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INTRODUCTION

The onset of crystallization and growth of the 
solid core is one of the most important events in 
the endogenous geological history of our planet. 
It determined the change in the intensity of 
Earth’s magnetic f ield [1, 2], the magnitude of 
heat f low at the boundary between the liquid core 
and mantle (CMB) [6], as well as the nature of 
interaction between the liquid core and mantle 
material [4, 6] due to the fractionation of light 
elements between the solid and liquid core at their 
boundary (ICB) [5]. 

Modern estimates of the age (and, consequently, 
the growth rate) of the solid inner core vary greatly 
from > 2.5 Gy [2, 11] to 0.5 Gy [3], depending 
on the estimation method (paleomagnetic data 
on the intensity of Earth’s magnetic f ield or 
thermodynamic calculations), boundary conditions 
(adiabatic T, constant heat flow at the CMB) and 
values of physical parameters (primarily the thermal 

conductivity of the core) used in computational 
models. 

Most of the works devoted to processes in the 
core are related to modeling the generation of the 
magnetic field [1]. For this purpose, a system of 
thermal convection equations in the Boussinesq 
approximation is used, taking into account the 
Coriolis force due to Earth’s rotation, and magnetic 
induction (for example, [14] and references 
therein), interacting through the Lorentz force. 
Modern models in the complete system of equations 
additionally include the chemical component 
of convection caused by the fractionation of 
elements at the CMB and ICB boundaries [6]. 
Obviously, the processes occurring in the core and 
at its boundaries are interconnected and interact 
in a complex nonlinear manner. At the same 
time, hydrodynamics plays a major role in them. 
Therefore, for an adequate understanding of the 
essence of various processes, it is reasonable, as a 
first approximation, to study convection in its “pure 
form,” limiting ourselves to only the main factors 
that significantly affect the flow, namely thermal 
convection and rotation (i.e., without magnetic 
field and chemical convection). The proposed work 
is devoted to solving this problem. 
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Abstract. We present a purely thermal convection 2-D model of the Earth’s liquid core, occurring on the 
background of the secular cooling of the planet. The model includes equations of thermal convection 
in the Boussinesq approximation and the Coriolis force. Metallic iron with 0.9 wt. % Н is chosen for 
the core composition. The results of modeling show that large vortexes, the 2-D analogues of Taylor 
columns, are formed in the liquid core prior to crystallization, which might be responsible for the early 
Earth magnetic field. The early stages of the solid core crystallization are characterized by a chaotic and 
shapeless growth. Continuing growth of the solid core results in rearrangement of the convection structure 
decreasing its average velocity but increasing heat flow at the core-mantle boundary due to increased 
amount of heat of crystallization.  The solid core reaches its present size in 0.5 Gy. Averaged temperature 
profile of the modern liquid core differs significantly from the adiabatic.
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MODEL OF THERMAL CONVECTION  
WITH CRYSTALLIZATION  

IN THE BOUSSINESQ APPROXIMATION 

Let us choose characteristic scales: L, v0 , T0, ρ0, 
p0, g0, v, k, α, ΩE, CV , H (Table 1). 

Table 1. Physical values used in model calculations 

Name of value Designation Value 
Length — Earth’s core 
radius L 3.5 · 106 m 

Gravitational acceleration g0 10 m/s2 

Density ρ0 12.5 · 103 kg/m3 

Density jump δρ 0.5 · 103 kg/m3 

Pressure p0 360 GPa 
Temperature 
Temperature perturbations 

T0 
δT 

5000°K 
1000°K 

Angular velocity of Earth’s 
rotation ΩE 0.73 rad/s 

Thermal expansion 
coefficient α 10-5 1/K 

Heat of phase transition H 3 · 105 J/kg 
Heat capacity at constant 
volume CV 700 J/(kg · K) 

Let’s write the thermal convection model 
in dimensionless form, using similarity criteria 
accepted in hydrodynamics. In the Boussinesq 
approximation [20], the thermal convection model 
includes: 

Navier-Stokes equations 
	 d dt Fr T Eu p Re DV V Ro e V Cfrz– –– – –1

0
1 1 xre  	

	d dt Fr T Eu p Re DV V Ro e V Cfrz– –– – –1
0

1 1 xre ; 	  (1) 
heat conduction equation 

	 dT / dt = Pe–1 ΔT – P0 divV + CrdQcr / dt 	 (2) 
and continuity equation 

	 Vr dr0 /dr + r0 divV = 0. 	  (3). 
In these equations ρ0(r) and P0(r) are known 

distributions of density and pressure, the PREM 
model [8], Vr is the radial velocity component. It 
is also taken into account that in the Boussinesq 
approximation, small density perturbations (ε <<1) 
are linearly expressed through temperature 

	 ρ ≈ ρ0 (r)(1 – εT). 	  (4). 
The total pressure P = P0 + p, where P0 >> p, 

consists of hydrostatic P0 and dynamic p parts. 
The equations of motion (1) are written in a 
rotating coordinate system (ez  is the unit vector 

of the z axis, directed along Earth’s rotation 
axis), they account for gravity, characterized 
by the Froude number Fr =  v0

2/g0L, ε = αδT; 
pressure forces, characterized by the Euler number  
Eu = p0 /ρ0v0

2; viscous forces, characterized 
by the Reynolds number Re = v0 L/v ; Coriolis 
forces, characterized by the Rossby number 
Ro  =   v0  /  2ΩEL, and centrifugal forces, 
characterized by the coefficient Cf = [ΩE]2L2/v0

2. 
The Peclet number is included in the heat 

conduction equation Pe = v0 L/k and the coefficient 
characterizing the heat of phase transition  
Cr =  H/(CV T0 ). Assuming p0 = ρ0 g0L, we get 
Fr·Eu = 1 and exclude the Euler number. Note that in 
our case ρ0, g0, L are such that p0 ≈ pmax = 360 GPa 
equals the pressure at the center of the Earth. The 
Rayleigh number is expressed through the similarity 
criteria used Ra = εFr–1RePe 

It should be noted that with a large linear 
dimension of the problem, despite the uncertainty 
of viscosity and thermal conductivity coefficients, 
the Reynolds Re and Peclet Pe numbers are very 
large, greater than 1010, so that intense turbulent 
convection of essentially inviscid and non-heat-
conducting fluid occurs in the liquid part of the core. 
Viscosity and thermal conductivity play a role only 
in thin boundary layers near solid surfaces. Note that 
numerical modeling introduces scheme diffusion 
dependent on the grid step, therefore we will be 
forced to limit ourselves to Reynolds and Peclet 
numbers Re = Pe = 106. The remaining coefficients 
in our equations are equal to: Eu  =  Fr–1  =  
g0L / v0

2 = 1.4∙106, ε = 0.01, Ro–1 = 2ΩEL / v0 = 102. 

INITIAL VALUES AND BOUNDARY 
CONDITIONS 

To complete the problem formulation, it is 
necessary to set initial values, boundary conditions, 
and the phase transition condition. The outer radius 
of the core and the rotation speed of the Earth will 
be considered constant, i.e., we use simplified model 
conditions. 

Conditions at the boundary with the mantle are 
the no-slip condition for the velocity vector and 
the condition for temperature. We will consider the 
temperature to be the same at all points of the outer 
boundary and slowly decreasing exponentially with 
time: 

	 TCMB (t) = TCMB (0) ∙ exp(–λMt). 	  (10) 
Then the cooling rate will be regulated by the 

exponent λM. It is clear that the mantle, justifying 
its name, shields the heat output from the core 
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ON THE NUMERICAL METHOD  
AND 2D-MODEL 

As a tool for our research, we use a 2D variant of 
our thermal convection model in a “flat core,” the 
plane of which is orthogonal to Earth’s rotation axis. 
Of course, for realistic modeling, particularly for 
magnetic field generation, full-scale 3D calculations 
are necessary. But in this work, to establish the 
basic properties of thermal convection, a simpler 
and more understandable 2D model is used, which 
provides complete visualization, and is also faster 
and more accurate computationally. 

Numerical modeling was carried out using 
the finite-difference method with second-order 
approximation of partial differential equations 
on uniform Cartesian grids. Calculations 
were performed on grids of 512 × 512 and 
1024  ×  1024  nodes, which is sufficient for direct 
numerical simulation of turbulent regimes and 
accounting for large Reynolds and Peclet numbers. 

Convection in a fully liquid core. In geophysical 
literature, it is customary to study and determine 
the radial distributions of parameters in the Earth 
in its current state, corresponding to the PREM 
model. For the core temperature, its adiabatic 
(or isentropic) distribution is calculated and 
presented. For example, in the classic monograph 
by V.N.  Zharkov [9], the relation Tad = ργ with 
the Grüneisen parameter γ ≈ 1.45 is used. Since 
convection in the core is not taken into account in 
such temperature calculations, the question about 
its actual distribution remains. The core temperature 
obtained in our convective 2D model depends on 
time and coordinates; in polar coordinates, it is a 
function T (t, r, ϕ). To obtain the temperature 
distribution in the accepted radial form, it is 
sufficient to average it over the angular coordinate: 

	 Tav (t, r) = 〈T (t, r, ϕ)〉. 	
In Fig. 1, in a natural color scale, deviations of 

temperature from its average distribution are shown 
on the left, and the Z-component of vorticity is 
shown on the right. Shades of red here and further 
represent positive deviation values, blue color 
shades represent negative values, and the white color 
corresponds to near-zero values (when maximum 
values are exceeded, colors cycle). 

It can be seen that thin boundary layers form 
at the boundary with the mantle: a cold thermal 
layer and a viscous hydrodynamic layer. The heavy 
cold layer often detaches and begins to sink in the 
form of multiple small jets. The thin jets merge and 
enlarge, and this is repeated in a cascade; ultimately, 

and slows down the cooling of the planet, so the 
exponent λM must be a small value. 

To bypass the problem of initial conditions, we 
first conduct an auxiliary calculation. We set the 
initial state of rest with small random temperature 
perturbations, then due to the instability of such a 
state, movement arises in the system, which will 
begin to spin up according to the laws of thermal 
convection. We will continue the calculation until 
the stabilization of the average flow, i.e., until the 
state when the initial conditions are forgotten. The 
velocity distributions V(r, 0) and temperature T(r, 0) 
obtained in this way will be taken as the initial state 
for our modeling. 

To model the crystallization of the core, it 
is necessary to specify the dependence of the 
melting temperature of the core material on 
hydrostatic pressure. The density deficit and the 
longitudinal wave velocities of the core, established 
by seismology [8], indicate the presence of light 
elements in its composition. One of the most 
frequently proposed light elements in the Earth’s 
core is hydrogen [10, 12, 19]. The melting 
temperature of hydrogen-containing iron strongly 
depends on the composition FeHx, where x is the 
number of H atoms per formula unit (0 < x < 1.2). 
At x = 1 (composition FeH), the melting curve 
(T  – temperature K, P – pressure, GPa) is 
described by the equation [10]: 

	 T1melt = T0((P – P0 )/a + 1)1/c,	 (11)

where a = 24.6, c = 3.8, T0 = 1473K and P0 = 9.5 GPa. 
(11) 

The equation of melting curves at variable 
H content was obtained by interpolation between 
the curve at x=1 (equation 11) and the melting 
curve of pure Fe according to [13]: 

	 Tmelt = T1melt + (d + e · P)·(1 – x),	 (12)

where d = 521.7391, e = 4.7826. 	  
According to the estimate [7], the temperature 

at the present-day CMB boundary with 95% 
probability lies in the range of 3470‒3880°K. 
Therefore, for modeling the crystallization process, 
a melting curve with hydrogen content x = 0.5 
(0.9 wt. % H) was taken, which falls within the 
specified range of TCMB , and also agrees well with 
the estimate of density and P-wave velocity in the 
core [12]. Note that at this stage of modeling, we did 
not consider the fractionation of the light element 
between the solid and liquid core. 
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Fig. 1. Temperature (T) and vorticity (Ω) in the core before the onset of crystallization. 

Fig. 2. Sequential stages of core crystallization from early (panel a) to late (panel m). The modern size of the solid core 
corresponds to panel i. 
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a small number of rapidly sinking jets remain, which 
by inertia pass through the weightlessness region 
in the center and move again toward the mantle, 
with maximum velocities achieved in the central 
part (video 1 in the Appendix). Both panels show 
a characteristic feature of convection in a fully 
liquid core: the substance does not accumulate in 
the central part but passes through it by inertia and 
again exits into the peripheral area. 

Small vortices, merging together, enlarge to a 
size comparable to the core radius. In this regard, it 
should be noted that there are discrepancies in the 
literature: some researchers (for example, [4]) note 
predominantly large-scale organized laminar nature 
of convection, while others [6, 15] observe small-
scale turbulent nature. The results of our modeling 
show that both regimes occur simultaneously. The 
large rounded vortices that form in this process 
are analogues of Taylor vortex columns, which are 
associated with the generation of a dipole magnetic 
field [15]. 

Crystallization modeling. Modeling of the 
crystallization process on fine grids was carried out 
as follows. For each node, the melting temperature 
is known, which depends on the radius through 
hydrostatic pressure. The grid nodes were divided 
into “liquid” and “solid” and a Boolean function 
was introduced to describe their current state. At the 
beginning of the simulation, all nodes are “liquid.” 
Then, at each moment of time, a check is performed 
at each node and if the temperature in a liquid node 
drops below the melting temperature (with a small 
supercooling), then this node transitions to the 
category of solid nodes. Similarly, if the temperature 
in a solid node rises above the melting temperature 
(with a small overheating), then this node returns 
to the category of liquid nodes. Each transition 
is accompanied by the release or absorption of 
phase transition energy and a jump in density. The 
increase in the density of the solid phase contributes 
to its movement and concentration in the central 
part of the core. In addition, the movement of 
the solid phase should be rotational-translational 
and connected to the flow of the liquid phase by 
adhesion conditions. 

Fig. 2 shows the stages of core crystallization in 
green. It can be seen that crystallization begins in 
the central region with the appearance of individual 
crystallization centers, around which crystallizing 
areas grow, then merging with each other, forming 
a continuous solidified region. 

In more detail, the crystallization process 
corresponding to our numerical model is shown in 

video 2 of the Appendix. The crystallizing substance 
becomes not absolutely solid, but only very viscous. 
Its density, and with it, gravity also increases slightly. 
Since there is zero gravity in the central region, the 
crystallizing substance can, by inertia, cross the 
crystallization zone, exit it into a low-pressure area, 
and melt again. However, as the core cools further, 
the radius of the crystallization zone increases, and 
solidifying fragments begin to rapidly accumulate 
in the central region. Liquid layers remain between 
them, so at this initial stage of crystallization, a loose 
porous structure is observed in the central region 
[21]. Later, the liquid layers also crystallize, but this 
occurs under “zero gravity” conditions. As the solid 
core grows, the convection structure is restructured; 
large jets cannot pass through the center and they 
turn around, partly due to the heat released during 
crystallization, which increases buoyancy force. 
Vortex structures twisted by jets decrease in size, 
resulting in a constant increase in the number of 
jets and vortex structures. Further growth of the 
inner core occurs unevenly in places where cold jets 
approach. Since convection is chaotic, jets approach 
from different places, and the shape of the crystalline 
part of the core becomes increasingly round. By the 
time the inner core reaches its modern size R = 0.35 
(panel i in Fig. 2), its shape becomes almost circular 
(panels j, k, l in Fig. 2; video 2 of the Appendix). 

Convection in the core of modern configuration. 
Convection in the core of modern configuration (the 
modern radius of the solid core is 1221.5 km, which 
is 0.35 of the radius of the entire core) is studied 
most frequently. In particular, there are similar 
studies in a purely thermal formulation, without 
considering the magnetic field [17]. The results of 
modeling thermal convection in the modern core 
are shown in Fig. 3. Unlike a completely liquid core 
(Fig. 1), hot ascending flows are added to the cold 
descending flows. It can be seen that the maximum 
size of the vortices decreases. 

INTEGRAL MODELING RESULTS 

2D modeling of the thermal evolution of the 
core, with the condition of exponentially decreasing 
temperature at the core/mantle boundary, allows 
finding complete distributions of temperature, 
velocities, and phase configurations at all points 
in time. Videos of numerical experiments are 
provided in the appendix. For the analysis of 
results obtained at each point in time, the spatially 
averaged convection velocity Vav, the Nusselt 
number averaged along the CMB Nu, representing 
the dimensionless heat flux, and the solid phase area 
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normalized to the circle radius Ric were additionally 
calculated (Fig. 4a). The distributions are given in 
relative variables, with the reference point being the 
current state t = 0, Ric = 0.35. 

In our calculations, it is assumed that the CMB 
temperature decreases exponentially with time (black 
curve in Fig. 4 on the left). The heat output from the 
core, i.e., the times of its cooling and crystallization, 
is controlled by the mantle. To convert the results 
into dimensional time, additional information 
about the thermal insulating effect of the mantle, 
not related to the core, is needed. For example, in 
[18] it is stated that the gradual cooling of the Earth 
is about 100° C per billion years. In the work on 

modeling mantle convection [16], where the first 0.5 
billion years are devoted to the crystallization of the 
mantle itself, it is shown that over the subsequent 
4 billion years of geological evolution, the core 
temperature decreased by 12.5%, which is consistent 
with the estimate in [18]. This means that 4 billion 
years ago it was equal to 4434° K. Based on such a 
cooling rate of TCMB, according to Fig. 4, we find 
that to reach the current radius of the solid core, 
its crystallization must have begun approximately 
0.5 billion years ago. 

The results of the numerical experiment 
presented in the left part of Fig. 4 show that since 
the appearance of the solid core, the heat flux from 

Fig. 3. Temperature (T) and vorticity (W) in the liquid core of the modern configuration. 

Fig. 4. (left) growth of the inner core (Ric , green color), heat flux from the core to the mantle (Nu , blue) and average 
convection velocity (Vav , brown); (right) – averaged temperature profile in the core (Tconv , solid red curve) compared to the 
adiabatic profile according to [9] (Tad , dashed line). 

T Ω
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the core to the mantle increases due to the release 
of crystallization heat, while the convection velocity 
begins to decrease, but this happens gradually as 
the solid core grows, which serves as an obstacle 
to convection. The chaotically oscillating nature of 
heat and mass transfer processes is also visible. 

The modeling of thermal convection in the liquid 
core shows that developed turbulent convection occurs 
at very high velocities, approximately v0 ~ 5–7 m/sec 
and is accompanied by short-wave oscillations of both 
the core’s moment of inertia and its rotational moment. 
These oscillations should result in compensating 
oscillations of the mantle’s angular velocity, which are 
registered on the planet’s surface [22]. 

The distribution of the angular-averaged 
temperature in the modern liquid core is shown in 
Fig. 4 on the right. It is evident that as a result of 
intensive convection, the temperature distribution is 
flatter compared to the adiabatic one, which is most 
often used in literature [9]! And this temperature 
decreases over time. 

CONCLUSIONS 

The conducted modeling of purely thermal 
convection has revealed some important features of 
the evolution of processes that occurred in the Earth’s 
core against the background of planetary cooling. 

1. In the liquid outer core, even before the 
crystallization of the inner core begins, large vortices 
form, which are two-dimensional analogues of 
Taylor vortex columns, with which the generation 
of a dipole magnetic field is associated. That is, the 
emergence of Earth’s magnetic field may not be 
directly related to the formation of the solid core. 
This result may resolve contradictions between 
estimates of the age of existence of Earth’s magnetic 
field. 

2. Rapid chaotic growth of the solid core at the 
initial stage of crystallization. 

3. The amorphous configuration of the core 
at the initial stage of crystallization and its loose 
structure are naturally explained by the absence of 
gravity at the center. 

4. With the appearance of a solid core that 
blocks convective f lows through the center, the 
restructuring of the convection pattern begins, and 
the average convection velocity decreases. However, 
the heat flux from the core to the mantle increases 
due to the release of crystallization heat. 

5. The averaged temperature profile in the liquid 
core differs from the adiabatic one. 

The model proposed in our work does not 
include a number of important processes that 
can significantly affect heat and mass transfer 
and, consequently, the nature of convection in 
the core. This is, first of all, the fractionation of 
the light element (hydrogen) between the solid 
and liquid core, which generates an important 
chemical component of convective f lows. 
Secondly, our modeling does not take into account 
electromagnetic Lorentz forces. In addition, like 
all previous works known to us, it was conducted 
under the assumption that the total size of the core 
corresponds to the modern one, i.e., it did not 
change over time, and does not take into account 
the possibility of chemical exchange of metal and 
light element at the outer core-mantle boundary. 
Solving these problems is a task for future research. 
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