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PaccMmarpuBaeTcss MaTeMaTnuecKast MOIENIb KOHKYPEHTHOTO pa3MeIlleHUs TIPeAnpUsTrii (CpencTB 00CITy-
>KMBaHUsI) IBYMSI COMEPHUYAIOIIMMU CTOPOHAMM B CUTYallUW aJlbTePHATUBHBIX ClLIeHApUEB peain3aliuu
MHOXecTBa notpeouteneil. Mccieayemas 3amaya BbIOOpa HAMJIY4YIIUX pellieHuiA CTOpOHaMU (DOPMYJIUPY-
eTCs KaK MMCKpeTHas 3aa4a IByXypOBHEBOTO MaTeMaTUUECKOro nporpaMMupoBanus. [Ipennaraercs cmo-
€00 BBIYMCJIEHUSI BEPXHUX T'PAHMII 3HAYCHU 11eJIeBOi (DYHKIIMY 3a/1auu Ha TTOIMHOXECTBaX peIleHU 1IsT
KCIIOJIb30BAaHUS B aJITOPUTMAX IMOMCKA ONITUMAJILHOTO PellIeHUsI paccMaTpuBaeMoii 3agauynr. OCHOBY Mpe/-
JIara€MOro CII0c00a COCTaBJISIOT IOCTPOSHME AOIOJIHUTEIbHBIX OorpaHudYeHuit (orceuenuii) miast HP-pe-
nakcauum (high-point relaxation B aHIJIOSI3BIYHOM TUTEpAType) paccMaTpUBAEeMOM 3a1a9 U ITIOJIyYeHHUE B
pesynbTaTe 6ojiee CHIIBHBIX OLIEHOYHBIX 3a1a4. [IpemtoxkeHa HoBasI TIpolieypa TeHepaluy TaKuX OTpaHu-
YeHUi, TTO3BOJISIIONIAs MOJIYYUTh HauboJiee CUIbHbBIE OrpaHUYeHNsT 6€3 MCITOJIb30BaHUS TIPOLIEAYp Tepe-
Oopa Ipu UX IMTOCTPOCHUU.

Karouesoie crosa: NByXypoBHEBOE IporpaMMupoBaHue, urpa Illrakenpbepra, KOHKypeHTHOE pa3MelleHue
NPEeaNpUSITUIL, IECCUMUCTUYECKOE ONITUMAIIbHOE pellcHUE
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1. DOPMVYIJIMPOBKA 3AJAYN

B [1, 2] paccmaTpuBajiach MaTeMaTHU4ecKasi Mo-
JIeJIb KOHKYPEHTHOIO pa3MelleHMs IIPEAIIPUSITU
(CompFLP), nmoctpoenHasa Ha ocHoBe urphl IllTa-
Kennoepra. PazHooOpa3ue poaCTBEHHBIX MOCTAaHO-
BOK, a TaKXKe pe3ylabTaThl, CBI3aHHbIC C HUMM, 11~
POKO TpencTaBieHbl B HETaBHMX 0030pax padbor [3—
6]. Monenb, paccMaTpuBaeMasi B HaCTOSIIIEN paborTe,
MpearonaracT HaIu4ue OBYX COIEPHUYAIOIINX CTO-
poH (JIugepa u IlocinenoBarens), KOTOPBIE ITOCIEI0-
BaTeJbHO pa3MellaloT CBOM MPEANpUSITUS sl 00-
CIIy>XMBaHUS 3aJaHHOIO MHOXECTBA MOTPEOUTEICIA.
3angayga JIugepa cCOCTOUT B BEIOOpE pellIeHUs, Jalole-
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ro MaKCUMAaJIbHYIO IPUObUTL MPU YCIOBUU OITH-
MaJibHOTO ToBeaeHUs1 TlocnenoBarensi, Takxke CTpe-
MSIIIETOCS TTOJIyYUTh HAaUOOJIBIIYIO ITPUOLUTL OT 00-
CIIY:KMBaHUS “3aXBadyeHHBIX TOTpEOUTECH.

Bbynem nonarath, yto Jlumep npu pasMellieHUU
CBOMX IIPEAIIPUSITUIA He 00JIamaeT MOJTHOM MHMopMa-
e o MHokecTBe mmoTpeouTeneii. [locienoBarens,
HaIMpOTUB, OTKPBIBAET NpeaAnpusTUs Tocie Jinaepa
¥ MMeeT MH(GOpPMAaLIoO He TOJIBKO O pelreHuu Jlume-
pa, HO 1 MHOXeCTBe IToTpeonreneit. HeompeneneH-
HOCTb JaHHBIX O MOTPEOUTEISIX TIPEOI0JIeBaeTCs pac-
CMOTPEHUEM B MOJIeIN HA0Opa BO3MOXHEIX BaprUaH-
TOB (ClLiIeHapreB) MHOXKECTBa MOTPEOUTE IS, OMUH U3
KOTOPBIX OyIeT peanir3oBaH. HavnydimMm cuutaercst
pemeHue Jlugepa, mamplinee HaAaWUOOJBIIYIO ITPUOBLIb
MIpYU HAUXYAIIWX IS JTAHHOTO PEILIeHUs CLIECHApUU 1
onTtumanabHoM petieHuu I[locnenoBates.

st bopManibHOI 3anucu Moaea KOHKYPEHTHO-
ro pa3MelleHus NPeanpusTuiA ¢ aTbTEPHATUBHBIMU
MHoXxecTBamu notpedouteneit (MSCompFLP) oynyt
KCIIOJIb30BaHbI clieaytolue obo3HaueHus1. MHoOXe-
CTBO [ BKJIIOYAET MHAEKCHI MOTEHIUATbHBIX Tpe-
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npusATUii, oTkpeiBaeMbix Jluaepom u IlociemoBate-
JIEM, & MHOXECTBO ,§' COAEPKUT MHAEKCHI paccMmar-
pMBaeMbIX clieHapueB. MHOXECTBO MOTpeduTeneii
MpY cLieHapuu s € S 0603HauuM J,. [Ipennomnaraem,
uro J, N J, =D nisa Beex s;,5, € S, 8 # 5. D10
MOXHO caellaTh 0e3 orpaHM4YeHusl OOIIHOCTU, ITO-
CKOJBKY TIOTpeOMTENeH, KOTOPBIX HEOOXOANMO
BKJIIOUUTH Cpa3y B HECKOJBbKO Pa3IMYHbIX CLIEHApU-
€B, MOXXHO 3aMEHUTH TPEOYeMbIM KOJIUYECTBOM CBO-
nx n1yonukaTtoB. O0beAMHEHHOE MHOXECTBO ITOTpE-
outeneit u3 BceX ClieHapUeB O0O3HAYUM 4epe3

7=

seS

DdukcupoBaHHbBIE 3aTPaThl, CBI3aHHBIE C OTKPbI-
tueMm npennpusatus i € I Jlunepom u IlocnenoBare-
JieM, 0003Ha4yuM, COOTBETCTBEHHO, 4epe3 f; u g;. s
3afaHHbIX [ € [, j € J BEIIMYUHBI p; U g; BbIpaxator
JIOXO[I, TTOJIydaeMBblii TIpu OOCTYy>KUBAaHUU TTOTPEOU-
Tens j e J npeanpusitueM i € I, OTKPBITBIM, COOT-
BeTcTBeHHO, JIngepom m IlocnenoBateneMm. Kpome
TOTrO, IUISI BCSIKOTO § € S BBEIEM BEJIWYUHY P, BbIpa-
KaIoNUIyIo “IOTMoMHUTENbHBIN noxon JIngepa B ciy-
yae peajin3aliiu CIieHapus s € S U HCIOJIb3yeMYylo
JIJIST KOPPEKTUPOBKY BIAUSTHUS CIICHAPUS § Ha pele-
Hue JIngepa.

B npemraraemoit momenn MSCompFLP mbr mnc-
MOJb3yeM IepeMEHHbIC, aHAJIOTUYHBIE WCITOIb30-
BaHHBIM B Mozaean CompFLP. bunapHas rmepemeH-
Hasl x; paBHsIeTCs equHULE, ecau Jlunep oTKpbIBaeT
npeanpusaTue [ € I U HylIl0 B IIPOTUBHOM CiIydae.
bunapHasi nepemMeHHas z,, paBHSIETCS €AUHMUILIE, €CJIU
IMTocnenoBarteib OTKPBIBAET MPEAIIpUSTUE [ € [ 1Ipu
peanu3anuu clieHapus s € S, 1 HyJIl0 B IPOTUBHOM
ciay4dae. [lepemeHHbIe ); 1 CU pPaBHSIIOTCS eAUHUIIE,
€CJIM OTKPBITOE, COOTBEeTCTBeHHO, Jlmmepom u Ilo-
clienoBaTesieM Npeanpusitue [ € I Ha3zHavaeTcs IS
0o0cCITy>XXMBaHUS NOTPeOUTeENs j € J, U HYJIIO B MIPO-
TUBHOM CJIyYae.

IIpu MomenmupoBaHUM TIpeaIIojiaracTcs, YTo IIpu
Ha3HAYEHUM OTKPBITOTO MPEONPUSATUS IJIsI 0OCITy-
JKMBaHUS NOTpeduTens j € J y4UThIBAIOTCS MPEIO-
YTEHUsI 3TOTO MOTPEOUTENSI, MPeaCTaBIeHHbIE OTHO-
IIIEHUEM MopsiiKa = ; Ha MHoxecTBe /. st i,k € 1
3alUCh i ~; k O3HaYaeTi =; kui # k.

C ucrosap30BaHUEM BBEASHHBIX 0003HAYCHUI 3a-
Jlaya BbIOOpA HAWJIYYIIeTo pelIeHust B Moaeau MS-
CompFLP MoxeT OBITh 3aIMcaHa KakK CleAyoliast
3amada IByXypOBHEBOIO MaTeMaTUIECKOTIO IIpOrpaM-
MUWPOBaHUSI:

max | —) fix; + min| P, + E PiXij (1)
)| ses jezjs icl
s + Zijsl’ se€s, Jjels )

Kli= sk
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iel, jelJ; (3)

JEJ; “4)

xi 2Xijs
x,x; €{0,1}, i€ l,

(Z), (Z;) — onTManbHOE peureHue 3amxauun  (5)

(zm)e(lcx,)z _ngzis + quycij ; (6)

ses \ el jed, iel

x+z, <1, iel, se; (7)

X+ > ly<1, iel, jel, ®)
Kliz k

=0y iel, seS, jeldg; ©)

7,5, €{0,1}, iel, seS, jel. (10)

IleneBast pyHkIius (1) BeIpaxkaeT BEIUUYUHY MTPU-
obu1u JIumepa B XyauieMm ClieHapyuM C y4eTOM ajiu-

TUBHBIX TIONIPAaBOK P, s € S B BEIMUUHY AOXOAA IS
Kaxgoro u3 cueHapueB. lleneBass yHKUUMS BHYT-
peHHel 3agauu (6) TIpeacTaBiseT CyMMapHYIO MpU-
6611 [TocmemoBarenist o BCeM CLIeHApUsIM, U €€ OIl-
TUMU3ALUS SKBUBAJEHTHA ONTUMU3ALMN MPUOBUTN
B KaXXJIOM MHIMBUAYyaJbHOM clieHapuu. OrpaHuye-
Hus (2) u (8) peaansyroT IpaBUJIO BEIOOpa 00CTYXKI-
BalOIIErO MPEATNPUSATHUS TSI KaXKI0ro MOTPeOUTENs,
a (3) u (9) He MO3BOJISIIOT UCIIOIL30BAaTh JJIsk 00CITY-
KWUBAHUS 3aKpHIThle NMpeArnpusTus. B omHoM MecTe
HEe MOTYT pacrnoJjaraTbcsl MpeanpUusiTUs 06enux KOH-
KypUpYROILIUX CTOPOH (7).

O0o03HauuM 3agauy BepxHero ypoBHs (1)—(5) ue-
pe3 £, a 3agauy HYKHeEro ypoBHs (6)—(10) uyepes %.
Hns 3amaun (1)—(10) B 11eJIOM UCIIOAb3yeM 0003Ha-
yenue (£, %).

Hapy (X,Z), X =((x),(y)> Z = ((z,),(&y)),
rme X — JOMyCTMMOE pellleHue 3aJadyd BepXHero
YPOBHS, a Z — ONTUMaJIbHOE pellleHre 3aJauu HUX-
HEro YPOBHSI, HA30BEM Jonycmumbim pewieHuem 3aaa-
g (¥,%). IlockonbKy sieMeHTh petenus (X,72)
OIpEAEIISIIOTCSI OMHAPHBIM BEKTOPOM X = (X;), TO pe-
meHue (X, Z) Ha30BEM IOMyCTUMBbIM pellIeHUEM, T10-
DPOXIEHHBIM BEKTOPOM X. 3HaUeHUE 1ieJieBoi (DyHK-
uuu 3anaun (£, %) Ha gonyctuMoM perneHuu (X, 7)
o6o3HauuMm L(X, Z). Ang mogenu MSCompFLP tak
xke, Kak 1 1 moaean CompFLP, craBurcs 3agaua
MOYCKa HAWIY4lIero pellieHus Cpeiu neccumucmuye-
ckux donycmumbix peuwtenuil [7]. Ileccummuctmaeckoe
JIIOMYCTUMOE pellleHHe, MOPOXICHHOE BEKTOPOM X,
laeT HauWMeHblllee 3HayeHue liejieBoil (yHKUMU
L(X,Z) cpenu Bcex mOMyCTUMBIX pemeHuit (X, Z),
MOPOXIEHHBIX BEKTOPOM X .

C 3zamaueit (£,%) cBsI3aHO ceMeICTBO 3aaad, IMo-
JlydaeMbIX U3 Hee yaaJeHUeM Bcex ClieHapueB, KpoMe
omHoro. 3ajgaya co ClieHapuMeM s € S ecTb 3ajaya

CompFLP [2]. O60o3Haunm a1y 3anauy (£, %), a
3HAYEHUE ee 1eJeBOM (DYHKIIMU HA JOITYCTUMOM pe-
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weHuu (X, Z,) —uepes L(X,, Z,). At TOCTpOoeHUs
MECCUMMUCTUYECKOTO AOITyCTUMOTO pewmeHud (X, 2)

rcxonHoit 3amauu (£, %), MOPOXKIASHHOTO 3adaHHBIM
OMHApHBIM BEKTOPOM X HEOOXOOMMO ITOCTPOUTh
IECCUMUCTUYECKME NONyCTUMBIE pelieHus (X, Z,),
MOPOXIEHHBIE BEKTOPOM X JUISI BCIKOTO s € .§. Kax-
noe us pewenuii (X, Z,), s € S OyIeT 4acTbIo pellie-
Hus (X, Z) unpustom L(X,Z) = min {L(X,,Z,)}.
151 mocTpoeHMsI IECCUMUCTUYECKOTO TOITYCTUMOTO
peuteHust 3anauu (£, %), MOPOKICHHOTO 3aJaH-
HBIM BEKTOPOM X, HEOOXOAMMO PEIIMTh ABE 3a1a4u
1IEJIOYMCIIEHHOTO TIPOrpaMMHUPOBaHMsI, OAHA U3 KO-
TOPBIX €CThb 3a1a4ya F ;, a Apyrasi — BCIIOMoTraTesbHast
3aaya Toil e pa3MepHOCTH, 4To U 3anava (£, F ).

ITouck ONTUMAaNILHOTO TECCUMUCTUYECKOTO pe-
LIEHUSI MOXET OBbITh OPraHU30BaH IO CXeMe HESIBHO-
ro mepebopa B IIPOCTPAaHCTBE BEKTOPOB pa3MeIleHUsI
X, oNnpeacjadrommnx COOTBETCTBYIOIIIME UM TIECCUMU -
CTUYECKME TOMyCTUMBbIE pelieHus. B cBoeil pabote
TaKMe CXeMBI OIMMPAIOTCS Ha TIPOLIEIypPY BBIYMCIIE-
HHUA Ka4YC€CTBEHHBIX BEPXHUX OLECHOK IJIsA 3HaquMﬁ,
MPUHUMAaEeMBbIX 1eJeBoi (yHKIMed Ha TTOAMHOXe-
CTBaX MHOXKECTB JOTTYCTUMBIX pelieHunit. PazpaboTka
TaKol Mpouenypbl OTKPbIBAET BO3MOXHOCTb TOYHO-
ro peleHUsI MOJIeJIM KOHKYPEHTHOTO pa3MellleHUs B
YCIIOBUSIX HEOTIPEIeICHHOCTH CITpoca U 00CyXImaeT-
cs B IOCJIEYIOIITNX pa3aeiax CTaTbu.

2. VCUJIEHHAA
OLLEHOYHASA 3AJAYA

OcHOBOI 1J11 BBIYMCIICHUSI BEpXHEW TpaHUIIBI
3HaYeHU ueneBoit pyHkuum 3agauu (£, %) Ha mon-
MHOXEeCTBaX pellleHUit SIBsIeTCS ee pejlakcallysi, Ha-
3piBaeMasi HP-pemakcanueii [7]. Takas 3agada moy-
JaeTcsl M3 MCXOMHOI IByXypoBHeBou momenu (1)—
(10) uckimrouyeHueM U3 Hee yciaoBUs (5) U 1ieaeBO
by 3agaun F . Kpome Toro, U3 3agau & MOTYT
OBbITb UCKJTIOUEHBI ITepeMeHHbIe ({ ;7)> TOCKOJIbKY OHU
He BJIUSIIOT Ha 3HaUYeHUe liejeBOi (PYyHKIIMMU MOy-
yeHHOU 3amauu. Takum obpasom, HP-pemakcanms
uccienyemoit 3anauu (£, %) ectb 3amada &£, 10M0JI-
HeHHas orpanndyeHusiMu (7) u (10), a ee mormycTumoe
pemeHue (X, z) nmeeT BUL X = ((x;), (X)), 2 = (2;)-
3HaueHue 1eeBoi (DYHKIMN pelakCUPOBaHHOI 3a-
Jlayu Ha pereHuu (X, z) o6o3HauuMm L(X, 7).

IMongatHO, yTO oNTUMaNTbHOE pelneHue (X, z) pe-
JIJAKCUPOBAHHOU 3aJayl MMeeT HyJieBble 3HayeHUsI
MEPEMEHHBIX (Z;) U [IaeT 3aBBIIIEHHYIO BEPXHIOIO
rpaHully [Jis ONTUMAJbHOIO 3HAYE€HUS 1IeJIeBOI
dyukunm ncxogHoi 3agaun (£, %F). O6wwmit monxon
K YJIYYIIIEHUIO BEPXHE rpaHUIIbI COCTOUT B ITOCTPO-
€HUU JTOMOJHUTEIbHBIX OTPAaHUYEHUI, CTUMYJIUDPY-
IOIIMX MEPEMEHHBIE (Z,) PEIAKCUPOBAHHOM 3amauyu
MPUHUMAaTh HEHyJeBble 3HaueHus. Eciu 3T orpa-

JOKJIAJIbI POCCUMCKOW AKAJEMUU HAVK. MATEMATUKA, UH®OPMATHUKA, TTPOLIECCHI YITPABJIEHMUSA

HUYEHUS BBITIONHSIOTCS HA TIECCUMUCTUYECKUX JIO-
MyCTUMBIX penieHusx 3anauu (£, %), to HP-penak-
canus 3anauu (£, %F), Ha3pIBaeMasi yCUAeHHOLU OUeHOY -
Hoil 3adaueti (SEP), MoxkeT OBITh MCIIOJIB30BaHAa OISl
BBIYUCJICHUST BEPXHUX TPAHMUII.

[MockombKy B 3amave (£, %) onTUMaIbHbIC 3HAYE-
HUSI TIEPEMEHHBIX (Z;;) BBIYUCISIOTCS HE3aBUCUMO
IJIS1 pa3IMyHBIX § € S, TO JOMOJHUTEIbHBIE OTPAHU-
yeHus mig 3agaun (£, %) MOXHO UCKATh B BUIE 10-
MOJIHUTENbHBIX orpaHuyeHuit mansa 3amad (L, %)
npu GUKCUPOBAHHBIX § € S.

B [1, 2] npenyioxkeHbl TOMOJTHUTEIbHbBIE OIPaHU -

yeHwus mis1 ycewneHust HP-penakcamuu 3anauu Com-
pFLP, Ha3zBaHHBIE c-0TceuyeHUsIMU. [1pu paccmoTtpe-

HUM c-OTcedeHuil 3amauu (£, F ;) UCHOIB3YIOTCS
caenyomue odo3Hayenusd. Ilycrs I'c [, J' ' J, —
HeIycTble TOAMHOXECTBa, U MycTh j € J,. [Tonoxum
o,(I"y=1i,tnei' =, imaBcexie I';
o, (1) ={o,(I)]je I}
NI ={ielli~; a,"};
Ny(I') = e, N ().

Ecnu x = (x;),i € I — HeHyneBoil OMHAPHBII BEK-
TOP, TO MOJIOXUM Takxke o ;(x) = o ;(/ 'x), N (x) =
=N,(I'(x)),tne I'(x) ={ie I'lx, =1}.

Ilycte I'c 1, J'c J,, ke N,(I'), u nnyctb misa
MHOXecTBa J;, C{je J,|ke N,IYuN,(I'yc N,")}
CIIPaBEUTUBBLI COOTHOIIICHUS

zpa,(l')j >0, z% = 8-

jel; Jjed;
Torma HepaBeHCTBO

(1)

PIR
ieN;(I')
BBITIOJIHSIETCSI HA JIIOOOM IIECCUMUCTUYECKOM JIOITY-
CTUMOM pelieHuu 3anauu (£, % ) ¥ Ha3bIBaeTCH C-
omceueHuem, CeeHepUpPOBaHHbIM NAPOll NOOMHONCECME
(',J") u nomepom k € N, (I'").

st noctpoeHus c-otcedyeHus B [ 1, 2] mpenjoxe-
Ha mepebopHas Impoleaypa IoucKa Iy 3aJaHHOIO
nogMHoXxecTBa /' TpeOyeMbIX IToAMHOXecTBa J' U
HOoMeEpa k.

IMTocTpoenue napsl monMHOXecTB (', J"), reHepu-
pylonieil c-oTceyeHue, CYIIeCTBEHHO YMpOIIaeTcs,
€CJIM OIPAaHUYUTBCS PACCMOTPEHUEM Tap MOAMHO-
JKECTB crenuaibHoro Buaa. Ilapa HemycThIX TOA-

mHoxectB (I',J"), I'c I, J' < J, npu k € I umeer
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Kanonuyeckuii éud, ecmn J' c {je Jilke N;(I")} n
I'=o,").

VYreepxkaenue 1. I[Tycts mapa nogmMHoxecTB (1',J")
npu k € N, (I') reHepupyeTt c-orceyeHue. Torga cy-
IIECTBYeT NMapa nogMHoxecTB (I, J") KAaHOHUYECKO-
ro BUja, KOTopasi Ipu JaHHOM k TeHepUpYyeT C-0Tce-
yenue. [Ipusrom I" c I',u N,.(I") € N, (I").

C ncrionb30BaHuEeM YTBEP:KIeHUST | TOCTpOeHME
C-OTCEUEeHMSI MOXET OBbITh YIIpoIllleHO. B oTiinune ot
CXeMBbI Tepebopa MOAMHOXECTB /', UICOIb30BAHHON
B [2], yTBepxKneHure 1 OTKpbIBAET My Th K IIOCTPOSHUIO
OTCEUEHUI IMyTeM BBIOOpA MoaXoasIero k. JIjs aTo-
ro JOCTaTOYHO TOCTPOUTH COOTBETCTBYIOIIIEE MHO-

2KECTBO .];( 1 IIPpOBE€PUTDH BHINMOJITHUMOCTL HEPABCHCTB

zje/,;p“j(l')f >0mn Zjejk'q"f = g, . B cinyyae nosnoxu-
TEeJILHOTO pe3yJibTaTa MPOBEPKHU Napa MOIMHOXECTB
KaHOHHMNYECCKOro Bujga MOXET CTPOUTBCA HAa OCHOBa-
HMU 9BPUCTUYECKUX NIPABUJ, HAITPaBJICHHBIX HA Ha-
XOXAeHUe HanboJsiee CUIIbHBIX C-0TceueHuii. K npu-
Mepy, BOBJIEKAIOLIMX MUHUMaJIbHOE KOJIUYECTBO Te-
PEMEHHBIX.

3. BBIHMCIIEHWE BEPXHUX I'PAHUL]

INocTpoeHne ajropuTMOB HESIBHOTO Tiepebopa
JIJISI TIOUCKA TIeCCUMUCTUYECKOTO ONTUMAJIbHOTO pe-

meHust 3agaun (£, %) mnpeanosjaraeT BbIMUCICHUE
BEPXHUX I'PaHUILl 3HAYCHUI1 LIeJIeBOI (DYHKIIMY 3a0a4nd
Ha pacCMaTpUBaeMbIX B X0OJi¢ PaOOTHI aJIroOpuTMa Mo~
MHOXeCTBax pelleHuii. Takue ImogMHOXeCTBa 3aa-
I0TCSl YaCTUYHBIMU peleHusiMu y = (y;), y; € {0, 1,
*},i € I, pukcupyommuMy 3HaYSHUS HEKOTOPBIX TTe-

peMeHHBIX x;, i€ [. Iycts I°(y)={ie I|y, =0},

1 1(y) = {ie I|y, = 1}. Torna sneMeHTaMu MOIMHO-
kecTBa peleHuit 3agaun (£, %), 3a1aHHOTO YaCTUY-

HBIM pelleHneM y = (;), OyoyT MeCCUMUCTUYECKUE
JOTTyCTUMBIE DPEIIeHUs], MOPOXIaeMble BEKTOpaMU

x = (x;), i € I, TaKuMu, 4TO

ie I'MUIQ). (12)
3anayu (£, %) u (£,,%,) c yKa3aHHBIMU IOTOJIHU-
TeJIbHBIMU ycoBusiMu (12) B 3amade BEpXHETO YPOB-
HsI 0003HAUMM, COOTBETCTBEHHO, uepe3 (£(y),F) u
(£,(3),F;),s€S.

Xi = Vi

Eciu y ectb OMHapHbIil BEKTOp, TO BEpXHSIs rpa-
Huia UB(y) ueneBoit dyukumu 3agaun (£(y),F) Bbi-
YUCJISIETCS] TOYHO IyTeM HAXOXICHMST 3HAaUeHMs 1iejie-
Boii ¢yHkimu 3amaun (£, %) Ha MNeCCUMUCTUIECKOM
JIOITyCTUMOM PEIIIEHUU, TOPOKIEHHOM BEKTOPOM ).

NOKJIAIbl POCCUMCKOMN AKAJJEMUU HAVK. MATEMATUKA, MH®OPMATHUKA, TTPOLIECCHI YITPABJIEHMUS

B o01miem ciiydae, korma y He SIBJIsIeTCSI OMHApHBIM
BEKTOPOM, TIpolieaypa BHIYUCICHUS BepXHeil rpaHu-
bl €CTh UTEPALIMOHHBII IIPOLIECC, COCTOSINUIT M3
HavyaJIbHOM WTepalii U HEKOTOPOIro 4YMCJia OJHO-
TUIHBIX OCHOBHBIX UTEPAlIUiA.

Ha navanpHO# ntepamyy crpouM 3agaay SEP mirs
samauu (£(y),%). dna aroro Kk orpaHnudeHussMm HP-

penakcaunu 3agauu (£, %) nodasisieM orpaHUYeHUE
(12) v n3BecTHBIE K JaHHOMY MOMEHTY JOITOJHM-

TeJIbHbIE c-0TceueHus aist 3agaun (£, F ), s € S.
Ha ocHOBHOIi uTepaliuu paccMaTpuBaeM MocTpo-
€HHYI0 Ha mpenbiaylieit urepauuu 3anauyy SEP nns
3anauu (£(y), %) 1 BEIUUCISIEM ee ONITUMABHOE pe-
wenne (X',z2"), X'=((x),(x;), 2 =(zy), iel,
s e §. Hanee njst BCSIKOTO s € S paccMaTpuBaeM pe-

meHue (X, z,), KOTOpoe SBISETCS YacThIO PelIeHUs
(X', 7') u nonmycTuMbIM peliieHueM nonaszanauu SEP,

cooTBeTcTBYOLLEH 3anaue (£, % ). [Tocne aToro mist
3anauut (£, %F ) cTpOUM C-OTCeUeHUsI, KOTOpbIe Ha-
pymaiorcs Ha peuieHuu (X,,z,). Takue orcedeHUs
Ha30BeM c-omceyenusmu peuwenus (X, z.).

Iyerb x' = (x}), z, = (gj,) ©unycTb Jo, = J,, ecnu
22 =0, m Jy, ={je J|o;(x) >; 0,(z;)} B IPOTUB-
HOM cJyJae.

YrBepxaenue 2. HepaseHctso (11), creHepupo-
BaHHoe mnapoi (/',J'), HapyliaeTrcsi Ha pEIIEHUU
(X.,z,) Torma u ToibKO Torma, korma J'cC J,,
I'x) 2 I' 2 oy (x).

Takum 00pa3oM, MOCTPOEHUE C-OTCEYEHUS pe-
mweHus (X, z,) CBOOUTCS K OMCKY IMTOAMHOXecTBa J '
MHOXecTBa {j € J, |k € N,(x")} takoro, 4ro mapa
',J"), tne I' = a,;(x"), TeHEPUPYET C-OTCEUECHUE.

Vrepxaenue 3. [1pu 3anaHHOM k € 1 MHOXeCTBO
J' < Jy,(k) Takoe, yto napa (I',J"), toe I' = o;.(x"),
reHepupyeT C-OTCeYeHUe, CyIeCTBYeT TOrna U TOJdb-

KO Torga, Koraa
Z Poy(x)j >0, z 9 = 8-
JjeJos(k) JjeJdys(k)

Ecnu nmng 3amanHoro ke N 7 (x') yKazaHHBII
N

KPUTEPUIA CYLIECTBOBAHMS MHOXECTBA J ' BBIIIOJIHS -
€TCsI, TO BO3HUKAET 3a/a4ya BbIOOpa 2JIEMEHTOB MHO-
xectBa {j € Jys|k € N;(x')}, 3 KOTOpPBIX OyIET cO-
cTaBjiieHO J '. DTOT BBIOOD HOKEH OBITh MPOAUKTO-
BaH CTpeMJIEHHMEM K TOMy, 4ToObl mapa (I',J'), tae
I' = a,.(x"), reHeEpupoBaia HaubdoJee CUIBHOE C-OT-
cedyeHne pemeHus (X, z,). Jasa moctpoeHnss Takoro
MHOXECTBa MOXHO c(OpMyJIMpoBaTh BCIIOMOTa-
TeJIbHYIO ONITUMM3ALMOHHYIO 3a/ady, pelieHue Ko-
TOpoIi OyaeT onpenesisiTb MHOXECTBO J' ¢ HaMMeHb-
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Tab6muna 1. 3aBUCMMOCTh BpeMEHHU BBIYUCICHUIA U YKCIIa
IMPOCMOTPEHHBIX BEPIIMH B METOAE BETBEM M TI'paHUIL
(cpemHee 1o 5 mpuMepaM) OT KOJWYECTBA MECT BO3MOXK-
HOTO pa3MelleHUs TTPEaTPUI T

1] Bpewms, ¢ BepiuuHbl
5 1 3

10 28 15

15 86 4

20 387 46

25 4322 55

IIMM CYMMapHbIM YKCJIOM 3JIEMEHTOB BO MHOXe-
ctBax 0O, (x") u N,(x"). IlocTtpoeHHOEe TakuM
00pa30oM Cc-0TCeYeHUE HA30BEM C-OMmCeyeHuem peule-
nus (X, z.), ceenepupogannvim Homepom k € N 7, (X

CymMMupysl cKazaHHOE€, MOJYyYUM CJEAYIOLIYIO
CXe€MY BBIYMCJICHUSI Ha KaXJ10M OCHOBHOI UTepauuu
aJIrOpUTMa BbIYMCJIEHUSI BepxHel rpaHulibl UB(y).
IMocne BeraMCIEHNS ONTUMAIBHOTO peieHus (X', ')

tekyuieit 3agaun SEP wist 3amauu (£(y), F) mociaeno-
BaTEJIbHO IJIST BCSIKOTO § € S MCCIeayeM 3JIeMEHTHI
ke N, (x') ¢ Leblo TOCTPOCHUS C-OTCEYCHUIT pe-

meHust (X,,z,), CTeHEpUPOBAHHBIX 2JEMEHTOM K.
J1st 3TOrO N1 3aJaHHOTO £ TIPOBEPSIEM BBITIOJTHEHUE
KpUTEepHUsI CYyIIeCTBOBaHMSI TpPeOyeMOIo Cc-oTceue-
Hus. Ecim Kputepuii BBINOJHSIETCSI, TO BHIYUCIISIEM
COOTBETCTBYIOIIIEE MHOXECTBO J' U TOJTydaeM Tpedye-
MOE C-OTCeYeHME. DTO HEPaBEHCTBO H00aBIsIEM K
orpaHnM4YeHMUsIM paccMarpuBaeMoii 3amaun SEP. Eciii B
Tporiecce MPOCMOTPa NIEMEHTOB s € S uk € N, (X')
yIaJIOCh IIOCTPOUTH XOTsI ObI OMMHO C-OTCEYEHME, TO Ha-
YMHAeM CJIeIyIOLIyIO UTepaluio. B mpoTuBHOM citydae
BEJIMYMHY BepxHel rpanullbl UB(y) nmoyiaraeM paBHOU
ONTUMaIbHOMY 3HaueHuto L(X',z') ueneBoit (yHK-
muu 3agaun SEP 1 3aBepiraeM mpoiienypy BEIYHCTIE-
HMS BEpXHE TpaHULIbI.

Jas oueHKY 3 PEKTUBHOCTU YKa3aHHOM Mpolie-
JIypbl ObUIA CreHepUPOBaHBI TECTOBbIE IMPUMEPHI, B
KOTOPBIX PACIIOJIOXKEHHUE IIPEAIIPUITUI U IIOTPeOur-
TeJIE 3aJaBajJioCh CJy4YalMHO pa3MELIEHHBbIMM Ha
eIUHUYHOM KBaapare Toukamu. [IpennmoyreHus mo-
TpebuTeseit onmpenesiioTcsl eBKJIMIOBEIMUA PACcCTOSI -
HUSIMU MexKy Toukamu. ClieHapuu CIipoca B IIpruMe-
pax yIopsiIO4YeHBl IO YOBIBAHUIO ITOTEHLIMAILHOM
JIOXOMHOCTH, ¥ B KaXKIIOM MOCJIEAYIOIIEM CLIEHapuu
paccMaTpMBaeTCs JIMIIb YaCTh MHOXECTBA MOTPEOU-
TeJICH TIPEIbIIyILIEro.

B Ttabn. 1 nmpencrasieHsbl cpeaHue Mo S5 MpuMepam
KaXJI0i pa3MepHOCTHU ToKa3aTeI BpeMEeHU BbIUMC-
JICHUS ¥ YMcJia MPOCMOTPEHHBIX BEPIIMH TSI METOIa
BETBEI U TPaHUIL, UCTIOJIb3YIOIIETO OTTMCAHHBIN CIO-
co0 roacyeTa BEpXHUX rpaHull. OTMETUM, YTO POCT
pa3MEpHOCTHU 3a/1a4¥ COMPOBOXIAETCS JHUIIb HE3HA-

JOKJIAJIbI POCCUMCKOW AKAJEMUU HAVK. MATEMATUKA, UH®OPMATHUKA, TTPOLIECCHI YITPABJIEHMUSA

YUTEILHLIM POCTOM YMCJIa IIPOCMATPUBAEMBIX Bep-
IIMH. OTO, MO-BUIANUMOMY, OOBSICHSIETCSI CIIOCOOHO-
CTBIO aJITOPUTMA OBICTPO OOHAPYKMBATh ONITUMAaJlb-
HOe pellleHHe, a TakKkKe OCOOCHHOCTBIO MOIENIU: B
CUJIy CYLIECTBEHHBIX OTIMYMIT MEXIy CLieHapusMu
CIIpOCa, YMCJIO PEIICHUI, CITIOCOOHBIX XOPOIIIO ceOsI
IIPOSIBJISITH BO BCEX CLICHAPUSIX, KpaiiHe OTpaHUYEHO,
U OTKJIOHEHUSI OT ONTHUMAJIbHOTO PeIIeHUs TPUBO-
JISIT K YXYALIEHUIO BEPXHUX OLICHOK, TTO3BOJISIOLIEMY
Ha HayaJbHBIX 3Talax BETBJICHUS OIPENEIUTh IO-
JIOOHBIEC OTKJIOHEHUS KakK OecriepcriekTuBHBIe. [1pu
5TOM C POCTOM Pa3MEPHOCTH 331241 YBEINIUBACTCS
BpeMs1 pemeHus 3agad SEP B BepmmnHax nepesa
BETBJICHMSI, @ TAK3KE UMCJIO TCHEPUPYEMBIX C-OTCeUYe-
HUIA, 4TO MPUBOAUT K OBICTPOMY POCTY OOIIEro Bpe-
MeHM paboTel. HecMoTpst Ha yKazaHHOE 00CTOSITEIb-
CTBO, AJITOPUTM IOKa3bIBACT BBICOKYIO 3(P(EKTUB-
HOCTb, IIO3BOJISISI TOUHO pelIaTh 3a4a4M ¢ 25 MecTaMu
BO3MOXHOTO pa3MelleHUsT MPEANpUsITUIA CO Cpel-
HUM BpeMeHeM paboThl MeHee JBYX 4acoB.

NCTOYHUKUN OPUHAHCHUPOBAHWSA

HccnenoBaHue BBHIMIOJHEHO 3a cuyeT rpaHTa Poccuii-
ckoro HayuyHoro ¢onmaa (mpoekt Ne 21-41-09017).
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UPPER BOUND FOR THE COMPETITIVE FACILITY LOCATION PROBLEM
WITH DEMAND UNCERTAINTY
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We consider a competitive facility location problem with two competing parties operating in a situation of un-
certain demand scenario. The problem to find the best solutions for the parties is formulated as a discrete bi-
level mathematical programming problem. In the paper, we suggest a procedure to compute an upper bound
for the objective function on subsets. The procedure could be employed in implicit enumeration schemes ca-
pable to compute an optimal solution for the problem under study. Within the procedure, additional con-
straints iteratively augment the high-point relaxation of the initial bi-level problem, what strengthens the re-
laxation and improves the upper bound’s quality. New procedure to generate such cuts allows to construct the
strongest cuts without enumerating the parameters encoding them.

Keywords: Bi-level programming, Stackelberg game, competitive facility location, pessimistic optimal
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