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Abstract. In this paper, we study the spectrum of non-self-adjoint convection-diffusion
operator with a variable reaction term defined on an unbounded open set € of R™. Our
idea is to build a family of operators that have the same convection-diffusion-reaction
formula, but which will be defined on bounded open sets {Qn}ne]o,l[ of R". Based on
the relationships that link this family to (), we obtain relations between the spectrum
and the pseudospectrum. We use the notion of the pseudospectrum to build relationships
between convection-diffusion operator and its restrictions to bounded domains. Using these
relationships we are able to find the spectrum of our operator in RT. Also, the techniques
developed to obtain the spectrum allow us to study the properties of the spectrum of this
operator when we go to the limit as the reaction term tends to zero. Indeed, we show
a spectral localization result for the same convection-diffusion-reaction operator when a
perturbation is carried on the reaction term and no longer on the definition domain.
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Awnnoramus. B crarbe mccaemyercs CIeKTp HECAMOCOIPSIXKEHHOTO OIEPATOPa KOHBEKIIUH-
b dy3un ¢ mepeMeHHBIM YJIEHOM PEeaKIui, OIPE/Ie/IEHHBIM Ha HEOIPDAHUYEHHOM OTKPBITOM
muoxkecTBe ) C R™. Unest ucciemoBanusi COCTOUT B TOM, YTOOBI IIOCTPOUTH CEMEHCTBO OTIe-
paTOpPOB, UMEIIINX TAKYIO 2Ke (hOPMYJTy KOHBEKINU-TuhdYy3nn-PEaKIInN, HO OIPEIEICHHBIX
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Ha OTPAHMYEHHBIX OTKDBITHIX MHOXKecTBax {{),} C R™. OcHoBbIBasicCb Ha COOTHO-

n€]0,1]
IIEHUSX, KOTOPbIE CBA3BIBAIOT 9TO CeMeHCTBO ¢ §), IOJYyYeHbI COOTHOINCHUS MEXKIy CIIeK-

TPOM U TCEBJOCHEKTPOM. [IJjisi MOCTpOeHMsT COOTHOIIEHNH MEXK/Ly OIEePATOPOM KOHBEKITH-
muddy3un U ero Cy»KeHusiIMA Ha, OIDAHMYEHHBIE O00JIACTH WCIIOJb3YeTCsi MOHSATHUE IICEBIO-
cuekTpa. IlojlydeHHBIE COOTHOIIEHUS] MCIIOJIb3YIOTCs JIJIsl OIPee/IeHNs] CIIEKTPa MCXOJHOIO
omeparopa B RT. MeToanl, paspaboTaHHbIe I HAXOXKIEHIS CIeKTPa 33 JaHHOTO OIIepaTo-
pa, MO3BOJIAIOT TAKKe N3y IUTh HEKOTOPBIE CBOMCTBA ITOrO CIEKTPA IIPHU IIePEX0e K IPeIery,
KOIJ[a YJIeH PEAKIINK CTPEMUTCS K HYJIF0. B 4acTHOCTH, TOKAa3aHO, KAK OIPEJIEJIUTh CIIEKTD 3a-
JIAHHOT'O OIlepaTopa KOHBEKIUH-Tu(OY3Ur-PEaKIiuy [IPU BO3MYIIEHIY YIeHA PEAKIUU, a He
00JIaCTU OIpeie/IeHns.

Kirouessblie cioBa: jinddepeHiaabHblil OIIepaTop; CIIEKTD; ICEBIOCIIEKTD; OIIEPATOP KOH-
BeHIINH-TNhDy3un

st mutupoBanust: [e6bati X., Ceenu C., luam M., Mepueaa B. IlceBiocnexkTp onepaTopa
koHBeHIUU-1u(Yy3un ¢ nepeMeHHbIM 4ieHOM peakiuu // BecTHUK POCCHICKUX yHUBEPCH-
reroB. Maremaruka. 2019. T. 24. Ne 128. C. 354-367. DOI 10.20310,/2686-9667-2019-24-128-
354-367. (In Engl., Abstr. in Russian)

Introduction

The study of the spectrum of convection-diffusion operator is one of the most complicated
problems in functional analysis. In this paper, we study the spectrum of the following
operator:

Au=—Au+ ( - Vh(f[ xi)) -V + Vu, (0.1)

where h € C? (R,R) such that h” is positive and
n n n 2
V=Vi+V, Vi@ =) (h’(Hq;j) Hm) .
i=1 j=1 j=1
’ J#i
Non-negative potential V5 is considered as a reaction to the convection-diffusion phenomena
represented by Ag = —A + (— Vh(H 2;)) -V + Vi. The operator A in the case h(z) =z
i=1

was studied in [1].

We recall that, for an unbounded operator T defined on D(T) C H to H and for £ > 0,
the pseudospectrum is given by (see [2])

sp-(T) ={z€re(T) : |[(z - T)_1H >e '} Usp(T).
The resolvent set is given by
re(T)={z€C : (2I - T)™" exists and bounded} ;

sp(T) denotes the spectrum of 7' and is defined as sp(T') = C \ re(T). An equivalent
definition of the pseudospectrum has been given in [3]:

spe (T) = U sp(T'+ D).

D:H—H, linear and ||D||<e
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Pseudospectrum is easier to calculate and more efficient than spectrum when dealing with
unbounded operators [4,5]. In fact, it has been established that an approximation of the
spectrum of differential operators may be unstable when going to the limit, unlike the
pseudospectrum which shows to be stable (see [6-8|). For example, if T is a normal operator,
its pseudospectrum is equal to the e-neighborhood of its spectrum. The ¢ -neighborhood of
S C C is given by

N.(S)={s+z :s€S |z|<e}.

It is clear that, for all S C C, ﬂ N.(S)=S.

e>0
Moreover we take advantage of the fact that the spectrum of an operator is divided into

two sets: the pointwise spectrum, sp, (1), which consists of all the eigenvalues of T'; the
essential spectrum, spess (7') which consists of all A € C such that the operator (A —T)) is
injective, but not surjective. In addition, we define the limit of a sequence of sets as follows:
forall 8 >0, Sy CC, limy_,oSy = {8 € C : I{sp}yoq. S0 € Sp, limg_,g59 = s}.

In this article, we study in detail the pseudospectrum and the spectrum of the operator
A to establish that its spectrum is real positive. We conclude this work with a result on the
stability of the spectrum obtained by the pseudospectral theory.

1. Convection-diffusion operator

Let © C R" be an unbounded open set. Let h € C*(R,R) be such that h” is positive.
Let A be the convection-diffusion operator (see [9]) defined on L*(Q2, C) into itself by (0.1).
We define the hermitian form ¢ on L?*(2,C) as

ot = [vr Faes [ (~wn(a))-Vrae s [ voge

=1 Q

where the quadratic form associated with ¢ is given by

Q) = [Vullsw + [ (= V([T a0) - Vumds+ [ ViaPar
Q iy Q

For uw e C*(Q), weset z= [, (=VA(I]; ;) u- Vudz, so

n

;= /aQ(—Vh(Hxi)>|u|2dx+/Q(Ah(gxi)>]u‘2da:

J/

-~

=0

+ /Q(Vh(ﬁxz» -Vuudr = /Q (Ah(ﬁxi)>|u|2dx—2.
Using 2+ z = 2Re(z) = [, (AR(T, z:))|ul*dz yields

1 n n
Re(Q(u) = [|Vulls) + / (5[ T o) + IVAQT 202y + Vale) ) luldz > o,
=1 =1
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and

[Im(Q(u) |:‘[m</g< Vh( H:}:Z>u Vudx))—‘—(z)‘
3 (IVuliae + | ||Vthz sy luPr) + 5] [ Ahﬂxz julda].

Hence, ¢ is a sectorial form defined on the vector space R given by the following expression:
R=Hj(Q,C)({ueL*Q,C): Vue L*(2,C)}.

We recall that A is the operator associated with ¢ [10, Theorem 2.1, p. 322|, and the
domain of A is given by D(A) = H*(Q,C) R.

Our goal is to determine the spectrum of A. We notice that D(A) is a Dirichlet integral
boundary condition. Consider the eigenvalue problem: find A € C and uw € D(A)\ {0} such
that

“Au+t (—Vh(ﬁxi)) Vut+Vu= uonQ, u=0ondQ.
=1

Let {€,},c101; be a sequence of bounded open sets such that Q; C Q,, for all n <1,
and (J, .12y = €0 For all 7 €]0, 1[, we identify the hermitian form ¢, on L*(Q,,C) by

,,(f,g):/g Vf-V_gd:c—l—/Q (—Vh(H:cﬁ) -Vfgda:—l—/ﬂ V fgdz.

We recall that ¢, is a sectorial form defined on R, = Hj(f,,C). We denote by A, the
differential operator associated with ¢, [10, Theorem 2.1, p. 322|. The domain of A, is given
by D(A,) = H*(Q,,C)( Hi(Q,,C). We notice that A, is defined by the same formula as
A. Let B, be the differential operator which is defined by the same formula as A, but is
given on D(B,) = HZ(f,,C). The extension of each function in D(B,) to §, by zero
belongs to D(B,) [11, Lemma 3.22, p. 57|. Thus D(B,,) C D(B,).

To achieve our goal we will define the spectrum of A,, after that we will establish a
relation between the pseudospectrum and spectrum of A,, B, and A.

2. Spectrum of A, and B,

In this section, we will explain some characteristics of the operator A, which allow us
to locate the spectrum of A.

2.1. Spectrum of A,
Define the following scalar product on L?(2,) :

V(u,v) € L*(Q,) x L*(,), (u,v), = / exp( H:v, >uvd:v

Theorem 2.1. For all n €]0,1], A, is self-adjoint with respect to (, ).
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1
Proof Forall ue D(A,), we define u = exp ( Hxl >u Hence, we get

n

At = <Au + (Vh(ﬁ x;)) - Vu) + %HVh(ﬁ m,-)H%g(Qn)u) exp (%h(H xz)>

i=1 i=1

Then, for all (u,v) € D(A,) x D(A,),
(A, 0), = /Q exp (h(ﬁ r)) e = /Q (—dut (- Vh(ﬁ ) -V +
+<||Vh(ili 2 aga) + Vale) u) exp (%h(ﬁ m) S
_ / _ Aiida +/ ( IV sz [Zaq, + Vala) )iidda

o = 5 “ 2 ~
- / VaVods — o, 81} v da+ . <Z]\Vh(}_llxi)|]Lz(Qn)+V2(x)>uvdx.

So, for all 1 €]0,1[, (A,-,-), is also a scalar product, which means that A, is self-adjoint
[10, Theorem 2.7]. O
As a consequence, sp(A,) is real for all n €]0,1]. Since we cannot extend the scalar
product (, ), over L?(f2), we cannot guarantee that A is self-adjoint.
We define

K = mf{ ~Ah( Hzl + | Vh( le HL2 +Va(@) ¢ (@1 @) € Q)

=1
K, = inf{||Vh(Hxi)||%én (T e ) € Q)
5K
M = Cp2+ K- 41,

E = {ne]o,1] : M <0},
where Cpp is the Poincarre-Friedrichs constant (see [10]).
Theorem 2.2. For all n €]0,1],

o If n ¢ E, the essential spectrum spess(A,) is included in |2Ky,Cpp + K[, and the
point spectrum sp,(A,) is included in [Cpp + K, +00],

o I[f ne &, A, has no essential spectrum, and the point spectrum is included in

[Cpz + K, +oo.

Proof Forall n€]0,1] and all uw € D(A4,),

Re((Ayu,u) = 5 ({Aqu,u) + T Agu) = 5({Ayu,u) + (o, Ags).
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However
—Auudr = u do + / VuVudr = / Vul?dz.
/Q a0y, 31/ \/-/ Q, Q | |
Vh(H z;) - Vuudr = —/ Vh(H ;) - Vuudz — Ah(H ;) |ul? da.
Qy =1 i=1 Qy i=1
Then

1 n n
Re((Ayu)) = [Vl + | (gAh<Hxi>+HVh(H:ci)uiQ(vax)) ufds
n =1 =1

> [Vulliaq,) + K

U||L2
By the theorem of Poincarre-Friedrich (see [10]),
Re({Ayu,u)) > Cpillullia, + Kllullizq,) > (Crp + K)llulliz,
Thus, for all A € R,
1(Ay = Aull2(@,) = (Cpp + K = Nllullz2@,)

Hence (A, — M) is injective for all A < Cpr + K, and thus sp(4,) is included in
[Cri+ K, +00[. Let H = H(S,) and A € [—o0o, 2K;[. The sesquilinear form is defined on
H by

5
or(u,v) = / (VuVo + (Z‘/l + Vo — Nuv)dz,
2

which verifies

loa(u, )| < (|Vullz2,) VU2, + Cllullz2 ) 0] 22,

where
5
C':sup{ZVl (x)+Vo(x) : x € Qn} + | Al
and
. 5 9
foa(u, )] = min § 1Ky =) bl

Since, for all g € L*(Q,), the semilinear form L: H — C, v — an gudzx is continuous, it
follows from the Lax-Miligram theorem that the equation

ea(u,v) = L(v)
has a unique solution u in H for all v € H. Take into consideration the problem

for g € L*(Q,), find u € L?(Q,)) such that
(p)q Au—Iu=g on €,
u=20 on 0§,
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We use the same variable change as in the previous theorem: we multiply the equation
Az, i)

by exp(=+51=-) and set g = gexp(w), u = uexp(w). We see that (p) is

equivalent to

for g € L*(Q2,), find u € L*(,)) such that
(p) —Au+ (%Vl +Wu—Au=g on €,
u=0 on 0§,.

Therefore, the sesquilinear form ¢, (u,v) = an VuV7 + (3K, — A\)uv) is an inner product
in L*(Q,) for A\ < 2K;. Hence, (p) has a unique solution %, and (p) has a unique solution
u defined by u="uexp (—h([], z:)). O

2.2. Relation between A, and B,
It is known that, for every n €]0,1[, B, C A,, i. e. D(B,) C D(A,) and, for all
f € D(Bﬂ)7

B,f = A,f.

Furthermore, for every 7 €]0,1[, B, C A. In fact, for any f € D(B,) = H3(1,), extending
f to Q by 0 gives f € D(A). This proves that

U spp(By) C spp(Ay).

0<n<1

To determine the spectrum of A the study of the difference sp,(A,)\spy(B,) is required.
In this section, we prove that this difference is empty for n €]0, 1].

Lemma 2.1. For all ¢ >0 and for all n €]0,1],
spe(By) = spe(Ay).
Proof Let A € sp.(B,). Then there exists f € D(B,) such that

1By f — A2,
£l 22,

But f e D(4,), so

£l z2(0,)

9

and A € sp.(A,).
Inversely, let A € sp.(A,). Then there is f € D(A,) such that

1AL f = Afllz2 )
1l z2 )

Since the space of infinitely differentiable functions with compact support C°(€2,) is dense
in D(A) with respect to the graph norm defined by |-, = [[A-[|;2q) + [I'l| 12(q), for all
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f € D(4,), there is a sequence (f,)neny in C(,) such that lim,_, || f. — f||, = 0. So,
for all 6 > 0, there exists N € N such that, for all n > N, we have

[Anfo = Afallze)  [[Anf = Mz
an||L2(Q) ||f||L2(Q)

< 6.

We set

A = Afllz@,)
£l 22,

> 0.

Then there exists ng € N such that

||A77fno - )\fnoHLQ(Q)

<e.
| froll2 ()

However f,, € D(B,), then X\ € sp.(B,). O
Corollary 2.1. Forall € >0, if 0 <n<n' <1, then
spo(Ay) € spa(Ay).
Proof Let A€ sp.(B,). Then there exists f € D(B,/) such that

1By f = Al ez,
1fllz20,)

< €.

Extending f to 2, by 0,

1By f — M2,
I llz2,)

It follows that A belongs to sp.(B,). Now we can apply Lemma 2.1 to complete the proof. [J
We proved that the family {sp.(A;)}o<y<1 is decreasing, and this makes us to say that the
family {sp(A,)}o<n<1 is decreasing with respect to inclusion. In fact, for all 0 < n <7’ <1,

sp(Ay) C sp.(Ay) C sp.(4,).

But A, is self-adjoint, i. e. sp.(A,) = N: (sp(4,)), for all n €]0,1[. Then

sp(Ay) C [ Ne (sp(Ay)) = sp(Ay),

e>0

Theorem 2.3. For all n € E,
sp(By) = sp(4,).

Proof Since A, is self-adjoint for all n € £, we have

ﬂ spe(Ay) = sp(Ay).

e>0
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Then, by using Lemma 2.1, we find

sp(By) C sp-(By) = spe(Ay) = sp(B,) C m sp=(Ay) = sp(Ay).

e>0

Reciprocally, let A € sp(A,) for some n € E. According to Theorem 2.2, there exists
f € D(A), f # 0 such that

Apf = M.

Since C2°(£2,) is dense in D(A,) with respect to the graph norm, there is a sequence (f,,)nen
in C2°(€2,) which converges to f in the graph norm. We define the sequence

Jn

I L ew
| full 2,

dn
For all n € N,

gn € D<B7l)7 Hgn”Lz(Qn) =1,

and

. 1A, f — Afllze
lim || Bygn — Agnll 20y = " L)

= 0.
n—r+o0 £l 22,

Then X € sp(B,). In fact, if (B, — A\)~! exists and is bounded, then
1= ||9n||L2(Q,,) < ||(B,7 - /\])AH | Bygn — )‘9n||L2(Qn) — 0

Therefor, the operator (B, — AI)™!, if it exists, can not be bounded, which means that
B, — Al can not be surjective. O

3. Pseudospectrum and spectrum of A

The pseudospectrum has better stability than the spectrum. Pseudospectrum is easier to
be controlled and can be considered as the finest stable for the passage to the limit.

3.1. Pseudospectrum
In this subsection, we establish a relation between the spectrum and the pseudospectrum
of A seen as limits of sp(A,) and sp(B,) respectively.

Theorem 3.1. For all € > 0,

spe(A) = U spe(Ay) = U spe(By)-

nekr ner

Proof Let Ae |J sp-(B,). Then there exist 7, € E and f € D(B,,) such that

0<n<1

||B771f - >\f||L2(Q711)
| £l 2@,
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Extending f to € by 0,
[Af = AfllL2@)
1f 220

So, it follows that A belongs to sp.(A), and

U sp:(By) C spe(A).
nek
Reciprocally, let A € sp.(A). Then there is f € D(A) such that
|Af = Mll12)
11220

Since C°(Q?) is dense in D(A) with respect to the graph norm, for all f € D(A), there is
a sequence (fn)neny in C2°(Q2) such that

i [Afn = Mallzz)  IAf = Afllrz@
11m = .
notoo || full ey [PAIFEIES

Like in the proof of Lemma 2.1, we choose ny such that

| Afno = AMnoll2)
| froll 2 ()

There is 7 small enough for which the support of g = f,,, is included in €2,. It follows that
A belongs to sp.(4,). Thus,

spe(A) C U sp:(4A,).

ner

Now, we use Lemma 2.1 to conclude the proof. O
From the previous theorem, we deduce that

sp-(A) C N.(R") ={z € C: Rez > 0,|Imz| < €}U{Z € C: Rez <0,]z| <e}.

In fact, for all n € E, A, is self-adjoint. Then sp.(A,) = N.(sp(4,)). But, sp(4,) C R*.
We obtain

U sp(A4,) CRY.

nek

3.2. Spectra

In this part, we will set a new relation between the spectrum of A and that of A,. First,
we begin with a topological result that will allow us to obtain the desired property.

Proposition 3.1. Forall € >0,

L sp-(4y) = M. (U sp(An)> .

nek nek
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Proof Let A e | sp-(4,). Thereis n € E such that
nekE

A € s5p=(Ay,) = Ne (sp(Ay,)) -
So, A =s+z, where s € sp(A,,) and |z| <e. But s € |J sp(4,) implies

A e N. (U sp(An)> .

nek

Reciprocally, let A € N. | U sp(A4,) | . Then A = s+z, where s € |J sp(4,) and |z| <e.
nekr nek

So, there is 7, € E such that
A=s5+2z€ NAsp(A4,,)) = sp(4A,,).
Thus, A € |J sp-(Ay). O

nekr
Theorem 3.2.

sp(A) = U sp(Ay).

nekr

Proof Let A € | sp(A4,). Thereis n € E such that A € sp(A4,,). Then there is
nekrE

f € D(A,,), where A, f—Af =0. Since C*(,,) is dense in D(A,,) with respect to the
graph norm, there is a sequence (f,)neny in C2°(€2,,) which converges to f in the graph
norm. We define the sequence

A
Gn = ”f’””LQ(Qn) on in’ nc N7
0 on Q/Q,, neN
We have, for all n € N,

gn € D(A)7 HgnHLQ(Qn) = 17
then

lim ||Agn — Agnllz20,) = 0.

n—-+o0o

Thus A € sp(A). By Theorem 3.1, we have
sp(A) C sp.(A) = U sp:(4,),
nek

and by Proposition 3.1,

sp(A) C N; (U sp(An)> :

nek
So, we obtain
sp(A) € | sp(4,)
nek
as ¢ tends to 0. 0
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4. Formula perturbation

This section is devoted to the study of pseudospectrum stability when the perturbation
is applied directly to the operator’s formula. For this purpose, we define for a > 0,

Aa - AO + Oé‘/év
where V3 is a continuous function over €2 such that

Ky = sup |V3(2)| < 00, K3 = ingf2 Vs ()],
Te

e

which means that, for all a > 0, D(A,) = D (Ap). Our aim is to compare sp(A,) and
sp(Ap). For n > 0, A,,, Ao, are defined in the same way as A,. It is clear, that for
e >0,

Ya Z 0, SPe (Aa> == U Sps(Aoz,n>7

nekbqy

where E, = {n€]0,1] : Cpj+ K — 252 — aK3; <0}, and

Va >0, sp(A,) = U sp(Aap)-

UeEa

Theorem 4.1.

lim Sp (Aa) C sp (AO) - hLIf(l) SPaK, (Aa) .

a—0

Proof Let ¢ >0, n >0 and X € sp. (Ap,). Then there exists f € D (Ayp,) such
that

[onf = Mz < 1z -
Therefore, for o > 0,
lanf = Moo, < (6 +aK2) [1fll 20,

which means that A € sp.iak, (Aa,y) . However, Ay, and A,, are self-adjoint operators,
then

5D (Aon) C 8Pk, (Aan) = 5p(Ao) C | spar, (Aan) -

n€kop

We use the fact that Ey C E, for all a > 0 to get
sp (AO) C SPaK> (Aoz) = sp (AO) - ili% SPaK, (Aa) :
Inversely, it is clear that, for all & > 0 and all n > 0,

sp (Aan) C sPax (Aoy) -



366 H. Guebbai, S. Segni, M. Ghiat, W. Merchela

Then

sp (Aa) = U Sp (Aa,n) - U SPaK> (AO,n) = Clyl_% Sp (Aa) C ili% U SPaK> (AO,n) )

neEa neEa UEEa

but

U SPar (AOJY) = NaKz < U sp (AO,n)> .

n€Eq YIS

We use lim F, = Ey to get
a—0

lim sp (Aq) C sp(Ao) .

a—0

g

Acknowledgements. We are very grateful to the editor and reviewer for their remarks
proposed to improve our paper. We thank Mr. Ammar Khellaf for his effort and help.

References

[1] H. Guebbai, A. Largillier, “Spectra and Pseudospectra of Convection-Diffusion Operator”,
Lobachevskii Journal of Mathematics, 33:1 (2012), 274-283.

[2] E. Shargorodsky, “On the definition of pseudospectra”, Bull. London Math. Soc., 41:2 (2009),
524-534.

[3] S. Roch, B. Silbermann, “C*-algebra techniques in numerical analysis”, J. Operator Theory,
35 (1996), 241-280.

[4] L.N. Trefethen, Pseudospectra of matrices, Longman Sci. Tech. Publ., Harlow, 1992.
[5] L.N. Trefethen, “Pseudospectra of linear operators”, SIAM Review, 39:3 (1997), 383-406.

[6] E.B. Davies, “Pseudospectra of Differential Operators”, J. Operator Theory, 43:3 (2000),
243-262.

[7] E.B. Davies, Spectral Theory and Differential Operators, Cambridge University Press, New
York, 1995.

[8] L. Boulton, Non-self-adjoint harmonic oscillator, compact semigroups and pseudospectra,
Maths.SP /9909179, London, 1999.

[9] S.C. Reddy, L.N. Trefethen, “Pseudospectra of the convection-diffusion operator”, SIAM J.
Appl. Math., 54:1 (1994), 1634-1649.

[10] T. Kato, Perturbation Theory of Linear Operators, Springer-Verlag, Berlin, 1980.
[11] R.A. Adams, Sobolev Spaces, Academic Press, New York, 1975.

Information about the authors Nudopmariust 06 aBTopax
Hamza Guebbai, Associate Professor of Te66ait Xam3za, mo1eHT, Kadeapa MaTeMaTUKH.
Mathematics Department. University 8 Mai 1945, Yuusepcurer 8 mast 1945, r. Tesibma, Asrkup.
Guelma, Algeria. E-mail: guebaihamza@yahoo.fr; E-mail: guebaihamza@yahoo.fr;
guebbai.hamza@Quniv-guelma.dz guebbai.hamza@univ-guelma.dz

ORCID: https://orcid.org/0000-0001-8119-2881 ORCID: https://orcid.org/0000-0001-8119-2881



THE PSEUDOSPECTRUM OF THE CONVENTION-DIFFUSION OPERATOR 367

Sami Segni, PhD Student of Mathematics.
University 8 Mai 1945, Guelma, Algeria.
E-mail: segnianis@gmail.com;
segni.sami@Quniv-guelma.dz
ORCID: https://orcid.org/0000-0002-5330-1822

Mourad Ghiat, Associate Professor of Ma-
thematics Department. University 8 Mai 1945,
Guelma, Algeria.

E-mail: mourad.ghi24@gmail.com;
ghiat.mourad@univ-guelma.dz
ORCID: https://orcid.org/0000-0002-4484-2504

Wassim Merchela, PhD Student of
Mathematics. Tambov ~ State
University, Tambov, the Russian Federation.
E-mail: merchela.wassim@gmail.com

ORCID: https://orcid.org/0000-0002-3702-0932

Derzhavin

There is no conflict of interests.

Corresponding author:
Wassim Merchela
E-mail: merchela.wassim@gmail.com

Received 22 August 2019
Reviewed 17 October 2019
Accepted for press 29 November 2019

Ceraum Camu, actimpanT, Kadeapa MaTeMaTUKH.
Yuusepcurer 8 mast 1945, r. Tesibma, Arkup.
E-mail: segnianis@gmail.com;
segni.sami@Quniv-guelma.dz
ORCID: https://orcid.org,/0000-0002-5330-1822

I'mar Mopan, ponent, Kadenpa MaTeMaTHKH.
VYuupepcurer 8 mast 1945, r. Tesibma, Ajzkup.
E-mail: mourad.ghi24@gmail.com;
ghiat.mourad@univ-guelma.dz
ORCID: https://orcid.org/0000-0002-4484-2504

Mepuena Baccum, acnupant, kadeapa QyHKIHI-
OHAJILHOT'O aHaju3a. 1amMOOBCKHUil rocylapCTBEHHBII
yuusepcureT uM. [.P. ep:xxasuna,r. Tam60oB, Poccwuit-
ckasi Peyrepariusi.

E-mail: merchela.wassim@gmail.com

ORCID: https://orcid.org,/0000-0002-3702-0932

Koudaukr uarepecoB orcyrcrByer.

JIs1 KOHTaKTOB:
Mepuena Baccum
E-mail: merchela.wassim@gmail.com

Iloctynuaa B pemaknuio 22 asrycra 2019 r.
Tloctynuina mocste penersupoBanns 17 oktsaops 2019 r.
ITpunsira k¥ mybsmkarmu 29 HosiOpst 2019 1.



	Convection-diffusion operator
	Spectrum of A and B
	Spectrum of A
	Relation between A and B

	Pseudospectrum and spectrum of A
	Pseudospectrum
	Spectra

	Formula perturbation
	toReferences

