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ITokazaHa BO3MOXHOCTb peain3allii TAKUX CBsI3eii CUJIaMU BSI3KOTo TpeHus. [IpuBeneH npuMep Herojio-
HOMHOM CUCTEMBI, 11 KOTOPOIi C TOMOILBIO YMCIEHHOTO MOIEJIMPOBAHUS MTOKA3aHO, KaK C YBEJIUUYEHUEM
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1. BBEAEHHUE

B pabote paccmarpuBaioTCcs BOIIPOCH TUHAMUKN
MEXaHNYECKUX CUCTEM, Ha JABUKEHHE KOTOPBIX Ha-
JIOXKEeHBI OorpaHuuYeHus1 B Buae nuddepeHIuaabHbIX
HepaBeHCTB. CBSI3M TaKOTO BUIa HA3bIBAIOTCSI OMHO-
CTOPOHHUMM, WJIM HETOJTOHOMHBIMU DUddepeHIN-
aJIbHBIMU CBsI3sIMU. OHM YIIOMMHAIOTCSI B paboTax
[1, 2], omHAKO KOHKPETHBIM MHTEpeC K HUM IIpPO-
SIBUJICSI JIUIITh B Havaje TeKymiero Bexka [3, 4]. B yka-
3aHHBIX paboTax TIpemiarajcs BbHIBOA ypaBHEHUN
JIBYDKEHUST TAKMX CHCTeM, OCHOBAHHBIM Ha JTOKAaIb-
HBIX WA MHTETPAJIbHBIX BapUallMOHHBIX IIPUHIIUITAX
[5, 6], u mpuBOAMIICS IIPUMEP TAKON CUCTEMBI — OJI-
HocTOopoHHUI KoHeK YameirmHa. B [3] moka3biBa-
eTcsg 0e3ymapHOCTh OOTHOCTOPOHHUX AnddepeHIIn-
aJIbHBIX CBsI3ell B OMHOPOIHOM ciiydae. B [4] craBuT-
csl BONPOC O peajiu3alliu TaKuX CBsI3el cuiaMu
aHM3O0TPOITHOTO BSI3KOIO TPEHUS, U HAETCS IIPUMEDP
TaKoOW peaiu3alluu s KOHbKa YarabIruHa.

B manHOi1 paGoTte ToKa3bIBaeTCs Ge3yIapHOCTH
OMHOCTOPOHHUX T hepeHINATBHBIX CBI3ei B 00-
meM cirydae. [TokasbiBaeTcst BO3MOXHOCTD peaan3a-
IIMY TaKWX CBS3EM CHJIAMU aHM30TPOITHOTO BSI3KOTO
TpeHUs. JIJIT HEKOTOPBIX CHUCTEM METOIaMU KOM-
MTBIOTEPHOTO MOACITMPOBAHMS TTOKA3bIBAaeTCs, KaK C
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pPOCTOM aHU3OTPOITHOCTU MPOMCXOIUT IpeneTbHBIN
Mepexo OT CUCTEM C aHU30TPOITHBIM BSI3KUM TPEHU -
€M K CHCTEME C OMHOCTOPOHMHU muddepeHIInaTbHBI-
MM CBSI3SIMU.

2. YPABHEHUWA ABXKEHUA
N BE3YIAPHOCTDb

Kitaccuueckuii mogxon K TeOpUKM OOHOCTOPOHHUX
CBsI3€il COCTOUT B pacIpOCTpaHEHUN HMOHSITUS IIPO-
CTpaHCTBa BUPTYaAJILHBIX ITIEpeMeleHUI Ha OMHOCTO-
poHHUE CBsI3U. B 3TOM cityyae K BUPTYaJIbHBIM Mepe-
MEIICHUSIM OTHOCSTCSI MepeMelleHUsI, HalpaBJIeH-
HbIE€ HE TOJIbKO IO KacaTeJIbHOM K IpaHUILIE CBSI3ei,
HO Y BHYTPb 00JIACTH TOIYCTUMOM JUIsT ABVDKeHMS. Ta-
KOM Tromxoq pemiaraercst B paodorax [1, 2]. Paccmor-
PUM MEXaHUUYECKYIO CUCTEMY, COCTOSIIYIO 13 N MaTe-
PUAIBHBIX TOYEK C PAAUYC-BEKTOPAMU 7i,...Fy. OO0b-

eNUHWUM UX panuyc-BeKTOpHl 7, i = 1,...,N B oIvH
BEKTOpP X = (#,...,Fy) € RV,

ITycTh Ha cucTeMy HaJOXEHBI kK TBYXCTOPOHHUX
nuddepeHInaIbHbIX cBsA3eld  A(x,7)x + b(x,t) = 0,

k
rne A — matputta pasmepom 3N Xk, be R° — Bek-
Top. I[TycTh TakKe Ha CUCTEMY HAJIOXKEHO § OTHOCTO-
poHHUX TuddEPEeHINATBLHBIX CBsI3ei

W (x,0)% + h(x,1) < 0, (1)

rne W — martpuua pasmepom 3N X s, he R' — Bek-

Top. 31ech U manee i Bektopa u = (u,...,u,) € R"
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BbIpaxkeHue u < () O3HayaeT, YTO HEOTPHUIIATEIbHbI
BCe ero koopauHatel i4; < 0,71 =1,...,n.

Ecnu Bce HepaBeHcTBa (1) cTporue, To Mbl Haxo-
JIVMCSI BHYTpH 00JIaCTH, TOIyCKAeMOIi OMHOCTOPOH-
HUMMU CBSI3SIMU. B 3TOM cilydyae omHOCTOPOHHUE CBSI-
31 He BIUSIIOT Ha IBMXXKEHUE cucTtembl. Eciau B Mo-
MEHT BpeMEHH ! B TOYKe (Pa30BOTO IIPOCTPaHCTBA
(x,Xx) xoTs1 Obl OAHO U3 HepaBeHCTB (1) cTaHOBUTCS
pPaBEHCTBOM, TO OyleM rOBOPUTb, YTO CUCTEMA BbI-
1IJJa Ha TpaHUIy OOJHOCTOPOHHUX CBsizeil. B aTom
clIydyae Ha IBVDKEHIME CUCTEMBI BIMSIOT TOJIBKO T€ He-
paBeHCTBa, KOTOPbIe CTAIM paBeHCTBaMu. OTMETUM
0c000, YTO B JajibHEWIleM, TPU HUCHOAb30BAHUU
HepaBeHCTB (1) B rpaHMYHBIX TOYKAX, OyIdeT moapa-
3yMeBaThCsl, YTO B JAHHYIO CUCTEMY HEpPaBEHCTB
BXOJISIT TOJILKO HepaBEeHCTBa, oOpalllalolecs B pa-
BEHCTBO.

BBeneM poCTPaHCTBO BUPTYaIbHBIX MIEPEMELLE-
HUI KaK MHOXKECTBO BEKTOPOB Ox = (OF,...,0F) U3

3N
R I[.Hﬂ 3aJaHHOTIO ITOJIOKEHHNA TOUYEK CUCTEMDBI X U

3aIaHHOTO MOMEHTA BPEMEHH / BEKTOp 8x € R Ha-
3bIBAETCSl BUPTYAJIbHBIM MEPEMEILIEHUEM, €CIAU IS
HETO BBIMOJIHSIOTCS paBeHCTBa A(x,7)0x = 0, a Tak-
K€, HO TOJIBKO JJIs TPAHUYHBIX TOYEK, BBITTOJHSIIOTCS
HepaBeHCTBa W (x,1)0x < 0. DTH HepaBEeHCTBa O3HAa-
YalT, YTO BUPTYAJIbHBIE CKOPOCTM CIBUIra BIOJIb
BUPTYaJbHOTO TEepeMelleHUs] HampaBJieHbl BHYTPb
o0s1acTu, JOITyCKaeMO TSI ABUKEHUST OTHOCTOPOH-
HUMM CBSI35IMM, WJIM XK€ I10 KacaTeJbHOU K rpaHulie
CBA3eil.

KacaTenpHBIMU TIepeMelIeHUsIMU OymeM HasbI-
BaTb BUPTYaJIbHBIC TIepeMEIeHUS, IJIsI KOTOPBIX BbI-
MOJIHSIIOTCS cTporue paseHcTBa W(x,1)0x = 0. Kaca-
TeJbHBIC TIepeMellieHrs] 00pa3yloT TUIepIIOCKOCTh

B R, KoTOpyI0 MBI OyIeM Ha3bIBaTh ILIOCKOCTBIO
ymapa.

MpbI cuuTaeM, 4TO MPU BbIXOJIE HA TPAHUILY OTHO-
cTOopoHHUX D¢ depeHIINaTbHBIX CBsI3ei BOSHUKAIOT
yIapHbIE PeaKIINK, UMITYIILCHI KOTOPBIX OymeM 060-

snayath R” = (R",...,R\{’). Csi3au Gyzem Ha3bl-

BaTh WACAJbHBIMU, €CIIU yOApHBIE WMITYJIbChl Ha-
MpaBJIeHbl BHYTPb 00JaCTH, AOITYCKAEMOM 11 JBU-
KEHUSI OMHOCTOPOHHUMM CBI3SIMU. DTO 3HAYUT, YTO
JIJIs1 JTIIOOBIX BUPTYaJIbHBIX MEPEMEIIEHUN BHITTOJIHSI-
eTCsl HEpaBEeHCTBO

(R, 8x) = 0. )

3aMeTI/IM, YTO €C/IM Ox KacaTeJlbHOE IIEPEMECIICHUE,
TO —O0Xx TOXE KacaTeJIbHOe IICPEMECIIICHME. HOSTOMy
IJIA KacaTCJIbHBIX HCpGMCH.[CHHfI B CiIyda€ uacajib-

HBIX CBSI3€ii BHIIIOJIHEHO PaBEHCTBO (R(” ), ox) = 0.
CohopMmynupyeM Teriepb IMPUHIIMIT BUPTYATBHBIX
nepemMeienunit Jlamrambepa—Jlarpanxa. Ilycts B Mo-
MEHT ! CHUCTeMa BBIXOAUT Ha TPaHUIY OJHOCTOPOH-
HuX 1nddepeHIInanbHbIX cBsI3ei. [IpuMeHss mpuH-

NOKJIAIbl POCCUMCKOMN AKAJJEMUU HAVK. MATEMATUKA, MH®OPMATHUKA, TTPOLIECCHI YITPABJIEHMUS

LIUT OCBOOOXIEHUS OT CBsI3ei, OCBOOOIUM CUCTEMY
OT CBsI3€ii, 3aMEHUB UX peaklusIMU cBsi3eit. B cooT-
BETCTBUU C KJIACCUYECKOUN TEOPUEN ynapa MOCTYJIU-
PYEM, UTO CYLIECTBYIOT ITPEAEIBI CIIPABA U CJIEBA CKO-

pocTeii Touek cucteMbl V- = x(f —0), V" = x(t + 0).
Torma

AV +b(x,t) =0, W,V +h(x,t)<0

A, )V + b(x,t) =0, W(x, )V + h(x,t) = 0.

B coorBeTcTBUM C TeopeMoit 00 N3MEHEHUN NM-
IMyJIbCa CUCTEMBI B MOMEHT BBIXOAA Ha TPaHULLY OJ-
HOCTOPOHHUX CBSI3€ii, U3MEHEHNE MMITYJILCOB TO-
YyeK CUCTEMbI PaBHO YIAPHBIM UMITYJIbCaM peakIUii
CBSI3E:

MV =MV~ + R,
3nech M — MaTpulia Macc CUCTEMBI.
BBenst o6osHauenue AV =V -V~ noJjiyyaeM

R” = MAV . Torna YCJIOBUE UIEaJTbHOCTH (2) MOX-
HO 3aITicaTh CIIEIYIONIM 06pa3oM

(MAV,8x) >0 (3)

BruirmoHeHIE 3TOr0 COOTHOIIECHMS IS JIIOOBIX BUP-
TyaJIbHbIX TIEpEMeELLICHUA

Adx =0, W <0 4

OyneM Ha3bIBaTh IPUHIIMIIOM BUPTYaJIbHBIX IIEpEME-
IIeHWI B HamIeM ciaydae. JJ1sT KacaTeabHBIX IIepeMe-
IIEHU I BBITTOJIHEHO

(MAV,0x) =0, Vox:A40x=0, Wdx=0. (5

B coorBercTBMM ¢ TIpaBWIOM MHOXMUTEJei
Jlarpan:ka rmosyiyyaeM OTCIO[a, YTO Haii{yTCsI BEKTOPHI

A? e R, u” e R’ takue, uro
MAV = AP +w . (6)

T
3nech BeIpaxkeHue B° o3HaAYaeT TPaAaHCIIOHMPOBAHUE
MaTpuisl B.

s V', V™ u AV umeem

AV +b=0, AV +b=0,
WV +h<0, WV +h=0.
3HayYuT
AAV =0, WAV £0. 7)

1 KpaTKOCTH BBeIeM HECKOJIBKO 0003HAYEHUIA.
ITycte @ — maTpuia pazmepom 3N X (k + s), cocTaB-
JIEHHas U3 CTpoK Matpull A u W, Tak, 4To CBEpXy pac-
MOJIOXKEHBI CTPOKM MaTPULIBI A, a IO HUMU — CTPOKU

maTtpuubl W. Takke BBeneM BEKTOpP v ), COCTaBJICH-
HBII 13 TI0C/IeNOBaTEIbHO PACHOJIOXEHHBIX KOMIIO-

uent Bektopos A u '

ToM 514 2023



14 CAJIBHUKOBA u 1p.

A
WZGJ VO = 7 A,

Torma MAV =A"A? + W u” u AAV = 0, WAV =0
3aITAIITYTCS CASAYIOIIM 00pa3oM

MAV = ®'Vv?,  ®AV <0.

OTcroma mojiydaeM CUCTeMY JIMHEHHBIX ypaBHEHUM

s V(p)

oM 'V <. (8)

CBs131, HAJIOXXEHHBIE Ha CUCTEMY Oy/ieM Ha3bIBaTh
HE3aBHUCUMBIMM, €CJIM PaHT MaTpUIbl @ MaKcuMaleH,
T.e. paBeH k + s. Marpuinia macc M cumMeTpudeckasi,
MOJIOKUTEJIBHO onpeaesieHHast. Ecim cBsI31 He3aBUCH-

15T
MbI, TO MaTpulia DM O v Takxke CUMMeETpHYeCKast

1 ITOJIOKUTEJILHO OIIPEACIICHHAA, T.€., BYaCTHOCTHU, HC-

BoIpOXXIeHHas. B atom ciyyae uz M “o’v? <0

CJIEIyeT, YTO v? =0 u, 3Ha4uT, AV = 0. D10 03HA-

YaeT, 4YTO B CUCTEME C OMHOCTOPOHHUMMU ITUddepeH-
LIMAJILHBIMU CBSI3SIMU yAapbl OTCYTCTBYIOT.

ITpu BBIBOAE MBI TTOJIB30BAIUCH MTOCTYJATOM, YTO
MPY HaXOXIEHWU Ha IpaHULIe OMHOCTOPOHHMX CBSI-
3eif CKOpOCTH TOYEK MMEIOT IIpeIeIbl CJIEBa U CIIpaBa
o BpeMeHU. OGOCHOBAHUE BTOrO MPEANOI0KECHUS
OyIeT MaHO B CIIEIYIONINX pa3aesiax.

ITpu BBIXOAE HA TPaHMITY OMHOCTOPOHHHUX CBSI3eit

MOMUMO YIapHbIX peakluil ¢ uMIyabcamu R Ha
TOUKM CUCTEMbI OyIyT NeiiCTBOBaTh OOBIYHBIE peak-
LUK CBsI3€il, 1 ypaBHEHUS ABVDKEHUS B (DOpME ypaB-
HeHMii JlarpaHxa IiepBoro poma OyoyT BBIIJISIACTh
cJIeIyIoluM 00pa3oM

Mi=F+AL+W
MHoxurenu Jlarpanxa [I OTJIMYHBI OT HYJISI TOJIBKO
TOTIa, KOrJaa CUCTeMa HaXOJIMTCs Ha TpaHMIIE OMHO-
CTOPOHHUX IMUpdepeHIMaTbHbBIX CBI3EN.

ITpu arpaH:keBOM pacCMOTPEHUU JIBUXKEHUS CU-
CTeMbl MHTETpUpyemMasi YacThb IByXCTOPOHHUX CBsI3eit
3aMEHSIETCS TeOMETPUUECKUMU OrpaHUUYEHUSIMU Ha
MOJIOXKEHUSI TOYEK cucTeMbl. [Ipu jlokajibHOM pac-
CMOTPEHUU Ha KOH(UTIYpallMOHHOM TPOCTPaHCTBE
BBOJSTCS 000OIIEHHbIE KOOPAUHATHL ¢ = (qi,...,q,)-
JBYXCTOpOHHME CBSI3U 3aJal0TCsl CUCTeMOW k pa-
BeHCTB A(q,1)q + b(q,t) = 0, rne A — maTpulia pa3me-
pom 3N Xk, be R — BekTOp. ODHOCTOPOHHUE
nuddepeHIMaTbHble CBI3M 3aJal0TCSI CUCTEMON S
HepaBeHCTB W (q,1t)g + h(q,t) < 0, tne W — maTpuua

pasmepoM 3N X s, he R’ — BekTOD.
bynem cuutarth, 4TO cucTeMa HaTypajbHasl

L=T-V = M(Q;)Q:‘I —V(q).

JOKJIAJIbI POCCUMCKOW AKAJEMUU HAVK. MATEMATUKA, UH®OPMATHUKA, TTPOLIECCHI YITPABJIEHMUSA

Torna ypaBHeHus JlarpaH:ka BTOPOTO poaa BHITJISIIAT
clieAyonumM o0pa3oM

LoL_% = AMh+w'p )

MHoxwutenu Jlarpanxa |L He MOJOXUTENbHbI, U OT-
JIMYHBI OT HYJS TOJBKO TOTAA, KOIJa CUCTEMA HAX0-
JIUTCSI Ha TpaHUILIE OOJHOCTOPOHHUX auddepeHIIN-
QJIbHBIX CBSI3EH:

ITycte cBsI3U omHOponHsbl, T.e. b = 0,h = 0. [lo-
MHOXWUB ypaBHeHUs JlarpaH:ka Ha ¢, MoJIy4Yrum

(ga_L oL q.j _o.

. - _’
dtdg dq
3HaunT, ecan (pyHkOusg JlarpaHxka He 3aBHUCUT OT
BPEMEHMU, TO BBIIOIHSIETCS OOOOIIEHHBIN 3aKOH CO-
XpaHEeHUs DHEPruu (CylllecTByeT MHTerpail Akoou)

a—Lq — L = const.

9q

W + hy = 0.

3. PEAJIM3ALA OTHOCTOPOHHUMX
JANDOOEPEHLIMAJIbHBIX CBA3EU
AHHU3OTPOITHBIM BA3KWM TPEHUEM

PaccMoTpyM HaTypalbHYyI0O MEXaHWYECKYIO CH-
CTEMY C JarpaH:KuaHOM

M%@=T—V=Qﬂ%@@—wm.

CuuTaeM, 9TO Ha OBWKEHHE CHCTEMBI HaJIOXEHBI
TOJTBKO OTHOCTOpOHHME nuddepeHInaIbHbIe CBI3U
Wi(g)q + h(g) < 0.

ITyctb a > 0, v ¢*(f) — IBUXEHUE CUCTEMBI C Ha-
yanbHbIMU ycioBusMu (g*(0),4*(0)) Ha oTpeske

0<t<a. Torma oHO YHOBJETBOPSIET YpPaBHEHUSIM
Jlarpanxa BTOpOTO pona

d oL aL:WT

dtog dq

rae W) < 0 Hekas pyHKIMS BpEMEHU, 3aBUCSALIAsL OT
JIBVKEHUSI, U TPUHUMAalOIasi HEHyJIeBble 3HAYeHUsI
TOTBKO B TE MOMEHTH BpeMeHU, B KOTOpHIE

W(q)q+h(g) = 0.

O0Oo3HauUuM 4Yepe3 u; CTPOKy i Martpuubl W,
i=1,...,s. KoMOoHeHTHl BeKTOpa # 0003HAYNUM Ye-
pes h, 1.e. h = (h,...,h)

Beenem dynkumio E(x), x € R:
x<0
x> 0.

0
e

[MycTh p mpuHUMaeT HaTypaJlbHbIe 3HAYCHUS P = 1,
2, 3, .... OrbpocuM ogHOCTOpOHHME AN PepeHIIN-

pu
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anbHble CBSI3U Wg+h <0 u nobaBUM B CHUCTEMY
0000IIIeHHBIC CYJTBI IMHEITHOTO BSI3KOTO TPECHUS

Q, = —p &g + h)(w;,q) X u.
j=1

ITyctb ¢*(0) # 0, n q,(f) — ABVXXCHUE CUCTEMBI C Ha-
yanbHbiMU ycnoBusMu (¢*(0),4*(0)) Ha oTpeske

0<r<q. Ina nBUXEHUSI CHUCTEMBI BBIMOJHSIIOTCS
ypaBHeHMs JlarpaHka BTOpoOro poaa

(10)

MBI moKaxeM, 4TO Ui TOCTAaTOYHO Mayioro a > 0,
P P —> o0 PELICHUSI g, (f) 1 CKOPOCTH ¢,(f) paBHO-
MEPHO MO ¢ CXOMSTCS K pelleHuIo ¢, (f) U CKOPOCTU
4..(1).

B bazoBOM mpocTpaHCTBE CUCTEMEBI BBEAEM KOOP-
IUHATBl Z = (Z,...,2,) TaK, YTO Z; = ;s Zisn = ;>
i =1,...,n. Ba3Tux xoopauHaTax ypaBHEHUS IBUKE-
HUST MOXXHO 3amucaTh CIeIyoIM 00pa3oM

= F(z) = F¥(2) + F,(2), (1)

rne F,(z) — cnaraemoe, oTBevarolee 0600IEHHBIM
CWJIaM BSI3KOIO TpeHus, a F* — ocTaTok.

OnHoctopoHHME TuddepeHINATbHBIE CBI3U 3a-
TMAfOTCST HepaBeHCTBAMU

(‘pl(z) < 05

rae ¢,(z) — Hekue GyHKuun. O603HaYNM depes X
MHOXECTBO TOYeK (ha30BOro NpOCTPAHCTBA, IOIYC-
KaeMBbIX CBSA3SIMU

2o ={0(2) £ 0} ...n{p,(z) < 0}.

rpaHI/IL[a FO 3TUX CBI3EU OonpeacadcTCdad Kak 4acCTb
00OBEIMHEHUS FHHCpHOBCpXHOCTCﬁ

Iy ={p(2) = 0} ... U{e(2) = 0} N X,.
MpbI nipeanosiiaraeM, 4TO CBSI3U HE BBIPOXIEHHBI, T.€.
YTO MaTpulia cBsizeii W nMeeT MakKCUMaJlbHbII paHT,
paBHBIii 5. B aTOM ciyyae, BOsm3u rpaHuubl 1) Bek-
TopHOE MoJje Fy(z) TpaHCBEPCAIbHO COOTBETCTBYIO-
LLIUM TUTIEPITIOBEPXHOCTSM 1 HaNlpaBJIeHO BHYTPb 00-
JIaCTH X,

2o =1{01(z) <0} ... U{p,(z) <0}

Hns € > 0 BBeAEM MHOXECTBO X,

e ={p(x) <gtu...u{pz) <gh
[To mocTpoeHuto cocraprsitomast £, Uist TO4eK u3 X,
HaIlpaBJeHa BHYTPb 3TOM o01actu. C yBeIMUYEHUEM P
cocraprstomast £, pacrer kak O(p). [Toaromy st 3a-
IaHHOTO € > () cymecTByeT HarypajibHoe N(€), Ta-
Koe, 4yTo Tipu Bcex p > N Bektop F HampasieH
BHYTpPb obJyiactu X.,. CiaenoBareabHO, PELIEHUE CU-

i=1,...,s,

NOKJIAIbl POCCUMCKOMN AKAJJEMUU HAVK. MATEMATUKA, MH®OPMATHUKA, TTPOLIECCHI YITPABJIEHMUS

CTEeMBbI, HayaBLIeecs] B 00JaCTH X, OCTAHETCS B HEM
BO Bce BpeMst. [1pu aTom

N(e) = OE™),
&(N)=O(N).

W3 3TOTO BBITKAET, UTO BeNM4UHBI || F(Z, (7)) orpanu-
YeHBl PABHOMEPHO TI0 7 U p.

WJIA, YTO TO K€ CAMOE,

Paccmotpum dyHKUMY Z,(f) KaK 27I€MEHTHI ITPO-

2
ctpaHctBa Cobonesa W, °(0,a). Ucnonb3ys Teopemy
BIIOXCHUS, TIOJIY4aeM, YTO Z, CXOAUTCS PABHOMEPHO
K HEKOTOpOI (hyHKIMU Z(¢), TPU 3TOM TPOU3BOIHAS

Z(¢) Takxe cxoautcs, Ho ciiabo. OTcrona nojyyaem
TpebyeMoe yTBepXKIeHME.

OnHako MOXHO M HE MCIIOJIb30BaTh IPOCTPaH-
ctBa CoboJjieBa, a IPMMEHUTh KpUTepUil Apliesia K
CEeMEICTBY PaBHOCTEIICHHO HEIPEPBhIBHBIX (PYHK-
uit. CTporoe 1oKa3aTeabCTBO, IS KpaTKOCTH, ITPU-
BEJEM B IIPOCTOM YacTHOM citydae. [TycTb ecTh 0ObIK-
HOBeHHOe nuddepeHInalIbHOe YpaBHEHHE

X = f*(X) = (.ﬁ""’j;?)a

ITycTtp Hac uHTEpecyeT orpaHnyeHue x; < 0.
J7151 HaTypajbHOTO P PACCMOTPUM CUCTEMY

X =f(x), X = ff()—&0)px,

xi = f;*(x)a

[yctb x,(f) — peuieHue cuctemsl, ipu 0 <7< a, u
HayajibHOe ycioBue x,(0) TakoBo, 4To x,,(0) < 0.

x=(x,...,x,) € R".

(12)
izl

Hano mokasarb, 4To peuieHust x,(f) mpu p — oo
PaBHOMEPHO CXOIISITCSI K HEKOTOPOI (hyHKIIUU x*(¢),
Takoii, uto x;*(f) < 0 mpu Bcex ¢, U KOTopas yaoBJie-
TBOPSIET YPABHEHUIO

% = F*(x) + u()e, (13)

rae e = (1,0,...,0), u W) < 0 HekoTopast hyHKLMS,
OTJIMYHASA OT HYJISI TOJTBKO B T€ MOMEHTBI BPDEMEHHU,
111 KOTOPBIX X =

[Mpennonoxum, uto ||f(x)| < b. Torna npu px; > b
oyzeT fi*(x) — &(x)px; < 0.3HA4YUT peuieHure, HaYaB-
meecs B obiactu x; < 0, HE CMOXET IOMnacTh B 00-

JlacTb Xx; > é.

BosbMmeM HaTypanbHOe N JOCTaTOYHO OOJIBIINM,
Y BBEJIEM MHOXECTBO Ky peleHunit X, (¢) nyist Bcex Ha-
TypaJbHBIX p = N. Beegem obosHayeHne Q = (0,a)
1 OyaeM paccMaTpuBaTh PEILCHHUS X, (f) KaK 2JIeMeH-

1
TBI ipocTtpaHcTBa Cobonesa Ky < K < W, (Q). Ilo
1
MOCTPOEHUI0 MHOXeCTBO Ky orpaHudeHo B W, (Q).
1
IMockonbky W, (€2) pedpnexkcuBHO, U Ky OrpaHUYEH-

HO€ MHOXecCTBO, To Ky cinabo kommakTtHo [7]. ITo-
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Puc. 1. OnnHakoBbIe 3HaYESHUST KO3DOUIIMEHTOB TPEHUST
C pa3HBIX CTOPOH.

3TOMY U3 {X,} MOXHO BBIIEIUTbH MOCIECAOBATENb~
HOCTH €JTab0 CXOISIIYIOCS K HEKOTOPOU (DYyHKIIMU

xx€ Kn. BYI[CM HYyMEpOBaTh OTYy MOAIIOCJICOdOBaA-
TCJIBHOCTb TEMU XK€ MHIACKCAMU: X, —> Xx cj1abo B

W, (Q).

ITo Teopeme BnoxeHust mmpocTtpancTB CobosieBa
MPOCTPAHCTBO I/V;(Q) KOMITaKTHO BKJIabIBAETCHd B
MMPOCTPAHCTBO Co(ﬁ). IToaTOoMy orpannyeHHOE MHO-
xecTBO Ky, B VVZI(Q) 0TOOpaXXaeTcsl B IPEAKOMITAKTHOE

0 —
orpaHn4eHHoe MHoxecTBo B C (). CrnenoBaTesibHO,
M3 MOCIIE0BATEIBHOCTH {X,} MOXHO BBIOpATH TOAIIO-

CJI€A0BATCIIbHOCTD, CXOAAIIIYIOCA K Xx € K N B CMBICJIE

CO(Q), T.€. MOJIy4aeM IOCIIEA0BATEIbHOCTb, PABHO-
MepHO cxomsinytocss Ha [0, a]. OcTtaBuM IpexHUe
0003HaYCHUST IS 3TOKM MOMIIOCICAOBATEILHOCTH.
Takum obpazom

max|jx, — x| =0 mpu p — +eo.

0<t<a
Kpowme Toro x, — X%: ci1abo B 1,(Q).

Kak yxe roBopujioch, MOXHO U HE UCTIOJIb30BaTh
npoctpaHcTBa CobojieBa, a IPUMEHUTh KPUTEPUM
Apliesa K ceMeMCTBY paBHOCTEIIEHHO HETPEPbIBHBIX
¢byHkumii. [TockonbKy HyHKUNY X, PABHOMEPHO TIO
OrpaHWYeHbl, TO B COOTBETCTBUHU C KpUTepreM Apiie-
Jia U3 TIOCJIEI0BATEIbHOCTH (DYHKIUI X, MOKHO BbI-
OpaTb pPaBHOMEPHO CXOASIIYIOCS TMOAINOCIen0Ba-
TeJIbHOCTB. [1pu 3TOM MOXHO ajiee BbIOpaTh MOATIIO-
CJIeI0BaTEIbHOCTh Y KOTOPOIi TaK>Ke 1 TIPOU3BOIHbIE
X, OynyT cxoauThes, HO ciabo [7]. st BbiOpaHHOM
MOAMNOCAE0BATEIbHOCTU OyIeT BBITTOJIHSTHCS ypaB-
HEHUE
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Puc. 2. I3MeHeHne HaYaJIbHBIX MPOEKIINiA CKOPOCTEH i,
vV Y HAaYaJIbHOM YIJIOBOI CKOPOCTHU W.

xp = f(xp)s xlp = /i*(xp) - &(le)pxlps

xip = .f;*(xp)a

B sToM ypaBHeHUU f *(x,) cXOmUTCsl paBHOMEPHO, a

X, — cxoauTcs cnabo. 3HAYUT, U &(xl)pxlp CXOOUTCH

cj1abo, 1 OyAeT BHINTOJHEHO YypaBHEHUE x = F*(x) +
+ w(@e.

(14)
i#1.

4. OTHOCTOPOHHUM KOHEK YATUJIBITUHA

IIycth 1O TrOpPU3OHTANBHOU TUIOCKOCTH Oxy
CKOJIb3UT 0€3 TpeHUsI ONHOPONHBINA NUCK, IMOJIOXe-
HUE KOTOPOTO OmpenesisieTcss 000011IeHHBIMU KOOp-
JUHaTamu (x, y, ), Tae (x,y) — KOOPAUHATHI LIEHTpa
Macc JuckKa, @ — yroia IoBopoTa (pUKCUPOBAaHHOTO
JuaMeTpa IMCKa oTHocUuTenbHO ocu Ox. Ha nBuxe-
HUE I1CKa HAJIOXKEHA CBI3b

Xsin@—ycos@ <0.

JlarpaH:kuaH CUCTEMBI paBeH
1 .2 .2 .2
L=—-(mx"+my-+J¢ ).
S (mi +my? +747)

3mechk m — Macca aucka, J — MOMEHT MHEpIIUY A1CKa
OTHOCUTEIBHO BEPTUKAIbHOMI OCH, MPOXOISIIECH Ue-
pe3 ero LeHTp.

VYpaBHeHUs1 ABMKeHUS (9) UMEIOT BUI
my = —ucosp, ©¢=0,
Tae () — HeKoTopas HEIMoJIOKUTeNbHas GyHKUNS,
OTJIMYHAS OT HYJISI, TOJJBKO B MOMEHTHI BpeMeHU, B
KOTOpbIE X sin @ — ycos® = 0.

ITycTh B HaYaIbHBIIA MOMEHT BBITIOJIHSIETCSI CTPOIOe

HepaBeHCTBO X sin @ — ycos @ < 0. Torna Ha Hayasb-
HOM OTpe3Ke TUCK OyAET CKOJIB3UTh CBOOOIHO, Bpalla-

mX = [Lsin @,
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Puc. 3. MI3MeHeHne HAaYaJIbHBIX MPOEKIINI CKOPOCTEN U,
v ¥ HaYaJIbHOM YIJIOBOI CKOPOCTHU W.

SICh C TIOCTOSTHHOM YIJIOBOU cKOpocThio. LleHTp macc
OylneT JBUTaThCSl 1O MPSIMO C TOCTOSTHHOM CKOpPO-
CThIO. B KaKoii-To MOMEHT crCTeMa BbIMIET Ha OTpaHU-
YeHUsI U OyJeT BBITOMHEHO Xsin® — ycos@ = 0. Torna
KOHEK HAXOAWUTCS B MOJIOXXEHUU, HAMTPABJIEHHOM 10
CKOpPOCTHM JBWXEHUS LIeHTpa. 3aTeM JABUXKEHUE IO
KacaTeJbHOU mepeineT K 0ObIYHOM KPYroBOli TpaeK-
TOPUM IVCKA C IBYXCTOPOHHUM KOHBKOM.

KoHek He coiineT ¢ okpyxxHocTU. B camom nere,
YCJIOBHAE TOTO, YTO CHUCTEMa HE COMIET C I'paHUIIbI,
SIBJISIETCSI TO, YTO PeaKlIUs CBSI3M HallpaBJIeHa CTPOro
BHYTPb 00J1aCTH, 3aIIpellieHHO HEPAaBEHCTBOM CBSI-
3u. B maHHOM ciTydyae peaKkius CBSI3U, IIPUJTOXKEHHAs
K LIEHTPY IUCKa, OyIeT Bce BpeMsl OTJIMYHA OT HYJIS 1
HarpasJjieHa K LIEHTPY KPyrOBOI TPaeKTOPUU LIEHTPA
MacCc AuCKa, T.6. B CTPOHY OOJIACTH, JOIYyCTUMOI
CBSI3bBIO.

M3 ypaBHeHUIT ABUXXKEHUS IS yrja MOBOpOTa
INUCKa UMEEM
o(f) = Of + @, ®=@0), @ = ¢0).

M3 uHTerpajiia sHepruu CiemyeT, 4To LEHTp AucKa
JIBVKETCSI CO CKOPOCThIO

rae

i+ y2 =2 = const.
N3 ycnoBus xsin @ — ycos @ = 0 nonyyaeMm
X =V cos@ =V cos(wf + @),
y=Vsin@ =V cos(®f + @,).
HMHuTerpupys 3T ypaBHEHUS, HAXOOUM, YTO KBaapaT
pamnyca p2 OKPYXXHOCTH, IO KOTOpPO¥t IBIKETCS

LICHTP AWCKa, paBeH

2

_V? _ %0+ 50
pr==m="—"F_—
(O]

$’(0)
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Puc. 4. MI3aMeHeHMe Ha4yajJbHOIO YIJIa HAaKJIOHA JIE3BUS
KOHbKA OTHOCUTEJIBHO OCH X.

B xavecTBe mpuJIOXXeHUSI PAaCCMOTPUM peain3a-
[0 OMHOCTOPOHHEN AuddepeHInaTbHONR CBSI3U
AHU30TPOITHBIM BSI3KUM TPEHUEM C MOMOIIbIO YMC-
JiIeHHoro MopaenupoBaHus. [lpencrtaBuM IBUXKEHUE
MO0 TOPU3OHTAJIbHON TJIOCKOCTA OJHOPOMHOTO AWC-
Ka, K HEHTPY KOTOPOTO MPUJIOXKEHA CUJIa TMHEUHOTO
BSI3KOTO TPEHMUSI, OPTOTOHAJIbHAsI CKOPOCTU JIBUXE-
HUS LieHTpa u. 3HayeHue KoapdUuuueHTa TpeHUs
MEHSIETCS B 3aBUCUMOCTHM OT HalpaBjleHUs MPOeK-
MU CKOPOCTU KOHBKA i CIIETYIOIINM 00pa3oM:

T 1
F?=—-Nu, u=0, F?”=—ku, u<Oo.
IMonyuynM KadyecTBEHHOE MOBeIeHNE KOHbKA B 3aBU-
CHMOCTH OT Pa3JIMUYHBIX 3HAYCHU I KO3 PUILIMEHTOB

TpeHust k u N.

y
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Puc. 5. UameHeHue napamerpa N.
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Taomuna 1. [TorpemrHocTs TpaekTopun nipu k = 0.1; k=0; k = 100 (Ap — OTKJIOHEHME LIEHTPA TIPeIeIbHON OKPY>KHOCTHU

OT uneajabHOUi, AR — OTKJIOHEHUE paauyca)

k=0.1 k=0.1 k=0 k=0 k =100 k =100
N Ap AR AR Ap AR
0.1 3.53 —2.75 3.3 —2.55 3.53 —2.75
1 1.35 —0.62 1.34 —0.60 1.35 —0.62
10 0.36 0.23 0.37 0.23 0.36 0.23
100 0.19 0.04 0.19 0.04 0.19 0.04
5000 0.18 0.0009 0.18 0.0009 0.18 0.0009

st Havajla yCTaHOBUM OJMHAKOBBIC 3HAUYECHMS
KO3 PUIMEHTOB TPEeHUSI C 00EMX CTOPOH, YTOOBI
CPaBHUTb C pe3yjbTaTaMU, WU3BECTHBIMU UIST YXKe
u3ydyeHHoii cucteMbl. HauanbHble yenosus: u(0) = 0,
v(0) =1, o0) =1, x(0)=y(0) =0, r e [0,10].

Bce Tpaekropum coBmanm: Ha TpacdWKe MBI BU-
UM, YTO MIPU MAJIEHbKUX 3HAYCHUSIX TPEHUSI KOHEK
He yCIeBaeT BEIUTU Ha OKPYKHOCTh, HO TIO Mepe yBe-
JMIeHnsT Ko3OUILIMEeHTa TPeHUST KOHEK HauMHaeT
3aKpy4yuBaThCs B CIIMPaJib, KOTOpasl B Mpejeie cTpe-
MUTCST K OKPY>KHOCTH.

PaccMoTpum Teneps ciaydait, Korga ¢ OMHOM CTO-
POHBI TpeHUe o4eHb OoJbiioe N = 5000, a ¢ npyroit
CTOPOHEI OUeHb MajieHbKoe k = (.1, 1 mpoBapbUpy-
€M HavaJIbHbIe 3HAUYEHMSI CKOPOCTE.

Ha monyyenHOM rpaduke BUAHO, YTO Hallla CU-
cTeMa BeleT ce0sl KaK OMHOCTOPOHHMM KOHEK: CIIep-
Ba TEJIO IBMKETCS IO MPSIMOM 1 3aTeM BBIXOIUT Ha
OKPYXHOCTb, IIpUYE€M paguyC 3TOM OKPYKHOCTU
coBmagaeT ¢ Teopertudeckum. Ilpm pazmmuum Ha-
YaJIbHOH yIJIOBOM CKOPOCTH B 3 pa3a, paInychl COOT-
BETCTBYIOLIMX TPACKTOPUIA OTJIMYAIOTCS BO CTOJBKO
Xe pa3 (IyHKTUPHAS U TOYeYHAsI TPACKTOPUM).

Bapbupyst 3HaKu HayajdbHBIX MPOEKILMII CKOPO-
CTeli, MOXXHO YBUIETh, KAK OTKJIOHSIETCSI TPAeKTOPHUST
KOHbKa U COKpalllaeTcsl pacCCTOSIHUE, KOTOPOE KOHEK
MIPOXOAUT MO MPSIMOI (TOYeUHAs 1 CILJIOLIHAS TpacK-
TOpUMN).

M3meHeHue HayajJbHOIO YIJla HaKJIOHa JIE3BUS
KOHBbKA OTHOCHUTEJIbHO OCHM X TaKKe BJIMSIET Ha pac-
MMOJI0XEHME OKPYKHOCTHU. TaK, Ha TOYECYHOM M CIUIOII-
HOI1 Tpa€KTOPUSIX BUITHO 3€PKaIbHOE OTKJIOHEHHE Tpa-
€KTOPUU MPU U3MEHEHUH YIJia Ha T paauaH.

3aduKcupyeM Terrepb 3HaYeHNE OTHOTO M3 KO3 (-
dunmenToB TpeHus: k = 0.1. 1 mocMoTpum, Kak Be-
JeT ce0st KOHEeK MpY BapbUPOBaHUM 3HaUYeHUS V.

B nanHoM citygae ObLI paCCMOTPEH SKCHEPUMEHT
CO CJIeAYyIOIIUMU HavyaJIbHbIMU yciaoBusMU: u(0) = 0,
v(i0) = —1, ox0)=1, x(0)=p0)=0, k=0.1,
t € [0,10]. Kak BugHO 13 rpaduvka, mpy HU3KUX 3HA-
yeHusx koadoumuenta N (crjomrHas U IMTyHKTUP-
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Hasl TpacKTOPUH) KOHEK He MOXET MepeTn Ha Tpa-
€KTOPHUIO OKPY>KHOCTH.

Hauyunas co 3Hauenus N = 10 KOHEK HaYyMHaET
3aKpy4YMBaAThLCS C CAMOT0O Hayaja M TPacKTOpHS CTa-
HOBUTCSI CIIUPaJIeBUIHON, CTpEeMSICh K LICHTPY HIe-
aJIbHOM OKpYKHOCTU. Ilpu manpHelilneM yBelImde-
HUKU N TpaeKTopus, KaK M OXXKMIAIOCh, CTPEMUTCS K
OKPY>XHOCTHU.

B Tabmuie, npencraBiaeHHON HMXe, YKa3aHBI I10-
IrPEIIHOCTU TPACKTOPHii KOHbKA OT MIeaIbHOTIO CIIy-
yasi, KoTia Ha KOHEK HaJIoXXeHa CBsI3b. Ap — cMellle-
HUE ILEHTpa TPAaeKTOpPMU OT ILIEHTpa WIeaTbHOMI
OKpykHOCTU. KoopauHaThI LIeHTpa B 3KCIIEpUMEHTaxX
CUMTAJINCh KaK CcpeaHee 3HaYeHUe KOOPAUHAT, TI0JIy-
YEeHHBIX Ha KaXKIOM IIare nHrerpupoBaHus. AR — oT-
KJIOHEHUE OT UJeaIbHOTO 3HAYEHUSI — CPEIHEero 3Ha-
YyeHHUs paauyca TPaeKTOpUU, KOTOPOE BHICUMTHIBA-
JIOCh KaK YCpeOIHEHHOE 3HAaYeHUE PACCTOSTHHIA OT
LIEHTpa TPaeKTOPUU OO KaXKIOI 13 TOYEK.

YToObl CpPaBHUTH 3HAUYEHUS MOTPELIHOCTEH, B 3a-
BUCUMOCTHU OT APYTUX OB MPOBEAEH TOT Xe dKCIe-
pUMEHT co 3HaueHueM kK = 0 u k = 100 nipu Tex xe
HayaJdbHbIX YyciaoBusx. [lomyuyuBlivecss 3Ha4YeHUS
MpeacTaBieHbl B Ta0J. 1.

5. BAKITIOYEHME

IToctpoena MaTemaTuuyeckKass MOIEJb OTHOCTO-
poHHUX nTruddepeHInaTbHBIX CBs3eil. KoppeKTHOCTB
MOCTPOEHHOI MOie I 000CHOBaHA peanu3alueit mpu
IMOMOIIY aHM30TponHoro TpeHus. [lokazaHo, YTO BbI-
XOJI Ha TPAHMUILy TaKUX CBSI3€l IPOMCXOAUT Oe3yaapHo,
yTO comacyercs ¢ [4]. B pamkax mocTpoeHHOI Monenu
MPOBEISH YMCICHHBIN aHAJIN3 ABVKEHMSI OHHOCTOPOH-
Hero KoHbKa YaruisirmHa Ha TOpU30HTaIbHOM MI0CKO-
ctu. [ToaTBepxkIeHa KOppEKTHOCTh MpeajiaraeMoi Mo-
JIeJT aHU30TPOITHOITHBIX HETOJIOHOMHBIX CBSI3EHA.
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DYNAMICS OF SYSTEMS
WITH ONE-SIDED DIFFERENTIAL CONSTRAINTS
T. V. Salnikova¢, E. 1. Kugushev’, and A. A. Demidov*

4 Lomonosov Moscow State University, Moscow, Russian Federation
Presented by Academician of the RAS V.V. Kozlov

A dynamical system with constraints in the form of linear differential inequalities is considered. It is proved
that in the general case, in the presence of such connections, the motion is shockless. The possibility of real-
izing such bonds by viscous friction forces is shown. An example of a nonholonomic system is given, for
which, using numerical simulation, it is shown how, with an increase in the degree of anisotropy, the transi-
tion from a system with anisotropic viscous friction to a system with one-sided differential constraints occurs.

Keywords: nonholonomic systems, one-sided differential constraints, anisotropic viscous friction
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