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Abstract. Let G/H be a hyperbolic space over R, C or H, and let K be a maximal
compact subgroup of G. Let D denote a certain explicit invariant differential operator,
such that the non-cuspidal discrete series belong to the kernel of D. For any L?-Schwartz
function f on G/H, we prove that the Abel transform A(Df) of Df is a Schwartz
function. This is an extension of a result established in [2] for K -finite and K N H -invariant
functions.
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Awnnorarus. Ilycrs G/H — runep6osmaeckoe npocrpanctso Hajg R, C mmm H, mycrs
K — makcumasibHast KoMakTHaas nmoarpynna rpynnsl G. IIycts D obo3nadaeT HEKOTOPBIi
SIBHO BBINUCHIBAEMbIN quddepeHnna bHbIil Oeparop — TaKoi, YTO HEKACIUIAJIbHBIE
JIMCKPETHbIE Cepur IIpUHAJJIEXKAT siApy oneparopa D. Mbl qoKasbiBaeM, 9TO JjIsl BCSIKOM
bynxkmun  f w3 mpocrpanctsa L2 -IIsapma ma G/H mupeobpasosamme AGers A(Df)
dbyukmun Df ects dyukiusa [[IBaprma. 1o — pacmmpenue pesysabTara, yCTAHOBICHHOTO
B [2] nist K -bunnrHbX n1 K N H -uHBApUAHTHBIX (DYHKIHIIL.
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§ 1. Introduction

The Radon transform R on the hyperbolic spaces G/H,

Rf = | f(nH)dn,
N+

where N* C GG is a certain unipotent subgroup, and the associated Abel transform A, were
introduced and studied in [1] and [2]. Generalizing Harish-Chandra’s notion of cusp forms
for real semisimple Lie groups, a discrete series is said to be cuspidal if it is annihilated by
the Radon transform. In contrast with the Lie group case, however, non-cuspidal discrete
series exist. For the projective hyperbolic spaces, these are precisely the spherical discrete
series, but for some real non-projective hyperbolic spaces, there also exist non-spherical
non-cuspidal discrete series.

Let C*(G/H) denote the space of L?-Schwartz functions on G//H. Except for some boun-
dary cases, A maps C*(G/H) into Schwartz functions in the absence of non-cuspidal discrete
series. On the other hand, Af can be explicitly calculated for functions f belonging to the
non-cuspidal discrete series. To complete the picture, we prove below that A essentially maps
the orthocomplement in C?*(G/H) of the non-cuspidal discrete series into Schwartz functions.
To be more precise, let A, = A+p§, where A denotes the Laplace-Beltrami operator on
G/H, and consider the G-invariant differential operator D = A (A, — X2)... (A, — \2),
where Aj,..., A\, are the parameters of the non-cuspidal discrete series. Then A(Df) is
a Schwartz function. This extends our previous result, |2, Theorem 6.1], valid only for the
dense G -invariant subspace of C*(G/H) generated by the K -irreducible (KN H)-invariant
functions, to all Schwartz functions.

In [2] we also considered the exceptional case corresponding to the Cayley numbers O.
We expect our new result to hold for this case as well, but we have not been through the
rather cumbersome details.

The second author wants to thank Professor Vladimir Molchanov for the invitation to
visit Tambov University, where our results were first reported, in October 2012. We would
also like to thank Henrik Schlichtkrull and Job Kuit for helpful discussions and comments.
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§ 2. The Radon transform

In this section, we define the Radon transform and the Abel transform for the projective
hyperbolic spaces over the classical fields F = R,C and H. We have tried to keep the
presentation and notation to a minimum, see [1| and [2] for further details (including results
and proofs).

Let = +— T be the standard (anti-) involution of F. Let p > 0, ¢ > 1 be two integers,
and consider the Hermitian form [-,-] on FPT7*2 given by

[yl =2y +.. .+ Tpt1¥pr1 = Tp2Ypra2 = - — Tpltqt1Ypritqtt

where z,y € FPT9T2, Let G =U(p+1,q+1;F) denote the group of (p+q+2) x (p+q+2)
matrices over F preserving [-, -]. Thus U (p+1, ¢+1;R) = O(p+1,q¢+1), U(p+1,¢+1;C) =
U(p+1,q+1) and U(p+1,q+ 1;H) = Sp(p + 1,¢ + 1) in standard notation. Put
U(p;F) = U(p,0;F), and let K = U(p+ 1;F) x U(q + 1;F) be the maximal compact
subgroup of G fixed by the Cartan involution on G.

Let 2o = (0,...,0,1)7, where superscript T indicates transpose. Let H be the subgroup
U(p+1,¢;F)x U(1;F) of G stabilizing the line F-zy in FPT4+2. The reductive symmetric
space G/H can be identified with the projective hyperbolic space X =X(p+ 1,9+ 1;F),

X={zcFrtit2 . [z 2] = -1}/ ~,

where ~ is the equivalence relation z ~ zu, u € F*.
Let X;, for t € R, denote the following element in the Lie algebra g of G':

0O 0 ... 0 1
0O 0 ... 0 O
Xe=| oo oo oo
0O 0 ... 0 O
1 0 ... 0 O

(a matrix of order p+ ¢+ 2). Let a, denote the Abelian subalgebra given by X;, t € R,
let a, = exp(X;) denote the exponential of X;, and also define A, = exp(ay).
Let (considered as row vectors)

u=(u,...,uy) €F’ and v=(vy...,v1)€F

and let w € ImF (i. e., w=0 for F=R). Define N,,, € g as the matrix given by

—-w u v w
N —u’ 0 0 u"
e et 0 0 =0T
—-w u v w
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Then |
exp<Nu,v,w) =1+ Nu,v,w + 5 : Ng,v,w >
and a small calculation yields that
Qy exp<Nu,v,w) * Xy =

1
= <sinht + 5 e (Jul® — |v*) + et w, u;

1 T
-7, cosht+§ et (Jul® — |v|2)+etw> ) (1)
for any t € R.
Define the nilpotent subalgebra n* as follows, for p > ¢,
N ={Nypw:u=(—0v",u),veF, v eFr?} (2)
and, for p < g,
= {Nypw:v=(—u"v), ueF v eFIP} (3)

where u”,v" means that the order of the indices is reversed. By abuse of notation, we leave
out the superscript " in what follows.
We finally also define the following p-factors. Let d= dimgF, and let

pq =(1/2)(dp+dg+2(d—1)) € R, p1=(1/2)(|dp —dg| +2(d - 1)) € R.

Let N* = exp(n*) denote the nilpotent subgroup generated by n*. For functions f on
G/H, we define, assuming convergence,

Rf(g)= [ f(gn"H)dn™ (g€ G). (4)

N+

Let f € C*(G/H), the space of L?-Schwartz functions on G/H. From [1] and [2], we
know that the Radon transform Rf is a smooth function. Also, the integral defining R
converges uniformly on compact sets, and R is G- and g-equivariant.

We define the associated Abel transform A by Af(a) = a” Rf(a), for a € A;. We
are mainly interested in the values of Rf and Af on the elements a,, and thus define
Rf(s) = Rf(as), and, similarly, Af(s) = Af(as), for s € R. Let A denote the Laplace-
Beltrami operator on G/H. Then, for f € C*(G/H),

2

Aaf = (G5-R)Af (e 6

Finally, for R > 0, let C¥(G/H) denote the subspace of smooth functions on G/H
with support in the ( K -invariant) ‘ball’ {kas - x¢ | |s|] < R} of radius R. Similarly, let
C%(R) denote the subspace of smooth functions on R with support in [-R, R], and let
S(R) denote the Schwartz space on R.
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§ 3. The discrete series and the Abel transform

Let ¢ > 1, or d > 1. The discrete series for the projective hyperbolic spaces can then
be parametrized as

1

(dg—dp) — 1+ pux >0, py € 2Z},
see [1] and [2]. The spherical discrete series are given by the parameters A for which uy <0,
including the ’exceptional’ discrete series corresponding to A > 0 for which u, < 0.

For ¢ = d = 1, the discrete series is parameterized by A € R\{0} such that |A\|+p, € 2Z,
and there are no spherical discrete series.

The parameters A are, via the formula Af = (\? — pg) f, related to the eigenvalues of
A acting on functions f in the corresponding representation space in L*(G/H).

Let D be the G -invariant differential operator A,(A,—A7)...(A,—)2), where A1, ..., \,
are the parameters of the non-cuspidal discrete series, and A, = A + pﬁ.

We have a complete classification of the cuspidal and non-cuspidal discrete series for the
projective hyperbolic spaces, also including information about the asymptotics of the Radon
and Abel transforms:

Theorem 1. Let G/H be a projective hyperbolic space over R, C, H, with p > 0,

(i) If d(q —p) < 2, then all discrete series are cuspidal.

(ii) If d(q— p) > 2, then non-cuspidal discrete series exists, given by the parameters
A > 0 with py < 0. More precisely, if 0 # f € C*(G/H) belongs to Ty, then
Af(s) = Ce*, with C #0.

(iii) T is non-cuspidal if and only if Ty is spherical.

(iv) If p=q, and f € CX(G/H), for R>0, then Af € CX(R).
(v) If dig—p) <1, and f € C2(G/H), then Af € S(R).

(vi) Assume d(g—p) > 1. Then A(Df) € S(R), for f € C*G/H).

The above theorem is almost identical to [2, Theorem 6.1|, except for item (vi), which was
only proved for functions in the (dense) G -invariant subspace V of C*(G/H) generated by
the K -irreducible (K N H)-invariant functions. Additionally, |2, Theorem 6.1] furthermore
included the exceptional case corresponding to the Cayley numbers Q.

Theorem 1 (including the reformulation of (vi)) also holds for the real non-projective
spaces SO (p+1,¢+ 1)./SO (p + 1,q)., except for item (iii), due to the existence of non-
cuspidal non-spherical discrete series corresponding to negative and odd values of u, in the
exceptional series, see [1, Section 5.
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The conditions in (vi) essentially state that Af is a Schwartz function if f is perpen-
dicular to all non-cuspidal discrete series. The factor A,, however, seems to be necessary
(except in the real case with ¢ —p odd), even for the case d(q — p) = 2, where there are no
non-cuspidal discrete series.

In the next section, we prove Theorem 1(vi).

§ 4. Proof of Theorem 1(vi)

First we note, following [2, Section 10|, that the Schwartz decay conditions are satisfied
near —oo for A(f), and thus also for A(Df). This leaves us to study the Abel transform
near +o0.

Let f € C*G/H), and write f[z] = f(gH), where x = g-xo. From (1) and (3), we get

Rf(s) = /N flasn*H)dn*

— / f[(sinh s — 1/2¢*|v'|* + e*w, u;
Rdg—dp x Rdp x Rd—1

—u, —v',cosh s — 1/2e*|v'|* + e*w)] dv’ du dw.

Let v/ = [v/|v, v = —sinhs+ 1/2e*|v/|?, such that [v/|? =1+ 2e %v — e 2%, and W = e*w.
Then,
Rf(s) =e™% / d@/f (W — v, u; —u, —(1+ 2e*v — e )G e — +w)] X
—sinhs M

X (14 2e%v — e 2)da=d)/2=1 gy, 475 du

where M = S%—dr=1 x R% x R4~! and S" is the unit sphere in R".
We will use the identification of X = X(p +1,¢+ 1;F) with

X ={z € FP12: [z 2] < 0}/ ~,

and identify a function f on X with a homogeneous function of z of degree zero on
{z e FPTat2: [z 2] < 0}.
We now identify FP+9+2 with R4P*+4+2)  such that the coordinates satisfy Re z; = 24,

for y=1,...,p4+q+ 2. Consider the real hyperbolic space
X ={z €92 [z, 2] = —1}.

The group G = O(d(p + 1),d(q + 1)) acts transitively on X. Let K denote the standard
maximal compact subgroup O(d(p + 1)) x O(d(q+ 1)) of G. Let U(E), respectively U(E),
denote the universal enveloping algebra of the Lie algebra tof K , respectively of the Lie
algebra ¢ of K.
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Lemma 1. Let U € U(¥), then U maps C*(G/H) into itself.

Proof. The lemma is obvious for d = 1. So assume d > 1. We note that any element
2z € X can be written as z = ka - xg, where k € K, and a = a,, s > 0. Let H =
O(d(p+1),d(g+ 1) — 1), and let m denote the commutator of A, in the Lie algebra of
KN H. Then =& +m.

Let Uy, = Ad(k)U, for k € K, then Uf = (Ad(k~')Uy)f. By the Campbell-Baker-
Hausdorff formula, there exists an element U € U(t), such that Uy = U modulo the left
ideal generated by m. This implies that

Uflka - o) = (Ad (K~HUR) f[ka - x0).

The map k — Ad(k~')U} is continuous into a finite dimensional subspace of U(), and
we can write Uflka - zo) = (Ad (k™HUD) flka - zo] = Siu;(k)U; flka - xo), for a finite set of
elements U; € U(€) and continuous coefficients u;(k). It follows that U f isin C*(G/H). O

Define for ¢ = (t1,t5,t3) € R3, the auxiliary function
Gﬂm,m¢9:=/“fKW+thurﬂuw@¢3+ﬂmc%dumn
M

and, with the identification 2z = e=*, define the function F(z) = e®Rf(s). Then, since
sinhs = —(z — 271)/2, we get
F(z)= / Gy (—v,—(1+ 220 — Y2 4 — v) (14 2zv— LA da=dp)/2=1 gy, ()
(z—z—1)/2

Lemma 2. The function G is homogeneous of degree dp+d —1 on the cone t —
5 —t3 <0, it is even in ta, and satisfies Gy(—t1,t2, —t3) = Gy(t1,ta, t3).

Let X be the differential operator on R?® given by t30/0ty — t20/0ts. For all f €
C*(G/H), and all k, N € N, there exists a constant C, such that

[XEG ()] < (5 + £) 7P+ log (5 + )™,
on the hyperboloid 3 —t3 — t3 = —1.

Proof. The first statement follows from the homogeneity of f and the definition of Gj.

As before we identify FP+9+2 with RYPTa+2) For § =d(1+2p)+1,...,d(1+p+q), we
define the differential operator

0 ' 0

D;flr] = xd(p+q+2)a_xf[x] -

xi— flx].
i 8xd(p+q+2)

This operator is defined by the left action of an element 7; in O(d(q + 1)) (with value
1 in the last entry of the i’th row, value —1 in the last entry of the i’th column, and 0
otherwise), and Lemma 1 thus gives that D; maps C*(G/H) into itself.
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Let now ¥ = (Va(1+2p)+1, - - - » Vd(14p+q)) € S#a=P)=1 The operator

1+p+q
E viDh

i=2+2p

also maps C?(G/H) into itself, and
|V f[2]] < d(q — p) max(| Dif[z]]).

Applying the operator X to the integrand in the definition of G, we get

X fltr, u; —u, to0, ts] = t5 %f{]vz - t2LfH

é)ﬂfd(erqH)

:t?’zﬁiif —t2ZU

= Yif[tla u; —u, tQ'U, t3]

1
aﬂ?d p+q+2

the summations are taken over i = d(1 +2p) +1,...,d(1+p+ q). The inequality for X*f
follows from repeated use of this formula and from the asymptotic estimates of functions in

C2(G/H). 0

In particular, it follows that the function v +— X*G;(—v, —1, —v) has the same parity
as k.

Lemma 3. Let ko be the largest integer such that ko < (dg — dp)/2, and let € =
(dq — dp)/2 — ko. Define t = t(z,v) = (—v, —(1 + 220 — 22)'/2, 2 —v). Then

(i) For k < ko, the function

ok o
ok (Gf(t(z’ v))|(1 4 220 — 22)‘(‘1‘1 dp) /2 1)

is uniformly integrable over R for z < 1.
(i) For k < ko odd, this function is an odd function of v for z =0.

Proof. Notice that 2 —2 —t2 = —1 and ¢3+12 = 1+v?, for t ={(z,v), and that the
integral (6) is uniformly convergent for 0 < z < k < oo. The same holds with G ¢ replaced
by XkGf

Repeated use of the formula

;ZGf( t(z,0))(1 + 220 — 22)% = — XG(t(2,0))(1 + 220 — 2%)>71/2

+2aG(t(z,v)) (1 + 220 — 22)* (2 — )

yields (i), and together with the parity properties of X*G, also gives (ii). U
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We notice that e =1 if d(q—p) is even, and e = 1/2 if d(q—p) isodd, i.e., if d=1
and ¢ — p is odd.

For k < kg, the derivatives 9%/0z% of G(t(z,v))(1 + 2zv — 22)(a=4P)/2=L are zero at
v = —sinhs = (2 — 271)/2, whence the integrand is at least ko, times differentiable near
z =0, and we can compute the derivatives d*/dz*F(z) by differentiating under the integral
sign in (6).

If kg > 0, we can use Taylors formula to express F(z) as a polynomial of degree ko — 1,
plus a remainder term involving d* /dz" F(£), for some 0 < £(2) < z,

F(2) = co+c12 + 2% 4 ..+ 1271 + Ry, (€)2™,

where 0 < £ < z, and

1 [ &
cj —

Tl dzi (Gy(t(z,0))(1 + 220 — 22)(dq*dp)/2fl) dv,
3 ) dz

z=0

for 7 €{0,...,ky — 1}. The remainder term is given by:

1 [~ dr
R -
ko(g) k0| \/(551)/2 deO

(Gy(t(z,0))(1 + 220 — 22)(dQ—dp)/2—1) dv.
2=¢

Consider Af(s) = e”*Rf(s) = z~"=9 F(z), which is equal to
coz P g imdm) o lmd=) e 2T 4 DR (6).

Here we have used that p;—d = d(q—p)/2—1. For j even, the exponents —d(q¢—p)/2—1—7,
for j € {0,...,ky—1}, correspond to the parameters Aq,...,\, for the non-cuspidal discrete
series, and ¢; = 0 for j odd, since the integrand is an odd function.

For the real non-projective hyperbolic spaces the condition concerning the parity j does
not hold, but in that case all the exponents —d(q—p)/2—1—j, for j€{0,..., ko —1},
correspond to parameters A, ..., A, for the non-cuspidal discrete series, see [1, Section 3].

From the definition of the differential operator D and (5), we see that A(Df) at most has
a contribution from the remainder term, and further that A(Df) does not have a constant
term at oo, due to the term d?/ds®. If € = 1/2, the remainder term e V2R (£(s)) is
clearly rapidly decreasing, and we are thus left to consider the case ¢ = 1, in which case
ko =d(q—p)/2—1.

Consider the constant term C Ry, = limg_, o Ry, (e~*), which could be non-zero. We want
to show that Ry, (§) —CRr,, is rapidly decreasing at +oo, where { = {(s), with 0 <& <e™*.
We also include the case ky = 0, where we put & =e°.

Define

d*o
T dzho

H(z,v) (G4(t(z,0)(1 + 220 — 2%)k).
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Then, for £ < z < 1,

0 (6=¢71)/2
Ry, (§) — Cry, = / (H(&v) — H(0,v))dv + / H(0,v)dv = I,(§) + 12(¢).
(e-€-1)/2 =

For I,(¢), there exists & = & (&, v) <&, such that

H(z,v),
2=81

and we get:

d

H(€.0) ~ HO.0) =€
= H(z,v)

ne <z [ .

By Lemma 3, the integrand is uniformly integrable for z < 1, and we conclude that I;(&)
is bounded by Ce™*.
For s large, the function H(0,v) is for every N € N bounded by

|H(0,v)] < C(1 +v?)~Wa=P/4y ko log(1 + )7,

for some positive constant C. Using this, we find that

L(2) < C/ v~ (log(v)) N dv = C(N — 1)~ (log(sinh s)) ¥+ < Cs™ T,
sinh s
It follows that Ry,(§) — Cr,, is rapidly decreasing at +oo, whence A(Df) is rapidly
decreasing at 400, which finishes the proof of Theorem 1.
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1. Introduction
1.1. Basic Perron-Frobenius theory

We study the matrices with nonnegative entries, such as the following one:

0O 0 2 0
0.5 0 0
0 1 0 01 (1.1.1)
0 02 0 1

The set of matrices of dimension n with real nonnegative entries will be denoted by R’*".

With a matrix A = (a;;) € R" we associate a weighted (di)graph G(A) with the set
of nodes N = {1,...,n} and set of edges E C N x N containing a pair (¢,7) if and only
if a;; # 0; the weight of an edge (i,j) € E is defined to be w(i, j) := a;;. A graph with just
one node and no edge will be called trivial. The digraph associated with (1.1.1) is shown on
Figure 1.

A path P in G(A) is a sequence of nodes 1y, i1, ..., 3; such that each pair (ig, 1), (i1, 72),
vy (14—1,7¢) is an edge in G(A). It has length I(P) := t and weight w(P) := w(ig,11) -
w(iy,ig) - w(iz_1,1%), and is called an ¢ — j pathif ig = and i, = 5. A path P is called
a cycle if iy = 1;, and a cycle is called elementary if all nodes of the cycle are different. In
particular, consider the following elementary cycles on the digraph on Figure 1: “3,2,1,3”,
“34,21,37 “4,4”

A = (a;;) € R is irreducible if G(A) is trivial or for any 7,5 € {1,...,n} there is an
1 — j path. Otherwise A is reducible.

We do not actually list all the cycles here. As defined above, two cycles may have the same set of edges
but different start and end nodes.
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05 g

3 ———— 4 1

0.1

Figure 1: The weighted digraph associated with (1.1.1).

Observe that (1.1.1) is irreducible. For instance, both 3,2,1 and 3,4,2,1 are 3—1 paths.

By the Perron-Frobenius theorem, any irreducible matrix A € R}*" has a positive
eigenvalue, which is of the largest modulus among all the eigenvalues of A. This eigenvalue
p 1is simple, that is, all eigenvectors associated with it are multiples of just one eigenvector
(nonzero z satisfying Ax = px ). This eigenvalue is called the Perron root of A and denoted
by p*(A).

Notation A** will stand for the usual kth power of a nonnegative matrix.

An irreducible nonnegative matrix does not have any other eigenvalues with a nonnegative
eigenvector. Indeed, let p := pT(A), and let A be such an eigenvalue, then A\ < p. Let
x, resp. y be two nonzero eigenvectors associated with p, resp. A. The irreducibility of
A then implies that both x and y have all components positive, and then there exists a
number s such that = < sy. Then we also have AX'x < sA*'y for all t, so plz < s\ly for
all t. However, if p > A, then this is impossible.

In the case of (1.1.1), applying the MATLAB function “eig (A)” we can find that the four
eigenvalues (over complex field) are equal, approxiamately, to —0.4966 +0.8641:, —0.4966 —
0.86417, 1.0785 and 0.9147. The first two eigenvalues are complex conjugates of each other,
with the absolute value (approximately) 0.9967 , and the corresponding eigenvectors are also
complex. The last two eigenvalues are real positive, but only the bigger eigenvalue 1.0785
has a positive eigenvector: approximately (0.5873 0.2723 0.3167 0.6933). So 1.0785 is the
Perron root of (1.1.1), with essentially unique (real positive) Perron eigenvector.

In the general (reducible) case, a matrix A may have several eigenvalues with nonnegative
eigenvectors, but in general, not all eigenvalues of A have this property. The structure of
the set of eigenvectors associated with a particular eigenvalue may be also not so trivial.
The set of nonnegative eigenvectors associated with a particular eigenvalue p is denoted by
Vi(A,p), and it is a convex cone.

Recall that a set V' C R% is called a convexr cone if 1) av € V for all v € V and
a€R,,;2) ut+v eV for u,v € V. Convex sets and convex polytopes can be viewed as
section of convex cones by planes (for instance, requiring some coordinate to be constant).
A convex cone V' is said to be generated by S C R’ if each v € V' can be represented as

The reasons for this unusual notation for (usual) matrix power will soon become clear
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a nonnegative linear combination v = €, ¢ a,x where only finitely many nonnegative o,
are different from zero. When V' is generated by the columns of a matrix A, this is denoted
by V =span, (A).

The Perron-Frobenius theorem and its extensions have many different proofs and ap-
plications. There are well-known applications in mathematical biology, say, in population
dynamics [34], and most recently and notably, to Google PageRank. See Wikipedia, an
original work of Frobenius [26], the survey of Schneider [45] and the textbooks of Berman-
Plemmons [12] and Brualdi-Ryser [14].

Note that in what follows we are concerned only with nonnegative eigenvalues and non-
negative eigenvectors of a nonnegative matrix. In order to bring our terminology into line
with the corresponding theory for max algebra we use the terms eigenvalue and eigenvector
in a restrictive fashion. That is, we shall further call p an eigenvalue of a nonnegative matrix
A (only) if there is a nonnegative eigenvector x of A for p. Further = will be called an
eigenvector (only) if it is nonnegative.

1.2. Max-algebraic Perron-Frobenius

By max algebra we understand the set of nonnegative numbers R, where the role of
addition is played by taking maximum of two numbers: a @ b := max(a,b), and the multi-
plication is as in the usual arithmetics. This is carried over to matrices and vectors like in
the usual linear algebra so that for two matrices A = (a;;) and B = (b;;) of appropriate
sizes, (A® B);; = a;; ® bij and (A® B)y, = @, aixby; . Notation A®* will stand for the
k th max-algebraic power.

In particular, we have 2 x 2 =4 but 2@ 2 =2, and

1 3 2 3 5\ (3 5
5 6 1 0/ \15 25/)°
A set V C R7? will be called a maz cone if 1) av € V for all v € V and a € Ry,
2) ud®v €V for u,v € V. Max cones are a special case of idempotent semimodules,
see [8,35]. A max cone V is said to be generated by S C R if each v € V can be

represented as a max combination v = @__q a,x where only finitely many (nonnegative)

z€eS
o, are different from zero. When V is gerelerated by the columns of a matrix A, this is
denoted V' = spang(A). Max cones are max-algebraic analogues of convex cones.

A vector z in a max cone V C R’ is called an extremal if z = v ® v and u,v € V
imply z =wu or z =wv. Any finitely generated max cone is generated by its extremals, see
Wagneur [53], and [18, 28| for more recent extensions (for instance, the tropical Minkowski

theorem). The mazimum cycle geometric mean of A is defined by
p®(A) = max{w(C)V"D; Cis a cycle in G(A)} . (1.2.2)

Recall that w(C') denotes the product of all weights of the edges in C', and [(C) is the
number of edges (that is, the length). The critical graph of A, denoted by C(A), consists
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Figure 2: The critical graph of matrix (1.1.1).

of all nodes and edges belonging to the cycles which attain the maximum in (1.2.2). The
set of such nodes will be called critical and denoted by N.; the set of such edges will
be called critical and denoted by FE.. Observe that the critical graph, defined as above,
consists of several strongly connected subgraphs of G(A). Maximal such subgraphs are the
strongly connected components of C(A). For example, the critical graph of (1.1.1) is shown
on Figure 2 (the bold arcs).

If for A € RY*" we have A® x = px with p € Ry and a nonzero x € R}, then p is a
mazx(-algebraic) eigenvalue and x is a maz(-algebraic) eigenvector associated with p. The
set of max eigenvectors z associated with p, with the zero vector adjoined to it, is a max
cone further denoted by Vg (A4, p). It is called the eigencone of A associated with p.

In general (reducible) case, a matrix A € R}*" may have several max eigenvalues. The
greatest max eigenvalue is equal to p®(A) (see [11,16,24,32]), and it is called the principal
eigenvalue. The corresponding eigencone is called the principal eigencone. It is also known
that if A is irreducible then p®(A) is the only eigenvalue, which we call the maz-(algebraic)
Perron root of A (the proof of this uniqueness is the same as in the classical argument
writen above for the nonnegative case). However, unlike in the usual nonnegative Perron-
Frobenius theory discussed above, an irreducible matrix A may have several eigenvectors.
For instance, (1.1.1) has the following non-proportional eigenvectors:

v =(105050.1), »*»=(0.20.10.11).

Roughly speaking, extremal vectors of V(A p?(A)) correspond to the components of the
critical graph. For explicit description of Vg (A, p®(A)), see Theorem 3.4.2 below. It uses
the Kleene star

A=T0Ap A’ Aq..., (1.2.3)

where I denotes the identity matrix. Series (1.2.3) converges if and only if p%(A4) < 1,
which case A*=T® A®...® A" . Note that if p®(A) # 0, then p®(A/p®(A)) =1, and
so (A/p®(A))* always converges.

®l
i s
equal to the greatest weight of ¢ — j paths with length [. Consequently, for i # j, the
entry aj; of A* isequal to the greatest weight of i — j paths (with no length restrictions).

The path interpretation of max-algebraic matrix powers A®' is that each entry a
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1.3. Max algebra: historical notes

The max-algebraic eigenproblem is perhaps one of the most well-known efficiently re-
solved problems of max algebra. Its theory was initiated, in particular, by Cuninghame—
Green [24,25] and Vorobyev [1-3], with scheduling and economic motivations in mind. The
full description of eigenvector cone in the irreducible case was written by Gondran and Mi-
noux [30], and the reducible case was described by Gaubert [27], see also [17] for a complete
exposition. Further evolution of max algebra and its applications in scheduling and discrete
event systems can be learnt from [5,11,32|. In Russia, max algebra was developed by aca-
demician Maslov and his school [7,8,39] as algebraic foundation of idempotent analysis, a
new area of mathematics with applications in mathematical physics and optimal control. In
particular, Dudnikov and Samborkii [4] and later Shpiz [9] extended the max-algebraic eigen-
vector existence theorem to more general idempotent semimodules. Litvinov, Maslov and
Sobolevskil [6] developed idempotent interval analysis. For the current developments in max
algebra, idempotent analysis, tropical convexity and related areas, see, e.g., survey of Akian,
Bapat and Gaubert [10], monographs of Butkovi¢ [16] and McEneaney [40], collections of
papers [36-38|.

1.4. Core of nonnegative matrix

The main topic of this paper, which is mostly a shorter version of [19], is the core of
nonnegative matrix, defined in nonnegative algebra as corey(A) := Ni>ispan, (A*F) | and
in max algebra as, coreg(A) := Ni>1spang (A®*) (so that we can write

core(A) := N1 span(A*)

to unite both definitions). The concept of matrix core was introduced by Pullman in [44].
This led to a geometric approach to the proof of the Perron-Frobenius theorem based on the
properties of the core. Pullman investigated the action of a matrix on its core showing that
it is bijective and that the extremal rays of the core can be partitioned into periodic orbits.
In other words, extremal rays of the core of A are nonnegative eigenvectors of the powers
of A (associated with positive eigenvalues).

Our main purpose in [19] was to extend Pullman’s core to max algebra, thereby
investigating the periodic sequence of eigencones of max-algebraic matrix powers. However,
following the line of [18,21,33], we developed the theory in max algebra and nonnegative
algebra simultaneously, in order to emphasize common features as well as differences, to
provide general (simultaneous) proofs where this is possible. We did not aim to obtain
new results on the usual core of a nonnegative matrix with respect to [44,52] (although
our unifying approach possibly led to new and more elementary proofs). Our motivation is
closely related to the Litvinov-Maslov correspondence principle [35], viewing the idempotent
mathematics (in particular, max algebra) as a “shadow” of the “traditional” mathematics
over real and complex fields.

Pullman’s core can be also seen as closely related to the limits of powers of nonnegative
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matrices. However it is a different concept. Consider the simple example

<(1) o(.)5> '

Then, for any nonnegative z, A*z will tend to a multiple of (1, 0)7 while the core of A
is the entire nonnegative orthant Ri .

To the authors’ knowledge, the core of a nonnegative matrix has not received much
attention in linear algebra. However, a more detailed study has been carried out by Tam
and Schneider [52], who extended the concept of core to linear mappings preserving a proper
cone. The case when the core is a polyhedral (i. e., finitely generated) cone was examined in
detail in [52, Section 3|, and the results were applied to study the case of nonnegative matrix
in [52, Section 4]. This work has found further applications in the theory of dynamic systems
acting on the path space of a stationary Bratteli diagram. In particular, Bezuglyi et al. [13]
describe and exploit a natural correspondence between ergodic measures and extremals of
the core of the incidence matrix of such a diagram. The perspectives of a max-algebraic
analogue of this theory are yet to be explored.

There is also much more literature on the related but distinct question of the limiting
sets of homogeneous and non-homogeneous Markov chains in nonnegative algebra; see the
books by Hartfiel [31] and Seneta [47] and, e.g., the works of Chi [22] and Sierksma [51]. In
max algebra, see the results on the ultimate column span of matrix powers for irreducible
matrices [16, Theorem 8.3.11], [48|, and by Merlet [41] on the invariant max cone of non-
homogeneous matrix products.

1.5. Organization

The rest of the paper is divided into two main sections: Preliminaries and Main results.
Preliminaries are occupied with the rest of prerequisites, to understand the situation even
better. The proofs of Main results can be found in [19]. In some cases, some hints for the
proofs are given. Examples illustrating our results can be found in [19] (the last section).

2. Preliminaries
2.1. Ultimate periodicity and immediate periodicity

For a strongly connected graph G, define its cyclicity o as the ged (greatest common
divisor) of the lengths of all elementary cycles and the cyclicity of a trivial graph to be 1.
For a (general) graph containing several maximal strongly connected components (such as
the critical graph C(A)), cyclicity is defined as the lem of the cyclicities of the strongly
connected components. A graph with cyclicity 1 is called primitive. The following result
demonstrates importance of cyclicity of critical graph in max algebra. See also [11].

Theorem 2.1.1. /23, Cyclicity Theorem, Cohen et al.]. Let A € R}*™ be irreducible
and let o be the cyclicity of C(A). Then o is the smallest p such that there exists T(A)
with A®UHP) = (p@)P(A)A®t for all t > T(A).
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In the case when A is (1.1.1), we have T(A) =5, and A®', for ¢t = 5,6,7 are shown
below:

0.02 2 0.04 0.2 1 004 0.04 0.2 0.02 004 2 0.2
0.01 0.02 1 0.1 0.01 1 0.02 0.1 0.5 0.02 0.02 0.1
0.5 0.02 0.02 0.1]° 0.01 002 1 0.1]’ 001 1 0.02 0.1
01 02 02 1 01 02 02 1 01 02 02 1

Theorem 2.1.1 is closely related to the theory of graph exponents as presented, for in-
stance, in Brualdi-Ryser [14]. We will need the following formal definition.

A sequence {Nj}i>1 is called periodic if there exists an integer p such that Ny, is
identical with Ny for all k. The least such p is called the period of {N;}r>1. A sequence
{N b=t is called wltimately periodic if the sequence {Wg}i>r is periodic for some 7' > 1.
The least such T is called the periodicity threshold of {Ny}gs1 -

In terms of the ultimate periodicity, Theorem 2.1.1 can be formulated as follows: for any
irreducible nonnegative matrix A € R*" | the sequence of matrix powers {(A4/p®(A))®"}
with ¢ > 1 is ultimately periodic with the period equal to the cyclicity of critical graph.
Slightly generalizing the notion of ultimate periodicity, it can be also said that {A®'} with
t > 1 is ultimately periodic with growth rate p®(A).

We also note that for a general reducible matrix A € R}*" | not all the sequences {ag-)}@l
for i,7 € {1,...,n}, are ultimately periodic in the sense of the definition given above. Such
sequences can be decomposed into ultimately periodic subsequences with different growth
rates, and the reader is referred to De Schutter [46], Gavalec [29] and Molndrova [42], Sergeev-
Schneider [49] for more details.

2.2. Frobenius normal form

Every matrix A = (a;;) € R}7*" can be transformed by simultaneous permutations of
the rows and columns in almost O(nlogn) time to a Frobenius Normal Form (FNF) [12,14]

AH 0 0

A21 A22 0 (2 9 1)
e Ay ]

Arl Ar2 A'r'r

where Ajq,..., A, are irreducible square submatrices of A. They correspond to the sets of
nodes Ni,..., N, of the strongly connected components of G(A). Note that in (2.2.1) an
edge from a node of N, to a node of N, in G(A) may exist only if > v.

Generally, Ag; denotes the submatrix of A extracted from the rows with indices in
K C N and columns with indices in L € N, and A, is a shorthand for Ay, .
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Frobenius normal form of a matrix is not uniquely defined. Here is an example of a
nonnegative matrix (left) and its Frobenius form (right)

Ot O O &~
= = W O
N O O D
O = =N
Ot =~ O O
N O O O

1
3
’ 0
1

SN = =

If A is in the Frobenius Normal Form (2.2.1) then the reduced graph, denoted R(A),
is the (di)graph whose nodes correspond to N, for p = 1,... 7, and the set of arcs is
{(g,v); 3k € N,)(3 € N,)ag, > 0}. In max algebra and in nonnegative algebra, the
nodes of R(A) are marked by the corresponding eigenvalues (Perron roots), denoted by
py = p®(Au,) (max algebra), pif := p™(A,,) (nonnegative algebra), and by p, when both
algebras are considered simultaneously.

A class g is trivial if A, is the 1 x 1 zero matrix. Class p accesses class v, denoted
w— v, if p= v orif there exists a yu — v path in R(A). A class is called initial, resp.
final, if it is not accessed by, resp. if it does not access, any other class. Node i of G(A)
accesses class v, denoted by ¢« — v, if ¢ belongs to a class p such that © — v.

2.3. Elements of reducible spectral theory

In this section we recall some elements of the spectral theory of reducible matrices in
max algebra and in nonnegative linear algebra. All results are standard: the nonnegative
part goes back to Frobenius [26], Sect. 11, and the max-algebraic counterpart is due to
Gaubert [27], Ch. IV ( see [16] for other references).

A class v of A is called a spectral class of A associated with eigenvalue p # 0, or
sometimes (A, p)-spectral class for short, if

py = p, and p — v implies p7 < pf (max algebra), (23.2)
py = p, and p — v, # v implies p < p; (nonnegative algebra). o

In both algebras, note that there may be several spectral classes associated with the same
eigenvalue. In nonnegative algebra, spectral classes are known as distinguished classes [45],

Denote by A;(A), resp. Ag(A), the set of nonzero eigenvalues of A € R}V in
nonnegative linear algebra, resp. in max algebra. It will be denoted by A(A) when both
algebras are considered simultaneously, as in the following standard description.

Theorem 2.3.1. [16, Th. 4.5.4], [45, Th. 3.7]. Let A € R*". Then
A(A) = {p, #0; v is spectral}.
Theorem 2.3.1 encodes the following two statements:

Ag(A) = {p? #£0; vis spectral}, A, (A) ={p} #0; v is spectral}, (2.3.3)
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where the notion of spectral class is defined in two different ways by (2.3.2), in two algebras.
See the illustrations of spectral classes of marked reduced graph in [16,17] (in max algebra)

and in [21] (also in nonnegative algebra).
In both algebras, for each p € A(A) define

A, =p! (0 0 ) , Where

0 AMpMp

(2.3.4)
M, = {i; i = v, v is spectral with Perron root p} .

Then the case of an eigencone associated with any eigenvalue can be reduced to the case
of principal eigenvalue, as follows:

Proposition 23.1. [16,27. For A € R and each p € A(A), we have
V(A,p)=V(A, 1), where 1 is the principal eigenvalue of A, .

2.4. Access relations in matrix powers

In [19] we demonstrated that access relations and spectral classes of all matrix powers
are similar, and that the case of an arbitrary eigenvalue reduces to the case of the principal
eigenvalue. These results have simultaneous proofs in both algebras, which is due to the
fact that the definitions of spectral classes are similar and that the associated unweighted
digraphs of A** and A®" are the same. Their nonnegative part goes back to Frobenius [26],
and in some cases, is explicitly formulated in Tam-Schneider [52].

Lemma 2.4.1. [19], [26,52]. Let A be irreducible with the (unique) eigenvalue p, let
G(A) have cyclicity o and t be a positive integer. Then, A' is a direct sum of gcd(t, o)
irreducible blocks with eigenvalues p', and A’ does not have eigenvalues other than p'. The
cyclicity of each block is o/ ged(t, o). In particular, all blocks of A% are primitive.

Recall that each class i of A corresponds to an irreducible submatrix A, . It is easy to
see that (A"),, = (A,,)" for any positive integer ¢. Suppose that the cyclicity of G(A4,,) is
o . Applying Lemma 2.4.1 to A, we see that g gives rise to ged (¢, 0) classes in A", which
are said to be derived from their common ancestor p. The classes of A and A’ derived
from the common ancestor will be called related. Note that this is an equivalence relation
on the set of classes of all powers of A.

It can be checked that the same notions can be defined for the components of critical
graphs, see [19].

Let us recall the following results on the similarity of access relations in matrix powers.

Lemma 2.4.2. [19], [26,52]. For all t,l > 1 and p > 0, an index i € {1,...,n}
accesses (resp. is accessed by) a class with Perron root p' in A" if and only if it accesses
(resp. is accessed by) a related class with Perron root pt in A!.

Similar results holds for the strongly connected components of the critical graphs of
matrix powers [19].
All eigenvalues and spectral classes of matrix powers are derived from those of A .
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Theorem 2.4.1. [19], [26,52]. Let A€ R*" and t > 1.
(i) A(AY) = {p'; p € A(A)}.
(ii) For each spectral class p of A with cyclicity o there are ged(t, o) spectral classes of
At derived from it. Conversely, each spectral class of Al is derived from a spectral

class of A.

As in the case of eigencones of a matrix, when working with V' (A", p*) we can assume
that p =1 is the principal eigenvalue of A, and hence of all A?.

Theorem 2.4.2. [19], [26,52]. Let A€ RY™, t>1 and p € A(A).

(1) (A)agn, = (Pt(Ap)t)MpMp :
(ii) V(AL p') = V((A,),1).

3. Core and eigencones
3.1. The main concepts
The notions given in this subsection are the central notions of [19]. They are defined in
two algebras simultaneously.
Once again, the core of a nonnegative matrix A is defined as the intersection of the
column spans (in other words, images) of its powers:

core(A) 1= N2 span(A"). (3.1.1)

The (Minkowski) sum of eigencones of a nonnegative matrix A is the cone consisting of
all sums of vectors in all V(A,p):

VEA) = ) V(A p). (3.1.2)

pEA(A)

If A(A) =0, which happens when p(A) = 0, then we assume that the sum on the right-hand
side is {0} .

Further, the following notations can be seen as the “global” definition of cyclicity in
nonnegative algebra and in max algebra.

1. o0, is the the lem of all cyclicities of spectral classes associated with p € AL (A)
(nonnegative algebra), or the cyclicity of critical graph associated with p € Ag(A)
(max algebra).

2. oy is the lem of all o, where p € A(A).

3.2. Two cores of a nonnegative matrix

One of our main results relates the core with the sum of eigencones. The nonnegative
part of this result can be found in Tam-Schneider [52, Th. 4.2, part (iii)], and the proof of
it (in the nonnegative case) goes back to Pullman [44].
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Theorem 3.2.1. [19], [{4,52]. Let A€ R*". Then

core(A) = Y V(A" pF) =VF(A™).

k>1,p€A(A)

The following observations were used in the proof, and they are also of independent
interest. They hold in both algebras with simultaneous proofs where only elementary analytic

arguments are used.

Proposition 3.21. [19], [44]. Assume that {K;} for | > 1, is a sequence of
cones in R’} such that K,y C K; for all I, and each of them generated by no more than
k mnonzero vectors. Then the intersection K = N2, K is also generated by no more than k

vectors.

Proposition 3.2.1 seems to be an interesting geometric observation, which could be applied
in a more general situation (for instance, in the context of tropical or nonnegative matrix

semigroups).

Proposition 3.22. [19], [44] Let A€ RY™", then
(i) core(A) is generated by no more than n vectors,
(ii) the mapping induced by A on core(A) is a surjection,
(i1i) the mapping induced by A on the scaled extremals of core(A) is a permutation (i.e.,
a bijection).
In the case of nonnegative algebra, the action of matrix on its core is not only surjective

but also bijective. However, this does not hold in the case of max algebra, which leads us to
the problem statements and results of [20].

3.3. Periodicity of the eigencone sequence

The following main result was obtained both in max and nonnegative algebra (Explicit
publication of the (usual) nonnegative part of this result is unknown to us).

Theorem 3.3.1. [19]. Let A e R . Then
(i) o,, for p € A(A), is the period of the sequence {V(A* p")}is1, and V(AR pF) C
V(A% p%) forall k> 1;
(ii) o is the period of the sequence {V=(AF)}is1, and VE(AF) CVE(A%Y) forall k > 1.

More precise results can be formulated in the form of equivalence.

Theorem 3.3.2. [19]. Let A € RY*™ and o be either the cyclicities of spectral classes
of A (nonnegative algebra) or the cyclicities of critical components of A (max alge-
bra).The following are equivalent for all positive kI :

(i) ged(k,o) divides ged(l,0) for all cyclicities o ;
(ii) ged(k,o,) divides ged(l,0,) for all p € A(A);
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(i) ged(k,on) divides ged(l,op);

(iv) V(A p*) C V(AL pY for all p € A(A) and
(v) VE(AR) CVE(A)).

Theorem 3.3.3. Let A € RY*™ and o be either the cyclicities of spectral classes (non-
negative algebra) or the cyclicities of critical components (max algebra) associated
with some p € A(A). The following are equivalent for all positive k, 1 :

(i) ged(k,o) divides ged(l,0) for all cyclicities o ;
(ii) ged(k,0,) divides gcd(l,0,);
(iii) V(A% p") C V(AL p).

The proof of Theorems 3.3.2 and 3.3.3 (and hence, Theorem 3.3.1 which can be obtained
as their corollary) are based on the so-called Frobenius-Victory theorems, which are written,
for both algebras, in the next subsection.

3.4. Perron-Frobenius and description of extremals

We now describe the principal eigencones in nonnegative linear algebra and then in max
algebra. By means of Proposition 2.3.1, this description can be obviously extended to the
general case. As in Section 2.3., both descriptions are essentially known: see [16,26,27,45|.

We emphasize that the vectors £ and z(® appearing below are full-size.

Theorem 3.4.1. Frobenius-Victory [45, Th. 3.7] Let A € RY™ have pt(A) =1.

(i) Each spectral class pu with p, =1 corresponds to an eigenvector W | whose support
consists of all indices in the classes that have access to v, and all vectors x of Vi (A, 1)
with suppz = suppz™ are multiples of =" .

(ii) Vi(A,1) is generated by ") of (i), for u ranging over all spectral classes with Py =
1.

(iii) =" of (i) are estremals of V,(A,1). (Moreover, ") are linearly independent.)

Note that the extremality and the usual linear independence of ™ (involving linear
combinations with possibly negative coefficients) can be deduced from the description of
supports in part (i), and from the fact that in nonnegative algebra, spectral classes associated
with the same p do not access each other. This linear independence also means that V, (A, 1)
is a simplicial cone. See also [45, Th. 4.1].

Theorem 3.4.2. [16, Th. 4.3.5] [50, Th. 2.8] Let A € R} have p®(A) =1.
(i) Each component [i of C(A) corresponds to an eigenvector x'*) defined as one of the
columns A¥ with © € Ny, all columns with i € N being multiples of each other.
(ii) Va(A,1) is generated by %) of (i), for i ranging over all components of C(A) .
(iii) =% of (i) are extremals in Vg (A,1). (Moreover, ¥ are strongly linearly indepen-
dent in the sense of [15].)
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Using this description of extremals we can now describe extremals of the core, since we
know that core(A) = V*(A*) in both algebras, that the spectral classes of A°* are derived
from those of A, and that the access relations between classes of A% are similar to those
between the classes of A (see Subsect. 2.4.).

Lemma 3.4.1. For each k > 1, the set of extremals of V=(AF) is the union of the sets
of extremals of V(AF, p*) for p € A(A).

The following result describes extremals of the core in nonnegative algebra. It is not new
(see the quotation). A vector y € R is called normalized if max;y; = 1 (but any other
norm could be used as well).

Theorem 3.4.3. [52, Theorem 4.7], [19]. Let A € R}™.
(i) The set of extremals of core, (A) is the union of the sets of extremals of V,(A*7, p%)

forall pe AL (A), with o =0,.

(ii) Each spectral class p with cyclicity o, corresponds to a set of distinct o, normalized
extremals of corey(A), such that there exists an index in their support that belongs to
1, and each index in their support has access to i .

(iii) Fach set of extremals described in (ii) forms a simple cycle under the action of A.

(iv) There are no normalized extremals other than those described in (ii). The total number
of normalized extremals equals the sum of cyclicities of all spectral classes of A.

In [19] we obtained a similar description of extremals of the max-algebraic core.

Theorem 3.4.4. [19]. Let A e R} .

(i) The set of extremals of coreq(A) is the union of the sets of extremals of Vg (A®7, p7)
for all p e A(A), with 0 =0,.

(ii) Pach critical component p with cyclicity op dssociated with some p € Ag(A)
corresponds to a set of distinct o normalized extremals x of coreg(A), which are
(normalized) columns of (A,%7°)* with indices in Nj .

(iii) Fach set of extremals described in (ii) forms a simple cycle under the action of A.

(iv) There are no normalized extremals other than those described in (ii). The total number
of normalized extremals equals the sum of cyclicities of all critical components of A.

3.5. Ultimate periodicity and finite stabilization

In max algebra there are wide classes of matrices A € R?*" where we have
span, (A®") = coreg(A)

for all big enough ¢. This is called the finite stabilization of the core. We list some special
cases where this takes place.
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e S; : Irreducible matrices.

e S, : Ultimately periodic matrices. This is when we have A®(+9) = p7A®t for
all sufficiently large t, with p®(A). As shown in [43], this happens if and only if the
Perron roots of all nontrivial classes of A equal p®(A).

e S; : Robust matrices. For any nonzero vector z € R the orbit {A®'z},>; hits
an eigenvector of A, implying that the whole remaining part of the orbit consists of
multiples of that eigenvector. The notion of robustness was introduced and studied
in [17].

e S, : Orbit periodic matrices: For any nonzero vector « € R’} the orbit {A®'®x}1>4
hits an eigenvector of A®?  implying that the remaining part of the orbit is periodic
with some growth rate. See [49], Section 7 for characterization.

e S5 : Column periodic matrices. This is when for any ¢ = 1,...,n we have
(A®EF)) ;= p? A% for all large enough ¢ and some p; .

Observe that S € S, € S, C S5 and S3 C Sy (see, e.g., [19], Section 4). To see that
spang (A®") = coreg(A) for all large enough ¢ in all these cases, observe that in the column
periodic case ( Sy ) all sequences of columns end up with periodically repeating eigenvectors
of A®? which implies that spang(A®") C coreg(A) for all large enough ¢, and hence also
spang (A®") = coreg(A) . So finite stabilization of the core occurs in all these classes.

A necessary and sufficient condition for the finite stabilization can be formulated as
follows.

Theorem 3.5.1. [20]. Finite stabilization of coreg(A) occurs if and only if all nontrivial
classes of A are spectral.

The action of A on its core in max algebra will be studied in more detail in [20].
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AnHoTarnms. PaccmarpuBaercst dyHKIIMOHAILHO-TM D epeHInaIbHOe ypaBHEHHE
i((g(t)) = f(t,z(h(t)), t € [0,1], tne byukuus f ymosnersopser ycaosusm Kapareoso-
P4, HO BO3MOXKHO He 00eCIIeurBaeT JefCTBUE COOTBETCTBYIOIIEr0 OIepParopa CyIIePIO3UIIII
U3 IIPOCTPAHCTBA, CYINECTBEHHO OIPDAHMYEHHBIX (DYHKIMI B IIPOCTPAHCTBO CYMMUPYEMBIX
dyuknumii. Besegcrsue 3T0oro, K MHTErpajbHOMY yPAaBHEHHIO, KOTOPOE PaBHOCHJIBHO 3aJ1a4e
Ko, e ynaercs IpuMeHUTH CTaHJAAPTHBIE PE3Y/IbTATHI AHAJIN3A, B YACTHOCTH, TEOPEMbI
0 HEMOJBIXKHOI Touke. Vcmob3yemblit B paboTe MOJIX0M K HCCJIEIOBAHUIO PA3PEITUMOCTH
TaKOro ypaBHEHHMs] OCHOBaH He Ha TeopeMaX O HEeNOJBUYKHOW TOYKe, a Ha II0JIyYEeHHBIX
B [A.V. Arutyunov, E.S. Zhukovskiy, S.E. Zhukovskiy. Coincidence points principle for
mappings in partially ordered spaces // Topology and its Applications, 2015, v. 179,
Ne 1, 13-33] pesysbrarax 0 TOYKax COBHAJEHHsI OTOOPayKeHHIl JACTUYHO yIOPSIOYEHHBIX
[IPOCTPAHCTB. VCIo/Ib30BaHue ITUX PE3Y/ILTATOB II03BOJIJIO B JIAHHONW paboTe IOJIyYHUTh
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YTBEDXKJIEHUE O CYIIECTBOBAHUU W OIEHKe pelieHus 3ajaun Komm Jjisi paccMaTpuBaeMo-
ro QyHKIMOHATLHO- UM MDEPEHITNATBHOIO YPABHEHNS, AHAJIOITIHOE U3BECTHOH Teopeme Ha-
wibiruHa. OCHOBHBIMU IIPEJIITOJIOXKEHUSIMA B JIOKA3aHHOM YTBEDXKIEHUM SIBJISIFOTCSI HEYObI-
Banue byukiuu f(t,-) u cymecrBoBaHue ABYX abCOJIOTHO HEIPEPLIBHLIX (DYHKIMA v, w,
yaosnersopsiomux npu 1.8, ¢ € [0,1] mepasercream 0(g(t)) > f(t,v(h(t))), w(g(t)) <
f (t, w(h(t))) [IpuBenen npuMep IpUMEHEHUS IOy IEHHOI'O YTBEPKICHIUSI.

KoroueBblie cjioBa: TOUYKA COBIA/ICHNsT OTOOPAYKEHUI; TaCTHIHO yYIOPSTOUEHHOE IPOCTPAH-
cTBO; MYHKIMOHATBHO-TuddEpeHnnaIbHoe ypaBHeHne; 3amada Ko, cymecTBoBanune pe-
menust; Teopema o JuddepeHnnaIbHOM HepABEHCTBE

Baaromapuoctu: Pa6ora seimonnena upu nojgepxkke SIDA-UEM (mpoekr «Passu-
THE MATEeMATUKH, CTATUCTUKH M uX upuioxkenuiis), PODU (upoexrsr Ne 19-01-00080a,

17-41-680975p _a, 18-31-00227no011_a).

Hdnsa murupoBanusi: Xykxosckaa T.B., Quaunnosa O.B., Hlundanun A.M. O pacupo-
cTpaHeHnn TeopeMbl Harbirnia Ha auddepeHnualbable ypaBHeHN HeHATPaIbHOrO THIIA
// Becrnux poccuiickux yuusepcureros. Maremaruka. 2019. T. 24, Ne 127. C. 272-280. DOI
10.20310,/2686-9667-2019-24-127-272-280.

Abstract. We consider functional-differential equation &((g(t)) = f (¢, z(h(t))), t € [0,1],
where function f satisfies the Caratheodory conditions, but not necessarily guarantee the
boundedness of the respective superposition operator from the space of the essentially
bounded functions into the space of integrable functions. As a result, we cannot apply the
standard analysis methods (in particular the fixed point theorems) to the integral equivalent
of the respective Cauchy problem. Instead, to study the solvability of such integral equation
we use the approach based not on the fixed point theorems but on the results received
in [A.V. Arutyunov, E.S. Zhukovskiy, S.E. Zhukovskiy. Coincidence points principle for
mappings in partially ordered spaces // Topology and its Applications, 2015, v. 179, Ne 1,
13-33] on the coincidence points of mappings in partially ordered spaces. As a result, we
receive the conditions on the existence and estimates of the solutions of the Cauchy problem
for the corresponding functional-differential equation similar to the well-known Chaplygin
theorem. The main assumptions in the proof of this result are the non-decreasing function
f(t,-) and the existence of two absolutely continuous functions v,w, that for almost each
t € [0, 1] satisfy the inequalities 0(g(¢)) > f(t,v(h(t))), w(g(t)) < f(t,w(h(t))). The main
result is illustrated by an example.

Keywords: coincidence point of mappings; partially ordered space; functional-differential
equation; Cauchy problem; existence of solution; differential inequality theorem
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Bsenenne

st uccneoBanust (pyHKIMOHATIHLHO- (MM EPEHITNATBHBIX YPaBHEHUIT B CJIydae, eC/In CO-
OTBETCTBYIOIIE OTOOPasKeHUsl He JEHCTBYIOT B IPOCTPAHCTBAX CYMMHPYEMBIX (yHKITHIA,
CTaHAPTHBIE METO/IbI AaHAIN3a IaCTO ObIBAIOT HEI(D(DEKTUBHBIMME, JINOO I UX TPUMEHEHUsT
TPeOYIOTCS JIOTIOTHUTEIbHBIE TOCTPOEHNUsI, B YACTHOCTH, OTIPEJIEIEHNE CIIEIUAbHBIX TIOIIPO-
CTPAHCTB MPOCTPAHCTBA abCOIOTHO HEIPEPBIBHBIX (DYHKINIA, B KOTOPBIX COOTBETCTBYIOIINE
OIIEPATOPBI CTAHOBSITCS PETYJIAPHBIME. Takue ypaBHEHUS HA3bIBAIOT CUHTYIApHbIMU. CHHTY-
JISPHOCTU MOTYT OBITh BBI3BAHBI, HAIIpUMED, HecyMMuUpyeMbiMu Kodddurmenramu. CuHry-
JISPHBIMU 9ACTO SIBJISTIOTCS yPaBHEHUS HEHTPATIBHOTO THITA, TO €CTh YPABHEHUST, COJIEPIKAIIIE
koMmosurmio &(g(+)) mpon3BoHON HCKOMOIT QYHKINN = ¥ 3ajaHHOM DyHKIMHA ¢. DTa KOM-
o3UIUs He 00g3aTe/IbHO Oy/IeT CyMMUPYEMOii JIJisi TPOU3BOJIBHON cyMMHUpyeMoil dyHKIn
& 6e3 jocTaTOYHO 0OpEMEHNTENBLHBIX TpeboBanuit Ha Gyrknuio g (cm. [1, c. 707, [2, §1.3]).
Jlns muHefHbIX (DYyHKIIMOHATLHO-TH(dEPEeHITNaIbHBIX YPABHEHUN ¢ HECYMMHUPYEMBIMU KO-
sddunmentamu Takoe MpoOCTPAHCTBO ObLIO TpesiozkeHo B [3]. Henuneiinbie nesisuble (He
paspeIeHHble OTHOCUTEJLHO TIPOU3BOJIHON) CUHTYJIsIpHBIE JuddepeHIaibHble ypaBHeHUsT
C HECYMMEPYEMbIMU OCODEHHOCTSIME PACCMaTPUBAINCH B |4, 5|, ncciieioBanne 0CHOBBIBAIOCH
Ha YTBEPXKJIEHUSIX O JIUIIIUAIEBBIX BO3SMYIIEHUSIX HAKPBIBAIOIINX OTOOPAaYKEHUN METPHUIECKUX
IpocTpancTs (M., Harpumep, [6]). OTMeTnM, 9T0 HAYAIO IPUMEHEHHIO TAKUX Y TBEPIK IeHUi
B Teopun uddepeHimanibHbIX ypaBHeHuil nojioxuia padora [7).

B nmannoit pabore paccMaTpuBaercst ypaBHEHHE HEATPAJbHOTO THUIA, B KOTOPOM KOMIIO-
surusi £(g(+)) MOKeT GbITh HECYMMUDYEMON, a ypaBHEHUE MOYKET MMETh U JPyTUe CHHIY-
nsipocTu. Ilpemaraercst mMoaxo, OTJIMIHBINR OT WCIOJB30BAHHOIO B MUTHPYEMBIX paboTax,
OCHOBaHHBI Ha pe3ysbraTtax [8,9] 0 TouKax CcOBIa/IeHNsT HAKPBIBAIOIIETO M H30TOHHOTO OTO0-
paykeHwuit, JeHCTBYIONNX B YaCTHIHO YHOPSJIOYEHHBIX ITpocTpaHcTBax. Mies uccieaoBanus
g depeHInanbHbIX 1 HHTEMPAIbHBIX YPABHEHUI HA OCHOBAHWH PE3Y/IbTATOB 00 YIIOPSIIO-
YEHHO HAKPBIBAIONIMX 0ToOparkenusx oOblia npeioxkena E.C. 2Kykosckum B [10, 11].

CraTbsi cOCTOUT M3 JABYX pasjesioB. B mepBoM pasjiesie MpUBEJIeHbl HEOOXOIUMBbIE JIJIst
HCCJIEIOBAHUS CBEIeHUsT 00 YIOPSI0YEHHO HAKPBIBAIONNX OTOOPAKEHUAX U TEOPEMbBI O TOUKE
CcOBIIaJIeHUsI, TIOJTydeHHbIe B [8]. Bo BropoM pasjiesie JJ0Ka3bIBaeTCsi TeOPEMa O CYIIECTBOBAHIN
U OIleHKe pereHus 3ajadn Kormm Jijist CHHTYIsIpHOro indGepeHInalibHOr0 ypaBHEHUS C
OTKJIOHSIOIIUMCS apPIYMEHTOM, aHAJOTUIHAS U3BECTHON Teopeme Yaribiruma.

1. Toukn COBIIadeHunsd OTO6pa}KeHI/II71 B YIIOPAJOY€HHbIX ITPOCTPAaHCTBaAX

[Iycrb 3a1aHbl YaCTUYHO yTOpsiAoveHHble npocTpancTBa X = (X jx), Y = (Y, jy)
u onpegesennl orobpaxenus 1, : X — Y. Cdhopmymupyem nosydenunie B [8] yciosus
CyTIeCTBOBAHUsI TOUKU COBIIAJI€HNsT OTOOpazKeHuii 1), ¢ — perterns ypasaerus ¥ (z) = o(z).
Obosnarmm Ox (u) := {z € X : 2= u}, [vuly={r € X : v Zx S u}, tae w,v
3aJIaHHBIE JIEMEHTHI IPOCTpaHcTBa X Takue, 9To v = U.

Onpemenenne 1. Orobpaxkenue ¢ : X — Y Ha3bIBAETCS U30MOHHOIM HG MHO-
orcecmee U C X, ecam jyisa mobbix ,u € U rakux, 4to = u, Bbinonneno o(z)=_o(u).
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Oupenmenenne 2. [8 Orobpaxkenne ¢ : X — Y HasbiBaercs (ynopadowenno) na-
kpwsarouum mnosxcecmeo W CY, ecimn

Vue X VyeW y= ¢(u) = Jze X )=y un 2= _u.
Omupenermim coBokytHOCTh S(1, 0, U, W) neneit S C X, yIOBIETBOPSIONIUX YCIOBUSAM:

ScU, ¢S)cW, VeeS ¢@)=2 (),
Vo,ue S z< u = (@)= o(u).

Teopema 1. [8] ITycmo cywecmeyem maxot saemenm xo € X, wmo ¢(zo)= ¥ (zo) u
BUINOAHENDL YCAOCUA:
(1.a) omobpasicerue @ asasemes uzomonnvim na muosicecmee U:= Ox(xg);
(1.b) omobpasicenue 1 ynopadouenro narpusaem muosicecmeo W= p(Ox(xo));
(1.c) npoussosvnas yenv S € S(, p, U, W) umeem nuorcrioro epanuyy u € X, daa komo-

poti cnpasedauco nepasercmeo p(u)= P (u).
Tozda 6 mmooicecmse U cywecmsyem mowka cosnadernus omobpasicerut ¥ u @, u 6

mmoorcecmee {x € U : Y(z) = ¢(x)} cywecmeyem munumarvrold sremenm.

Teopema 2. [8] ITycmo cywecmesyriom maxue sremenmos To, 2o € X, wmo zojxxo,
Y(20)2, ¢(20), p(0)=2 Y(T0) u 6BINOANENDL YCAOGUA:
(2.a) omobpasicenue ¢ asasemcsa uzomonnsim na ompeske U= [zg, Tol;
(2.b) cyorcenue omobpasicenus 1 na mroocecmeo U ynopadouenno Haxpueaem ompesox
W= [(20), (0)];
(2.c) wmoban uyenv S € S, o, U W) umeem nuotcrioro epanuuy w € U, das xomopod

cnpasedauso nepasencmeo o(u)= P (u).
Tozda na ompesxe U cywecmayem mouka coénadenus omobpascenuts ¥ u o, u 6 MHO-

orcecmee movek cosnadenus {x € U : (x) = ¢(x)} cywecmsyem Munumasonvil aaemenm.
2. ®yukiuonaabHo-AuddepeHnraIbHOe YypaBHEeHNE HeTPaJIbHOrO THUIIA

O6osznaunm depes (1 Mepy Jlebera na [0,1], cumBomanu M u L 0603HAYMHM IPOCTPAH-
CTBa M3MEPHMBIX U, COOTBETCTBEHHO, CyMMUpyeMbix 1o Jlebery dyukuumit y : [0,1] — R.
CunraeMm, uTo Ha mpocTpanHcTBax M, L orpejiesieH eCTeCTBEHHBIN MOPSIOK: y < 2, €eC/IH
y(t) < z(t), npum.s. t € [0, 1]. IlycTs onpeenensr mamepumbre dyraknuu g, h : [0, 1] — [0, 1]
u dyukuua f : [0,1] x R — R, ynosnersopsitomas yciaosusim Kapareogopu, To ecTb
u3MepuMasg 10 epPBOMY apryMeHTy WM HellpepbIBHas 110 BTOPOMY apryMmenTy. Paccmorpum
dyHKIMOHAIBHO- (DD EepEeHITNATBLHOE YPaBHEHHE

#((g(t) = f(t,(h(?))), t € [0,1]. (1)

Pemmennem ypashenus (1) HasbiBaeM aOCOJIOTHO HENPEPBIBHYIO (DYHKIHMIO (DYHKIIUIO, YJI0-
BJIETBOPSIONIYIO 9TOMY ypasHeHuto 1pu 1.B. ¢ € [0, 1]. 3amaqeit Ko pist ypasaerns (1)
HA3BIBAIOT 33J1a9y HAXOXKJICHHs pelleHusl, KOTOpOoe yIOBIeTBOPeT HaYaJIbHOMY YCJIOBUIO

z(0) =a, a€eR. (2)
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OrMmeruM, uTo g QYyHKIMKE [ HE IPEIIOJIAralOTCs BLIIOJIHEHHBIMU yCJIOBUS, 0OeCIIe-
YUBAOIIHE JIEfiCTBIE COOTBETCTBYIOIIETO OlepaTOpa CyIepHo3UIy (HA3BIBAEMOIO «OIepaTo-
pom HeMbIIKOro» ) U3 IpOCTPAHCTBA CYIIECTBEHHO OIPAHMYEHHBIX (DYHKIUIA B IIPOCTPAHCTBO
cymmupyeMbix Gyaknuii. B cuny yenosuit Kapareomopn MOXKHO JIMIIL rapaHTUPOBATH, UTO
JUTsA JTI0001 HenpepbIBHON MyHKIMN + GyHKIU t +— f (t, a:(h(t))) U3MepuMa.

[Iycrb dyHKIWS ¢ yAOBIETBOPSIET CJIEIYIONIEMY YCJIOBUIO (HA3BIBAEMOMY B JIUTEPATYDE
«yCJIOBHEM He3aBHCcaHUsl rpadukas )

Ve C[0,1] p(e) =0 = pu(g'(e)) =0 (3)

Yeosue (3) HeOOXOIUMO U JOCTATOYHO Jist BbIIOJHeHUs BKodenns y(g(-)) € M upnu Bcex
y e M (em. 2, 8§1.3]).

Teopema 3. [Tycmwv abcoarommuo nenpepwvishvie gynryuu v, w : [0,1] — R ydosaemeso-
parom coommowenuro v(0) = w(0) =« u npu n.e. t € [0,1] nepasencmesam

w(t) <o), v(g(t) = f(t,v(h(t), wig(t)) < f(t,w(h(t))).

ITyemov npu n.e. t € [0,1] cyocenue dynryuu f(t,-) na ompesox D(t):= [w(h(t)), v(h(t))]
asasemca neybwearowet gynrkyued, gynkyus g unsekmuena n.6 na [0,1] u napady ¢ ycao-
suem (3) das mee cnpasedauso euse Ycaosue

Ve C [0,1] ule)=0 = nlg(e)) = 0. (4)

Tozda cywecmeyem pewenue = sadavu Kowwu (1), (2), ydosaemesoparowee n.6. na [0, 1]
nepasencmey w(t) < x(t) < 0(t).

JoxaszatTenncrtso. 3anuuem 3agady (1), (2) orHocurensno y = & B BHJe ypas-
HEHUSA

o) = f(ta+ [ osn(s)u(s)ds). € 0.1] (5)

rje cuMBOIOM Xe(+) @ [0,1] — [0, 1] obosnauena xapakrepucruieckast (GyHKIMS MHOKECTBA
e C [0,1]. VYpasuenue (5) — 310 ypaBHeHHe Buia Py = @y, B KOTOPOM OTOOpPAYKEHWUsI
Y, L — M onpenenensl hopmyiamMu

W0 (O= 160, ()= F(ta+ [ Nono ) pl)ds). ye L

[TokaxkeM, 9TO 3TH OTOOPAKEHU YIOBJIETBOPAIOT YCJIOBUAM TEOPEMBI 2.
Benencrsue npenonoxenuit Ha GYHKIUA v, w CIPaBEJIUBbI HEPABEHCTBA,
W< v, Yw < ew, Yo = o,

O6oznaunm yepe3 U:= [, 0] C L MHOXKECTBO H3MEPHMBIX CEUCHHUI H3MEPUMOIO MHOIO3HAY-
Horo orobpazkenus t € [0,1] — U(t):= [w(t), 0(t)]. Tak kak dynkmua f(t,-) : D(t) — R ne
yObIBaeT, 0TOOparkeHne ( sIBJISETCH N30TOHHBIM Ha U, TO ecTh crpaseimBo yciosre (2.a).
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[Tokaxkem, 4TO cyxKenme orobpazkeHusi 1 Ha MHOKecTBO U yHODPSAJ0YEHHO HAKPbLIBa-
er orpe3ok W := [pw, 0] C M. Brauane nokaxewm, uro obiacts oupenenenus ¢([0, 1])
byuknun ¢! ecTb uzMepuMoe MHOXKECTBO, a caMa (DYHKIUS sBisgercs uzmepumoii. O6o-
snaanm Iy := [0, 1]. Cormacno Teopeme Jlysnna (cum. [12, Teopema VI.6.4]) cymecrByer 3a-
MKHYTOe MHOKecTBO [; C Iy Takoe, uro u(ly \ I;) < 27! u cyxenme pynxkuum g na I,
HenpepbIBHO. 13 KOMIAKTHOCTH MHOXKecTBa [; ciejiyer, 9To MHOXKecTBO ¢(I1) KOMIakT-
HO ¢ mo3ToMy m3MepuMo. /lajiee, BHOBb B CmJly TeopeMbl Jly3mHa CyIIecTByeT 3aMKHYTOe
muoxkectBo Ip C Io \ I} taxoe, uro u(ly \ (I3 U Iy)) < 272 u cyxenne dyukiun g ua I
HEIPEPBIBHO, CJIef0BaTeIbHO MHOXKeCTBO ¢([3) m3mepumo. [ToBropsist o1y mporemypy, npu

-1
KaxkJIoM 1 = 1,2,... ompeJeanM 3aMKHyTOe MHOXKecTBO [, C Ij '\ (U?Zl I j> TaKoe, 9TO

w(lo\ (U?:l 1 j> < 27" u cyxenue hyHKIMA g HA [, HEIPEPHIBHO, & MHOXKeCTBO ¢(I,) m3-

mepumo. Onpegennm muoxkectBo [:= Iy '\ <U]°°;1 1 j>, JIJIsT KOTOPOT'O, OYEBUTHO, BBLITIOJTHEHO

,u(f ) = 0. Us npennonoxkenns (4) caemyer, aro muoxkectso ¢([0,1]) mamepumo u ero mepa
paBHa

o) = plg(1) + 3 g (L)) = p(g(lo)).

st nokasaTesbera uamepumoctn dbynkimuu g+ : g(Ily) — Iy BbiGepeM NPOU3BOJILHOE
ancno A € Iy m 3amernm, uro MuOKecTBO Jlebera {t: g~'(t) > A} = g([A,1]) usmepnmo.
HoxkazaTesbecTBO 9T0r0 (hbaKTa MOBTOPSIET JOKA3ATEIHCTBO U3MEPUMOCTH MHOXKecTBa ¢([p).

O6oznaanm gepes W := [pw, pv] C M. g nokasarenbcrsa yeaosus (2.b) ompepennm
nponsBoJibHBIE pyHKIMN u € U, y € W takue, uro y < 1u, TO eCcTh

w(g(t)) = (Pw)(t) < (pw)(t) < y(t) < ulg(t)) < (w0)(t) < (Lo)(t) = 0(g(t)), ¢ €0,1].
Onpegenum GyHKITHIO
Z(t):{ y(g~'(t), wpumt € g([0,1]),
u(t), it ¢ g((0,1))
[Tockonbky dyHknust g~ ' msMepuma u crupaseynBo ycaosue (4), dyHKIus 2 usmepuMa.
Nneem v < z<wu u (¢Yz)(t) = 2(9(t)) = y(t). Urax, cyxenne oToOpaykeHns 1) Ha MIOXKe-
ctBo U ymopsaaodeHHO HaKpPbIBAeT OTpe30K W.

[Tposepum ycsosue (2.c). Ilycrb 3amana npousBosbHas 1enb S C U rakas, 4T0 Jis
Kazk10ro snementa u € S crupasemmuso u(g(t)) = (Yu)(t) < (¢u)(t). Dra mennb, oUeBUIHO,
UMeeT TOYHYI0 HUXKHIOI Tpanuity, nosoxum ¢ := inf S. Ilpu B.B. t € [0,1] BBIIONHEHO
¢(t) = inf{u(t) : w € S} u cymecTByeT HeBO3pacTalOIIas MOCJIEI0BATELHOCT SJIEMEHTOB
u; € S, ms Koropoit lim;_,o u;(t) = ((t). OueBnamo, cpaBeinBO COOTHOIIEHHE

C(g(1)) < uy(g(t)) = (Puy)(t) < (puy)t), j=1,2,....

Cormacuo teopeme Jlesu (cM. [12, reopema VIIL.4.2|) npu B.8. ¢ € [0, 1] umeer mMecTo cxonu-

MOCTDb "

/01 X[o,h(e)] (8) u5(8) ds) —>/0 Xo.nw(5) C(5) ds),
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CnetoBareibao, Tak Kak MyHKIUA f yaoBjaeTBopsieT yciaoBusaMm Kapareoaopu, moJrydaem

1

)0 =1 (10 [ xoan(6)us)ds) = 7 (1 [ xoan(4)605)ds) = (00

A TIOCKOJIBKY TIPH MPEJICTBHOM [I€PEX0JIe /I IUCIOBBIX MOCIe0BATE/ILHOCTEH HEPaBEHCTBO

coxpansercs, noaydaeM (¥C)(t) < (oC)(t).
Nrak, BCe ycjaoBUsS TeOpeMbl 2 BBINOJHEHBI. TakuM 0OpaszoM, CyIIeCTByeT peleHue &

ypasrenus (5), npunajyrexkainee Mmaoxkectsy U. Torma 3amada Kommm takzke paspermma u
[IpOU3BOHAA ee perterusd — 3To pyukmusa & € U. O

[IpowtocTpupyeM puMeHEHNE TEOPEMBI 3.

[Ipumep 1. Paccmorpum ypaBHeHwue

2
oy 2(t) A
ZL'(t ) - +2 + \/%a te [07 1]7 (6>
C HadaJIbHBIM YCJIOBUEM
2(0) = 0. (7)

BamMeTuM, 9TO B paccMaTpUBaeMOM ypaBHEHUM IpaBas 9acTh JIsi HEKOTOPHIX abCOJIOTHO
HEIIPEPLIBHBIX T MOXKET ObITh HecyMMHUpYeMoil byHKIuit, KoMmosuis @ (1%) Toxke BO3MOK-
HO ABJISIETCS HECYMMUPYeMOi (pyHKITHeil.

Ucnonp3yst Teopemy 3, mOKazKeM, 9TO MPH JOCTATOYHO MaJabix A > 0 3amada (6),(7)
paspermna. ooy w(t) = 0, v(t) = kv/t, rae kosdbdunment k > 0 Gymer onpejesen
HIZKE TaK, 9TOOBI BBIIOJIHAINCH YCJIOBUSA TeopeMbl 3. 1 maHubix QyHKIHMHA w, v UMeeM

0 =w(t?) <

2 2
L O S S

“w e AT T T

Jlerko Bujiers, uro nmpu A < 1/8 Gyier BBIIOTHEHO HEPABEHCTBO

aBgercs BospacTaomeii no x npn x € [0, kv/1).
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1. Star product on polynomials
1.1. Moyal product
The Moyal product is a well-known example of star product |2, 3].

For polynomials f, g of the variables (uy, ..., upy,v1,... vm) the Moyal product f*,g
is given by the power series of the bidifferential operators 5 Oy 5 0, such that

Froo= et (5,8, -5,3) ¢ fzk,(m) (0-2-56.3) g
g+ B (B b ) o g (B) (B A -8R

2

o (WY (BB 8A) g )

F
where A is a positive number and the overleft arrow O means that the partial derivative
is acting on the polynomial on the left and the overright arrow similar, for example

f(gva_qj_gugz> g:Z(avjf aujg_a“jf 8ng).

Although the Moyal product is defined as a formal power series of bidifferential operators,
this becomes a finite sum on polynomials.

Proposition 1.1.1. The Moyal product is well-defined on polynomials, and asso-
clative.

Other typical star products are normal product #,, anti-normal product *, given
similarly by

f*Nngexpih(E-ai) 9, f*Angexp{—ih(E-(?—Z>} g.

These are also well-defined on polynomials and associative.
By direct calculation we see easily

Proposition 1.1.2.

(i) For these star products, the generators (uy,...,Um,V1,...,Uy) Satisfy the canonical
commutation relations

[uk,vl]*L = —ih(;kl, [uk,ul]*L = [Uk,vl]*L = 0, (l{i,l = 1, 2, . ,m)

where x, stands for x,, *, and *,

(ii) Then the algebras (Clu,v],*) (L = O, N, A) are mutually isomorphic and isomorphic
to the Weyl algebra.
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Actually the algebra isomorphism
I(])V : (C[U, U], *O) — (C[U, U]a *N>
is given explicitly by the power series of the differential operator such as

19 (f) = exp (—gauav) (f) = il—l, (%i)l (8.0,)" (). (1.1.2)

=0

And other isomorphisms are given in the similar form.

Remark 1.1.1. We remark here that these facts are well-known as ordering problem
in physics [1].

1.2. Star product

Now we define a star product on complex domain by generalizing the previous products.

Let A be an arbitrary n x n complex matrix. We consider a bidifferential operator
— — — - —
Do = s+ O N D+ ) = S Mg O (1.2.3)
k=1
where (wy, - ,w,) is a generators of polynomials.

Now we define a star product similar to (1) by

Definition 1.2.1.

[y 9= fexp (E,Aﬁ_ui) g. (1.2.4)
Remark 1.21. [9]

(i) The star product *, is a generalization of the previous products. Actually

0 -1,

o1fweputA:(1m 0

) then we have the Moyal product

o if A=2 ( 10 8 ) , then we have the normal product

. 0 —1 .
o if A=2 ( 0 Om ) then we have the anti-normal product
(ii) If A is a symmetric matrix, the star product *, is commutative.

Then similarly as before we see easily

Theorem 1.2.1. For an arbitrary A, the star product *, 1is well-defined on polynomials,
and associative.
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1.3. Equivalence and geometric picture of Weyl algebra

In this section, we take A as a special class of matrices in order to represent Weyl algebra,
cf. [4,7]. We consider the following complex matrices A:

A=J+K,
where K is an arbitrary 2m x 2m complex symmetric matrix and
0 -1
J = o).
(i 0"
Since A is determined by K, we denote the star product by *, instead of *, .

We consider polynomials in variables (wy, -+ ,wem) = (ug, -+, Upm,v1, -+ ,Vn). By a
easy calculation one obtains

Proposition 1.3.1.

(i) For a star product *,. , the generators (ui,...,Um,V1,...,Uy) satisfy the canonical
commutation relations

[uk,vl]*K = —ihékl, [uk,ul]*K = [Uk,l)l]*K = 0, (k’,l = 1,27 e ,m).

(ii) Then the algebra (Clu,v],*,) is isomorphic to the Weyl algebra, and the algebra is
regarded as a polynomial representation of the Weyl algebra.

Equialence As in the case of typical star products, we have algebra isomorphisms as
follows.

Proposition 1.3.2. Forarbitrary star product algebras (Clu,v], *, ) and (Clu,v], *,. )
we have an algebra isomorphism Iflgf D (Clu,v],*, ) = (Clu,v], %, ) given by the power
series of the differential operator 0, (Ko — K1)0, such that

1) — exp (%L O — K1>8w) ().

where 8w(K2 — Kl)ﬁw = Zkl(KQ — Kl)kl@wk(?wl .
Remark 1.3.1.

1. By the previous proposition we see the algebras (Clu,v], *, ) are mutually isomorphic
and isomorphic to the Weyl algebra. Hence we have a family of star product algebras
{(Clu,v], %)}, where each element is regarded as a polynomial representation of the

Weyl algebra.

2. The above equivalences are also possible to make for star products *, for arbitrary
A’s with a common skew symmetric part.
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By a direct calculation we have

Theorem 1.3.1. Isomorphisms satisfy the following chain rule:
1 IR =1d, VK, Ky, Ks

2. (IE) ' = 1K VK, K,

According to the previous theorem, we introduce an infinite dimensional bundle and a
connection over it and using parallel sections of this bundle we have a geometric picture for
the family of the star product algebras {(Clu,v], %, )} .

Algebra bundle Weset S = {K} the space of all 2m x 2m symmetric complex matrices.
We consider a trivial bundle over & whose fibers are the star product algebras

m:E=[[(Clu,v], %) =S, 7 '(K)=(Clu,v] *,).

KeS

Then the previous proposition shows that fibers (Clu,v],*,) are mutually isomorphic
and are isomorphic to the Weyl algebra, and the isomorphisms I Ilgf give an isomorphism
between fibers.

Connection and parallel sections For a curve C' : K = K(t) in the base space S,
starting from K (0) = K , we define a parallel translation of a polynomial f € (Clu,v],*, ) by

£(0) = exp "} 0u(E (1) ~ K)Ou().

It is easy to see f(0) = f. By differentiating the parallel translation we have a connection
of this bundle such that

Ve f(K) = 0 oK) = T 0,X0, [ o, X = K)o

where f(K) is a smooth section of the bundle E'.

We set P the space of all parallel sections of this bundle. Since [ Ilgf are algebra isomorphisms

IR2(f(K) *,, 9(KY)) = (IR2(f(K0)) *,, (IR (g(K0))

we have a star product on the space of parallel sections f,g € P by

fxg(K) = f(K)*, g(K).

Then we have
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Theorem 1.3.2.

(1) The space of the parallel sections P consists of the sections such that
h
Vif = ZZ 0u,X0y [ =0, VX.
(ii) The space P is canonically equipped with the star product * , and the associative algebra
(P, ) 1is isomorphic to the Weyl algebra.

Remark 1.3.2. The algebra (P, *) is regarded as a geometric realization of the Weyl
algebra.

2. Extension to functions

We want to extend the star products *, for an arbitrary complex matrix A from
polynomials to functions, cf. [6].

2.1. Star product on certain holomorphic function space

We want to transfer the star products *, from polynomials to functions. However, the
product is not necessarily convergent for ordinary smooth functions, hence we need to restrict
the product to certain subset of smooth functions.

There may be many such spaces. In this note we consider the following space of certain
entire functions.

Semi-norm Let f(w) be a holomorphic function on C™. For a positive number p, we
consider a family of semi-norms {| - |,s}s>0 given by

[ Flpe = sup [f(w)exp(=swl?), |w]= V$wi? 4 w2
weCn

Space We put

Ey ={f: entire | |f|,s < 00, Vs > 0}.
With the semi-norms the space &, becomes a Fréchet space. As to the star products, we
have for any matrix A.

Theorem 2.1.1.
(i) For 0 <p <2, (E,%,) is a Frechét algebra. That is, the product converges for any

P> *a
elements, and the product is continuous with respect to this topology.

(ii) Moreover, for any A with the common skew symmetric part with A, the map
A ih
I'" = exp (Z O (A — A)@w>
is a well-defined algebra isomorphism from (Ep,*,) to (Ep,*, ). That is, the expansion
convergies for every element, and the operator is continuous with respect to this topology.

(i) For p > 2, the multiplication x5 : &, x & — &, 1is a well-defined for q such that
(1/p)+ (1/q) =2, and (&,,%a) is a &, -bimodule.
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3. Star exponentials

Since we have a complete topological algebra, we can consider exponential elements in
the star product algebra (&,,*,), cf. [9].

3.1. Definition

For a polynomial H,, we want to define a star exponential exp, (tH,./ih). However,

t (HN\"
zn:ﬁ<m)

is not convergent, so we define a star exponential by means of a differential equation.

except special cases, the expansion

Definition 3.1.1. The star exponential exp, (tH,/ih) is given as a solution of
the following differential equation

d
%Ft:H* XA F;g, F[): 1. (311)

3.2. Examples

We are interested in the star exponentials of linear, and quadratic polynomials. For these,
we can solve the differential equation and obtain explicit form. For simplicity, we take A as
above: A = K + J where K is a complex symmetric matrix.

2m

First we remark the following. For a linear polynomial [ = ) =1 ajw; , we see directly
that an ordinary exponential function e’ satisfies

¢! §é &, € 51+6, Ve > 0.
Then put a Fréchet space
gp-‘r - ﬂq>p(€q.

Linear case

Proposition 321 Forl=}  aqw;=<a,w>, a; €C, we have

Quadratic case
Proposition 3.2.2. For Q. = (wA,w), where A isa 2mx2m complex symmetric

om 1 J— e 2o
exp, t(Qy/ith) = —— exp—(w —w ),
p, t(Q./ih) AT pzh< i >

where M =1— KJ+e (I + KJ) and o = AJ .

matriz,
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Remark 3.2.1. The star exponentials of linear functions are belonging to &£, then
the star products are convergent and continuous. But it is easy to see

exp, t(Q«/ih) € Ear, ¢ &

and hence star exponentials exp, t(Q./ih) are difficult to treat. Some anomalous phenomena
happen, cf. [5].

4. Star functions

There are many applications of star exponential functions, cf. [8]. In this note we show
examples using a linear star exponentials.

In what follows, we consider the star product for the simple case where

_(r 0
A—(O 0), peC.

Then we see easily that the star product is commutative and explicitly given by
thp y —
D1 *, P2 = P1€Xp 5 Yuw Ow, | Pa-

This means that the algebra is essentially reduced to the space of functions of one variable
wy . Thus, we consider functions f(w), g(w) of one variable w € C and we consider a
commutative star product *_ with complex parameter 7 such that

f(w) *_ g(w) = f(w)exp {;gwgw} g(w).

4.1. Star Hermite function
Recall the identity

1, = tn
exp (\@tw — §t ) = ;Hn(w)m,

where H,(w) is an Hermite polynomial. We remark here that

1
exp (\/étw — §t2) = exp, (V2tw,);—_;.

tn
Since exp, (V2tw,) = > o0 (V2tw,)" — we have
n!

H,(w) = (V2tw,)"|,_

We define *-Hermite function by

H,(w, 1) = (\/§tw*)”, (n=0,1,2,---),
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with respect to %, product. Then we have
o0 tn
exp, (V2tw,) = E H,(w, ) ok

n=0

d
Trivial identity pr exp*(\/itw*) = ﬂw*exp*(ﬁtw*) yields at every 7 € C the identity

V2

The exponential law exp, (v/2sw,)xexp, (v2tw,) = exp, (v/2(s + t)w,) yields at every 7 € C
the identity

H (w,7) + \/Ean(w,T) =H,1(w,7), (n=0,1,2,--).

|
%Hk(w, T) % Hy(w,7) = Hy(w, 7).
ktl=n
4.2. Star theta function

In this note we consider the Jacobi’s theta functions by using star exponentials as an
application.

A direct calculation gives
exp, i tw = exp(i tw — (1/4)t%).

Hence for Re7 > 0, the star exponential exp, ni w = exp(ni w — (1/4)n) is rapidly
decreasing with respect to integer n and then we can consider summations for 7 satisfying
Rer >0

[e.e]

> exp, iw= Y exp(2niw—7n’)= > e (g=eT).

n=—oo n=—oo n=—0oo

This is Jacobi’s theta function 5(w, 7). Then we have expression of theta functions as

1 0
e, (0) = = 3 (~1)"exp, 20+ 1i w,

n=—oo

b2 (w) = Z exp, (2n +1)i w,

n=—oo

O3, (w) = Z exp, 2ni w,

n=—oo
oo

Os (w) = Z (=1)"exp, 2ni w.

n=—oo
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Remark that 6. (w) is the Jacobi’s theta function 6(w,7), k=1,2,3,4, respectively.
It is obvious by the exponential law

exp, 20wk, Op (W) = Ope (w) (k=2,3),
exp, 2wk Op (w) = —bp (w) (k=1,4).

Then using exp, 2i w = e Te* ¥ and the product formula directly we have

e O (w+iT) = Op_(w)  (k =2,3),
€ O (w+iT) = =0k (w) (k= 1,4).

4.3. *-delta functions

Since the x,-exponential exp, (itw,) = exp(itw — (7/4)t?) is rapidly decreasing with
respect to t when Re7 > 0, then the integral of *,-exponential

o0

/_ " exp. (it(w — a).) dt = / " exp. (it(w — ), )dt = / exp(it(w — a) — (7/4)2)dt

o —0o0 —0o0
converges for any a € C. We put a star J-function

ouw—a) = [ exp.(it(w - a) ).

[e.9]

which has a meaning at 7 with Rer > 0. It is easy to see that for any element p,(w) €
P.(C), we have
Pe(w) % 0x(w — a) = p(a)d.(w — a), wy * 0, (w) = 0.

Using the Fourier transform we have

Proposition 4.3.1.

01, (w) = %nzzoo<—1>"6*<w + 2+ am)
03 (1) = %nio(—l) 5o+ )
Oy.w) = 5 i 5. (w + )

b w) = 5 i 5.(w+ =+ nm)

Now, we consider the 7 with the condition Re7 > 0. Then we calculate the integral and

obtain
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Then we have

We

eg(w,r)zé i 5, (w + nw) = f: VT oo (_l<w+m)z)

n=-—oo n=—oo \/; T
1) — 1 1
= g exp (—;) n:E_OO exp (—Zn;w — ;n272)
T 1 2rw w2
AW
VT T it T

also have similar identities for other *-theta functions by the similar way.

The author is grateful to V. F. Molchanov and S. Berceanu for valuable discussions and

also grateful to the organizers for warm hospitality.
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Awnunoranus. B nanHoil craTbe pa3BUBaKOTCs pe3yJIbTaThl paboT, MOCBSIIEHHBIX UCC/IeI0Ba-
HUIO 337124 J1J1s1 (DYHKITHOHATbHO- UMD GEPEHINATBHBIX yPABHEHIH U BKIIIOYEHH C Kay3aiTb-
HBIMU OIIEPATOPAMU, Ha CJIy4aii OECKOHEYHOrO 3ara3/ibiBanus. Bo BBejeHnn 060CHOBBIBAECT-
Csl aKTYaJIbHOCTb TEMBI UCCJIEIOBAHUS W IIPUBEIEHBI CCHIJIKU HA COOTBETCTBYIOIINE PAOOTHI
A.H. Tuxonosa, C. Corduneanu, A.l. Bysrakosa, E. C. 2Kykoeckoro, B. B. O6yxoscko-
ro u P. Zecca. Bo BropoMm pazmeisie mpeicTaBieHa HeoOXOmmMas WHQMOPMAIUA U3 TEOPUN
VILTOTHSIOIIIX MHOTO3HAYHBIX OTOODarKEeHWiT U Mep HEKOMITAKTHOCTHU, TAKKE BBOJUTCS TIO-
HsITHEe MHOI'O3HAYHOI'O Kay3aJbHOI'O OllepaTopa ¢ OECKOHEUYHBIM 3alla3bIBAHUEM, KOTOPOe
WILTIOCTPUpPYyeTCcs puMepamu. B cieayromem pazzere dopmynupyercsa 3agada Komm s
GYHKIMOHATBLHOTO BKJIIOYEHHUST, COIEPAKAIIETO KOMITO3UITUIO MHOTO3HAYHOTO U OJITHO3HAYHOTO
Kay3aJIbHBIX OIIepaTOPOB; U3Y4al0TCsI CBOMCTBA MYJIBTHOIIEPATOPA, HEIIOABUXKHbBIE TOYKHU KO-
TOPOTO SIBJISIOTCS PEIIEHUSIME 381891, B 9acTHOCTH, JIJTs 9TOTO MYyJIBTHOIIEPATOPA Oy 9€HBI
JIOCTATOYHBIE YCJIOBUS YIIOTHSIEMOCTH OTHOCUTEIHLHO COOTBETCTBYIONIEH MEePhl HEKOMIAKT-
noctu. Ha 3700t ocHOBe B weTBepTOM pazjesie HoJIydaeM JOKAJIbHYIO U IVIODAJIBHYIO TEOPEMBI
CyHIeCTBOBaHU A peIHeHI/Iﬁ 1 IIOKa3blBaeM HENPEPBIBHYIO 3aBUCHUMOCTb MHO2KECTBa peIIIeHI/IfI
OT HAYAJBHBIX MAHHBIX. Jlajiee pacCcMaTpUBaETCs CJIyYaiil BKIIIOUEHUH C [TOJIyHEIIPEPBIBHBIMA
CHU3Y MyJIbTHOIIEpaTOpaMu. B mocyiemaeM pasesie 0600IIa0Tcs HEKOTOPhIE PE3YIBTATHI M1
MTOJTYIUHENHBIX U DepPEeHITUAIBHBIX BKIIOYEHNT 1 HHTErpo-audepeHnnaabHbIX BKJIOYe-
uuit Boabreppsbl ¢ 6ECKOHETHBIM 3aI1a3/IbIBAHUEM.
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Abstract. In the present article we develop the results of works devoted to the study
of problems for functional differential equations and inclusions with causal operators, in
case of infinite delay. In the introduction of the article we substantiates the relevance of
the research topic and provides links to relevant works A.N. Tikhonov, C. Corduneanu,
A. 1. Bulgakov, E.S. Zhukovskii, V. V. Obukhovskii and P. Zecca. In section two we present
the necessary information from the theory of condensing multivalued maps and measures of
noncompactness, also introduced the concept of a multivalued causal operator with infinite
delay and illustrated it by examples. In the next section we formulate the Cauchy problem
for functional inclusion, containing the composition of multivalued and single-valued causal
operators; we study the properties of the multiopera-tor whose fixed points are solutions of
the problem. In particular, sufficient conditions under which this multioperator is condensing
on the respective measures of noncompacness. On this basis, in section four we prove local
and global results and continuous dependence of the solution set on initial data. Next the
case of inclusions with lower semicontinuous causal multioperators is considered. In the last
section we generalize some results for semilinear differential inclusions and Volterra integro-
differential inclusions with infinite delay.

Keywords: causal operator; functional inclusion; Cauchy problem; Volterra integro-
differential inclusion; measure of noncompactness; fixed point; condensing map
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1. Bseaenue

UccnenoBanne cucreM, omuChIBaEMbIX JuddepeHITnaIbHBIMU U (PYHKIIMOHAILHLIMU YPaBHE-
HUSAMU C Kay3aJbHBIME ONEPATOPAMH, IIPUBJIEKAeT BHUMaHUE MHOTHMX HcciaemoBareneir. IlomsTue
kay3asbHOro (mmu Bosbrepposoro no A.H. Tuxonosy [1|) oneparopa 6eper cBoe HavdaIo B MaTeMa-
TUYIEeCKOI (PUBNKE U TEXHUKE M OKA3bIBAETCS BeCbMa 3P (PEeKTUBHBIM IIPH pelIeHnn 3a1a9 B audde-
PEeHIMAIbLHLIX YPaBHEHUSAX, MHTErpo-and depennuaabibX ypaBHeHUAX, (yHKIMOHAILHO-Iudde-
PeHIMAIbHBIE YPABHEHUSAX ¢ KOHETHBIM MM OECKOHEUHBIM 3alla3/[bIBAHIEeM, HHTEIPAJIbHBIX yPaBHe-
HusiX BosibTeppbl, (DyHKIMOHATIBHBIX YPABHEHUSIX HEHTPAJILHOTO THla U Ap. (CM., Hanpumep, [2]).

UccieioBannio Kay3aabHBIX OIIEPATOPOB PA3JIMYHOIO TUIIA MOCBsIIeHbl paboTs [3], [4], ypaBHe-
HUI ¢ Kay3aJbHbIME onepaTopamu — [5], [6], BK/ouenuii ¢ kaysaiabHbIME oltepaTropamu — |[7], [8],
TeopeMaM CyHIeCTBOBaHU A peLHeHI/If'/I 1 OIIICAHMNIO UX KavyeCTBEHHBIX CBOICTB U Pa3JNMIHBbIM IIPUJIO-
xkerusm (9], [10] u ap. OTmerum Takzke psiji paboT, B KOTOPBIX M3YYaJIICh PA3IHIHbIe 3aa90 s
OIIEPATOPHBIX U (PYHKIIMOHAJIHHO-IUMDDEPEHIINATBHBIX YPABHEHUN U BKJIIOYCHUN € Kay3aJIbHBIMU
oneparopamu (cM., Harnpumep, [2], [11] u umerormuecs: TaM CCbLIKHR).
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B macrosiieit crarbe, pasBuBasi pe3yJbrarsl paboTel [11], MbI BBOAMM HOHSITHE MHOTO3HATHOIO
Kay3aJIbHOI'O OllepaTropa ¢ OeCKOHEYHBIM 3alla3fbIBaHNeM U paccMaTpuBaeM 3ajady Komm B Oa-
HaxXOBOM IIPOCTPAHCTBE JIJIsi PA3/JIMYHBIX KJIACCOB (PYHKIMOHAJIBHBIX BKJIIOYEHUN C Kay3aJIbHBIMU
oneparopaMu. MeTomgbl TeOPUU TOIMOJOTMIECKON CTEIeHH YILIOTHSIONNX OTOOparkeHuil MpuMeHs-
IOTCSI K TIOJIyYEHUIO PE3YJIbTATOB O CYIIECTBOBAHUN JIOKAJbHBIX W IJIOOAJIBHBIX PEIIeHMH JIJIsT 3TOM
3aIa91 U WCCJIEI0BAHNST HEIIPEPBIBHON 3aBUCHUMOCTHA MHOYKECTBA, PEIIeHUl OT HAYAJIHHBIX JAHHBIX.
B kagecTBe npuIoKeHUsT MbI OJIyIaeM 0000IIeHNsT HEKOTOPBIX TEOPEM CYIIECTBOBAHMS JIJIS IOy IN-
HEeWHBIX (QYHKINOHAIBHO-TU(MdEPEHINATBHBIX BKIIOUEHNN 1 HHTErPO-TudOepeHna bHbIX BKIIIO-
qenniit Boabrepphbl ¢ 6eCKOHEYHBIM 3aI1a3/IbIBAHIEM.

2. TlpeaBapuTeyibHbIE CBEIEHUS

2.1. MmuorozHnayHblie 0TOOpa>keHUs U MePbl HEKOMITAKTHOCTHU

[Tycte X — mMerpudeckoe IpoCTPaHCTBO, Y — HOPMHPOBAHHOE IIPOCTPAHCTBO, cuMBosiom P (Y')
0003HAYNM COBOKYIIHOCTH BCEX HEIIYCTBIX IOJAMHOXKeCTB Y . Obo3HaInM

C(Y)={WeP(Y): W 3aMKHYyTOE MHOXKECTBO} ;

Cv(Y)={W e C(Y): W BbllyKJI0O€e MHOXECTBO} ;
K(Y)={W e P(Y): W KOMIAKTHOE MHOXKECTBO} ;

Kv(Y)={W e K(Y): W BblilyKki0e MHOXKECTBO} .

Mynbrnorobpazkenne F : X — P(Y) Oymem Takke obosnadars F : X —o Y. Hamomunwm
HEKOTOpbIe HOHATHs (cM., Hanpumep, [12], [13]).

Oupenmeamenune 2.1.1. Myapruorobpaxenne F : X — P (Y) nasbiBaercs

(i) noaynenpepmenvim ceepry (nm.ce.), ecrm F1 (V) = {x € X : F(x) C V} sBasercsas oTKpbI-
TBIM MOJIMHOZKECTBOM X JIJIst KasKJIOTO OTKPBITOro MHOXKecTBa V C Y

(i1) noaynenpepvienvim cnusy (ni.cn.), e F-L (W) aBistercss 3aMKHyTHIM TOJMHOKECTBOM X
JUTST KaKJIOTO 3aMKHYTOTO MHOX)KectBa W C Y

(7i7) samrnymoim, eciu ero rpabuk Gp = {(z,y) : © € X,y € F(x)} saBiasgercs 3aMKHYTBIM
IIOJIMHOXKECTBOM X X Y.

B naspmeitiiem HamM m0oHAIOOSITCS CIEIYIONINE CBONCTBA.

Jlemma 2.1.1. [13, Theorem 1.1.12]. Illycmob 3amxrymoe myavmuomobpasicerue F: X — K(Y)
ABNACNCA KEAZUKOMNAKIMHBIM, M. €. 0AA KaxHcdo2o Komnarmmuozo muoscecmea K C X mmoorce-
ecmeo F(K) = Uzer F(x) omnocumenrvrno komnaxmmno 6 Y. Tozda myavmuomobpasicerue F nn.ce.

Oupenenenune 2.1.2. Mynprudyskuus F : [a,b] C R — K (Y) nassiBaercs cmynenua-
moti, €CJIM CYIIeCTBYET Takoe pas3bueHne orpeska [a,b] Ha KOHEYHOE CeMEHCTBO HEePeCeKaONIX s
usMepumbix nopmuoxkecrs {1}, J; I = [a,b], uro F mocrosuno na kaxzaom I;.
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Oupenmeanenune 2.1.3. Mymprudyukuus F : [a,b] C R — K (Y) HasbiBaercs cuavho us3-
MEPUMOT, €CIIU CYIIECTBYET MOCIeI0BATeIbHOCTD Fry : [a,b] — K (Y), n =1,2,... crynenvarsix
MyJILTUPYHKINNA, TAKIX ITO

lim A(F,(t),F(t) =0 pi p—us. tEa,b],

n—o0
rjae g — Mmepa Jlebera na [a,b] u h — xaycmopdosa merpuka Ha K (Y).

Oupenmeanenune 21.4. Ilycre £ — GanaxoBo npocTpancTso, (A, >) — 4acTHIHO yIIOpSi-
nodentoe Muoxkecto. Pyukrus [ : P (£) — A naszbBaercs mepots nexomnaxmuocmu (MHK) B

£, eciu
B(co) =5(Q) ana kaxgoro Qe P(E),

rie ¢of{) 0603HaYAeT BBIMYKJIOE 3aMbIKAHIEe MHOXKECTBa, §).

Mepa HEKOMIIAKTHOCTH /3 HA3bIBAETCSI
1) monomonmnot, ecmu st o, Q1 € P(E) mz Qo C Qy caenyer B(Qo) < B (1) ;
2) necuneyasprot, ecmu f({e} UQ) = B (Q) s kaxaoro e € £, Qe P(E);

3) umsapuaHmMHOl  OMHOCUMEALHO — 00BeOUHEHUA €  KOMNAKMHOM  MHOHCECTNEOM,  €CIIH
BH{K}UQ)=/(§) mas Kayk10ro OTHOCUTEILHO KOMIIAKTHOrO MHOXKecTBa K CE, Qe P (£);

4) sewecmeenrot, ecim A = [0, +00] ¢ €CTECTBEHHBIM MOPSIKOM U JIJIs JI060T0 OrPAHHYEHHOTO
muO)kecTBa () € P (E) Boinosnneno [ (£2) < oo.

Eciun A — KOHyC B HODMHPOBAHHOM IIPOCTPAHCTBE, TO Meépa HEKOMIAKTHOCTH (3 Ha3bIBAETCSI
5) aneebpaunecku noayaddumuenod, eciaun 3 (Qo+Q1) < B (Qo)+5 (1) st Becex Qp, 2 eP (€);

6) npasusvrot, ecim [ (§2) = 0 9KBUBAJIEHTHO OTHOCHTEIHHONH KOMIAKTHOCTH ().

Mepoit HEKOMITAKTHOCTH, YAOBJIETBOPSIONIEH BCEM BBIMENEPEINCIEHHBIM CBOHCTBAM, SIBJISIETCS
mepa Hexomnaxmmuocmuy Xaycdopgda

Xxe (Q) =inf{e > 0:Q umeer KOHEUHYIO £-CETb} .

B kadecTBe Apyrux IpuMepoB PacCCMOTPUM MEPhI HEKOMITAKTHOCTH, OIIPE/IeJICHHBIC Ha, ITPOCTPAH-
crBe HenpepbiBHBIX GyHKmit C([a,b]; E) co 3HaueHusivu B 6aHAXOBOM IpoCTpaHcTBe E

(1) MOdYav NOCAOTHOT HEKOMNAKMMHOCTIAL:

() = sup xm(1)),
tela,b]

rjge xg — Mepa HekoMuakTHocTu Xaycgopda B E u Q(t) = {y(t) : y € Q};

(2) samyzarowuts Modyab NOCAOTHOT HEKOMNAKMHOCTU:

Y(Q) = sup e Hxp(Qt)),
t€la,b]

rae L > 0 3agaHHOE YUCIIO;



O PA3BPEIINMOCTU KAY3AJIbHBIX @YHKIIMOHAJIbHBIX BKJIIOYEHNN 297

(3) M0odyav pasrocmeneHHoti HENPEPLIEHOCTNU:

modc () = lim sup  max [y (t1) —y (2)]] -
—0 yeN |t1—t2‘<(5

St MEPbl HEKOMITIaKTHOCTHU YJOBJIECTBOPAIOT BCEM BhINIENIEPEINCICHHBIM CBOﬁCTBaM, KpoMme IIpa-
BHUJILHOCTU.

Oupenmeanenune 2.1.5. Myapruorobpaxkenne F : X C & — K (£) HasbBaercst yn.aom-
HANOULUM OTRHOCUMENLHO MEPDL Hekomnakmuocmu [ (a8 -yniomuanuum), eciu st KaxkJIoro
OFpaHI/I‘{eHHOFO muoxkecTBa 2 C X, KOTOpoe He SIBJIAeTCS OTHOCHTEIHLHO KOMIIAKTHBIM, BBITOJIHS-

erca B(F(Q)) # B(Q

I[Iycte D C £ — HemycToe BBIYKJIOE 3aMKHYTOE MHOXKECTBO, V — HEIyCTOe OrpaHUIeHHOEe
(OTHOCHTEJILHO) OTKPBITOE MOAMHOXKecTBO D, [ — monoronHas HecunryiaspHas MHK B £ wu
F :V — Kv(D) — un.cs., [-ylwIoTHsOlIee My/JIbTHOTOOpazkKeHue, takoe, uro = ¢ F (x) s

Beex x € OV, tme V u JV 00603HAUAIOT 3aMBIKAHUE U TPAHUILY MHOKECTBa, V' B MHJIYITUPOBAHHOI
Tortoyioruu D.

B TaKHX IIPEAIIOJIOXKEHUAX OIIpeJe/ICeHa OTHOCUTE/IbHad TOIIOJIOTUYIeCKasd CTEIICHb

COOTBETCTBYIOIIEr0 MHOTO3HAYHOI'O BEKTOPHOI'O IOJIst {—JF, yIOBIETBOPSIONIAs CTANIAPTHBIM CBOM-
crBam (cM., nanpumep, [13], [14]). B wacrnocrn, yciaosue

degp (2’—.7-",7) #0

PABHOCUJILHO TOMY, YTO MHOKECTBO HENOJBHXKHBIX ToueK FixF = {z : x € F(x)} mnemycroe
KOMIIAKTHOE TIOJIMHOXKECTBO V.

HpI/IMeHeHI/Ie Teopun TOIIOJIOTUYECKOI CTelleHn OPUBOIUT K CJACAYIOIUM IPUHIUIIaM HEIIOABU2K-
HOH TOYKH, KOTOpBIE OyyT UCIOIb30BAHbI B JIaIbHEIIeM.

Teopema 2.1.1. [13, Corollary 3.58.1]. ITycmv M — nenycmoe o2panuvenHoe SuNYKAOE 3a-
mEHYymoe nodmmnostcecmeo € u F 1 M — Kv(M) — nn.ce., [ -ynaomnmouwee Myssmuomobpa-
otcernue. Toeda muooicecmeo FixF €20 HENOJGUNCHBIT MOYEK He NYCMO.

Teopema 2.1.2. [13, Theorem 3.3.4]. llycmv a € V. — snympennsaa mowka; n.ce. [ -yniom-
narowee myavmuomobpascenue F :V — Kv(D) ydosiemeopaem 2panunomy ycio6uro

x—a¢ XN(F(z)—a)

onn ecex x € OV u 0 < A< 1. Toeda FixF — menycmoe KOMNAKMHOE MHONCECTNEO.

2.2. @Pa30Boe IPOCTPAHCTBO OECKOHEYHBIX 3alla3/IbIBAHUIA

Mgt Gy/1eM HCIOJIB30BATH aKCHOMATHIECKOe onpejesenne Ga3oBoro npocrpancrsa B, Beejen-
noe J.K. Hale u J. Kato (cm. [15], [16]). IIpocrpancTBo B Oymer paccMarpuBaThCsl Kak JIMHEHHOE
TOIOJIONMYECKOE ITPOCTPAHCTBO DYHKIWMIL, 3a1aHHbIX Ha (—00, 0], co 3HAYeHUsIMU B GAHAXOBOM IIPO-
crpanctBe E, nanesennoe nogayHopmoit || - ||p .
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Mgt moboit dyukuuu x: (—oo,T)] — E, tne T > 0, u xaxugoro t € [0,7] z; upexncrasisier
coboii dbyukuuio u3z (—oo,0] B F, 3aaHHy0 KaK

zt(0) = z(t +0), 6 € (—o0,0].

Bynem npennonarars, aro B y1oBIeTBOPSET CJIEIYIONUM aKCHOMAM:
(B1) ecom dynkiust x : (—oo0;T| — E nenpepsisua Ha [0; 7] u x¢ € B, To s soboro t € [0; 7T
BBIIIOJIHEHO:
(i) ¢ € By

(ii) dbyukuus t+— r; HeNpepbIBHA;

(i) ol < K(t)supo<r < [2(T) + M@)|[xolls, rae dymsmmn K, M : [0;T] — [0;400)
He 3aBUCAT OT =, QyHKIUs K CTPOro IoJI0KUTeNbHA U HENpephiBHA, & M JIOKaIbHO
OorpaHHuveHa.

(BO) cymecrByer [ > 0 Takoe, uro |[(0)||g < ][9], misa Beex ¢ € B.
OTmeTuMm, 9TO IPU JIAHHBIX YCJI0BUSIX TpocTpancTBo Coy BCeX HelpepbIBHbIX yHKIWI 13 (—00,0]
B F ¢ KoMIakTHBIM HOCHTEIeM BXOAUT B Ji106oe (asosoe npocrpancrso B |16, Proposition 1.2.1].
Bynem npenmonarars JOMOTHUTEIBHO, YTO BBIIIOJIHEHO CJIEIYIOIIEE YCJIOBUE:

(BC1) ecim paBHOMEPHO OrpaHHYEHHAS OCIEI0BATEIBLHOCTD {1y, 125 C Cpp cxomures K byHKnun
1) KOMIIAKTHO (T. €. pABHOMEPHO Ha KarKJIOM KOMIIAKTHOM HOIMHOXKecTBe (—00,0] ), 1o 1 € B

u limy, oo |90 — ¥l = 0.
U3 yeaosust (BC1) BbiTekaer, 4T0 6aHAXOBO IPOCTPAHCTBO OIPAHNYEHHBIX HEIPEPLIBHBIX (DyHK-

it BC' = BC((—o00,0]; E) menpepbiBHO Bioxkeno B B . TouHee roBopsi, ClipaBejinBo CJe/IyIomee
YTBEPK/JICHHE.

Teopema 2.2.1. [16, Proposition 7.1.1].
(i) BC C Coy, 2de Coy obosnanaem samvixarue Coy 6 B;
(13) ecau pasromepro ozparuvernas nocaedosamesvnocmo {i,} 6 BC cxodumes k dyrnxyuu 1p
Komnaxmmo na (—o0,0], mo ¥ € B u ngg-loo ltn, — ||z = 0;

(791) matdemes xonecmanma L >0 makaa, wmo ||¢||g < L||Y|pc das ecex i € BC.

Hakomnen, Oy/ieM npeiioaraTb BbIITOJTHEHHBIM CJIEJYIOIIEe YCIOBUE:

(BC2) eciu i € BC u ||¢||pc # 0, to |[¢||s # 0.

13 sToro mpennonoxkenus BbITeKaeT, 14To npocrpanctso BC, mamenenunoe || - |3, sBiasgercs
HOPMHUPOBAHHBIM IIpocTpaHcTBOM. MBI Oyiiem obo3Hauats ero BC.
Pacemorpum npuMeps! (ha3oBBIX TPOCTPAHCTB, YIOBIETBOPSIONIMX BCEM BBIIIEYKA3aAHHBIM YCJIO-

BUAM.

(1) Jms v > 0 mycte B = C, — mpOCTPAHCTBO HENPEPBIBHbIX byHKImi ¢ : (—00;0] — E,
uMeronux npezest limg_, o e?%p(0) u

lells = sup e[lp(8)]]-

—00<6<0
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(2) (IlpocrpancTsa ¢ «3aryxaomieii namarbioy) Ilycrs B = C, — npocTpancTBO TakKuX (DyHKILHIT
¢ : (—00;0] = E, uro upu Hekoropom k > ) BBIIOJIHEHO:

(a) dbyukuus ¢ nenpepbisHa Ha [—k;0];

(b) dyuknus ¢ usmepuma o Jlebery na (—oo; —k) u HalleTCsl IOJOXKUTEIbHASI UHTEIPU-
pyemast 10 Jlebery dyukius p : (—oo; —k) — Ry rmakasi, uro dbyHKIMS pp HUHTErPUPY-
ema 110 JleGery Ha (—o0; —k) ; Gostee TOro, HailJeTCsl JIOKAJIBLHO OrpaHnveHHast DyHKIUST
P : (—00;0] — Ry Takas, aro mus Beex € < 0 crnpaseymso p(€+60) < P(€)p(0) upn
8. 0 € (—oo; —k).

Hopma B aTOM 1pocTpaHcTBe oripe/iessiercs hopMyJIoit

—k
lolls = sup [lo(6)]] + / p(6)]12(0) | do.
—k<6<0
— 00
I[TpocToii puMep mocsIeHEro IPOCTPAHCTBA TIOJIYYaeTCsl, eCIr MoJ0KuTh p(6) = e deR.

2.3. KayzanbpHble MYJIBTHOIIEPATOPHI C OECKOHEYHBIM 3aMa3/IbIBAaHIEeM

[ycts E — cemapabesbHoe Gamaxoso mpoctpanctso, L' ([0,T]; E) — 6aHaxoBo IPOCTPAHCTBO
Bcex cyMmupyeMmbix 110 Boxuepy dyukimit f : [0,7] — E ¢ 00braHON HOPMOI

T
11l :/0 1£(5)ll ds.

B o6o3HaueHnu JaHHOIro mpocTpancTsBa Ipu F = R 6GygeM oIycKaThb 3TOT CUMBOJI, a KOHYC HEOT-
pHIATe/IHBIX CyMMUpyeMbIx (yHKuuii B mpocrpancrse L1 ([0,T]) 6yaem obosnauars LY ([0,77]).

Ina mpomssomsroro N C L' ([0,T); E) u moboro 7 € (0,T) onpenenmm cyxermne N Ha
[0, 7] Kak MHOXKECTBO

N|[O,T]: T}:fEN}'

O6oznaunm cumBosiiom C((—oo;T); E) HOpMHUPOBAHHOE HPOCTPAHCTBO ONPAHUYEHHBIX Helpe-
poiBabIX byHkuit = : (—oo;T] — E, Hajenennoe HOpMOii

Izlle = llzolls + Il [jo;7] e

rje || - ||¢ — oberunas sup-aopma npocrpancrea C([0;7T]; E) .

Ounpemenenne 23.1. Myasruorobpaskenne Q : C((—oo,T); E) — L' (]0,T); E) 6y-
JIEM HA3BIBATH KAY3AALHOIM MYALMUONEPAMOpom, ecan jiis Kaxaoro 7 € (0,7) u mias mobbix
u()v () € e((_OO7T]aE) ycaosue u |(—oo,7']_ |(—oo,ﬂ BJIEHET Q( ) | Q( ) |07’] :

[IpuBenem mpuMepbl Kay3aJIbHBIX MYJIBTHONIEPATOPOB.

Mpuwmep 2.3.1. lpeamonoxum, aro myasruorobpaxenue F : [0,T] x BC — Kv (E) yuo-
BJIETBOPSIET CJIEJLYIOIIUM YCIIOBUSIM:
(F1) s smoboro ¢ € BC wmynprudynkinus F (-,1) : [0,T] — Kv (E) pomyckaer m3MepuMoe
ceveHue;
(F2) pnans. t € [0,T] mynsrnorobpaxkenne F (t,-) : BC — Kv (E) nm.cs.;
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(F3) ans moGoro r > 0 Haiinercs dynkuus a, € LY[0,T] rakas, 1aro

IF(t, )l = sup {||z]le : 2 € F(t,9)} < an(t)
st . t € [0,T] u |[¢|g <7

Us ycnosuit (F1) — (F3) u (Bl) BblTekaer, 4TO CYyIEPHO3UIMOHHBIH My/bruoneparop Pr :
C((—o0; T); E) — P(LY([0,T); E)), zamammbiit Kak

Pr(z) ={f € L'([0,T);E) : f(t) € F(t,2¢) npu 5. t € [0,T]} (2.3.1)

KOPPEKTHO orpejesier (cM., Hanpumep, [12], [13]). fcHo, uro Mmysnbruoneparop Pp siBisiercs: Kay-
3aJIbHBIM.

MDpumep 232 Ilycre F:[0,7] x BC — Kv(E) — MynbTuoTOOpasKeHNE, YI0BIETBOPSIIO-
mee ycosusiM (F'1)—(F3) IIpumepa 2.3.1. Ilpeamonoxkum, aro {K(t,s) : 0 < s <t < T} sapnasercs
HEIIPEPBIBHBIM (¢ COOTBETCTBYOIIEH HOPMOIi) ceMeficTBOM OrpaHUYEHHBIX JINHEHHBIX OIEPATOPOB B
Eume Ll([O, T); E) — zajannas yHKIHst. PacCMOTPUM HHTErPAIbHBINA MyJIbTHOLIEPATOP BoJib-
teppet G : C((—o0,T); E) —o L ([0,T]; E), omnpejieseHHbIi i COOTHOIEHHEM

G(u)(t) = m(t) + /0 K(t, 5)F(s,u.)ds,

t
G(u) = {y el! ([0, T]; E) : y(t) = m(t) +/ K(t,s)f(s)ds, f € fPF(u)}. (2.3.2)
0
Taxzke OUeBHJIHO, YTO MyJLTHOIEpATOp § sIBJIAETCS Kay3aJbHbIM.

Mpumep 2.3.3. Ilycrs dasosoe npocrpancTso B yuosiaersopsier yciosuio (B1l), myb-
tuorobpazkenne F : [0,T] x BC — K(E) ynosnersopsier yciaosuto (F'3) u cienyromemy ycioBuio
NOYMU NOAYHENPEPBIEHOCTIU CHUSY:

(FL) cymecrByeT IIOCIIE0BATEIBHOCTD HEIEPECEKAIONMXC KOMIIAKTHBIX HoaMHOXKecTB  {J),},
Jp €10,T], n=1,2,... takas, aro u([0,7)\ U, Jn) =0 u cyxenne F Ha Kax70e MHOXKe-
cTBO Jp, X BC mnn.cH.

Torna (cm., manpumep, [12], [13], [17]) cynepnosunmonnstit mysasruoneparop Pp : € ((—oo,T]; E) —o
L' ([0,T]; E) KOPPeKTHO OIpeJie/IeH 1 ABJISeTCS Kay3aIbHbIM.

3. @PyHKIUMOHAIbHBbIE BKJIIOYEHUSI C KAy3aJbHBIMHI OIIEPATOPaAMU

Bynewm npejnonarars, yro KaysasbHblii oneparop Q : € ((—oo,T]; E) — C (Ll ([0,77; E)) YJI10-
BJIETBOPSIET CJIe/LyIONUM YCIOBUSIM:

(Q1) Q saBistercst c1ab0 3aMKHYTBIM B CJIeyIOmeM cMbicie: yeiaosust {u, oo C C((—o0,T]; E),
{fn ne1 C Lt ([O,T];E), In € Q(un), n>1, u, = ug, fn— fo Brexyr fo€ Q UO);
(Q2) aus moboro r > 0 naitnerca dynxuusa 6,(-) € L ([0,7]) raxas, uro

1Q(uw)(®)]| 2 < 6r(t)

st B, t € [0,T] u |lulle <7
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(Q3) cymecrByer dyuknus w : [0,7] x Ry — Ry rakasi, aro

(wl) aost moBoro x € Ry w(-,z) € L1 ([0,T));

(w2) s, t€[0,T] dynknusa w(t,-) : Ry — Ry aBisiercs HenpepbIBHOI, HeyObIBaOIIE
¥ OJIHOPOJIHOM B TOM cMbIcJie, 910 w(t, Ax) = Aw(t, ) mis kaxgoro © € Ry u A > 0;

(w3) st Kaxkgoro orpanuydenHoro Muoxecrsa A C C((—oo,T|; E) BBIIOJIHEHO

x(Q(A) () < w(t, sup go(As)) quist 1B, ¢ € [0, 7],
s€[0,t]

e Ay ={ys:y € A} CBC u ¢ — Moayub nocioitHoit HekoMnakTaoctu B BC.

Bamernm, uro yciosue (w2) osmadaer, uro w(t,0) = 0 gs mws. t € [0,7], u B KauecTBe
npuMepa Takoit pyHKIHE MBI MOzKeM paceMoTperh w(t, ) = k(t) -z, rae k(-) € L1 ([0, T)).

Paccemorpun mumeitnbtit oneparop S : LY([0, T); E) — C([0,T]; E), KOTOpbIil SIBASETCS Kay3aiib-
HBIM B TOM CMBICTIe, uTo 1yt Kaxkaoro 7 € (0,7] u f,g € L'([0,T]; E) ycnosue f(t) = g(t) s
w.B. t € [0,7] Breger (Sf)(t) = (Sg)(t) mst Beex t € [0,7]. Cuemys [13], HamOXKNM Citeyromme
yCJIOBUST Ha orrepaTop S :

(81) cymecrByer D > 0 Takoe, 9To

HSﬂw—smmmsJ{Auﬂ@—gwwmu

nna mobnix f,g € LY[0,T; E), 0<t<T;

(82) mns moboro xommakta K C E u mocnenosarensuoctu {f, 15, C L' ([0,7]; E) Takoii, aro
{fn(t)}>2y C K muans. t€[0,7] crabas cxomumocts f,, — fo Bieger Sf, — Sfo.

[TpeanoosKum Takxke, 9To0 S yJAOBJETEOPSET COOTHOIICHUIO
(S3) (Sf)(0) =0 ana xaxmaoit bynxkmmm f € LY([0,T); E).

Bamerum, uro uz ycaosus (S1) ciemyer, uro oneparop S yjoBiaerBopsieT ycjaosuio Jlummmia
(81) ISf = Sglle < DIIf = gllr:-

B kadecTBe npumepa paccMOTPHUM CJIEIYIONINN BayKHBIN KJIACC OIIEPATOPOB.

[Tycrs 3aMKHYTBIN (He 00si3aTeNBLHO OrpaHMYCHHBIN) JuHeiHbI oneparop A: D(A) C E—FE
ABJIAETCA IIPOU3BOIANINM OIIEpaTOpPOM C() -IIOJIyIpyHnIbl OI'PpaHUYICHHDBIX JMHENHDBIX orrepaTopoB
{eA}y>0. Omeparop L: L([0,T]; E) — C([0,T]; E) , onpesesennbrii hopmy.toii

ﬁf(t):/o A=) f(s)ds, (3.0.1)

Ha3bIBaeTCs onepamopom Kowu.
3amerum, 9To, B3siB A = 0, MBI [IOJIy4nM, KaK JaCTHBIA CJIydail, «OOBIYHBIN» WHTErpasIbHbBIN

oneparop Lr: L'([0,T); E) — C([0,T]; E),

EJ@=Af®M
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JIemma 3.0.1. [13, Lemma 4.2.1]. Onepamop Kowu L ydosaemeopsem ycaosuam (S1) — (S3).

[Ipennosnoxkum, yro ¢ € BC samannas dysxius. s kaxmgoro h € (0,7] u dbyukiun
y € C([0, h]; E) rakoit, aro y(0) = 1(0), onpenennm dynknuio y[ip] € C((—oo, h]; E) pasencrBoM

y[vl(t) = { . 0<t<h. (3.0.2)

O6osuaunm Dy, 3amkHyTOE BbItyKIioe noamuoxkectso C([0, hl; E), cocrositiee u3 Beex dbyHKIui
y, ymosserBopsifonux ycaosuio y(0) = ¢(0).

U3 kaysasubHOCTH OltepaTopoB Q u S ciegyer, uro mist Kaxkgoro h € (0,7] KoppeKkTHO onpe/ie-
Jlennl 1 KaysabHbl cyskenns Q : C((—oo, h); E) — LY([0,h]; E) u S : LY([0,h]; E) — C([0,h); E).
st IpocTOTHl 0003HAYMAEM ITU CYXKEHUS TEMU K€ CHMBOJIAMU.

Pacemorpum ciemyrontyto 3aymady Komu jyist (hyHKIIMOHAIBHBIX BKJIFOUEHU ¢ Kay3aJbHBIMU
oneparopamu Q u S. IIpu BbIlleyKa3aHHBIX [IPEJIITOJIOKEHIAX OyaeM uckarh GyHKIuo y € Dy,
0 < h <T, yIoBIeTBOPSAOIIYO BKJIIOUYECHHUIO

yeg+SoQylY)), (3.0.3)

rine g € Dy, 3amannas QyHKIINA.
OueBn/HO, YTO JIUIs KAXKJIOr0 Y, yioBjeTBopsioliero Britodenuio (3.0.3), dyukius y[y] nmeer

BUT
P(t), —o0<t<0,

y[yl(t) = { o6+ (S1) (), 0<t<h. (3.0.4)

rae f € Qy[y]).

st onmcanust cBoOMCTB oneparopa S o @ HaM IOHAI00SATCST HEKOTOPBIE JOMOJIHUTE/bHBIE 110~
HATUS U YTBEPXKJICHUS.

Oupepngemenne 3.0.1. Iocrenosarensuocts {fn}o, C LY([0,T); E) nasviaercs noay-
KOMNAKMHOU, €CJIN OHA MHTErPAIbHO OTPAHIYEHA, T. €. CyIIecTByeT pyHkua & € L}r([O, T]) raxasi,
aro || fpn(t)||g < &) mmmws. t € [0,T], n=1,2... u muoxecrso {f,(t)} 2, ormocurTeIbHO KOM-
nakTHO Jyuist .B. t € [0, 7.

JIemma 3.0.2. [13, Proposition 4.2.1.]. Kaosicdas noaykomnaxmmas nociedosamesvHocms caabo
womnaxmua ¢ L'([0,T); E).

Jlemma 3.0.3. [13, Theorem 5.1.1.]. Iycmw onepamop S : LY([0,T); E) — C([0,T); E) ydo-
saemeopaem ycaosuam (S1') u (82). Tozda das xkasrcdoti nosykomnaxmmol nocaedosamesbHocmu
{fa}so, C LY([0,T); E) nocaedosamenvriocmv {Sf,}2, omnocumenvro xomnaxmna ¢ C([0,T]; E)
u, boaee mozo, caabas crodumocms fn — fo earevem Sfn, — Sfo.

Tenieps MBI MOXKEM PACCMOTPETH CJIEILYIONINE CBOHCTBa MyJibTHOIIepaTopa S o Q.

Teopema 3.0.1. ITycmv myavmuonepamop Q ydosaemsopaem ycaosusam (Q1l) —(Q3) a one-
pamop S — yeaosuam (S1), (82). Tozda komnosuyusa S o Q : C((—oo,T); E) — C([0,T]; E)
AGNACTNCA M. CE. MYADTMUOMOOPAANCENUEM C KOMNAKTMHMYU 3HAYEHUAMU.
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ILoxaszaTeubcTts o. [lokaxem, aro mysabTroneparop SoQ siBjsercs: 3aMKHYThIM. [1ycThb
{zn}22, CC((—00, T E), {yn}2y C C([0,T]; E), xp — x0, Yn € S0 Q(xy), n>1, U yn — Yo.

n=1
BozbMeM IpousBosibHyIo nociesoBatenbiocts { fr}o0, C LY([0,T]; E) Takyto, uro f, € O(zy),
Yn = S(fn), n > 1. U3 ycnosus (Q2) ciemyer, 4T0 HOCIEAOBATEIBHOCTD { frn }0° | HMHTErpaJbHO

orpanmdeHa. Yciaosue (Q3) osmadaer, uro jist m.B. ¢ € [0,7] BbIIOIHEHO

X (L 1) <ot sup @ ({(an)s}i2y) ) = w(t,0) =0

s€[0,t]

oo
U, CJIeI0BATEIIBHO, OCAEA0BATEILHOCTD { fn }00 | IOIyKOMIIAKTHA.

U3 siemmbt 3.0.2 ciiefyer, 94To HOCIeI0BATEIBHOCTD { fn 152 1 ci1ab0 KOMIIAKTHA, HOITOMY MBI MO-
JKEM  TIPeJIIOJIOKNATh, 0e3 orpaHmdeHusi obmuoctu, dro f, — fo. Jlemma 3.0.3 Bieuer
Yn = Sfn — Sfo = yo. C mpyroit croponsl, npumensiss yciaosue (Q1), mosyuaem fo € Q(xo)
u, 6osiee Toro, Yo € S o Q(xg), TO ecTh MyJsbTHONEPATOP S 0 Q 3AMKHYT.

Yeaosus (Q2) u (Q3) osmavaror, uTo i Kaxgoro x € C((—oo,T|; E) samxuyTtas B Q(x)
LOCJIEJOBATEJBHOCTD { f5, }5° | sIBJISIETCsI IOy KOMIIAKTHOM 1, 110 jiemMe 3.0.3, 110C/1eJ0BATeIbHOCTD
{S§fn}2, C C([0,T]; E) ornocurenbio koMnakTHa. KommakTHOCTS MHOXKecTBa S 0 Q(u) ciemyer
n3 ero 3aMKHYTOCTH.

U makoHeIl, eciu pacCMOTPUM CXOJSIILYIOCs HOCIIeI0BATENbHOCT {Ty}00 1 C C((—o00,T]; E),
IIPOM3BOJILHYIO TIocaeoBaTebuocTb { f,, 122, C LY([0,T]; E,) raxyio, uto f, € Q(x,), To mocie-
noBaresnsiocts {Sfp}o2 C C([0,T]; E) ornocunrensio komnakTHa. Crie[oBaTeIbHO, MyIbTHOTOO-
pakenue S o Q KBa3MKOMIIAKTHO M COIJIacHO JiemMe 2.1.1 OHO IIH.CB. O

Bameuganune 3.0.1. Cormacuo |13, Teopema 1.1.8| u3 kaysaapHOCTH MyIbTHOIEpaTOpa S0Q
cJIeJlyer, YTO NPU BBINOJHEeHWH ycjioBuil Teopembl 3.0.1 st kaxkgoro h € (0,T) orobpazkenue
S0Q:C((—o0,h]; E) — C([0,h]; E) obnagaer TeMu 2Ke CBOHCTBAMIL.

Teneps mepeiijieM K HAXOXKJEHUIO YCJIOBHUI, IIPU KOTOPBIX MyJbTHONEPATOp S 0 @ Oyner siB-
JIATHCST YILIOTHSIIONIAM OTHOCUTEIBbHO cooTBeTcTByIoIelt Bemmectrennoit MHK. IIpeamonoxum, arTo
S ynosnersopser yeiaosuio (S1). Torga ouesmuno, uro cyxkenne S : L1([0,h]; E) — C([0,h]; E)
Jutst Kazxaoro h € (0,7) yZoBIIeTBOPSIET STOMY K€ YCJIOBHIO. DTO TAKrKe BEPHO U Jist yeaoBus (S2).

B camom sene, nyers {f,}22, C L'([0,h]; E) — Takas mnociienoBaTelbHOCTb, UTO Jjis ILB.
t € [0,h] Bomommeno {fy(t)}22, C K miaa samannoro kommnakra K C E, n {f,}32, sasusercs
cnabo cxopgmeiics K dynkmun fo € L1([0, h]; E). Jlerko BuaeTs, 4To 10CTIeI0BATEILHOCTD IPOIOJI-
wemmit {f,}°°, € LY([0,T); E) onpenenennas Kax

- falt),  0<t<h,
f"(t)_{o h<t<T,

cmabo exomuTed K byHKIum Nﬁ) € LY([0,T]; E), onpenenentoii TakuM ke obpasom. Torma 1o ycio-
Buto (S2) umeem Sf, — Sfo, u3 vero B cuity KaysajabHocTu ciaejuyer, uro Sf, — Sfo.
Brmonmenne ycnopust (S3) ans cyxenmsa S : LY([0, h); E) — C([0,h]; E) ouesummo.
Ham nonamobsites cite/iytoniye yTBep K IeHNs.

Jemma 3.0.4. [13, Theorem 4.2.2.]. Ilycmv nocaedosamenvrocms {fn}oS, C LY([0,h]; E),
h € (0,T], unmezparvno ozpanuyena u cywecmsyem dynxyus v € LY ([0,h]) makas, wmo

X({/fn (0)}521) < v(t) daa n.e. t € [0, R).
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Ecau onepamop S ydosaemsopsem ycaosusam (S1) u (§2), mo

NS Fu (B)22,) < 2D /O v(s)ds (3.0.5)

oan ecex t € [0,h], 2de D — xoncmanma us ycaosus (S1).

Huns 3anannoro h € (0,T] pacemorpum mepy HekommnakTaocTu v B npocrpancrse C([0, h]; E)
co zHaueHusMu B komyce R2. Ha orpanmuennom nogmuoxecrse (2 C C([0,h]; E) snauenus v
OIIPEJIe/IUM CJIC/IYIONUM 0OPa30M:

v(2) = R (v (D), mode (D)),

rae E(2) — ceMeHcTBO BCeX CUETHBIX MOJAMHOXKeCTB {2, modc — MOJLy/Ib DABHOCTEIIEHHON Helpe-
PBIBHOCTU U 7y — 3aTyXaIOIIUii MOIYJIb ITOCJIOMHON HEKOMIIAKTHOCTH

(D) = sup ey (D(1)).
te[0,h]

3nech koucrauTa L > 0 BpIOpaHa Tak, 4To

t
qg= sup [2D e Ht=s) (s, l)ds] <1, (3.0.6)
te[0,h] 0

rje Koucranra [ B3srta n3 yciaous (S1), a dyukimsa w — u3 yeaosus (Q93).

Jlerko Bugerh, uro MHK » monoTonna, HecuHry/isipHa U ajaredpandecKu HoayaauTuBHa. U3
TeopeMbl Apriena- ACKoJI CJieJlyeT, 9TO OHa TaK¥Ke MPABUILHASI.

Hns sapansnoro h € (0,T] pacemorpum mysbruoneparop I : Dy —o Dy onpejiesieHHbIH cOOT-
HOIIIEHUEM

[(y) = g+ So Qy[]).

Teopema 3.0.2. [Tycmv xaysasvhviti mysvmuonepamop Q : C((—oo,T); E) — L' ([0,T); E)
ydosaemesopsem yeaosuam (Q2), (Q3), xaysarvnui onepamop S : L' ([0,T); E) — C ([0,T]; E)
— yeaosuam (S1) —(83). Tozda myavmuonepamop I' asasemcea v -yniomuaouwum.

HoxkazaTeasctTso. Tak kak MHK v aBiserca anrebpamdecku moaya InTUBHON U IIpa-
BUJILHOI, JIOCTATOYHO JI0Ka3aTh yTBepzKaeHue Js Kommosuimu S o Q. s mekoroporo N C Dy,
oboznaunm N [¢)] nomvuokectso C((—oo, hl; E) onpemenennoe paBeHCTBOM

N ={y[v]: y € D}.
[Iycte ) C Dy, orpanmdeHHOE MHOXKECTBO TAKOE, UTO
v(SoQ(QY]) >v (). (3.0.7)

[Tokazkem, 910 TOTIa MHOXKECTBO () SIBJISIETCS OTHOCUTEIBHO KOMITAKTHBIM.
[Tycte makcumyMm JieBoit dactu HepaseHcrBa (3.0.7) gocTuraercss Ha CYETHOM MHOXKECTBE

D' = {s,}5°, C C([0,h]; E). Toraa

sp=8fn, [n€ Q(yn[iﬁ]), n =1,
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rae {yntnzy C Q.
Hepagencrso (3.0.7) o3nawaer, 9To

Y{SFntnzi) 2 v({yntnZr)- (3.0.8)

[Ipumensist yeaosue (Q3) u ucnosbsyst csoiictBa GyHkmu w, s .B. t € [0, h] moaydaem

X (LR et 5w @ (Pl ) = o (b (k) =

s€[0,t]

=w(t, elte=lty {ynlpgtnz)) <w (¢, elty {ynlpgtnzi)) <
<w (te"y ({yn}ntn)) S w (te™) -y ({yn}ns) -

ITo nemme 3.0.4 pst kaxxzgoro ¢ € [0, h] nmeem

USHOVE) 2D [ () sy (fnnhin) <20 [ P (s sy ({ondis) - (309

Tenreps u3 nepasemncrs (3.0.8) u (3.0.9) cremyer, aTo

t
Y({yn}sLy) < 2D S%%]/O e M (s, 1) ds -y ({yn}521) = ¢+ v ({yn}521)
te€|0,

TO €CTb
oo —
Y ({yn n:l) - 07
n cijeaoBaTeJIbHO

© ({yn[¥]i}nz1) =0

Jutst Beex t € [0, .
U3 yeaosuit (Q2), (Q3) caresyer, 4To MOCIEA0BATEIBHOCTD { fr }0° | HOJIYKOMIIAKTHA, U 3HAYHT,
o jiemMe 3.0.3, OTHOCUTEIBHO KOMIIAKTHOCTHA HOCIeA0BATe/ILHOCTL {S fr}00 ;. CiieoBaresbHo

mode({Sfntnz1) =0,
v (S o Q(QW])) - (070)7

u u3 (3.0.7) MbI HMeeM

V(Q) = (070)7

3aBepIilasd JOKa3aTeJIbCTBO. Ol

4. CymecTBoOBaHME U HENMPEPbIBHASA 3aBUCUMOCTD PEITeHUi

Haiinem ycosusi, npu Koropbix 3aada Ko (3.0.3) numeer jiokajibHbIe 1 T7I06aIbHBIE DEIIEHMS.
Haumem co cirenyromero yTBepKeHus.

Teopema 4.0.1. I[Tycmv xaysaavhoiti onepamop Q : C((—oo, T|; E) — Cv(LY([0,T]; E)) ydo-
saemeopaem ycaosuam (Q1) —(Q3), a daa aunetinozo xaysasvrozo onepamopa S : L1([0,T]; E) —
C([0,T]; E) svmoanenv, ycaosus (S1) —(S83). Toeda cywecmsyem h € (0,T] maxoe, wmo exato-
wenue (3.0.3) umeem pewenue y € Dy,.
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Hokasareuabcrtso. BossMmem nponssosnbaoe € > 0 u mycrs 7 = max {[|¢|s, [|g]lc +e}.
Ipemonoxnym, uro &, € L1 ([0,T]) apnserca dbynxiueit, coorsercrsyomeit r u3 yciaosus (Q92),
u BosbMeM h € (0,7] mocrarodHo Masioe, ISt TOrO 4TOObI

h
D/ o (t)dt < e,
0

rie D xoncranta u3 yciaosus (S1).
PaCCMOTpI/IM 3aMKHYTO€ OI'PaHUYI€HHOE BBIIIYKJIO€ MHOXKECTBO

M={yeDy:|ly—gllc <e} CDs.

[Tokazkem, aro mysibTuonepaTop I' mepeBoguT MHOXKECTBO M B cebsi.
[Iycts z € I'(y) aos y € M. Torna

2(t) = g(t) + Sf(¥), te€[0,h],
rae f € Q(y). BamernM, uro ||y[¢)]|le < 7. Ipumenss (Q2), onenum
1 Olls < 6:(6) nn s, € 0,h].

Ucnonbayst yeaosue (S1) u ror daxr, uro oneparop S siBjsieTcst JUHEHHbIM, npu Beex ¢ € [0, h]
HOJTY TUM:

t h
12(t) =gz = [ISF®)lle < D/O 1/ (s)llzds < D/O or(s)ds <e.

Takum obpasom, z € M.

W3 jmueitnoctn S u teopemsbr 3.0.1 ciemyer, uro MyJsibTuoneparop I MMeeT KOMIAKTHBIE BbI-
IIyKJIbIE 3HAYEHUs U SBJIAETCH ITH.CB., TAKXKe 13 TeopeMbl 3.0.2 ciie/lyeT, 4To OH SBJIAETCA V -yILIO-
rHsomuM. OCTajIoCch MIPUMEHUTb Teopemy 2.1.1, 4ToOBI 3aBEPIINTH TOKA3ATETBCTRO. O

Ju1st oty aeHns yeJoBHil CyIecTBOBAHNS TI00AJIBHOIO DEIIeHNsl, 3AMEHUM yCJIOBHE MHTErPaJIb-
HOlt orpanmvennocTn (Q2) Ha ciemyiomniee Goslee CUIBLHOE YCIOBHE TIOJJIMHERHOrO POCTa:
(Q2') cymecreyer dynxuua o € L ([0,7]) raxas, uro
1Q () () |lg < a(t) (L+ |lulle)  mms s t € [0, 7]
qutst Beex u € C((—o0, T E).

Teopema 4.0.2. ITycmv xaysarvnii mysvmuonepamop Q : C((—oo, T]; E)— Cu(L ([0, T); E))
ydosaemeopsem ycaosuam (Q1), (Q2'), (Q3), aunetinvi xaysarvrwti onepamop S : L([0,T]; E)
— C([0,T]; E) ydosaemsopaem ycaosuam (S1) —(S3). Toeda mmoocecmeo Ly ecex pewenuts 3a-
daru (3.0.3) A6AAEMCA HENYCTNOLM KOMNAKMHBIM NOOMHOdCECmEom Dr.

Hoxa3zaTesabcTsB o. [lokaxkeMm, 9To MHOXKECTBO BceX pemenuit y € Dy ojaHOoIIapaMeTpu-
€CKOT'0 BKJIFOUECHUST

yE€g+ASoQy[Y]), Ae€0,1] (4.0.1)

anpuopu orpanudeno. eiicrBuresnbro, eciim y € Dy yposiersopsier Briaodenuo (4.0.1), To s
kaxzoro t € [0,7] cupaBejyinBa OleHKa

HMW@SMNWE+DAHﬂ$M%7
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rae f € Qy[y]), cremosarensro, no yeaouto (Q2') BBIIOJHEHO HEPABEHCTBO

1f()lle < als)(1+ [ly[llle)-
Torma .
ly@lle < llg @)+ D/O a(s) (L+ [[y[¥]le) ds

t
< ||g||c+D/0 a(s) <1+||¢||93+ sup |y (7) ||E> ds.

T7€[0,s]

[Tocenaee BoIpaXkeHue siBjsieTcst HEYObIBaOIIEH (pyHKIMEH oT ¢, TaKuM 00pa30oM IOJIyIaeM

t
sup ly (1) || < llglle +D/ a(s) <1 +[[¥lls + sup |y (7) ||E> ds.
0<7r<t 0

T7€]0,s]

10 oznadaetr, uTo Gynknusa v(t) = sup.cq |¥(7)||g yrosrersopser onenxe

v(t) < llglle + DA+ [[¢lls) llallr + D/O a(s)v(s)ds.

[Ipumensist HepaBeHCTBO ['poHyosITa, TTOyYaeM UCKOMYIO allpUOPHYIO OTPAHUYEHHOCTD:
Dl|le]| ;1
lylle < NePllellzr,

rae N =|lglle +D 1+ [[4lls) | 21
Temeps BosbMeM R > 0 mocTaTOTIHO OOJIBIIOE, YTOOBI TAPAHTUPOBATD, ITO MHOXKECTBO

V={yeDr:|ly—glc <R} CDr

cozepzkut Bee perternst Bryrouenust (4.0.1). Torpa mynsruoneparop I' ynosnersopsier na 9V yeiio-
BUIO TeopeMbl 2.1.2 ¢ a = g. IIpuMeHeHME 3TOrO YTBEPXKJIEHUS 3aBEPIIAET JTOKA3ATETHCTBO. O

Nsyunm 3aBucHMOCTh MHOXKeCTBa perernii 3amaan (3.0.3) or HavanbHOil dbyHKImu 1) u GyHK-
mun g. Jnsg sagammoro ¢ € BC obozmadmm

DY = {y € C([0,T]; E) : y(0) = 1(0)}.

Omnpeznennm 3amxayThIe MHOKecTBa V C BC x C([0,T]; E), W C BC x C([0,T]; E) x C([0,T]; E)

COOTHOIIIEHUSIMI
V={(,9): 9 €Dy}, W={(t9,y):9€DpyeDy}
Ans nansex (1,g) € V obosHadum Xy , MHOXKECTBO Beex pernennii 3anaun (3.0.3) ma [0, T7.
Teopema 4.0.3. Ilpu svinosrerut, Yycarosuti meopemyt 4.0.2 mysvmuomobpastcerue
L:V = K(C(0,TEE)), (b,9) = Xy,

ABAAEINCA TVH.CB.



308 M. M. Kynmanakosa, E. JI. Yiabanosa

HokazaTedbcTso. Pacemorpum Myssruoneparop I : W —o C([0,T); E)

L(¢,g,y) = g+ S o Qy[¥)).

Ncnonp3ysa Te Ke apryMeHTBI, UYTO U MPH J0Ka3aTeIbcTBe TeopeMbl 3.0.1, MOyKeM IpOBEpUTDH, UTO
My.HI)TI/IOTO6pa}KeHI/Ie f ABJIACTCA 3aMKHYTBIM.
I3 reopemsr 4.0.2 ciejtyer, 4To jiis jir06oro (1, g) € V MHOKECTBO Xy g HEIYCTO H KOMIIAKTHO.
IIpejrmonokuM BOIPEKU YTBEPXKJEHUIO, YTO CyIecTByeT &g > (0 U 1ocienoBaTe/lbHOCTH

{(wn)gn)}?lozl C V? (wTL?g’fL) — (w()?gO) E V7 {yn}zo:l C C([07T]’E)7 yn 6 Ed)n,gna n Z ]-7
Un — Yo TaKwue, 9TO

Yo ¢ Ug, (21/10,90) ) (4.0.2)

rae U;, obo3Ha4aeT OTKPBITYIO £0-OKPECTHOCTb MHOYKECTBA.
Kaxnmas dysakmusa y, MoKeT ObITH IIPeICTABICHa B BUJIE

Yn(t) = gn(t) + Sfa(t), t€[0,T7,
rie fn € Qyn[tn]), n > 1. CienoBaresbHo,
Y € T(Wns Gnsyn), n > 1.
B culy 3aMKHYTOCTH MyJIBTHOTOOpazkeHHsI | BBIIOJIHEHO BKJIIOUEHHE

Yo € f(q/)(b g0, yO)v

TO eCTh
Yo € Lpg,g0>

qr0 nporusopednt (4.0.2). O

CaenctBue 4.0.1. IIpu svnoanenuu ycaosuts meopems 4.0.2 onepamop cdsuea PV — K(C)
6doav mpaexmopuu 3adavu (3.0.3), onpedeaennoni Kax

P(Mg) =€0 Ed},gy

2de e(y) = y[Y]r, asasemes nu.ce.

5. Bxkirouenusi c IMoJIyHeIIpepbIBHBIMU CHMN3Yy Kay3aJIbHbBIMUW MYJIbTHUOIIEpaTOpaMMu

Hanomuum cutepytormue nonsitust (cm., nHanpumep, [12], [13], [18], [19]).

Onpemenenue 5.0.1. Muokecrso N C LY([0,T]; E) HasblBaeTcss pasiodcumbim, ecim
JUIst Kaxk X fo, f1 € N 1 kaxoro usmepumoro nogmuoxecrsa m C [0,7] dbynknus

t = km () fo(t) + Kpo,rpm () f1(2),
rje k — XapakTepucTudeckas (PyHKIUS MHOXKeCTBa, IpuHalIe:kutT N .

CeMeficTBO BCEX HEIyCTBIX 3aMKHYTBIX pazjoxkumbix nogmuoskects L1([0,T]; E) obosnaunm
D(LY([0, T} E)).

Ham HOH&,ILO6I/ITCH cieayroiniee yrBepzKAeHrue O HEIIPEPbIBHOM CCYECHUU.
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JIemma 5.0.1. [18], [19]. IIycmv X — cenapabeavhoe mempuueckoe npocmpancmso. Tozda
Kaotcdoe nu.cH. myavmuomobpasicenue §: X — D(LY([0,T); E)) donyckaem nenpepuisroe ceuenue
f: X — LY[0,T); E), f(x) € F(x) daa mobozo x € X.

Paccmorpum 3aza4y cymecrBoBanust pernienuii Bkyrouenust (3.0.3) upu cieayroneM mpemnosio-
JKEeHUU Ha, Kay3aJibHbIH orepaTrop Q :

(Q1) wmymbruonepatop Q : C((—oo,T]; E) — D(L'([0,T]; E)) siBnstiercs mH.cH.

Ouesuno, uro s xaxgoro h € (0,T], cyxenme Q : C((—oo,T]; E) — D(L'([0,h]; E))
COXpaHdAeT TO K€ CBOMCTBO.

o memme 5.0.1 Q momyckaer HenpepwisHoe ceverne q : C((—oo, T); E) — LY([0, h]; E). Takum
006pa3oM, cooTBeTCTBYIONHNI MyabTronepaTop I : Dy —o Dy,

[(y) = g+ So Ay,

UMeeT HelpepbiBHOe ceuenue v : Dy — Dy Buma

Y(y) = g+ S oqy[y]).

dcuo, uro ¢ ynosiersopsieT yciaosuio (Q2).
N3 monoronnoct MHK Xaycnopda ciemyer

x(q(A)(1)) < x(Q(A) (1))

JUIst KazKJoro orpanndentoro muoxecrsa A C C((—oo, T]; E) u t € [0, h], u ciaemgoBaresibHO yciio-
Bue (Q3) rakxe Hacuemyercs g. Ho rorga uz teopemsl 3.0.2 BbITEKAET CIIEYIONIEE YTBEPIK ICHHE.

Teopema 5.0.1. [Tycmn xayzasvnvidi myavmuonepamop Q : C((—oo, T); E) — D(LY([0, h]; E))
ydosaemeopaem yeaosuam (Qr), (Q2) u (Q3), waysasvnvii onepamop S: L1([0,h] — C([0, h]; E)
ydosaemesopsem ycaosuam (S1) —(83). Tozda onepamop T' asasemes v -ynaomusousum.

Temnepn MbI MO2KkeM cpopmyaupoBaTh aHajgoru Teopem 4.0.1 u 4.0.2, KoTopbie MOT'YT OBITH JTOKa-
3aHbI C UCIIOJIb30BaAHUEM <«OIHO3HAYHBIX» Bepcuii TeopeMm 2.1.1 u 2.1.2.

Teopema 5.0.2. ITycmov xaysarvnvid myavmuonepamop Q : C((—oo, T); E) — D(LY([0,T]; E))
ydosaemesopsem ycaosuam (Qr), (92) u (93), aunetinvd xaysasvnvidi onepamop S : LY([0,T); E)
— C([0,T]; E) ydosaemeopaem ycaosuam (S1)—(S3). Tozda cywecmeyem h € (0,T] marod, wmo
3adava (3.0.3) umeem pewenue y € Dy,

Teopema 5.0.3. ITycmv xaysasvnnid myavmuonepamop Q : C((—oo, T); E) — D(LY([0,T]; E))
ydosaemeopaem yeaosuam (Qr), (Q2'), (Q3), aunetinwitl kaysasvnvii onepamop S : L1([0,T); E)
— C([0,T]; E) ydosaemeopsem ycaosusm (S1)—(S83). Tozda cywecmeyem pewernue y € Dy 3a-
davu (3.0.3).
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6. duddepeHuuanbHbie 1 MHTErpo-auddepeHmaIbHble BKIIOYCHNST
c 6eCKOHEeYHBIM 3alla3bIBAaHUEM

6.1. TIlomynuneitable nuddepeHTNATbHBbIE BKIIIOYEHUS

Paccmorpum cnenyrormtyio 3amaay Komu B 6anaxoBoMm npoctpancTse F :
y' (1) € Ay () + F(t,y), t€(0,dl; (6.1.1)

y(t)=v¢(t), te(—o0,0]. (6.1.2)

e ¢ € BC — 3amanHass HadaabHasT (DYHKITHAS.
IIpeanoaoKuM, 9TO BBITOJIHEHO YCIOBHE
(A) A:D(A) C E — E — 3aMKHYyTHIIl JHHEHHBINH oneparop, nopoxkaaomuii Cp -0y TpyIILy
OrPAHMYEHHBIX JIMHEHBIX ormepaTopos {edt};>q.

Mynbrunorobpazkenne F : [0, T]xBC — Kv(FE) ynosiaersopsier ycaosusam (F'1)— (F'3) npumepa
2.3.1 u ciremyromeMy YCJIOBUIO X -PETyJIsIpHOCTH:

F4) cymectByer dyuknus wr : [0,T] x Ry — R, ynoemerBopsifommast ycaopusMm (wl) — (w3) u
Y Y y + + ¥ y
Takas, 9TO I KaXKJI0r0 HEIlyCTOr0 OIPaHMYeHHOTo MHOXKecTBa {2 C BC BBIOJIHEHO

X (F (t,9Q)) <wp (t,¢ () muga ws. t € [0,T].

B coorercrBun ¢ [13], ckaxewm, uro y € C((—o0,h]; E), 0 < h < T gBisercs unmezpaibHvim
pewenuem 3adavwy (6.1.1)—(6.1.2), ecam oHO IPeJCTABIMO B BHJIE:

eAt EeA(t=9) £(5)ds
J(0) :{ w(t;p?(o)jtfot ’ (—oi(o]),d , te[0,hl, fePryly)), (6.1.3)

rjae Pp — CyNneprosuIuOHHBIA MyJILTHONEPATOD, OlpeeeHHbii B (2.3.1).

Tor daxt, 9To cyneprnosunuonbiii MyabTuoneparop Pr : €((—oo, T|; E) — LY([0,T]; E) yuo-
BJeTBOpsieT yciosuio (Q1) moxker 6bITh nposepet 110 |13, Jlemma 5.1.1]. Yenosus (Q2) n (Q3) mis
Pr memesyenno caenyior u3 (F3) u (F4), coorBercrsenHo. [Ipunnmvast Bo Buumanue jgemmy 3.0.1,
MBI MOXKEM paccMoTperh orHorenne (6.1.3) Kak 9acTHbI caydail GyHKIMOHAIBLHOIO BKJIIOUEHUST
(3.0.3), tme Q@ =Pp; S=L — oneparop Komm u g(t) = eA4)(0).

Kaxk npssmbre cienctust Teopem 4.0.1 u 4.0.2 moryamM ciieAyoIue pe3yIbTaThl, KOTOpble 0600-
mator [13, Teopemsr 5.2.1 u 5.2.2.

Teopema 6.1.1. IIpu swnoanenuu ycaosut (A) u (F1)—(F4) cywecmsyem h € (0,T] ma-
Koe, wmo 3adaua (6.1.1)—(6.1.2) umeem unmeepaavroe pewenue wa [0, h].

Teopema 6.1.2. I[Tycmob evinoaneno, ycaosua (A), (F1), (F2), (F4) u ycaosue

(F3) cywecmeyem gynryua o € L1 ([0,T]) maxas, wmo das xastcdozo ¢ € BE

|F(t, o)l <o)+ |c|ls) 0aan.es. tel0,T].

Toz0a mroocecmso unmezpasohux pewenut 3adawy (6.1.1)~(6.1.2) — nenycmoe xomnaxmmoe noo-
mnoorcecmeo npocmpancmea C((—oo, T|; E).
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Tenepb 1peosIoKnuM, 9ro MHOro3Ha4uHas Hesauneiinocrs F : [0,7] x BC — K(FE) ymnosierso-
psiet ycsosuio moutn nH.cH. (Fp) Bmecro yemosuit Kapareomopu (F1) u (F2). B sroit curyanun
u3BecTHO (CM., Hanpumep, [13], [17]), uro cynepnosunuonnsiii MmyabTronepaTop Ppr nUMeeT 3aMKHY-
ThIe PA3JIOKUMbIE 3HAUEHUS U SIBJIAeTCA TH.CH. Tormga u3 Teopem 5.0.2 u 5.0.3 BBITEKAET CJIeIYIOIIIe
TEOPEMBI CyIECTBOBAHMSI.

Teopema 6.1.3. IIpu swnoanenuu yeaosut (A), (FL), (F3), (F4) cywecmeyem unmezpans-
noe pewenue 3adavu (6.1.1)~(6.1.2) na nexomopom unmepsane [0,h], 0 < h <T.

Teopema 6.1.4. IIpu swnoanernuu yeaosut (A), (Fr), (F3'), (F4) cywecmsyem urnmezpano-
noe pewenue 3adavu (6.1.1)~(6.1.2) na unmepsane (—oo,T].

6.2. MHWurerpo-auddepeHiuaiabibie BKIOUYeHUs1 BosibTeppbl
Paccmorpum ciejyroriyio 3aj1a4y B 6aHaxoBOM IpocTpaHcTBe E :

t
y'(t) € m(t) +/ K(t,s)F(s,ys)ds, t€10,77, (6.2.1)
0
¢ HAYAJIBHBIM YCJIOBHEM
y(t) = ¥(t), t € (—o0,0]. (6.2.2)

[Tycrs mysbrrorobpazkenue F @ [0,T] x BC — Kv(FE) ynosiersopsier yciosusM (F1)—(F4),
{K(t,s) :0<s<t<T} — HenpepbIBHOE CeMelCTBO OrPAHUYIEHHBIX JHHEHHBIX OIEPATOPOB B F,
m € LY([0,T); E) — sanannaa dbynxuus u ¢ € BC — 3a1annas HauagbHasg DyHKIIA.

JIJ1st TPOCTOTBI TIPEJIIIOIOKUM, ITO IIPOCTPAHCTBO F siBjsieTcst cenapabesibHbIM, 1 ONPAHUIMMCS
TOJIBKO JIOKAJIBHBIM PE3YJIHTATOM.

Urak, nox peweruem s3adauu (6.2.1)—(6.2.2) na unrepsase [0,h], 0 < h < T Gyjaem HoHUMATH
dbyukuuio y € C([0, hl; E), umerorniyto cjemayrommii Bu;:

t
y(t) = ¥(0) —|—/0 z(s)ds, te[0,h],
rie .
2(t) = m(t) + / K(t,s)f(s)ds,  f € Pr(yld]).
0

PaccmorpuM nHTerpasbublil Mysbruoneparop Bosbreppbl G, onpezesenHsiil B (2.3.2), Kak Ka-
y3aJIbHbII MyJsibTHOIEpaTop Q.

Jlemma 6.2.1. Unmeeparvruili myasvmuonepamop Boavmeppor G ydosaemeopsaem ycaosusm

(Q1) ~(Q3).

HoxaszaTenbcTBo.
(a) OueBuHO, YTO JOCTATOYHO POBEPUTH yciaosue (Q1) it KOMIO3UIH

J 0 Pp : C((—00, T]; E) — C([0,T]; E) — L'([0,T]; E),

rme J ompeeseH KaK MHTEIPAJILHBIN OIepaTop

Jf(t)z/o K(t,s)f(s)ds.
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Hpeanosnozkum, uro {2,150, C C((—o0, T, E), {jn}>2, € LY([0, T E), jn € J o Pr(xy,),
n>1 x, = xo, u j, — jo. Paccmorpum nocienosaresbHoctsb {fn 100, fn € Pp(zy), n>1
Takyo, 9ro j, = J(fn), n > 1. Ilo ycaosusm (F'3) u (F4), u3 cXOAUMOCTH HOCJIEJI0BATEILHOCTH
{zn}72, caemyer, 9410 MOCIEAOBATEIBHOCTD { fir }0° | SIBJISETCS IIOMYKOMIAKTHOI I 3HAYHT, IO JIEM-
Me 3.0.2 siBsieTcst ¢1abo KoMnakTHOI. [ToaroMy 6e3 orpanndenust OOITHOCTH MOXKEM IIPEJIIONIOKHITh,
aro fr, — fo € Pr(zo).

C npyroit CTOpOHBI, JTMHEWHBI HelpepbIBHBIN orrepaTop J TaKKe sIBJISIETCsS] HEIPEPHIBHBIM B
cyraboit Tonosiornu, TakuM obpazom umeeM jo = J(fp), 910 03HaUaeT, uro jo € Pr(xo).

(6) Yeaopue (F'3) osmauaer, uro st Kaxioro r > 0 cymecrsyer dbynkuust 7, € LY ([0,7])
Takast, 910 st Jiro6oit dyukunn x € C((—oo,T); E) u3 nepasencrsa ||z|le < r ciexyer, 4ro

IfOlle <ne(t) mrs s, t€[0,7T].

Ho torma, obozunagas
M = max{||K(t,s)|| : 0< s <t <T},

MBI IMeeM

1G(@) D < Im@®)]e + M/O nr(8)ds := 6, (t).

(B) Iycte A C C((—o00,T]; E) Hemycroe orpaHudeHHOE MOAMHOXKeCTBO. COIIACHO YCJIOBHIO
(F4), nns kaxgoro t € [0,T] n .. s € [0,t] umeem

X(K (tv S)F(S7AS)) < Mx (F (SvAS)) < Mwp (va(As))'

[Tpumensist TeopeMy 0 X -OlleHKe MHOro3Ha4HOrO MHTerpasa [13, Theorem 4.2.3], noaygyaem

G o) <x( [ KEIF a0 ds) <

t t
< M/ wr (s, pe (A))ds < M/ wr(s,1)ds - e (A).
0 0
OueBu o, uTo byHKIUS

t
w(t,z) = M/ wr(s,)ds -z
0

yaossieTBopsieT yeaoBusaM (wl) —(w3) u3 (Q3) wu, cienoBaresbHO, it G BBIIOJHEHO MIPEJIIOJIO-
xkenne (Q3). O

Jokazannasa jemma, JeMmma 3.0.1 u Teopema 4.0.1 TpuBOIAT K CIEAYIOMEMY yTBEPKIEHUIO.

Teopema 6.2.1. [Ipu svauenpusedernux npednosodicenuar, 3adaua (6.2.1)—(6.2.2) umeem pe-
wenue na wexkomopom unmepsase (—oo,hl, 0 < h <T.
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Cartan—Hartogs domains (see definition below) are in general non homogeneous, but
their automorphism group acts transitively on the real hypersurfaces of a one parameter
family. The exact automorphism group has been determined by Ahn Heungju, Byun Jisoo,
Park Jong-do [1] when the base € of the Cartan-Hartogs domain is a bounded symmetric
domain of classical type. Their method, using the Wong—Rosay theorem, may be extended
to the case where the base 2 is any bounded symmetric domain. The result holds also for



BERGMAN-HARTOGS DOMAINS AND THEIR AUTOMORPHISMS 317

“Bergman—Hartogs domains” which are defined in the same way as Cartan—Hartogs domains,
with a base 2 which is a general bounded homogeneous domain.

1. Definitions and notations

1.1. Bergman kernel. Let () be a bounded domain in a complex space V  of
dimension d. Let V be oriented by a translation invariant volume form w. Let

H(Q) = {f € 0 | Ifllg = /Q ()] w(z) < +OO}

be the Bergman space of 2. Then H(f2), with the scalar product

(1] v)q = / u(z) () w(2)

is a Hilbert space of holomorphic functions (that is, H(2) is a Hilbert space and the inclusion
H(Q) — O(R) is continuous). For z € 2, let Kq, € H(Q) such that

f(z)=(f] Kﬂ,z)ﬂ

for all f € H(Q). The Bergman kernel of € is the reproducing kernel

K(z,t) = Ko(z,t) = Ko (1)

of H(2). Denote
K(2) = Ka(2) = Ka(z,2) = || Ka.llq

(which is also called Bergman kernel of ).
If g:Q — Q is a holomorphic automorphism of €2, then

where Jg(z) is the complex Jacobian of ¢ at z.

1.2. Cartan domains. Let ) be an wrreducible complex symmetric domain of non compact
type (“Cartan domain”), realized as the spectral unit ball of a simple Hermitian positive
Jordan triple V.

We denote by (a, b, r) the numerical invariants of V; by ~ the genus of V:
v =2+a(r—1)+b and by N(z,y) the generic norm of V (which is an irreducible
polynomial of bidegree (r,7)).

The Bergman kernel of €2 is then

]CQ(Z) = ’CQ(O)N(Z, 2)77.
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1.3. Cartan—Hartogs domains.

Definition 1. For a real number p > 0 and an integer N > 0, let Q be the
Hartogs type domain defined by

Q=Q(u,N):i={(2,2) e Ox CV | | 2| < N(z,2)"} .
The domain Q(u, N) is called Cartan-Hartogs domain.

Cartan-Hartogs domains have been introduced by Weiping Yin and G. Roos in 1998.
They generalize various domains like complex ellipsoids (Thullen domains).

1.4. Bergman—Hartogs domains. Let {2 be a bounded complex domain. Let ¢ > 0 be a
positive real number and N > 0 an integer.

Definition 2. The Bergman-Hartogs domain Q(c, N) is
Qe, N) = {(2,2) e A x CV | | Z|” < Kal2)"¢},
where CV is endowed with the standard Hermitian structure.

The Cartan-Hartogs domain (NZ(,LL,N ) is linearly equivalent to the Bergman—Hartogs
domain:

Qu, N) = Q(u/v, N).

1.5. Example: Thullen domains. Let V' = C" be the standard Hermitian vector space,
with scalar product (2 [t) = "_, z;t; and Hermitian norm 121> = (2] 2).

The associated symmetric domain is the Hermitian unit ball 2 = B,, of V. The genus
of 2 is g =n+ 1. The generic norm is

Nz t)=1—(z]t).
The Cartan-Hartogs domain Q(y, N) is then

O N) = {(.2) € VX C | |2 + 12" < 1}
These domains are called Thullen domains and also known as complex ellipsoids, or complex
ovals, or eqg domains. N

Let © = B,, be the Hermitian unit ball of V' = C". For p =1, Q(u, N) is the Hermitian
unit ball B,y of C* and is homogeneous.

Proposition 1. The Thullen domain ﬁ(,u, N) is biholomorphic to B,y if and
only if w=1.

Proof. Let f: B,y — ﬁ(,u, N) be a biholomorphism. By composing f with a suitable
automorphism of B,y , we may assume that f(0) = 0. As B,y is a bounded circled
domain and @(,u, N) is bounded, a lemma of H. Cartan implies that f is linear. It is then
easy to check that the image of the boundary of B, x by f is the boundary of ﬁ(u, N) if
and only if u=1. O
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2. Boundary and automorphisms

2.1. Strictly pseudoconvex boundary points. Let (2 be a bounded complex domain.
Let ¢ > 0 be a positive real number and N > 0 an integer. Let X : Q x CY — (0, 4+00)
be defined by

X(2,2) = Ka(2)°|1 2|

Proposition 2. The points of
8 Qe, N) == {(2,2) e A x CV | | Z)* = Ka(2)~}
are strictly pseudoconvex boundary points of f\l(c7 N).

This property has been noticed by Ahn Heungju, Byun Jisoo, Park Jong-do [1] when
Q) is a bounded symmetric domain of classical type, and proved by them case-by-case for
symmetric domains of classical type.

Proof. Consider the function

InX(z,2Z) =clnKq(z) + In || Z]|]*.
Its Levi form at (z,7) is

E(Z,Z)((wla W1)7 (w2, W2)) = a(wl,wl)g(wQ,Wg) In X(Z, Z)
= Dy, 0wy In K (2) + 0w, O, In || Z]7.

Then Oy, 0w, In Kq(z) is the Bergman metric h,(w;,w;) of Q at z and

_ ZIPIWI? = (W | 2)
O By 1MHZHQZII 17l ”||Z||4|( | Z)| '

~

The complex tangent hyperplane H, ) to 9yQ(c, N) = {ln X(z,Z) =0} at (2,72) is

He.z = {(w,W) | c(0InKq(z),w) + <I/|I|/Z’”22) = 0}.

For (’LU,W) € H(Z’Z),

IZIF W I* — W | 2)°
1z))*

Lz (w, W), (w,W)) = h(w,w) + > 0.

If Lioz((w,W),(w,W))=0, then w =0, which implies (W | Z) =0, hence
Lz ((w, W), (w, W) =|Z||?|W|* and W =0. 0

2.2. Automorphisms of Cartan—Hartogs domains. Let () be a bounded irreducible
circled symmetric domain in V', with generic norm N, genus v and Bergman kernel K(z,t).
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Let Q be the Cartan Hartogs domain (p>0, N>1)
Q=Q(u,N)={(2,2) € Qx C™ | | Z|]* < N(z,2)"} .
Define X : Q — [0,1)
[
N(z,z)»

2.2.1. Boundary of Cartan—Hartogs domains. The boundary of the Cartan domain €2 is a
disjoint union of locally closed manifolds

X(z,7) =

J=1

The boundary of the Cartan-Hartogs domain Q = @(,u, N) is

A0 = 9y QL (99 x {0}) IIaQ

with
02 ={(2,.2) € @ x C¥ | |Z]* = N(=,2)"},
00=0;2%x{0} (1<j<r).

The points of 805 are strictly pseudoconvex boundary points.

2.2.2. Restricted automorphisms of Cartan—Hartogs domains. Denote by Aut/ Q the subgroup
of automorphisms of 2 which leave X invariant.

Proposition 3. The group Aut'Q consists of all U : (z,Z) = (®(2),¥(2)U(Z)),
where ® € AutQ , U : OV — CN s special unitary and 1 satisfies

s [(N(®z,02)\"
el = (YN
For ® € AutQ, let zy = ®71(0); then the functions v satisfying this condition are the

functions
oz = o0 N (020"
N (z,2)"

The orbits of Aut'Q are the level sets Sy = {X =X | A€ [0,1)}.
See [3].

2.2.3. The automorphism group of a Cartan—Hartogs domain. The following result is proved
by Ahn Heungju, Byun Jisoo, Park Jong-do [1] when Q is a symmetric domain of classical

type.
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Theorem 1. (1) The Cartan—Hartogs domain Q(M,N) 1s homogeneous if and only if
Q is of type 11, (that is, an Hermitian ball of dimension n ) and = 1. Then Q(1,N) is
symmetric of type I pim -
(2) If Q= @m(,u) is not homogeneous, then Aut Q = Aut’ Q.

The proof relies on the Wong—Rosay theorem:

Theorem. [2| Let D be a bounded complex domain and & a strictly pseudoconvex
C? boundary point of D . If there exist an interior point x € D and a sequence (T}) of
holomorphic automorphisms of D, such that Ty(x) — &, then D is biholomorphic to an
Hermitian ball.

The proof of Ahn—Byun—Park relies on the strict pseudoconvexity of aoﬁ(u, N), so this
proof is valid for any irreducible symmetric domain 2.
Proof. Let

® € Aut Q(y, N),
zj € 0 — C € 0f2.

There exist

g; € AutQ such that g;(0) = z;,
g; € Aut Q(u, N) such that g;(0,0) = (z,0).
Then N
((I)(Zj70>> = (T’J(O70>>7 T’J :q)ogj GAUtQ(,u,N).

The main steps of the proof are then

e If (2;) has a subsequence such that (®(z;,0)) converges to a point &y € 8oy, N
then Q(u, N) is biholomorphic to an Hermitian ball by the Wong—Rosay theorem.

° Q(u, N) is biholomorphic to an Hermitian ball if and only if € is an Hermitian ball
and u=1.

o If Q(u,N) is not an Hermitian ball, then ®(Q x {0}) = Q x {0} for all

O € Aut Q(u, N).
o Let & € AutQ(u, N). If ®(Q x {0}) = Q x {0}, then ® € Aut’ Q(u, N). O

2.3. Bergman—Hartogs domains. From now on, we assume that €2 is a bounded homoge-
neous domain. Let G denote its automorphism group.

2.3.1. Restricted automorphisms. For g € G, let g € Aut Q(C, N) be defined by

9(2,Z) = (92, Jg(2)°Z) .
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Note that the function z — Jg(z)¢ is in general not unique and is defined up to multiplication

by

a power of exp (2imc). The group

G=1{7|3(x2) = (g2, J9(2)°Z), g € G}

is a covering of G and a subgroup of Aut ﬁ(c, N).

Definition 3. The restricted automorphism group of Q(c, N) is

Aut’ Q(c, N) = {cb e Aut Q(c, N) | Xod = X},

where X(z,2) := Ka(2)¢ || Z]°.

Proposition 4. Let ® € Aut Q(c, N) . The following properties are equivalent:
1. ® e Aut’ Q(c,N);
2. d(Q2 x{0}) =Q x {0},

3. there exist g € G and U € U(N) such that ®(z,7) = (g2, Jg(2)°UZ) .

2.3.2. The automorphism group of a Bergman—Hartogs domain.

if

Theorem 2. (1) The Bergman—Hartogs domain Q(C, N) is homogeneous if and only
. Then f\l( ,N) 18 an

Q is an Hermitian ball of dimension n and ¢ =

n-+1 n+1

Hermitian ball of dimension n+ N .

(2) In all other cases, Aut Q(c, N) = Aut’ Q(c, N) .

The main steps of the proof are the same than for Cartan-Hartogs domains:

~

e If (z;) has a subsequence such that (®(z;,0)) converges to a point & € dyQ(c, N),
then Q(c, N) is biholomorphic to an Hermitian ball by the Wong—Rosay theorem.

° Q(c, N) is biholomorphic to an Hermitian ball if and only if € is an Hermitian ball

and ¢ = .
n+1

~

o If Q(c¢,N) is not an Hermitian ball, then ®(Q2 x {0}) = Q x {0} for all
® € Aut Q(c,N).

o Let ® € Aut Q(c, N). If (2 x {0}) = Q x {0}, then ® € Aut’ Q(c, N). O
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Awnnoranmusa. B 6anaxoBoMm npocTpaHcTBe F  paccMaTpUBAaIOTCs OlEpaTOPHbBbIE (DYHKIMH
e, sin B, cos B OIepaTopHOro apryMeHTa n3 GaHaxoBoil aareGpbl OrpaHIYEHHbBIX JIHHEl-
HBIX OIIEPATOPOB, JelicTByomux u3 F B E . [yt TpUroHOMeTpriecKux OnepaTopHbIX (OyHK-
nmit sin B, cos B BbIBOjATCsT (DOPMYJIBI JJIsi CHHYCA U KOCHHYCa CYMMbI apI'yMEHTOB, aHa-
JIOTUYHBIE CKAJISIPHOMY ciiydaro. IIpu jokazareabeTBe 5TUX (DOPMYJT UCIOTB3YETCs TPOU3Be-
JieHne PsIoB ¢ oneparopubiMu wienamu B ¢opme Kommu. [IpuBoanres ocHoBHOE omepaTop-
HOEe TPUTOHOMETPUYECKOE TOXKIECTBO. J[JIsT KOMIIJIEKCHOI OIepaTopHO IKCIIOHEHIINAILHOM
dbyukmun e?
POB JTIOKA3BIBAETCS C TOMOIIBIO (GOPMYIT JJIs KOCHHYCa U CHHYCA CYMMBI OCHOBHOE CBOHCTBO

OIIEPATOPHOrO apryMeHTa / u3 0AHAXOBOH aaredbpbl KOMILIEKCHBIX OIEepaTO-

rokKazareJsibHOI (hyHKIMU. PaccMarpuBatoTcs: oneparopHble hyHKIIAN et sin Bt, cosBt,
e?t neiicreuresnbHOTO aprymenta t € (—00,00) . Ha atu dbyHKINM neperocstes GhakTh, 3-
JIO2KEHHBIE [JTs1 OIEPATOPHBIX (PYHKIINAN OIEPATOPHOTO apryMeHnTa. B 4acTHOCTH, TPUBOIUTCS
IPYIIIOBOE CBOHCTBO OIEPATOPHON SKCIOHEHTHI eZ! . YKazwiBaeTcs mpasmio auddepenim-
posanus dynkiuu eZ! . OTMedaeTcs, UTO IIePEUNCICHHBIE BhINIE ONEPATOPHbIE (ByHKIINNA
JEeMCTBUTEHLHOTO apryMeHTa ¢ HCIOIb3YIOTCS IIPU IOCTPOEHUH OOIIEro peleHus: JuHeHHO-
ro guddepeHnnaabHOr0 YpaBHEHUsT 1 -TO TMOPSIIKA € MOCTOSHHBIMI OTPDAHMYIEHHBIME OIlEPa-
TOpHBIMU KO3 duiimenTaMu B 6aHAXOBOM IIPOCTPAHCTBE
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PaTOPHOI SKCIIOHEHIINAIBHOM (DYHKINN; IPOU3BEIEHIE OIIEPATOPHBIX PsA/10B B (hopme Koy,
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A4 sin B, cos B of the operator argument from the Banach

Abstract. Operator functions e
algebra of bounded linear operators acting from F to E are considered in the Banach space
FE . For trigonometric operator functions sin B, cos B, formulas for the sine and cosine of
the sum of the arguments are derived that are similar to the scalar case. In the proof of these
formulas, the composition of ranges with operator terms in the form of Cauchy is used. The
basic operator trigonometric identity is given. For a complex operator exponential function
e? of an operator argument Z from the Banach algebra of complex operators, using the
formulas for the cosine and sine of the sum, the main property of the exponential function
is proved. Operator functions e4?, sin Bt, cos Bt, e?' of a real argument t € (—o00,00)
are considered. The facts stated for the operator functions of the operator argument are
transferred to these functions. In particular, the group property of the operator exponent
et is given. The rule of differentiation of the function e?! is indicated. It is noted that
the operator functions of the real argument ¢ listed above are used in constructing a
general solution of a linear n th order differential equation with constant bounded operator
coeflicients in a Banach space

Keywords: Banach space; Banach algebra; exponential operator function; trigonometric
operator functions; exponential operator function main property; the composition of operator
ranges in the form of Cauchy; basic operator trigonometric identity

For citation: Fomin V.I. Ob osnovnom svoystve kompleksnoy operatornoy eksponencial’noy
funkcii kompleksnogo operatornogo argumenta [About a complex operator exponential
function of a complex operator argument main property|. Vestnik rossiyskikh universitetov.
Matematika — Russian Universities Reports. Mathematics, 2019, vol. 24, no. 127, pp. 324—
332. DOI 10.20310/2686-9667-2019-24-127-324-332. (In Russian, Abstr. in Engl.)

Bsenenne

UssectHo [1-4], aro npu mocTpoernu obIIero perterns JuHeiinoro audQepeHnuaTsHoro
YPaBHEHUS 7 -TO TOPSAIKA C MOCTOSHHBIMU OTPAHUYIEHHBIMU OMEPATOPHBIMU KO3 DUITIEH-
TamMu B 0AHAXOBOM IIPOCTPAHCTBE UCIIOJIb3YIOTCS SKCIIOHCHITAIbHAS U TPUTOHOMETPUYICCKIE
oriepaTopHble (DYHKIIUN JIEHCTBUTEIHLHOIO apryMeHTa, CBOMCTBA KOTOPBIX CJIEIYIOT U3 COOT-
BETCTBYIONNX CBOMCTB KOMILIEKCHO ONEepaTOPHOIl 9KCIOHeHIMAIbLHONH ByHKImn e KoM-
IIJIEKCHOT'O OIIEPaTOPHOrO apryMeHTa /. B ¢BfA3M ¢ 9THM akTyasjbHa 3ajada JIeTaJbHOTrO
usydenusa csoiicts dbynknuu e? . B nannoit pabore mpejiaraeTca J0Ka3aTelbecTBO OCHOBHO-

L1422 — %122 ycnosp3yiomee TOT AKT, YTO

ro CBOHCTBa YKCIOHEHIMAIBHON (DyHKIUU: €
CyMMa pPsjia, ABJISIONIEr0Cd MMPON3BEJIEHNEM JIBYX aOCOTIOTHO CXOMAIIUXCS PAJIOB C Olepa-

TOPHBIMU YJIeHaMHU, paBHa IIPOU3BECIACHUIO CYMM II€PEMHOXKACMDBIX DAJIOB.

1. OcHOBHBIC ITOHSITUS

[Iycrs E — 6anaxoBo npocrpanctBo; L(FE) — 6anaxoBa aarebpa orpaHUYeHHBIX JIHHET-
HBIX OIIEPaTOPOB, JeiicTBytonmux u3 F B E. B nendgax scHoctn gajibHERINEro n3/I0KeHns Mar-
o

TepuaJa 6yeM 0b03HAUYATH CyMMY cxojsinerocs paaa »  F,, tne F, € L(E), n € NU{0},

n=0

BoipakenneM (s) > F,. Paccmorpum dyuknun f, g, h @ L(F) — L(F), onpejeisemble

n=0
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cyMMaMu abCOJIIOTHO CXOAANUXCH psiios [, ¢. 127, ¢. 132]:

[e.e] An
_ A

S =t =& T (1)

B B o0 (_1>nB2n+1
g(B) =sinB (s); CESIE (1.2)
h(B) = cos B = (S)nzzo o (1.3)

Bamernm, uro € =1, sinO = O, cosO = I, Kpome TorO,
sin(—B) = —sin B, cos(—B) =cosB, VB € L(E). (1.4)

Ussecrro [6, c. 41|, aro npu awbbix Aj, Ay € L(FE), yJI0BJIETBOPSIONUX YCIOBUIO
A1 Ay = AsAy, nuig onepaTopHOl SKCIOHeHIaIbHol dyrkuu (1.1) cupaBeyinBo paBeH-

CTBO

6A1+A2 Aq

= et . ez, (1.5)

B janbheiiniem HaM norpebyroTcst JBa COOTHOIIEHUS /ISl OIIEPATOPHBIX TPUTOHOMETPH-
geckux byukrmit (1.2), (1.3).

Jlemma 1.1. Jlas mobwxr By, By € L(E), ydosiemeoparouur yciroeuro

B,B, = B,B,, (1.6)

CNPasedAuBs, Hopmyavl
sin(B; 4+ Bs) = sin By cos By + cos By sin By, (1.7)
cos(B1 + By) = cos By cos By — sin By sin By. (1.8)

Hoxkaszatrennctso. [Tokaxem crupasempocth paserctsa (1.7) (dopmymna (1.8)
JIOKa3bIBAETCSA AHAJOTUIHO). PaceMOTpuM psJl, CyMMa KOTOPOTO OIPEJIE/ISeT JEeBYIO 9acTh

dbopmyssr (1.7):

i (_1)n(B1 + B2)2n+1 (1 9)
— (2n + 1)!
B cuy ycnosus (1.6) moxkuo npumenuTs 6uHom Hbrorona:
2n+1 N
(By+ By = 37 5, B"'°Bs =
s=0 (110)

n n
_ o%  2n—2k+1 2k U+1 2n—2k H2k-+1
=> 05 B B+ > Cy i By By
=0 }=0
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3ameTnm, 9TO
1 ok 1

(2n + 1)!02”+1 T (2n =2k + DK

1 1
2kl — (1.12)

(2n + 1)!02"+1 ©(2n - 2K)!(2k + 1)

(1.11)

B cuny coornomenwmit (1.9)-(1.12)

0 0 n _ n _
Bl+32)2n+1 B2n 2k+1B§k B%n ZkBQk-l-l

Z (2n+1)! => (-1 kz:%(%i%ﬂ)!(%)ﬁ; (2n—2k)!(22k+1)! . (1.13)

n= n=0

PacemorpuM psijibl, MOpoKaatoline mpaByo 9acTb paBeHcTBa (1.7):

nB2n+1 00 BQn

:Z 2n+1)! 7 Zo ’

oo
BQn+l

0 BZn
:Z 2n ’ Z 2n+1

n=0

Ucnonw3ys npousseienue psjioB B popme Korru, momydaem:

( 1)1321—1—1

o0 _ 2 B2k
P@:%(Z 2+ 1) )

l4+k=n

(—1)! B%l sz+1
(21)! 2k + 1)!

rr-3o (3

n=0 \l+k=n

Z(Qn—2k+1

W )
)

00 ( 00 B2n 2k+1 BQk

o8} n B%n_2kB§k+1
PP, = 1" )
sPi=D (-1) kzzo(zn—zk)!(zml)!

Torma

o 0 B%n72k+lB22k n B%n72kB22k+1
PP+ P3P, = —-1)" 1.14
ok PiPi= ) (—1) ;(2n—2k+1)!(2k)! * < (2n — 2k)!(2k + 1) (1.14)

n=0 k=

U3 coorromenwmit (1.13), (1.14) cremyer paBeHCTBO

e B1 + B2)2n+1
Z Y = PP, + P;P,.

n=0
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Torna B cuty TOro, 4To CyMMa psjia, SBJILAIONIErOCHd ITPOU3BEICHUEM JIBYX aOCOJIIOTHO
CXOJIATINXCS PSJIOB, PaBHA ITPOU3BEIEHUIO CYMM IIEPEMHOYXKAEMBIX PSIJIOB, TTOJIYYaeM:

B B (Bt (S (1) B
Z (2n +1)! - ( Z Zn—l— > <(S>ZO (2n)! >+

n=0 n= n—

BQn o B2n+1
( — 2n )( ; 2n+1 )’

T. e. B cuiry pasencts (1.2), (1.3) sin(By + Bs) = sin B cos By + cos By sin Bs. O
B cuny pasencrs (1.7), (1.8)

Mg

sin2B = 2sin Bcos B; cos2B = cos® B — sin® B.

U3 coornomenwuit (1.4), (1.7), (1.8) momyzaem dhopmyiist

sin(B; — By) = sin By cos By — cos Bj sin By;

cos(By — By) = cos By cos By + sin By sin Bs.

Tem ke criocoboM, KAaKUM ycTaHOBJIEHbI cooTHomenust (1.7), (1.8), JoKasbiBaroTCs Apyrie
OpPMyJIBI OLIEPATOPHON TPUTOHOMETPUH, HAIIPEMED, OCHOBHOE OIIePATOPHOE TPUTOHOMETPHU-

YeCKOe TOXKJIeCTBO

sin® B+cos’B=1, VB e L(E). (1.15)
MozkHO BBeCTH MOHATHUA TaHTEHCA U KOTAHT€HCa orepaTopHoro aprymenta. [lycTnb

Dy={BeL(E)3cos ' Be L(E)},

= {Be L(E)]3sin' B e L(B)},

rie cos B = (cos B)™! u sin"' B = (sin B)~! — obpaTHbIe omepaTopsl COOTBETCTBEHHO
1t orteparopoB cos B u sin B. Toryma moxkao pacemorpers dyukimn ¢ @ Dy — L(E),
¥ Dy — L(F), oupeneinsembie ¢hbopMyIamu

¢(B) = tgB = sin Bcos™ ' B,

Y(B) = ctgB = cos Bsin™' B.
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2. OcHOBHBIE Pe3YJIbTAThI

Pacemorpim 6anaxoBy aarebpy KOMILIEKCHBIX OIepaTopos 7]

<
C
||
=
=
no
||

L(E) x L(E) ={Z = (A, B)|A, B € L(E)},
KOTOPYIO VIA0OHO IPEJICTaBUTh B BUIE
Crup ={Z=A+JB|A B € L(E)},

rae J = (O, ) — MHEMAast oriepaTopHast e IMHUIA. HAOMHIM, 9TO OlepaIiis yMHOKEHHUs B
CrL(p) 3amaércsa dopmyJioit

(Al + JBl)(AQ + JBQ) = A1A2 - BlBQ + J(AlBQ + BlAQ).

Kommiexcnas oneparopnas sxcnonennuanibias gynkius w : Crg) — Cpp) onpeens-
eTcsl paBEHCTBOM
w(Z) = e? = eMIB = e?(cos B + Jsin B), (2.1)

B yactHocTH, ipu A = O, noaydaem oneparopHyio (opmyay Ditaepa
e’B = cos B+ Jsin B. (2.2)
JlokazkeM OCHOBHOE CBOWCTBO SKCIIOHEHIMAIbHON dyHKnnm (2.1).

Teopema 2.1. Jlaa mobvix Zy = Ay+JBy, Zy = Ay+JB; € Crp), ydosaemsoparouuz
YCAOBUAM

A1Ay = AsAy, BBy = BoBy, AyBy = B A

CNPasedAuso PaBeHcmeo
et — Z1p22 (2.3)

HdokaszartenbctTBo. B cuny yeinoBus AjAs = Ay Ay crupaBejTiBO PaBEHCTBO
(1.5). Uz ycaosusi By By = By By caeayior dopmyast (1.7), (1.8). Torma, ucnonssys yciosue
Ay By = B1 Ay, nonydaem:

eZ1e?2 = M1 (cos By + Jsin By )e??(cos By 4 J sin By) =

= Mtz [cos B; cos By — sin By sin By + J(sin By cos By + cos By sin By)| =

= €A1+A2 [COS(Bl + BQ) + Jsin(31 + BQ)] = €A1+A2+I(31+B2) = 6Z1+Z2.

B cuy pasencts (1.4), (2.2)

e '8 = cos B — Jsin B. (2.4)
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Bamerum, uro J~! = —J. Torna usz coornomenuii (2.2), (2.4) cueayor bopmyJibl
sin B = ! (e’P —e™"P); (2.5)
2
1
cos B = 5 (e’ +e77P). (2.6)

OCHOBHOE OlIepATOPHOE TPUTOHOMETPUIECKOE TOXKIAECTBO (1.15) MOXKHO J0KA3aTh, UCIIOJIL3Ys
pasenctBa (2.3), (2.5), (2.6).

[Iycrs A, B € L(E); A, B dukcupoBanbl. Pacemorpum dyukunu p, v, k: R — L(E),
olpee/seMble PAaBeHCTBAMU

u(r) = e = (930 T (2.7
v(t) = sin Bt = (5)3 (_12227:5! - (2.8)
8(t) = cos Bt = ()3 (_1();+;B". (2.9)

B cuny pasencrsa (1.5) Jyisi omepaTopHOi SKCIOHEHTHI (2.7) BBIMOTHIETCS M3BECTHOE
rpymmosoe cBoiictso (6, c. 41]

AT — eAteAT it 7 e R,
B cuny toxzaecrsa (1.15) mosydaem m3BecTHOE coOoTHOIICHHE [§]

sin? Bt + cos? Bt =1, VYte€ R.

Hns oneparopos By, By € L(E), ynosiersopstiomux ycjiopuio (1.6) moydaem, B cury
pasencts (1.7), (1.8), coorHOImEeHNS

sin [(By + Bs)t] = sin Byt cos Bat + cos Byt sin Bat,

cos [(By + Bs)t] = cos Byt cos Byt — sin Byt sin Bat.

Ilycres Z = A+ JB € Crp); Z duxcuposan. Paccmorpum dbynkimio x(t): R — Crg),
OIIPEJIC/IAEMYIO PABEHCTBOM

x(t) = eZt = ATIBI — A (cos Bt + Jsin Bt). (2.10)
Ecim jeficrBuTesibHas 1 MHUMAs 9acTU Oleparopa Z KOMMYTHPYIOT:

AB = BA, (2.11)
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TO B CUJIY ,ZLOKaSaHHOﬁ BBIIIIE T€OPEMbDI

) = o%te?T Yt 7 € R.

Hamomumu |6, c. 41|, aTo nmponsBoiHast OlepaTopHOil SKCIOHEHTHI (2.7) BbIpazkaeTcst hop-

MYJIOi

(eAt)/ = Ae.

UsgectHo [7], uro npu BeimoHeHEnn yeaous (2.11) mi1s mpousBOgHOM KOMILJIEKCHO orte-

paTopHoii skcronenTsI (2.10) cripaBeyInBO paBEHCTBO

1]

2]

3]

4]

[5]
6]
7]

18]

[1]
2]

3]

(€Zt)’ _ ZeZt.
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Awnunoranus. B pabore nzydarorcst moJiyToOpaJMHeHbIe (DOPMBI, ONPEJIEJIEHHbIE Ha JeKap-
TOBOM KBaJipare ruapbeproBa C* -momyiist M uag C* -anrebpoit B u npuHUMAIOIINE 3HA~
vyenue B ajrebpe B. MHOXKeCTBO Takux HOJyTopainHeidHbix dopm oboznadaerca Sp(M).
PaccmarpuBarorcst KoBapuaHTHBIE, OTHOCUTEIBHO JefICTBUsI HEKOTOPOIA IPYIIIBI CAMMETPHH,
BITOJIHE TIOJIOYKUTEIbHBbIE OTOOpakeHusl, 3a/[aHHble HA YHUTAJIBHON JoKaabHOi C™ -amrebpe
A u npunnmaromue 3uadenue B Sp(M). danublii Kiaace 0To6pazkeHuii MOXKHO UHTEPIIPETH-
poBaTh KaK 0000IIeHNe KOBAPUAHTHBIX KBAHTOBBIX HHCTPYMEHTOB, IIIUPOKO IIPUMEHSIEMbIX B
COBPEMEHHOI KBaHTOBOU MeXaHUKe W KBaHTOBOI Teopuu 10Jisi. B craTbe uccienoBaHa mpo-
OieMa IuIaTaIun s YKA3aHHOTO Kjacca oTobparkeHunit. B KadecTBe ee penrenns CTPOUTCs
MUHUMaJIbHOE mpejicTaBienne tuna Craitacnpuara. Kpome Toro, ymaercs ycTaHOBUTH €/IMH-
CTBEHHOCTh MWHMMAJIBHOI'O IPEICTABJIEHUs] ¢ TOYHOCTHIO JI0 YHUTAPHON IKBUBAJIEHTHOCTH
runpbepToBeix C™ -MOyIIei.

Kunrouesbie cioBa: nokanbHas C*-anrebpa; rub0epToB A-MOJIyJIb; BIIOJHE TOJIOKHATE b
HOe 0TOOparKeHue; MOy TOpaInHeiiHast (popMa; KoBapuanTHoe npejcrapjenne CraitHCpuHra
ns murupoBanusi: davcaes 5.B. O nunatanuu OZHOIO KJIACCA BIIOJHE IOJOKUTEIbHBIX

orobpaxkenuit // Becruuk poccuitickux ynusepcureroB. Maremaruka. 2019. T. 24. Ne 127.
C. 333-339. DOI 10.20310/2686-9667-2019-24-127-333-339.

Abstract. In this article we investigate sesquilinear forms defined on the Cartesian product
of Hilbert C* -module M over C*-algebra B and taking values in B. The set of all such
defined sesquilinear forms is denoted by Sp(M). We consider completely positive maps
from locally C* -algebra A to Sp(M). Moreover we assume that these completely positive
maps are covariant with respect to actions of a group symmetry. This allow us to view these
maps as generalizations covariant quantum instruments which are very important for the
modern quantum mechanic and the quantum field theory. We analyze the dilation problem
for these class of maps. In order to solve this problem we construct the minimal Stinespring
representation and prove that every two minimal representations are unitarily equivalent.
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Keywords: locally C* -algebra; Hilbert C* -module; completely positive map; sesquilinear
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BBenenue

Brioste nostozkuresibuble 0ToOOpazkeHusi B OIEPATOPHBIX ajiredpax M MOJIY/IAX B MOC/IEI-
HEe TOJBI Bee GOJIbIe IPHUBJIEKAIOT BHUMaHHe nccyenopareseii (cm. [1-5]). Ilpuauna sroro
beHOMEHA COCTOUT B TOM, UTO JIAHHBIN KJIACC OTOOpasKeHWi UCIOJIb3yeTCsl B TEOPUN KBaH-
TOBOW nH(OPMAINN ¥ KBAHTOBBIX Bbluncjenuii. Briepsoie 3aja4a o0 JuiaTtaiuy BIOJHE 10-
JIOXKUTEIHHOIO 0TOOpaykeHusi Oblia usydena B pabore [6], rie ObLIO MOKA3aHO, YTO BIOJIHE
nosiokuTesbHOe otobpaxkenue ¢ : A — L(H) u3 C*-amrebpor A B anrebpy L(H) jmHeii-
HBIX, OFPAHUYEHHBIX OIEPATOPOB B THJILOEPTOBOM MPOCTpaHCTBE H, MOXKHO IPEJICTABUTL B
dbopme ¢(+) = S*n(+)S, rme m 310 *-mMpencTaBIeHne aaredpsl A B JIPYroM IjibOEPTOBOM
npocrpancrBe K u S — JIMHENHBIN, orpaHndenHblit onepatop u3 H B K.

Hacrosmas 3ameTka poio/izKaeT JaHHbI KPYT UCCIEIOBAHUN U SABJIAETCS TIPOJIOJIZKEHH-
em pabote! [1]. Mbl yeranoBuM axasor Teopembl CraffHCIpUHTA J[JTT KOBADHAHTHBIX, OTHO-
CUTEJILHO JIEHCTBUS HEKOTOPOIl TPYIIIIBI, BIIOJTHE MOJIOKUTEIbHBIX OTOOPaKEeHUi, 38, [aHHbIX
Ha JIoKaJbHON C* -airebpe, W NMPUHUMAIONINX 3HAYEHHE B IPOCTPAHCTBE IOJIYTOPAJIMHE-
HbIX dopM Ha ruibbeproBom C*-momyse. Takume mosryTopasimaeiinbie (hOPMBI €CTECTBEHHO
BO3HUKAIOT B 33/[a4aX COBPEMEHHOI KBAHTOBOW MexaHuKu [7].

1. OcHOBHBIE IOHATUA

3/1ecb MBI MIPUBEJIEM HEKOTOPBIE MIPeBaAPUTE/IbHBIE CBEICHNS, HEOOXOIUMBbIE JIJIsI J1ajTb-
neiinero. [less Hacrogiero naparpada — 3adUKCUPOBATH TEPMUHOJIOTUIO U MCIIOIb3yeMble
oboznavuenus. Bee HeoOXouMbIe cBejieHUs O JIOKAIbHBIX C* -ajrebpax, ruabbepToBbix C* -
MOJLYJISIX ¥ BIIOJIHE TIOJIOXKUTEIbHBIX 0TOOpaskeHusix MoxKHO Haiitu B [8—10|. Bee anrebper
paccMaTpUBAIOTCS HaJT [TOJIEM KOMILJIEKCHBIX ducesl. Beromy Huzke Oy/ieM noJiaraTh, 9TO BHYT-
peHHHe [IPOU3BEICHUA COLPAXKEHHO JIMHEHHBI 110 BTOPO#l IIepeMeHHON 1 JIMHEHHEBI 110 IIepBOi
HepeMEHHOM.

Onpemenenne 1. Ilyctrb A — unBOIOTHBHAsS ayredpa u p : A — R, — mosy-
HOpMa Ha A, YI0BIETBOPAIONIAs CJIELYIONMM YCIOBUIM:

L. p(xy) < plo)p(y) mna mobbix x,y € A;

2. p(z) =p(a*) mua moboro = € A.

Eciu, kpome Toro, jyis jmoboro x € A crpaseyiso pagenctso p(z*x) = p(z)?, To p HazbI-

Baercsa C* -noayrnopmoti. VIHBOJIFOTUBHAS TOIOJIOTHYECKast ajredbpa, IOJIHass OTHOCHTEIbHO
TOIOJIOTHH, 3a/1aBaeMOii HAIpaBJIeHHBIM ceMeficTBoM C* -IIoyHOPM  (P))aep HA3BIBACTCS
A0kanvHoti. C* -an2ebpoti.
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PaccmoTrpuM HeKOTOpPBIE TPUMEPHI.
[Ipumep 1. Kaxmaa C*-aarebpa sapisiercss JokaabHoi C* -anredbpoii.

[Mpuwmep 2. Kaxnas samruyTas *-nojajirebpa JokajabHoii C* -aaredpbl gBJIsSETCS
JokapHO C™ -arebpoii.

Hamomuum, aro jyis jgokaiabnoit C* -anredper A sjement x € A HA3bIBACTCS MOA0MHCU-
meavhoim, ecn ¢ = ¥ u o(xr) C Ry, rme o(x) — 910 crekrp ssementa . MHOXKeCTBO
BCEX TIOJIOKUTE/IBHBIX 9JIeMeHTOB aareOpbl A oboznavdaercs depes A .

Jluneitnoe orobpakenue ¢ : A — B jokanabubix C*-anredp A m B Ha3bIBaeTCS NoAO-
orcumenvrom, ecmn o(Ay) C By. g nokanbroit C*-amrebpsr A wepes M, (A) obo3na-
qaeTcsd -ajarebpa Bcex KBaJpaTHBIX n X n MarTpui ¢ sjaementamu u3 A. V3Bectno, drto
M, (A) Takxke siBisiercst JoKaabHOi C* -anrebpoii. OTMernM, 9T0 CJI0XKEHNEe, HHBOJIONUS 1
YMHOKEHIe MaTPUIl, a TaKyKe YMHOYKEHWe Ha JIEMEHT OCHOBHOI'O TOJIS 3aJIal0TCs TaK Ke,
KaK M B cjlydae cKaaspubix marpur. OTmerum Takzke, uro marpuna (ag)f—, € My(A)
SIBJISIETCS TTOJIOYKUTEJILHON TOT/Ia M TOJIBKO TOrJa, KOIja JJid JIFoOOro n-aHabopa cCi,...,Cp

n
9JIEMEHTOB aareOGpbl A BBINOJIHAETCH HEPABEHCTBO y |, cfa;;¢; > 0.
ij=1

Onpenmenenne 2. Ilycte B mekoropas C*-amredpa. I[Ipedzusvbepmosvim B -
MOOYAeM HASBIBAETCST KOMILIEKCHOE BEKTOPHOE IIPOCTPAHCTBO M, KOTOpPOE TaK¥Ke SIBJISIeTCsT
npaBbiM B -MmojiysieM, cHaOKeHHnoe B -3Ha4HbIM CKaJIIPHBIM IIPOU3BEJICHUEM, T. €. 0ToOpa-
xkenueM (-, ) : M X M — B, yJI0BJIE€TBOPSIONIUM CBOCTBAM:

(x,ay + Bz) = alx,y) + Bz, z) nsa aw0b6bIX Ty, 2 € M; o, € C; (1)
(x,yb) = (x,y)b musa mobeix x,y € M; b € B; (2)

(x,y)* = (y,x) nas mobbIX z,y € M; (3)

(x,z) > 0 mya soboro x € M; (4)

(x,2) =0« x =0 mia moboro x € M. (5)

Bynem rosoputs, aro M 310 2usvbepmos C* -momyib, eciin M siBsieTcst GaHAXOBBIM TTPO-
CTPAHCTBOM, OTHOCUTEIBHO HOPMBI ||z|| = ||| v = /|[{z, 2)||5, * € M. s moboro nos-
mHO)ecTBa D C M uepes [D] Gyaem obo3HaUaTh 3aMKHYTHIH MuiibbepToB C* -MOIMOLYITb,
MMOPOXKAEHHBIN D).

Ounpenenenne 3. Ilycrb M u N — runnbeproser C* -momyam nag, C* -anrebpoii
B. Jluneiinwiit oneparop T : M — N naseiBaerca B -aumnetinwim, ecm s Joobx v € M,
b € B cupasejymBo paBenctso 1'(vb) = T'(v)b. MHoxkecTBO Bcex B -/THHEHHBIX OIEPATOPOB
3 M B N obosnauaerca Lp(M,N) umu npocro L(M,N), eciu sicho, o Kakoii anrebpe
B ngaer peus. [opopsar, uro jmueitnbii onepatop T : M — N donyckaem conpasicen-
noiti, ecam cymecTByeT Jmueitnelii oneparop S : N — M, Takoit, aro (Tu,v) = (u, Sv)
I HOOBIX ameMenToB u € M, v € N . Torma S Ha3bIBaeTCHA CONPANCEHHDBIM OLEpa-
TopoM K T u obosmadaercs T*. BekTopHOe HPOCTPAHCTBO BCEX JIMHEHHBIX OIEPATOPOB
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T : M — N, gomyckaiomux COnpsizKenubiit, oboznauaercst uepes Lp(M, N). Wssecrno,
YTO KaKJIbIl JIMHEWHBIN OTepaTop, JOIYCKAIONIUN CONpsSKeHUe, ABsdeTcsd B -JTuHelHbIM 1

Lp(M) = LM, M) sasaserca C*-anrebpoii (cm. [8, ru. 1]).

Onpenmenenune 4. Ilyctb M — runbsbepro C* -momynb Hag C* -anarebpoit B.
Orobpaxenne P : M x M — B HaswBaerca B -noaymopasunetinoti ¢opmoti, ecam s
JIIOOBIX 971eMeHTOB «, € C, u,v,w € M u b € B BBINOJHSIIOTCS CJIEIYIOIINAE YCIOBUST:

1. P(u,av+ pw) = aP(u,v) + fP(u,w);

2. P(u,vb) = P(u,v)b;

3. P(u,v) = P(v,u)*.

Ecau kpome toro P(u,u) > 0 mis soboro siementa v € M, 1o dbopma P HasbiBaercs
noaoscumesvroti. MHOKeCTBa BCeX IOy TOPATMHERHBIX U TOJIOKUTEIbHBIX 0Ty TOPaTHHE -
ubIx opM Ha M obosnadaercs Sp(M) u Sp(M)y coorBercrBenno. Ilycrs Temepy A —
nokasbHasg C* -anrebpa. Jluneiinoe orobpaxkenne ¢ : A — Sp(M) naseiBaerca  noso-
orcumenvrvim, ecmn ®(Ay) = Sp(M),. Pacemorpum ksajparuyto marpury (P(i, 7)) -,
9JICMEHTAMHU KOTOPOii SBJISIOTCS IOy TOpasuteiinbie dhopMbl Ha M. 1 MHO)KeCTBa Beex
TakuX MarTpur OyaeM uctosb3oBarh obosnadenue M, (Sp(M)). dcuo, uro B ciaydae n = 1
umeeT Mecto paseHcTo M, (Sp(M)) = Sp(M). Marpuna (P(i, j))i';—; HasbiBaeTcsa noao-
oHCUMEALHOU, €CITH JIJIA JTI000r0 1 -Habopa vy, ..., U, SJIEMEHTOB MOyt M BBIIOIHACTCSA
BKJIIOUEHHE

(P2, 7)(vi, v3))ij=1 € Mn(B)+-

Onpenmenenue 5. Jluneitnoe orobpaxenne ¢ : A — Sp(M) HaspiBaeTcss 6noane
noAoHCUMENLHbIM, ecaiu JuHeiiHoe orobpaxenune D" : M, (A) — M,(Sp(M)), samanuoe
dopmy.ioit

™ ([ay;]7—1) = [P(ay)]ij=

ABJIACTCH IIOJIOZKUTEC/IbHBIM JIJIA joboro n € N.

Onpenmenenune 6. Ilycrb G — rpynma, M — runsbeproB C* -momaynb Hag C* -
anrebpoit B u A — yunrasnbHas jokanbHas C* -amrebpa. Hepes Aut(A) u GLg(M) obo-
3HAYMM I'PYIIBI BCceX *-aBToMopdusmMoB A u Bcex B -nmHeiiHbIX Ouekimii Moyt M co-
oreercrBerHo. Jleticmeuem G Ha A HasbBaercs romomopdusm rpymm 7 @ G — Aut(A).
IIpedcmasaenuem rpynmsl G B M nazpiBaercsa romomopdusm U : G — GLg(M). Bromne
nosiokuTesbHoe otobpaxkenne P : A — Sp(M) masbBaercsa (1, U) -kosapuarmmwim, e
PaBEHCTBO

D)2 (u,v) = O (U(gu,U(g )

BBIIIOJIHsIETCA I obbix g € G, x € A, u,v € M.
2. OCHOBHBIE Pe3YJILTAThI

B HaCTOAIIEM pa3/ieJi€e Mbl JJIOKa2KEM OCHOBHOI1 pPeE3yJIbTaT — TeOpeMY O JuJiaTallun BIIOJIHE
IIOJIOZKUTEJILHOI'O, KOBapuaHTHOI'O OTO6pa}KeHI/IH. ,ZLOK&S&TG.HBCTBO TeOpPpEMBI OIIMpaeTCd Ha
cireJIyronipe BCiioMoraTreJbHble YTBEP2KJICHNA.
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MMpeannoxenune 1. [1, Teopema 1] llyemo A — ynumasvnas sokasvran C* -
anzeopa, M — zuavbepmos C* -modyav nad ynumasvnot C* -aseeopoit B, ® : A —
Sp(M) — enoane noaosrcumenrvroe omobpasicenue. Tozda cywecmeyem zuavbepmos C* -
modyav N nao anzebpoti B, aunetinvid onepamop D : M — N, * -2omomopdpusm 7 : A —
Lp(N) makue, wmo das amobvix u,v € M, € A 6uNOAHAIOMCA YCAOGUA:

1. ®,.(u,v) = (Du,n(x)Dv);

2. N =[r(A)D(M)].

Tpoiika (N, D, ), yaoBieTBopsiomas ycaoBuo 1 npeiokenns 1, Ha3blBaeTCst npeo-
cmasaenuem Cmatinenpunza BIOJIHE IMOJIOXKUTEJILHOr0 orobpaxkenusa P. Ilpencrapienue
CrafiHCIPHUHTa HA3BIBACTCA MUHUMAABH LM, €CJI, KPOME TOTO, BLIIIOJHSICTCA YCIOBUE 2 MPe/l-
noxkenns 1. Ipa npeacrasnenust Crajincnpunra (N, D, ) u (N, D', 7') Briosme moioxures-
HOro oTobpazkenns ¢ HA3BIBAIOTCA YHUTAPHO SKBUBAJCHTHBIME, €CJIM CYIIECTBYET yHHUTAP-
ubtit oneparop R : N — N7, rakoit, uro D' = RD u Rn(a) = 7'(a)R st moboro a € A.

Mpeagnoxeunune 2. [1, Teopema 2| [lyemv A, B, M, ®: A — Sg(M) maxue
orce, kax u 6 npedasoscenuu 1. Tozda mobve dsa murumasvholr npedcmasaenus Cmatinc-
NPUH2A BNONHE NONOHCUMENLHO20 0mobpascerus O YHUMAPHO FKEUBANEHMHDL.

CdopmymupyeM 0CHOBHO# pe3y/IbTaT CTaTbH.

Teopema 1. Ilycmv A — ynumaavnas soxasvhas C* -aneebpa, M — 2usvbepmos
C* -modysv 1ad ynumansvroti C* -anzebpoti B, G — epynna, n — deticmeue G na A, U
— npedcmasaenue G 6 M u ©: A — Sg(M) — (n,U) -kosapuarmmoe, 6nosre nososxcu-
meavroe omobpascerue. Tozda cywecmeyem: euavbepmos C* -modyave N nad anzebpoti B,
aunetinoti onepamop D 1 M — N, npedemasaenue U : G — Ug(N) u * -eomomopdusm
7w A— Lg(N) maxue, wmo das mobvix u,v € M, T € A GUNOAHAIOMCA YCAOGUA:

1N = [R(A)DM)];

2. ®,(u,v) = (Du,w(x)Dv), u,v € M, x € A;

3. DU(g) = U(g)D daa mobozo g € G;

4. U(g)m(z) = (mron(g)(z)U(g) das mobwz g € G, = € A.

Ecau xpome mozo (N, 7', D', U") — dpyeas dpyeas wemesepka, Yyoo6AemEOPAIOULASL YCAOCUAM
(1) — (4) meopemw 1, mo cywecmeyem yrumaproid onepamop W : N — N’ maxot, wmo
WD =D, Wr(z)=r'(x)W s ecex z € A u WU(g) =U (9)W 0an 6cex g € G.

JoxkaszaTenbcrtso. Ucnonssya npemnokenne 1 maiigem tpoiiky (N, 7, D), rue
N — runsbepros C* -mopyib Hag anredbpoit B, 7 : A — Lg(N) — *-romomopdusm u D
— JmHelinbIil onepaTop n3 M B N Takme, 4TO BBIIOJIHAIOTCH yCa0BUA 1 U 2 TeopeMsbl 1.
BosbMeM Tenepb nmpousBosibHbIA teMent g rpymisl G. Ilokaxkewm, aro Tpoiika (N, p, R),
e p=mon(g) u R =DU(g), Takke yuoBiaerBopseT TeM ke ycaouaMm 1 u 2. Jleiicru-
TEJILHO B CUJIY 3JEMEHTAPHBIX TOXKJICCTB:

z=n(g)(nlg "z), u=U(g ") (U(g)u), v="U(g"")(U(g)v),
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nmMeeM

®2(u,v) = g1y gy (U9 )(U(g)u

D,y (U(9)U (g~ ) (U(g)u), U(g)U

D)2 (U(9)w), Ulg)v) = (DU(g)u, 7(n(g)(x))DU(g)v) =
(Ru, p(x)Rwv).

Tak kak muoxecrso {m(x)D(u) : x € A, u € M} cosnanaer ¢ muoxkecrsoM {mon(g)(z)DU(g)(u) :
r € A, u € M}, T0 COBIAJIAIOT MOPOXKJIEHHbIE UMU 3aMKHYTbIe ToaMoayan B N, B cuiy
9ero

[T (A)DM)] = [p(A)R(M)] = N

B cuny mpemjioxKenust 2 CYIIECTBYeT VHHTApPHBIH omeparop U (9) : M — M, rakoii, uaro
U(9)D =DU(g) u U(g)r(x) = (7 on(g)(x)U(g). Kpome roro

U(gh) =U(g9)U(R), g,h € G.

Taxum obpasom 3ajan romomopdusm U : G — GLg(M), ynosiaersopsionuii ycjgoBuio 3
reopembl 1. ITycrs Teneps (N, 7/, D/, U/) — JIpyrasl 9eTBEPKa, YJIOBJIETBOPSIONIAs YCJIOBUAM
(1) — (4) reopempr 1 u mycrs W : N'— N’ — yaurapuslii onepatop, takoii, uro WD = D’
u Wr(x) = 7'(2)W mug mobbix x € A. 3aMeTnM, 9TO CyIIECTBOBAHIE TAKOTO OIEPATOpPa
rapanTupyercs: npejioxkenunem 2. Torma s mobbix g € B,x € A u v € M MoxeMm

HAIHICATD
WU(g)r(x)Dv = Wr(n(g)x)DU(g)v =
™ (n(g)x)D'U(g)v = U'(g)vn'(2)D'v =
U'(g)Wr(x)Dv.
Otciona Besogm, aro WU (g) = U (¢)W s mobeix g € B. O
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U3BATUE CTATHU (PETPAKLIUS)

Cratbs [lonuenxo B.U., Pozenbepe I'.C. O0mias HHTEPIIPETAIINSI OCHOBHOTO COAEPKAHHUSI IKOJIO-
rudeckoit Teopun // BectHuk TamboBckoro yHuBepcuteTa. Cepus: €CTECTBEHHBIE W TEXHHUYECKUE
Hayku. 2015. T. 20. Bem. 2. C. 419-424 otr3pIBaeTCs MO PEIIEHUIO PETAKIIMOHHON KOJIJIETUH KypHaja
(mpotokon ot 23 aBrycta 2019 r.) BBHOYy TOTO, 9TO OBLTO OOHApPYKEHO COBIAJCHHWE TEKCTa TAaHHON
CTaThH C TEKCTOM OoJiee paHHEeH myOnwkanuu ogHoro u3 aBTopoB I'.C. PozenGepra 6e3 cChLIOK Ha
OpUTHHATBHBIN TEKCT.

CCBUJIKU

Pozenbepr I'.C. K dunocodun TeopeTHIecKOn 3KOJIOTHH (00IIasi HHTEPIPETAITAs OCHOBHOTO CO-
nepxanust teopun) / UsBectus Camapckoro Hayunoro nentpa PAH. 2010. T. 12. Bem. 1 (9).
C.2317-2323.

RETRACTION

The following article Popchenko V.I., Rozenberg G.S. Obshchaya interpretatsiya osnovnogo
soderzhaniya ekologicheskoy teorii [The general interpretation of the basic content of the ecological
theory]. Vestnik Tambovskogo universiteta. Seriya: estestvennyye i tekhnicheskiye nauki — Tambov
University Reports. Series: Natural and Technical Sciences, 2015, vol. 20, no. 2, pp. 419-424 has been
retracted according to the journal editorial board’s decision (record of August 23, 2019), due to the
similarity of the article’s text and an earlier publication by one of the authors G.S. Rozenberg without
references to the original text.
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