9

CAMAPCKUUUN
YHUBEPCUTET
CamapCcKuii HaLMOHanbHbIN
cnepoBaTenbCKUM YHUBEPCUTET
emuka C.M. Koponéea

BECTHUK

CAMAPCKOIo YHUBEPCUTETA
ECTECTBEHHOHAYUYHAA
CEPUA

VESTNIK

OF SAMARA UNIVERSITY

NATURAL SCIENCE
SERIES

ISSN 2541-7525 Print
ISSN 2712-8954 Online

TOM 30 « N23 » 2024 IO




ISSN 2541-7525 Print
ISSN 2712-8954 Online

IMoanucuoi nuaexc 80307

BECTHHK
CAMAPCKOro YHMBEPCHTETA

ECTECTBEHHOHAYUHAA CEPNA

VESTNIK
OF SAMARA UNIVERSITY

NATURAL SCIENCE SERIES

e Mamemamuka

o MexaHnuka

o Mamemamuueckoe
smodedupobBarue

* Mamemamuueckue
umemoodsl
6 ecmecmbBeHHbLX
Haykax

usuka

TOM 30 - N23 - 2024 1oa



YUYPEIUTEJIb 1 N3JATEJIb 2KYPHAJIA

denepasbHOE TOCYAAPCTBEHHOE ABTOHOMHOE 00Pa30BaTEIHbHOE YIPEKIEHNE BBICIIIETO 0OPA30BAHUS
«CamMapckuii HallMOHAJILHBIN HCCJIea0BaTeIbCKUM yHuBepcuteT nMenu akagemuka C.I1I. KoposeBas
(Camapckuii yHnBeEpcuTeT)
eLIBRARY.RU PHHII BMHHUTU ULRICH'S Periodical Directory Math-Net.ru DOAJ zbMATH MathSciNet
Bce cmamvu no memamure meHcoyHapooHot 6adv. dannvix zbMATH cuumatomes ekaroueHHuimy 68 Ilepevwens
8e0YUWLUT HAYUHBLT HCYPHAN08 Buicweti ammecmayuonnoti komuccuu npu Munucmepemee obpazosanus u Hayxku Pd
Kypuasa uzgaercs ¢ 1995 r. noa HazBanueM «BectHuk CaMapcKoOro rocyJapCTBEHHOT'O YyHUBEPCUTETA Y,
c 2016 r. — «Bectuuk Camapckoro yHuBepcurera. EcrecrBeHHOHayuHast cepusi / Vestnik of Samara University. Natural
Science Series»

BrixoguT 4 pa3a B rox

T. 30, Ne 3, 2024

TnaBHbBIA pesakTop:

A.B. IIpoxogwves, n-p Tex. HayK, JOI., 3aB. Kadenapoil Teopuu
JBuTaTesell JeTaTelbHbIX annaparos uMenn B.II. Jlykadesa, mep-
BBl IPOPEKTOP — MPOPEKTOP 110 HAY YHO-UCCIIEI0BATENLCKON paboTe
(Camapa, Camapckuit yausepcurer, P®)

3amMecTHuTe M IVIABHOT'O peJaKTopa:

C.B. Acmawxun, n-p dus.-mMar. HayK, npod., 3as. Kadeapoi
dyukmoHanbHOrO aHanusa u Teopun dyskuuit (Camapa, Camap-
ckuii yHuBepcurer, PD)

JI.B. Cmenanosa, n-p dus.-MaT. HayK, JOL., Ipod. Kadeapsl Ma-
TeMaTH4IecKoro Mojenuposanus B Mexanuke (Camapa, Camapckuii
yHuBepcuret, P®)

OTBETCTBEHHBIN CEKpeTapb:
M. A. JTuxobabenro, Kau. pus.-MaT. HAYK

JIuT. pegakTUpoBaHUEe, KOPPEKTYPA
T.U. Kysneuosot

KomnbrorepHast BepcTka, MakeT
M.A. Jluxobaberkro

Breinyckaromnuit peakTop

T.A. Mypsurosa

Nudopmanus Ha aHTTIHACKOM SI3BIKE
M.C. Cmpeavrurosa

Nsznarens u yupeaurensb: CaMapcKuil yHUBEPCUTET
Apec uzmaressi U ydpeauTeis:

443086, Poccuiickass @eneparnusi, Camapckas obi., r. Camapa,
MockoBckoe 11occe, 34.

ITenTp nepuoamyeckux nszanuii Camapckoro
YHUBEpcUTeTa

Appec pepakuum: 443011, Poccuiickas Peneparnusi,
Camapckaga o6ut., r. Camapa, yin. Axagemuka [lasnosa, 1.
E-mail: nsvestnik@ssau.ru

www: hitp://journals.ssau.ru/index.php /vestnik-est

Tlepuoguyeckoe neuaTHoe U3mMaHUE, XKy pHAJ, 3aperucrpupoano De-
JepaJIbHON CJIy»K00ii 110 Ha[Bopy B cdepe CBsidu, NHMOOPMAIMOHHBIX
TEXHOJIOTUH U MaCCOBBIX KOMMYHHUKAIIHMH, PETUCTPAIMOHHBIA HOMED
cepun [T Ne ©C 77-67328 or 05.10.2016

ITonmnucHoit nuaekc B O6beJUHEHHOM UHTEPHET-
karaJsiore «IIpecca Poccuu» 80307

ISSN 2541-7525 Print

ISSN 2712-8954 Online

ABTOpCKHE CTaTbU HE 0OA3aTEHFHO OTPAXKAIOT MHEHUE U3IATEIIs.
0+
Ilena cBoGomnas

IToanucano B meyars 15.10.2024. /lara BbixOo#a B cBer 25.10.2024
Dopmat 60 x 84/8.

Bywmara odcernas. Ileuars oneparnBHasi.

ITeu. . 13.

Tupazxk 200 3k3. (mepBbIit 3aBox — 25 9K3.). 3akasz Ne

Orneuyarano B Tunorpacdpunu CamMapcKoro yHuBepCcUTeTa
443086, Poccuiickass Penepanusi, Camapckas obi., r. Camapa,
MockoBckoe 1mocce, 34.

www: http://www.ssau.ru/info/struct/otd/common/edit

PepaknnonHasi KoJjierus:

B.H. A3ssasoe, n-p dwus.-mar. Hayk, gupekrop (Camapckuii dhu-
maan Pusndeckoro macruryta um. [1.H. Jlebenesa PAH, Camapa,
P®), npodeccop kadenpsr busnkn (CamapcKuil HAIMOHAJIBHBINA HC-
cieoBaTenbckuil yuuBepcurer umenn akanemuka C.II. Koposesa,
Camapa, PD)

B.3. Budeavbman, 1-p dpus.-mMmatT. HayK, npod., 3aB. Kadeapoii 3Kc-
[IEPUMEHTAIbHON MEXAHUKHA U KOHCTPYKIIMOHHOTO MaTepPUAJIOBEJIEe-
Hust, qupekTop LlenTpa skcnepuMenTaabHOM Mexanuku (Ilepmckmit
HAI[MOHAJIBHBI HUCCJIEIOBATEIbCKUAN ITOJIUTEXHUYECKHN yHUBEPCU-
Ter, [lepmpb, PD)

A.B. I'opoxos, n-p ¢dus.-MarT. HayK, npod., npod. Kadeapsl obIei
u reopernyeckoil dusuku (Camapcekuii ynusepcurer, Camapa, PD)
A.M. 3103un, n-p dus.-mar. HayK, npod., 3aB. Kadeapoil 3Kcre-
pumenTanbHoil dusnku (Hanumonanbubrii uccienosarensckuit Mop-
HoBCKMil rocygapcrBeHublit yHuBepcurer uMm. H.II. Orapesa, Ca-
pauck, P®)

B.B. HsaxHuk, n-p dus.-mMar. HayK, Opod., AeKaH (HU3UIECKOrO
daxynbrera, 3aB. Kadeapoil onTuku u cnexrpockonuu (Camapckuii
yuusepcuret, Camapa, PD)

A.U. Kootcaros, n-p dus.-MaT. HayK, Tpod., BeayIuil Hay IHBIH
corpyaHuk jadoparopun teopun dynknuii (MHCTATYT MaTeMaTuKu
nm. C.JI. CobosreBa Cubupckoro oraenenust PAH, HoBocubupck, P®)
M.A. Jleean, n-p Tex. HayK, A0I., Tpod. Kadeapbl MPOYHOCTH
setarenbHbIX annaparos (HoBocuGHpCKMil rocy1TapCTBEHHBIN TEXHU-
vyeckuii yuusepcurer, HoBocubupck, PD)

C.A. JIviwes, o-p dus.-MaT. HAyK, OOL., BEIYIIHi HAY IHBIH COTPYI-
HUK JlabopaTopun MexXaHHKHM TeXHOJIOrn4deckux mpomueccos (Mucru-
TyT npobaem mexanuku uMm. A.FO. Nmmuckoro PAH, Mocksa, PD)
Koncmarnwmun ITankpawrunr, n-p dus.-mMart. HayK, Tpod. Ka-
denpor maremaruku (Yuusepcurer Ilapuzxk-tor 11, Opce, @pannus)
A.H. ITanos, n-p dus.-mar. HayK, 1pod., 3aB. Kadeapoil ajredpbl
u reomerpun (Camapckuii yuusepcurer, Camapa, PD)

Jasude M. ITposepnuo, n-p xumuu, npod. kadeaps: xumun (Mn-
JIaHCKHH yHuBepcurer, Musan, Urasmus)

JI.C. ITyavkuna, n-p dus.-mar. Hayk, npod., npod. kaderpb
nnddepeHnuaNbHbIX ypaBHeHuii u Teopuu ynpasienusi (Camap-
ckuit yausepcurer, Camapa, P®)

C.I'. IIamxos, n-p ¢dus.-mar. HayK, Ipod., 3aB. Kadeapoil BbIC-
meil MareMaTuky; Beaylumil Hayudsblii corpyauuk (FOropekwuii ro-
CylapCTBEHHBIN yHuBepcureT, XaHTol-Mamcuiick, P®; Uucruryt
maremaTruku uMm. C.JI. Cobosnesa Cubupckoro ornenenuss PAH, Ho-
Bocubupck, P®)

B.B. Pesun, a-p 6uoJi. HayK, Ipod., JekaH dpaKyabTeTa OHOTEXHO-
joruu u GuoJioruu, 3aB. Kademapoit OUOTEXHOJIOrNU, OMOUHIKEHEPUU
n 6uoxumun (HanumonanbHblil uccienosarensckuii Mop/ioBekuit ro-
cymapcreennblii yausepcurer um. H.IT. Orapesa, Capanck, P®)
B.A. Caaxees, n-p dus.-Mar. HayK, Ipod., npod. Kadeapsl Husn-
ku (Camapckuii yausepcurer, Camapa, PD)

B.A. Cobounes, n-p dus.-Mat. HayK, npod., 3aB. kadenpoii nud-
depeHnuaIbHBIX yPABHEHHMI U TEOPUHU yIpPaBJIEHUsI, TPodeccop Ka-
denpor kubepuernku (Camapckuit yausepcurer, Camapa, PD)
II.A. Tepexun, n-p dhus.-mar. HayK, Tpod., Tpod. Kadeapsl Teo-
pun dyHKIME 1 croxacruyeckoro anammsa (CaparoBckuil Hanmo-
HaJIbHBII HCCJIEOBATENbCKUNA I'OCY/IapCTBEHHBI YHUBEPCUTET HMe-
uu H.I. Yepusimesckoro, Caparos, P®)

K.B. Yemunos, n-p ¢hus.-MarT. HayK, JIOIl., BEAyIUil HAYIHBINA CO-
TpyaHuK jaboparopun [eomexannku (MHCTHTYT IpOG/IEM MEXaHUKH
nm. A JO. Ummackoro PAH, Mocksa, P®)

A.U. Xpomos, 1-p dus.-Mar. HayK, Ipod., npod. Kadeapbl npu-
kJaaaHol Maremaruku u uHdopmaruku (Komcomonbckuii-na- Amype
rocyJjapcTBeHHblii yHuBepcuTeT, Komcomonbek-ana-Amype, P®)

© Camapckuii yausepcurer, 2024



ISSN 2541-7525 Print
ISSN 2712-8954 Online
Subscription Index 80307

VESTNIK
SAMARSKOGO UNIVERSITETA

ESTESTVENNONAUCHNAYA SERIYA

VESTNIK
OF SAMARA UNIVERSITY

NATURAL SCIENCE SERIES

e Mathematics

e Mechanics

e Mathematical
Modelling

* Mathematical
Methods
in NMatuzal
Sciences

®* Physics

VOL. 30 - N23 - 2024



JOURNAL FOUNDER AND PUBLISHER
Federal State Autonomous Educational Institution of Higher Education
«Samara National Research University»
(Samara University)

eLIBRARY.RU RSCI VINITI

ULRICH'*S Periodical Directory

Math-Net.ru DOAJ zbMATH MathSciNet

All articles on the subject of an international database zbMATH seemed to be included in the list of leading scientific
journals of the Higher Attestation Committee at the Ministry of Education and Science of the Russian Federation
The journal is piblished since 1995 under the title Vestnik of Samara State University, since 2016 —

"Vestnik Samarskogo universiteta. Estestvennonauchnaya Seriya / Vestnik of Samara University. Natural Science Series'

It is published 4 times a year

Al

V. 30, N 3, 2024

Chief editor:

A.B. Prokofiev, Dr. of Enginering Sci., associate professor, head
of the Department of Theory of Aircraft Engines named after V.P.
Lukacheva, first vice-rector — vice-rector for research (Samara,
Samara National Research University, RF)

Deputy chief editors:

S.V. Astashkin, Dr. of Phys.-Math. Sci., prof., head of the
Department of Functional Analysis and Function Theory (Samara,
Samara National Research University, RF)

L.V. Stepanova, Dr. of Phys.-Math. Sci., associate prof., prof. of
the Department of Mathematical Modelling in Mechanics (Samara,
Samara National Research University, RF)

Executive editor:
M. A. Likhobabenko, Cand. of Phys.-Math. Sci.

Literary editing, proofreading
T.1. Kuznetsova

Computer makeup, dummy
M.A. Likhobabenko
Executive editor

T.A. Murzinova

Information in English

M.S. Strelnikov

Publisher and Founder: Samara National Research University
Adress publisher and founder:

34, Moskovskoye shosse,

Samara, 443086, Samara region, Russian Federation.

Centre of Periodical Publications of Samara University
Adress of editorial stuff: 1, Academika Pavlova Street, Samara,
443011, Samara region, Russian Federation.

E-mail: nsvestnik@ssau.ru

www: hitp://journals.ssau.ru/index.php /vestnik-est

Certificate of registration of means of mass media ITm N2 ®C
77-67328 dated 05.10.2016, issued by the Federal Service for
Supervision of Communications, Information Technology and Mass
Media.

Subscription Index in the United catalog of Internet «Press
of Russia» 80307

ISSN 2541-7525 Print

ISSN 2712-8954 Online

Author’s articles do not necessarily reflect the views of the publisher.
0+
Price free

Passed for printing 15.10.2024. Date of publication 25.10.2024
Format 60 x 84/8.

Litho paper. Instant print.

Print. sheets 13.

Circulation 200 copies (first printing — 25 copies).

Order N2

Printed on the printing house of Samara University

34, Moskovskoye shosse, Samara, 443086, Samara region, Russian
Federation

www: http://www.ssau.ru/info/struct/otd /common /edit

Editorial board:

V.N. Azyazov, Dr. of Phys.-Math. Sci., head (Samara Branch
of the Lebedev Physical Institute of the Russian Academy of
Sciences, Samara, Russia), prof. of the Department of Physics
(Samara National Research University, Samara, RF)

V.E. Videlman, Dr. of Phys.-Math. Sci., prof., head of the
Department of Experimental Mechanics and Engineering Materials
Science, head of the Center of Experimental Mechanics (Perm
National Research Polytechnic University, Perm, RF)

A.V. Gorokhov, Dr. of Phys.-Math. Sci., prof., prof. of the
Department of General and Theoretical Physics (Samara National
Research University, Samara, RF)

A.M. Zyuzin, Dr. of Phys.-Math. Sci., prof., head of the
Department of Experimental Physics (Ogarev Mordovia National
University, Saransk, RF)

V.V. Ivakhnik, Dr. of Phys.-Math. Sci., prof., dean of the Faculty
of Physics, head of the Department of Optics and Spectroscopy
(Samara National Research University, Samara, RF)

A.I. Kozhanov, Dr. of Phys.-Math. Sci., prof., leading research
worker of the Laboratory of the Theory of Functions (Sobolev
Institute of Mathematics of the Siberian branch of the RAS,
Novosibirsk, RF)

M.A. Legan, Dr. of Enginering Sci., associate prof., prof. of the
Department of Strength of Flying Machines (Novosibirsk State
Technical University, Novosibirsk, RF)

S.A. Lychev, Dr. of Phys.-Math. Sci., associate professor, leading
research worker at the Laboratory of Mechanics of Technological
Processes (Institute for Problems in Mechanics of Russian Academy
of Science, Moscow, RF)

Konstantin Pankrashkin, Dr. of Phys.-Math. Sci., prof. of the
Department of Mathematics (University of Paris-Sud 11, Orsay,
France)

A.N. Panov, Dr. of Phys.-Math. Sci., professor, head of the
Department of Algebra and Geometry (Samara National Research
University, Samara, RF)

Davide M. Proserpio, Dr. of Chemistry, prof. of the Department
of Chemistry (University of Milan, Milan, Italy)

L.S. Pulkina, Dr. of Phys.-Math. Sci., prof., prof. of the
Department of Differential Equations and Control Theory (Samara
National University, Samara, RF)

S.G. Pyatkov, Dr. of Phys.-Math. Sci., prof., head of the
Department of Higher Mathematics; leading research worker (Yugra
State University, Khanty-Mansiysk, RF; Sobolev Institute of
Mathematics of the Siberian branch of the RAS, Novosibirsk, RF)
V.V. Revin, Dr. Degree in Biology, prof., dean of the Faculty
of Biotechnology and Biology, head of the Department of
Biotechnology, Bioengineering and Biochemistry (Ogarev Mordovia
National Research University, Saransk, RF)

V.A. Saleev, Dr. of Phys.-Math. Sci., prof., prof. of the Department
of Physics (Samara National Research University, Samara, RF)
V.A. Sobolev, Dr. of Phys.-Math. Sci., prof., head of the
Department of Differential Equations and Control Theory, prof.
of the Department of Engineering Cybernetics (Samara National
Research University, Samara, RF)

P.A. Terekhin, Dr. of Phys.-Math. Sci., prof., prof. of the
Department of Function Theory and Stochastic Analysis (Saratov
State University, Saratov, RF)

K.B. Ustinov, Dr. of Phys.-Math. Sci., associate professor, leading
research worker at the Laboratory of Geomechanics (Institute for
Problems in Mechanics of Russian Academy of Science, Moscow, RF)
A.I. Khromov, Dr. of Phys.-Math. Sci., prof., prof. of the
Department of Applied Mathematics and Informatics (Komsomolsk-
na-Amure State University, Komsomolsk-on-Amur, RF)

(© Samara University, 2024



Becmnux Camapcrozo ynusepcumema. FEcemecmeeHHORAYUHAA CeEPUA 2024. Tom 30, N 3
Vestnik of Samara University. Natural Science Series 2024, vol. 30, no. 3 5

COJIEPKAHUE

Maremaruka

Acramikuua C.B., Epmmos B.M. /Ipa 3amedanuss o cBoiicTBaxX (QYHKIUI OrpaHHIEHHON

22000 €2 0070 P 7

l'acamoBa 9.3., Ilynpkuna JI.C. Pemenne 3ama4un 111 0JJTHOMEPHOIO BOJIHOBOI'O ypaBHEHUSI

C HEJIOKAJBHBIM KPAEBBIM VCITOBIIEM . ...ttt vttt ettt ettt e ettt e e et e e e 17
Mexanuka

Mexena B.A. MojenupoBanue yupyro-ruiaCTuueckoro JeopMupOBaHUsi TPUITOBEPXHOCTHBIX
(e (0)C I Y = <0 7 22 ) () J 25

MaremaTudeckoe MOIeJIMPpOBaHUe

Kapmio E.A. [Iunamuka 6ajgku illepa — BepHy/umm ¢ ydeToM paclpelejeHHbIX THCTepe-

)7 (6351023 -G 625101 5 (62 - J0 U 35
CemenoB M.E., Toukauye A.B., KaunumeBa O.M. Mexanudeckas MOIesb
TYPOYIIEHTHOCTH . .« e vttt e ettt et et e e e e e e e e e e e e e e e e e e e et e 63

Maremarndeckue METOAbI B €CTECTBCHHbLIX HayKaX

T'opesnos FO.H., Kypranckas JI.B. K 3ajade onrumaibHOrO yIipaB/eHUs [I€PEOPUEHTAIHEH
OCH BPAIIEHUST KOCMUYIECKOTO ATITTAPATA  « « v v vvve e ettt tettteee e e ettt e et e et e e 76

Duzuka

Barpos A.P., Bamnkupos E.K. Jlunamuka meperryTbiBaHusi ATOMOB B TPEXKYOUTHOM MOJIE/IH
TaBuca — Kammuurca ¢ AUIOIb-TUTOIBHBIM B3AMMOMEHACTBIEM . ..t oo eteeeeeneeennnnnn.. 89

Tpebosarus K OGOPMACHUIO CIMATIETE .. .ot e e et et e et et e et e et 104



Becmnuux Camapcrozo yHusepcumema. FEcmecmseennonayvwhas cepus 2024. Tom 30, M 3
Vestnik of Samara University. Natural Science Series 2024, wvol. 30, no. 8

CONTENTS

Mathematics

Astashkin S.V., Ershov V.M. Two remarks on properties of functions of bounded variation
Gasanova E.E., Pulkina L.S. Solution of certain problem with nonlocal boundary condition
for one-dimensional Wave eqUALION . ... ... .. ...ttt e

Mechanics

Mekheda V.A. Modeling of elastic plastic deformation of near-surface layers of materials

Mathematical Modelling

Karpov E.A. Dynamics of the Euler — Bernoully beam with distributed hysteresis properties
Semenov M.E., Tolkachev A.V., Kanishcheva O.I. A simple mechanical model
of tUrbulence . ... .
Mathematical Methods in Natural Sciences
Gorelov Yu.N., Kurganskaya L.V. On the problem of optimal control of rotation axis
reorientation of a spacecraft . ... ...
Physics

Bagrov A.R., Bashkirov E.K. Dynamics of entanglement of qubits in the three-qubit
Tavis — Cummings model with dipole-dipole interaction.................. . ... ... ... ....

Requirements to the design of articles ......... ... i

7

17

25

35

63

76



MATEMATHKA

DOI: 10.18287/2541-7525-2024-30-3-7-16 YIK 517.51

/IBa 3aMedanus o cBoiicTBax (PyHKI[Ii
OrpaHmyeHHOIi Bapuamn

Acmawxun C.B.2, Epwos B.M.
Camapcruti nayuonasorsild uceaedogamenvekul yrusepcumem umeny axademuxa C.I1. Kopoaesa, 2. Camapa,

Poccutickan @edepavus; astash56@mail.ru (C.B.); ershovl89510Qyandex.ru (B.M.);

Hocmynuna:  18.07.2024  Ayporanmsa. B TepMmunax Bapuanmii J0KA3aHO JOCTATOMHOE YCJIOBUE PABHOMEDPHOI
Pacemompena: 22.08.2024  cxonumocTH 110C/I610BATEIBHOCTE]! HOLPEPBIBHBIX dyukiuii. C IOMOIIBIO 9TOTO PE3YJlb-

Hpunsama: 02.09.2024 TaTa MOJIYIEHO JOMOJHEHNE KIACCHIECKON TeopeMbl XeJIn O BBIIETEHNN CXOISITIXCST
[I0CJIE/IOBATEIbHOCTEN (DYHKIHI ¢ PABHOMEDHO OIPDAHUYEHHBIME BapHAIUSAME B CIydae,

Haywnan cmamoa KOT/Ia IipejiesibHast (PYHKIMs HelpepbiBHA. KpoMe TOro, Ha mpuMepe IMOKa3aHO, UTO
® yciioBre HenpepbiBHON muddepentmpyemoctu byHKnum, obecrednBaroriee quddepen-

@ IUPYEMOCTh €€ BapUAIIUU C IIeDEMEHHBIM BEPXHUM IIPEJIEJIOM, SIBJISIETCS B OIIPEIeIEHHOM

CMBbICJIE€ TOYHDBIM.

KimroueBbie cioBa: Bapuanust; GyHKIIAS OCPAHUYEHHO BapuaIiy; paBHOMEPHAS
CXOJIMMOCTB; MOJLYJIb HENIPEPBIBHOCTH; TeopeMa Xesun; TeopeMa Iltosbia.

BBeaenne

IIycrs nana dynxuus f @ [a,b] — R. Hanomuum, ato ee noanot sapuayuet wa [a,b] HazpisaeTcs

BeJIMYINHa
n

VI(f) =sup ¥ If(xi) — flxic1)l,

i=1

T/Ie CyTpeMyM 6epeTcs 1o MHOYKECTBY BCex pasbuennii 4 = Xg < X1 < ... < X, = b. Ecim VP (f) < oo,
TO FOBODAT, UTO f — PYHKUUA 02panu ernoll 6apualuu; MHOKECTBO BCeX (DYHKIUN OrpaHuIeHHON
Bapuanuu Ha [d,b] sBJsieTcs JIMHEHHBIM NPOCTPAHCTBOM 1 obo3Hadaercs depes V([a, b]).

IIpocrpancrso V([a,b]) urpaer BaxKHyio poJib BO MHOTUX BONpOcax Teopun byHKIMI 1 hyHK-
nuoHasibHOro anamusa. C HUM TECHO CBA3aHO NMpuMeHeHue uHrerpaja CTHITbECA DU PEIeHUH
CaMBIX Pa3HbIX 33Ja4. B 9acTHOCTH, HA €ro UCIOIb30BAHUE OCHOBAHO JIOKA3ATENbCTBO KJIACCHIECKOM
teopembt @. Pucca o tom, uro npocrpancrso V([a, b)), pacemarpusaemoe ¢ nopmoit ||f||yv := V2(f),
M30METPUYHO MPOCTPAHCTBY BCEX JIMHEHHBIX OrpaHmIeHHbIX (hyHKIMoHAI0B Ha ipoctpanctse C([a, b])
(em., manpumep, [3, ror. VI, § 6, Teop. 4] mm [2, c¢. 309]). Kpome Toro, npocrpauncrso V ([a,b]) mo-
JKeT OBITH OTOXKJIECTBJICHO CO MHOYKECTBOM BCEX OMPAHUICHHBIX GOpEIeBCKuX Mep (BooOIe roBops,
3HAKONIEPEMEHHBIX ), ONpe/IeeHHbIX Ha orpeske [4,b] [1, npemoxenue 4.2.9].

B jaHHOil cTaThe paccMaTpUBAIOTCS JBa BOIPOCA, CBA3AHHBIC CO CBOHCTBaMU (DYHKIHI OrpaHy-
4eHHOil Bapuanuu. Bo-IepBbIX, B TepMUHAX BapUaluil JIOKA3aHO JOCTATOMHOE YCJIOBUE PABHOMEPHOI
CXOJIMMOCTH TIOCJIEIOBATETLHOCTEl HeNPepbIBHBIX (byHKIUil. Bo-BTOPBIX, HAllIeHBI YCIOBUS, IPH
KOTOPBIX Bapualys (PYHKIUU ¢ HepeMeHHBIM BepXHUM IpejesoM JuddepeHnupyema; IpuBeIeH
IIpUMeEDP, IIOKA3bIBAIOIINNI TOYHOCTb 9TUX YCJIOBU.

Berony nanee, kak o6brano, C([a, b)) u Ct([a, b]) — npocTpancTBa HEPEPLIBHEIX I COOTBETCTBEHHO
HenpepbiBHO- b deperpyeMbIx Ha oTpeske [, b] dyakmuii.
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1. O06 ogHOM AOCTATOYHOM yCJIOBUU PABHOMEPHOM CXOIMMOCTH
MocJieJOBAaTEeJIbHOCTE HeNMPepPbIBHBIX (DYHKIW OrpaHUIYeHHO
Bapuanumn

,HOK&}KGM CHa4YaJla CJIeyIomiee BCIIOMOraTe/JIbHOE YTBEPXKJICHHUEC.

Jlemma 1. ITycmo {fu}5 1 — nocaedosamenvrocmo nesospacmaroujux dyrxuut, na [a,b] maxaa,
umo limy 0 fn(t) = f(t) dan scex t € [a,b], 2de f nenpepwena na [a,b]. Tozda cxodumocmo
nocaedosamenvrocmu { fu} % f pasnomepna wa [a,b].

Hoxasamenvemso. Oboznaamm vepes w(g, 1), 1 > 0, Moxyab HenpepblBHOCTH (DYHKIUE g, OIpPeie-
JeHHoit Ha [4,D], T. e.

w(g 1) = sup g(t1) — g(t2)],

asty, b <b, |t —ta <7y

1 IIOKazKeM, 9TO

lim lim sup w(fy, 1) = 0. (1)

120 500

ITpenmonaras npoTusHoe, Haiizem g > 0 Takoe, 9To 111 Beex > 0

limsup w(fu, 1) > eo.

n—00

Torna B cuity HempepbiBHOCTH f cymiecTByer 6 > 0 Taxoe, 4To

€0
w(f,0) < 3 (2)
CorslacHO NpesbIyIeMy HepaBeHCTBY, HallyTcst HoMepa M < My < ... U TOYKH i, Sx € [a,b],
by < Sk, k=1,2,..., 119 KOTOPBIX BBITOJIHEHO:
)
sp—th < < m fnk(tk)_fnk(sk) >¢, k=1,2,... (3)

2

Ilepexons, eciu HEOOXOIUMO, K HIOJIIIOCIIEI0BATEIbHOCTAM, MOXKHO CUUTATh, 4To tr — tg, Sk — S,
rae fy, So € [a,b]. OueBuano, aro 0 < so — fo < 6/2.
IIpemnonoxkum, aro a < ty n so < b. Torna mus mexoroporo 1 € (0,6/4) u Bcex J0CTATOUHO
60JIbIIUX k
a<ty—n<t<sp<sp+1n€<b,

[I09TOMY B CHJIy BTOPOIO HepaBeHCTBa B ([3) n MOHOTOHHOCTH (DYHKIUIA f,; IIOJLYy<IUM
€0 < fu (k) = fu (sk) < fu (to —17) = fu (50 +17). (4)

B T0 ke Bpems1, ecai k JOCTATOMHO BEJIMKO, TO 10 YCJIOBUIO
€0
max (| fu, (fo —17) = f(to =)l [fu (80 +17) = f(so +1)]) < 3
u, 3HaunT, Tak Kak 0 < (sop+ 1) — (to — 1) = (so — to) + 21 < 4, B cuay

fu(to—1) = fue(s0+1) < |fu(fo—1) — fto — )| +
+ |f(to—mn) — f(so+n)| +
+ | fue(s0o+1) — fso+1)| < eo.

Tak Kak 1mocjeaHee HEPABEHCTBO MPOTUBOPETUT , TO B 9TOM CJIy4ae JIOKA3aHO.
Ecnu top = a, To oATh Jj1s1 HEKOTOPOI'O ] € (O,(S /2) 1 Bcex J0cTaTouHO GoJbInux k

agtk<8k<50+77<b.
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Jlayiee Tak ke, KaK W pamHee, C OIHON CTOPOHBI,

gy < fnk(tk) _fnk(sk) < fﬂk(a) _fnk(so +77)'

C apyroii CTOPOHBI, TAK KaK JJIA JOCTATOYHO Ooabmmx k

max (| £, (a) = F(@)], |fo (50 + 1) = f(s0+)]) < 3
u0<(so+1)—a=(so—a)+n <5, npavensia (2)), momy

fe(a) = fu(so+1) < |fu(a) = f(a)| +|f(a) — f(so+ )|+
+  |fue(s0+7) — f(s0+n)| <eo.

Caywyait, korma sg = b, paccMaTpuBaeTcs COBEPIICHHO aHAJIOTUIHO.

Tenepsb /10Ka3aTEILCTBO JIEMMBI TOJIYIaeTCsI CTAHIapPTHBIM 00pazoM. Ilycts € > 0 mpousBoJIbHO,
a 7 > 0 rakoso, uro w(f,n) < &/3 u B cuy w(fu, 1) < €/3 [u1st BCex BOCTATOUHO GOJIBIINUX H.
ITo ycaosuio st kaxkzaoro t € [a,b] naitnercsa ny € IN rakoe, uro |f, () — f(t)| < €/3 mus Beex
n > ny. Torpa, ecin |s — t| < 17, T0 B cuity BbIGOpa 1] Jylsl BCEX JIOCTATOUHO OOJIBIINX 1 HUMEEM:

[fu(s) = F() < Ufuls) = fu()[ + 1 ful8) = FO[+ () = f(s)] < w (o) —|—§—|—w(f,17) <e

Tak Kak 1o coobpazkennsm Komnakruaocrn [a,b] C UM (t; — 1, t + 1) 11 HEKOTOPOrO KOHETHOTO
Habopa touek t;, i = 1,2,...,m, 1o orciona |f(s) — f(s)| < € muas moGoro s € [a,b] u Beex
JOCTATOYHO OOJIBIINX 1. O

[Ipumensst semmy [I, a Takzke msBecrHoe npejcrasienne OyHKIU OrpaHUYEHHON BapUaIyy,
HETPY/JHO TOJIYUYUTh CJIe/IyIOIIee yTBEePK/IeHUeE.

Teopema 1. Ilycrs dyukuun f,, n € IN, oupeenennsle Ha [4, ], IMEIOT pABHOMEPHO OrDaHHYEHHbIE
papuanyu, T. e. V(f,) < C aia mexoroporo C > 0 n Beex n € N. Ecom limy e fu(t) = f(t) nra
Beex | € [a,b] u f wenpepoisHa Ha [a,b], To cxomuMocTh HOCTENOBATEIBHOCTH { fy } K f paBHOMEpHA
Ha [a,b].

Hoxasamenvemeso. HamomuuMm, ato Kaxkaast GyHKIMs OrpaHUYEHHO Bapuanun ¢ Ha [d,b] npes-
cTaBUMa B BUJIE PA3HOCTHU JIByX HeBo3pactaromux dyukiuii. Tounee (cMm., nanpumep, [4, v, VIII,
§ 3, noKazaTembeTBO Teopembl 6]): ¢ = ¢1 — g2, tae ¢1(t) = —VEH(g) + ¢(t), g2(t) := —VE(g). Ecom
JIOLIOJTHUTENILHO § HelpepbiBHA Ha [4, ], To GyHKImE 1 1 §» TaKyKe HEIPEPBIBHBI HA 9TOM OTPE3Ke
[4, ro. VIII, § 5, reop. 1, caexncrsuel. Ilpumensist 9t pe3ynbrarel K GYHKIWAM f; U f, Oy M,
910 fr = Uy — Uy, 1 € N, u f = u — v, upuuem byukUu Uy, v,, 1 € N, He Bo3pacraior, a U, v
He BO3PACTAIOT U HENPEPBIBHBI. KpoMe TOro, u3 MpUBEIEHHONO paHee olpe/iesenus byHKIMt g1,
Qo U3 NPEJICTABJIEHHsI §, a TAKXKe TOrO, UTO 110 YCIOBUIO limy, o f (1) = f(t) mus Beex t € [a,b],
caeayer: limy, oo iy (1) = u(t), imy 0 v, (t) = v(t), t € [a,b]. TlosTOMY B cuiy semumsl (1| mocseno-
BaresbHOCTH {Uy } 1 {U,} cxoasTCs K U M U COOTBETCTBEHHO paBHOMEpHO Ha [4, b]. Orciona BbITeKaer
JTOKA3bIBAEMOE YTBEPXK/ICHHE. O

Knaccuueckast reopema Xesuu [4, ror. VIII, § 4] yreepkaer, 4ro u3 Jiroboro MHOKECTBa PaB-
HOMEPHO OrpaHWYeHHbIX Ha [4,b] dyHKImMii ¢ paBHOMEPHO OrpaHWYEHHBIMU BAPUAIUSIMU MOYKHO
U3BJIeYb [I0C/IE/J0BATEJIHOCTD { fy }, KoTopast cxoquTest B Kaxk /10l Touke [4, b] k HekoTopoii dhyHKImY
f orpannmvenHoii Bapuaiuu. B ciydae, korja f HenpepbiBHa Ha [4,b], u3 Teopemsl || BbITekaer
CJIeJIYIOIEe JIOTIOJTHEHNE K 9TOMY Pe3yJIbTaTy.

Caencreue 1. Ecau npedeavran gynxyusn f 6 meopeme Xeanu nenpepwena na [a,b], mo cxodu-
mocmy nocaedosamenvrocmu { fu} ® f pasromepra na amom ompeske.
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2. O auddepeHnmmpyeMocTrn Bapualii ¢ IIEPeMEeHHbIM BEPXHUM
npeaeioM

b
Teopema 2. ycrs f € Cl([a,b]). Torna VI(f) = [ |f'(t)|dt.

Orcrona, B wacTHOCTH, Coeayer, aro dynkims F(x) := V¥ (f) auddepennupyema na [a,b] u
F'(x) = |f'(x)| must Beex x € [a,b].

Jloxasameavemeo. Ilycts 7T :a = xg < x1 < ... < X, = b — npousBojibHOE pa3bueHre OTPe3Ka
[a,b], A(T) = maxj<icn(X; — Xi—1) — napamerp pastuenus 7. CocraBuM CyMMy

n

vr(f) =} If(xi) = flxia)].

i=1

ITo Teopeme Jlarpamxka juist Kaxkaoro i = 1,2,...,n cymecrsyer §; € (X;j_1,%;) Takoe, 910 f(X;) —
f(xiz1) = f'(i) (xi — xi—1). Iosromy

n

vr(f) = Z (&) (xi — xi—1).

i=1

3ameTnM, 9TO B IPABOH YaCTH STOrO paBEHCTBA CTOMT MHTerpasbHas cymma Pumana Sy(|f'|)
dbynxuun |f'(t)| va [a, b].

C npyroif CTOPOHBI, B CHJIy OIpejeaeHus papuanyun (byHKIUN CYIIeCcTBYeT 0C/Ie/10BATeIbHOCTE
pasbuennit i, k = 1,2,..., orpeska [a,b] Taxas, uro A(7x) — 0 u vy, (f) — V(f) npu k — co.
TaxuMm 06pa3oM, B CUJIY CJICJIaHHOIO paHee 3aMedaHus

U (f) = Sm (If']), k=1,2,...

[Tepexonst K mpeely B 3TOM PaBEHCTBE MpU K — 00, 110 OIPEIeIeHNI0 HHTerpaia PuMana mosydaem,
9TO

b
i = [Ifwla,

1 T€M CaMBIM IIEPBOE yTBEP:KICHNE TEOPEMBI JOKa3aHO. UT0 KacaeTcss BTOPOIro Y TBEPKACHUSI, TO OHO —
HEITOCPeJICTBEHHOe cJieicTBre TIepBoro u hopmysiel HetoTtora — Jleitbuura mist nuddepeHnnpoBaHus
MHTErpaJia ¢ MePeMeHHBIM BEPXHUM IIPEIEIOM OT HEIPEPBIBHON (OyHKIUN. O

Jlajtee MbI ITOKaXKeM, UTO YCJIOBHE HEIPEPBIBHOCTHU IIPOU3BOJIHON BO BTOPOM YTBEPKIECHUH 10~
caeHell TeopeMbl cyiecTBenno. Todnee, ecjim Mpou3BoaHAsT (DYHKITME OTPAHMYIEHHON Bapualiun
MMEEeT Pa3pbIB XOTs ObI B OAHOI TOYKE, TO BapHallUs C IEPEMEHHBIM BEPXHUM IIPEIEJIOM B ITOMU
TOYKE MOXKET ObITh He auddepeHnupyema.

[Ipu mocTpoeHn COOTBETCTBYIONIETO MPUMEPaA HAM TOHAT00ATCS HEKOTOPBIE BCIIOMOTATETHHBIE
YTBEPXKJACHUS, C KOTOPBIX Mbl X1 HAYHEM.

JIemma 2. [Tycmo dynryusa f nenpepwiena 6 mouwke a cnpasa u 6 mouwke b caesa. Tozda Vab (f) =
. b—
= lim,, o4 Vu+1;] (f).

Joxasamenvcmeo. Ilycrs € > 0. B cuny menpepsiBHOCTH (DyHKINEN f B TOUKax 4 U b cymiecTByer
6 > 0 Takoe, 9TO

max (|f(£) = f(a)|,[f(s) = FD)]) <, ()

ecan max (t —a, b —s) < §. Paccmorpum JiBa ciydast B 3aBUCHMOCTH OT TOIO, KOHEYHA BapHAallUs
dbyuximn f nm Her.
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(a) VP(f) < 0. TTo omnpesesenuio Bapuaiiy st 3aanmoro & > 0 naiiiercs pasbuenue 7T : 4 =
=ty <t <...<t, =Dborpeska [a,b] Takoe, uTo

va(f) = kz F(t) — f(ten)] > VE(P) —e.
=1

IIpu sToM, He orpaHutvuBas OOITHOCTH, MOYKHO CUUTATH, UTO
max (fy —a,b—t,_1) < 9. (6)

Torpa B cuiry , obo3Havast yepe3 7T’ pasbuenme orpeska [fy, ;1] Toukamm t; < fp < ... < t, 1,
HOJTY YUM

v (f) = Vi (f) - 3e.
CremoBaTebHO,

lim. Vol (f) = Vi (f) = o (f) = VE(f) — 3¢,

€CJII TOJIbKO BBITIOJTHEHO @ B cuny npousBosibHocTu € > 0 oTciona

. b—
,71;1’(1)1 Vu+17 (f) 2 Vub (f)

Tak Kak IIPOTHBOIOJIOXKHOE HEPABEHCTBO OUEBHJHO, TO B CIydae (&) JieMMa JIOKa3aHa.
(b) Vub (f) = oo. Torma st kaxkgoro M > 0 cymecrsyer pasbuenne 7 :a =ty <ty < ... < t, =b
orpeska [a,b] Takoe, aro

kZ F(b) = F(ts)| > M.

[Ipu 5TOM OIATH MOXKHO CUUTATH, YTO BBIIIOJIHEHO yCJIOBUE @ Tem cambIM, paccyKias aHAJOTUIHO
[IPeJbLIYIIEeMy CIydalo, IIOJIYIUM, 9TO

) b— by
Jim V2 2 Vi () > M= 2e

Tax kak M > 0 pou3BOJIBLHO BEJIUKO, TO OTCIOJIA

. b—
WIL%LL Vu+17 (f) = 0.

Taxkum o6paszom, jemmMa B ciydae (b) rakxke jokasaHa. O

PacupocrpasuM Terneps mepeoe yTBepzKIeHne TeopeMbl [2 Ha kmace dyHKIMi, HMEIOMuX KyCOIHO-
HEIPEPBIBHYIO ITPOU3BOJIHYIO.

Ilpengoxkenne 1. [Tycmo f € C([a,b]) u duddepenyupyema na (a,b) 3a uckarovenuem, 603morc-
HO, KOMEwHo20 wucaa movek Uy < Uy < ... < Uy, npuuem f' nenpepuisna na kadrcdom unmepsane

(a,u1), (u1,u2),. .., (U, b). Ipednoroscum maxorce, wmo unmezpan [ |f'(t)|dt cxodumea xax necob-
a

b
cmeennwti unmezpan I1 poda. Toeda f € V([a, b)) u VE(f) = [ |f'(t)|dt.
a
Hoxaszameavemso. Ilycts 6 > 0 TakoBO, 9TO
a+o<ur—o0<um+o<up—906<...<uy+6<b-24.

Pacemorpum orpeskn Ay = [ug_1+0,ur — 6], k=1,...,m+1, vae up := a, uy41 := b. Tak kax
110 YCJIOBHIO f € C! (M), k=1,...,m+1, To nmo Teopeme

Va ) = [IF0)at
A
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Eciz renteps 6 — 0, TO B cuity JieMMBbI [2| 1 OIIpeiesieHnsT HECOOCTBEHHOIO MHTErpaJia MOy IUM, ITO

Uk4+1

ik (F) = / ()| dt as meex k =0,...,m.

Ug

B urore, CyMMHUDPYy« 9TU paBE€HCTBa, B CUJIy aJJATUBHOCTU Bapuallul 1 HECOOCTBEHHOI'O narerpaJia
IpUXoaArM K JOKa3bIBAEMOMY COOTHOIIIECHUIO. O

B zaksmouenne mokaxkeM, UTO Bapuals C IePEMEHHBIM BEPXHUM IIPEIC/IOM MOXKET ObIThL He qud-
depeniupyema B TOM CJIydae, KOTJa MPOU3BOHAs (DYHKITUH, BAPUAIINS KOTOPOH PACCMATPUBAECTCH,
UMeeT pas3pbiB XOTsl ObI B OJIHOI TOYKE (CP. CO BTOPBIM yTBEPXKICHUEM TEOPEMBbI [2]).

IIpennoxenune 2. ITyemo 1 < a < 2. Qyuxyusa f(x) := xzcosx% npu 0 < x <1, f(0) =0,
o0baadaem cAeOYOUUMU CBOTICTNEAMU!
(a) f duppeperyupyema na [0,1] u npoussodnasn f' nenpepwsna na (0,1];

(b) f € V([0,1]);

(¢c) pynryua F(x) := Vi (f) ne duddepenyupyema 6 ny.ae.

Jlokazameavcmeo. (a) Ecmn 0 < x < 1, To
! 1 1—a _; 1
f'(x) = 2x cos o Tax T sin (7)

Kpowme Toro, mo ompezneneHnio mpon3BOTHOMN

Takum obpasom, byukuus f quddepeniupyema ua [0,1] u f' menpepsiera Ha (0,1]. B To xe
Bpems f' paspblBHA B HyJIe ClpaBa, TaK Kak lir(r)l f'(x) = +o0.
x—0+

1
(b) Tlokazkem, uro nnrerpan [ |f'(x)|dx cxogures, ncnonbsys npusnak cpasenns. Jleiicreu-
0

TEJIbHO, B CUJLY
|f/(x)] < h(x), tmeh(x):=2x+ax' ™%

ITpu sTom, Tak Kak & < 2, TO

1 1 1 1
/h(x)dx:/(Zx—i—zxxl’“)dx:Z/xdx+a/x1’“dx:1+$ < oo,
0 0 0 0

1
o !
Takum obpasom, necobersennsiit nnrerpan [ |f(x)|dx cxomures, mosromy, mpuMensis npeIo-
0

xkenue (1} nosyuaem, aro f € V([0,1]).

(c) s moxasarenbersa Henuddepennupyemocrn dyukiun F(x) = Vi (f) B Hyne gocrarouso
I0Ka3aTh, ITO [ HEKOTOPOii yObIBatomeil K Hysmo nociegosareabaoctu {x, } C (0,1] nmeer mecto
pPaBEHCTBO:

lim F(xn) = +oc0.
n—+o00 Xy

B cBoto ouepeip, o reopeme Ilrombia |5, c. 67-68] 910 9KBUBAJIECHTHO TOMY, YTO

llm P(xn) B ‘F(xi’l+l)
n—r+00 Xn — Xn41

:+OO
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NJn B CUJIY IIPEIIOZKEHUA m TOMY, 9TO

Xn

J1f' (8] dt
lim 2 — fc. (8)
n—+o00 Xy — Xp41

N3 pasencTsa @ CJIEIyeT, ITO

Xn

*n Xn
1 1 1 1
[0l > (a [ |rsin a2 [ Jreos i |ar).
Xp — Xn+1 x fo o

n — Xn+1
Xn+1 Xn41 Xn4+1

Tak kak

2

Xn
/ |t dt = Xy + X1 — 0,
n— Xn+1 n—r+o00

Xn41

Xn
2 1
0 —— / ‘tcos—‘dtg
Xn — Xpt1 t X

Xn+1

TO OTCIOJIA TIOJIyYaeM, ITO OyIeT 0Ka3aHO, €CJIN MOKA3aTh CJIEIYIOIee:

Xn

o 1

Iim —— / ’tl’“ sin—‘ dt = +o0. (9)

n—+00 Xy — X4 t
Xn+1

_1 " —
Ionarast x, := (7tn) =, B unTerpase us Jaesoii yacru (J)) cremaem sameny p = t~*. Torna

(rom) & (ntl)
: 0 : / ‘t]—a sinla‘ At — . 1 . / ’Slllp‘ dp >
(tn) =« — (m(n + 1))7( - t (mn)~s = (n(n+1))"s J pi
m(n+1)—% )
S pTidp
s . (10)

2((rem) 4 = (e(n +1))7+)

I13 5r0il OLEHKN BbITEKaeT, 4To cooTHoMIenne (J)) BbIIOIHeHO 1151 BHIGPAHHOI IOCIe0BATEIbHOCTH
{xy}, ecim npasast wacts ((10)) crpemures Kk 400 npu n — +o00.

Tak kak
m(n+1)—2

_2 e T\ 1—2 5m.1-2
[ =g (s 9 (0,

mn+%

TO dJIEMEHTapHbIE TPeodPa30BaHusl MOKA3BIBAIOT, YTO Ipeies npasoil dactu B (10) mpu n — o0

PaBeH CJIEIYIONIEMY:
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Jasee, o mpasuiy Jlonuraist

21 . B
() g (D) ()

=N

lim — = lim =
—+oo H 3 —+o0 i1 -1
Y - <y> Y ye (v +1)
y+1
2_9 1 i2 _2 —3

2e-w  V(HE) vE(HE) T se-w

3 y——+oo 14 14 1 -1 3 ’

yty i (1)
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B nrore coornormenne @, a C HUM U IIPEJJIO2KEHNE JTOKAa3aHDbI. O

dunancupoBaHue. Pabora BbIlloJHEHa B paMKaxX peajJu3allii IpOorpaMMbl pa3BuTug HaywHo-
0o0pa30BaTeIbHONO MaTeMaTHIecKoro IeHTpa lIpuBosrkckoro deaepajbHOrO OKpyra, COIVIAIEHUEe
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Pemenne 3agaunm jjiss 0 THOMEPHOI'O BOJIHOBOI'O
yPaBHEHHS C HEJIOKAJIbHBIM KPaeBbIM yCJI0BHEM

I'acanosa 9.3., IynvkunaJl.C.

Camapcruti nayuorasvrul uccaedosamenvekut yrnusepcumem umenu axademura C.I1. Kopoaesa, 2. Camapa,
Poccutickan Dedepayus; gasanowaelvira@gmail.com (9.3.); louise@samdiff.ru (JI1.C.);

Hocmynuaa:  10.04.2024 Awnnoranums. B craTbe J0Ka3aHO CyIeCTBOBaHUE €IUHCTBEHHOI'O PEIeHUs] HaYaJbHO-
Pacemompena: 17.05.2024 KpaeBOH 3a/1a4l ¢ HEJOKAJBHBIM YCJIOBUEM JJIs OZHOMEPHOT'O BOJIHOBOI'O YPAaBHECHHUS.
Ipunama: 02.09.2024 ObocHoBaHMe PA3PENIIMOCTH OCHOBAHO Ha BO3MOXKHOCTH IIOCTPOEHIA OHOPTOrOHATBHOTO

0a3nca 1 IPeJICTABJICHNN PEIIeHNs B BHUJE PsAJa IO COOCTBEHHBIM U ITPUCOETMHEHHBIM

Hayunas cmamos bYHKITISM.

® KiroueBble cjioBa: BOJTHOBOE ypaBHEHUE; KpaeBasl 3a/1a9a; HEJIOKAJIbHOE YCIIOBUE,;
OGUOPTOrOHAJIBHBIN Oa3uC.

BBenenne

3a1a9M ¢ HEJIOKAJIBHBIME YCJIOBUSAME, KOTOPLIE MbI IOHUMAaEM KaK COOTHOIIEHUsI, CBSI3BIBAIOIIIE
3HAYEHUS] NCKOMOI'O PEIEeHNs U €ro MPOU3BOMHBIX B PA3JINIHBIX TOYKAX I'PAHUIILI U HA BHYTPEH-
HUX MHOT00Opa3usaX, aKTUBHO M3YJalOTCsl B HaCTOsiliee BpeMs. MHTepec K HUM CBsi3aH HE TOJIBKO
C TEOPETHIECKUM aCIIEKTOM pa3BuTusi Teopun AuddepeHuaabHbIX YPABHEHNM, HO U C TE€M, UTO
MaTeMaTUYeCKUe MOJEJIM, B OCHOBE KOTOPBIX JIEXKAT HEJOKAJbHbBIE 33JIa9M, JaCTO OKa3bIBAIOTCS
6osiee 3OHEKTUBHBIME 1 [IOJIE3HBIMU JIJIsi COBPDEMEHHOro ecrecTBo3Hanus [1; 2]. Bamonro mo na-
JaJjia CUCTEMATHIECKNX WCCJIeJOBaHUM 3a/1ad ¢ HEJOKAJIbHBIMU YCJAOBUAMU OBLIa OIyOJNKOBAHA
crarbst B.A. Crekiiosa [3], B KoTopoiil n3y4eHa 3a/1aua ¢ HEJIOKAIBHBIMU KPAEBBIMU yCJIOBUSIMHE JIJISI
ypaBHEHNS TEILIONPOBOIHOCTH. B Hell MoJIydeHbl yCJIOBUs Ha KOI(DOUITUEHTH HEJIOKAIBHBIX COOT-
HOINIEHU{, BBITTOJTHEHNE KOTOPBIX FaApaHTUPYET Pa3PeIinMOCTh ITOCTaBJIEeHHON 3aiaun. KcrecTBeHHO
BO3HUK WHTEPEC K Te€M CJIydasM, KOT/Ia 9TU YCJIOBUs HE BBLIIOJHEHBI. B 9TO CBA3M OTMETUM CTATHU
H.U. Noukuna [4], B KoTOpOii paccMOTpeHa 3ajilada ¢ HEKJIACCUIECKUM KPAEBBIM yCJIOBUEM JIJIsi
ypasrenust rerionposoguoctu, u C.A. Beitzmna [5]. B nameit crarbe paccmarpuBaercs: 3a1ada ¢
HEJIOKAJIbHBIM KPaeBbIM YCJIOBHEM, KOTOPOE sIBJISIETCS YacTHBIM ciaydaeM yciaosuit B.A. Crekiosa,
JIJIsT TIPOCTEHIIero TunepoboInIecKoro yPaBHEHU .

1. IlocraHOoBKa 3ajJa4n

Pacemorpum B obmactu Qr = (0,1) x (0, T) ypasaenue
g — Uy = f(x,1) (1)

U [IOCTABUM CJIJYIONIYIO 3ajady: HaiiTh B obsactu QT pemienne ypasaerus (1), yaoBiaeTBopsionee
YCJIOBUSIM

u(x,O) = (P(x)r ut(x,O) = l/J(x), (2)
u(0,t) =0, uy(0,t) = uyx(1,t). (3)

on, pemennem 3anauun Gyaem nomnmarsh dynkmuio u € C2(Qr) N CY(Qr), yaosaeTsopsionyio
ypastenuto (1) u yciousm (2), (3). OrmernM, 9T0o BTOpoe U3 ycjoBuii (3) sBJIsETCs] HEJOKAJIbHBIM.
Ha nepBblii B31JIsi/i KasKeTCsi €CTECTBEHHBIM IPUMEHUTH METOJ[ Pa3JiesieHust IIEPEMEHHBIX, OJIHAKO Ha
9TOM IIyTU BOHUKAKOT TPY/HOCTH OTHIO/b HE TEXHUIECKOTO CBOiicTBa. VIX IPE0JI0/IeHUIO TOCBSIIEH
CJACAYIONUNA pa3iedl.
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2. CobOcTBeHHBIE U IIPUCOeIMHEHHbIe (DYHKIIUU 3a0a9N

Bynem uckars gacrable pemenust 3aga4u (1)—(3) B Buge u(x, t) = X(x)T(t) n, paznenus nepe-
MeHHble B ypaaernu (1), npuxomum K 3azade Hlrypma — JInysuiis

X" (x)+A%X(x) =0, X(0)=0, X'(0)=X'(1), (4)

cobcTBeHHbIE (PYHKITUU KOTOPOIt
Xo(x) =x, Xu(x)=sin2mnx, A, =2mn. (5)
[Tonydennasi COBOKYIMHOCTD (DYHKIIMI HE OPTOrOHAILHA, HE TIOJHA U, CTAJIO OBITH, HEe 0Opa3yeT Ha3uc

B L(0,1). Cuenys [8; 9], nononaum coberBennble dynximu X, (X) IpUCONHEHHBIMU, KOTOPBIE
Hafizem Kak pemenust 3ajaqau (6)

XV 4+ A2X,(x) = puXa(x), X(0)=0, X'(0)=X'(1), (6)
rae pn # 0. Honoxkum p, = —4nm. Iomyaum
Xn(x) = xcos2mnx, n=1,2,.. (7)

[Torronnennyo TakuM 00pa30M CHUCTEMY 3AIIUIEM, IepeoDo3HaYnB (PYHKIINN, TaK:
Xo(x) =x, Xp_1(x) =xcos2kmx, Xox(x) = sin2krrx. (8)

B cuiy pesysibraros, nosydennbix B.A. Miabunbiv [9], cucrema dyuknmii (8) obpasyer Gasuc.
Paccmorpum rerephb conpsizkeHHyo K (4) 3agady

Y'(x) 4+ 12Y(x) =0, Y'(1)=0, Y(0)=Y(1) (9)
u HafimeM ee coOCTBeHHBIE (DYHKITUN:
Yo(x) =qo0, Yx(x)=gxcos2mkx, pp = Ay =2mk. (10)

Pemup 3amaay
Y+ A(x) = pe(x), Yi(1) =0, Yi(0) = Yi(1), (11)

HalIeM W IPUCOeINHEHHBIE (DYHKINN
Yi(x) = gx(1 — x) sin 2krrx.

[Tepeobo3nauuB, Kax u Bblille, HalijieHHbIE (DYHKINH, 3aIUIIEM CUCTEMY COOCTBEHHBIX M IIPUCOEH-
HEHHBIX (PYHKITUI CONPSIKEHHON 33 1auu:

Yo =4q0, Yok 1(x) = gox_1cos2kmx, Yo = gox(1 — x) sin2k7rx. (12)

Huca qo, Gok, Jok—1 Haiigem Tak, 9Tobbl cucremsl Gyuxuuii (8) u (12) oxasanucs GHOPTOHOPMEPO-
BAHHBIMH, 8 UMEHHO:

(Xo,Y0) =1, (Xok—1,Y21-1) = 01, (Xok, Ya1) = k1,

(Xok, Yo1-1) =0, (Xok—1, Y1) =0 Vk,L

OTn paBeHCTBA OKA3BIBAIOTCS BBIIOTHEHHBIMHU, €CJIN MOJOXKATD o = 2, ok = ok—1 = 4.
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3. CymmecTBoBaHME pelleHus

OCHOBHBIM PE3YJILTATOM CTAThHU SBJISIETCS 0OOCHOBAHUE CYIIECTBOBAHMS €IMHCTBEHHOI'O PEIICHUS
IOCTABJIEHHON 3aJIa4M.
Teopema. IlycThb BBITOTHSIOTCSA CJIEAYIONINE YCAOBUSI:

¢, € C2[0,1]NnC3(0,1), f e C*(Qr), fr € CYOr),

¢(0) =(0) =0, ¢'(0) =¢'(1), ¥'(0)=v'(1), ¢"(0)=¢"(0)=0,
f(0,8) =0, f(1) = f(0).

Torna cymecrsyer perenne 3aaun (1)—(3), u OHO eIMHCTBEHHO.
dokazaTeabcTBO.
, 1) — peleHne nocTaByIeH-

Pemrenue 3amauu Oyem nckath B Buge cymmbl u(x,t) +v(x, t), toe u(x
t) —perenue HEOHOPOJIHOTO

HOIT 38714491 JIJTs OJIHOPOJIHOTO ypaBHeHus, cooTBercrBytomero (1), a v(x,
ypasHaenus (1), yzoBiierBopsitoriee oHOPOIHBIM yejaoBusaM (2) u (3).
HavneMm ¢ perennst 3a7a4u Jist OHOPOJHOIO ypaBHEHUs. By/ieM HCKaTh peleHue B BUJIE Psijia

u(x,t) = Xo(x)To(t) + Z ok () Tk (t) + Xog—1(x) Tox—1(t), (13)
k=1
rie Xo(x), Xok(x), Xp_1(x) — cobersennble u npucoenuHeHHble dyHKIMH (8), a

To(t), Tox(t), Tox_1(t) maiimem u3z (1) u (2) caemyiomum obpazom: oTpebyeM, 9To0bI DYHKIHN
up(x,t) = Xo(x)To(t), up(x,t) = Xop(x) Tox(t) + Xog_1(x) Tox_1(f) OblaM pereHUsIME OJJHOPOIHOTO
ypasuenus (1) u ymoBierBopsizin ycoBusm (2).

Hoxncrasus ug(x, t) B ypasuenue (1), nosyunm, yunrsisast, uro Xo(x) = x, ypasuenue Tj () = 0,
orkyna To(t) = at + b. Tocrosiunbie a,b naiizem u3 HavaabHbIX yeaosuit (2). [Tomoxus B (13) t =0,
TIOJTY THM

@(x) = Xo(x)b+ Z Xok (%) Tor (0) + Xok—1(x) Tok—1(0). (14)
k=1
Ymuoxus obe qactu (14) CKaHHpHO Ha Yo(x) u, yuursiBas GHOPTOrOHAIBHOCTD cucteM yHKImii (8)
u (12), momyaum b = (¢, Yy) = 2 fo x)dx. CoBepIeHHO aHAJIOTMYHO U3 PABEHCTBA
P(x) = Xo(x)a + Z Xoie(x) T (0) + Xog—1(x) T 1 (0) (15)
k=1

Haitem a = (1, Yy) = 2[0 x)dx. Iloncrasus B ypasuenue (1) dyukuun uy(x,t) = Xog(x) Tor (t)+
+ X1 (%) Tox_1 (1), HOJIyLII/IM PaBEHCTBO

(Toy, + (2k7t)* Toy + 4kt To_1) sin 2krex + x(Toy_; + (2k7)?Tyr_1) cos 2kmrx = 0,
13 KOTOPOTO BBITEKAIOT J[BA YpaBHEHUs i HaXOxkKjaeHus Tok, Tox_q1. Ilpexe ueM ux BwIIUCATH,
HaiieM HAYaJIbHBIE YCIOBUS, KOTOPBIM JOJIZKHBI YIOBIETBOPATL GyHKIUHA 1ok, Tog_1. Jig sToro ymuo-

xkuM (14), (15) ckansapro Ha Yor(X), a 3arem Ha Yor_1(X) 1 mostyunm, yauThiBasi GHOPTOrOHAIBHOCTD
cucrem (8), (12) u npexacrasienne dbyuknuii uz (12)

Ty (0) = 4/ )(1 — x) sin2krtxdx = ¢y,

Tox—1(0) = 4/ ) cos 2kmxdx = @p_1,

T5.(0) = 4/ )(1 — x) sin2krtxdx = gy,
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1
Ty 1(0) = 4/ P(x) cos 2kmtxdx = Por_1.
0

Taxum obpazom, jjis HaxoxeHusi 1o, Top_1 MBI IPUNILIN K JBYM HAYAJbHBIM 3a/Ia9aM:

Tj_1(t) + (2k7)*Tog_1(t) = 0, Top_1(0) = @1, Top_1(0) = o1,

Ty + (2k7t)? Ty = —4kmtTor_1,  Tox(0) = @or,  To(0) = oy

Permmmus st 3ala9u, IIOJIyIUM

Tok—1(t) = @og_1 cos 2kt + Y1 sin 2k7tt, (16)
2kt
Tok(t) = (Pok_1t — @ox) cos 2kt — (@ox_1t + Pak1— IPZk) sin 2k7tt. (17)

2k

Urak, wienamu psjia (13) ssisiores qactable permenus 3a1a4u (1)—(3) u, ecou paj (13) u mosyenmbie
PsJbl 13 [IPOU3BOJIHBIX BTOPOTO IIOPSIJIKA CXOJSITCSI PABHOMEPHO, TO cyMMa psizia (13) Byzer pereHuem
OCTaBJIEHHON 3aJIa4M.

Haii/ileM 11pon3Bo/(HbIE YACTHBIX PEIIEHNII BTOPOroO MOPsi/IKA.

1
Upre (X, ) = —4K> 70> sin 2krrx T (t) — 4k> 0% (-—

o sin 2k7tx 4 x cos 2k7rx ) Tor—1 (1),

Ui (x, 1) = Xopdk2 2 [(@ort + P21 _;’l;:;;_ Y1 ) sin 2k7tt+

1 1
+((P3k — lPZk—lt — E(PQk_l) CcOos 2k7Tt] — XZk—l (X)4k27'[2(q72k_1 cos 2kt + %7,02](_1 sin2k7'[t).

I/I3 ITUX IIpe,ZLCTaBJIeHI/IfI BUAHO, 9TO JJIgd CXOAUMOCTH PAJIOB HeO6XO‘ZLI/H\4bI JOIIOJTHUTEJ/IbHbIC YCJIOBUA
na dynkun ¢(x), P(x), mosyueHnemMm KOTOPBIX MbI 1 3aiimemcst. [Ijist 9TOro cesaeM sjaeMeHTapHbIe
11peoOpa3oBaHysl, HHTETPUPYS 110 YACTAM, B PE3yJIbTATe I€r0 IPUXOJUM K CIICYIONEMY yTBEPKICHHIO:

ecn @, € C2[0,1] N C(0,1), 9(0) = 9(0) =0, ¢(0) = ¢'(1),
¥'(0) = ¢'(1), ¢"(0) = ¢"(0) =0, To

— 2% 5 -9 Yo ink7rx)" cos krrxd
P21 =255, P11 = ; (¢'(x) sinkrx)” cos krmxdx,
_ 5 Pk = ! "
Pok =255, P =2 [ [(1—x)¢p(x)coskmx]" coskrmxdx,
703k 0

lp _ lka 1 T _2 ! / . k 1 k d
k-1 2315 Por—1 (IIJ (x) sinkmtx)"” cos krtxdx,

P =2 4’3]{3, 1p2k_2/ [(1— x)p(x) coskmx]"” cos krrxdx.

Bamernm, 4TO B IOJIyIeHHBIX dhopMyaax Pog. Pok_1, Pok- Pox_1 — Koabburmentor ypoe dyHKIMI
'(x) sinkrtx)”, [(1—x)g(x cosknx ", (! (x) sinkrx)”, [(1 A coskrtx]"” u, crano 6bITh,
(¢ ¢ P 02 ¢

rapaHTHPOBAHA CXOAUMOCTDL PSIOB Z P2k, Z 4)2" Ly wz" Z (PZ" L, Herpynuo ybeauThCs, 9TO
k=1 k=1 k=1 k=1
psizt (13) MazKOpuUpyercsi CXOAAMUMCS PSJIOM 7% Z |Pou || e 1‘+|¢2" [+l 2k | , & PAOBL U3 IPOU3BOIHLIX

k 1
)

Y Uiy, Y Uy — CXOSIIIMCS DSTTOM %C Z ‘¢2k‘+‘q’2k—l‘;{F|lp2k|+‘4’2k—1|
k=1 k=1 k=1
CXOJINTC aOCOJIFOTHO ¥ PABHOMEPHO U €0 MOXKHO JBarKJbl IOWICHHO JuddepeHupoBaTh 10 X

u 1o t. B cuty 0600IIeHHOr0 IPpUHIIAIA CYEepIo3uiun cyMma psija (13) sBisiercst pereHneM 3a/1a4m

. CnenoBaresbo, psiy (13)

¢ ycaoBusivu (2), (3) mist oxHOpoaHOrO ypasHeHus (1).
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[Ipuctynmm K HaxoxkaeHno GpyHKImn v(X, ) — permenus: HeOMHOPOAHOro ypasHenus: (1).
Bynem mckaTh pernieHre HEOHOPOIHOTO YPaBHEHUs, YIOBIETBOPSIOINIEE OTHOPOIHBIM HaYaJIbHBIM
VCJIOBUSM B BUJIE

ZVZk )Xok (x) + Va1 (#) Xox—1(x). (18)
Oynkuun Vor(t), Vor_1(t), momiexkamme OIpeesIeHUO, JOJZKHBL YJIOBJIETBOPITEL YCJIOBUSAM

Vor(0) =0, V3,(0) =0, Vr_1(0) =0, V5, 1(0) =0, a Xpi(x), Xop—1(x) — cobersenmbie n mpuco-
e/uHeHHbIe (DYHKIMU OJHOPOAHON 3a1a4u. [logcrasum v(x,t) B ypasuenue (1) u moyanm

Z [Var_1(t) + 427 Vo1 (t)] cos 2krrx+

+ [V () + AP0 Vg (t) + 4kt Vo1 ()] sin 2krrx = f(x,t).

Pasnoxus f(x,t) B psin no Xop(x), Xog_1(x), nosmydanm u3 mocsesHero paBeHCTBa JIBe 381491 JJIsT

KazKJIoro k :
Va1 (8) + 420 Vo1 (8) = far1(t),  Vax-1(0) =0, V3 1(0) =0,
Vor(t) + 4P 02 Vo (t) = for(t) — 4krtVar_1(t),  Var(0) =0, V3 (0) =0,
rae for-1(t) = Zfo x, 1) Yor_q(x)dx,  fy(t) = Zfo x, 1) Yo (x)dx. Kaxkas uz stux 3amaq

nMeeT e,ZLI/IHCTBeHHoe pemenne, osromy byukmus v(x,t) Haiigena. [[eficTBUTENIBHO, CXOIUMOCTE
psizia (18) u PsiIoB U3 IPOU3BOJHBIX JOKA3BIBAETCSI TAK YK€, KAK U BBIIIIE.

4. EamHCTBEHHOCTH peIlneHusd

[TokazkeM, 9TO peleHne 3a1a91 eJIUMHCTBeHHO. [IpeInoIozKumM, 9To 3TO He TaK, U CYIIeCTBYeT
JIBa pasIMdHbIX pemtenns Ui(x, ) u uy(x,t). Torga ux pasHOCTb, U = U] — Uy, NPEJCTABIIET COOOIT
perienne oiHOpoHOTO ypaBHenust (1) u yjoBierBopsier onHOpoaHbIM yeaosusiM (2) u (3). Ho rorma
dbyuaknuo u(x, t) MOKHO npeacTaBuTh B (hoOpMe GHOPTOrOHAILHOTO PSIIA

u(x, t) = co(t )+ Z Cok (#) Xor (%) + cax—1(#) Xk -1 (%), (19)

rie Xo(x), Xor(x), Xor_1(x)-coberBennbie u npucoeuuenuse dbynxmun (8). Haiinem xkosbdurmen-
oI ¢;(t), mob3ysch cBoiicTBOM GuopToronaabHocTu cucrem dbynkmnuii (8) u (12). Ham norpebyercs
cneﬂyiomee yreepxaenne. Ecmu pemenne ypasuenust (1) yaosaersopsier yenosmio Uy (0, 1) = uy(1,1),
TO fO x,t)dx = 0. [eiicturensno, myctsb u(X,t) —pemenne ypasaenns (1), yIoBiaeTBopsioniee
HyJIEBBIM HAYaJIbHBIM ycaoBusM. Vurerpupys obe ero gacru mo x € (0,1), mosyunm paBeHCTBO
fol updx = uy(1,t) —uy(0,¢) u B cuiy ycmosust uy(0,1) = uy(1,t), fol uy = 0. PaccmaTpusas 1o-
cJieiHee PABEHCTBO Kak uddepeHIuajbHoe ypaBHeHne dtzz fol (x,t)dx = 0 n yunrsiBasg, 9TO B CHILY

HaYaJIbHBIX YCJIOBUI fol (x,0)dx =0, fo us(x,0)dx = 0, mosyanm fo x,t)dx = 0. Ho roraa

) = Z/OIu(x,t)dx = 0.

Haiinem cpr_1(t), ymuoxkus o6e qacru (19) Ha Yyr | CKaasipHO U NpOJEsaB psijl IpeobpasoBaHuii,
MHTErpupys 10 9acTsM U yuuTbiBas, 9410 U(X,t) u Yor_q ymosiaersopsitor ypasaenusm (1) ¢ f=0
u (9).

t) = /1 t)Yor_1(x)dx = —1/1u(x t)Ys qdx =
cx-1(t) = A u(x, t)Yor_q T2k Jo P E) Lo 18X =

1 1 v p 1 42 1 v ]
= —(an_)z/o uxx(x,t) 2k—10X = _(2](7'[)26”2/0 u(x,t) 2k—1(x) X,
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OTKY/Ia Cpasy CIeIyer
1 (F) + (2km)* a1 (t) = 0.

Tak Kak U3 HyJIeBbIX HadasibHbix ycaosuil u(x,0) = 0, uy(x,0) = 0 cremyer, uro cy_1(0) =0,
b 1(0) =0, To u cpr_1(t) = 0 kak peurenne oxuopouuoit 3asaun Komu. CoBeprieHHO aHAIOITIHO
nokasbiaercs, 9ro u Cox () = 0. Takum 06pasoM, HalIe PeJIIoJI0KEeHNe He BEPHO, U] = Up, U, CTAJIO
OBITH, pellleHne 3a/a"u eJIMHCTBEHHO.

Teopema MOJTHOCTBIO JOKA3AHA.

Nndopmanys o kKOHOINKTE UHTEPECOB: aBTOPHI U PEIEH3EHTHI 3agBISAIOT 00 OTCYTCTBUNA KOHMJIUKTA
WHTEPECOB.

HutupoBanue. ['acanosa 9.9., [lyiekuna JI.C. Pemenne 3agaqun jj1s1 0ITHOMEPHOTO BOJIHOBOTO YpaBHE-
HUs C HEJIOKAJIbHBIM KpaeBbiM yesioBueM // Becrauk Camapckoro ynusepcurera. EcrecTBeHHOHAY IHAS
cepusi / Vestnik of Samara University. Natural Science Series. 2024. T. 30, Ne 3. C. 17-24. DOI: 10.18287/2541-
7525-2024-30-3-17-24.
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MoneaupoBanue ynpyro-miacTuiecKoro
JebopMupoBaHs TPUIIOBEPXHOCTHLIX CJIOEB
MaTepPHAJIOB

Mexeda B.A.

Camapcruti nayuorasvrul uccaedosamenvekut yrnusepcumem umenu axademura C.I1. Koposesa, 2. Camapa,
Poccutickas @edepavus; villiy.mekheda@gmail.com;

Hocmynuna:  04.04.2024 Annorarnus. [lo pesyinbraramMm TeH30MeTPUYECKUX U3MEPEHUI JJIsl OIIUCAHUSI TIPOIIEC-
Paccmompena: 15.05.2024  ca yupyro-miacrudeckoro gedopmvuposanust crainu 1X18HIT ucnonbsyercs: momesn

IIpunama: 02.09.2024 KHHEMaTUYECKU YIIPOUHsIoIIerocs Tejia. Ocoboe BHUMaHME YIeJIEHO IIPOIECCAM, TPOUCXO-
JSIAM B TIPUIOBEPXHOCTHBIX CJIOAX. MoOJIe/Ib yIUTBIBAET POCT CTECHEHHOCTHU CABUTOBBIX

Hayvwnaa cmamos nedopmaruit Briryob MaTepuasa. YBeJIUUeHNe HAMPIKEHUs IJIACTUIeCKOTO T€IeHUS
® B IIyOWHY ONUCHIBAETCS ITOJTMHOMOM BTOPOI'O IMTOPSIJIKA. IKCIEPUMEHTAJIBHO U IIyTeM

@ pacyeToB METOJOM PEIYKIIMOHHBIX KOI(MDMUITMEHTOB B IPOIECCE TOC/IEI0BATETbHBIX

IpUOIMKEHUI OIIpeiesIeHbl OCHOBHBIE ITapaMeTPhl TOBEPXHOCTHOTO 3ddeKrTa: Tiryduna,
KO DUIUEHT YIIPOTHEHUsT MAaTepHUasa, HAIIPSKEHNs IIJIACTUIECKOIO TeIEHHUST HA 10~
BEPXHOCTH ¥ BHYTPH MarTepuaja. [loka3aHo, UTO JIJisi UCCIIeI0OBAHNUS IPUITOBEPXHOCTHOIO
addekTa TEeH30MEeTPUIECKUM METOAOM CJIEAYET OTIAABATH IIPEIITOYTEHNE UCIIBITAHUSIM
00pas3IoB Ha U3rud, a He Ha pacTsKenne. Haguanem moBepxHOCTHOTO 3ddekTa 06b-
SICHSIFOTCsI CJIeIytotnue (paKThl: paspylineHne o0pas3iia IpU UCIBITAHUNA HA PACTIXKEHUE
HAYMHAETCS HE C TIOBEPXHOCTH, a U3HYTPH, 3aPOXKICHAE YCTATOCTHBIX TPEIIUH IIPOWC-
XOJUT II0JI, TIOBEPXHOCTHIO, IPUITOBEPXHOCTHBIN 3(DPEKT MPAKTHIECKNA HE BIUSET HA
J1ebOPMUPOBAHHOE COCTOsIHUE YIIPYTOro TeJia, HO OYeHb CHJIBHO BJIUSIET Ha HAIIPS KEHHOE
COCTOSTHUE Y TTOBEPXHOCTH.

KuaroueBbie ciioBa: Henneitnas gedopMaliust; TpUITOBEPXHOCTHBIN 3hdeKT;
HAIPsZKEHUE TIACTUIECKOTO TeUYEHUSs, YIIPOYHEHUE; TPEIIIHA.

BBeaenmne

Ompefiesienne U aHAIN3 HAMPSYKEHHO-Te(OPMUPOBAHHOTO COCTOSTHUST B HATPYKEHHOM 3JIEMEHTE
KOHCTPYKIIUU C YI€TOM MMOBEPXHOCTHBIX Je(DEKTOB IIPEJICTABIAET CODO0i OJIHY U3 KJIUYEBBIX IPODJIEM
COBPEMEHHOII MEeXaHUKH U ee IIPAKTUIeCKUX npuaozkeHuit [1-3].

Ocoboe moBeieHNe TOBEPXHOCTHOTO M MPUTIOBEPXHOCTHBIX CJIOEB MATEPUAJIOB OOYCIOBIEHO TEM,
9TO CBOOOJIHAS TTOBEPXHOCTH HE IMPENSITCTBYET PA3BUTUIO IJIACTUIECKUX CIBUTOB U B PE3YJIHTATE
II0CJIe CTATUIECKON U IUKJIMIECKUX HAIDY30K Ha II0OBEPXHOCTU HAOJIIOIAIOTCS BBICTYIBI (9KCTPY3UH)
U BIAMHBL (MHTPY3un) (puc. . Yem riryGrke cJi0if, TeM CUIbHEE CTECHEHHUE CBUTOBBIX JeOpMAIIHii.
OHu TOPMO3SITCsI, B OCHOBHOM, I'DAHUIAMU 3€PEH M PA30PUEHTUPOBKON IJIOCKOCTEH CBHUTa B OJIOKAX
BHYTDPH 3€pEH.

MecTHOE BO3MYIIIEHHE B BHjEe MOBEpXHOCTHOTO 3ddekTa, coriacuo npuniuny Cen-Benana,
JIOJI?KHO TTOCTEIIEHHO 3aTyXaTh, a HaIllPsiyKeHUe [LJIACTUIEeCKOTO TeYEHUs] IPUIIOBEPXHOCTHBIX CJIOEB,
IJIABHO BO3PACTasi, EPEXOAUTh HA HEKOTOPOil IiyOnHe B HAIIPsi?KeHNEe TeUeHNs OCHOBHOI'O MaTepuaJia.

Crou marepuasia, ocjaabeHHbIe TOBEPXHOCTHBIM 3(MMEKTOM, IPU U3THOe MPUBOJIAT K JOIIOJTHU-
TeJIbHOMY [TOBOPOTY TOMEPETHOr0 CedeHrs 00pasiia 110 CPABHEHUIO C yIPYTHM pEeIIeHHueM 3a1a9u.

[IposiBiienne oBepXHOCTHOTO 3 deKkTa 0OHAPYKUBAETCS TEH30MeTPUIecKUM MeTooM. OIHaKO
JIOTIOJIHUTEJIbHAST HeJIMHelHas JlepopMaliis Ha MTOBEPXHOCTH 00pasia, huKcupyemMasi TeH30PE3UCTO-
pOM, BeCcbMa MaJia [0 CPaBHEHUIO ¢ YIPYTroil cocrasisitomnieit. Haubosiee sipko 3T0 IposiBJIsieTCs Ha
YPOBHSAX HOMHUHAJILHBIX HAIIPSIYKEHU, COOTBETCTBYIONINX 0DJIACTA YUCTOM yCTAJIOCTH U HUXKE.
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Puc. 1. Cxema obpasosannst sxcrpy3uit (1) u naTpysuit (2) Ha MOBEpXHOCTH (3) METAJUINYECKAX MATEPHAJIOB,
[IO/IBEPIHYTHIX IIUKJIMIECKUM HArpy3kaM; (4) — [OJI0CHI CKOJIbIKEHUS

Fig. 1. Scheme of the formation of extrusions (1) and intrusions (2) on the surface (3) of metal materials
subjected to cyclic loads; (4) — slip stripes

1 SDkcrnepuMeHTAJIbHOE HCCJIeJOBAaHUE IIPUIIOBEPXHOCTHOrO 3¢ dekTa

Ucnionb3yst cBoiicTBa TEH30METPUYECKOTO U3MEPHUTENHLHOIO MOCTa, MOXKHO B €r0 IpeJiesiax u3

noJTHOH edbopMaIuu MOBEPXHOCTHU € BBIMECTDb JIMHEHHYIO COCTABJILAIONIYIO €] :
sNL:s—ste—g. (1)
E

[Ipu TakoM MOJIX0JIe JOCTUIAeTCsl BBICOKAs TOYHOCTh U3MEPeHus HemHeiiHoil nedopmarmn [4; 5.
[TockosibKy B MeTajIax HeJIMHEHHAs YIIpyTast JeopMaliysi TPAKTUIECKHA OTCYTCTBYET, TO U3MEepEeHHAsI
HeJInHeHas JedopMaliusa ecTh Heynpyras aedopMalius.

Kouconbrao 3akpensienubiii obpazer; jumaol 100 MM U ITOCTOSIHHBIM IIOTIEPEYHBIM CEUIEHUEM
4 x 14 mm u3 craymm 1X18HIT B cocrosinnm MOCTABKY IOABEPTAJICS IMOMEPEIHOMY U3THUOy CHJIOH,
IPUIOXKEHHOI Ha cBOOOIHOM KoHIle. Pe3ysbrarsl Takoro skciepumenta [6] npuseieHb Ha puc.

5 MaLCmade 1X18HIT l
b _ A}
20 5 & \
150 N /| I
A H—H—F o H
100 al . A / N
//’ | V
[ 1) V /
501~ S ; -
0 =
0 1 2 3 4 5 g0

Puc. 2. Iuarpamma nedopmuposannst cramu 1X18HIT npu nonepednoM usrube ¢ Tpems TPOMEKYTOIHBIME
[UKJIAMU Pa3rPy3KU-HATDYKEHUsT

Fig. 2. Strain-stress diagram of steel 1X18H9T during transverse bending with three intermediate
unloading-loading cycles

Harpyska npukiiajbiBajiach J0CTATOYHO MEJJIEHHO CO CKOPOCTBIO M3MEHEHUs] HOMUHAJILHOTO
nanpszkerus 37,5 MITa/mun. 1o HOMUHAIBHBIM HAIIPSIXKEHUEM [TOHUMAETCs HAIIPSIPKEHUE Ha 110~
BepxHOCTH 00pasnia, ompejesieHHoe 110 (hOPMYJIe COIPOTUBJICHUS MATEPUAJIOB IIPU M3rube HaJsIoK.

Tenzomerputueckas: anmaparypa I03BOJSIET HAJICKHO (PUKCAPOBATEH JAePOPMAIINIO TIOBEPXHOCTH
tea Besmanuoii 1-107°. Torma, cornacHo jmarpaMme prc. , 0OHApYKUBAEMOE ILJIACTHIECKOE
TevueHne TMOBEPXHOCTU obOpasiia cocTasiger orp = 25 MIla.
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[IpemcTaBasiior MHTEpEC YIACTKYE PA3Tpy3KuU. B Hadage 9THX yIACTKOB, KOT/Ia HOMUHAILHOE
HaIpsDKeHne B 00pa3Ie CTalo CHUXKATHCs, HeJIMHeHbIe nedopMaliuy Mpoao/Kail PacT, U 9eM
BbIIII€ YPOBEHDL JJOCTUTHYTOI'O II€peT pa3pr3Koﬁ HOMNWHAJIBHOI'O HAIIPAXKEHUA, TEeM 93TOT IIPOILeCC
[IPOTEKAET MHTEHCUBHEe. Takoe MOBeIeHne MaTepuaJia MOXKHO O0bsICHUTD MIPOSIBJIEHUEM IIPOIIECcca
oJI3yvecTr. BKja 1 mosydecT B HeJIMHEITHYO 1epOPMAIIUI0 TOCTATOUHO BECOM, ITO3TOMY TOJI00HBIE
9KCIIEPUMEHTBI JIOJIPKHBI ITPOBOJUTHCS 1101, yipasieHueM DBM co crporum cobstiojieHneM pexkumMa
HarpyzKeHund BO BPpEMEHU.

B merasmax HabmiomaeTcs eUHBIH MTPOIECe HEYPYToro AehOpMUPOBAHNUsI, OTPAKEHIEM KOTOPOTO
SIBJISIETCST HeJIMHETHasT JepopMariysi, BKIFOUAIOIIAsT IJIACTHIECKYIO COCTABJISIIONLYIO0 M COCTABJISIFOIILY O
OT TIOJI3yJECTH.

Eciu otbpocuTh MposiBIeHRE TTOJI3YYIECTH B HAYAJIE YIACTKOB Pa3rpy3KH, TO 0OpaTHOe ILJIaCThYIe-
ckoe Teuenne rpu £ny, = 1 - 1070 Habmo1aeTCs IPH CHIZKEHUH HOMIHAIBHOTO HATIPSZKEHHST Ha 20
(puc. . [ToBepxHOCTHBIH 10t BeJieT cebst KaK MIeabHOe YIIPYTO-IIACTHIECKOE TEJI0, & HAIIPSIXKEHUE
TeUEHUsT 0 = O] — KOHCTaHTa. [[0BEPXHOCTHBIM CJI0EM SIBJISIIOTCS Oepera MUKPO- M MaKPOTPEIINH, a
Tak>Ke Oepera MaruCTpajbHON Tpemuabl. CHUKEHUE HAIPSKEHUH Y MOBEPXHOCTH MUKPOTPEITUH
ormeuaercs B paborax [7; 8]. 3ameueHo, UTo ¢ yBeJMUeHNeM HAIPsiZKeHUIl B CTAIN KaxK[asi MUKPOTpe-
[IUHA 3aTYIUISIach, U BOKPYT Hee BOZHUKAJIO IIJIACTUYIECKOE TeUeHUE, a PEe3yIbTUPYIONINE JIOKAJIbHBIE
KOHIICHTPAIINN HAIIPsKeHUl ObLIM IpeHeOpezKnuMO MaJIibl.

YT00bI OIpeIeIuThCs ¢ TIIYOMHONE ¢ IPOsIBJIEHHSI IOBEPXHOCTHOIO 3 eKTa, Oblaa paccunTaHa

do

de NL ’
[TpousBosHAsT sIBISIETCS 1yBCTBUTEIbHBIM HHIUKATOPOM ITPOUCXOISIINX CTPYKTYPHBIX IIPOIECCOB.
Kaxk BujHO 13 puc. [3, mpousBoHast B mporiecce HAIPY KEHUsI CHAYMAJA, PE3KO TaJaeT ¢ YBEeJINIeHUEM
HesmHeitHOW fecbopmaniuu, a 3areM B Touke B xapakrep ee uamenenus crabunusupyercs. [Ipumem,
9TO B TOUKe B Ij1acThdecKkoe TedeHre OXBATHU/IO BCe OcJiab/IeHHbIe TPUIIOBEPXHOCTHBIE cjion. [Tpu
9TOM HOMWHAJILHOE HAIIPsIYKEHHE JIOCTUTJIO 3HAYEHUS] HAYAJIa IJIACTUIECKOTO TeYeHUs BHY TPEHHUX
cioeB oy = 130 MIla, a nenuneitnas gedopmarius, pukcupyemasi TEH30PE3UCTOPOM Ha TOBEPXHOCTH,
JIOCTHUTJIA BEJINIUHBL €N = 7,64 MKM /M.

Jajee ¢ yBeiumueHreM W3THOAIONIEIO0 MOMEHTa BKJIAJ] IMOBEPXHOCTHOTO 3(deKTa B HeJUHEl-
HYyIO JleOpMAaIIiio MPAKTUIECKU CTAOUIIN3UPYETCs, a ee HapacTanne 00yCIOBJIEHO BKJIIOUYEHUEM B
IJIACTUYECKOE TedeHue OoJiee TIIyDOKUX BHYTPEHHUX CJIOEB.

3aKOH M3MEHEHHUsI HAIIPSI?XKEHUsI TEKYUEeCTH B IIPUIIOBEPXHOCTHBIX CJIOSIX B 3aBUCHMOCTH OT TJIyOH-
HBI 3aJIeTaHUs CJI0sI IIPUMEM B BUJIE TIOJUHOMA BTOPO CTEIIEHU

IPOU3BOHAS OT HOMUHAJIHLHOIO HAIIPSYKEHUS IO HEJTUHEHNHON COCTaBIIAIONE medopMarimm

or(x) = Ax*> + Bx +C, (2)

rie X — riaybrHa pacioJIoXKeHus! IpuioBepxHocTHoro ciiost, A, B, C — mocrosinable KO3(pUIUEHTHI,
oIpe/iesisieMble U3 CJIeIYIONNX TPAHNYHBIX YCIJIOBUIML:

dU’T

L@ =o.

or(0) =071, 07(6) = 012,
3mech § — rrybuHa pacpoCTpaHEHUsT MTPUTIOBEPXHOCTHOTO 3P HEKTa.
[Tocennee yeaoBue obecrieunBaeT MJIABHBIN TEPEX0JT HAIIPSIXKEHUST TEIeHUsT ITPUIIOBEPXHOCTHBIX
CJI0EB B HATIPSIYKEHUsT T€UCHUsT BHYTPEHHUX CJIOEB.
[ToscranoBKa TPAaHUYHBIX yCJIOBU B Jaer

X\ 2 X
O'T(x> = —Aoy <5) +2AUT5 4+or1 opu 0<x <. (3)
31ech BBeeHo 0003HAYeHNEe
Aor = o — o071 (4)

[ybuna § B Bbipaxkenuu (3)) mogdbupasach TakuM 06pa3oM, 9To0bI IPH U3TUOAIONIEM MOMEHTE,
BBIBBIBAIOIIEM Ha TIOBEPXHOCTH 00pa3iia HAIPSKEHUE 0Ty, pacueTHas HeJnHelHas JedopMalus €Ny
I10JT TEH30PE3UCTOPOM PABHSAIACH SKCIIEPUMEHTAJIBHOMY 3HAYEHUIO.
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Puc. 3. Iuarpamma medopmuposanus (1) u nepsas npoussogHas (2) 0T HOMUHAJIBHOIO HAIPSZKEHUSI
10 HeJIMHEHHOM Tedopmanun

Fig. 3. Strain-stress diagram (1) and the first derivative (2) of the nominal stress with respect to nonlinear
strain

DTa 3a7aa PEreHa MeTOJI0M PELYKIIMOHHBIX KOI(MMUITUEHTOB B IIPOTIECCE TTOCIETOBATETHHBIX
npubsmkennit. O6paser; pa3zdbuBaJicsi IO BBICOTE HA OT/IEJIbHbIE TOJIOCKU ToJimuHol Ax;. Bosee

Mesikoe pasouenue (y10 0,1 MUKPOHA) IPOU3BOJIUIIOCH B IIPUIIOBEPXHOCTHBIX CJIOAX, & OJIMXKe K OCH
n3ruba obpasma Ax; = 0,4 mmM.

[ToceroBaTEILHOCTD BBIYUC/ICHUI B HYJIEBOM IIPUOJIMKEHIT

3 M 0-(0)
O =15 F0 @ 0 M 0
4 1 % T YT E
3/1ech HUXKHUIT WHJIEKC — HOMEP ITOJIOCKH, BePXHUIl NHJIEKC B CKOOKaX — HOMep HPHUOJINKEHUs, a
Yi — PACCTOsIHUE OT OCH M3rHOa CEeYeHHs JI0 NEHTPA TZKEeCTHU IIOJIOCKH.
o
50 m,
_ f'l‘”'”‘.
o=ck $= mm ,
0
m,
Ory
m
0 () €
ér &

Puc. 4. Cxema onpenenenust peryKnnoHHBIX KO3(hD(MHUIMEHTOB B IEPBOM IIPUOJINKEHAN

Fig. 4. Scheme for determining reduction coefficients in a first approximation

B niepBom npubsinzkennu (puc. [4f) ocinabienne nomnepeunoro cevenusi o6pasia MIacTHIeCKUM
JecopMIPOBaHNEM YIUTBIBAJIOCH BBEJCHIEM PeIyKINOHHOI0 Ko3bdUImenTa ¢;, pABHOI'O OTHOIICHNAIO

HAIIPSIPKEHUsI [IJIACTUIECKOr0 TeIeHUsI B I-ii TI0JIOCKE, BBIYUCJIEHHOTO 110 (hopmyiie (3)), K HOMUHAIBHOMY
HaIPSKEHUIO B Hell U3 IPEIbIIYIIEro MpuO/InKeHns

1
1 _ Ul("i)

qpi - (0) . (5)

1
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Pacdger Beimosinsiercst st ypoBHs Hanpsizkenns na nosepxuoctu 130 MIla B ciemxytormieit mocite-

JO0BaTC/JIbHOCTH:
(pfl) =1 ecn (Tg) > (fl-(o)
W, 0y _ (1) 1 _ 4 (1) 1) _ (W
y;,ey) = . —b=b — F =b"Ax; —
oy (Vir€; ) MO ff%) e oll) < o0 j ¢ i i Axi
7;
k 1)
1) _ (1), 2 ) _ (1) n_ M m _ 9
— IV =F yi—>1<>_2i§1i o =y = :
HOHCHGHI/IG. MaTepI/IaJI HpI/IHOBerHOCTHbIX IIOJIOCOK CYHTaeTCd HnAcaJIbHbIM prer—

IJIACTUIECKUM. Ecjin HallpsiKeHrne HyJIeBOTO IMPUOJIMKEHUSI B IIOJIOCKE HE IIPEBBINAET HAIIPSIKEHUE
IJIACTUYECKOrO T€YEHUs B Hell, TO IJIsl IIOJIOCKU PEAYKIMOHHBIA KOI(DMUINEHT IPUHIMAETCS PABHLIM
enuuuiie. Jjist Ipyrux mpUIIOBEPXHOCTHBIX MOJOCOK PEYKIIMOHHBINA KOY((MUIIMEHT HAZHATAETCSI B
COOTBETCTBHU CO cxeMoit puc. [

Ounpenensiercsa 3¢pdeKTUBHAS [MUPUHA ITOJIOCKH, HAXOIAUTCs IJIOMAAb MOJOCKH M IE€PEHOCHBII
MOMEHT WHEPIMH OTHOCUTEIHHO OCH u3ruba obpasiia. Beuay MagocTn cOOCTBEHHBIH MOMEHT MHEPIIUN
IIOJIOCOK He yunTbiBaeTcs. CyMMUPYIOTCS MOMEHTLI MHEPIUU BCEX IIOJIOCOK, PE3Y/ILTAT YIBANBACTCS
B CHJIy CUMMETPUU CEYEHHUs] OTHOCHTEJBHO OCH M3rnba. BBIYUC/IsIIOTCS B IEPBOM MPUOJIMXKEHIH
HAIIPsizKeHUsI U JehopMalil B CEUeHHH.

ITo TakoMy »Ke aJIrOPUTMY BBIIOJIHSIOTCS U ITOCeLyomue npubianzkenus. [Iporecc mociemnosa-
TeJILHBIX TPUOIMKeHni ObICTpo cxoquTcs. JocTarodno nsTu npubiankennit. BermosHsis pacaeTst
JUIST PasHBIX J, olpeeieHo 3Hadenne 6 = 25,7 MKM, yIOBJIETBOPSIIOIIEE YCIOBUIO PABEHCTBA pacdeT-
HOI'O 3HAYEHUs] HeJIMHEHHON medpopMalny Ha IOBEPXHOCTH 00pasla SKCIEPUMEHTAILHOMY 3HAUEHUIO
(rouka B na puc. 3)).

Crsurosbie fedopManuy HeM30e2KHO MPUBOAAT K B3AMMHOMY ITOBOPOTY KPHUCTAJUIMIECKHUX ILJIOC-
KOCTell B MUKPO- 1 MakpoobbeMmax. Marepuall yIpouUHSeTCsS U «3allOMUHAET» CTEIEHb JOCTUIHYTOI'O
yupounenus. JleilcrBUTEIbHO, TOC/IE KaXKI0i IIPOMEXKYTOYHON Pasrpy3KH U MOCIEIYIONIEro Harpy-
ykeHus (cM. puc. 2)) coCTOsiHHe MaTepuasa BO3BPAIAETCS HPAKTHIECKH B UCXOAHYIO TOUKY. [losHoro
COBIJICHMs] TOYEK HE IMPOMCXOIUT U3-3a IOJI3YyYECTH MaTepHuasia, KOTopas IIPOSIBJISIETCS BCE CHJIbHEE
C POCTOM YpOBHsI Harpysku. B InpemraraeMoil MOJIEIN HOA3y9eCTh He YINTHIBAJIACS.

B cooTBeTCcTBUM € BBIEN3I0XKEHHBIM IpuHnMaeM, 4To craiab 1X18HIT apisercsa kunemaru-
YeCKHU YIIPOUHSIIONINMCST MATEPUAJIOM, TO €CTh IPEIIoaraeM, YTO Hapsiy ¢ YKECTKUM CMeEIeHIeM
[peJIe/IbHOl TIOBEPXHOCTH TEKYYeCTH MPOMCXOANT Takke ee pactmpenue [9).

DkcrnepuMenTaibHas quarpamma Jedopmuposanus Ha yuactke BC (puc. [3) 6im3ka K JIMHEHHOI.
Torna, npuHUMast JIMHEHHBINA 3aKOH YIIPOUHEHHUs, 3aIUIIeM

o, = ESZ‘, ecau 0 < & < ET2,
ori = Eero + E*(e; —emn) = oo + E*(e; — e1m), €CIH € 2 E€T2.

(6)

3nech E* — koadduriuenHT yupouHeHust.

[TpoBoms pacdeTsl Mpu Pa3IUIHBLIX 3HATCHUSIX KOIMDDUIIMEHTa YIIPOIHEHUS U UCIOIb3Ys OIIHU-
CaHHBII BBIIIIE METOJI TIOCJIEI0BATEIbLHBIX TPUOINKeHui u cobonas yeaosus touku C (puc. [3)),
nostydaeM 3Haderne E = 1,668 - 10° MIla, koropoe Ha 7,6 % HIzKe HOPMAIBLHOTO MOJYJIS YIIPYTOCTH
E =2,0-10° MIla. /ljist yuera ynpodHEHHsI MATEPHATIA B IIPUIOBEPXHOCTHBIX CJIOSAX U YCTPAHEHMS
Pa3pbiBa B HaIIPAXKECHHUAX IIJIACTUYIECCKOI'O TCYCHUA IIPU IIepexo/ie OT IIPHUIIOBEPXHOCTHBIX CJIOEB K
BHYTPEHHUM B HaJaJle KayKJI0ro NPUOJIMKEHNsT BBOAUTCS TIONPABKa: HalpsizKeHue oty B dopmyie (4
samensiercst Ha 07;(0).

Takum ob6pasom, ompegeeHbl YeThIpe mapaMerpa MoaeIn 1ePOPMUPOBAHUST MaTepHAIa, KOTO-
pble XapaKTepU3yIOT MOBEPXHOCTHBIN 3 dexT. Vcmob3ys Momieib, ObLIN paccIuTaHbl HEJIMHEHHBIE
nedopmaliuu, ecjaiu BMECTO UCIHbITaHU Ha U3rud MPOBOAUTD MCIBITAHUS 00PAa3Ia Ha PACTSIKEHUE.
PesysbraTer pacuera mpuBesieHbl Ha puc. ol Kak BuIHO U3 9TOr0 pucyHKa, HeJuHelHas gedopMalius
Ha ITOBEepXHOCTU 00pa3iia KaK MUHUMYM B TpU pasa 0o0JibIllie Ipu u3rude, IeM IPHU PACTIKEHUU B
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00J1aCTH HAIIPSI?KEHUIT, IPU KOTOPBIX OIPEIE/ISIIOTCS ITapaMeTphl TOBEPXHOCTHOrO addekTa. Ciemo-
BaTeJIbHO, P U3yYEHUHN IIOBEPXHOCTHOrO 3¢ heKTa MeTOIaMU TeH30METPUN CJAEIYeT MPEIIOYNTATD
UCIBITaHUs 00pa3IoB Ha u3rub. Ecyim mpeanomoKuTh, 9T0 HAMPSKEHNST TEKYIeCTH B IIPUIIOBEPXHOCT-
HOM CJIO€ PABHBI HYJIIO, TO TaKOW IPEJIeJIbHBIN Cydail JIacT MaKCUMAJIbHOE OTKJIOHEHUE OT JIMHEHHOM
necdopmarun 4 %. B meiicTBUTEILHOCTH 3TO 3HAYEHHE OyIeT elle MeHbIIe U He npesbicuT 2 %.

Takum 0b6pazoM, MOBEPXHOCTHBIM 3 DEKT 0UeHb ¢1abo BusgeT HA 1eOPMUPOBAHHOE COCTOSHUE
YIPYTroro Teja U 3HAYUTEJHLHO — Ha ero HaIIPsi>KEHHOe COCTosiHue y noBepxuoctu. [losromy on ne
00HAPYKUBAETCS IKCIIEPUMEHTAJbHBIMU METOJIAMHU, OCHOBAHHBIMY Ha, M3YUE€HUU TePOPMUPOBAHHOTO
COCTOSIHUS TeJIa, TAKUMH KaK MeTOJ HHTEPMEPEHIIMOHHOTO Myapa WU MOJIAPU3AIUOHHO-OIITHIECKHIA,
€CJIU B TIOCJIEJIHEM U3MEHEHUE ONTUYIECKUX CBOWCTB MOJIEJIM CBSI3BIBATH C HAIPSIXKEHUSIMU, KaK Y
Makcsesa, a He ¢ gedopmanusamu o Heiimany [10].

0,00012
0,0001

0,00008 /

0,00006 //

0,00004 é/

0,00002
/

B

HennHenHaa gedopmaums

0 50 100 150 200 250

HomuHanbHoe HanpaxkeHue, MIMa

Puc. 5. Henmneiinast gedopmaliust Ha NOBEPXHOCTH 00pa3ia B 3aBUCUMOCTH OT HOMUHAJBHOTO HATIPSIYKEHUSI.
Kupnas muaus — u3rud, TOHKas JTUHUS — PACTAXKEHUe

Fig. 5. Nonlinear strain on the surface of the sample depending on the nominal stress. Thick line — bending,
thin line — stretching

N3zyuenne moBepxHOCTHOTO 3 peKTa OCIOKHAETCS TEM, UTO, KaK IIPABUJIO, IIPUIIOBEPXHOCT-
HbIE CJIOU IIOBEPTAIOTCS PA3JIUYHOrO Pojia 00paboTKaM C IEJIBIO YIYUIIeHNS MEXAHUIECKUX Xa-
PaKTEPUCTUK KOHCTPYKIN. B IpUIOBEPXHOCTHBIX CJIOSIX IPOTEKAIOT KOPPO3WOHHBIE IIPOIIECCHI.
MexaHuvyecKuM yJIajJeHueM CJIOd HEBO3MOYXKHO M30aBUTHCS OT IMOBEPXHOCTHOTO dddeKTa.

Jlannoe mccienoBaHue MPOBEAEHO HA KOPPO3MOHHO-YCTOWYIUBOM MaTepuaje, UYTO IO3BOJIUIO
CBECTU K MUHUMYMY BJIMAHAE KOPPO3UOHHBIX IIPOIECCOB, KOTOPBIE YCIIOXKHSIOT CUTYAIUIO.

PesynbraThl pacuera obpasiia HA u3rud U pacTsKEHUE IPHU OJHOM M TOM K€ HOMUHAJILHOM
HanpsokeHnu Ha noeepxHoctn 245 MIla npusenenst na puc. [0] u [7} Tlokazano, kak ¢ rurybunoit
U3MEHSeTCs yIeabHast paboTa yIpyroro, mjaacTUIeCKOro 1edopMUpoOBaHusd U UX CYMMBL.

Oco0bIit MHTEpPEC BBI3BIBAET IHEPTUS ILIACTUIECKOTO J1e(DOPMUPOBAHUs, KOTOPYIO MOXKHO CUH-
TaTh MepOil Pa3pyIeHnsl KPUCTAJIMIECKOH CTPYKTYPBI U MpeBpalrenns ee B aMopduyo. CoraacHo
pacueraM BHE 3aBHCHMOCTHU OT BUJIa HATDYKEHUsI SHEPIUsl IIACTUIECKOTO eOPMUPOBAHUS JIOCTHU-
raeT MakKCHMyMa II0JI IIOBEPXHOCTBIO Ha TUIYOWHE OT ceMU J0 BOChbMU MUKpPOH. Cjie0BaTe/IbHO, TIPU
BO3JICHICTBUY [TEPEMEHHOM HAI'PY3KU 3apPOXKICHIE MUKPO- U MAKPOTPENIUH OyJ/IeT IPOUCXOIUTE IO/
[IOBEPXHOCTHIO, U TPEIIMHA BBIHIET Ha [OBEPXHOCTH I0cJe pa3pbiBa nepembraku [11].

OnHaKO IpH PACTsZKEHNH MaKCHMAaJbHAs SHEPIusl mIacTudeckoro gedopmuposanus Ha 0,41 %
BbIIIe, YeM 1npu usrube. CireoBaTeIbHO, IPU PACTSKEHNU-CKATUH [IPOIECC HAKOIJIEHH II0Bpe-
JKJICHU{T IIPOMCXOIUT UHTEHCUBHEE, YeM IIPU U3rube, 9To MOATBEPKIAETCS SKCIEPHMEHTAILHBIMI
JAHHBIMHA: TIPEJIeJ BBIHOCJIHBOCTH IIPU PACTSKEHUN-C2KATUH HIKE, €M IIPU U3THOe.

Kaxk Buano u3 puc. [7] mosnast sHeprusi MEHIMAJIbHA Ha IOBEPXHOCTH 00pa3na. SHAYUT HATAJIO
paspyiienns: o6pasia Ipu PACTsKEHUH JIOJZKHO [MPOUCXOIUTh U3HYTPHU, & U3JIOM UMETH (HhopMy
«KoHyc-garedkay [12].
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Yaenusan sneprin, Hmmt

Puc. 6. smenenne suepruii gebopMUpoBaHns B IPUAOBEPXHOCTHBIX CJIOSAX IIPU M3THOe 00pasna: »KupHast
JINHUST — SHEPTUs IJIACTUIECKOTrO neOPMUPOBAHNS; TOHKAS JIMHUS — YHEPIUs YIPYTOro aedOpMUPOBAHUS;
IIyHKTUDHAd JIMHAA — II0JIHAd dHEePIud

Fig. 6. Changes in strain energies in the near-surface layers when the sample is bent: thick line — energy of
plastic strain; thin line — energy of elastic strain; dotted line — the total energy

0 5 10 15 20 25 30 35 a0 45 50
FayGuna, mkm

Puc. 7. Vzmenenue suepruit nqedopMupoBanus B IPUNOBEPXHOCTHBIX CJIOAX [IPH PACTIKEHUU 00pA3Ia:
JKUPHAs JINHUST — SHEPrusl [IJIaCTUIECKOro 1eOpMUPOBAHNs; TOHKAs JUHUSA — SHEPrUs YIPYTroro
J1ebOpMUPOBaHUST; Iy HKTUPHAS JIMHIS — IIOJIHAS SHEPIHsl
Fig. 7. Changes in strain energies in the near-surface layers when the sample is stretched: thick line — plastic
strain energy; thin line — elastic strain energy; dotted line — the total energy

SaKJ/II0oUeHue

[Ipenoxennas Mosesb J1edOPMUPOBAHUS METAJIOB C YIETOM IIPUIIOBEPXHOCTHOTO 3 deKrTa
[IO3BOJIET MPHUOJIMMKEHHO YUCICHHBIM METOJOM PEIIATh CJI0XKHBIE YIIPYTO-TIJIaCTHIECKUe 3aJa4UU U C

€JIMHOI TT03UNU 00bACHATH MHOT'HE MIPOIECCHI, KOTOPBIE TPOUCXOJIAT IIPU CTATHIECKOM U IIEPEMEHHOM
Harpy KeHHuN.

Nuadopmammusa o KOHMIMKTE MHTEPECOB: aBTOP U PEIEH3EHTHI 3aBJIAIOT 00 OTCYTCTBUN KOH(MJIUKTA
UHTEPECOB.
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Scientific article The increase in the stress of the plastic flow in depth is described by a second-order
® polynomial. The main parameters of the surface effect were determined experimentally

| @ and by calculations using the method of reduction coefficients in the process of successive
approximations: depth, coefficient of hardening of the material, stresses of plastic flow

on the surface and inside the material. It is shown that in order to study the near-surface
effect by the strain gauge method, it is necessary to give preference to bending tests of
samples rather than stretching. The presence of the surface effect explains the following
facts: the destruction of the sample during the tensile test does not begin from the
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surface effect practically does not affect the deformed state of the elastic body, but very
strongly affects the stress state at the surface.
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Jlnmaavmka 0aaku Jitiepa — bepHy/m ¢ yaeroMm
pacipe/ie/IeHHBIX I'ICTePEe3NCHBIX CBOMCTB

Kapnos E.A.

Boponeostcexuti 2ocydapemsennoti yrusepcumem, 2. Bopowneore, Poccutickaa @edepavyus; believedream95Qgmail. com;

Hocmynuaa:  05.06.2024 Awnnorarnusi. B Hacrosieit crarbe n3yvaeTcs MaTeMaTHIecKasi MOJIE/b DAJIKH ¢ pac-
Paccmompena: 02.08.2024 [IpeJIeJIeHHBIMEU TUCTepe3ucHbIME cBolicTBaMu. CBoiicTBa rucrepesuca hopMan3yoTcs

Ipunama: 02.09.2024 B paMKax JIBYX IIOJXO/I0B: (heHOMeHOsmornueckoro (Mojenb Boyka — BeHa) u KOHCTPYK-
tusaoro (Momesnnb Hpangria — Ummackoro). Ypasaenus Kosiebanuil 6aaKu MOy deHbl
Hayunaa cmamovsa C MCIOJIb30BaHUEM M3BECTHOrO 110x0/a ['amMuibrona. Paccmorpens! uHamudeckue xa-
PaKTEepUCTUKY OAJIKU C PACIPE/IEJIEHHBIM I'MCTEPE3UCOM IIPH PA3JINIHBIX BHJIaX BHEITHEN
@ ® HArpy3KW: UMITYJILCHOM, MEPUOJINIECKON U celicMuyueckoil. Huciiennoe MogempoBaHue

MMOKAa3bIBAET, UYTO DaJIKa TUcTepe3nca bosee “ycroitdnBa’ K BHEITHUM HATPY3KaM, deM
KJlaccuyeckas: basika Ditiepa — BepHysum. DTu pe3yibraThl MOTYT HAWTH [IPUMEHEHUE
B 00JIACTU MPOEKTUPOBAHUS CECMOCTONKIX KOHCTPYKITUN U 3IaHWH.

KimoueBble cjoBa: rucrepesuc; bajika Jitjepa — Beprysum; 6aika; moiaeas Boyka —
Bena; nesmmneitnas TuHaAMUKA, YCTOUIHBOCTD.

BBenenue

B mactosiiiiee BpeMst TpOEKTUPOBAHNE HECYIIUX KOHCTPYKITUN PA3INIHBIX WHKEHEPHLIX COOPY-
JKEHUi, a Tak»Ke pa3paboTKa aJeKBATHBIX (DU3NIECKUX MOJEseH SBJIAI0TCS HEOTEMIEMO JacThIO
CTPOUTEJIHHOTO Tporiecca. OcobeHHO ocTpa 3a/1ata BbIO0pa KOHCTPYKTUBHBIX COCTABJISIONINX 3AHUN
CTOUT B TOPOJAX M CTPaHaX, HAXOMAIIMUXCS B ceficMoonracHbIX pernoHax. OJIHUM U3 BarXKHEHITHX
9TAIOB MOJEJIUPOBAHUS HECYIUX KOHCTPYKIUN B 9TOM CJiiydae siBjsercs uieHTudunkanus hopm
UX [OBEJICHUsI 0, BO3JECTBIEeM BHEMIHUX BO30OYXkIeHuil (Harpy3ok). O6braHO Kiaccudukarys
HATPY30K BBIIOJIHSAETCS [0 HECKOJBKAM KPUTEPUSIM: 110 XapaKTepy MPHUIOKEHHs (COCPEIOTOUCHHBIE 1
paCIpeJIeJIeHHBIE ), TI0 TIPOJIOJIKUTEILHOCTH BO BpeMEHHU (IIepeMEeHHbIE U IIOCTOSIHHBIE ), TI0 XapaKTepy
neiicTBus (CTaTuvecKue U JUHAMUYECKHE). B 3aBUCUMOCTH OT TUIIA HAIPY3KHU [IPOSIBJISIIOTCS Te UK
WHBIE CBOWUCTBa HECYIIUX KOHCTPYKIIU, SBJISIONIAECS, B CBOIO OY€PE/lb, CJIEACTBUEM BHYTPEHHUX
0CODEHHOCTEN UCIIOJIb3YEMbIX MATEPUAJIOB.

Timoshenko Theory

v

Timoshenko Theory Euler — Bernoulli Theory

Puc. 1. I'padugeckoe npepcrapienne NpUHINIRAIBHOTO PA3JINIAA MEXKIY TEOPUSIMH THMONIEHKO
u Ditnepa — Beprysan

Fig. 1. Illustration of the main difference between Timoshenko and Euler — Bernoulli beam theories
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N3zBecTHO, 9TO OHUM M3 OA30BBIX IJIEMEHTOB JII00OI HECYIIell KOHCTPYKIIUN SABJIIETCs OaJIKa.
Maremarudeckoe onucanue 6ajiku 06bI9HO hopMaIn3yeTcs B paMKax Teopun Ditiepa — Beprysm |1]
win teopun Tumorenko [2| (puc. . OcHOBHOe pazuvne MeXK/y BBIIIEO3HATEHHBIMU ITOIX0IaMU
3aKJII09aeTCsl B IOBEIEHNH OAJIKK IIPH IIOIIEPEYHBIX JedopManugax. B Teopun Ditnepa — BepHyiuim
MIPE/INOJIATaeTCs, ITO BO BpeMs JAedOopMalinii MOIepevHoe CeUeHne MePIeHINKY/IsIPHO HeATpaabHOM
ocu. B 1o ke Bpems B Teopun THMOIIEHKO OHO HE MMEPIIEHINKYJISAPHO HEUTPAJbLHONR OCH M HAIPAMYIO
3aBUCUT OT MHTEHCUBHOCTHU JgedopMmalriun. B HacTosImeit crarbe MOmge b KojaebaHuil 6aaIK CTPOUTCS
C WCIIOJIb30BAHUEM Teopuu Jditjepa — BepHyn B mpeamnoiokKeHnu, ITo Dajaka uMeeT IIapHupHOEe
3aKpeIlljyieHue B JIBYX KOHIIaX " O6JIa,Z[aeT HYJIEBBIMHI HaYaJIbHBIMUA YCJIOBUAMU (6&.}1}(& IIOKOUTCAd U HE
nMeeT HadasbHOI ckopocrn). Ciiesyst pabore [3|, Kiaccuveckoe ypasaenue Kosiebanuii 6GajJku umeer
CJICIYIOIIUNA BUJL:

2 _
Uy + AUy = g(x, 1), t>0,x€(0,L],
u(x,0) =0, u(x,0) =0,
u(0,t) = u(L,t) = S(t),
Uy (0, 1) = uyx (L, 1) = 0.

(1)

riae U = u(x,t) — oTKJIOHeHHe GAJTKU OT MOJIOKEHUsI PABHOBECHUS, NHJEKChI 0DO3HAYAIOT YaCTHbIE
HpOI/ISBO,ILHbIGEL g(x,t) ectb dbyHKIWMSI, XapaKTepU3yoOIas BePTUKAJIbHYIO HAIPY3KY (ylpaB/eHue),
S(t) — dbyukuums, Xapakrepusyonias BHEIIHee BO3JeiiCTBIE, IPUK/IAIbIBAEMOE K 3aKPEIJIeHHbIM
KOHIAM Oajiku, > = EI — mpousBeieHne MOIyIIsl yIPYTOCTH W MOMEHTa nHepIun, ¢ > 0 ecTh BpeMst
MozeaupoBanusi, L — mymHa 6ajIKkum.

BaHKI/I B 3aBUCUMOCTHU OT CBOUX KOHCTPYKTHUBHBIX OCO6€HHOCT€I71 HaXOoIdAT CBOE IIpUMEHEHUEe B
Pa3IMYHBIX JIEMEHTaX CTPOUTEJLHBIX (M HEe TOJBKO) KOHCTpYKIwid. Hanpumep, nByTaBpoBbie 6ajku
UCIIOJIB3YIOTCS JIJIsi 00ECIIeYeHNsT yCTONIUBOCTY MIEPEKPBITHI MEXK Iy 9TaKaMH U B MOCTOBBIX COOPY-
JKEHUSX, MIBEJIJIEPHBIE YKe DAJKU UCIIOIB3YIOTCH JIJIsi apMUPOBAHUS YKEJI€300€TOHHBIX KOHCTPYKIHIA,
a Tak»Ke B KadecTBe paM, KapkacoB 1 T. 1. Kpome Toro, 6aiku mo-pasHOMY PearupyoT Ha BHENIHIOO
HArPY3KY, KOTOpasi, B CBOIO OYepPe/b, MOXKET ObITh UMILYJIbCHON, BUOPAIIMOHHOI, TTOABUKHOI 4],
yaapHOit, Berpopoii. [Ipu 3ToM oCHOBHasI 3ajat4a, peliaemMast Py BbIOOpe TUIla, OAJIKKN TPUMEHUTETHHO
K 3aJladaM CTPOUTEIHCTBA, 3aKJI0YAETCs B 0DECIeYeHNN YCTONYNBOCTU BCETO COOPYKEHUs 10 OTHO-
IIEHUIO K [TOTEHIIUAJIBHBIM BHEITHUM BO3JIEHCTBUSIM, K YHCJIy KOTOPBIX, B IEPBYIO 0YePe/lb, OTHOCATCS
ceficMUYecKre BOJIHBI KaK IIPUPOJIHOIO, TaK U TEXHOT'€HHOrO xapakTepa. B TakoMm cirydae OaJika
BBICTYTIAET B POJIH JEMIIDUPYIONIETO JIeMEeHTa, TPAaHC(OPMUPYs BXOJSIILYI0 SHEPTUIO BO3MEHCTBUS B
unbie ee $hopMmsl [5].

NsBecTHO, 9TO BO BpeMsi HAIPY30K OaJika, HAUUHAECT JIePOPMHUPOBATHCs, MOPOXKJIAs BO BHYT-
pEHHell CTPYKType MaTepuaJja CUJIbI, CTPeMsIIuecss BEPHYTh el MCXOomaHyo ¢dopmy. Ecan mocye
CHSATHUS HATPY3KHU OHA IIPUHUMAET (DOPMY, OTJIMIHYIO OT UCXOJHOi, TO CJIe/lyeT rOBOPUTH 00 yIIpyTro-
IacTuIeckoM rucrepesuce. OH UTrpaeT BaykKHYIO POJIb B COBPEMEHHBIX MCCJIEIOBAHUSIX PEAJIBHBIX
CUCTEM U IPOIECCOB. DTO siBJeHUE OBLIO OOHAPYKEHO BO MHOTHX OOJIACTAX COBPEMEHHOU HAyKU:
dbusuke [6-14], sxornomuke, Guostornn, xumun u T. J1. HejaBHue ucciiejoBanusi OKa3bIBAIOT Ba2KHOCTD
U 11e1eCo00pPa3HOCTD UCIIOIb30BAHUS TMCTEPE3NCA B HEHPOHHBIX CETX, HAIPUMED, BKJIOYAs €ro
KaK 3BEHO MJIM KAaK CAMOCTOSITEJIbHBIN 3JIEMEHT B (DYHKIIMIO AKTUBAIIMU COOTBETCTBYIOIIEH CeTH.
Takoil mupokuii CleKTp IPUMEHEHUsI 00YCJIABINBAETCS BaXKHBIMU CTPYKTYPHBIMA OCOOEHHOCTAMU
IUCTEPE3UCa — 3aBUCUMOCTBIO TEKYIIEr0 COCTOSHUS CUCTEMBI OT MPEJIBICTOPUNA U HAYAIBLHOTO COCTOSI-
HUsI KaK OT mapamMerpa. Eirme 6oJiee BaXKHONH 0COOEHHOCTHIO THCTEPE3NCA, SIBIAETCSA TOT (PaKT, ITO
B psijie 33/1a9 OH IIO3BOJISIET MOJIEIUPOBATH IPOIECC TUCCUIIAIIUU SHEPIUU, ITO, B CBOIO OYepellb,
[TO3BOJISIET UCIIOJIB30BATh IMCTEPE3UCHBIE IPe0dPa30BaTE/ Il B KAUeCTBE YIIPABJISIFOIIEr0 JIEMEHTA,
CTaOMJIM3UPYIOIIErO MOBEJIEHNEe JIMHAMIYIECKUX crcreM [15-17].

TeOpeTI/ILIeCKI/Ie MOJI€JIN, OIIMChIBAIOIINE TMCTEPE3UCHBIC ABJICHHSA, BOCXOIAT K KJIACCUYICCKUM
paboram [Ipanaras [18|, Ipeiizaxa [19] u np. B mauane 60-x romos XX Beka MOSBUINCH MTEPBbIE
dbenomenosrornveckue mozenn [20-23|. Teopust KOHCTPYKTUBHBIX MOJIEJI€il THCTEPE3NCa, yINTHIBAIO-

*u %u
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mast pusndeckue 0COOEHHOCTH KOHCTPYKTUBHBIX 9JIEMEHTOB HUCCIEAYEMBIX CHCTEM, IIOJIYUIUIa CBOE
passuTre B Tpymax M.A. KpacHocenbckoro u ero y4eHnkoB B BoponeskckoMm yHuBepcurere B 60-x
rozax npomnwioro seka. PyHjaamenrtasbaas MoHorpadus [24] ¢ moxpobHBIM onucaHueM CBOMCTB
KOHCTPYKTUBHBIX MOJIeJIell rucrepesuca Boinuia B 1983 r. Pazpaborannas B Hell METOIOJIOIHS [TO3BO-
JIMJIA, OIKACHIBATEH TUCTEPE3UC Ha, SA3bIKE HEJIMHEHHBIX OIEPATOPOB, 3aBUCAIINX OT CBOEIO HAYaJbHOIO
COCTOSIHMS KaK OT Iapamerpa. MareMarndyecKuil ammapar, IpedIoyKeHHbli B Hell, basupyercs Ha
BBIJEJIEHAN 3JIEMEHTAPHBIX HOCUTEJIEH IMMCTEPE3UCHBIX CBOMCTB — PHCTEPOHOB — IIPEodpPa3oBaTeieii,
HaJEJIEHHBIX IIPOCTPAHCTBOM COCTOSIHUN U BXOIHO-BBIXOIHBIMEI COOTBETCTBUSIME. Takoil MOIXox
[IO3BOJIMJI UMILJIEMEHTAPOBATL MOJEIN I'HMCTEPE3NCa B COCTaB 00JIee CI0KHBIX CUCTEM, OIUCHIBAEMbIX
muddepeHnnaIbHBIMA Y PABHEHUAMU.

B Hacrostimeii crarbe npenjaraeTcss MOIe b DaJKNA ¢ YIeTOM paclpele/eHHBIX THCTEPE3UCHBIX
CBOWCTB, B pa3/l. 1 ONMCHIBAIOTCS UCIOJIb3yeMble B paboTe MOJIEIN MUCTEPE3UCa, pasl. 2 ITOCBAIIEH
BBIBOJIy YpaBHEHHMI KOJieOaHUil THUCTEPe3nUCHON Oajiku, B pa3jl. 3 ONMCAHBI IUCACHHBIE METOJIHI,
HCIIOJIb3YEMBIE B paboTe, a B pa3i. 4 MPUBOISITCS PE3YJIbTaThl MOJICJIMPOBAHNSA U CPABHUTEILHBIIM
aHaJIN3 KJIACCUIECKOI U T’HCTEPe3nCHON batok. B KavecTBe MoempyeMoii Harpy3ku OyIyT BBICTYIIATh
[IEPUOIUIECKIE U UMITYJIbCHBIE BO3JIEHCTBHU, & TaK:Ke HArpy3Ka CeHCMHYECKOro XapaKTepa.

1. Mozaemu rucrepe3uca: (peHOMEHOJIOTNIECKU 1 KOHCTPYKTUBHBIM
IO IXOIbI

1.1. IIpeobGpa3zosaresb IIpanaras

OHOI U3 caMbIX U3BECTHBIX U IIPOCTBHIX MMCTEPE3UCHBIX MOJIEJIEN SIBJISIETCS Ipeodbpa3oBaTe b
[pasrus [25H27] (Takzke u3BecTHBIH Kak “stop operator”). OH HCIOIB3yeTCs It MOJIETUPOBAHNUS
YIPYTO-TJIACTUYECKUX BOJIOKOH |28, rjie COCTOSIHUSI TOJTHOCTBIO OIPEJIEISIIOTCST BEJIMIUHAME [Iepe-
MEeHHO# tebopMAaI U TIEPEeMEHHOIO HAIIPSI?KEHMS, & TAKKe IIPUMEHSIETCA B Ka4ecTBe dJIeMEeHTapHOIM
COCTABJISIIONIEH B CJIOXKHBIX KOHTHHYAJILHBIX M'MCTEPE3UCHBIX MOJIE/ISIX B PaMKaX TEOPHH YIIPYIO-
IUIACTUYIECKOro rucrepesuca. /leficrBurensno, npeobpazoBaressb [Ipanariis ngeabHO OIMUCHIBACT
OBEJIEHE MaTepuaJia: MaTepruaJl, HaXOIsIUiCs B M3HAYAJIHLHOM COCTOSHIE, KOI'/Ia HOPMAaJIbHOE Ha-
psKeHne U JepopMaliysi OTCYTCTBYIOT, IO/, HArPY3KOil HauMHAET BeCTH cebsl yIPYro 10 HEKOTOPOTo
[IOPOrOBOI0 3HAYEHUs f1, a Iocjie IeMOHCTPUPYET IIACTHYECKIe CBOMCTBA, HAXOASACH IO/l IIOCTOSHHBIM
HAIIPsI)KEHNEM. DTO MTOBEJIeHIe TaKyKe HA3bIBAETCsI “TIIACTUIECKOE TeUeHUe’, TaK KaK IIPHU YMeHbIITe-
HAU HAIIPSXKEHUsT MaTepruaj 00/1a1aeT IIaCTHIeCKUMI CBONCTBAME, ITOKa HEe JOCTHIHET IOPOrOBOrO
3HAYEHUsI C MPOTUBOIOJIOXKHBIM 3HAKOM —H. OJiHAKO OTMETHM, 9TO IpeobpazoBaresib [Ipanariis
MTO3BOJISIET MOJEINPOBATH YIIPYTO-TIJIACTUYIECKNAE CBOHCTBa 6e3 1edopMaImoHHOrO prO‘{HeHI/Iﬂﬂ.

CTpyKTypHO 9TOT ITpeodpa3oBaTe b MOKET OBITH IIPEICTABIEH KaK MOC/IeI0BATEILHOE COETNHEHNE
JITHEHHOTrO yrpyroro sjeMenta E (Hampumep, NPy’KUHA) C YKECTKHUM, UJEAJIBHO IJIACTUIECKIM
sseMeHTOM P (Hampumep, OPYCOK, JBUTAIONIMIICS 110 TOBEPXHOCTH, IO/ JCHCTBUEM CHJIBI CyXOTO
Tpenusi) (puc. . Eciin npeanoioxKuTh, 9T0 yIpyrocTh Npy>KuHbl E paBHa eauHuIe, cjieiryer roBOPUTh
o boJtee mpocToM TIpeobpazoBaTese — yIope.

Omnmucanne npeobpazoaresist IlpanaTis HaTHEM ¢ oIpeeseHnst ero cocTossHuii. CoCTOsTHUSIMEI
9TOrO TPeodPa30BaTEsT ABIAIOTCA TAPhI “BXOJ-BBIXO {X, U} ¢ 06IaCTHIO OMPEIEIEHIs B BUJIE MTOJIOCHI
Q = Q(Tp,E), yron nakmona KoTopoit 3asucur ot koddduimenra E, onpemessiionero MoLyib
yupyrocru. [Tpudem mosioca () 3aBUCUT TaK»Ke U OT HOPOrOBOro 3HauYeHus N (110Jioca mnepecekaeT
ocb Oy B TOUKAxX ih), KOTOPOE IBJISIETCS €ITe OTHON XapaKTePUCTUKOH 3Toit Mojaenu. Muatde roBops,
MOJIEIb MOXKeT ObITH (POpMaJIM30BaHa B BHJE PaBEHCTBA:

2Takske nspecrHoe Kak “strain hardening”, koTopoe mpejcraBisier co6o#i yHpOUHEHHE MaTepHAJIA (mampumep,
MeTasula WK MOJMMEPa) 3a CUeT IUIACTHYECKON JedopMalyn, KOTOpoe IOsIBJISIETC U3-38 BOSHUKHOBEHUS U JIBUZKEHUS
JUCJIOKAIWI B KPUCTAJIJIMIECKON CTPYKType MaTepHasa



Kapnos E.A.  Jlunamuka 6asxu disepa — Bepryasiu ¢ yuemom pacnpedeserivi eucmepe3ucHur coticms
Karpov E.A.  Dynamics of the Euler — Bernoully beam with distributed hysteresis properties 38 I/I3

E ;_

Puc. 2. I'paduueckoe npencrasienue rucrepe3ncuoro npeobpasosarens [panaras. 3xecs E u P — ynpyruit
U TJIACTUYECKUIl 3JIEMEHThI COOTBETCTBEHHO

Fig. 2. Graphical representation of the Prandtl operator. E and P are the elastic and the plastic elements
respectively

rje

_|min{h,@(t, 1)},  ecmm e(t) 2 e(t—1),
Pelhe(t) = max{-h,¢(t,7)}, unaue

p(t, 1) = Ele(t) —e(t—1)] +0(t-7)
win B 60jiee KOMITAKTHO# opme:

o(t) = Tp[h]e(t) = min{h, max{-h, p(t,7)}}, (2)

re ot — T) — 3HaUYeHHe BBIXOJIAa MMCTEPE3UCHOTO Mpeodpa3oBaTessi B MOMEHT Bpemenn f — T, €(f) —
BXOJIHOIT curHat, o (t) — BbIXoaHOM curaan (peakiust peobpaszosarens). ['padudeckoe nmpeacrasienne
OIIMCAHHOI'O BBIIIE IMPeobpa3oBaTesisi 0TOOParXKeHO Ha PHUC.

Puc. 3. T'paduk zasucumocru Bxona &(t) or Bbxoga o(t) mis npeobpazosaresist IIpanT/isi ¢ TOPOrOBBIM
3HAYeHueM, paBHBIM 1, n obyactbio onpegenenust () = O(T'p, E) B Bujie TOJIOCH ¢ yTIOM HAKJIOHA,
3aBUCAIIUM OT Ko durmenta E

Fig. 3. Dependence of the input ¢(t) on the output o(t) for the Prandtl operator with the threshold value h
and the domain Q) = Q(T'p, E) presented as a band with the slope angle determined by the coefficient E

1.2. KoHcTpyKTUBHBII noaxo/1: ITpeobpa3osBaresib IIpanarasa — WUinamHCKOTrO

OpmHUM U3 caMbIX M3BECTHBIX IIpeobpasoBaTesieil B paMKaX KOHCTPYKTHUBHOIO ITOAXO0Aa K MOJIe-
JINPOBAHUIO YIIPYTO-IJIACTHIECKOTO TUCTEPE3NCa, sBJIsteTcs peobpasosaresb panaris — Unuins-
ckoro. OBBIYHO 3TOT IIpeobpaszoBaTe/b IPUMEHSIETCS B 3aa4ax, Ije Tpebdyercss (popMaaIn30BaTh
TUCTEPE3UCHYIO CBSI3b MEXKIy HalpsizKeHueM u jedopmarmeit. OH sSIBJIsSIeTCsT KOMITHISIIAEH Tpeob-
pasopareneii [Ipanaras m marepunana Wmnunackoro. B ornmmune or mpeobpazosatens IIpanmris
npeobpazoBaresib [Ipamaris — NIMIIMHCKOTO MO3BOJIAET YIUTHIBATD J1eOPMAIMOHHOE YIIPOYHEHHE
COBMECTHO C yIPYTO-IJIACTHYeCKUMU cBoiicTBamu (puc. 4). HarypHble SKClIepuMeHTbI, IPOBeIeHHbIe
C YIPYTo-IJIACTUYECKUMHI MaTepHaJaMu, IeMOHCTPUPYIOT, 9TO COCTOSHIE MaTepuaJja He TOJIBKO
XapaKTePU3yeTCs BXOIHO-BBIXOIHON XapaKTePUCTUKON “HAIpsiyKeHue-1edbopMalius’, HO U 3aBUCUT



Becmnux Camapcrozo ynusepcumema. Ecmecmsennonayywnas cepus 2024, Tom 30, €M 3. C. 35-62
Vestnik of Samara State University. Natural Science Series 2024, vol. 30, no. 8, pp. 85-62 39 I/I3

OT HEKOTOPBLIX BHYTPEHHUX IepeMeHHbIX. [IpeobpasoBarens [Ipanmris — VmnHCKOTO 1103BOJISIET
VYUTBIBATDH HPEILICTOPUIO U SIBJISIETCSI YAOOHBIM MHCTPYMEHTOM JIJIsT MOJIEINPOBAHMS I'UCTEPE3UCHBIX
saBucumocreii. [IpeobpazoBarenn ¢ Takoi CTPYKTYPORl OTHOCAT K KJIACCY CJIOXKHBIX TMCTEPE3UCHBIX
CHCTEM, OIMCBIBAEMBIX IIOCPEJICTBOM KOHTUHYAJIBHBIX aHAJIOroB 6siok-cxeM (puc. |b)). B Hacrosmem
pasjiesie IPUBOINTCS MATEMATHIECKOE OIMCAHUe STOr0 IIpeodbpa3oBaTe/Isl.

Puc. 4. Bayrpennsas cTpyKTypa KOHTHHYaJbLHOTO mpeobpasosarens [Ipangriaa — Wmummnekoro
C IIOPOrOBLIMU 3HadeHusaAMu 1 = hq, My, ..., oo, PACTIPEIEICHHBIMUI C TIOMOIIBIO HEKOTOPO (DyHKIIH
pacupe/iesieHns U NapaJsijleJIbHO COeTMHeHHbIMU ITpeobpasosaressamu [Ipanaraa I'p = I'pq,I'py, ..., [P

Fig. 4. Inner structure of the Prandtl — Ishlinskii operator with the threshold values h = hq, hy, ..., hco,
distributed using a distribution function and connected in parallel by the Prandtl operators

I'p =Tp1, P2, o0 TP

Basaaum cemeiicTBo oHONApaMeTpuiyecKux npeobpasosaresteii Ipanaris (2)), 3aBucsamumx ot
OPOroBOro 3HadeHus N kak or mapamerpa. IlycTh mapamerp h, XapaKTepHU3yIOIUil IOPOTOBOE
3HaUYeHNe, MPUHAIEXKUT HekKoTopoMmy MHOXKecTBY P. IlycTh 3amana HeyObIBatomast HellpepPhIBHA
cnesa dyrkius E = E(h), h > 0 na muoxkectse P, yI0BIETBOPAIOMAS CJIELYIONIUM JIBYM yCJIOBUSIM:

lim E(h) =0,

h—o0

f |E(h)|dh < oo.
0
TakKe MyCTh 3aJIaHO MHOXKECTBO Z HenpepbiBHbIX (hyHKuit 0(h), yI0BIeTBOPSIIOMIX YCIOBHIO
lo(h)| < h.
Teneps onpeneanm muoxkectso ) (T'p, E) BosMoxkHBIX cocTostHui Tpeobpasosarens ['p kak
Q(Tp, E) = {{e, 01 (1)}, e, 02(W)}, -, {e, oo (M)},

rae € — 91o Bxog, 0j(h) — Beixox (peaknus) i-ro npeobpasosaressi I'p' (Kax bt mpeobpasoBaresib
3aBHCHUT OT MOPOTOBOIO 3HAYEHMsI KAK OT IapameTrpa). BXOIHO-BBIXOJHbIE COOTBETCTBHS TAKOTO
npeobpazoBaTelist OUCHLIBAIOTCS CJIELYIOMIUM PABEHCTBOM:

G(t) = rpl[to,ﬁo(h>;5]€<t) = f rp[t(),d()(h);h]g(t)dg(h), (3)
0
a nepemennoe cocrosiame {&(t),0(h,t)} onpenensiercss paBeHCTBOM

a(h;t) = Qlto,zo(h); E]e(t) = I'plto, oo(h); hle(t), (4)

rje Q ecThb MyYoK IHCTEpOHOB (KOHEYHBIN Wil B 00IIeM cirydae GECKOHEUHBIH HAOOP TMCTEPOHOR ),
npeobpaszoBaTesb I'p OIUCHIBaET apaIe/IbHOE COeIMHEeHEe OECKOHETHOr0 Habopa Ipeodpa3oBaTe/iei,
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OIUCHIBAEMBIX COOTHOIIIEHHEM (em. pue. W), oo(h) cronr monmmarh Kak 3HavUeHHe BBIXOJA B
IpeIBLLY Uil MOMEHT BpeMeHu (asibTepHaTHBHAas 3anuck o(f —1,h)).

CoryiacHo oIpe/ieIeHUsIM U CBOHCTBaM, M3JI0XKEHHBIM B pabore [24], nomobubiii npeobpasoBaresib
00J1a1aeT CBOMCTBAMH CTATUYHOCTUA U BUOPOKOPPEKTHOCTH, OJHAKO CBOHCTBAMY YIPABJISIEMOCTU U
JIETEDMUHUPOBAHHOCTH He pacriosiaraer. B psje 3a/1a4, BMECTO KOHTHHYAJIBHOIO I1peodpa3oBaTelis

z, al) l—i’I

a(t) R

g(t)

o

Puc. 5. Biiok-cxema mapa/uieIbHOrO CoeuHEeHnsl yIopos B Mogenu Ipamnarias — Wnmackoro

Fig. 5. Schema of parallel connection of the stop-operator models in the Prandtl — Ishlinskii model

HpaH,ZLTIIH i I/IH_UH/IHCKOFO y,H‘O6HO HNCIIOJIB30BaTh €I'0 KOHe‘{HOI\/IeprIﬁ aHaJIor (I/Il\/IeHHO TaKas CUTya-
sl UMEET MECTO B KOMIIBIOTEPHOM MOJICIMPOBAHUI M'ICTEPE3UCHBIX 3aBucuMocTeil). Bosee Toro, B
MOIEJIAX peaJIbHbIX d)HSH‘IeCKI/IX CUCTEM IIPAKTUYICCKU BCEr/a PEAJIN3YyeTCsd KOHeqHONIeprIﬁ aHaJIoTr
KOHTHHYAJBHOTO ITpeobpaszoBaresida. [lycTs 3agan konednbit Habop pasmepa N € Z rucreponos ['p,
dopmau3yeMbIx mocpegcTBoM peobpaszosaresst [Ipanmris. [Ipemmonaras, 1m0 TUCTEPOHBI COETU-
HEHBI TapaJIe/IbHO (KaK U B KOHTHHYAJIBHON MOJIE/IN ), U HepeXo/is OT HHTerpaja K HHTerPAIbHOM
cymMMe, npeobpasoBaTesb npuMer Bug (puc. )):

N
o(t) = ), f(hi)Telto, oi; ile (). (5)
i=1

Bouibitioe paznoobpasue pabor, ucoab3yomux npeobpazosaresib [panaris — Wnuimackoro,
MOZKHO YCJIOBHO Pa3/Ie/INTh Ha JIBe KaTeropuu: pyHjaMeHTa bHble U IPUKJafHble. B pamkax dyHmta-
MEHTAJIbHBIX PabOT UCCIEAYIOTCsI CTPYKTYPHBIE ocobeHHoCTH TIpeobpaszosaress [29-31], Bompocs
KOPPEKTHOCTH, a TakKxKe 1pobseMbl ujeHTuduUKamu ero napamerpos [32|. B paborax mpukiiaj-
HOIl HAIIPABJIEHHOCTH IIPe0OPA30BATE/b UCIIOJb3YETCs JIJIs OIUCAHNUS UCTEPE3UCHBIX SBJIEHUI B
MEXaHNIeCKUX CHCTeMaX, HAIlPIMep aKTyaTopbl, MArHUTOPEOJIOHYIeCKHe sjacToMepsl [33], recyrne
KOHCTpYKImu [34] n . 1.

1.3. deHOMeHOJIOTMYECKHNIT MOAX0/A: IpeoOpa3oBaresib boyka — Bena

Hapsigy ¢ KOHCTPYKTUBHBIM, HE MEHEE U3BECTHBIM SBJISETCs] (DEHOMEHOJIOIMYECKU IOIX0 K
MOJIeJIUPOBaHUIO rucrepesnca. OH MO3BOJISET MOIEIUPOBATH €T THCTEPE3NCA PA3HOM CTPYKTYPHI,
He IPUHUMAasI BO BHUMaHMe (PU3NIECKYIO OCHOBY MOEIUPYeMOro mporecca. OObI9HO0 (PeHOMEHOIO0-
ruYecKuin IIOAXOI IMIPUMEHAETCA B TOM Cﬂyqae, Koraa HeO6XOﬂI/IMO OIIEHUTH PeaKIWIO CUCTEMBbI Ha
CHTHAJI JINIIIb Ha OCHOBE HKCIEPUMEHTAIbHBIX JAHHBIX O XapaKTEPUCTHKAX BXOIHOIO BO3IAEHCTBUA
U OTKJIMKE crucTeMbl Ha Hero. OJIHMM M3 CaMbIX M3BECTHBIX IIpeobpasoBaresieil B paMKaxX 3TOI'0
HOJIXO/Ia sIBJIsIeTCs TTpeobpasoBaTesib boyka — Bena, npe/oxkennsrit B [21; 22|. BxoaHbre-BbIX0/IHbBIE
COOTBETCTBUS peobpazoBarTess Boyka — Bena dbopmamnsyrorcs ypaBHEHUEM:

I—'BW = J'C{A - [ﬁsign(fcr}_;w) -+ )/] |r3w|n}, (6)
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riae x = x(t) — Bxommoit curnan, Ipw = [pw(t) — BbIXOIHOMN curHAN (peaknus npeobpazoBares),
v, n, B, A > 0 — GespaszmepHble IapaMeTpel. Kakx MOKHO 3aMeTHTH, IpeobpasosaTesb Boyka —
Bena saBisiercst deTbipexmapaMeTpUIeCKUM, 9TO MO3BOJISIET MOIEINPOBATH PA3IUIHBIE IO hopMe
U IJIOMIAU THUCTEPe3UcHble neTin. OTMeTuM, 4To mpobdbjeMe HACHTUMUKAIUNT ITUX 1apaMeTPOB
MTOCBSAIIIEHO JIOCTATOYHO OOJIBINTOE KOJTUIECTBO YO IUKAITHIA.

Od4eBUIHBIM TPEUMYIIIECTBOM 1peobpazoBaresis Boyka — Bena sBiisiiorcs npocToTa 9uc/IeHHON
peasM3aluy 1 PasBUTHIA Maremarndeckuii annapar [35H38|. B srux paborax paccMoTpeHbl 3ajadu
BO3HUKHOBEHUSI IIPEJIEIHLHOIO IUKJIA, B3aNMHAasT 3aBUCHMOCTD [1apaMeTPOB IIPeodpa3oBaTelis, aiamTa-
U MOJIEJN IPUMEHUTEIbHO K HEKOTOPOMY HAaOOPy IPUKJIAIHBIX 3a7ad u T. Ji. Ha ceromugarraumii
JieHb 1peobpasoBaresib Boyka — Bena npumensiercst u Jijisi MOJEIMPOBAHUS [IPOIECCOB PA3IHIHOIO
macmraba [15; 39).

2. YpaBHeHHue KoJjieOaHUI TMCTEePEe3nCHON OaJjKu:
raMuJIbTOHOBCKUIT TTOIXO/T

B nacrostiem pazgesie Tpon3BOAUTCS BBIBOJ, ypaBHeHU# Kojiebanuit 6aaku ¢ pacrupeie/leHHbIMI
rUcTepesncHbIMU cBoiicTBamu (puc. 6). OTMeTHM, 9TO B MOJABIISIONIEM OOJIBITHHCTBE TPUKJIAIHBIX
3aJ1a9 PacCMaTPUBAJINCH OOBEKTHI C COCPEIOTOUEHHBIMU I'MCTEPE3UCHBIMU CBOMicTBamu. Pacrpere-
JIEHHBIE TUCTEPE3UCHBIE CBOMCTBA PACCMATPUBAJINCH B BECHMa OI'DAHUYEHHOM KOJIMYECTBE PadoT, U3
KOTOPBIX orMeTuM pabory [34]. Huzke npusogurcst BBIBOJ ypaBHEHUIT KOJeOaHUN IMCTEPE3UCHOMN
0aJIKi, OCHOBAHHBI Ha BapHAIMOHHOM IIPUHIIAIIE, & UMEHHO IIPUHIINIIE HAUMEHBIIEro JefiCTBUSA
lamuaprona. B paMkax 3Toro mogxoma MCKOMbIE YPABHEHUS ABJISIOTCS CJIEJICTBUEM SKCTPEMAJILHOTO
3HadeHust PyHKITUOHAIA, JIeHCTBUS.

PaccmoTrpum creprkerb, paboTaromuil Ha U3rubd, UMEIONNN TOCTOSHHYIO ILJIONIAb OIEPETHOTO
cedeHns S = const, CAMMETPUYIHYIO OTHOCHTETLHO obenx oceit Oy u O, Ipu 3TOM HefATpaIbHast OCh
crepxKHst coBriaiaeT ¢ ocbilo Oy. OTMETHM, YTO B TEKYIIEM BBIBOJIE YIUTHIBAIOTCH TOJIBKO [OIIEPEIHBIE
Kosiebanus B 110cKocTU Oyy, TPOIONBLHBIMI KoslebanusaMy npenedperatot. [IycTh orkionenne rucre-

[Monoxxenue ITonoxenue
TIONEPETHOTO CEICHUS  11or1epeyHOro0 CEUEHUS

GanKu BO Bpemst MOKOsIIEHCs OaTKu
necdopmanumn

.

Puc. 6. Usru6 nonepeunoro cedenus 6ajKu Bo BpeMs AedOpMalun

Fig. 6. Bending of the cross section of the beam during the deformation

PE3UCHOI OAJIKHM OT TIOJIOKEHUS] PABHOBECHUSI OIUCHIBAETCS CJIELYIONUM (DYyHKITMOHATIOM JIEHCTBUS:

I(u) = ft " Ldt, (7)

rye ty < t < #; — HEKOTODBIH MPOMEXKYTOK BpeMeHH, U = U(X,t) — KpuBasi, OMUCHIBAIONIAS TUHAMUKY
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banku, L — pyukmusa Jlarpanka, paBHas pa3HOCTH KHHETUIECKONW W ITOTEHIINAILHON SHEPTHH:
L=T-U, (8)

rie U — norennuasnbHas Heprusi, 1 — KuHeTn4IecKast 3ueprusi. Onpere/inM MoTeHIIHATBHY 0 SHEPTUIO
DaJIKI Kak

!
u:{men ()
2 Jo

rme M — usrubarormmit MOMeHT, a ¥ — gedopMaliust 6aikn B Touke X. ledopmaruio ompegenmm
uepe3 KpUBU3HY.

[IycTb kpuBasi, ONMUCHIBAIONIAs [IOJIOYXKEHNE OAJIKM B IIJIOCKOCTHU Oxy, 3ajsiana ypaBuenueMm F =
= F(x,y) = 0 (F € R?), Toryia ee KpuBm3Ha Gy/IeT OMICHIBATLCA yPABHEHHTEM:

[FyFyx — FxFyFyy + F3Fy,|
(F3 +F})3/?

K =

Tak Kak IPOJIOJILHBIME KOJIEOAHUSIMU MOXKHO IPeHeOpedb (COrIACHO MPEJIIOJIOKEHHIO), TO ypaB-
HEeHNUe, OLMCHIBaIOIIee ToJI0Kenne 6asku, Oyger umers Bug F(x, y) = y—u(x) = 0, a ee kpusnusna
OIIPEMIEIISITHCS CAEIYIOMUM COOTHOIIIEHUEM:

Uxx

K= ——F—707.
(T2

OrpannumBasch pacCMOTPEHHEM JIMIIb MAaJIbIX YIJIOB OTKJIOHEHUsl IOIEPEeYHOro ceveHnd ¢ < 1

(uy < 1 n xak ciexpcrsuel — u2 —>O 1), kpuBu3HA OYAET ONPENEIATHCA PABEHCTBOM:
Uy —>

K = uxx.
B cBoto ouepenn, maMeHeHne KPUBU3HBI OAJIKI paBHoE|
x=k-ko=k—-0=k=uy (10)

rjie kg — HadasIbHasi KpUBU3HA TIOKOATIEHCsT OATKU, paBHAsT HYJTIO.

J71st BBIBOJIa ypaBHEHUs] U3MMOAIOIIEr0 MOMEHTa, BHIOEPEM JiBa NapaJliebHbix ceuenns ()(x) u
Q(x + Ax) na paccrogaun Ax. O9eBHIHO, YTO YIJIBI TOBOPOTA B ITHX CEYEHUAX OY/IyT PA3IUIHBIME
BO Bpems Jiechopmarun. BesiegcrBue 3Toro npoucxoisT pacrsizkenue (B BepxHeil yacTu Oajaku) u
ckarue (B HUKHel yacTu 6asiki) Marepuasia 6ajki B IPOJIOIbHOM HallpaBjieHnu. PaccMorpum dactb
Gasikn, Haxozsmeficst Ha paccroguuu ¥ = r(y) ot ee ocn cummerpun. Kak Bugno na puc. |7 aymmna
pacTsHyTOro MarepuaJja n3MeHujIach Ha As = rA¢. OTHocuTeIbHOE y/IJIMHEHNE MaTepuaJa

As JAY0)
Ax,yt) = - = —r—, 11
(8, y, 1) =~ 1o = 15 (1)
a nedopMalis PaCTAXKEHUA-CXKATUI B TOUKE X
(x,y,t) = — lim ¢&(x, Ax,y,t) = —r li A6 _ (12
() = - fim el by, ) = fim gy = ~r >

YToJI OTKJIOHEHHSI IIOLEPETHOIO CedeHus () OT “HOPMAJILHOTO” MOJIOXKEHHs B TOUYKe X (CM. PHC. @ ¢
YYIETOM OPTOTOHAJBHOCTH OCH CUMMETPHUHU HAIPABJICHUIO Jie(hOpMAaIlii PABEH:

O = Uy. (13)

3I{pI/IBI/I?)Ha PaBHa HYJIIO TOJIBKO B TOM CJjIyYae, KorJa Kazxxaasd TOYKa baakn HEIIOJBH2KHa, OJHAKO KaK TOJIBKO baaka
noaBepraercs ﬂerOpMaH\I/IHM, TO €CThb HEKOTOpPbIe OECKOHEYHO MaJible 3JIEMEHTHI OAJIKN HAYUHAIOT OTKJIOHATHCSA OT
TIOJIO?KEHNA paBHOBECUA, KPDUBU3Ha CTAHOBUTCHA HeHyﬂeBOﬁ.
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Puc. 7. Medopmuposannas qacTh Gaiku, IOMyIeHHAsT ABYMs MapasuieabHbIMU cedenusayu ()(x)

u Q(x + Ax)
Fig. 7. Deformed part of the beam obtained by means of two parallel cross sections Q(x) and Q(x + Ax)

Taxum 06pa3oM, TOJICTABIISS B , TIOJTY IUM
e(xX, Yy, t) = —Tllxy. (14)

Wsrubaromumit MOMEHT, BO3HUKAOIIUI oTHOCUTEBHO ocu O, BCJIEICTBHE HOPMAJIBHOIO HAIPSIYKEHUST
B ceuennn ()(Xx), oNMCBIBAETCS ypaBHEHHEM

M(x,t):j;rods. (15)

Tenepb BLIMUCIIM HOPMAJILHOE Hanpskenue B cedernnu ()(Xx), mosarasi, 9To MaTepuas 6aiku ob1a1aer
YIPYro-IUIACTUYECKUMEI CBOMCTBaMU € JAe(OPMAIMOHHBIM YIIPOYHEeHnEeM. JIJIsi 3TOro BOCIIOIb3yeMCsI
npeobpazosBareneMm IIpanaras — MmanaCcKOro:

O‘(t) = rpl[t(),o‘(),' E]E(t) = j(;oo rp[to, Go;h]E(t)dE(h), (16)

rze o(t) — Bbixoj (peaknusi npeobpasosareis), I'py — npeobpaszosaress [panpris — Uimackoro,
¢(t) — Bx0a. BpimosHnM mepexon oT ofHOMEpHOro npeotpasosaress [panarias — WnumHckoro
K JIBYyMEPHOMY, BB€/Isi TPOCTPAHCTBEHHBIH mapamerp C, MPUHAJICKAITUH MHOXKECTBY U3MEPUMbIX
napameTpos, 1o Jlebery, kak npejiaraercs B pabore |34]. Torga napamerpudeckuii npeobpazoBaresib
HpUMET BHUJI;:

G(C, t) = FPI[tQ,Go;E]E(C, t) = L rp[to, Go;h]&((:, t)dE(C,h),

rjpe ( — mapaMerp, XapaKTepU3yIoIuil IMpocTpaHCTBeHHYO (10 Marepuasy Oajku) MJIOTHOCTH
pacmpesiesieHns 3JIeMeHTapHBIX HocuTeselt TucTepesnca. Vnm, ncrmomb3yst ciaemayomniee COOTHOIIEHTE
C = (x,y) (mapamerp ( mupeicraBieH B BUJE IPOCTPAHCTBEHHON II€PEMEHHON), OKOHYATEJIHLHO
IIOJIY UMM

o(x,y,t) = Ipilto, 00; Ele(x, y, t) == f I'p[to, oo; hle(x, y, £)dZE(x, y, h). (17)
0

C yuerom coornomenus (17) ypasuenue (15)) npumer Bu:

M(x, t) = Lr(foooTp[to,ag;h]e(x,y,t)dE(x,y,h))dS. (18)
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PackpbiB ckoOku u yaurbiBas cooTHorienue ((14)), morydmm

M(x,t) = fﬂ[)m 1T'p[to, 00; h] (—rixy )dE(x, y, h)dS. (19)

Tenepb BoCIOJIb3yeMcst CBOHCTBOM npeobpaszosaress [Ipanaris [34], a umenuo coorHomenuem
rIp[h](—rityy) = —rzl"[h/lrl]uxx. (20)

st mospiHTerpaIbHOTO BhIpakeHus u3 coornomenus (19) ¢ yaerom coornommenust (|14))

M(x,t) = L—rz (foo Fp[to,ao;h/lrl]uxxdE(x,y,h))dS (21)

0

—

1 BBeJs NepeMennyto E(x, h) = f

o r2&(x, y, |rh)dS, momyamu

M(x, t) = —f rp[to, oo;h]uxxdhg(x,h). (22)
0

Kak moxuO 3amerutsb, ypasuenue (22|) coBmamaer ¢ ypasaenuem ([16)), aTo mossosser 3ammcarhb
COOTHOIIIEHUE B ceaylommeil popme:

M(x, t) = —Fpluxx. (23)

Taxwum 0bpa3oM, CBA3bIBasE OTHOIIEHHE JePOPMAIMH K HAIIPIYKEHUIO TOCPEICTBOM IIpeodpasoBaTest
ITpanarna — Umtuackoro , 110 CYyTHU, OCYIIIECTBJsIETCS Paclpe/le/leHNe TUCTEePE3UCHBIX CBOMCTB
BIOJIb JJINHBI OAJIKI.

OKOHYATEJIBHO IIPUHUMAST BO BHUMAHUE COOTHONIEHUS u (23), ypaBHEHUE JJIsT IOTEHIIUAIbHOI
SHEPIrUu MPUMET BU]T

1

I
u=-- f Uy Ipp [t JdX. (24)
2 Jo

KI/IHGTI/I‘IGCKYIO QHEPI'HUIo OoIIpeJe/IMM KJIaCCUICCKUM 06pa30M:

I
T = 1fp(x)Sufdx. (25)
2 Jo

Torma wHTErpaa AefiCcTBUS JIsT TAKON CUCTEMBI IPUMET BUI

5] 1 L L
I(u) :f E(f uxxl“pl[uxx]dx~|—f pSufdx)dt. (26)
tl 0 0

U3 npunnuna Hanmenbiiero jeficteus B dopme Lammiabsrona ciemyer, uro dynkiust ¥ = u(x, )
sABJIfeTCs SKCTpeMasibio dbyHkimonana (26). Pacemorpum sapuanmio sroit bynxuun u(x, t) = u(x, t)+
+en(x,t), aas KOTOPOIl CIPABEJINBO CIIE/LYIONIEE:

® B HAYAJILHBIH M KOHEYHBIII MOMEHTBI BpeMenn QpyHKuus (X, 1) He BapbUpyeTcs;
e 7(x,t1) = n(x,t2) = 0 aua rakux X, s Koropsix Bepuo 0 < x < L.

Taxum obpaszom, dbynxmuonar (26]) mis kpusoit U puMer BH

t2 L L
I = f % (f (uxx + €nxx)r[uxx + €T]xx]dx + pSf (ut + er]t)ZdX) dt. (27)
t 0 0

fcno, aro dyurnmonas jeiicreus (27) mocruraer skcrpemyma B Touke € = 0. CoryiacHo He0O-
XOJIMMOMY YCJIOBUIO CYIIIECTBOBAHUSI SKCTPEMYMa, TOJIOKUM BapHuanuio QpyHKIMOHAIA JIeHCTBH
OTHOCUTEJILHO € PABHOI HYJTIO

dl

I (28)



Becmnux Camapcrozo ynusepcumema. Ecmecmsennonayywnas cepus 2024, Tom 30, €M 3. C. 35-62
Vestnik of Samara State University. Natural Science Series 2024, vol. 30, no. 8, pp. 85-62 45 I/I3

[Tepet Bbauc/IeHREM TPOU3BOIHOI 110 € PACKPOEM CKOOKHU BHYTPHU TIOJILIHTErPAILHBIX YpaBHeHuil (27)):

L
f uxerI [uxx + enxx] + enxerI [uxx + €7]xx]dx/ (29)
0

L
pS fo (u? + 2eusm; + n?)dx. (30)

[Mopcrasisis B (28]) BeIpazkenue unrerpasna jeiicrust (27)) ¢ yuerom (29) u , BBIYHUCJIUM IIPOU3-
BOJHYIO IIO €:

1)
f (L + 1) + pSl3) . dt =0, (31)
51
rie
L
Il - f uxerI [uxx + enxx]dx, (32)
0
L
12 = f anxrpl[uxx + anx]dx, (33)
0
L
I3 = f (u? + 2eusm; + n7)dx. (34)
0

[Tpeanonoxum, uro dbyukuus 71(x, ) Ha KOHIaX paBHsierTcst Hysro, To ectb 1(0,t) = n(L,t) = 0.
Paccmorpum 6ostee metaabHO Karkaoe ciiaraeMoe f.

Haiinem wacrayio npoussoatyio o € s (32). st aroro npomuddepennupyem noasHrerpasb-
HOE CJIATaeMO

L
f Uy (FPI [uxx + enxx])e dx. (35)
0

st masibHERIINX BBIYUC/ICHUHN TPEJIIOIOKUAM, YTO BecoBasi pyHKIUS & quddepeHnupyema u ee
npoussojHast ecrb dynkiws f(h). Cuenys sromy, npeobpasosarens Ipasris — VmmHcKoro
[pUMET BHUJI;:

Tfile = [ f0Tolaledn. (36)

YunrsiBas (36)), samumem mosnyio dopmy npousBoHoil mpeodbpazosaresis [Tpanaris — Unuimackoro
u3 coorHormenus ([35)):

<mm+%m=£3wmm+%mm (37)

e I'p — mpeobpazoBarens Ipanarisa. Ilpencrasmisist mpeobpazosarens [Ipararias B popme :
I'p[p(x, t,€)] = min{h, max{-h, P(x,t,to, €)}}, (38)

rae P(x, t,tg,€) = Tpo+ ¢(x,t,€) —P(x, to,€) u G(x,f,€) = tyy + €Ny, €TI0 IPOU3BOJIHASL IPUMET
BT

0, ecm Y(x, t, to, €) € [=h, h],

39
Nux (X, 1) — ax (%, £0),  umade. (39)

Te[p(x 1 €)le = {

HOJIy‘{eHHbIﬁ BbIIII€ PE3YyJIbTAaT MO2KHO IIDpEJCTaBUTL B BHJIE

Tp[p(x,t,€)]e = (Nxx(x,t) = Nrx(x, t0) ) X
X (@(W(x t,to,€) +h) —OW(x, t,to,€) —h)), (40)

4QueBnIHO, YTO IPOM3BOIHYIO HEOOXOIUMO B3SITh TOJIBKO y CaaraeMoro I'pp [tixx + €MNxx], IOCKOIBKY U He 3aBUCHT
oT €.
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rae O(-) — dbynxnus Xesucaiina. Torma, mogcTaBisis MOTyIeHHbIH pesyabTar B (37) 1 BBIHOCS
cylaraeMble, He 3aBHCAIINE OT M, HOTYIUM

(FPI [uxx + enxx])e = (Uxx (X, t) — Nxx (xz ty))X

)
on‘ f(h)(O(x, t,to,€) +h)—O(x,t,to,€) —h))dh. (41)

IMoacrasus B (35) Bopakenue (41), o6o3HauuB nHTErpas kak Hekoropyo dyukuuio f(x,t, ty, €):

L
j(; Urr (Nax (X, 1) — N (%, 20) ) (%, £, 1o, €)dx, (42)

[POMHTErPUPYEM J[BA pa3a 110 9acTsM, IPUHUMAs 3a U GYHKIUIO OT 1) (4ro0bl N36aBUTHCS OT JBYX
[IPOU3BOJHBIX IO X), ¥ OKOHYATEBHO IIOJTyINM

L
(l)e = f(; (n(x,t) = n(x, to))a(x, t, to, €)dx, (43)

rie a(x,t,ty, €) — HEKOTOpas MPOM3BOJIbHAS (DYHKIHS, IOy I€HHAS B XOJI€ NHTErPUPOBAHMUSI.
Teneps paccmorpum Bropoit unrerpad Ip. Jduddepennupyst unrerpas 1o €:

L L
f T]xerI [uxx + enxx]dx + f ETxx (FPI [uxx + enxx])edx (44)
0 0

" 1moJjiaras & = O, IIOJIyYHM CJIeIyIollee BbIpazKeHUe:

L
L T]xxrpl [uxx]dx. (45)

Teneps mponuddepeHnnpyeM BhIpaXkeHne JIBa pas3a M0 JaCTIM U OKOHYATEIHHO MOy IIM

L
(IZ)SZL anI[uxx]xxdx~ (46)

HerpyaHo 3ameruts, uto B uHTerpase (34) Toibko oauo ciaraemoe 3asucut ot &. Cie0BaTesbHO,
nuddepeHnupys Mo €, UMeeM:

L
f 2umdx. (47)
0
Teneps, npoanddepeHInpoBaB OAUH pa3 MO YACTIM IOJIYIEHHOE BhIPArKEHNE, OKOHIATEIHHO NMEEM:
L
(I3)e = f 2nupdx. (48)
0

Takum obpaszom, nojcrasiss B (31]) Beiparkenust , , , TTOJTYIUM:

BaMeTyM, 9TO BBIIIEIOIYyYeHHOE YpaBHEHNE €CTh He0OXOANMOe YCI0BUE Jiliepa JOKAJIHLHOIO IKCTpe-
MyMa dyHKIHOHATA JeiicTBusg. Bocmonb3yemcs temmoit Jlebya-Peiivona, KoTopast siBIsieTcst OCHOBOI
JIJIsl TIOCTPOEHUsT TeOprUH ODODIIEHHBIX (DYHKIUHA, TPUMEHUTEHLHO K YPABHEHHUIO 1 TOJIy IUM
OKOHYATEJIbHO YPaBHEHUE KOJeOaHU TICTEpPEe3nCHOMN 6anK1/1E|:

+ pSuyndxdt = 0. (49)

I [tx]xx + pSttyr = 0. (50)

5BCJI€,JCTBI/16 UCIIOJIb30OBaHUA JIEMMBI IIEPBOE€ HMHTErpaJibHOE CJiaraceMoe 6y,ueT PaBHO HYJIIO HX-3a Pa3HOCTHU
n(x,t) =n(x, to)-
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YuurbiBast IIOTCEHITAJI BHEIITHEN Harpy3ku u I1oJjiarad IIPOU3BEJICHUE pacCIIpeaeJieHrneM MacCCbl Ha
IJI0IIa/Ab IIOIIEPEYTHOI'O C€YE€HUd, PpaBHOI'O €UHUIE, [IEepEeInIIeM YpaBHCHNE B BHUJC

Uy + r[uxx]xx = g(x/ t)/ (51)

rae g(x,t) — dbyHKIus BHEIIHEH HAIDY3KH.

3. YwucseHHble MeTOJIbI: IBHAs Pa3HOCTHAasI CXeMa
u Metoa Pynre — KyTTbl

Bajada HaxOXKIeHUsT pelieHus JuddepeHnmuaabHoro ypasHeaus: (B o0IEeM Cydae CUCTEMbI
i depeHnnaIbHbIX ypaBHEHUI) sIBJIsIeTCsl caMoil IepBoii 3aj1a4eil B paMKaX MCC/IeI0BAHMs JII00Oit
CHUCTEMBI, ONuChiBaeMol nuddepeHiuaabubiMu ypaBueHusaMu. Kak mpaBujao, 0ObIYHO UCIOIb3Y-
IOTCSI TOYHBbIE aHAJIUTHIECKNIE METObI PelleHusI. SIPKUM IPUMEPOM CJIY?KUAT IIPUMEHEHHE MeTOIa
pazesiernst mepeMeHHbIx Oyphbe B 3a/1a4e 0 KOJEOAHUSIX CTPYHBI. 1IpernMyIecTBO TOUHBIX METO/IOB
COCTOUT B TOM, UTO OHM ITO3BOJISIIOT ITOJIyYUTh PEIIeHre YPaBHEHUS B BUJE HEKOTOPO KOMOWHAIIAN
9JIeMEHTApHBIX (DyHKIU (MHOTIA PeIlleHre MPeJICTABIISIeTCs B BUJIE KBAJIPATYD OT 3JIEMEHTAPHBIX
dbyuxwmit). OnHako GONBIIMHCTBO TPAKTHIECKUX 33/a49 PEIUTD C UCIOIb30BAHUEM 9TUX METOJOB He
SIBJISIETCsT BOBMOXKHBIM. BBI3BaHO 9TO JInOO OCOOEHHOCTSMU OOJIACTU, B KOTOPOI UINETCsT PEIeHne
ypaBHeHnst (MHOTHE MPAKTHYIECKIE 3aa91 HAKJIIbIBAIOT OIPAHUYEHHs Ha IPOCTPAHCTBO HapaMeT-
poB U objracTu perenHuii), 160 BOOOIIE HEBO3MOXKHOCTBIO HAXOXKJICHHsI AaHAJIUTHIECKOIO PEIleHusl.
B Takom ciyvae ymoOHO MCIOIB30BATHL UMUC/IEHHBIE METO/IbI, ITO3BOJIAIONINE UCKATH PEIIeHue, all-
IIPOKCUMUPYs NCXOIHOE ypaBHeHne. Maremarndeckuii amnmapar YUCJIEHHBIX METOI0B JIOCTaTOTHO
Pa3BUT JUIsT €r0 IPUMEHEHnsT BO MHOTUX 3aj1a9ax. OJIHAKO IIPUMEHEHNE STUX METOJI0OB CTAHOBUTCSI
HETPUBUAJIbHON 3a/1adeil, KOT/la ypaBHEHHUS COAEPKUT Ol€PATOPHBbIE HEJIMHEHHOCTH IMCTEPE3UCHOIO
Tuna. s perneHnst TakKuxX ypaBHEHUH HEOOXOIMMO MOIUMUINPOBATH KJIACCUIECKIE METOJIbI.

B pamkax HacTosei crarbi paccMaTPUBAIOTCA 9UCIEHHBIE METO/IBI, ITpeobpasyortue gudde-
PEHINAIbHOE YPABHEHUE B YACTHBIX ITPOU3BOIHBIX C ONEPATOPHON TUCTEPE3UCHON HEJTUHEHHOCTHIO
K KOHEYHOI cucTeme ajrebpamdeckux ypasHenumii. Haubosiee 9acTo B uTeparype MCHOJIb3YeTCH
cJIeTyIOIas MHTEePIPEeTAIlus PA3HOCTHBIX CXeM: dBHBbIE U HesBHbIE Pa3HOCTHBIE cxeMbl. HesBHas
pPa3HOCTHAS CXeMa IIPEIOoJaraeT mpeodpa3oBaHne UCXOAHOIO YPABHEHUsI K CUCTeMe ajredpamde-
CKUX yPaBHEHUil ¢ TPEeXIMArOHAJIbHON MATPUIIE ¢ MOC/IeIyIONMM pelieHneM (HalpuMep, MeTOJI0M
IpOroHKn). SIBHasi cxema Gosiee IPOCTa B PEATU3AIUY U I03BOJISIET BBIUUCIIATL 3HAYEHNE (DYHKIUH,
OIMpasiCh Ha JaHHDbIE, ITOJyYeHHbIE Ha HpeablayIneM Inare. HesBHable cxeMbl, Kak IIpaBMiio, boJee
ycToiiunBhl, 9eM siBHbIe. OJIHAKO, IT0oJIarasi OTHOIIEHUE Iara 10 BpeMeHU MHOTO OOJIbIe Iara mo
IIPOCTPAHCTBY, MOXKHO JI0OUTHCsS HeoOXoauMoil ycroitunBocTu. BBumy ciioxknoctu dphopMmansanun
TUCTEPE3UCHBIX OIEPATOPOB U UX MHOXKECTBEHHOI CYIIEPIIO3UITNN B HEABHON Pa3HOCTHOW CXeMe, B
HaCTOAIIEH paboTe UCIIOIb3YeTCsI STBHAsT PA3HOCTHAST CXEMA.

Beenem B obsmactu () = {0 < x <L,0 <t < T} paBHOMEpHYIO CETKY C LIATOM II0 IPOCTPAHCTBY My
U C IIIaroM II0 BpEMEHH /;, paBHYIO

L T
ht:ﬁ/

rie M — KOoJIn4ecTBO y3JI0B CETKHU 110 BPEMEHHOU KoopiauHare, T — Bpems MojeaupoBanus, N —

(52)

KOJIMYECTBO y3JI0B CETKH 110 IPOCTPAHCTBEHHON KOOp/uHATE (pHC. . IIpuyeMm maru moq4IuHAIOTCS
COOTHOIIEHUIO N <K Ny JJIs yCTOHYIMBOCTH OIKCHIBaeMoil cxeMbl. IlepBrie nBa BpeMeHHBIX miara t = 0,
t = 1 BBIUYHUCSIOTCS Ha OCHOBE HAYAJBHBIX yCJIOBHUil. Vcmoyib3ys rpaHuyHble YCJIOBUsI, HETPYIHO
nenTUUIUPOBATE BCe 3HAYEHUS B y3/1aX ¢ KoopauHatamu (X;, tj), rei=0,1,N-1,N-2,j=0M.
J1J1s1 BBIYUCJIEHUsI OCTAJIbHBIX 3HAYEHUN alllIPOKCUMHUPYEM ypaBHEHUE KOJIeOaHU I'MCTepPe3uCHOM
OAJIKH.

YpaBHEHUsI, alllIPOKCUMHUPYIOINE BTOPbIE IPOU3BOIHLIE 10 BPDEMEHH! U IIPOCTPAHCTBY, IPUMYT BHJIL;

j+1

uf_l - ZuZ +u;
, (53)

i

Uy =
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Puc. 8. O6nacts Q) = {0 < x <L,0 <t < T} ¢ BBenennoit paBHOMepHOI ceTKoil pasmepa M ma N. V3ibl
ceTKH, 0603HAYEHHBIE GEJILIM IIBETOM, BEIUYUC/IAIOTCA B XOJ€ PEIICHUs yPABHEHUS, Y3JIbl, 0003HAYCHHDIE
YEPHBLIM I[BETOM, BBIYHUC/ISIOTCS U3 TPAHUYIHBIX YCJIOBHIA

Fig. 8. Grid Q = {0 <x <L,0 <t < T} with size M for N. Undefiined grid nodes are denoted by white color,
nodes denoted by black color are calculating based on boundary conditions

- 2u + uz+1
h3

/ (54)

Uyx =

rie ul]. coorBeTcTByeT 3HaueHuo B obsacru () ¢ koopauHaramu (i, j). AunpokcuManus HyJeBbIX

HAYaJILHBIX ¥ TPAHMYHBIX YCJIOBUI OYeBUHA, IO9TOMY HE IPUBOIUTCS B HACTOSAIIEH cTaThe. ANIpPOK-
cuvarust pyHKIUN HArpy3ku g(X, ) BBIIOJHEHA CIIELYIONUM 00pa3soM:

9(x,t) = g(jhx, iy), (55)
a alllIPOKCUMaIUs TUCTEPE3UCHOTI'O OllepaTOpa MMeeT BUJI:

Tfitee]/ ™ = 20 [ut]] 4 T/
"2 ’

Tty ox = (56)

] j —Zuj +uf

1, BBO/JsI HOBYIO IIEPEMEHHY IO M 1 , COIJIaCHO , OKHOYaTeJIbHO II0JIy9YUM COOTHOIIIEHUE:

) —orf@l) + )
Ffu] = [14]] LZ] + T[] , (57)

riae I — rucrepesucusrit oneparop. Ioxcrasisis nmosydenusle annpokcumanuu B ypasaenune (1)),
MOJIYYUM CJIETYIOIIEee COOTHOIIEHUE!

+1 ~j1j-1 j+1
—2ul +u ()™ - 2r[@)) + r[i)]
hg i

= g(jhx, ihe). (58)

OCTaB.}IS{E{ B JIEBOH YacTU YpaBHEHHsI TOJIbBKO HEU3BECTHbLIE, OKOHYATE/IbHO IIOJIyIUM ypaBHCHUE
KOJIeOaHUIT THCTEPE3NCHON OAIKM, allIPOKCUMIPOBAHHOE SIBHON UMCJIEHHON CXEeMOI:

u{H—Zu + u htg(jhx,iht) h‘2

rful]l" - 2r(l)] + ()

2 (59)

Taxum obpasoM, 3HadeHne Ha j + 1 BpeMeHHOM cjioe OyeT BBICUNTBIBATHCA Ha OCHOBe | U j — 1 cioes.



Becmnux Camapcrozo ynusepcumema. Ecmecmsennonayywnas cepus 2024, Tom 30, €M 3. C. 35-62
Vestnik of Samara State University. Natural Science Series 2024, vol. 30, no. 8, pp. 85-62 49 I/I3

B zaBucumocTu ot hopmasmzanuy rucTepe3ncHOro 38eHa OyIyT pacCMATPUBATHCS PA3TUIHbBIE
[IOJIXO/IBI K €0 PA3HOCTHOCTHON muckperusarnuu. Tak, Jijs pacdera peakiuu npeobpas3oBaTesis
IIpanarns — UnummHCKOTO Oy/1eT MCHOIb30BATHLCA €0 JTUCKPETHBIN aHAJIoT . Brixox mpeobpa-
3oBaresisi boyka — Bena paccanTbiBaeTcst, UCIIOIb3Ys MOIUMPUKAIIUIO XOPOIIO U3BECTHOTO METOJA
Pyure — KyrTor gerBeproro nopsjaka. KpaTtko omuIieM UCIOIb3yeMbIil aJITOPUTM.

[Tycrs F = F(&, n) ecrb npasast gacTb uddbepeHnuaibHOro ypasHenus npeobpasosaresis Boyka —
Bena co Bxomom & n 3HadenueM 3Toit (byHKIINU B IPEJBIIYIIHAI MOMEHT BpeMeHn 1]. Beeiem BekTOp

F(&,nb)
‘ )a ], ]
F = (5_ ) (60)

F (5{\1—2' 77;\7—2)

j Jog]
Uiy 24
I3
Torma momens Pyure — KyTTer 4-10 mopsiika MpUMEHUTEIHHO K PEIeHnio ypaBHenus boyka — Bena

MO2KHO 3alliCaTb B BEKTOPHOM BHJE:

6 it Boyka — B = S VA
Ipeoopa3oBaTejien bOYKa €Ha CO 3Ha4YCHUAMMU Ei - u 171. =Llin COOTBETCTBEHHO.

Dt =1/ 4 g(klf + 2ky/ 4 2k3/ + ky/), (61)

riae ) )
k! =¥, _,

i
J=w¥F| . .
k! = MFll sl
J=w¥F. . .
ks’ = IiF |5{.=5;+k2,’./2'

k4j — htFjI S
] _«] Ir
£l=&l+is)
rne F/, ki, k2, ks/, ks’ ectb BekTOpBI-CTONONBI Ha j BpeMeHHOM HMHTepBase. Takum oGpasom,
IPEJICTABJIEHHBII METOJI, TI0O3BOJIAET ONTHMHU3UPOBATH BHIYHUCIEHUS, 3HATUTEIHHO COKPATUB BPEMS MX
BBITIOJTHEHUS (B CPeJIax, [JIe eCTh MOJIEPKKA BEKTOPHOTO UCUUC/IeHNs, Hallpumep, cpejia Mathlab
mwin 6ubmmorexka NumPy nns siseika Python u ap.).

4. Pe3yabTaThl MOaeAnpOBaHus KoJjieOaHMIt

B macrosimem pasmesie OMMCHIBAIOTCS Pe3y/IbTAThHI MOASTUPOBAHUS KOJIeOaHUI KIaCCHIeCKO
U I'EMCTEPE3UCHOI OaI0K B 3aBUCHUMOCTH OT Pa3HBIX TUIOB Harpysok. MogeaupoBanue dpeHOMEHa,
TUCTEPE3NCca OCYIIEeCTBIISIETCS TIOCPEICTBOM JBYX IpeobpasoBareseit: boyka — Bena u Ilpamarisa —
Wmnmuackoro. Tak»Ke B pasjesie NPUBOIUTCSI CPABHUTEIbHAS XapaKTEePUCTUKA MEXKIY ITUMU MOJIe-
asivu. HagasibHble ycsioBUs OJIAraloTcsi HyJleBbIME (6asika OKOUTCs B HAYAJbHbBIH MOMEHT BpEMEHH
U He MMeeT HAYaJIbHOI CKOPOCTU COOTBETCTBEHHO) U HEHYJIEBBIMU IDAHUYHBIE YCJIOBHsI, KOTJIa MOJIE-
JIApyeTcs ceficMudeckas Harpyska (Ha KOHIIaX MOJEJIUPYETCs BO3JAeiiCTBUE CeICMUYCCKONI BOJIHbI) u
HYJIEBBIMU JIJIsi UHBIX HAIPY30K (pHC. E[) XapaKTepuCTUKHU OaJIKU ITOCTOSTHHBI BO BCEX IKCIIEPUMEHTAX
(KpoMe Tex cilydaes, IJie sIBHO yKa3aHbl JAPYIHe HapaMeTphbl):

e jmHa 6asik; 6asku paBHa L = 1;
® BpeMs MoJieJInpoBanus paBuo 1T = 5;
e xosbdurment a? pasusiercs 0.5;
napaMeTpbl YUCACHHOTO MOJICIUPOBAHUS MTOJIATAJUCH CJICTYOIIUMMU:

e 1mar o Bpemenu pasen h; = 0.00125;
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e 1mar 1o npocrpancsy pasen Ny = 0.05;
a IIapaMeTpPbl TUCTEPE3NCHBIX MOJEJIEH:

e 10poroBbIe 3HaveHns h; npeobpasosarens [Ipararis — NIMUIMHCKOTO pacpe/essuinch B HH-
repsadte (0,100) ¢ marom 0.5;

o koapdurment E npeobpazosaress [Ipanaris — Unumnackoro mostaraercst paabim 0.9.

e mapameTphl mpeobpasosarens Boyka — Bena nosnaraiorcs pasaeivm: A = 0.9, = 0.2,y = 0.5,

n=20.2.

()TMGTI/IM7 9TO PE3yJ/IbTaTbl ObLIN IOJIY9€HbI C UCIIOJIb30BaHUEM YUCJIEHHBIX METO/J0B, OIIMCaHHBIX B
pasm. 3. Haunem onmcanne IIOJIYYEHHBIX PE3YJIbTaTOB C MOAC/JIUPOBAHUA BOB,Z[GIL/'ICTBI/IH HepHOILquCKOfI

CTPYKTYDBL.

Load (control): g(x, 1)

LILLLLLLL

T T

S(t) Seismic influence: S(t) S(t)

Puc. 9. IllapaupHoe 3aKpenienne 6ajaky ¢ y1eToM BHemHell Harpysku g(x,t) (yupasienmus)
u cefficmosiornyeckoit Harpysku S(f) B Mecre 3aKperuieHust

Fig. 9. Fixed boundary of the beam taking into account the external load g(x,t) (control)
and seismological load S(t) at the boundary connection

4.1. MopaenaupoBaHue HArpy3KM KaK (pyHKIUU MEPUOANIECKON CTPYKTYPbI

OfHEM U3 KJIACCHYECKUX TUIIOB HAIPY3KHU SIBJISIETCS IeprogndecKast Harpyska. C ee IOMOIIBIO
MOXKHO IIOHATDH, KAK Pearupyer CUCTeMa Ha IEePUOANYECKHUE BO3IEHCTBHSI C MEHSIOIIEHCS 9aCcTOTOM
mwim aMInTyaoii. OOBIYHO B KadeCcTBe IMEPUOINIECKON HAIPy3KHU MPUHSITO HCIOJb30BATh TPUTO-
HOMeTpHYecKHe (DYHKIMHI, U3MEHSIIONNECs. B 3aBUCHMOCTH OT BpeMeHu, Bujga A sin(wt + ¢g) mwin
A cos(wt + ¢y), rie A — amuuryna, @ — Jacrora u ¢p — HavasbHast dasza Koaebanuit. B nacros-
el crarbe B KadecTBe PYHKIIUU IEPHOJINIECKOTO BO3IEHCTBUs OYIeT UCIIOIb30BATHC (DYyHKIINA
g(x,t) = 0.12 sin(2n/2 — 4nt) (puc. [10).

Kak MOXKHO BHJIETH U3 TOJIYYCHHBIX DE3YJIbTaTOB (pHC. , peakiys KaxKJI0To THUIlla OaIKu
Ha [epUOINIeCKOe BO3JelicTBre pas3Hast. Kjaccumdeckasi Oajka ¢ HAYAJIBHOI'O MOMEHTa BpPEMEHH
HAYMHAET JIEMOHCTPHPOBATEH KBa3UIIEpUoandeckre (popMbl Kostebanuii ¢ AByMsi 9acToTaMu (OCHOBHOI
¢ HanbOJIbINEl MOIHOCTBIO, U BTOPOCTEIIEHHASI, C MEHBIIIElT), YTO MOJATBEPKIAETCA AaHAJIN30M CIIEKTPA
Dypoe-ipeobpazoBanus (puc. a). Banka ¢ rucrepesucubiMu cBOACTBaAMH, (hOPMATH3YEMbBIMI
npeobpazosaresieM boyka — Bena, JeMOHCTpUPYET CXOXKHE PE3YJIBTATHI ¢ KJIACCHIECKON OAJIKOiA.
A MMeHHO Ha HaYaJIbHOM BPEMEHHOM OTPE3KE MOYKHO BUIETH CXOXKHE KOJIEOAHUSI C KJIACCHIECKOM
Mogesbio. OIHaKO, HAUnHAs ¢ HEKOTOPOI'0 MOMEHTa BPEMEHH, YCTAHABINBAIOTCS IEPUOINIECKIE KOJIe-
GaHUs C IIOCTOSIHHON YacTOTON (OTMETHM, YTO YaCcTOTa y KayKJIOro U3 npeobpasoBarTeseil OTInIaeTcs,
POBHO KaK M aMILIUTY/a KoJjebanuii). Anaimms cuekrpa @ypbe-npeobpasoBaHust OKa3bIBAET, YTO
UCII0JIb30BaHue mpeobpasoBaresisi boyka — Bena criocobCcTByeT yMEHbBIIEHUIO MOIITHOCTYA HEOCHOBHOIM
9acTOThl Kojiebanuii (puc. 6) MpaKTHYECKU HUBeJMpys ee. Vcrmosib3ysi B KadecTBe HOCUTEJIst
TUCTEPE3UCHBIX CBOUCTB IpeobpasoBaTeib [Ipanariaa — NIIInHCKOro, MOYXKHO JTOOUTHCS JIy UK
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Puc. 10. I'pabux dynknun narpyskn g(x, t) = 0.12sin(nt/2 — 47tt)
Fig. 10. Graphical representation of the load function g(x,t) = 0.12sin(n/2 — 4nt)
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Puc. 11. T'padurn xonebanmii 6anku B Touke X = L/2 B 3aBUCUMOCTH OT BPEMEHNU: CUHAS KPUBAA —
KJIaCCHYECKasd MOJECTh DAJIKH, OpaHzKeBas KpUBas — I'UCTEPE3UCHAs DATKA ¢ MCIIOJb30BAHIEM
npeobpaszopatesa [Ipanarias — MmauHCKOro, KpacHas KpUBasi — THCTepe3ncHast 6aIka ¢ UCIIOJIb30BaHueM
nupeobpasosaressi Boyka — Bena (a, 6); nmapamerpudeckue rpaduKy THCTEPE3UCHBIX HeTeNb (BpeMs F Kak
napaMeTp): BXOJHO-BBIXOHAsT 3ABUCUMOCTD BXOJIA Uyy OT BBIXOAR [ [Uyy] B Touke x = L/2 (s, @)

Fig. 11. Vibration graphs at the point x = L/2 depending on time: the blue curve denotes the classical
beam, the orange curve denotes the Prandtl — Ishlinskii model, the red curve denotes the Bouc — Wen
model (a, b); parametric graphs of hysteresis loops (time f as a parameter): input-output dependence
of the input uyy on the output I'[tyy]| at the point x = L/2 (¢, d)

DPe3yIbTATOB B CPABHEHUU C OCTAJBHBIMU MOJCISAMA. A UMEHHO C €€ TIOMOIIBIO, BO-TIEPBBIX, MOXKHO
JIOOUTHCST YMEHBIIIEHUS AMILIUTY/bI OCHOBHON YaCTOTBI, BO-BTOPBIX, PEIYIIMPOBATH BTOPOCTEICHHYIO
gacrory (puc. 6). IlpencraBieHHbIE TUCTEPE3UCHBIE 3aBUCHMOCTHU (DPHUC. 68, 2) HO3BOJISIIOT
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OILIEHUTDb SHEPreTHIECKU BKJIa ] I'MCTEPE3MCHOIO 3BeHA B PeLyIIIPOBaHIe KOJeOAHN: IIIOMAb TeTIN
MPOTIOPIUOHAJIbHA SHEPTUH, “OTBOAUMOI’ THCTEPE3UCHBIM 3BEHOM U3 CUCTEMBI.

Takum obpaszom, mpeobpasoparens [Ipanarias — VmmnmHCKOTO MO3BOIsSIET M30aBUTH KOJTeOAHUS
6aJIKi OT KBa3UIIEPUOIUICCKON CTPYKTYPDI, TPAHC(HOPMUPYS UX B IUCTO MEPUOINIECKYIO, & IIPeod-
pasoBaresib boyka — Bena crocobcTByeT yMEHBITEHUIO MOIITHOCTH HEOCHOBHOM YacTOTHI KOJIeOaHMit

OaJIKU.
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Puc. 12. Cuexrp ®Oypne-nipeobpaszopanus Kojaebanuii 6anku B Touke X = L/2: a — Kjiaccudeckas MOJEINb,
6 — rucrepe3ucHas OaJika ¢ UCIoJb30BaHmeM mozesn [Ipaumaris — MmumHaCcKOr0, 6 — rucrepesncHas baska
¢ ucnop30BanneM Mojean Bboyka — Bemna

Fig. 12. Fourier spectrum of the vibrations of the beam at the point x = L/2: left — classical model,
middle — Prandtl — Ishlinskii model, right — Bouc — Wen model

4.2. MopgenupoBaHue BO3/IefiCTBUsS UMMYJbCHOI HArpy3Ku

Hepenko B paMKax IPUKJIAIHBIX 3a/a9 BaXKHO 3HATH PEAKIINIO HECYIell KOHCTPYKIIUA Ha WM-
IyJIbCHYI0 Harpy3ky. CaMbIM IIPOCTBIM IIPHMEPOM TAKOM HAI'DY3KH SBJISETCs TOYEUYHBIA ymap 110
KOHCTPYKITHHU ¢ HeKOTOpoit “‘cuoit”. Kitaccmiaeckum mMeTomoM popMaIu3alind UMITYIbCHON HAIPY3KH
gaBysiercsd Jeybra-pyHknua Jupaka. OaHako, IpuHAMasi BO BHIMAHUE UCIOJIb30BaAHNE YHCIEHHBIX
METOJIOB B paboTe, UMeeT CMBICJ PACCMOTPETH IOJIO0HYIO eif (DYHKIIMIO, KOTOpasi B OJHOMEPHOM
cydae MMeeT B

A,

0, wunaue,

ecim t = 0,

o(t) =

a B IBYMEPHOM:
A,

0, wumnage,

5(x,t): ecmmt=0unx=0,

e A — “cuna” ymapa. Vcnonb3oBanue Takoit (DyHKIMY TO3BOJISIET HUBEJIMPOBATH OECKOHETHOCTU B
pacderax, ITO CUJILHO YIPOIIAET 3ajady MOJeIupoBanus. flcHo, ¥To 6aaKa 3a CIeT BHYTPEHHUX CHUJT
JOJIZKHA, “TIOIJIONIATE yaap, Ipeodpasyst SHEPIUIo yaapa B WHbIE ee (DOPMbBI, HAIIPUMED, B TEILJIOBYIO
sHeprelo (Harpes Oayiku). B HacTosIell craTbe necienyercs peakius KJIacCuIecKoil u “rucrepesncHoi”
6aJIOK Ha UMITYJIbCHYIO HArpy3Ky (yaap), IPUJIOKEHHYIO K ee OIPEJIeJICHHON INCKPETHON TOUKe B
HEKOTOPbIH MOMeHT Bpemenu. Takum obpasom, dyHKIuo g(X, t) MOXKHO IPEJICTABUTH B BHIE:

g(x,t) = b(x—x,t =1) = 6(x = x)d(t = 1),

rae x € [0,L] ecth muckperHast TOUKa GaJKM, B KOTOPOi JEfCTBYET MMITy/IbCHAS HATPy3Ka, a
T € (0,T) — MOMEHT BpeMeHH, B KOTODBIi JeficTByeT HArpy3Ka.

Pesynbrarsl Mo/ MpoBaHusl, IPOJIEMOHCTPUPOBAHHBIE Ha pHC. [[3] mokasamu, 410 y4er rucre-
PE3UCHBIX CBONCTB IPUBOJUT K COBEPIIEHHO MHOM JUHAMUKE KOJIeOaHUil, HEXKeIn B KJIaCCUIECKOM
MolesT. A MMEHHO Ha'WHasl ¢ MOMEHTa BpeMeHHu t = T Kjaccuueckasi 6ajika HaUWHAaeT COBepINaTh
KOJIe0aHUsI C MMOCTOHHON 9acTOTOH, MpUYeM B XOJi€ IKCIEPUMEHTOB OBLIO yCTAHOBJIEHO, UTO HM-
yJbCHAs HArpy3ka Jio0oit “cuibl’ BBIBOAUT OAJIKY U3 COCTOSHWS PaBHOBECUS, 3ACTABJIAS DAJIKY
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Puc. 13. I'padurn konebanmii 6ankm B Touke X = L/2 B 3aBUCUMOCTH OT BPEMEHHU ITPU UMILYJIHCHOMI
marpyske ¢ cuyoit A = 1000 u nmapamerpamu xy = 0.5, T = 0.5: cuHss KpuBasi — KJIaCCHIECKasi MOJIENb DAJIKH,
opamKeBas KpUBash — IUCTepe3ucHas 6ajIKa ¢ UCIOIb30BaHneM mpeobpasosaressd [Ipanaria — WnuHcKoro,

KpacHas KpuBasi — TUCTepe3uncHas 6ajka ¢ UCIoIb30BaHneM mpeobpasoBatesisi boyka — Bena

Fig. 13. Vibration graphs at the point x = L/2 depending on time under the impulse load with the force
A = 1000 and parameters y = 0.5, T = 0.5: the blue curve denotes the classical beam, the orange curve
denotes the Prandtl — Ishlinskii model, the red curve denotes the Bouc — Wen model

OecKOHeYHO J0JIT0 Kojebarhbest. HampoTus, 6aika ¢ y4eTOM T'MCTEPE3UCHBIX CBOMCTB C MOMEHTA
BpeMeHHU | = T HaYMHAET OTKJIOHSITHCS OT IOJIOYKEHMS PABHOBECHUsI, JOCTUTAET HEKOTOPO TOYKH,
COBepIIast IpU 3TOM OJIMHOYHOE KOJIiebaHre MAJION aMILIATYIbI, [IOCJIe Yero JTIOCTUTAeT YCTONINBOTO
IIOJIOXKEHMUsI, OTJIMIHOTO OT ITOJIOYKEHNS PABHOBECHSI I OCTAETCSI B 9TOM ITOJIOYKEHNH HECKOHEYHO IO0JITO.
HpI/I 9TOM Ha pHC. @, 6 MOXKHO BUIETb, 9YTO peSyﬂbTaTbI, ,[LeMOHCTpI/IpyeMbIe C HUCIIOJIB3OBaHUEM
npeobpazosareneit Ilpanarias — Mmmmnckoro n Boyka — Bena, orimdarorcst, 0IHAKO CXOXKHU TI0
cBoeit cTpykType. CX0XKeCTh pe3y/IbTaToB IOATBEPKIAETCS U M0I00HOCTHIO THCTEPE3UCHBIX IETEIb,
IIPOIEMOHCTPUPOBAHHBIX Ha puc. [[4]
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Puc. 14. TTapamerpuueckue rpaduky rHCTEPE3UCHBIX METENb (BpeMsl F Kak HapaMerp): BXOIHO-BBIXOIHAS
3aBUCUMOCTD BXOJIa Uyy OT BBIXOJA, F[uxx] B Touke X = L/2: a — upeobpaszosarens Ilpanaris — VnummacKoro,
6 — npeobpaszoBarens boyka — Bena

Fig. 14. Parametric graphs of hysteresis loops (time f as a parameter): input-output dependence of the input
Uyy ON the output F[uxx} at the point x = L/2: a — the Prandtl — Ishlinskii operator, b — the Bouc — Wen
operator

Habuiroraemoe oBesienne Kosiebauuii y OAJIKU ¢ yI€eTOM IUCTEPE3UCHBIX CBOMCTB MOXKHO MHTEP-
[IPETUPOBATHL KakK OoJiee yJladHoe, 4eM y OajiKi, MOJEJTUPYyEMOil KJIaCCUIeCKUM MeToJIoM. Takoit
BBIBOJ, MOYKHO CJIeJIaTh, ToJIarasi, 4To, MoJydas yaap, bajka nedopMupyeTcs B CTOPOHY yAapa
(cocemaue Touku JedOPMUPYIOTCsS, B TOM 4HCIe 06pa3ys aJleKBaTHBIA mporud, cM. puc. , pu
9TOM I'MCTEPE3UC CIOCOOCTBYET JIMCCUIAIIMN SHEPIUU yjiapa, HUBEJUPYs JaJibHelIne KoeOaHus
Oasiku, B OTJIMYME OT KJIACCHUIECKON Mojesin, KojebaHus KOTOPO UMEIOT MEePUOIUIECKUil XapaKkTep.
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Puc. 15. Kpacnoii KkpuBoii COOTBETCTBYET MOJIOYKEHIE TUCTEPE3NCHOM Gasiku, dpopMaau3yemMoit
npeobpaszoBaresieM Boyka — Bena, cumeit KpuBoil — MOJIO2KEHNE KJIACCHIECKON OAIKM, 3e/I€HAasT JTUHUS
JIEMOHCTPUAPYET MECTO, B KOTOPOE OBbIJI COBEPIIEH yIap

Fig. 15. The red curve corresponds to the position of the hysteretic beam formalised using the Bouc — Wen
operator, the blue curve corresponds to the position of the classical beam, and the green curve corresponds
to the point of impact

4.3. MopgenupoBaHue BO3JIefiCTBUS CEMICMUYECKOIl HArpy3Ku

B macrosimem pazjiesie mpUBOJATCS PE3YJIHTATHI MOJIEIUPOBAHUS KOJIeOAHUN KJIACCUIECKON U
“rucrepe3sucHoO”’ 0AJIOK, HAXOASIINXCA MO BO3IeficTBUEM B BHUJie ceficMudeckoil BoHBI. BansgHaue
BOJIHBI KJIACCUYIECKH BO3JIEHCTBYeT Ha HaJIKy B MecTax ee KpeivieHus. B kadecTse yHKIIUU, IMUTHU-
pYIOIIeil ToBeJIeHne CeiCMUYIeCKUX BOJIH, UCIIOJIb3yeTcs (PYHKIMS MaTEPUHCKOrO BeliBjeTa ‘mother
wavelet”, mmerormast Bu;

() =¥ (7)), (62)
a
rjie 4 U b SIBISIOTCA apaMeTpaMi PACTAYKEHUS U CIABUTA MATEPUHCKON (PYHKIIUU, COOTBETCTBEHHO.
[Tox BeitBaeT-QYHKITUAME B paMKax HACTOSIIEH pabOThI MOHUMAETCS XOPOIIIO U3BECTHOE CEMENCTBO
BeliBiieroB Jobern.

Haunem anajius moJiy4eHHBIX PE3Y/IbTATOB CO CPABHEHUS KJIACCHIECKOHN U “THCTepe3ncHOil” 6aok
C TUCTepe3UCHbIM IpeobpazoBaresieM boyka — Bena. Kak Bumao u3 puc. Ha HaYaJIbHBIX Bpe-
MeHHBIX nHTepBasiax (¢ 0 mo 3 0T9eT MOIeJIBHOrO BpeMeHNn) DaJIKu BeJyT cebst OJMHAKOBO, OJTHAKO
CIIyCTsl 8 MHTEPBAJIa BPEMEHHOI'O OTYeTa ‘TucTepe3ucHast Oajika cTabJIM3upyeTcs, B TO BPeMs KaK
KJIacCcu4eckasi OaJika JeMOHCTPUPYET Iepuojindeckue Kojiebanus. Takas cTpykTypa KoJiebaHwmit
OObSICHSIETCsI JIMCCUITUPYIOIIUME CBOHCTBAME TUCTEPE3UCHOTO TIpeobpasoBaresis (puc. , KOTOPBIi
TpaHchOpMUPYET IHEPTUIO KOJEOAHNH CeCMIIECKOl BOJIHBI B UHbIE (DOPMBI.

Taxske U3 pe3ysIbTATOB MOJIEJTUPOBAHNSI, TIPEJICTABIEHHBIX HA PUC. BHJIHO, ITO pealnsi Kjac-
CHYECKOR U “TucTepe3nucHoil” 6aaoK pasindHa. A IMEHHO B MOMEHTAaX BO3IEHCTBUS CeliCMUYECKOi
BOJIHBI TUCTEPE3UCHAsT GAJTKA JIEMOHCTPUPYET BO3MYIIEHHsI MEHBITION aMIIUTY bl (OCOOEHHO YETKO ITO
HabJIo/1aeTCs Jyist GasIKu ¢ ucnosib3oBaaueM Mogesn [panaras — VnuimacKoro) B cpaBHEHUH ¢ KJIAc-
cudeckoit basikoit. [locse nmpekpalenns: CeiCMIIECKOro BO3IeHCTBUsT 006e OAJIKY CTAOUIN3UPYIOTCS B
COCTOSTHIE PABHOBECH:, OJIHAKO TUCTepe3ncHas bajka, popMaandyemast npeobpasosareaeM [Ipammr-
Jist — VIIJIMHCKOT0, OKa3bIBAETCsI B IIOJIOKEHUH PABHOBECHUS, OTJIMYHOM OT UCXOJIHOrO (pHc. , 6),
YTO COIVIACYETCS C YIPYTO-IJIACTHYECKUME CBONCTBAMU T'MCTEPE3UCHOIO MaTepHUaJa.

Tak>ke, KaK BUJIHO U3 [IPEJICTABIEHHBIX PE3YJIBTATOB, 00€ OAJIKM BCe eIle MPOJI0JIKAI0T COBEP-
MATh KOJIEOAHUS I10CsIe BO3IeicTBusA HAarpy3ku. OiHako 6ajka ¢ y4eToM I'HCTEPE3UCHBIX CBONCTB
HOKA3bIBAET KOJIEOAHUST 3HAUUTEIHLHO MeHbIeil aMimTybl, yem Kiaaccudeckas (0.0004 nporus 0.1
COOTBETCTBEHHO).

N3 mpomeMOHCTPUPOBAHHBIX PE3YJIbTATOB MOXKHO CIEJIATh BBIBOJ, UTO yUIeT T'MCTEPE3UCHBIX
CBOMCTB ITO3BOJISIET UJACHTU(MUIIMPOBATD HOBBIE (POPMbI TTOBEJCHUSI B CPABHEHUU C KJIACCUYECKOiT
MOJIEJIBIO.
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Puc. 16. CneBa — rpadux marepunckoii BeiiBier-pyHKiuu B 3aBucuMocTu oT Bpemenu (Befiier JobGemu
12 nopsuka ¢ napamerpamu 4 = 1, b = 4). CupaBa — OTKJIOHEHUE JUCKPETHON TOYKHU GAJIKH ¢ KOODAMHATAME
L/2 ot nonoxeHnsi paBHOBECHST B 3aBUCUMOCTU OT BPEMEHU: CUHsIsl KPUBasl — KJIACCUIECKass MOJIETb OasIKH,
opamHKeBas KpUBasi — IUCTepe3ucHasi 6ajIKa ¢ UCIO/Ib30BaHueM mpeobpasosaress [Ipanarisa — UnuHcKoro,
KpacHasi KpuBasli — I'ECTepe3ucHas Oajika C UCIOIb30BaHneM rpeobpa3oBaresist Boyka — Bena

Fig. 16. Deflection graphs of the point on the beam with coordinates x = L/2 depending on the time under
the influence of the seismic load presented as the Daubechies wavelets of the 12th order with parameters
a =1 b = 4: the orange curve — Prandtl-Ishlinskii model, the blue curve — the classical model
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Puc. 17. Ilapamerpuueckue rpaduku rucTepe3ucHbIX eTesb (BpeMs t KaK IapaMeTp): BXOIHO-BbIXOIHAS
3aBUCUMOCTD BXOJA Uyy OT BBIXOIA F[uxx] B Touke X = L/2: a — mpeobpaszosarens IIparnaras — Wmmackoro,
6 — mpeobpazoBaTesib boyka — Bena

Fig. 17. Parametric graphs of hysteresis loops (time ¢ as a parameter): input-output dependence of the input
Uyy on the output T'[uyy] at the point x = L/2: a — the Prandtl — Ishlinskii operator, b — the Bouc — Wen
operator

SaKJ/II0ueHue

B macrosimieit crarbe mcciiegoBaHa JIUHAMUKA OAJKNA C paCIpPedeIeHHBIMA THCTEPE3NCHBIME
cBoiictBamu. B mepBoit yactu pabOTHI MOJIyUeHbl YPABHEHUS C UCIOJIb30BAHUEM MaMUIETOHOBCKO-
r'0 TO/IXO0/a, OIMCBIBAIONINE MOJEIb JIBUKEHUN OaJIKM, KOTJa HOCHTE/b T'MCTEPE3UCHBIX CBONCTB
pacripejiesieH 1o Bceil ee jyuue. [IpuBenenbl pe3ynbTaThl MOASJIUPOBAHUS KOJIeOaHnii 6aaIKu, HaX0IsI-
Ieiicst o/ BHEIHEH HATPY3KOil Pa3InIHOil IPUPOBL: CeicMUIecKoil (hopMaIn3yeMoil MaTeprHCKOI
BeiiBser-yHKIme u3 cemeiicrsa BeiiBieros Jobern), ynapHoii u nepuojudeckoit. [1pousseneno
CpaBHEHIE XapaKTepa KojaebaHnil KIaccuiecKoil n “rucrepe3ncHoi”’ 6asok. Jjist onmcanust rucrepe-
3UCHBIX CBOICTB UCIOJIB30BAINCH JiBa MOAxX0/a: heHOMeHoornyeckuii (nmpeobpasosaresib Boyka —
Bena) u koHCTpYKTHBHBINH (11peobpasosaresb [Ipanarisa — Wnummackoro). Ha ocHoBe 4mciieHHBIX
9KCIIEPUMEHTOB YCTAHOBJIEHO, YTO HajIKa ¢ paclpeIeeHHbIMI IMCTEPE3NCHBIMI CBOMCTBAMK 00J1aaeT
HOBBIIIEHHO} (110 CPABHEHUIO ¢ KJIACCHYECKON MOJIENIBIO) YCTOWIMBOCTBIO 110 OTHOIIEHUIO K BHEITHUM
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BO3/eficTBUsIM pa3anaHOil npupo/bl. VHbIMEU ciioBaMu, o6aacT ycToduBoCcTU (B HPOCTPAHCTBE
[apaMeTpOB 3TOH CUCTEMbI) IIUpe JIJIsl PUCTepe3ucHol banku. [loyryueHHble pe3yibTaThl MOTYT HAfTH
[pUMEHEHNe IPU PAa3pabOTKe U MPOSKTHPOBAHUN HECYIIINX KOHCTPYKITHI B CEICMOOITACHBIX PETHOHAX.
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Hocmynuaa:  15.05.2024 Awnnoranus. B crarbe mcciieyroTcsi BOIIPOCHI, CBSI3aHHBIE C yIIPABJIEHUEM U CTabu-
Pacemompena: 20.06.2024 Jm3armeit KoyebaHnii B MepapXudecKoil IernovYKe OCHUIISITOPOB C THCTEPE3UCHBIMUI

IIpunama: 02.09.2024 cBsi3aMu. ['mcTepe3ncHbie CBA3u (HPOPMATU3YIOTCS C IOMOIIBIO (PEHOMEHOIOTUIECKOIT
mogzesin Boyka — Bena. Macca, KecTKOCTh 1 JeMIIpUPYIONIHe CBONCTBA OCIUJLISITOPOB
Hayunaa cmamos 3aJaHbl TAKIM 00pa30M, ITOOBI OHI COOTBETCTBOBAJIHN OIPEICTEHHOMY TPABIIY MACIITa~
OMpOBaHUs, U YMEHBITAIOTCS BJIOJb IEN IO TeOMETPHUIECKO TTporpeccun, (GOpMUpYst
@ ® TaKuM 0OpasoM mepapxuio. [Iposomgurcs BepudUKaImst MOIEIN C IIOMOIIBIO THIIOTE3bI

Kommoroposa, momobHO TOMY Kak 9TO JI€IA€TC 1715t CDOPMUPOBABIIIXCS TYPOYIEHTHBIX
MMOTOKOB. JIJIsT 9TOTO CTPOSITCS SHEPTeTUYECKHE CIIEKTPhI B YCJIOBUSIX THCTEPE3NCA B
CBsI3sIX U 0€3 Hero mpu pas3/jindHbIX aMIUIATYIAX BHEIIHel cuiibl. B pe3ysbrare BbI-
GUC/IUTEIBHBIX SKCIIEPUMEHTOB OKA3BIBAETCS, YTO JJIsi IEIIOYKN C TUCTEPE3NCHBIMU
CBSI3sIMU TP BBICOKOI aMILIATYJIE BO3JIEHCTBHUS KPHUBAsi SHEPIETUIECKOTO CIIEKTPA
B JIOCTaTOYHON cTereHn coorsercrByer runorese Kosivoroposa. lasee mpoBomuTcst
pacdeT aMILIATYIHO-YACTOTHBIX XapPAKTEPUCTUK CUCTEMBI B YCJIOBUSX TUCTEPE3UCHOTO
BO3/IEHICTBHUS C MTOMOIIBIO METO/Ia 'CKaHWpoBaHus dYacToToi. B pe3ymbrare umcien-
HBIX YKCIIEPUMEHTOB WJIEHTU(DUIIMPOBAHBI JUAITA30HbI YACTOT BHEITHEr0 BO3eiiCTBYSI,
KOTOPBIM OTBEYAIOT XA0TUIECKOE MMOBEEHNE OCIUIATOPOB U X CHHXPOHU3AIIUS.

KiioueBsbie cioBa: TypOy/I€HTHOCTD; TUIOTE3bl KO/JIMOrOpoBa; THCTEPE3NUC; MOJIEITh
Boyka — Bena

1. IIpenBaputesbHBIE CBEeIeHUA

Uccnenopanue TypOyJIEHTHOCTH SIBJISIETCS OJIHOM M3 BaXXHEUIUX 3389 KaK [MPUKJIAIHON, Tak U
dyamamenTaabHON Haykn. OOYCIOBINBACTCS 9TO MIUPOKUM PACITIPOCTPAHEHNEM YKA3AHHOTO SIBJICHUST
B IIPUPOJIE, OCODEHHO B MPUKJIAIHBIX MEXAHUIECKUX 33/1a9aX, CBSI3aHHBIX C TEYCHUEM YKUJIKOCTU U
rasa, a TAK»Ke B PA3HOOOPA3HBIX ATMOCKEPHBIX TIPOIIECCax U SBIeHUAX. HecMoTps Ha cTpeMuTebHOe
pPa3BUTHE BBIYUCIUTEBHON TEXHUKU U PA3PabOTKY YUCIEHHBIX METOIOB C COOTBETCTBYIOIINM MaTeMa-
TUYECKUM 00eCTievueHneM, MOICIMPOBAHNE TyPOYICHTHBIX TEUEHWIT OCTACTCA OTHON U3 CAOKHEHTIIINX
po0JIeM MEXaHUKU YKUIKOCTU ¥ raza. TpajuiiuoHHo JiJisi OUCaHUsT TyPOYJIEHTHOCTU UCIIOIb3YeTCs
TPHU Pa3JIMIHBIX OJX0Ja — CTATHYECKU, CTPYKTYPHBIH n nquHaMudeckuii. OIHAKO KaXKJIblii U3
HUX He JlaeT OOIIEero MareMaTUIeCKOro CIocoba OIMMCAHUS ITOr0 (PU3NIECKOTO sIBJIEHUS, TAK KakK
06JIaCTH IPUMEHUMOCTH KazKJ[0r0 U3 METOJOB CylnecTBeHHO pasiudnbl [1-4]. Tlosromy cosznanue
HOBBIX TIOXOJIOB K OIIMCAHUIO U MOJIEJTMPOBAHUIO TYPOYJIEHTHOIO JIBUXKEHUS [IPEJICTABISETCH BAXKHBIM
U BOCTPEOOBAHHBIM.

Kparko onuiiiem ocHOBHBIE TIOJIXO/bI K MOJIEJIUPOBAHUIO TypPOYIeHTHBIX JiBM2KeHuit. K nmepsomy
U3 HUX OTHOCHTCSI METO/I, OCHOBaHHBII HA UCIOJb30BAHUN YCPEIHEHHBIX 110 PeltHo/bICY ypaBHEHU
Hapbe-Croxkca (Reynolds Averaged Navier—Stokes — RANS) ¢ 3amMbIkaHHEM € IOMOIIBIO TOM MJIM MHOT
[OJTYIMITMPUIECKON Mofes i TypOyieHTHOCTH. KO BTOPO KATEropuu OTHOCSTCS JTBA KJIACCUIECKUX
BUXPepa3pelaroliuX I0/X0/a, a MMEHHO IIPSIMOe YUCIeHHOe MojienpoBanue Typbynentaoctu (Direct
Numerical Simulation — DNS) u monenuposanne kpynubix suxpeii (Large Eddy Simulation —
LES). Hakoner, TpeTbsi KaTeropusi BKJIOYaeT TUOPUIHBIE TIOIXO0/IbI, OIIUPAIONINECs HA COBMECTHOE
ucnosns3oBanne RANS u LES B paznuumnsix obractsix moroka [5-9).
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UcuepnbiBaiomiee n TOYHOE OIpeje/ieHne TypOyJIeHTHOCTH JATh KpaifHe TszKesio. Bo3mMoxKHO
TOJIBKO BBIJIEJIUTH Psijl CBOMCTB, KOTOPBIE OY/IyT OIMUCHIBATH 3TO siBjieHue. OMHUM U3 TAKUX CBONCTB,
XapaKTepU3yoIuX TypPOYJIEHTHBIN OTOK, SIBJsSeTCs "3aBUXpeHHOCTh (pacTsizkeHne Buxpeii). Buxpu,
KOTOpBIe 00pa3yloTcst B TYpOYJIEHTHOM ITOTOKE, COXPAHSIOTCS JOCTATOYHO JIOJII0e BpeMst Ojiarojaps
MEeXaHU3My KacKaJHOTrO IepeHoca suepruu. Korma 0oJibilie U HEyCTONINBbIE 3aBUXPEHUsI, "OTOUpast”
SHEPIUI0 y OCHOBHOT'O MOTOKA, BPEMEHHO COXPAHSIIOT €€, TOCJIe Yero PaCTATUBAIOTCS U Pa3dbUBAIOTCS
HA HECKOJIbKO MEHBIINX, U TaK JI0 TeX IOP, IOKA He PACCEIOT KMHETUIECKYIO SHEPIUiO B TeILio. Takum
00pa30M, OCYIIECTBIISETCS HAIIPABJIEHHAs Iepe/iada SHeprun oT Oojiee KPYIHBIX BUXpell K Hosiee
MeIKuM, (hopMUpYIOIast UX nepapxuto B noroke [10; 11].

Ocoboro BHUMaHUS IPU PACCMOTPEHIH TYPOYJIEHTHOIO TEUEHMS 3aC/ Ly KUBAIOT MEJIKOMACIITaOHBIE
BUXPH, CTPYKTYpa KOTOPBIX IOIPa3yMeBaeT X OJHOPOIHOCTh M M30TPOITHOCTL. Teopust JTOKaIbHO-
U30TPOITHON U OJHOPOIHON TypPOYIEHTHOCTH IIPEICTAB/ISIET COOO IOCTATOYHO pa3pPabOTAHHBIN pa3Ies
Teopun TypOyaeHTHOCTH. [IpuHIUNnalbable pe3yiabTaTsl B 910 obnactu noiaydensl A.H. Kosmoro-
pOBbIM |12], KOTOPBI peI0zKKII "3aKOH [IITH TpeTeil”, Urparoliuii Ha CeroHsIIHNAN JIeHb KII0UeBYO
pPOJIb IpH pa3paboTKe COBPEMEHHBIX IOIXOA0B K MOJEINPOBAHUIO TYPOYJIEHTHBIX TEUYEHWH W MX
BepUQUKAINA.

JlpyruM mpuMepoM CJIOXKHOTO HEJIMHEHHOTO ABJICHUS, HTPAIOIIEro 3HAYUTEILHYIO POJIb IIPU ITPOEK-
TUPOBAHUM U UCCIEIOBAHUE CJIOYKHBIX JTUHAMUYECKUX CHCTEM, siBJIsieTcs rucrepesuc. HeymueitHocTn
TUCTEPE3UCHON TPUPOLI IIPUCYIIIH MHOTUM (PU3UIECKUM, OHOTOTHIECKAM U SKOHOMUIECKHUM IIPOIEC-
caM U siBjieHHsiM. Bo MHOrOM 310 Jin60 06yCJIOBINBAETCSI UX BHYTPEHHEH CTPYKTYPOi (MArHUTHBIIH
rucrepesuc), Jubo sIBJISIETCs CJIEJICTBIEM UX JMHAMUYECKuX ocobenHocTeil (pysesoit odr). Crporoe
MaTreMaTHYecKoe olmcanue rucrepesnuca onLao gano M.A. Kpacuoceasckum u A.B. Ilokposckum B
monorpadwuu [13|. B Heil rucrepesucHble HEJMHERHOCTH TPAKTYIOTCS KaK ONEPATOPHI UM [IPe0d-
pazoBaTesin ¢ COOTBETCTBYIOIINMU IIPOCTPAHCTBAME COCTOAHUI. BbIxos Takoro mpeobpasoBare)is
OyIeT 3aBUCETh HE TOJIHLKO OT MI'HOBEHHOI'O 3HAYEHUs BXOJA, HO M OT COCTOSHUS Ipeobpa3oBaresis B
IPeJIIeCTBYOIINe MOMEHThI BpeMeHu. Paspaboranubie B 13| Mojesn H03BOJISIIOT UCIIOIB30BATH UX
B YPaBHEHUAX JTUHAMUKH CUCTEM C HOCHTEJISIMA THCTEPE3UCHBIX CBOCTB. Ilpn sToM Mome n coor-
BETCTBYIOIIUX CUCTEM CBOJIATCA K OIEPATOPHO-TU(DDEPEHITNATBHBIM YPABHEHUAM, JJIsT KOTOPBIX K
HACTOSIIEMY BPEMEHH JIOKA3aHbI TEOPEMbBI CYIIeCTBOBaHMs U exquHcTBeHHocTH |14]. TanubiM 3agadam
[IOCBSIIIIEHO MHOYKECTBO paboT, Cpeji KOTOPbIX orMeruM ybsmkanuu [15; 16].

B nacrosiinee BpeMst it MOAEJIUPOBAHMUS JUHAMUKU CHCTEM C MHCTEPE3UCOM, KaK IIPABUJIO, UC-
II0JIB3YIOTCS JIBa [OJX0/[a: KOHCTPYKTUBHBII 1ojxos (HemieasibHOe pedie, npeobpasoBaresb [Ipeiizaxa,
Mozessb Wnumackoro [17-22]) u denomenonornaecknii moaxon (momens Boyka — Bena, AiiBana,
Hproema [23127]). Kaxaplii n3 HUX 3apeKoMeH1oBas cebst B pa3iinuHbIX 00/1aCTsIX, HAIPUMED, ollepa-
Top Ilpeiicaxa HaXOAUT IIMPOKOE MPUMEHEHNE IIPU MOAEIUPOBAHUN CUCTEM € (beppOMarHUTHBIMUI
9JIEMEHTAMU, & TaKyKe B MHJIPOJIOIMUECKUX MOJIEJIsIX IIPOHUKHOBEHUs 0caikoB B nouBy [28|. Cpemu
EeHOMEHOJTOTMIECKUX MOJIesIell HanboJree MTOMYJISIPHBIM sIBJIIeTCs Mojie b boyka — Berna. DT1a Mmomenn
dopMaIu3yercst IOCPEICTBOM JIBYX COOTHOIIEHHI: OJHOrO ajarebpamdeckoro u auddepeHnuaibHoro
ypasuenusi. Mogensr Boyka — Bena sBiistercst yI00HBIM HHCTPYMEHTOM J1jTst (hOPMAIH3AIUN THCTEPE-
SUCHBIX 3aBUCUMOCTE, 0COOEHHO B CUTYAaIMK, KOIa MUCTEPE3UCHOE 3BEHO SIBJISIeTCS YaCTbIO CJIOXKHOM
CHUCTEMBI. HpI/IlVIeHI/ITe.HbHO K HpO6HeMa.M Typ6yﬂeHTHbIX TedyeHui OTMETHUM, 9TO B TPaJUITNOHHBIX
[IOJIXO/IaX T'MCTEPE3UCHOE TPEHNE K HACTOSIIEMY BPEMEHH He PACCMATPUBAJIOCH, XOTS MEXAHU3MbI
JINCCUIIAINY SHEPIUHU B KaCKaJlaX TYPOYJIEHTHBIX BUXPEN JONYCKAIOT "TUCTEPESUCHYIO” TPAKTOBKY.
[IpuMeHUTEIBLHO K TEMATHKE HACTOAIIEH paboThl OTMETHM TaKOe SIBJIEHHE, KaK a3pOIMHAMUIECKII
IUCTEPE3HUC, €ro JeTalbHOe OIIMCaHUe MOXKHO Haiitu B crarbe [29).

B macrosimeit craTbe ucciemyeTcs mepeHoc SHEPrud B MEXaHUIECKOI CucTeMe, COCTOAIIEN U3 CBs-
3aHHBIX OCIUJLIATOPOB, COEINHEHHBIX MEXKIy COOOi mepapxXudecKuM ob6pa3oM. YKa3aHHAsS CHCTEMA
SIBJISIETCS JIOCTATOYHO MTPOCTOM MOJIE/IBIO IIEPEHOCA SHEPruu B TypOyaeHTHOH cpeme. KaxKaprit ociumi-
JIATOP B CHCTEME, KPOME IIEPBOT0, CBSI3aH CO CBOMMU COCEISIMU CHUJIbHO HEJIMHEHHBIMU KyOUdeCKUMHU
IIpy>KNHaMHU. HOMI/IMO IPYXKUH B CBA3U ME2KJY OCHUJIJIATOPAMHU BKJIIOYEHBI BASKNE U T'MCTEPE3UCHBIE
nemirdepsl, KOTopble (hopMaIn3yIOTCs ¢ IOMOINIBIO (peHOMeHoIornIeckoit moaenun boyka—Bena. B sty
CHUCTEMY THCTEPE3UC JT00ABJISIETCS KaK eCTeCTBEHHBIN 9JIEMEHT YIIPABJIEHUsI U CTAOUIU3AIUN. DTO
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HCCJIEIOBaHIE TIOMOTaeT HAWTH HEKOTOPBIe OOIIHe 3aKOHbI IepeIain SHEPIUH MEXK Y OCIHJLISITOPaMI
U IpejlaraeT HOBBIH CII0CO6 M3ydeHHsI TYPOYIEHTHOCTH YKUJIKOCTH 0€3 MCIIOJIBL30BAHMSI CUCTEMBI
Haspe-CToKca.

2. Ormmcanme cuctemMbl U ee BepudUKaIUs

B npuposie 1 B TeXHUIECKUX YCTPORCTBAX YaCTO HAOJIIOMAIOTCSI PA3HOOOPA3HbBIE SIBJICHUS, BKJIIO-
Jalollne Iepegady SHEPIrul MeXKy 3JeMEHTaMU B BUIE KaCKa a-TPAHC/ISIUNA. JTU JIEMEHThI IIPU
MPOEKTUPOBAHUU HAXOSTCS 110 OTHOIIEHUIO APYT K JPYTy HA PA3JIMIHBIX YPOBHSIX MJIM MacCIITadax,
dopMUpysT TAKUM 00Pa30M MEPApPXUI0, B KOTOPOH OCYIIECTBIIseTCS Kacka . TaKoil mepeHoc sHeprun
OTMCBLIBAET IEPEeIady MPENMYINECTBEHHO ¢ DoJiee KPYITHBIX MAacIITabOB Ha 0oJiee MaJjble, HAIPUMED,
KaK JIJIsl OJTHOPOJIHOIO UBOTPOITHOTO JIBUXKEHUSI B THJPOJMHAMHUKE. JacTo B Ka4ecTBEe MOJEN JIJIst
HCCJIe/IOBAHNsI IOIOOHOTO sIBJIEHUsI MCIOJIb3YIOT HeJIMHeHbIe [elovYKn ocuuLIaTopos [30-32).

[lenmoyka HEJTUHENHBIX OCIUJIIATOPOB SIBJISIETCS YHUBEPCAJIBHOM M OTHOCUTEIBHO ITPOCTOH MOJIe-
JIBIO, CIIOCODHOI OIMCATh CJIOXKHBIe HeJIMHEHbIe Tporiecchl. [Ipocreiiiieit 3 Takux Mojiesieil siBJIsgeTcs
MO/JIEJIb MEXKATOMHOT'O B3aNMOIEHCTBUs B KPUCTAIINIECKOH pemerke. OTMETHM, 9TO B HOAABJISIONIEM
KOJTMIECTBE MyOJIUKAIUN, TTOCBSIIEHHBIX CBSI3aHHBIM OCIIAJLISITOPAM, UCIOJB3YIOTCS YIPYTUe B3ANMO-
neiicrBusi. O1HAKO peasibHAsT IPUPOIA MEKATOMHBIX CBSI3€l 3a4aCTyIO TpedyeT yuera MPUHIUIINAILHO
UHBIX (GOPM B3aUMOJEHCTBUSI, & UMEHHO B3aWMOJIEHCTBHUsI TUCTEPE3UCHOM Ipupoanl. [loaTomy mpe-
CTaBJISETCS BAXKHOM 3a/a9a U3yJIeHUs] TUHAMAKHA TMCTEPE3NCHO CBSI3AHHBIX OCIU/LIATOPOB. B 9T0i
CBSI3M OTMETHM OJIN3KUE K TeMaTHKe HACTosel crarbu paborsl [33; 34].

Eie onmo BakHOe MpUJIOKEHUE AUHAMHUKU CBI3AHHBIX OCIIULISITOPOB OOYCJIOBJIMBAETCS HC-
[IOJTb30BAHUEM COOTBETCTBYIOIIEH MOJIC/IH JIJIsi ONMMCAHUs TypPOYJIEHTHBIX IPOIEeCccoB. B HacTosIeit
paboTe mpe/iaraeTcs UCIOIb30BATH B KAUECTBE IpocTeiiiieil Mojenn TypOyJIeHTHBIX IBU2KEHUI CH-
cTeMy OOBIKHOBEHHBIX Jn(depeHInaabHbIX YPaBHEHHU, OMICHIBAIONTYIO B TOM YHC/IE W KOJIeOAHM
CBSI3aHHBIX OCIMJLIATOPOB. [Ipy 9TOM J1j1st cTaporo 060CHOBaHUST TaKOW 3aMeHbI TPeOYEeTC s ITPOBe-
ctu BepuUKAIUIO MOJIEJIN, CPABHUBAS [TOJIYY€HHbBIH SKCIIEPUMEHTAJIBHO SHEPIeTHIECKUIl CIIEKTD C
3akoHOoM Kosmoroposa.

PaccmorpumM cHagaa MEXaHUYIECKYIO MOJIE/Ib UCCIEyeMOl CUCTEMBbI, KOTOpast IIPeJICTaBIeHa
Ha puc. 2.1. OHa COCTOUT U3 OCIHUWLIATOPOB, KaXKIbIl U3 KOTOPBIX KPOME IEPBOTO X() CBS3aH CO
CBOUMHE COCEJISIMU X, HEJIMHEHHBIME TPy KuHaMu (¢ noTennuatoM kX5 /4), e k, — skecTKocThb
HesimHeiHo# mpyx)unbl miga n = 1,2,..., N — 1. I[loMumo IpyKUH B CBA3M MEXKY OCIHJIISITOPAMHU
BKJIIOUEHBI BA3KHE U TUCTepe3ncHble nemideps! ¢ koaddumentamu [ u (1 — a)k,D coorBeTcTBEHHO.
IM'ucrepesucusiit gemmdep GopMaIM3yeTcs ¢ MTOMOIILI0 (PeHOMEHOJIOrnIecKoil Moaen boyka—Bena,
UMeEIOITell MPOCTYIO PeaIn3aInio B BUJie OOBIKHOBEHHOTO UM depeHITnaIbHOr0 yPaBHEHUS.

feos(Q 1)

Puc 2.1. Uccnenyemas mexanndeckas cucrema

Fig 2.1. The considered mechanical system
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VpaBHEeHUsT ABMKEHUS JIJIsI MEXaHUIeCKOM cucTeMbl Ha puc. 2.1 6yayT uMers BUI:

( moXo + akoxg + lpxo + (1 — (X)koDZé + wkq (XO — X1)3 + 1 (J'CO — J'Cl)—f—
+(1 — a)koDz} = f cos O,

Mydn + aky (X0 — x01)% + Ly (%0 — %p_1) + (1 — &)k, Dzl + (2.1)
k1 (X0 — X441)% + Lnga (%1 — %pg1) + (1 — a)koDz), = 0, '
my-1%n-1 + akn_1(xn-1 — xn-2)> + In_1(EN-1 — XN_2)+

—|—(1 — lX)kN,1DZ§\]71 =0,

rie zfq U Z), — I'UCTepe3nCHbIe IIepEMEHHbIE, SBIISIONINEC PEIIEHIEM CIIeYIomuX AuddepeHnnaabHbIX

ypasHeHuit (2.2) jyisi ieBoit u npasoit (I ¥ ¥ ) CTOPOHBI OTHOCUTEIBHO H-TO OCIUJLISITODA.

{ 2y = D71 [A = [z," (Bsign (2, (tn = 2u-1)) +7)] (b0 = Fn-1), (22)

Nnmeem

2, = D7 [A — |z ] (Bsign (2], (tn — Fn11)) + )] (% — Xnr1)-

B ypasuennsix (2.2) a, B, y, ) — 6e3pa3MepHble IUCTEPE3UCHBIE TAPAMETPDI, KOTOPBIE OIIPEEISAI0T
dopMy U pasMep IeTJIM I'MCTEPE3NCa COTJIACHO Hoaxoay Moaean boyka—Bena. Ilpu nccienoBanun
CHUCTeMBI IpuMeM ciiejytomue 3Haderns: A =1, = v = 05,7 = 4 . JIna apyrux e rucrepe3ucHbIX
napameTpoB B cucreme (2.1) snauenust 6yayr: D =1 u a = 0.5.

[TapameTpsr m,, — Macca OCHUIATOPA, X; — €0 CMEIEHNE OTHOCUTEILHO TIOJIOYKEHIS PABHOBECHS,
X — CKOPOCTb W X;; — YCKOpPEHUE JJIT COOTBETCTBYIOIINX 3JIEMEHTOB B IEMOYKE.

Basaum napaMeTpsl Tak, 9To0bl B cucreme (2.1) ObL1a nepapxus MacmTaboB B HAIPABJICHUN
caeBa Hapapo. g 3Toro mycThb y mepBoro JmHEHOro ocnmiuraTropa g = 1,kg = 1,1 = 0.01.
Hasee 3a auM y BToporo Hejuueitnoro ocummisaropa mp = 0.01,k; = 0.1,y = 0.001. ITapamerpnt
OCTAJILHBIX OCIIMJLISITOPOB B Iienu BILIOTH 10 N — 1 3a/1ai0Tca 1Mo mpaBuiam:

My kn

i
=6, =45 1 =2
My 41 M1 L1

rnen =0,1,2,..N —1.
Tenepsb nposegeM BepuduUKAIUO MOJean. JHepreTudeckuii cniekrp E(k) paccanTaeM ¢ moMoIbo
OTHOIIIEHUSI

. E
E(x) = fn,

rie E, (k) — ycpennennas no nepuoy T sHeprusi KojiebaHuil jijist #-Iro OCHUJIATOPA TIeIH:

— to
Eo = % f (%mox% + %kox% + %kl (Xo — X1)4) dt,
to+T

to
f (%mnx% + %k” (20 = Xn-1)* + %knﬂ (xn — xn+1)4) dt,
to+T

el
3

Il
-

— fy
En-1=1 [ (gmn-aid_q + ghn-1(ov-1 — xn-2)) dt,
to+T

E — ycpenmennast IOHAS SHEPTUS CHCTEMBI JIIA BCEX OCIIIATOPOB, KOTOPAs PACCINTHIBACTCS
CJIETYIONM 00pa30M:

N-1
E=Y E,
n=0

aK = mi — BoJiHoBoe umcyo gust 1 = 0,1,2,...N — 1. B urore obiast MareMaTuiecKasl cCXema
n
BepudUKaIUI MOAEIN OYIeT BBIPAYKATHCS:

E(x) ~ K3, (2.3)
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Pesynprar pacuera sHEpPreTmdeckoro cmekrpa cucreMbl (2.1) mpusesen Ha puc. 2.1 B jora-
pudMIyeckoM Macirade. YepHbIMHI CIUIOMIHBIMU JIUHUSAMU 0003HAYEHBI SHEPreTHIECKNE CIIEKTPHI,
nostyveHnble 6e3 ydera (npu & = 1) rucrepesuca B cucreMe, KpaCHbIM 0003HAUEHBI PE3YJILTATHI,
[OJIyYeHHbIE C YIETOM TUCTEDPE3UCa, a CHHsIs JIMHHUST — 3TO "3aKOH 1siTh Tpereir” (2.3).

MotentmpoBanue oCyIeCTBISIIOCH JJTst MATHAAIATH ociiaaTopoB (N = 15) B ycaoBusx peso-
HAHCHOI'O BHEIITHErO BO3/eHCTBUsI Ha 1epBbiil sjement B e () = 1) npu pasimdHbIX aMIUIATYIAX
(f = 0.001,0.0025,0.005 u 0.01). Pemenne ncxomuoii cucremsr (2.1) 0oCyIIECTBIISIIOCH METOIOM
Pynre-Kyrra 4-5-ro mopsigka mpu HyJIEBBIX HAYAJIBHBIX YCJIOBHSX.

Pucynok 2.2 nimiocTpupyer, KakK 9HEPTHs [IEPBOTO OCIUJLISITOPA TPAHCIUPYETCA OCTAIBHBIM OC-
[UJLJISITOPAM IIENH U YOBIBAET 110 JOCTATOYHO CJI0YKHOMY 3aKOHY. BHUJIHO, 9TO IIPH BBICOKOI aMILIUTYIE
BO3eICTBIs KacKa/ YHEPIUU TOpa3no 0oJiee MHTEHCUBEH, a /I OCIUJLIATOPOB MEHBIIErO MACIITada
10 HaKJIOHY OH B JIOCTATOYHOH cTeleHM cooTBeTcTByeT runorese Koamoroposa. Tak mpu aMinin-
Ty/le BHEIITHEro BO3JEHCTBHsI KpUBasl ClieKTpa (KpacHas JIMHUSI ¢ KBJ[PATOM) M COOTBETCTBYIOIIAS
JiorapupMuIecKasl IpsiMas “3aKOHa IISATH TpeTeil” HaXo[sTCs B BBICOKOW CTEIIEHH COOTBETCTBUSI.

10-15

10-18

10-2t

10! 103 10° 107 10° 101t
1/my-1

Puc 2.2. Duepreruuecknii cnekrp cucremsbr (2.1)

Fig 2.2. Energy spectrum of the system (2.1)

3. OcobenHOCTN TMHAMUKHN MCCJEAYyEMOI CHUCTEMBI

N3zyunm nompobHee IMHAMUKY CHUCTEeMBbI. [ljIst 9TOro paccumraeM aMILIATYIHO-4aCTOTHBIE XapaK-
TEPUCTUKHU Y OTJEJbHBIX OCIUJIISITOPOB B IIEIMH C IMTOMOIIBIO METO/Ia "CKaHnpoBanusa dacToToit. CyThb
JIAHHOTO METO/[a 3aKJII0UAETCs B TOM, YTO [IPH KOMIIBIOTEPHOM MOJEJINpoBaHuu cucreMbl (2.1) usme-
HETCs 3HaYeHre J4acToThl () BHEITHErO BO3JACHCTBUS IOC/IEI0BATEILHO, 6€3 IPepbIBaHNs IIPOIECCa,
BBIHY K JICHHBIX KoJsieOanuii ("ckanupoBanue 4actoroii”). VIHbIMU ci0BaMU, H3MEHsIsI TI0CIIeI0BATEIHHO
qactory (), ¢ KaxKI0# i-il uTeparmeil 3HaYCHNS NI HAYATIBHBIX YCJIOBUN Tipu cireaytoreit ;11
cjieyeT 6paTh He HYJIEBBIMH, & C TOI'O MOMEHTa BPEMEHH, KOT/a IIPepPBaJIOCh MOJSINPOBAHIE HA
TEKYIIEM i-M Iare.

OcobennocTu guHaMuKK 6€3 ydeTa I'HCTEpPe3rca IoAPOOHO M3YYEHBI B paboTe, T IMOKA3aHO,
YTO B 3aBUCHMOCTHU OT AMILJIUTY/IbI BHEIITHENO BO3JIEHCTBUS B eI HAOJIIOJAIOTCS PA3JIMIHBIE TUIIBI
cuHXpoHu3aIn Kojebanuil [35; 36]. Takzke aBTOPBI OTMEYAIOT, YTO NP BHICOKUX 3HAYEHUSX f U
qacrore () = 1 cucrema pearupyer XaOTUIHO, U 3HAUUTEIbHASI JaCTh SHEPIUU IEPeIaeTCs M0 MEn
B BHUJIE SHEPreTUYIECKOrO KacKala-TPaHC/sanuu. IIpy Takux yCaoBUSX CYLIECTBYIOT XAOTHYECKHUE
00J1acTi, B KOTOPBIX BCE HEJMHEHHBIE OCIMLISITOPBI OJHOBPEMEHHO BO30YKIAIOTCS 10 Xa0THIECKOTO
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cocTosinust (aKTUBUPYIOTCs ), Korga dacToTa () MpEeBBINaeT HIZKHI KPUTHIECKUH OPOT; TaKUM
00pa3oM, B CHCTEME IIPOUCXOJIUT Xa0TUIEeCKas CUHXPOHU3AIIHSI.

PesyapraTsl pacuera aMILIATYIHO-9ACTOTHBIX XapPaKTEPUCTUK JJIsI BTOPOIO, YeTBEPTOrO U IIECTOTO
OCIIMJUISITOpA B TIENU B YCJIOBUSIX MMCTEPE3NUCHOTO JieMIbupoBaHust pejicrasiensl Ha puc. 3.1 (a,b,c),
KOT/Ta Ha IIEPBBIil OCIUIIITOP B IEINOTUKe OKa3bIBAeTCs BHeNTHsA cnita ¢ ammuurysamu f = 0.001, 0.005
u 0.01.

Hwxe (puc. 3.1, ¢) npoBejicHa MHIACHTUMDUKAIMS THTHAMAIECKAX PEKUMOB JIJIsI BCEX DJIEMEHTOB
B IeII0YKe IIpu dactore BHerrHero Bosjeiicteust () = 0.99. Iljist 3T0r0 pacCcUnThIBAJICS CTAPIIHIA
nokasaresb JIsmyrnosa A meromom Posenmmreitna [37] mist aMmmTy i X, KaxKI0ro OCIIIIISTOPA M3
BpemenHoro okua t € (0,4000) .
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Puc 3.1. Iunamuveckne XapaKTEPUCTHKU CUCTEMBL: ¢ — aMILIATYAHO-9aCTOTHBLIC XapaKTEPUCTHKHU 2-TO
OCHMJIISITOPA DU PA3IMIHLIX 3HAYEHUSIX f; b — aMIUINTYJHO-9ACTOTHBIE XaPAKTEPUCTUKHU 4-I'0 OCHIIIIATOPA
[IPU PA3IMYIHBIX 3HAYEHUAX f; ¢ — aMIUINTY/IHO-9ACTOTHBIE XaPAKTEPUCTUKN 6-I0 OCHIIIIATOPA IPH
Pa3IMYIHbIX 3HAYEHUSAX f; d — cTapimii mokazaresb JIamynoBa A KaXKI0ro OCIAUIATOPA B IENOYKE IIPH
Pa3IMYHBIX 3HAYEHUAX f

Fig 3.1. Dynamic properties of the system: a — frequency response of the 2nd oscillator for various values f;
b — frequency response of the 4th oscillator for various values f; ¢ — frequency response of the 6th oscillator
for various values f; d — the largest Lyapunov exponents A for every oscillator in the chain for various
values f

Kax BujHO 13 cpaBHeHUs PUCYHKOB, MAKCUMYMbI aMILJIATY/l COOTBETCTBYIOT OJIMHAKOBOM YacToTe,
YTO O3HAYAET CHUHXPOHH3AIMIO KosiebaHuit ocuuisaTopoB. Ilpu nuskom smadenun f = 0.001 B
cucreme 1peobIalaeT yCTONINBas JUHAMUKA, OJJHAKO C POCTOM aMILIMTY/bI BHEIITHETO BO3/EHCTBUS
HOsABJIAIOTC 00/1acTH HeycroiiuuBocTu. Hanpumep, ¢ pocroM 3HadeHns f B OKPECTHOCTU YaCTOTBI
Q) = 1 umeercst xaoTH4eckas 06J1aCTh, aHAJIOTMIHAST TOi, 4T0 Hab/IonaIach B [35; 36).

BriBoanbl

B macrosieit crarbe paccMarpuBaiach JUHAMUKA CBSI3aHHBIX OCIUJIISTOPOB C YOBIBAIOIIUMH B
reoMeTPHUIecKOil Tporpeccuu MmaccaMu. Kpome Toro, mpemnoarajgoch HaJIudre He TOJIbKO HeTMHEHHBIX
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VIPYTHX, HO ¥ TECTEPE3UCHBIX CBA3EH MexK 1y ocruiasgTopamu. VccaenoBaaach TuHAMEIKS YKA3AHHON
CHCTEMBI B YCJIOBHUSX ITEPUOANYIECKOrO BO3IEHCTBUS Ha MEPBLIA 3JIEMEHT B IEIOYKE.

1 anam3a peakiiny CUCTEMBI Ha BHEIITHee ePUOINTIECKOe BO3IEHCTBIE CTPONIACH AMILIHTY/IHO-
JacTOTHAS XapaKTEePUCTUKA JIJIsI Habopa OCIULIATOPOB. KpoMe TOro, YUCIEHHO CTPOUJICS SHEPTeTH-
YECKUii CIIEKTP CUCTEMBI (3aBHCHMOCTH COCPEJIOTOUECHHON Ha 1-M OCIUUISITOPE SHEPTUH OT BEJININHBI,
06paTHO MPOMOPIUOHAILHOMN Macce). Kak ciiesyer u3 pesysibTaToB BHIUUCIUTEIBHBIX IKCIIEPUMEHTOB,
[IPU JOCTATOYHO HU3KUX 3HAYCHUAX AMILIATY/IBI IMEET MECTO TIOUTH TapMOHUYECKUN PE30OHAHC.
IIpu sTOM MexXaHMYECKas: SHEPIUs B OCHOBHOM JIOKAJIM3YETCsl HA IIEPBOM OCIIUJLISITOPE, & €€ TPAHC-
dopmalisi Ha OCTajbHbIE JIEMEHTHI eI ITPOMCXOINT 10 SKCIIOHEHIINAJIBHOMY 3aKOHY. OIHAKO IIpH
JIOCTATOYHO BBLICOKOM 3HAYEHUN aMILIATY/IbI BHEIITHEI'O BO3IEHCTBUSI CHCTEMa PEArnpyeT XaOTHIHO.
B pesysbrare quceHHBIX IKCIIEPUMEHTOB ObBLIN UIEHTU(MUIUPOBAHBI JIMANIA30HBI YACTOT BHEITHE-
IO BO3JIEHCTBUSI, KOTOPBIM OTBEYAET XaO0TUIECKOE MTOBE/ICHIE OCIM/LIATOPOB. IIpu 9TOM yKa3aHHbBIE
OTPE3KHU CYIIMECTBEHHO YK€ 110 CPABHEHHMIO C CUCTEMOIl, B KOTOPOH MMEIT MECTO JIUIIhb yIPyTrue
B3anMoeiicTBrst. OTMeTHM, YTO AHAJOTUIHAS CUTYAaIlis HAOII0IAIaCh I CUCTEM THCTEPESUCHO CBsI-
3aHHBbIX ociLIsATOpoB Ban-yep-Tloss |38]. Ykazauubiii aderr obbsicHsieTcs: peryJisipusupyoreii
POJILIO THCTEPE3UCHBIX 3BEHLEB, a0COPOUPYIOIIEH 9acTh YHEPTUU KOJIe0aHnil Ha KaXK/IOM TaKTe.

N3 cpaBHEeHUSI KPUBBIX SHEPreTUIECKOT'O CIIEKTPA CUCTEM OCIUIATOPOB € THCTEPE3UCHBIMU
CBSI3SIMH C CHCTEMaMU OCIHUJIJIITOPOB C HEJIUHEHHBIMHU YIIPYTUMHU CBA3SMU CJIEIYET, ITO THIIOTE-
3a, KoJsimoropoBa HaxomuTcst B JIydIlIeM COOTBETCTBHHU C JAHHBIMH, IIOJIYyYEHHBIMU B PE3yJIbTaTe
BBIYUCIUTEIbHBIX SKCIEPUMEHTOB UMEHHO I[JIsI CUCTEM C TUCTEPE3UCHBIMU CBSI3SIMU.
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Received:  15.05.202/ Abstract. This work examines the control and stabilization problems of vibrations
Revised:  20.06.2024 in a hierarchical chain of oscillators with hysteresis couplings. Hysteresis coupling is
Accepted:  02.09.202/ formalized within the Bouc — Wen phenomenological model. The mass, stiffness, and
damping properties of the oscillators are set to follow a specific scaling rule and decrease
Scientific article exponentially along the chain, thus forming a hierarchy. The model is verified using
Kolmogorov’s hypotheses. To do this, energy spectra are constructed under hysteresis
| @ ® in coupling and without it at different amplitudes of the external excitation. As a result
of computational experiments, it is shown that for a chain with hysteresis couplings at

a high amplitude of excitation, the energy spectrum curve sufficiently corresponds to
Kolmogoroveh™s hypotheses. The amplitude-frequency characteristics of the system
are calculated under hysteresis in coupling using the frequency scanning method. In
numerical experiments, frequency ranges of external excitation are identified, which
correspond to the chaotic behavior of oscillators and their synchronization.
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Hocmynuaa:  11.04.2024 Awnnorarusi. PaccMaTprBaioTcss pa3imaHbIe BAPUAHTHI TTOCTAHOBKY 339N ONTHMAJIb-
Paccmompena: 17.05.2024 HOT'O YIpaBJeHUs IepeopueHTalldeil ocu JUHAMUYECKOHl CUMMeTPUN KOCMUIECKOI'O

Ipunama: 18.06.2024 anmaparta, sBJIsonieiica ocbio 3akpyTKu. [Ipemosiaraercs, 9To perrenue 3Toit 3a/1a-
YU JIOJ2KHO OTBICKMBATBHC B KJIACCE JBUKEHHUN € OJHUM HAIPABJIEHHBIM (ILJIOCKHUM)
Hayunaa cmamoa IIOBOPOTOM IIPHU yCJOBUHU, YTO JIO U IIOCJIE IIEePEOPUEHTAILIMU OCHU BPAIlCHUs yIJIoBad
CKOPOCTDb 3aKPYTKH KOCMHYECKOTO amlmapaTa oJuHakoBa. IIpu sTom ympaBienue yrio-
@ ® BBIM /JIBU2KEHHEM KOCMHUYECKOT'O allllapaTa OCYIIECTBJIACTCH II0 CXEMe <IIOBOPOTHOI'O

PEaKTUBHOT'O JIBUTrATeJIsI», KOI/a BEKTOD YIIPAaBJISAIONIET0 MOMEHTa OrpPaHUYNBaETCs
3JUIMIICOMJIOM BpareHus. [IpuBesena cooTBeTcTByIOMAs MaTEeMATUIECKAsT MOJIENIb JTBU-
JKEHHUsT KOCMUYECKOTO allapara I paccMaTpuBaeMoil 3a1aqu yrpasjiaennsa. Kpome
IIOCTAHOBKHY 3a/1a9M O HaMCKOpeNIleil mepeopueHTaluu OCu BpaIlleHnsI KOCMUIYIeCKOI0
anmapara Takke cpOPMYyJIMPOBAaHA B3aUMHAasi K Heil 3a7a4a ONTUMAJIBHOTO yIIPABJICHUS,
7151 KOTOPOI Hali/IeHO ONTUMAJIbHOE YIIPAaBJIEHNE MIJIsl TIOJTHOTO YIIPABJISIONIETO MOMEHTA.
C 1nesbio MpoBejeHusl JaJIbHENIIero aHam3a PacCMaTPUBaeMOil 3a1a4u yIIpaBJIeHUsT
IIPUBOJISATCS TaKKe PE3YJIbTATHI €€ CBeJIeHNs K KPaeBoil 3ajlade U K U30IIepUMeTPUIECKON
BapUAIMOHHON 3a/1a4€e.

KuroueBbie cJjioBa: KOCMUYECKHI allllapaT; OCh BPAIIECHUS; TIEPEOPUEHTAIINST;
OITUMaJIbHOE yIIpaBJleHHe; KpaeBad 3a/lada; U3olepuMeTpudeckas 3a/1a49a.

Beenenne

PaccMaTpuBaeTcst yIpas/isieMoe JIBUZKEHUE TMHAMUYECKH CUMMETPUTHOIO KOCMUIECKOTO arapa-
ta (KA) Bokpyr nenrpa macc. VceaeoBanuio onTUMAaIbHO 10 GBICTPOAEHCTBUIO [IePeOPUEHTAIIUH
KA nocssimen psiz pabor [1-5]. Hanpuwmep, B [1; 2; 5] paceMoTpenbl 3a/1a4u ONTUMAJIBHOTO YIIPAB-
JIEHHsI TIepeoprenTalueii ocu Bpaniennsi KA, saBJsomencss ocblo €ro IMHAMUYIECKON CUMMETPUN, B
KJlacce JIBUYKEHWII C OJJHUM HAIPaBJIEHHBIM IJI0CKUM 1oBopoToM. CoorBercrBeHHO, B [1; 3| ObLin
HOCTABJIEHBI M PEIIeHbl 33191 ONTUMAILHOIO YIPABICHUS B MPEJNOJ0KEHUH, YTO yII0Bas CKO-
poctb 3aKkpyTKU KA B TedueHMe MaHEBpa OCTAETCsl IIOCTOSIHHOM, & B 2] — B IPE/II0/IOKeHnH, ITO
OHa MOYKET PEryJupoBaThCS C MOMOMIBIO ABTOHOMHOI CHCTEMBI PEAKTUBHBLIX JIBHTATENEH, KOTIa
JIOIYCTUMBIE YIIPABJISIOIIAE MOMEHTBI OIPAHUYEHBI [TOBEPXHOCTHIO KPYIJIOrO IPSIMOTO IAJINHIIPA.
B macrosmeit ctarhe paccMaTpUBaETCsI TAKKe ITOCTAHOBKA B3aNMHON 3aa4M K 3aade HauCKopenei
HepeoprueHTanun ocu Bpainenns KA. D1u 3aja4n aHaJIOrMIHbL 3a/a9€ ONITUMAJILHOTO yIIPABJICHUS,
PacCMOTPEHHO B [2], HO OTIMYatoNHecs: TeM, YTO MHOXKECTBO JOIMYCTUMBIX YIIPABJISIIONMX MOMEHTOB
KA 3j1ech orpannauBaeTcst JLUIMICOMIOM BpalleHus. TaKyio cXeMy yIIpaBJeHnsi OObIYHO HA3LIBAIOT
CXeMOIl «IIOBOPOTHOIO peaKTHBHOrO jsuraress» [4]. B srom ciyuae, kak u B [2], Tpebyercs naiitn
onTUMAaJIbHOE yIpaBjIeHre HaucKopeiimeil nepeopuenrtamueii ocu Bpamenns KA B kinacce JBUKEHUI
C OJIHUM HAIPaBJIEHHBIM (B 3aJIaHHO}I IJIOCKOCTH) ITOBOPOTOM B MHEPIMAJILHOM IIPOCTPAHCTBE Ha
zaganubiil yros yr: 0 < yr < 7. KpoMme Toro, ¢ 1esbio aHajn3a MOCTAHOBKU PaccMaTpUBaeMOoil
381491 ONTUMAJILHOTO YIPABJICHHs] B HACTOAIIEH CTAThe TaKyKe MPUBOISTCS PE3YJIbTATHI €€ CBEICHHs
K COOTBETCTBYIOIEH KpaeBoi 3a/a9e U K W30MEePUMETPUIECKON 3a/1a1e BAapUAIIOHHOTO MCINC/ICHUS.


https://journals.ssau.ru/est
https://www.teacode.com/online/udc/
https://orcid.org/0009-0003-2183-6261
https://orcid.org/0000-0003-1513-3802

Becmnux Camapcrozo ynusepcumema. Ecmecmsennonayywnas cepus  2024. Tom 30, €M 3. C. 76-88
Vestnik of Samara University. Natural Science Series 2024, vol. 30, no. 8, pp. 76-88 77 I/I3

1. VYpaBHeHHus ynpaBJisieMOro JaBUXkKeHus ocu Bpamienns KA
B 3aJIAHHOI IIJIOCKOCTH

ITycrs ocu cBsazanHO# cucTeMbl KoopanHaT KA Oxyz fBIISIOTCS IVIABHBIME IEHTPAJIbHBIME OCSAMU
unepin, a och Oz ABjgeTcsa Takxke ocblo qunammudeckoit cummerpun KA. Torna Jy = Jy =] u B
obmem ciayuae J; # |, rae Jx, Jy, J; — riaBnble nenTpasbuble MoMenTh! nHepnun KA. Vipasienue
npmkenneM KA oTHOCHTENBHO TEHTpa MacC M, COOTBETCTBEHHO, yrpaBienue asukennem ocu Oz B
3aJIAHHON TIJIOCKOCTH P ¢ HOpMAJIBIO €, OCYIIECTBIISETCA B PACCMATPUBAEMON 3ajatde ¢ IOMOIIBIO
MOMEHTOB, CO3/IaBAE€MbIX «IIOBOPOTHBIM PEAKTHBHBLIM JBUraTeseM» [4]:

My = auvy; My, = auvy; M, = azuv,, (1.1)

rjie 4 U 4, — MOCTOSTHHbBIE, XapaKTepu3yolne 3(PPEeKTUBHOCTE YIIPABJISIONIETO BO3ICHCTBUAST «IIOBO-
POTHOTO PEaKTUBHOTO JIBUTATEJIS»; Vy, Vy, V; — HAIIPABJISAIONIAE KOCUHYCHI: v+ 1/5 +1v2=1u—
crenenb JpoccesmpoBanns: 0 < u < 1.

B HauaspHBIT MOMeHT ycTh ock Oz coBMerneHa ¢ ocbio OZ HEKOTOPOIl MHEPIUAJIBHON CHCTEMbI
koopaunar OXYZ, a yromn mex ity ocbio Ox (mm ocsio Oy) un ockio OX (nm ocsio OY) pasen @o.
Eciau oboznauuth yepes ey opr ocu Oz B HavyaIbHBI MOMEHT U Yepe3 €T — B KOHEYHLIA MOMEHT
MaHEBpa ee TIePEOPUEHTAITNH, TO HOpMaJlb K TIOCKOCTH P ompejiesisieTcs Tak: €, = €g X er/ sinyr,
" ey er = Cosyr. Yros mexiy ocbio OX 1 HOpMAJIBIO €, paBeH J, a MexkKy 0Ccblo OX U OChIO
OX B HadaJIbHBIII MOMEHT, COOTBETCTBEHHO, 0 — o. YTros Mexjy ocbio OX M HOPMAaJbIO €, B
IIPOU3BOJIbHBIE MOMEHT BPDEMEHU B TedeHHe MaHeBpa OyJleT paBeH KBa3UKOODJIUHATE ¢, PABHOII

o(t) = po+ Ofth(é‘)dé-

Ecmu v — rexkymuii yrosn nosopora ocu Oz (yron mexiy oceio Oz u OZ), w = % — ee yIJoBas

CKOPOCTh, a () — MI'HOBEHHAasl yIJioBasi CKOpocTh 3akpyTKu KA Bokpyr ocu Oz, TO MPOEKIINN BEKTOPA
yriosoit ckopoctun KA na ocu cszannoii cucrembl koopaunar Oxyz 6yayT pasusl [2; 3|:

wy =wcos(d —@); wy=wsin(éd—¢), w,=Q. (1.2)

JIoToTHUTE/ILHO BBEJIEM HAIIPABJISIONINE KOCUHYCHI JIJIsl 9KBATOPUAILHOM COCTABJISIONIEH BEKTOPA
YIPAaBJIAIONIETO MOMEHTA:

_1 _1
v}?:vx(vﬁ%—v;) 2; v;’:vy(v§+1/§) 2,

rne (V)2 + (v2)2 = (n°)> =1, a nS — praBﬂﬂIouu/Iﬁ HapalweTp7 kotopsiit pasen n° = £1. Moxmo

zammeaTh, uTo Vy = V3 (v2 +1/ 2 v, = %, e v2 +Vy = 1 —v2 Yunresasg stu
COOTHOIIICHNST W IOJICTABIISIS Bpra}KeHI/IH u B JUHAMIYECKHe ypaBHeHus Diiepa (6],
IIOJLY UM
d
d—cf cos(6 — @) + owQsin(é — ¢) = 7 (1-v )%v (1.3)
dw a 1o
Esm(é—cp) —owQcos(d — @) = 7”(1—1/2)2‘@? (1.4)
dQy  a,
atr_ e, 1.5
it~ - (1:5)

ryie obo3HaveHo U, = UV, u 0 = J,/J.
Vckrodast HAIPABJIAIONE KOCUHYCHI JIjIsi 9KBATOPUAJIBHON COCTABJIAIONIEH YIIPABJIAIONIErO
MOMEHTa U3 NepPBbIX JABYX ypaBHeruii cucremsl (1.3) u (1.4), moryamm

dw\ 2
<dt> + 0'260202 — bZ(MZ . u%)(nS)Z,
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rone b = a/]. C y4eTroMm 3TOro ypaBHEHUS M KHHEMATUYIECKOTO COOTHOIICHUS % = W, a TakxKe

(n®)? = 1 nosTy9UM CJIeIYIONLYIO CHCTEMY yPaBHEHHH YIIPAB/ISEMOTO JIBUKEHHs OCH JIMHAMIYECKOH
cuMmmerpun KA:

d dw

dt dt
rae n = 0,1 — yupasusoomuii napamerp, kK = ¢/b = J,/a. CoorBeTCTBEeHHO, ypaBHEHUE YIIPaBJIE-
Hus 3akpyTKoit KA Bokpyr ocu Oz nosyvaercst u3 ypasaenust (|1.5)):

=bn(u® —u? - kzwz()z)%, (1.6)

o)
o = bt (1.7)

e b, =a;/J,.
MuozkecTBO JoIycTUMbIX yipasienuit jqst cucrembl ((1.6]), (1.7)) onpemensiercs: ciemyrornmumvm
OrpaHMYECHUSIMHU:
n=0=1, 0<xwQ)<u<i; (1.8)
0 <u? <u?— K02 (1.9)
OrmeruM, uro kommorerTa kw() B ((1.9) nponoprnuonaibHa THPOCKOIIYECKOMY MOMEHTY, BO3HUKAO-
memy nipu asukenun ocu Oz u ipu () £ 0, TO ecTh OrpaHUYeHue Ha BEJIMYUHY U, = UV, HEOOXOIUMO
CBS3aHO C BBIIOJHEHUEM YCJIOBHIL ILJI0CKOTO aBrxkernsd ocu Oz.
['panngnble ycaoBust jyisi cucreMbl quddepennmanbibix ypasuenuit (1.6]), (1.7)) nmeror ciemyro-

Wt BAI;

7(0) =0; w(0) =0; Q(0) = Qy; (1.10)
Y(T) =71 w(T)=0; QT) = Oy, (1.11)

riae yr u (p — 3azannble napamerpbl MaHeBpa (0 < yr < mu Qp > 0), a T — jymTesbHOCTD
MaHeBpa, KOTOPYIO II0 YCJIOBUAM paccMaTpPUBaeMoil 31ech 3a/1a9u TpebyeTcsa MUHUMU3UPOBATD.

Wrak, Temepb MOXKHO cOPMYIUPOBATL CJEIYIONLYI0 3aJady ONTUMAJLHOIO YIIPaBJICHHUS, B
KOTOPOIi TpebyeTcss MUHUMHU3UPOBATEL (PyHKITHOHAI

T
Jo = / dt (1.12)
0
Ha JIOIYCTHMOM MHOXKECTBe, ompe/esiseMoM yciaoBusamu (|1.6)—(1.11]).
2. CBe,ZLeHI/Ie I/ICXO,HHOI'-/'I 3aJa91 OIITUNMaAJIbHOI'O YIIpaBJICHUA

K B3aMMHOI1 3aJa4e

Cuaenyst [1; 2|, BMecTO 3a1a4u ONTUMAJIBHOTO YIIPABJIEHHSI f MOXKHO pacCMaTpuBaTh
BIAUMHYIO JIJIsT Hee 3a/5a49y, B KOTOpoii Tpebyercs mepeopueHTHpoBaTh och Oz KA 3a dukcuposantoe
Bpemsa T Ha MakcnmMaabHBIN yroa yr. C ydeToM mepBOro ypaBHEHHS B sTa 3a7a4da Oymer
SKBUBAJIEHTHA 3a/[a’€ MAKCUMU3aInu GyHKIINOHAIIA

T
yr = /wdt 2.1)
0

HA MHOXKeCTBe, KoTopoe omnpejensiercs yciaosusivu (|1.6)—(1.9), a Takzxke npu ydere rpaHUIHBIX

yerosuit (T10), (T1T) » suse
w(0) =0; O0) =0Qp; w(T)=0;, QT) = Q. (2.2)

HoxazarenbcrBo sxBuBasenTHocT 3aja4 ((1.6)—(1.12) u (1.6)—(1.9), (2.1), (2.2) anamoruano

JIOKa3aTeIbCTBY 9KBIBAJIEHTHOCTU B3aMMHBIX 3a7a4, KOTOPOe IIPUBEJIECHO B [1].
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Hopmupyst nepemennbie 7y, w u (), cucremy ypasuenwuii (1.6)), (1.7]) npusegem k cieyromemy
BULY:

d 1 dz dx
L= n? -2 =gty = <dT = y) : (2:3)

e T = t/T, x = (bT?) 1y, y = (bT) 'w, z = (b,T)'Q, p = xbb,T?> — mapawmerp. Torma c
YUeTOM yKa3aHHBIX IPe00Pa30BaHUl ¢ TOYHOCTHIO JIO TIOCTOSTHHOIO MHOXKUTENs byHKimonas ([2.1))
MOXKHO 3aMEHUTDH (PYHKIITNOHAJIOM

1

h= [ ydr (i = xr = (b7 yr, xr = (1)), (2.4)
0

CoorBercTBeHHO, rpaHnYHbIe ycsioBust (2.2) 37eCh Tak¥Ke CJIeJyer MePernucarTb B BUJIE:
y(0) =0; z(0) =zp; y(1)=0; z(1) = zo, (2.5)

rie zg = (b,T) 10 > 0.
Takwum obpazom, BMecto 3aaqn ((1.6)—(1.12) masmee MokHO paccMaTpuBaTh SKBUBAJEHTHYIO €if
zajady Makcnmusaimn dbyskiponana (2.4)) mpu yerosusax (2.3)), (2.5) n qomycrumbix ynpasiennsx:

n=0,+1;, 0<u<1; 0<u?<u®—piy*> (2.6)

MozkHO 110Ka3aTh, 9T0 Ha OCHOBe IpuHIUNa ontuMasibHoctu B.D. Kporosa [1; 7| pemenne 3a1a4au
7, Kak u B 2], CBOAUTCS K IOCTPOEHUIO BepxHeil rpanuipl dyrkuun y(T) va nnrepsase [0, 1],
KOTOpasi JIoCcTaB/IsteT abcomoTHbIN MakcumyM dyuknuonasty (2.4). [Tosyuaemas mipu s3rom mporpamma
onTuMasbHoro yupasnenust: 7i(T); #(T); #iz(7T), VT € [0, 1], B cuity cuMMeTpun rpaHUIHBIX yC/JIOBHIL
, TakyKe Oy/IeT CUMMETPUIHA OTHOCUTEILHO MOMEHTa BpeMern T = 1/2, a UMEHHO:

i(t)=—-ia(1—1); i(t)=a(1—71); i(t) =—i.(1—1),VT€[0, 1].

To ke camoe uMeeT MeCTo U Jyisl OUTHMAJIbHOI Tpaekropun 3aia4au: J(T), Z(T), koTopast HoJydaercs
JUTs YKA3aHHON mporpaMmbl yrpasienust 7(T), #(T), #;(T) u rpanmaabix yeaosunit ([2.5)):

J(1)=9(1—-1); Z2(tr)=2(1—1); %(1)=xr—%(1—71), VT €0, 1].

Kpome Toro, 3sech ke MOXKHO IOKa3aTh, 9To (yHkims §(T) na unrepsase [0,1/2) ssisiercs
Bospacraiomeil, a dynkuus Z(T) — yObisatomeii; na unrepsase (1/2,1], naobopor, dyuknus §(T) —
yObiBaromas, a Z(T) — Bospacratomas dbyuakius. CoorsercrBenno, na uarepsasie [0,1/2) umeer
mecro: 7(T) > 0 u i,(T) < 0 — 310 yuacrok «pasrona» ocu Oz; uurepsan (1/2,1] — yuacrok
«ropmoxkenusi» ocu Oz, na koropom 7i(T) < 0 u ii;(T) > 0. OueBuHO, UTO €CJIU HA HEKOTOPBIX
KOHEUHBIX TOJpIHTepBatax 7i(T) = 0, TO Ha ITUX Ke MOJBIHTEPBATIAX MMEET MECTO: d%—() =0, a
TaKKe BBLIIIOJIHAETCA yCIOBUE

(1) - (1) - PR (0) = 0.

Boisee TOro, MO>KHO IIOKa3aTb, 9TO JJid OIITHUMaJIbHOI'O yIIpaBJIEHUA 31€Chb, KaK U B [2], nmMeerT

MeCTO:
a(t) =1, vre o, 1]. 2.7)
HeiicrBuresbHo, mycrb Uy (T) = #i,(T), rue i,(T) — onrumasibHOe yupasienue. B atom ciydae
pemenne Broporo ypasaenus (2.3) — z(T) = Z(7). CoorBercrBenno, namee npumem i(T) = 1,
VT € [0, 1/2), nmest B Bujy, uro B obmewm ciaygae u(t) = 1+ ou(t), e du(t) <0, YVt € [0, 1/2),
u Ipu 3ToM BemosHseTcst yeqosue [1+ du(T)]? — #12(t) — p?y?(1)2%(T) > 0. Ilepsoe ypabnenue B
(2.3) Torna npunumaer Bu;
d
L= i — a2 — phyPE)},

dt
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rae ¥(7) = §(t) + oy(7). [IpoBoag JMHEAPU3AIUIO STOTO YPABHEHUST B OKPECTHOCTH ONTHMAJIBHOI
TPAeKTOPHH, TOJTY IUM

déy  fi(ou — p*yz*sy)

it A . 2

T (1 -2 - p2pP2?)e

Bribepem Takoii nogsiaTepBad (7, T +¢€) € [0, 1/2), na koropom 7i(T) = 1; 3mecs 0 < 19 <
<T+e<1/2, a¢e>0— nekoropoe majoe 4ncio. ITycrn

u(7) = 1—6uy, V7 € [10,0+¢);
11, Vrelo,1/2)\[w, 0 +e),

rie 0 < 6up < 1— /ii2(1) + p272(10)22(10). Iostomy 6y(T9 +¢) < 0. Ho Torma orciona cie-
nyer, aro VT € [19+¢, 1/2) nmeer mecro: dy(T) < 0, u, crano 6biTh, jJuist dynkimonana ([2.4),
BBIUHC/IsIeMoro Ha uHTepsasie [0,1/2), nomydum

1/2 1/2

/y(r)dr< /g(T)dT.
0

0

Caenosaresnsro, i(7) =1, VT € [0,1/2). To ke camoe umeer mecto u VT € (1/2,1].
B koneunom cvere skpuBasienTHas 3a1aua (2.3)—(2.6) ¢ marepsanom yupasnenus [0,1] cBoaures
K 3aJ1a4e ¢ uaTepBasiom yupasienus [0,1/2], B koropoit ¢ yaerom ([2.4) TpeGyercss MaKCUMU3UPOBATH

GYHKITTOHAT
1/2

J2 = / ydt (2.8)

0

Ha MHOYKECTBe pereHnii cucrembl auddepennuanbibix ypasaennii (2.3)) ¢ yaerom (2.6)), (2.7)), To
€CTh Ha TPaeKTOPUAX praBﬂﬂeMOﬁ CUCTEMBI:

dy 1 dz
=n(l- u? — pry*z?)z; il (2.9)
JJIA KOTOpOﬁ 3aJlaHbl TOJILKO HadaJIbHbIe yCﬂOBI/IH
y(0) =0; z(0) =z, (2.10)

" BBIIIOJITHAIOTCA CJIEAYIOINUE OI'PaHUYCHUA JIJIA YIIPABJIAIOINUX ITapaMeTPOB:
1
n=0,1; 0<|0u,| < (1-p*y*z?)2. (2.11)

OueBnno, 9T0 B 9TOM ciydae mcxomaas 3amada (1.6)—(1.12)) cBegena x B3ammmoit 3agade
(2.8)-(2.11) co cBoGoaHBIM npaBbiM KOHIIOM, TO ecTh 3Hauenus Y(1/2) > 0 u z(1/2) > 0 aua

KoTOpoit He durcuposanbl. COOTBETCTBEHHO, JOIYCTUMbIE U ONTHMAJIbHBIE TPAEKTOPUU B STOMN
3agade HaxoATcs B obsmactu D, onpezessiemoit yeiosusimu: 0 <y < 1/2;0 <z < min {z9, 1/py}.

3. CsBemenme 3aja49M ONITUMAJILHOTO YIIPABJIEHNA K KPaeBoil 3aa4e

Perenne 3amaun onruMaibHoro yrpasienus (2.8)—(2.11]) MoxKHO OTBICKMBATEH ¢ MOMOIIBIO TTIPUH-
muna MakcumyMa [lonrpsiruna |5; 6; 8|. Beegem B cucreme ypasuennii (2.9) Bmecto mapamerpa U,
HOBBIil YIIPABJISIIOIINI [TApAMETD € y9YeTOM CTPYKTYpbl orpanundenus ([2.11). Nrax, mycrsb

u, = (1- pzyzzz)% sin j, (3.1)

rae Y — YNIPaBJIAIOMUil TapaMeTp, YAOBICTBOPSAIOMNN OrDaHIICHIIM:

—n/2<u<nmn/2, (3.2)
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10 ecthb ¢ yuerom ([3.1)), (3.2)) ypasuenus (2.9) npunumaror Bu
d d
LTZ =(1- pzyzzz)% Ccos i; d—i =(1- pzyzzz)% sin . (3.3)
C yuerom (2.8) u (3.3)) BBesem dyukuuo Famuibrona — [TouTpsiruna
H=y+¢,(1 - p?y’2)? cosp+ (1 - p2y?2%)? sinp, (34)

rjie Py U P, — CONpSXKEHHBIE IIEPEMEHHBIE, KOTOPBIE JIOJIKHBI yIOBICTBOPATE JuddepenImaibHpM
ypaBHeHusIM [8]:

B, _ O dy. oM
dt oy’ dtr 9z’
Huddepennupyst byukmuo H 10 Y U Z, HOJYyHUM

oH . n
ET P2 (W, cos p + . sin ) (1 — p2y?2%) ~2y2%;

oH : -3
5= —p?(Yycos p + . sinp) (1 — p°y°2*) " 2yz.

DTH MPOUBBOHBIE OT MPABLIX YacTeil ypapuernii (3.3]) He CyMECTBYIOT MIPH BBHITOJHEHUN YCIOBUSI:
1 — p?y?z? = 0, xorya mMeeT MecTo Y = const, To ecTb och OZ JBUMKETCS TIO «MHEPIIHI», TAKIKe
Z = const, TO ecTb yIrjioBasl CKOPOCTH 3akpyTku KA coxpansiercst mocrostHHOM. [Ipu a3ToM yupas-
JISTIOIIUHT MOMEHT IOJTHOCTBIO HAIIPABJIEH HA KOMIIEHCAIINIO THPOCKOINIECKOTO MOMEHTA, TaK KaK B
sToMm ciydae U = 1 u, coorBercTBeHHO, U, = (. Takoro Bua sKCcTpeMan ObLIN BBISIBJIEHBI B 3a1a9aX
OITUMAJIbHON HepeopuenTanuu ocu Bpamienus KA B [1-5].

Ecin yenosue 1 — p?y?z% = 0 He BbINOJIHSIETCS JJTsI HEKOTOPOTO MHOYKECTBA 3HAMEHMH Zg U P
VT € [0;1/2), TO B CIuLy CyIIECTBOBaHUSI YaCTHBIX MPOM3BOAHBIX dyHKIun H 10 ¥ n z npuMeHenne
NPUHITAIIA MAKCAMyMa OYIeT IIPpaBOMEPHBIM.

Bsojist BcromoraresibHYO ITepeMeHHyI0 ¢ ¢ IOMOIIBI0 COOTHOIIEHHIA:
_ 2 LIS S 2 2\ -1
COSﬁ—le(%ﬂL%) % Slnﬂ_¢2(¢y+¢z) >

bynxmuo H 1) ¢ yderoM P, cos i + P, siny = (l,bﬁ + 1,[)%)% cos(¥ — y) MOXKHO IIepenucaTb B

CJIEJYIOIIEM BH/JIEC:

H=y+ (1= pPy2)2 (9] +92)} cos(d— ). (3.5)
Torna n3 ycnosua makcumyma dynaknun H 1o y mosydnm: ji = arg mﬁlx H (y, z, Wy, Pz, ‘u). Tak kak
max cos(® — i) = 1, To Torua

fi =0 = arctg :llj; (3.6)

N 2 2y -1 i 2 2y -1
Catenosaressio, cos fi = ¢y (Y, + ¢2) "2 usinfi = ¢, (P, + ¢2) 2.
C y4eToM IPUBEJIEHHBIX BBIIIE BbIPAXKEHU 1T 9H o %—Ij, a TaKXKe 1D muddepeHnuaIbHbIe

%y
ypaBHeHUs Jyist Py u P, OyjIyT UMETH CJIe/lyIomuii BUL:
d
% =1+ p* (95 + ¥ (1 - pyP2) 2y (3.7)
dy.

2 (2 2\ 2.2 2\—1 2
gr — P Wty (- pye)2yz (3.8)
CoOTBETCTBEHHO, MCXO/(sl M3 IpaHUIHbIX ycjaoBuil 3amaqn (2.8)—(2.11)), nusa cucremsr (3.7)), (3.8))

JOJIZKHBI BBIIIOJIHATBHCA YCJIOBUA

¥y(1/2) =0; 9.(1/2) =0. (3.9)
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Hauampnsie yenosus: Py, (0) = pyo m 2(0) = 20, 371eCh He OIPeENEHDI, XOTs MOXKHO IOKA3aTh, ITO
JIIE HUX JIOJIZKHBI BBIIIOJIHATHCS YCJIOBHUSL: 1/)50 + 2, > 0.

Ypasuenus jprzkenust (3.3)), st KOTOPBIX 3aaHbl HadaabHbie yeaoBust (2.10)), ¢ yuerom (3.6
OY/LyT UMETH CJIEY IO BUI:

d ! .
di = oy (g +92) 2 (1 - pPy*2%)2; (3.10)
dz 5 2\ —1 2.2 2\1
gz = V= (g yn) (1 - pyt)R (3.11)

Takum obpazomM, 3ajiada onTuMasibHoro ynpasienust (2.8)—(2.11) cemena k kpaeBoii 3ajade
E10). ¢7) @10,

Ha skcrpemasu 3aja4u, mosrydaemMoii u3 ycsioBuit npunimna Makcumyma (8], dyuknus H ((3.4))
coxpaHsieT TocrostuHoe 3uadenue. [loaromy ¢ yaerom (3.5) u (3.6]) momyamm

H=y+(1-p2y*22)2 (2 +¢2)2 = const. (3.12)

Tak kak

dy oH dz OoH

dt — op,” dt oy’
1o coorBercrBylomiee uddepennuposanue (3.12) npusogur k ypasuenusim (3.10), (3.11)). To xe

camoe CIIpaBeJlJInBO ¥ JIjIsl ypaBHeHUil conpsizkennoil cucremsl (3.7)), (3.8]), mockosbky

dﬂ_ oH dy,  oH

At~ oy’ dt 0z’

Hastee, yuurbiBas Hadaabable yeaosus (2.10]), w3 (3.12]) noxyanm
2 241
H(0) = (¥0 + ¥20)*> = co,
rjie €9 — HEKOTOpasl KOHCTAHTa, U, COOTBETCTBEHHO, C yUeTOM KOHEeYHBIX yciaoBuil (3.9) umeer mecto:
H(0) =y(1/2) =co >0,

TO €CTb y(l /2) = ¢o. Vicxost n3 0ueBUIHBIX OIEHOK Jijist IpaBbix dacreil (3.3]), umeem 0 < y(1/2) <

< 1/2, 1o rorma 0 < 1/]50 + 1,030 < 1/4 u, ¢ yueToM JOIyCTUMOTO XapaKkrepa u3MeHeHus Py (T) u
$.(7) ma unrepsase [0, 1/2], momyumm: 0 < ¢y < 1/2; —=1/2 < p,0 < 0. Kpowme Toro, u3 ([3.12)
raxoke nosyamm (1 — p2y2z2)2 (5 + $2)2 = g — Y, a oTCIONA CllejLyer
2 2\3 oYy
Py +92)2 = ————.
(1—-p2y*z%):

4. CBe,Z[eHI/Ie B3aMMHOI 3aJa91 OIITNMaJIBHOTI'O YIIpaBJICHUA
K I/I3OHepI/IMeTpI/I‘IeCKOI71 3a/Ja4e€e Bapual1OHHOI'O NCYMNCJ/ICHNA

Cdopmysupyem errie ojiHy BCIOMOTaTeIbHYIO 3a/1a4y, UCX0Jsl 13 3aaun yupasienus ((2.8)—(2.11)).
J1j1s1 3TOrO0 BHAUAJIE NIPEIIONIOKHUM, ITO perteHne nepsoro ypasaenus (2.9)), y(T) MOHOTOHHO BO3-
pacraionas (byHKIHUs, 9TO UMEET MECTO B TOM ciydae, korga n(T) = 1, a rakke 0 < |u,(7)| <

< [1— p*2(1)Z2(1)]2, VT € [0, 1/2). Tlpu sTom u3 nepsoro ypasuenus (2.9) cieyer

T = 4y . (4.1)
(1—u2 — p2y?22)2
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Kpowme Toro, eciu B (2.9) pasmesurs Bropoe ypaBHeHHe Ha EPBOE, TO MOJIYYUM

dz / Uy,
dy T (-2 - )} -

OTCIO,H,& HETPYAHO YyCTaHOBUTDL, 9TO UMEET MECTO COOTHOIIIEHUEC!:

2 ZZZ
w2 = (1”,2). (4.3)
+z

C yuerom (4.3)) Boipazkenue miust quddepennnana (4.1) MoxkHO mepenucaTh Tak:

_ (1+z)ndy
(1 pry22)s

U, COOTBETCTBEHHO, [IEPEXOJs K HOBOIl He3aBUCUMOI nepeMeHHoil, dyHkimonas ([2.8]) moxkuo mpej-
CTaBUTH B CJIEYIONEM BHUJIE:

*

dy, (4.4)

rue y* = y(1/2) > 0 — 3nadenne HOBOM He3aBUCHMOI IepeMeHHOIT Ha MoMeHT T = 1/2 B (2.8)—(2.11)).
OdeBuHO, YTO 9TO 3HAUEHUE yJOBIeTBOpsieT orpanmienusm: 0 < y* < 1/2. B cBoio ouepe/n, B

cuty nepexojia K B3auMmHoii 3aja4e (2.8)—(2.11)) Bpemsi maneBpa (puUKCHPOBAHO, TO €CTH [IPU STOM
1/2
JIOJZKHO BBIIOJIHATBCs ycsiosue: [ dT = % [Tosromy npu Makcumusarmu (HyHKIUOHAIA

0
cJIeJlyeT YIUTHIBATh HaJIMYNe YKa3aHHOT'O YCJIOBUsI, KOTOPOE B BAPUAIIMOHHOM HMCUYUCJIEHUN HAa3bIBA
M30IIePUMETPIUYECKIM OIDAHIYeHNeM JIjisi paccMaTpuBaeMoii 3a1a4an [9):

7 1+z/2) (zn: 1 (45)
0 (1— py222) T .

Takum obpaszom, 3amada (2.8)—(2.11]) ceexena x m3omepuMeTputvIecKoii 3a1ade BapUAIMOHHOTO
UCYHUCJICHNUsI, B KOTOPOil Tpebyercs HailTh 3KCTpeMaJlb, JOCTABJIAIONLYI0 MAKCUMYM (DYHKIIMOHAJLY

(4.4) ipu BeimostHerun yeaosus (4.5). C yaerom rparndsbix yesaosuit ((2.10]) a1t mCKoMoit 3KcTpemasin
z = z(Y) JOJIKHBI BBIIOJIHATHCS TAKHUE YCIOBUSL:

z(0) = zp. (4.6)

CietyeT Tak»Ke OTMETUTH, 9TO CPOPMYTUPOBAHHAS H30IIEPUMETPHIECKAs 3aa1a f
OTHOCHTCSI K KJIACCY BAPUAIMOHHBIX 33/1a4 C IIOJBIKHBIMU KOHIIAMH, & IMEHHO: 3/1eCh 1 3Ha4YeHHe |~
U TpaBblii KOHEI SKCTPEMAJIU, TO €CTh 3HAYeHune Z* = z(y*), He (PUKCUPOBAHHI.

B coorBercTBuu ¢ npauiom Muoxureseil Jlarpamxka [9] samaua f CBOJIUTCH K IIPOCTEN-
el BapuaImoHHol 3aatde Ha MAKCUMYM (DyHKIIMOHAIA

dy, (4.7)

rjie A9 — MOCTOSIHHBIN MHOXKUTEJBb Jlarpamxa.

Kak n3BecTHO, HEOOXOMMBIME YCJIOBHSIME SKCTpeMyMa (byHKIIHOHAIA (31eCh — €ero Makcu-
MyMa) SIBJISIFOTCsI CJIeJIyOIINe YCJIOBHsI: BO-IIEPBBIX, IepBas Bapuanus (4.7)) jmo/pkHa obpaiarbes B
HYJIb, TO ecTh 63 = 0, U, BO-BTOPBIX, €ro BTOPas BapHAIIUS JIOJI?KHA GBITH HEMOIOKUTEIBHOMN, TO
ectb 62]3 < 0.



T'openos 10.H., Kypeancxan JI.B. K 3adave onmumaisvro20 ynpasicHus nepeopuenmayuets oct 8pauLeHus. ..
Gorelov Yu.N., Kurganskaya L.V. On the problem of optimal control of rotation azis reorientation... 84 I/I3

[TepBoe u3 9TUX yCJAOBHI IPUBOAUT K ypaBHeHUIO Diiepa [9):

d
F,——F, =0, 4.8
z dy 2 (4.8)
rie
1
o (YA (1+z0)2
(v,2,2,) : (4.9)
(1-p?y*2%):
1, COOTBETCTBEHHO, B pa3BepHyTOM BHjie ypashenue (|4.8]) 3anucbiBaercs: Tax:
Pz — Fz;,y — szy Pr /Zyy O, (4.10)
rie
oF., oF oF.
F = i F, = i F, ., = ZyI/IZH_@
w9y’ W 9z EA oz, W dy

Bropoe 13 ykazaHHBIX HEOOXOMUMBIX yCIOBHIL, TO ecThb 62 J3 < 0, m3BecTHO Kak yciosue Jlexkampa [9]:

<o. (4.11)

Kpowme Toro, Kk HEOOXOIMMBIM YCJIOBUsIM dKCTpemyMa, (yHKimoHasa (4.7) 37ech Tak»Ke OTHOCSITCST
CJIETYIOIINE YCIOBUS:

F 0z* =0; (4.12)

[F(y,z,z ) (y,z zy)] ‘y:y* oyt = 0. (4.13)

Borancsst Bxoggnme B (4.10) coorBeTcTByIOIME YacTHbIE Mpou3BoHbIEe OT dyHKImu (4.9))

W TIOJICTABJIsIsI TOJTyeHHble /Tt HuX Beipaskennst B (4.10) npu yemosun, uto 1 — p?y?z2 > 0 u
/
1+ Zy2 < o0, ypaBHeHUe Diijepa 1' MOYKHO TI€PENUCATh B IBHOM BUJIE:

[P*v?z(y + Ao) — (1 + pPAoyzd)z, ) (1 + 27) — (v + Ao) (1 — p*y?)z,, = 0.

[Ipu sTOM CIeAyeT OTMETUTD, ITO ycaoBue 1 + Z/y2 < 00 03HAYAET OTCYTCTBHUE BEPTUKAIBHBIX YIACTKOB
skcrpeMasn z = (1), 9TO HPEAIO/IAraoch B Hauaje HaCTOsIIero pas/ena, a ycuosue 1 — p2y222 >0
TO, 9TO 9Ta IKCTPEMAJIDb JIEKAT B JOILYyCTUMOI objactu D .

Bosspaiiasicb K pacCMOTPEHUIO HEOOXOJIMMBIX yCJI0BUil 9KkcTpemyMa dyHkinnonasa (4.7)), BHadase

OTMETHM, YTO C YIETOM BbIparkeHuii mjist F 1) u F, a raxke 8y* # 0 m 6z # 0 u3 ycopmit |i
Y
u (4.13) crexyer

+ o)z,
z(yz 2 10) . 1oy 1 = O/ (414)
(I=p2y222)2 (T +27)2 | _ .
y+ Ao | =o. (4.15)
(1-p2y222)2(1+20)2| .

O‘{GBI/I,ZLHO YTO IIpU BBIITOJTHEHUN yC.HOBI/Iﬂ - yciioBue TaK>Ke€ BBIIIOJIHAETCHA, €CJIn
TOJILKO TIpH 3TOM 1 — p2y222 >0ul+ z < o0. Torga cooTBeTCTBYIOININE HEODXOIUMbIE YCIOBUS
MPUHUMAIOT CJICYIOIINI BUT;:

y*+)t0:0

Orcroma momyanm Ag = —y*, vo 0 < y* < 1/2 (upm zp > 0), To ectb —1/2 < A9 < 0. Crenosa-
resbHO, Vy € [0, y*) umeer mecro: ¥ + Ag < 0, u ycnosue Jlexxkanapa (4.11) ¢ yaeroM BeIpazkeHust
(4.9) crporo Bbmonusiercs Yy € [0, y*) u, crano 6bITb, GyHKIHOHA EAOCTI/IFE&BT Ha MCKOMOIl
9KCTPEMAaJI MAKCUMYMA.
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Kak ussectHo 9], npuse/ieHHbIe BbIle HEOOXOAUMBbIE yCJI0BHsI 9KeTpeMyMa dbyHknuonaa (4.7) Bbi-
OJIHSAIOTCS B Ky1acce Kycouno-raakux ¢yukuii z(y). Ho B ofueM cirydae skcTpeMyM QyHKIMOHATA
MOKET JIOCTUTaThCsl Ha 60Jiee MUPOKOM KJjacce (pyHKIUH, 8 UMEHHO KYCOYHO-HEIPEPBIBHBIX
dyukmuit. st Toro 9robbl yCTaHOBUTH BO3MOXKHOCTH CYIIIECTBOBAHUSI BEPTUKAJIBHBIX YYACTKOB
skcrpemasn z(Y), pacemorpum Beezientsle B.@. Kporosbiv dyuknun [9; 10]:

) 1 /
W(y,z) = lim —F(yzz,), (4.16)
Zy—>:|:oo Zy
! !
rze npenesx W(y, z) pu z, — 00 HA3BIBAIOT IIPABBIM TPEJIEIIOM, & TIPH Z, — —00 — JICBBIM IIPEEIIOM.
CoOOTBETCTBEHHO, XapaKTep 9KCTpeMaJsiell B pacCMaTpUBAEMOil 3a/1a9e ONPEeIe/IsSeTCs MOBEICHIEM
by W(y, z), 1 B 3aBECUMOCTH OT 9TOIO BO3MOKHBI IIITh OCHOBHBIX CJIyYaeB, [IEPEUNC/ICHHBIX B

[9]. C yuerom (4.9) auist coorBercrBytomux 1pesenos B (4.16|) mosyanm, Bo-nepBbIx,

+A0)(1+22)2
W(y,z) = lim (yl 0)( yf I s . (4.17)
ez, (1= p2yz?)2 (1—py2z2)2
BO-BTOPBIX,
+ A0)(1+22)2
W(y,z) = lim (y/ 0)(2 : ;3 S yt);()z - (4.18)
z——c0 2, (1 — pPyz?)2 (1 - p2y2z?)2

Orciona BujHO, uro npu § = 0 u y = y* upasblii u JeBbI 1IpeIesIbl u CYIIECTBYIOT 1
PaBHBI, TO €CTh B 9TOM cJydae (byHKIMOHAI OTHOCHTCSI KO BTOPOMY THILy IO KJIacCH(UKAIIN
[9; 10], u, cTaymo GLITH, SKCTPEMATL MOKET COJIEPIKATh BEPTUKAIbHbIE 0Tpe3kn. Cpasy Ke OTMEeTHM,
YTO IpU Y = Y* WM, YTO TO K€ caMoe, B MOMEHT BpeMeHH T = 1/2 Takoil OTPe30K, OYeBUIHO,
orcyrcryer. Ecim y = 0, TO B 3TOM CJIydae 9KCTPEMasb MOKET COJEPIKATh BEPTUKAIBHBINH OTPE30K
1, COOTBETCTBEHHO, Ha HEKOTOpOM nojsiaTepBase [0, Ty), rae Tp < min(zg, 1/2), umeer mecto

u(t)=-1, y(r)=0; z(t)=z0—71, VT €[0, 10).

Ecin e 0 < y < y* < 1/2, to upenesnsr (4.17) u (4.18)) cymecTByioT, HO HE paBHBI APYT APYTY
Beioy Ha narepsasie (0, y*), uro orBedaer usitoMy THIy GYHKIMOHAIOB. B 3TOM Cilydae MOryT
CYIIECTBOBATH KaK KYCOYHO-IJIQJIKUE SKCTPEMAJIH, TaK U IKCTPEMAJH ¢ BEPTHKAILHBIMU OTPE3KAMHU.
MoxKHO 1oKa3aTh, 9TO B 06IIeM cirydae skcTpemasn (yrkinuonasa (4.7), 3a UCKIIOUeHEM TOYKI
y = 0, BepTUKAJIBHBIX OTPE3KOB HE MMEIOT.

BriBoabi

PaccMoTpennl pazmnynble TOCTAHOBKH 33JIa9 ONTUMAJIBLHOTO YIIPABJICHUS [IepeOpUeHTaIueii ocu
BpAIlleHUsI THHAMUIECKH CUMMeTpUIHOro KA, perreHne KOTOpoil OTBICKUBAETCS B KJIacce JIBUXKEHUI
C OJIHUM HAIPABJIEHHbIM (IJIOCKKM) OBOPOTOM OCH BparieHusi. [Ipu aToM 10 1 nociie ee nepeopu-
eHTAIlUN yIJIOoBasi CKOPOCTh 3akpyTku KA mo/nKHA OBITH OHOM W TOM »Ke. YIpaBjeHne YyTJIOBBIM
npmkenneM KA copeprmaommuM yKa3aHHBIA MAaHEBD, OCYIIECTBIISIETCS MO CXEMe «ITOBOPOTHOTO pe-
aKTUBHOT'O JIBUTATE/sI», KOTJa yIPABISIIONIAN MOMEHT OTPAHUYNBAETCS SJLIUIICOUIOM BPAIEHUS.
[IpuBenena cOOTBETCTBYIONAST MaTeMaTHIeCKass MOJIeNb ABmKennss KA s paccMaTpuBaeMoit 3a1a-
qu yrpasjeHus. Kpome mocTaHOBKY 3a/1a9 O HAUCKOPEHIeil mepeopueHTanuu ocu spariennst KA
Takke cOpMyJIMPOBaHA B3auMHas K Hell 3a/ia9a ONTUMAJIBHOIO YIPABJIEHUs, JJIs KOTOPO OBLIO
HANIEHO ONTUMAJILHOE yIIPABJICHHUE JJIsI TOJIHOTO YIPABJSIONero MoMenTa. C 1esbio JaJIbHeRIIero
aHaJIM3a PACCMATPUBAEMON 381491 ITPUBOITCS TaKyKe Pe3yIbTaThl ee CBeJleHNsT K KpaeBoil 3ajade
U K M30IEPpUMETPUIECKOil BapuannoHuoil 3amade. [locmennee cyiecTBeHHO Kak it paspaboOTKu
YHUCJIEHHOIO METOJIa PeIeHns pPacCMaTpUBAEMON 3ajladn, TaK W JIjisl BBISIBJIEHUS €€ BO3MOXKHBIX
0CODEHHOCTEH MIPU OTHICKAHUY OITUMAJIBHON SKCTPEMAJIH.

B zaksodenue Takake ciaeyeT OTMETUTH, UTO B IOCJIEIHEE BPEMs IIUPOKO UCIOJIb3YIOTCsT HO-
BBI€ TIOCTAHOBKHU Pa3JIMIHBIX 38789 ONMTHMAJILHOTO yIpaBiaenus: opueHTanueit KA ¢ mpumenennem
KBaTEPHUOHHBIX MOJIeJICHl BPAIATEILHOIO JIBUXKEHHUs TBepIoro Tena [11; 12]
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Nudopmainusi 0 KOH(PINKTE HHTEPECOB: aBTOPHI U PEIEH3EHTHI 3aABJISIOT 00 OTCYTCTBAN KOH(IIKTA
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Received:  11.04.202/ Abstract. Various variants of the formulation of optimal control problem of the
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Accepted:  18.06.2024 the axis of rotation, are considered. It is assumed that the solution to this problem

should be found in the class of movements with one directional (flat) rotation, provided

Scientific article that before and after the reorientation of the axis of rotation, the angular velocity of the
spacecraft is the same. In this case, the angular motion of the spacecraft is controlled

|@ ® according to the "rotary jet engine" scheme, when the control moment is limited by
the ellipsoid of rotation. The corresponding mathematical model of spacecraft motion
for the control problem under consideration is given. In addition to the formulation
of the problem of the steepest reorientation of the axis of rotation of the spacecraft,
the optimal control problem is also formulated, for which optimal control for the full
control moment is found. In order to analyze the formulation of the problem under
consideration, the results of its reduction to the boundary value problem and to the
isoperimetric variational problem are also presented.
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JlmaamMuKa mepemnyTbiBaHud aTOMOB
B TpexKyouTHoii mogemu TaBuca — Kammmnrca
C JINIO0JIb-IUII0JILHBIM B3aMOJIeiiCTBHEM

Bazpos A.P."Y, Bawxupos E.K.

Camapexuti nayuonasvrili uccaedosamenveruti yrnueepcumem umenu axademuxa C.I1. Kopoaesa, 2. Camapa,
Poccutickan Pedepayus; alexander.bagrov00@mail.ru (A.P.); bashkirov.ek@ssau.ru (E.K.);

Hocmynuaa:  19.07.2024 Anvnoranusi. B crarbe m3ydena JuHaMUKa IMMOMAPHOTO MEPEIyTHIBAHUS TPEX KyOu-
Pacemompena: 23.08.2024 TOB, ABa U3 KOTOPBIX 3aXBa4Y€HBbI B PE30HATOPE U B3aUMOJCHCTBYIOT C OJJHOMOIOBBIM

Ipurama: 02.09.2024 HACATBHBIM PE30HATOPOM MOCPEICTBOM OJHOMOTOHHBIX IEPEXO/OB, a TPETHil Ky6I/IT
HaXOIUTCs BHE pe30oHaTOopa. IIpn 3TOM yUINTHIBAETCS TUIOIb-TUMOIbBHAS CBI3b MEXKITY
Hayunan cmamos M30/IUPOBAHHBIM KyOuTOM M KyOmToM B pe3oHaTope. Hamu HaitjieHo perrenne KBaH-
TOBOrO HecTalmoHapHoro ypasaenus [llpemguHrepa s mMoHOM BOJTHOBON (DyHKIUN
@ ® CHCTEMBI JIjIs HA9aJIbHBIX CerapabebHbIX U OncenapadesIbHbIX COCTOAHUIT KyOUTOB 1

TEIJIOBOTO HAYAJILHOTO COCTOSTHUST TOJsT pe3oHaropa. C MOMOIIBI0 YKA3aHHBIX PEIIeHM
BBIUUCISIETCS. KPUTEPUI TIepeIy TaAHHOCTH TTap KyOUTOB — OTPHUIATEILHOCTh. Pe3ybrarsl
YUCJICHHOT'O MO/IeJINPOBaHUSA KPUTEPUs OTPUIIATE/ILHOCTA OKa3aJIi, YTO BKJIOYEHUE
HEOOJIBINION TUIIO0JIb-TUIIOJLHON CBA3U MEXK/y M30JNPOBAHHBIM U OJHUM U3 3aXBadu€H-
HBIX KyOUTOB MOXKET MPUBECTU K CYIIECTBEHHOMY IIE€PEIyTHIBAHUIO AP KyOUTOB IJIst
BCeX HAYaJbHBIX cocrogHuil. Habsromaercs mepexo i mepemyTaHHOCTH OT OJIHOM mapbl
aTOMOB K JIPDYTHM IIapaM aTOMOB B IIpOliecce dBOJOnuu cucreMmbl. Ilokazano Taxxe,
9TO JIJIsT HEKOTOPBIX CerapabesibHbIX U OncenapabeibHbIX COCTOSHUN JTATIOJIb-TUTIOILHOE
B3aMMO/IEICTBHE MOXKET MOJAaBUTh 3D MEKT MIHOBEHHON CMEPTHU II€PEeIry THIBAHUS.

KitroueBbie ciioBa: KyOUTBI; KOIUIAHAPHBIA PE30HATOD; JUIIOJIb-/IUIIOIBHOE
B3aUMO/IEICTBUE; TIEPEITyThIBAHNE; MITHOBEHHAsI CMEPTH MEPEIy ThIBAHUSI;
OTPUIATETILHOCTD; OJHOMOTOHHDIE IEPEXOIBI; TEILIOBOE IIOJIE.

BBeaenne

MHOrokyO6uTHBIE IIE€pPEIyTaHHbIE COCTOSHUSI UTPAIOT OJIHY U3 KJIIOYEBBIX POJIell B KBAHTOBOI
nadopmaruu. OHU UCTOTB3YIOTCS I PA3JIMIHBIX KBAHTOBBIX NPUJIOXKEHUN, TAKUX KAK KBAHTO-
Bble BBIUUCJEHUsI U Oe3omacHast CBsi3b [1-3|. 3a mocieiHre 1o/l BUIEH 3HAYUTEHBIN IIPOIPece
B CO3/IaHUM KBAHTOBBIX YHIIOB, COJEPZKAIIMX OOJIbIOe KoamiaecTBO Kyburos. B 2019 romy [4] 6bu1
MPOJIEMOHCTPUPOBAH KBAHTOBBIN KOMITBIOTED € 53 CBEPXIIPOBOISAIIMMHI 2KO3e(PCOHOBCKUMU KOJIHIA~
mu. B 2021 romy ObLI cO3MaH 9uIl JJjisi KBAHTOBOI'O KOMIILIOTEPA Ha OCHOBE 127 CBEPXIIPOBOIAIIINX
mxozedconoBekux Kodierl [5]. Ha ceropusimumii MoMeHT Takzke ObLIN pPean30BaHbl MHOTOKYOUTHBIE
YCTPOHCTBA HAa MOHAX B MArHUTHBIX JIOBYIIIKAX, KBAHTOBBIX TOYKaX, COJep:Kaliue Oojiee JecaTka
ky6uros [6]. st abdekTHBHOrO MCII0/Ib30BaHUsI KBAHTOBBIX YCTPOMCTB, TAKMX KaK KBAHTOBbIE
KOMIIBIOTEDPBI I KBAHTOBBIE CETHU, UCIIOJIL3YIOT [IepellyTaHHbIe COCTOsiHMs KyouTos |7]. B kauecrse
KOJIMIECTBEHHOM MepHI Iepely ThIBaHusT KyOUTOB MPEJJIOXKEHbI pa3andHbie Mepbl. OIHAKO OOJIbIIas
YaCTh U3 HUX TpeOyeT BBIIOJHEHUs OIPEJIEJIEHHBIX YCAOBHI, KOTOPbIE MOYKHO OIPEIEIUTh KaK HAbOP
AKCHOM, TAKUX KaK ODHYJIEHHE MEPbI JIJIsi cerapabeibHbIX COCTOSTHUN, MHBAPUAHTHOCTH OTHOCUTEIHLHO
JIOKQJIBHBIX YHUTAPHBIX omneparuii u japyrue. CIOXKHOCTDH pacdera 3TUX Mep I IPOU3BOJIbHBIX
COCTOSTHMIT JIEXKUT B UX He3aMKHYTOI dopme. [Ipocreiimeit cucremoit, 771t KOTOpOit Ha MaHHBIH MO-
MEHT BPEMEHU OIPEJIEJICHbI CTPOrue KOJMIECTBEHHDIE KPUTEPUHU TIEPEIy ThIBAHUS KyOUTOB, SABJISIETCS
nByxkyournast. Kpurepun Ilepeca — Xopogenkux (orpunarensocts) [8; 9] u corsiacoBanHOCTb
Byyrepca [10] siBiisirorcsi HEOOXOMMbBIMU YCIOBHSIME J1JIsI CeapabesibHOCTH JIBYXKYOUTHON MaTpH-
bl wiotHocTu. Jjist cucrem ¢ GOJIBITUM YUCJIOM KyOMTOB TaKue CTPOrUE KPUTEPUHU OTCYTCTBYIOT.
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B ciiyuae MHOTOKYOUTHON CHCTEMBI JIJTsT aHAIN3a TUHAMUKY TTEPEITy THIBAHUS PACCMATPUBAIOT 3a-
Iy TBIBAHUE OTJIEJILHBIX Hap KYOUTOB € UCHOJIB30BAHUEM OTPUIATEILHOCTHA WA COTJIACOBAHHOCTH.
[Ipu sTOM 0COHOE BHUMAHUE YJIEJISIIOCh CTPOIOMY MAaTeMaTHIeCKOMY aHAJU3y CBOWCTB W JIMHAMUKHI
HeperyTaHHbIX COCTOSTHUI B TPEXKyOUTHBIX cucremax [11—17].

B mekoTophix paboTax OBLIO JOKA3AHO, UTO JTUTOIb-IUIOILHOE B3ANMOICHCTBIE UTPAET CYIITe-
CTBEHHYIO POJIb B 9BOJIIOINU KBAHTOBBIX Koppessnuii [18-20], a TakKke B JMHAMUKE MepeIry TAHHO-
cru [21]. Biusinue Jumosib-MIoabHOr0 B3anMO/IeiiCTBISI Ha XapaKTep IepelrryTaHHOCTH MeXK /Iy JIBYMsl
UJIEHTUIHBIMYA JBYXYPOBHEBBIMU ATOMaMHU B JBYXMOJIOBOM TIOJIE PE30HATOPA OBLIO MCCIIETOBAHO
B pabore [22|. Pesysnbrarsl mokasasn, 9To JUIOJb-JIUIOIBHOE B3aUMOIEHCTBIE MOXKET HPUBECTH
K OOJIbIIIE#l Teperry TaHHOCTH MEXKTYy aToMaMu, U 3¢ (eKT BHE3AIHON CMEPTH TaKKe MOYKET ObITh
ocyiabsien. Crieyer moguepKHyTh, 9TO JUIO/Ib-IUIOJIBHBIM B3aUMO/IEHCTBIEM ATOMOB HEJIb3sl TIpe-
HebperaTh, KOT/Ia PACCTOSTHUE MEXKIy aTOMAaMU MEHbINe JINHBI BOJHLI B pe3oHaTope. B Harmei
npeablIyIeit paboTe Mbl JeTabHO UCCJIEJOBAIN JIMHAMUKY IIePEIy ThIBAHUSI CUCTEMBI TPEeX KyOUTOB,
JIBa M3 KOTOPBIX PE30HAHCHO B3AUMOJEHCTBYIOT C MOJON KBAHTOBOTO 3JIEKTPOMATHUTHOTO TIOJIS B
pesonarope 6e3 MoTepb, a TpPeTHil HaxoAuTcsi BHe pe3onaropa [23]. [Ipeacrasisier Gosbioit nuaTEpEC
00OOIIUTE MOJIyIeHHbIE PE3Y/IbTAThI HA CAyYall, KOTa MeXK/y U30JUPOBAHHLIM M 3aXBATEHHBIM
KyOUTaMu IIPUCYTCTBYET JUIIOJIb-/IATIOJIbHOE B3aUMO/I€HCTBHE.

B mannoit craThe HaMu ObLITa MCCAEIOBAHA AMHAMMKA CHCTEMBI, COCTOSINEN M3 Tpex MIACHTHIHBIX
KyOUTOB, JIBa U3 KOTOPBIX PE30HAHCHO B3aMMOJIEHCTBYIOT ¢ MOJIOW KBAHTOBOI'O 3JIEKTPOMATHUTHOTO
OJTST UTEATBHOTO PE30HATOPA MOCPEICTBOM ONHOMOTOHHBIX MEPEXO/IOB, 8 TPETHH KyOUT mmepeMerra-
ercst BHEe pe3oHaTopa. MeX Ty 30/ MpOBaHHBIM U 3aXBAYEHHBIM KyOUTAMHU YUIUTHIBACTCS JTUIOJb-
JIUTIONIbHOE B3amMoeiicTre. Ilomyuentbie perennst HecTannmoHapHoro ypapuenus: [l peauarepa Obin
MCITOJTH30BAHBI JIJIsI paciera mapaMeTpa MepernyThiBaHus map KyOouToB. JIs OMeHKN KOJNIeCTBEHHOM
MephI IIepeIyThIBaHus Iap KyOUTOB HAMU UCIIOJIb30oBaJicd mapamerp llepeca — Xopouenkux.

1. Mojaenb u pernieHue HectanmoHapHoro ypasHeHus Illpeaunrepa

OrnurieM HHTEPECYIOILYIO HAC MOJIEIb. MBI paccMaTpuBaeM CUCTEMY U3 TPeX HJIEHTUIHBIX KyOuTOB
A, B u C. [Isa kybuta B u C 3amepTbl B pe30HATOPE U PE30HAHCHO B3aUMOJIEHCTBYIOT C €r0
KBAHTOBAHHBIM 3JIEKTPOMATHUTHBIM II0JIEM, a TPEeTuii KyouT A mepemeraercs BHE PE30HATOPA.
Bynaem yauThiBaTh mpsiMoe JTUTOJNb-IATIONBLHOE B3anMoeiicTBre Mexk 1y Kyontamu A n B. Torma
raMUJIBTOHUAH B3aUMOJIEHCTBUSI OIUCAHHON CHCTEMBI B IIPUOJIMKEHNN BPAIIAOIIEHCsT BOJHBI MOXKHO
3aITMCaTh B BUJIE:

Hiw =0y Y (6;7a+0;7a%) + 1] (0505 +0,08), (1)
i=B,C
rae 077 = |+)i(—| m 0; = |—)i(+| — noBbImamuil ¥ HOHMIKaOWKIT OIEPATOPEI B i-M Kybure,

ﬁ(ﬁ*) — omnepaTrop yHUITOXKeHUst (poxkJeHusi) pOTOHA B MOJIE PE30HATOpPA, ¥ — KOHCTAHTA, Xa-
pakTepusyooIas Kyour-poTOHHYIO CBA3b, | — KOHCTAHTA JUIOJIb-IUIIOJLHOTO B3aUMOJIEHCTBUS.
Baxx#o oTMeTuTh, 9TO IS CBEPXIIPOBOISIINX KYOUTOB KOHCTAHTA JIHIIOJIb-IUIOJIHHOTO B3ANMOIEH-
CTBUSI MOXKET IIPEBOCXOJIUTH KOHCTAHTY Kybur-oronHOf cBsizu. [Ipu 3ammcn ramuiasrornana (1) Mbr
peIoIoKmim, 910 KyouTrsl B u C UMeIoT oJ[iHAKOBbIe KOHCTAHTHI B3aUMOJEHCTBHA C PE30HATOPOM.

Mpbr Oyznem mosiararhb, 9TO KyOUTHI B HAYAJIbHBIE MOMEHT BPEMEHU IIPUTOTOBJIECHLI B OJIHOM W3
CIIEIYIONINX CenapabebHBIX COCTOSTHUIM

[$1(0)) aBc = [+, +, —), (2)
[$2(0)) apc = |+, —, —) (3)
IUIN B OJTHOM 13 GHcenapabebHBIX COCTOSHII
|7~P3(0)>ABC :C089|+,+,_>+Sin9|+,—,—|—>, (4)
|¢4(0)>ABC :C059|—,+,—>—|—Si1’19|—, _1+>/ (5)

rje 0 — mapamerp, OnpeessIoNnii HadaIbHYIO epernyTaHHOCTh KyOUTOB.
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MpsI npeamosiaraeM, 9TO [MOJIe€ PE30HATOPA B HAYAJILHBI MOMEHT BPEMEHHU HAXOIWTCS B TEILIOBOM
OJTHOMOJIOBOM COCTOSIHWU C MAaTPUIIEil TJIOTHOCTHA BUIA

0) =} puln)(nl, (6)

rIe Pp — CTATUCTUIECKUN BeC, KOTOPHIN 3aaeTCsl C/IeayIOMei dopmyioii:

a" - hw -1
Pnzm, n= (expkBT—l> .
3Jiech i — cpeJiHee Y9uCJIO TEIIOBBIX (pOTOHOB, kg — mocrosinnast Bonbimana, T — TeMmepaTypa
pesoHaTopA.

s onmcanust TUHAMUKY M3yYaeMON MOJIEJIN HAM HYKHO HANTU BOJTHOBYIO (DYHKIIMIO B ITOCJIE-
JIYIOIIIe MOMEHTBI BpeMeHH Jiist (bOKOBCKUX cocrosiauii mosst 1 (n = 0,1,2...) u 3areM 060611TH
[IOJIyY€HHOE PEIIeHNeE JIJIsd BOJIHOBOH (DYHKIMK Ha CJIydail TEIJIOBOrO II0JIs PE30HATOPA.

BamnuiieM sIBHBI BUJT BOJTHOBOI (DyHKIMN Jyisi HAYAJIBHOTO cenapabesibHOro cocTosinust (2) B
caydae doronos B mojie 1 = 0

|(P(t)ABCF>1 = x1<t)‘+/ +/ — 0> + x2 ’—I_/ — +/ 0> + x3<t>‘_l +I +/0> +
+x4<t>‘+l — _I]-> +X5(t)’—, +, —, >+X6( )|_ - >—|—X7( )‘_1 s _12>/ (7)
u B ciaydae n > 1
[9(t)ascr)1 = Bi(t) |+, +,+,n = 1) + Bao(t) |+, +, — 1) + Bs(t) [+, —, +,n) +

+B4(t)’_r +/ +,7’l> + BS(t)’+r —y 1 + 1> + B6(t>‘_l +/ —n + 1> +
+B7(t)|_/ _/+rn+1> +BS(t)‘_/ s _ln+2>' (8)

Tenepn, mojcTaB/IsAst TaMIIBTOHNAH B3anMoeiicTust (1) u BosHOBBIe dyrkuun (7), (8) B HecTa-
nuronapHoe ypasuenue [IIpeaunrepa

22D g e, )
MOZKHO Hoﬂqu/ITb CHeILyIOH_H/Ie CUCTEMBI ,[LI/ICbeepeHHI/Ia.HbeIX ypaBHeHHﬁ:
it1(t) = yxa(t),
it (t) = Jxa(t) + yxa(t),
it3(t) = Jxa(t) + v (x5(t) + x6(t))
it4(t) = Jxs(t) + 7y (x1(t) + x2(t)), (10)
ixs() = Jxa(t) + 7 (x3(t) + V227 (1)),
ixs(t) = 7 (x(t) + V2x,(1)),
ix7(t) = V2 (x5(t) + x6(t))
(iB1(t) = 7v/n (Ba(t) + Bs(t)),
iBy(t) = v (VnBi(t) + vn +1Bs(t)),
iB3(t) = 7 (vnBi(t) +vn+1Bs(t)) + JBa(t),
il?4(t) = yvn+1(Bs(t) + By (t)) + JBs(t), (11)
iBs(t) = yv/n+1(Ba(t) + Bs(t)) + JBs(t),
iBo(t) = v (Vn + 1B4(t) + v/n + 2Bg(t)) + JBs(t)
iB7(t) = v (Vn+1B4(t) + vV/n + 2Bg(t)) ,
| iBs(t) = vv/n+2(Be(t) + By(t))
C HAYAJILHBIMU YCJIOBUSIMU: x1(0) =1, x2(0) = x3(0) = x4(0) = x5(0) = x4(0) = x7(0) =0 m
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nuddepeHnnaabHbIX YPaBHEHNH MOXKHO TOTYIUTh U JIJIsT HAYAJIHLHOTO OncernapabeibHOrO COCTOSTHIS
(4), O ¢ apyrumu HadasbHbMU yeaoBusiMu: X1(0) = cosf, x2(0) = sin b, x3(0) = x4(0) = x5(0) =
= x6(0) = X7(0) =0u Bz(O) = COSG, B3(0) = sinG, B](O) = B4(O) = B5(0) = B6(0) = B7(0) B
= Bg(0). Tenepn 3anmiiem siBHBL BUJI BOJIHOBO (DYHKIMA B TIOC/IE/LYIONINE MOMEHTBI BPEMEHH JIJIst
Ha4aJIbHOIO cernapabesibHOro cocrosiaust (3) B ciydae (oToroB B Moje 1 = 0

|.u(t)ABCF> :yl(t)|+1_1_ro>+y2(t)|_l+l_l >+y3( )|_ — 7+, >+y4(t)|_r_r_11>r (12)
B caydae (poTOHOB B Mojie 1 = 1
|t )ABCF>2 = x1(t)[+,+, =, 0) + x2(£) |4, — 0> +x3(t)| =, +,4,0) +
+x4(t) [+, —, =, 1) + x5(t)[ - +,—/1>+x6()|— =+ 1) +x7(t)[= =, —,2), (13)
U B ciydae (GOTOHOB B MOJie 1 > 2 BOJIHOBasl (PYHKITUS 3AIUAINIETCS B BUIE
[$(t)apcr)2 = Bi(t) [+, +,+,n—2) + Bo(t) |+, +, —,n = 1) + B3(t) |+, —, +,n — 1) +

+B4(t)|_/ +/ +/n - 1> + B5(t)|+/ 7 l’l> + B6(t)|_1 +/ _,7’1> +
+B7(t)|_/ ~ +/ 7’1> + BS(t)|_/ —, 1 + 1>- (14)

[Toncrasus BoaroBble dynknuu (12)—(14) u ramuabronnan cucremsl (1) B HecTanmoHapHOE ypaB-
uenre [IIpemunrepa (9), MOKHO IOJIYYIUTD CJIE/YIONHE CUCTEMbI b OepeHIMaIbHBIX yPABHEHHIA:

ita(t) = Jxs(t) + yxa(t),
l‘y.l t) = ]]/Z(t)/ 1X3(t) = ]J@_(t) +')’( S(t) +x6( ))
iz =] t) = Jxs(t) +7(X1(t) +x2(t)), (15)
(t)

iBy(1) = /T (Ba(t) + Ba()),
iBy(t) = v (VnBs(t) + vVn —1Bi(t)),
iBs(t) = 7 (VnBs(t) + vn —1Bi(t)) + JBa(t
Ba(t) = 7/ (Bo(t) + B (1) + [Bal1), "
iBs(t) = yv/n (Ba(t) + Bs(t)) + JBs(t),
iBg(t) = v (v/nBa(t) + vn+1Bg(t)) 4 JBs(t)
iBy(t) = v (VnBa(t) + vVn + 1Bg(t)),
|iBs(t) = yv/n +1(Bs(t) + Br(t))
¢ maganpabivn yerousmu: ¥1(0) = 1, 12(0) = y3(0) = y4(0) = 0; x4(0)

=1, 11(0) = x2(0) =
= x3(0) = x5(0) = x6(0) = x7(0) =0 n B5(0) = 1, B1(0) = B2(0) = B3(0) = B4(0) = B4(0) =
= B7(0) = Bg(0) = 0. I mavasbHOTO 6Hcenapa6eﬂbHoro cocrosiamst (5) TOMY9AIOTCA AHAJIO-
IUYHbIE CHCTEMBI, HO CO CJICJYIONMMHU HadaabHbiME ycaosusmu: Y2(0) = cos6,y3(0) = sin6,
yl(O) :y4(0) = 0; xl(O) = xz(O) = X3(0) = X4(O) = X7(0) = 0, X5(O) = C0597 x6(0) = sinf
u B6<0) = COS@, B7(0> = Sil’l9, B1(0> = BZ(O) = Bg(O) = B4(0> = B5(0) = Bg(O) =0.

st Mogesin, n3ydaemoii B HacTosiIell crarbe, penienus: cucreM JuddepeHnnaibHbIX ypaBHe-
uuit (10), (11) u (15), (16) umeror upe3mepHo rpomosakuii Buj. Ilostomy B jgamnoil pabore MbI
OrPAHMYMMCS] YMCJIEHHBIM DeIeHHeM yKA3aHHBIX ypaBHEHWH. 3Hasl SBHBIH BUJ BOJHOBBIX (DyHKIHM
(7), (8) m (12)—(14), MBI MOXKeM BLIYHCINTH BPEMEHHYIO MATPUILY IVIOTHOCTH ISt TIOJIHON CHCTEMBI,
COCTOsAIIEl MX TPeX KyOUTOB M MOJBI OJIsI, 110 CJIEJLyIoneit hopmyIie:

oasc(t) = iopnmmmn, an
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KOTOpasl JIJIs Ha9aJlbHBIX cocTosiauil (2) u (4) npeobpasyercs B CJe/yIoliee BbIpayKeHue:

pABcr(t Z Pl (t) apce) 11 (t) aBcE| + pol¢(t) aBcE)11(P(t) aBCE,
a Jist cocrostamii (3) u (5) mosrydaeM cieyronyto hbopmyiry:

paBcE(t Z Pl (t) apcr)22{p(t) apcr| + p1l¢(t) aBcr)22(P(t) aBcr| + polp(t) apcr) {1 (t) aBCF|-

Ha nanmbiit MOMEHT B KBAHTOBO OITUKE KOJUIECTBEHHbIE KPUTEPUH 3aIlyTHIBAHUS OIIPEIeICHbI
TOJIBKO JIJIsl JIBYXKYOUTHBIX cucTeM. K HUM, HapuMep, OTHOCST OTPUIATEIbHOCTD [8; 9] u coruiaco-
BauHocTh [10]. B manHOill crarbe Mbl Oy/1eM BBIUUC/IATH KPUTEPUIT OTPUIATETHLHOCTH T1ap KYOUTOB.

J71s1 BbIYnC/IeHnust KpUTepusi OTPUIATEILHOCTU Hapbl KYOUTOB [ U j Hy?KHO HailTH JIByXKYOUTHYIO
MATPHILY IJIOTHOCTH Oji(t), KOTOpask BEIMHCIIACTCS CJICIYIOMIM 00Pa3oM:

pi]‘(f) = Ti’kTi’ppABCF (Z,],k = A, B, C,l 75] 7& k) . (18)

2. Bobruucienue mapameTrpa IepeIryThIBAHUS W 00CyXK/IeHre
pe3yJabTaTOB

MBeI HCIOIB3yeM CTAHIAPTHYIO (POPMYINPOBKY KPUTEPHUSA OTPUIATEIHLHOCTH
e =—2) (i), (19)
Il

IJIe fjj — OTpUIATe/IbHbIe COOCTBEHHbIE 3HAYEHNs YaCTUIHO TPAHCIOHUPOBAHHOMN IO IlepEMEHHBIM
OJTHOTO KyOuTa peyIupOBAHHON JIBYXKYOUTHON MATPUIIBI IIJIOTHOCTH pg(t), KOTOPas JIjIsl HadaJIbHbIX

cocrosinmit (2)—(5) nmeer ciieyonmit BU:

o 00 (ph)
ij
oi(t) = 0 P 9] 0 . (20)
0 0 pgx 0

P 0 0 Pis

Torya Boipazkenue (19) st KpuTepusi OTPUNATEILHOCTU IPUMET CJIe/ YOI BUJI:

€ij = \/(p24_P11]1> +4lon  — piy — ol (21)

st HavanbHbIx cocrosiamii (2), (4) u KyouTroB A u B 571eMEHTBI MATPUILI TITIOTHOCTH BBITJISIISAT
CJIEJIYIONINM 00Pa30M:

o1 ( ZPn |B1(t)|* + [Ba(t)?] + polx1(t) [,
35 ( Z pu [|B3(£) [+ [Bs(t)[] + po [|x2(t)]> + |xa(t) [P,
35 ( Z P [|Ba(t) [+ [Bs(t) ] + po [|xs(t)]* + |xs(t) 7],

pi ( ): pu [1B7 (D)7 + [Bs (1) I*] + po [|x6(£)* + [x7 (1) ] ,
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P35 ( Z P [B5()Be (£) + B3 (£) Bi(£)] + po [x2(£)x3(¢) + xa(£)x5 ()] -

st nagasnbubix cocrosinmii (2), (4) u kyouroB A u C 3/1€eMEHTBI MATPHILB! IJIOTHOCTH BBITJISIST
CIIeIyIOMUM 00pa30M:

i ( an [1B1 () + B3 (1) |*] + polx2(t) P,
3 ( Z pu [1B2(8)* + [Bs (1) I*] + po [Ixa(£)* + [xa(£)[P] ,
3 ( Z pu [1Ba(D)? + [B7 (1) *] + po [lxa()* + [x6(£) 7] ,
P ( Z pu [1Be(t)” + [Bs(t)P] + po [|xs(5)[* + |x7()[*],
P35 ( Z pn [Ba(t)By(t) + Bs(t)B7 ()] + po [x1 (£)x3(t) + xa(£)x4(t)] -

st HavasnbHbix cocrosinuii (2), (4) u kyouro B u C 31eMeHTBI MATPUIIBI [IJIOTHOCTH BBITJISIIAT
CJIEIYIOIIUM 0Opas3oM:

Pt ( an [Br(t)[? + [Ba(1)?] + polxa (B[,
P2 ( Z pu [1B2(8)? + |Bs(£) 2] + po [Jxn (1) + [xs(£) 7] ,
P35 ( E pu [|B3(1)* + |B7 (1) 2] + po [lx2(t) * + [xs(£) 7] ,
pii ( Z P [[Bs(8)[2 + Bs()1*] + po [|xa(t) [ + [x7 (1) ] ,
P25 ( Z pn [B2(£)B3(t) + Bs(t) B7 (t)] + po [x1(£)x3 () + x5(t) x5 ()] -

st HavanbHbix cocrosianit (3), (5) u KyburoB A u B sj1eMeHTBl MATPUIBI IJIOTHOCTH BBITJISIISAT
CJIEIYIOIIAM 00Pa30M:

o ( E pu [IB1(8)]* + [Ba(t) ] + palxa ()],
055 ( Z pu [|B3(£) [+ [Bs(t)[*] + p1 [|x2(t) > + |xa(t)[] + polya () %
035 ( Z pu [1Ba(t)]> + [Bs(t)[*] + p1 [lxa(t) 1> + |x5(8) 7] + poly2(t) %,
i ( i [[B7(£) >+ [Bs(t)1?] + p1 [|lx6()]> + 27 () *] + po [lys(t) > + lya(t)]?],

P35 ( ): P [Ba(£)By(£) + Bs(£) Bg (£)] + p1 [xa(8)x5 () + x2(8) x5 (£)] + poya (£)y2 (£)-
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st maganpabix cocrostanii (3), (5) n KyouroB A u C 3/1eMeHTBI MATPUIIBI IIJIOTHOCTH BBITVISIIAT
CJIE LY IOIIM 00Pa30M:

P ( Z pu [|B1(1)]* + B3 ()] + p1|x2(t) %,
oA i [1Ba(O)2 + [Bs(8) ] + pr [I11(8) + [x5(8) ] + polya ()2
oA i [1Ba(O)2 + [Br(5)P] + pr [P + [x6(B)P] + polys(8)
oS z pu [1Bo(D2 + Bs())] + pa [Js(8) P+ 1x7(8) P] + po [lva(®P + [va(d)P]
PECE) = T, [B20BI(0) + BB )]+ s [ 56 + 1 (D550 + poa (4330

s maganbaeix cocrosumit (3), (5) u kyouros B n C 371eMeHTHI MATPHUIIBI IJIOTHOCTH BBITVISIIAT
CJIEJIYIOIINM 00Pa30M:

pir ( Z pu [[BL(8)* + [Ba(t) ] + palxa(t)
055 ( Z pu [[Ba(t) P+ [Bs(t)[*] + p1 [[x1 () P + |x5(8)[*] + poly2(t) %
035 ( an |Bs(t) [+ [B7(£)|*] + p1 [Jx2(t) P + [x6(t) [*] + polya(t) %,
o4y ( Z pu [|Bs(£) [+ [Bs(t)[] + pa [|xa(t) > + |x7(£) ] + po [lya (1> + lya(t) ],
055 ( Z Pn [Ba(t)B3(t) + Be(t)B7 (t)] + p1 [x5(¢)xg () + x1(£)x5 (£)] + poya(t)y3(t).

PeSyﬂbTaTbI KOMIIBIOTE€PHOI'O MOAEJINPOBaHMA BpeMeHHOfI 3aBUCUMOCTH KpUTepus oTpuraTe/;IbHO-
CTH €j; OT IPUBEJICHHOTO BPEMEHH Yt J7Is HAYATbHOTO cenapabebHoOr0 COCTOSTHUS (2) W PasIuIHBIX
3HAYEHMI KOHCTAHTLI JIMIIOJIb-IUIIONBHOINO B3auModeiicTBusa n3obparkenbl Ha puc. 1. CpenHee 4ucio
TerIoBbIX (oTOHOB BeIOpano pasubiM 7 = (.1. BaxkHo oTMeTuTDh, 9TO JIsT JAHHON MOJEIH B CJIydae
OTCYTCTBUSI JTUIIOJIb-JIUIIOJLHOTO B3aUMOJIEHCTBYsI riepenyThiBanue Mexk iy kyouramu A u B (u A u C)
He TIOsIBJISIETCs B IIPOIIECCE DBOJIIONUK JIJIsl BCEX HAYaJIbHBIX cocTosiHuilt Kyouros (2)—(5). Ogaako
ydeT Jaxke HeOOJIBIIOro 3HAYeHUs] KOHCTAHThI JAUIIOJIb-IAIIOJHLHOINO B3aUMOJIEHCTBAS IIPUBOAUT K
CYIIIECTBEHHOMY IieperyThiBaHuio Mexk 1y Kyburamu A u B (u A u C ) B moce/yomue MOMEHTbI
BpeMmenu. M3 Bcex rpauKoB XOPOIIO BUAHO, YTO BJIMSHUE JUIIOJIL-IAIONLHOIO B3aUMOAEHCTBIS
HE MOHOTOHHO. Takyke HaOJIIOAeTCsI epeXol IEPEIyTAHHOCTH OT OJHON Maphl ATOMOB K JIPYTUM
apaM aToOMOB B IIPOIECCE SBOJIONUN. BKIIIOUEHIE IUITOJIb-IUII0JbHOM CBA31 MexK Ay Kyouramu A u B
He UCKJ0YaeT 3PPeKT MIHOBEHHON CMEPTHU IIePeIyThIBAHUS JJisi BCEX BO3MOXKHBIX IMap KyOUTOB.
MrHOBEHHO CMEPTHIO ITEPEILYy THIBAHNS HA3LIBAETCS MCUE3HOBEHUE IIepelly ThIBaHNsI KyOUTOB Ha Bpe-
MeHaX MEHBIIE BPEMEHM JUCCUIIAIMU SHepruu, dpas3bl U T. J. Ha puc. 2 Mbl cTporM aHAJIOTHYHbIE
BDEMEHHbIE 3aBUCUMOCTH KPUTEPUs OTPUIATEILHOCTH € OT IPUBEJIEHHOTO BpeMeHH yf, HO Jyis
HAYAJIBHOTO CerapabebHOro cocTostaust (3) npu cpegreM dunciie TerioBbix doronos i = 0.1. Bee
BBIBOJIBI, OIIMCAHHBIE B IPEJBIAYINEM CJIydae, CIPaBEJIUBBI U JJIs HAYAJbHOIO cermapabeibHOro
cocrosinus (3). OHAKO eCcTh CYIIECTBEHHOE PAa3jiMyue B IOBEJICHUM JUHAMHUKU [I€PEIy ThIBAHWSs
Mexk iy Kyouramu A u B. VI3 puc. 2, @ XOpoIIo BUIHO, YTO BKJIFOUEHUE JTUIOJIb-IUIIOJBHON CBSI3U
MPUBOJINAT K IOJHOMY IOJaB/IeHNIO 3 deKTa MIHOBEHHOI cMepTH IepernyThiBanus. Ha puc. 3 moka-
3aHbl BpEMEHHBbIC 3aBUCUMOCTU OTPUIATE/IBHOCTHU 81']‘ OT IIPpUBEAECHHOI'O BpeMeH!U ’)’t JJIsd HadaJIbHOI'O



Baepos A.P., Bawxupos E.K. Jlunamuka nepenymovi8arus amomos 6 mpexrkyoummot modesu. ..
Bagrov A.R., Bashkirov E.K. Dynamics of entanglement of qubits in the three-qubit... 96 I/I3m

fucernapabebHOrO cocTosiHMs (4) IpH HaYaJIBLHOM HapameTpe 0 = 71/4 u cpeiHeM UHC/e TEIIOBBIX
doronos 71 = 0.1. U3 rpadukoB XOpoIrmo BUIHO, YTO OTHOCUTEIBHO HEOOIBINOEe 3HAYCHUE U0/
JunosibHOroO B3anmogeiicreust | = 0.2 npuBoauT K nepenyrbiBannio kyouroB A u B (u Bu C) n
HE TIPUBOJUT K CYIIECTBEHHBIM U3MEHEHUSIM B JUHAMUKE [IEPEIyThIBAaHUsI KYOUTOB, HAXOSIITIXCS
BHYTDHU PE30HATOPA, B OTJINYME OT cenapabesbHbIX cocrostHuil Kyouros (2) u (3). IMocsenyromee
YBEJIMYUEHUE JIATIO/b-TUTIOJIbHOM CBA3U MPUBOJUT K YBEJIMYCHUIO MAKCUMAJIHLHONW CTEIEHH MEPEIYThI-
Banus kyouros A u B (u B u C) u K nojgasienuto nepemyrassocru mex iy kyburamu B u C. Takxe
BU/IHO, UTO BKJIIOYEHUE JUIIOJIb-UIIOJBHOTO B3aUMOJICHCTBIS He TPUBOJIUT K IO/aBIeHUIO b deKTa
MT'HOBEHHO# CMepTH TepernyTbiBanus st KyoutoB A u B. Ha puc. 4 MbI oKa3bIiBaeM aHAJIOTUIHBIE
3aBHCHMOCTH, HO JIJIsi HAYAJIBHOTO OrcenapabebHoro cocrosguus Kyouros (5). B npunnumne nosegenne
OTPHIATEIbHOCTH JIJIsi COCTOsiHUsI (5) aHAJOIUIHO TIOBEJIEHUIO OTPUIIATEIbHOCTH JIJIsl COCTOsIHMS (4).
Paznuans 3akmoqaiorcs B CIEAYIONEM: BO-TIEPBBIX, JJIsT TIOTIAPHOTO TEPEeNyThIBaHus Kyoutos A u B
JIUTIOJIb-TUIIOJIBHOE B3AMMOJIEHCTBIE MOXKET IOJIHOCTHIO UCKJIIOYUTH 3(MMEKT BHE3AHON CMEPTH
HepernyThiBaHus. Bo-BTOPBIX, leperyThiBanue Mexx 1y kyouramu A u B (u A u C) He BO3HUKAaeT
npu ¢j1aboM JUIIOJIb-IUIIOJIBHOM B3AMMOJIECTBUU B OTJIMIUE OT HAYAJBHOTO OucerrapabeibHOro
cocrosinust (4), y KOTOpPOro nepenyTbiBaHue map Kyoutos Bosuukaer u npu | = 0.2.
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Puc 1. Kpurepuit orpunarensuoctu €45(vt) (a), €ac(vt) (b) u epc(t) (¢) mocrpoen Kaxk pyHKIMSA
[PUBEJIEHHOTO BpEMeHH Y JJIsl HAUaJIbHOTO cenapabesbHOro cocrosiaust Buja (2). CpesiHee IHCIO TeIIOBBIX
doronos 71 = 0.1. KoncranTa aunoss-aunonbHoro s3aumogeiicrust J: | = 0.05 (uepHasi cryioniHast JnHus),

J = 0.2 (kpacHas nyHkTupHas juHus), | = 2 (CuHssd TOYEUHAS JIMHUA)

Fig 1. Negativity criterion e45(yt) (a), eac(yt) (b) and epc(t) (¢) are plotted as a function of the scaled
time 7yt for the initial separable state of the form (2). The mean number of thermal photons 7 = 0.1.
The constant of the dipole-dipole interaction J: | = 0.05 (black solid line), ] = 0.2 (red dashed line),

J = 2 (blue dotted line)
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Puc 2. Kpurepuit orpunarensuoctn € 4p(7yt) (a), €ac(vt) (b) m egc(yt) (¢) mocrpoen kax dbyHKIUS
IPUBEIEHHOTO BPEMEHU 7yt st HATaILHOTO cenmapabenbaoro cocrostaus Bua (3). Cpeaee TUCIO TETUIOBBIX
dorounos 71 = 0.1. Koucranra junosb-aumnosassHoro s3anmogeiicrsus J: | = 0.2 (dyepHas CIUIONIHAS JIMHUS),
J = 2 (xkpacHasi MyHKTUDPHAS JIMHISI )

Fig 2. Negativity criterion € 45(t) (a), eac(yt) (b) and epc(t) (¢) are plotted as a function of the scaled
time -yt for the initial separable state of the form (3). The mean number of thermal photons 7 = 0.1.
The constant of the dipole-dipole interaction J: | = 0.2 (black solid line), ] = 2 (red dashed line)

£aa(vt) eac(yt)
0.35¢ 0.35

0.30F 030}

Puc 3. Kpurepuit orpunarensuocru € 45(vt) (a), €ac(vt) (b) m egc(yt) (¢) mocrpoen Kak pyHKIMSA
[PUBEJEHHOIO BPeMeHH 7yt JJIsi HauaJabHOro GucenapabesibHoro cocrosiuust Buja (4). Cpenree unciio
remiobix doronos 7 = 0.1. Koncranra aunoss-gunoisaoro 3aumogeiicrsus J: | = 0.05 (uepnas cruiominast
sunns), | = 0.2 (kpacHas yHKTUPHas JuHus), | = 2 (cuHsisg TOYeIHA JIXHUS )

Fig 3. Negativity criterion € og(vt) (a), eac(yt) (b) and epc(yt) (c) are plotted as a function of the scaled
time -yt for the initial biseparable state of the form (4). The mean number of thermal photons 7 = 0.1.
The constant of the dipole-dipole interaction J: | = 0.05 (black solid line), ] = 0.2 (red dashed line),

J = 2 (blue dotted line)
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ﬁég(}ft) eac(vt)

0.7¢
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0.5F
0.4f
0.3f
02kt

0.1

0.0
0

Puc 4. Kpurepnit orpunarensuoctn € 4p(7yt) (a), €ac(vt) (b) m egc(t) (¢) mocrpoen kak dbyHKIMS
NPUBEEHHOTO BPEMEHN ‘Yt JJIsl HAuaJabHOTO GucenapabenbHoro cocrognus Buma (5). Cpemmee aneso
rerioBbix ¢doronos 71 = 0.1. Koncranra punosnb-aunonsaoro s3aumojeiicrsud [: | = 1 (depHas crutontaast
sHust), ] = 2 (KpacHasi IyHKTUPHASI JIMHUS ).

Fig 4. Negativity criterion € 45(vt) (a), eac(yt) (b) and epc(7t) (¢) are plotted as a function of the scaled
time 7yt for the initial biseparable state of the form (5). The mean number of thermal photons 7 = 0.1.
The constant of the dipole-dipole interaction J: | = 1 (black solid line), ] = 2 (red dashed line).

BreiBoabl

B mannOIt cTaThe MBI HCCIEI0BAIN AUHAMUKY CHUCTEMbI TPEX MICHTHUYIHBIX KyOHUTOB, OIUH U3
KOTOPBIX HaXOJUTCS BHE PE30HATOpA, a JBa JPYIUX 3aXBadeHbl B PE30HATOPE U PE30HAHCHO B3aNMO-
JEeHCTBYIOT ¢ MOJION TEIJIOBOTO TOJIs 3TOTO pe3oHaTopa. [Ipesmonaraercs, 970 MeXK Ty H30JIUPOBAHHBIM
KyOHUTOM U 3aXBavueHHBIM KyOUTOM B PE30HATOPE €CThb JIUIIOJIb-IUIIObHAS CBsA3b. B IeHTpe HaIero
BHUMAHWA OBLIN IBa PA3JMIHBIX THUIIA HAYAJIHHBIX COCTOSHNN KyOWTOB: cemapabesbHbIe U Oucenapa-
OesbHBIE. Pe3yIbTaTbl KOMITBIOTEPHOTO MOJIEINPOBAHNS OTPUIATETHHOCTH Map KyOUTOB MOKA3aJIH,
9TO Jrake HeOOJIbIoe 3HAYEHHUE JTUIO/Ib-IUIIOJIEHOIO B3aUMO/IEHCTBUS MOYKET WHIYIINPOBATD ITepe-
Iy ThIBaHIE KYOUTOB JJIsI AP, COCTOSIIUX U3 M30JIMPOBAHHOIO U 3aXBAYEHHOIO KyOUTOB, JIJI BCEX
HaYaJIbHBIX COCTOSHUM. B ciydae OTCyTCTBUS JUATIONB-IUIOIBHON CBSA3U MEPEIy ThIBAHUS MEXK LY
napaM KyOMTOB He BOSHUKAET JIJIT BBIOPAHHBIX COCTOAHMIA. JIjIsI HEKOTOPBIX HAYAIbHBIX COCTOSHMIA
JIATIOJTb-TUTIOIBHOE B3AMMOJICHCTBIE IPUBOIUT K IIOJTHOMY IIOABJICHUIO 3 dHeKTa MTHOBEHHOW CMEPTH
repenyThiBanng. Takum oOpa3oM, JUIOJIb-IUIIOIBHOE B3aNMOJAEHCTBIE MEXK Iy KyOUTaMu MOXKET
paccMaTpuBaThCd Kak 3MPEKTUBHBIN MEXaHU3M KOHTPOJIS U yIIPABJICHUS [IEPEyThIBAHUS KyOUTOB
B PE30HATOPAX.

Nudopmamust 0 KOH(PIMKTE NHTEPECOB: aBTOPHI U PEIEH3EHTHI 3AABJISIIOT 00 OTCYTCTBUU KOHMIUKTA
UHTEPECOB.

IIntuposanue. Barpos A.P., Bamxkupos E.K. [Iunamuka nepenyTbIiBaHUsS aTOMOB B TPEXKyOHUT-
Hoit mozmenn Tasuca — Kammubrca ¢ aunosb-aunonbHbiM  B3auMoeiicreuem // Becrauk Camap-
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Revised:  23.08.2024 two of which are trapped in a resonator and interact with a single-mode ideal resonator
Accepted:  02.09.202/ through single-photon transitions, and the third qubit is outside the resonator. This takes

into account the dipole-dipole coupling between the isolated qubit and the qubit in the
Scientific article resonator. We have found a solution to the quantum nonstationary Schrodinger equation
for the total wave function of the system for the initial separable and biseparable states
|@ ® of qubits and the thermal initial state of the resonator field. Using these solutions,
the criterion of entanglement of qubit pairs - negativity is calculated. The results of
numerical simulation of the negativity criterion have shown that the including of a
small dipole-dipole coupling between an isolated and one of the trapped qubits can
lead to significant entanglement of qubit pairs for all initial states. There is a transition
of entanglement from one pair of atoms to other pairs of atoms during the evolution
of the system. It is also shown that for some separable and biseparable states, the
dipole-dipole interaction can suppress the effect of sudden death of entanglement.
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TPEBOBAHUSA K O®OPMJIEHUIO CTATEN

2XKypuan "Bectuuk Camapckoro yHuBepcurera. EcTecTBeHHOHayuHasi cepusi / Vestnik of Samara University. Natural
Science Series” wusgaercs ¢ 1995 1. M #ABJAsSETCs pPEryJIsSIPHBIM HaydHBIM W3JaHUEM, BblllycKaeMbiM CaMapCKUM YHUBEPCUTETOM C
IeJbIO pa3BUTUA HaquO-MCC‘HeJ—LOBaTeJ—IbCKOI’I AedTeJIbHOCTH, IIOJJEP?KKHN BeAYIINX Hay4YHBIX IIKOJI U IIOAIOTOBKH KaJApOB BBICIIIE KBa-
mudbukanuu. 2KypHaa BBIXOAUT KaK B [EYATHOM, TaK U B JIEKTPDOHHOM BHJE. DJIEKTPOHHAs BepCUsl >KypHaJia pa3MellaeTcs Ha caiTe
Camapckoro yHusepcurera o ajapecy https://journals.ssau.ru/est. Bce crarbu npoxogdaT HposBepKy B mnporpamme "Anrtumsiaruar'.

B xypunase "Becrnuk Camapckoro ynusepcurera. EcrecrBennonayunasi cepust / Vestnik of Samara University. Natural Science
Series” mnedaTaroTCsi OPUIMHAJIBHBIE HayYHBbIE DPe3y/bTAaThl U3 PA3JIMYHBIX obJiacTell ecTecTBO3HaHUSA 1O npoduiao 6a3bl gaHHbix zbMath,
paHee He IyOJMKOBABIIMECS M HE IPEJCTABIEHHblE K IyOJHKaluu B JAPYIHMX HU3JaHUsAX. E>KeromgHo BBIXOLST B CBET dYeThIpe
PeryJiipHbIX BbINyCKa >KypHaJia.

IlpeacraBisieMasi B KypHaJ pabora JA0JDKHA ObITh 3aKOHYEHHBIM HayYHBIM HCCJIEJIOBAHUEM M COAEPXKATh HOBbIE Hay4HbIE De3yilb-
TaThbI. CTa.TbI/I JOJI2KHBI IIOAIIMCHIBATHCA BCEMHU aBTOpaMH, YTO O3HaYaeT UX coIviacue Ha IiepeJgady BCeX IIpaB Ha pacCIlIpoCTpaHeHHue
paboT C IOMOINBIO IEYATHBIX U 3JIEKTPOHHBIX HocHuTeseil umHpopMmanun Camapckomy yHusepcurery. CraTbu MOryT OBbITH HallMCAHBI
HA PYCCKOM WJIM AHIVIMACKOM sI3bIKaX, IPU STOM aBTOPbI OOA3aHbI MPEIbsBJATH IIOBBIIIEHHbIE TPeOOBAHMSI K CTUJIIO M3JIOXKEHHS U
a3bIKy. CTarbu JOJIXKHBI COIPOBOXKJATBHCS HAIPABJIEHUEM OpraHU3aluM, B KOTOPOiIl BbinoiHeHa pabora. Crarbu 0630pHOro Xapakrepa,
peleH3un Ha Hay4dHble MOHOrpaduu NUIIYyTCs, KaK IIPaBUJIO, [0 IpOChOe peaKoJIeruu >KypHasa. Bce mpejcrasieHHble paboTbl pe-
JaKIUsl >KypHaJla HallpaBjIsieT Ha peleH3upoBaHue. Perrenne o6 omyOJIMKOBAHMM IPHHUMAETCS PEIKOJIIErHil >KypHaJia Ha OCHOBAHHUU
perieH3un. ABTOpaM PEKOMEHJYeTCsl O3HAKOMUTBLCSI C IpaBUJIAMHU IIOJNOTOBKM CTaTeil Iepejy NPeICTaBJIEHHEM HUX B pejakiuio. Pabo-
Tbl, OMOPMIIEHHbIE HE IO IpaBUJaM, PeJKOJUIerneil paccMaTpuBarTbcsi He OyayT. Peaakiusi mpocuT aBTOpPOB npu odoOpMJIIeHUU
paGoTbl NPUAEP>KUBATHCH CJIEAYOMIUX IIPAaBUJI UM PEKOMEHJAluil:

1. Crarbu upexacrasisiorcss depes cait https://journals.ssau.ru/est.

2. CrarTbs J0J/KHA COZep:KaTh: HaszBaHue paborTbl (6e3 Gopmys), CIMCOK aBTOPOB, IPEACTABJIEHHBIH B ajdaBUTHOM MOpsAKeE,
C yKasaHueM MecTa pabOTbl M €ro ajapeca C HHIEKCOM, aJpecoB 3JIEKTPOHHOM MHOYTHI KayKJOr0 W3 HUX, 3BaHuUs, gosxkuaocru, ORCID
HA PYCCKOM M aHIVIMICKOM sI3bIKax; aHHOTauuio He MeHee 100 CJIOB Ha PYCCKOM M AHIVIMIACKOM sI3bIKaX, KOTOpAas 1aeTCs IePeJ] OCHOBHLIM
TEKCTOM; OCHOBHOI TEKCT, KOTODBLIi DPEKOMEHJYeTCs pPa3JeJisiTh Ha I[OJpa3/eibl C LeJbIo O6JerdeHusl 4YTeHusi paboThl; 3aKJIIOYEeHHUe
C KpATKOH XapaKTEePUCTUKONH OCHOBHBIX IOJIyYEHHBIX DPE3yJIbTaTOB.

3. Crarbsi noJkHa ObITH CHAOXKEHa HMHIEKCOM yHuBepcaJbHON Kiaccuduranun (VIK), HeoOXOAMMO NpPeaCcTABUTH KJIOYEBbIE CJIOBA
Ha PYCCKOM M AaHIVINMICKOM SI3BbIKAX.

4. O6beM craTbu He [JOJIKEH MpeBblmarh 15-25 cTpaHuI], WIIOCTPUPOBAHHOrO He 6oJjiee YeM 5 pUCYHKaMH H 5 TabJUIlaMU.
Bazosblit pasmep mpudra — 10 nynkros. OmnybsmkoBanue paGoT, HE COOTBETCTBYIOIIUX STUM OrPAHUYEHUSM, BO3MOXKHO TOJIBKO IIOCJIE
CIIeIUAaJIBHOT'O pelleHud peaKoJlJIeruu KypHaJia.

5. Ilognmucm K pHUCyHKaMm JOJIKHBI Pa3MeIllaTbCsi CHU3Y OT PUCYHKa M JIOJIPKHBI COJEp:KaThb HUX KpaTKOe OINCaHWe U, BO3MOXKHO,
OO'bsSICHEHHE HCIOJIB30BAHHBIX CHMBOJIOB U YCJIOBHBIX OOO3HAYEHUM.

6. Vkasareab TabJMLbl JOJKEH OLITH pasMelleH CIpaBa CBEpPXy OT Tab/HIbl. 3arojgoBok Tabuuibl (Kak U cama Tabuuna) JOJXKeH
6bITh OTLEHTPUPOBAH IO HIUPUHE OCHOBHOT'O TEKCTA.

7. Hymepanusi pucyHkoB u TabJul] JOJ’KHa ObITH IOpa3/iesbHOIl 10 TeKcTy crarbu. He momyckaercss pasMeliaTb B TEKCTE€ PUCYHKU
n Ta6J'II/II_[I>I A0 TIOsABJIEHHWsA Ha HUX CCBLJIKM B TeEKCTe.

8. Tekcr craThbm JO/IKEH OBITH MOATOTOBJEH ¢ Hcrosab3oBanumem ctuiasa "VesSamUn.sls". Cruap "VesSamUn.sls" u npumep odopm-
JIeHHsI CTaTbU MOXKHO Haiitu Ha caiite CaMapcKoro rocyJapCTBEHHOrO yHHBepcuTeTa (ajJpec ykasaH Bbliie). Vcnonab3oBanue Apyrux
peasmmzanuii TEX’a kpaiine nekesnarenbuo. I1oAroroBKa 3JI€KTPOHHONW BEPCUU CTATBU C IIOMOIILIO JAPYTHX CPEJCTB JIOJI2KHA ObITH 3apa-
Hee corjlacoBaHa ¢ pepaknueil. MinocrparuBHblii Marepuasn (pUCyHKH, TabJHLbBI, JUArPAMMBbI) TOTOBUTCS CTAHJAPTHBIMU CPEACTBaAMU
IMTEX’a. Pucynku MoryT OBITH TakK’kKe IIOAIOTOBJIEHBI B JIIOO0OM rpaduYecKoM pegakTope. B ciydae HCIOIb30BaHUSI HECTAHIAPTHBIX
cTuiIeBbIX ailsioB aBTOp O0s3aH NPEJIOCTABUTL PEJAaKIMU HeoOXOoAuMble crTusieBble dailibl. V3MeHeHHsI CTaHIAPTHBIX CTHJEBBIX dailyioB
HEJOILyCTUMBI.

9. Tlpu nOAroTOBKE 3JIEKTPOHHOIO BapUaHTa CTATBU CJIEAYEeT I[PUHUMATL BO BHUMAHHUE CJIEAYION(UE DPEKOMEHJAIUU:

a) npu Habope CTaTbu HEOOXOAMMO pa3J/IMYaTh CJEAYIOIIMe 3HAKHU IIPEIUHAHUS U KOHTPOJIbHBbIE II0CJIEJLOBATEJIBHOCTH, UM COOTBET-
crByroue: oguHapHbiil gedunc (7-7), asoitHol meduc ("), Tpoitnoit neduc (”7”)2. OpuHapHbIH J1edHUC HCHONMB3YIOT B COCTABHBIX
cJI0BaxX; JBOWHON neduc pekoMeHyeTcsl Jjisl yKa3aHUsl AHAla30Ha YHCeJ W 'ABOWHBIX'damuinii; TpoilHoi peduc osHadaeT TUpE;

6) HeAOIYCTHMO HAXOXKJEHUs pPsAJOM JByX M OoJiee 3aKpbIBAIONUX HJIM OTKPLIBAIOIUX CKOGOK OJHOIrO BHJa. PekomeHiyercs
BHUMATEJIbHO OTHOCHUTHCS K OaJlaHCy CKODOOK;

B) JIOIlyCKaeTCsl HUCIOJIb30BAHMUE CJEAYIOIMMX KOMaHJ[ IepekJodeHusi mpudros: \rm, \it, \bf, \sl u crangapTHbIX WPUPTOB ce-
meiictBa AMS ¢ ucnosib30BaHUEM CJIEAYIOINX KOMAaHJ[[ IepeKsodeHus: mpudroB \mathbf, \mathcal, \mathfrak. lMcnonb3oBanue Jpyrux
mWpudTOB JONKHO OBITH COINIACOBAHO C DpeJakKiueil >KypHaJa;

r) Ha rpadukKax [JoJKHa ObITH HaHeceHa ceTKa (KeJaTeJbHO KBaJpaTHas) ¢ obo3HadeHHEeM JesleHHH. PexoMenjyeMmblii pasmep
pucynkoB — 11-15 cM 1o ropusonragu u 5-15 cM no Beprukajau. HeobxonauMmo THIATEJIBHO CJIEAUTH 3a TOYHBIM COOTBETCTBUEM
obo3HauYeHNnl B TEKCTe M Ha PHUCYHKax M 3a mnogobuem mpudToB. Hajamucu, s3arpoMmokjaloiine pPUCYHKH, JOJXKHBI ObITH 3aMEHEHBI
nudpamn nan GyKBEHHBIMH OOO3HAYEHUSIMH W BHECEHBbI B MOAPUCYHOUHBble moamucu. CamMu MOAPHCYHOYHBIE IOAIKMCH JOJXKHBI ObITH, IO
BO3MOXKHOCTH, KpaTKuUMH. Penakuus ocrasiisieT 3a cob6oil npaBo TpeGoBarb OT aBTOpa 6ojiee Ka4eCTBEHHOI'O BBINIOJHEHUsI IpadUuecKoro
MaTepuaJia;

) AJis MaTeMaTHYeCKUX OBO3HAYeHHl PEKOMEH/lyeTcsl ynoTpeGJsaThb, [0 BO3MOXKHOCTH, CTaHAAPTHLIE W Haubojiee MPOCTble CUMBOJIBI.
He caenyer npumensitb uHIeKCbl u3 OyKB pycckoro asipaBuTa. BeKTOpbI M TEH30pPBI BBINOJIHAIOTCH JKUPHbIM Ipudrom. Bmecto
OJINHAKOBBIX ITOBTOPSIIOIMXCsI OJIOKOB B (DOpMysiax »KeJjlaTeJbHO WCIIOJIb30BaTh HMX COKpAIeHHble OOO3HAYEHWUS;

e) npu HyMepauun ¢HOpMyJ peJaKlus IIPOCUT IOJb30BATHCS JAECATUIHON cucreMoii. PekoMeHIyercss JBoiiHasi HyMmepalus: HepBas
uudpa — HOMEp pasjesa CTarbu, Bropas uudpa ocjie TOYKU — HOMEp (GOpMyJibl BHYyTpu pasjesa. Homep JOJKEH CTOATH CIpaBa
or dopmynsl. He cienyer nymepoBarbh ¢OpMyibl, Ha KOTOPBIE HET CCBUIIOK B TEKCTE;

2K) TEOPEMBI, JIEMMBbI, IPUMEPHI, YTBEPXKEHUSI U T.II. BBIIOJHSIOTCS OOBIYHBIM HIPU(TOM; MX 3arOJIOBKU JAIOTCs YKUPHBIM IIPUQPTOM;

3) CIIMCOK JINTEPATYPbl COCTABJISIETCS 110 MOPSAKY LUTHUPOBAHMS, PACIOIAraeTcs B KOHIE CTATbU HA PYyCCKOM M AHIVIMHCKOM SI3BIKax
(me menee 10 mynkToB). [isi KHUr coobuiaercs ciefytomas uHboOpManusa: haMUINd U HHAUAJBl aBTOPOB, IIOJHOE Ha3BaHUE KHUIH,
U3[ATeJIbCTBO, TOJi U3JaHUs U KOJHUYECTBO CTPAHMI]; JJjisi cTaTeil B cOOpHUKAX U KypHajax — paMuIud U HMHULHUAJILI aBTOPOB,
[IOJIHOEe HA3BaHWE CTATbU, Ha3BaHUe KypHasja (COOPHUKA) MOJHOCTBIO WJIM, €CJAU €CTh CTaHJapTHOE COKPAallleHHue, COKPAIEHHO, IIOJIHAs
nudopmalus o6 usganun (cepusi, TOM, HOMEP, BBINYCK, TI'OJ), HOMEpa HAJYaJbHONH M KOHEYHOH CTPAaHWI] CTATbHU;

M) CCHIKM Ha HMHOCTPAHHbIE HCTOYHUKHU (BKJIIOUAsl II€pEBeJleHHbIE Ha PYCCKHH s3BbIK CTATbU W KHUIH) JalOTCs O6s3aTes]bHO Ha
A3bIKE OpHUI'MHAJIa U CONPOBOXKIAIOTCA B CJydae I[epeBojia Ha PYCCKHUI #A3bIK C yKa3aHUEM Ha3BaHUs U BBIXOAHBIX JaHHBIX II€peBOJA.

IluTupoBanue ocyliecTBiseTCs KOMaHIO# \cite ¢ coorBercrByomeil Merkoit. CChlIKM Ha HEOIyOJMKOBAHHbIE PAabOTBI HEIJOIYCTHUMBI.

Hesbinosinenne aBTopaMy II€PEYHC/ICHHBIX BBIIIE I[PABUJI MOXKET IIOBJIEYb 3a CO0O0il 3aJep:KKy ¢ OIyOJMKOBaHHEM pPabOThI.

B kypnaJsie maercsi ykKasaHue Ha JaTy IOCTYIUIEHHsI pabOTbl B PEJAKIUIO M JaThl ee NpuHATHsA. [Ipockba pemakuum o nepepaboTKe
CTaTbU He O3HAYAET, UTO CTAaTbhbs MPUHATA K Ie4aTH; IOCje MepepaboTKH CTaTbhbsi BHOBb PAcCMaTPUBAETCS PEJKOJIJIErnell »KypHaJa.

Pedaxuyusn otcypHana

LCooTBeTcTByONAasA KOHTPOJbHAS TOCTEI0BATENILHOCTS ecTh \cdash--~
2Co0TBeTCTBYONAs KOHTPOIbHASA TOCIIEOBATEIBHOCTE eCTh \cdash---
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