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Byxnapamerpudeckue (C(-TOJyTrPYIIIbI JUHEMHBIX OIIEPATOPOB
Ha JIOKAJIbHO BBIMYKJIbIX ITPOCTPAaHCTBaX

o
xkasag 9TTAUDB

Pernonanbhas akamgemust obpasosanus u ooyuenusi Kacabianka—Cerrar,

Yuusepcurerckasi cpeuss mkoja Komremka Xavmvana Anpb—DaraBaku

26402, Mapokko, r. Xaju Cyasem, jopora B Beppertu

Awnnorarus. enbio JaHHON pabOThl sABJSETCS M3ydYeHHUE JBYXIIAPAMETPUYIECKUX (COOTBET-
CTBEHHO 7 -IaPAMEeTPUYECKUX ) SKCIIOHEHIUAIBHO PABHOCTEIIEHHO HEIPEPLIBHBIX () ~II0JIy'PYIIIL
HENPEPBIBHBIX JINHEHHBIX ONEPATOPOB HA CEKBEHIINAJIBHO IOJIHBIX JIOKAJIBHO BBIMYKJIBIX Xay-
cOpOBBIX MPOCTPAHCTBAX. B acTHOCTH, MbI JEMOHCTpUPyeM Teopemy Xwujne—ocumanr jiis
JIBYyXIAPAMETPUIECKUX (COOTBETCTBEHHO 7 -IAPAMETPUIECKHUX ) IKCIIOHEHIIUAJBHO PABHOCTEIICH-
HO HenpepbIBHBIX Cj -MIOJIYTPYIIT HEIIPEPBIBHBIX JIMHEHHBIX OIIEPATOPOB HA CEKBEHITMAJIBHO TI0JI-
HBIX JIOKAJIbHO BBIILYKJIBIX XayCIOP(MOBBIX IPOCTPaHCTBax. KpoMme TOro, usydarorcs 7 -mapa-
merpudeckne C( -IOJTyTPYIITbI HEIIPEPBIBHBIX JTMHEHHBIX OIIEPATOPOB HA ODAHAXOBBIX MPOCTPAH-
CTBax.

Kutouessbie cioBa: () -IOJIyTPyIIIIbl HEIPEPHIBHBIX JIHHEHHBIX OIIEPATOPOB, ABYXIIapAMETPHU-
YeCcKUe IMOJIYTPYIIIbI HEIIPEPBHIBHBIX JITHEWHBIX OIIEPATOPOB, JIOKAJIBHO BBIITYKJIbIE TPOCTPAHCTBA

Hnsa mutupoBanusi: 9mmaiio otc. JIByxnapamerpudeckue Cy -IOJIYTPYIIIbI JIMHEHHBIX OIle-
pPATOPOB Ha JIOKAJIBHO BBIILYKJIBIX IIpocTpancTBax // BecTtHuk poccuiickux ynusepcureroB. Ma-
remaruka. 2025. T. 30. Ne 150. C. 183-204. https://doi.org/10.20310/2686-9667-2025-30-150-
183-204
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1. Introduction

Abdelaziz [1] obtained a criterion for commutativity of the semigroups in terms of the
generators and their domains. His criterion used to demonstrate the converse of a theorem of
Hille and Phillips related to n -parameter semigroups of continuous linear operators on a Banach
space. Recently, Al-Sharif and Khalil 2| gave a new definition of the infinitesimal generator
for two parameter semigroups that gave the results in Trotter [3] and Abdelaziz [1]| as special
cases.

Semigroups of continuous linear operators in locally convex spaces were studied by several
authors [4-7|. As an application of Cj-semigroups of continuous linear operators on sequentially
complete locally convex Hausdorff spaces is the abstract Cauchy problem for differential equa-
tions on a sequentially complete locally convex Hausdorff space X given by

du(t
%:Au(t), t€R+,

u(0) = =z,

where A : D(A) € X — X is a densely defined closed linear operator on a sequentially
complete locally convex Hausdorff space X and x € X.

Throughout this paper, X is a sequentially complete locally convex Hausdorff space over
the field of complex numbers C under the family of seminorms I'y and L£(X) denotes the
collection of continuous linear operators on X.

2. Preliminaries

In this section, we recall some preliminaries.

Definition 21. [8 p.116] Let X be a vector space over K(=R or C). A function
p: X — R, is called seminorm if

(i) For any = € X and for all A € K, p(Ax) = |\|p(x),
(i) For all z,y € X, p(x +vy) < p(z) + p(y).

Definition 2.2. [8, Definition 4.1.2] Let K=R or K= C. Let E be a subset of a
vector space X over K. Then

(i) E issaid to be balanced if \x € F for all x € E and for any A € K such that |\ <1,

(ii) E is said to be absorbent or absorbing if for all z € X, there is a positive number r
such that Az € E for all |A] <.

Definition 23. [8,(a)ofp.6] A topological vector space X is said to be Hausdorff if
for any two distinct points z,y € X, there exist a neighbourhood U of z and a neighbourhood
V of y such that UNV = 0.

Definition 24. [9, Definition 2] A complex linear topological vector space X is
called a locally convex space, if any if its open sets contains a convex, balanced and absorbing
open set.

Theorem 2.1. [8, (a) of Theorem 5.5.1] A locally convez space X is Hausdorff if and only
if for all non-zero x € X, there is a continuous seminorm p on X such that p(z) # 0.



186 J. Ettayb

Definition 2.5. [10,p.294] Let X be a sequentially complete locally convex space.
A one-parameter family (J(t));cr, of continuous linear operators on X is an exponentially
equicontinuous C-semigroup if

(i) J(0)=1I,

(ii) For any t,s €e Ry, J(t+s) = J(t)J(s),

(iii) hm J(h)x = x for any z € X,
v)

(i

The linear operator A defined by

There exists a real number w > 0 such that {e™**J(t); t € R} is equicontinuous.

D(A {x € X : lim M exists}
t—0+
and ;
Ax = lim M for any x € D(A),
t—0t

is called the infinitesimal generator of the semigroup (J(t)):cr, -

Theorem 2.2. |11, Theorem 1| Let A be a closed linear densely defined operator on a
sequentially complete locally convex Hausdorff space X. Then in order that A be the infinit-
esimal generator of an equicontinuous Cj-semigroup (J(s))ser, it is necessary and sufficient
that the family

{AN"R(N\, A)"; A >0, neN} (2.1)

is equicontinuous where R(\, A) = (M — A)™!
Theorem 2.3. |11, Theorem 2| Let A be a closed linear densely defined operator on
a sequentially complete locally convexr Hausdorff space X. Then in order that A be the in-

finitesimal generator of a continuous semigroup (J(s))ser, with {e7*°J(s); s € Ry}
equicontinuous for some w > 0 it is necessary and sufficient that the family

{A=w)"R(\,A)"; A >w, neN} (2.2)
is equicontinuous where R(\, A) = (A — A)™!
We continue with the following definitions.

Definition 2.6. [12, Definition 2.8] Let X be a locally convex space. A two-
parameter family (J(s,t))ser, xr, ©0f continuous linear operators on X is said to be a
two-parameter semigroup if

(i) J(0,0) =1,
(11) For every t1, tQ, S1 and So € R+, J(Sl + Sz,tl + tg) = J(S1,t1)J(82,t2).

Definition 2.7. [12, Definition 2.9] Let X be a sequentially complete locally convex
space. A two-parameter semigroup (J(s,t))sner, xr, on X is a two-parameter strongly

continuous semigroup or a two parameter Cj-semigroup if ( )li(rn+ . J(s,t)xr = x for all
s,t)—(0T,0
re X.
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Definition 28. [12, Definition 2.10] Let X be a sequentially complete locally convex
Hausdorff space. A two-parameter Cj-semigroup (J(s,t))ser, xr, on X is equicontinuous
if for any continuous seminorm p on X, there exists a continuous seminorm ¢ on X such
that for all z € X and for each (s,t) € RZ, p(J(s,t)z) < q(z).

Definition 2.9. [12, Definition 2.11] Let X be a sequentially complete locally con-
vex Hausdorff space. A two-parameter Cj-semigroup (J(s,t))ser, xr, on X is exponentially
equicontinuous if there exist wy,ws > 0 such that {e “157«2! J(s,t); s,t € R, } is equicontinuous.

3. Main results

In this section, we start with the following remark.

Remark 3.1. Let X be a sequentially complete locally convex Hausdorff space. Let
(J(5,t))(s)cr, xr, be a two parameter exponentially equicontinuous Cp-semigroup on X.
Then for all = € X, the map (s,t) — J(s,t)z is continuous on R; x R, into X. Let
A; and As be two linear operators defined by

. Jh ) -2
D(A) ={reX: hlg& h exists in X},
. JOh -2
D(As) ={zr e X: hlggh h exists in X},
and J(h,0 0J(s,t
Ajz = lim (h,0)z — 2 = (5,1) , for each z € D(A4,),
h—0+ h s (s,£)=(0,0)
Ayx = lim SO bz =2 = (s, 1) , for each = € D(A,).
h—0+ h ot =00

It is easy to see that A; and A; are the infinitesimal generators of the one parameter
semigroups (J(s,0))ser, and (J(0,t));cr, respectively.

Theorem 3.1. Let (J(t))ier, be an exponentially equicontinuous Cp-semigroup on X,
where X 1s a sequentially complete locally conver Hausdorff space. Then for all x € X and
for each t € R,

t+h
lim —/ J(u)rdu = J(t)x.
t
Proof. Let v € X, tc Ry and ¢ > 0. From (J(u))uer, is an exponentially equiconti-
nuous Cj-semigroup on X, then for all € > 0, there exists § > 0 such that for each u € (0, ),

we have
p(J(u)r —x) < e for all z € X and for each p € T'x.

Hence for all h € (0,0), x € X and for any p € I'x,

p(% /Oh J(u)zdu — x) = p(% /Oh[J(u)x — x]du) < %/th((](u)x — x)du < %/Oh edu = €.

1t
lim —/ J(w)zdu = x.
h Jo

h—0t
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Since (J(u))uecr, is continuous on X, we have

lim %/tHh J(u)rdu = J(t)( lim %/Oh J(u)xdu) = J(t)z,

h—0+
for all ¢ € R, and for each z € X. m

We extend the Corollary 2.5 of [13] in a sequentially complete locally convex Hausdorff space
as follows.

Corollary 3.1. Let X be a sequentially complete locally convexr Hausdorff space, and let
(J(t))ier, be an exponentially equicontinuous Cy-semigroup of continuous linear operators on
X with infinitesimal generator A. Then A is a closed operator with dense domain in X.

We extend the Theorem 2.6 of [13] in a sequentially complete locally convex Hausdorff space
as follows.

Theorem 3.2. Let (J(t))ier, and (S(t))icr, be two exponentially equicontinuous C -
semigroups of continuous linear operators on X, where X is a sequentially complete locally
conver Hausdorff space. Suppose that both has the same generator A. Then J(t) = S(t) for
any t € R,.

We define the infinitesimal generator of a two parameter semigroup in a locally convex space
as follows.

Definition 3.1. Let X be a locally convex space. Let (J(s,t))(ser, xr, be a
two-parameter semigroup on X. The infinitesimal generator of the two parameter semigroup
(J(s,t))sier, is the derivative of J at (0,0).

From the definition of the infinitesimal generator, we have.

Theorem 3.3. Let X be a sequentially complete locally conver Hausdorff space. If
(J(5,t))(s,)ery xR, 15 @ two parameter exponentially equicontinuous Cy -semigroup on X. Then
the infinitesimal generator of the two parameter exponentially equicontinuous Cy-semigroup
(J(5,t))(s,)ery xr, 15 the linear transformation L : R, xR, — L(D(A;)ND(Ay), X) defined

by for all x € D(A;)ND(Ay) and (a,b) € Ry xR, L(a,b)z = (A1, As) (a) r = aAjx+bAsx.

b

Furthermore if ©* € D(A;) N D(Ay), we have for all (a,b) € Ry x Ry, DJ(s,t) (Z) T =

(A1, Ag) (Z) J(s,t)x, where Ay and A, are the infinitesimal generators of the one parameter

exponentially equicontinuous Cy -semigroups (J(s,0))ser, and (J(0,t))ier, on X respectively.

Proof. Let z € D(A;) N D(Az) and (s,t) € Ry x Ry. Then DJ(s,t)|es =00 the
derivate of (J(s,t))(ser, xr, at (0,0) as a function of two variables exists if there exists
a linear transformation L from R, x Ry into L£(D(A;) N D(Ay),X) such that J(s,t) =
L(s,t) + R(s,t) where

lim

S22 2 — 0 for all pely.
05000 (s, 0)] *
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Let A;, Ay be infinitesimal generators of the one parameter semigroups (J(s,0))scr, and
(J(0,1))ier, respectively. Since (J(s,0))scr, and (J(0,t))icr, are exponentially equicontinuous
Cy-semigroups on X, then for any continuous seminorm p on X, there exist a continuous
seminorm ¢ on X and wi,ws > 0 such that for all # € X and for each (s,t) € R?,

p(J(s,0)x) < e**q(x) and p(J(0,t)z) < e“*'q(z). (3.1)
Setting J = J(s,t) — J(0,0) — (Ay, Ay) (i) . Then for any continuous seminorm p on X,
there exists a continuous seminorm ¢ on X such that

p(Jx)=p(J(s,t)r —x — sAjx — tAsx)
=p(J(s,0)J(0,t)x — J(s,0)x — tAsx + J(s,0)x — x — sAjx)

= p(tJ(s, 0) (M — Aﬂ) +t(J(s,0)Agx — Asz) + s(% - Aw))
< {|t|e““8q<w — Aﬂ) + [tlp(J(s,0)Asz — Asz); |s|p(w — A1x>}

by (3.1). Divide both sides by ||(s,?)|| = v/s? + 2, it follows that

p(Jz)
1m
(s.)—(0+,0) || (s, 8)|

=0forallpely.

Hence DJ(s,t)|(s =00 = (A1, A2) as a linear transformation on Ry x R, is the derivative of
the two parameter semigroup (J(s,t))(s¢er, xr,- Thus the linear transformation L = (A4;, A)
is the infinitesimal generator of the two parameter semigroup (J(s,t))er, xr, - Let u =

(Z) € Ry xRy and =z € D(A;) N D(As). Then it is easy to see that

o) (£) - (20 2280 (),

0J(s,t)  0J(s,t)
(“ os T )¢

(a(%ﬂ) J(0,t) + b(&]gz’ ) ) J(s, 0))x

By Remark 3.1, we get

a

DJ(s,1) (b) - :(aAIJ(s, 0).J(0, 1) + bAs.J(0,1).J (s, 0))93

=(aA1J(s,t) +bAsJ (s, 1)) = (A1, Ay) (Z) J(s,t)z.

]

Definition 3.2. Let (J(s,t))(secr, xr, be atwo parameter semigroup of continuous
linear operators on a sequentially complete locally convex Hausdorff space X. For u = (a,b) €

R?, the directional derivative D,J of J(s,t) at (0,0) in the direction of u = (a,b) is defined
as

h,bh)x —
Domain(D,J) = {x € X : lim J(ah,bh)r —x
h—0+ h

exists in X} (3.2)
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and for all z € Domain(D,J),

DuJz = lim 2O =T

h—0t h

Proposition 3.1. Let (J(s,t))(sner,. xr, be a two parameter exponentially equicon-
tinuous Cy -semigroup of continuous linear operators on a sequentially complete locally convex
Hausdorff space X. Then for u = (a,b) € R, D,J = aA; + bAy is the infinitesimal generator
of the one parameter product semigroup J(at,0)J(0,0bt), where Ai, Ay are the infinitesimal
generators of the one parameter exponentially equicontinuous Cy -semigroups (J(s,0))secr, and
(J(0,1))ier, respectively.

Proof. Let (a,b) € RZ and x € Domain(D,J), we get

J(ah,bh)r — x J(ah,0)J(0,bh)r — x

D,Jr = lim = lim
h—0t h h—0t h
. J(ah,0)J(0,bh)x — J(ah,0)x + J(ah,0)x — x
= lim
h—0t h
L J(0,bh)xr — x J(ah,0)x —x\\ _
= hlg(r)l+ (bJ(ah, 0) oh + a( o )) = aAjz + bAsz.

O

Theorem 3.4. Let X be a sequentially complete locally convex Hausdorff space, and let
(J(5,t))(s,)cr, xr, De a two parameter exponentially equicontinuous Cy -semigroup of continuous
linear operators on X with infinitesimal generator (A, As). Then the followings hold:

(i) DJ(s,t) (Z) r = (A, Ay) (Z) J(s,t)z for all (a,b) € R2 and all € D((Al, Ay) (Z))

where Ay, As are the infinitesimal generators of the one parameter exponentially equicon-
tinuous Cy -semigroups (J(s,0))ser, and (J(0,t))icr, respectively.

ii) For any x € X and for each (s,t) € R%, we have
(ii) y 2

t+h ps+k

J(u,v)zdudv = J(s,t)z.

li —
(h’k)_l{%)%r’(]#») hk t S

(iii) For each x € X and for all t,s € Ry, we have
t s
/ / J(u, v)xdudv € D((Al,AQ) (a))'
0o Jo b

Proof (i) Let (a,b) € R2 and (s,t) € R2. Since (J(s,t))(ser, xk, 1S a function of
two variables, we have

i ()= (2250 (1)1 (252 125
~( (ajéi’ O>>J(0, ) + b(ajgi’ t))J(s, 0))e.

Q
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By Remark 3.1, we get
DJ(s,1) (Z) r = (aAlj(s, 0).J(0, 1) + bAs.J (0, 1) (s, O))x
= (aAyJ(s,t) + bAsJ(s,1))7 = (A1, As) (‘Z) J(s,t)z.
(ii) Set for all x € X and for each (s,t) € R2,

t+h
t li dud
Ji(s,t)x = (hk)j%+ o hk: / J(u,v)xdudv.

Utilizing Theorem 3.1, we have for each (s,t) € R7 and for all z € X,

t+h
lim
Ji(s,t)x = ol hk / J(u, 0)xdudv

1 t+h 1
(h,k)-&%ﬂoﬂ h . J<07 U) A /s J(U, O)x udv

t+h stk
= hlg(r)l+ 7 /t J(0,v) klg& ) J(u, 0)zdudv
1 t+h
= lim —/ J(0,v)J(s,0)xdv = J(0,t)J(s,0)x = J(s,t)z.
h—0t h ¢

(iii) Let « € X and (a,b),(s,t) € R2. Put Jo(s,t)x = (aA; + bAs) [ [ J(u,v)xdudv.
Hence

Jo(s,t)r = (aA; + bAy) /Ot /OS J(u,v)zdudv
= (aA; + bA,) /Ot J(u,())(/oS J(O,v)xdv)du

— aA, /0 t J(u,())( /0 S J(O,v)mdv)du+bA2 /0 t J(u, 0)( /0 S J(O,v)xdv)du

= a/oS J(O,U)(J(t,()):c—x>dv+b/0t J(u,O)(J(O,s)x—x)du.

/Ot /0 J(u, v)zdudv € D((Al,AQ) (‘Z) )

for all (a,b),(s,t) € Ry x Ry and for any z € X. O

Then

Theorem 3.5. Let X be a sequentially complete locally convex Hausdorff space, and let
(J(5,t))(s.)er, xr, De a two parameter exponentially equicontinuous Cy -semigroup of continuous

linear operators on X with infinitesimal generator (Ay, Ay). Then (Aj, As) (Z) is a closed

operator with dense domain in X for any (a,b) € Ry x R,.
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Proof. Since (J(s,t))sper, xr, is an exponentially equicontinuous Cp-semigroup on
X, then (J(s,0))ser, and (J(0,t))tcr, are one parameter Cj-semigroups on X. Utilizing
Theorem 3.1, it follows that their infinitesimal generators A; and A, are both closed in X.
Then for all u = (a,b) € Ry x R,

(A1, Ag) (Z) xr = lim Jah bz —z _ , Hlbr—z

where Ji(h) = J(hu). Since (J(s,1))(s)er, xr, is an exponentially equicontinuous Cj -semigroup

on X, then (Ji(t))ier, is a Cp-semigroup on X. From Theorem 3.1, (A;, Ay) (Z)x —

aA1x+bAsx is a closed operator. Being the infinitesimal generator of a Cj-semigroup, aA;+bA,
has a dense domain in X. O

Theorem 3.6. Let X be a sequentially complete locally convex Hausdorff space, and let
(J(5,1)) (s )ers xry and (S(5,1))(s)er, xr, be two parameter exponentially equicontinuous Cj -
semigroups of continuous linear operators on X. Suppose that both has the same generator
(A1, As). Then J(s,t) = S(s,t) for any s,t € Ry.

Proof. Since A; is the infinitesimal generator of the one parameter Cj-semigroups
(J(5,0))ser, and (S(s,0))ser,, then from Theorem 3.2, J(s,0) = S(s,0) for any s € R,.
Similarly J(0,¢) = S(0,¢) for any ¢ € R,. O

Let A € £(X), then the resolvent set p(A) of A is defined by
p(Ay={ e C: (M- A) " eL(X)} (3.3)

Set for all A € p(A), R\, A) = (M — A)~', then R()\, A) is called the resolvent of A. For
more details, see |7, p. 236].

Let A; and A, be two linear operators on a sequentially complete locally convex Hausdorff
space X, then the domain of the composite operator A; A, is

D(AlAQ) = {$ € D(AQ) . AQ.T S D(Al)}

We consider the following conditions on A; and A :
(b) D(Az(Xo — A1) C D(Az4;) for some Ay € p(A4;).
(c) A1Asx = AyAjx for any x € D.
Lemma 3.1. Let X be a sequentially complete locally convex Hausdorff space. Suppose that
Ay and Ay satisfy (a), (b) and (c), hence
(i) D = R\ A1)R(p, A2)X and R(\ Ay), R(u, As) commute for any N € p(A;) and
1€ p(Az),
(11) AQR()\,Al)Z‘ = R()\,Al)AQI, rzeD and )\ € p(Al)
Proof. Let Ay beasin (b). It is easy to see that

D = D(Ax (Ao — A1) = R(Ao, A1) R, A2) X.
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Let z € X and set z = R(\g, A1)R(1, As)z, then z isin D. Using (c),
T = ()\0[ — Al)(/,l,j — AQ)Z,

then R(Mo, A1), R(u, As) commute. Since D(A;) = R(M\g, A1)X = R\, A1) X for all A €
p(A1), we obtain D = R(u, A2)R(\, A1)X. Now (i) follows by the preceding argument with
Ao replaced by A. Next, we note by (i) that R(\, A;)D C D. Hence from (c), we have

(w—Ay)x = (u— A)(A— AR Az = (A — Ay (p— A2)R(N, Az, z € D. (3.4)
Then for all x € D(A,),
From (3.4) and (3.5), it follows (ii). O

Let us recall that the generator of an exponentially equicontinuous Cj-semigroup (J(t))ier,
satisfying for any p € I'x, there exist w € R, and g € I'x such that for all z € X, t € Ry,
p(J(t)x) < e*!q(z) is a densely defined closed linear operator such that its resolvent operator

given by
M&Aﬂ:/qe”ﬂwmuxeX}RdM>w
0
and A
1 Y4100
Jt)r = — MR\, A)zd\, z € X, (3.6)
270 oo

where v > max{0,w}.

Theorem 3.7. Let X be a sequentially complete locally convex Hausdorff space, and let
(J(t))ter, and (S(t))er, be two exponentially equicontinuous Cjy-semigroups on X with
generators Ay and Ay respectively. Then (J(t))er, and (S(t))ier, commute if and only
if Ay and As satisfy conditions (a), (b) and (c).

P r o o f. First we demonstrate that D is dense in X. It suffices to prove that it is dense in
D(A;) since the latter is dense in X. Let = € D(A;), hence = = R(\, Ay)y for some y € X
and X € p(A;). Since D(A,) is dense in X, there is a sequence (y,), in D(As) such that
Yo =y as n — 00. So R(A, A1)y, — R(\, A1)y = x, where R(\, A1)y, € D from Lemma 3.1.

Sufficiency. Let = € D and v > max{0,w}. Utilizing (3.6), (ii) of Lemma 3.1 and A, is

closed, we have
1 Yy+i00
J(t)Asx = - Ay(eMR(N, A)x)d\ = Ay J(t)x.
™ y—100

In particular J(t) maps D into D(A;) and since R(u, Ay) maps D into itself (Lemma 3.1),
J(t)R(u, Ay) maps D into D(As). Hence for z € D,

(1l — A2)J(@)R(, Ax)x = J(£)(ul — As)R(p, Ase = J(t)a

then J(t) and R(p, Az) commute on D. From (3.6), we have J(t)S(t)x = S(t)J(t)x for any
x €D and t € Ry. Since D is dense, we obtain J(t)S(t)x = S(t)J(t)z for any =z € X and
teR,.
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Necessity. Suppose that J(t)S(t) = S(¢)J(t) for any t € R,. Let Ay(h) = h=1(S(t) — 1),
then As(h) and J(t) commute for any sufficiently small h. From A, is closed and letting
h — 0%, we have J(t)Asx = Ay J(t)x for all o € D(Az). By (3.6), we have R(\, Ay)Asx =
AyR(N, Ap)x. In particular, R(\, A;)D(A2) C D(As). Hence (b) holds. To demonstrate (a)
and (c), let © € D(A;A2) N D(A;), hence

AlAQZL‘ = lim A(h)AQIL’ = lim AQA(]’L)ZE = AgAlfL’,
h—0+ h—0t
where A(h) = h=Y(J(h) —I). So Az € D(As,), then = € D(A3A;) N D(Ay). The converse
inclusion follows from symmetry. O]
Now, we try to see the form of the resolvent of two parameter semigroups.

Theorem 3.8. Let X be a sequentially complete locally convex Hausdorff space, and let
(J(5,t))(st)cr, xr, be two parameter exponentially equicontinuous Cqy-semigroup on X satis-
fying for any p € T'x, there exist wy,ws >0 and q € T'y such that for all x € X, p(J(s,t)x) <

ewrste2ty () with infinitesimal generator (Ay, Ag). If in addition \ € p((Al,Ag) (Z)) and

A > max{wy,ws}, then
R()\, (A1, As) (a) ):1: = / e J(at, bt)adt.
b 0
Proof Let z € X and A > max{w;,ws}, define
R(\)x = / e M J(at, bt)xdt.
0

Since the map ¢ — J(at,bt) is continuous and A > max{w;,ws}, the integral exists as an
improper Riemann integral and defines a continuous linear operator on X. Moreover, for h > 0,

J(ah,bh) — I 1 [
%R()\)x = / e M(J(a(t + h),b(t + b))z — J(at, bt)z)dt
0
1 [ 1 [
= —/ e MR J(at, bt)xdt — —/ e J(at, bt)xdt
h Jh h Jo
eAh 00 Y 1 o Cat
=5 : e " J(at,bt)xdt — i), e " J(at,bt)xdt
A1 Ab o ph

= / e J(at, bt)xdt—e— e M J(at, bt)xdt.
hJo hJo

Letting h — 0T, we obtain

a

(A, As) (b) R(\)z = AR(\)z — .

a

Hence R(\)x € D((AlaAQ) (b

)) for any x € X. Then

(M ~ (A, Ay) (Z) )R()\) ~ 1.
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Now, for x € D((Al, Ay) (Z) ), we obtain

ROV (A4, A) (Z) v = /0 TN Ay) (Z) J(at, bt)zdt.

Moreover, (A;, As) (Z) is closed, then

ROV(Ay, Ay) (Z) = (Ay, Ay) <Z> / e I (at, b)adt = (A, Ay) <Z> ROz,

Thus 0
R ()J ~ (A, Ay) (Z) )x —z

a

for all x € D((Al,Ag) (Z) ) Since D((Al,Ag) (b) ) ense in X, we have

is d
ROV ()\I — (A}, Ay) (‘;) ) ~ I

As an extension of Trotter’s theorem [3] to sequentially complete locally convex spaces.

Theorem 3.9. Let X be a sequentially complete locally convex Hausdorff space, and let
(T(t))ier, and (S(t))er, be two exponentially equicontinuous Cy-semigroups on X with
generators Ay and As respectively. If the semigroups commute, then the product U(t) =
T(t)S(t) is a Cy-semigroup, whose generator is the closure of A; + As.

Remark 3.2 Let X be a sequentially complete locally convex Hausdorff space. Let
(T'(t))ier, and (S(t))er, be two exponentially equicontinuous Cp-semigroups on X with
generators A; and As respectively. It is clear that if A; and A, satisfy (a), (b) and (c),
hence the conclusion of Trotter’s theorem holds.

Now, we demonstrate one of the main results of this paper (Generalization of the Hille—
Yosida Theorem to two parameter semigroups).

Theorem 3.10. Let X be a sequentially complete locally conver Hausdorff space. Let
(J(5,t))(sp)cry xr, e two parameter exponentially equicontinuous Cy -semigroup on X satis-
fying for any p € DI'x, there exist wi,ws > 0 and q € U'x such that for all x € X,
p(J (s, t)x) < erst@2ly(x). Then the linear transformation (Ay, A2) on R3 into L(X) defined
by

s
0 ()

N sAyx + tAsx is the infinitesimal generator of (J(s,t))(sper, xr, on X if

and only if the following statements hold:

(i) (A, Ag) (Z) is a closed operator and D((Al,AQ) (Z) > = X for all (a,b) € R.

(i) (wi,00) € p(Ay) for i=1,2.



196 J. Ettayb

(iii) The families {(A —w;)"R(\, A)™; A > w;, n € N}, i =1,2, are equicontinuous.
(iv) A; satisfy conditions (a), (b) and (¢) for i=1,2.

Proof. Let (J(s,t))(ser, xr, be two parameter exponentially equicontinuous Cj-semi-
group on X. By Theorem 3.1, (i) holds. Since A; and A, are the infinitesimal generators of the
one parameter semigroups (J(s,0))ser, and (J(0,t))icr, respectively, hence from Theorem
2.3, (ii) and (iii) hold. Since (J(s,t))sscr, is a semigroup of operators on X, then (J(s,0))scr,
and (J(0,t))er, commute for all s,z € Ry. Using Theorem 3.7, (iv) is satisfied.

Conversely, let (a,b) € Ry. Then (Aj, As) (

a

b
and from (i), it follows that A; is a closed operator and D(A;) = X. Similarly if (a,b) =

(0,1), we get Ay is a closed operator and D(As) = X. From (ii),(iii) and Theorem 2.3, then
A; and A, are the infinitesimal generators of one parameter Cj-semigroups (J(s,0))scr,
and (J(0,t))cr, respectively. Since A; and A, satisfy (iv), hence from Theorem 3.7, J(0,1t)
and J(s,0) commute for all s, € R,. Thus for all s,t € Ry, J(s,t) = J(s,0)J(0,1) is a
two parameter exponentially equicontinuous Cj-semigroup on X with infinitesimal generator

(A1, As). ]

) = aA; +bAs. In particular if (a,b) = (1,0)

4. Genaration theorem for n-parameter semigroups
of operators in locally convex spaces

In this section, we set u = (s1,---,,), v = (t1,...,t,) € R}, then we have the following
definition.

Definition 4.1. Let X bealocally convex space. An n-parameter family (J(u))uery
of continuous linear operators on X is said to be an n-parameter semigroup if

(i) J(0,...,0) =1 where (0,...,0) € R",
(ii) For all w,v € R}, J(u+v) = J(u)J(v).

Definition 4.2. Let X be asequentially complete locally convex Hausdorff space. An
n-parameter semigroup (J (U))ueRi on X is an m-parameter strongly continuous semigroup
or an n-parameter Cp-semigroup if lim, o+ . o+) J(u)zr =z for all z € X.

Definition 4.3. Let X be a sequentially complete locally convex Hausdorff space.
An n-parameter Cp-semigroup (J(u))uern is equicontinuous if for any continuous seminorm
p on X, there exists a continuous seminorm ¢ on X such that for all x € X and for each
ueRY, p(J(u)x) < q(x).

Definition 4.4. Let X be a sequentially complete locally convex Hausdorff space.

An n-parameter Cp-semigroup (J(u))uery is exponentially equicontinuous if there exist
Wi, Wa, ..., W, > 0 such that {e”2i=19% J(u); u € R™} is equicontinuous.

Remark 4.1. Let X be a sequentially complete locally convex space. Let (J(u))ucry
be an n-parameter semigroup on X, then for all u = (s1,...,s,) € RY,

n

Jw) =[] 7(uw), we=1(0,... 5,0...) = spey,

k=1

where (ey)i1<g<n is the canonical basis of R™.
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Definition 4.5. Let X bealocally convex space. Let (J(u))uerr bean n-parameter
semigroup on X. The infinitesimal generator of the n-parameter semigroup (J(u))yern is the
derivative of J at (0,...,0).

Remark 4.2. Let X be a sequentially complete locally convex Hausdorff space. Let
(J (u))uem be an n-parameter exponentially equicontinuous Cj-semigroup on X. Then for

any ¢ € X, themap (s1,...,5,) = J(s1,...,8,)2 is continuous on R” into X. Let (Ag)i<p<n
be a sequence of linear operators defined by for all k€ {1,...,n},
o Jlhey)x —x . .
D(Ay) ={z e X : hlg{){r % exists in X}
e Hhewe —z _ 03(w)
. Cp )T —XT u
Apx = hlﬂ%i - = Tar ‘u:(o,..,o) for each = € D(Ay).
It is easy to see that Aj,..., A, are the infinitesimal generators of the one parameter
semigroups (J(sie1))s,er, s - -5 (J(Sn€n))sner, respectively. From the definition of the infini-

tesimal generator, we have.

Theorem 4.1. Let X be a sequentially complete locally convex Hausdorff space, and let
(J(u))uern be an n-parameter exponentially equicontinuous Cy-semigroup on X. Then the

infinitesimal generator of (J(u))uery s the linear transformation L : R} — E(ﬂ D(Ag), X)

k=1
defined by for any x € ﬂ D(Ax) and (ay,...,a,) € RY,
k=1
aq n
L(ay,...;an)z = (Ay,...,An) | x:ZakAkx.
a, k=1
Furthermore if = € ﬂ D(Ag), we have for all (ai,...,a,) € R,
k=1
ai ai
DJ(s,t)| + |z= (A, ..., A) | | J(s, )z,
Ap, Qn
where Ai,..., A, are the infinitesimal generators of the one parameter exponentially equicon-
tinuous Cy -semigroups (J(s1€1))s,ery, -5 (J(Snen))s.cr, respectively.
P r o o f. The proof is similar to the proof of Theorem 3.3. O

Definition 4.6. Let (J(u))uerr be an n-parameter semigroup of continuous linear
operators on a sequentially complete locally convex Hausdorff space X. Then the directional
derivative D,,J of J(u) at (0,...,0) in the direction of w = (a4,...,a,) € R} is defined by

J(h —
Domain(D,J) = {zr € X : lim Jhw)e -z exists in X}
h—0+ h
and for all @ € Domain(D,,J),
D,Jz = lim M

h—0t
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Similarly to the Proposition 3.1, we have

Proposition 4.1. Let (J(u))ueRi be an n -parameter exponentially equicontinuous
Co -semigroup of continuous linear operators on a sequentially complete locally convex Hausdorff
n

space X. Then for w = (a1,...,a,) €RY, D,Jx = Z apArx is the infinitesimal generator of

k=1
the one parameter product semigroup [[,_, J(agsrer), where Ay are the infinitesimal generator
of the one parameter exponentially equicontinuous Cy -semigroup (J(sgex))syer,, k=1,...,n.

Similarly to the Theorem 3.4, we have

Theorem 4.2. Let X be a sequentially complete locally convex Hausdorff space, and let
(J (u))uem be an n -parameter exponentially equicontinuous Cy -semigroup of continuous linear
operators on X. Then the followings hold:

a1 a1
i) DJ(w) | @ |z = (Ar,...,A) | ¢ | J(wx for all (ai,...,a,) € R} and all z € X,
Qp Qp,
where Aq,..., A, are the infinitesimal generators of the one parameter exponentially
equicontinuous Cp -semigroups (J(s1€1))s,erys-- -, (J(Snen))s,cr, respectively.

(i) For any x € X and t = (t1,...,t,) € R", we have

1 tn-+hn t1+h
lim )ﬁ/ / J(uw)xdsy...ds, = J(t)x,
1--- N Jy,

h—(0t,...,0* t

where h = (hy, ..., h,) € R},
(iii) For any x € X and (hi,...,h,) € RY, we have

3]

/Oh"',./ohlj(u)xdsl...dsneD((Al,...,An) ).

Qn

As a generalization of Theorem 3.5, we have

Theorem 4.3. Let X be a sequentially complete locally convex Hausdorff space, and let

(J(u))uem be an n -parameter exponentially equicontinuous Cy -semigroup of continuous linear
aq

operators on X with infinitesimal generator (A, ..., An). Then (Ay, ..., A,) | | isaclosed

Qp
operator with dense domain in X for any (aq,...,a,) € R}

As a generalization of Theorem 3.6, we obtain.

Theorem 4.4. Let X be a sequentially complete locally convex Hausdorff space, and let
(T'(u))uern and (S(u))uern be two parameter exponentially equicontinuous Co-semigroups of
continuous linear operators on X. Suppose that both has the same generator (Ai,...,A,).
Then T(u) = S(u) for any u= (s1,...,5,) € R%.
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Now, we obtain a generalization of Theorem 3.9.

Theorem 4.5. Let X be a sequentially complete locally convex Hausdorff space, and let
(J1())ery, -- -, (Ju(t))ter, be exponentially equicontinuous Cy-semigroups with generators
Ay, ..., A, respectively. If for all i,j € {1,...,n} and for any t € Ry, J;(t)J;(t) = J;(t)Ji(t),
then the product U(t) = [[i_, Jx(t) is a Cy-semigroup, whose generator is the closure of

Z Ay
k=1

Remark 4.3. Let X beasequentially complete locally convex Hausdorff space, and let
(J1(t))tery s -+, (Jn(t))ier, be exponentially equicontinuous Cj-semigroups with generators
Ay, ..., A, respectively. It is clear that if Aj,..., A, satisfy (a), (b) and (c), hence the
conclusion of Trotter’s theorem holds.

Now, we demonstrate one of the main results of this paper (Generalization of the Hille—
Yosida Theorem to n-parameter semigroups).

Theorem 4.6. Let X be a sequentially complete locally convex Hausdorff space, and let
(J(u))uerr be an n-parameter Cy-semigroup on X satisfying for any p € I'x, there exist
Wi, ...,wy >0 and q € Tx such that for all x € X, p(J(u)z) < eXk=19k%q(x). Then the linear

aq n
transformation (Aq, ..., A,) on R into L£(X) defined by (A1,...,A,) | : |z = ZakAk
a, k=1
is the infinitesimal generator of an n-parameter exponentially equicontinuous Cy-semigroup
(J(u))uern on X if and only if the following assertions hold:

aq a1
(i) (A1,...,A) | is a closed operator and D((Al, LA ) =X

Qp Qanp,
for all (aq,...,a,) € RY.

(i) (wi,00) C p(A;) forall i € {1,...,n}.
(ili) The families {(A—w;)"R(X, A;)"; A > w;,n € N} are equicontinuous for all i € {1,...,n}.
(iv) Forall 1,7 € {1,2,...,n} (i#j), A and A; satisfy conditions (a), (b) and (c).

5. Genaration theorem for n-parameter semigroups
of operators in Banach spaces

In this section, we put u = (s1,...,8,), v = (t1,...,t,) € R, then we get the following
definition.

Definition 5.1. [1] Let X be a Banach space. An n-parameter family (J(u))ucry
of continuous linear operators on X is said to be an n-parameter semigroup if
(i) J(0,...,0) =1 where (0,...,0) € R?,
(ii) For all w,v € R}, J(u+v) = J(u)J(v).
Definition 5.2 Let X bea Banach space. An n-parameter semigroup (J(u))uery

on X is an n-parameter strongly continuous semigroup or an n-parameter Cj-semigroup if
lim, o+, 0t J(u)r =z for all x € X.
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Remark 51 [1] Let X be a Banach space. Let (J(u))uern be an n-parameter
semigroup on X, then for all u = (s1,...,s,) € RY,

n

J(u) :HJ(uk) wp = (0,...,8,0...) = spex,

k=1
where (ey)i1<g<n is the canonical basis of R™.

Definition 53. Let X be a Banach space. Let (J(u))uerr be an n-parameter
semigroup on X. The infinitesimal generator of the n-parameter semigroup (J(u))uerr is the
derivative of J at (0,...,0).

Remark 52 Let X be a Banach space. Let (J(u))uerr be an n-parameter Cp-
semigroup on X. Then for any x € X, the map (s1,...,8,) — J(s1,...,8,)2 is continuous
on R? into X. Let A;,..., A, be the linear operators defined by for all k€ {1,...,n},

J(h —
D(Ag) ={zx € X : lim Jlhewe = exists in X}
h—0t
and J(h oJ
Apr = lim (hew)e = 2 = (v) , for each x € D(Ay).
h—0+ h 08, lu=(0,...,0)
It is easy to see that Aq,...,A, are the infinitesimal generators of the one parameter
semigroups (J(s1€1))s,er,, --- (J(Sn€n))s,er,, respectively. From the definition of the infini-

tesimal generator, we have.

Theorem 5.1. Let X be a Banach space. Let (J(u))uerr be an n -parameter Cy -semigroup
on X. Then the infinitesimal generator of the n -parameter Cy-semigroup (J(u))uern is the

linear transformation L : R} — E(ﬂ D(Ag), X) defined by for any = € ﬂD(Ak) and
k=1 k=1
(ai,...,a,) € RY,

aq n

L(ay,...;an)z = (A,..., An) | x:ZakAkx.

an k=1

Furthermore if x € ﬂ D(Ay), we have for all (ai,...,a,) € R},
k=1

a1 3]
DJ(s,t) | + |x=(Ar,....A) | + | J(s,t)x

an Qn

where Ay, are the infinitesimal generator of the one parameter Cy-semigroup (J(skex))s,er, »
k=1,...,n.

P r o o f. The proof is similar to the proof of Theorem 3.3. O
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Definition 54. Let (J(u))uerr be an n-parameter semigroup of continuous linear
operators on a Banach space X. Then the directional derivative D,,J of J(u) at (0,...,0)
in the direction of w = (ay,...,a,) € R} is defined by

J(hw)z —
Domain(D,J) ={z € X : lim Jhw)e = exists in X}
h—07+
and for all z € Domain(D,,J),
Dz = lim ZHWT =T
h—07+

Similarly to the Proposition 3.1, we have

Proposition 5.1. Let (J(u))uery be an n-parameter Co-semigroup of continuous

linear operators on a Banach space X. Then for w = (ai,...,a,) € R}, D,Jx = ZakAk

k=1
is the infinitesimal generator of the one parameter product semigroup [[,_, J(axsiexr) where

Ay are the infinitesimal generator of the one parameter Cy-semigroup (J(Skek))sier,, k =
1,...,n.

Similarly to the Theorem 3.4, we have

Theorem 5.2. Let X be a Banach space. Let (J(u))uerr be an n -parameter Co -semigroup
of continuous linear operators on X. Then the followings hold:
ay ai
i) DJ(w) | : |z = (Ar,...,A) | ¢ | J(wz for all (a1,...,a,) € R} and all z €

Qn Qn

ﬂ D(Ay), where Ay, ..., A, are the infinitesimal generators of the one parameter Cp -

k=1
semigroups (J(s1€1))s,ery, - -5 (J(Sne€n))s,er, respectively.
(i) For any x € X and t = (t1,...,t,) € R", we have

1 tn+hn t1+hy
lim —h/ / J(w)zds;...ds, = J(t)x,
n Jit,

h—(0F,...,07) hy ... t

where h = (hy,...,h,) € R}.
(iii) For any x € X and (h,...,h,) € R}, we have

a1

/Oh"__./ohlj(u)xdsl...dsn€D<(A1,...,An) : )

an

As a generalization of Theorem 3.5, we have

Theorem 5.3. Let X be a Banach space. Let (J(u))uerr be an n -parameter Cy -semigroup
of continuous linear operators on X with infinitesimal generator (Aq,...,A,). Then
3]
(A1,..., A | - is a closed operator with dense domain in X for any (ai,...,a,) € R},

G
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As a generalization of Theorem 3.6, we obtain.

Theorem 5.4. Let X be a Banach space. Let (T'(u))uern and (S(u))uern be two parameter
Co -semigroups of continuous linear operators on X. Suppose that both has the same generator

(A1,...,An). Then T(u) = S(u) for any v = (s1,...,5,) € R}.
Now, we obtain a generalization of Theorem 3.9.

Theorem 5.5. Let X be a Banach space. Let (Ti(t))ier,, - -, (Tn(t))icr, be Co-semi-
groups with generators Ay, ..., A, respectively. If for all i,5 € {1,...,n} and for any t €
Ry, T;(t)T;(t) = T;(t)Ti(t), then the product U(t) = [[i_, Tk(t) is a Co-semigroup, whose

n

generator is the closure of ZAk.
k=1
Remark 5.3. Let X bea Banach space. Let (T1(%))icr,, ---, (Tn(t))ter, be Cj-semi-
groups with generators Aj,..., A, respectively. It is clear that if Ay,..., A, satisfy (a), (b)
and (c), hence the conclusion of Trotter’s theorem holds.

There exists a generalization of the Hille-Yosida Theorem for n-parameter semigroups in
Banach spaces due to Abdelaziz see |1, Theorem 2|. Now, we get a another characterization
used the definition of the infinitesimal generator for n-parameter semigroups in Banach spaces.

Theorem 5.6. Let X be a Banach space. Let (J(u))uern be an n -parameter Cy -semigroup
(J(u))uerr on X satisfying for all w € R and for each x € X, |[|J(u)z|| < MeXk=19k%k for

some wy,...,wy, M > 0. Then the linear transformation (Ay,...,A,) on RY into L(X)
defined by
aq n
(A, AL | xzzakAkl'
ar, k=1

is the infinitesimal generator of an n -parameter Cy-semigroup (J(U))uem on X if and only
iof the following hold:

aq 3]
(i) (Aq,...,A) | is a closed operator and D<(A1, LA ) =X
Ap Qanp,
for all (ay,...,a,) € RY.

(i) (wi,00) Cp(A;) fori=1,...,n.
(iii) |JR(A, A" < (ﬂ—w for A>w; and i=1,...,n.
(iv) Forall 1,5 € {1,2,....,n} (i#j), A; and A, satisfy conditions (a), (b) and (c).

Definition 5.5. Let X be a Banach space. An n-parameter semigroup (J(u))uery
on X is an n-parameter uniformly semigroup if

li — I = 0.
m 00~ 1] =0

As a generalization of |2, Theorem 2.9]|, we have

Theorem 5.7. Let X be a Banach space. Then the following are equivalent:
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(i) The linear transformation A = (Aq, ..., A,) on R” into L(X) defined by

aq n

(A, A | $=Zak14k9€

an, k=1

1s the infinitesimal generator of an wuniformly continuous n -parameter semigroup
(J(u))uery of continuous linear operators on X.

(ii) A; and A; are bounded linear operators on X, and A; and A; commute for all i,j €

{1,....n} (i#7).

As a generalization of |2, Theorem 2.10], we have

Theorem 5.8. Let (J(u))uerr be an uniformly continuous n-parameter semigroup of
continuous linear operators on a Banach space X. Then

(i) There exist constants wi,...,w, > 0 such that ||J(u)z| < eXk=1“s for all u =
(51,...,5,) € RY.

(ii) There exist bounded linear operators Ai,..., A, such that J(u) = [[;_, e for all
u=(s1,...,5,) € R}

(iii) The linear transformation A = (Ay,..., A,) on R} into L(X) defined by

ai

(A, AL | x:ZGkAkSU
k=1

Qn

is the infinitesimal generator of the (J(u))uery -

(iv) The map w— J(u) is differentiable in the norm and

aq aq
DJu) | + [x=(A1,...,4,) | |z

Qn Qn

Remark 54. For n=2, the results of this section due to Al-Sharif and Khalil [2].
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