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Abstract. In the present paper the method of integral guiding potentials is applied to
study the problem of the asymptotic behavior of solutions for a differential inclusion
with a causal multioperator. At first we consider the case when the multioperator is
closed and convex-valued. Then the case of a non-convex-valued and lower semicon-
tinuous right-hand part is considered.
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Introduction

The study of systems governed by differential and functional equations with causal
operators, which is due to Tonelli [1] and Tychonov [2], attracts the attention of many
researchers. The term causal arises from the engineering and the notion of a causal operator
turns out to be a powerful tool for unifying problems in ordinary differential equations,
integro-differential equations, functional differential equations with finite or infinite delay,
Volterra integral equations, neutral functional equations et al. (see the monograph [3]). In
the present paper we apply the method of integral guiding potentials to the investigation of
the asymptotic behavior of solutions for a differential inclusion with the multivalued causal
operator.

The main ideas of the method of guiding functions were formulated by Krasnosel’skii
and Perov in the fifties (see [4, 5]). Being geometrically clear, this method was originally
applied to the study of periodic and bounded solutions of ordinary differential equations
(see, e.g., [6-8]). Thereafter the method was extended to differential inclusions (see, e.g.,
9,10]), differential inclusion with the causal operator (see, e.g., [11, 12]) and other objects.
The sphere of applications was extended to the study of qualitative behavior and bifurcations
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of solutions (see, e.g., [13-16]) and asymptotics of solutions (see, e.g., [17-19]). These and
other aspects of the method of guiding functions and its applications, as well as the additional
bibliography, may be found in the recent monograph [20)].

1. Main concepts

Let (X,dx) and (Y,dy) be metric spaces. By the symbols P(Y) and K(Y) we denote
the collections of all nonempty and, respectively, nonempty and compact subsets of the space
Y. If Y isanormed space, Cv(K) and Kv(Y) denote the collections of all nonempty convex
closed (and, respectively, compact) subsets of Y.

Definition 1. Amultimap F: X — P(Y) is called upper semicontinuous (u.s.c.)
at the point x € X if for each open set V C Y such that F(z) C V there exists d > 0
such that dx(z,2") < 0 implies F(z') C V. A multimap F: X — P(Y) is called u.s.c. if it
is u.s.c. at each point =z € X.

Definition 2. Amultimap F:X — P(Y) is called lower semicontinuous (l.s.c.)
at a point x € X, if for each open set V C Y such that F(z) NV # () there exists § > 0
such that dx(z,z') < § implies F(2') NV # 0. A multimap F: X — P(Y) is called ls.c.
if it is L.s.c. at each point z € X.

Definition 3. Let I beaclosedsubset of R endowed with the Lebesgue measure.
A multifunction F': I — K(Y) is called measurable if, for each open subset W C Y, its
pre-image F~Y(W)={te€l:F(t) C W} is the measurable subset of I.

Remark 1. A us.c. multifunction is measurable. Each measurable multifunction
F : I - K(Y) has a measurable selection, i.e., there exists such measurable function
f:I—=Y, that f(t) € F(t) for a.e. t €I

Let 7> 0 and o > 0 be given numbers. By the symbols C([kT — o, (k+ 1)T];R"™) and
LY(KT, (k+1)T);R™), where k € Z, we will denote the corresponding spaces of continuous
and integrable functions with usual norms.

For any subset N C L' ((kT,(k+1)T);R") and 7 € (KT, (k + 1)T) we define the
restriction of NV on (KT, 7) as

N wrmy={f lwrr: f €N

Definition 4. We will say that Q is a causal multioperator if for each k € Z a
multimap

Q:C([kT — o, (k+ 1)T);R™) — L'((KT, (k + 1)T); R")
is defined in such a way that for each 7 € (kT (k+ 1)T) and for all
u(-),v(-) € (kT — o, (k + T R")
the condition « |jpr—gr= v |pr—0, implies Q(u) |kr,my= V) k1,7 -

Denote by C the Banach space C([—c,0]; R"™).
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Example 1. Suppose that a multimap F': R x C — Kv (R") satisfies the following
conditions:

(F1) the multifunction F (-,¢) : R — Kv(R™) admits a measurable selection for every
c€C;

(F2) the multimap F (t,-) : C — Kv(R") is us.c. for a.e. t € R;

(F3) for every r > 0 there exists a locally integrable non-negative function 7,.(-) € L}, (R)
such that

[ (o)l == sup{llyll -y € F(t,c)} <ne (8)  ace. tER,

forall ceC, ||| <.

It is known (see, e.g., |9, 21]) that under conditions (F'1) — (F'3) for each k € Z, the
superposition multioperator Pr : C ([kT — o, (k + 1)T];R") — L' (T, (k + 1)T); R"),

Pr(u)={f € L' ((kT,(k+1)T|;R"): f(t) € F(t,w) ae te kT, (k+1)T)}

is well defined. Here w; € C is defined as w () = u(t +0), 6 € [—0,0]. It is easy to see that
the multioperator Pr is causal.

Example 2 Let FF:R xC — Kv(R") be a multimap satisfying conditions (F'1)
— (F3) of Example 1. Suppose that {K(t,s) : —oo < s <t < 400} is a continuous (with
respect to the norm) family of linear operators in R” and m € L] (R;R") is a given locally
integrable function. Consider, for each k € 7Z, the Volterra type integral multioperator

G:C (kT —o,(k+1)T];R") — L' (KT, (k + 1)T); R™) defined as

G(u)(t) =m(t) + /kT K(t,s)F(s,us)ds,

¢
G(u) = {y € L' (KT, (k + 1)T); R") : y(t) = m(t) +/ K(t,s)f(s)ds: [ € Pp(u)}.
kT
It is also obvious that the multioperator G is causal.

Example 3. Suppose that a multimap F': R x C — K(R"™) satisfies the following
condition of almost lower semicontinuity:

(FpL) there exists a sequence of disjoint closed sets {J,}, J, € R n = 1,2,... such
that: (i) meas (R\ U, Jn) = 0; (i7) the restriction of F' on each set J, x C is
Ls.c.

Then (see, e.g., |9, 21]) under conditions (Fp), (F3), for each k € Z, the superposition
multioperator Pr : C ([kT — o, (k + 1)T]; R™) — L (T, (k + 1)T); R") is also well-defined

and causal.
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Now, suppose that ¢ € C is a given initial function. By the symbol D, we will denote
the set of all continuous functions z : [—o,+00) — R” such that z(t) = ¢(¢), t € [—0,0]
and the restriction of x to R, = [0,+00) is absolutely continuous.

Considering the following abstract Cauchy problem for a functional inclusion with causal
operator () of the following form:

1t e Q(x), (1)
z(t) =¢(), te[-00] (2)

where z(-) is an absolutely continuous function, we will study the problem of existence of
solutions satisfying the estimate of the type

k
lz@)] < g LR+ (3)

where k£ >0 and ¢ is a given function.
2. Main results
2.1. Convex-valued causal multioperators

By the symbols L! and C' we will denote the corresponding spaces of integrable functions

f:R — R"™ and continuous functions = : R — R" with the norm ||z|c = sup ||z(t)].
t€[0,T]

In this section we will assume that the causal multioperator Q : C'— Cv(L') has convex
values and satisfies the following conditions:

(Q1) for each bounded linear operator A : L' — FE, where E is a Banach space, the
composition Ao Q: C — Cv(FE) is closed,
(Q2) there exists a locally integrable non-negative function «(-) € L}, (R,) such that for

every x € C
19(x) ()| < at)(1+ [|z(t)]]) for ae. t € R,.

To provide condition (Q1) in Examples 1 and 2, it is sufficient to assume that the multimap
F' satisfies conditions (F1) — (F3) (see, e.g., [9, Theorem 1.5.30]) and to fulfil condition
(Q2), we can suppose, in Example 1, the following sublinear growth condition: for each
x € C we have, for some non-negative integrable function [3(¢):

IE @ )| < B(E) (1 + [[z(8)]]) for ae. t € Ry, (4)

and, in Example 2, the global boundedness condition || F'(t,¢)|| < () for some non-negative
integrable function ~(t).

Denote by U the collection of all C'-functions V : R* — R satisfying the coercivity
condition limjz|400 V(2) = —00. Notice that, given a function V' € 2, for each r > 0
there exists k(r) > r such that if a, :=inf{V(z), ||z|| <r} then V(z) < a, ||| > k(r).

Now, let g: Ry — R, be a given C'-function such that inf{g(t), t € R} > 1.
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Definition 5. A function V € U is called an integral guiding potential for
inclusion (1) along the function ¢ if there exists ry > ¢(0)||(0)| such that for every
function x € Dy, satisfying conditions

(7) there exists a largest finite number 77 > 0 such that ¢(¢)||z(¢)]] < ry, t € [0, 7]);

(i7) there exists a (least) finite number 77 > 7 such that g(72)|z(72)|| = kv = k(rv);

(iid) =" (@) < [[Q)@)] for ae. t € Ry;

we have

x

[ ATV )29, ()(s) + gl5)(5))ds = 0

;
for each summable selections f € Q(x), where 7 := sup{7 € [77,77), |lg(T)x(7)|| = rv}.

Now we are in position to formulate the main result of this paper.

Theorem 1. If V. € U is an integral guiding potential for inclusion (1) along the
function g then each solution of Cauchy problem (1), (2) satisfies the estimate

le ()]l < kv ﬁ tER,. (5)

2.2. Lower semicontinuous causal multioperators

In this section we will consider the Cauchy problem for a class of functional inclusions
with non-convex-valued lower semicontinuous causal multioperators. Namely, we will suppose
that the causal multioperator Q : C'— P(L') satisfies condition

(Qr) Q is ls.c. and has closed decomposable values

and condition (Q2).

As an example of a causal multioperator satisfying conditions (Qy) and (Q2) we may
consider the superposition multioperator Pg generated by a multimap F': R x C — K(R")
satisfying conditions of almost lower semicontinuity (F7,) and the sublinear growth condition
(4) (see, e.g., |9, 21]).

The following result holds true.

Theorem 2. Let Q : C — P(L') be a causal multioperator satisfying conditions (Qr)
and (Q2). If V: R™ — R is an integral guiding potential for inclusion (1) along the function
g then each solution of Cauchy problem (1), (2) satisfies the estimate (5).
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Annomayua. B macrosimeir pabore MeTO HHTErPAJIBHBIX HAIPABIIAIONINX TOTEHII-
aJIOB NIPUMEHSETCS JJIs M3YYeHHs 33J1a9i 00 acCHMIITOTHYECKOM ITOBEJICHUU Dellle-
Huit auddepeHnnagbHOr0 BKIIOYEHHs ¢ Kay3aJbHbIM My/bTuoneparopom. Cradasra
paccMaTpuBaeTcsd Ciydai, Korjga MyJAbTHONEPATOP UMEET 3aMKHYTBbIe U BBIILYKJIbIE
3HAUEHUs. 34TEM PACCMATPUBACTCS CIydail HEBBIMYK/IO3HATHON MOJTYHEPEPBIBHOM
CHU3Y IIpaBOX YaCTU.

Karouesvie caosa: DyHKIHMOHAJIBHOE BKIIIOYEHHUE; Kay3aJIbHBII MYJIBTHOIIEPATOD;
ACUMIITOTUYECKOE IIOBEJCHUE DENICHNT; HHTEerPaIbHbII HAIIPABJIAIONINNA TOTCHINA
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