensioniee ypasHerue (ypaBHEHHE OTHOCH-
TEJILHO HAYAJIBHOTO 3HAYEHUS W MAPAMETPA, ONPEJIEJISIONNX EPUOMIECKOE DEIEHNE) UMeEeT BH/T

Ba+p(a, p) + ¢(a, 1) = Oy, (8)

rme B=X —F.
YcraHOBUM HEOOXO/IMMBbIE YCJIOBHS CYIIECTBOBAHUST EPHOANTIECKOTO PEIICHHS.
IIycrs ||Bal| # 0. Tak xax

lim ||p(a, 1) + p(a, 1)|| =0,
Il —0

TO cyiecTByeT Takoe 0 > 0, 4ro jIst Beex 3HadeHnil p: ||| < 0 cupaseymBa OleHKa

Ba
oo, ) ~ all > 1Bl = lp(as ) + (e )l > 1220 >

ITpu srom napa (a, i) He yjoBIeTBOPsieT ypaBHeHuio (8) u pemenue x(t, a, (1) He sIBJISIETCSI TIEPUOJAYIE-
ckuM. VTak, Jyisi CyIecTBOBaHusl IIEPUOJINYECKOr0 PelleHusi cucreMbl (1) HeOOX0MMO ITOOBI BBIIIOJI-
HSLJIOCH YCJIOBHUE

BCLQ = On. (9)

Torpa x(t,ag,0,) = X(t)ap B cuiy pasencrsa (6). Ilosromy masiee GyjeM npejosararb, 4TO UMeET
MEeCTO KPUTUYIECKUN CJIydail 10 JTUHEHHOMY ITPHUOJINZKEHUIO

det(X — E) =0, (10)

U PaCCMaTpPUBATh CJIydail BETBJIEHUs! [IEPHOMIECKOr0 perieHns: cucreMbl (1) oT HeHyJIeBOro 1epuojmn-
YeCKOI'o DeIleHusl CUCTeMbI (3).

Honycrum, uro Bekrop-dbyHKims p(a, ) B ypaBHenun (8) npu JiroObIX 3HAYEHUsX a, p u o« > 0
VIOBJIETBOPSIET YCJIOBUIO

pla, ap) = a*pla, p), k> 0. (11)
ITpu ycnosuu (10) cucrema (9) umeer dbyngamentanbayio (n X r)-marpuiy perrenuii K, e
r = dimker(X — E).
IToxcraBuM B ompeesiioniee ypasHenue (8) 3HaUCHUs
a=ao+ Kz, p=alu+N),

rie ag # 0, — Kakoe-1160 hukcupoBanHoe perienue cucreMbl (9), (1) — HAIPABJICHUE BETBJICHUS TIapa-
merpa cucreMmbl (1), z € R™ u A € R™ — npousBosibHble BEKTOPbI, v > () — Mauibiii mapamerp. Tak kak
B(ap+ Kz) =0, To B cuity pasencrsa (11) onpezensitoniee ypaBHeHUe UMeeT BH/L

plao + Kz, po + A) + o Fp(ag + Kz, a(po + A)) = 0y (12)
Tak Kak
tim el _
lull=o0 lIp(a, w)]| —
TO

lim o *p(ag + Kz, a(uo + A) = 0,,.
a—0

[Ipu ycaosuu p(ag, fo) # Oy cymecrByer Takoe 6 > 0, uro s Beex 3nadennii z: ||z|| < 0, A: |\ < 6
n o: « < § CIpaBeJIMBa OIEHKA

& |lp(ao, po) |l

> 0.
2

2w, a, 1) — all = o* |l[p(ao + Kz, o + N[ + [l p(ag + Kz, alpo + M)l > «
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Buauur, ycioeue (12) He BbIIOJHsIETCsI, TO eCcTh cucreMa (1) He MMeeT IEPUOIUYECKOrO DPEIeHUs.
[TosTomy HaImpaB/ieHHe BETBJICHHE MTApaMeTpa U HadYaIbHOE 3HAUEHUE TOPOZKIAONIEr0 TEPUOITIECKOTO
perienns: cucreMbl (3) JOJZKHBI YJI0BJIETBOPSITh YCIOBUIO

p(ao, o) = Op. (13)

3. ocraTro4yHble YCJIOBHS CYII€CTBOBAHUS IEPUOAUYECKOro perreHus. [Ipu yciosun (13)
IIOJIYYUM Pa3JIoyKeHUe

plao + Kz, pio + A) = (a0, po) Kz + pi, (a0, o)A + (2, A),
B KOTOPOM
li A =0.
lim [lg(yz, M)l
JlomycTuM, 9TO BBIOJTHSAETCS YCAOBUE
rangP =n <r+m, (14)

B KOTOPOM
/ /
P = [pj(ao, o) K pj,(ao, po)] -
HpI/I 9TOM MO2KHO BBITIOJIHUTH PA3JIO2KECHHNE

p;(CLOaMO)K’Z +pl/u,(a0>/~j’0)>‘ = Dv + Dl’Ula

e MaTpuria I cocTaBiieHa U3 N JIUHEHHO HE3aBUCUMBIX CTOJI0OB MaTpuiibl P. Beibepem v1 = 0y
Torpa p(ag + Kz, o + A) = Dv + q(v),

lim y~!{|g(yv)| = 0.
¥—0

—k

IIpu cpenannbIx npemosnoxkennsx obosnadnMm @(a,v) = a "p(ag + Kz, a(po + A)). Homyunm, aro

lim [|¢(a, v)]| = 0.

a—0

[Tosromy, npumenus yciaosue @(0,v) = 0,,, ycrpanum paspbiB dyukinun @(a,v) npu o = 0. Takum
00pas3oM, olpeesIsioniee ypaBHEHNE TPeodpa30BaHO K BULY

g(o,v) = Dv + G(v) + ¢(a,v) = 0,. (15)

Tak xax ¢(0,0,) = 0, ¢,(0,0,) = D u det D # 0, To no Teopeme 0 HesIBHON (DYHKIME ypaBHE-
uue (15) onpenensier dbyukmuio v = v(a), 0 < a < A, mia xkoropoit g(a,v(a)) = 0, u v(0) = 0,.
Torpa cymecrBytor dyukimn z = z(a), A = A\(«), yuosierBopsitonue ypasHenuto (12). 3uaqut, mapa
(a*, 1u*), B kOTOPOIT a* = ag + Kz(«a), u* = a(po + A()), siBasiercs pereHneM ypapHeHus (8), To ecTb
ompeJiesisieT w-neprounaeckoe pertenne x(t, a*, pu*) cucrempr (1).

4. VYcroitumBocTb nepumoanvueckoro pemieHusi. Jlomycrum, uro BeinosHsores yesaosust (9), (11),
(13) u (14). Toryma coryiacHO yCTAHOBJIEHHOMY B IIyHKTe 3 cucrema (1) mMeer mepHoidecKoe perieHne
x(t,a*, p*). CocraBum Jijisi 9TOrO PEIIeHUsI CUCTEMY B BapUAIlUsAX, KoTopast B cuty paseHcTs (7) u (11)
UMEeT MaTPUILy MOHOJPOMUHN

2l (w,a*, ;%) = X + pl(a*, 1*) + @l (a*, 1) = X + F P+ W(a), (16)

B KOTOpOIt P = pl,(ag, po),
lim OéikW(Oé) = Onn

a—0
(0 — nyneBas | X l-maTpuna).
[TpemgmosioxkuM, 910 MpH JIFOOOM JTOCTATOYHO MaJjoM y > () UMeeT MeCTO HEePaBEHCTBO

IX +~Piff <1 =0, (17)
B KOTOPOM || * || — Kakast-mmbo Marpudaaast HopMa, b > 0 — Hekoropoe wuncso. Toryna u3 pasencrsa (15)
CJIEJIyeT, YTO IIPU BCEX JIOCTATOYHO MaJbiX « > () ClpaBejInBa OIEHKa
k
b

2% (w, a*, 1) < 1X + a® Py (a0, po) || + [[W (@) < 1 - (18)

2
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Tax xKak crekTpaJibHBII paauyc Jiro0oil MaTpuiibl H paBeH HUKHEN IPaHU MHOXKECTBA €€ MATPUIHBIX
HopM p(H) = inf{||H||} (cm. [8]), To u3 onenku (18) ciemyer yciosue

p(ag(w,a”, 1)) < lag(w, a®, p")| <1,

IPU KOTOPOM II€pUOJIIecKoe pertenne x(t, a*, f1*) aCHMITOTHYIECKH yCTORYNBO 110 JIMHEHHOMY 1pubim-
xkenuio (cM. [6]).

5. OcHoBHOIT pe3ynbTaT. llTak, Ha OCHOBE BBIBOJIOB, IOJYYEHHBIX B IMyHKTaX 3 U 4, JIOKA3aHO
CIIeTyIoNee YTBEPKIeHIE.

Teopema 1. Ecau svnoansomes ycaosusa (9), (11), (13), (14) uw (17), mo cucmema (1)—(2) umeem
ACUMNMOMUYECKY, Ycmotuusoe w-nepuoduueckoe pewenue suda x(t,a™, u*), 6 xomopom a* = ag +

Kz(a), p* = aluo + Aa)),
lim z(a) = 0,, lim A(a) = Op,.

a—0 a—0

Ha ocHoBe mpoBeieHHBIX paCCyKIeHNN MOXKHO CIEJATh BBIBOJABI O CTPYKTYPE MEPUOIHTIECKOIO Pe-
mennst. JJorycrum, 94ro npasast 9acTh cucTeMbl (1) yI0BIeTBOPSIET YCJIOBHIO

f(t,l’,/.l/) :fl(ta$nu)+f2(ta$nu)’ (19)
B KoTopoM f1(t, z,ap) = oF fi(t, x, 1),
lim o~ “|l falt, @, ap)|| = 0.

a—0

Eciu dyukuust fi(t, x, 1), spisiiomasicst nepsbiM npubszkenneM st f(t, x, ) upu p — 0,y,, He aHHY-
JIIPYeTCsi B Pe3yJibraTe yCpeHEeHUsl Ha [ePUoJIe BJIOJIb pelenuii cucreMsbl (3), To B pasencrse (7)

pla, 1) = ya(w, a 1) = /Xl Vo7, X (7)a, wydr,
0

rie y1(t, a, p) —raaBHast 9acTh GeckoHedHo Mauoit T (¢, a, p) upu p — 0p,. Beraucius nanpasienue
BETBJICHHUS TapaMeTpa ¥ HadalbHOE 3HAYEHHE HOPOXKIAIOIIErO EPHOJINIECKOrO PEIICHUs CHCTEMBI (3)
o yciosusM (9) u (13), B cuury pasercrs (6) u (19) mosryauM Buj HEPUOIYECKOTO PEIICHHST CHCTE-
mbl (1)

¢
x(t,a*, 1) = X (t)ao + X (1)K z(a) + o X (t /X L) fi(r, X (1)ao, po)dT + y(t, @),
0

B KOTOPOIi OPsIJIOK MasocTu byHKIUE z((r) ONpeessieTcsi B pe3ysibraTe IPUMEHEHHs TEOPEMbI O HesiB-
HOli dbyHKIMEU K ypasHeruio (15),

lim o % ||y (¢, a)|| = 0.
lim ¥ ly(t, )|
Pacemorpum gacTHBIHI CJIydail yCTaHOBJIEHHON 3]1eCh TeopeMbl 1. ﬂonyCTI/IM, 9TO
B = 0,,, (20)

TO ecThb ycsoBue (9) BBIIOIHSAETC TOXKJECTBEHHO M BCE PENICHUs! CUCTEMBI (3) SIBJISAIOTCS IEePUOIITIe-
ckumu. Ilpu srom X = F B pasencrse (7) u K = E B ypasuenun (12). Torna u3 onenku (17) ciemyer,
aro det P; # 0 (cm. [8]). CaenoBarensro, Bbimosasiercst yeaosue (14). Wrak, u3 Teopemsr 1 ciemyer
CIIPABE/JINBOCTD CJIE/YIONIErO YTBEPIKICHUS.

Teopema 2. Ecau svnoansomes ycaosus (20), (11), (13) w (17), mo cucmema (1)—(2) umeem
ACUMNMOMUMECKY, YCMOoTuusoe w-nepuoduyeckoe pewenue euda x(t, a*, u*), 6 xomopom a* = ap+z(a),
wr = alpo + Mav)),

lim z(a) = 0,, lm A(a) = Op,.

a—0 a—0
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y(t)

20

40

60

2
2 1
80 1 At)
100 2

Puc. 1. Tpaekropun u uaTerpajbubie Kpusbie cucrems (21) mpu = 0,001(1;1)7.

5 4 0
x(t)

Wy o

3
T
Jy i
A P 7

\

100

Puc. 2. Tpaexkropuu u nnrerpajibhbie Kpusble cucremsr (21) mpu g = 0,005(1;1)7.

6. IIpumep. Paccmorpum cucremy

i1 = —9 + p1(6cost + 3wy + (=322 — dzya0 + x%) sint),
iy = 1 + pa(—2,5sint + 211 — 3w + (222 + 22172 — 223) cos t).

Dto cucrema Buja (1)—(2), B koropoit w = 2,

an=(7 7). femm=(,

X(t) = (

—sint
cost

)

p1(6cost + 3xo + (=322 — dxywy + 23) sint)
—2,5sint + 221 — 379 + (222 + 27172 — 223) cost) )



O BETBJIEHUU NEPUOJUYECKOI'O PEINEHNST KBASUJIMHENHON CUCTEMBI

80

100 -2

Puc. 3. Tpaekropun u nnrerpamnbibie Kpusble cucrembr (21) mpu p = 0,02(1;1)7.

/Ilr//
K
7

20

40

60 1
2 3 0 1 2 80 0 xt)

X(t) A
100-2

Puc. 4. Tpaekropuu n muTerpajibubie Kpupble cuctemsr (21) npu = 0,05(1;1)7.

JIUIst COOTBETCTBYIOMIEH cucreMbl Bujia (3), To mist cucreMsl (21) Beimosnsiercst yeaosue (20). B pasen-
cree Buza (7) mveem

pla, p) =

61 — 2,52 — 3pgar + (3p1 — 2p2)ag + (0,5u — pr)ad + (2p1 — 2p9)aras + (u1 — 0,5uz)a3
(212 — 3p1)ar — 3pzas + poaf + (p2 — 2p1)araz + (2p1 — p2)aj

Buaunt, BeinosHsiercs yeaosue (11), B koropom k = 1. Ilpu

=) ()
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cipaBeyinBo paseHctso (13). Kpome Toro, marpuna

—4 1
Plzp;(GO),U’O):Tr< 1 4>

HUMeeT OTPUIATEILHO JOMUHUPYIONLYIO TIIABHYIO JMAaroHab. 1103TOMY JIst CTPOYHO MaTpUIHO HOP-
MBI, MH/LyIIMPOBAHHONH BEKTOPHON HOPMOii || * ||, uMeer mecro orenka (17). Vrak, BBIIOJHSIIOTCS
YCJIOBUSI TEOPEMBI 2, B CHJIy KOTOPBIX IPH OTKJIOHEHUH MapaMeTpa OT HyJIEBOIO 3HAYEHUS 10 HAIPAB-

JICHHUIO
(1

B cUCTeMe (21) ITPOUCXOJIUT BETBJIEHNE ACUMITOTUYIECKHA YCTOWIUBOIO 27-TIEPUOINIECKOTO PEIIEHNsT OT
IOPOXKJIAIOIIEr0 PEIIeHUs
X(t)ap = <C9S t)
sint
COOTBETCTBYIOIIEH crcTeMbl Buja (3).
[TostygeHHBI# BBIBOJI, COTVIACYETCS C PACIIOJIOXKEHNEM TPAEKTOPHUil M MHTEI'PAJIbHBIX KPUBBIX C HaUaIb-

HBIMUW 3HAQYCHUAMUN
1 /01 (-2
ag = 0/’ a = 0’1 , ag = R

HOCTPOEHHBIX JIst cucTeMbl (21) B makere Maple (pucynkn 1-4).
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rjie P HEKOTOpBIil CHIEKTPAIbHBIN [IPOEKTOP, KOTOPbI Oy/ieT onpeseseH B jajbHeiiniem. Yciosue (3)
SIBJISIFOTCsI €CTeCTBEHHbIM 06061ennem yesosuii Komm st ypasHenuit cobosieckoro tuma (cm. [8]).
VpaBHeHne mMeeT MHOXKECTBO IPUJIOKEHUI B Pa3IMYHBIX 0DJACTIX eCTeCTBO3HaHMsA. Hampumep, mMo-
JIeIUPyeT PacupoCTPaHEeHHe BOJIH Ha MEJIKOI BOJIE ¢ yUeTOM KalujuIsIpHBIX 3ddekToB. B sToM ciyuae
dbyuxims u = u(x,t) onpenesnsier BbICOTY BOJHBL B Monorpadwun [13] mocrpoena JjmHeiiHas MaTema-
TUYECKasi MOJIeJIb PACIIPOCTPAHEHUsT BOJIH Ha MeJikoil Bojie. B [15] uccienosana (MmomudunupoBanHtast)
MaTeMaTH9IeCcKas MOJEIb PACIPOCTPAHEHUS BOJIH Ha MEJIKOI BOJE B OJHOMEPHON 0OJACTH M IOy IeHO
cosuToHHOe perenne ypashenusi (1). B [21]| jokasano cymiecTBoBaHHE €JIMHCTBEHHOIO IVIOOAJILHOTO
pemenust 3agaan Komn st ypasuenust (1), npu A = 1, @ = 1. B [1] nosydeno ananorudnoe Jyist
ONMCAHNS B3aMMOJICHCTBUS YIAPHBIX BOJIH.

B [15] monydeHo pemieHue B BHJE YEJIMHEHHBIX MPOJOJIBHBIX BOJIH JedOpMaIuy s ypaBHEHMUsI
[Toxrammepa—Kpu

Ut — Uttgx — Uzax — ];((up))xx - 07

cp=2,3,5 1 YUCJIEHHO UCCJIEOBAHO B3aUMOEICTBIE JIBYX yeJIMHEHHBIX BOJTHOBBLIX perrenwnit. Jis

f(u) = aru+ agu® + asu®,  f(u) = a1u + azu® + asu®

B 25| mosydeHbl siBHbIE ye/IMHEHHbIE BOJHOBBIE DEIEHUs TIOCIEHEr0 yPABHEHUsI, UCIOJIb3Ysl METOJ
[IPpUBEJICHUsT K ajrebpandeckoMy ypaBHeHHs. Takyke ObLIO UCCIEI0BAHO OMMYPKAIMOHHOE TOBEIEHUE
¢a30BBIX TIOPTPETOB JIjIsi COOTBETCTBYIOIIETO YpaBHEHUS OEryIeil BOJIHBIL.

Bo Bcex mepeunciieHHBIX BBIIIE paboOTax CYIIECTBEHHBIM YCJIOBHEM SIBJISIETCS HelpepbiBHas obpa-
TUMOCTB OIlepaTopa MpU cTapiieil Mpou3BoHOM 1mo mepeMenHoit t. OgHako omepaTop A — A Mo¥KeT
OBITH BBIPOXKJICHHBIM. Y DABHEHUsI, HE pa3PeNIUuMble OTHOCUTEIBLHO CTapIeil MPOU3BOIHON 110 BPEMEHH,
corytacHo [19,20] Takue ypaBHEHHsI HA3BIBAIOT yPaBHEHUsIME COOOJIEBCKOIO THIIA.

B [14] 6bu1a uccienoBana 3amada [lloyonrepa—Cumoposa

P(u(0) —ug) =0, P(i(0) —u1) =0, (4)
JJIA a6CTpaKTHOFO HOJIyﬂHHefIHOFO YpaBHEHUA CO6OJIGBCKOFO TUIIa BTOPOI'O IOPsAIKA
Lii — Mu+ N(u) =0, (5)

rae %, U — IepBasg W BTOpas TPOW3BOaHLIE 10 t. VCMob3yst TEOPUI0 OTHOCUTEILHO P-OrPAHMICHHBIX
0IIepaTopoB W METOJ (Pa30BOr0 IIPOCTPAHCTBA, paspaboranubie I. A. CBUPHIIOKOM M €ro y4eHUKa-
mu (em. [9,10]), mokaszama TeopeMa O CyIIECTBOBAHHHU €JIMHCTBEHHOIO JIOKAIBHOIO PEIICHHUS, a TAKKe
OTMEYAETCsI, UTO B CJIydae MOHOTOHHOCTH omeparopa N ¢a30Boe IMPOCTPAHCTBO Oy/1€T MPOCTHIM MHO-
roobpaznem.

YpasHenue (1) oTHOCHTCS K ypaBHEHHsIM COOOJIEBCKOIO THIIA BBICOKOIO IIOPSiJIKA, U3ydaeMOMY, Ha-
upumep, B [3,24]. YpasHenusi cobG0JEBCKOIO THUIA TECHO CBsI3aHBI C anrebpo-uddepeHuaaIbHbIMIT
ypasaenusivu (cM. |7,12]). B Hacrosiiiee Bpemst Bee 1aiie Teopusi ypaBHEHUI cOGOJIEBCKOIO TUIIA C OrPa-
HUYEHHBIX obJiacreii mpocTpancTBa R™ nepenocurcst Ha reomerpudeckue rpadur (eMm. [23]), mpocrpan-
crBo juddepennupyeMbix k-hbopM Ha puMaHOBBIX MHOrooOpasusix (cM. [18]). C nomomnisio ypaBHeHuii
CODOJIEBCKOIO THIIA MOJIEJIUPYIOTCs MHOTUE busndeckue sipjenus: (cM. [2,5,6]), a Takxke TexHuueckue
U SKOHOMHYECKHE Tporiecchl (cM. [17]). DTuM 0ObsICHsIETCsST HEeyracaronyii K HUM UHTEpeC.

CraTbst ycTpoeHa cieayomuM obpaszoM. B mepsoM maparpade Mbl BBEJIEM HEKOTOPBIE PeIBapH-
TeJIbHBIE CBefleHus. Bo BTropoM maparpade JoKarXKeM BCIIOMOTATENLHYIO TeopeMy, 0O00IIAIONTYI0 TEO-
pemy Ilukapa Ha anrebpo-auddepennuaibabie cucTeMbl. B TpeTbeM maparpade JoKaxKeM CXOTUMOCTD
IPUOJIMKEHHOTO PEITIeHUs, IOy YeHHOI'O0 MEeTOJOM lajiepKuHa, K TOYHOMY B CMBICJIE *-CJIA0OW CXOJH-
MocTH. B ciesyromem maparpade JOKaXKeM eMHCTBEHHOCTH PEIEHUsT HA OCHOBE T€OPEMbBI BJIOXKEHUS
u HepaBeHCTBa ['ponyoJsuia.

2. IlpeaBapurtesibHbIE CBEIEHUS.

Omnpenenenne 1. [Iycrb X HekoTOpoe GaHAXOBO MPOCTPAHCTBO, X * — compsizkenHoe st X Mpo-
CTPAHCTBO OTHOCHUTEIBHO JIBOHCcTBeHHOCTH (-, ). [0BOpSIT, UTO TIOCIEI0BATEIBHOCTD f, € X ™ cxomurcs
x-cj1abo K f € X, ecom jist jioboro g € B Bemodasiercst (fp, g) — (f, g) npu n — oo.
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Boobime roBopst, *-cmabast cXOIUMOCTBH cjaabee OOBITHON CJIaboi CXOAMMOCTH, OIHAKO, ecam X —
pedrekcnBHOE HAHAXOBO MPOCTPAHCTBO, TO *-CJabas U caabdasi CXOTUMOCTE IKBUBAJIEHTHI.

JIemma 1 (cm. [4]). ITyemv O — ogparuvernnas obaacms 6 RE x Ry, g; u g —makue dynkyuu u3
LY0), 1 < q < 00, umo |gillLe0) < C, gt — g n. 6. 6 LI(O). Toeda g — g caabo ¢ LI(O).

JIemma 2 (coitctBo MakcemuH). [Tycmov H — cenapabenvroe 2unabbepmoso npocmpancmseo HeHy.ae-
60t pazmeprocmu u onepamop A: H — H — aunetinwiti KomMnaxmmusit camoconpastcertsvili u Heompu-
yamenavHo onpedeaennoili. Cnexmp onepamopa A cocmoum u3 KOHEWH020 UAU CHEMHO20 MHOHCECTNEW
COOCMBEHHBIT BHAMEHUTE Ny, UMEUUT COUHCTMEEHHYI NPEJEALHYI MOYKY, PasHy0 HYyao. Tlockoavky
6ce cobcmeenHbvle 3HaAYEHUS A BEWECMEEHHDI U KOHEUHOKPATIHDLL, MO UL MOHCHO 3GHYMEPOSAML N0
HEB03PACMAHUNO

M= =...2\...
Tozda das A06020 N = 1 umerom Mecmo coomHOWEHUS

A
Ap = min  max %,
Hn1 zlHy, 1 ||z
x#0

ede H,_1 — npoussoavroe (n — 1)-meproe nodnpocmparcmeo 6 H.

Jemma 3 (cm. [4]). Eeau f € LP(0,T;X) u f € LP(0,T;X) (1 < p < oo, X — 6anaxoso npo-
cmpancmeo), mo f 6ydem nenpepwviehvim omobpasiceruem [0, T] — X (603moorcro, nocae usmenenus
Ha muoorcecmee mepve hyav ud unmepsaaa (0,T)).

Jlemma 4 (nemma I'ponyosa; em. [16]). Hyems g(t) = 0 u f(t) = 0 npu t > tg, a maxoce g, f €
Clto, +00], npuuem npu t =ty 6vinosnerno HeEPasencmaeo

o) <+ [ (),

2de ¢ — neompuyamenvnas xKoncmarma. Toeda npu t = tg umeem mecmo HEPABEHCNEO

g9(t) < cexp /f(S)dS

to

Kpome moeo, ecau ¢ =0, mo g(t) = 0.

JIemma 5 (Teopema Bioxkenusi Pesummxa—Konapamosa; cu. [11]). Hycmo Q € R™ — obuacmo ¢
eparuyets kaacca C%, s 21, s >1, 1 <p<g<oo, s—n/p>=1—n/q. Tozda sroocenue

l
W, () € W, ()
BNOAHE HENPEPLIEHO (KOMNAKMHO).

Panee zayiaua (4), (5) uccie/ioBasach METOAMU TEOPUU OTHOCUTEIBHO P-OrPAHUYEHHBIX OIIEPATOPOB,
JiaJiee IPUBOAUTCS HEKOTOpbIe ee rojoxkenus. [lycts X, Y — 6amaxoBsl mpocrpancTsa, [ — TUHEHHbII
HenpepbiBHbI oneparop (L € L(X;Y)), a M — nuHeitHblii 1 1UI0THO OIlpejieJieHHblii oneparop (M €
Cl(X;Y)). MuoxkecrBo

pH(M) = {peC: (uL— M) € L(V; X)}
HA3BIBACTCS  PE30ALEEHMHbIM MHOMHCECMBoM onieparopa M orHocuTenbHO oneparopa L (wmm L-pe-
s0av6eHMIbIM MHodicecmeom oniepatopa M ). Muoxkectso C\ p¥(M) = o¥ (M) naswiBaercs cnexmpom
oneparopa M orHocuTenbHO oneparopa L (umu L-cnexmpom oneparopa M).
Omneparop-dyHKIun

-1 L -1 L -1
(nL — M)~ R,u,:(luL_M) L, L,u:L(:u’L_M)
¢ obsacTbio onpejesenns pl (M) HasbIBaIOTCS, COOTBETCTBEHHO, PE30AbEenmoti, npacoti pe3oabeenmot,

€601 pesosveenmoti oneparopa M orHocuresbao oneparopa L (kopode, L-pesoaveenmoti, npasoti L-
pesonveenmoti, aesoti L-pesoavseermoti onepamopa M ).
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Oneparop M naswbiBaercst (L, 0)-oepanuuentovim, ecin
Ja>0VueC: (Jul >a)= (ue p®(M)).
[Tycrs oneparop M (L, o) orpannden. Torma oneparopsbr
1 1
P=— [ RY(M)dr = — [ L¥(M)dr
= [ Riana, Q= o [ kan
r r

SIBJISIIOTCsI TIPOEKTOpaMu B npocrpancrsax i u §, coorsercrenno. 3uech I' = {A € C: |A| = r > a}
(em. 20, c. 89]).

O6o3HaunM gepes TP KacaTeslbHOE PACCIOEHNE ITPOCTOI0 MHOr000pasus 6e3 Kpasi 3, MoJempyeMoe
6aHaxoBbIM TIpocTpaHcTBoM X, a depes Ty, P KacaresbHOE IPOCTPAHCTBO B TOUYKE ug. Torja 3ammch
(up,u1) € TP OyeM HOHNMATH B CIIEAYyIOMEM cMbIcie: ug € P u (ug, u1) € Ty,'P.

Onpepesienne 2. Muoxectso P HasbiBaeTcst Ga30BbIM IIPOCTPAHCTBOM ypasHeHust (5), ecimn

(1) morst m06BIX (ug,u1) € TP cymiecTByer euHCTBeHHOE pemntenue 3ajaun (4), (5);
(ii) JroGoe pemtenne u = u(t) ypasuenus (5) jezkuT B P8 KaK TPACKTOPHUSI.

[Tycrs ker L # {0} u oneparop M (L,0)-orpanudeH; Torjia B CULy TeopeMbl 0 paciierienun (cm. [9])
ypaBrenue (7) MOXKHO PeJIylIMpOBaTh K SKBUBAJEHTHON €My CHCTeMe ypPaBHEeHUil

0= (I— Q)(M + N)(u),
i' = L' Q(M + N)(u),
e u' = Pu. Torga dasossmvm npoctpancTBoM P ypasrerns (5) ABISETCS MHOKECTBO
P={uecil:([-Q)(M+ N)(u)=0}.
Takum ob6paszom, B [14] 6bu10 j10KA3aHO CYIIECTBOBAHUE €IMHCTBEHHOI'O JIOKAJIBHOIO DEIeHMs.
3. Aunarebpo-guddepeniimanbHaasi cucreMma. l[Ipusenem 06001eHIe Kitaccuieckoil TeopeMbl [1u-
Kapa Ha ciyd4ail anarebpo-auddepeHnuaabHbiX ypaBHeHuii. [Ipu pereHnn HadaabHO-KPaeBbIX 3a/1ad

JIUIS BBIDOKJICHHBIX YPABHEHUI B YACTHBIX IIPOU3BOIHBIX (ypaBHEHUIT COOOJIEBCKOIO THIA) METOJOM
lasepkuna Bo3HUKAOT ajarebpo-auddepeHiuaibHas CUCTeMa BT

Ai = F(x), (6)

riae x(t) € R™ t € [0,T], rank A = k, k < m. IIpeo6pasyem cucremy (6) K cucreMe II€PBOroO MOPSIIKA,
BBeJleM HOBYTO TiepeMerHyio (t) € R?™ u HOBBIe MATPHYHBIE OIEPATOPHI

wo=(20). a=(59). £=(3 ).

TIOJTY IAM
Ay = F(y), (7)
rank A =k + m. (8)
Cucremy (7) pazobbeM Ha JiBe HOJICUCTEMBI
0=F(y), (9)
QAy = F'(y), (10)

e FO = PQF(y), F'(y) = (I — P)QF(y), marpuna () mojydena u3 eJMHAYHON IyTEM 3aMEHbI
BEPXHUX CTPOK GA3UCHBIME BEKTODAMHU JIEBOTO siipa MaTpuilbl (Kosiapa) A, P — mpoekTop Ha JieBoe
anpo marpurbl QA. Cucrema (9), (10) u cucrema (7) SKBUBAJEHTHBI B TOM CMBIC/IE, UTO UX PEICHUs
COBIIAIAIOT, €CJIN OHU OHH CYIIECTBYIOT XOTs OBl y o/1HOM 13 HuX. [Tosromy perenne cucremst (7) jexar
Bo mMuokectBe M = {y € R?™ : F(y) = 0}.

[ycrs dynkuus F € C%, s > 1; Torma uMeer CMBICH YCIOBUe

rank(FO);O =1, (11)
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e (F 0);0 — marpuna SIko6u dynkmuu FO B Touxe yo. IlycTh cymecTByer Takoii yg € 9, 94T0 B HEKo-
topoii okpecrrocT O(yo) N I BeinosnHeHo yciosue (11). Torma O(yo) N M ects C*-MmHOTOOGpasUe
pasmeprocTH 2m — [ > k, u ypaBHenue (9) MOXKHO [IPUBECTH K BHJLY

(F%),9 =0, y(0) = yo. (12)
[Mpeamosoxknm, aro B okpectHOCTH O(Yo) BBIIOIHEHO YCIOBHE
ker QA N ker(FO)gJO = {0} (13)

(cumBosom ker T' o6ozraderno mpasoe sapo marpuisl T'). Torma Marpuma QA+ (FO);0 obpaTuMa B TOil
okpecrHocry, u cucrema (10), (12) npusomurcs K BuLy

5= (QA—(FO),)~'F', y(0) = o, (14)

C IVIAJKON IIpaBO#l 4aCThIO.
Bosspariasich K UCXOHBIM IIEPEMEHHBIM, B CUJLy |7, TeopeMa 1| mosryuaem cieyiornee yTBepK ICHeE.

Teopema 1. ITycmov das cucmemvs (6) swnoanenv, ycaosus (8), F e C% s > 1, u nycmo nai-
demes maxoti onemenm (zo,x1) € TOM, wmo 6 nexomopot okpecmmocmu O(xo, x1) N T evinoarerv
yeaosus (11) w (13). Toeda dasn mexomopozo ty > 0 cywecmeyem no xpatineti mepe 00HO peuwenue
x € C%(0,tp; M) ypasnenus (6), ydosaemeopsrowee ycaosuam x(0) = xg u £(0) = x1. Ecau x momy
oice s = 2, mo pewenue 6ydem eduHCmeeHHbiM.

4. Teopema cyirecTBOBaHUs. B HEKOTOPBIX YACTHBIX CJydasX HEJTUHEHHOTO OlepaTropa MOXKHO
OTBETHTH HE TOJIbKO Ha BOIPOC O CYNIECTBOBAHUM W €JIMHCTBEHHOCTU PEINeHHs, HO W Ha BOIPOC Kak
Haiitu gannoe pemtenne. ChopMyMpyeM U JIOKa’KeM TeOpeMy, OTBEYAOIIYI0 Ha BONPOC, KAaK HalTH
pererne 3a1aan (1)—(3)

st perieHnst HaM MTOHAIO0SATCST HECKOJIBKO (DYHKIIMOHAJIBHBIX MpocTpaHcTB. Ilycrs 0 C R™ — 06-
nacth ¢ rpanuneit 9Q kiaacca C*. Honoxum Q = Q x (0,7). Bamaaum npocrpancrsa L1(Q), HE (Q)
u BBejieM oboznavenue B = L*(Q) N H(Q).

Kpowme Toro, 3ajaium npocTpancTBa pacupejenenuii (pyHKIumil co 3HaYeHusIME B GAHAXOBOM IIPO-
crpancrse) L>¥(0,T;B) u L>®(0,T;L?*(2)). ConpszkeHHbIe UM IIPOCTPAHCTBA CTPOATCS 110 TEOpEMe
Handopra—Ilerruca:

(L°(0,T; B))* ~ LY0,T; L3(Q) UHY(Q)), (L®(0,T; L2(Q)))* ~ LY(0,T; L*()).

[Tycrs A\, — coberBeHHBIE 3HAYEHUST OJIHOPOHOI 3aa4n Jupuxiie (2) jyist oniepaTopa A, IIpOHyMepo-
BAHHbBIE 110 HEBO3PACTAHUIO C YIETOM KPATHOCTH, & (), — COOTBETCTBYIOIIHE UM COOCTBEHHBIE (DYHKITHH.
Kpowme Toro, muHeitnast 060109ka span{y1, 2, . . ., ©m } IPU M — 00 WIOTHA B B 1 OpTOHOpMUpPOBaHA
(B cMBIcse cKassproro nponsseenns B L2(§)). Oupeemmn omepatop

L=XA—A:H' - H Y (Luw)= /()\uv + VuVo)dz.
Q

[Tockosibky omeparop L we mmeer M-pucoeMHEHHBIX BEKTOPOB, TO MPOEKTOP P MOXKHO 3aMEHHUTD
onepartopom L.

Teopema 2. ITycmv A € (A\1,+0), ug € B = HE(Q) N LY(Q), u1 € L}(Q). Tozda cywecmeyem
eduncmeennoe pewenue u = u(x,t) 3adawu (1)—(3), ydosaemsopaowee ycrosuam

Lu € L0, T; HY(Q) N LY(Q)), Lu € L=(0,T; L*(2)).

Jlokasamenvcmeo. Pemenne 3aiaun (1)—(3) GyjeM uckarh B Bujie rajlepKUHCKOTO IIPUOJIMZKEHUST

u™(t) =Y ai (D (15)
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KosdbdunmenTsr azn(t) HaXOJIATCA U3 CJEIYIONIEN 3a/1a4n:

(Lu(0),

or) = (Lu™(0), ox) = (Lug™, vi) = B,
or) = (L™ (0), x) = (Lul, g} =, L SES™ (17)

e

m
Lu?:Zﬂ?@k%uo B B mpu m — oo,
k=1

m
Lui* = Zq/,zngok —u; B L*(Q) upu m — oo.
k=1

[Tpumennm x 3ajade (16), (17) reopemy 1. IIpe/osnokum, 910 A COBIIAJIO C EPBbIM COOCTBEHHBIM 3HA~
YEHUEM A1 ; [IOCKOJIBLKY OHO IIEPBOE, €r0 KPATHOCTH paBHa 1. Boimuiem TpebyemMbie MATPHUILI, 0D03HATAS
cumBosiam [ u Q eUHUYIHYIO U HYJIEBYIO MATPHUIIBI HEOOXOIUMON PAaZMEPHOCTH:

- 0 O _ 1 O _ 0 0)
A= (@ H2m1> b= <@ @2m1> , I=P= (@ H2m1> ’
—a?af (t) — ((u™)?, pa)
—a?af (t) — (u™)?, p3)
Q = Iop, I EER TR IR E PRI
F' = | —a2a™(t) — um3, m) |,
FO = (—a%a"(t) — ()P, o). SR A

—a%ag(t) = (@), o)

npuuem TN = {y € R?>™ : F(y) = 0}. Kaxpiit snement marpun FO, FO apnserca muorounenom
Tperbeil cTelleHn OT nepeMeHHbIX af, nosromy F° € C° u F' € C*. Takum o6pasoM, HETPYIHO
nposeputh ycsaosus (11) u (13) B okpecTHOCTH, CofepzKaleiicss B KacaTeJbHOM IIpocTpancTise. Takum
00pa30M, BBIIOJHEHbI yCa0BUA TeopeMbl 1, a 3HAYUT, CyIIECTBYET €IMHCTBEHHOE JIOKAJILHOE PEIeHUe
u™ =um(t,x), t €[0,t"].

I[Tosryunm anpuopHble oleHKH. YMHOXKasi ypasHenue (16) wa a'(t) (1 < k < m) n cymmupys= 1o k
or 1 10 m, mosyanm

(Li™, ™) — o (Au™, 4™) 4+ ((u™)3,4™) = 0. (18)

Beesiem B npoctpanctse coim L N L2(Q) (L%(Q) = coim L @ ker L) wopmy |i]? = (Lu,1); B cuty
JIeMMBI 2 9Ta HOPMa SKBUBAJIEHTa HOPMe, WHLyIHPOBAHHON 13 HajmpocTpancTsa L2(€2).
Ucnonb3yst caMoconpsizkeHHOCTb L u A mosryamm

d d

d
2L ") = (L™ @), 2D @) = 2

L Tu), (i) = g,
u ypasuenue (18) npumer Buj

d - m m m 1 m
S a2 + a2 (var, Vu) + S a4 | =0 (19)

[Tpounrerpupyem na orpeske [0,t], t < t,,
. 1 1
@™ + o |u™ ||, + §\|Um\|i4 < Jul'l + o®fug' | + §||U87’||4L4-
Tak Kak mpaBasi 4aCTh PABEHCTBA OrpaHuveHa (110 YCJIOBHIO), TO UMEET MECTO HEPABEHCTBO
. 1
@™ + o u™ |7 + 5”“’”\\%4 <0 (20)

Koncranra C me 3aBucur OT t,, U, CAEAOBATEIbHO, )y = T.
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Bameuanme 1. B cuiy nepasencrsa (20) nupu m — 00, 110CJI€I0BATEIBHOCTD (DYHKIWI Uy, — Orpa-
mmdaena B npoctpanctee L(0,T; L2(N2)), u— orpammuena B L™ (0, T; B).

B cuity Toro, uro u™ u 4™ orpanmdennsl B npocrpancrsax L>®(0,T; B) u L>(0,T; L*€)), coorser-
CTBEHHO, SIBJISTIOIIAECST COMPSI?KEHHBIMU ITPOCTPAHCTBAMMU JIJIsT cenapabe/IbHBIX 6AHAXOBBIX TTPOCTPAHCTB
LY0,T; H-Y(Q) U LY3(Q)) u LY(0,T;L?*(Q)). I3 aux MOKHO BHIOPATH TaKHe #-Crabo CXOMsIime-
cst noJocsesoparesbuoctn u™ u 4™, uro u™ — wu *-caabo B L>(0,T; B), Lu™ — Lu *-caabo
B L>°(0,T; L?(Q2)). Ilpu aTom 4™ mionmMaeTcst Kak 0600IeHHas TIPOU3BO/HAST B TPOCTPAHCTEE PACIpe-
nenennit. Taxxke 3 orpammdaennoctn 4™ B npocrpanctee L2(0,T; L2(2)), u™ B L?(0,T; B) (8 cumy
samedanus 1 u coiicTs mpocTpancTs Jlebera) cieyet, ato u™ orpanmdena 8 H'(Q). B cumy memver 5
FIMeeT MecTO BIOJHe HempephiBHoe Biaokerne H'(Q) — L?(Q). ITosToMy MOKHO CUMTATD, UTO

u™ — u  cumbao B L?(Q) m mouTn BCIOy. (21)

B cury orpammdennocTn nocienoarensoct {(u™ )3} B npocrpancrse L°(0,T; LY3(Q)), oma cxo-
JIATCS K HEKOTOPOMY 3JIEMEHTY 2 9TOTO IPOCTPAHCTBA:

(W™)3 =z s-cmabo B L=(0,T; L*3(Q)). (22)

3

Caencreue 1. Ionooicum O = Q, g; = (u™)3, g = ud. Toeda z = u? 6 cuay aemmw 1, (21) u (22).

Terepb MOXKHO IIepefTH MOWIEHHO K IipeJieiy B pasencTse (16), momaras my = . Ilycrs k dbukcu-
poBamo u [ > k; Torma moryaum

(Lii', or) + o*(Vul, Vr) + (1), o) = 0. (23)
B cuny 3amevanus 1 cupaBeyiuBbI IIpeJIeIbHBIE TIEPEeX0/IbI
(Lit, pr) — (Lu, o) x-caiabo B L™°(0,7);

(Vul, Vr) — (Vu, Vi) #-crabo B L(0,T)
u, cjaeaoBaTe/IbHO,

d
(Lil', ) = @<Lul,¢k> — (Lii, pp)  cnabo B L=(0,T),

a B cuIy ciaenctsud 1

(3, o) = (U3, 1) *-cmabo B L>(0,T).
Takum o6pasoM, u3 (23) BBIBOAUM

d2 2 3
g2 (L ow) + o7 (Vu, Vo) + (u”, o) = 0. (24)
Beuxy miorsoctn cucremsl dbynknuit {¢}7, B npocrpancTse B mpu m — 00 U IPOU3BOIBLHOCTH
BLIOODA (P CJIEAYIONIEE PABEHCTBO MMEET MECTO JIJIst IIPOU3BOJILHOIO v € B:

& 2 3
ﬁ@u,v) + a*(Vu, Vo) + (u”,v) = 0. (25)
IIposepum BbiosHEHME HadaibubX yeiaopnuit. C ommoit croponst, Luy(0) = Lu) — Lug crabo
B H'(Q) B cuny (17), ¢ apyroit croponsr, u!(0) — u(0) B B B cuny 3amedanus 1; clieoBaTesbHo,

u(0) = uo.
B cuny zameuanus 1
(Liil, i) — (Lil, p)  *-caabo B L*(0,T);
CJIeI0BATEIbHO, YUUTHIBAA JIEMMY 3, HOJIYIUM
(L (0), or) — (Li(t), or)li=0 = (L0(0), @)
C npyroii CTOPOHBI, B CHJIY Pa3JIoyKeHNs] HAJaIbHBIX (DYHKIUI B PsijT

(L (0), o) = (Lua, o).

Taxkum obpaszom, st Becex k nveeMm

(Lu(0), pr) = (Lua, px)-
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Taxum obpaszom, HyHKIAT U = u(a;, t) YAOBJIETBOPSET YPABHEHUIO U HAYAJIBHBIM YCJIOBUAM, T.€. ABJIS-
€TCsd pelIeHueM. J

5. Teopema eIMHCTBEHHOCTH.

Teopema 3. B ycaosusax meopemv, 1 u aemmor 5 pewenue sadawu (1)—(3) eduncmeerno.

Joxasameavemso. Ilyctb u u v — qBa pasaundHbIx pentennst 3agaun (1)—(3); BBejiem obozHavdeHne w =
u — v. Torga ypasuenue (1) npumer Buj
Lwy — o?Aw = v3 — u?, (26)

a ycaosust loyosnrepa—Cuioposa nmpeodpasyiorcst K BULy

Lw(z,0) =0, Luw(xz,0)=0, we (27)
AHaJIOrnvHO IpeIbLIyIIeMy pas/ely npeobpasyem ypasHenue (26), oJHAKO BMECTO CTaHJAPTHBIX HOPM
npocrpancts Lo u HE GyseM ucrnosns3oBaTh UM SKBUBAJICHTHbBIE, OMpe/ie/IeHHble (hopMyIaMu

|w|%2(m = (Lw, w), |w|%{é = (a"*Vw, Vw).

[Tomyanm

12 + hwlZy ] = 24 — (), . (28)

OueBnno,
2(0% ") <6 [ sup(ful’ o)l il dz.

Q
Ucnonib3yst mepaBencTBo 1€bepa, OMeHNM TPaByIO YaCTh MIPEIbIIYIIEro HePaBeHCTBA:

/sup(IUI2, o) wllwlde < C(|lfufl| + o] go)llwll gl 2.
Q
Jlajiee UCOBL3ysl TEOPEMBI BJIOYKEHUS U CBOMCTBA HOPMBI, MTOIYIUM OIEHKY

C(Iulllzs + o2l ) lwllpaleols < C(u2s + o ) ol gy il 2 <
< Clulg il gz < 20wl + [l2).

Torna (28) IPUBOAUT K HEPABEHCTBY

t
s + ulty| <20 [ ity + fif2)ds,
0

OTKyZa B CUJIy JeMMbl 4 mMeeT MeCTO PaBEHCTBO |w|%2 + |w|?q1 = 0. CuenoBarensno, w = 0. Takum
0

obpasoM, u = v. ]
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© 2022r. FO. II. BUPYEHKO, A. 9. HOBOCEJIBIIEBA

AnnoTA1UA. Paccmorpen kiacce Rl(Rg) CHCTeM KBa3WJINHENHBIX AuddepeHnnaabHbIX yPaBHEHUM
C YaCTHBIMU IPOU3BO/HBIMU IIEPBOrO HOpsiika. Takne cucreMbl 4 = L[u] onmceiBaorT m3MeHeHne co
Bpemenem ¢t € R BexTopubIx moseii u(x,t), € € R3. Kmacc £1(R?) cocront m3 Bcex cucrem, mHBapu-
AHTHBIX OTHOCHTEJILHO TpaHCcisiiumii Bpemenn ¢ € R u npocrpancrsa R3, a rakske mpeoGpasyionmxcst
KOBapMAHTHBIM 06pa3oM mpu Bpamiennn R, JTaeTcst omucanme SToro Kiacca HeJHMHEHHbIX 1 depeHI-
aJIbHBIX OepaTopoB L mepBoro mopska, geiicTByiomux B dbyHKIMORAIBHOM mpocTpancTse C1 1oc(R?),
KOTOPBIE SBJISIOTCS IE€HEPATOPAMM JBOJIOIUU TAKUX cuUcTeM. HalijleHo HeoOXOIuMOoe U JOCTATOYHOE
ycstoBue Toro, ato ormeparop L u3 kiracca £1(R?) moporkiaer rumepboInIecKyio CHCTEMY.

Karouesvle caosa: nuddepeHnnaabHblil OIepaTop IepBOro MOPsIKa, KBA3UINHEHHAS CUCTEMa YPaB-
HEHWit, TUIIEPOOJIMIHOCT, BEKTOPHOE T10JI€, KOBAPUAHTHOCTD, ChepUIeCcKast CHMMETPHUSI.

HYPERBOLIC FIRST-ORDER COVARIANT EVOLUTION EQUATIONS
FOR VECTOR FIELDS IN R?

© 2022 Yu. P. VIRCHENKO, A. E. NOVOSELTSEVA

ABSTRACT. The class £ (Rg) of systems of first-order quasilinear partial differential equations is
considered. Such systems @& = L[u] describe the evolution of vector fields w( boldsymbolx,t), & € R?® in
time ¢ € R. The class &1 (R?) consists of all systems that are invariant under translations in time ¢ € R
and space R?® and are covariant under rotations of R3. We describe the class of first-order nonlinear
differential operators L acting in the functional space C1 joc (]R3) that are evolution generators of such
systems. We obtain a necessary and sufficient condition for the operator L € £;(R?) to generate a
hyperbolic system.
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field, covariance, spherical symmetry.
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1. Bsenenwme. B 310ii cTaThe MBI IPOJIO/IKAEM HAYATOE HAMU B IPEIBIIYIIUX paboTax MCCIETOBAHNE
CIIeIUAILHBIX 6ECKOHETHOMEPHDIX JIMHAMIYCCKIX CHCTEM, OIICHIBAIOIIIX SBOJIONMIO mojeii Ha R3 (em.
BBIIIE/IININE K HACTOSIIIEMY BpeMeHu paboThl [2-6,14]). D1u juHaMuyecKue CHCTEMbI BBIIEJIEHBI TEM, YTO
oHEU 00J1J1af0T (DYHIAMEHTAIBHBIMU (DUBUICCKUMHU CUMMETPHUSIMHU, 9TO OOYC/IABJIMBAET BO3MOXKHOCTH
X IIPUMEHEHUsS] B MATEMATUIECKON (DU3UKE C TOUKU 3PEHUsI ONUCAHUS JIMHAMUKHN KOHJIEHCHPOBAHHBIX
cpen. B macrosimieit pabore MbI paccMaTpUBaeM SBOJIIOIMOHHOE YPABHEHUE

u(x7t) = (L[u])(m,t), (1)

3. (R3) nokambHO HempepbiBHO T depeHIIpyeMbIX MoJTel Ha

B dynxmmonaabaoM mpocrpanctse C7 ) o
b

R3, onuceiBalomux m3Menenue co BpemeneM ¢ € R BekTopnbix noseit u(x,t), * € R3, To ecth ypas-
HeHUsI, KOTOPbIM ToanHensl ynkimn u: R? x R — R3. Brech u jajzee Touka, HOCTABICHHAS HAJ
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dbyHKImedi, 0bo3HAUALT YACTHYIO NPOM3BOJHYIO 10 t, a reHeparop ssosonuu L[| B (1) obosnauaer
orepaTop, JeiicTeyionuit B npocrpancrse C; loc (R3).

Tax kak BekTopsl w = (u;;j € {1,2,3}) B R? GprBator jByX pas/iuuHbIX THIOB: HOJSIPHBIE U AKCH-
aJIbHbIe, TO, COOTBETCTBEHHO, BeKTopHble mosis u(x,t) = (uj(x,t);j € {1,2,3}) na R3 rakxe nosgpase-
JISIOTCS Ha JIBa TUIA: MOJISPHBIE U aKCUAJIbHBIE (IICEBOBEKTOPHBIE), B 3aBUCUMOCTH OT TUITA 3HAYECHUH
w(zx,t), npunmmaembrx bynxmuamu u: R? x R — R3. Jlanee Mbl n3ydaeM JUHAMIYECKHE CHCTEMBI,
CBSI3QHHDBIC C IIOJIAPHBIMU BEKTOPHBLIMU IOJISIMU.

B cBSA3M € TeM, YTO reHepaTop 3BOJIONHUH OCYIIeCTBIsgeT oTobpaskenue L[-]: C3

(R?) = CF o (R?),

1,loc
TO OH, €CTECTBEHHBIM 00Pa30M, pasjaraercs Ha JekapToBbl KommoHente! L[| = (L;[];7 € {1 2,3}),
COIVIACHO JIeKapTOBBIM KoMIOHeHTaM u;(x,t); j € {1,2,3}, BekTOopHBIX mOJe€il B seBoil gacT (1).
Kazk/1ast Takas KOMIOHeHTa ocyliecTsiger otobpazenue L;[-]: C3 IOC(RS) — Chioc(R?), j € {1,2,3}.

Hasee, mbI Oyaem caurars, 1410 KommonenTsI L;[], j € {1,2, 3}, noanocreio onpezesnsiomniue reaepa-
Top L[-] B ypaBrenun (1), umeror Buj

(Lj[u])(m>t) = (ajklvkul + Hj)(m>t)> JE {1a2>3}> (2)

rje Ko UIUEeHTsl aj; U ciaraeMble H; npejcrapigioT coboit 3HaueHusa B TOYKe U = u(x, t) Henpe-
poiBHbIX Ha R? Qynkuuit a;i = ajp(w), Hj = Hj(u); j,k,1 € {1,2,3}. Kpome Toro, B dpopmyie (2)
u jasee B pabore nocpejcrsoM Vi obosnadensl nuddepeniuanbabie oneparopsl 0/0zk, k € {1,2,3}
u, TakuM obpasom, Viu; = Ou(x)/dxy, k,1 € {1,2,3}. Hakonemn, B s10ii dopmyiie u jajnee Bo Bcex
MaTEMAaTUICCKUX BBIPpa>KEHUAX pa6OTbI IpearojaracTcd, 9To HaJJn4Ine B HUX ITOBTOPAIOIINXCA ITapHBIM
O6pa3OM MHICKCOB yKa3bIBa.eT Ha HpI/IcyTCTBI/Ie B 9TUX (bOpMyﬂaX CyMMI/IpOBaHI/IE{ 10 K&}K;LOMy N3 TAKUX
WHJIEKCOB, 110 BCEM BO3MOXKHBIM JIJIT HUX 3HadYeHudAM 1, 2, 3.

TakuM obpasoM, B TepMHHAX JeKapTOBbIX KommoHentT Lj[u], j € {1,2,3}, ypasuenne (1) mpex-
cTaBjIseT cobOoil cucTeMy KBasWIMHEHHLIX AuddepeHIuaIbHbIX yPaBHEHUIl B YACTHLIX MPOU3BOIHBLIX
HEepBOro MOPSIKA

au] il Z ajpi(w t))%;:ﬂ +Hj(u(,t), je{l,23}. )
k=1

Mpu1 GyJieM jrajiee paccMaTpUBATh KJIacC CUCTEM ypaBHeHUil (3), MOIIMHEHHBIX JIOMOJHATEIbHBIM TPe-
OOBaHUSIM, KOTOPBIE MBI OIUIIEM B CJIEAYIOIMEM pazieiie. Llebio xke nceienoBaHus HACTOSAIENR paboThI
SIBJISIETCS HAXOXKJEHNE HEOOXOIUMBIX U JOCTATOYHBIX YCJIOBUN TUIMEPOOTUIHOCTA CUCTEMBI U3 ITOTO
KJ1acca. JTH ycyioBust GOPMYIHPYIOTCA B BUJIe OrpaHIYeHnii Ha Kod(DbUIHenTs! aji(u).

2. Cucremsl kyacca £(R?). lonoimurensnoe orpannyuenne, HaK/IaIbIBaeMOe Ha PACCMATPUBA-
eMble B HACTOsAIIEH paboTe CUCTeMbl KBa3WJIMHEHHBIX YPABHEHWI, COCTOUT B HCIIOJIb30BAHUU TAKUX
reneparopos L[-| B ypaBuenun (1), koropbie 0671a/1a10T KOBAPUAHTHOCTBIO 10 OTHOIIEHUIO K MIPeodpa-
sosanusim rpymnsl O3 Ha npocrpancTse R3.

BameruM, npexie Bcero, uro ypasaenus (1) ¢ remeparopamu Buja (2) ob/iagaror CBORCTBAME OJTHO-
POJIHOCTH [P TPAHCJIAIMAX BpeMeHn 1 npoctpancTsa R, Tak kak kosddurments! ajx(u) n dynkiuun
H;(u) ne zaBucar ssHo ot Bpemennu ¢ € R u sekropa & € R3. B stom ciyuae ypasuenne (1) nusapu-
AHTHO OTHOCHUTEIHHO TPAHCJISII BpeMeHn t = t + s, s € R u mpocTpancTBa © = 2z + @, 2 € R3.

Ipynma Q3 cocTouT U3 OPTOrOHANBHBIX 3 X 3-MaTpul| A, TO eCThb TaKUX, KOTOPble 00J1a/1a10T CBOTi-
crom AAT = ATA = 9. O6osuaumy mocpenctsom L[] muddepenmmanpupiii omeparop, KOTopIit
HoJiydaeTcs B pesysbrare npeobpasoBanus orneparopa L[] marpuneit A € Q3. Tak kak u(x,t) — Bek-
TOpPHOE II0JIe, TO NPU KazKJI0M (DUKCHpPOBAHHOM t € R ero 3madeHns B Kazkjaoi Touke x € R3 mpe-
obpasytorcst B (Au)(x,t). B arom ciaydae TpeboBaHne KOBAPMAHTHOCTH ypaBHeHus (1) osHavaer, 4ro
omeparop L[] o6manaer coiicreom LW [Au] = AL[ul.

BroisicauMm Te orpanmdeHus, KOTOpble HAKJIAIbIBAET CHOPMYJIUPOBAHHOE CBOWCTBO KOBAPUAHTHOCTHU
Ha quddepeHnnaabHbIil OmepaTop MePBOro MOPSIIKA.

Teopema 1. /Jlaa mozo wmobw ypasnernue (1) ¢ eenepamopom L[-|, onpedesernvim dopmyaot (2),
YA0BAEMBOPAND YCAOBUIO KOBAPUAHIMHOCTIU, HEOOTO0UMO U JOCTAMOYHO, 4MobObL NPU NPeodPA30CAHUL
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amoeo ypasnenus mampuuet A € Qs nabop H;(u), j € {1,2,3}, u areebpauveckuii obsexm L mpemwveeo
panea ajr(w) npeobpazosusarucy 6 Ppurcuposarnot. mouke (x,t) € R3 x R, coomeemcmeenno, xak
BEKMOD U MEHZOP MPEMBE20 PAH2A.

Aoxasamenvcmeso. Beuy Toro, aro mabop u;(x,t), j € {1,2,3}, B dukcuposanuoii Touke (x,t) npes-
craBisieT BeKTOp B R3, T0 HaGOP KOMIIOHEHT C j € {1,2,3} Belpakenusi B npasoii gactu (1) Takxke
COCTABJISIET BEKTOP 110 OTHOIIEHMIO K IpeobpasosanusaMm marpuniamun A € Q3. Janee, Tak kak Habop
KOMIIOHEHT BeKTOPHOTO 1ouist u;(x,t), j € {1, 2,3}, n marpuia npoussoxueix Vi (x,t), k,1 € {1,2,3},
SIBJISIIOTCSL HE3aBUCUMBIMU (DYHKIUSIME, TO HE3ABUCUMBIMU SIBJIAIOTCA (DYHKIUK, TIPEJICTaB/IsieMble T1ep-
BBIM ¥ BTOPBIM CJIAraeMbIM B IIPaBoii YacTu ypaBHeHusi. [109TOMy KaxKJ10€ U3 9TUX CJIAraeMbIX HPel-
cTaBjsier coboit KOMIIOHEHTBI BekTopa. Takmm obpasom, mabop Hj(u), j € {1,2,3}, npencrasiser
KOMIIOHEHTBI BeKTOpa B R3.

Pacemorpum nepsoe ciaraemoe. Marpurna npoussBonabix Viu(x), kI € {1,2,3}, npeacrasiser
TEH30p BTOPOr0 PaHra, KOBAPUAHTHBIN 110 UHJIEKCY | 1 KOHTpaBapUaHTHBI 110 uHjekcy k. B camoM nere,
peobpasyst MaTPUIly IPOU3BOJIHBIX B (UKCHPOBAHHON TOUKe & mocpencTBoM marpuibl (A)jr = Ajg,
(A7) ,k = Agj, DU yueTe yKa3aHHOTO BbIIIE COIVIAIIEHHS O CYMMUPOBAHUU 110 MAPHBIM HHJEKCAM,
HAXOJIUM

aul/ (a:) 8ul/ (m) 6(Au)l(ac) au’(m)
A/A/*: ‘Ail /A ’ = = ! Ev/ul
wndi =g = A e A = Ay, oal s
YTO JOKA3bIBAET YKA3aHHOE IOJIOKEHHE.
[Ipeo6paszoBanne Habopa, IPEICTABIEHHOIO [IEPBBIM BEKTOPHBIM CJIAraeMbIM B ypaBHeHuu (2), Mar-

puneit A € Q3 npUBOIUT €ro K BULY

Ajj'aj’mnvmun(w) = Ajj’aj’k’l’ék’mél’nvmun(w) =
= Ajj/Ak/kAll/aj’k’l’(AmkAlnvmun(w)) =
= Ajj Ape Aw g Vi ().
C sipyroit cToponbl, B IpeoOpasoBaHHOM IOCPEJICTBOM MaTPHIlbl A cHCTeMe KOODJMHAT 3TO CjlaraeMoe

COTJIACHO OIPEIe/ICHII0 KOBAPUAHTHOCTHU JIOJIZKHO UMETh B a}klvgui . CpaBHuBasg JiBa I10JIyYeHHbIX
BBIPAXKEHUs [IPH ydeTe IPOU3BOILHOCTU MATPHIIBI IPOU3BOAHBIX V) 4], IIOJLyYaeM PABEHCTBO

/
a]kl — Ajj/Ak/kAll/aj/k/l/ .

Orciona ciegyer, uto anrebpamdecknii 00beKT ajk, j,k,1 € {1,2,3}, npeobpasyercs KaK TeH30p Tpe-
THETO PaHra, KOTOPHIN KOBaApUAHTEH IO MMEPBOMY M TPETHEMY WHJIEKCAM U KOHTPABAPUAHTEH 110 BTOPO-
my. Takum obpazom, HEOOXOIUMOCTE C(HOPMYJIUPOBAHHOTO B YTBEP2KJIEHUN TEOPEMbI YCJIOBUSI JTOKA3AHA.
JlocTaToYHOCTh YKe ero OYeBUTHA. O

B nanbueiineM, A1 TPOCTOTHI N3JIOXKEHUsI, MBI HE JIeJIAeM PA3JIndasi MeXKy KOBAPUAHTHBIMU U KOH-
TpaBapUAHTHBIMU BEKTOPAMHU U TE€H30PaMHU.
YacTHBIM cJlydaeM CuCTeM ypasHenwuii (1) siBISIOTCS CHCTEMBbI, Y KOTOPBIX omepaTop (2) umeer Bu/I

(Lj[u])(@,t) = (ViSjr(u) + Hj)(x, 1), j€{1,2,3}, (4)
rae Sji(u) — nenpepniBHO Jmdbdepennupyemas TeH30p-DYHKIMsS Ha R3. Beuuy byHKIMOHAILHOI
HE3aBUCUMOCTH TE€H30P-QYHKINKU ViU OT BEKTOP-(PYHKIINA U U3 PABEHCTBA

0Sjk
8ul
ciaenyer 0Sj/0u; = 0, To ectb dyHKIUA Sj)(U) ONpEIEIeHa OJHO3HAYHO ¢ TOYHOCTBIO JI0 TPOU3BOJIb-

HOI HOCTOSTHHOIT MaTpHUIIbI. Takume cucreMbl MBI 6y,ZLeM Ha3bIBaThb CHUCTEMaMN dueepeenmnoeo muna.
OueBnIHO, YTO MOXKHO YCTAHOBUTH CBSI3b MEXKJIy TE€H30pP-(PYHKIIUSIMU ajkl(u) u Sjk (u):

Tu; - ajkl(u)7 j7 k7l € {17273} (5)

Vkul =0

13 1ech MBI HCIOIB3yeM TEPMEHOIOIHIO MoHOrpadma [12].
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B cBsa3u co chopMymmpoBaHHBIM CBOFICTBOM KOBApPHAHTHOCTH ypaBHeHus (1), BO3HUKaeT BayKHA,
C TOYKM 3peHust PUINIECKUX MPUIOKEHUH, 3a1a9a 00 OMUCAHNN Kjacca cucTeM auddepeHnalbHbIX
ypaBHEHUI, 00/IaMaI0NNUX STUM CBOMCTBOM. BceiencTBue M0Ka3aHHON TEOPEMbI, TaKOe OIHCAHUE CBO-
JIATCs K OINCAHUIO BCeX TeH30p-byHKIwmiT ajk(uw) n BexTop-bynkumii H;(u).

Onucanne TeH30P-DYHKIMA @) (W) TAETCA B TEPMUHAX PABJIOKEHIS

N
ajr(u) = fOaly) (), (6)
s=1
e HabOp {aﬁ)l(u), s =1+N } COCTABJISIET T. H. UEAbLT PAyuoHasvHull 6a3uc (popM-uHBApUAHT-

HbIX TeH30p-byakumii (eMm. [13]) wm, B apyroii repmunonoruu (cum. [8]), KomuranTOB. DTHM GA3UCHBIM
dbyHKIWIM cooTBeTcTBYeT HAOOD { f (), §=1+N }, KOTODBIit COCTOUT U3 IPOU3BOJILHBIX HEIPEPbIBHBIX
YHKIIN, 3aBUCSIIIX OT Habopa aJredpandecKn He3aBUCUMBIX HHBapraHToB rpymmnsl 3. Takum obpa-
30M, peIleHne yKa3aHHO! BBIIIE 3329l COCTOUT B IMTOCTPOCHHUU IEJIOTO PAIIMOHAILHOIO 0a3mca BMECTe
¢ ompejleJieHreM ero pazMepHocTr N 1 HaxXOXKJIeHnn Habopa He3aBUCUMBIX WHBAPUAHTOB.

Kutace nuddepenimanbabix oneparopos L[], obiamaronmx cBOACTBOM KOBAPUAHTHOCTH, Oy/IeM Ja-
Jlee 0603HATATH TaK Ke, KaK 1 KJIacC COOTBETCTBYIONMX MM CHCTeM ypaBHeHwuil, mocpeacTsoM £ (R3).

B ciiyuae cucreM JIMBEPreHTHOTO THIA C TE€HEPATOPOM 3BOJONMA (4), UX OIUCAHUEe JIAeTCsl B TePMHU-
HaxX Pa3JI0XKEHUS

Ng
Sip(u) =Y g% (w), (7)
s=1

Ha, OCHOBE U020 PAUUOHAALHO20 OA3UCG {SJ(-Z)(U); s=1 +Nd} dbopM-UHBAPUAHTHBIX (DYHKIIHIT, TpEI-
CTABJISIIONIIX TEH30PBI BTOPOTO PaHTa, i cooTBercTByomero mabopa {g(*); s = 1 + N} menpepsBEbIX
QyHKIMIT OT TOTO Ke camMoro Habopa WHBAPUAHTOB. TakuM 06pa30M, OMMCAHNE TAKUX CUCTEM COCTOUT
B ITOCTPOEHUU TIEJIOTO PAIMOHAJILHOTO Oa3muca Jijis TEH30POB BTOPOTO paHra ¢ pasMepHOCTLI0 N.

VYKaykeM pelleHne OMMCAHHOM 3a/1a9i B T. H. c(hepUIecKr CUMMETPUIHOM CJIydae, KOTJIa Habop 0b-
Pa3yIoMnX TEH30PHON aiaredpbl, B paMKax KOTOPON CTPOUTCS TEIbIH pallMOHAIBHBINA 6A3UC, COCTOUT
U3 YHUBEPCAJLHOTO HHBAPUAHTHOTO TEH30pa BTOPOTO panra § — cumBoJia KpoHekepa ¢ KOMIIOHEHTAMU
dir ={1,7 = k;0,j # k} n BekTOpa U, 8 HAOOP HHBAPHAHTOB IIPEJICTABIISICTCH €MHCTBEHHBIM HHBAPU-
anTOM BekTopa 7 = u’. B 3roM ciiyuae Bce jonycrumble BekTop-byukiun Hj(u) natores dbopmylioit
H;(u) = uh(n), e h(-) — npoussosbHas HenpepbiBHast dynKIims Ha Ry = [0, 00).

Ha octoBe ykazaHHBIX BBIITIE 0OPA3YIONINX 9JIEMEHTOB TEH30PHOM AreOpPhI MOKHO MTOCTPOUTH TOJBKO
JINIIL JIBa JIMHEIHO HE3aBUCUMBIX TeH30pa BTOPOT'O0 paHra, KOTOPbIE ABJIAIOTCA MOHOMaMM OTHOCUTEJIbL-
HO OHepaI_U/Iﬁ TEH30PHOI'O YMHOXKEHUA U CBEPTKU, a UMEHHO NX KOMITIOHEHTDBI /Jal0OTCA BbIPpazKEeHUAMU (%k
u ujug, j, k € {1,2,3}, KOTOpBIE IPEACTABISIIOT TEH30PbI BTOPOTO PAHTa I KOTOPbIE COCTABIISIOT IIeJIbLi
pannoHaJbHbI Gasuc st passioxkenus (7). TouHo Tak ke yGexkKaeMcsi, 4TO UMEETCsl TOJIBKO JIHIIb
YeTBIPE JIMHEITHO He3aBUCUMbIX MOHOMA, KOTOPBIE IIPEJICTABIAIOT TEH30PhI TPETHEro PaHTa: 05Uy, ki,
djiuk mujuguy, j,k, 1 € {1,2,3}. Oun cocTaB/sioT 1eIblii parmoHaIbHbIil 6asnuc B pasnoxkennu (6). 3a-
METHUM, YTO HEJOIYCTHUMO KCIIOJb30BaHNE B KAIeCTBE 00PA3yIoiell TeH30pHOi aredpsl cuMBoI JleBu-
YUMBUTHI € jj, TAK KaK OH ABJIAETCS ICEBJOTEH30POM I MOITOMY Ha, €TI0 OCHOBE HEBO3MOXKHO IIOCTPOEHHE
TEH30POB B OTCYTCTBHE AKCHAJIHLHOTO BEKTOPaA Cpen 00Pa3yIoNuX TeH30PHOM aaredbpo.

Takum obpasoM, Mbl nosydaem, uro N = 4 u Ny = 2 u pasunoxenue (6) u (7), cOOTBETCTBEHHO,
IIPUHUMAIOT BU/T

ajr(u) = f(1)5jkuk + f@u; + f(3)5jluk + fDujupy, (8)
Sir(w) = g Wi + g Pujup 9)

¢ menpepeBabvu yukmmsavu f) = fO)(n), s € {1,2,3,4} u ¢ = ¢®)(n), s € {1,2} or enuncrBen-
HOr'O MHBApUAHTA 1) = U2,
Bommmenm cnmcok JmHERHO He3aBHCHMBIX  AudDEepeHINAIbLHBIX  ONEePATOPOB MEPBOrO  HOPSIKA

aﬁ)l(u)vkul, s € {1,2,3,4}, cOOTBETCTBYIOIIUX JIEMEHTAM II€JIOIO palnoHaIbHOro 6asuca. Hymepariust
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QJIEMEHTOB M3 9TOI'O CIITMCKa COOTBETCTBYET yYKa3aHHOMY BBIIIE IIOPAIKY 9JIEMEHTOB baszuca:

(w,Viu), u;j(V,u), (u,V)uj, uj(u,(u,V)u). (10)
CoorBercrBeHHO 00MIUi BUJ ypaBHEHUN 13 Kjacca K] (RS) naercst hopMyJIoit
i = [V (u, Viu) + fOu;(V,u) + £ (u, Vg + fBuj(u, (u, V)u) + ujh, (11)

re KPyIJIbIMU CKOOKaMu 0OO3HAYEHA OIepallisl CKAJIIPHOTO YMHOXKEHUS 3aKJIIOUEHHBIX B HUX BEKTO-
poB. ChopmyaupyeM IMOJIyIeHHBII pe3yJibTaT B BUIE OT/AEJBHOIO YTBEPIKIEHUSI.

Teopema 2. /s mozo wmobv, cucmema (1) k6asurunelinmx ypasrenutl nepeoeo nopadka ¢ onepa-
mopom (2) npunadaesicara xaaccy R1(R3) xosapuarmmwis ypasnenuts dis sexmoprozo noss u(x,t)
na R3, meobrodumo u docmamowno, wmobv, ona umess eud (11) ¢ wosfpuyuenmanu f0™ (u?),
m € {1,2,3,4} u h(u?), npedemasienmvimu nenpepvisrvimu dyrxyuamu na Ry = [0, 00).

B uacrnocrn, u3 (5) u (9) caemyer obuwit Buj| ypaBHEHHIl JUBEPreHTHOIO TUIIA U3 9TOTO KJIACCA.

CaencrBue 1. /lus mozo wmobwv cucmema (1) xeasusunelnux ypasrenuts nepeozo nopadka ¢ one-
pamopom (2) npunadaescanra xaaccy K1(R3) xosapuarmmmiz ypasnenuti daa eexmoprozo noas u(x,t)
na R® u npu omom Gvina cucmemoti dusepzermnozo muna, 1eobrxodumo u 0ocmamouro, wmobv, ona
UMeNa cAedyrUUl 6ud

i; = Vg™ + Vi(gPujup) + ujsh. (12)
¢ xoappuyuenmamu g™ (u?), m € {1,2}, npedcmasaernvimu nenpepusho Juddepernyupyemvimu
dynryusmu, u nenpepuisroti gynxyuet h(u?) na Ry = [0, 00).

Ha ocuose OPMYVJIBL (D JId KO3 NIIMEHTOB aj; u) B CJy4dae, ecjia aBHeHue (1) aBisercs
jkl )
ypaBHEHUEM JUBEPreHTHOI'O THIla, HAXOJIUM

ViSjk = 29(1)’Vjul + 29(2)'ujukul + 9(2)(5jluk + dpru;) Vi,
rJle MITPUX YKA3BIBAET MPOU3BOIHYIO I10 1) U TOITOMY
ajr(w) = 290550 + 290 wjupu; + g (S0up + Spuy).-
CpaBHeHHe 9TOro pasjioxkeHus ¢ (8) jaer ciejyomine CBs3u Mex Ly KoadbduinueHTamu
2(9(1))’ - f(1)7 9(2) - f(2) - f(3)’ 2(9(2))/ - f(4). (13)

B 4acTHOCTH, COBMECTHOCTD Bhipazkennit s f(8) s € {2,3,4}, aBisiercsi KpUTEPHEM TOTO, YTO YDaB-
Henne (1) ¢ oneparopom (2) siBjisieTcsi ypaBHEHUEM JIMBEPIeHTHOTO THIIA.

[IpuBenem mpumep mpocTeiiinero IPUIOKeHUs pe3yJibraTta, chopmyauposantoro B Teopeme 2. [loste
w(x, 1) HA3OBEM YHHMOJIAIBHBIM, €CJIH OHO moaumueno yciaosuio u’(x,t) = u? = const. Cnpasemso
cJieJiyIonee yTBepKIcHUe.

Teopema 3. Jlaa moz2o wmobv, cucmema K6A3UAUHETHVT YPABHEHUT NEPB020 NOPAJKA OAA YHUMO-
danvrozo eexmophozo noaa w(x,t) na R® ¢ onepamopom (2) npunadaesicara xaaccy £1(R3?) xosapu-
AHMHBLT YPasHeHUul, HeobTodumo u AoCMamowHo, YMobv, 0Ha UMEAG UJ

i =y(u, V)u;, veR. (14)
Joxasameavemeo. Tlpn semonmennn yeiosusa u’(x,t) = u? B ypasmenun (11), odeBnmaHbIM 06pa-
s30M, ncuesaror craraembre ¢ koabdummenramn f1) u f@ | seuny tomaects (u,Viu) = Vu?/2,

(u, (u, V)u) = (u, V)u?/2. Janee, upu srom yciosun Bee Kodbdumuenter £, m € {2,3}, u dynx-
st h craHoBsTCs HocTosHEbIMU. Torma, yMHOXKas cKajsspHO obe dactu (14) na uj(x,t) u yunroiBasi,
uro uji; = u?/2 =0 u uj(u, V)u; = (u, V)u?/2 = 0 11 yHUMOJAILHOTO HOJs, MOLyHaeM PaBEHCTEO

FPu(V,u) +u’h = 0. (15)

Tak Kak 9TO PaBEHCTBO JIOJIXKHO BBIIIOJIHSATHCS TOXKIECTBEHHO JIIsl JII060I0 YHUMOJIAIBHOTO 10J1st u(x) €

Ciloc (R3), To moozKmM

u(x) = acos(q,x) + bsin(g, ),
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IJle BEKTOPHI @, b 1 q IPeCTaBIISIIOT TPOWKY B3aWNMHO OPTOIOHAJIBHBIX BEKTOPOB U IMOTYMHEHBI YCJIOBUIO
a?+b% = 2. Torja 970 10JIe YHIMOIAIBHO 1 COICHOUIATIBHO, TO €CTh NMEET MECTO PABEHCTBO (V,u) =
0. Hoxcrasussa nose w(x) B (15), nosmyuaem, uro jgoskao uMerb Mecto h = 0. C 1pyroii cTOpOHBI,
KpOMe TIPUBEIEHHOIO sIBHBIM 0OpPa30M BEKTOPHOTO IIOJIsI, CYIIECTBYIOT YHUMOAJbHBIE OIS, KOTOPHIE
He SIBJISIOTCS] COIEHOMATBHBIMIL I TI09TOMY X HOJCTaHoBKa B (15) mpusomut K pasencrsy f(2) = 0. O

3. Tunep6oJUYHOCTH CHCTeM KBa3UJIMHEHHbIX ypaBHeHmii kyacca R1(R3). Beemem mons-
THe TUIEePOOJIMYECKOll CUCTeMbl KBasWIMHENHbIX ypaBHeHuii (cm. [11, c. 25]). B npumenenun k cu-
creme, omnpejensieMoii ypasaenueM (1) ¢ omeparopoMm (2), 9TO HOHSITHE BBOJUTCS MOCPEJCTBOM CO-
nocrapjieHusl ypaBHeHuto (1) JIMHEPU30BAHHOIO ypPABHEHMsI, KOTOPOMY MOJMUHSIETCSI BEKTOPHOE I10JIe
v(z,t) = (vj(x,t); j=1,2,3) upu buxcanun nous u(x,t):

i) = (Vi + 220 ) .0, e q1.2.9) (16)

Onpepesienne 1. Ypasuenne (1) ¢ omeparopom (2) HasblBaeTcsi IMIEpOOIUIECKUM B 00JIaCTH
{{gu) € Q: Q C R¥xR3}, g = (g5 = 1,2,3) € R® ecau B cooTBercTBYyIONEM eMy ypaBHe-
mnu (16) marpuna J(q,w) ¢ marpuansivu sinementamu (T(q,w)) = Tj(q,w) = qraji(uw) apasgercs
JUArOHAJIM3YeMOil, BCce COOCTBEHHDBIE HHCIA wm = m) (u,q), m = 1,2,3, KOTOPOIi BeIECTBEHHBI.
Vpasnenne (1) nassBaercs rumepbosmaeckum, ecam (2 = R3 x R3.

TakuM 06pa3oM, ycsioBue TUIEepOOJIMYHOCTH ypaBHeHus (1) COCTOUT B BEIeCTBEHHOCTH KOPHETi w(™),
m = 1,2,3, KyOm4ecKoro ypaBHEHU
det(w — T(g,u)) =0 (17)
OTHOCUTEJIBHO W.
BammceiBast ypasaenune (17) B Buze
det(w — qajri(u)) = 0, (18)
HAXOJMM, YTO IIpH JI060M BerecTBeHHOM 1 # 0 u (q,u) € €, st pemenuii w ypapaenus (17) umeer
MeCTO
det(wp — (uq)aju(w)) = p° det(w — gagp(u)) = 0,
TO €CThb Wi SBJISIETCS BEIECTBEHHBIM COOCTBEHHBIM YUCJIOM Jijist MaTpullbl J(ug, u).
Takum o6pazoM, crpaBeIuBa

Teopema 4. Obaacmsv 2unepboruvnocmu ypasherus (1) uneapuanmma 0OMHOCUMENLHO YMHOMHCE-
HUA 8eKmMopa q Ha amoboe wucao p € R.

s oupenenennst yciosuit runepbosmaaocTy ypaBaeHus: (11) onpeesmm COOTBETCTBYIONLYIO €My
marpuity J(q,w). Ha ocnoBanun (8) naxoaum ee MaTpudnsie saeMeHTsl 1j(q, w) = qrajp(u):

Ti(g,u) = fYqu + fPujg + FO 56 + fYeuju, (19)

rjie BBejieHo obosHauenne £ = (g, u). CoorBercrByloniee JnHeapu3oBaHHoe ypaprenue (cM. (16)) s
nosist v(x,t) numeer BU:

v; = Tji(q, w)v, + v;h + 2uj(u,v)l,
le(qa ’LL)’U[ = f(l) (u> vjv) + f(z)uj (va v) + f(3) (u> V)Uj + f(4)uj (u> ('uﬂ V)'v)

B wacrHocTH, Jyist ypaBHeHus jguBeprerTHoro tuna (12) marpuna J(g,w) onpejesnsercs MATPUIHBIMU
3JIeMEHTaMU CJICAYIONEro BUAa

Ti(g,u) = 29 qju; + g2 (€60 + wjqr) + 269D ujuy. (20)
Ha ocnose dopmyuibt (19) Bbramcsimm cobeTBeHHBIE YnCIa MaTpulibl. [IpejcraBum ee B BuJIe CyMMbI
T(q,u) =PI+ P, (21)

rJae MaTpuiia P OolpeJieideTCd MaTPUIHbIMUA dJIEeMEeHTaMn

(P)j1 = Py = fOqu + fPujq + fDeuju. (22)
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IIpu sToM cobersennbie uncaa A™) Marpuib P, KOTOpbIe SBISIOTCH PEITCHUSME ypasuennst det(\ —
P) = 0, cBs13aHbBI ¢ COOCTBEHHBIMH IHCIIAMI w(™) pagercrBom

w™ =\ L er@) e {1,2,3). (23)
Oxuo u3 cobersennbix ncesn A Marpuibl P paBHO Hy0. EMy cooTBeTCTBYeT COOCTBEHHBII BEKTOD
C KOMIIOHEHTAMU EpmnUmdn, | € {1,2,3}, Tak Kak €pmnWlmln = ElmnUmdng = 0, BBULY IOJHOII

AHTUCUMMETPUU CUMBOJIA €. Lorga det P = 0 u mosromy crekrpaibhoe ypasuenue det(A — P) =0
JIJIsE MATPUIBI P IpUHUMAET BUJ,

N X28pP 4 é)\[(Sp P)2 — SpP? =0,

IJle CUMBOJIOM Sp 0OO3HaUeHa OIlepals BBIUUCIEHUs cjena MaTpuibl. CjenoBaTeIbHO, HEHYJIEBBIE
COOCTBEHHBIE YUCJIa MATPHUIILI P OIpPeessiioTcss KaK PelleHns KBaIPATHONO YPaBHEHMSI

N ASPP + L[(SpP)* ~ Sp P = 0. (24)
Tax xax SpP = £(fN) + f@) 4 enf@ u

(P)ji = PiPu = (FVajur + FPujgr + FDujun) (VY apu + fOurg + O ¢upw) =
= qyuisfO (Y + F ) + e fO (P + f )+
tujun(FOFEC [0 PO 4 12 FOE 4 (F9)%€%n) + g f Y P,
rae ¢ = g2, 10
SpP? = 2fW(FO + fOn) + €D (1P + fO)+
+(fOLECH (fO + O FOE 4 (F0)20) + fO e =
= 2fOfEn¢+((F)? + (FD)? + 21D (FD + [+ (F9)*?) =
= 2f O fPn¢+ [(fY + 12 + fOn)? — 27V @) = (SpP)? + 2V F O u, g
¥ II0O3TOMY
S1509% — (309 = /[P u, g,

rJIe UCIIOJIB30BAHO 0O03HAUEHNE BEKTOPHOIO MIPOU3BE/ICHUsT BEKTOPOB [u, q] mapbl BekTopos. CiiemoBa-
TeJIbHO, ypaBHeHue (24) NPUHUMAET BH/I

A= ASpP — fW @y, q)% = 0.

Takum 06pazom, HeHyJIeBble COOCTBEHHBIE YUC/Ia MATPHUILI P j1arorcst hopMysIoit

AT = [l @) (O -+ ) f D) & (@O 4 fO 4 O af O O, g2, (25)

m € {2,3}.
JIist BEIIECTBEHHOCTH COBCTBeHHBIX uncesn w™)| coracHo (23), HeobxoMMa U JIOCTATOUHA BeIlle-
crennocts wncesn A™ . m e {1,2,3}, 9T0 MMeeT MECTO B TOM U TOJIBKO B TOM CJIydae, eCciu

(w, @) (f + f@ 4 fOn)2 4 4f D fOy, q]? > 0.

Jlist Toro 9To6bhl 3TO YCAOBUE BBIIOJIHAIOCH JJI BCEX BEKTOPOB U W ¢, HEOOXOJUMO U JIOCTATOYHO,
arober bynxmmn f1(n) u f@) () ynosrersopsmu yenosmo fO) ()3 () > 0. Heobxommmocts sT0ro
YCJIOBHsI CJIEJIyeT U3 BO3MOXKHOCTH BBIOOPA BEKTOPOB OPTOrOHAJIBLHBIMU JIPYT JPYTY.

Tak Kak OpU HAJIMIMU TPEX PA3JIUIHbIX COOCTBEHHBIX UHCeJ MaTpuia P numaroHaausupyema, TO
marpuna T(g, u) Taxkske amaromammsmpyeMa. Beom ske mveer mecro [u, q] = 0, m6o (M) f2) =0, 1o
HOSIBJISIETCSI BTOPOE HYJIEBOE PeIlleHHe CIIeKTPaabHOro ypasHenusi (24). OHako, HECMOTPsi HA KpaT-
HOCTDH HYJIEBOI'O PENIeHUsI, eMy OTBEYaloT JIBa B3AUMHO OPTOTMOHAJLHBLIX COOCTBEHHBIX BEKTOPA, OJUH
U3 KOTOPBIX PABEH Epmn(mln, & BTOPOH HAXOJUTCA B IJIOCKOCTH BEeKTOpPoB u u q. ClenoBaTesibHO,
U B 9TOM BBIDOXKJICHHOM cjrydae marpuria J (g, w) auaronajusupyeMa BMecte ¢ Marpuieii P.
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Taxum 00pa3oM, MbI JIOKa3aJIU CJIELYIONIEE YTBEPXKIEHNUE.

Teopema 5. 'unepboiuqrocmov xosapuarmmozo ypasruerus (1) ¢ onepamopom L[] 6 gpopme, onpe-
desnsemoti (2) u (8), umeem mecmo mozda u moavko mozda, xozda ) (u?)f@ (u?) > 0.

CaencrBue 2. [lunepbosuunocms kosapuanmmozo ypasnernus (1) ¢ onepamopom L[] dusepeenm-
noeo muna 6 Popme, onpedeasemoti (4) u (9), umeem mecmo mozda u Moavko mozda, Ko20a
[gP (u?)])'g®) (u?) > 0.

Jlokasameavcmeo. JloctaTogHO BOCHOIB30BaThCst popMmysamu cBsizu (13) Mexiy QyHKIusaMuI fm)
u g™ m e {1,2}. O

Sameuyanue 1. YpaBHeHUe ¢ OlEPATOPOM JMBEPIEHTHOrO THUIIA OBbLIO UCCIEJIOBAHO HAMU, ¢ TOYKH
3peHusi TUnepboIMIHOCTH, paHee B [1| Ha OCHOBe JIPyroii TEXHUKH, OJHAKO OCTAJICS HEHMCCJICIOBAH-
ubiM BeIpozaennsii caygait (¢ (u?)]'g® (u?) = 0. Kpome Toro, B 310l paGoTe He pacCMATPUBAJICS
«HCKTIOUnTeNbHBIHy crydait, mpu kKoropom 2[gM) (u?)] + ¢ (u?) = 0. B srom ciayuae, ogeBmHO,
¢ Toukn 3pennst CrrecTBHs 2 ypaBHEHHe He sBistercs rumepGorrdeckny, tak kak (¢ (u?)]' g (u?) =

~lgP(u)]?/2 < 0.

4. 3akJrdeHue. 3ajada, peleHno KOTOPOii MOCBAIIEHa paboTa, UMEET BaykKHOe 3HAUEHHE JIJI Ma-
TemaTnaeckoit puzuku. OHa SBJISIETCS JaCcTHBIM CJIydaeM O0IIell TpobJIeMbl, CBI3aHHON ¢ paspaboTKoit
CbI/ISI/ILIeCKI/I O6OCHOB&HH]:)IX MaTeMaTHYIE€CKUX METO/I0B, HallpaBJIEHHBIX Ha KOHCTPYUWPOBaHUE aJleKBaT-
HbIX 9BOJIIOIMMOHHDBIX ypa.BHeHI/II;,I JJIgl OITMCaHNUA USMEHEHUA CO BpEMEHEM MaKPOCKOIIMYIECKHUX COCTOAHUM
CJIOZKHBIM 00Pa30M yCTPOEHHBIX KOHICHCHPOBAHHBIX CpeJl. Takne ypaBHEHUs JOJIKHBI YAOBIETBOPITH
dbyHIaAMEHTAIBHBIM, ¢ (DU3NYIECKON TOYKM 3PEHUsl, IPUHIIAIIAM CHMMETPUN OTHOCUTE/ILHO IIPOCTPAH-
CTBEHHBIX U BPEMEHHBIX TPAHCJISIUI U OTHOCUTEILHO BPAIEHUN ITPOCTPAHCTBA IIOIPYKEHUsI CPEIb.

B macrosmeit pabore mpeicTaBiieH, IO HallleMy MHEHHUIO, OKOHYATEIbHBI OTBET Ha BOIPOC, Ka-
KHM 00pa30M JOJIXKHO BBIIJISIIETH 9BOJIONNOHHOE YpPaBHEHHE B TOM CJlydae, KOrJa IIOJHOE OIMUCAHUE
MAKPOCKOIIUIECKOI'0 COCTOSIHUS CPEJIbl OCYIIECTBIISIETCsI TIOCPEJCTBOM BEKTOPHOIO TI0JIsi (IIOJISIPHOIO),
HO IIPU 3TOM IIPOU3BEIEHO IpeHebperKeHre IPOTEKAIOMUME B cpelie (PU3MIECKUMU JUCCUIIATABHBIME
rporeccaMu. B 9ToM HampaBeHUN OYeHb BaXKHO IIPOJAOJIKUTH M3y4eHNe KBa3WIMHEHHBIX CUCTEM IIep-
BOI'O IOPSIKA C TOYKU 3PEHUs] MX I'MIEPOOJTUIHOCTH, KOTOPBIE SIBJSIOTCSI KOBAPUAHTHBIMU B CMBICTIE
omnpeJiesieHnsi, JAHHOro B HacTodlel pabore. Ha ciremyromem 1mare BayKHO OINUCATH KJIACC BO3MOXKHBIX
rUAIEepOOIMIECKIX KOBAPUAHTHBIX CHCTEM yPABHEHUN B TOM CJIydae, KOIJa €€ COCTOSTHUE OIMCHIBAETCS
(cBsI3aHHOI) TApPOW BEKTOPHBIX mHoJieil. B gacTHOCTH, ¢ TEOPETHUECKOI TOUKHM 3PEHHsI BaXKHO BbIJe-
JINTH CPEIU STOI0 KJIACCA 3BOJIIOIMOHHBLIX yPaBHEHUN TaKue, KOTOPBIE SIBJIAIOTCS I'aMIJILTOHOBBIMU,
Hanpumep, B cMbiciae pabor [9,10].
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AnnoTtanusd. Ipeacrasiien 0630p pe3yJbTaTOB MO PA3BUTUIO METOA YIVIOBBIX MOTPDAHUYHBIX (DyHK-
Wit JJ1sT HeJIMHEWHBIX ypaBHEeHMI. B mpsMOyroabHMKe pacCMAaTpPHUBAETCS CHHTYJISPHO BO3MYIIIEHHOE

1apaboJIMYEeCKOe yPaBHEHNE ,
é (aQa—u - 8_u> = F(u,x,t,€)
ox? Ot
C KPaeBBIMH yCJOBHUSIMH IepBoro poga. Pymukims [ npeamnonaraercs: HeJUHEHHON 110 IEPEMEHHOHN u.
Haubosee mogpobuo uccieoBan cirydail, KOrJa B YIVIOBBIX TOUKAX HPSMOYTOJIbHUKA QyHKIus F' aB-
JIIeTCsI KBaJIPATHIHON MM KyOU4IecKoil OTHOCUTEIBLHO repeMeHHOi u. Vccieryercss BO3MOXKHOCTD 11O~
CTPOEHHS TIOJTHOTO ACHMIITOTHYECKOTO PA3JIOXKEHUs PellleHns 3ajadu upu € — 0.

Karouesnle ca08a: TOrPAHIUYHBIN CJIOH, ACHMIITOTHYECKOE MPHUOJIMKEHNE, CHHTYJISIPHO BO3MYIIIEHHOE
YpaBHEHHE.

NONLINEAR SINGULARLY PERTURBED PARABOLIC EQUATIONS
WITH BOUNDARY CONDITIONS OF THE FIRST KIND

© 2022 I V. DENISOV

ABSTRACT. This paper is a review of applications of the method of angular boundary functions
to nonlinear equations. We consider the first boundary-value problem for the following singularly
perturbed parabolic equation in a rectangle:
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€ (a 2 E) = F(u,x,t,€),

where the function F' is nonlinear with respect to the variable u. We consider the case where the
function F' is quadratic or cubic in the variable u at the corner points of the rectangle and examine the

possibility of constructing a complete asymptotic expansion of the solution of the problem as € — 0.
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1. Bsegenme. B obmactu Q := {(z,t) |0 <z <1, 0 <t < T} nepemenusix (x,t) paccMaTpuBaeTCst
CHHIYJISIPDHO BO3MYIICHHOE 11apabOJIMIecKoe yPaBHEHIE

0? 0
€ <a2a—;; - (9_2:> = F(u,z,t,e), (z,t) €, (1)
C HAYAJbHBIM YCJIOBUEM
u(z,0,6) = ¢p(z), 0<z<1, (2)
U KPAeBbIME YCJIOBUSIMH TIEPBOTO POJIA
u(0,t,e) =1(t), w(l,t,e) =va(t), 0<t<T. (3)
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30 1. B. JEHCOB

O6macts €2 npejcrasiser coOoit IPSMOYTOIBHUK, €10 IPaHHIA He SIBJISIeTCs [VIaJIKOi KPUBOIT U coziep-
JKUT TaK Ha3blBaeMble YIVIOBble TOUKH. B 3TOM ciIydae JJjisl IOCTPOEHUSI ACUMIITOTHIECKOTO Pa3JIoXKe-
Hust perernst 3ajadn (1)—(3) ucrosb3yercss MeTo| yIJIoBbIX MOIPAHMYHBIX (DYHKIMI, NPe/IOKEeHHBII
B. ®@. Byrysoebim B [1]. duist 3aa4 (1)—(3) 3m0oT MeTO/1 HO3BOJIMI UCCIIE0BATD CIIydail, KOrja (yHKIHs
F sapnsiercst uHeiiHOi oTHOCHTEILHO TIepeMenHoit u (eM. [2]). B mesnmueitnoMm cirydae BO3HUKAIN TPY/I-
HOCTH, CBSI3aHHBIE C PA3PEIINMOCTBIO JuddepeHnnajlbHbIX YPaBHEHNN TOIO XKe THUIIa, 9TO U UCXOIHOEe
HesMHeltHoe ypaBHenue (1). Drux mpobiseM yiaBajoch usberarb npu 3ameHe yciaoBuil (3) Ha KpaeBble
YCJIOBHSI BTOPOI'O pOJia, YTO CHUMAJIO HEOOXOJMMOCTH DACCMOTDEHHUsI HeJIMHEMHBIX I1apabOoImdecKIX
ypaBHEHUIL.

B nesmneiiHOM ciiyuae ucciieoBanue 3aja4 (1)—(3) Buepsble 6bLI10 MIPOBeJeHO B |7], rue npejmoa-
rajoch, 4YTO B YIVIOBBIX TOYKaX IIPSIMOYTOJIbHUKA (DYHKIMS F' sBjIsieTcsl KBaJpaTUIHOX M MOHOTOHHOM
10 1epeMeHHoil u. B npenpiryriem o63ope [6] 6111 pacCMOTPEHbI MOJIEIIbHBIE 3a/[a4i XUMUIECKOH K-
HETUKH, IpuBOJsume K 3aqadam tumna (1)—(3). Jnsg rakux 3ajad ObUIM [IPEICTABICHBI PE3Y/IBTATHL,
nosiyaersble K 2019 rogy.

B npemyaraemoit pabore mpeicTaBieH 0030p Pe3y/IbTaTOB 110 PA3BUTUIO METO/IA YIVIOBBIX HOIDAHUY-
HBIX (DYHKII J1JIsT HeJIMHEHHBIX yPaBHEHNIT, Oy YeHHBIX IPU HccaejoBanny 3a1a4n (1)—(3) B mocie-
Hre JBa rofa (em. [4,5,10]).

2. Pemenue 3agaun. MeTo/1 yIyIOBBIX OTPAHUIHBIX (PYHKITHI [IPE/INOIATAET IIOCTPOEHNE TTPUOJIH-
JKeHHOTo perternst 3aja4n (1)—(3) B Bujle acCUMITOTHYECKOrO DPsijia OTHOCUTEIBHO [apaMerpa € ¢ I[o-
CJIETYIOIIAM JIOKA3aTeIHLCTBOM PABHOMEDHOCTH TaKOTO MpuO/mKeHns npu € — () B 3aMKHYTOM IIPSIMO-

yroyibauKe ). C y4eroM CTPYKTYphl 00aCcTH {2 MCKOMOE MPUOJIMKEHNE COCTABJISIETCST U3 CJIEYFOIINX
qacreil:

u(z,t,e) =u+ (II+ Q + Q) + (P + P¥). (4)

31ech yepe3 U 0bo3HaUEHA (DYHKIHS, Ha3bIBaeMasl PEryJIsipHOM JacThb0 aCUMIITOTUKA. DTa (DyHKITHUSI
[pEJICTABIISIET ACUMITOTHIECKOe pelterne ypasaenus (1) uim pemenne 3axaun (1)—(3) Bo BHyTpeHHei
JacTU MPsIMOYroJibHUKa {2 0e3 yduera HadajbHBIX M KpaeBbix ycjopuit. Ciaaraembre 11, Q u Q* — 310
TaK Ha3bIBAEMbIE TTOIPAHNIHbIE (DYHKIMH, KOTOPBIE TIPU3BAHBI OCYIIECTBUTH TJIAJKUIl MEpexoy oT pe-
I'YJISIPHON 9aCTH ACUMITOTUKU K TPAHUYHBIM yCJIOBHSIM Ha CTOPOHaX nmpsiMoyrosbauka 2. Ciraraembre
P u P* Ha3bIBAIOTCS YIVIOBBIMU MOTPAHUYHBIMU (DYHKIUSMU, UX POJIb 3AK/II0YAETCA B CIUIAKUBAHUN
HEBSI30K, BHOCHMBIX IIOIDAHMYHbIMU (DYHKIUAME BOJIM3U BepinuH npsiMoyrosibHuka 2: (0,0) u (1,0)
COOTBETCTBEHHO.

Mg 3agaqan (1)—(3) mpeosnaraloTcst BbIIOJIHEHHBIMI CJIYIOINUe CTAHIAPTHBIE YCIIOBUSL.

Ycaosue 1. Oyuxuuu F(u,z,t,€), ¢(x), 11 (t) u 1)o(t) aBisoTcst 10CTATOUHO TIAJKUMUA, U B YIJIO-
BBIX TOYKAX IIPSMOYTOJbHUKA §) BLIIOJHSIOTCA YCJIOBUs COIVIACOBAHHOCTH HauaJbHO-KPACBLIX 3Hade-
HWI:

$(0) = ¢1(0), (1) = ¢2(0). (5)

VYcaosue 1II. Boipoxiaennoe ypasuenne F(u,x,t,0) = 0 B 3aMKHYTOM HOPSIMOYTOJIbHUKE () MMeeT
pelienne

u = tg(x,t). (6)

B cnity mesnmneitnoctn byHKInM BEIpoXK/ienHoe ypasaerne F(u, x,t,0) = 0 MOXKeT nMeTh He OJIHO pe-
menne. Hajaraemblie ycIOBUSI KACAIOTCs TOJIBKO OJTHOIO M3 BOBMOXKHBIX PEIIEHNl, KOTOpOoe 0003HATEHO
Kak u = ug(z,1t).

Veaosue 1. Tpomssonmas F (tg(x,t),z,t,0) > 0 B 3aMKHyTOM TPSMOYTOTHLHUKE §).

VYcaoBue I'V. HaugainHas 3amada

dIl
d_o = —F(ug(z,0) + Iy, 2,0,0), >0, Ily(z,0)=¢(z)— 1o(x,0), (7)
=

umeer pemienne 1(z, 7), yaosiaersopsioriee ycaosuio Ig(z, 00) = 0.
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YcaoBue V. [lnsa cucrem

dzl d22 _

- = z2, a2d—y:F(u0(kat)+Zlakat)o)¢ (8)
upsiMble 21 = 144(t) — o (k, t) nepecekaroT cenaparpuchl, BXOJsIME B TOUYKY HOKos (21, 22) = (0,0)
upu y — 0o (31ech t —mapamerp, k = 0 wm 1).

B menmneitrom ciyaae ycioBuit -V oka3bpIiBaeTcs HEIOCTATOYHO JIJIsT TOTO, YTOOBI rapaHTUPOBATH
cymiecTBoBanue pemntenust 3ajadn (1)—(3). ITosromy B gasbHeiinem Gy/yT HAK/Ia/bIBATHCS JIONOJIHU-
TeJbHBIC YCJIOBHs, CBA3aHHbBIC C TUIIOM HEJIMHEHAHOCTH.

Corracno MeTOJy YIVIOBBIX MOIPAHUYHBIX (DYHKIUIT IPH HOCTPOCHUH TIOJIHON ACUMIITOTHKU PENICHUST
HEOOXOMMO MEePeiTH K PACTSHYTHIM ePEMEHHBIM

1—= t
§ = E §* = P ’ T = 6_2 (9)
Kaxas dynkuus B upejcrasiennn (4) crpouTcsi B BUJle aCUMITOTHYECKOTO Psijia [0 CTEIEHSIM €:
(o] (o]
u(z,t,e) = Zekﬁk(a:,t), (x,7,€) Z Tl (z,7), Q(E,t,€) Zeka
k=0 k=0
o o o
Q" (&) =Y FQit), P& 7o) =) P& ), P&, T =:§jekP (3
k=0 k=0 =0

[Tpasast gactb ypaBHenusi (1) B coorBercrBun ¢ (4) 3aMeHsieTcst CyMMOIt
F(u,z,t,e) = F + (IF + QF + Q*F) + (PF + P*F), (10)

riue

F = F(u,,t¢) Zska,
IF = (F(a+11,z,t,e) — F)|,_c2r Za I, F,

QF = (F(,L_L_'_ Qa$at>€) - F)|CC:8§ = ngQkFa

k=0
Q*F = (F(ﬁ"i_Q*axat?E) ‘ff 1-ede = Zak@k

et = Z e*P,F,

t=e2r k=0

r=1— 65 ZEkP]f

t=e2r

PF = (F(u+1I+Q+ P xz,te) —IIF —QF + F)

P'F = (Flu+1+Q*+ P* x,t,e) — IIF — Q*F + F)

B pesynbrare nozgcranosku Beipaxkenuit (4) u (10) B ypasrenue (1) 3aj1ada pacnajaercst Ha 9acTH:
peryJIsipHyto, TPH IIOIPAHCJIONHBIE 1 JiBe yIyIoBble. [locTpoenne peryssipHOil U IIOrPaHCIIOHBIX YacTei
ACHMIITOTHKH IIPEJIOJAracT PAcCCMOTPEHUE OJHOTO (DYHKI[MOHATIBHOIO M TPeX OOBIKHOBEHHBIX Jnd-
bepeHIMAIBbHBIX ypaBHEHNIT COOTBETCTBEHHO. MeTouKa peleHusi TaknxX 3aJad XOpOoIo OTpaboTaHa
(em. [3]).

OCHOBHBIE TPY/IHOCTH JIOCTABJISACT IMOCTPOEHUE YIVIOBBIX IOIPAHUYHBIX GyHKIumiA P n P*, Tak Kak
9TOT IIPOIECC CBSI3aH C PA3PENIMMOCTHIO HEJIMHEHHBIX yPABHEHUI, AHAJIOIMIHBIX HCXOJHOMY YypaBHE-
uuio (1). Bajgaua st onpeenenust ynknun Py(€, 7) craBuTcs B IE€pBOl YeTBEpPTH

RY ={(7)|¢>0, >0}
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IJIOCKOCTH PACTSAHYTBHIX IepeMeHHbIX (£, 7) U MMeeT BH

220 _ O F(1g(0,0) + Ip(0,7) + Qo (&, 0) + Po(€,7),0,0,0)
- — 5 = T T —
852 or 0\Y, 0\Y, 0\S> o\S, 7 ), YUy Uy (11)
_F(,L_LO(O’O)+H0(O’T)>Oa0>0) _F(EO(()?O)+Q0(£a0)a0>0a0)a §>0, 7>0,
PO(OaT) = _HO(()?T)’ Po(g,O) = _QO(gao)a PO(gaT) —0 npu £+T—>OO (12)
st dyukumit Py (€, 7), k > 1, B obactu ]R%_ MIOJTyJAIOTCS JTUHENHDbIE 3a1aTi
0’P, 0P
G~ gy = Fuluo(0.0) +o(0,7) + Qo(&,0) + P& 7). 0,0, 0) P + (13)
Pk(O’T) = _Hk:(O’T)> Pk(gao) = _Qk(gao)a Pk(gaT) — 0 1pm £+7——>OO5 (14)
rJle HEOTHOPOJHOCTH Ay YJIOBJIETBOPSIFOT SKCIIOHEHIIMAIbLHBIM OIleHKAM YOBIBAHUST BUJIA
|hi(§,7)] < Cexp(—k(€ + 7)), (15)
€CJIM TAKOTO K€ BHJIa OIEHKAM YJIOBJIETBOPSIOT dyHKIMH Py, ..., Pr_1. 3nece C' u kK — HEKOTOpbIE

TOJIOYKUTEJILHBIE THCJIA.
Heobxoanmo paspemuTs Tpu OCHOBHBIE ITPOOJIEMBI:

1. Umeer sin 3a1a4a (11), (12) perenne, yJ0BIeTBOPSIONIEe SKCIOHEHIMAILHON OllEHKe yObIBAHUS BU-
ma (15)7

2. Ecim 3agaqa (11), (12) uMeer perenne, yJI0BIETBOPSIONIEe SKCIOHEHIUAIBHOI oreHKe Bujia (15),
To umeror Jiu 3aa4u (13), (14) perienusi, yJ0BI€TBOPSIONINE IOJOOHBIM OIEHKAM !

3. Ecim 3agaun (11)—(14) paspemumel, T. e. ecan psaj (4) MoxKeT OBITH HOCTPOEH, TO MMEET JIH 3a/a-
4a (1)—(3) perenue, st KOTOPOro 3TOT Psiji Oy/I€T ACUMITOTHYECKUM HpUOInzKeHreM 1npu € — 0
B 3aMKHYTOM HPSIMOYTOJIbHHKE ()7

Banmaun juts onpenenenns Gyuknuit P (&, 7), k > 0 craBuTcs aHAJOTHYIHO.

B [7] npu uccaenosanun 3agaqu (11), (12) ¢ momompio MeTosa BePXHAX M HUKHHUX DEIICHUN y/ia-
JIOCH TIOCTPOUTD TOAXOJAITHE OapbepHble (DYHKIIUU U TEM CAMBIM JOKA3aTh Pa3PEITIMOCTD TEPBOi
pobsiembl. Bosiee Toro, mocrpoennbie bapbepHble (DYHKIINNA TAPAHTHPOBAIH OJOKUTEIBHOCTDL KO-
durmenTa

F&(QO(()? O) + HO(O’ T) + QO(& 0) + PO(§7 T)’ 0,0, 0)
upu Py (&, 7), k > 1, B smneiinbix 3amauax (13), (14), uro caumaso Bropyio npobiemy. B 3aseprienne
6bL1a 060CHOBAHA PABHOMEPHOCTD MOCTPOCHHOTO MPUOIMKEHNSA B 3aMKHYTOM IPSMOYTOJILHUKE €).

OJ1HAKO 0KA3aJI0Ch, UTO OlPAHUIEHHSIM, TOCTABJIEHHBIM B pabore [7], yI0BIeTBOPSIOT He Bee KBaIpa-
TUYHBbIE (DYHKIUU. B CBSI3M ¢ 3TUM OOCTOSITEIHLCTBOM HMCCIIEIOBAHUST TI0 KBAIPATUYHON HEJTUHEHHOCTH
6bn IposiosizKeHbl. B [8] Meron 6bL1 pacnpocTpaHeH Ha IPOU3BOJIbHBIE (DYHKIUHU F', SIBJISIFOITHECST
B YIVIOBBIX TOYKAX MPSIMOYTOJbHUKA {2 KBAIPATUYHBIMU OTHOCUTEIHLHO MMEPEMEHHON U HA TIPOMEKYTKE
OT KOPHsI BBIPOXKJICHHOTO YPABHEHUsI JIO IPAHUTHOTO 3HAYECHISI.

JlanbHeiinme UccaeI0BaHUsT TPOBOMIACE TI0 JIBYM HAIPABJICHUSIM:

1. B MOHOTOHHOM CJjIy9ae — O0DOOIIeHe Pe3y/IbTATOB, MOJIYIEHHBIX I KBaIPATHIHLIX (DYHKIIN, Ha
MIPOU3BOJILHYIO HEJIMHEHHOCTD;
2. B HEMOHOTOHHOM CJIyYae — PACCMOTPEHME KBAIPATUIHBIX (DYHKIUN B KAIECTBE MOJIE/IHHDIX.

3. Monorounsbrit cay4ait. B [9] misi npousBoIbHBIX HEJTMHEHHOCTEH ObLIM MOJIyYeHbl Pe3yJibTa-
ThI, AaHAJIOTUIHbIE KBAIPATUIHOMY cJy4aio. JloKa3aTebCTBO CYIIECTBOBAHUS MOJIXOISINETO PEIIeHMST
Hesimneitno 3amaun (11), (12) 6bLI0 TPOBEIEHO METOJOM BEPXHUX U HUXKHUX PEIIeHHH C MCII0JIb30Ba-
HueM OapbepHbIX (DYHKIWI TOTO Ke BUJA, YTO U B KBaApaTudHoM ciydae. OgHako B OOIEM CJIydae
HE YIAJI0Ch JIOKA3aTh BBIMOJHEHIE HEOOXOAUMBIX HEPABEHCTB, 3TH HEPABEHCTBA MPUILIOCH [TOCTYIHPO-
BaTh. KpoMe pacCMOTPEHHBIX paHee KBIPATHIHBIX HEJIMHEHHOCTEH STUM HEPABEHCTBAM YJIOBJIETBOPS-
JII U HEKOTOPBIE JIPyTHe HeJuHeiHbIe (DYHKIMH, 9TO, HECCOMHEHHO, SIBJISJIOCh ITPOJIBUXKEHUEM B UCCJIE-
JioBaruu 00Ieit 3a1aun. TeMm He MeHee, KJIaCC MOJIXOMANINX HEJUHEHHBIX (PYHKINN He ObLI MMOJTHOCTHIO
U3yUeH.
B [10] 6buin paccmoTpenbl Kybudeckue (DyHKIUE CJIELYIONIEro BUIA.
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VYcaosue VI. B ymiosbix Toukax (k,0), k = 0, 1, nupsimoyrosbauka 2 dbyaknus F umeer Bu
F(u,k,0,0) = u® — @, (16)

e yucsa iy = Ug(k,0) mOIOKUTEIbHBI U MOIYT pa3imiarbes B yriaosbix Toukax (0,0) u (1,0). Kpome
9TOrO, rpannyHble 3Hadenus ¢(k,0) > uo(k,0).

JloKa3aHbl CJIeIYIONINE YTBEPKIECHNUS.

Teopema 1. Ecau svnoanenv, yeaosus 1-VI, mo sadaua (11), (12) umeem pewenue Py(&,T), ydo-
BALTNEOPAIOULEE IKCNONENUUAALHOT ouyerke Yyoueanua euda (15).

st nokasarenberBa cymecTBoBanus pentennst 3agadu (11), (12) mcrosb3oBascst METO BEPXHEX
" HIDKHUAX perteHuil nuddepeHmaj bubix ypaBHEeHn, OCHOBAHHBIN Ha pa3permuMocTu auddepeniiu-
aJIbHBIX HepaBeHCTB (cM. [13-15]). DTOT MeTo/| 3aK/II09aeTCs B TOM, 9TO 3a/1a9a

L(Z) =0 B obmactu D, Z = h na rpaunure 0D (17)

UMeeT pellenne Z B IPOMEXKYTKe MeXJy bapbepHbiMu dyHKIusaMu Z_ < Z < Zy, ecau B obstactu D
BBITIOJTHSIFOTCSI HEPABEHCTBA

L(Z) <0, L(Z_)>0, Z_<Z,, (18)
a Ha ee T'paHHIlEe
7. <h<Z,. (19)

Bruio jokaszano, uro B 3aa4e (11), (12) Ha posib GapbepHBIX MOAXOAAT (DYHKIUN

Z_(&7) = —2¢/Tp(0,7)Qo(£,0) u Z (&,7) =0,

U TeM caMbIM ObLIO YCTAHOBJIEHO cyliecTBoBaHue pemtenust Py(€, 7) 3amaun (11), (12) B npomexyTke
MEXKJTy 9TUMU OapbepHBIMU (DYHKITASIMA:

—24/T(0,7)Q0(€,0) < Py(¢,7) < 0.

Tax xak obe Oapbepuble (DYHKIINU VIOBICTBOPSIOT SKCIIOHEHIIMAILHBIM OIEHKAM yOLIBaHUs BU-
1a (15), To Takoro e BHJA OIEHKe yjoBjeTBopsier u perrenne Py(§,7) 3amaqn (11), (12).

Teopema 2. Ecau svinoanenv, yeaosus 1-VI, mo s3adawu (13), (14) umerom pewernua Py(E,T), ydo-
BAEMBOPANOULUE IKCTOHENUUANLHBLM OUeHKaM Yovieanus euda (15).

JlokazaTeibCTBO TEOPEMBI 2 MOJIYIaeTCsl U3 TOr0, UTO MOCTPOEHHBIE OapbepHbIe (PYHKIUU 0DecIIedn-
BAIOT MOJIOXKUTEJTLHOCTb KO3 DUIIUEHTA

FqlL('&O(O?O) + HO(O’T) + QO(& 0) + PO(§7T)’ 070’ 0)

upn Pi(&,7), k > 1, B mmueitnbix 3amadax (13), (14).
Teopemsr 1, 2 nokassiBator, aTo yciaosus [-VI obecrieunsaior dhopMaibHOE TOCTPOCHNE ACHMIITOTH-
YECKOIo Psijia

o
> () + T, 7) + Qu(€,1) + Qi€ 1) + Ph(é, 7) + P(6,7)). (20)
k=0
st 3aBepienns uccsenoBanns 3aga4qu (1)—(3) Tpebyercst 060CHOBAHME MTOJIYICHHON ACHMIITOTHKH
peleHnst. YCTAHOBJICHA CJIC/IYIONIAs TCOPEMA.

Teopema 3. Ecau evnoanenv ycaosus 1-VI, mo das docmamouro marwx € 3adava (1)—(3) umeem
pewenue u(z,t, €), das Komopozo pad (20) asasemes acumnmomuyeckum npedcmasaenuem npu € — 0
6 3AMKHYMOM NPAMOY20svHUKe ).

HokazarenbcrBo TeopeMbl 3 HamboJee IPOCTO MOJIYyYaeTCss METOOM b depeHIIaIbHbIX Hepa-
BeHctTB, npejioxkennsiv H. H. Hedenosbiv (em. [11]).
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4. Hemonoronusrii ciay4vaii. Panee (cum. [4]) 6bur mcciegosan ciaydvait, korna or dynkiun F 1o
[EPEMEHHON U B YIVIOBBIX TOYKAX MPSMOYIOJIbHUKA HE TPEOOBAIOCH MOHOTOHHOCTH Ha IIPOMEKYTKE OT
KOPH$I 1 BBIPOZKJICHHOI'O YPABHEHHsI JIO IPAHUYHOIO 3HAYCHHUs ¢. B HEMOHOTOHHOM Cilydae BepxXHee
u HiKHee perennst 3aadn (11), (12) He ypaeTcs mOCTPOUTH CPasy BO BCEM KBaJ[paHTe Ri B BUJIE
onHoilt rakoit dbyukiwn. IIpuxonures cHadata CTPOUTH TaK HA3BIBACMBIC KYCOYHO IVIaJIKIe GAPbEPHL,
a 3aTeM CIVIa’KUBATh HX.

Onpepenenne 1. Oynkunn Z, (§,7) u Z_ (&, T) HABBIBAIOTCS KYyCOYHO IVIAJKIMI BEPXHUM 1 HUK-
HEUM pereHnsiMu 3aja4u (17), econ

(1) Z.(&,7) m Z_(€,7) HenpepBIBHLI B 3aMKHyTO# obmacti D;
(ii) cymecrByer pasbuenne obsactu D Ha KOHETHOE YHCIIO MTOA00IACTEl, Ha BHY TPEHHOCTH KazK 10M
U3 KOTOPOH BBIIIOJIHSIIOTCsE HepaseHcTBa (18);
(iii) ma rpanune obiactu D BbinosHsIOTCsE HepaBeHeTBa (19).

Eciu npejonokurhb, uro HenauHeiiHast 3agada (11), (12), onpejessiomnast rIaBHbIi WieH yrioBoii
9aCcTh ACUMITOTUKY, pa3perinMa, To B cuty ycaoBus 111 m sKkcroHeHIma/IbHBIX OIEHOK YOBIBAHUS ITPO-
n3BoHAA PYHKIUU F' Ha MOJTHOM HYJIEBOM HPUOIMKEHIN OKA3LIBACTCS FAPAHTHPOBAHHO ITOJIOXKUTE b
HOH B 00J1aCTH BUJA

Qo ={E&7)|&=p, T72p},

e p— HEKOTOPOE IOJIOZKUTEJIbHOEC TUCJIO. B OPUTPaHUYIHbIX ITOJIOCAX
M ={En) 27 0<7<p} u W={E7)[0<E<p, 728}

POU3BOJIHAST MOXKET IPUHUMATH OTPUIATE/IbHbIE 3HAYEHNs, B CBsA3M ¢ YeM 3ajaun (13), (14) ne Bcerma
MOI'YT UMETh PeIllleHHsl, yI0BJIeTBopsionue oneHkam Buja (15). Beegem ciemyroree 1onosHATEIbHOE
yCJIOBUE.

Ycaosue VII. s yraosoit rouku (0,0) npsimoyrosibauka €2 3amada (11), (12) umeer pemienue
Py(&,7) ¢ onenkoit Buza (15), u B upurpanuunbix nojocax 21 u §y obmactn R npoussonnas F), na
MOJTHOM HYJIEBOM HPUO/IMZKEHUN TIPUHUMAET OTPUIATEIbHbIE 3HAYEHUs, HO TIPU STOM

F'(to + o + Qo + Po) = —¢7, (21)

rjie ¢ — HeKoropoe 4unciao Ha npomexytke ¢ € (0,7ma/(2p)). AHamOrmdHOE YCJIOBUE JOJZKHO BBIIOJI-
HSATBCS U Jist yryioBoit Toukn (1,0).

OrmerumM, aro yeaopue VII siBjsiercst ecrecTBEHHBIM OTpaHUYEHHEM PA3pPEIIUMOCTH U DepeHtim-
AJTLHBIX HEPABEHCTB, KOTOPBIE BO3HUKAIOT MPHU JIOKA3ATEBCTBE CYIECTBOBAHUST BEPXHUX W HUKHUX
perieHnit. DTO YCIOBUE AHAJOTUTHO CJIYYAl0 OOBIKHOBEHHBIX JTUMMEPEHINANIBHBIX YPABHEHUH, KOTIa
Pa3penmMMocTh OJ00HBIX 3a/ad cBa3ana ¢ HepaBencrBoM Yambiruna (cm. [12]). Yucso 7a/2 nosy-
JaeTcsl M3-3a HEBO3MOYXKHOCTH HAMTH MOJIOKUTEILHOE MOHOTOHHOE pemienne Hepasencrsa a2y’ + 1y < 0
Ha IPOMEXKYTKe JIMHON Gosibiie, uem 7a/2. Ilpu yeaosun VII Gblia jokaszana ciejyromasi Teopema.

Teopema 4. Ecau svinoanenvs yeaosusa 1-V u VII, mo sadawu (13), (14) umerom pewenus Py(€,T),
YO0BAETNBOPAIOULUE IKCTLOHEHUUAADHBIM OUeHKaM Youearus euda (15).

s nmokasaTeanLCTBa 9TOH TeopeMbl TaKzKe HMPUMEHSIICT METOI BEePXHUX M HUXKHHUX pelneHuil. Ba-
pbepHble dbyHKIWN Jyisi perennii 3aga4 (13), (14) crponsncs oTaenbHO B KaxK /101l u3 Tpex mojobsacreii
Qo, 21 1 9, a 3aTeM 3TU KYCKHU TJIAJIKO CTBIKOBAJIUCH JIPYT C JPYTOM.

Bouio Takzke jlokazaHO cylecTBoBaHue pemnenus 3aadn (1)—(3) 1 paBHOMEPHOCTH IPUOJINIKEHMUST
3TOr0 PEIICHUs C MOMOIILIO TOCTPOCHHOIO aCHMITOTHYICCKOTO PSJIA.

Teopema 5. Ecau evnoanensv yeaosus 1=V u VII, mo das docmamouwno marwx € 3adaua (1)—(3)
umeem pewenue u(z,t,€), daa xKomopozo pad (20) AGAAEMCA ACUMNMOMUYECKUM NPEICTNABAEHUEM
npu € — 0 6 3amrrymom npamoyzorvrure ).

,HOKaSaTeJH:CTBO TEeoOPpEMbI 5 IIoJIydJaeTcCd MeToJaMu, aHaJIOTHIHbIMHA JOKa3aTe/JIbCTBY TCOPEMbI 3.



HEJIMHENHBIE CUHTYIAPHO BO3MYIIEHHLIE [TAPABOJIMYECKUE YPABHEHUA 35

B pabore [5] uccienoBanne HEMOHOTOHHOTO CJiydasi ObLIO MPOOsKeHo. OCHOBHOE BHUMAaHUE ObLIO
Y/IeJIeHO UCCIIe/IoOBaHmIo HesmHeiiHoi 3ama4n (11), (12), cyriecTBoBaHie MOAXO/AINIErO PEIIeHUs] KOTO-
poii paHee MOCTYIMPOBAJIOCh. B KadecTBe MOJIE/IbHOI Oblita paccMoTpeHa (byHKIUU F | KoTopast B yIJI0-
BbBIX TOYKaX HpHMoyFO.HI)HI/IKa ABJIAETCA KBaﬂpaTHqHOﬁ 1 HEMOHOTOHHOII OTHOCUTEJIBHO HepeMeHHOﬁ u
Ha MIPOMEXKYTKE OT KOPHSI BBIPOKIEHHOTO YPaBHEHUS JO TPAHUIHOrO 3uadeHus. Vcciaenosanmne ObL1o
MTPOBEJIEHO TIPHU CJIEIYIOIEM JIOIOJHATEIHFHOM YCJIOBHH.

VYcaosue VIIIL. B yriosbix Toukax (k,0), k = 0,1, upsimoyrosnbuuka € dyuxius F umeer Bu
F(u>k>0a0) = —A(u—ﬂo)(u—ﬁ), Up :’L_LO(/{?,O),

rie yncsia A = A(k) — nosoxkuresbHbl, a rpaHnuHble 3HaYeHust ¢ = ¢(k) u yucna = B(k) yaosie-
TBODPSIIOT HEPABEHCTBAM
g + 8

5 <0 <B. (22)

Uy <
Bblﬂa JOKa3aHa CJIEJYIOIlasl TeopeMa.

Teopema 6. Ecau svinoanensv yeaosus 1=V u VIII, mo zadana (11), (12) umeem pewenue Py(&, T),
ydosaemeoparousee IKCNOHENYUAbHOT oyenke yoveanus euda (15).

[Tpu joKa3aTesIbCTBE UCIOIB30BAIACH CXeMa, Ipe/JIozKeHHas B [4]: obiactb ]R?F ObL1a pasbuTa Ha
Tpu noxobtactu 2y, 21 1 s U B KaXKJA0W U3 HUX CTPOWJIMCH CBOU BEPXHUE U HUXKHUE DEIeHMUSI.
B obstactu €2y 6aprepHble DYHKIUNA OBLIN MOJIYIEHBI B BUJIE

P:(§,7) = £rexp(—r(§ + 7)),

IIEe T U K — HEKOTOPLIE IOJIOXKUTE/IbHBIE YUC/IA.
B obsiactu €21 GapbepHble PYHKIINN MOJIYIEHBI B BUJIE

Py (&) = £h(7) exp(—K¢),

a B obstactu {29 — B CUMMETPUIHOM BHUJIE

Py (&) = £h(£) exp(—rT),

rJie kK — JOCTATOYHO MaJible ToJIoKuTe IbHbIe uncia. Pyukims h(x) na npomexyrke x € [0, p| BoiOupa-
JIaCh C YYETOM BBIIIOJIHEHUS YCJIOBUM

h(z) >0, h(p)=rexp(—kp), h'(x)>0, h"(z)<0. (23)

HecmoTrpst Ha cHMMETPUYIHOCTH GaphbepHBIX (DyHKIMHA B obacTax 21 u o, OHU MOTYUYATUCH U3 Pe-
IMEeHNsT HECUMMETPUYHBIX 38/1a4, B CBSI3U C YeM JIOKA3aTeIbLCTBO MOTPEOOBAJIO TPUMEHEHUST PA3JIMIHBIX
METOJIOB.

[Tocrpoennbie B obmactsx 2y, 1 u Qo miagrue Kycku 6apbepHbIX (DYHKIWMIE ¢ yaeTom yesosuii (21)
HEIPEPBIBHO, HO HE DJIAJKO CTBIKYIOTCS MEXKJIy CoDOil Ha obmux dacTax rpanwul mogobiacteii. Cy-
[IeCTByeT obIasi TeopHs CIVIAYKUBAaHUS BEPXHUX KyCOYHO Tiajkux pertenuit (cm. [14]). Dra reopust
[IPUMEHSIETCsI, KOIJIa IJIaJIKOCTh (DYHKIMK HApYIIaeTcs Ha TJIAJIKOM JUHUU. KpoMe 9Toro, mpu mpoxoxK-
JIEHUN 4Yepe3 3Ty JIMHUIO 110 HOPMAJId ITPOM3BOIHAST KYCOUHO TVIAJIKOTO PEIeHUs] He JOJKHA, UCITBITHI-
BaThb TOJOXKUTENLHOTO cKadka. Pyukims P mocTpoeHa MMEHHO TaKUM 00Pa30M: MPHU MTPOXOKICHUN
110 HOpMAJIA 4Yepe3 olIue rpaulbl obaacreil 2y, 21 u (g IpousBojiHas UCHLITHIBAET OTPUIATEILHDIIM
CKavOK.

O/ tHaKO B HAIIEM CJIydae TPaHUIA He SIBJISIETCS TJIAJIKO JIMHUEH, & COCTOUT U3 TPeX IVIaJKUX KYCKOB,
CXOJISIIIUXCST B TOUKe (p, p):

Too={¢& ) E=p, T=p}, Toa={¢E1)|E=p, 72p}, To={¢)|{=1 0<7<p}.

N3-3a 31010 criaxkuBanne 6apbepHBIX (DYHKIINN ITPOBOJUTCS «BpyUuHYy0». CHava a paccMaTpUBAIOTCS
Jymann I'gp u Ty, KoTopble sBisiorcs rpanuneil obiacru g ¢ obnactamu 27 u Q. Ilponece criaxu-
BaHUsA «COPACBIBAET» HEIVIAJIKOCTH OAPBEPHDLIX (PYHKIUH C 9TUX JIMHUN HA OTPE30K OMCCEKTPHUCHI

Féz{(£>7)|£:7—? p<7—<p+5}a
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SIBJISTFOIIIUATCS [TPOIOJIKeHneM JuHUU 119, B obmacts Q. IlosoxkurensHOEe YUCIO § OIpPese/IsieTcs Be-
JIMIUHON JII0pTA: MOCTPOEHHBIE (PYHKITUU IPUTOIHBI B KadecTBe OapbepHBIX B 00/IACTIX HECKOJIBKO
bosbmux, geM (g, 21 u {lo COOTBETCTBEHHO.

ObecrieunBasl IJ1aJIKOCTh MOIUMDUIIMPOBAHHBIX OaphepHBIX (GYHKIMN Ha JuHUAX g1 1 [go, MBI He

3a0bIBaeM 00ECIEYNTh OTPUIATEILHOCTD CKAYKA IIPOM3BOAHBIX 3TUX (DYHKIWH IIPHU IPOXOXKJICHUU I10
HOPMAaJIM 9€pe3 JIUHUIO ['g. DTO 1aeT BOZMOKHOCTH IPUMEHUTH OOILYIO TEOPUIO CIIAKUBAHUA HA JINHUH
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ITOBE/JIEHUE BBJIN3U 'PAHUIIBLI PEIIIEHUS

3AJTAYN JUPUXJIE OJ1d YPABHEHUY TEIIJIOIIPOBOJHOCTH

B OBJIACTHU C BOKOBOW 'PAHUIIEN, YIOBJIETBOPSAIOIIIEN
YCJIOBUIO TEJBJEPA C IIOKA3ATEJIEM MEHBIIIE 1/2

© 2022r. A. H. KOHEHKOB

AHHOTALUA. st ypaBHEHUS TENJIONPOBOIHOCTU C OJHOW MPOCTPAHCTBEHHON MMEPEMEHHON pPaccMar-
PUBAIOTCSI PeIleHUs] TIEPBOil KpaeBoil 3a1adyu B 0biacTu ¢ GOKOBOI T'paHUIlEil, UMEIIeil MOJAETbHY O
0CODEHHOCTD: KpUBasi, 33/1a0Mast OOKOBYIO TPAHUILY, [VIAIKAsI, 38 UCKJIIOYEHNEM OHOW TOYKW, M IPHU-
HaJUIeXKUT Kiaccy Lénpuepa ¢ mokasareneMm mensbine 1/2. Ilpu yciaoBum, 9TO pelieHne MOJIOXKUTEIBLHO
B HEKOTOPOI OKPECTHOCTH OCODOM TOYKHU M PABHO HYJIIO Ha GOKOBOIl IPAHUIIE B 3TOW OKPECTHOCTH, yCTa-
HaBJIMBAETCs, YTO TEPBasi MPOMU3BOIHAS PEIEHNs HEOTPAHUIEHHO PACTET MPU MPUOJINAKEHUN K 0COOOM
TOYKE.

Katouesvle caoa: ypaBHEHME TEIIOIPOBOIHOCTH, IEpBasi KpaeBas 3aJiada, Hervia[kasi O0KoBas rpa-
HUIA, METOJ HapbepOB.

BOUNDARY BEHAVIOR OF SOLUTIONS
TO THE DIRICHLET PROBLEM FOR THE HEAT EQUATION
IN A DOMAIN WHOSE LATERAL BOUNDARY SATISFIES
THE HOLDER CONDITION WITH EXPONENT LESS THAN 1/2

© 2022 A. N. KONENKOV

ABSTRACT. For the heat equation with one space variable, we examine solutions of the first boundary-
value problem in a domain whose lateral boundary possesses a model singularity, namely, the curve
describing the lateral boundary is smooth everywhere except for one point and belongs to the Hélder
class with exponent less than 1/2. We prove that if a solution is positive in some neighborhood of the
singular point and vanishes on the lateral boundary in this neighborhood, then the first derivative of
this solution unboundedly increases in any neighbourhood of the singular point.

Keywords and phrases: heat equation, first boundary-value problem, nonsmooth lateral boundary,
barrier method.
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[CiajikocTu perrenuii napaboImIecKuX KpaeBbixX 3a/a4d B 00JIaCTH ¢ TJIaJKOMN, 38 UCKJIIOUEHHEM OJHOM
ToukM, GOKOBOI rpanurieil nocesieno muoro padbotr. U. I'. Tlerposekuit [3| qyist ypaBHeHus Ternomnpo-
BOJIHOCTH PACCMOTPEJ HEIMIUHIPUIECKYIO 00JIaCTh U HOJIY YU HEOOXOJIUMBIE W JIOCTATOUYHDIE YCIOBUS
Ha MOPSJIOK KaCaHUsl MPAHMYIHON MOBEPXHOCTH IJIOCKOCTBIO ¢ = 0 JIjIsi pa3peImuMOoCcTy epBoii KpaeBoii
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YECKUME TOYKAMU (CM. [2| U UTHUPOBAHHYIO TAM JINTEPATYPY ).
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B [1] aust mapabosinueckoro ypaBHEHUsI ¢ OJHOI IPOCTPAHCTBEHHOl [IePEMEHHON PacCMaTPUBAIOTCSI
pazauunble 00JIacTH, Ha TPAHUIE KOTOPBIX €CTh TOYKA, B KOTOPOW OOKOBas I'DAHMIIA KACAETCS XapaK-
tepuctuku t = 0. [Ipu 3TO0M 06/1aCTH JIEXKUT IO pa3Hble CTOPOHBI OT 3TOM Hpsmoii. Mccaenosana rirai-
KOCTb perennii. B 4acTHOCTH, BBINMMCAH TVIABHBIN YJI€H ACUMITOTUKH PeIeHus BOJIM3U 0CO00M TOUKH.
Bokosas rpanunma B6u3n 0coboil Touku npuHaexkasa Kiaccy [énpnepa C 12 B HacTodIIel pabore
pellleHnsT ypaBHEHUsT TEIJIOIPOBOIHOCTH MCCJIEAYIOTCS B 00JIACTH C MEHee IVIa KO OOKOBOI I'paHMIei,
UMeIoIIel MOJIeIbHY 0 0cobeHHOCTD u3 Kiaacca [énbaepa C%, rie a € (0,1/2). A umenHo paccmaTpuBa-
eTcs mepBasi Kpaesasi 3ajia4a B obsiactu ), Kotopasi B HeKoTopoit okpecrHoctu Touku (0, 1) 3amaercs
HepaBeHCTBOM x > |1 — ¢|*. Perienne mosiaraercst COXpaHsIIOIUM 3HAK B HEKOTOPOil OKPECTHOCTU OCO-
00if TOYKH I'PaHUIILI U PABHLIM HYJIIO Ha rpaHuie. Mbl HOKa3bIBAEM, YTO IPHU ITUX YCIOBUIX PEIIEHHE
HE MOYKET MUMETh OTPAHUYEHHON B 00JIACTU IMPOU3BOIHON IEPBOIO MOPSIKA [0 MPOCTPAHCTBEHHON ITe-
PEMEHHOI. DTO BBITEKAET U3 [TOJIyIaeMOl CTEIeHHON OIeHKN CHU3Y Ha POCT IPOU3BOJIHON Ha T'PAHUIE
obJracTu.

Teopema 1. Ilycmo gynryus u € C’itl (Q)NC(Q) ydosaemeopaem ypasheruro menaonpocodHocmu
Ut — Uze = 0 6 Q u 68 nexomopotii oxpecmmocmu mowku (1,0) nosootcumenvra 6 0 u pasha nya0 Ha
6okos0t epanuye. Tozda cywecmeyem wucao € > 0 u konemanma C > 0 makue, wmo dasat € (1—e, 1)
CNPABEIAUBE OUCHKA,

Ugly = C(1 — )12, (1)

Joxasameavcmeo. Pactipsimum GOKOBYIO IpaHuIly 06IacTH ¢ MOMOIIBIO 3aMEHBI IIEPEMEHHBIX (T,t) —
(x 4+ |1 —¢]*,t). IIpn sTom obacts B okpecrrocT Touku (0, 1) mepexonnT B 0671aCTh, 3a/1aBAEMYIO
HepaBeHCTBOM z > 0, a ypaBHEHHE TEIJIOIPOBO/IHOCTH B

Lu = u; — %um —a(l - t)o‘_lux =0.

Pacemorpum npsimoyronsauk Qe 5 = (0,€) X (1 —4,1), 0 < £, < 1. Tpebyewmblii pesyabrar nMeer
JIOKaJIbHBII XapakTep. JlocTaTouHo 10Ka3aTh OUEHKY U3 YTBEPKICHNs TEOPEMbI B 06J1aCTH TAKOTO BUIA
JIUIl HEKOTOPBIX €, > 0.

Tak Kak QyHKIMS U ABISETCA IVIAJAKON 1pu ¢ < 1 M MOJOXKUTENLHO B JTOCTATOYHO MaJioii obaacTu
Q:.5, TO U YIOBJIETBOPSIET CJICYIOMIM HEPABEHCTBAM

Ciz < u(z,1—90) < Cor, (2)

JJIsI HeKOTOPBIX nocrosHubix C; > 0.

O6osnaumm uepes PQ). s mapabommdeckyio rpanniy . s. IlycTs v — npyroe pemenme ypaBHeHmS
TEIJIOMPOBOIHOCTH ¢ TAKUMU »Ke cBolicTBamu. Torma moxkHO momobpars Ki, Ko > 0 Tak, uto Kiv <
u < Kov ma PQ) 5 1, B CIIy IPHHIUIIA MaKCUMyMa, B Q¢ 5.

Ecmm ke dynknus v yaosrersopsgeT nepasenctsy Lv < 0, To Kjv < u B Qo5 1

u($a t) — ’LL(I', O)

t t
uz(0,t) = lim = lim u(@;t) > K; lim V(@) = Kqv.(0,t).
rz—0+ T r—0+ T rz—0+ €T

Jlist nokazaTe/beTBa yTBEPIKIEHHsI TEOPEMbI BOCIIONB3YeMCsl MeTO/I0M 6apbepoB. [locrpoum dbyHK-
o v ¢ acuMmurorukoii (1) y npoussoguoit v, (0,1).

O6osnaunm gepes Z(z,t) = (4mt)~ Y2 exp{—x?/4t} dbyHsaMmenTasbHOE PelICHEE yPABHEHHS TEILIO-
nposoauocTy u s bynxmun () = |z|>* sign x pacemorpum norenmuan ITyaccona

oo

v(a,) = / Z(x — 1 - ty(y)dy.

—0o0
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Tak kak ¢ neverna, 1o v(0,t) = 0uv(z,t) > 0 upu 2 > 0. [Ipoussonnas v, npu x = 0 BLIMUCHIBAETCSA
ABHO!

x a+1/2 a _ pa—1/2
w0 = [ Zo(y.1 — Dy)dy = 2L *j%“ bl

7 MMeeT HYKHYIO acCUMITOTHKY npu t — 1 — 0.
Tak Kak vy = —Ugg, OCTAJIOCH JIOKA3aTh HEpaBeHCTBO Lv = —2v,, — a1l — )% tu, < 0.
O6ozHaunMm 7 = 1 — t U MOJIOKUM

o
w(z,T) = / Z(x —y, 7)Y (y)dy.
—00
Torna Lv = —2wg, — a7 tw,. 3Hax IIPOU3BO/IHBIX B IPaBOil YacTu He MeHsieTcs npu x > 0:
o0
wile,r) = [ 2@y )y >0,

—00
o

weale,) = [[(2(a = 9.7) = 2w+ yor))0 )y <0
0

[okazkeM, 910 a7 1w, > |wyy|.

Paccmorpum apa ciryuas. Cragara myers @ < 772, Tak kak (k) = k2*(x), k > 0, 1o w(z, ) =
k=20w(kx, k27) m wy(z, 7) = k2w, (kx, k*7). Honoxus k = /2, momyunm

we(z,7) = 797V 2w, (27712 1)

Ta71/2 Ta71/2

min wy(y,1) =C

wy(x,7) = onin,

s 0 < ¢ < 772 < 1. Takum ke 06pas’oM, HCIOIL3YsI PABEHCTBO Wap (2, 7) = K220, (kx, k27),
HOJTy 9aeM

W (2, 7)] < 707 Joax, wea(y, 1) = CT*7 L.

OObeuHsISI 3TU ONEHKH, 3aK/IF0YaeM, UTO JJIsT JOCTATOYHO MaJbix 7 > ()
Lo = —ar® Yy — wey < —Ch7 17012 4 Oyro—l = C’ﬁ'o‘*l(—TO‘*l/2 +C5) <0.

Tenepb paccMoTpuM ciydail, Korma @ > 75/2. Usyunm cuagana nosenenne dbyukimn w npu ¢ = 1.
ITokazkem, 9TO

w(r,1) = 2** + O0(z* 1), 2 — +oo.

Nnmeem:
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ITOCKOJIBKY
3z/2

o0
[ 25000 - v@) — @)@ - udn| < 310 a2 [ 2=y 1) - oy =
2/2 e
31eCh MBI BOCIIOJIB30BAJIICH YeTHOCTHIO (DYHIIAMEHTATIBHOIO PEIeHNUs 110 & U MOHOTOHHOCTHIO (byHKIIN
" pu x > 0. TouHO Tak Ke BBIBOJATCS ACUMITOTHIECKHE (DOPMYJIBI
we(z,1) = 202?71 4 O(22272), x — +00,
Wee(r,1) = 2020 — 1)2%*72 + O(2®*73), = — +o0.

(3)

U3 nosozkurenbroctn wy(z, 1) npu > 0 u (3) caemyer, uro cymecrsyer nocrosianas C > 0 takast,

9TO
wy(z,1) > Cx® ! 2> 1.
U3 pasencrsa w,(x,7) = k' 2w, (kz, k*7) npu k = 7~1/2 nonyuaewm, aro
wx(x,t) _ Ta71/2wx($7_71/2’ 1) > CTa71/2($7_71/2)2a71 _ CxZafl‘
U3 (3) umeem:
|Wee(x, )| < Cz?72,
st mocrarouno majoro 7 > 0
Lv = —ar® twy — wyy < —Cra? 1707 4 Cya?e72 =
= C1?* 2 (=P (7712 + C5) < Cra®* P (-T2 4 Cy) <0

Takum obpazom, bapbepHast (GyHKIUS v 0bJaJaeT BCeMH TPEOYEeMBIMHU CBOMCTBAMHU B HEKOTOPOM
IpAMOYTOIbLHUKE ()¢ 5.
Teopema JloKazaHa. ]
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QODPEKT 3AITASJABIBAHNA N S9KOHOMMNYECKUE IMNKJIBI

©2022r. [d. A. KVJIUKOB

AHHOTALUA. B pabore m3ydaercss MareMaTudecKasi MOJEb MAKPOIKOHOMUKI, U3BECTHASI MO HA3Ba-
HUEM <«CIIPOC-TIPEJIOKEHUE» MIIA «MOJIE/Ib PhIHKay. KitaccniecKuit BaApUaHT 9TOM MOIE/IN HE MMEET ITUK-
soB. Ilokazano, 9TO BBe/eHME 3aMa3/bIBAHUS IPUBOANT K BO3MOXKHOCTU TIOSIBJIEHUSI B COOTBETCTBYIO-
meM HeJInHeHOM quddepeHnaIbHOM yPaBHEHUN TEPUOIMIECKUAX PEIIEHN, B TOM YUCJIe yCTORINBbIX.
Haiinena MunnMasibHasT BeIMIMHA 3a11a3/IbIBAHNS, TPEBBINIEHNE KOTOPOI MOXKET MPUBECTHA K BOZHUKHO-
BeHHUIO MUKJIOB. [Ipu anamm3e coorBeTcTByIOMEro AuddOEPEHITNATHLHOTO YPABHEHNUS C OTKJIOHSIOITUMCS
apryMeHTOM HCIIOJIb30BAHbI METO/Ibl TEOPUU JUHAMHYECKUX CUCTEM C OECKOHEYHOMEDPHBIM IPOCTPAH-
CTBOM HadaJbHBIX yciaoBuil. [lomydensr acumnroTrdeckne GOPMYJIbL JJIsI HAWIEHHBIX MEPUOTUIECKUX
pemeHnii.

Katouesbie €A08aG: MOJIEIb «CIPOC-IIPEJJIOKEHNE, 3alla3/IbIBAHNe, YCTOMYMBOCTb, OudypKamms,
ACUMIITOTHKA.

DELAY EFFECT AND BUSINESS CYCLES

© 2022 D. A. KULIKOV

ABSTRACT. In this paper, we study a mathematical model of macroeconomics known as “demand-
supply” or “market model.” The classical version of this model has no cycles. We show that the
introduction of a delay may lead to the appearance of periodic solutions, including stable solutions, and
find the minimum value of such a delay. Our analysis is based on methods of the theory of dynamical
systems with infinite-dimensional spaces of initial conditions. For periodic solutions detected, we obtain
asymptotic formulas.

Keywords and phrases: model “supply-demand”, delay, stability, bifurcation, asymptotics.
AMS Subject Classification: 34K18, 37G05, 37N40

1. Bsenenwme. OjHoii n3 HanboJiee N3BECTHBIX MOJIEJIEl MAKPOIKOHOMUKH CJIEIYET CIUTATH MOJIEb,
M3BECTHYIO 10JI HA3BAHMEM <«MOJIeJIb DbIHKa» (pbIHKa «ojHOro ToBapar) [9,18,19]. Muaue sty Mo-
JIeJIb IIPUHSITO HA3BIBATH <«CIIPOC-TIPEJIOKEHNE. B OCHOBE MOIe/N PHIHKA JIE?KUT 3aKOH Cas1, COrJIaCHO
KOTOPOMY IIPEJJIOZKEHUE ToBapa cozjaer cipoc. lIpuBeseM 5Ty MaTeMaTHYeCKyl MOJe/ib B dopMe,
KOTOPYIO MPUBOMAAT B JINTEPATYPE, MOCBAIIEHHON MaTeMATHYECKOMY MOJIEJIMPOBAHUIO B MAKPOIKOHO-
muke [9,18,19]. Pacemorpum muddepenimaibHoe ypaBHeHUE

p=D(p) — S(p). (1)
Baecs p = p(t) —uena, D(p) — dyukius, xapakrepusyolmasi crupoc, S(p) — IpejjioKenne ToBapa Ha
poitke. [Ipu srom cunraror, 4To 51H QyHKIMU 00JIAI0T cieyonmMu ceoiictBamu (cM. [9,18,19)):

(i) obe stu dbyukuu onpeesnenst npu p € (0,00) U JOCTATOUHO IVIAJKO 3ABUCAT OT P;
i) mpu Bcex p € (0,00) cnpaseymebl HepasercTBa D(p) > 0, S(p) > 0, D'(p) < 0, S’(p) > 0;
(iii) lim D(p) = oo, lim D(p) = 0;
p—00
)

p—0+
(iv pl_lglJrS(p) =0, pll)rgo S(p) = S0 (Seo € R mimn Sop = 00).

ISSN 2782-4438 (© BUHUTU PAH, 2022
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3ameuanue 1. [Ipuemiem BapumanT, Korjga oOjHa u3 3TUX (PYHKIUNA wian obe OIpee/leHbl IpU
p € [0,00). Torma obbrano cumrator, uro D(0) = Dy, riae Dy — moctarodso GoJbiias M0JI0KUTE b
Has nocrosinHast, a S(0) = 0.

ITo/raepKHEM, ITO C IKOHOMHUIECKO TOUKHI 3PEHNUS BCE ITU HPEJIIOIOKEHIS JIOCTATOYHO €CTECTBEHHDI
U XapaKTEepPHbI JJIsi MOJIEJIN «CIPOC-TIPE/IOKEHNEe». BIIOJIHE HOPMAJIbHO, YTO CIPOC HA TOBAD IaJ@aeT
IpU POCTE Ha HEro IEHBbI M, HAIPOTHUB, [PEJJIOXKEHHE PACTET NP yBEIMICHHN CTOUMOCTH TOBapA.
IIpn ouensb GOJIBINON II€HE CHPOC Ha TOBAp Oy/IET NMpeJebHO Masl M JOCTATOYHO BEJIMK, €CJIU IeHa
ouens Masa. [lousrro, aro S(0) = 0 (limp_0 S(p) = 0), Tak Kak HPH <«HYJIEBOW» IEHE MIPEIIOKEHIE
TOBapa ¢ SKOHOMHYECKON TOYKH 3PEHHsI HEIeJIeCO00PA3HO.

Pacemorpum dyukuuio F(p) = D(p) — S(p). U3 csoiicts (i)—(iv) dyrkuunit D(p) u S(p) BbITekaer,
9TO JIJIsl Hee BBIIOJIHEHBI CJIe/IyIolue CBOCTBA:

(i) mpegedn liH(l) F(p) paBeH 0o WM JIOCTATOYHO GOJIBINON TIOJOKHUTEIbHOI KOHCTAHTE;
p—

(ii) mpemen lim F(p) paBeH —00 MM JOCTATOMHO OOJIBIIOI 110 AOCOJIIOTHO BEJIMUNHE OTPUIATEb-
PpP—00

HOHI ITOCTOAHHOM;

(iii) F'(p) < 0 upu Beex p € (0,00).

CrenoBaresibHo, ypasaerue F(p) = 0 uMeeT OiUH OJIOXKUTEJbHBI KOPeHb p = pg. B 4acrHOCTH,
a; = F'(pg) < 0. Ilpu p € (po,o0) cupasemmBo mepasencrso F(p) < 0. Kpome Toro, F(p) > 0,
eciu p € (0,pg). ITosromy Bee perenusi, y KoTopbix HauajabHoe yciaosue p(0) € (0,pg) MOHOTOHHO
Bospacraor (p’ = F(p)) u, manporus, pemenns p(t) MmoroToHHO yObIBaIoT, ecu p(0) € (pg, 00).

U3 3Tux 3amedaHnii BBITEKAET, 9TO cocTosiame pasHoBecus: py (F'(pg) < 0) acuMmrornueckn ycToi-
9MBO 1 00JIACTD IPUTsIZKeHHsI pejicTaBiisieT coboii Bee p(0) > 0. CiieoBaresbHO, Ciiejiyst TEpPMUHOIOT N
MoHorpaduu |2, ¢. 248|, MOXKHO yTBEPXK/IATh, UTO COCTOsIHIE PaBHOBecHsl ypaBHeHus (1) acumirroruye-
CKHU YCTOWYHMBO B I1eJIOM (TJI00aIbHO ACUMITOTUYECKH YCTONYUBO U P = Py €JIMHCTBEHHBIN aTTPaKTOP
Juist periennii uddepennuagsbHoro ypasuenus (1) ¢ MOJOXKUTEIbHBIME HAYATBHBIME YCJIOBUSIMHA ).
DTu 3aMedaHus MO3BOJISIIOT, B YaCTHOCTHU, CJEJIaTh BBIBOJ O TOM, 4TO ypasHenue (1) He MOXKeT umerhb
IPEJIENIbHBIX IUKJIOB, Ji7Ist KOTOphix p(t) > 0 (p(t) > 0) nupu Beex t.

Bumecre ¢ TeM, 118 MAKPOSKOHOMUYECKUX IIPOLECCOB B yCJIOBUAX PHIHOYHOI SKOHOMHUKH XapaKTEpHA
IUKJIMYHOCTD, KOIJA IIONbEMbl SKOHOMUYIECKOH aKTUBHOCTH CMEHSIOT CIaipbl. TakuM o0pa3oM Tpaiu-
[MOHHBIN BAPDUAHT MOJIEJIU «CIPOC-TIPEJITIOZKEeHNEe» (MOJIE/Ib PHIHKA B JIPYTUX TEPMUHAX ) HE HOJHOCTHIO
aJIeKBATCH 3KOHOMMYECKON JUHAMHUKE U TaKas MOLEJIb JOJKHA ObITh CKOPPEKTUPOBAHA WA 3aMEHe-
Ha Ha UHBIE 6oJlee COleprKaTe/bHbIE. B 9acTHOCTH, MHBIE MOJEIM MOXKHO HAilTH B y2Ke YIIOMSHYTBIX
moHorpadusx [9,18,19]. B nepsyio odepe/ib, 370 MaTeMaTHIECKHe MOJIEJN, B KOTOPBIX MPEJJIaraeTcst
YBEJIMYHUTh YHC/I0 YPABHEHMI 10 ABYX: MOZAeJIb OusHec-IuKIIa KeilHca, MyJIbTHILIIKATOP-aKCEeIbPATOP.
Bwmecre ¢ Tem B cepenute npornioro sBeka M. Kasenku Beiasumy 1 ujeo (M., HampuMep, 06Cy 2K IeHust
B MoHorpaduu [9,18,19]) o Tom, 4T0 OIHUM U3 OCHOBHBIX (hAKTOPOB IUKJIUIHOCTH CJIEYeT CUUTATDH
zanasgapiBanue. CyTh €ro B 3KOHOMHKE COCTOMT B TOM, YTO Ha JMHAMUKY IIEHBI B CHJIY CHEIM(PUKN
SKOHOMMYECKHUX IPOIECCOB BIUAHUE MMEIOT SKOHOMUYECKHE MOKA3aTe/U IPEIIIECTBYIONIEro IeproIa,
[PEJIIIECTBYOIIEr0 «TOProBOro» JiHs (cM., Haupumep, [6]).

B pa6orax [7,15] 6bL1 IIpe/JIOXKEeH O/IMH BAPUAHT yderTa 3alla3/ibIBaHusl, KOTOPBI [PeJIosaraj BMe-
cro ypasHeHus (1) paccMOTpeTh ypaBHEHUe BUja

p=D(p) — S(pn);
rie pp, = pp(t) = p(t — h), h > 0. Bmecre ¢ TeM 3anasbiBaHie MOXKET BJIUSTH He TOJBKO Ha (DyHK-
A0 TIPEJIJIOYKEHNsT, HO W Ha (DyHKIIIO CIpoca. B maHHON paboTe IpearnoaraeTcs yIecTh U TaKyio
BO3MOKHOCTh U PacCMOTPETh ypaBHEHMe

p=D(pn) — S(pn) (2)
BMeECTO JByX npemectsyomux. Huxke Gyer mokazano, 9o yuer pakTopa 3alas3IblBaHus y2Ke B 00enxX
dbyuxiusx (GyHKIUAX Cpoca U MPeJJIoKEeHNs1) TaKKe TIPUBOUT K HOSIBJICHUIO TIPEJIE/IbHBIX IIUKJIOB.
Amnajormunast uzest, T. €. IepexoJl OT OOBLIKHOBEHHBIX IuddepeHalbHbIX YPABHEHUH K yPABHCHUSIM
C OTKJIOHSIOIIUMCST apI'yMEHTOM, ObLiIa peajn30BaHa yzKe B JIPYyTroil SKOHOMUYECKONH MOJIE/IN, N3BECTHOM
noy HazeanueM «Mogenb Cosoy» (Comoy—Caana) [8,11,12,14,16].
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[Ipeo6pasyem ypasaenue (2) u nosoxum p(t) = po + z(t), p(t — h) = po + x(t — h). dus HoBOI
dbyuxmn z(t) nosyunm Takxke auddepeHnnaibHOe YpaBHEHNE C 3ala3/[bIBAIOIINM APy MEHTOM

@ = D(po+y(t)) — S(po +y(t)), (3)

rie y(t) = z(t — h). EcrecrBenno, nuddepennpaibioe ypasaerne (3) UMeeT HYJI€BOe COCTOSIHUE PaB-
HOBECHsI U B €10 OKPECTHOCTH ypaBHEHUE (3) MOXKHO II€PEIUCATh B CJIELYIONIEM BH/Ie

&= —ay + azy® + asy® + o(y>). (4)
[Tpu sTom, pasymeercs, ucmnosb3oBaaack Gpopmysa Teiysiopa u, cjie10BaTe/bHO,
Fl/ p F/l/ p
0= F Wl 2= 2w =P ey < D) - s,
p=po p=po

Hasee BMecTo aHaIM3a COCTOSIHUSI PABHOBECHSI D = po ypaBHeHHsl (2) M3yYeHHIO IIOJJIEXKUT HYJIEBOe
COCTOsIHUE PABHOBECHUS BCIIOMOIATeILHOIO JuddepeHnnaibHoro ypastenus (4).
Honosaum ypaprenue (4) Ha9aJbHBIM YCJIOBHEM

.’L‘(t) = f(t)’ te [_h70]7 (5)
e f(t) € CF[—h,0], k = 0,1,2,..., . e. npocTpancTBy k pa3 HempepsBHO auddepeHunpyeMbx hyHK-
muii Ha orpeske [—h,0]. I3 pesynbraros, u3jiokeHHbIX B MoHOrpadun [13|, BbITekaer, 4ro pereHust
sajgaan Komm (4), (5) mopoxkaaioT riaKnii JOKaJIbHBIA MOIyIIOTOK. DTO JeIaeT BO3MOMKHBIM (CM.,
Hanpumep, [13,17]) ucnonb3osars Teopemy AnjpoHoBa—Xortida st u3ydenust oudyprarumii mepuou-
YeCKUX pelleHnii B OKPECTHOCTH HYJIEBOI'O COCTOsIHUSI paBHOBecHsl inddepeHImaabLHoro ypaBaenus (4).
Hasmune npenensraoro nukia y auddepeHnuanbHoro ypapenust (4) o3Hadaer, 4To MOJEIb «CIPOC-
peJIozKeHne» ¢ yueroM addekTa 3anas3/bIBanusl II03BOJIsIeT, B OTJMYKEe OT TPaJuIMoHHON Mojesu (1),
OOBSICHUTD IUKJIUIHOCTh B PHIHOYHON 9KOHOMUKE.

2. 06 ycroitunBocTH COCTOsSIHUSI paBHOBecus. VcrnonnzoBanne 6udypKaroHHoi TeopeMbl AH-
JpoHoBa—Xortda mpenoiaraeT aHaIu3 YCTORIMBOCTU HYJIEBOIO COCTOSIHUSI DABHOBECHS (CM., HAIIPH-
Mmep, . 11 u3 monorpaduu [13], c¢. 179 monorpacduu [1]). B cBowo ouepespb, jjist 9TOro cieiyer pac-
CMOTpETh JINHEAPU30BaHHbI BapuanT nuddepenimagbHoro ypasaeaus (4), . e. quddepeHnuanbHoe
ypaBHeHue

T = —ay, (6)
rae a = —F'(p)|p=p, > 0. Xopomuro u3zsecrno [10,13|, uro ananus ycroituusoctu peutenuit auddepen-
TaJIbHOTO YPaBHEHUA (6) MOZKET 6bITb CBEJICH K aHaJIN3y XapPaKTEPUCTUIECCKOI'O YpPpaBHEHUA

A = —aexp(—Ah) (h>0), (7)

Yy KOTOPOT'O MPHU MAaJIbIX h BCe KOPHU HAXOJSTCS B JIEBOI IOJIYIIJIOCKOCTA KOMILIEKCHON ILJIOCKOCTH.

[Ipu yBesnuennn h y XapakTepUCTHYECKOrO ypaBHeHHUs (7) MOI'YT HOSIBUTHCSI KOPHU B IIPABOM I10-
sytutockoctu. JIist 9Toro cHavasa HaiieM HaWMEHbIee MOJIOKUTEIbHOe h, MPU KOTOPOM Yy XapakKTe-
pHUCTHYECKOro ypaBHenusi (7) MOIyT HOSIBUTHCsI KOpHH +i0 Ha MHUMOI ocu. Cpasy mojdepKHeM, UTo
ypasHetnue (7) He MOXKeT UMeThb HyJeBOro KopHsi. [losromy nckomast Besimanaa h = H U cOOTBETCTBY-
IOIlee 0 HAXOAUTCH IIOCHE aHAIN3a YPABHEHUS

ic = —aexp(—ioh).
CrenoBaresibho, 0 > 0 u h > 0 (H > 0) cieyer HCKaTh KaK PEIIEHUs] CHCTEMbI
acosch =0, asinch=o.

IIycts oh = w. Tornma nmongydaem cueTHbIl HAOODP peIeHMI

2+2
wn=z+27rn, n=20,1,2,..., h,= m/2+ 2mn Jn:%.
n

2 asin(m/2 + 27n)’
[Mogxomsimee perenne mnoiaydaeM npu n =0, T e. w = wg = 7/2, H = 7/2a, 0 = 0¢g = a.
[Tycrs Teneps h = H(1 + p), riae p— masbiii mapamerp. Torja ypasrenue (7) cieiyer nepenucarhb
B CJIEJIYIOINEM BHJIE

AMp) = —aexp(=A(w)H(1 + p)),
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KOPHHU KOTOPOT'O 3aBUCAT OT f. [lycTh

d\
Ny = T) +ioh = dMn) . o= X0) =ioy.
du =0
U3 nocneuero ypasaerust st A(f4) HAXOIAUM, 4TO
Ta 2ma 2a
)\’:27, = ——— >0, =
0 1415 70 w2 4+ 4 70 w2 4+ 4

CaenoBaresibo, ipu yBesaunderun h (tipu p > 0) KOpHE XapaKTepPUCTUIECKOro ypaBHenust (7), pas-
Hble +i0(0 = @), NepexoIAT B IPABYIO IOJIYILIOCKOCTh KOMILIEKCHOMN IJIOCKOCTH U HYJIEBOE COCTOSTHUE
paBHOBecusi HeJIMHeHHOro aud HepeHnnabHOr0 ypaBHEHUs TepsieT yeToianBocTh. [lomaepkaeM Tak-
2Ke, 9TO OCTaJbHble KOPHU XapPaKTEPUCTUIECKOTO YPABHEHUsI OCTAIOTCHA B JIEBOM IMOJIYIJIOCKOCTU KOM-
JIEKCHOII TIIOCKOCTH, BbIJIeisieMoii HepaBeHcTBoM Re A < —ag < 0 (cm., Hanpumep, [10,13]). YmectHO
MMOAYEPKHYTh, UTO MOJOXKUTEIbHAs TOCTOSHHAS (g HE 3aBUCUT OT E.

B sTom pasnesie paboThl IpoBepeHa BO3MOXKHOCTD Peasu3allii [I€PBOI I'PYIIbL ycjioBuii dbudypka-
MOHHOI TeopeMbl AHjipoHoBa—Xorda (ycosuii, o6o3nauenubix Hy, Ha B [1]). B ciemyromem paszese
OyJIeT MCIOJIb30BAH METOJI HHTETPAJBHBIX MHOTO00pa3uil 1 HOPMAJIBHBIX (POPM [IJIsT IPOBEPKH BTOPOit
rpynmsl ycsaosuii Teopembl Anjaponoa—Xortida (cM. Teopemy 2.4 u yciosue Hs u3 ruaBbl 3 MOHOTpa-
uu [1], B KoTOpoit Teopema AnaponoBa—Xorida cHOpMyINPOBaHa B CBSI3U € AHAJIN30M OOBIKHOBEHHBIX
b depeHIuanbHbIX ypaBHEHNIH ).

3. Ilepuonumyeckue penieHUs] HEJIMHEITHOTO YpaBHEeHUs. Bo3BpaTnMcs K aHAJIM3Y HEJIUHEHHO-
ro juddepennuanbHOro ypasHenus (4) B ciaydae, Korja

h = H(1+ ~e).

311ech € — MaJIbIil TOJIOKUTEJIBHBIH mapaMerp, v = +1. Beibop 3Haka Jijist 7y OyIeT OCYIIeCTBICH B KOHIIE
JIAHHOTO pa3fiesia U 3aBUCUAT OT [MapaMeTPOB aHAJM3UPYEeMON 3ajiaun, Ko3(hMOUINEHTOB HOPMAJIbHON
dopmbl. Benmmunna H 6bLia ompejiesieHa B MPEJIbIIYIIEM pa3Jiesie.

s ynoberBa TabHEHIIero aHain3a BBEJIEM HOBOE HOPMUPOBAHHOE BPEMs, MTOJIOXKIB

t=71(1+4~e).
Crenosaresnbho, quddepennmanbioe ypasaenne (4) MOXKHO U yJI0OHO TEPENUCATh B BUJIE
du
Ur = o = (14 ~e)[—av + agv? + azv® + o(v?)], (8)

e u = u(7) = z((1+~¢)7), v =v(7) = u(r — H). HobaBum, 4T0 B JJAHHOM CJIyuYae JIMHEAPU30BAHHOE
muddepennmanbaoe ypashenue (8), 1. e. quddepennuaibHoe ypaBHeHNe
ur = —a(l +~e)v
HAMEET PEeIIeHUs
u(1) = exp(Me)T), u(1) = exp(A(e)T),
roe
M) = Mi(e) £ iha(e), (o) T o), Ma(e) =0+ 51+ ofe)
g) = A (e) £iXa(e), g) = eyo——— + o(e), g) =0+ ———c+o0(e), o=a.
1 2 1 Y 2+ 4 2 214
W3 npenpiaynux yTBEPK/IEHUI BBITEKAET, 9TO B (PA30BOM IIPOCTPAHCTBE pereHnii auddepeninaib-
HOTO ypaBHeHHus (8) CyIecTByer JIOKaJIbHO MHBAPUAHTHOE JBYMEPHOE HPUTSATHUBAIOIIEe MHOroobpasme
Ms(g) (em., mampumep, [17]), a Takxke pabory [5], B KoTopoii npuse/ena 6oJiee o pobHast GUGIOrpa-
ust). Perennst Ha HeM MOTYT OBITH BOCCTAHOBJIEHBI OC/IE aHAJIN3a OOBIKHOBEHHOIO i depeHInaib-
HOT'O ypaBHeHHUsi — HopMaJsibHOi ¢opmbl [Tyankape (cMm., Hanpumep, ri. 1 u . 3 u3 monorpadun [1]).

= (a+iB)z+ (d+ic)z|zP, (9)

ecJIv, KOHEYHO, repBasi JisiityHoBCcKas Besmanta d # 0. Bueck z = z(s) = z1(8) + i22(s), s = eT.
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Bameuanmne 2. Hopmasubnas dopma (9) —310 «yKOpOUeHHbI» BapuaHT HOpMaJbHON dhopmbl I1y-
aHKape, B KOTOPOM OTOPOIIEeHbI Y/IeHbl, nMeroliue nops ok Magoctu O(g). Takoii BapuaHT HOPMATBHOM
dopmbl ipuemiieM, eca d # 0 (nepBasi JISIIyHOBCKAs BeJIMYMHA OTJMIHA OT HyJist). Ilpu d = 0 Tpeby-
eTcsl JIONOJHUTEJLHOE yTOuHeHne npaBoii actu juddepenimanbioro ypasaenus (8). Cienyer yuectsb
9JIeHBI, UMeIoIre 60J1ee BHICOKUHI HMOPSIIOK MaJIOCTH.

Pemenust quddepentmansuoro ypasuenns (8), npunajexkamme Mo (g), MOXKHO U yJI00GHO MCKATH
(cm., manpumep, (8,14, 16]) B dopme
u(r, 2,%,€) = eY?ui (1, 2,2) + eus (7, 2, %) + £ %us(7, 2,7) + O(e2), (10)
rje
ui(r,2,2) = 2q +2q, 2 =2z(s), q=q(r)=exp(ioT),
a dbyuximn uy (T, 2,%), usz(7,2,Z) OyJdyT HaliJleHbl HUXKE B IPOIECCE PeATU3auu MOAUMUIMPOBAHHO
Bepcun ajropuT™a KpbuioBa—bBoromo6osa, alanTupoBaHHOro K auddepeHuajbHbIM Y PABHEHHSIM

C OTKJIOHSAIONMUMCS apryMeHToM. DYHKIINK Uz, U3 3aBUCAT IVIAJIKO OT CBOUX apryMEHTOB U UMEIOT IO
nepeMeHoii 7 nepuoJl 27 /o (0 = a), a Tak¥kKe JJIs HUX CIIPABEJJIMBbI PABEHCTBA

2w /o
/ u;(T,2,Z) exp(tior)dr =0, j=2,3,...,
0

ecJIM CYUTATh BPEMEHHO § HE3aBHCHMOIl OT T IIepeMeHHOH (mapaMeTpoM).
Bameuanne 3. Hanomuum ussecrnbiit dakr [13]. Heomnopoaunoe muddepenuanbsioe ypasnenue
U+ av = f(1),

e v = u(t— H), a f(7) — nepuojuueckasi hyHKIMsI ¢ HEPUOJIOM 27 /0 MMeeT MePUOJINIECKOe PEIleHne
C TeM Ke TIEPUOJIOM, €CJIU BBIIOJHEHbI YCIAOBUS Pa3penImMOCTI

2m /o

/ f(1)exp(LioT)dr = 0.
0

[Tpu sTOM paBeHcTBa
2w /o

/ u(7) exp(Lior)dr =0
0
BBIJIEJISTIOT OJIHO Takoe pereHne u(7) HeOIHOPOAHOTO Jud depeHnnajibHOr0 ypaBHeHNUsI.

[TpucTynuM K M3JI0KEHUIO AJTOPUTMA HAXOXKJIeHUs HOpMasbHol dhopmbl. Cymmy (10) moacraBum
B juddepeniuaibHoe ypaBHenue (8) u BbIIeIUM cjiaraeMble [IpH € U £3/2. B pesysbraTe MOJIydnM Ba
HEOJTHOPOJIHBIX JindDepeHITNaIbHBIX YDABHEHUS

Uiy + avy = agu?, (11)

i3+ avy = —(2'q +7'q) — ya(zqexp(—ioc H) + Zqexp(io H))+
+ aH (7 qexp(—iocH) + ZGexp(ic H)) + 2aavivs + azvi, (12)
rae vj = u;(7 — H). dobasum Takske, 410 0 H = w = 7/2 u nosromy exp(icH) = i, exp(—iocH) = —i.
Ypasuenue (11) paspemumo B kiiacce 27 /o nepuogudeckux (yHKIM, TaK KaK CIPABE/IMBbI PABEHCTBA
2 /o
/ v? exp(ioT)dr =0 (0 = a).
0

Hanomuuwm, uro uy = uq(7,2,Z) = 2q + 2Zq, ¢ = exp(ior), a v1 = uy (7 — H).
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U3 nuddepenimanbaoro ypasaenus (11) HAXOMUM, YTO MOJXOSIIUM IIEPUOJANIECKIM €r0 PellleHneM
Oymer ciemyrorniast (pyHKITHsT
_ 2.2 2, — 2.2
ug = ug(7,2,Z) = n2q”z” + nolz|” + Mgz,

e

(Ig(l + 21) 2a9

M= M=

N3 ycoBuit pazpemmMocTy JIMHEHHBIX HEOIHOPOHBIX YPABHEHUI BBITEKAET, ITO M MEPEHITNAI -
Hoe ypaBHenue (12) umeer 27 /a neproudecKoe peleHne, eCii ClPaBeJInBO PABEHCTBO

—(1+ i%)z/ +iyaz + (di +ic1)z|z|* = 0,
e
. . 2 .
dy +icy = —i |3az + 5—a2(11 + 2i)
a

U3 Hero u nosyuaem jguddepennuanbioe ypasaenue (9) —HopMaibHyo dopmy. Ee koadbdunuenTst
OTIpE/IeJIEHbI PABEHCTBAMMU

2amy 5 4dary
o= —- e —
44 n% 4+’
2 2 4 2
d = m[2a2(4 — 117T) — 1571'(1(13], CcC = —m[15aa3 + 2(12(11 + 77)]

CHpaBe,ILJH/IBO yTBEpPKJICHUE

JIemma 1. Judgidepenyuanvroe ypasrernue (9) umeem nepuoduueckoe pewerue

. [ «
Co : z(s) = poexp(ids), po= 0 6 =B+ cp?,

ecau ad < 0. IIpu d < 0 (a > 0) ono yemotuuso u neycmotuueso, ecau d >0 (a < 0).

Bameuanwne 4. Bribop 3naka koabduimenta o HopMaibHOil hopMbl (9) 3aBUCUT B HAIIEM CJIydae
TOJIBKO OT BbIOOpa 3Haka . [eiicrBurenbuo, o > 0, ecsim v = 1 u HyJleBoe pellleHne HOPMAJIbHOI
dbopmbr Heycroitunso. Hanporus, npu v = —1 nmoayuaem, uro o < 0, T. e. Hysnesoe pererue (9)
ACUMIITOTHIECKH YCTONIUBO.

Zoxazamesvcmeo aemmo, 1. Tlomoxkum

z(s) = p(s) exp(ip(s)), p(s) = 0.
st HenysieBbix pernenuii p(s) > 0 B HOBBIX II€PEMEHHBIX ypaBHeHue (9) mepenuriercst B BUJIE JIBYX
JEACTBUTEIbHBIX YpaBHCHUNR
P =ap+dp’,
o =B+ cp’.

HepBoe YpaBHEHNE CHUCTEMBbI (13) nMeeT HYJIEBOE€ COCTOAHHNE PpaBHOBECHUA, a TaK2Ke ITOJIO2ZKHTEJIbHOE

(13)

COCTOsIHUME paBHOBecHst pg = y/—a/d, koropoe cymecrsyer, ecian ad < 0. Takoe pernienne ycroiauso,
eco a > 0 (d < 0) u meycroitunso, ecan « < 0 (d > 0).

Iyctb Teneps p = pg. Torma ¢’ = B+ cpg u, cienosarenso, ¢(s) = s + @, 6 = B+ cp3, a @ €
R. TTocrpoerHoe nepuojuyeckoe perienne z(s) ycroiianso (OpOUTaJbHO aCUMITOTHYECKH YCTORYUBO),
ecn d < 0 (a > 0) u meycroitunso npu d > 0 (a < 0).

Tora u3 pesysnbrato pabor [3,4] BeITeKaeT crpaBeyInBOCTb yTBEP:K IeHust (M. TeopeMy 5 Ha ¢. 750
u3 paboTsl [4], B KOTOPOii peub UIeT 0 COXPAHEHNN MHBAPMAHTHBIX TOPOB IIPH BO3MYIIEHUH Y IITHPOKOTO
KJIacCa aBTOHOMHBIX i DepeHIuaIbHbIX YPABHEHHI U B TOM 4HCIIe ¢ GECKOHEUHOMEPHBIM (ha30BbIM
[POCTPAHCTBOM). O
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Teopema 1. Cywecmsyem makoe €9 > 0, wmo npu scex ¢ € (0,e9) yuray Cy coomsememsy-
em yuka dugdepenyuanrvrozo ypasnerus (8) ¢ nacaedosanuem ceoticms yemotuusocmu. las pewe-
Hut Popmupyrowux dannvl yuka Juddeperyuanviozo ypashernus (8) cnpasediuso acuMnmomuieckoe
npedcmasierue

u(r,e) = el/2 /_% [exp(i(a +ed)T + ipg) + exp(—i(a + ed)T —ipy)|—
— o5 [ mexp(@ia+ <0) + 2igo) + o+ 7y exp(~2i(a + ) — o) | +ofe).

Caedosamenvho, nepuoduveckue pewenus dugddepernyuarvrozo ypasuenus (4) npuobpemarom caedy-
rowutl 6ud

x(t,e) =¢e%4/ d[exp<z(a+55)1+75+upo>+exp< Z(a+€6)1+75 up(])]

t
_ 5% [772 exp <2i(a + ¢&d) + 2i<,00> + 1Mo + My exp <—2i(a + 65)?76 - 22'4P0>} +o(e), (14)

t
14 e
2de o — NPOU3BOALHAA JETUCMBUMENLHAA TOCTOANNGA, Ty = 2as/a, N2 = az(1 + 2i)/5a.

Hakomner, eciin Bo3BpaTUTHCS K [IEPBOHAYAJILHON HEM3BECTHON (DYHKIUU P, TO B PE3yJIbTATE IOJIY-
vaeM, 9rto upu h = H(1 + ~¢) ypaBaenue (2) umMeer nepuouecKoe peleHne

p(t,e) = po + x(t,e),

rJie BTOPOE CjlaraeMoe OIPeJIEJIEHO AaCUMIITOTUIecKoil dhopmysioii (14).

4. HekoTopble KOMMEHTAPUU K OCHOBHOI1 Teopeme. B mnpesbiaymemM pazjese 6buia copmy-
JINPOBAaHa, TEOpeMa, KOTOpas B JIOCTATOYHO 00IMeil ¢hopme j1aeT OTBET HA BOIPOC 00 YCIOBUSAX CYIIIE-
CTBOBaHUSI MPEJEIbHBIX MUKJIOB. OTBET (aKTUIECKH 3aBUCUT OT 3HAKa BEJUYUHBI d, T. €. peajibHOI
qacTu KoaUIenTa Ipu HeJMHEHHOM cjaraeMoM HopMaJibHO# dopmer (9). Ero npussito HassBaTh
IIEPBOIl JIATTYHOBCKOHM BeInYInHOM, a kKodddunmenT d + ic, B CBOIO OY€pe/b, HA3LIBAIOT KOMILIEKCHOM
JIAILYHOBCKOI BEJIMYUHOIL.

B obmem ciygae st quddepennuanbHoro ypasaenns (4) anajans3 3HaAKa HEPBO JISIITyHOBCKOI Be-
mmaubbl d 3arpyaauresied. Pukcuposan Tosbko 3Hak a (a > 0). Ceoiicrea dbyukuuit D(p), S(p) (cm.
cpoiicra (i), (iv)) He a0T BO3MOKHOCTH JIJIsl OJIHO3HAYHOTO BBIGOpA BEJIMYUH G2, a3. MOXKHO IpuBecTn
JIVIITh TIPUMEPBI BO3MOXKHOTO BBIOOPA TAKUX (DYHKIINI C COXPAHEHNEM OCHOBHBIX CBOMCTB, XapaKTEePHBIX
JIJIsI TAHHON MaTeMaTHIeCKON MO MAaKPOIKOHOMUKH.

Bwmecte ¢ Tem, Kak MpaBujIo, IPU MATEMATUIECKOM aHAJIM3E MOJIEIN «CIIPOC-TIPEJJIOKEHNE» TPUHSITO
U C IPUKJIQJHON TOYKU 3PEHHUsI BIIOJIHE JIOIYCTUMO BbiOuparh dyukuuu D(p), S(p) B 6osiee KOHKPETHOM
BHUJIE C COXPAHEHUEM, Pa3yMeeTcs, HeOOXOMUMBbIX JIjIsi HUX CBOMCTB. Hambojiee TUIIMIHBIM BapHAHTOM
X BBIOOpA OYIAyT ciaeayionue pyHKITHN:

—k
D(p)=ap™®, S(p)=pBp™,
riae «, 3, k, m — IOJIOKUTENbHbIE TIOCTOAHHBIE. IIpr TaKOM MX BBIOOPE MOYKHO HOPMHPOBATDH 3BOJIIO-
[[MOHHYTO IIEPEMEHHYIO ¢ U Hem3BeCTHYIO (PyHKIWIO p(t). DTO MO3BOJIUT yIPOCTUTH ypaBHeHue (2) npu
npeJIozkeHHoM Bbibope dyuknuii D(p) u S(p).
Honoxum t = Ot1, p = &py, tae © = al=m/(ktm) ¢ — (1/(k+tm) g=1/(k+m) B pesynbrare mosyamm
ypaBHeHue
—k
py=p "(t —h1) —p"(t — h),
rJle MTPUXOM 0bO3HAUEHA HPOU3BOjHAs 10 t1, a hy = h/O. s yupornenust sanucu jajee uHjiekc 1
OyzmeM omyckaTb. B pesynbrare mosyduM audpdepeHaabHoe ypaBHeHHIE

p:p;k —pﬂ (15)

rje, Kak u pasee, pp, = pp(t) = p(t — h), h > 0. IIpu TakoM BapuanTe MOJE/U «CIIPOC-TIPEIJIOKEHUE
[TOJIy9€HHBIE paHee pe3yJIbTaThl TPUOOPETAIOT Hojiee KOHKPETHYIO (hOpMY.



48 . A. KYJINKOB

Ypasaenue (15) umeeT HOJIOKUTETHHOE COCTOSIHIE PAaBHOBecHsl Py = 1. 3aMeHbI

p(t) =1+x(t), put)=1+y(t) (yit)=z(—h))
HO3BOJISIOT NOJYYUTh JAuddepeHnuaibHoe ypaBHeHne
&= —ay + a2y® + agy® + o(y°), (16)
rie
k(k+1) —m(m —1) k(k + 1)(k + 2) + m(m — 1)(m — 2)

a=k+m, ao= 5 , ag = — 5 .

EcrecrBenno, ypasuenue (16) —uactHblil ciyvaii ypasaenus (4). B mocienaem ciaydae, T. e. B ciiydae
BbIOOpa ypasuenus (16), oka3ajiock, 4To

s
H=———— =k
degm)y O FTM™
d—7‘r4+ﬂ_2< - (k—m+1)"+k*—km+m”+3k—-—m)+2), (17)
k 11
022% <k2—k:m+m2+3(k—m)+2—(k—m+1)2 <7;_7T > .
O/HUM M3 CaMbIX €CTECTBEHHBLIX BapUaHTOB MOXKHO CYUTATh BbIOOp, Korma k = b, m = 1, rue,
ecrectBenHo, b > 0. Torma nosrygaem, 9To
s
H=_—_——_ =1+9d
2(1+b)’ =1+ "
2b(1 +b) 2b(1+b)
d=—1—I5 2 —3m)b =_——-[10— (6 b].

Eciin nazke orpaHUYuTBCST 9aCTHBIM ciaydaeM Bbibopa D(p) u S(p), KOTODBIi pEJIOKEH B JIAH-
HOM pazfesie paboThl, TO IPU STOM MOTYT Peajin30BaThCs 00a Tuma oudypKarmii: MoCJIeKPUTUIECKHE
budypramun n pokpurudeckue dudypraruu. [lepsoiit n3 Hux peanusyercs, ecim d < 0, v > 0. B Ta-
KOM CJIydae IPU MOTePe YCTOWIMBOCTH COCTOSTHHEM PABHOBECHUSI P = Pg B €r0 OKPECTHOCTU BO3HHUKAET
YCTOWYMBBIN [IPEJIEIbHBIN UKII («MsArKoe» Bo30ykKjeHue Kojebanuit). [Ipu d > 0, v < 0 peanusyrorcs
JIOKpUTHUIecKre OudypKaIun, KOrja B JIOCTATOYHO MAJIOH OKPECTHOCTH COCTOSTHUST PABHOBECUST P = Pg
BO3HMKAET HEYCTONIMBBII IPECTbHBII ITUKII («KeCTKoe» Bo30yzKaeHmne Komebanuii). [Togaepkuem, aro
B paccMaTpuBaeMbIxX BapuaHTax Bbibopa dyukimit D(p) u S(p) Bo3amokHbI 062 BapuanTa 6udypKarmii.

Tak, manpumep, anaian3 3uHaka d B caydae dopmyssr (18) mokazas, aro d > 0, ecau b € (0,b,), Tae
b, =~ 2,1156. IIpu b € (by, 00) cupasemuBo HepaBencTo d < 0.

Eciu pacemarpusarh 6osiee obmmuii Bapuant st onpeenenus d (em. dopmysty (17)), To B miocko-
CTH ITapaMeTpoB k U 1 MOKHO BBIJIEJIUTH 0DJIACTH, TJIe JISIIYHOBCKAs BEJIMINHA d UMEET OIIPe Ie/IeHHbII
sHak. Ha puc. 1 npuseseno pasbuenne obiactu napamerpos k u m (k,m > 0) Ha mojobiactu coxpa-
HeHHusT 3HaKOB. Tak, depe3 Dq, D3 obo3HaUeHBI MHOXKeCTBa 3HaueHnit k, m, rme d < 0, a gepe3 Do
0003HAYEHO MHOXKECTBO TeX k, m, /it KoTopbix d > 0.

B namewm ciyuae, eciu (k,m) € Dy wiu D3 jijisi SKOHOMAYECKOi JMHAMUKA XapaKTepHa IUKJINY-
HOoCTh. Harmpumep, Takoil BapuaHT peasim3yeTcsi, €CJU 1M BEJIUKO, a k OTHOCUTEJIbHO Majo. B srom
caydae TpeJjIoyKeHNe UHTEHCUBHO, & CIPOC JIOCTATOYHO Bsiiblii. Takas curyarusi ObLia XapaKTepHA
JJIST BEJYIIUX CTPaH ¢ PHIHOYHON SKOHOMUKOW B IIEPUOJT MEXKJTy TIEPBOil U BTOPOl MUPOBBIMU BOWHAMU.
9T0, KaK U3BECTHO, IIPUBEJIO K CUJIbHOMY KPU3UCY, H3BECTHOMY B MHUPOBOIl 9KOHOMUYIECKOH JInTepaType
Kak «Bejukas jsernpeccusi». [lyctb, HaobopoT, k BesiKo, a m oTHOCUTEHbHO MaJio. llocienass yacThb
9TOro 3aMedaHus JIOIMYCKAET IIPOCTYI0 UHTepIpeTauio. Kem k — Bejnko, a m CpaBHUTEIBHO MAJIO, TO
9TO O3HAYAET, YTO CIIPOC OOJIee UHTEHCUBHBIN, YeM mpejioxkenne. Takoit BapuaHT 6oJiee MperoITuTe-
JIEH JIJIsi PBIHOYHOM 3KOHOMUKU. OTMETHM TaKXKe, UTO ecyim k + m — JI0CTATOYHO MaJjiasi MOCTOSHHAS,
To 1epuoy| Kosiebanuit 27/(k + m) BeJMK U 9TO 03HAYAET, YTO PEAU3YIOTCS BAPHAHTHI BO3MOXKHBIX
«JJINHHBIX 9KOHOMUYECKUX BOJIH» KoHparbeBa [9] — IUKJIOB ¢ JI0OCTATOYHO GOJIBINIUM HEPHOJIOM.

Eciu (k,m) € Dy, 10 cocrosinue pasHoBecusi MudhepeHINAIBLHONO yPaBHEHHsI ¢ OTKJIOHSIFOIIMCST
aprymMeHToMm (4) ere acUMITOTHYECKH YCTORIMBO, HO OACCEH IPUTSIZKEHUsI JIJIsi COCTOSIHUSI PABHOBECHUST
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AM

D

Puc. 1

MaJl I «OrPaHUYeH» HEyCTOWYUBBLIM HEPUOAMIECKUM PEHICHUEeM, KOTOPOe He Peau3yeTcsl TP SKOHOMU-
4yeckoit mpakTuke. [Ipu 0THOCHTEIBEHO GOIBIUX OTKJIOHEHNSX HAYAIBHBIX YCJIOBHH OT 9TOIO COCTOSHUS
PABHOBECHS BO3MOXKHO BO30Y2KJICHIE KOJICOAHNH SKOHOMUYIECKUX TIOKa3aTesel, KOTOphle CUIBLHO OTJIU-
YaIOTCA OT FapMOHMYECKHX. Takoe IOBe/eHne PeNIeHHi IMHAMUYIECKONH CHCTEeMBI IPUHATO HA3LIBATD
JKeCTKUM BOozOykjieHneM kosebanuit. JlobaBum, uro ecsim napa (k, m) OpuHAJJIEKAT TPAHUIE Pa3Jie-
Jla MeXKJIy OBJIacTsIMH, TO IepBasi JIsilyHOBCKasl BesimunHa d = 0 ¥ BapuaHT HOpMaJibHO (dopmbl (9)
TpebyeT yTOUHeHHUsl, ydeTa OCTAJIbHBIX ciaraeMbix B dopmyie Teitsopa mius dyuknuu D(p) — S(p).

5. 3akurodenme. B pabore nokasaHo, 9ro yuer a¢ddeKTa 3amaz/bIBaHust IPOBOJANT K BO3ZMOXKHOMY
HOSIBJICHNIO NIPEJICJBHBIX IIUKJIOB B GA3MCHON MOJIEIHN «CIIPOC-IIPEJIOKEHHIES €CJIU, KOHEUHO, andde-
pennmasibHoe ypasHenue (1) 3amenurs Ha jnddepenimanbioe ypasaenne (2). [Ipu sroM BO3MOXKHBI
BapHaHTBl KaK MSIKOIO, TaK M YKECTKOI'O BO30YXK/EHHs KOJIeOaHUil. DTO MOKHO OTMETHTD, €CJIH Jla-
JKe OIPAHUYUTHCs YACTHBIM BAPUAHTOM MOJIEIH «CIPOC-Tpeyioxkennes> (cM. ypasnenue (15), dopmy-
abt (17) u (18)).

[To/raepkHeM, 9TO aHAJIN3 JAHHON MOJICIIH [TOKA3aJl, ITO UKIMIHOCTH BOSHUKAET IIPH OTHOCHTEJILHO
GOJIBIIIOM 3ana3/ibIBaHun. B Tozke BpeMsi OTHOCHTE/ILHO DOJIBINOE 3alia3/IbIBaHIe JOCTATOTHO XapaKTep-
HO JIIsI COBPEMEHHOMN SKOHOMUKH. JlefCTBUTEIBHO, UKIMIHOCT CTaIa HPOSIBISATH cebsl C Cepe/TMHbI
XIX Beka, Korjja MOSBIJIACH JOCTATOYHO CJIOXKHbIE MaKPOIKOHOMUYECKHE CHCTEMBI ¢ OTHOCHTEIHHO
BBICOKIM Pa3BUTHEM TEXHOJIOTHUIl ¥ Pa3/IeIeHuEeM TPY/IA.
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AnnoTAnud. Uccnenyercst aBToHOMHas HeIuHeHHas cucrema auddepeHualbHbIX yPABHEHUN BTO-
pOro mopsijiKa, MaTPUIA JIMHEHHOTO TTPUOJIMKEHIST KOTOPO MMeeT Iapy YUCTO MHUMBIX COOCTBEHHBIX
3HAYEHUI, a HEeJTMHEHAST YaCTh MOXKEeT ObITH MPEACTABIEHA B BIIE CyMMbI (POPM MTOPSI KA, HE HUYKE BTO-
pOrO OTHOCUTEIBHO KOMIIOHEHT (DPA30BOTO BeKTOpa. Iloydensl qocTaTOYHbIE YCTOBUS CYIIECTBOBAHMS
IeHTpa miin pOKyca B OKPECTHOCTH HYJIEBOTO PEIEeHMUSI.

Karouesvle caosa: muddepeHnualbHOe ypaBHEHNE, KDUTUIECKUN CIIydail, CJI0KHBINA (POKYC, IEHTP,
mpobJsieMa pasyindeHus eHTpa u PoKyca.

SUFFICIENT CONDITIONS FOR THE EXISTENCE OF A CENTER
IN A SECOND-ORDER NONLINEAR DYNAMICAL SYSTEM
IN A CRITICAL CASE

© 2022 E. Yu. LISKINA

ABSTRACT. We study an autonomous nonlinear system of second-order differential equations whose
linear approximation matrix has a pair of purely imaginary eigenvalues and whose nonlinear part can
be represented as the sum of forms of order >2 with respect to the components of the phase vector. We
obtain sufficient conditions for the existence of a center or focus in a neighborhood of the zero solution.

Keywords and phrases: differential equation, critical case, complex focus, center, distinguishing
between center and focus.

AMS Subject Classification: 34C05, 34C25

1. Bsenenwme. PereHuio Kiaccuueckoil mpobsieMbl pa3jindeHust EHTPa 1 (POKYCa MOCBSIIEHO JOCTa~
TOYHO OOJIBINOE KOJIMIeCTBO uccienopanuii [1-4,6,10-12]. Anajaurudeckasi pa3pernmMocThb IPOOIeMbI
nokazana B [10]. OgHako ¢ TOYKM 3peHHsl MPUJIOKEHUI 1 KOMIILIOTEPHBIX BBIYUCJIEHUN OCOOBIN MHTE-
pec IpeJiCTaBsIOT KOI(MDMUIMEHTHBIE YCJIOBUS PAa3nUIeHus IeHTpa U (PoKyca, KOTOpbIe Ha JTaHHBII
MOMEHT IOJIYYEHBI JIJIsi CUCTEM, UMEIONIUX B HEJWHEHHON YacTU OJIHOYIEHBI WA CyMMBI OJHOYJIEHOB
HEUYETHON CTEIeHH 10 COBOKYIHOCTH (ha30BbIX mepemMeHHbIx [11,12].

Hannast pabora IpoJioJKaeT U pa3BUBAET UCCJIeI0BaHNUs (8] 110 MOy YeHUIO YCIIOBUI CyIIeCTBOBAHUST
M30XPOHHBIX HEHYJIEBLIX MEPUOINIECKUX perteHuil. /s mosrydenus ycaoBuil CyIeCTBOBAHUS HEHYJIe-
BBIX IIEPUOJIMYECKUX PEIIEHUl B OKPECTHOCTH HYJIEBOI'O COCTOSIHUS PABHOBECHUS HMCIOJIb3YeTCS METO]L
BCIIOMOTaTeJILHOIO HapaMeTpa. B orimdane oT pe3yJsbTaToB, HOJIyYeHHbIX B 9], Korja BeroMorare/ib-
HBIH ITapaMeTp BBOJWJICA U 110 KOOPJIMHATAM U 110 BPEMEHU, B JIAHHOM HCCJIETOBAHUU BCIIOMOTaTe/IbHBII
napaMeTp BBOJIUTCS TOJBKO MO KOODJMHATAM, Kak U B [§].
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2. IlocranoBka 3agauu. Paccmorpum cucremy auddepeHnuaabHbIX ypaBHEHUH
&= Az + f(z), (1)

B KoTOpOit € R?, R? — ByMepHOE BEIeCTBEHHOE BEKTOPHOE IIPOCTPAHCTBO,

(2

— MaTpHIA, MMeIolast Iapy COOCTBEHHBIX 3HadeHHl A\ = fwi (w = Vbc — a?, a’? < be, be > 0;
cM. [8]); f(x) — BekTOp-byHKIMSI, KOMIOHEHTAMH KOTOPOIi SIBJISIIOTCsI CyMMbI (DOPM He HUZKe BTOPOIO
IIOopsAJIKa OTHOCHUTEJIBHO KOMIIOHEHT BEKTOpa T,

[ ]| = max{|a;]}.

)

Cucrema (1) na muoxectse Q(gp) = {z € R? : ||z|| < g9} yroBIeTBOPSIET YCIOBUAM CYTIECTBOBAHNS,
CAMHCTBCHHOCTH U HereprBHOfI 3aBUCHUMOCTH peNIeHund OT HadaJIbHbIX JTaHHDBIX.

Tpebyercst MOyYUTh yCJIOBUS CYIIECTBOBAHUS TAKOM OKPECTHOCTH COCTOsHWUs paBHOBecusi & = 0,
Yepe3 KaxKJIylo TOUKY KOTOPOIl IIPOXOJIUT HEHYJIeBOe IIePUOJINIecKoe pelnerne cucreMbl (1).

3. IlIpeob6pazoBanme cucrembl (1). Bomosnum 3ameny nepemenubix @ = (E + M)z, tne M =
(mij(p))? j—1 — MaTpHuua, 3/1eMeHTaMU KOTOPOH SIBJISIOTCS MHOMOWIEHDL 1;;(4) OTHOCHTE/IBHO KOMIIO-
HeHT BekTopa 1 € R, M(0) = 099, E —epuunvnast 2 X 2-marpuna. IlycTs HOpMa MaTpHILbI

M| = max {|m;1| + [mizl},

1=1;m
TOr'/Ja MaTPUYHBII P
+o0 o
(E+M)7 =) (-1)'M
=0

paBHOMepHO cxoiuTcst Ha MHOKectBe W(er) = {u € R™ : |u|]| < e1 = ||M|| < 1}. C yuerom cka-
3aHHOTO TIPU COXPAHEHWHU IIPEKHUX 0OO3HAUEeHUHl Jiisi lepeMeHHON x cucreMy (1) MOXKHO mepenucarhb
CJIETYIONIAM 0DPa30oM:

+00 +oo
#=(A+(AM — MA)z+ | > ()Y (MA— M7 AM) | 2+ > (-1)'M f(E+ M)z).  (2)
=2 =0

Omnpegesmm muokectso U(S) = {a € R? @ ||a|| < 6}, |lof max{|ai|,|az|}. Cocrosmue pasmoBe-
cuss x = 0 siBisiercsi pemtenueM cucrembl (2). st siroboro unciaa € > 0 cymiecTByeT Takoe UUCIIO
do € (0;min{ep,e1}), uro s moboro Bekropa « € U(dy) u soboro Bekropa i € W(dy) perenne
x(t, o, pt) cucremsr (2), yiosiersopsioiiee HadajabHoMy yeaoBuio (0, o, 1) = «, OIpejIeIeHo U Helpe-
PBIBHO 3aBUCHUT OT HAYAJIbHBIX ycioBuil u p Ha npomexytke [0; 1] (T = 27 /w), n upu jwobbix ¢ € [0; T
yaoBJsieTBopsieT HepaBeHCTBY ||z (¢, o, p)|| < e. Cucrema (2) na muoxecrse [0; 7] x U(dp) x W(do) yuo-
BJIETBOPSIET YCJOBHUIO CYNIECTBOBAHUS U €JMHCTBEHHOCTU DEIIEHUS.

Onpepenienne 1. Pemenue z(t, o, p) cucremor (2), z(0,a,p) = «, Oyjgem HasbBaTh MajbiM T-
[EePHOJMIECKUM DEIIeHUeM, ecJiu Jyist J1oboro ducia € > 0 cymecrsytor uncia & € U(dg) u i € W(dp)
takue, aro z(T, &, i) — & = Oy u npu Beex ¢ € [0; 7] BBIIOMHEHO HepaBeHCTBO ||z(t, &, fi)]| < €.

U3 HenpepbIBHOCTH MPaBbIX YacTeil cucreMbl (2) ciemyer, uto ee pemenue (t, o, p) (z(0, o, 1) = @)
crpemuTcst K Hy o npu « — 0 paBaomepno 1o (¢, 1) € [0; 7] x W(dp).

Tak kak f(x) comepKuT cyMMbI (GOPM HE HUZKE BTOPOIO MOPsiJIKA OTHOCUTEIHLHO KOMIIOHEHT BEKTOPA
x, To cupaseuBo npejcrasienue f(z) = F(x)x, B kotopom F(x) — 2 X 2-maTpuria, HelpepbiBHAsT 110
x € Q(dp). Ananornuno, tak kak f((E + M)x) conepxkur cymmbl bOpM He HUMKE BTOPOIO TOPsJIKA
OTHOCHTEJIHHO KOMIIOHEHT BEKTOpa T, To crpase/ymBo npejcrasienue f((E+ M)z) = F((E+ M)x)z,
B KoTopoM F'((E + M)x) — 2 X 2-marpuria, HenpepbiBaasi 1o (z, 1) € Q(dg) x W(dp).
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Bgenem obosnadennst

B(u) = (AM — MA) + (f(—l)i(MiA = M“AM)) ,

+o0o i:2 (3)
gl 1) = S () MIF((E + M)a),
=0

upudeM crpaseinBo upejcrasienue g(x, u) = G(x, p)x, G(x, ) —2 X 2-Marpuiia, HelpepblBHAsI 110
(x,,u) S Q((so) X W((S())

Bumecre ¢ cucremoit (2) paccMOTPHM CHCTEMBI

§=Ay+ By +g(z(t, o, p), p). (4)
2=Az+ B(p)z + G(z(t, o, 1), )2, (5)
U3 ycoBusi e IMHCTBEHHOCTH DelieHus cucreMbl (4) ciaeyer, 9To ecsm pertenusi cucreM (2) u (4)

u
Jst goboro dukcupoBaruoro p € W(dg) ymosnersopsitor yenosuo x(0,«, p) = y(0,a,pu) = a, TO
9TH PEIIeHUsI COBIIAJIAIOT BCIOLy Ha npomexxkyTke [0; 7. AHasorndHoe yTBep:KIeHHE CIPABEJIUBO JIJIst
perrennii cucrem (2) u (5).

[ycrs Z(t, o, u) u X (t) — dbysmamenranbable MaTpuilbl perternii cucrem (5) u & = Ax coorser-
crenno, Z(0,a, ) = X(0) = E. Torga pemmenne z(t, v, 1) cucreMmsr (5), yI0BIeTBOPSIONIEe HATAIBHO-
My yesoBuio z(0, au, (1) = v, MOXKHO 3aIHCATh TaK

z2(t, o p) = Z(t, o, p)ar. (6)
JIemma 1. Jlas mampuyos Z(t, o, p1) cnpasedauso npedcmasaenue
Z(t, a,p) = X(t) + @(t, o, ), (7)

6 Komopom mampuya D(t,c, 1) onpedessemes svipasicenuem
t

O(t, a, p) = Z(t,a, ) /ZI(T>04>M)(B(M) + G(z(r, o, ), 1)) X (7)dr (8)
0
u obaadaem caedyrowuMY C80TCMEaAMU:
(i) CD(Oa O‘Hu) = O22;
(i) mampuya ®(t, o, 1) nenpepwvisna no (t,x, 1) € [0;T] x U(dy) x W(do);
(iii) npu ||a| — 0, ||p]] = O cnpasedauso, wmo ®(t, o, 1) — 0 pasromepro no t € [0;T].

Jlokasamenvcmeo. Tonoxum (¢, o, u) = Z(t,a, ) — X (t). Torga umeer mecro upescrasiaenue (7).
IToxcraBum ero npejcrasieHue B cucremy (5), mostydnmM

X(t) + (t, v, p) = AX(8) + (A + Blp) + Gla(t, o, ), ) @(t, v, ) + (B(p) + Gla(t, o w), n) X (t).

Vunrsas X (t) = AX(t), monyunm mMarpudHOe IHHEiHOE HeOTHOPOAHOE M depenuaibHoe ypas-
HeHMe Jiisi oThIcKauust Marpuibl P(t, o, (1)

O(t, o, 1) = (A + B(u) + Gla(t, , 1), )2, , p) + (B(k) + Gla(t, a, ), 1) X (t). (9)
Tak kak Z(t,«,p) — dyHIaMeHTadbHAs MaTPUIA OJHOPOJHON CHCTEMBbI, COOTBETCTBYIOIIEH CHCTe-
me (5), To Z(t, a, p) siBiisiercst pyHIAMEHTAIBHON MaTpPHUIEH OJJHOPOJHON CHCTEMBI, COOTBETCTBYIOIIEi
cucreme (9). Orcioma METOOM Bapuanuii MPOU3BOJILHBIX MOCTOSHHBIX TIOJIydYaeM OOIINee PEIeHue Ch-
crems! (9):
t

O(t, o, ) = Z(t, 0, p)C + Z(t,aaﬂ)/zl(ﬂmﬂ)(f}(ﬂ) + G(x(r,a, ), 1)) X (7)dr.
0
Baecy C — npousBosibhast nocrostunast marpuria. Z(0,a,pu) = X(0) = E, to uz (7) cuemyer, uro
®(0, ay pt) = Oppp. Taxum 06pasoM, JrokazaHo nepsoe coiicTBo Marpuilbl Y (¢, o, ). Torma C' = 0, u s
omnpegesienns Marputbl P(t, o, ) nosydaem Bbipazkerue (8), M3 KOTOPOIO HEIOCPEJICTBEHHO CJIEJYeT,
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gro marpura P (¢, o, 1) HenpepbiBHa Ha orpanndeHHOM 3aMKHyTOoM MHOXKecTBe [0; 1] X U(dg) x W(dp)
1o nepeMeHHbIM ¢, o, . CpoiicrBo (ii) gokazamo. [Jasee, Tak Kak

lim B(p) =0, lim ||| tg(t,a,p) =0
[l —0 llef| =0

pasromepso 110 t € [0;T] u p € W(dp), a Takxke cupaseymso paseHncrso g(z,p) = G(x, p)z, To u3
BHJIa BeIpazkenus (8) ciemyer coiicrso (iii). JIemma 1 nokazana. O

[Tycrs y(t, «, i) — pemenue cucremsl (4), yaoBierBopsitoniee HadaibHoMmy yeaosuo y(0, a, 1) = «;
X (t) — dbynmamenTagbHas MATPHIA PEIIEHUT OTHOPOJIHOM cucTeMbl § = Ay, yJIOBIETBOPSIONIAS YCI0-
suo X (0) = E. Torga obiiee penterne cucreMsl (4) MOXKHO 3alliCaTh B BHJIE

t.aum) = X(0a+ X [ X ran) (By(r.am + gle(rapn).m)dr. (10
0

Tak kak Jyist jio6oro dukcuposanuoro p € W(dy) npu z(0, o, p) = z(0, o, 1) = y(0, o, ) = « pernenue
cucreMsl (5) COBIAJACT C PEIICHHEM CHCTEMBI (2) H pelteHne cucreMbl (4) cOBHAJACT C PENICHHEM
cucreMsl (2) Beiofy Ha npomexyTke t € [0;T], To BCIo/Ly Ha 9TOM IIPOMEXKYTKE

x(t7 «, :u’) = Z(ta Q, M) = y(t7 «, :u’)
Tak kak
2(ta,p) = Z(t o, p)a = (X (1) + (¢, o, p))a,
g(x(t, o, p), 1) = Gx(t, a, p), p)z(t, o, p),

To BbIpazkerne (10) MOKHO IIpe/ICTABUTH B BUJE

y(t, a, p) = X(t)a+

t)/X_l(T,oa,u)<B(u)(X(T)+<I>(T7a7u)) +G(x(r, a, p), 1) (X(T)+<I>(T7a7u))@>d7- (11)

C yuerom npegcrasiennii (7) u f((E+ M)x) = F((E+ M )z)x HenocpeCTBEHHBIMU BbIYUCIEHUSIMU
YCTAHABJIMBAEM, UTO

f((E + M) (X () + B(t, o, ,u))oz) — F(X(D)a)a + ﬁ(cp(t, a, 1) + M(X(t) + ®(t, o, ,u)))oz

rie F(X (t)a) — 2 x 2-mMaTpuna, 3/MeMeHTaMi KOTOPOil ABJIAIOTCS cyMMBI (bopM TopsiKa e nizke (k—1)
OTHOCHUTEJILHO KOMITOHEHT BekTopa X (t)a.

C yuerom (11) yemoBue cymecrsoBanusi Majoro T-nepuoauueckoro pemenust y(T,a,pu) — a = 0
cucreMbl (2) Gyjer umerb BUj

T T
(X(T) - E)a+ X(T / X t)adt + X (T / XLt (AM — MA)X (t)odt+
0 0
T +oo T
/X L (=) (M*A - M"7YAM)X (t)adt + X(T /X L F(X(t)a) X (t)adt+
0 i= 2 0

T)/Xl(t)Z(—l)iMiF(X(t)a)X(t)adt+1/1(04,,u) =0, (12)

rae ¢ («, j1) — BbIpazkeHne, B KOTOPOE BXOJAT CJIAraeMble, COJEPKAIIE NHTErPAJIBI ¢ yIACTHEM MATPHU-
st P(t, o, p). Samernm, uTo

. -1 .
}g%p Y(a, p) =0,

e p = max{|lall, |||}
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HeHOCpe;LCTBeHHI)IMI/I BBIYUCJICHUAMUN YCTAHOBJICHDBI CJIE/IYIOIIUE YTBEPXKJICHNA.

1. Insg paccmarpuBaemoit Marpunibl A dpyHIaMeHTaIbHAT MaTPUIla JUHEHHON cucTeMbl & = Az, yjo-
BierBopstomias yeaosuto X (0) = E, umeer Bu

a . b .
coswt + — sinwt — sinwt
w w
X(t) = . u
——sinwt coswt — — sinwt
w w

Orcrona crenyer, uro X (1) = E.
2. ns paccmarpuBaemoii marpuipst A n mo6oit marpuist M crpaseiinBo

T
/ XYt (AM — MA)X (t)adt = 0s.
0
3. Ecoim T = 27 /w, 1O
T
/ sin® wt cos? wt =0
0
IpU S WIN ¢ HEYETHOM M
T
/ sin® wt cos? wt # 0
0

IIPU S U ¢ YETHBIX.
4. st paccmarpuBaeMoii MaTpuiibl A n j060it Mmarpuisr M

w3

T
/ XLt (M2A — MAM)X (t)adt = —~h(u)Aa,
0

e h(,u) = 4a2m12m21 — bc(mn — m22)2 — 2a(m11 — 77122)(le2 — bm21) - (leg + bm21)2.

Jlemma 2. Jlas pacemampusaemots mampuuvt A u 110600 mampuys, M ecau nopadox ecex gopm,
sxodawur 6 f(x), wemmnvii, mo

T
/ XL F(X(H)a) X (t)adt = 0s.
0

Joxasameavcmeo. s pacemarpusaemoit MaTpuibl A B cuity Bujta Marpuibl X () B KOMIIOHEHTBI BEK-
Topa X (t)a BxogaT dyHKImn sin wt 1 cos wt. Tor/ia HEOCPeACTBEHHBIM BLIMUCICHIEM YCTAHABINBACM,
aT0 st MoGoit Marpuibl M B cdopmyite (12) kommonentsr Matpuibt X 1 (t) F(X (t)a) X (t) comeprxar
caaraeMble Buja sin® wt cos? wt, te s + ¢ = k + 1. Torga npu k wernom uucio k + 1 = s + ¢ siBisiercs
HEYETHBIM, CJICJIOBATEIBHO, OJIHO U3 YHCEN S WM ¢ HEUYEeTHOE, 1

T
Gla)a = /X_l(t)F(X(t)oz)X(t)ozdt = 02.
0

JlemMa noKa3aHa. O

Bameuanmne 1. Eciu xorst 661 oHa u3 dopm, Bxogsnmx B f(z), uMeeT HeYeTHbIH HOPsIoK k, TO
qucyio k 4+ 1 = s + ¢ sB/IsIeTcs 9eTHBIM, CJIeJ0BATEeIbHO, YNUCJIa § U ¢ YeTHbIE U HEeUEeTHBIE OTHOBPE-
menno. Torga BekTOp-QyHKITHS

T
G(a)a /Xl(t)F(X(t)oz)X(t)ozdt
0
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MOXKET ObITh KaK HYJIEBOW, TaK U HEHYJIEBOIA.

O6o3znaunM
T +00

Do ) = / X0 S (1) (MPA — MTAM)X (tadi+
0 =3

+o0

T
+ / X7) SO (1) MIF(X(£)a) X (t)adt + (a, ).
0

=1
Od4eBuHO, YTO
. 17
lim p™ (e, ) = 0.
p—0
C yuerom yTBepKieHuii 1-4, iemmbl 2 u 3amedanus 1 cucremy ypasaeHuit (12) MOXKHO paccMaTpuBaTh

nuist ieyx cydaes: G(a)a # 0y u G(a)a = 0z. Pacemorpum oba ciryuast.

4. Caywyaii 1. Ilycrs G(a)a # 0. O603HaUNM | — HAMMEHBITHHA TOPSIOK (POPM, BXOJSAIINX B BEK-
rop-byskiuo G(q)a, OTHOCUTETHFHO KOMIIOHEHT BEKTOpa (v. TOrja yCcJIoBHE CyIeCTBOBAHUS HEHYJIe-
BOro T-IIepUOJINIECKOrO PEIeHUsT CUCTEMBbI (2) IpUMeT B/

T _ _
~ Th() Ao + Gla)a + B(a, p) = 0n (13)
Vumoxum cucremy (13) ciesa ma marpumy A~'. O6osmaumyv A~1G(a) = (gij(a))aj:l. [TocTponm
sementsl mg;(p) (4,7 = 1;2) marpunst M B Buge ¢opm nopsika | — 1 OTHOCHTEIBHO KOMIIOHEHT
BekTopa i € R™ [ € N, € W(dp). Torma umeer mMecro npejicraBiieHme
T 1A _
~ b Ba+ A Gla) = sia ) + Silan ), (14)

rje BekTop-byHKIwms Sy, (1) comep:kut (HopMbl HOpPsijika | OTHOCUTEIBLHO BeKTOpa (i, (i), & BEKTOP-
dbyuknus 5;(a, 1) — dbopMbl TOpsijiKa Bbiiie [ OTHOCUTENBLHO BeKTOpa (v, 11). C yaerom (14) yeaosue (13)
CYIIECTBOBAHUST HEHYJIEBOIO T-IIEPUOINIECKOrO PelIeHus] CUCTEMbI (2) mpuMeT BUJ

si(a, ) + o(p!) = 0y. (15)

Bresiem obosmauenus: o = pfB, = pA, ¢ = (B, ), O(p) = p~lo(p"),

lim O(p) =0.

Torma ||C|| = 1, si(a, 1) = p'5,(C), 51(x, i) + ¥ (c, 1) = 0(p), a cucremy (15) MOXKHO 3amuCaTh TaK:
$1(¢) + O(p) = 02. (16)

CJIG,ZLYIOHLE%SI TeopeMa IIpeACTaBJId€T YCJIOBHE OTCYTCTBH{A HEHYJIEBBIX T—HepI/IO,HI/I‘IGCKI/IX peIHeHI/Iﬁ
CHUCTEMBbI (2) B MaJIoik OKPECTHOCTHU HYJIEBOT'O COCTOsAHUA PaBHOBECHA.

Teopema 1. Ecau npu mobom ¢ (||C]|| = 1) svnoaneno nepasercmso §;(¢) # 0, mo cywecmesyem
maxoe wucao 8§ € (0;00), wmo das mobwzr eexmopos o € U(Y) \ {0}, p € W(&), cucmema (2) ne
umeem nenyaeeur T-nepuoduneckus pewenud.

Joxazameavemeo. VI3 yenosmit Teopembl caeiyet, ato mpu Beex ( € R2H™ (||¢|| = 1) sumommserca
HepaBeHCTBO 5;(¢) # 02, TO HalijeTCs YnUCIIO
L= inf [|5(C)]>0
I¢lI=1

taxoe, ato [|§(¢)|| > L. Buibepem umcio &' € (0;80) Tak, urober npu mobom ¢ € RZ™ (||¢]| = 1),
HekoropoM dbukcuposanHoM p € (0;¢") BbmosHsocs HepasercTso ||O(p)|| < L/2. Torpa upu jmo6om
¢ € R**™ (||¢|| = 1) nmeer mecto mepasenctso 5;(¢) + O(p) # 02. Crenosarensno, cucrema (15)
B £-OKPECTHOCTH HavaJia KOODJHMHAT He MMeeT JPYIHX PElleHuil, KpoMe HyJeBOro. DTo O3HAYAET, UTO
upu Beex a € U(8') \ {0}, n € W(0') cucrema (2) He umeer HeHyseBbIX T-IEPHOJNYECKUX DEIIEHHUIL.
Teopema 1 nokazana. ]
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U3 repemsbl 1 cieyer, 9T0 HEOOXOMMBIM YCIOBHEM CYIIECTBOBAHUS HEHYJIEBBIX 1 -II€PHOIMIECKIX
perenmit cuctembr (2) sBstercs cymecTBoBanue BekTopa (o € R2T™ (||(p|| = 1), s KoToporo BuITON-
HsieTcst HepaseHcTso §;((p) # 0.

O603HaunM MHOMKECTBO Zo = {(o € R2T™ : ||¢o|| = 1 A 5(¢o) = 0}. Jna xaxoro sexTopa (o € Zo
Haiiiercst Takoe aucyio p € (0;dp), 9ro cymecrByer BekTop (ap, to) € U(do)\{0} x W(do), (e, 10) = plo
u §l(040,u()) =0.

Jlemma 3. Jlaa cywecmeosarus eexmopa o € R2T™ (||(o]| = 1), ydosaemsoparowezo ypasnenuio
51(¢) = 0, neobzodumo u docmamouno, wmobsv cywecmeosan marol eexmop g € U(dg) \ {0}, wmo

(6911(040) + CL921(040))0481 + (6912(040) + a(g11 () + g22()) + 5921(040))04010402-1-

+ (agr2(a0) + bgzz(ao) )ady =0 (17)
npu ecex € W(dy), g = (a1, ap2)-

Joxasameavemso. Tlyers cymectsyer Bektop (o € R2H™ (||¢o]| = 1), 5;({p) = 02, 9T0 paBHOCHILHO

cylecTBOBaHUIO BekTopa (o, o) € U(dg) \ {0} x W(do), (ao, o) = plo, p € (0;00] u 5i(ag, 19) = 0.
[Tocsieinee paBeHCTBO PABHOCUJILHO CHCTeMe ypaBHeHMil

T
—Eh(uo)(aam + bagz) + g11ao1 + g2z = 0,

%h(uo)(cam + aagz) + gi11ao + gizaoz = 0.

Uckmouast n3 obonx ypasuenmuit Th(jug)/w® 1 BBINOIHAS TOXKIECTBEHHbIE TPEOGPAZOBAHHST, TIOTY M

dopmyiy (17) npu Beex u € W(dp). Jlemma 1 nokasana. O
[Tycrs D3§;(¢p) — (2 x (2 + m))-marpuna Axobu dbyuknuu §;((), Berauciaennas npu ¢ = (. Ciemy-

IOIasl TeOPEMa yCTaHABIUBAECT JIOCTATOUYHbIE YCJIOBUS CYIECTBOBAHUSA HEHYJIEBOTO T-IIepHOIUIECKOrO

pertieHusi cucreMbl (2).

Teopema 2. Ecau dasn eexmopa (o € Zo cnpasedauso pasencmeo rank D5i((p) = 2, mo cywe-
cmeyem makoe wucao & € (0;00), wmo na mmoocecmee S¢,(61) = {¢ € R*™ : ||¢ — (ol < 01}
cucmema (2) umeem nenysesoe T-nepuoduneckoe pewenue T(t, v, j1), YoOBAEMBOPAIOULEE HAUANLHBIM
yeaosusam T(0, o, 1) = . Havarvnoe snavenus o € U(dp) pewenud cemeticmea onpedeastomes coom-

noweruamu (o, 1) = p(Co + AC*), ¢ = (o + AC*) € S¢,(0).

Zloxasameavcmeo. B cuity ycioBuit TeopeMbl it JiI000T0 (PUKCUPOBAHHOIO BekTOopa (g € Zg 1m0 dop-
myste Teitiopa nmeem

l l
51(0) = 5(C) + D31(C)AC + > pilGoi AC) = D5i(Go)AC + > pilCos AQ), (18)
i=2 1=2
rie Co = (Bo, Ao), a = pB, = pA, D3;(¢p) — 2 x (2+m)-marpuna Axobu dyukiuun $;(¢), BerYUCICHHAST
upu ¢ = (o; pi(Co; AC) — HenpepbiBHAsT BeKTOP-hopMa mopsijka i orHocureabno Al = ¢ — (o; AC =
(AB, A)). U3 yenosus rank D§;((y) = 2 caeayer npejcrapiieHnue

D31(¢0)A¢ = S(¢o)v + S(Co)w, (19)

B KoTOopoM S(Co) 1 S(Cp) — MATPHIIBI pasMepHOCTEl 2 X 2 M 2 X 1 COOTBETCTBEHHO; U — [BYMEDHBII,
W — M-MEePHBIIl BEKTOPBI 13 KOMIIOHEHT BekTopa A(, BoiOpanHble Tak, 9Tobbl det S((p) # 0. Torma us
pasencTBa (18) ciremyer, aro
l l

> pilCo; AQ) =~ ailo;v) + (i vi w), (20)

i=2 =2
e B BekTop-bopmy ¢;((p;v) KOMIOHEHTHI BEKTOPa ¥ BXOAAT B CTenenu 4, i € 2;k; qi((o;0) = 0 ms
Bcex ¢ € 2; k. Hust mroboro v

lim G(Co;v;w) =0

[[w]|—0
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pPaBHOMEDHO 110 ¥ Ha MHOXKecTBe ||v|| < 01, rue 01 € (0;d0); ¢(Co;v;0) = 0. C yuerom pasencts (18)—(20)
cucrema (16) npumer Buj,

l l

S(Co)v+ S(Co)w + Y pilCo; AC) =Y 4i(Co; v) + d(Co; v; w) + O(p) = 0. (21)

i—2 i=2
Tak kak det S({y) # 0, To npu Bcex v u w, n06om p € (0; 09| paBercTo (21) onpeieisieT HEKOTOPBIH
HeJIMHENHBII HelIpepbIBHBIN 110 U OllepaTop

l l
Hu = 57" (¢o) <§(Co)w +> piGs A =Y ai(Cos v) + 4(Co; v w) + O(ﬂ)) : (22)

i—2 i=2
U3 Toro, aro aytst Beex i € 23k q;((p; 0) = 0,

lim (o v;w) =0
[lw[|—0
pasHomepro 10 |[v]] < 01, tae 01 € (0;00); G(Co;v;0) = 0, u onpenenenust O(p) ciemyer, 4To CyIIe-
crytor uucyia O u 0", & € (0;61], 8" € (0;0p], rakue, uro npu Beex ||v|| < &, [|lw|| < &, p € (0;6")
CIIPaBEJIUBBI OLEHKU
l

N ) o
IS IS @I -l < . 18T | Y ailGosv)|| <
1=2
o o
IS7HI - NlaGos vsw)ll < . 157G - 00| <

U3 KOTOPBIX CJIEJIYeT, 9TO Jiist JOOBbIX hukcnposanubix ||w]| < &', p € (0;6”) oneparop H menpepbisen
o v u orobpaxaer Muoxectso V(&) = {v € R%: ||v|| < &} B ceba. Tlo Teopeme Bpayspa cymecrsyer
takoii Bektop v* € V(§'), uro Hv* = v*. Baduxcupyem npoussosbable w*, p* Tak, uro ||w*|| < &,
p* € (0;0"). VI3 kommonenT BekTOpoB v* 1 w* nocrponm BekTopbl AC* = (AS*, AN) u ( = ((+AC") €
S¢o(01). TTo BexTopy ¢ = (o + AC*) maiinem o = p*(Bo + AB*), u = p*(Ao + AN*). Torma pemenne
Z(t, a, ), yaoBaeTBopsiioniee HadaabubiM yeaosusam T(0, a, (1) = v, SABJISETCs UCKOMBIM HeHyJIeBbiM T~
[EepUOJIMYECKUM pereaneM. Teopema 2 JoKa3aHa. O

Bameuanme 2. Ilojcrasisis Haijijennoe perenue cucrembl (2) B Boipaxkenne © = (E + M)z, 1o-
JIy9UM CeMeHCTBO HeHyJeBbIX T-nepuojpmdeckux perrenuii cucremst (1) z(t, o) = (E + M)z (t, a, p)
¢ nadasbubivMu yerosusamu z(0, o) = a.

Bameuanne 3. KosmuecTBo nepuoguyeckux perieHnii cucreMbl (2) ¢ HAYAJbHBIME yCJIOBHSIMU
a € U(dy) \ {0} onpenensiercss kosmmaectBom pemtenuit cucreMst §;(¢) = 0g. Ecim sta cucrema mmeer
KOHEYHOe MHOXKeCTBO periennit, B okpectHoctr U(dp) Touka 2 = 0 siisiercs neHTpo-dokycom. B ety
JIEMMBI 3 BO3MOXKEH CJIydaif, Korja CyIecTByeT 6eCKOHETHOe MHOXKECTBO pernenuit cucrembl §;(C) = 0g,
9ITO COOTBETCTBYET Cirydalo reHTpa B okpectHoctn U(dg) (em [8]).

Eciu st BekTopa (o € Zg cupasenmuso HepaBeHcTBo rank D§;((p) = 1, To ¢ ucnonanzosanuem (18)
cucremy (16) sanumiem B Bujie

D31(Go)A¢ + p2(Gos AQ) + o [ACIP) + O(p) = 0, (23)

B KoTOpOM p2((p; A() — BekTOp-hbOpMa BTOPOTO TOPsIJIKA OTHOCUTEIBHO KOMIIOHEHT BekTopa A(,

I 2
A S ae e S0AGR)
A = 3@ a0,  Jim i =0

Hasee cucremy (23) yMHOXKHUM CJieBa Ha HEOCOOEHHYIO MATPHUILY

. ( 1 0
= Coa )
o CO&? 1
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TOrJa, BBOJA 0003HAYEHUS
~ Dis
KDSl(CO) = < ! 6(C0)> s

rie D15;(¢p) —uepBasi crpoka marpurst D5;((p);

A
Ko a0) = (120@140),

e

Pa(2) (Co; AC) = pa2) (Co; AC) — 2202 P2(1) (Co; AQ);
o(||AC|?) = Ko(]|AC|1?), O(p) = KO(p), npusesiem ee K CIeIyiOMEeMy BULY

D15(¢o) Pa(1)(Co; AC) 5 .
< 1 0 ’ > AGH+ <I5§(;)(403AC)> +6(| AC)1?) + O(p) = 0,. (24)

Biesem B pacemorpenne muozkectso A¢,(01) = {A¢ € R*T™ ¢ |AC|| < 61 A (¢ + AC) € S, (61)}-

Teopema 3. Ecau npu ecex AC € Mg, (61) evinoaneno nepasercmeo Paca)(Go; AC) # 0, mo cyue-
cmeyem makoe wucao 6" € (0; min{dp, d1}), wmo npu ecex (o, i) € U(") \ {0} x W(8") cucmema (2)
He UMEEM HEHYALEHT Mavix T -nepuoduveckus pewrenul.

oxasamenvemeo. Tax xax npn Beex AC € A¢,(d1) BbmoONHACTCA HEPaBEHCTBO Pa(2)(Co; A¢) # 0, To
B CHJIy HENPEPBIBHOCTH (GOPMBI Po(2) HAHIETCS THCIO
L= inf D s AQ) >0
Acehe, (1) \P2(2)(C0 Q)|
TaKoe, 4To [Py(2)(Co; AC)| > L. Buibepem umcio 6" € (0;min{dp,d1}) Tax, wrobni mpum smobom
AC € Ag(6"), nexoropom duxcuposannom p € (0;6”) somomnsmces mepasenctsa [0 (| AC]?)| <
L/3, |O(2) (p)] < L/3. Torma npu mobom A{ € Ag(0”) mmeer MecTo HepaBeHCTBO Po(2)(Co; AC) +
o) (1AC]1%) + 0(2) (p) # 0. Cnenosarenbho, cucrema (24) B §”-0KpecTHOCTH Havasla KOODJMHAT HE

UMeeT JIPYTUX PEIIeHuil, KpoMe HyJeBoro. Jro o3nadaer, 9to upu Beex (a, ) € U(") \ {0} x W(d")
cucrema (2) He umeer HeHyJeBbIX T-niepuonuyeckux pernenuit. Teopema 3 jrokazana. O

[Tycrs cymecrsyer Bektop Ap € Ag,(d1), IPH KOTOPOM BBITOJIHSAETCST PABEHCTBO Pa(a)(Co; Alp) = 0.
O6osnaunm Dpo(Cp; Ap) — marpuiy Akobu Bekrop-byukimu Kps((o; AC), Bbrauciaennyo npu Ay,
(KD5;(Co)|Dp2(Co; Alp)) — marTpuity, cocraBjieHHyo npunucbiBanuem K marpuie K D3((p) croabrnos
marpuipt Dia(Co; Alp). Onpenennm MuoxkecTBo Sac,(61) = {AE € R2T™ ¢ ||¢]| = ||AC — A <
61 AN AGo € Agy (1)}

Teopema 4. Ecau daa eexmopa Ay € A¢,(61), ydosaemeopaowezo yeaosuro Py(2)(Co; Ao) = 0,
CNPacedAuGo paceHcmeo

rank(K D3;(¢o)|Dp2(Co; Ado)) = 2,

mo cywecmeyem makoe wucro 0y € (0;min{dg,d1}), wmo na mmoocecmese Sac,(02) cucmema (2)
umeem nenyaesoe T-nepuoduueckoe pewenue T(t, o, @), YoOBAEMBOPAIOWELE HAUAALHM YCAOBUAM
Z(0, o, 1) = ao. Hanwanonve suavenus o € U(dg) pewenutdl cemeticmea onpedeasiomes coomHmouen-
AMU

(o, 1) = p(Co + Ao D AE), ¢ = (Co+ Ao D AE) € S¢y(d1) ® Sag,(d2).

Hokasamenvcmeo. Tlpeanonozkum, aro cymecrByer BeKTop Ay € Ag,(01), ynoBreTBopsomuii yco-
BUIO Pa(2)(Co; Alo) = 0. Pasnoxum sexrop-bynkmnuio Kpa(o; AC) B psa Teitopa B okpectroct A p.
Torya cucrema (24) npumMer cieLyomuii BuL:

~ J
(Dlsé(<°)> AC + Dia(Co; AQ)AE + > ai(Co, Ao, AE) + 6(|| AC1?) + O(p) = 02, (25)

1=2
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B KoTopoM ¢;(Co, Ao, AE) — BekTOp-hopma 1opsizika @ orHOcHTeNbHO A& = A( — A(y. Tak kak
rank(K D3;(Co)|Dp2(o; Alp)) = 2, TO clpaBeiinBo IIpe/ICTaBIeHne

<D1§(1)(CO)> AC+ Dpa(Co; Ago) AL = P + Paw, (26)

rie P, P, — MaTpulibl pasMepHOCTeil 2X 2 1 2 X 1M COOTBETCTBEHHO, BEKTOPHI W U W UMEIOT PA3MEPHOCTH
2 ¥ M COOTBETCTBEHHO U BbIOpaHbI Tak, 9To0b! ||w]| # 0 u det Py # 0. Torna B cuty Bujia BekTop-hopm
qi(Co, Ap, AE) umeer MecTO IIpeJICTaBIIeHHE

J J
> 4i(Go, AGo, AE) =D (GilCo, Ao, ®) + (o, Ao, @) + 4o, Ao, W, ), (27)
=2 =2

B koTopoM §;(Cp, Alp, w), i(Co, Alp, w) — GOpMBI TIOPsIJIKA i OTHOCUTEILHO KOMIOHEHT BEKTOPOB 0
U W COOTBETCTBEHHO, i = 2; 7, ¢({o, Alp, W, W) — cymma GHOpM He HUZKE BTOPOrO MOPSJIKA 110 COBOKYII-
HOCTH KOMIIOHEHT BeKTOpPOB W u w. s Beex ¢ = 2;j cupasejymsbl paBercTsBa ¢;(Cp, Alp,0) = 0,

éi((()a AC07 O) - 0

hm q(go, Ay, w,w) =0 paBHOMEPHO 110 W Ha MHOXKecTBe ||w|| < dg,

G(Co, Ao, w,w) =0 paBHOMEPHO 110 W Ha MHOXKecTBe ||w]|| < do,

IIE\HO
e 9z € (0; min{&o,él}). C yuerom (26) u (27) cucrema (25) npumer BuJ

P1w+P2w+Z Gi(Cos Ao, @) + 3i(o, Ao, @) + §(Co, Ao, @, D) + 6(]|AC|*) + O(p) = 0. (28)
=2

Tax kak det P, # 0, To npu Bcex w u w u jaobom p € (0;02) ypasrenne (28) onpejiessieT HEKOTOPDIit
HeJIMHEHHBII HelIpepbIBHBIN 110 W OIIepaTop

J
Bw = —P; ' Pyw— P (Gi(Co, Ao, w)+Gi(Co, Ao, ) — — Py (G(Co, Ao, w, 1) +6(||AC]I*)+O(p)).

=2

Tax Kak Jyis Beex 4 = 2;j crnpaseymebl pasenctsa g (Co, Ao, 0) = 0, G;(Co, Ap,0) =0,

| h”m G(Co, Ao, w,w) =0 paBHOMEPHO 110 W Ha MHOXKecTBe ||w|| < d9,
| hHm G(Co, Ao, w,w) =0 paBHOMEPHO 110 W Ha MHOXKecTBe ||w|| < do,
a raxske u3 onpeenenns o(||AC||?) u O(p) ciemyer, uto cymecrByior Takue uucia 0, 0’ u 8", § € (0;da],
§" € (05 2], 0" € (0;d2], uro npu Beex ||w|| < 6, ||[@]] < 4§, [|AC|| < ', p € (0;8") cupaBemuBbl OEHKN
L I R L, _
1P P22l < 1Pl > ({0, Ao, @)
=2

o
<,

1)
e p!
<5 1A :

J
Z QZ COaAC(]) ))
=2

1y~ o o 1y~ 0 A 0
1P la(Go, Ao, @, @)l < 2 1P HIIB(IACI) < & 1IP0I < &

U3 KOTOPBIX CJIEJlyeT, 9To Jyist Jiiobbix dbukcuposannbix ||w] < 4, ||AL|| < & p € (0;6”) oneparop
B menpepbieH 1o W W oTOGpaskaeT MHOKecTBO V(§) = {w € }R2 : ||lw]] < 6} B cebs. Ilo Teopeme
Bpayapa cymectsyer Takoit Bektop w* € V(§), uro Bw* = w*. 3adukcupyem mpomsBoabHbIE W*,
AC*, p* Tak, uro ||[0*]| < 4§, [|ACY| < ¢, p* € (0;0”). I3 KOMIIOHEHT BEKTOPOB W* 1M W* 1OCTPOMM
BekTOPBI (o, 1) = p*(Co + Ao ® AL¥), ¢ = (Co + Ao @ AEL¥) € S¢,(01) @ Sag,(02). Torma pemenne
Z(t, o, 1), ysoBaeTsopsomee HadaabHbiM yeaoBusam T (0, o, 1) = «, ABIAETCS MCKOMBIM HeHyJ1eBbIM T -
[IepUOIUIECKUM perenreM. Teopema 3 JI0Ka3aHa. g

Bameuanmne 4. [lojncrasiss Haiijennoe pemenue cucrems! (2) B Boipaxkenne ¢ = (E + M)z, no-
JIYYIMM CeMEHCcTBO HeHyJeBbIX T-mepuopmdeckux pertennii cucrems! (1) z(t,a) = (E + M)z(t, o, p)
¢ HagasbHbIMK yeaoBusymu (0, a) = a.
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Bameuanune 5. KoimuecTBo mepuojmaecKnx permenuii cuctemMbl (2) ¢ Ha9aJbHBIME YCJIOBUSAMU (v €
U(do) \ {0} ompesensieTcss Ko/mmaecTBOM pernenuil ypasHeHus ooy (¢) = 0. Ecrmn sTo ypasnenue umeer
KOHEYHOe MHOXKECTBO pernenuii, To B okpectHocTH U(dg) Touka = = 0 sBasgeTcss neHTPO-(hOKyCOM.
B cuity sleMMbl 3 BO3BMOXKEH Crydail, KOIJla CyIeCTBYyeT GECKOHETHOEe MHOYKECTBO DPEIeHHil CHCTEMBI
P2(2)(€) = 02, 9TO cooTBETCTBYET Cilydaro TenTpa B okpectHOCTH U(dp).

Eciu ke rank D5;((p) = 0, To st cucremsl (32) ciejyer HOBTOPUTH PACCYKJIEHUST Cirydast 1 Jiist
dopm p;(Co, AC) opsiKa @ > 2, MOJLYJAIOIIUXCsI IPU pasJioxkeHnn BekTop-dopmbl (o) B psaj Teitiopa
B OKpecTHOCTH TOUKH (o (TeopeMmbl 1 u 2).

5. Cuaywuaii 2. Ilycrs G(a)a = 0g. Torya ycioBue cymecTBOBaHUs HEHYJIEBOrO T-TIePHOIHIECKOTO
pelrieHusi cucreMbl (2) mpuMer BUj

—%h(,u)Aa + (o, p) = 02 (30)

Yumozknm cucremy (30) cesa na MaTpuity A~ wma wucno —w? /7. O6osnadmm (—w? /7)) A~ (o, 1) =

(e, p). Tocrpoum smnementsr mi;(p) (4,7 = 1;2) marpumst M B Buge dbopM Hopsigka | OTHOCUTEILHO
komioHeHT BekTopa p € R™, 1 € N, u € W(dg). Torma umeer mecto npejicraBieHue

h(w)Ea = siy (e, p), (31)

rjie BeKTOp-pyHKIus S;41 (v, 1) copepkut opmbl nopsiaka [+ 1 orHocuTenbHo BekTopa (a, p). C yue-
ToMm npejicrasienust (31) yenosue (30) cymecTBoBaHus HeHyJeBOro T-II€PUOJMYECKOrO DEIeHUsT CU-
crembl (2) nmpumer BHJ

sipi(e ) +o(p*) = 0a. (32)
B cuity Busia BeKTOP-BOPMBI S;41((v, (1) BCerjia cymecTByer pasMepHoctb mg € N u Bektop po € R™,
aro spy1(a, o) = 0. s yxazammoit pasmeproctd mg € N m moboro Bextopa (a, pg) € R0

crpaBeyinBo paseHcTBo rank Ds;iq(a, po) < 1, rae Dspiq(a, pg) — marpuna Jkobu BekTop-hopMbL
s141(a, i), BBIMHECTEHHEAS J17Ts J1I060T0 BekTopa (v, f1g) € R?T™0. Ecym rank Ds; 1 (v, j19) = 1, To BOIpOC
0 CYIIeCTBOBAHUU HEHYJIEBBIX T -NIEePUOMIECKUX PEIeHUH CHCTeMBI (2) paccMaTpUBALTCsl AaHAJIOTUIHO
caydaro 1 (teopembr 3 u 4). Ecim ke rank Ds;y1(a, pg) = 0, To jyist cucremsl (32) ciejyer MOBTOPUTH
paccyxkaeHusi ciaydas 1 mjist pOpM IMOPs/IKa HE HIKE 2, TOJIYYIaIONINXCs MMPHU PAa3JIOKEHUU BEKTOPD-
dopmbr ;41 (v, pp) B psig Teiisiopa B okpectHocTH TOUKH (v, f19) (Teopembl 1 u 2).

Taxum 06pazoM, MOTyUeH AJITOPUTM HAXOXKIEHUsT YCJIOBUN CYIIECTBOBAHUS HEHYJIEBOTO PEIEHUsT
cucrembl (32), JUINTEIHLHOCTH KOTOPOrO 3aBUCUT OT BLIOOpA 3HAYEHHUS .
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OBOBIHIEHHOE PEINTEHUE YPABHEHUNA TAMUWJIBTOHA—-AKOBUA
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AHHOTAIIUA. Ha orpanmdeHHOM OTpe3Ke BPEMEHHU paccMaTpuBaeTcs 3ajada Kommm Jyist ypaBHEHUS
Tamunbrona—ko6u 9BOTIOIIMOHHOTO THIIA B CIyYae, KOT/Ia Pa3MEPHOCTh (ha30BOil epeMeHHOM paBHa
enuHuIe. [aMUJIBTOHNAH 3aBUCUT OT (PA30BON M WMITYJIbCHON NEPEMEHHBIX, IPU 3TOM 3aBUCHMOCTH
OT HWMITYJIbCHOI MEepEeMeHHON 3KcrmoHeHnaabHa. Ob6/1acTh, B KOTOPOI pPAaCCMATPUBAECTCS YPaBHEHIE,
pa3buBaeTcs Ha Tpu momobsacTu. BHyTpm Kaxkmoit m3 Tpex obJsacTeil raMIJIbTOHHAH HEIMPEPLIBEH,
a Ha IpaHUIEax 3TUX obJjlacTeil TepnuT paspbiB MO das30Boil mepeMenHoil. Ha ocHOBe MMHHMAKCHO-
r0/BA3KOCTHOIO TIO/IXO0/I3 BBOJAMTCS HENPEPHIBHOE 0GOOIIEHHOE PEIIEHnEe PACCMATPUBACMON 3a71a4H, 10~
Ka3blBaeTcsi ero cymiecrBoBanue. OOOOIIEHHOE DEIleHNe sIBISIETCS €IMHCTBEHHBIM, €CJIM 3aJada pPac-
CMaTpUBAETCs] B OIPAHUYEHHON 10 (a30BOi MEPEMEHHOI 06J/1acTH.

Karouesvie caosa: ypasHenne amumabrona—kobum, paspbIBHBIN raMUJIBTOHUAH, HEKOIPIIUTHUBHBIN
raMuJIbTOHUAH, 060BIIEHHOE pellleHne, BA3KOCTHOE PeIlleHNe.

GENERALIZED SOLUTION OF THE HAMILTON-JACOBI EQUATION
WITH A THREE-COMPONENT HAMILTONIAN

© 2022 L. G. SHAGALOVA

ABSTRACT. On a bounded time interval, we consider the Cauchy problem for the of evolutionary
Hamilton—Jacobi equation in the case where the dimension of the phase variable is equal to one.
The Hamiltonian depends on the phase and momentum variables and the dependence on the
momentum variable is exponential. The domain in which the equation is considered is divided into
three subdomains. Inside each of the three subdomains, the Hamiltonian is continuous, while at the
boundaries of these subdomains it is discontinuous with respect to the phase variable. Based on
the minimax/viscosity approach, we introduce the notion of a continuous generalized solution of the
problem and prove its existence. The generalized solution is unique if the problem is considered in a
domain bounded with respect to the phase variable.

Keywords and phrases: Hamiltonian—Jacobi equation, discontinuous Hamiltonian, noncoercive
Hamiltonian, generalized solution, viscosity solution.

AMS Subject Classification: 35F21, 35F25

1. Bsenenme. B teopun ypasuennii ['ammibrona—koOu M3BECTHBI PA3NUIHbIE KOHIEHIUU 0000-
nieHHoro perterusi (cM., Hanpumep [1,4,8,9,12]). B pamkax 9TuX KOHIENIU PACCMOTPEHbI PEIleHuUsT
HaYaJIbHBIX M KPAEBBIX 33/la4 PA3/IMYHBIX TUIIOB, JIOKA3aHbl T€OPEMbl CYIIECTBOBAHUS U €JIMHCTBEH-
HOCTH, M3yYeHBbI CBOICTBa peIleHUil U pa3zpaboTaHbl METO/bI UX MOocTpoeHus. IIpu 3ToM Ha BXOIHBIE
JIAaHHBIE 3aJ1a491, B YaCTHOCTHU, Ha FaMUJIBTOHUAH, HAKJIAJIBIBAIOTCS OIPE/IeJIEHHbIEe TpeOoBaHusl, 0bec-
[IeYNBAIOIIIE CYIIeCTBOBAHUE perteHus. Kak mpaBmiio, raMIJIBTOHUAH TTPEJITOIATraeTCsl HEIIPEPHIBHLIM
U YJIOBJIETBOPSIONIUM IIPA 3TOM HEKOTOPBIM JIOIIOJHUTEIbHBIM YCJIOBUAM, TAKUM KaK JINIIITUIIEBOCTD,
YCJIOBUE TOJJIMHEHHOrO POCTa WJINA YCJIOBUE KOIPIUTUBHOCTHU 110 UMITYJIbCHON II€PEMEHHOIM.

ISSN 2782-4438 (© BUHUTU PAH, 2022
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Bmecte ¢ TeMm psiyi npakTHueckKux 3ajad (Hanpumep, B Kpucrasiorpadun [14]) npusomsT K ypas-
HeHusiM [amuibrona—$IKo6u, B KOTOPBIX TaMHUJIBTOHUAH HE YJI0BJIETBOPSIET YKA3aHHBIM TPeOOBAHUSIM,
U U3BECTHBIE TEOPEMbI CYIIeCTBOBaHMUs ODOOIIEHHBIX PellleHn i He BIIOIHEeHbl. Jljis Takux 3a/1a4 npu-
XOJIUTCsI BBOJIUTH HOBBIE OIPEJIEJICHUsT PEIeHHI.

B nammoit pabore paccmarpuBaercd ypaBHeHnne amuibroHa—AKOOM ¢ TaMUJIBTOHUAHOM, 3ABUCS-
muM or $asoBoii 1 UMILYJILCHOI nepementoil. Pa3oBasi epeMeHHasi OJJHOMEpHA, & 3aBHCHUMOCTH OT
UMITYJIbCHON HePEMEHHON SKCIIOHEeHINAIbHA. 334l ¢ SKCIIOHEHIMAIbHON 3aBUCUMOCTBIO TaMUJIBTO-
HUAHA OT MUMITYJIbCHOM ePeMeHHON HEeTUIMYHBI /it Teopun ypaBuenuit [amuibrona—Adkobu. Bmecre
C TeM Takue ypaBHeHHsI BOSHUKAIOT B IPUKJIAHBIX UCCJIEJI0BAHUSIX, B YACTHOCTHU, B MOJIEKYJISIPHOI Te-
neruke [11]. Panee ypaBuenue moJjo6HOr0 THIIA HCCIIE0BAJIOCH [5—7| B OPPAHUYEHHOM 110 & 3aMKHYTO
obnacru G = {(t,z) | t € [0,T], z € [—1;1]}. B [5] neupepbIBHbLii TraMUIBTOHUAH HE YJOBJIETBODSLI
YCJIOBUIO KOSDIMTUBHOCTH HA IpaHuIle, U Jyist 3aja4du Komu He cyriecTBoBaio BsiskocTHOro [8,9] pe-
IIeHNsl, YTO NOTPeBGOBAIO BBECTH HOBOE OlpejesieHre 0600ieHHoro permenusi. [Ipu srom 06o6mieHHOE
pelnieHre GbLIO HeeJIMHCTBEeHHbIM. B [6] 1pesicTaBieHbl ocTaTouHble YCAO0BUS CyIIECTBOBAHUS TTI00a/b-
HOTO peIleHH s, COXPAHSIOIIEro CTPYKTYPY, 33/[aBaeMy0 HadalbHbIM MHOrooOpasueM, B [7]| uccieioBano
HOBEJICHUE TAKOI'O PeIeHns npu GOJIbIINX 3HAYCHUSIX BPEMEHH.

B nacrosimeit pabore 06JacTh, B KOTOPOH paccMaTpUBAETCs ypaBHEHHE, NPSMBIMU BHJIA T = X
ux=2z* ez, < x*, pasbuBaercs Ha TPH OJ00JIACTH, B KOTOPBIX FAMHU/IBTOHUAH 3a/Ia€TCsI PA3HBIME
dbopmynamu. BryTpn Kazkioii u3 obsacrell TaMUIIBTOHUAH HENPEPHIBEH, HO Ha JIMHUSX, DA3JIEJISIO-
MUX 9TH 00JIACTH, TEPUUT Pa3pbiB 10 (Ha30Boil nepeMeHHON. B Kaxk10il u3 obsacreil raMuIbTOHUAH
SIBJISIETCs BBIYKJIBIM 110 UMILYJILCHON [IEPEMEHHOM, HO Il HEro He BBINOJIHEHBl U3BECTHBIE YCJIOBUS
CYIIECTBOBAHUSI BSI3KOCTOrO (MUHUMAKCHOTO [4,12]) perenmuii.

Hust pacemarpusaemoit 3a1aan Komm Ha OCHOBE BSI3KOCTHOIO/MUHUMAKCHOIO IOJIXOJIA BBOJUTCS
HelpepbIBHOE 0000IIEHHOE PellleHne, JTOKa3bIBACTCs ero cylecTBoBanne. JloKka3aTebCTBO OCHOBAHO HA
aHAJIM3€e [OBEJICHUs DEIIeHUH XapaKTepUCTUIEeCKON CHCTeMbl M MMeeT KOHCTPYKTHBHBIH Xapakrep —
CHaJaJIa CTPOUTCs pellleHre B 3aMblkaHuu cpejneii obnacru clGy = {(t,z) |0 <t < T, =, < = <
x*}, KoTropoe 3areM HelpepbIBHO Ipojoskaercss Ha obmactu G = {(t,x) | 0 < t < T, © < x4}
uGy ={(t,x) |0<t<T, > x.}. O0600IEHHOE pellleHre SBJISAETCs eJIMHCTBEHHBIM, eCJIi 3a/1aua
paccMaTpuBaeTcs B orpaHmdenHoi o dbazosoii nepemennoii obnactn GM = {(t,2) |0 <t < T, —M <
x < Mx}, tne M > max{|z.|, |z*|}.

2. TIlocranoBka 3agaum. Paccmarpupaercs cienyomas 3agada Korm st ypaBHeHnst I'aMubTo-
Ha— 4 K0OM 3BOIIOIMOHHOTO THUIIA.

ou ou
E—G—H(x,%)—o, te(0,7), zeR, (1)
u(0,z) = up(z), =R (2)

Baecy T — 3ajannbiii Moment Bpemenu, 1 > 0, wug(-) —3amannast HenpepbIBHO JuddepeHnupyemast
dyHKIWHS.

ITpeanonaraercs, 9o 3ajaubl HenpepbiBHO juddepennupyemble Gyukmuu A(-): R — R, a Takxe
f():R—=Rug(): R— R rakne, aro f(-) sBiseTcss MOHOTOHHO BO3pacTalonieil, a ¢(-) — MOHOTOHHO
yobiBaromeii. Ilycrs cymecrBytor Touku z, u x* takue, uro f(x.) = 0, g(x*) = 0, u cupasenmso
HEPABEHCTBO T, < X,

Bazaua (1), (2) paccmaTpuBaeTrcst B IIPEJIIOJIOKEHUN, YTO MFAMUJIBTOHUAH UMEeT BH/

g(x)e P, T < Ty pER
H(z,p) =< h(z) + f(z)eP + g(x)e™®, z. <z <z* peR (3)
fx)ep, x>x* peR.

Brensa dyukimm

er(x) = max{O, f(x)}’ r € R; h[m*,m*}(x) -
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raMuIbTOHNAH (3) MOXKHO 3alliCaTh B BHUJIE
H(z,p) = hiy, o (x) + [T (2)e? + gF (x)eP.
Oupenenmm obnactu
Go={(t,z) |0<t <T, x <z},
Go={(t,z) |0<t<T, z,. <z < 2"},
Gy={(t,z)|0<t<T, z <zx*}.

CupaBeIJINBO PABEHCTBO

0, T] x R=clG_UclGyUclGy,

rie cl G oboznadaer 3amblkanue MHOXKecTBa G.

Takum obpaszom, obiacts [0,7) X R, B koropoii paccmarpusaercst 3aia4a (1), (2), pasbusaercs Ha
TPH O00/IACTH, B KAXK0M M3 KOTOPBHIX TaMIJIBTOHUAH OIIPEJI/IIeTCA COOTBETCTBYIOIIEH HEeITPEPBIBHOM
dbyuxiwmeit, u ecin h(xz,) # 0, h(x*) # 0, Ha rpanunax 3TUX 0bIacTell raAMUIBTOHUAH PA3PbIBEH.

Mg 3apaun Komm (1)—(3) ¢ paspbIBHBIM raMHIBTOHHMAHOM TPEOYeTCsi ONpPeJIeUTh HelpepbIBHOE
0060011IeHHOe PelIeHne, UCCIe0BATh BOIPOCHI CYIECTBOBAHUS U eJIMHCTBEHHOCTH TAKOTO PEIICHHUS.

3. BsaskocrtHoe pemtenmne B obaactu clGy. O6obmennoe pemenue 3ajaun (1)—(3) Gymer crpo-
UThCsl Ha 0a3e MOHATHsI BSI3KOCTHOIO PeIlleHHsl, KOTOPOe I[IPH OIPeJeJIeHHbIX YCJIOBUSX (HAIPUMED,
JIMIIIAIEBOCTH MaAMUJIBTOHUAHA 110 (DA30BOI U MMILYJIbCHOl [IePEMEHHBIM) SKBUBAJIEHTHO BBEJEHHOMY
A. 1. Cy660TuHbIM MUHMMAKCHOMY pernenuto |4, 12].

HamomuiM 01HO U3 9KBHUBAJEHTHBIX ONPEJIEEHUI BSI3KOCTHOTO PENIeHUs JIJIsl yPaBHEHUsT C Helpe-
PBIBHBIM TaMUJIBTOHMAHOM. [IpuBemeM ero jyisi akKTyaJbLHOrO B JaHHON paboTe ciydast OJJHOMEPHON
¢a30B0ii IEPEMEHHOIA.

IIycrs 3amano muoxkecrso W C R2. Cumsonom C(W) Gymem obo3nadarh Kiaace QpyHKIM, Hepe-
PBIBHBIX Ha MHOXKecTBe W.

IIycrs u(-) € C(W) u (t,z) € W. Cybauddepennnanom dyukimun u(-) B Touke (¢, r) Ha3bIBACTCH
MHOKECTBO

u(r,y) —ut,z) —a(r —t) — s(y — )

D u(t,x) =< (a,s) e RxR: liminf >0,. (4)
(r9) = (L) T =t + ]y — 2]
(ry)ew
Cynepmuddepenimanom dyukmun u(-) B Touke (¢, ) HA3BIBAETCS MHOKECTBO
Dtu(t,r) = { (a,s) ER xR : limsup ury) zult,z) —alr =) = sly — 2) <0
()= (t) R ]
(ry)ew

Ounpenenenne 1. Oyukinusa v € C(W) HasbiBaercss HUKHUM BSI3KOCTHBIM DEIICHUEM ypaBHe-
nust (1) Ha MHOXKecTBe W, eciin cripaBejjinBO HEPABEHCTBO

a+ H(x,s) <0, Y(t,x)eW, ¥Y(a,s) € DV u(t, ). (5)

Oyukrust v € C(W) HasbiBaeTcsi BEPXHUM BsI3KOCTHBIM perienneM ypasHenusi (1) wa W, ecsn cripa-
BEJJTNBO HEPABEHCTBO

a+ H(x,s) >0, VY(t,z)e W, V(a,s) € D u(t,x). (6)

HenpepbiBrast GyHKius u(-) Ha3blBaeTCsl BA3KOCTHBIM perteHneM ypaprenus (1) ma W, eciu oHa siB-
JISIeTCsl OJTHOBPEMEHHO HYKHUM U BepxXHuUM perteruneM (1) na W.

Eciin muOXkecTBO W OrpaHndeHo u 3aMKHYTO, QYHKIMsE U(+), SIBISAIONIASICS BI3KOCTHBIM PEIIeHUEM
ypaBrenus (1) Ha 5TOM MHOXKECTBE, COIJIACHO OIPEJIEIeHIO 1 JIOJKHA YIOBJIETBOPITH 000MM HEPABEeH-
cream (5),(6) Kak BO BHYTPEHHHX, TAK U B TPAHMYHBIX TOYKAX MHOXKecTBa W.

B pab6ore [8] o6obiennoe pemenne ypasaenusi (1) Ha orpaHMYeHHOM 3aMKHYTOM MHOxkecTBe cl W
OTIPEJIEJISIJIOCh KaK (DYHKITUS, sIBJISIONIASICS BA3KOCTHBIM PEIIEHNEM Ha BHYTPEHHOCTH MHOXKecTBa W
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U BEpXHUM BSI3KOCTHBIM pellleHneM Ha rpaHurie W 5Toro MHOXKECTBA — 9TUX YCJIOBUI JIOCTATOTHO JIJIsT
CyIIECTBOBAHUSI M €JMHCTBEHHOCTH DEIIeHNs], YJOBJIETBOPSIONIEr0 3a/IaHHOMY HAYaJbLHOMY YCJIOBHIO.
TaKI/H\T O6pa3OM7 B I'PaHUYIHBIX TOYKaX MHOXKECTBa W JJIdd BASKOCTHOI'O PpEHICHUsA CJIEAYET IIPOBEPATH
TOJIBKO HepaBeHCTBO (6).

OrmeTnM, 9TO B 'paHUYHBIX TOYKax MHOKecTBa W cyGmuddepennman D~ u(t, x), ecan o Hemycr,
SIBJISIETCsI HEOIDAHUYEHHBIM MHOXKecTBOM. JleficTBuTesibHO, 1ycTh (ty, Yx) € OW, (a,s) € D™ u(tx, Y« ),
a BeKTOp (N1, ng) sIBJIsieTCsl BHEITHEH HOpMaJIbio K MHOXKecTBY ¢l W B Touke (i, y.). Torua, Kak HETPY/I-
HO 3aMeTuTh U3 onpejenenus (4) cybmudddepennuana, s aH060r0 MOJOKUTEILHOIO duciaa k cipa-
BEJIJINBO

(a+ kny, s+ kna) € D™ u(ts, ys).

[Tocrpoum BsizkocTHOE permnenne 3ajgaun (1), (2) Ha 3amkayTOM MHOXKecTBe clGy. Cormacuo (3)

TaMUJIBTOHUAH B 3TON O6.Ha.CTI/I nmMeeT BUJT

H(z,p) = h(z) + f(x)e’ + g(x)e™". (7)
[Tockosbky B paccmarpuBaeMoii objiactu GpyHKIUU f U ¢ HEOTPUIIATEIbHBI, TAMUJIBTOHUAH SIBJISETCS
BBITYKJIbIM. Kpome Toro, B oTkpbITOii 06sactu Gy ramuibroHuan (7) yJIOBJIETBOPSIET YCJIOBUIO KO3IP-
ITUTUBHOCTU
H(xz,p) = +o00 mupu |p| = oo. (8)
Ha rpanumax x = x4 u x = x* ycyioBue (8) He BBIIOJIHAETCS.
Hnst e > 0 onpenenum obracTh

o={t2)|0<t<T, z,+e<z<a"—e}

113 pesysbraros mynkra (5) B [8, Theorem X.I, p. 678| momyuaem, uro B obsactu G C Gy cyiecTByeT
€JIMHCTBEHHOE BsI3KOCTHOE pettenne. IIpu sToMm ero 3uadenue B Touke (t, ) € G pasHO

u(t, x) = inf uO(ﬁ(O))+/H*(£(S),5(S))d8r£(0) =y, )=z, yelz.te " —¢l . (9)
0

3necb H* — QyHKIUs, CONPSIKEHHAST K TaMUJIBTOHUAHY, OIPEIE/IsieMast CIIEYIOIMMUM 00pa3soM

H*(x,q) = sup{pqg — H(z,p)}.
peER
Oynxmun €, o KoTophiM nimeres nabumywM B (9), npuraiexar knaccy CLH(0, T [z, +¢&; 2% —¢]) Herpe-
pbiBHO JinddepeHIipyeMbix (OyHKIWM, onpeesaeHHbx Ha orpeske [0,7] U IPUHUMAIONMX 3HAYEHUS
u3 oTpesKa [T, + ;" — €.
XapakTepucruieckas cucreMa (cM., Hanpumep, [2,13]) musa samaun (1), (2) ¢ ravmisrornanom (7)

uMeeT BU/L
i = Hy(w,p) = f@)e? — glo)e?,
p = _Hl’(x7p) = _h,(x) - f’(a?)ep - g,(flf)e_p7 (10)
5 = pHy(e,p) — H(z,p) = plf(2)e? — g(@)e?) — f(2)e? — gla)e? — h(z)
U PACCMATPUBAETCSI C HAYAJBHBIMU YCJIOBHSIMU
2(0,) =y, p0,y) =up(y), 2(0,y) =uo(y), yE€ [z.+ea" e (11)
Buecy Hy(z,p) = 0H (z,p)/0z, Hy(x,p) = OH (x,p)/dp, a cumsosiom f’(x) obo3HaMaETCS IPOU3BOAHASL
dyuxiun f(x). Pemenus cucremst (10), (11) massiBatorcss xapakrepucrukamu. Kowmmonenrst x(-,y),
p(-,y) 1 z(+,y) pellleHus HA3BIBAIOTCS COOTBETCTBEHHO (DA30BBIMU, UMILY/JIbCHBIMU U IIEHOBBIMU XapaK-
TEPUCTHKAMH.
BeimceiBast HEOOXOIMMBbIE YCJIOBUST 9KCTPEMyMa JIJIsl BapUAIMOHHON 3aa4qu (9), MOKHO I10Ka3aTh,

9T0 MHMUMYM JOCTHraeTcst Ha (ha30BbIX XapaKTEPUCTHKAX, M COIVIACHO METO/Ly OOOOIIEHHBIX XapaKTe-
pucruk [10, 13| 3nagenue (9) Ba3KocTHOrO peltenust B Touke (t,x) € G paBHo

u(t, x) = min § uo(y) +/(p(T)Hp(fv(T),p(T)) — H(z(r),p(r)))dr : 2(t,y) == ¢ . (12)
0
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rie x(t) = z(t,y) u p(t) = p(t,y) aBiasrorcs cooTBeTCTBEHHO (BHA30BON M UMILYJILCHONH KOMIIOHEHTAMI
periennst xapakrepucrudeckoii cucremer (10), (11), onpeensiemoro napamerpom y € [z, + €; 2% — ¢].

[TokarkeM, UTO BSIBKOCTHOE peIlleHUE, OIpeesIeHHOe B OTKPBITON objiactu (G pernpe3eHTaTHBHOIM
opmyioit (12), MOXKHO HENPEPBIBHO NIPOJIOJZKUTH Ha TPAHUIBI 00JIACTU & = Ty U T = T, U IOJIy YeHHOEe
IPOJIOJIZKEeHNE Oy/IeT BSI3KOCTHBIM perteHueM B obsactu cl Gy.

Pacemorpum B cucreme (10) ypaBHeHne J1j1st HMITYJIBCHON KOMIIOHEHTBI XapakTepucTuKA. [TockombKy
dbyuximu h, f u g, paccMaTpuBaeMble Ha O'PAHUYEHHOM OTpe3Ke [T, x|, HenpepbiBHO auddepeHiy-
pyeMsbl, a f 1 g, KpOMe TOTO, SBJISIFOTCSI COOTBETCTBEHHO CTPOrO BO3PACTAOIIEH W CTPOrO yOBIBAOIIEH
GYHKIUSIMEA, MOXKHO TIOJIyIUTh CJIEIYIOIIYIO0 OIEHKY

—AeP — B <p< Ae P+ B,

e A > 0, B > 0. lcnonb3yst 9Ty OIEHKY, MOXKHO TIOKa3aTh, 9To Haiijyres unciaa K > 0, C1 u Co
Takue, 9TO

—Kt+Cy <p(t) < Kt + Cs.

U3 (3) mouygaem, uro p(t) Buyrpu obiactu Gy IPUHAMAIOT KOHEYHbIE 3HAUEHUS, [I09TOMY MMILYJIbC-
Hble KOMIIOHeHTHI XapakrepucTuk (10), kak u dhasoBble KOMIIOHEHTBI, [IPOJIOJIZKUMBI JIH60 /10 MOMEHTa
t = T, qmubo no Bepxueil (r = x*) wim Hukeell (r = ) rpanunsl obmactu Gp. Takum obpasom,
yCTpeMJIsisl € K HYJIIO, MBI HEIPEPBIBHO IIPOJIOJIKUAM 3aJaHHyio B obactsax G dynknmo u(t,z) Ha
cl G(] .

[To cxeme, aHAJIOTUYHON MCIIOJIB30BAHHON B pabore [5| mis nokazaresnbersa cynepauddepeHnupye-
MOCTH OGOBIIIEHHOTO PeIleHnst, MOXKHO JI0Ka3aTh, 4To (yuknus u(t, x) ssiasercs cybauddepennupye-
moit B cl Gg, TO ecThb

V(t,z) € clGy D™ (t,x) # 0.

Bamernm, uro ecsn dynkiws u guddepennupyema B Touke (t, ), TOrIa

D™ (t,z) = D" (t,z) = {(augt’ x)’ auéi;x)> } ‘

[TokazkeM, 4TO Ha TPAHUIAX T = Ty U T = " BbinoJHsAeTCs JuddepeHnuanbHoe HepaBeHeTBO (6).
Cumosiom Dif (u) 0603HAUMM MHOXKECTBO TOYEK, B KOTOPbIX dyHKIus u(-) muddepenimpyema.
OrnpeiesuM MHOYKECTBO

o . IERT 8u(ti,xi) IERT 8u(tz,x2)
ou(t,z) = co{(a, s):ra= Zlg]élo —5 5= Zlg]élo 5

(tiyz;) = (t,x) upu i — oo, (t;,x;) € Dif(u)}. (13)

Hns 0 < t < T cupaBeIuBBI BKIIOUEHNS
D™ (t,z.) C {(a,s + k) | (a,s) € Qu(t,xy), k > 0},
D™ (t,z*) C {(a,s — k) | (a,s) € Qu(t,z.), k > 0}.

Takum obpasom, B cuiy (7), Jyisi IPOBEPKU BBINOJIHEHUsI HepaBeHcTBa (6) Ha BepxHel rpaHurie
obutactu cl Gy HOCTATOYHO MMOKA3aTh, YTO €CJIH

a+ h(z*) + f(z*)e? >0,
TOrAa JJIs BceX § > 0 BBIIOJIHSETCS
a+ h(z*) + f(z*)eP™ > 0. (14)

IMockombky f(x*) > 0, mepasencrso (14) cupaseymso. Vrak, na BepxHeil rpanuie ¢ = & BBIIOIHEHO
muddepenrmanbaoe HepasencTso (6) jyist cybauddepennuana dbyukmmm u(-).

st mpoBepku Hepasencrsa (6) Ha HuzKHell rpamuie r = x, obsactu cl Gy JOCTATOYHO MOKA3aTh,
YTO €C/IH

a+ h(z.) + gz e ? > 0,
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Tor/la JIIst BceX s > () BBIITOJIHSIETCS
a+ h(z,) + g(z)e~ P78 = a + h(x,) + gz, )e P > 0. (15)

Hepagsencrso (15) cnpasemuBo, Tak Kak ¢(z.) > 0. Takum obpa3oM, B TOYKAX HHUKHEH TIDAHUIIbI
x = x, BbimosaHeno nuddepennuanbHoe HepaBeHCTBO (6), M 9TO 3aBeplIaeT JOKA3aTeIbCTBO TOIO,
4T0 mocrpoeHnast B obsactu ¢l Gy dynkius u(-) fBIsgeTCs BA3KOCTHBIM pemterneM. [TockoIbKy ra-
vubronnan (7) u dyHkmst ug(-) HenpepblBHO juddepeHIpyeMbl, u3 pe3yabraToB [8] cuaemyer, aTo
BSI3KOCTHOE pellleHne B 3aMKHyTo# obJiactu cl Gg enHCTBEHHO.

4. CsoiicTBa pellleHns Ha rpaHunax obsacreit. [Ipexe dem mepeiiTi K IMOCTPOCHUIO PEIIEHNST
sajaun B obmactax G- u G4 (1)—(3), usyunm cpoiictBa nocrpoeHHoro B obsactu cl Gy BA3KOCTHOTO
perenust u(-) Ha JUHUSIX T = Ty U T = T*.

Pacemorpum dynrkimio

o(t) = u(t,z*), tel0,T].

ITo nocrpoenuio p(0) = ug(x*).
[Tycre A > 0. Corsacuo (12) cymecrByer ya € (x4, z*) Takoe, 9To

A

p(A) = uo(ya) + /(pA(T)Hp(xA(T),pA (7)) = H(za(7), pa(r)))dr, (16)
0

rie xA(t) u pa(t) aBisitorcst coorBeTCTBEHHO (ha30BOIl U MMITYJILCHOI KOMIOHEHTAMU DPEIeHUsT XapaK-
repuctuyeckoii cucrembr (10), (11), onpeessieMoro mapaMeTpoM YA .

[Tpu MaJbIX 3HAYEHUIX A ¢ TOYHOCTHIO JI0 GECKOHEYHO MAaJjIbIX 00JIee BBICOKOTO MOPSIKA BETUIUHY
pA(t) MOXKHO cumTarh paBHOM 3HadeHUIO Uuj(x* — ya), a PasoByo XapakTepucTuky T (t) — orpeskom
npsimoii, coepuasionieit rouku (0, x* —ya) u (0, A). IIpu sToM 3HaYeHMe nHTErpasia B Boipazkenun (16)
110 TeopeMe o cpejHeM Gyaer pasao K A2,

[Tockosbky ya — x* npu A — 0, osrygaem

p(A) —(0) o uo(ya) + KA? +o(A) —ug(z*)
N =i A = to(a"):

Urak, dyukiws () B Touke ¢t = 0 mMeeT IpaByio MPOU3BO/IHYIO, 3HAYEHHE KOTOPOil PABHO PON3BO/I-
HOI HauabHON (yHKIUN u)(-) B TOUKe x*.

'’ (0) = up(x™).

[TockoubKy mocrpoentoe B obsiactu ¢l G BsiskocTHOe perrerne u(-) cy6muddepennupyemo, dyHKIs
©(+) Takxke siBasieTcs cyOmuddepeHnupyemoii, To ecThb sl Heé CIpaBe/InBO CBOHCTBO

Vt €10,T] D™ o(t) #0. (17)

OyuKIUs OJHON mepeMeHHoi, cyOmuddepeHupyeMas Ha OrPAHUIEHHOM OTPE3Ke, UMeeT Ha ITOM
oTpesKe He 6oJiee KOHEYHOrO 4ncsa Touek Heuddepennupyemoctu. Takum obpazom, us (17) ciexyer,
a0 yHKIWs @(-) sBIsteTcs KycodHo auddepeHimpyeMoii.

Pacemorpum Teneps yHKITHIO

P(t) = u(t,z.), tel0,T].
ITo nocrpoenuio 1(0) = ug(z.). Tak ke, kak u st GyHKIWUH @(+), MOKHO JI0KA3aTh, YTO
vt € [0,T] D7w(t) #0,

u dyuknus ¢(-) kycouno quddepennupyema. Kpome toro, dyuxiws 1(-) B Touke t = 0 umeeT npaByro
MIPOUBBOIHYIO, U

W, (0) = (a).
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5. ITocrpoenme perrenusi B obmactsax G u G_. B obnactu G ramuiasronnan 3amaan (1)—(3)
nMeeT BUJT

H(z,p) = f(x)e?, f(z) >0,
1 COOTBETCTBYIOIIaAd XapaKTEPUCTUIECKasd CUCTEeMa 3allUChIBa€TCd CJICAYIONINUM O6pa30M.
&= Hy(z,p) = f(z)e’,
p=—Hy(z,p) =) — f'(z)e”, (18)
Z = pHy(z,p) — H(z,p).

HauasbHoe MHOrooGpasue, ¢ KOTOpOro COIIACHO MeToJLy 0000IeHHbIX Xapakrepuctuk [10, 13| ciemyer
BBIIIYCKATh XapaKTEPUCTUKM, PA30UBAETCS HA JIBE YaCTH

{(t,z,2) |t=0, x >z, z=wup(z)} U{(t,2,2) | 0<t < T, o =2" z=¢(t)=u(tz")},

nosromy cucrema (18) moszKHA paccMaTpUBATBLC C JABYMsl HAOOpaMU HAYAJIbHBIX YCJIOBHIA.
Havanbuble ycioBust [y XapaKTepPUCTUK, CTAPTYIONUX B MOMEHT ¢ = (), UMeIOT BU/I

z(0,y) =y, p0,y) =ugly), 2(0,y) =uo(y), y € [z";500). (19)

s xapakTepucTuk, crapryomux B MoMeHT 7 € [0,7) u3 To4eK, PACIOJOKEeHHbIX HA JIMHUU & = T,
HadaJIbHBbIE YCJIOBHUS 3AIMCHIBAIOTCS CJIELYIONIM 00pa30oM

a(r) =", p(r) € D7p(7), 2(1) = () = u(r,27). (20)

Eciu dyukuus ¢(-) muddepennupyema B TOUKe T, TOrA B 910 TOUKe €é cybuuddepeniman cocront
n3 eIMHCTBEHHOI'O dJIEMeHTa, 1

D™ y(r) = D (1) = ¢/ (7).
B roukax nemuddepentupyemoctu ¢(+) cynepauddepeniman mycr, a cybmudddepennuan sisiercst
orpeskoM. Takum obpasom, eciu B Touke T byukuus ¢(-) nemudddepennupyema, us rouku (7,x*)
BBIIIYCKAETCST ITYI0K XapaKTePUCTHK.

Paccmorpum nepsbie jiBa ypaaenust (it (pa3oBoil M MMITYJILCHOI KOMIIOHEHT XapaKTePUCTUKH )
cucremsl (18). Paznenus obe yacTu BTOPOro ypaBHeHHsI HA COOTBETCTBYIOIINE YaCTH II€PBOTO,

dp (=)
dr  f(z)’

HIOJIy YUM
p(x) = p(zo) — In f ().

[TosicTaBuB 5TO BbIpayKeHUE JIJIs P B IIEPBOE YPABHEHUE XapaKTePUCTUIECKOi cucreMbl (18), mosryunm,
9T0 (ha30Bble KOMIIOHEHTBI XapPAKTEPUCTHK SIBJISIOTCH MPSIMBIMU BUIA

x = xo + eP@0)¢,
OHpe,HeJII/IM MHOZKECTBO
Py ={(tz,)[t=0, 222" }U{(t,2) [0<t<T, z=2a"}

Host Toukn (t,%7) € G4 onpenenmnm X (I'y;t, T) Kak MHOKECTBO Beex (DA30BBIX XapaKTepucTuk (-),
BBIYTIEHHBIX U3 TOUeK MHOxKecTBa 'y, TaKuX, 4TO JIs HUX CIIPaBe/JINBO yCJIOBHe

x(t) = T.
Ucnonb3yst MeTos 0600IIEHHBIX XaPAKTEPUCTHK, MOKHO [0OKA3aTh, 9TO (DyHKIHSI

u(t,z) = min < u(r? 2f) +

X4 i) (p(r)Hp((7), p(7)) — H(x(r), p(r)))dr

L\ﬁ
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SABJIACTCS BAZKOCTHBIM permenuem 3ajaqu (1)—(3) B obmactun Go. 3uech (79, 27) — Touxa us Muoxke-
crea I'}, u3 Koropoii BeiyIeHa dha3oBast XapaKTepUCTHKA Z(+); p(-) — COOTBETCTBYIONIAS NMILYJILCHAS

XapaKTepUCTUKA,
u(ru,xu) _ ug(z?), ecmm 78 =0,
(%), ecm 0 < 78 < T, 2f = 2*.

AHaJIOrmIHO CTPOUTCsI BSI3KOCTHOE perenne B obyactu (G_. B 3T0if 001acT raMUILTOHUAH NMEET
BIT

H(.%‘,p) = g(x)e_pa g(x) >0,

a COOTBETCTBYIOIIad XapaKTEPUCTUIECCKaA CUCTEMa 3AIINCBIBACTCA CJIEYIONINM 06pa30M.

& = Hp(z,p) = —g(z)e”?,
p=—Hy(x,p) =) - g (x)e?, (21)
z2 = pHpy(z,p) — H(z,p).

1151 XapaKTePUCTUK, BBIILYCKAEMbIX B MOMEHT t = (), HAYAIbHBIE YCJIOBUS UMEIOT BU/T

2(0,y) =y, p0,y) =up(y), 2(0,y) =uo(y), ¥y € (—00;z]. (22)

HauaJsibHble yCJI0BUsI J1JIs XapDAKTEPUCTUK, CTapTyomux B MoMeHT T € [0,7') u3 Touek, pacioioKeH-
HBIX Ha, JIMHUHM T = T4, 3AIUCHIBAIOTCH CJIEYIONUM 00pa3oM

2(r) = s, p(r) € D7U(T), 2(7) = ¥(7) = u(T, 24). (23)
HecioxkHO 1poBepuTh, 4TO (ha3oBble XapaKTePUCTUKH SABJISTIOTCS MPIMBIMU BUJIA
T =z — e P,
OrnpeiesTuM MHOKECTBO
I ={(t,z,) |t=0, s <z, fU{(t,z) |0<t < T, x =z}

Host touknm (¢, %) € G— onpenenum muozkectso X (I'_; ¢, T) KaK MHOKECTBO Beex (Da30BBIX XapaKTePH-
cruk x(-), BBIIYIIEHHbIX U3 TOUYEK MHOXKecTBa [’ Takux, 4TO JJIsi HUX CIIPABEJJINBO YCIOBUE

x(t) = T.
OyuKIns
¢

u(t.a) = min Su(rh,a®) + [0 Hy(alr),p(r) = Ha(r),p(r)r

Th
ABJIACTCS BA3KOCTHRIM permennen 3azasu (1)—(3) B obmactn G_. 3Bupecs (79, 27) — Touxa m3 mmoxke-
cra I'_, n3 KoTopoii BeIIyIeHa (as3oBast xapakTepucTuka Z(-); p(-) — COOTBETCTBYIONIAS NMITYJIbCHAS
XapaKTepPUCTUKA,

i h—0
ug(x ecau T4 =
P(1h), ecm 0 < 7TV < T, 2% = z,.

6. QOO6o6enHoe perteHre. OCHOBBIBAsICh Ha IIPOBE/IEHHBIX IIOCTPOEHUSIX, JIAUM CJIEIYIOIIEe OlTpe-
JleJIEHNE.

Onpenenenne 2. O6o6mennbivM  perrenneM 3agadu (1)—(3) HasoBeM HeHpPepBIBHYIO (DYHKIIIIO
u(-): [0;T] x R — R, ynosseTsopsiontyio HauaIbHOMY ycIoBHIO (2) 1 Takylio, uTo eé cyzxenns ujg_(+),
ug, (*) 1 U g, (-) na obmactu G- u G4 n Ha 3ambikanue o61acTn (o SBIAIOTCA BASKOCTHBIME Pertie-
HUsIMI ypaBHeHus (1) ¢ raMHIyIbTOHHAHOM BHJa (3) Ha 9THX MHOYKECTBAX.
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Bameuanme 1. IIpoepka Toro, uro cyxenusi byHKIUU u(-) SBISIOTCH BA3KOCTHBIME DeIIeHMUsI-
MM, CBOJMTCsI K IPOBEpPKe BbilosiHenust jauddepennnanbubix Hepasencts (5), (6). Coemyer mojguepk-
HyTb, 4TO Jyist Touek (t,x), UpuHaJIeXKaImx rpanure obgactu Gp (JeKalux Ha JIMHUSAX T = Ty
uz = z*), cybmuddepenuan D~ u(t,x) n cynepmuddepennuan DT u(t, z) dynxuum u(-) He cosna-
JIAIOT ¢ cooTBercTByomuME cy6mddepennumanom n cynepiuddepennuanom cyxenns D™ u)q q, (t,x)
" D+U\CIG0 (t,z). B wacrnocru, D~ u(t,z) siBasieTcss OrpaHUYEHHBIM U 3aMKHYTHIM (BO3MOXKHO, ITy-
CTBIM) MHOMKECTBOM, a MHOXecTBO D™ u| ¢, (t, ¥) HeorpanmienHo.

s HOCTpOGHI/IfI, npeCcTaBJICHHbIX BbBIIIE, CJICAYET yTBEP2KICHUEC.

Teopema 1. Jas 3adawu (1)—(3) cywecmeyem obobwennoe 6 cmovicae onpedenenus 1 pewenue
u(+): [0; 7] x R — R.

B orpannvenHoil u 3amxHyTON 0bnactu cl Gy BsiskocTHOe pernenne 3azxaun (1)—(3) exuHCTBEHHO,
HO Ha HEOIDAHMYEHHBIX OTKPBHITHIX MHOXkecTBaX G_ X R m G4 X R ramwmibronnan H, 3anaBaemblii
dbopmyiioit (3), He YIOBIETBOPsieT U3BECTHBIM JIOCTATOYHBIM YCJIOBHSIM €JMHCTBEHHOCTU BS3KOCTHOI'O
perenust, nosromy Ha MuokectBe [0; 7] X R 0606111eHHOe perenre MOKeT ObITh He €JIMHCTBEeHHbIM.

ITycrs M > 0 Taxoe, 4To

M > max{|z.|, |z*|}. (24)
Pacemorpum sanaay (1)—(3) aist (¢, ) € [0, 7] x (—M; M), To ecTb B OrPAaHUYEHHOIT 110 2 OTKPBITOM 06-
aactu. MoxkHO 1OKa3aTh, YTO B 9TOM CJlydae 3HAYEHHs] UMILYJIbCHBIX KOMIIOHEHT XapaKTePUCTUIECKIX
cucrem (18), (19), (20) u (21), (22), (23) GyayT orpaHudeHbl, 1

p(t) e P, tel0,T],

Jutst Beex ¢ € [0, T], ryie P — orpaHuyeHHbIH OTPE30K.
Oupepennum

GM ={(t,x) |0<t<T, -M<z<uwz}, GM={t=z)|0<t<T, z*<z<M}

TFamusnbronnan H (x,p) HenpepblBHO juddepeHupyeM Ha OrPAaHMYEHHBIX 3aMKHYTBHIX MHOYKECTBaX
clGM x Pucl Gﬂ\r/l X P, cirletoBaTe/ibHO, Ha 3TUX MHOXKECTBAX OH Y/OBJIETBOPSIET YCJOBUIO JIHMIIIIHIIA.
ITosTomy BstskocTHbIe pertenns sajaan (1)—(3) B obmactax [0,T) x GM u [0,T) x GY! exuncreennoi.
OTciona cielyeT eInHCTBEHHOCTh 0000menHoro permennst 3a1aqn (1)—(3), paccmarpuBaeMoii B orpa-
HU4YeHHOH 1o © obsactu [0, T x (—M; M).

Taxwum o6pa3oM, JJOKA3aHO CJIELYIONIEE YTBEPK ICHUE

Teopema 2. ITycmv M ydosaemeopsem ycaosuro (24). Tozda das sadawu (1)—(3), pacemampu-
saemoti & obnacmu [0,T] x (—M; M), obobwenroe 6 cmucae onpedeaenusn 1 pewenue u(-): [0;T] X
(—=M; M) = R cywecmesyem u eduncmsenno.
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AHAJIN3 YPOBHA MATEPUAJIBHBIX 3AITIACOB
HA OCHOBE HEYETKOM MH®OPMAIINN O 3ATPATAX

© 2022r. C. A. HUKUTUHA

AHHOTALUA. PaccmarpuBaeTcst mpuMeHEHNE TEOPUN HEYETKUX MHOMKECTB JIJIsl aHAJIN3a YPOBHSI MaTe-
PHAJIbHBIX 3aIacOB MPEINPUATUs. jIs opraHu3anuy Mpou3BOJICTBEHHOI'O IIPOIECCa Ha MPEIIPUITHI
CO3/TaeTCs HEKOTOPBIN YPOBEHD 3aIIaCOB, KOTOPBIN HEOOXOIUMO TIOMOIHSITH B OIPEIEIEHHbBIE TTPOMEXKY T-
KH BpeMeHU. BoJIbIloe KOJIMYECTBO 3aI1acOB IIPUBEIET K UCKJIIOYEHHUIO U3 000pOTa U 3aMOPaKUBAHUIO
dpuHaHCOBBIX cpeicTB. HexBaTka MaTepHasbHBIX 3aIllaCcOB IPHUBOJUT K IepepbiBaM B paboTe Mpous-
BoaCcTBa. Bo3HMKaeT HEOOXOIUMOCTD B MIPOBEICHUN aHAIN3a YPOBHs 3amacoB. Ilpemmaraerca npu mpo-
BeJIEHUsI TAKOI'O aHAJIM3a MCIIOJIb30BaTh WH(OPMAIINIO O 3aTpaTax, KOTOpash MOYKET HOCUTHb HEYETKUi
XapakKTep.

Katouesvie caosa: 3amada yIpaBIeHUs 3allacaMu, HedeTKas MHQOPMAIUs O 3aTpaTax, JIMHIBUCTH-
JecKasl KJIacCHUpUKaIUs.

ANALYSIS OF INVENTORY LEVELS
BASED ON FUZZY COST INFORMATION

(© 2022 S. A. NIKITINA

ABSTRACT. In this paper, we consider the application of the theory of fuzzy sets for the analysis of the
level of material inventories of an enterprise. To organize the production process at the enterprise,
a certain level of inventories is created, which must be replenished at certain intervals. A large
amount of inventory leads to exclusion funds from circulation; lack of inventories leads to interruptions
in production. A need of analyzing the level of inventories appears. We propose to use fuzzy cost
information for performing this analysis.

Keywords and phrases: inventory management problem, fuzzy cost information, linguistic
classification.

AMS Subject Classification: 93A30, 93C95

1. Bsenenwme. 3ajiaun yIpaB/jeHUs 3alacaMU OTHOCSTCS K 3aj@daM YIIPaBJIEHUsI, PENIeHUuEe KOTO-
PBIX UMEET BaxKHOe IMpHuKJanHoe 3Hadenne. OnpejiesieHne CTpaTern yIpaBIeHUs 3aIlacaMU [I03BOJISIET
MOBBICUTDH 3D PEKTUBHOCTD UCIOJIB3YEMBIX pecypcoB. Kak mpaBmiio, Ha JIEHCTBYIOMNUX PEIITPUITUIX
TaKHe 33JIa4l XapaKTepU3yloTcsd HAJIUYUEM psijla apaMeTpoB, CO3/IAIONINX HEOIIPEJe/IEHHOCTD.
OptHuM ©3 cocobOB yUueTa B MATEeMATHIECKONU MOJE/IM HEOIPEJIeIEHHOCTH — 9TO IPUMEHEHUE BEpPO-
SITHOCTHBIX MeTo10B. OJHAKO JJIT MX HCHOJIB30BAHUS HEOOXO/MMO 3HATH PACIPEJICJICHUs HEOIPeie-
JIEHHBIX TIApaMeTPOB, YTO HE BCErJa BO3MOXKHO. B Tako#l CUTYyaIuu ajJbTePHATUBHBIM SBJISIETCS TTOIXO.
IIOCTPOEHUST SKOHOMHUKO-MAaTEMATUIECKUX MOJIesIeil, OCHOBAHHBI!I Ha IPUMEHEHUH allllapaTa HEeYEeTKUX
MHO2KeCTB. OTMETHM, 9TO HEKOTOPbIE TIapAMETPhI CKJIAJICKOW CUCTEMBI B YCJIOBUSAX HEOIPEIEJIEHHOCTH
HEBO3MOYKHO OIMMCATH 4eTKO. Hampumep, okujiaemast eHa MpuoOPETEHUST 3AII1aCOB MOYXKET 3aBUCETH OT
YPOBHSI HACBIIIEHUS PBIHKA, COCTOSHUS OTPAC/IN, TOJUTHKY [IPOJIBU2KEHUST TOBAPOB U T. 1. 3aTPaThl HA
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TPaHCIIOPTUPOBKY MOTYT 3aBUCETH OT TEKYIIEro COCTOAHUSA JOPOTI'H, IMOTOHbIX yC.HOBI/II‘/’I7 KBa.HI/I(bI/IKa—
1y BojuTe s u 1p. IIpuMenenne Mozeseil CKIaICKO CHCTEMBI, Y INTHIBAIOIINX HEIETKOCTD B OITUCAHUN
ITapaMeTpOB, MO2KET IIOBBLICUTHL Kad9€CTBO YIIpaBJICHUA TaKOl CUCTEMOTA.

UccnieioBanust mogobHBIX Mogiesiedi yke npooauinck. Tak, B pabore |7] paccMorpeHa JucKpeTHast
MO/JIEJIb 3aIlacOB C JIMHEHHOM CKOPOCTBIO CIIpoca 663 peryssipHOro mpeJjioykennsi. BBoguTess Kpurepwuit
JUIsl pacdera IUCTOH NPHUOBLIN, MCXOJs U3 KOTOPOIO CTPOUTC yipasieHue. B [8] mpejcrasienbr pe-
3YyJbTaTbl MOJAC/JIUPOBaHUA JTUHAMUKN ITPOU3BO/ICTBA U 3aKa30B IJId CUCTEMBI IIOCTaBOK C JIUCKPETHBIM
BpeMeHeM. [lo/rydeHbl OIEHKM I'PAHWUIL JAaa30Ha KoJIeDaHUi 3al1acoB IPU HEM3BECTHOM CIIPOCE.

B [3] upeioxken moixo/1 Juist pellieHusl 3a/[a4i YIIPABJIEHNUs 3allaCaMi B JIICKPETHOM CJIydae. 3alli-
CaH aJI"OPUTM IIOCTPOEHUS YIIPABJIEHHSI, KOTOpOe 00EeCIIeUnBaeT yaepKaHue (pa3oBoil TOUKH B 33 1aHHOM
cemeficTBe MHOXKECTB TIpH JIt000ii JomycTuMoii peanusanuu nomexu. B pabore [5] 6bu1a paccMoTpena 3a-
Jada yjuep:kanusg pa3oBOil TOUKHU B 3aJAHHOM CEMEICTBE MHOXKECTB B JIUCKPETHBIE MOMEHTHI BPEMEHH,
[IPUBEJIEHBI HEOOXOMMbIE U JIOCTATOYHBIE YCJIOBUSI BO3SMOXKHOCTHU YJIEPXKAHUS.

B nanHO#l cTaThe MpOIOIKAETCS HAYATOE PAHee MCCJIEOBAHUE, & UMEHHO PACCMATPUBAETCS IIPUMeE-
HEHUE TEOPUHU HEYETKUX MHOXKECTB JIJIs aHAJIM3a YPOBHS MAaTEPHUAJbHBIX 3a1acoB npeaupusTus. [Ipes-
JIATAeTCsl MPU IIPOBEJIEHUs] TAKOTO aHAJN3a UCIOJb30BaTh MH(MOPMAIUIO O 3aTpaTax, KOTOpas MOYKET
HOCHUTBb HEUETKHII XapaKTep. DTO MO3BOJUT HUCCIEI0BATH YPOBEHb 3allaca KadeCTBeHHO. VI3/102KeHHbIiT
B CTaTbhe Crocob aHa/In3a OCHOBaH HA METOJMKe, pazpaborannoit B [2]. st npejcraBiienus mapaMeTpos
MOJIEJIH, 33/IJAHHBIX HEYETKUMU YUCJIAMU, UCIOJIb3yeTcsl moHsTue cepoii mkasbl [Tocnenosa [4].

2. MNMznoxkeHme MeTona aHaIM3a YPOBHS MAaTepHAJbHBIX 3amacoB. [loctpoennas cucrema
aHajM3a Ha OCHOBE HEYETKOW MHMOpMAIUU O 3aTpaTax IMO3BOJISET CIEJAThb BBIBOJ 00 ypPOBHE MaTe-
PHUAJIBHBIX 3al1aCOB Ha NPEIIIPUATHAH.

CuaugaJjia BBeJIeM JINHIBUCTHIECKYIO TIePEMEHHY0 H — «yPOBEHb MaTEPUAJIBHBIX 3AI1ACOB». SHAUCHUS
(TepMbl) STOI JMHIBHCTUYECKOH MIEPEMEHHOMN CJIe Iy OIITe:

(1) Hy — «04eHb BBICOKUI yPOBEHb MATEPUAJLHBIX 3aI1acOB>;
(2) Hy — «BbICOKMII YPOBEHb MaTEPUAJIBHBIX 3AIIACOBY ;

(3) H3 — «cpejHuii ypoBeHb MATEPUATBHBIX 3al1aCOB ;

(4) Hy— «HU3KHI yPOBEHb MaTEPUAJIbHBIX 3alaCOB»;

(5) Hs — «04eHb HU3KUiT yPOBEHb MATEPUATHHBIX 3alIACOB.

Kazxxaprit repm Hj, j =1,...,5, gABisieTcss HEYETKUM YHCJIOM, 33 JaHHBIM Ha orpeske [0; 1].
DBynem paccmarpuBaTh B KadecTBe 3HAYEHUI JIMHIBUCTHYECKON mnepeMeHHoil H TparenueBuHble
nederkue yncsaa. OyHKINS TPUHAIJIEXKHOCTA TAKOTO HEYETKOTO YUCIIA UMEET BUJL

0, ecm T < a;

T —a

— ecmn a < x < b;

w(x) = 1, ecn b < x < ¢ (1)

x—d

1t ecn ¢ < x < d;

0, ecm x > d.

BagauM QyHKIMN IPUHAIICKHOCTH JIId KaxKaoro TepMa Hj, j =1,...,5.

st repma Hy — «O4UeHb BBHICOKUI yPOBEHD MATEPUABHBIX 3aI1acoB» :

0, ecn x < 0,75;
pr (x) =4 1—10(0,85 — ), ecaun 0,75 < = < 0,85;
1, ectm 0,85 <z < 1.
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- / i’ [ 1)

Puc. 1 Puc. 2

st repma Hy — «BBICOKUI YyPOBEHb MaTEPHAJLHBIX 3aI1acOB»

0, ecn = < 0,55;
1 —10(0,65 — x), ecumu 0,55 < x < 0,65;
() =<1, ecau 0,65 < x < 0,75;
10(0,85 — z), ecan 0,75 < x < 0,85;
\O, eciu = > 0,85.
st repma Hg — «cpeqauit ypoBeHb MATEPUAIBHBIX 3aI1aCOB»
0, ecn T < 0,35;
1—10(0,45 — 2), ecm 0,35 < = < 0,45;
prs(z) =< 1, ecmm 0,45 < x < 0,55;
10(0,65 — z), ecmu 0,55 < v < 0,65;
\0, ecsit x = 0,65.
s Tepma Hy — «HU3KHi ypOBEHb MaTepUAILHBIX 3al1aCOB»
0, ecin T < 0,15;
1-10(0,25 — 2), ecm 0,15 < z < 0,25;
pr,(z) =< 1, ecin 0,25 < x < 0,35;
10(0,45 — z), ecmu 0,35 < v < 0,45;
0, eciu = > 0,45.

s repma Hs — «0o9eHb HU3KUI yPOBEHb MAaTEPHATHLHBIX 3aIACOBY

1, ecun 0 <z < 0,15;

prs(x) = ¢1—10(0,25 — ), ecan 0,15 < = < 0,25;
0, ecoi x© = 0,25.

I'pacdukn bysxmiit npuHaIeKHOCTH [if, ()i, (T) n300pakenbl Ha puc. 1-5.
V3/105kUM Terepb MeTOJL, O TaraM.

HTar 1. Orobpare nokazareynu Dy, Do, ..., D, nesaTebHOCTH CKJIAJICKONW CUCTEMBI IIPEIITPUSITHS, KO-
TOpbIE UMEIOT HAamOOJIbIIIEE OTHOIIEHUE K OIEHKe YpOBHs 3amaca. llpum BbeOOpe mokaszareseil HyKHO
YUUTBIBATH CJejyomiee yeoue (cM. [2]): pocT mokaszaresist 1OJKEH NPUBOJAUTD K CHUYKEHHUIO YPOBHSI
3al1acoB.

Coruiacuo 6] Ha ypoBeHb 3amaca Ha CKJIaJjle 3HAYUTEJIbHOE BJIMSHIE OKA3BIBAIOT 3aTPAThl Ha XpaHe-
HI€e, Ha BBINOJIHEHNE 3aKa3a (OpraHu3aluio) 1 Ha norepu ot gedurmra ropapa. [pu yBesmdyenun 1o/m
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0 01 02 03 04 05 06 07 08 09 il 0 01 02 03 04 05 06 07 08 00 1

Puc. 3 Puc. 4

0 01 02 03 04 05 06 07 08 09 il 0 01 02 03 04 05 06 07 08 09 1

Puc. 5 Puc. 6

YKa3aHHbBIX 3aTpaT B CyMMapPHBIX 3aTpaTaX, IIPOUCXO/IUT CHU2KCHHNE (bHHaHCOBI)IX BJIO?KEHUI B HpI/IO6—
pereHrne npoJayKiuu. CJIE,HCTBI/IGM 9TOI'0 fABJIACTCA YMEHbIIIEHWE BCJIMYIHUHDBI IIOIIOJIHEHUSA TOBApOB, T.€.
IIPOUCXOJIUT CHU2KECHHNE YPOBHA MaTe€pUaJIbHBIX 3allaCOB.

B ,HaJIbHefIIHeM B KadecTBe INOKa3aTesiei 6y,H,eM paccMaTpuBaTh CJICAYIONIUE:

(1) Dy — noust 3aTpaT Ha XpaHeHHe;
(2) D — nonst 3aTpaT Ha BBIIOJHEHUE 3aKa3a,;
(3) D3 — yioaist 3aTpar Ha noTepu OT jeduimra.

IIycrs d;, © = 1,...,3, —3HaYeHUsT YPOBHS ITOKA3ATE s ¢ B TEKYIIUN [I€PUOJ], BPEMEHH.

IITar 2. OunpexenuTb, Kakue U3 0oTOOpaHHBLIX IOKa3aTeseil sBJIAIOTCS Haubosee, a KaKue HauMeHee
3HAYMMBIMU IIPU BJUSHAM HA YPOBEHBb 3allaca MaTepPHAJbHBIX PeCcypcoB. PacmosioKuTh moKasaTe in
1o yOBIBAHWIO MX 3HAYUMOCTHU. lIpucBonTh mMOKa3aTessiM BecOBble KOIMDDUIUMEHTHI w;, ¢ = 1,...,n,
B 3aBUCHUMOCTH OT WX 3HAYMMOCTH.

Becosble koadbdurmenTsl MOKHO onpejienTh 110 npasuity Pumbepna (em. [1]). Eciu Boibpantbie
[IOKa3aTe/Ii He MOI'YT OBITh PaCIOJIOXKEHbBI B ITOPSAIKE YOBIBAHUSA UX 3HAYUMOCTH, TO BECOBbIE KO3 du-
[MEHTHI JJIsT HUX BBIOMPAIOT OJIMHAKOBBIMI.

HTar 3. ®PazzudunupoBarsb BEIOpAHHBIE TOKA3ATEN, T.€. BBECTH JIMHIBUCTHUYECKUE [TEPEMEHHBIE.

[IpeanosokuM, 9TO TEPM-MHOXKECTBO 3TUX JUHIBUCTUYECKUX ITEPEMEHHBLIX COMEPXKHUT CJIEYIONINe
3HAYEHUS: «OUYeHb HU3KUI ITOKa3aTelby, «HU3KUI IOKa3aTe/Iby, «CPEJIHUN 1T0KA3aTe by, «BBICOKMII 110-
KazaTesby, «OUeHb BBICOKHUI MOKazaTes by, KaxKjIoMy 3HAYEHWIO JIMHI'BUCTUYIECKON IIepEMEHHOM Heob-
XOJUMO COMOCTABUTH (DYHKIMIO MPUHAJIEKHOCTH. [IJIs 9TOr0 y/100HO TPUMEHUTb CUCTEMY HEYETKUX
qHCeJl TPANeIMeBHIHOTO TUIIA, YJOBJIETBOPSIOILYIO YCJIOBUIO cepoil mKasbl [locrenmosa (em. [4]). Dror
mar jaJjiee OyJieT ornucaH mojapobHee.
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ITar 4. YcranoBuTb ypOBeHb NPUHAJIEXKHOCTH -TO IOKa3aTess K j-f JUHIBUCTUYIECKON KJIACCH-
puKanyM 1Mo pe3yabTaTaM 3HAYEHUI MMEIONUXCs BXOAHBIX rmapaMerpoB d;. O603HAYUM 3TOT ypPOBEHB
IPUHAJICXKHOCTH 9epe3 (i, ¢ = 1,...,n, j =1,...5.

ITar 5. Haiitu unrerpaibHBIil TOKA3aTe/ b YPOBHST MaTEPHAILHBIX 3aI1aCOB

5
h:Zh]‘Zwi'Mz‘ja (2)

rae hj = 0,9—0,2(j — 1) — cepenuna npomexyTka HOocuTenst Tepma Hj, j =1,...,5. 13 dopmyssr (2)
CJIeJlyeT, 9TO MHTErpabHBI MOKA3aTelb YPOBHS MaTepUAILHBIX 3aIllaCOB €CTh PE3YJIBLTAT JIBYMEPHOM
CBEPTKU MoKazaTeJieil IpUHaJIe’XKHOCTH, ¢ JIBYMsl CACTEMaMU BECOB — BECOB JIJIsl lIOKa3aTe ieli U BecoB
XapaKTEePHBIX TOYEK JIJIsl 3a/IaHHON JIMHIBUCTUYECKOH Kiaccudukamun. Jem GoJiblie 3HaYeHre 3TOro
nokasareJisi, TeM HHXKe YPOBEHb 3allacoB.

®Daz3udukanusa BLIOPpAHHBIX ITOKa3aTesiei [ljisi BeITOHeHsT TPOIE Ty PhI (pas33udUuKaIi BBeIeM
caepyore 0003HAYEHUST JIJIsl 3HAYCHNI JIMTHTBUCTUIECKUX MEPEMEHHBIX:

(1) Aj1 — «oveHb HU3KUIT ypoBeHb HokazaTesst D;»;

(2) Ajo — «Hu3KHIA ypoBeHb TOKazaTesist D;»;

(3) A3 — «cpenuuii yposenb nokaszarens D;»;

(4) A4 — «BBICOKUIT ypoBeHb NOKazaresst D;»;

(5) A5 — «oveHb BBICOKHII ypoBeHb HoKazaresst Di»; i =1,...,3.

Pacemorpum nokazaresib D — jioitio 3arpar Ha xpanenue. Kak ussectno (cm. [6]), B cpeaaem jost
3aTpar Ha XpaHeHue NpUHUMaeT 3Hadenue 15-25% or obmieil cymmbl 3arpar. OTKJIOHEHHsSI OT 3TOTO
3HAYEHUS MOXKHO PAcCMaTPUBATh KaK BBICOKOE MJIM HU3KOE 3HAYEHHE IIOKA3aTeJIs.

SanuieM QYHKIUH TPUHAJIEXKHOCTH JIjIsi COOTBETCTBYIOIIUX TEPMOB KaK TPAIICIIUEBUIHBIE HEUET-
KHe YUCJIA.

OyHKIMS TPUHAJJIEXKHOCTH JJIst TepMa A13 — «CpeIHuil YPOBEHD J0JIM 3aTpaT Ha XPaHEHUe» :

,

0, eci < 0,1;

20z — 2, ecmu 0,1 < x <0,15;
us(z) =< 1, ecmm 0,15 < z < 0,25;

20z — 5, ecmm 0,25 < x < 0,3;

0, ecsit x = 0,3.

I'padur dynknnn npuuayiexkuaoctn i13(x) n3o6parken Ha puc. 6.
OyHKIMA TPUHAIIEKHOCTH It TepMa Aqg — «HU3KUI YPOBEHDb JOJIU 3aTPaT Ha XPAHEHUE

,

0, ecim ¢ < 0,01

25x — 0,25, ecau 0,01 < x < 0,05;
ui2(z) =< 1, ecmm 0,05 < 2 <0,1;

3 — 20z, ecim 0,1 <z < 0,15;

0, ecsit x = 0,2.

(DyHKHI/IH IIPUHAJICZKHOCTH JIJId TEPpMa All — «OY€Hb HU3KUN YPOBEHDb A0JIM 3aTpaT Ha XPpaHCHUE» :

1, ecim 0 < o < 0,01;
1 (z) =< 1,25 — 25z,  ecsm 0,01 < z < 0,05;
0, ecsit x = 0,05.
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QOyHKIMS TPUHAJJIEXKHOCTH st TepMa A14 — «BBICOKHIT YPOBEHB JOJU 3aTpaT HA XPAHEHUE» :

0, ecin ¢ < 0,25;

6 —20x, ecom 0,25 <z < 0,3;
pia(x) =< 1, ecmm 0,3 < z < 0,35;

8 — 20z, ecmm 0,35 <z < 04;

0, ecm x 2= 0,4.

OyHKIUA IPUHAIICZKHOCTH I TepMa 15 — «OUeHb BBICOKUI OBEHDb JOJIN 3aTpaT Ha XpaHEHUEe» :
15

0, ecn T < 0,35;
pis(x) =< 202 — 7, ecan 0,35 < x < 0,4;
1 ecmm 0,4 < x < 1.

Pacemorpum mokaszarens Do — MO0 3aTpaT Ha BBINOJHEHHE 3aKasa. B cpemHeM HoJisI 3aTpaT Ha
BBINIOJIHEHNE 3aKasa npuHuMaer 3Hadenne 10-20% ot obieit cymmbr 3arpar (em. [6]). Jdust nokasaresist
D3 — nonm 3arpar Ha norepu OT JedpUIUTa — CpeJIHNe 3HaYeHus OyayT cocTaBadaTh H-10% ot obmieit
Cyl\/IMbI 3aTpar. OTKJTOHGHI/IH OT 3TUX 3HAUYEHUIT MOXKHO paccMaTpuBaThb KaK BBICOKOE HUJIN HU3KOE 3Ha-
JEHUE TTOKA3aTeIsl.

QyHKIINN TPUHAJIEIXKHOCTHU /I COOTBETCTBYIOIIUX TEPMOB oKa3areseit Do u D3 npuBeieHbl B Ciie-
Jytoreit Tadure:

Tepm QyHKIMSA TPUHAJIIEZKHOCTH
1, ecm 0 < z < 0,01;
Aoy | p21(z) =4 1,5 =50z, ecmm 0,01 <z <0,03;
0, ecsit x = 0,03.
0, ecn z < 0,01;
50z — 0,5, ecm 0,01 < z < 0,03;
Aoy | poa(z) =11, ecsm 0,03 < z < 0,05;
2 — 20z, ecyim 0,05 < x < 0,1;
\O, ecm x = 0,1.
0, eciun = < 0,05;
20z — 1, ecmm 0,05 < z < 0,1;
Aog | pos(z) =<1, ecmm 0,1 <z <0,2;
5 —20x, ecmm 0,2 <z <0,25;
\O, eciu = > 0,25.
0, ecmm x < 0,2;
20x — 4, ecmm 0,2 < x < 0,255
Aoy | pos(z) =<1, ecmm 0,25 <z < 0,3;
7—20x, ecmm 0,3 <z <0,35;
\O, ecoi x = 0,35.
0, ecin ¢ < 0,3;
Ags | pos(z) = ¢ 20z — 6, ecim 0,3 < z < 0,35;
Ll, ecsim 0,35 < < 1.
1, eciau 0 < z < 0,005;
Asy | psi(z) = ¢ 2—200z, ecmm 0,005 <z < 0,01;
0, ecsim x = 0,01.
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0, ecim x < 0,005

200z — 1, ecym 0,005 < = < 0,01;
Asy | pusa(z) =<1, eca 0,01 < z < 0,03;

2,5 — 950z, ecmm 0,03 < z < 0,05;

0, ecm x = 0,05

0, ecun z < 0,03;

50z — 1,5, ecym 0,03 < x < 0,05;
Ass | puss(z) =<1, ecim 0,05 < x < 0,15;

4 — 20z, ecm 0,15 < = < 0,2;

0, ecm x = 0,2.

0, ecin ¢ < 0,15;

20z — 3, ecym 0,15 < x < 0,2;
Asy | psa(z) =<1, ecm 0,2 < x < 0,25;

6 — 20z, ecim 0,25 < x < 0,3;

0, ecmu x > 0,3.

0, ecmm x < 0,25;
Ass | puss(z) =4 20z — 5, ecim 0,25 < 2 < 0,3;

1, ecm 0,3 < o < 1.

3. Mogenbubiit mpumep. [lycTb B TeKymuilt Iepros BpeMEHN COCTOSTHUE 3aTPAT IPEJITPUSITUS Xa-
pakTepu3yercst ciemyionmumn 3HadenusMu: dy = 0,27 — moss 3aTpar Ha xpanenne; do = 0,29 — mosis
3aTparT Ha BBINOJHEeHWe 3akaza; d3 = 0,153 — mosist 3aTpar Ha morepu oT Jedurnura. OueHuM ypo-
BeHb MaTepHaJibHBIX 3amacoB. OnpeeuM 3HaUeHUsT PYHKIUNA TPUHAJIEXKHOCTH JIJIsT 9TUX 3HATEHUI
IIOKa3aTeJIe:

p11(0,27) = 0;  p12(0,27) = 0;
113(0.27) = 200,27 — 5 = 0.4;  114(0,27) = 6 — 20- 0,27 = 0,6;  115(0,27) = 0.

ﬂaﬂbHeﬁlHHe BbIYHCJ/ICHUA IIPpEJICTaBUM B Ta6JII/IILeZ

J=1]j=2]j=3]|j=4]|j=5
11;(027) | 0 0 | 04 ] 06| 0
112;(0,29) | 0 0 0 1 0
113;(0,153) | 0 0 | 094006/ 0

Bynem cauraTh, 9TO OKA3aTE/ M SIBJIAIOTCS PABHO3HAYHBIMU, TIO9TOMY BECOBBIE KOI(D(DUIIMEHTHI PABHbI
Wl =Wy = w3 = 1/3.

ILHH HaXOXKJ/ICHNY MHTET'PAJIbHOT'O ITOKa3aTeJId ypOBHH MaTepHruaJIbHbIX 3allaCOB BBITHUCJ/INM 3HaYCHUA
cepeJIH IIPOMeXKyTKa HocuTess Tepma H; 1o ¢gopmyie

hj =0,9—02(j —1).

Moy aum

hi =09, hy=07, hs=005, hs=03, hs=0,1.
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Pacuersl cornacHo (2) npusesieHbl B Tabure:

j=1]j=2]j=3]j=4]j=5
11;(0,27) -wi | 0 0 [0,133]0,200| 0
112(0,29) -wy | 0 0 0 10333| 0
113;(0,153) -w3 | 0 0 [0313]0,020| o0
3
S wi - i 0 0 ]0,446 | 0,553 | 0
=1
h; 09 | 0,7 | 05 | 03 | 01
3
hi S wi-pg |0 0 ]0223|0,166| 0
=1

3HavuT,

5 n
h=> h; ¥ wi-pg=0223+0,166 = 0,389,
j=1  i=1
Hastee Borauc MM 3HadeHnss (BYHKIAN TPUHAJJIEKHOCTH JIJIsi 3HAYEHUN JIMHI'BUCTUIECKON MEepeMeH-
HO#t H — «ypOBEeHb MaTepHaJbHBIX 3aacoBy upu h = 0,389:

(i, (0,389) = 07 11p1,(0,389) = 0; 11y, (0,389) =1 — 10 (0,45 — 0,389) = 0,39;
1151,(0,389) = 10 - (0,45 — 0,389) = 0,61; 1z, (0,389) = 0.

Ha ocnoBanmnm mosry9eHHBIX JTaHHLIX MOYKHO CJI€JIATh BLIBOZ, O TOM, YTO YPOBEHb MATEPUAILHLIX 3alla-
COB TPEJIIIPUSATHUS ONEHUBACTCA KaK cpeguuil mian Huskuii. [Ipuaem cocrosiine Hy — «HU3KU ypoBEHD
MaTepHUaIbHBIX 3AIIACOB» — OIEHUBAETCA C OOJIbINNEH CTEIIeHbIO IPUHAJIE2KHOCTH, 9eM cocTosiane Hs —
«CPEJIHNI yPOBEHb MaTePHUAJIbHBIX 3aIaCOBY.
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1. Bsegenne. /lunamMuyeckne CUCTEMBI IPOOHOTO MOPSIKA MPEICTABISIIOT HHTEPEC B KAYECTBE 00b-
eKTa HCCJICJOBAHUIT JJIst MHOIHX OTpacJeil coBpemennoii Hayku (cm. [7,14]). Dddexrst, 06yciioBienubie
«JIpOGCHOM JTUHAMUKON» U HAJUYAEM y CHCTEMbI HEJIOKAJIBHBIX ITPOCTPAHCTBEHHO-BPEMEHHBIX CBOWCTE,
HPOSIBIIAIOTCS. B PA3INIHBIX (PU3NIECKUX CHCTeMaX (HEOAHOPOJHBIE YIPYTHe CUCTEMBI, JTIIICKTPUKI,
HOJIyIPOBOMHUKK 1 T. J1.). C Ipyroil cTOpoHbI, IPOOHOE MCUUCJEHUE siBJIsieTcsi 0O600IeHneM KJaccu-
9eCKOT0 aHAIM3a W IPEJCTAB/IsIeT WHTEPEC ¢ MO3UIUIl COBpeMeHHOM Teopun byuknmii, nuddepeniiu-
AJIbHBIX U WHTErPAJbHBIX ypaBHeHuil. Ilpuioskennst 1poOHOrO NCINCIEHNST B 00JIACTH MOJIE/TMPOBAHMS
JINHAMUKH CHCTeM (B TOM HUHCJIE CHCTEM C YIPABJIEHHEM) TaKKe AKTHBHO HCCIICAYIOTCS C IO3UIUI
MaTEeMATHIECKO KNOEPHETUKY, TEOPETUIECKON MH(OOPMATUKN, TEOPUH CUCTEM U TEOPHUH YIIPABJIEHUSI.

OjtHOM U3 OTIIMIUTEILHBIX YepT JPOOHOIO UCUYHUCIIEHUsT SIBJISIETCS HEeMHCTBEHHOCTH OIpeesIeHUsT
o1epaTopoB JIpoGHOrO udbepeHIMpPOBaHusl U WHTETPUPOBAHUS, KOTOpas ODYCJIOBIUBAET OOJIBIIOE
pasHOoOOpa3ue TEeHIEHINI MOBEJIEHHUST CHCTEM JPOOHOTO NopsiaKa. [Ipu 3ToM moBeileHne CUCTEM, OIUCHI-
BaeMbIX OJUHAKOBBIMU 110 (POPME YPABHEHUSIMU, KOTOPBIE OTJIMIAIOTCS TOJIBKO TUIIOM BXOJIAIIETO B HUX
oreparopa JApobHOTO b dEPEHITTPOBAHNUSI, HE BCETJIA SIBJIIETCS 3aMETHO Pa3HbIM. B ompeiesiéHHbIX
YCJIOBUSIX HOPMa WM BpEMsl yIIPABJIEHHs, a TaKXKe ONTUMAJBHOE yIpaBjeHue U (pasoBble TPAEKTOPUU
TAKUX CHCTEM MOIYT ObITH OJIM3KU HE TOJHKO KAYeCTBEHHO, HO M KoJmdecTBeHHo (cm. [11,13]).

B nannoit paboTe paccMaTpUBaIOTCS JBYMEPHBIE YIIPABJISIEMbIE CUCTEMBI JIPOOHOTO MOPSIJIKA C COCpPe-
JIOTOYeHHBbIME TTapaMeTpamMu. 110 IpoOHO pacCMOTPEHBI CUCTEMBI, MOJIEJIUPYEMbIE YPABHEHUSIMEU C OIle-
paropamu jipobHoro muddepenimpoanust Kamyro—®abpurimo. st HUX OCTPOEHBI aHAJIUTHUIECKUE
pellieHnst ypaBHEHWl JIMHAMUKHU, BBIYUCJIEHBI I'DAHUYHBIE TPAEKTOPUU U OOOCHOBAHA KOPPEKTHOCTD
U Pa3peImMOCThb [-1pobJIeMbl MOMEHTOB. B psijie ciiydaeB 1Moy YeHbl aHAJIOTTIHBIE PE3YIBTATHI TAKHKE
JUTsl ypaBHeHuit ¢ oneparopamu Aranranbi—baseny u [Ipabxakapa.

2. IlocraHoBKa 3ajiaun. PaccMmarpuBaioTcst IByMEpPHBIE CUCTEMBI JIPOOHOTO MOPSIIKA CJAETYIOMIEro
BUJIA:

oD q1(t) = qo(t) + C1,

0D qa(t) = aqu(t) + u(t) 4 Cs, (1)

rae qi2(t) — cocrostnme cucremsl, u(t) — ynpasienne, a u C o — geiicrBurenbnble uncia, t € [0,7].
Oneparop apobuoro jauddepeHIupoBaHus ODta “? monmmaercs B cmpicie Kammyro—®abpurmo, Atan-
ranbl—bajieany mwim [Ipabxakapa. B mociemqnem cirydae moapasyMeBaeTcs, YTO MTOKA3aTeIN JTPOOHOTO
b depennuposanus ABIAIOTCA cocTaBubiMu (M. Hizke). [Ipu a = 0 cucrema (1) npencrasisier coboit
JIBOIHO# MHTErpaTop JpobHOro mopsiiaka, a npu a < 0 (B wacrHocTH, npu a = —1) — MasiTHUK JpO6-
HOro nopsifka. Paccmarpusaiores: yupasienus u(t) € Ly[0,T], p > 1, u cocrosinus q; 2(t), Takue 4ro
4Lo(t) € Ly[0, 7).

Bynem pacemarpusarh qunamuky cucrembl (1) ma orpeske ¢ € [0, 7] u moctaBuM HavYaIbHBIE U KO-
HEUHBIE yCIOBHS B JIOKAJILHOM BHUJIE:

012(0) =¢
=4q

; (2)
q12(T) .

(3)

Hnst cucremst (1) mpejcraBiisieT HHTEPEC UCCIIEA0BAHUE 33/1a9i ONTHMAJIBLHOTO YIIPABJICHUS HA OT-
peske [0, 7] Kak 3a/[a49u [OMCKa YIIPABJICHHUS ¢ MEHIMAJILHO HOPMOI NI KaK 3a/1a<1 ObICTPOIEiCTBIS
(em. [1,3]). Kak usBecTHO, Takast 3a/1aua MOXKET OBITH CBeJieHA K [-IpobsieMe MOMEHTOB ¥ IIPH IEJIBIX
3HaYeHNSIX Tokasaress auddepennuposanus (cM. [1,3]), u npu apobusix (cMm. [5]). B gannoit pabo-
Te MCCJIEJLyIOTCsI YCJIOBUSI KOPPEKTHOCTH M Pa3pElMMOCTH [-IIpO6IeMbl MOMEHTOB JiIst cHCTeMbl (1).
B cityuae, Koryia 9TH yCIOBHSI BBIIOJIHEHBI, PEIIeHHe [-IIpO6IeMbl MOMEHTOB M COOTBETCTBYIOIIEHT 33,/ 1a-
9IM ONTHUMAJIBHOIO YIIPABJICHNST MOYXKET ObITH IIOCTPOCHO AHAJMTHICCKH.

0
1,2
T

12

Bagaua 1 (I-npobiema momenTos). Ilycrs mana cucrema dbynkimii g,(7) € Ly[0,T] u nabop uu-
cell ¢y, m = 1,..., N, XoTs1 ObI OJIHO M3 KOTOPBIX OTJUIHO OT HyJsl, a Takyke 3ajaHo ducyo [ > 0.
Heo6xoqumo nocrpouts Takyo dynknmo u(t) € L,[0,T]), p > 1, 1/p+ 1/p’ = 1, uro Bbinosnusorcst
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COOTHOIIICHU A

T
/gn(T)u(T)dT =c, (4)
0

1 yCJIOBUE
)]z, <. (5)

Onpenenenue 1. Byjnem roBoputh, 9TO OCTAHOBKA [-1IpOOJIEMBI MOMEHTOB B (hbopme 3a1adu 1 Kop-
PEKTHa, ecju onpejiesieHa HopMa GYHKIHUiA ¢, (7) B npocTpancTse Ly [0,T], MOMEHTHI ¢, OIpe/ie/IeHb
U OTPAHUYEHBI W XOTd OBl OJUH U3 HUX OTJIUYEH OT HYJIS.

HeobxoiuMbIM 1 JIOCTATOYHBIM yCJIOBUEM PA3PEIIMMOCTU [-1IPOOJIEMbI MOMEHTOB B phopme 3agadn 1
SIBJISIETCSL JIMHEHHAsT He3aBUCUMOCTb (DYHKIU gy, (T) WM, 9TO SKBUBAJIEHTHO, BBIIIOJIHEHUE YCJIOBUSI

AN > O, (6)

rje ancsio Ay omnpejessieT HOpMy OITHMAJIBHOTO YIIPABJICHUS W SIBJISIETCS PEIICHNEeM CJIe/IyIomeil 3a-
Jladu ycsioBHOM MuHEME3anmu (cM. [1,3]).

Sagaua 2. Haiitu
1/p T / 1/p

T N p’ N p 1
i (0| dt - (1) dt . 7
(min /;59() /;ég() i (7)

to to
IPH YCJIOBUH

N N
Y Gei=> &ea=1. (8)
i=1 =1

Taxoke B paboTe aHAJIM3UPYIOTCST OCOOEHHOCTH KavIeCTBEHHON IMHAMUKHU CHCTEM — BBIYUCIAIOTCS (a-
30Bble TPAEKTOPHU CUCTEMBI (1) IPU Hpe/esIbHbIX 3HAYEHUSAX YIPABJIEHHSI.

Onpepesienne 2. Ilycrs ynpasienne u(t) orpaHideHo 110 aGCOMIOTHON BEJIMUNHE MOYTH BCIOY Ha
orpeske [0, T]: |u(t)| < I. Torma rpanngnbiME TpacKTOpusMHU cucTeMbl (1) Gy/ieM Ha3bIBaTH €€ hazoBble
TPAEKTOPUH, COOTBETCTBYIOIINE TPAHNIHBIM (IIpe/Ie/IbHBIM) 3HadeHUsAM yupasienns u(t) = I, t > 0,
[>0.

3ameyanue 1. ['paHuYdHBIE TPACKTOPUU CHUCTEMBI OI'PAHUIUBAIOT Ha (Pa30BOH IJIOCKOCTH 0DJIACTD,
B KOTOPOIi COCPEJIOTOUEHBI BCE JIOMYCTUMbBIE TPACKTOPHUU CUCTEMbI (TPAEKTOPUU, COOTBETCTBYOIINE JI0-
[yCTUMBIM yIpaBjieHusiM). B ciydae cucreM Mejoro mopsijika 3TH TPACKTOPUH IIPUHSITO HA3BIBATDH
FPAHUIIAMU HHTErPAJIBHON BOPOHKH (D DEPEHITUATBHOIO BKJIIOUEHHs, COOTBETCTBYIOIIEIO CUCTEME

(em. [2]).
3. IlpeaBapurenbHbIE CBEOEHUS.

Onpegnenenne 3. Ilycrs 3amana dbynkmus ¢(t), takas, aro ¢'(t) € L1[0,T]. Torma npobuas mpo-
uzsojHast Kanyro—@abpurmo ompeessiercs ciegyionmm obpasom (em. [9)):

6" Diq(t) = iw_(og / da(r) exp [—Oﬁ%aﬂ] dr, (9)

0

riae « € (0,1), M(a) —nopmupyromast dynknus, takast, aro M (0) = M (1) = 1.

Oupenenenne 4. Ilycrs sagana dyukus q(t) € L1[0, T]. Mnrerpansom Kamyro—®abpuimo apob-
HOTr'O HOpsijiKa Oy1eM Ha3bIBATD OllepaTop, 0OpaTHbIii K orneparopy (9) u BbIpasKaroMuiics KaK JUHeiHAsT
koMbunarust Gynknun ¢(t) u eé mepBoobpasnoii (cMm. [12]) ciemyromero Buja:

t
l-« «@
FrIRa(0) = 3real) + g [ atir (10)

M(a) M(«) /
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Onpegnenenne 5. Ilycrs 3amana rakas dbynknus q(t), aro ¢'(t) € L1[0,T]. Torma npoGuast mpons-
BozHast Aranransl—bBasteany onpejessieTcs: caeayomumM obpasom (cm. [8]):

a)td(T ol
AB pyog( O/q [ (t )}d, (11)

—« dr 1—a

rie « € (0,1), Ey(z) — onnonapamerpuueckast dyuknust Murrar-JIedbdiepa, M () — HekoTopast HOp-
mupytomias dbyukius, takasi, aro M(0) = M (1) = 1.

Oupenenenne 6. Ilycrs 3anana dyukius ¢(t) € L1[0, T]. Marerpasom Aranransi—bBaseany apo6-
HOr'O TIOpsiJiKa OyjieM Ha3bIBATh OnepaTop, oOpaTHblii K oneparopy (11) u BeIpazKkarouuiicsi B BUJIe CJie-
Jytoreit inneiinoi kombunaiu Gyukmu ¢(t) u eé qpodroro unrerpaia Pumana—/Tuysuiuis (cm. [8]):

o e a / q(T)dr
AP IFalt) = S50+ S O/ = (12)

Onpepesienne 7. Jpo6ubiii unrerpasu [Ipabxakapa or Hekoropoii dyukiuu ¢(t) € L1[0,T] moxer
OBITH BBIYHCIJICH 110 cJieyiomeii dopmyste (em. [10]):

/ Bpulw =)y (13)

PI’Y
(t —7)l—+

powitd

Buecy E) (2] — bynknus [Ipabxakapa, ssasiomascs obobmennem dyakimn Murrar-JTedbdaepa:

o0

1 D(y+k) 2*
Ehale) = F0) 2 Tk 10 14

v, ps ity w € C, Re(p) > 0, Re(u) > 0.

Onpenenenne 8. Ilycrs 3amana takaa dbyaknus q(t), aro ¢'(t) € L1[0,T]. Torma npobGuast mpons-
Bozas [TpaGxakapa onpezensiercs ciemyomeii popmyitoit (em. [10]):

5ch,u,w,tq( ) PI JA—pw tq (t) (15)

v, p,w € C, Re(p) > 0, u € (0,1). B gannom ciyuae MOXKHO 3amnucarTh HabOp Mmokasareseil orneparo-
pa (15) B Buje cocraBHOrO ToKazaresst o = {7, p, i, w}.

Hasee Oymem HasbiBarh cucremy (1) cucremoii Kamyro—®abpunmo, Aranranbi—bBajeany wim
[Ipabxakapa COOTBETCTBEHHO B CJIy4asiX, KOIJIa OHEPATOPBI JPOOHOTrO MudhepeHIinpoBaHus B ypas-
HeHusx (1) MOHMMAIOTCsT B CMbIC/IE BBINENPUBEIEHHBIX onpeesiernii Kanyro—®abpunno, AraHranbi—
Baseany unn I[Ipabxakapa.

Teopema 1. ITycmw 3adana cucmema (1) npu a = 0, C; = —q9, Co = —aq? — u(0) ¢ Hava-
nomu yeaosuamu (2), onepamopor dpobnozo duddepenyuposarusi norumaromes 6 cmoicae Kanymo—
Pabpuyuo u npu amom q12(t) € L1[0,T], ¢} o(t) € L1[0,T], u(t) € Ly[0,T], p > 1. Tozda pewenue
cucmemwvi (1) npu a = 0 cywecmsyem, eduncmeenno u moxcem Gvimb NPedcmasiero 6 sude:

(1 — Oél)(l — 042)

a0 = + S =) - o)+
/ 041 1 — Q2 —i—Oég(l —041) +OélOé2(t—T)
T O/ oo fu(r) - u(0)]dr, (16)
0 1-— (6 %)

()
N O/[U(T) — u(0)]dr. (17)
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Jlokasameavcmeo cum. B |5, Teopema 9. O

Teopema 2. [Tycmw 3adana cucmema (1) npu a =0, C; = Cy = 0 ¢ navasvnvmu yeaosuamu (2),
onepamopv, 0pobHozo duPPeperHuuposanus NOHUMAIOMCA 68 cmbicie Amanzanv—bBareany v npu amom
q12(t) € L1[0, T, ¢) o(t) € L1]0,T7, u(t) € Lp[0,T], p > 1. Tozda pewenue cucmemwt (1) npu a = 0
cywecmeyem, eQUHCMBEHHO U Modcem bvimsd npedcmasaeno 6 sude

0 tot 1—a1 (1—@1)(1_0‘2)u N
%@—%<“mmmm10+an%+AMMme O M) a ()

t
» / [042 (1—a)t -7 a(l—a)t—7)"1  arap(t — 7)0rtee—l
0

u(t)dr, (18)

042) F(Oq) F(Oél + Oég)
. t
t) =q3 t : 19
0(t) = &+ Jrram ) + g [ e (19)
0
Jlokazameavcmeo cM. B |5, Teopema 13]. O

Teopema 3. ITycmov sadana cucmema (1) npu a =0, Cy = Cy =0 ¢ Hauarvromu yeaosuamu (2),
onepamopv. dpobnozo duddepernyuposarus nowumaromes 6 cmucae Ipabraxapa, o; = {7, p, i, w},
i = 1,2, u npu omom qi2(t) € L1[0,T], ¢} 5(t) € L1[0,T], u(t) € Lp[0,T], p > 1. Tozda pewenue
cucmemni (1) cywecmeyem, eduncmeento u onpedessemca Gopmyaiamu

¢ ’YlJrlz t _ T)p]
m>—%+%wahﬂwf+/'ﬁiflmw u(r)dr, (20)
0
E;mm (t —71)7]
@+ (=) u(T)dr, (21)
Jlokasameavcmeo cum. B |6, Teopema 4.7]. O

4. OcHOBHBIE pe3yJbTaTbl. B Hacrosmeit paboTe MoOIyYeH Psij aHAJIUTUIECKAX PEIEeHUN CHCTe-
mbl (1). Ha ux ocHoBe nccieioBanbl 'paHiYHble TPAEKTOPUU CUCTEMbI U [IPOAHAJIN3UPOBAHA [IOCTAHOB-
Ka [-1pobsiembl MOMeHTOB. OCHOBHOE pacCMOTpEHHE TIPOBEIeHO Jijist cucTeMbl Kamyro—®Pabpunuo, a B
caydae a = 0 BBIIIOJIHEHO CpaBHEHHUE 3TOi CHCTeMBI ¢ cucTeMaMu AraHranbl—baJjieany u Ilpabxakapa.
Tak»Ke MOCTPOEHO aHAJUTHYIECKOe peleHne [-pobieMbl MoMeHTOB st ciydast a = 0, u(t) € Lso[0, T

4.1.  Cucmema Kanymo—Dabpuyuo. Hanee OynyT BBIYUCICHBI AHAJUTUYECKHE PEIICHWUS YpPaBHE-
uuii (1) npu HenyneBoM 3HavdeHuu KodbdduimenTa a B ciaydae cucrembl Kanyro—®abpunuo u Ha ux
OCHOBE pPaCcCUUTAHBI F'PAHUYHBIE TPACKTOPUU CUCTEMBIL.

Teopema 4. ITycmv 3adana cucmema (1) npu a # 0, C; = —q), Cy = —agq) — u(0) ¢ nauasvnvimu
yeaosuamu (2) u npu amom q12(t) € L1[0, T, ) o(t) € L1[0,T7], u(t) € Ly[0, T], p > 1. Toeda pewenue
cucmemwr (1) cywecmeyem, eduncmeeno u moatcem 6vmv NPedcmasieno 6 6ude

(1—a)(1 — ay)
a(l —ag)(1 —ag) — M(a)M(a2) [u(0) — u(t)] —

() =q) +

) —
1 M (ar) M (az) / A T(O) — ule ) d
GML%MO—aﬂ—MmﬂMmﬂJR@ ) [u(0) = u(r)]dr, (22)
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(1 —ag)M()
T o)1 = o) — M(oq) M(ag) MO — v+
M(Oq)

T a0 = a1 —ag) — M(ar)M(az)

X /[u(O) —u(r)]|ae — (1 — gt =7 —=1))R(t — 7)|dr, (23)
0

ede
A2
Ach(B) + % sh(Bz), A?> 4B,
_ A 2B — A? . 2
R(z) = exp —5 %) | Acos(Bz) + T sin(fzx), A*<4B, (24)
2
A— Aza:, A% = 4B,

042(1 — 041) + 041(1 — 042)

A= aa(l —a1)(1 = az) — M(ar)M(az)’
. 109
B = a(l —a1)(l —ag) — M(o)M (o)’ -
A2
B = ‘Z —B‘.

Jokazamenvcmeo. IloneiicrBoBa na obe dactu ypasHenuii (1) omeparopom muTerpupoBanus Karry-
To—®Pabpunno u yuTsa HavdaIbHbIE yciaoBus (2), MOIYYNM CJICILyIOIee eJINHCTBEHHOE IMPE/ICTABICHUE

(em. [15]):

00 - = 5 a0 - ) + 57 [laato) - Bl (26)
0
x(®)~ 8 = S22 fan (0 + () — aaf — u(0)] +
a
+ V(o) O/[aq1 (1) + u(r) — agd — u(0)]dr. (27)

Homuoxkum Beipazkenue (26) Ha koadduIenT a, 3aTeM 10/CTAaBUM B HEro BbipazkeHue (27) ¥, BbIUUC-
JIUB TIOBTOPHBIN MHTErpPaJI B IIOJIYyYUBIIEMCS BbIPAXKEHUHU, ITOJIYYUM CJIE/LYIONIee JIMHEHHOe UHTerPaslb-
noe ypasuenne ;i bynknun y(t) = aqi(t) + u(t) — aqd) — u(0):
t
M (o) M (orp)
yt—i—/yTA—i—Bt—TdT— u(0) — u(t)]; 28
(t) ()l ( )] a(l —ai)(l—az) - M(al)M(ag)[ (0) — u(t)] (28)

0

dopmysibl 1yst KoadduimeHToB A U B IpUBEJIEHbI BBIIIE B YCJIOBUU TEOPEMBL.
Pemtenne ypasuenust (28) uzsectro (cum. [4, c. 108, m. 2.1.5]) u BbIpakaercst B Bujie
M (o) M (or2)
1-— Oél)(l — Oég) — M(ozl)M(ozg)

y(t) = ol [u(0) — u(t)]—

t

M(al)M(ag) )
- ) O/R(t — ) u(0) — u(r)dr; (29)

BbIpazkeHue it pyHkinun R(x) npuBesieHO BbIIE B YCJIOBUH TEOPEMBbI.
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Beipasus dyuknmo ¢ (t) u3 soipaxkenust (29), nosy4aum perenre (22), a mojcrasus pernenue (29)
B Bolpaxkerue (27), nosyunm perenre (23). Teopema nokasana. O

Teopema 5. ITycmw dana cucmema ypasnenuti (1) npu C1 = —q3, Cy = —aq? —u(0), 2de onepamo-
pvi dpobHozo duddeperniyuposarus norumaromes 6 cmoicae Kanymo—®@abpuyuo, u 3a0arvr HAHAALHBLE
yeaosus (2) u nyemo u(t) = const 6cr0dy na ompeske t € [0,T]. 3adavwa Kowu das makot cucmemovl 1e
UMEE, PEWEHUT, OMAUNHBLE 0T KOHCTNAHMbL, ONPEIeAAeMOTl HAUAALHBLMUY YCAOBUAMU, G NPU HYACCDLT
HAYANBHBLL YCAOCUAL UMEEI, MOABKO MPUCUANLHOE PEULEHUE.

Jloxazamenvcmeo. Pacemorpum ciiydait a = 0 n nogcrasum u(t) = const B Bbipakenust (16)—(17).
Homygmm:

o) =a, ¢lt) =3 (30)
DTH 2Ke BBIPAKEHUs HOJIyInM B cirydae a 7 0 u3 Boipakenuii (22) n (23) npu u(t) = const. OueBnsHo,
npu q? = qg = 0 pemenusi (30) TpuBuasibHbl. Teopema jokazaHa. ]

Bameuanne 2. Pemenns (16)—(17) u (22) u (23) omIM9IHBI OT KOHCTAHTBI JJIsl TAKUX YIIPABJICHHUIT,
aro u(t) # u(0), nHanpumep, paBHBIX Hymo npu ¢ = 0 U HEHyJIEBOiI KOHCTAHTE Ha IOJIyHHTEpBAaJe

te (0,7
0, t=0,
u(t) = {il, t € (0,7, (31)

[ >0,te[0,T]. Takxke pemennust (16)—(17) u (22)—(23) Gy/yT OTIIMIHBI OT KOHCTAHTBI JIJIsI Y IPABJIEHHUI,
OTJINYHBIX OT HYJIsl JIMIIb B HAYAJIBHBIA MOMEHT:

+I, t=0
t — ) )
-

Bbrumcsmy renepb TpaHUYHBbIE TPAGKTOPUU paccMaTpuBaeMoii cucreMbl. [IpuMeM, 4To yupasieHue
3azan0 B Bujie (31), n mozgcraBum ero B dhopmyist (16)—(17) un (22)—(23). B nepsom cirydae, T. e. npu
a = 0 OyzieM uMeTh:

l-«o l-—«o o
+i 0 1 0 2 1 0
t)—q; = +1 t+

it
o |2 1— 1 — "

SN () M (o) 21 (1~ 02) + 021 — 1)) + a0z I
L-as gy o

qg:l(t) - qg = :l:lM(OéQ) M(Oég)’

rie qlié(t) — 3HaveHnst a30BbIX KOOPJMHAT, COOTBETCTBYIOIIME peasn3anun yupasierus (31).
b
BrIpasus Bpemst 13 BTOPOTO BBIPAsKEHUS, IIOJICTABUE B IIEPBOE U IPUBE/Is MOM00HbBIE, IOy IUM YPaB-
HeHUe, CBA3bIBAIONIee 3HAUYCHUA (PA30BLIX KOODIMHAT:

= g (4 e [+ e oo

o M (a2) ()2 + qzﬂ
2042M(O¢1)l 2 OdgM(Oél)

[ag(l — ) F %(O‘Q)qg . (32)

Bameuanmne 3. Ypasuenue (32) npejcrasisier coboil ypaBHeHHe napaboJibl, Kak U B CJIydae JBOii-
HOT'O MHTErpaTopa IeJIoro mnopsijka (cum. [2]).
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B ciyuae a # 0 u3 dopmya (22)—(23) npu onpejenennu yupasienus B suje (31) mosryanm:

! M (a1)M (o) "
aa(l—a1)(1—az) — M(ay)M(az)
A 7%15 7%t a(l—al)(l—ag) 2
x[% (e ch 8t — >—e sh Bt — M (1) M{ag) }, A* > 4B,
1 M (o) M (a) .
1-— 1- - M M
()~ = ratl e éj) (al)A5a2) a(l - a1)(1 — ag) ) (33)
X [(cosﬂt—%anﬂt)e 2t —1— M (1) M{ag) }, A° < 4B,
j:£ M(al)M(ag) %
aa(l—o1)(1—ag) — M(ag)M(az)
cap (A ) al—an)(d — o) 2 _
x[l—i—e (2t 1) M (1) M (o) }, A“ =4B,
- M (on)
a(l —ag)(1 —ag) — M(a1)M(a9)
A A A
X |:042t ——(1—ay) <% (e_ft ch pt — 1) —e 2'shft — 1> —
4 4_ 2 _ AR2
—age 2t (t(2A sh 8t — ch Bt) + A 48%122 15 sh Bt>}, A% > 4B,
- M (aq) "
() — qf) = a(l-alxl'—CW)-A4%?ﬂﬂ4(@2) | (34)
X |:042t —(1—ag) <e_2t<cos SOt — % sinﬂt) — 2) -
—ozze_%t <t<% sin B8t — cos Bt) + %sin ﬁt>} , A% < 4B,
- M(ay) "
a(l —aq)(1 —ag) — M(a1)M(az)
X [azt <1 - §t63t> —(1—ay) <§t - 1> e%t} , A% = 4B,
Taxum o6pa3oM, CIpaBe I TUBO CJeLyIOIee YTBEPKICHNE.
Teopema 6. ITycmu sadana cucmema ypasnenudi (1) npu C; = —q3, Co = —aq) — u(0), 2de one-

pamopv, dpobrozo duddepernyuposanus nowumatomes 6 cmuvicae Kanymo—®@abpuyuo, u HavasvHvle
yeaosua (2). Tozda epanuunvie mpaexmopuu 3moti cucmemvl 6 cayyuae a = 0 ONUCHIBAOMCA YPaBHEHU-
em (32), a 8 cayuae a # 0 — gopmyaramu (33)—(34).

Paccmorpum Teneps pemenust (16)—(17) u (22)—(23) npu ¢ = T'. HenocpencrBennoil mpoBepkoit
MOXKHO yOE/IUThCs, ITO B 9TOM CJIydae YIOMSIHYTBIC PEIIICHNsI MOTYT ObITh 3allMCAHBI B BUJIE JIBY MEPHOI
[-ipobutembl MoMeHTOB (4). KOppeKTHOCTE ¥ paspermMocTs Moy deHHON 1pobiemsl pu ¢ = 0 6blia
obocroBana panee (cM. [5, Teopema 10]). Jasee anamornaHoe j0Ka3aTebCTBO OyIET JAHO JIst CJIydast

a # 0.
Dopmysst (22)-(23) npn t = T MoxkHO mepenmcarb B Bujie (4), ecm CIpaBeIUBbBI CJIE/IYIONIHE
BBIPAsKEHUs JIJTsl MOMEHTOB U (DYyHKIUi g1 2(7):

0 (1 —a)( —ag)

1 = Q{ —4q1 — a(l — Odl)(l — 042) — M(Odl)M(OdQ) [U(O) - U(T)]_

u(O) M(ozl)M(ozg

T
)
a a(l—a1)(1—ag)— M(ag)M(a2) O/R(T—T)dT, (35)
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0 (1 —ag)M(a1)

I _ 0 _ U —u
R I e T M(al)M(a2)[ (0) — w(T)]+

T
u(0)M ()
+ (1= an) (1 — aa) — M(on) M(oa) 0/[042 —(1—(T—7—-1)R(T — 7)]dr, (36)
1 M(o1) M (as) -
9T) = A T a0 = ) — M(ay)M(ag) L =7 (37)
= M(e) —a(T — 71— —7T)—«
(") = T e ) = Mgy (L~ 2@ T~ DRT =) —aa. (@9

Teopema 7. I[Iycmwv 3adana cucmema (1) u ewnoanenv. ycaosua meopemuv, 4. Ilpednonoorcum mak-
orce, wmo momenmo: (35)—(36) onpedeserve u xomsa 6w, 0dun uz nur omauwern om nyaa. Tozda l-
npobaema momernmos (4)—(5) ¢ yuémom (37)—~(36) 6ydem roppexmmua u paspeusuma.

Hoxasamenvcmeo. Hopma dyuxuuit g1 2(7) (onpenensiemsix dopmyaamu (37)—-(38)) B mpocrpamcTse
Ly (0,T] moxker GbITH BBIYHCIIEHA IO hOPMy/IaM

_ |1 M (ar)M(asz) -
||91(T)||Lp/ - CLCL(l — Oél)(l — 042) — M(Oél)M(OéQ) |HR(T )HLP”
_ M ()
92y = | a1 aa) = S ATag) (L~ 2T =7 = IRT =)~

Mot nopmbt [|g2(7)||z,, cupasesmba onenka:

M(ay) T1+1/p'
a(l —a1)(1 —az) — M(a1)M(az) (p' + 1)1
Oyukiust R(T — 7) oupenensiercss dhbopmysnamu (24)u, 09eBUHO, JIJIsi HEE ONpeJIe/IeHa HOPMa, B IIPO-
crpanctBe Ly (0,7 (B 1éM MOKHO yOeuThCsT HEmocpeICTBeHHbIM BhrauciaenneM). Ilpu aj € (0,1),
T >0 u p' > 1 BeIpakeHue B IIPABOH YACTH HEPABEHCTBA JJTst HOPMBI ||g2 (7T)| L, OTPaHIYEHO M HOJIO-

loa()ln,, < [(1 T 200) T 4 }HR(T— I,

KUTeJIBHO. AHAJIOTHYHO OrPAHIYeHO U HOJIOKHUTENbHO Bbipazkenne 1t nopmbl [[g1(7)]|z,,. Cienosa-
TeIbHO, HopMa byHKImii ¢12(T) B mpocrpancTse L,y (0,7 onpeserena.

Oyukuun g o(7) JMHEHHO HE3ABUCHMBI, B 4EM MOXKHO yOEIUTHCsS HEIOCPEICTBEHHOI IIPOBEPKOL.
CresoBaTesIbHO, IIPU CJICJAHHBIX BBIIIE IIPEJIIOJIOKEHHsIX 1pobsema MoMeHTOB (4)—(5) ¢ yuaérom (37)—
(36) paspemmma. Teopema jmokazaHa. O

4.2.  Cpasnenue pesysomamos das cucmem Kanymo—Dabpuyuo, Amaneanvi—baseany u IIpabraxa-
pa. B sTOM paziesie mpoBoguTCs CpaBHEHHE HEKOTOPBIX M3 ITOJIYYEHHBIX BHIIIE PE3YJIbTATOB C aHAJIO-
PHYHBIME pe3yJibraramu st cucteM (1) ¢ omeparopamu jipobHoro juddepennupoBanusi AraHraHbl—
Basneany niu Ilpabxakapa B ciayuae a = 0. [Tosoxkum Takzke B ypasuenusix (1) Cp = Cy = 0.

Teopema 8. ITycmov dana cucmema ypasnenut (1) npu C1 = Co =0, a = 0, 2de onepamopwvi. dpob-
H020 Judepenuuposarus noHumaromes 6 cmoicae Amaneanvi—baseany uau Ipabraxapa v 3adarv
navavroe yeaosus (2) u nyemo u(t) = 0 ecrody na ompesxe t € [0,T]. Pewenue 3adavu Kowu dan
PACCMaAmMPusaemoti cucmemss 064a0aem CAeOYUUMU CEOTCTNEAMU:

(1) dynryua qo(t) na ompeske t € [0,T] asaaemes kKoncmanmot, snaverue Komopot onpedesaemcs

HAUAAOHOUMY YCA08UAMU (2);
(2) npu Hyse6HT HAUANLHUT YeA0sUAT pewenue 3adayu Kowu mpusuaivho.

Joxasameavcmeo. Paccmorpum cuavasna cucremy (1) ¢ omeparopamn Araxranbi—Baseany npn a =
Cy = Cy = 0. oncrasum u(t) = 0 B Beipazkennst (18)—(19). IMomyunm:

a® = (14 7 ) * T (39)

q2(t) = g5. (40)
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U3 dbopmyi (39)—(40) oueBnno, uro dazopast KoopuHaTa ¢ (t) siBisiercs: ApobHO-CTeneH O hyHKIN-
eii BpeMenu, a ¢aszoBasi KoopjuHaTa ¢a(t) siisiercst KoncranToii Ha orpeske t € [0, T']. OueBuHO TAKXKe,
aro mipu ¢ = ¢ = 0 penenne 3amaxu Kormmu (39)—(40) Boiposktaetcs B Tpusnambhoe: q1(t) = go(t) = 0.

AHaJIOPUYHBIM 00pa30M PACCMOTPUM CJIydail, KOTJa olepaTophl JpoOHOro nudypepeHImpoBaHust
B ypasHerusx (1) nupu a = Cy = Cy = 0 nonnmatorcss B cMbicsie [lpabxakapa. 13 dopmya (20)—(21)
upu u(t) = 0 nosmydnm:

0, .0
() =q + QthEg}mH(th% (41)

0 (t) = g5- (42)
Cornacno Beipaxkernsim (41)—(42) dasosast koopaunara g1 (t) HeTPUBHAILHO 3aBUCAT OT BpeMeHH, a da-

30Basi KoopjimHaTa qo(t) aBasgerca koncranToit Ha orpeske t € [0, T]. Ilpu ¢) = ¢ = 0 permenme (41)—
(42), kak u Bblllle, BLIPOXK/IaeTcsi B TpuBHajabHoe: q1(t) = go(t) = 0. O

Bbrunciinm Terepb rpaHUYHbIE TPACKTOPUU CUCTEMBI (1) 10 aHAJIOMMH ¢ PACCMOTPEHHBIM BBIIIE CJIy-
gaeMm cucrembl Kamyro—®abpununo. [Ipumem, uro yunpasienue 3a1ano B suje u(t) = £, [ > 0, u BbI-
qucsauM B 9ToM ciaydae pemtennst (18)—(19) u (20)—(21). dys cucrem Aranranbi—Baseany, mposejist
HeoOXo/[Mble TIpeobpazoBanust, oryanM u3 dopmyi (18)—(19) cienyromee ypasHeHue:

a1

G g = Lm0 e, M0 (o)) ( o) 1- a2> “
M(ay) M(a1)T(aq) l M (a2)
«[ots R - i (1- 2]
B cayuae cucrems [Ipabxakapa u3 ypasuenuit (20)—(21) npu u(t) = £I, I > 0, nosxyunm:
= ilt“ﬁmEg}lmeH(wt”) + qgt“lEZ}mH(wt”), (44)
i -8 = LW ER, o (wtf). (45)

Takum 00pazoM, CpaBeJINBO CJIEYIOIIEE yTBEPK/ICHUE.

Teopema 9. [Tycmw 3adana cucmema ypasuenut (1) npua = Cy = Co = 0, 2de onepamopwvi dpobro-
20 JuPepenuuposanui NOHUMAOMEA 6 cmoicae Amarneanv—Baseany uau [Ipabraxapa, u HavaivHbLe
yeaosus (2). Tozda eparuyunvie mpaexmopuu cucmemov. Amanzanv—bBaieany onucul8aomea ypasHe-
em (43), a epanuywnvie mpaexmopuu cucmemos IIpabraxapa — dopmyramu (44)—(45).

Bameuyanue 4. Ypasuenue (43), B ormaue or ypaBHeHust (32), sBJIsSIeTCs JIPOOHO-CTEIIEHHBIM, ITO
xapakTepHo Jyisi cucreM Tuiia (1) ¢ omeparopamu muddepennuposannst Xuibdepa, Anamapa u Jp.

(em. [5]).

3ameuanue 5. Kak ObL1o 1MoKa3aHo B HPEIbLIyINEM IIyHKTe, st cucteMbl Kamyro—Pabpuimo
[P TIPOU3BOJILHOM 3HadeHHu Kodddunmenta a [-mpobiemMa MOMEHTOB sIBJISIETCS KOPPEKTHON W pas-
permMoil 6e3 Kakux-jmubo JIONOJHUTEIbHBIX ycsioBuil. Panee Obuio 1mokasaHo, 4ro jyist cucrembl (1)
npu a = 0 ¢ omeparopamu auddepennupoBanus Aranranbl—bajieany wian IIpabxakapa BO3HUKAIOT
JIOTIOJTHUTE/IbHBIE YC/IOBUSI, CBII3BIBAIOIINE ITOKA3ATEN APOOHOTO 1 dEepeHITNPOBAHUS C UHICKCOM P
neberoBa IMPOCTPAHCTBA, SJIEMEHTOM KOTOPOTO sABJIsleTCst yupasienue (cM. |5, 6]).

4.3.  Pewenue l-npobaemv, momenmos oasn 060tnozo unmezpamopa Kanymo—Dabpuyuo npu u(t) €
L[0,T]. Tlocrpoum pemienue [-ipobieMbl MOMEHTOB st cucteMbl (1) npu a = 0 Kak peleHue JBy-
MepHOIT 331841 2 B CiIydae, Koraa GyHKIun gy 2(7) onpeneisiorcs dbopmyaamu (37)—(36), a ynpasienne
SIBJISIETCSI CYIECTBEHHO orpanmdeHuoil gyuxmumeit, u(t) € Loo[0,T].

Bseném ciienyrorme 0603HaAMEHNS:

A— 011(1—012)—}—0[2(1—0(1)’ B— 109 ’ O = a9 ‘ (46)

M(Oél)M(OéQ) M(Oél)M(OéQ) M(Oég)
Ouesngno, upu ajo € (0,1) u M(aj2) > 0 smadenus A, B, C' HOJIOKUTEILHBI U OrPAHIYEHDI.
Ilppay =ay=1: A=0,B=C=1.
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DyHKIus, CTOsIIAs 0/ 3HAKOM MOJLyJist B hopmyie (7) JiMHelHa 110 apryMeHTy U, CJIeI0BATeJIbHO,
MOXKeT MeHATh 3Hak Ha orpeske [0,7] TOabKO B OHOIT TOUKe. BBrYmcamm TOUKy CMeHBI 3HaKa t
MIPUPABHSIB PACCMATPUBAEMYIO (PYHKITUIO HYJIIO:

& M(ay) +a1(1—a2)+a2(1—a1)

t' =T+
1—6%c o [63e%)

. (47)

Kax ussectno (cM. [1,3]), ecsin [-npoGiiemMa MOMEHTOB KOPPEKTHA U Pa3pPEIrMa, TO ONTHMAIbHOE
yupasiienne B ciydae u(t) € Loo[0,T] siBiisiercst KyCOUHO HOCTOSHHON (DYyHKIMEHi BpEMeHHU, TOYKH
HepeKJ/IIoUeHNs KOTOPOii COBIA/IAIOT ¢ TOUKAMU IIePeK/IiodeHns (DYHKIINHI, CTOAIIEH M0/ 3HAKOM MOJLYJIsI
B dopmyie (7).

Yenosue t' € [0,T] ¢ yaérom (47) MOXKHO mepenucarh B CJIEIYIOMEM BUJIE:

a1 T+O¢1(1—O¢2)+O¢2(1—O¢1) < c1&9 < _()41(1—042)+()42(1—041)
M(Oél) 102 = 1-— 6202 = OdgM(Oél) ’

Nrak, nokazano cieyiomniee yTBepKIeHUE.

(48)

Teopema 10. ITycmv dana deymeprasn l-npobaema momermos (4) na ompeske [0,T], 2de dymx-
yuu g12 onpedeasromea gopmyaamu (37)—(38), momenmos c1 2 onpedeasomes gopmyaamu (35)—(36),
a4 UCKOMOE PEUEHUE ABAAECMCA CYUWECTNEEHHO O2panudernol pynryued. ITycms pacemampusaemasi npo-
baema Koppexmma u pazpewuma. Cnpasediusv, caedyowue YymeepiHcoenus:

(1) pewenue paccmampueaemoti npobaemvl umeem ne 6oaee 00HOT MOUKU NEPERAOUEHUA HA OMPESKE
[0, TY;

(2) npu svinoanenuu yeaosus (48) pewenue paccmampusaemoti npobaesmv umeem 00HY MouKy ne-
pexaouenus wa ompesxe [0, T], noaoowcenue komopot onpedeasemea popmyaoti (47).

Bynem nanee paccmarpuBaTh Cirydail, KOrja yIpPaBIeHHE UMeeT OJHY TOUKY IHepeKjiodeHns. Pac-
KDBIB MOJLyJIb B MHTErpPaJjie, BXOJAIIEM B BbIpaykeHne (7) W BBIIOJHUB HEOOXOMMbIE BBIUUC/ICHHS, 1O~
ayanM (¢ yaérom ycsosust (8), dopmysnst (47) u oboznadenuii (46)):

T
Aig = ngn/ |#91 (7) + &2g2(7) | dt = ngn <ai%BJ(rlai§§;;3> (49)
e
a; = (oA — 610)2 + BT (c2A — 1C) + %(CQBT)Z,
ag = 2c1CA — ¢3(24% + B*T?) — BT (c3A — ¢,C), (50)

1
as = A2 + 5B2T2 + ABT.

O6oznauum uepes f (&) dyHKIUO, CTOAILYIO B IIpaBoii yacTu BbipazkeHust (49) 1oy 3HAKOM MUHU-
MyMa:
2
a1&5 + a2és + as
f(&) = 2B .
c1B(1 = &ac2)

Oyukrus (51) onpezenena u orpanuuena npu ¢; # 0. OueBunno, dyukuus f(£2) HenpepbBHO aud-
depeHIUpyeMa TPOU3BOIBLHOE YUCIO Pa3 10 IepeMeHHO# & Ha BeriecTBeHHON ocu. Ciie/loBaTeIbHO,
sTa GyHKIHA OyleT UMeTh MUHIMYM B TouKe &3, Iie e€ IepBas IPOMU3BOJIHAs paBHa HYJIIO, & BTOpAs
nojioxkuTebHa. [lepBoe ycjioBue mpuUBOJMT K KBaJIPATHOMY YPABHEHHIO OTHOCHUTEIBHO o, PeIleHue
KOTOPOT'O 3allMChIBAETCS B BUJIE:

(51)

a1 + /a2 + ajca(as + caas
g - WEVY ( ! (52)

aicz

HpI/I 9TOM JOJIZKHO BBHIOJHATBHCA YCJIOBUE HEOTPUIATEJIBHOCTU JJUCKPUMUHAHTA YIIOMAHYTOTO KBaJl-
PaTHOT'O YpaBHEHUA:

a? + ajcaas + caaz) = 0. (53)
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Ucnonsayst (50), MOXKHO MOKA3aTh, YTO
a1 + calag + caaz) = AC2 (54)
Torya yciosue (53) 3anumiercs: B Bu/e
a1 3C* >0,
oTKyJa 1pu ¢; # 0 ciemyer yciaoBue
a1 = 0.

DTO yCJIOBHE BBIIOIHSAETCS 110 yMOJTIAHUIO, IIOCKOJIBKY BhIpaykenue i Koadduimenta al MoxkeT ObITh
[epENucato B BUJIE CyMMbI KBaJIDATOB CJIEYIOMIEro B/ (B YEM MOXKHO yOeIUThCs HEIOCPEICTBEHHOI
IPOBEPKOI ):

1 1
a] = (CQA —c1C + §CQBT)2 + Z(CQBT)2.

BoJiee Toro, HEPaBEHCTBO B JIAHHOM CJIy4Yae BBIIOJIHSIIETCS CTPOTO, TIOCKOJIBKY 110 MPE/IIOIOKEHUIO XOTS
OBl OJIMH U3 MOMEHTOB €12 OTJIMYEH OT HyJIst. TakuM 06pasoM, JUCKPHMHUHAHT YIOMSIHYTOIO KBa/PaT-
HOTO ypaBHEHUS 110 YMOJYAHUIO HEOTPUIATEICH U 9TO ypaBHEHHE UMeeT He 6oJiee IByX BEHeCTBEHHBIX
KOpHeii, onpe/ieisieMbix dhopmyinoii (52).

Bropas npoussoaast dyakiuu (51) Gyuer onpesessiThbCs CJeYIONM BbIPAsKEHUEM:

d2f (1 — {202)(a1 + asco + C%ag)

— =2 . 55
dfg ClB(l — 5262)4 ( )
[Moxcrasus B (55) BoIpazkenust (52), HoIydnM:
df caCs

_ — :F .

d&% ,/alB(l —5262)4
CurenoBaresibHO, BTOpast npoussoHast dyukuuu (51) 6y/er mosoxkuresbHa pu ¢ 7 0 1 BBIOOpe KOpHsI
&, , BbIpaxKeHue JjIsi KOTOporo ¢ y4uérom (54) samumimercst B BUJE:

£§=é<1—f/1—agl>- (56)

[Tosryuennoe Boipaxkenue (56) Jyist €5 1m03BoJISIET BOCHONIBL30BATHCs (POpMyI0ii (49) M BBIUHCIUTE
napamerp Ag, OLpeIeIsonuii HOpMy ONTHMAILHOIO yIPABIICHNUSI:
B 3
- C2y/ay +c(2A+ BT) — 2¢,C°
Torjia onTuMaIbHOE ylIpaBjIeHHEe ¢ MUHHMAJIBbHOM HOpMOii (pemtenne 3ajgaun A) c yuérom (37)—(38)
Gyaer onpezensaTbes opmydoit (em. [1]):

Ag (57)

u(t) = Agsign [\/%_1(14 +B(T —t))+ % (1 — cl—\/;)} = Agsign(t’ —t), t€0,T] (58)

Permenne 3agaun B, B cBoI0 04epesb, Oyier onpenessithest dhopmysioii (em. [1])

— Isign | — —)+ S (1= 29N | = rsignr - .
u(t)lagn[\/a(A—i-B(T t))+c2 (1 m)}l gn(t'—t), tel0,T"] (59)

rje | > 0 canraercs 3aJaHHbIM, a 1™ HAXOINTCST KaK MIHAMAJIbHOE HEOTPHUIATE/ILHOE JICHCTBATEIHLHOE
pellieHne HepaBeHCTBa

As(T) <1 (60)
(em. [1]). Beipaxkenue (60) siBisiercst ciejcrBueM yeiosusi (5) ¢ y4€TOM TOTO, 4TO B KaueCTBE HOPMbI
yIIpaBJIEHUs] PACCMATPUBAETCsI HOPMa OIITUMAJILHOTO (B CMbICIe MUHUMYMa HOPMBI) yIIPABJICHUSI, PaB-
nas Beamanue Ag. IMosmoxum u(0) = u(T) = 0, Torga momentst (35)—(36) me GyayT 3asucers or T
Yurém Beipaxkenue (57) u paccMOTpuUM cirydail, Koryia Beipaxkenue (60) siBisiercss paBeHcTBoM. Torma
HOJIy9UM KBaJIpaTHOE YPaBHEHUE OTHOCUTEILHO 1, JijIst KOpHE KoToporo OyieT crpase/inBa (popMyra

—coB £ \/2B%c2 — 4BCl(c2 A — ¢,0)
BCI

T =

. (61)
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Kpome Toro, mia cymecTBoBanus BeIIECTBEHHBIX KOpHeil 1 HeoOXOAMMO BBINOTHEHHE YCIOBHUS
2B?%c3 — 4BCl(c3A — ¢1C) = 0
910 ycioBre ¢ yaéToM (46) MOXKHO [EPENncaTh B BUIE
CQA - ch a1
C% = QM(Oél)l ’
IJie B IpaBoil 4acTH HEPaBEHCTBA CTOUT IOJIOXKUTE/IbHasl KOHCTAHTa, OIpeje/seMasl 3HaYeHUeM I0Ka-

3aTelis (v W 33JIaHHBIM HOJIOKUTEIBHBIM YUCJIOM [, & JieBas 9acTh 3aBHCHT OT MOMEHTOB Ci 2.
Takum 00pa3oM, ClpaBe/JIUBBI CJICAYIOIINE JBA YTBEPXK ICHUS.

(62)

Teopema 11. ITycmw dana dsymepras l-npobaema momenmos (4) na ompeske [0, T], 2de T zadano,
Pynryuu g1 2 onpedeasiomea gopmyaamu (37)~(38), momenmot ¢1 2 onpedeasromes gopmyaamu (35)-
(36), a uckomoe pewerue ABAAENCA CYwecmeento ozpanuyernol gynryuet. Toeda pewenue danrot
NPOOAEMDBL, UMENULEE MUHUMAALHYIO HOPMY, 6bipascaemcs popmyaoti (58).

Teopema 12. ITyemw dana dsymeprnasn l-npobaema momermos (4) na ompeske [0,T], 20e T sapanee
ne sadano, dynkyuu gi o onpedeasromesn dopmyaamu (37)(38), momenmol c1 2 onpedessromea dopmy-
aamu (35)=(36), a uckomoe pewerue asasemes cyuecmeento oeparuientot gynkyuet. Cnpasedausol
CAE0YIOUUE YMBEPHCOEHUS:

(1) npu neswnoanenuu ycaosua (62) paccmampusaemas npobaema npu 3adanmom ozpanuserut (5)
HE UMEETM PEWEHUA € MUNUMANLHBIM HOCUTNEAEM;

(2) npu swnoanernuu yeaosus (62) pewenue dannot npobaemvl, UMEOULEE MUHUMANLHBT HOCUTEAD
npu 3adannom 6 gopme paserncmea ozparuveruy, (5) na HOPMY DEWEHUA, BLPAAHCAETNCA HOp-
myaot (59), a eesununa nocumenrn 6 caywae u(0) = u(T) = 0 onpedeanemca naumernvuLUM
noaosicumenvrom u3 snaverud (61).

3ameuanue 6. [lomyuennbie pe3yabTaTbl BBIBEJACHBI 0€3 JIONOJHUTE/IBHBIX — IIPEIIIOJIOXKEHUI
U TIPEIOCTABJIAIOT 00IIee pelrenne IpodIeMbl MOMEHTOB U COOTBETCTBYIOIIEH el 3a/1a91 ONTUMAJIHLHOTO
yIpaBJIeHus JJIsl IBOiHOTO nHTerparopa Kamyro—®abpuiimo. 9T0 3aMeTHO OTJINYAeT JaHHbBIH CIydail
OT MCCJIeJIOBAHHOIO paHee CJIydasl JBOMHOrO mMHTerparopa Xuibdepa min Ajgamapa, rie aHaJIUTAYIE-
CKOE pellleHre 3aJ[a4i B OOIIEeM BUJIE TI0JIyYUTh HEBO3ZMOXKHO (IOCKOJIbKY MPH HAXOXKJICHUH BEJINIUHBI
&, BOBHHKAaET aJirebpamdecKoe ypaBHEHHE CTEIeHH, OIpe/esIsieMoii OTHOIIEHHEM /1 /(rp, Hepa3pEIIIMOe
B 00IIEM BHUJIE), & BOBMOXKHO TOJIBKO B HEKOTOPBIX CJIydasiX, HaIpuUMep npu co = 0 wim o = qo.

IToacraBuB moCTpOEHHOE BhIIIE onTHMabHOe yipasienue (58) B pemennst (16)—(17), MOKHO BbIUmC-
JUTH (ha30BbIe TPACKTOPUN PACCMATPUBACMOM CHCTEMBI B PEsKHMe ONTHMAIBHOTO yIPaBICHHU:

@ + [Ag — u(0)] a _(0‘13(1 (_ O‘) 2) 4 oary gtz] , t<t,
a7 (t) = (1 — (1 — o) 5 5 (63)
— [A2 + u(0)] Mo 1) M(aa) + At + 5752] + 2t' Ay [A + 5(21& — t’)} , t>t
( 1 — Q9 ,
@9 + [Ag — u(0)] + Ct t<t
(1) = (o) | (64
— [A2 4+ u(0)] M(a;’) + Ct] +2t/AC, t >t

Bameuganme 7. Henocpe/IcCTBEHHBIM BBIYUCJIEHHEM MOXKHO yOeauThesi, 4To BbIpakenus (63)—(64)
upu t = T cBOJATCsI K KOHEUHBIM yCJI0BUAM (3).

Bameuanwne 8. Eciu cunrars, uro ynpasienue (58) ompejeseno Ha orpeske t € [0, 7], To MOKHO
BBIUUCJIUTH €ro 3HaUeHne B HavasibHblil MoMeHT: u(0) = Ag. IloncraBus 310 3HaueHue B dhopmysibt (63)—
(64), MOXKHO TIOKA3aTh, YTO JI0 MOMEHTA, II€PEKJIIOYEHNs YIIPABICHUS CUCTEMa OCTAGTCS B HAYAJIBLHOM
COCTOSIHUU, & TOCJe HepeK/IIodeHns (a30Bas TPACKTOPUsSl CUCTEMbI IPEJICTABJIsIET COOOH mapabosry.
Eciin ke npunsith, uro dbopmyra (58) ompejesser onTUMAILHOE yIIPaBJICHHE HA HOJyUHTEpBaje t €
(0,T] u ipu 3rom %(0) = 0, TO /10 U TOCJIE MOMEHTA TIEPEKJIIOYEHHs CUCTeMa OyJIeT COBEPIIATD JIBUKEHUE
10 y4YacTKaM 1apaboJi, HAIIPABJIEHHBIX B pa3HbIe CTOPOHBI.
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Puc. 1. I'pannunbie Tpaekropun cucreMbl Kanyro—®@abpunmo npu a = 0 NIpu pasiuyHbIX 3HAYCHUIX

nokasaresieii japobnoro juddepennupoBanust: ay = ag = 0,5 (ToHKue crutomubie juHun); o = 0,5,

ag = 0,7 (mrrpuxossle junun); o = 1,0, ag = 0,7 (myHKTUpHbIE JuHUN); o = g = 1,0 (;KupHbBIE
CILJIOIIHBIE JIMHUH).

Puc. 2. I'pannunbie Tpaekropun cucreMbl Kanyro—®@abpunumo npu a = 0 Npu pasiudHbIX 3HAYCHUIX

nokazaresieii 1pobHoro auddepennupoBanus: oy = g = 0,3 (TOHKHE CIUIOIIHbIE JIMHUK); O] = (g =

0,5 (mrpuxoseie juHuM); @1 = g = 0,7 (myHKTUpHBIE JUHUK); @ = 9 = 1,0 (;KUpHBIE CILUIOIIHBIE
JIHYN).

5. IIpumepsl. B namHom pasiesie pacCMOTPEHBI IIPUMEPHI BHIYUC/ICHUS ITPAHIIHBIX TPAEKTOPUIL CHU-
crem Kamyro—®abpurmo u Aranransi—basteany npu a = 0. B pacuérax nHopmupytoras GpyHKIUs
3a/1aBaJjiach CJIEJYIONIM 00pa3oM:

M(a) =1+ a(l —a).

TaksKe 3a/1aBa/MCh ClelyIoNue 3Hadenus napamerpos: ¢ = 1, ¢§ = —1, 1 = 1.

Ha puc. 1 u 2 nokasaHbl IpuMepbl I'PAHUYHBIX TpaeKTopuil cucrembl Kamyro—®abpunumo npu pas-
JIMIHBIX 3HAYCHUSX HOKasaresei gpobHoro guddepennupoBanns. BuiHo, 9T0 B JaHHOM CiIydae IpH
a1 2 < 1 obsactu, orpaHHYeHHbIE TPACKTOPUAMH, cooTBeTcTBYIommMy u(t) = [ (cupasa) n u(t) = —I
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Puc. 3. CpaBuenue rpanndnbix Tpaekropuii cucrem Kamyro—®abpuimo (Tonkue jimHum) 1 ATaHraHbl—
Basneany (:kupnbie junnn) npu a = 0: a3 = ag = 0,5 (crutomsbie juanm); o = g = 1,0 (mrrpuxosbie
JIVHUN).

(cieBa), mepekpbiBaroTcs. IIpu 9TOM IIOIMA/L IEPEKPBITHST YBEJNIUBACTCS IPU YMEHBIIICHUN [T0Ka3a-
Teseil muddepennupoBanus. Ha mpakTuke 3T0 MOXKET O03HaYaTh, YTO B TAKOH crcTeMe IepeKII0YeHIe
yIIpaBJIEHHSI HE BCEI[a BBI3BIBAET €€ IepexXo/l U3 OJHOM 001acTh 3HaYeHN (HPas30BbIX KOOPIUHAT B JIpY-
IyIo.

Ha puc. 3 npuBeseHo cpaBHeHHE I'PAHUYHBIX TpaeKTopuii cucreMmbl KamyTro—Pabpuimo u cucre-
Mbl Ararranei—bBaisieany. Bugso, uro jist cucreMbl ATaHranbl—baJieaHy IepeKpbIiTHe objacTeil, orpa-
HUYEHHbIe TPAEeKTOpUsMH, coorBercTByfomuMu u(t) = | un u(t) = —I, Habirojaercs u B ciydae
a1 = Qg = 1.

6. 3akJirouenme. B jganHOil paboTe uccienoBana JMHAMUKA JBYMEPHBIX CHCTEM JPOOHOIO TOPSIIKA
C YIpaBJIEHHEM B CJIy4asixX, KOIJIa OmepaTop JApobHOro mauddepeHInpoBannsi IIOHUMAETCSI B CMBICTIE
Kanyro—®abpurmo, Aranranbl—bajeany wim [Ipabxakapa. AHAJIUTHYIECKH ITOJYyYeHBl 3aKOHBI JIBU-
JKEHUSI MCCJIEyeMBIX CHCTEM U BBIUUC/IEHBI WX IpaHudHble TpaekTopuu. OOOCHOBaHA KOPPEKTHOCTH
7 Pa3pPeIruMOCThb [-ITpo0JIeMbl MOMEHTOB JIJIsl YIIOMSAHYTBIX CHCTEM, UTO MTO3BOJISET JaJjiee MOIb30BaTh
€ METOJIOM MOMEHTOB U SIBHBIM O0OPA30M BLIYUCJIATD I HUX ONTUMAJILHOE YIIPaBJICHHE.
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AnHOTALUA. Meron omeparopoB Bypunanna—YayHau mpuMeHeH Jjisi UCCJIeI0BaHUsl (DOPMYJT pas3-
JIOYKEHUsI TUIEPreOMeTPUIECKOil (hyHKIren F101313 [z,y] Kamne ne @epre. Ilpu momonm 1oy 4eHHBIX
OTIEPATOPHBIX TOXKJECTB BbiBeseHbI 14 dhopmyn pasmoxkenunsi. HaiifieHa HOBasi rpynma MHTErPATHHBIX
[IpeJICTaB/IeHN 3iIepoBa THIIA JJis runepreomerpudeckoit dyuknun Kamvrme ge Pepne F101313 [z,y] u
IIOCTPOEHO €€ aHAJIUTUYECKOEe IIPOJIOJIZKEHHE.

Karouesvle caosa: runepreomerpudeckas dyukius Kamme me Pepbe, omeparop Bypunamma—
Yayuu, mHTErpaIbHOE IpejcTaBieHre, GopMysia Pa3IoKeH!sl, AHAJIUTIYECKOe [IPOJI0JIKEHHE.
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OF THE KAMPE DE FERIET HYPERGEOMETRIC FUNCTION
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ABSTRACT. We apply the method of Burchnall—Chaundy operators to the study of expansion formulas
for the Kampé de Férriet hypergeometric function F; 101313 [, y]. Using the obtained operator identities,

we derive 14 expansion formulas. A new group of Euler-type integral representations for the Kampé de
Férriet hypergeometric function Floff [, y] is found and its analytic continuation is constructed.

Keywords and phrases: Kampé de Férriet hypergeometric function, Bourchnall-Chaundy operator,

integral representation, expansion formula, analytic continuation.

AMS Subject Classification: 33C20, 33C65, 44A45

1. IlocranoBka 3amauu. lcciemoBanne KPaTHBIX TUIIEPTEOMETPUICCKUX (PYHKIUMI MOTUBHPOBAHO
B OCHOBHOM T€M, UTO PEIIeHUs] MHOTUX [TPUKJIAIHBIX 33184, COAEPXKAIIIX JaCTHBIE IPOU3BOIHBIE, MOTYT
ObITH MOJIYYeHbI C IOMOIIBIO TAKUX TullepreoMerpuyeckux dbyukmumii (em. [13,14,18]). HeiictBuresnbHo,
KaK 9T0 ObLIO MOKazaHo B [12|, sHeprusi, morsoaeMast HEKOTOPOii HeEpPOMATHUTHON MPOBOJIsIIEt
cepoil, HaxXoAsIIeicst BO BHYTPEHHEM MArHUTHOM I10JI€, PACCUYUTHIBAETCSI C IIOMOIIBIO TAKUX (DYHKIIHIA.
IM'unepreomerprudeckue (pyHKIME HECKOJILKHAX ITEPEMEHHBIX UCIIOIb30BAJINCH B (DUBNIECKUX U KBAHTOBO-
CTATUCTHYECKUX TpUiIokeHusix [5,17|. B wacTHocTH, MHOrHE MPOOGIEMBI TA30BOI JIMHAMUKE TPUBOJISAT
K IIpobJieMaM BBIPOXK JAIOMKXcs JuddepeHInaabHbIX YPaBHEHNH B YACTHBIX IIPOU3BOIHBIX BTOPOIO IO~
PsiJIKa, KOTOPBIE 3aT€M MOI'YT ObITH PEIIeHbl B TEPMUHAX HECKOJIbKUX I'MIEPreOMETPUIECKUX (DyHKIIHIA.
Cpeau npuMepoB MOXKHO IIPUBECTH 3aJ1a4y 00 aInadaTmIecKOM ILJIOCKOIIApaJJIeIbHOM TeYeHIH ra3a 6e3
BHUXPs, 33249y 00 HCTEUYEHNH CBEPX3BYKOBOI'O TOKa M3 COCYIa C IVIOCKUME CTEHKAMM U PAJ, IPYTUX 3a-
Jlad, CBsi3aHHBIX ¢ TeuenneM rasa |7]. Ciemyer ormerurs, uro dynkiun Pumana u dbyHpmaMenTaabHbie
pelleHnsT BBIPOXKIAIOIIUXCA YPABHEHUM B YaCTHBIX ITPOU3BOJHBIX BTOPOTO IOPSJIKA BBIPAXKAIOTCH Ue-
pe3 runepreomerpudeckue (yHKIMU MHOTUX nepeMmeHHbIX [8,22]. IIpu uccieoBannn KpaeBbix 3a1ad
JJIsI 9TUX YPaBHEHWI B YaCTHBIX IPOM3BOAHBIX HY KHBI PA3JIOXKEHHSI I'HIIEPreOMeTPHIECKUX (OyHKIHI
MHOI'IX II€PEMEHHLIX II0 0oJiee IPOCTBLIM THIepreoMerpuueckuM (GyHKIMaM Tuna laycca n Armes.

ISSN 2782-4438 (© BUHUTU PAH, 2022
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O6mupHY0 06/1aCTh TPUMEHEHHST TUIEPTEOMETPUIECKIX (DYHKIINN PEJICTAB/ISIIOT U 3aJa9i KBaHTO-
BOIl XUMUU, B 9aCTHOCTH, MPOOJIEMa MHOTOIIEHTPOBBIX MATPUIHBIX IJIEMEHTOB, BBIUUCICHUE KOTOPBIX
COCTaBJIIET OCHOBHYIO TPYAHOCTb IIPW HPUMEHEHUN BapUAIMOHHBIX METOJIOB K MOJICKYJISPHBIM CHCTE-
maMm [16]. Beujy pasnooGpasusi npuiIoKeHHil siBJIsieTcsl BayKHBIM DEryJIsipHOE HCCJIeOBAaHUE MHOYKe-
CTBEHHBIX rurepreoMerpudeckux dyuknmit. Bypunamn n Yaynam cucreMaTwdecKu MpeaCcTaBUIN Pl
bOopMyT pa3IOKEHUST U PA3JIOXKEHNST HEKOTOPBIX JIBOMHBIX THIEPreOMeTpuIecknx (pyHKIHH depe3 mpo-
crejiimue runepreomerpudeckue GyHkimn (cM., Hanpumep, [2—4]). Vx mMeros ocHOBaH Ha CJIELYIOIIIX
0OpaTHBIX Mapax CUMBOJIBHBIX OIEPATOPOB:

TS + 024+ h) = (—61)k(—02)k
Vi) = L6+ (6 +h) kz_% kk' ’ @
_ T+ +h) < (—02)k
A(h) o F( ) ((51 + 0o + h) l;) 1-— ]’L (51 (52)kk!’ (2)
0

0
e 61 ‘= x—; 09 = y—.
ae 01 O 2=Y By
Hasee IpusacraBa u Kapiccon (18, c. 332—333| nauamu npumensitb Mero Bypunamia—Yaynam
JIUIST TIOJTy 9€HMsI HOBBIX Pa3JIOXKeHuii Jjisi runepreomerpudeckux yukimit [2—4]. Meron Bypunamia—

YayHu ¢ HEKOTOpbIMU u3MeHeHusivu ObL1 ipumener [Tanau [9] u pusacrassr [15] ayist BeiBosA hop-

MYJI PA3JI0YKEHUsI U PA3JIOyKeHHsl (JeKOMIIO3UIINK) JIJIsi TPOWHBIX TUIIEPIeOMEeTPHYECKIX (DyHKITHI F{gs))
Fg, Fg, Fyr, Fn, Fp u Fp, Hy, He, coorsercrBenno (cm. (17, pasaen 1.5], [19]). Dror meron npu-
menen Cunrxaiom u Bxaru [13] npu nosydyennn aHaJOrMIHBIX PA3JIOKEHUIT, CBI3AHHBIX C HECKOIbKIU-
MM MHOTOMEDPHBIMU THIIEpreoMeTpudeckuMu (pyHKIusaMu. BriociecTBun, UCob3yst (hOpMYJT IPsiMOTO
u obpaTHOro npeobpaszoBanust Jlamraca B coueTaHnu ¢ TPUHITUIIOM MHOTOMEPHON MaTeMaTUIecKON WH-
ayknuu, [TlpuBacTaBa yCTAHOBUJI HECKOJIBKO OOIMMX CEMENCTB Pa3/IoKeHWi u (HOpMyJT Pa3IOKeHUst
st JIBOIHOIE runepreomerpuyeckoii dyukimu Kamie e Pepoe [1, ¢. 150] u [18, pasgen 1.3]. Bauskue
PEe3YJIbTATHI, KaCAIOIINECs JIBONHHOM rurtepreomerpudeckoit pyukimun Kamie ne @epbe, MOXKHO TaKkKe
HaiiTu B paborax Paraba [12] u Bepwmsr [21].

2. MHO>KeCTBO OIIEPATOPHBIX TOXKAECTB. [IpuMennM napbl cuMBoJmyeckux orepaTopos (1), (2)
K JIBOIHOI rumnepreomerpudeckoii dpyukiun Kamie e Pepne

P q k
aj)r+s bj)r Cj)s
FPiak [(%)3 (bg); (ck); a:,y] _ i 1;[( it jl;[1( i) 7Zl;ll( i) oy

i | () = (Bm); (vm); o H(a])m H (B;)r H( 7)s71s!

1

HAXOJUTCST CJIeYIOMuiA Habop olepaTopHbIX ToxaecTs (cM. [1,18]):

10 —_; b >b ab ; 9 ) ;

F101313 d: ! ; 8 CJ?; “ 3774 = A(d)3F2(b1, b2, b3;d, e;x)3F5(c1, 2, c3:d, f59), (3)
0:33 [ —3 b1, ba, bs; c1,¢2, ¢35 0:33 | —; b1,02,b3; c1,c0,c35

P [dis da; d; xy} = V{d2) g0 |:d1ad2§ = - Y @
;7_—;a,b,b;a,c,c; ] 125 ab,b,C,C,

R NN i Sl e Y ®)
0:3;3 —_;CL?b’b;aaCaC; ] 1:2;2 a;b,b;C,C;

F1:1;1 d; ; ? ch; ! z,y :A(G)Fm;l [d; 16;2 1f;2 x,y}, (6)

F0:3;3 —_; a, blabZ; a,Cy, C2; T ] _ A(a)v(d )F1:2;2 a; b17b2; C1, C2; T (7)
BEL | ds o dy; di; YT VR0 Jddy; - - Y]
3.3 [—; a1, a2,b; a1, as, ¢; 11 |a,a2; b6

PSP | = Al Ala) @S [ N5 ] ©
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0:3;3 | —3 a1,az2,b; ai,az, ¢ 21;1 |a1,a2; b; ¢
Fiia Y| = A(GI)A(GZ)F1;1;1 LYl
)

;e e d; e
B e ] = e Ata) Vi) E | B o).
vy :j %085 01,0205 a:,y] — Afar)A(az) A(ag) A(d) FEY {awt_z; w 5
F101313 :; bhb;’ bs; 617(}2;, @ x,y} = A(m)A(az)A(a:&)Fﬁ:ﬁ;{) [ahilz;’a?’; ;; _; a:,y] ;
Fﬁﬁfizahgiawa“Ziaywdd:=A0nﬂMaﬁA( 3)V(d1)s Fy <“2§3§$x+y>.

99

(12)

(13)

Ucnonb3yst npsiMoe un obparHoe Ipeobpasosanust MemHa, a TakKe KOHTYPHBIE HHTErDaJIbHbIE
IpeJiCTaB IenH s Mesnna—Bapuca mas nsoiinoit runepreomerpudeckoit dyuknun Kamme ne @epoe
B 11 ?[2, ], HETPYHO NATH ANBTEPHATHBHbIE TOKA3ATEILCTBA BCEX OIEPATOPHBIX Toxects (3)—(13)

(cMm., manpumep, [1,6,8]). deranu ajabrepHATHBHBIX BBIBOJIOB TOXK/IECTB ONEPATOPA MbI OILYCKAEM 371€Ch.
OrmernmM, uro uHTerpasisl Mennuna—bapHca nMeT CBOIO paHHIOK UCTOPUIO, CBSI3aHHYIO C N3y YeHHEeM
THIIEPIeOMETPUIECKUX (DYHKINA KOHIA JEBITHAIIATOIO W HAYAJA JIBAJIIIATONO BEKOB. 3J€Ch MBI pe-
KOMEHJIyeM JuTaTeseil 03HAKOMUThCsI ¢ KHUroii [11], B KoTopoil ussiaraercsi Teopusi TAKUX MUHTEIPAJIOB

1 NJJIIOCTPUPYIOTCA UX IIPUMEHEHHA B aCUMIITOTHUICCKOM aHaJIn3e.

3. ®opwmynsl pasnoxkenus (gekomnosurun) qist by Kavne ne @epoe. cnonbsys
IPUHII CYHEPIIO3UIU OlIePATOPOB, U3 OEPATOPHBIX TOXKIecTB (3)—(13) jyIsi runepreoMeTpudecKoit

dbyukuun Kamie ge Oepre F 101:13;;13 [z, y] MOXKHO BbIBeCTH cJieyione pOpMyJIbl Pa3IoKeHus (JIeKOMIIO-

BUIMOHHBIE (DOPMYJIIbI):

)

RO [;; b1,b2,b3; c1,c2, ¢35 xy} _ f:( 1) (b1)i(ba)i(bs)i(cr)i(ca)i(es)i s

VL d e, & @ri-D@duNa

X 3F5(by +4,ba + 4,b3 + i;d + 2i,e + i;x)3Fa(c1 + 4,00 + 4,03 +4;d + 20, f +4;y), (14)

0:3;:3 | —; b1,b2,b3; 1, ¢2, ¢35 _ (01)i(b2)i(bs)i(c1)i(e2)iles)i 5 4
P [dﬁ dy; da; x’y} - ; ()il d)zi(d)iit 0

o FO33 - b1 +1i,ba +i,b3 +1; c1 +1i,co + 1,3 + 4
200 | dy + 2i, dg + 2i; = =

w,y] , (15)

1:1:1 e; f; = (d+1i—1)i(d)3;4 5 (€)irs (f)itsils!

7,+] Z+]F122 a+2+]7 b1+2+]ab2+2+]7 Cl+2+j702+2+j,
0:2;2 —; d+2i+je+i+j; d+2i+j,f+i+7;

(=1)"(@)i(b)s(ba)i(cr)ilc2)s s i

32 |—:1a.b1.by: a,ci.c1:
F0.3,3 7(1/, 1,02, » €1, €1, _
“l[i Y ()2 ()i (f)ad! v

€; VE

'M8

~
Il
o

P g2 et s £+

0:3;3 a, by, ba; a, c1,02; > ) (dy —a) (@)i(b1)i(ba)i(e1)i (02)2‘331‘ i
g [d; ] Z (

o y'x
1151 dy; dy; dy)i(d)2i(dy)241!
2:2 a 4+ 1; b1 +i,b2+ 1 c1 + 4, c0 + i
><F0,0 [d+2z dy + 2i; - - o

1:2:2 [a—l—z’; b1 +i,b2 + 1; C1+i,02+i;x y

aa | —- . . 0 (=1 (@) (@)iai (b1)iai (b2) it i (€1)imi (€2)ini (d)ag
0353 [d'7 a,by,ba; a,c,c; x,y] _ Z (=1)"7(a)i(a)itj(b1)i+j(b2)itj(c1)ivj(c2)itj(d)2 y

%4, (16)
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0:3;3 | =5 @, 01, 02; a, C1, Co; _ — (_l)j(a)z( )i+ (01)i4j(b2)itj(c1)itj(c2)itj g it
F b1, b T,y = Z y X
L:1;1 d; dl; dl; ’ i =0 (dl) (d)22+2j (d1)22+2j2']
1-2-2 a+1+7; bi+i+7bo+i+7j;c1+1+75,c0+1+ 7;
X Iy [d+2z+2y,d1+2z+2], —; —; zy|, (19)
F0;3;3 |:—; ai,as,b; ay,as,c; " y:| _ i ( 1) (al) (al)z+k(a2)l+3( )Z(b)i(c)i(d)% xix
Sl KO Foo LAy i = Did)f (e)s(Falak!
s o011 (a1 +1+k,as + i; b+ 1 c—|—5;
) ’ ) _ _ _ _ 2
XyFO:Q%Q[ = d+z’+i,e+i;d+z‘+i,f+i;x’y]’ (20)
0:3;3 | —; a1, 02,05 a1, az,c; _ — (=1)" (a1); (a1)i+j(a2)it;(b)itj(c)it; i+, it]
F, b T,y = Z 'yt %
LLL gy e f; ’ 50 (d)2i+2;(€)its(f)itsi5!
211 a1 +i+J,aa+1+250+04+7; c+i+7;
FO:33 [_? a1, 02,b; 1,02, y] - i (=)™ (a1)i(@)ir;(a2)ir2;(d1 = 2)i ()it (ins
LU dy dy; dy; ’ 52 (d1)i(d)2i425(d1)2i425'5!
ity L ap+i+jaz+i+2j5 b+i+gct+i+y;
F200[d+2z'+2j,d1+2i+2j; — _ Twys (22)
0:3:3 [—; ai,a2,b; ay,az,¢; y] < (=17 (a1)isj(a1);(az)i(az);, 1, (b);(c); y
LLL |\ dy  dy; di; 5 (1) (d)5; (dy )i R!
k; b—i—z c—{—z
ZZF211 a1 +1i,az + 1+ 9
200 | gy oidy+2n - - DY) ()
70533 [—; ar, az, ag; ai, @z, as; ] i ~ Ji(ar)5yp4i(a2)ivj(a2)5,(as)i(as);(d)ai
L1l | g ) i
Hld e I T d—i—z —1); (d)H (e);(f)5il5tkl!
« o JFgoéo [al +]+k+l a2+g+l az + 7; d+z+§ ; x’y] (2
033 [—; by, by, by c1,c2,635 y} _ i (=1)(a1 ), ;41 (a2 )i(a2)5+k(a3)i+j(a3)§xgygx
LL1 | . €; f; ) e (d)yz (€); (f)si!5!k!
300 [a1+i+j+ka+i+kas+i — =
F1;1;1 [ d+2g; e+1; f+1; zy|, (25)
F0:3:3 [—; ai, az, az; a1, 02,035 y] _ i (— 1) (a1)i (al),+k(a2),+]+k(a3)zﬂ(‘13) (di — a2)i «
LB dy dy; di; ’ Py (d1)i(d)gz (dr)ozi!5 k!
a1 +i+kyaz+i+j+k, a3+
Fy ~ ~ 2
X aiy'y < d+ 2, dy + 2%: Tty ). (20)
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0:3:3 | T3 a1, 02,035 a1,02,a3; _ i (_1)7”]‘ (al)i(al)j+k+l(a2)i+j(a2)j+l(a3)i(a3)j y
LI | g dy; dy: Y= s () (d )i (dy ) 3 51K
27]7 b =
G s ar+j+k+1la+j+1a3+j 5

ei=i+j+k j=1i+1
Hamm oneparusubie BbIBOIBI opmysr pasioxkenust (3)—(13) neifcrBurenbro GynyT napajuiebHbI
BBIBOJIAM, IIPEJICTABIEHHBIM B D0Jiee paHHUX paboOTax, KOTOPBIE MBI yKe IUTHPOBAJIA B IPEILLIY X
paznenax. B jgomosimenune K pa3jMydHBIM OIMEPATOPHBIM BBIPAXKEHUSIM U OIEPATOPHBIM TOXKIECTBAM,
IIEPEYNCIEHHbIM B pazjienax 1 u 2, MBI OTMETUM, YTO TaKKe HCIIOJIL3YyeM CJIETYIONINe OlepaTOpHBIE
ToxaecTsa [9]:
d"” d"”

0+ u{f(©) = € Sl (OO} = (" G5 1)

JUTsl Kaxk oM aHamuruaeckoi dbyukuu f(£), riae

d
0= 5%; aeC; neNy=NU{0}; N:={1,2,3,...}.
Dopmyibt (14)—(27) npumeHsifOTCs IpU HOJIyYeHUH (DOPMYJI AHAJIUTHIECKOTO HPOJOJIZKEHUs JIJIsI
dbyuxmm Kamme ne @epne F101313 [z,9].

4. HWurerpanbHble npeacraBiaeHus aisa dyskinun Kavnoe ge Pepbe. ['unepreomerprudeckast

dbynxmua Kavme ne @epne F101313 [x,y] B 0bmacTu

Re(b1) >0, Re(c1) >0, Re(d) >Re(b1 +c1) >0, Re(e) > Re(b2) >0, Re(f) > Re(c2) >0
UMeeT CJIeJyIoINee HHTerpajbHOe IpeJICTaBIeHre Tua Jijepa:

70533 [—; b1, b2, b3; c1, 2, C3; L(d)T(e)T'(f)

LLL | g ¢ fi Y T DT ()T (@) ()T (d — b1 — )T (e — b)T([f — o) |

1 1
X / o /tll)lltg21t§11ti2l(1 _ tl)d_bl_cl_l(l _ t2)e—b2—1(1 _ tg)d_cl_l(l _ t4)f—cg—1><
0 0

X [1 — xtltg(l — tg)]fbg(l — t3t4y)703dt1dt2dt3dt4. (28)

PaCCMOTpI/IM nHTEeTrpaJibHbIC ITPEICTaBJICHUA

FO3 [ =i biybaybscrsep 035 y| = I'(d1)I'(d2) y
00 1dy,dy; = = ’ [(b1)T(b2)T(c1)T(e2)T(dy — by — ¢1)T'(d2 — by — ¢2)
1 1
x [ .. ./t?l‘lt?‘lt;’l‘ltf‘l(l —tp)himaslq _gy)damhemeeml(] _gg)dima—ly
0 0
x (1 —tg)®2727 1 — atyto(1 — t3)(1 — t4)] 703 (1 — tatay) 3dt dtadtzdty (29)
B objacTu
Re(b1) >0, Re(ba) >0, Re(c1) >0, Re(ea) >0,
Re(d1) > Re(by +¢1) >0, Re(d2) > Re(ba +¢c2) >0
n
1:1 |a1,a9; b; ¢ I'(dy)I'(d
B0 Lﬁ,di; ;= ”] - r(al)r(az)r((dl)—(af))r(dz “ )

X
O\H

1
/tcfl_lt‘f_l(l — )BT a T )2 (] ot 49) T — ytita) " Cdtdty  (30)
0
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B obsacTu

Re(d1) > Re(a1) >0, Re(dz2) > Re(az) > 0.
[Tpumensisi pasinoxenust (29) u (30), u3 (28) HAXOAUM CJIe/IYIONIE NHTEIPAJIbHbIE [IPEJICTABIEHUS C TU-
epreoMeTpuaecKuMr (PYHKIUSAMA B SAPE:

X

Rt

0353 | = ; 01,02, b3; ClC2s €35 gy = I'(d1)T'(d2)
L |y dy; " T (b)T(b2)T(e1)T(e2)T(dy — by — ¢1)D(dg — by — ¢3)

1 1
" /"‘/tlil—ltgg—ltgl—ltig—l(l )T (1 = )82 (1 — )N (] = )t
0o 0
X [1 — l’tltg(l — t3)(1 - t4)] _b3(1 - t3t4y)703 X

% F ( by, c3: do: fatatata(1 — t3)(1 — ta)zy
3, €3, U2, [1 _ $t1t2(1 — t3)(1 — t4)](1 - t3t4y)

)wmmm,m)

d~i =d;—b;—c; —1,i=1,2, B obyractu
Re(b1) >0, Re(ba) >0, Re(c1) >0, Re(er)>0,
Re(dl) > Re(b; + Cl) > 0, Re(dg) > Re(be + Cg) >0

u
FO353 |75 a1, a9,b; ansag, 6 L [(d)T(d1) o
1:1;1 d; dy; dy; ’ F(al)F( Q)F(d—al) (dl —ag)
11
X //ta1 ! a2 1 1 t )d a1 1(1 t )dl a2— 1(1—1’t1t2) (l—ytltg)
0 0
1. R 1—t1)(1 —to)tqt 1 —t1)t1t3
L0 be; a3 —  wy(l—t)(1 —t)ts 2 zy(l — t1)tits dtrdts (32)
10 1d — ai; dl; - (1 — $t1t2)(1 — ytltg) (1 — l’tltg)(l — ytltg)
B 00J1acTH

Re(d) > Re(a1) > 0, Re(di) > Re(az) > 0.
5. ®opmysia aHasuTU4deckoro npogokenusi dpyukiun Kammne ne Peproe.

Teopema 0.1. IITycmv Re(d), Re(e) u Re(f) — maxue napamempo,, wmo Re(d), Re(e), Re(f) #
0,—1,-2,... u ydosaemeopam credyoUUM YCAOBUAM:

Re(b1 - bg), Re(b1 - bg), Re(b2 - b3), Re(cl - 02), Re(cl - 63), Re(02 - 63) 75 O, :|:1, :|:2, e
Tozda cnpasedauso caedyrowee moscdecmeso:

9
0:3;3 | —3 b1,b2,b3; c1, 2,35
Fl;l;l |:d’ e; f; l’,y:| = ;Ik($ay)¢ (33)

—c F(d)F(e)F(f)F(bg — bl)r(bg — bl)F(CQ — Cl)r(63 — Cl)

I(b2)L'(b3)T'(c2)T (e3)T' (e — b1)T'(f — c1)I'(d — e1 — b1)
122[1—0l—l—61—l—b17 bi,1 —e+by; c1,1 = f+ei; ll}
; —; 1—b2+b1,1—b3—|—b1;1—02—{—61,1—03—{—61; x’y

F(d)F(e)F(f)F(bl — bg)r(bg — bQ)F(CQ — Cl)F(Cg — Cl)

L(b1)(b3)T(c2)T (e3)T' (e — b2)T'(f — c1)I'(d — e1 — ba)
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CHAPTER 5

JACOBIAN CONJECTURE
AND SPECHT AND BURNSIDE TYPE PROBLEMS

This chapter explores an approach to polynomial mappings and the Jacobian Conjecture and related
questions, initiated by A. V. Yagzhev, whereby these questions are translated to identities of algebras,
leading to a solution in [217] of the version of the Jacobian Conjecture for free associative algebras.
(The first version, for two generators, was obtained by Dicks and Levin (see [73,74]), and the full
version by Schofield [175].) We start by laying out the basic framework in this introduction. Next,
we set up Yagzhev’s correspondence to algebras in In Sec. 5.1, leading to the basic notions of weak
nilpotence and Engel type. In Sec. 5.2 we discuss the Jacobian Conjecture in the context of various
varieties, including the free associative algebra.

Given any polynomial endomorphism ¢ of the n-dimensional affine space A" = Speck|z1,...,z,]
over a field k, we define its Jacobian matriz as the matrix (9¢*(z;)/0x;),; ;<,- The determinant of
the Jacobian matrix is called the Jacobian of ¢. The celebrated Jacobian Conjecture JC,, in dimension
n > 1 asserts that for any field k of characteristic zero, any polynomial endomorphism ¢ of Ay having
Jacobian 1 is an automorphism. Equivalently, one can say that ¢ preserves the standard top-degree
differential form dzi A- - -Adxy, € Q" (A}). References to this well known problem and related questions
can be found in [21,135,202]. By the Lefschetz principle it is sufficient to consider the case k = C;
obviously, JC,, implies JC,,, if n > m. The conjecture JC,, is obviously true in the case n = 1, and it
is open for n > 2.

The Jacobian Conjecture, denoted as JC, is the conjunction of the conjectures JC,, for all finite
n. The Jacobian Conjecture has many reformulations (such as the Kernel Conjecture and the Image
Conjecture, cf. [90, 93,202,226, 227] for details) and is closely related to questions concerning quan-
tization. It is stably equivalent to the following conjecture of Dixmier, concerning automorphisms of
the Weyl algebra W,,, otherwise known as the quantum affine algebra.

Dixmier Conjecture DC,,. Is End(W,) = Aut(W,,)?

The implication DC,, — JC,, is well known, and the inverse implication JC5, — DC,, was recently
obtained independently by Tsuchimoto [191] (using p-curvature) and Belov and Kontsevich [41,42]
(using Poisson brackets on the center of the Weyl algebra). Bavula [30] has obtained a shorter proof,
and also obtained a positive solution of an analog of the Dixmier Conjecture for integro differential
operators, cf. [28]. He also proved that every monomorphism of the Lie algebra of triangular polynomial
derivations is an automorphism [29] (an analog of Dixmier’s conjecture).

The Jacobian Conjecture is closely related to many questions of affine algebraic geometry con-
cerning affine space, such as the Cancellation Conjecture (see Sec. 5.2.4). If we replace the variety
of commutative associative algebras (and the accompanying affine spaces) by an arbitrary algebraic
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variety !, one easily gets a counterexample to the JC. So, strategically these questions deal with some
specific properties of affine space which we do not yet understand, and for which we do not have the
appropriate formulation apart from these very difficult questions.

It seems that these properties do indicate some sort of quantization. From that perspective, non-
commutative analogs of these problems (in particular, the Jacobian Conjecture and the analog of
the Cancellation Conjecture) become interesting for free associative algebras, and more generally, for
arbitrary varieties of algebras.

We work in the language of universal algebra, in which an algebra is defined in terms of a set of op-
erators, called its signature. This approach enhances the investigation of the Yagzhev correspondence
between endomorphisms and algebras. We work with deformations and so-called packing properties
to be introduced in Secs. 5.2 and 5.2.2.1, which denote specific noncommutative phenomena which
enable one to solve the JC for the free associative algebra.

From the viewpoint of universal algebra, the Jacobian conjecture becomes a problem of “Burnside
type,” by which we mean the question of whether a given finitely generated algebraic structure satis-
fying given periodicity conditions is necessarily finite, cf. [225]. Burnside originally posed the question
of the finiteness of a finitely generated group satisfying the identity ™ = 1. (For odd n > 661, coun-
terexamples were found by Novikov and Adian, and quite recently Adian reduced the estimate from
661 to 101). Another class of counterexamples was discovered by Ol’'shanskij [151]. Kurosh posed the
question of local finiteness of algebras whose elements are algebraic over the base field. For algebraicity
of bounded degree, the question has a positive solution, but otherwise there are the Golod-Shafarevich
counterexamples.

Burnside type problems play an important role in algebra. Their solution in the associative case
is closely tied to Specht’s problem of whether any set of polynomial identities can be deduced from
a finite subset. The JC can be formulated in the context of whether one system of identities implies
another, which also relates to Specht’s problem.

In the Lie algebra case there is a similar notion. An element x € L is called Engel of degree n if
[...[ly,z],z]...,x] = 0 for any y in the Lie algebra L. Zelmanov’s result that any finitely generated Lie
algebra of bounded Engel degree is nilpotent yielded his solution of the Restricted Burnside Problem
for groups. Yagzhev introduced the notion of Engelian and weakly nilpotent algebras of arbitrary
signature (see Definitions 5.1.7 and 5.1.5), and proved that the JC is equivalent to the question of
weak nilpotence of algebras of Engel type satisfying a system of Capelli identities, thereby showing
the relation of the JC with problems of Burnside type.

A negative approach. Let us mention a way of constructing counterexamples. This approach, devel-
oped by Gizatullin, Kulikov, Shafarevich, Vitushkin, and others, is related to decomposing polynomial
mappings into the composition of o-processes [?,96,135,177,204-206]. It allows one to solve some poly-
nomial automorphism problems, including tameness problems, the most famous of which is Nagata’s
Problem concerning the wildness of Nagata’s automorphism

(2,y,2) = (& = 2(x2 + 9y — (22 + 9°)°2, y + (22 + %)z, 2),
cf. [148]. Its solution by Shestakov and Umirbaev [183] is the major advance in this area in the last
decade. The Nagata automorphism can be constructed as a product of automorphisms of K(z)[z,y],

some of them having non-polynomial coefficients (in K(z)). The following theorem of Abhyankar—
Moh-Suzuki [2,140,189] can be viewed in this context:

AMS Theorem. If f and g are polynomials in K|[z] of degrees n and m for which K|[f, g] = K|z],
then n divides m or m divides n.

Degree estimate theorems are polynomial analogs to Liouville’s approximation theorem in algebraic
number theory ( [49,106,137,143]). T. Kishimoto has proposed using a program of Sarkisov, in par-
ticular for Nagata’s Problem. Although difficulties remain in applying “o-processes” (decomposition
of birational mappings into standard blow-up operations) to the affine case, these may provide new

! Algebraic geometers use word wariety, roughly speaking, for objects whose local structure is obtained from the
solution of system of algebraic equations. In the framework of universal algebra, this notion is used for subcategories of
algebras defined by a given set of identities. A deep analog of these notions is given in [34].
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insight. If we consider affine transformations of the plane, we have relatively simple singularities at
infinity, although for bigger dimensions they can be more complicated. Blow-ups provide some un-
derstanding of birational mappings with singularities. Relevant information may be provided in the
affine case. The paper [47] contains some deep considerations about singularities.

5.1. THE JACOBIAN CONJECTURE AND BURNSIDE TYPE PROBLEMS, VIA ALGEBRAS

In this section we translate the Jacobian Conjecture to the language of algebras and their identities.
This can be done at two levels: At the level of the algebra obtained from a polynomial mapping, leading
to the notion of weak nilpotence and Yagzhev algebras and at the level of the differential and the algebra
arising from the Jacobian, leading to the notion of Engel type. The Jacobian Conjecture is the link
between these two notions.

5.1.1. The Yagzhev correspondence.

5.1.1.1.  Polynomial mappings in universal algebra. Yagzhev’s approach is to pass from algebraic
geometry to universal algebra. Accordingly, we work in the framework of a universal algebra A having
signature Q. A denotes A x --- x A, taken m times.

We fix a commutative, associative base ring C, and consider C-modules equipped with extra oper-
ators A — A, which we call m-ary. Often one of these operators will be (binary) multiplication.
These operators will be multilinear, i.e., linear with respect to each argument. Thus, we can define the
degree of an operator to be its number of arguments. We say an operator W(z1,...,z,,) is symmetric
if U(x1,...,%m) = Y (Tr1),- - Ta(m)) for all permutations 7.

Definition 5.1.1. A string of operators is defined inductively. Any operator ¥(xi,...,x,,) is a
m

string of degree m, and if s; are strings of degree d;, then W(sy,...,sy,) is a string of degree ) d;. A

mapping j=1
a:AM A

is called polynomial if it can be expressed as a sum of strings of operators of the algebra A. The degree

of the mapping is the maximal length of these strings.

Example 5.1.2. Assume that an algebra A has two extra operators: a binary operator «(z,y) and
a tertiary operator 3(z,y,z). The mapping F': A — A given by = — = + a(x,z) + B(a(x, ), z,x) is
a polynomial mapping of A, having degree 4. Note that if A is finite dimensional as a vector space,
not every polynomial mapping of A as an affine space is a polynomial mapping of A as an algebra.

5.1.1.2.  Yagzhev’s correspondence between polynomial mappings and algebras. Here we associate an
algebraic structure to each polynomial map. Let V' be an n-dimensional vector space over the field k,
and F' : V — V be a polynomial mapping of degree m. Replacing F' by the composite TF', where T
is a translation such that TF(0) = 0, we may assume that F(0) = 0. Given a base {e;}"; of V, and
for an element v of V' written uniquely as the sum ) x;e;, for z; € k, the coefficients of e; in F'(v)
are (commutative) polynomials in the x;. Then F' can be written in the following form:

T — FOZ(ZII) + Fh(ill) + -+ sz(az)
where each Fj;(x) is a homogeneous form of degree a, i.e.,
Foi(z) = Z kgl xin,
]1++]n:a
with Fp; = 0 for all 4, and

n
Fii(@) = phiy.
k=1

We are interested in invertible mappings that have a nonsingular Jacobian matrix (y;;). In partic-
ular, this matrix is nondegenerate at the origin. In this case det(u;;) # 0, and by composing F' with
an affine transformation we arrive at the situation for which ug; = dg;. Thus, the mapping F' may be
taken to have the following form:



POLYNOMIAL AUTOMORPHISMS. V 111

m
Z; —).’L‘Z—ZFM (5.1.1)
k=2

Suppose we have a mapping as in (5.1.1). Then the Jacobi matrix can be written as £ —G1 — - - —
Gm—1 where G; is an n X n matrix with entries which are homogeneous polynomials of degree i. If the
Jacobian is 1, then it is invertible with inverse a polynomial matrix (of homogeneous degree at most
(n —1)(m — 1), obtained via the adjoint matrix).

If we write the inverse as a formal power series, we compare the homogeneous components and get:

> M=o, (5.1.2)

where M is the sum of products aq,aq, in which the factor a; occurs m; times, and J denotes the
multi-index (j1,...,Jq)-

Yagzhev considered the cubic homogeneous mapping * — « + (x,z,x), whereby the Jacobian
matrix becomes F — (G3. We return to this case in Remark 5.1.9. The slightly more general approach
given here presents the Yagzhev correspondence more clearly and also provides tools for investigating
deformations and packing properties (see Sec. 5.2.2.1). Thus, we consider not only the cubic case (i.e.
when the mapping has the form

a:i—>xi+Pi(a:1,...,a;n); 1=1,...,n,

with P; cubic homogenous polynomials), but the more general situation of arbitrary degree.

For any ¢, the set of (vector valued) forms {F};}"; can be interpreted as a homogeneous mapping
Oy : V — V of degree £. When char(k) does not divide ¢, we take instead the polarization of this
mapping, i.e. the multilinear symmetric mapping

R
such that
(FM(xl), . ,Fg,i(xn)) = \I/g(w, e ,:I}) . 6'
Then Eq. (5.1.1) can be rewritten as follows:

a:—>zc—z\llg(az,...,a:). (5.1.3)
=2

We define the algebra (A, {¥,}), where A is the vector space V' and the ¥, are viewed as operators
Al = A,

Definition 5.1.3. The Yagzhev correspondence is the correspondence from the polynomial map-
ping (V, F) to the algebra (A,{¥,}).

5.1.2. Translation of the invertibility condition to the language of identities. The next
step is to bring in algebraic varities, defined in terms of identities.

Definition 5.1.4. A polynomial identity (PI) of A is a polynomial mapping of A, all of whose
values are identically zero.

The algebraic variety generated by an algebra A, denoted as Var(A), is the class of all algebras
satisfying the same Pls as A.

Now we come to a crucial idea of Yagzhev: The invertibility of F' and the invertibility of the Jacobian
of F can be expressed via (5.1.2) in the language of polynomial identities.

Namely, let
m
y="F(z) =z Wx)
=2
Then

Flz)=> t(), (5.1.4)



112 A. M. ELISHEV et al.

where each t is a term, a formal expression in the mappings {¥,};*, and the symbol z. Note that
the expressions Wq(x, Us(z,z,x)) and VUo(Vs(x,x,x),z) are different although they represent same
element of the algebra. Denote by |¢| the number of occurrences of variables, including multiplicity,
which are included in ¢.

The invertibility of F' means that, for all ¢ > qq,

D ta)=0, Vae A (5.1.5)
[t|=q
Thus we have translated invertibility of the mapping F' to the language of identities. (Yagzhev had
an analogous formula, where the terms only involved ¥3.)
Definition 5.1.5. An element a € A is called nilpotent of index < n if
M(a,a,...,a)=0
for each monomial M (z1,xs,...) of degree > n. A is weakly nilpotent if each element of A is nilpotent.
A is weakly nilpotent of class k if each element of A is nilpotent of index k. (Some authors use the
terminology index instead of class.) Equation (5.1.5) means A is weakly nilpotent.
To stress this fundamental notion of Yagzhev, we define a Yagzhev algebra of order qg to be a weakly

nilpotent algebra, i.e., satisfying the identities (5.1.5), also called the system of Yagzhev identities
arising from F.

Summarizing, we get the following fundamental translation from conditions on the endomorphism
F to identities of algebras.

Theorem 5.1.6. The endomorphism F is invertible if and only if the corresponding algebra is a
Yagzhev algebra of high enough order.

5.1.2.1.  Algebras of Engel type. The analogous procedure can be carried out for the differential
mapping. We recall that ¥, is a symmetric multilinear mapping of degree £. We denote the mapping
y— Uy, x,...,x) as Ady_1(x).

Definition 5.1.7. An algebra A is of Engel type s if it satisfies a system of identities

> > Adg,(x)---Adg,(z) = 0. (5.1.6)

Imy=s Qi+-Foag=my
A is of Engel type if A has Engel type s for some s.

Theorem 5.1.8. The endomorphism F has Jacobian 1 if and only if the corresponding algebra has
Engel type s for some s.

Proof. Let 2’ = x + dx. Then
Uy(z') = Uy(x) + £¥(dx,z,...,2) +forms containing more than one occurence of dz.  (5.1.7)

Hence the differential of the mapping

m
F::cH:c—Z\Ifg(m,...,ac)

(=2
is
m
(E - ZeAd“(g;)> -dx
(=2
The identities (5.1.2) are equivalent to the system of identities (5.1.6) in the signature =
(Va,...,¥y), taking aa; = Ady, and m; = deg ¥y — 1. O

Thus, we have reformulated the condition of invertibility of the Jacobian in the language of identities.
As explained in [202], it is well known from [21,220] that the Jacobian Conjecture can be reduced
to the cubic homogeneous case; i.e., it is enough to consider mappings of type

r— z+ Us(z,z,x).
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In this case the Jacobian assumption is equivalent to the Engel condition — nilpotence of the mapping
Ads(x)[y] (i.e. the mapping y — (y,z,z)). Invertibility, considered in [21], is equivalent to weak
nilpotence, i.e., to the identity Zm:k t = 0 holding for all sufficiently large k.

Remark 5.1.9. In the cubic homogeneous case, j = 1, a; = 2 and m; = s, and we define the
linear map
Ady, ry — (z,2,9)
and the index set T; C {1,...,q} such that i € Tj if and only if oy = j.
Then Eq. (5.1.6) has the following form:

Ads/? =o.

Thus, for a ternary symmetric algebra, Engel type means that the operators Ad,, for all z are
nilpotent. In other words, the mapping

Ads(z) 1y — (z,2,y)

is nilpotent. Yagzhev called this the Engel condition. (For Lie algebras the nilpotence of the operator
Ad, : y — (z,y) is the usual Engel condition. Here we have a generalization for arbitrary signature.)

Here are Yagzhev’s original definitions, for edification. A binary algebra A is Fngelian if for any
element a € A the subalgebra < R,, L, > of vector space endomorphisms of A generated by the left
multiplication operator L, and the right multiplication operator R, is nilpotent, and weakly Engelian
if for any element a € A the operator R, + L, is nilpotent.

This leads us to the Generalized Jacobian Conjecture:

Conjecture. Let A be an algebra with symmetric k-linear operators Wy, for £ = 1,...,m. In any
variety of Engel type, A is a Yagzhev algebra.

By Theorem 5.1.8, this conjecture would yield the Jacobian Conjecture.

5.1.2.2. The case of binary algebras. When A is a binary algebra, Fngel type means that the left
and right multiplication mappings are both nilpotent.

A well-known result of S. Wang [21] shows that the Jacobian Conjecture holds for quadratic map-
pings

x— x+ Uy, x).

If two different points (z1,...,z,) and (y1,...,yn) of an affine space are mapped to the same
point by (fi,..., fn), then the fact that the vertex of a parabola is in the middle of the interval
whose endpoints are at the roots shows that all f;(x) have gradients at this midpoint P = (= + y)/2
perpendicular to the line segment [x,y]|. Hence the Jacobian is zero at the midpoint P. This fact
holds in any characteristic # 2.

In Sec. 5.1.3 we prove the following theorem of Yagzhev, cf. Definition 5.1.15 below:

Theorem 5.1.10 (Yagzhev). FEvery symmetric binary Engel type algebra of order k satisfying the
system of Capelli identities of order n is weakly nilpotent, of weak nilpotence index bounded by some
function F(k,n).

Remark 5.1.11. Yagzhev formulated his theorem as follows: Every binary weakly Engel algebra of
order k satisfying the system of Capelli identities of order n is weakly nilpotent, of index bounded by
some function F(k,n). We obtain this reformulation, by replacing the algebra A by the algebra A™
with multiplication given by (a,b) = ab + ba.

The following problems may help us understand the situation.

Problem. Obtain a straightforward proof of this theorem and deduce from it the Jacobian Con-
jecture for quadratic mappings.

Problem (generalized Jacobian Conjecture for quadratic mappings). Is every symmetric binary
algebra of Engel type k, a Yagzhev algebra?
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5.1.2.8.  The case of ternary algebras. As we have observed, Yagzhev reduced the Jacobian Conjec-
ture over a field of characteristic zero to the question:

Question 5.1.12. Is every finite dimensional ternary Engel algebra a Yagzhev algebra?

Druzkowski [84, 85] reduced this to the case when all cubic forms W3; are cubes of linear forms. Van
den Essen and his school reduced the JC to the symmetric case (see [91,92] for details). Bass, Connell,
and Wright [21] use other methods including inversions. Yagzhev’s approach matches that of [21], but
using identities instead.

5.1.2.4. An example in nonzero characteristic of an Engel algebra that is not a Yagzhev algebra.
Now we give an example, over an arbitrary field k of characteristic p > 3, of a finite dimensional
Engel algebra that is not a Yagzhev algebra, i.e., not weakly nilpotent. This means that the situation
for binary algebras differs intrinsically from that for ternary algebras, and it would be worthwhile to
understand why.

Theorem 5.1.13. Ifchar(k) = p > 3, then there exists a finite dimensional k-algebra that is Engel
but not weakly nilpotent.

Proof. Consider the noninvertible mapping F' : k[z] — k[z] with Jacobian 1:
F:z—x+al.

We introduce new commuting indeterminates {y;}?" ; and extend this mapping to k[z,y1,...,yn] by
sending y; — y;. If n is big enough, then it is possible to find tame automorphisms G; and G2 such
that G o F' o G is a cubic mapping * — x + U3(x), as follows:

Suppose we have a mapping

F:z;— Plx)+ M
where M = tqtotsts is a monomial of degree at least 4. Introduce two new commuting indeterminates
z,y and take F'(z) = z, F(y) = y.

Define the mapping G via G1(z) = z+t1ta, G1(y) = y+tsty with Gy fixing all other indeterminates;
define Go via Go(x) = = — yz with G fixing all other indeterminates.

The composite mapping G o F o G sends x to P(x) —yz — ytity — ztsts, y to y +tste, 2z to z +t1ta,
and agrees with F' on all other indeterminates.

Note that we have removed the monomial M = titotsty from the image of F', but instead have
obtained various monomials of smaller degree (t1to , tsts, 2y, ztsts, ytita). It is easy to see that this
process terminates.

Our new mapping H(x) = z + Ua(x) + ¥3(x) is noninvertible and has Jacobian 1. Consider its
blowup

R:z— o+ T?y+TUy(z), y—y— Us(z), T T.
This mapping R is invertible if and only if the initial mapping is invertible, and has Jacobian 1
if and only if the initial mapping has Jacobian 1, by [220, Lemma 2]. This mapping is also cubic
homogeneous. The corresponding ternary algebra is Engel, but not weakly nilpotent. U

This example shows that a direct combinatorial approach to the Jacobian Conjecture encounters
difficulties, and in working with related Burnside type problems (in the sense of Zelmanov [225],
dealing with nilpotence properties of Engel algebras, as indicated in the introduction), one should
take into account specific properties arising in characteristic zero.

Definition 5.1.14. An algebra A is nilpotent of class < n if M(ay,as,...) = 0 for each monomial
M (z1,x9,...) of degree > n. An ideal I of A is strongly nilpotent of class < n if M(ay,as,...) =0
for each monomial M (z1,x2,...) in which indeterminates of total degree > n have been substituted
to elements of I.

Although the notions of nilpotent and strongly nilpotent coincide in the associative case, they
differ for ideals of nonassociative algebras. For example, consider the following algebra suggested by
Shestakov: A is the algebra generated by a,b, z satisfying the relations a? = b, bz = a and all other
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products 0. Then I = Fa+ Fb is nilpotent as a subalgebra, satisfying I2 = 0 but not strongly nilpotent
(as an ideal), since
b= ((a(bz))z)a # 0,
and one can continue indefinitely in this vein. Also, [107] contains an example of a finite dimensional
non-associative algebra without any ideal which is maximal witih respect to being nilpotent as a
subalgebra.
In connection with the Generalized Jacobian Conjecture in characteristic 0, it follows from results

of Yagzhev [222], also cf. [97], that there exists a 20-dimensional Engel algebra over QQ, not weakly
nilpotent, satisfying the identities

2y =—yr®,  ((y2*)2*)a®)2® =0, (zy+yx)y =2 2, 2°y° =0.

However, this algebra can be seen to be Yagzhev (see Definition 5.1.5).

For associative algebras, one uses the term “nil” instead of “weakly nilpotent.” Any nil subalgebra
of a finite dimensional associative algebra is nilpotent, by Wedderburn’s Theorem [207]). Jacobson
generalized this result to other settings, cf. [159, Theorem 15.23], and Shestakov [179] generalized it
to a wide class of Jordan algebras (not necessarily commutative).

Yagzhev’s investigation of weak nilpotence has applications to the Koethe Conjecture, for algebras
over uncountable fields. He reproved the following fact: In every associative algebra over an uncount-
able field, the sum of every two nil right ideals is a nil right ideal. This fact was proved first by
Amitsur [3]. Amitsur’s result is for affine algebras, but one can easily reduce to the affine case.

5.1.2.5.  Algebras satisfying systems of Capelli identities.
Definition 5.1.15. The Capelli polynomial C} of order k is

Cri= > (=1)7To)¥1 - Toiy V-

€Sk

It is obvious that an associative algebra satisfies the Capelli identity ¢ if and only if, for any

monomial M (x1,..., Tk, y1,...,y,) multilinear in the x;, the following equation holds identically in A:
Z (=17 M (Vg(1)s -+ > Vo (k) Y15 - - - Yr) = 0. (5.1.8)
oc€Sk

However, this does not apply to nonassociative algebras, so we need to generalize this condition.

Definition 5.1.16. The algebra A satisfies a system of Capelli identities of order k, if (5.1.8) holds
identically in A for any monomial M (z1,..., %k, y1,.-.,Yy,) multilinear in the z;.

Any algebra of dimension < k over a field satisfies a system of Capelli identities of order k. Alge-
bras satisfying systems of Capelli identities behave much like finite dimensional algebras. They were
introduced and systematically studied by Rasmyslov [155,156].

Using Rasmyslov’s method, Zubrilin proved (see [231] and also [157,229]) that if A is an arbitrary
algebra satisfying the system of Capelli identities of order n, then the chain of ideals defining the
solvable radical stabilizes at the nth step. More precisely, we utilize a Baer-type radical, along the
lines of Amitsur [4].

Given an algebra A, we define

Solv; := Solvy(4) = Z{strongly nilpotent ideals of A},

and inductively, given Solvy, define Solvyi1 by Solvgiq /Solvg = Solvy(A/ Solvy). For a limit ordinal
a, define

Solv, = U Solvg .
B<a

This must stabilize at some ordinal «, for which we define Solv(A) = Solv,, .
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Clearly, Solv(A/Solv(A)) = 0; i.e., A/ Solv(A) has no nonzero strongly nilpotent ideals. Actually,
Amitsur [4] defines ((A) as built up from ideals having trivial multiplication, and proves [4, Theo-
rem 1.1] that ((A) is the intersection of the prime ideals of A.

We shall use the notion of sandwich, introduced by Kaplansky and Kostrikin, which is a powerful
tool for Burnside type problems [225]. An ideal I is called a sandwich ideal if, for any k,

M(z1,29,21,...,25) =0

for any z1,29 € I, any set of elements x1,...,z, and any multilinear monomial M of degree k + 2.
(Similarly, if the operations of an algebra have degree < /¢, then it is natural to use f-sandwiches,
which by definition satisfy the property that

M(Zl,...,Zg,.’L'l,...,{L'k):O

for any z1,...,2¢ € I, any set of elements 1, ..., x, and any multilinear monomial M of degree k+¢.)
The next useful lemma follows from a result from [231]:

Lemma 5.1.17. If an ideal I is strongly nilpotent of class £, then there exists a decreasing sequence
of ideals I =1y O -+ 2 Ij11 = 0 such that Is/Is11 is a sandwich ideal in A/Is11 for all s <.

Definition 5.1.18. An algebra A is representable if it can be embedded into an algebra finite
dimensional over some extension of the ground field.

Remark 5.1.19. Zubrilin proved (see [231]) a more precise statement, namely, if an algebra A of
arbitrary signature satisfies a system of Capelli identities C,,+1, then there exists a sequence By C
By C --- C B, of strongly nilpotent ideals such that:

(i) the natural projection of B; in A/B;_1 is a strongly nilpotent ideal;
(ii) A/B,, is representable;
(iii) if 1 € Iy € --- C I, is any sequence of ideals of A such that I;,1/l; is a sandwich ideal in
A/I;, then B, D I,.

Such a sequence of ideals will be called a Baer—Amitsur sequence. In affine space the Zariski closure
of the radical is radical, and hence the factor algebra is representable. (Although the radical coincides
with the linear closure if the base field is infinite (see [37]), this assertion holds for arbitrary signatures
and base fields.) Hence in representable algebras, the Baer—Amitsur sequence stabilizes after finitely
many steps. Lemma 5.1.17 follows from these considerations.

Our next main goal is to prove Theorem 5.1.22 below, but first we need another notion.

5.1.2.6. The tree associated to a monomial. Effects of nilpotence have been used by different authors
in another language. We associate a rooted labelled tree to any monomial: Any branching vertex
indicates the symbol of an operator, whose outgoing edges are the terms in the corresponding symbol.
Here is the precise definition.

Definition 5.1.20. Let M(z1,...,2,) be a monomial in an algebra A of arbitrary signature. One
can associate the tree Th; by an inductive procedure:

(i) If M is a single variable, then T), is just the vertex e.

(ii) Let M = g(My,..., M), where g is a k-ary operator. We assume inductively that the trees
T;,i=1,...,k, are already defined. Then the tree T}, is the disjoint union of the T;, together
with the root e and arrows starting with e and ending with the roots of the trees T;.

Remark 5.1.21. Sometimes one labels Ty; according to the operator g and the positions inside g.

If the outgoing degree of each vertex is 0 or 2, the tree is called binary. If the outgoing degree of
each vertex is either 0 or 3, the tree is called ternary. If each operator is binary, Ths will be binary; if
each operator is ternary, Ty will be ternary.
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5.1.3. Lifting Yagzhev algebras. Recall Definitions 5.1.5 and 5.1.7.

Theorem 5.1.22. Suppose A is an algebra of Engel type, and let I be a sandwich ideal of A. If
A/I is Yagzhev, then A is Yagzhev.

The proof follows easily from the following two propositions.

Let k be the class of weak nilpotence of A/I. We call a branch of the tree fat if it has more than k
entries.

Proposition 5.1.23.

(a) The sum of all monomials of any degree s > k belongs to I.

(b) Let x1,...,x, be fized indeterminates and M be an arbitrary monomial with s1,...,sp > k.
Then
Z M(z1,...,2n,t1,...,t) = 0. (5.1.9)
[t1]=51,...,
[tel=s¢

(c¢) The sum of all monomials of degree s, containing at least £ nonintersecting fat branches, is zero.

Proof. Assertion (a) is just a reformulation of the weak nilpotence of A/I; (b) follows from (a) and the
sandwich property of an ideal I. To get (c) from (b), it suffices to consider the highest nonintersecting
fat branches. U

Proposition 5.1.24 (Yagzhev). The linearization of the sum of all terms with a fized fat branch
of length n is the complete linearization of the function

> T[Adk,,)(2)®).
oESy

Theorem 1.2, Lemma 5.1.17, and Zubrilin’s result give us the following major result.

Theorem 5.1.25. In characteristic zero, the Jacobian conjecture is equivalent to the following
statement: Any algebra of Engel type satisfying some system of Capelli identities is a Yagzhev algebra.

This theorem generalizes the following result of Yagzhev.

Theorem 5.1.26. The Jacobian conjecture is equivalent to the following statement: Any ternary
Engel algebra in characteristic 0 satisfying a system of Capelli identities is a Yagzhev algebra.

The Yagzhev correspondence and the results of this section (in particular, Theorem 5.1.25) yield
the proof of Theorem 5.1.10.

5.1.83.1. Sparse identities. Generalizing Capelli identities, we say that an algebra satisfies a sys-
tem of sparse identities when there exist k and coefficients «, such that for any monomial
M(x1,...,2k, Y1, - .., y,) multilinear in x;, the following equation holds:

Z OéUM<Cl'UU(1)d1, ‘e ,ckva(k)dk, Yiy--- 7yr> = 0. (5.1.10)

Note that one need only check (5.1.10) for monomials. The system of Capelli identities is a special
case of a system of sparse identities (when o, = (—1)?). This concept ties in with the following “few
long branches” lemma [230], concerning the structure of trees of monomials for algebras with sparse
identities:

Lemma 5.1.27 (Few long branches). Suppose an algebra A satisfies a system of sparse identities
of order m. Then any monomial is linearly representable by monomials such that the corresponding
tree has not more than m — 1 disjoint branches of length > m.

Lemma 5.1.27 may be useful in studying nilpotence of Engel algebras.
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5.1.4. Inversion formulas and problems of Burnside type. We have seen that the JC relates
to problems of “Specht type” (concerning whether one set of polynomial identities implies another),
as well as problems of Burnside type.

Burnside type problems become more complicated in nonzero characteristic; cf. Zelmanov’s review
paper [225].

Bass, Connell, and Wright [21] attacked the JC by means of inversion formulas. D. Wright [208]
wrote an inversion formula for the symmetric case and related it to a combinatorial structure called
the Grossman—Larson Algebra. Namely, write F' = X — H, and define J(H) to be the Jacobian matrix
of H. Wright proved the JC for the case where H is homogeneous and J(H)3 = 0, and also for the
case where H is cubic and J(H)* = 0; these correspond in Yagzhev’s terminology to the cases of Engel
type 3 and 4, respectively. Also, the so-called chain vanishing theorem in [208] follows from Engel
type. Similar results were obtained earlier by Singer [186] using tree formulas for formal inverses. The
inversion formula, introduced in [21], was investigated by D. Wright and his school. Many authors
use the language of so-called tree expansion (see [186,208] for details). In view of Theorem 5.1.13, the
tree expansion technique should be highly nontrivial.

The Jacobian Conjecture can be formulated as a question of quantum field theory (see [1]), in which
tree expansions are seen to correspond to Feynmann diagrams.

In [186,208] (see also [209]), trees with one label correspond to elements of the algebra A built by
Yagzhev, and 2-labelled trees correspond to the elements of the operator algebra D(A) (the algebra
generated by operators * — M (z,y), where M is some monomial). These authors deduce weak
nilpotence from the Engel conditions of degree 3 and 4. The inversion formula for automorphisms
of tensor product of Weyl algebras and the ring of polynomials was studied intensively in the papers
[27,30]. Using techniques from [42], this yields a slightly different proof of the equivalence between
the JC and DC, by an argument similar to one given in [223]. Yagzhev’s approach makes the situation
much clearer, and the known approaches to the Jacobian Conjecture using inversion formulas can be
explained from this viewpoint.

Remark 5.1.28. The most recent inversion formula (and probably the most algebraically explicit
one) was obtained by V. Bavula [26]. The coefficient gy can be made explicit in (5.1.5), by means of
the Gabber Inequality, which says that if

f:Kn—>Kn; xZ—>fZ(a:)

is a polynomial automorphism, with deg(f) = max; deg(f;), then deg(f~!) < deg(f)" 1)

In fact, we are working with operads, cf. the classical book [146]. A review of operad theory
and its relation with physics and Pl-theory in particular Burnside type problems, will appear in
D. Piontkovsky [153] (see also [109,154]). Operad theory provides a supply of natural identities and
varieties, but they also correspond to geometric facts. For example, the Jacobi identity corresponds
to the fact that the altitudes of a triangle are concurrent. M. Dehn’s observations that the Desargue
property of a projective plane corresponds to associativity of its coordinate ring, and Pappus’ property
to its commutativity, can be considered as a first step in operad theory. Operads are important in
mathematical physics, and formulas for the famous Kontsevich quantization theorem resemble formulas
for the inverse mapping. The operators considered here are operads.

5.2. THE JACOBIAN CONJECTURE FOR VARIETIES, AND DEFORMATIONS

In this section we consider analogs of the JC for other varieties of algebras, partially with the aim
on throwing light on the classical JC (for the commutative associative polynomial algebra).

5.2.1. Generalization of the Jacobian Conjecture to arbitrary varieties. J. Birman [48]
already proved the JC for free groups in 1973. The JC for free associative algebras (in two generators)
was established in 1982 by W. Dicks and J. Levin [73,74], utilizing Fox derivatives, which we describe
later on. Their result was reproved by Yagzhev [218], whose ideas are sketched in this section. Also
see Schofield [175], who proved the full version. Yagzhev then applied these ideas to other varieties
of algebras [217,222] including nonassociative commutative algebras and anti-commutative algebras;
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U. U. Umirbaev [195] generalized these to “Schreier varieties,” defined by the property that every
subalgebra of a free algebra is free. The JC for free Lie algebras was proved by Reutenauer [158],
Shpilrain [185], and Umirbaev [194].

The Jacobian Conjecture for varieties generated by finite dimensional algebras, is closely related to
the Jacobian Conjecture in the usual commutative associative case, which is the most important.

Let 91 be a variety of algebras of some signature 2 over a given field k of characteristic zero, and
kon (x) the relatively free algebra in 9t with generators @ = {x; : i € I}. We assume that ||, |I| < oo,
I=1,....,n.

Take a set y = {y;}I"; of new indeterminates. For any f(x) € kop (x) one can define an element

f(x,y) € kop (x,y) via the equation

f@i+yi, o xn+ya) = f(y) + f(2,y) + R(z,y) (5.2.1)
where f(m, y) has degree 1 with respect to @, and R(x,y) is the sum of monomials of degree > 2 with

respect to x; f is a generalization of the differential.
Let a € End(koy (x)), i.e.,

a:z;— fi(x); i=1,...,n. (5.2.2)
Definition 5.2.1. Define the Jacobi endomorphism & € End(kgy (x,y)) via the equality
a: { zi = filx), (5.2.3)
Yi = Yi-

The Jacobi mapping f — f satisfies the chain rule, in the sense that it preserves composition.

Remark 5.2.2. It is not difficult to check (and is well known) that if o € Aut(kgy (x)) then
& € Aut(koy (z,y)).
The inverse implication is called the Jacobian Conjecture for the variety M. Here is an important

special case.

Definition 5.2.3. Let A € 9 be a finite dimensional algebra, with base {e;}X,. Consider a set
of commutative indeterminates v = {vg|s =1,...,n;i =1,..., N}. The elements

N
Zj = E Vji€q; jzl,...,n,
i=1
are called generic elements of A.

Usually in the matrix algebra M, (k), the set of matrix units {e;;}";_; is taken as the base. In this
case e;je = 0j ey and
z = Z)\ﬁjeij, l=1,...,n.
ij

Definition 5.2.4. A generic matriz is a matrix whose entries are distinct commutative indeter-
minates, and the so-called algebra of generic matrices of order m is generated by associative generic
m X m matrices.

The algebra of generic matrices is prime, and every prime, relatively free, finitely generated asso-
ciative Pl-algebra is isomorphic to an algebra of generic matrices. If we include taking traces as an
operator in the signature, then we get the algebra of generic matrices with trace. That algebra is a
Noetherian module over its center.

Define the k-linear mappings

Q kg (x) = k[v]; i=1,....n

via the relation
N

N N
f (Z V1i€4y ..y Z I/m‘ei> = Z(fQ’)eZ
i=1 i=1

i=1
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It is easy to see that the polynomials f{2; are uniquely determined by f.
One can define the mapping

©vA : End(kon (x)) — End(k[v])
as follows. If
a € End(kgy (@) : x5 — fs(x) s=1,...,n,
then p4(a) € End(k[v]) can be defined via the relation
vala) vy = Py(v); s=1,...,n; i=1,...,n,
where Py;(v) = fs£;.

The following proposition is well known.

Proposition 5.2.5 (see [222]). Let A € MM be a finite dimensional algebra, and x = {x1,...,z,}
be a finite set of commutative indeterminates. Then the mapping p4 is a semigroup homomorphism,
sending 1 to 1, and automorphisms to automorphisms. Also the mapping s commutes with the

operation” of taking the Jacobi endomorphism, in the sense that va(a) = pa(&). If ¢ is invertible,
then @ is also invertible.

This proposition is important, since as noted after Remark 5.2.2, the opposite direction is the JC.
5.2.2. Deformations and the Jacobian Conjecture for free associative algebras.

Definition 5.2.6. A T-ideal is a completely characteristic ideal, i.e., stable under any endomor-
phism.

Proposition 5.2.7. Suppose A is a relatively free algebra in the variety M, I is a T-ideal in A,
and M = Var(A/I). Any polynomial mapping F : A — A induces a natural mapping F' : A/T — A/I,
as well as a mapping Fin 9. If F is invertible, then F' is invertible; ifﬁ’ is invertible, then s
also invertible.

For example, let F' be a polynomial endomorphism of the free associative algebra k (x), and I,, be
the T-ideal of the algebra of generic matrices of order n. Then F(I,,) C I,, for all n. Hence F' induces
an endomorphism F7, of k(x) /I,. In particular, this is a semigroup homomorphism. Thus, if F' is
invertible, then F7, is invertible, but not vice versa.

The Jacobian mapping FI: of the reduced endomorphism Fj, is the reduction of the Jacobian
mapping of F'.

5.2.2.1.  The Jacobian Conjecture and the packing property. This subsection is based on the packing
property and deformations. Let us illustrate the main idea. It is well known that the composite of
ALL quadratic extensions of Q is infinite dimensional over Q. Hence all such extensions cannot be
embedded (“packed”) into a single commutative finite dimensional Q-algebra. However, all of them
can be packed into My (Q). We formalize the notion of packing in §5.2.5. Moreover, for ANY elements
NOT in Q there is a parametric family of embeddings (because it embeds non-centrally and thus can
be deformed via conjugation by a parametric set of matrices). Uniqueness thus means belonging to
the center. Similarly, adjoining noncommutative coefficients allows one to decompose polynomials, as
to be elaborated below.

This idea allows us to solve equations via a finite dimensional extension, and to find a parametric
sets of solutions if some solution does not belong to the original algebra. That situation contradicts
local invertibility.

Let F' be an endomorphism of the free associative algebra having invertible Jacobian. We suppose
that F'(0) = 0 and

F(x;) =z + Zterms of order > 2.

We intend to show how the invertibility of the Jacobian implies invertibility of the mapping F.
Let Yi,..., Y% be generic m x m matrices. Consider the system of equations

(F(X1,.... X)) =Yy i=1,.. k).
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This system has a solution over some finite extension of order m of the field generated by the center
of the algebra of generic matrices with trace.
Consider the set of block diagonal mn x mn matrices:

A 0 0
0 A, 0 0
A= . ) (5.2.4)
0 An
where the A; are m x m matrices.
Next, we consider the system of equations
{Fi(Xq1,...,Xn) =Y i=1,...,k}, (5.2.5)

where the mn x mn matrices Y; have the form (5.2.4) with the A; generic matrices.

Any m-dimensional extension of the base field k is embedded into M,,, (k). But M,,, (k) ~ M,, (k) ®
M, (k). It follows that for appropriate m, the system (5.2.5) has a unique solution in the matrix ring
with traces. (Each is given by a matrix power series where the summands are matrices whose entries are
homogeneous forms, seen by rewriting ¥; = X; + > terms of order 2 as X; = Y; 4+ > _ terms of order 2,
and iterating.) The solution is unique since their entries are distinct commuting indeterminates.

If F' is invertible, then this solution must have block diagonal form. However, if F' is not invertible,
this solution need not have block diagonal form. Now we translate invertibility of the Jacobian to the
language of parametric families or deformations.

Consider the matrices

E 0 ... 0
0 .. 0
E{=]0 ... \-E 0
0 E

where E denotes the identity matrix. (The index ¢ designates the position of the block A - E.) Taking
X not to be a block diagonal matrix, then for some ¢ we obtain a non-constant parametric family
E{X;(E{)"! dependent on .

On the other hand, if Y; has form (5.2.4), then EﬁYZ(Ef\)_l =Y, foral A\£0;¢(=1,... k.

Hence, if F7, is not an automorphism, then we have a continuous parametric set of solutions. But if
the Jacobian mapping is invertible, it is locally 1:1, a contradiction. This argument yields the following
result:

Theorem 5.2.8. For F' € End(k (x)), if the Jacobian of F is invertible, then the reduction Fr, of
F, modulo the T-ideal of the algebra of generic matrices, is invertible.

For details of the proof, see [217]. Because any relatively free affine algebra of characteristic 0 satisfies
the set of identities of some matrix algebra, it is the quotient of the algebra of generic matrices by
some T-ideal J. But J maps into itself after any endomorphism of the algebra. We conclude the
following fact.

Corollary 5.2.9. If F' € End(k (z)) and the Jacobian of F is invertible, then the reduction Fj of
F modulo any proper T-ideal J is invertible.

In order to get invertibility of F itself, Yagzhev used the additional ideas:

1. The block diagonal technique works equally well on skew fields.

2. The above algebraic constructions can be carried out on Ore extensions, in particular for the Weyl
algebras Wy, = K[z, ..., xy;01,. .., 0]

3. By a result of L. Makar-Limanov, the free associative algebra can be embedded into the ring of
fractions of the Weyl algebra. This provides a nice presentation for mapping the free algebra.
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Definition 5.2.10. Let A be an algebra, B C A a subalgebra, and « : A — A a polynomial
mapping of A (and hence a(B) C B, see Definition 5.1.1). B is a test algebra for «, if a(A\B) # A\B.

The next theorem shows the universality of the notion of a test algebra. An endomorphism is called
rationally invertible if it is invertible over Cohn’s skew field of fractions [65] of k (z).

Theorem 5.2.11 (Yagzhev). For any o € End(k (x)), one of the two statements holds:

(i) « is rationally invertible, and its reduction to any finite-dimensional factor also is rationally
invertible;
(ii) there exists a test algebra for some finite dimensional reduction of c.

This theorem implies the Jacobian conjecture for free associative algebras. We do not go into details,
referring the reader to the papers [217,222].

Remark 5.2.12. The same idea is used in quantum physics. The polynomial z2? + y? + 22 cannot
be decomposed for any commutative ring of coefficients. However, it can decomposed using noncom-
mutative ring of coefficients (Pauli matrices). The Laplace operator in 3-dimensional space can be
decomposed in such a manner.

5.2.2.2.  Reduction to nonzero characteristic. One can work with deformations equally well in nonzero
characteristic. However, the naive Jacobian condition does not give us parametric families, because of
consequences of inseparability. Hence it is interesting using deformations to get a reasonable version of
the JC for characteristic p > 0, especially because of recent progress in the JC related to the reduction
of holonomic modules to the case of characteristic p and investigation of the p-curvature or Poisson
brackets on the center (see [41,42,190]).

In his very last paper [223], A. V. Yagzhev approached the JC using positive characteristics. He
noted that the existence of a counterexample is equivalent to the existence of an Engel, but not
Yagzhev, finite dimensional ternary algebra in each positive characteristic p > 0. (This fact was also
used in [41,42,190].)

If a counterexample to the JC exists, then such an algebra A exists even over a finite field, and
hence can be finite. It generates a locally finite variety of algebras that are of Engel type, but not
Yagzhev. This situation can be reduced to the case of a locally semiprime variety. Any relatively free
algebra of this variety is semiprime, and the centroid of its localization is a finite direct sum of fields.
The situation can be reduced to one field, and he tried to construct an embedding which is not an
automorphism. This would contradict the finiteness property.

Since a reduction of an endomorphism as a mapping on points of finite height may be an au-
tomorphism, the issue of injectivity also arises. However, this approach looks promising, and may
involve new ideas, such as in [41,42,190]. Perhaps different infinitesimal conditions (like the Jacobian
condition in characteristic zero) can be found.

5.2.3. The Jacobian Conjecture for other classes of algebras. Although the Jacobian Con-
jecture remains open for commutative associative algebras, it has been established for other classes
of algebras, including free associative algebras, free Lie algebras, and free metabelian algebras (for
further details, see Sec. 5.2.1).

An algebra is said to be metabelian if it satisfies the identity [z, y][z,t] = 0.

The case of free metabelian algebras, established by Umirbaev (see [193]), involves some interesting
new ideas that we describe now. His method of proof is by means of co-multiplication, taken from the
theory of Hopf algebras and quantization. Let A°P? denote the opposite algebra of the free associative
algebra A, with generators t;. For f € A we denote the corresponding element of A°? as f*. Consider
the mapping

AAPRA— A, A(fo@gi):Zfigi-
Then I := ker(\) is a free A bimodule with generators tf ® 1 — 1 ® t;. The mapping
dg:A— 1y, dpola)=a"®1-1®a
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is called the wuniversal derivation of A. The Fox derivatives da/0t; € AP ® A (see [94]) are defined as

0
da(a) =Y (i @1-10t)2r

7

(cf. [74,193)).
Let C = A/Id([A, A]) be a free commutative associative algebra and B = A/Id([A, A])? be a free

metabelian algebra. Let
da da
(9((1) = <a—tl,,a—tn> .

One can define the natural derivations
DA (AQA" = (C'o0), d:A— (C'2C)" = C", (5.2.6)
where the mapping (C' ® C)™) — C" is induced by A. Then
ker(9) = 1d([A, A])? + F

and 0 induces a derivation B — (¢’ @ C)", whereas 0 induces the usual derivation C' — C™. Let
A :C — C"® C be the mapping induced by d_g, i.e.,

and let z; = A(x;). The Jacobi matriz is defined in the natural way, and provides the formulation of
the JC for free metabelian algebras. One of the crucial steps in proving the JC for free metabelian
algebras is the following homological lemma from [193].

Lemma 5.2.13. Let u = (ug,...,u,) € (C? @ C)*. Then u = d(w) for some w € 1d([A, A]) if

and only if
Z ziu; = 0.
The proof also requires the following theorem.
Theorem 5.2.14. Let ¢ € End(C). Then ¢ € Aut(C) if and only if Id(A(p(z;)))i; = Id(z)i .
The paper [193] also includes the following result.

Theorem 5.2.15. Any automorphism of C can be extended to an automorphism of B, using the
JC for the free metabelian algebra B.

This is a nontrivial result, unlike the extension of an automorphism of B to an automorphism of
A/Id([A, A])™ for any n > 1.

5.2.4. Questions related to the Jacobian Conjecture. Let us turn to other interesting ques-
tions which can be linked to the Jacobian Conjecture. The quantization procedure is a bridge between
the commutative and noncommutative cases and is deeply connected to the JC and related questions.
Some of these questions also are discussed in the paper [81].

Relations between the free associative algebra and the classical commutative situation are very
deep. In particular, Bergman’s theorem that any commutative subalgebra of the free associative
algebra is isomorphic to a polynomial ring in one indeterminate is the noncommutative analog of
Zak’s theorem [224] that any integrally closed subring of a polynomial ring of Krull dimension 1 is
isomorphic to a polynomial ring in one indeterminate. For example, Bergman’s theorem is used to
describe the automorphism group Aut(End(k(z1,...,z,))) (see [39]); Zak’s theorem is used in the
same way to describe the group Aut(End(k[z1,...,x,])) (see [43]).

Question 5.2.16. Can one prove Bergman’s theorem via quantization?

Quantization could be a key idea for understanding Jacobian type problems in other varieties of
algebras.
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Cancellation problems. We recall the following three classical problems.

1. Let K; and K>3 be affine domains for which Kj[t] ~ Ks[t]. Is it true that K ~ K57
2. Let K; and K3 be an affine fields for which K;(t) ~ Ks(t). Is it true that K; ~ K37 In
particular, if K(t) is a field of rational functions over the field k, is it true that K is also a field
of rational functions over k?
3. If K[t] ~ k[z1,...,x,), is it true that K ~ k[z1,...,2,-1]7
In general, the answer to Problems 1 and 2 is negative (even if k = C; see [31,36] and the references
therein). However, Problem 2 has a positive solution in low dimensions. Problem 3 is currently
called the Cancellation Conjecture, although Zariski’s original cancellation conjecture was for fields
(Problem 2). (For Zariski’s conjecture and related problems, see [68,105,147,187].) For n > 3, the
Cancellation Conjecture (Problem 3) remains open, to the best of our knowledge, and it is reasonable
to pose the Cancellation Conjecture for free associative rings and pose the following question.

Question 5.2.17. If K « k[t] ~ k(x1,...,2,), then is K ~k(z1,...,2,-1)7
This question was solved for n = 2 by V. Drensky and J. T. Yu (see [79]).

2. The Tame Automorphism Problem. Yagzhev applied his approach to study the tame auto-
morphism problem. Unfortunately, these papers have not survived.

It is easy to see that every endomorphism ¢ of a commutative algebra can be lifted to some endo-
morphism of the free associative algebra, and hence to some endomorphism of the algebra of generic
matrices. However, it is not clear that any automorphism ¢ can be lifted to an automorphism.

We recall that an automorphism of k[z1,...,x,] is elementary if it has the form

x1 =1+ f(z,...,2n), m—x;, Vix2.

A tame automorphism is a product of elementary automorphisms, and a non-tame automorphism is
called wild. The “tame automorphism problem” asks whether any automorphism is tame. Jung [103]
and van der Kulk [203] proved this for n = 2, (also see [149, 150] for free groups, [65] for free Lie
algebras, and [67,141] for free associative algebras), so one takes n > 2.

Elementary automorphisms can be lifted to automorphisms of the free associative algebra; hence
every tame automorphism can be so lifted. If an automorphism ¢ cannot be lifted to an automorphism
of the algebra of generic matrices, it cannot be tame. This give us approach to the tame automorphism
problem.

We can lift an automorphism of k[z1,...,x,] to an endomorphism of k (x1,...,z,) in many ways.
Then replacing z1,...,x, by generic (N x N)-matrices induces a polynomial mapping

F(N) : an2 — anQ.

For each automorphism ¢, the invertibility of this mapping can be transformed into compatibility
of some system of equations. For example, [152, Theorem 10.5] asserts that the Nagata automorphism
is wild, provided that a certain system of five equations in 27 unknowns has no solutions. Whether
Peretz’ method can effectively attack tameness questions remains to be seen. The wildness of the
Nagata automorphism was established by Shestakov and Umirbaev [183]. One important ingredient
in the proof is degree estimates of an expression p(f,g) of algebraically independent polynomials f
and ¢ in terms of the degrees of f and g, provided neither leading term is proportional to a power of
the other, initiated by Shestakov and Umirbaev [182]. An exposition based on their method is given
in Kuroda [106].

One of the most important tools is the degree estimation technique, which in the multidimensional
case becomes the analysis of leading terms, and is more complicated. We refer to the deep papers
[49,106,108]. Several papers of Kishimoto contain gaps, but also provide deep insights.

One can also ask the weaker question of “coordinate tameness:” Is the image of (z,y, z) under the
Nagata automorphism the image under some (other) tame automorphism? This also fails, by [200].

An automorphism ¢ is called stably tame if, when several new indeterminates {¢;} are adjoined,
the extension of ¢ given by ¢'(t;) = t; is tame; otherwise it is called stably wild. Stable tameness of
automorphisms of k[x,y, z] fixing z is proved in [47]; similar results for k(z,y, z) are given in [44].
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Yagzhev tried to construct wild automorphisms via polynomial automorphisms of the Cayley-
Dickson algebra with base {e;}5_;, and the set {1;,&;,;}5_; of commuting indeterminates. Let

T = Zviei, y = Zﬁz‘ez‘, z= Zgiei-

Let (z,y, z) denote the associator (xy)z — z(yz) of the elements x,y, z, and write

('Ia Y, Z)2 = Z fi(ya Ea g)ei-
Then the endomorphism G of the polynomial algebra given by
G:vi—vi+t fi(v,§6), &G—& <=,

is an automorphism, which likely is stably wild.

In the free associative case, perhaps it is possible to construct an example of an automorphism, the
wildness of which could be proved by considering its Jacobi endomorphism (Definition 5.2.1). He tried
to find an automorphism « of an Yagzhev tried to construct examples of algebras R = A ® A°P over
which there are invertible matrices that cannot decompose as products of elementary ones. Yagzhev
conjectured that the automorphism

1 = 21+ y1(T1y2 — yixe), T2 — T2 + (T1y2 — Y1T2)Y2, Y1 = Y1, Y2 — Y2

of the free associative algebra is wild.

Umirbaev [196] proved in characteristic 0 that the Anick automorphism x — x+y(zy —yz), y — v,
z = z+ (zy — yz)y is wild, by using metabelian algebras. The proof uses description of the defining
relations of 3-variable automorphism groups [197-199]. Drensky and Yu [80,82] proved in characteristic
0 that the image of  under the Anick Automorphism is not the image of any tame automorphism.

Stable Tameness Conjecture. FEvery automorphism of the polynomial algebra k[x1, ..., x,] (re-
spectively, of the free associative algebra k (x1,...,x,)) is stably tame.

Lifting in the free associative case is related to quantization. It provides some light on the similarities
and differences between the commutative and noncommutative cases. Every tame automorphism of
the polynomial ring can be lifted to an automorphism of the free associative algebra. There was a
conjecture that any wild z-automorphism of k[x,y, z| (i.e., fizing z) over an arbitrary field k cannot
be lifted to a z-automorphism of k (x,y,z). In particular, the Nagata automorphism cannot be so
lifted [81]. This conjecture was solved by Belov and J.-T. Yu [38] over an arbitrary field. However, the
general lifting conjecture is still open. In particular, it is not known whether the Nagata automorphism
can be lifted to an automorphism of the free algebra. (Such a lifting could not fix z.)

The paper [38] describes all the z-automorphisms of k (z,y, z) over an arbitrary field k. Based on
that work, Belov and J.-T. Yu [44] proved that every z-automorphism of k (z,y, z) is stably tame,
for all fields k. A similar result in the commutative case is proved by Berson, van den Essen, and
Wright [47]. These are important first steps towards solving the stable tameness conjecture in the
noncommutative and commutative cases.

The free associative situation is much more rigid than the polynomial case. Degree estimates
for the free associative case are the same for prime characteristic (see [137]) as in characteristic 0
(see [143]). The methodology is different from the commutative case, for which degree estimates (as
well as examples of wild automorphisms) are not known in prime characteristic.

J.-T. Yu found some evidence of a connection between the lifting conjecture and the Embedding
Conjecture of Abhyankar and Sathaye. Lifting seems to be “easier”.

5.2.5. Reduction to simple algebras. This subsection is devoted to finding test algebras.

Any prime algebra B satisfying a system of Capelli identities of order n + 1 (n minimal such) is
said to have rank n. In this case, its operator algebra is PI. The localization of B is a simple algebra
of dimension n over its centroid, which is a field. This is the famous rank theorem (see [156]).
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5.2.5.1. Packing properties.

Definition 5.2.18. Let M = {9, : i € I} be an arbitrary set of varieties of algebras. We say that
M satisfies the packing property, if for any n € N there exists a prime algebra A of rank n in some
9M; such that any prime algebra in any 9; of rank n can be embedded into some central extension
K ® A of A.

M satisfies the finite packing property if, for any finite set of prime algebras A; € 9;, there exists
a prime algebra A in some 91, such that each A; can be embedded into A.

The set of proper subvarieties of associative algebras satisfying a system of Capelli identities of some
order k satisfies the packing property (because any simple associative algebra is a matrix algebra over
field).

However, the varieties of alternative algebras satisfying a system of Capelli identities of order > 8,
or of Jordan algebras satisfying a system of Capelli identities of order > 27, do not even satisfy
the finite packing property. Indeed, the matrix algebra of order 2 and the Cayley-Dickson algebra
cannot be embedded into a common prime alternative algebra. Similarly, Hs and the Jordan algebra
of symmetric matrices cannot be embedded into a common Jordan prime algebra. (Both of these
assertions follow easily by considering their Pls.)

It is not known whether or not the packing property holds for Engel algebras satisfying a system
of Capelli identities; knowing the answer would enable us to resolve the JC, as will be seen below.

Theorem 5.2.19. If the set of varieties of Engel algebras (of arbitrary fized order) satisfying a
system of Capelli identities of some order satisfies the packing property, then the Jacobian Conjecture
has a positive solution.

Theorem 5.2.20. The set of varieties from the previous theorem satisfies the finite packing prop-
erty.

Most of the remainder of this section is devoted to the proof of these two theorems.

Problem. Using the packing property and deformations, give a reasonable analog of the JC in
nonzero characteristic. (The naive approach using only the determinant of the Jacobian does not
work.)

5.2.5.2.  Construction of simple Yagzhev algebras. Using the Yagzhev correspondence and composi-
tion of elementary automorphisms it is possible to construct a new algebra of Engel type.

Theorem 5.2.21. Let A be an algebra of Engel type. Then A can be embedded into a prime algebra
of Engel type.

Proof. Consider the mapping F': V — V (cf. (5.1.1)) given by
F:xin—>xi+z\llij; 1=1,...,n,
J
where the U;; are homogenous forms of degree j. Adjoining new indeterminates {t;};,, we put
F(t;)=t;fori=0,...,n.
Now we take the transformation
G: to—ty, x;— x;, tﬂ—)ti—i-t()a}? for i=1,...,n.

The composite F' o G has invertible Jacobian (and hence the corresponding algebra has Engel type)
and can be expressed as follows:

FOG:.’L‘Z‘HQJZ‘—FZ\I/Z‘]', to — to, tin—>ti+t0x? for i=1,...,n.
J

It is easy to see that the corresponding algebra A also satisfies the following properties:

(a) A contains A as a subalgebra (for to = 0);
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(b) if A corresponds to a cubic homogenous mapping (and thus is Engel) then A also corresponds
to a cubic homogenous mapping (and thus is Engel);
(c) if some of the forms ¥;; are not zero, then A does not have nonzero ideals with product 0, and
hence is prime (but its localization need not be simple!).
Any algebra A with operators can be embedded, using the previous construction, to a prime algebra
with nonzero multiplication. The theorem is proved. O

Embedding via the previous theorem preserves the cubic homogeneous case, but does not yet give
us an embedding into a simple algebra of Engel type.

Theorem 5.2.22. Any algebra A of Engel type can be embedded into a simple algebra of Engel
type.

Proof. We start from the following observation:

Lemma 5.2.23. Suppose A is a finite dimensional algebra, equipped with a base ey, ..., en,epi1. If
for any 1 <i,j < n+1 there exist operators w;; in the signature Q(A) such that wij(e;, ... €, €nq1) =
ej, with all other values on the base vectors being zero, then A is simple.

This lemma implies:

Lemma 5.2.24. Let F be a polynomial endomorphism of Clxy,...,xy;t1,t2], where
J

For notational convenience we put xn4+1 = t1 and xpyo = ta. Let {kij}le,j be a set of natural numbers
such that

o For any x; there exists k;; such that among all V;; there is exactly one term of degree k;;, and

it has the form \I/i,kij - tlx;ﬁjfl.

e For ty and any x; there exists ki, such that among all V;; there is exactly one term of degree
kig, and it has the form W, 1o, = tlx;?iq_l

e For t1 and any x; there exists ki such that among all V;; there is exactly one term of degree
kig, and it has the form W, 1y, = tgx;?iq_l.

Then the corresponding algebra is simple.

Proof. Adjoin the term tgxffl to the x;, for £ = 1,2. Let e; be the base vector corresponding to x;.
Take the corresponding k;;-ary operator

w:w(e,... e,eny)) = €j,

with all other products zero. Now we apply the previous lemma. U

Remark 5.2.25. In order to be flexible with constructions via the Yagzhev correspondence, we
are working in the general, not necessary cubic, case.

Now we can conclude the proof of Theorem 5.2.22. Let F' be the mapping corresponding to the
algebra A:

szi'_)fi‘{'z\l’ija ’L'Zl,...,n,
J
where W;; are forms of homogeneous degree j. Let us adjoin new indeterminates {t1,t2} and put
F(tz) = ti, for ¢ = 1, 2.
We choose all k3 > max(deg(V;;)) and assume that these numbers are sufficiently large. Then we
consider the mappings

e !

Kii— . .
Z.j:a:in—>x,~+xj] ty, i<n; ti—=ty; tar>te; x> xs for s F#£ .
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kij—1

Gki(n+2) il Tttty zgragfor 1 <s <on.
kij—1

Gki(n+l) it Y Tty tarr ity g g for 1 <s<on.

These mappings are elementary automorphisms.

Consider the mapping H = o, Gy, o F', where the composite is taken in order of ascending kqg,
and then with F. If the k.3 grow quickly enough, then the terms obtained in the previous step do
not affect the lowest term obtained at the next step, and this term will be as described in the lemma.
The theorem is proved. O

Proof of Theorem 5.2.20. The direct sum of Engel type algebras is also of Engel type, and by Theo-
rem 5.2.22 can be embedded into a simple algebra of Engel type. O

The Yagzhev correspondence and algebraic extensions.

For notational simplicity, we consider a cubic homogeneous mapping

F: xj— o+ \Ifgz(w)

We shall construct the Yagzhev correspondence of an algebraic extension.

Consider the equation

S
£ = At
p=1

where the )\, are formal parameters. If m > s, then for some \p,,, which can be expressed as
s—1

polynomials in {\, p—1: We have

S
= Apmt* P
p=1
Let A be the algebra corresponding to the mapping F. Consider
ARk, ..., A

and its finite algebraic extension A=A k[A1,..., A, t]. Now we take the mapping corresponding
(via the Yagzhev correspondence) to the ground ring R = k[A1, ..., \] and algebra A.

For m = 1,...,s — 1, we define new formal indeterminates, denoted as T™x;. Namely, we put
T ; = x; and for m > s, we identify T™z; with

S

s—
E )\me pl'i,
p=1

where {)\p};;% are formal parameters in the centroid of some extension R ® A. Now we extend the
mapping F', by setting

F(mei) :Tma:i—i—TSm\I/gi(a:), m=1,...,s —1.

We get a natural mapping corresponding to the algebraic extension.

Now we can take more symbols T}, j = 1,...,s, and equations
S
p=1
and a new set of indeterminates x;;, = foi forj=1,...,sand i =1,...,n. Then we set

S
_pm,. s—p
Tijm =T} x; = g AjpmT; s
p=1

and
F(zijm) = xijm + 7}3m\113i(m), m=1,...,s— 1.

This yields an “algebraic extension” of A.
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Deformations of algebraic extensions. Let m = 2. Let us introduce new indeterminates y,y2, put
F(y;) =vy1, i = 1,2, and compose F' with the automorphism

1 1 1 1 .
G:Tix;—=Tizi+yizi, Tixi—=Thz+yiz, x—x, =12,

Y1 =y + Y30, Yo = v
(Note that the Tllxi and T21xi are new indeterminates and not proportional to x;!) Then compose G
with the automorphism H : yo ~— yo + y7, where H fixes the other indeterminates. Let us call the
corresponding new algebra A. It is easy to see that Var(A) # Var(A).

Define an identity of the pair (A, B), for A C B to be a polynomial in two sets of indeterminates
%, zj that vanishes whenever the z; are evaluated in A and z; in B.) The variety of the pair (A, B)
is the class of pairs of algebras satisfying the identities of (A, B).

Recall that by the rank theorem, any prime algebra A of rank n can be embedded into an n-
dimensional simple algebra A. We consider the variety of the pair (A, /1)

Considerations of deformations yield the following;:

Proposition 5.2.26. Suppose for all simple n-dimensional pairs there exists a universal pair in
which all of them can be embedded. Then the Jacobian Conjecture has a positive solution.

We see the relation with the following assertion.

The Razmyslov—Kushkulei theorem [see [156]]. Over an algebraically closed field, any two
finite dimensional simple algebras satisfying the same identities are isomorphic.

The difficulty in applying this theorem is that the identities may depend on parameters. Also,
the natural generalization of the Rasmyslov—Kushkulei theorem for a variety and subvariety does not
hold: Even if Var(B) C Var(A), where B and A are simple finite-dimensional algebras over some
algebraically closed field, B need not be embeddable to A.

CONCLUSION

The quantization program constitutes a substantial and well designed approach to the Jacobian con-
jecture, as well as to various related topics in algebra and algebraic geometry. The recent developments
presented in this review have been instrumental in our investigation of Kontsevich conjecture as well
as the establishment of results of independent interest.

Furthermore, as can be seen from the discussion of the work of A.V. Yagzhev, there are substantial
areas of the theory which require further development and which might, conceivably, hold the insights
necessary for the resolution of the Jacobian conjecture.

While at present the quantization approach does not seem to be adequately developed for a suc-
cessful attack on the Jacobian problem to happen (as evidenced by our discussion of Kontsevich
conjecture), and the rather substantial critique of the general quantization and lifting philosophy (due
to Orevkov and others) exists, further research and development of the theory is well advised.
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