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B pabote nccienyercst 3HaueHUe YMCIa ¢1a00To HACKIIIeHUs ciaydaiiHoro rpada. Mbl moKa3aim cTabuiIb-
HOCTB YMCJIa CJ1abOro HACHILLIEHUS IJIsl HEKOTOPBIX MaTTepH-rpadoB, a TakKKe J0Ka3alld aCUMITOTUYECKYIO

CTaGUJIBHOCTB JUIST BCEX MaTTepH-TpadoB.

Karoueesoie crosa: caydaitHbli rpad, YMCIIO CJIa00ro HACKHIIIEHUSI, OyTCTpan MepKOJISIIMS

DOI: 10.31857/5268695432370008X, EDN: CTARUK

Ilycts F, G — HekoTopble rpadsl, a H c G —
octoBHbIH TTonrpad G . I'pad H caabo F -unacviuen 6
G, ecliu CyIIEeCTBYET IOCIEA0BATEIbHOCTh TpacdoB
H=H,c--c H, =G Takas, 4yTo Kaxawlii rpad
H,; nonyyeH us H, , nobasieHueMm pedpa, KOTOpOe
IIPUHAJIEXUT HEKOTopoii konuu F B H,;. Haye ro-
BODs1, Bce pedpa rpada G\ H MOTyT ObITb 100aBJIE€HbI
OIIHO 3a IPYTMM TaKMM 00pa30M, YTO IPU KaKIOM H0-
OaBJICHUM CO3MAeTcsl XOTs Obl omHa HOBas Komus F .
Haumensliiee KonmuecTBo pedep B ci1abo F -Hackl-
meHHoM Ipade B G Ha3bIBaeTCs yucaom craboeo F -na-
colyenuss epagpa G m oboszHavaercs wsat(G, F). Bto
MOHSITHE OBLJIO BIIEPBBIE MpemioxkeHo bomnodainem B
1968 r. B paboTe [3].

TouyHoe 3HaYeHMe 4YmMciaa CIa0OTO HACHIIIECHUS
wsat(K,, K,) (kak 00b14HO, K, — NoJIHbLA rpad Ha #
BepinHax) O0buto HaiineHo JloBacom B pab6ote [9]:
npu Bcexn = s = 2

n n—s+2
wsat(K,, K;) = (J —( ) j

JlpyruMm ecTecTBEHHBIM ITaTTepH-TpadoM F SIBIISIET-
Cd TOJIHBIA ABYmONbHBIA Tpad K, ,. 3HayeHue
wsat(K,,, K ,) 111 IpOU3BOJIbHBIX §, ¢ 10 CHUX TTOP He

! Mockosckuii gusuro-mexnuueckuii uncmumym
(Hayuonanvhuiii uccredogamenvckuil ynugepcumem,),
aabopamopusi KOMOUHAMOPHbBIX U 2e0MeMPUHeCKUX
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HalimeHo. HaGonee oGIIuii pe3yibTaT ObUT MTOJYYEH
Kanawu [4] B 1985 1., a Takke KpoHen6ep, MapTuHC u
MoppucoH [8]B2020r..iput =22un =3t -3

wsat(K,, K, ) =t —1)(n+1-1/2),
wsat(K,, K, ;) = (¢ —1)(n+1-1/2) +1.

Kpome Toro, B [8] ObLIM ITONYyYEHBI CIIEAYIOIINE
OLICHKM! JJISI IPOM3BOJIbHBIX § U ¢

Wsat(KmKs,t) S@-Dnr-s)+ [;j,

t>s522,

(D
n=>2(s+1)-3;

wsat(K,, K, ) > (s —=1)(n—1+1) + @ ®

t>s22, n=z3t-3.

Ilpu s =1 HecioXHO BUIETb, 4TO Wsat(K,,

t
K, )= (2j Chyyait s = 2 ropasno cioxHee. Tem He
MeHee HaM yaajdoCch HAMTU TOYHOE 3HAUYeHUEe Yucia

CJIaOOTO HACHILLIEHUS U B 3TOM cJIydae.

Teopema 1. /15 6cex namypanvhbixt > 3un >t + 2
cnpaegeonuso ciedyroujee.

* Ecau t newvemno unun 2 2t — 1, mo wsat(K,,, K, ;) =

:n_2+@.

* Ecau t wemno u n <2t —2, mo wsat(K,, K,,) =

:n_H@.

Kak o6b1yHO, G(1, p) — 3TO OUHOMUAIIBHBIIA CITIy-
yaliHbIll Tpad Ha MHOXECTBE BeplluuH [x] == {l,...,n},
rae Kax/ias rnapa pa3JMyHbIX BEPIIMH i, j € [n] cMeX-
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Ha C BEPOSTHOCTHIO p HE3aBUCUMO OT BCEX IPYTUX
nap. 31mech M Jajee Mbl OyaeM TOBOPUTH, YTO CBOM-
CTBO TpacOB BHINIOJHEHO ACUMNOMUYECKU NOYMU HA-
8epHoe, €ClIu €ro BEPOSITHOCTh CTpeMUTCS K 1 mpu
n — . B 2017 1. Kopannu n Cynakos [6] mokazanu,
yTo ecau s = 3, To wsat(K,, K,) cmabuavro, T.€. IpU
MOCTOSTHHOM BeposTHOCTU p € (0, 1) acumnToTnye-
CKU TIOYTU HABEPHOE
wsat(G(n, p), K;) = wsat(K,,, K,),

U 3aJa]IM BOMPOC O CYlLIECTBOBAHUMN MOPOTrOBOIA Be-
POSITHOCTH 151 CBOMCTBA CTAOMIBHOCTU U O €€ 3Ha-
yeHuu. HaM ynaioch 1oKa3arh, YTO MOPOroBasi BEpo-
SITHOCTb CYIIECTBYET M MPEAbIBUTbh HETPUBUAJIbHbBIE
OILICHKMU ¢ 3HaYeHus [2].

Teopema 2. Cywecmeyem makoe c, umo npu p <

2 2
<ecn **Y(In n)(sfz)(m) acumMnmomu4ecKy noYmu Hasep-
noe wsat(G(n, p),K,) # wsat(K,,K,), a npu p >
1

o5 2
>n ¥3(Inn)° acumnmomuvecku noumu HagepHoe
wsat(G(n, p), K,) = wsat(K,,, K,).

EctecTBeHHO 3a1aThCsl BOIIPOCOM O CYIIECTBOBA-
Huu rpada F, 111 KOTOPOro CBOMCTBO CTaOUIbHO-
CTU HE BBIMOJHEHO. MBI mpearnoiaraeM, YTo TaKOTo
rpaca He CyIIEeCTBYET.

Tunore3a 1. Ilycmov p e (0,1) — nekomopas KoH-

cmanma. Toeda oas kaxucdoeo epagpa F acumnmomuue-
CKU noYmu HagepHoe

wsat(G(n, p), F) = wsat(K,,, F). 3)

B monTBepxxaeHne 3TOM TUIIOTE3BI MBI YCTAHOBHU-

JIU JOCTAaTOYHO OOlllee NOCTAaTOYHOE YCIOBUE CTa-

ouiabHOocTH [5]. O6G03HauuM O(H) MUHUMAILHYIO

cTeneHb BeplliiHbl B rpacde H . be3 notepu o61IHO-
ctu nnonoxuM V(K,) = [n].

Teopema 3. Ilycmv F — epag 6e3 uzonuposanmuix
eepuun, pe (0,1), C =2 8(F)—1 — koncmanmer. [ns
Kaxcdoeo ne N, nycmo H,? — caabo F -nacviujernbiil
nooepag K, , cooepacawuii marxoe MHONICECE0 GePULLH

S,? cn] c S,? < C, umo kaxcoas eepuiuHa u3 [n]\S,?

0
cmexncra ¢ xoms 6ot &(F) — 1 eepwunamu uz S, . Toeoa
acumMnmomuuecKy noumu Hageproe Haildemcs nodepag

F, c G(n, p), asaaowuiica crabo F -nacoiuennoim, u'y
nezo min{|E(G(n, p))|, |E(H,))} pedep.
M3 3101 TeOpeMBbl BHITEKAET

CnenctBue 1. Ilycmo p € (0, 1) — koncmanma. Jlna
npouseonvroeo epaga F 6e3 uzonuposarnvix eepuiun
ACUMNMOMUYECKU No4Ymu HagepHoe pageHcmeo (3) ebl-
NoAHeHo, ecau 045 Kavxcdoeo n € N cywecmeyem nau-
menvuiuii (¢ wsat(K,,, F) pebpamu) crabo F -nacviujen-
Hblil nodepagdh K,, obnadarowuii ceoiicmeom, Onucaw-
HblM 6 meopeme 3.
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HefcTBUTENbHO, YCIOBME U3 TEOpeMbl 3 BieYeT
HepaBeHCTBO wsat(G(n, p), F) < wsat(K,, F') acumi-
TOTUYECKM TTOUYTU HaBepHoe. Tak Kak acCUMOTOTHYE-
CKM TIOYTH HaBEpHOE Kaxias napa BepiiuH G(n, p)
WMEET XOTS1 OBl |V(F )| MOIIAPHO CMEXHBIX OOLINX CO-
ceneit [10], To acCUMIITOTMYECKU TOYTU HaBEpHOE
G(n, p) cnabo (K, F)-HacbILLIEH, YTO BJI€YET OrpaHU-
YEHHOCTh CHM3Y uucJia cjJaboro HachlllleHUS B
G(n, p) yACJIOM €1a00ro HacChILIEHUS B K, .

Jlerko BUIETH, 9TO cieacTBUE |1 BiIeUEeT CBOMCTBO
crabunbHocTH (3) i F = K. n F = K, acumnro-
TUYECKU MTOYTU HaBEPHOE TSI BCEX BO3MOKHBIX 3HA-
YEHUI 5, t (HECMOTpsI Ha TOT akT, 4YTO, BOOOIE ro-
BOp#, TOUHOEe 3HaYeHue wsat(K,, K;,) HEU3BECTHO).
3ameTuM, 4To B crity (1) u (2) aCMMIITOTUYECKM MO~
artu HaBepHoe wsat(G(n, p),K;,) = (s —1)n+ C(s,1)
T HEKOTOPO# KOHCTaHTHI C = C(s,1).

Kaxk 6but0 3ameueHo Bbllle, st F' = K, MBI 10
CHUX IOp He 3HaeM 3HayeHMe ITOPOTOBOM BEPOSITHO-
CTU JUISI CBOMCTBa CTAOMIILHOCTU (Iake B IMPOCTEH-
meM ciiydae s = 3). TeM He MeHee HaM yaja0och Hali-

TH [TOPOTOBYIO BEPOSITHOCTH Jist 3Be31 F' = K, [5].

Teopema 4. [lycms 2= 3.
1 =2

=n In n]j.

* Cywecmeyem makxas koncmanma ¢ > 0, umo npu

Ob6o3nauum p, =

1
; < p <cp,
Wsat(G(l’l, p)aKl,t) i wsat(KmKl,t)'

* Cywecmeyem makas koucmawma C > 0, umo
npu p > Cp, acumnmomuvecKu HoO4YMu HABEPHOE
Wsat(G(}’l, p)aKl,t) = Wsat(KnaKl,t)~

3aMeTHM, 4TO TeopeMa 4 He TOKpBIBaeT CIydaid

acumnmomu4ecKku noymu  HaeepHoe

t = 2, KaK u ciyyait p = O(I/nz). Tem He MeHee 2TU
ciydyau ropaszno mnpoiie. Bo-1nepBbix, eciu 1 =23 u

p< % 1711 HeKoToporo Q > (0, TO aCUMIITOTUYECKHU
n

1o4YTU HaBepHoOe G(n, p) HE CONEPXKUT K| ,_;, UTIO3TO-
MY aCUMIITOTMYECKH MOYTH HABEPHOE CTAOMIIBHOCTD
BBIITOJIHEHA, €CJIU KOJIMYECTBO pedep B ciyyailHOM

1t
rpade CTporo paBHO 5 ) YTO HE BBIITOJTHEHO aCUMII-

1
TOTHYECKH [TOYTU HABEPHOE TPH p < — 1 BBITIOJIHE-
n
HO C BEpOSITHOCTBIO, OTHeciAecHHO# oT 0 m 1, mpu
% <p< %zm;{ HekoTopbix 0 < g < Q. Cnyuaiit = 2
n

n

toxe mipocT. Ecim p > (1 +8)1;—n U1 HEKOTOPOTO
n

€>0, TO AacCUMIITOTUYECKM IIOYTM HaBEpHOE
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wsat(G(n, p), K, ) = wsat(K,, K, ). Ecm L < p <
n

Inn
<({d- 8)2—, TO ACUMIITOTUYECKU TIOYTA HABEPHOE
n

wsat(G(n, p). K, ,) = wsat(K, K, ,). Ecu L < p < £
n n

11t HekoTophix 0 < g < Q, TO

P [wsat (G(n, p), K, ,) = wsat (K,, K, ,)] =
=P (G(n, p) conepxut poBHO 1 pedbpo) + o(1) =

- (;’j 1= ot

1
otneneHa ot 0 u 1. Ecim xe K > TO aCUMIITOTU-

n
YecKM TouTH HasepHoe wsat(G(n,p),K,,) = 0 #
wsat (K, K, »).

3aMeTI/IM, HaAKOHC€II, YTO BBITIOJIHEHA aCUMIITOTU-
qyecCKasda BEPCUsA rMIIoTE3bl 1.

Teopema 5. /[na awboii koncmanmor p e (0,1) u
6csK020 epagpa F acumnmomuuecku noumu HagepHoe

wsat(G(n, p), F) = wsat(K,,, F)(1+ o(1)).

KopoTKo u310XMM OCHOBHBIE 3Tallbl JOKa3a-
TenabcTBa. 3adukcupyem rpad F u pe (0,1). Ha-
MOMHUM, 4TO (cM. [1]) HaiineTcs KOHCTaHTa ¢, Ta-
kas, yto wsat(K,,F) = (¢ +o(1))n. bonee Toro,
¢y > 0 Torma u TOJNBKO TOrAA, Korna F He cooepXKuT

BeplInH crenieHU 1. Ecnu ke F comepsKUT BEpIINHY
CTEIeH! 1, TO HECIIOXKHO BUAETh, YTO JIJISI HEKOTOPOIA

KOHCTAHTHI Wy aCUMITTOTUYECKH TMTOYTH HaBEPHOE
wsat(G(n, p), F) = wsat(K,, F) = wy.

IIpeanosioxum, uto F coaepXuT s = 3 BepllIdH, U
HM OIHAa U3 HUX HE UMEET CTelleHb, paBHYIO 1. Xopo-
110 U3BECTHO [7], 4TO MHOXeCTBO BepiiuH G(n, p)
MOXET OBbITh MOKPBITO KJIMKamMu pasmepa log,,, n.
Bonee cTporo, acUMNTOTUYECKU TOYTH HaBEpHOE
HalIyTcsd TaKue HernepeceKarlluecss MHOXeCTBa

",...,V, clnl,utoV; U ... UV, =[n], kaxxnoe MHO-
JKeCTBO V; uMeeT pa3Mep v; € {Llogl /an,[logl /pn—l}, u

V, nanayuupyert Kinuky B G(n, p). CTangapTHbBIM 00pa-
30M MOXHO MOKa3aTh, YTO V; MOT'yT ObITb BbIOpPaHBI

1

TaKUM 00pa3oM, YTO NBYIOJbHBIE Tpadbl C YaCTSIMU
(V;,V,.) 1ncesgociydailHbl B CJIELYIOLIEM CMBICIE:
IUT KaXIIOTO i € [m] CyIIECTBYIOT HEIIEPECEKAIOIINE -

1 2
¢ MHOxecTBa SS;,S; C V; pasmepa s — 2, yIOBIETBO-
PSIOIIYE YCIIOBUSIM

. S,-2 U S,-1+1 WHAYLUPYIOT IOJHbIE noArpadsl B
G(n, p);

JOKJIAJIbI POCCUMCKOW AKAJEMUU HAVK. MATEMATUKA, UH®OPMATHUKA, TTPOLIECCHI YITPABJIEHMUSA

1
* Kaxnasd BepwnHa u3 V, \S;,, UMeeT XOTd Obl
s —2 cocena vy,...,V,_, B V; TaKux, 4To Kaxnas Bep-

1
LIMHA V; CMEXHA CO BCEMU BEPIIMHAMU U3 S}, ;.

Kaxnpiit ungyuuposanusiii noarpad G(n, p)|V;]
conepxut noarpad H; c wsat(K, , F) peopamu. Pac-
cMoTpuM rpad H , moydeHHBI 00benHEHEM H, C
m — 1 MOJHBIMU NBYIOJbHBIMU TpadaMu C YaCTIMU

(S,.Z,S,.IH), i € [m—1]. 3amerum, yto y H He Gosee

m(cr +o(l))log,,, n+ (m—1)(s — 2)2 =(cp +o())n

pebep, U YTO OH sIBJIsieTCs ¢/1abo F -HaChIILIEHHBIM B
G(n, p). Ocraercsli 3aMeTUThb, YTO ACUMIITOTUYECKU
1oyt HaBepHoe G(m, p) sABIsIeTCS ciabo F -Hachl-
IIEHHBIM B Kn’ N ITOOTOMY aCUMIITOTUYECKHM ITOYTHU
HaBepHoe wsat(G(n, p), F) = wsat(K,,, F).
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In this paper, we study weak saturation numbers of binomial random graphs. We proved stability of the weak
saturation for several pattern graphs, and proved asymptotic stability for all pattern graphs.

Keywords: random graph, weak saturation, bootstrap percolation
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