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B cemapabenbHOM TMILOEPTOBOM IMPOCTPAHCTBE M3ydaeTcs nuddepeHIaaTbHoe BKIIOUEHUE C 3aBUCSI-
IIUM OT BpeMEHU MaKCUMaJIbHO MOHOTOHHBIM OIlIepaTOpOM 1 Bo3MyllleHHeM. Bo3myllieHue rpeacrasisieT
CYMMY 3aBHCSIIIETO OT BpeMEHH OTHO3HAYHOTO OIlepaTopa U MHOTO3HAYHOTO OTOOPakeHMS ¢ 3aMKHYThI-
MU HEBBIMYKJIBIMU 3HaYeHUSIMU. OCOOEHHOCTBIO OTHO3HAYHOTO OIepaTopa sIBJISIETCs TO, YTO CYyMMa €ro ¢
TOXIECTBEHHBIM OTIEPaTOPOM, YMHOKEHHBIM Ha TMOJIOXUTEIHHYIO MHTETPUPYEMYIO C KBaapaToM (yHK-
LU0, SIBJISIETCSI MOHOTOHHBIM orepaTtopoM. MHOro3HauHOe oToOpaxkeHre 00J1anaeT CBOMCTBOM JIMIIIIN-
LIEBOCTH 110 (ha30BOI epeMeHHOM. [I0Ka3bIBaIOTCS TEOPEMBI CYIIIECTBOBAHMS M TNIOTHOCTH B COOTBETCTBY -
IOIIIEi TOITOJIOTMY MHOKECTBA PEIIEeHUI MCXOIHOTO BKIIIOUEHUSI B MHOXECTBE PEILLIEHUI C OBBINTYKJIIEHHBIM
MHOTO3HAYHBIM OTOOpaxkeHneM. JIIst 3THX 1esieil BBeIeHbl HOBBIE PACCTOSTHUST MEXIY MaKCUMAaJIbHO MO-

HOTOHHBbIMU OoIl€paTopaMu.

Karoueessie croea: MakcMMaaIbHO MOHOTOHHBII OoriepaTop, P-NOJTYOTKJIOHEHUE OIEPATOPOB, pelakcalus

DOI: 10.31857/S268695432360012X, EDN: DAUBQA

IIycte T =[0,a], a > 0 — OTpe30K YHUCIIOBOI1 I1O-

o +
aynpsMoir R, H — cemapabenbHOE TWIHOESPTOBO
MPOCTPAHCTBO CO CKAJISIPHBIM MPOU3BeAeHUEM (-, -),
HOpMoOit || , HyJIEBBIM 3JIEMEHTOM © U eMMHUYHBIM

3aMKHYTBIM IIAPOM B C LIEHTPOM B O.

PaccrosgHue ot Touku x 1o MHoxectBa C < H MbI
obo3HavaeMm d(x,C).

PaccMotpuMm nuddepeHiianibHble BKIIOUEHUS
—x(t) € A(t)x(t) + F(@t)x() + U, x(t)), (1)

—x(f) € A@)x(t) + F()x(t) + coUt, x(t)),  (2)
x(0) = x, € D(A(0)),

7€ CUMBOJI CO O3HAYaeT 3aMKHYTYIO BHIITYKIIYIO 000-
JIOYKY MHOXECTBA.

3necy A(t): D(A@®))c H = H, te T — cemeii-
CTBO MaKCHMMaJbHO MOHOTOHHBIX OIIEPaTOPOB C 00-
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Jactelo omnpenenenuss D(A(t)), F@)c D(F(t) C
c H —- H — ceMeiiCTBO OMHO3HAYHbBIX OIIEPaTOPOB C

obnacteio onpenenenust D(F(¢)), U : Tx H = H —
MHOTO3HAuYHOE OTOOpaXkeHUEe ¢ 3aMKHYTHIMU HEBbI-
MYKJILIMY 3HAYCHUSIMU.

IMon pemeHnem BKItoYeHUs (1) MOHUMAaeTCs Ma-
pa (x(-),u()), cocrosiias U3 adbCOJIOTHO HETPEPHIB-
Hoil pynkumu x : T — H, x(0) = x,, x(t) € D(A(?)),

teT nu()e L'(T,H ), YAOBJIETBOPAIOLIMX BKJIIOYE-
HUSIM

—x(t) € A()x(@®) + F(t)x(t) + u(t) n.B., 3)
u(t)e U(t,x(t)) n.B. 4)
Pemenue BxinoueHus (2) noOHUMAETCsT aHAIOT Y-
HO C 3aMEHOI1 BKJItoueHUsI (4) Ha BKIIIOUEHUE
u(t) € colU(t,x(1)) 11.8B.
MHoxkecTBa pelieHuit BkirodyeHuit (1) u (2) Mol
o6o3HayaeM R (x,) 1 R (X)) COOTBETCTBEHHO.
Llenmbio pa®OTHl SIBISIOTCS HaXOXKICHUE YCIOBHIA

HEeTyCcTOThl MHOXeCTBa R ;;(X,) M ONTMCaHE B3aUMO-
CBA3M MEXIY MHOXECTBAMU R 1 (x) 1 R, ().

O603HaunM yepes grA(r) rpacduxk orneparopa A(r)
grA(r) = {(x,y) e H X H; x € D(A(t)),y € A(t)x}.
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Yepes C(T,H) Mbl 0003HaYaeM MNPOCTPAHCTBO
BCeX HeNpepbIBHBIX GYHKIUM x : 7 — H ¢ sup-HOp-

MOIi, a mpocTpaHcTBa H u Ll(T ,H), HameneHHbIE
CJ1a0bIMU TOTIOJIOTHSIMU, O0OO3HavYalTes W-H u m-
L(T,H).

Tak Kak 3HaUeHUSIMU MaKCUMaJlbHO MOHOTOHHO-
o oriepaTopa sIBJISII0TCS 3aMKHYThIE BBIITYKJIBIE MHO-
XecTBa, TO st 1100010 X € D(A(?)) CyllecTBYeT 371e-
MEHT Ao(t)x € A(f)Xx MAHUMAaJIbHOW HOPMBI.

IIpennonoxeHusl.

H(A) :

(1) cemeiictBo A(t),t € T U3MepumMo, T.e. UBMEPU-
MO MHOTO3HA4HO€ OTOOpaxkeHue ¢ — grA(¢);

(2) cywectByetr pyHKIUA m () € LZ(T, R") u He-

yoniBaroas GyHkuus /, : R" — R" Takue, uTo

4% ()| < m(e)(1+ LX), x € D(A®));

(3) s moGoro f(-) e L(T, H) nuddepeHtnans-
HOE BKJTIOUEHUE
—x(1) € A)x() + f(1),
x(0) = x, € D(A(0)),
UMeeT pelleHue.

H(F):

(1) umeet Mmecto BKIItoueHue D(F(t)) D D(A(t)),
teT;

(2) niis nouTu Kaxnoro ¢t € T oneparop F(¢) siBisi-
eTCST IEMUHETIPEPBIBHBIM, T.€. eCl X, — X B H , TO
F()x, > F({t)x B ®-H,

(3) ns mo6oit usMepumoint pyukuuu x : 7 — H,
x(t) € D(A(t)) dbynkuwms ¢t — F(f)x(t) uamepuma,;

(%)

(4) cymiectByeT yHKUMS 0X-) € L2(T, R") Takas,
4TO
(F(t)x = F(0)y,x = y) + (Dlx = W' 2 0 r.p;
(5) umeeT MecTo HepaBeHCTBO || F(f)x||<mp()(1 +
+ Ik, x € D(F(r)),

e mp()e '(T,R") u I, : R* — R* — uey6biBaio-
mast pyHKIINS.

HU):

(1) oto6pakenne ¢ — U(t, x) usmepuMo Vx € H ;

(2) sup . 4ld(z,U(t,x)) — d(z, U1, y)| < k@®lx = ¥l

k()e LT,R", k@) >0,
x+y,x,ye H;

teT,

CITpaB€aJIMBbI HEpAaBCHCTBA
(3) inf{|ul| u € U(t,0)} < my(t) n.B.;
(3*) sup{|ull; u € U(,0)} < my(t) n.B.;
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my()e L'T,R"), my@®)>0, teT.
OCHOBHBIE pPe3yJILTATHI:

Teopema 1. Ilycmb gvinonnsiomes npeonosodceHus

H(A), HU) (1)—(3). Toeda muoxcecmeo R ;(x,) He
nycmo.

Teopema 2. [lycmb @binoaHaAOmMEcs nPeonoNoNCeHUs]
H(A), H(F),(1),(2), (3%). Tocda R, (u,) s615emcs 3a-
MKHYmbIM noomHoxcecmeom npocmparcmea C(T, H) X m-

LI(T, H) u cnpasedauso paserncmeo
%au(xo) = Ry(x),
20e uepma cgepxy o3Hauaem 3aMulKAHUe 8 NPOCMPAH-
emee C(T, H)x o-L'(T, H).
HaguM KOHKpeTu3auuio TipenroyioxeHus: H(A)
3).
ITycTb X — HOpMUPOBAaHHOE TTPOCTPAHCTBO C MET-

PUKOiA dy(,,-) U eIMHUYHBIM 3AMKHYTBIM IIAPOM B .
Paccrostnue ot Touku x € X 1o MHoxectBa C < H
MBI 0003HavaeM dy (x,C).

Hns p € [0,+oe] uncio
exc,(C, D) = sup{dy(x, D); x € C N pBx}

Ha3bIBAETCA P-IOJIYOTKIIOHEHUEM MHOXKECTBa C ot

mHoxectBa D. Ecniu C npBxy = J, To cuuraercs
exc,(C,D) = 0.

Tak Kak Ipy p = +c0 UMEET MECTO PABEHCTBO PBx =
= X, To MBI IOJlydaeM MoJiyoTKiIoHeHue exc(C, D) =
= exc,.(C, D) mHOXecTBa C OT MHOXecTBa D.

Teopema 3. Ilycmb 6binoaHAOMC NPEONOAONCEHUS
H(A)(1),(2) u 0aa arwboeo p € [0,+0) cywecmayem
abCcoAoMHO HenpepbleHas PYHKUUA b, : T — R makas,
umo

exc,(D(A(s)), D(A()) < |b,(1) — by(s)) (6)
s<t,s,teT.
Torna umeer Mecto mpenmnosioxenue H(A)(3),

T.€. IJ1s1 1100010 f(-) € L (T, H) BktoueHue (5) ume-
€T pellIecHue.

Cnencrsue 1. ITycTb BBITIOJHSIOTCS MTPEATIONIOXE-
Hus H(A)(1),(2) n pia moboro p € [0,400) cylue-
CTBYeT abCOJIIOTHO HenpepbiBHasA GyHKUMA b:T — R
Takasl, 4To

exc(D(A(s)), D(A(1)) < [b(7) — b(s), (7)
s<t,s,teT.

Torna cipaBemIMBO YTBEPXKIEHUE TEOPEMBI 3.

Ilycte A : D(4)c H = H, i =1,2, — MaKkcu-

MaJbHO MOHOTOHHBIE OIEpaTopbl U P € [0,+o0).
Yucno
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excdisy (4, 4)) = sup {w’
L [l + [yl

X, € D(A) N PEa N € Ax, (8)
X € D(A), y, € Azxz}

MBI Ha30BEM P-TICEBIOIOIYOTKIIOHEHUEM OllepaTopa
A ot A4,. Ecniu D(A NpB) =, 1O cuuraercs
excdisy (4, 4,) = 0.

Yucno

dis, (4, 4,) = max{exc disy(4;, 4,),exc dis,(4,, 4)}
Ha30BEM P-TICEBIOPACCTOSIHUEM MEXIy olepaTopa-
MU A U A,. IIpu p = 4o MBI IOJIyYaeM MCEBLOPAC-
crostnue dis(4,, 4,) = dis.,(4,, 4,), BBEIEHHOE B pa-
oote [1].

Jlemma 1. TlycTh BBITTIOTHSIETCS TPEIITONOXKEHUE
H(A)(2) n nnst mo6oro p € [0,4e0) cyliecTByeT abco-
JIOTHO HempepbiBHast GyHKuMs b, : T — R Takas,
4TO

excdisy(A(s), A)) < [b,(t) — by(s)}
s<t, steT.
Torna BeInoNHSIETCS ipeAnonoxenue H(A)(1) u

UMEIOT MecTo HepaBeHCTBa (6). [ToaToMy cripaBen-
JINBO YTBEPXKIECHIE TEOPEMBI 3.

Caencrue 2. I1ycTh BBIIOIHSIETCS MPEAIOI0KE-
Hue H(A)(2) u cyliecTByeT abCOMIOTHO HETPEepPbIB-
Hasg ¢yHkuus b : T — R takasi, 4To

dis(A(s), A@D) < |b(t) = b(s), s<t, steT. (9

Torna BeInonHseTcd npennonoxenue H(A)(1) u
nMeer Mecto HepaBeHcTBO (7). ClemoBaTesibHO,
BKJIToUeHUe (5) uMeeT pellecHUe.

Tak kak mis gob6oro x € D(A) y MakCUMaJIbHO
MOHOTOHHOTO onepatopa A : D(A) ¢ H = H cyuie-

o 0 o
CTBYeT €IVHCTBEHHBIN 3J1EMEHT A X MUHWMAJIbHOM
HOPMBI, TO OYAET OIpeneaeH OMHO3HAYHBIN orepa-

top A° : D(A) € H — H. Yepes
grA’ = {(x,y)e Hx H; xe D(A),y = A"x}

0603HaunM rpaduk oreparopa A’.
Ilycte A : D(A)c H = H, i =1,2 — Makcu-
MaJIbHO MOHOTOHHBIE ONIEPATOPBI U P € [0, +00).
Yucno

excy (A, 4)) = exc,(grd, gr4)) (10)

MbI 6y,Z[CM Ha3bIBaTb P-MHWUHUMAJIbHbBIM ITOJTYOTKJIO-

HeHUeM oriepaTopa A4, ot oreparopa A,. [Ipu p = +
MBI TIOJIyYUM MUHUMAaJIbHOE MOJYOTKJIOHEHUE Orle-

paropa A4, ot 4,

NOKJIAIbl POCCUMCKOMN AKAJJEMUU HAVK. MATEMATUKA, MH®OPMATHUKA, TTPOLIECCHI YITPABJIEHMUS

exc(4), 4)) = exc,.(grd’,grdy).

Yucio

hausg(Alo,Ag) = max{excp(Alo,Ag),excp(Ag,Alo)} (11)

Ha3bIBACTCS P-MUHUMAJIBHBIM PACCTOSIHUEM MEXIY
oreparopamMu A4, u A,.

Jlemma 2. Ilycte A(?) : D(A()) c H = H — ce-
MEHCTBO MaKCUMaJIbLHO MOHOTOHHBIX OMIEPATOPOB U
BBIMOTHSIETCS TipentoyioxeHue H(A)(2), B KoTopoM
dyukuusa m(t) ssasietcss KoHcTtaHTtoll. Ilpemmoro-
KUM, 4TO I P € [0,400) CyLIECTBYeT aOCONIOTHO
HenpepbIBHAst QyHKLWSI ¢, : T — R Takasi, 4to

exc,(4"(5), 4°(1) < ley(5) = (),

s<t, steT.

Torna BeInonHsIeTCs npennonaoxenue H(A)(1) u
CYIIECTBYIOT aOCOJIOTHO HeNpepbIBHbIE (YHKIIUU
b, : T — R Takue, 4T0 OyfeT UMETh MECTO HEPABEH-
cTBO (6). [ToaTOMY CIIpaBemINUBO YTBEPKIACHHUE TEO-
peMmBbI 3.

IIpu p = +oo JeMMa 2 1OMYCKAET YTOUHEHMUSI.

Caencrue 3. I1ycTh BBEIIOIHSICTCS MPEAIOI0XKE-
Hue H(A)(2) u cyliecTByeT abCOJIIOTHO HETPEPhIB-
Hasg ¢yHkuus b : T — R takas, 4to

exc(4'(s), A"(1)) < |b(r) = b(s)),

s<t, stelT.

Torna BeInosiHsgeTCs Npennonoxenue H(A)(1) u
nuMeeT Mecto HepaBeHCTBO (7). CrnemoBaTelsibHO,
BKJIIOUeHUE (4) UMeeT pelleHUe.

KommeHnTapuu.

BriepBble KOppPEKTHOE ITOKAa3aTeIbCTBO CYIIECTBO-
BaHUSI aOCOJIIOTHO HETPEPbIBHOIO pellieHUs] BKIIOYe-
Hu (5) ObUTO HaHO B pabote [2]. B 31011 pabote mpen-

rnoJiarajaoch, 4to f(-) € I (T, H), BBIIIOJIHSIOTCS HEpa-

BerctBo ||A'()x|| < c(1+ |X), t€ T, xe D(A®)),
¢ > 0 u HepaBeHCTBO (9), BkoTOpoM b : T — R — ab-
COJIIOTHO HeMpepbiBHAsT (DYHKUUSI C MPOU3BOAHOI
b()e LT, R).

C Tex mmop nosiBUICS psn paboT [2—4], B KOTOPBIX
paccMaTpuUBaIOCh BKIOUeHHE (5) KaK ¢ OMHO3HAY-
HBIMM, TaK U MHOTO3HAYHBIMHU BO3MYIlIEHUSIMU. Bo
BCEX 3TUX paboTax cCEMENCTBO onepaTopoB A(t),f € T
o0JIamaeT TeMHU XXe CBOICTBaMU, UTO U B paborte [2], a
3HAYEHUSIMU BO3MYIIECHUN SBISIIOTCS BBITYKJIbIE
MHOXeCTBa.

Teopema cyliecTBOBaHMSI M pelakcalliy il 9BO-
JIIOLIMOHHOTO BKItoYeHus (1) mpu OTCYyTCTBUU orepa-
Topa F(t) Oblia nokazaHa B paborte [S]. B aToit pabote
otobpaxenue U(t,x) obnamano cBoiictBamu H(U)

(D—@3), (3*) ¢ dyukunsamu k(), my()e L(T,R).
CxeMa JOKa3aTeIbCTBA 3TUX TEOPEM ObljIa MTO3anM-
CTBOBaHa 13 paboTHI [6].
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OTMeTuM, 4YTO Jlake Ha YpOBHE CYIIIECTBOBAHUS
pellIeHUs BKIIIoUeHUs (5) HalllM pe3yJIbTaThl SIBJISTIOT -
CSI MIPUHIUITAATEHO HOBBIMMU.

Crenyer yka3aTb Ha HETPaAMILIMOHHOE YCJIOBUE

pocta B nipeamnonoxenun H(A) (2), roe dbyHkuus /,

MOXeT UMeThb BUA [(r) = r, 0. > 0 B OTJIMYME OT Tpa-
JTULIMOHHBIX YCIOBUI pocTa B Teopuu tuddepeHun-
aJIbHBIX ypaBHEHUM /(1) = r.

Heob6xonuMocTh BBeACHUS HO.TIYOTKJ'IOHCHI/Iﬁ

excdis (4, 4,) u excp(Alo,AS) ObuIa OOYCJIOBJICHA
ciaenyiomum dpakrTom. B padbote aBTopa [7] ObLI yKa-
3aH KJIaCC MaKCUMaJIbHO MOHOTOHHBIX OIEpPaTOpPOB
A(t) : D(A(t)) € H = H , i1 KOTOPBIX

exc(D(A(s)), D(A®)) = o, s #1,

HO CYILIECTBOBAJIO CeMeiiCTBO aOCOJIIOTHO HETTPEePhIB-
HBIX GYHKUMI b, : T — R, [UIs KOTOPBIX BBIMOJIHSI-
JIoCch HepaBeHCTBO (6). [ToaToMy TToaxom, CBSI3aHHBI
C UCITOJIb30BaHMEM TTOJIyoTKIIoHeHU (8), (10), Mo3BO-
JISIET pacIIUPUTh KJIAcC MaKCUMalbHO MOHOTOHHBIX
OI1epaTopoB, /ISl KOTOPbIX CIipaBe/liuBa TeopeMa 3 u,
caenoBarebHO, TeopeMbl 1 1 2. C Apyroit CTOpOHBLI, eC-

m dis, (A4, Ay) = 0 1151 1106010 p € [0,+00),T0 A; = A,.
AHaJIOTUYHO, eClu hausg(Alo, A;’) = 0 mis J060T0
p e [0,+0), T0 A = A,. Tlostomy umcna dis,() u

0
haus,(,-) ABISIOTCA BaXHbIMU XapaKTEPUCTUKAMU
MaKCHUMaJIbHO MOHOTOHHBIX OIIEPAaTOPOB.

0. 40
Ecnu B (11) 3aMeHUTH oniepaTtopsl 4, U A, Ha onepa-

TOpBl A, 1 A,, TO MBI TIOJIy4UM P-PACCTOSTHUE MEXIY
MaKCHMaJIbHO MOHOTOHHBIMU OI€paTopaMu, KOTOpOe
OBLITO BBEIEHO B paboTe [§] 1 MCIIOIb30BAJIOCH IS U3Y-
YeHUSI MAKCUMAJIbHO MOHOTOHHBIX OIIEPaTOpPOB.
Hcxonsa n3 ompenencHUs pellleHUs] BKIIIOYCHUS
(1), ero MOXXHO paccMaTrpuBaTh KaK YIIPaBISIEMYIO
cucteMy (3), (4). IToaTomy pe3ynbTaThl pabOThI MO-

TYT UCITOJIb30BAaTbHCA ITPHU M3YYCHUHN HECBBIITYKJIBIX 3a-
Ja4d OIITUMaJIBHOI'O YIIpaBJICHMUSI.
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EXISTENCE AND RELAXATION OF SOLUTIONS FOR A DIFFERENTIAL
INCLUSION WITH MAXIMAL MONOTONE OPERATORS
AND PERTURBATIONS

Corresponding Member of the RAS A. A. Tolstonogov*

?Matrosov Institute for System Dynamics and Control Theory of Siberian Branch of Russian Academy of Sciences,
Irkutsk, Russian Federation

A differential inclusion with a time-dependent maximal monotone operator and a perturbation is studied in
a separable Hilbert space. The perturbation is the sum of a time-dependent single-valued operator and a mul-
tivalued mapping with closed nonconvex values. A particular feature of the single-valued operator is that its
sum its with the identity operator multiplied by a positive square-integrable function is a monotone operator.
The multivalued mapping is Lipschitz continuous with respect to the phase variable. We prove the existence
of a solution and the density in the corresponding topology of the solution set of the initial inclusion in the
solution set of the inclusion with the convexified multivalued mapping. For these purposes, new distances be-

tween maximal monotone operators are introduced.

Keywords: maximal monotone operator, p-excess of operators, relaxation
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