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Abstract. This article continues the cycle of works by the authors devoted to the problem of the age of information
(AoI), ametric used in information systems formonitoring andmanaging remote sources of information from the
control center. The theoretical analysis of information transmission systems requires a quantitative assessment
of the “freshness” of information delivered to the control center. The process of transferring information from
peripheral sources to the center is usually modeled using queuing systems. In this paper, a queuing system
with phase-type distributions is used to estimate the maximum value of the information age, called the peak
age. This takes into account the special requirement of the transmission protocol, which consists in the fact
that information enters the system in groups of random size. For this case, an expression is obtained for the
Laplace–Stieltjes transformation of the stationary distribution function of the peak age of information and its
average value. Based on the results of analytical modeling, a numerical study of the dependence of the average
value of the peak age of information on the system load was carried out. The correctness of the expressions
obtained was verified by comparing the analytical results with the results of simulation modeling.

Key words and phrases: information age, peak information age, queuing system, phase type distribution, group
flow

For citation: Matyushenko, S. I., Samouylov, K. E. Distribution of the peak age of information in a two-node transmission group
modeled by a systemwith a group flow and a phase-type service time. Discrete and Continuous Models and Applied Computational
Science 32 (3), 260–270. doi: 10.22363/2658-4670-2024-32-3-260–270. edn: EUVTRK (2024).

1. Introduction
The problem of timely delivery of information to the control andmanagement center arises in various
spheres of human activity: in energy systems, in the industrial Internet of things, in the field of
autonomous transport, in video surveillance systems, etc. [1–3]. In 2011, to quantify the freshness of
information received by the control and monitoring center, the Age of Information (AoI) metric was
proposed, which is a function of the time between the generation of updates at the sending node and
the delay in their delivery over the network to the control and monitoring center (recipient node) [4–
13]. The most convenient device for studying the problem of information age is the device of queuing
systems and networks. An overview of the works in which the analysis of the age of information is
proposed to be carried out using this device can be found, for example, in [14]. It should be noted that
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Figure 1. A two-node GT

most specialists limit themselves to simple models, for example, with an exponential distribution
of time between the moments of generation of updates at the sending node and an exponential
or deterministic distribution of the duration of update processing at the receiving node [15–17].
However, the simplest models of queuing systems allow us to obtain only a rough estimate of the age
of information, since single-parameter distributions do not make it possible to take into account all
the features of the protocols of modern dispatch control and data collection systems. In this paper,
the process of transferring information from the sending node to the receiving node is modeled using
a queuing system with phase-type distributions, the choice of phase parameters of which allows
flexibly modeling complex dependencies that arise in modern data transmission systems.

2. Description of themodel
Let’s consider a group of information transmission (GT) consisting of a sender node (SN), a recipient
node (RN) and a communication channel between them (Fig. 1).
Transmission from the SN to the RN is carried out by groups of packets of random length over

a single communication channel. If the channel is busy, groups of packages line up in a queue with
a limited number of waiting places. If there are no places in the queue, the group is lost and no
longer has an impact on the information transfer process. A group is considered transferred if the
last packet of this group is transmitted. By the peak age of the 𝑍𝑛 information transmitted by the 𝑛-th
group, we will understand sum

𝑍𝑛 = ̂𝐺𝑛+1 +𝑊𝑛+1, (1)

where ̂𝐺𝑛+1 is the duration of the generation of the group following the 𝑛-th group, which ended
with the first successful joining of the group to the transfer queue;𝑊𝑛+1 is the time of transfer of the
(𝑛 + 1)-st group from the SN to the RN.

Wewillmodel the transmission of information over the communication channel, using a single-line
queuing system (QS) with a finite capacity accumulator 𝑟, 1 ≤ 𝑟 < ∞.
Applications for the system are received in groups. The flow of groups of applications is recurrent

with a distribution function 𝐴(𝑡), 𝑡 ≥ 0, of the phase interval [18]

𝐴(𝑡) = 1 − 𝜶𝑇e𝜦𝑡𝟏, 𝜶𝑇𝟏 = 1, (2)

with an irreducible 𝑃𝐻 representation (𝜶, 𝜦) of order 𝑙.
Each group receives a random number of applications 𝜂 with a given probability in advance:

𝛼𝑘 = P{𝜂 = 𝑘}, 𝑘 = 1, 𝑟 + 1.

At the same time
𝑟+1

∑
𝑘=1

𝛼𝑘 = 1.
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If, upon receipt of an application in the system, the number of applications in a group exceeds
the number of available places in it, then the available places are filled, and the remainder of the
applications from the new group is lost. A group is considered accepted into the system if at least
one application from its membership is accepted. In the opposite case, the group is lost and the
generation of the next group immediately begins.
Applications are served one at a time. Their service times do not depend on the aggregate and do

not depend on the duration of generation and the number of applications in the system and have
a common PH of 𝐵(𝑡) phase type:

𝐵(𝑡) = 1 − 𝜷𝑇e𝑴𝑡𝟏, 𝑡 ≥ 0, 𝜷𝑇𝟏 = 1, (3)

with an irreducible 𝑃𝐻 representation (𝜷,𝑴) of the order of𝑚.
We will assume that groups of applications are served in the order they are received, and

applications within the group are served in a random order. In other words, an arbitrary application
may end up in the right place in a group of 𝑘 applications with the same probability of 1/𝑘.
The QS in question will be encoded in Kendall’s notation as 𝑃𝐻[𝑥]/𝑃𝐻/1/𝑟.

3. Mathematical model
This system was considered in [19]. In this work, the functioning of the system was described by
a homogeneous Markov process (MP) {𝑋(𝑡), 𝑡 ≥ 0} over a set of states

X =
𝑟+1

⋃
𝑛=0

X𝑛,

where X0 = {(𝑖, 0), 𝑖 = 1, 𝑙}, X𝑛 = {(𝑖, 𝑛, 𝑗), 𝑖 = 1, 𝑙, 𝑗 = 1,𝑚}, 𝑛 = 1, 𝑟 + 1.
Here and further, the expression 𝑋(𝑡) = (𝑖, 0)means that at time 𝑡 the system is empty, and the

generation process is going through phase 𝑖;𝑋(𝑡) = (𝑖, 𝑛, 𝑗)means that at time 𝑡 there are𝑛 applications
in the system, the generation process is going through phase 𝑖, and themaintenance process is phase 𝑗.
Since all states (MP) {𝑋(𝑡), 𝑡 ≥ 0} communicate with each other, it is ergodic.
The limiting probabilities

𝑝𝑖0 = lim
𝑡→∞

P{𝑋(𝑡) = (𝑖, 0)},

𝑝𝑖𝑛𝑗 = lim
𝑡→∞

P{𝑋(𝑡) = (𝑖, 𝑛, 𝑗)},

exist, are strictly positive, do not depend on the initial distribution, coincide with stationary and they
are the only solution to the system of equilibrium equations (SEE) with a normalization condition.
If you want to get acquainted with the conclusion of the SEE, we recommend that you refer to

the materials [19]. We will limit ourselves to reproducing the main result of this work related to the
development of a recurrent matrix algorithm for calculating stationary probabilities of system states.
To do this, we introduce vectors:

𝒑𝑇0 = (𝑝10, 𝑝20, ..., 𝑝𝑙0),

𝒑𝑇𝑛 = (𝑝1𝑛1, ..., 𝑝1𝑛𝑚, 𝑝2𝑛1, ..., 𝑝2𝑛𝑚, ..., 𝑝𝑙𝑛𝑚)

and let’s introduce the notation:
𝝀 = −𝜦𝟏,

𝝁 = −𝑴𝟏,
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𝐴𝑘 =
⎧
⎨
⎩

1, 𝑘 = 0,

1 −∑𝑘
𝑠=1 𝑎𝑠,

where 1 −∑𝑘
𝑠=1 𝑎𝑠 is the probability that the group size will be greater than 𝑘, 𝑘 = 1, 𝑟 + 1.

𝜦⊕𝑴 = 𝜦⊗ 𝑰 + 𝑰 ⊗𝑴 is the Kronecker sum 𝜦 and𝑴, the symbol⊗ denotes the tensor product
of matrices; 𝜆 = −(𝜶𝑇𝜦−1𝟏)−1 is the intensity of receipt of groups of applications; 𝜇 = −(𝜷𝑇𝒎−1𝟏)−1

is the intensity of service of applications.

𝜦 = −(𝜦⊕𝑴) + 𝟏𝜶𝑇 ⊗𝑴,

𝑴̃ = −(𝜦 ⊕𝑴) + 𝜦⊗ 𝟏𝜷𝑇,

˜̃𝑴 = 𝜦⊕𝑴 + 𝝀𝜶𝑇 ⊗ 𝑰,

𝑭1 = −(𝜦 ⊗ 𝜷𝑇),

𝑭2 = 𝝀𝜶𝑇 ⊗ 𝜷𝑇,

𝑭3 = 𝜦 − (𝝀𝜶𝑇 ⊗ 𝑰),

𝑭4 = 𝝀𝜶𝑇 ⊗ 𝑰,

𝑭5 = 𝝀𝜶𝑇 ⊗ 𝟏𝜷𝑇,

𝑾1 = 𝑭1𝑴̃−1,

𝑾𝑛 = [𝐴𝑛−1𝑭2 +
𝑛−1

∑
𝑘=1

𝑾𝑘(𝑎𝑛−𝑘𝑭4 + 𝐴𝑛−𝑘𝑭5) +𝑾𝑛−1𝑭3] 𝑴̃−1,

𝑾𝑟+1 = −(𝑎𝑟+1𝑭2 +
𝑟

∑
𝑘=1

𝐴𝑟−𝑘𝑾𝑘𝑭4) ˜̃𝑴
−1
,

𝒗 = 𝟏 +
𝑟+1

∑
𝑘=1

𝑾𝑘(𝟏 ⊗ 𝟏),

𝒁 = [−𝑾𝑟𝑭3 +𝑾𝑟+1(𝑴̃ + ˜̃𝑴)] (𝑰 ⊗ 𝟏).

The following theorem is proved in [19]:

Theorem 1. The stationary probability distribution {𝒑𝑛, 𝑛 = 0, 𝑟 + 1} for QS 𝑃𝐻[𝑥]/𝑃𝐻/1/𝑟 is determined
by the expressions:

𝒑𝑇𝑛 = 𝒑𝑇0𝑾𝑛, 𝑛 = 1, 𝑟 + 1, (4)

where 𝒑0 is the only solution to the system of equations:

𝒑𝑇0𝒁 = 𝟎𝑇, (5)

𝒑𝑇0𝒗 = 1. (6)
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4. Laplace–Stiltjes transformation of the peak age of information
First, we will find the distribution of the time spent by the group of applications in the system under
consideration. To do this, we construct a Markov chain (CM) {𝑋−

𝑘 = 𝑋(𝑡𝑘 − 0), 𝑘 ≥ 1} nested at the
moments 𝑡𝑘 − 0 of the arrival of groups of appearances, over the set of states

X −
𝐴 = {(0), (𝑛, 𝑗), 𝑛 = 1, 𝑟 + 1, 𝑗 = 1,𝑚}.

We denote by 𝑞0 and 𝑞𝑛𝑗 the stationary probabilities of the states of the CM (0) and (𝑛, 𝑗) and
introduce the vectors:

𝒒𝑇𝑛 = (𝑞𝑛1, ..., 𝑞𝑛𝑚).

From [20] we get:
𝑞0 =

1
𝜆𝒑

𝑇
0𝝀, (7)

𝒒𝑇𝑛 =
1
𝜆𝒑

𝑇
𝑛(𝝀 ⊗ 𝑰), 𝑛 = 1, 𝑟 + 1. (8)

Let𝑞𝑥𝑘 be 𝑥 ∈ X −
𝐴 there is a stationary probability that at the moment 𝑡 − 0 before the group

arrived, the system was in state 𝑥, and a group of 𝑘 applications entered the system.
Next, we introduce the vectors:

𝒒𝑇𝑛𝑘 = (𝑞(𝑛,1),𝑘, ..., 𝑞(𝑛,𝑚),𝑘).

It is obvious that
𝑞0𝑘 = 𝑞0𝑎𝑘, 𝑘 = 1, 𝑟 + 1, (9)

𝒒𝑇𝑛𝑘 = 𝒒𝑇𝑛𝑎𝑘, 𝑘 = 1, 𝑟 + 1, (10)

𝒒𝑇𝑛,𝑟+1−𝑛 = 𝒒𝑇𝑛𝐴𝑟−𝑛, 𝑛 = 1, 𝑟. (11)

Let us denote by𝑊(𝑡|(0), 𝑘), 𝑘 = 1, 𝑟 + 1, the conditional distribution function (CDF) of the time
spent in the system by a group of 𝑘 applications, provided that at the time 𝑡 −0 the group was received
in the system 0 applications.
Through𝑊(𝑡|(𝑛, 𝑗), 𝑘), 𝑘 = 1, 𝑟 + 1 − 𝑛 is the CDF of the time spent in the system by a group of 𝑘

applications, provided that at the time 𝑡 − 0 of the group’s receipt, there were 𝑛 applications in the
system, and the application was serviced on the device phase 𝑗, 𝑗 = 1,𝑚.
The Laplace–Stieltjes transform (LST) CDF𝑊(𝑡|(0), 𝑘) and𝑊(𝑡|(𝑛, 𝑗), 𝑘) are denoted by 𝑤0(𝑠|𝑘) and

𝑤𝑛(𝑠|𝑗, 𝑘) and we introduce vectors

𝒘𝑇
𝑛(𝑠|𝑘) = (𝑤𝑛(𝑠|1, 𝑘), ..., 𝑤𝑛(𝑠|𝑚, 𝑘)) .

Note that if at the moment 𝑡 − 0 of the group’s receipt the system was in the state (0), then the first
application from the group immediately goes to service, and the entire group of size 𝑘 is serviced
after the last service is completed (𝑘-th) applications from this group. Therefore

𝑤0(𝑠|𝑘) = 𝛽𝑘(𝑠),

where 𝛽(𝑠) is the LST of the CDF 𝐵(𝑡), is determined by the formula

𝛽(𝑠) = 𝜷𝑇(𝑠𝑰 −𝑴)−1𝝁. (12)
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If the incoming group finds the system in the state (𝑛, 𝑗), 𝑛 = 1, 𝑟, then the service of the first
application from the group will begin after the service of the application on the device is completed,
𝑛 − 1 application from queues and all 𝑘 applications of this group will be served
Thus, we have:

𝒘𝑛(𝑠|𝑘) = (𝑠𝑰 −𝑴)−1𝝁(𝛽(𝑠))𝑛−1+𝑘. (13)

And finally, it should be taken into account that if a group finds the system in one of the states
(𝑟 + 1, 𝑗), then the entire group is lost. Consequently, in accordance with (8), the probability of loss of
the group 𝜋 is determined through the probabilities of the states (𝑟 + 1, 𝑗) of the CM nested at the
moments 𝑡 − 0 of the application groups as follows:

𝜋 = 1
𝜆𝒑

𝑇
𝑟+1(𝝀 ⊗ 𝟏). (14)

Summing up our reasoning and applying the formula of complete certainty, we come to the
following result:

Theorem 2. LST of the residence time of a group of applications accepted in the QS 𝑃𝐻[𝑥]/𝑃𝐻/1/𝑟 is
defined by the expression:

𝑤(𝑠) = 1
1 − 𝜋 [

𝑟+1

∑
𝑘=1

𝑎𝑘𝑞0𝛽𝑘(𝑠) +
𝑟

∑
𝑛=1

[
𝑟+1−𝑛

∑
𝑘=1

𝑎𝑘𝒒𝑇𝑛(𝑠𝑰 −𝑴)−1𝝁(𝛽(𝑠))𝑛−1+𝑘+

+𝐴𝑟+1−𝑛𝒒𝑇𝑛(𝑠𝑰 −𝑴)−1𝝁(𝛽(𝑠))𝑟]] . (15)

As already noted above, the peak age of the 𝑍𝑛 of the 𝑛-th group of turnouts is equal to the sum
of two terms ̂𝐺𝑛+1 – the duration of generation of groups following the nth and completed the first
successful connection to the queue and𝑊𝑛+1 is the time spent by the (𝑛 + 1)-th group in the system.
It is obvious that

̂𝐺𝑛+1 =
1

1 − 𝜋𝐺𝑛+1,

where 𝐺𝑛+1 is the duration of generation of the (𝑛 + 1)-th group with CDF 𝐴(𝑡) and LST

𝛼(𝑠) = 𝜶𝑇(𝑠𝑰 − 𝜦)−1𝝀. (16)

Considering the independence of ̂𝐺𝑛+1 and𝑊𝑛+1, their independence from 𝑛 and the fact that the
LST of 1

1−𝜋
𝐺 is equal to 𝛼 ( 𝑠

1−𝜋
), we come to the following result.

Theorem 3. The LST of the peak age of information transmitted by a group of applications in the
𝑃𝐻[𝑥]/𝑃𝐻/1/𝑟 system is determined by the expression:

𝑧(𝑠) = 𝛼 ( 𝑠
1 − 𝜋)𝑤(𝑠), (17)

where 𝑤(𝑠) and 𝛼 ( 𝑠

1−𝜋
) calculated according to (15)–(16)

5. LST of the peak age information for QS𝑀[𝑥]/𝑀/1/𝑟
As an example, let us consider a special case – QSwith a group Poisson flow of applications of intensity
𝜆 and exponential service of intensity 𝜇.
In this case, the parameters of the initial system will be determined by the expressions:

𝜦 = (−𝜆), 𝝀 = (𝜆), 𝜶 = (1), 𝛼(𝑠) = 𝜆
𝜆 + 𝑠 , (18)
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𝑴 = (−𝜇), 𝝁 = (𝜇), 𝜷 = (1), 𝛽(𝑠) =
𝜇

𝜇 + 𝑠 , (19)

and the algorithm of Theorem 1 is expressed in the form of a recurrent formula:

𝑝 = 𝜌
𝑛−1

∑
𝑘=0

𝑝𝑘𝐴𝑛−𝑘−1, 𝑛 = 1, 𝑟 + 1, (20)

where 𝜌 = 𝜆/𝜇 and 𝑝𝑛 are the stationary probabilities that there is 𝑛 applications. The probability 𝑝0
is determined from the normalization condition.
In accordance with (7),(8) and (14), we obtain:

𝑞𝑛 = 𝑝𝑛, 𝑛 = 0, 𝑟 + 1,

𝜋 = 𝑝𝑟+1. (21)

And finally, based on (15) and (17), taking into account (18)–(21), we come to the following result:

Theorem 4. LST of the peak age of information transmitted the group of applications in the𝑀[𝑥]/𝑀/1/𝑟
system is defined by the expression:

𝑧(𝑠) = 𝛼 ( 𝑠
1 − 𝑝𝑟+1

)𝑤(𝑠),

where 𝛼(𝑠) = 𝜆
𝜆 + 𝑠 ;

𝑤(𝑠) = 1
1 − 𝑝𝑟+1

[
𝑟+1

∑
𝑘=0

𝑎𝑘𝑝0 [
𝜇

𝜇 + 𝑠]
𝑘
+

𝑟

∑
𝑛=1

𝑟+1

∑
𝑘=1

𝑎𝑘𝑝𝑛×

×[𝑢(𝑟 + 2 − 𝑛 − 𝑘) [
𝜇

𝜇 + 𝑠]
𝑛+𝑘

+ 𝑢(𝑘 − (𝑟 + 1 − 𝑛)) [
𝜇

𝜇 + 𝑠]
𝑟+1

]] . (22)

𝑢(𝑥) =
⎧
⎨
⎩

1, 𝑥 > 0,

0, 𝑥 ≤ 0,
is the Heaviside function.

Corollary 1. The average value𝑀𝑍 of the peak age of information transmitted by a group of applications
in the𝑀[𝑥]/𝑀/1/𝑟 system is determined by the expression:

𝑀𝑍 = 1
1 − 𝑝𝑟+1

[1𝜆 +
𝑟+1

∑
𝑘=1

𝑝0𝑎𝑘
𝑘
𝜇 +

𝑟

∑
𝑛=1

𝑝𝑛
𝑟+1

∑
𝑘=1

𝑎𝑘 [𝑢(𝑟 + 2 − 𝑛 − 𝑘)𝑛 + 𝑘
𝜇 +

+𝑢(𝑘 − (𝑟 + 1 − 𝑛)) 𝑟 + 1
𝜇 ]] . (23)

The proof is based on the application of the formula:

𝑀𝑍 = −𝑧′(0).
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Figure 2. Dependence of the average peak age
of information on the intensity

of the incoming flow 𝜆 at fixed values of 𝜇

Figure 3. The dependence of the average peak age
of information on the intensity of the incoming

flow 𝜆 for different distributions
of the number of applications in the group

6. The numerical results

We conducted a numerical study of the peak age of information for QS 𝑀[𝑥]/𝑀/1/𝑟 the results of
which are shown in fig. 2 and fig. 3.

Figure 2 shows the dependence of the average peak increase on the intensity of the flow 𝜆 for three
different values of the service intensity 𝜇: 𝜇 = 1.0, 𝜇 = 2.0, 𝜇 = 3.0.0 and storage capacity 𝑟 = 4. At
the same time, the distribution of the number of applications in the group was set by the formula:

P{𝜂 = 𝑘} = 1
5 , 𝑘 = 1, 5. (24)

Note that the variant with 𝜇 = 1.0 was calculated in two ways: analytically and imitatively. As can
be seen from Figure 2, with the growth of 𝜆, there is a decrease in the peak age. Moreover, the larger
the 𝜇, the lower the average age, which is quite expected, because with large 𝜆 and 𝜇, the transfer of
information from the SN and RN occurs more often and faster.
Figure 3 reflects the dependence of the average peak age of information on the intensity of the

flow 𝜆 for 𝜇 = 1.0 and 𝑟 = 4 for different variations of the distribution of the number of applications
in the group. So in option 1, the distribution of the number of applications in the group is given by
the formula (24). In option 2:

P{𝜂 = 𝑘} =
⎧

⎨
⎩

1
2 , 𝑘 = 2, 4;

0, 𝑘 = 1, 3, 5.

In option 3, the number of applications in the group is constant and equal to 3. Obviously, for all
three options, the average number of applications in the group is the same and equal to 3, but the
standard deviation is different: 𝜎1 = √2; 𝜎2 = 1; 𝜎3 = 0. Despite the fairly close values of the average
peak age for all three variants, there is a well-defined dependence: the greater the standard deviation,
the lower the value of the average peak age. What is the reason for this pattern, it is not yet clear to
us. Perhaps this is due to the loss of applications due to a limited storage device. In any case, this
issue remains a topic for discussion.
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7. Conclusion
As a result of the conducted research, we managed to obtain an expression for the Laplace–Stieltjes
transformation of the stationary distribution function of the peak age of information transmitted
from a peripheral source to the control center, modeling the transmission process using a queuing
system with a group flow of applications and with phase-type distributions. This study allows us
to obtain fairly accurate estimates of the age of information for real technical systems, due to the
versatility of phase-type distributions.
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Распределение пикового возраста информации
в двухузловой группе передачи, моделируемой системой
обслуживания с групповым потоком и обслуживанием
фазового типа
С. И. Матюшенко, К. Е. Самуйлов

Российский университет дружбы народов им. П. Лумумбы, ул. Миклухо-Маклая, д. 6, Москва, 117198,
Российская Федерация

Аннотация. Данная статья продолжает цикл работ авторов, посвященных проблеме возраста инфор-
мации (AoI) – метрики, используемой в информационных системах для мониторинга и управления
удаленными источниками информации со стороны центра управления. Теоретический анализ систем
передачи информации требует количественной оценки «свежести» информации, доставляемой в центр
управления. Процесс передачи информации от периферийных источников к центру обычно моделиру-
ется с помощью систем массового обслуживания. В данной работе для оценки максимального значения
возраста информации, называемого пиковым возрастом, используется система массового обслужи-
вания с распределениями фазового типа. При этом учитывается специальное требование протокола
передачи, состоящее в том, что информация в систему поступает группами случайного размера. Для
данного случая получено выражение для преобразования Лапласа–Стилтьеса стационарной функции
распределения пикового возраста информации и его среднего значения. По результатам аналитиче-
ского моделирования проведено численное исследование зависимости среднего значения пикового
возраста информации от загрузки системы. Корректность полученных выражений проверена путем
сравнения аналитических результатов с результатами имитационного моделирования.

Ключевыеслова: возраст информации, пиковый возраст информации, системамассового обслуживания,
распределение фазового типа, групповой поток


