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Abstract. The problem of summation of Fourier series in finite form is formulated in the weak sense, which
allows one to consider this problem uniformly both for classically convergent and for divergent series. For
series with polynomial Fourier coefficients a,, b,, € R[n], it is proved that the sum of a Fourier series can be
represented as a linear combination of 1, §(x), cot E and their derivatives. It is shown that this representation
can be found in a finite number of steps. For series with rational Fourier coefficients a,,, b,, € R(n), it is shown
that the sum of such a series is always a solution of a linear differential equation with constant coefficients
whose right-hand side is a linear combination of 1, §(x), cot = and their derivatives. Thus, the issue of summing
a Fourier series with rational coefficients is reduced to the classical problem of the theory of integration in
elementary functions.
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1. Introduction

The problem of summing a functional series in elementary functions naturally arises when solving
problems in mathematical physics [1-6]. If desired, even d’Alembert’s method of solving the wave
equation can be considered as a method of summing a Fourier series [7, 8]. Frequently, results on
summation in the final form arose as surprising side effects, for example, when accelerating the
convergence of series by A.N. Krylov’s method [9-12]. However, the authors of the past avoided
considering divergent series, the summation of which, as it seemed then, could yield anything [13,
p. 641], [14, Ch. 12, Sect. 4].

With the advent of the theory of generalized functions [15], a reliable basis for considering divergent
functional series arose. The surprising fact is that divergent series are usually summed up in a finite
form much more easily than convergent ones, and, moreover, the summation of convergent series in
a finite form is conveniently reduced to the summation of divergent series. In this paper we illustrate
this statement using the example of one-dimensional Fourier series. The possibility of interpreting
Krylov's method in terms of generalized functions was mentioned in [16, p. 32].
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2. Statement of the Problem

Definition 1. A periodic function is called piecewise elementary if its period can be divided into
a finite number of segments, on each of which an elementary expression in the Liouville sense can
be specified for it.

We understand the equality between the sum of a Fourier series and a piecewise elementary
function in the weak sense [15], which allows a further uniform consideration of the series summation
in elementary functions separate from the issue of its pointwise convergence.

Definition 2. The Fourier series

o
aO .
u=— + Z a, cos nx + b, sin nx, (1)

n=1

is called a piecewise elementary function v in the strong sense if the equality

[so]
(0% .
7+Zancosnx+bnsmnx:v (2)

n=1

is satisfied at almost all points of the real axis.

Definition 3. The Fourier series (1) is said to be a piecewise elementary function v in the weak
sense if the equality

w T w w
Qo & .
> wdx + Z ay, cos nxwdx + b, sin nxwdx = vwdx (3)
X=-7T n=1 X=—Tr X=-7T X=—T7r

is true on any smooth function w with period 27.

The Fourier coefficients of a smooth function w converge to zero faster than any power of n, so the
numerical series on the left in Eq. (3) always converges. If this does not lead to misunderstandings,
instead of Eq. (3) we will write Eq. (2), implying that it is satisfied in the weak sense.

Example 1. For example, by virtue of the classical Dirichlet theorem, the series

[ss] .
Z sinnx
n=1 h

converges at all points of the interval 0 < x < 27 and its sum is equal to Z—. Therefore, this series is
not only piecewise elementary, but also piecewise polynomial in the strong sense (Def. 2).

Example 2. Although the series

o0
Z sin nx
n=1
diverges by Euler’s test, the equality
/s T
(oo}
. 1 b
2 sinnx - wdx = v.p. f = cot = - wdx (4)
= 2 2

X=—7r X=—7T



408 Modeling and Simulation DCME&ACS. 2024, 32 (4), 406-413

is true for all smooth w with period 27z. The integrand has a pole at zero, so we specify that the
integral is understood in the sense of the Cauchy principal value. Therefore, this series, diverging in
the classical sense, is also a piecewise elementary function in the weak sense (Def. 3). In this case,

we consider the equality
o)

E sinnx = 1cotE
T2 2
n=1

only as a short notation for Eq. (4).

Based on Definitions 1 and 3, we formulate the problem under consideration.
Problem 1. The coefficients of the Fourier series a,, b, are given as rational functions of number n:

a,, b, € R(n).

It is required to find out whether this series is a piecewise elementary function and, if the answer is
affirmative, indicate this function.

3. Summation of series with polynomial coefficients

Problem 1 is solved very simply for the polynomial case when a, and b, € R[n]. However, this
interesting case escaped the attention of authors of the 19th century, since in this case the general
term of the Fourier series does not tend to zero, and therefore the series diverges. This difficulty is
removed in Definition 3.

Indeed, let

M M
a, = Z a,n™, b, = Z Bn™,
m=0 m=0

then the Fourier series under consideration can be rewritten as

a M e M <)
u=70+ amancosnx+Z,6mZn’"sinnx.
m=0 n=1 m=0 n=1

The series that arise here are derivatives of the two main series
o0
s(x) = Z sin nx
n=1

and
o0
c(x) = Z Cos nx.
n=1
For example,
(e8]
Z n?" cos nx = (—1)"D?*"c(x).
n=1
We understand series in the sense of Definition 3, therefore
[e5)

. 1 b
s(x) = nZ::lsm nx = > cot 5

and -
1
c(x) = cosnx = —= + wo(x
®=2 S +76(x)

for -7 < x < 7.
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Theorem 1. If a,,b, € R[n], then the sum of the Fourier series (1) can be represented as a linear
combination of 1, 6(x), cot )EC and their derivatives, this representation can be found in a finite number of
steps.

4, Summation of series with rational coefficients

Let us now turn to the solution of Problem 1 in the case when a,,b,, € R(n). Differentiation of
a,, cos nx and by, sin x reduces to multiplication by +n and permutation of sine and cosine. Therefore,
there always exists a linear differential operator L such that

[s)
Llu] = Z A, cosnx + B,sinnx, A,,B, € R[n]. 5)
n=1

We will say that the operator L annihilates the denominator of the Fourier coefficients of the original
series, and A,, and B,, are the Fourier coefficients obtained after the annihilation. The divergent
series in the right-hand side of Eq. (5) has polynomial coefficients and is summed as described in the
previous Section.

Example 3. Consider the Fourier series

oo .

U= Z smnx

T 41+ n?
n=1

We have
> 1 X
(=D*+ u = Z sinnx = 5 cot 3.
n=1
By Theorem 1, Problem 1 is reduced to the following problem.
Problem 2. A linear differential operator L and a linear combination f of functions 1, §(x), cot )—ZC
and their derivatives are given. It is required to find out whether the equation

Llu] = f

has a solution in piecewise elementary functions.

Since the coefficients of the operator L are constant, the general solution of the equation L{u] = f
can be written in quadratures using the method of variation of constants. Quadratures containing
the d-function and its derivative are always taken.

Theorem 2. If the given series converges and after annihilation the coefficient A,, is an even function of
n, and the coefficient B,, is an odd function of n, then Problem 1 is solvable.

Numerous examples illustrating this theorem were considered in classical studies of accelerating
the summation of Fourier series [9, 10]. In the general case, the solution L[u] = f will contain
quadratures of the form

/ xPe** DA cot gdx.

The conditions found in Liouville theory [17] under which integrals of this type are taken in elementary
functions provide sufficient conditions for the solvability of Problem 1. Thus, Problem 1 is reduced
to the classical problem of computer algebra [18].
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Example 4. Returning to Example 3, we see that u is a solution of the linear differential equation

u —u= 1cotx
T2 2

whose general solution is given by the quadrature

—X X
u= eTfe"cotgdx— %/e‘xcotgdx.

Thus, the solution of Problem 1 for the series from Example 3 is reduced to the study of the
elementariness of this expression.

5. Results

The sum of the Fourier series

[s)
aO .
u=-— + Z a, cos nx + b, sin nx,

n=1

whose coefficients are rational functions of n, is always a solution of some linear differential equation

Llu] = f,

whose right-hand side is the sum of a divergent Fourier series with polynomial coefficients. This
series can always be represented as a linear combination of 1, §(x), cot E and their derivatives, so the
original series can be represented as a quadrature of piecewise elementary functions. The conditions
under which these quadratures are taken in elementary functions provide sufficient conditions for
the summation of the Fourier series in piecewise elementary functions.

6. Discussion

In this paper, we propose a simple approach to summation of a certain class of trigonometric series.
Its distinctive feature is the term-by-term differentiation of Fourier series, which inevitably leads
to the appearance of divergent series. We believe that working with them can serve as the basis
for symbolic algorithms for summation of eigenfunction series, and significantly supplement the
generally accepted methods for summation, see [19, 20]. From the point of view of computer algebra,
the approach under consideration allows us to establish a connection between the problem of
summation of a certain class of series and the classical problem of integration in elementary functions.
This is achieved by adding the Dirac é-function and other distributions to the set of elementary
functions.

7. Conclusions

The transition from convergent to divergent series using an annihilation operator allows us to divide
the problem of summing a convergent Fourier series into two simpler ones: summing a series with
polynomial coefficients, which is solved explicitly, and integrating LDEs with constant coefficients.
The development of an algorithm for constructing an annihilation operator for a given Fourier series
with rational coefficients and its implementation in computer algebra systems will allow a wide class
of Fourier series to be summed in a finite form.
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Thus, the transition to summation of Fourier series in the weak sense allows reducing the problem
of summation of series in a finite form (Problem 1) to calculating integrals of elementary functions
in this form, i.e., a classic problem of computer algebra.
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O cymmupoBaHuu pspoB dypbe B KOHEYHOM Buge

M. . Manbix®3, K. F0. Manbiwes’?

L Poccuiickunin YHUBEPCUTET ApYx6bl HAPOAOB, Y. Muknyxo-Maknas, g. 6, MockBa, 117198, Poccuiickas
depepayus

2 MOCKOBCKMIA rocyfapCTBeHHbIN YHUBEPCUTET MMeHu M. B. JIoMOHOCOBa, Y. JIeHWHCKHMe ropsl, 4. 1, cTp. 2,
MockBa, 119991, Poccuiickas depepauus

3 06beAMHEHHbIN MHCTUTYT AAEPHbIX UCCNeaoBaHwii, yn. Xonvo-Kiopu, a. 6, [ly6Ha, 141980, Poccuiickas
Pepepauns

AHHOTaums. 3aJa4a 0 CyMMUPOBaHUY PsAZoB Oypbe B KOHEYHOM Buje CHOPMyIUPOBaHa B C1a6OM CMBICIIE, YTO
IIO3BOJISIET €AMHOOOPA3HO pacCMaTPUBATh 3TY 3aJady KaK [JI CXOASIIUXCS B KIACCUYECKOM CMBICJIE PSAZIOB,
TaK U LIS PaCXOAAIIUXCS. JIJIs pAZOB C MOJIMHOMUAIBHBIMU Koadduninenramu ®ypere a,, b, € R[n] gokasaHo,
4T0 cyMMa psiza ypbe MOXKeT OBITH IIpefCcTaBleHa Kak JuHeliHas koMOouHanus 1, §(x), cot ’—2( U UX IPOU3BOJ-
HbIX. [JoKa3aHO, YTO 3TO MpeZCTaBIeHNEe MOXXeT ObITh HAMZEHO 32 KOHEYHOE YUCIO AetcTBui. [ psafoB
¢ paguoHanbHbIMY K03 hunrenramu Oypoe a,, b, € R(n) oKasaHo, 4TO CyMMa TAKOTO PsiZia BCera siBJIsIETCS
peleHueM suHeliHOTro AubbepeHINATbHOTO YPaBHEHNS C IIOCTOSHHBIMU KoabduirieHTaMy, [IpaBas 4acTh
KOTOPOTO SIBJISIETCs INHEHHON KoMOuHarnuei 1, §(x), cot E U UX IPOM3BOJHBIX. TeM caMBbIM BOIIPOC O CyM-
MUPOBaHUU PAL0B Pypbe C palKOHATPHEIMU K03(DPUIIeHTaMU CBE/IEH K KIaCCUIECKOMY BOIIPOCY TEOPUU
VHTErPUPOBAHNS B 3JIeMEHTaPHBIX QYHKIHAX.

KniouyeBble cnioBa: MaTeMaTHdeckas QusMKa, pagsl Pypre, sajleMeHTapHbIe QYHKIIUKI



