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Bcepoccniickas nayuHast koHdepenmnus "MaremaTunka
1 MaTeMaTudeckKoe mMojeimpoBaHue"

C 28 mo 30 asrycra 2023 r. B CamapcKoM yHUBepcuTeTe Mpoxojuiia Bcepoccuiickasi HaydHass KOHQEepeH-
must "Maremaruka m Maremaruueckoe MojeaupoBanue', opranmzoBanHas CaMapCKuM TOIApa3ejeHueM perv-
OHAJIBHOTO HAyYHO-00Pa30BATEILHOIO MaTeMaTHIecKoro mnentpa lIpuBomkckoro denepanbroro okpyra. Caiit
koudepennuu: https://mmm-samara.ssau.ru.

Koudepennus npoxoania B OYHOM U OHJIAWH-PEXKUMAX II0 CJEIYIOIIMM TPEM HAIlpaBJIeHUsIM: QyHIaMeH-
TajibHAsI MaTeMaThKa W IPUJIOYKEHMs, MaTeMaTHIYeCKOe MOJIE/JUPOBAaHKE, MMPODJEMBl MaTeMaTUIECKOIO 00pa3o-
Banusd. B ee pabore yuacTBoBasO 0K0sI0 50 1UesoBeK, OoJiee MOJTOBUHBI 13 KOTOPBIX — MOJIOJIbIE UCCJIE/IOBATEIH.
3a Bpemsi pabOTBI Tpex CeKmmit ObLT caenan 31 TOKIaJl, W3 KOTOPBIX 7 IJIeHApPHBIX. [leHapHBIMU JTOKJIa/ 190~
KaAMH BBICTYIIAJIH BEAYIHE yYeHble POCCHIICKMX HAYYHBIX IIEHTPOB.

1. Besumes Muxann Uropesuu  (Cankr-Ilerepbyprckoe  orgenenne  MareMaTrndeckoro HMHCTHTYTA
um. B.A. CrekioBa), HasBanue nokjazga "BoJHOBOI CHEKTD MOJyOrpaHHYEHHOro oreparopa’.

2. Bukuenraes Aiipar Munxarosuu (Kazanckuii (IlpuBoskckuii) defepasibHbIi YHUBEPCUTET), HA3BAHUE
nokstazga "Tomosorust JOKaJIBHON CXOJUMOCTH 10 Mepe Ha U3MEepUMBIX oreparopax’.

3. Bounapenko Harambs Ilasinosra (Camapckuii yHUBepcuTeT), HaspaHue J0Kjaaaa "OBGpaTHBIE CIIEKTPAIIb-
HblE 3aJa9u Jist I PepeHInaJIbHbIX OEPATOPOB € KO3 duimeHTaMu-pacipeieseHusivu" .

4. Kanycrua Baagnvmup Bramuvuposnu (Cankr-IlerepGyprekoe otyesnenne MaTtemMaTwdecKoro MHCTUTYTA
um. B.A. CrekiioBa), nazsanue nokiazna "Ilapable KOppeadiuu mjisi MOCJIEJI0BATEILHOCTEH 1 BO3MYIIEHUS
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1. IlocTaHoBKa 3ama4dn

Pacemorpum B obaactu @ = (0,1) x (0,7, tae {,T < oo, ypaBHeHue

Ut — (a(xvt)uw)w = f(xat) (1)

U NIOCTABUM CJIEJIYIONIYIO 3aJady: HallTh B obuactu () pemenue ypasHeHust (1), ymoBiaeTBOpsItOIiee HAYATbHBIM
JIAHHBIM

u(z,0) = ¢(x), u(z,0) = P(x) (2)

1 HEJIOKaJIbHBIM YCJIOBUAM

! l
/ Ki(z,t)u(z, t)dx = hl(t),/ Ky(z, t)u(x, t)de = ha(t). (3)
0 0

Bysem cunrtars, uro a(z,t) >0 B Qp.
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OcCOGEeHHOCTh  TIOCTABJIEHHON 3a/aui  3aKJI0YaeTcsi He TOJIBKO B TOM, 9TO ycjaoBus (3) sIBJSIOTCS
HEJIOKAJIbHBIMU MHTETPAJIbHBIMU YCJIOBUSIME [EPBOrO POJa, HO W B TOM, 49To ux sapa K;(x,t) 3aBucar u
OT NEePEMEHHON .

HaHOMHI/IM, YTO HEJIOKAJIbHbIMU YCJIOBUAMHN IIPUHATO Ha3bIBaTb COOTHOIIIECHHA, CBA3bIBaIOIIUE 3HaYCHUA
HUCKOMOro B objactu 2 penieHusd Ha HEKOTOPOM BHYTPEHHEM I\/IHOI‘OO6pa3I/II/I 1 B TOYKaX I'DaHUIIbI obnacru €.

B caygae ommoii mpoCTpaHCTBEHHOW NEPEMEHHOI HEJOKAJIbHbIE HHTErPAJILHBIE YCIOBHS MOTYT OBITh
IIpeJIcTaBJIeHbl CJIEAYIONIAM COOTHOIIEHUEM:

l
au(x,t) + Pug(z,t) + )\/0 K(x,t)u(x,t)de = 0. (%)

Eciim o u § He obpamarorcs B HOJIb OJHOBPEMEHHO, TO YCJIOBHE HA3bIBAETCS WHTEIPAJIBHBIM YCJIOBHEM
BTOPOTr'O POJiA.
Ecim o = 8 =0, To ycoBHe Ha3BIBAETCS MHTErPAJLHBIM YCJIOBHEM IIEPBOrO poja. [3]

K mHacrosimemy BpeMeHnm wuMeeTcd 3HAUYATEIbHOE KOJHUYECTBO CTaTell, MOCBSANIEHBIX WCCIETOBAHUIO
HEJIOKAJILHBIX ~ 3aJIad € MHTerpajibHbIMu - ycjoBusamu [5-8; 11]. Paspaboranbl MeToipl HUCCI€I0BAHUS
Pa3permMOCTH  HEJIOKAJBHON 3aadM ¢ MHTETPAbHBIMEM YCJOBUSMEH BTOporo pozma [2; 5; 10]. Ecm B
(x) B #0, To acbdeKTUBHBIM OKa3aJICsI METOJ, BIIEPBBIE PEAJN30BAHHBIA B [4] 1T MHOrOMEPHOrO ypaBHEHUSL.
Eciu xe B (%) a = f = 0, TO ecTh HeJOKAJIbHBIE YCJIOBHUs IEPBONO DPOJA, NPH OOOCHOBAHWU DACCY2KJIEHUsI
BO3HUKAET MHOIO TPY/JHOCTeH, OTMEYeHHBIX M B crarbsx [2; 6; 9]. OaHuM u3 crmocoGoB IPeOIoseTh
BO3HUKAIOIINE TPYIHOCTU SIBJISIETCS CBEJIEHWE YCJOBUI MEPBOTO POJA K YCJOBUSIM BTOPOTO POJA, MIPUIEM
TakK, YTOObI OHM OKA3AJIMCh IKBUBAJEHTHLIMU. YCJIOBUsI HA BXOJHbBIE JAHHBbIE, 00ECIEYMBAIONINE BO3MOXKHOCTD
3TOI IIpOoLEeypbl, OTPAXKEHbI B CJEAYIOLIEH JeMMe.

Jlemma. Ilycrn

Ki(xvt) € Cz(@T)a¢(x) € W21 (Ovl)»¢($) € LQ(Ovl)vhz(t) € CQ(OaT)v
f(z,t) € La(Qr), alx,t),a.(x,t) € C(Qr),
A= Kl(O,t)KQ(l,t) — Kl(l,t)Kg(O,t)) 7& O,Vt S [O,T]

U BBIIOTHAIOTCS YCIOBHUA COTJIACOBAHNUS
!
| Kile.0p0(a)de = o),
0
!
/ Ko, 0)4 () + s, 0) ()] dax = HL(0).
0
Toryia HeJOKaJIbLHBIE YCJIOBUS MEPBOTO poja (3) SKBUBAJEHTHBLI HEJOKAJHHBIM YCJIOBHSIM BTOPOTO POJIa
1 1
ug(0,t) = a11u(0,t) + au(l, t) + / Py (x, t)u(z, t)dx + 2/ Py(x, t)ug(x, t)de + G1(t),
0 0
1 1
uz(l,t) = agu(0,t) + asu(l,t) + / Ps(z,t)u(z,t)dx + 2/ Py(z, t)us(z, t)dx + Go(t),
0 0
e oy, Pi(x,t), Gi(x,t) Boipaxkatorcs depes K;(x,t),a(x,t), f(x,t), hi(t) n nx mpousBojHbIE.

HoxkazaresnberBo. [lycrs u(x,t) ynosiersopsier ypasuenuto (1) u ycuaosusm (2), (3). duddepeniupys
paBeHCTBO (3) ABaXKJIBI O ¢, HOJIYIHM

l
/ (K1 (z, t)ug(z,t) + 2K14 (2, )ue(x, t) + Kip(z, t)u(z, t))de = h71 (1),
0
l
/ (Ka(z, t)ug(z,t) + 2Koi(z, t)ug(z,t) + Kope(z, t)u(z, t))dx = h72(t).
0
Teneps Bbipasum u3 ypasHenust (1) uy(z,t) n mopcrasum B (6), mosyanM

l
/0 (K1(x,t)(f + (a(z, t)ug)s) + 2Kt (z, t)ue(z, t) + Kige (2, t)ul(x, t))de = b7 (t),

l
/0 (Kao(x,t)(f + (a(z, t)ug)s) + 2Ko(z, t)ug(x, t) + Ko (x, t)u(x, t))de = h75(t).
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HpOI/IHTerI/Ipyel\l Telepb cjlaraeMble, COAEP2Kalllue€ Ug, ABazK/Abl, W IIOJIYYINM

/ Ky (z,t)(a(z, t)ug)zde = Ky (1, t)a(l, t)us (I, t) — K1(0,t)a(0, t)u, (0,t)+
0

!
+K71,(0,t)a(0,t)u(0,t) — K1(1,t)a(l, t)u(l,t) +/0 (Kiz(z,t)a(z, t)pu(z, t)d,

/O Ko, ) (a(z, t)ug)wde = Ko(l, t)a(l, t)us(l,t) — K2(0,)a(0, t)uy (0, )+ "
K2, (0,t)a(0,£)u(0,t) — Koo (1, t)a(l, t)u(l,t) + /0 Z(Kgm(x,t)a(x,t))xu(x,t)dx.
Toxcrasmv (8) B (7)
/ K (z,t) fda + K1 (1, a(l, tyug (1, t) — K1(0,1)a(0, t)ug(0,t) + K1(0, )a(0, t)u(0,t)—
—Ki.(I, t)a(l, t)u(l, t) + /Ol(Klm(x tha(z,t))su(z,t) dx+2/ Kz, t)uy (z, t)dz+
/ Koz, yu(w, )dz = b1 (b), o

/ Ko(x,t) fda + Ko (I, t)a(l, tyu, (I, t) — Ka(0,£)a(0, t)u, (0, 1) 4+ Koy (0, )a(0, t)u(0, t)—
— Ko, (I, t)a(l, t)u(l, t) / Kog(z,t)a(x,t))zu(z,t) dx+2/ Koy (z,t)uy (, t)da+
/ Ko (2, t)u(z, t)dz = h7o(t).
Tak kax

A=K (0,0) Ko (1, t) — K1 (1, 1) Ka(0, 1)) # 0,

10 (9) MOXKHO DPa3pEelIUTh OTHOCHTENBHO U, (0,t) m uy(l,t). Bopasum nx u3 (9) M IOJyIMM HeJOKAJIbHBIE
YCJIOBHsI BTOPOTO POJia:

1
ug(0,1) = a11u(0,t) + arou(l, t) + / Py(x, t)u(z, t)dx+
0
+2 / P, g (2, )z + G (8),
ug (1, t) = ag1u(0,t) + asou(l, ) / Ps(z,t)u(x,t)de+

+2/ Py(z, t)ue(z, t)dx + Ga(t),
rie
oy = (K1 (0,0 (1, ) — Ka(1, 1)K (0,1)],

1o = —a?éf;’;)ﬁ [K1o(l, ) Ka(l, 1) — Ky (1, 8) Ko (1, 1)),

Py(x,t) = a(O,lt)A [a(z, t) K1 (2, 1) Ka(l,t) — (a(z, t) Koy (x, 1)) Ko (1, )+

—|—K1tt($, t)Kz(l, t) — K3 (l, t)tht(JI, t)],

P, 1) 1= - (O’It) K 0 (1, 1) — a1, Koy, 0],

Gi(t) = — s t)A fo Ky (x, t)Ka(l,t) — K1(1,t) Ko (x, t)] fdz+

Fhae () Ka(l,t) — Ky (1, t)haw(t)),

oy = ﬁ[Ku(O,ﬂKz(O’t) K1 (0,6) K (0, 1)),
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99 1— 7%[K1T(l,t)K2(O,t> — Kl(o,t)Kgx(Lt)],

Ps(z,t) = [(a(x,t)K1.(2, 1)) K2(0,t) — (a(z, t) Koz (x, ) K1(0,t)+

a(l,t) A
+K1tt(x7 t)KQ(O, t) — K1 (0, t)tht(x, t)}7

Py(x,t) := m[Klt(a:,t)Kg(O,t) — K1(0,t) Kot (z, t)],

l
Ga(t) == a(l,lt)A(/O [K1(x,t)K2(0,t) — K1(0,¢) Ko (z,t)] fdz—

_hltt(t)KQ (O7 t) + K4 (O, t)hgtt (t))

ITycte remeps u(z,t) — pemenue ypabrenus (1), ymosiersopsitoree yeaosusim (2) u (5). JlomHOXKHIM
ypasaenue (1) na K (z,t) u npounrerpupyem 1o orpesky [0,[]. AHAJOIHYHYIO IPOIE/YPY IPOJEIAEM C SIIPOM
Ky (z,t), nomyanm

! ! !
/ Kl(x,t)utt(x,t)dx—/ Ky(z,t)(a(z, t)uy)dx :/ Ki(x,t)fdx,
O 0 p (10)
/ Kg(x,t)utt(x7t)dm—/ Ko(x,t)(a(z, t)uy)dz :/ Ko(x,t) fdz.
0 0 0

IMoncrasum (8) B (10). Ho rmorma BbimosnHsiorcst u paseHcTBa (6), W3 KOTOpBIX HoJydeHbl yciaous (5).
PaBencrsa (6) 3amummeM B BHjE

l

/0 (K (2, O, )ud — B4 (1) = 0,
l

/0 (Ka(x, t)u(x, t))wdr — b2 (t) = 0.

Ot yciioBud MO2KHO CBEPHYTH TaKHM 06pa30M:

32 l
% [/0 Ki(z,t)u(z, t)dx — hl(t)] =0,
(12)
82 l
o2 [/O Ko(z, t)u(z, t)dx — hz(t)] =0.
U3 ycnosuii cornacoBanus (4) BBITEKAIOT HaYAJIbHbBIE yCIOBH
l
K;(x, 0)u(w, 0)dz = hy(0),
(13)

0
) l
—/ Ki(z, t)u(x, t)dz|i—o = h}(0),Vi = 1,2.
at J,
Bagaga Komm (12), (13) nMeer eamHCTBEHHOE DeICHHE
1
/ K (o, t)ulx, )dz = ha (1),
0
1
/ Ko, u(w, )da = ha(t),
0

9TO W O3HAYAET BBINOJIHEHHE ycaoBuil (3).

2. EamHCTBEHHOCTH pelleHus 3aJa9u

Ternepb paccMOTpUM YaCTHBIH ciaydait sroit samaunm (1)—(3), B KOTOpPOiH $ApO TIPEACTABIEHO B BUJIE
Ki(z,t) = ®;(xz)V;(t). Torna ycioeus (3) MOXKHO 3aIlUCATh TAKUM 0Opa30M:

/l D, (2)V; (H)u(z, t)dx = hi(t),i =1,2. (14)
0
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hi(t
Bynem cuanrars, uro U;(t) # 0 Beroxy B [0,7] n o6o3HaYnM \IIZ((t) = T;(t), Torma (14) MOXKHO IPEICTABUTH TAK:
7

!

/0 Oy (x)u(z, t)de = T1(t),
!

/0 Oy (z)u(z, t)dr = Ta(t).

Vesoust (5) [yIst 9TOrO YACTHOTO CJIy4asl BBIMJISIAAT CIEIYIOMUM 00pa3soM:

(15)

l
w0 (0,1) = a1 (0, 8) + arsu(l,t) + / Pulx, ulx, )dz + Ga (1),
0

1
Uy (1,1) = ao1u(0,t) + agau(l,t) + / Py(z, t)u(z, t)dx + Ga(t),
0

. L[8}(0)02(1) — @1 (1B (0))

LD g )0,(1) - 1 ()@50),

Pa(o.) i= e @1(0) = &1 ()95,

- s @11 Ba(a) — 1 (2)2 (1)
T ()0(0) + @1 (T (1),

a(0,t)

a21 = a(z,i) X [21(0)2(0) — @1(0)2}(0)], (1

L@, (1), (0) - @, (0)@} (1)),

a9 = _A
Py(x,1) := (l“t) 5 [@D2(0) — 01(0)95),
1 l
Galt) = (| @1(02a0) — 1 (@) (0)) -

=T (£)22(0) + 21(0)T5/(2)),

A= 21(0) P2 (1) — D1 (1)2(0) # 0.
Beenem nonstue 0606mennoro pemenns. Ciemysi usBecTHOW mnpoueaype [l|, cuuras dro u — Kiaccudeckoe
pellieHre, YMHOXKUM paBeHCTBO (1) Ha ryiagkyio QYHKIUIO, NPOMHTErpUpyeM 10 o0sacTu (Qr U, MOCTABJISAL
KpaeBble YyCJIOBUA, IIOJIYIHNM PaBEHCTBO:

/ / —ugVy + aug v, |daedt + /T ag1v(l, t)a(l, t)ve (0, t)dt+
0
—|—/ anav(l, t)a(l, t)ve (1, t)dt—|—/ / Py(z, t)v(l, t)a(l, t)u(z, t)dedt—
0 T
7/ a110(0,%)a(0,)v. (0, t)dtf/ a120(0,t)a(0, t)vy (1, t)dt— (18)
0

//Plxt (0,)a(0, yu(, t)dadt —

_/( dm+// (1) fdadt.

Onpepenenne. O6o6menubiM perennem 3agaan (1),(2), (16) 6yaem HaseiBarh QyHKIMO u(T,t) €
€ W3 (Qr), ynosnersopstiomyto ycaosuio u(x,0) = ¢(z) u ToxaecTBy

/ / —upvs + aug v, Jdrdt — / o(l, )a(l, t)ug(l, t)dt+/T (0,t)a(0, t)u, (0, t)dt =

:/( dx—|—// (2, 1) fdadt

s moboit dynknun v(x,t) € WQI(QT),
rie WHQr) = {v(z,t) : v(z,t) € WHQr),v(z,T) = 0}.

(19)
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Teopema. Eciu BBIIOTHEHBI YCJIOBUS
a(z,t),a,(z,t) € C(Qr),
®; € C?[0,1],9,(t) £0 Vte[0,T]
a12a(0,t) + agra(l, t) =0,
a11a(0,0)&F + 2012a(0,0)&1€2 — aa(l, 0)€5 > 0,

TO CyIIeCTByeT He 0oJiee OJHOro OOOOIIEHHOTO PEIeHUsl TOCTABICHHON 3a/1atu.
HokazaTesabcTBo. [lokakem, 4To cyliecTByeT He 0oJiee OTHOTO pemnrenus 3ajaadu. lIpeamosokmm, 9TO
CYNIECTBYET JIBa PEIIeHUs U] U Ug. 1OrJa u = U3 — Ug Y/IOBIETBOPSIET TOXKJIECTBY:

/ / —ugvy + aug v, |daedt + /T ag1v(l, t)a(l, t)ve (0, t)dt+
Jr/o agiv(l JHa(l, t)ve (1) dtJr/ / Py(z, t)v(l, t)a(l, ) u(x, t)dedt—
—/ a110(0,t)a (O,t)vt(O,t)dt—/ a120(0,t)a(0, t)v (1, t)dt—

0 0

- /T /l Py (z,t)v(0,t)a(0, t)u(z, t)dzdt = 0.
o Jo

Beibepem B Toxgecrse (18) ¢ f(z,t) =0 u ¢(z) =0

v(z,t) = /Tt u(z,n)dn,

[IpounTerpupyeM mo YacTsiM HEKOTODBIE CJiaraeMble:

//utudxdt —f/ 2(z,7)dx,
/ /auwvmdmdt —7/ /atv dmdt—i—/ a(z,0)v2(x,0)dz).

IMoncrasnss B (20), mosyaum:

(20)

St (21)
T

;/OIW( ) + alz, 0)02 / /atv dxdt+/0 aonv(l, t)a(l, oy (0, £)dt+

—|—/O aggv(l,t)a(l,t)vt(l,t)dt—|—/0 /OPQ (z,t)v(l, t)a(l, t)u(z, t)dedt—

—/T allv(O,t)a((),t)vt(O,t)dt—/ a120(0,t)a(0, t)vy (1, t)dt—
0 0

- /T /l Py (z,t)v(0,t)a(0, t)u(z, t)dxdt.
o Jo

IIponnrerpupyeM 1o 4YacTsM M MOACTABAM B (22) Takue HHTErpajIbl:
T 1 1 T
/ 0110(0,%)a(0,t)v(0,t)dt = —iaua(0,0)vz(0,0) - 5/ ar1a:(0,t)v%(0,t)dt,
0 0

/OT a120(0, £)a(0, tyvy (I, t)dt = —a2a(0,0)0(0,0)v(l,0) — /OT ag2a:(0,t)v(0, t)v(l,t)dt—
—/T 041203(0,t)Ut(O,t)U(lat)dta
0

T 1 1 T
/ anov(l, t)a(l, t)ve (1, t)dt = —iagga(l, 0)v*(1,0) — 5/ agoaq (1, t)v?(1,t)dt.
0 0

(22)

YunreiBas yciosusi TeopeMbl a2a(0,t) + ara(l,t) = 0, momyunm:

l T l
Wz, 7) + a(z,0)v(x T = — avidz ay1a(0, v? ,
/0[ (2.7) + a(z, 0)2(z,0)]d / / 2dudt + [on1a(0, 0)0%(0, 0) +

+2a12a(0,0)v(0,0)v(1,0) — agza(l, 0)v3(1,0)] + /OT a11a¢(0,t)v%(0, t)dt — (23)

T T l

—/0 aggat(l,t)UQ(l,t)dt+2/O a12at(0,t)v(0,t)v(l,t)dt—2/0 /0[—P1(x,t)v(0,t)a(0,t)—|—
+Pa(x, t)o(l, t)a(l, t)|u(z, t)dxdt.
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U3 pasenctBa (23) BBITEKaeT HEPABEHCTBO M, eciu ydecThb yciosue Teopembl aiia(0,0)E7 4+ 2a12a(0,0)E & —

— aga(l,0)£3 > 0, nosyunm:
/ / apv; 2dxdt| +

/ a2a: (0, £)0(0, t)u(l, t)dt‘ + (24)

0

/Ol[u2(x 7) + a(z,0)v] / allat(o,t)UQ(O,t)dt‘ n

/ Oéggat(l,t) (l,t)dt‘ +2
0

+

T l
2/0 /0[—Pl(z,t)v(O,t)a(O,t)—|—Pg(z,t)v(l,t)a(l,t)]u(x,t)dxdt.

O6parumcs Tenepb K npasoii actu (24) Komm, Kommu — Bynsikockoro u

(x4, t 2l/ (z,t)dx + = / 2(z,t)de,

BBIBOZl, KOTOpO#l mokasaH B (3, ¢. 107]. YuurbiBast ckasaHHOe BBIIIE, MOJYYUM OIEHKH JJIsl TAKUX CJIATAEMbIX
npaBoil uacTu HepapeHCTBa (24):

/ a11a4(0,t)v%(0, t)dt’ / lai1a:(0,8)0%(0,¢) | dt < / |11 |]a¢ (0, 1) |02 (0, t)dt <
0

<A1/ v%(0,t 21A1// xtdmdt—&——// (z,t)dxdt,
0

/ algat(O,t)v(O,t)v(l,t)dt‘<2 / 1oy (0, £)0(0, £)u(l, £)] dt <
0 0

< 2/ oz |ac (0, )] |0(0, )||v(l, t)|dt < AQ/ [02(0, 1) + v2(1, t)]dt,
0 0

riae Al = b1 cag,

2

riae A2 = b2 - ag,

/azgat(l,t)UQ(l,t)dt‘g/ ]aggat(l,t)UQ(l,t)]dt</ lusa|an(l, £)[02(1, £)dt <
0 0

T T l 24
<A3/ vQ(l,t)dtgzlAg/ /vi(x,t)dde 3/ / (2, t)dzdt,
0 0 0

riae Ag = C2 - a2,

T rl
2/ /[fPl(x,t)v(O,t)a(O,t)+Pg(x,t)v(l,t)a(l,t)]u(x,t)da:dt <

/ / Py (2, £)0(0, )a(0, £)u(z, t)\dxdt—i—Z/ / Py, ol Oall, tyule, 1) dadt <
/ / 1Py (2, )| [0(0, )] |a(0, )| [u(z, t)\dxdt—|—2/ / \Po(, D)o, )l]all, 8)][u(z, 8)|dedt <
<D1z/0 v (l,t)dt+D21/0 v2(0,t)dt + (Dy + D) / / (z, ) dxdt,

rae D1 = d1 . al,DQ = dQ caq.
Hpeo6pa3yeM (24), y4uTbhIBad OICHKHN, HallMCaHHBbIC BBIIIC:

/l[u2(x 7) + a(z, 0)v? / / a2 dadt —|—21A1/ / (z,t)dzdt+

2A1// xtd:vdt-l-Az/[ (Ot)+v(lt)]dt+2lf43// (, t)dwdt+

2A3/ / (2, t)dzdt + Dy z/ (l,t)dt+D21/ 2(0,t)dt+
0

+(D;1 + D») / /uQ(x,t)dxdt.
o Jo

2
Ol = 2l(A1 + Ag),CQ = A2 + D21703 = A2 + Dll,04 = D1 + DQ,C5 = Z(Al + Ag)

(25)

BBeﬂeM HEKOTOPbIE 0003HaYEeHIA:
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ITpeoGpasyem (25):

atv 2dxdt

/Ol[u2(x,r) + a(z,0)v? + Cl/ / (z,t)dzdt+
+C /OT v2(0,t)dt+C'3/ 2(1, t)dt+04/ / (2, t)dzdi+ (26)

+C5 / / (z, t)dzdt.
Ucnonb3ysl HEepaBeHCTBO, IHOJLydYeHHOe B [2], mosydnm:

!

/ 21/ / (x,t)dzdt + ~ / / v (x, t)dxdt,

0 ! 0

/ (I,t)dt < 21/ / (z,t)dxdt + 5 / / v? (, t)ddt,

0

/ / (z,t)dxdt < / / t)dxdt.

YunrbsiBast OI€HKHU, HallMCaHHbI€ BbIIIE, ITOJJIYYHUM:

l T rl
/ [u?(x,T) + a(z,0)v2(z,0)]dr < / / (a2 + B1)v2(z,t) + Bou?(z,t)] dadt, (27)
0 o Jo
rie
2
By :=C1 + 2[(02 + 03), By = I[Bli:jlﬂ)]({j(CQ + 03)7'2 + Cy + C5T2}.
t
Tenepb BBesieM dyHKIMO w(X,t) = / ugdn. Torma, MCHONB3ys pecTaBiieHusi MYHKIUHE U, MOJIYYUM
0
v2(2,0) = w(x,7), v(z,0) = —w(x,7), ve(z,t) =w(x,t) —w(z, 7).
Torma B (27) v2(z,t) < 2w?(x,t) 4+ 2w?(x, 7). [lomcTaBasAs 3TO HEPABEHCTBO, TOJYHTHM:
l T l
/ [u?(z,7) + a(z,0)w?(x, 7)]dr < / / [2(az + By)(w?(z,t) + w’(z, 7)) + Bou?(w,t)] dadt. (28)
0 o Jo

Bamerum, uro w?(z,7) ne sapucut or t u a(w,t) =ag >0 Vr,t€ Qp. Torma

l T
2 2 2 2
/0 [u(z,T) + apw*(z, 7)]dx < /0 /0 [2(?2 + By)w*(z,t) + Bau (x,t)] dadt+

+27(az + Bl)/ w?(z, 7)dz.
0

(29)

BeiGepem T Tak, 9To0bl ag — 27(az + B1) > 0. Torma nocesnnee ciaraemoe B (29) MOMXKHO IEPEHECTH B JIEBYIO
qacTh:

l Tl
/0 [w?(x, ) + vw?(z, 7)]dr < /0 /0 [2(az + B)w?(z,t) + Bou?(w,t)] dadt, (30)

e v =ag — 27(az + B1). Beibepem B (30) m = min{l;v} u M = maxz{2(az + By); B2}, nonyunm

l T rl
m/o [u(z,7) + w(z, 7)]dz < M/o /0 [w?(z,t) + u*(z, t)] dadt. (31)

ag
2(0,2 + B 1) '
Taxk xke, kak u B [1, c. 212|, nmoBropsia paccyxkuenusa s t € [1,71], ybequmcs, aro u(z,t) = 0 Ha 3TOM
npomexxkyTke (7 < 71 < 7). I Tak B KOHEYHOE YHUCJIO MIATOB JOKAXKeM obpainenue B Hylb Jjist Beex t € [0, 7.
Takum o6pa3oM, OKa3aHO yTBEP:KIEHHWE O TOM, UTO HE MOMKeT CyIecTBOBATh 6oJiee OJHOTO PelIeHust
IIOCTABJICHHON 3a/1a4u.

[Tpumenus K nocjegneMy HepaBeHCTBY JiemMy ['ponyosuta, moiayauMm w(z,t) =0 B [0,7], rme 7 <
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ABSTRACT
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on the input data are obtained to ensure the uniqueness of a generalized solution to the problem posed.

Key words: hyperbolic equation; nonlocal problem; integral conditions; generalized solution.

Citation. Buntova Y.S. A non-local problem with integral conditions of the first kind for the string vibration
equation. Vestnik Samarskogo universiteta. Estestvennonauchnaya seriya / Vestnik of Samara University. Natural
Science Series, 2023, vol. 29, no. 3, pp. 8-17. DOI: http://doi.org/10.18287,/2541-7525-2023-29-3-8-17. (In Russ.)

Information about the conflict of interests: author and reviewers declare no conflict of interests.

(© Buntova Y.S., 2023
Yana S. Buntova — postgraduate student of the Department of Differential Equations and Control Theory, Samara
National Research University, 34, Moskovskoye shosse, 443086, Russian Federation.



Becmnux Camapcerozo ynusepcumema. FEcemecmeenmnonaywnas cepus 2023. Tom 29, M 3. C. 8-17

Vestnik of Samara University. Natural Science Series 2023, wvol. 29, no. 3, pp. 817 17

References

[1] Ladyzhenskaya O.A. Boundary value problems of mathematical physics. Moscow: Nauka, 1973, 407 p.
Available at: https://djvu.online/file/Rh97R3cVXNcZE?ysclid=Intxmubmb390280080. (In Russ.)

[2] Pul’kina L.S. Boundary-value problems for a hyperbolic equation with nonlocal conditions of the I and II kind.
Russian Mathematics, 2012, vol. 56, issue 4, pp. 62--69. DOI: https://doi.org/10.3103/S1066369X12040081. (In
English; original in Russian)

[3] Pul’kina L.S. Problems with non-classical conditions for hyperbolic equations: monograph. Samara: Izdatel’stvo
"Samarskii universitet", 2012, 194 p. (In Russ.)

[4] Dmitriev. V.B. A non-local problem with integral conditions for a wave equation. Vestnik of
Samara  State University. Natural Science Series, 2006, mno. 2 (42), pp. 15-27. Available at:
http://vestniksamgu.ssau.ru/est/2006web2/math/200620002.pdf. (In Russ.)

[5] Cannon J.R. The solution of the heat equation subject to the specification of energy. Quarterly of Applied
Mathematics, 1963, vol. 21, pp. 155-160. DOI: https://doi.org/10.1090/QAM/160437.

[6] Ionkin N.I. The solution of a certain boundary value problem of the theory of heat conduction with
a nonclassical boundary condition. Differential Equations, 1977, vol. 13, no. 2, pp. 294-304. Available at:
https://www.mathnet.ru/rus/de2993. (In Russ.)

[7] Kamynin L.I. A boundary value problem in the theory of heat conduction with a nonclassical boundary
condition. USSR Computational Mathematics and Mathematical Physics, 1964, vol. 4, issue 6, pp. 33—59. DOLI:
https://doi.org/10.1016,/0041-5553(64)90080-1. (In English; original in Russian)

[8] Pulkina L.S. The L; solvability of a nonlocal problem with integral conditions for a hyperbolic equation.
Differential Equations, 2000, vol. 36, issue 2, pp. 316-—318. DOI: https://doi.org/10.1007/BF02754219. (In English;
original in Russian)

[9] Pulkina L.S. A non-local problem for a hyperbolic equation with integral conditions of the 1st
kind with time-dependent kernels. Russian Mathematics, 2012, wvol. 56, issue 10, pp. 26-37. DOL:
https://doi.org/10.3103/S1066369X12100039. (in English; original in Russian)

[10] Pulkina L.S., Savenkova A.E. A problem with second kind integral conditions for hyperbolic
equation.  Vestnik of Samara  University. Natural Science Series, 2016, no. 1-2, pp. 33-45.
Available at:  https://www.mathnet.ru/rus/vsgud99; https://www.elibrary.ru/item.asp?id=29345215. EDN:
https://www.elibrary.ru/wfyota. (In Russ.)

[11] Pulkina L.S. A Nonlocal Problem with Integral Conditions for a Hyperbolic Equation. Differential Equations,

2004, vol. 40, no. 7, pp. 887-892. DOIL: https://doi.org/10.1023/B:DIEQ.0000047025.64101.16 (In English; original
in Russian)



Becmnux Camapcerozo ynusepcumema. Ecmecmeennonaywnan cepus 2023. Tom 29, N 3. C. 18-23
18 Vestnik of Samara University. Natural Science Series 2023, wvol. 29, no. 3, pp. 18-23

BY

DOI: 10.18287,/2541-7525-2023-29-3-18-23

YIK 372.851; 372.853 Hara: moctyminenns: cratbu: 10.07.2023
rocJje perersupoBanus: 195.08.2023
npuaaTusa cratou: 30.10.2023

E.B. I'aauesa

CamMapckuil rocyIapCTBEHHBIN COIUAIBHO-TIEIATOTTIECKU YHUBEPCUTET,
r. Camapa, Poccuiickass Peneparnyst

E-mail: galieva@pgsga.ru. ORCID: https://orcid.org/0009-0005-7011-5115
JI.H. Eseauna

CamMapckuil rocy1apCTBEHHBIN COIUAJIBHO-TIEIaIOTTIECKHl YHUBEPCUTET,
r. Camapa, Poccuiickast Peneparius

E-mail: evelina@pgsga.ru. ORCID: https://orcid.org/0000-0003-0147-6839

METOJANKA OBYYEHUNA — KAKOBA EE POJIb B OBPASOBAHUN
N KAK EE OLIEHUTDH

AHHOTAIINA

B crarpe ommcan onbIT MpOBENEHUS JEMOHCTPAIMOHHOTO YK3aMEHA [JIsi CTYAEHTOB ME€IarOruYecKuX BY30B
Ha [pUMepe JBYX JUCIUIUIMH — METOJUKN OOyYeHHsl MaTeMATWKe W METOJUKHN o0ydeHus: (pusuke. ABTODPBI
JeNaloT AaKIEHT Ha 3HAYMMOCTh TakKOi (OpMBI 3K3aMeHa I JEMOHCTDPAIMU CTYAEHTOM BO3MOXKHOCTH
pellleHnsT TPaKTUIeCKUX 3aJad, MaKCUMaJbHO MPUOJUKEHHBIX K PEAJIbHBIM YCJIOBUSIM OyayIneil TpyIoBOii
JeATeJIbHOCTH.

KirogeBble cJiioBa: 1emarormdeckoe oOpa3oBaHUe, IIPEIMeTHas IIOJITOTOBKA OyAylmux yduTesei,
IPOPECCUOHAJIBHBIN CTAHIAPT IIe/[arora, KOMIIETEHTHOCTHBIN IMOIXOM, JeMOIK3aMeH.

IIntupoBanme. Tammesa E.B., Esemmna JI.LH. Meroauka o0y4yennss — KakoBa ee pOJb B
obpaszosannn u kKak ee oneautb // Becramk Camapckoro yHuBepcuTera. EcTecTBEHHOHAy4YHAsS
cepus / Vestnik of Samara University. Natural Science Series. 2023. T. 29, N 3. C. 18-23.
DOTI: http://doi.org/10.18287/2541-7525-2023-29-3-18-23.

Nuadopmanusa o kOHPINKTE UHTEPECOB: aBTOPHI U PEIEH3EHTHI 3asBJSIOT 00 OTCYTCTBUU KOHMIMKTA
HUHTEPECOB.

(© Tammesa E.B., Esesquna JI.H., 2023

Enena  Baadumuposna lasuesa — KaHAUIAT —IEeJAarOTMYECKUX — HAyK, JOIEHT, JOIEHT KadeIpbl
dusukn, 3apemyoomuil  Kadeapoit  dusmkM, MareMaTukum U MeToguku  oOydenmsi, Camapckuit
rOCYIapPCTBEHHBIN comuasibHO-TIerarorndeckmii  yausepcurer, 443099, Poccuiickas Peneparus, 1. Camapa,
yi. Makcuma Topbkoro, 65/67.

Jhobosv Huxonaesna FEseauna — Kamammar ITegarormvecKuX HAyK, JIOIEHT, JOIMEeHT Kadeapbl (HUu3nKH,
MaTeMaTUKU M MEeTOJUKH o0ydeHusi, CaMapCKuii TOCyJapCTBEHHBIH COIMAIbHO-IIEJArOIMYeCKUl YHUBEPCUTET,
443099, Poccuiickasi ®Peneparusi, r. Camapa, yin. Makcuma Topskoro, 65/67.

BBeneunune

Ob6pazoBaHre TPaKTyeTCsi KaK OCBOEHHME HAKOILIEHHBIX YeJIOBEYECTBOM (PAKTOB 00 OKPYKAMOIMEM MHUPE U
dopMupoBanre COOCTBEHHOI'O OIBITA 110 WX MPUMEHEHUIO, COBEPIINEHCTBOBAHWIO U PA3BUTUIO. UEJOBEK CHAYA-
Jia mpuobperaeT 3HaHUsS U (HOPMUPYET yMEHHsI MOJIb30BATHCS WMH B IIPOIECCE B3aMMOJEHCTBUSI C MPUPOJION
“ OOINEeCTBOM W JIMIIL 3aTe€M BBIpabATHIBAET B ceOe TOTOBHOCTH CO3/1aBaTh HOBBbIE (POPMBI TO3HAHUS MHUPA
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s apyrux. A 3HauwT, nepeiada OIbITa KakK IIEPBOOCHOBAa O0OPa30BaHUsl HE MOXKET OCTaBaTbCs 0e3 BHUMAa-
HUSI B JIAHHOHM cuUcTeMe, TPeXKJe BCero, cpeian yuuteseit m Bocruraresneil. [lemarormdyeckme By3bl UTpaioT B
9TOIl CcHCTeMe IJIABHYIO POJIb M IOATNOTOBKA KBAJIU(UIMPOBAHHBIX YUIUTEJE€H BO MHOIOM 3aBHCHT OT yDPOBHS
podeCCHOHATBHBIX KOMITETEHIINI IPeIoaBaTeseil By30B, KOTOPbIE C MOJHON OTHadeil mepealoT CBOU 3HAHUS
u onbIT OymymmM yauressm. OmeHka ypOBHS HMOATOTOBKU CTYJIEHTOB — OYIYIIUX yUUTeJeH OCYIIECTBISETCS
B IeJJATOTMYECKUX By3aX CHCTEMATHIECKH UePe3 pasjMdHble BUABI M (HOPMBI aTTeCTAlUu (TeKyIasi, IPOMe-
KyTouHasi, urorosasi) [1; 2]. VI ecaum TeKyIlyld M IPOMEXKYTOUHYIO ATTECTAIMIO, KAK IIPABIJIO, OPTaHU3YeT
KaXKJIplil TPETolaBaTe/lb B paMKaxX CBOEH IHUCIUILIMHBI, TO UTOrOBasl aTTECTAIWs [ME€PEXOJUT B PaHT O0s3aH-
HOCTEl HE3aBUCHMON aTTecTarmoHHON Komwmccuu. s 9Toro pas3padarbiBaioT TPOrPAMMBI UTOTOBBIX HCIIBHITA-
HU U1 00y JaloNInXCs, CO3JAI0T dK3aMeHAIMOHHbIe MaTepuaJibl. JIjIs NmpoBe/leHns UTOTOBLIX HCIILITAHUN B
COCTaB KOMHCCUU IIPUIVIAIIAIOT OIBITHBIX Y4YHUTesel, pyKOBOJAuTe el n3 00pa30BaTe/bHBIX yUYPEKIeHH — Oy-
Aymumx paboroiaresieil, 4ToObl OIEHUTHh YPOBEHBb IOJATOTOBKU BBIILYCKHUKA HE TOJBKO C MO3WIMH TPEeOOBAHUIL
00pa30BaTEILHOIO CTAHIAPTA, C IMO3WIMH IperojaBaTesieil By3a, HO W BBISBJIECHUS YPOBHsS WX COOTBETCTBUS
COBPEMEHHBIM TPeDOBaHUSIM 00pPa30BATENbHBIX OPraHU3aInil, TPO(GECCHOHATHFHOTO CTAHIAPTA MEJATOTA.

1. Xoxa mcciieJoBaHUSI

IIpenmerHas mOATroTOBKA OYIyIMUX yUHTEsell HAYMHAETCHA C IEPBBIX JHeil 0oOy4eHHs B By3e U IIPOJIOJIKa-
eTCsl BIUIOTh JIO €r0 OKOHYaHWUsl. Y4eOHbIe IJIAHbI U IPOrPaMMbl IOJATOTOBKU YUHTeJell colep:Kar B cebe Iie-
pevYeHb BCeX HEOOXOIUMBIX JUCIUILIMH C YIETOM WX IPEIMETHOIO HAIOJHEHUs BCEMHU PA3Je/IaMU U3YydaeMbIX
mucnumna. MeTonka pacKphIThs OCOOEHHOCTEH TPEeIMETHOTO COJEPXKAHUS UTPAET B MPOMECCHOHAIBHON MMOJI-
FOTOBKE OyIyImux yduTesjaeifi OrpOMHYIO pOjib. BceM M3BECTHO, YTO B METOJUKe OOyYEeHHS MPEIMETY BCETIa
BBIJIEJISIIOT pasfies o0meil MeTofuky (IPUMEHNMBIH K M3Y9YEeHWI0 OCOGEHHOCTEH JII00Oro pasmesa JIUCIUILIIN-
HBl B CHJIY JIOTHKH €0 COJePXKaHWs: NMOHSATHs, UX CBOWCTBA U NPHU3HAKM, [IPABHJIA, IPUMEPHI) M MHOXKECTBO
YaCTHBIX METOJWK, OTHOCSIIIUXCS K OCOOEHHOCTSIM TPEIMETHBIX Pa3JIeJioB.

Ob6yuasich B IeJarormveckoM By3e, OyiyIlue yUuTesiss CHAYAJIa PACIIUPSAIOT U YIJIyOJIsIiOT CBOM YPOBEHB
TIPEIMETHON TOATOTOBKY Yepe3 COJEPKaHme MPeIMETHBIX JUCIUILINH U Pa3IWIHbIX Pas3fesnoB B Hux. Tax, 6y-
JIyIIUE YIUTeNst MATEMATUKHA B PAMKaX MPEAMETHON IMOJArOTOBKU M3y9YalOT TAKUE PA3Jesbl MATEMATHKH, Kak
MATEMATUYECKUIl aHAJN3, TEOMETPHUsl, TEOPHsl UHCEJ, YUCJIOBBIE CHCTEMBI, TEOPHs BEPOSTHOCTEHl M MaTeMa-
THYECKAsl CTATUCTUKA, MATEMATHUYECKasl JIOTUKa | Jjipyrue. Kaxkplii u3 pasjiesiop 6asupyercss HA HAYAJIBHBIX
CBEJIEHMSIX U3 KypCa MaTeMaTHKU CPeJHel MTKOJIbI, HO TIOCTENEeHHO HATIOJIHSIETCSI HOBBIM COJIEDXKAHNEM, YPOBEHb
CTPOrOCTH WM3JIOXKEHWsl MaTepuaja u 3aj1ad Bospacraer [2; 3]. Baxkuo, 4ro0bl 9TOT HOBBIA ILJIACT COJEDPKAHMS
“MeJT TPOYHYI0 6a3y, B IPOTHBHOM CJIydae NMPHUCBOCHWE HOBBIX 3HAHWN HE IPOUCXOJUT WJIM CTAHOBUTCS OYEHb
noBepxHOCTHBIM [1]. Takum o6pasom, MbI HaBJIIOaeM KPYTOBOPOT B CHCTEME MATEMATHYIECKUX 3HAHWI: HAIAB
U3y4YeHne MATEMATHKU HA YPOBHE IIKOJBHOTO Kypca, Oy/AyIIuil yIuTesb HElPEeMEHHO MOJHUMAETCS Ha HOBBIi
YPOBEHb — YPOBEHb IPENnoJaBaTe/is-ipodeccuonaa, obIaIaronero He ToJbKO (hOPMATBLHBIMU 3HAHUSIME, HO
¥ TMPAKTUIECKUMU HABBIKAMH €r0 TMPUMEHEHHUs W Mepejiadd CBOMM BOCIHUTAHHUKAM. B 9TOM CMBIC/IE METOMKA
O00y4YeHNsT CTAHOBUTCHA TeM BasKHBIM CBA3YIOIIAM 3BE€HOM, KOTOPBIA IIOMOTAET KaXKIOMY OyyIieMy yIHTEesIO
MATEMATHKHU BBIOMPATH sl 9TOr0 HamboJjiee paroHaJbHble U 3(P(MEKTUBHbIE B KOHKPETHBIX YCIOBUSIX METOIBI
U TEXHOJIOTWH, CPEJCTBAa W mpueMmsl (2, c. 21].

Takum obpazom, HaUYMHAA U3ydaTh METOJINKY OOyUYeHHs HA TPEThbeM Kypce IMpU IMATUIETHEM CPOKe 00y-
YeHUsi, CTY/JEHT HEe TOJIbKO I'OTOB K CaMOCTOSITEJIbHOMY WU3JIOYKEHHIO TEOPETUYECKHX CBEJIEHWIl U3 KaXKJO0r'o
COJIEPKATEJILHOIO pa3jiejia, HO U CIIOCOOEH IPEJBU/IETh BO3MOXKHBIE TPYJHOCTH WX IOHWMAHUSI U YCBOEHUSI
baaromapsi cobcrBennomy omnbiTy. COrjlacHO y4eOHOMY IUIAHY IMEJArOTMYeCcKOro By3a M3ydeHHe Kypca MeTOIU-
KU ODydYeHHs [UINTCS JIBa TOJA W 3aBEPIIAeTCS IK3AMEHOM. DTOT IK3aMEH MOXKHO CUATATH HUTOTOBBIM JIJIsl
Meromuku obyuenust. C cenrssops 2023 roga Camapckuii rocy1apCTBEHHBIN COIUAJIBHO-IIEIANOTNYIECKUI YHI-
BEpCUTET MPUHUMAET y4YacThe B COBMeCTHOM ¢ MuHucrepcrBoMm obpasoBanust u Hayku Camapckoii obsiactu
IPOEKTE, HAIIPABJIEHHOM Ha ODecIieueHre HelpepbIBHON MPaKTUIECKON MOATNOTOBKYU CTY/IEHTOB BBIITYCKHBIX KYP-
coB. /st aToro B y4uebHbBIe IiaHbl 10 HampasieHusM moaroroBku 44.03.01 u 44.03.05 Iledazozuueckoe obpaso-
8aHue BKJIIOUEHA NOMMIHAS MPAKTUYIECKAs IMOJrOTOBKA Ha 0ase 0Opa3oBaTesbHBIX yupexkiaeHuil. U sx3amen mo
METOIMYECKOMY MOJIYJIIO CTAHOBUTCH BO3MOXKHOCTBIO OIEHHUTHL IOTOBHOCTH CTYIEHTA K IIPAKTUYECKOH pabore
B 1mKojie. KakuMm JI0/I2KeH OBITh MTOI M3Yy4YeHHUsl Kypca METOJIUKU O0ydeHusi?

Yr06bI OTBETUTH HA 3TOT BOIIPOC, HEODXOANMO OOPATUTHLCA K PA3HLIM HCTOYHHUKAM. Bo-TepBBIX, Ipodeccuo-
HaJIbHBIN crasgapt nejarora [4] npeabsiBisier TpeGoBaHust K MPOMECCHOHAIBHBIM KauyecTBaM yUUTeJs, Kacaro-
muMCcst OOIIENeTarOrnIecKnX M TPYAOBBIX (DYHKIWIA, & TaK’Ke CBA3AHHBIX C IPeJMeTHbIM oOydeHumeMm. Karkas
W3 TPONMUCAHHBIX (YHKIMI Oa3upyercsd Ha CHOPMUPOBAHHBIX B IEPHOJ BY30BCKOHW MOATOTOBKH YHUBEPCAIH-
HBIX U 06IenpodeCCHOHATBHBIX KOMIETeHIusAX [5]. A 3HAYNT, KaxKIoil M3 HUX HEOOXOAUMO YIESTh B MEPHOJ
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oOyJeHusl CleluaJbHOe BHUMAHUE, COCTABJIsAsl JIJIS 3TOINO Hy»KHbIE 3aJlaHWsl, MOAOUpasi COOTBETCTBYIOIINE Ma-
repuasnbl U HopMbl B3anMmojeicTsus [6].

Henb3st 3a0biBaTh 0 3HAYNMONM B CHCTEME II€IATOTHYIECKOro 00pa30BaHUs KOHIENIUU TPOMECCHOHATIBHO-
[eIArOrUIecKoil HanpasieHHocTu o0ydenus, paspaborannoit A.I. Mopakosudem [7] u obg3biBatommeii KaxKmaoro
MIPEeIoIaBaTe sl IeJArOTNIeCKOro By3a B PAMKAX CBOEH JUCIUIUINHBI y/IEJSITh BHUMAHUE HE TOJBKO JeSATETbHO-
CTU TI0 YCBOEHUIO IPEIMETHOTO COJIEPXKAHUS JUCIUIIIINHBI, HO U IIPOIECCY II0 €ro TpaHchOPMAINHN U IIEPEHOCY
Ha 6oJsiee BBICOKUIT ypoBeHb uanoxkenusi [1-3; 6]. Cpexn mMeponpusiTuil 110J06GHOrO 3HAYEHUS] MOXKHO BBIJIEJIATH
cocTaBjieHHe OJIOK-CXeM W MEHTAJIbHBIX KapT [0 KaXKJIOMY U3 M3ydaeMbIX [PEIMETHBIX Pa3leiOB, COCTaBJIe-
HIE€ aHHOTUPOBAHHBIX CIUCKOB MCTOYHUKOB II0 M3JIOKEHUIO TE€MBI C YYE€TOM WHIWBUIYAJbHBIX U BO3DACTHBIX
0CODEHHOCTEN 00YIAOMNXCs, MOAOOPKA CIMCKA OIMOPHBIX 3aJad M0 KaXkKIoil Teme, pa3paboTKa Ipe3eHTaln-
OHHBIX MAaTEPUAJIOB II0 TeMe, YCTAHOBJIEHHE MEXKIIPEIMETHBIX CBA3€dl I KaXKJIO0i H3ydaeMoil TeMbl Kypca,
pa3paboTKa KOHTPOJBHBIX BOIPOCOB W 3aJaHWi B YCTHOH M TmcbMeHHON dopme m mHOroe zapyroe [1-3; 6].

®I'OC BO mno nampasienuto mnoaroroBku Iledazozuveckoe 06pazosarue JJisi JIFOOOTO yPOBHSI COJEPYXKUT B
cebe TpeboBaHUsI K pe3ysbTaTaM OCBOEHHsI IPOrpaMM OakajaBpuara W MaruCTpaTypbl, CyTh KOTOPBIX 3aKJIHO-
qaeTcsd B HEOOXOIMMOCTH JIOCTUKEHWsS KayKJbIM BBITYCKHUKOM OIIPEJIEIEHHBIX YHUBEPCAJIBHBIX, 00Ienpodec-
CHOHAJILHBIX ¥ HPOodeccHoHaNbHbIx KommereHuit [5]. PopmupoBaiue KaxKIoro BUAa ODECHEYUBAECTCH Uepe3
CaAMOCTOSITEJIbHYIO TTO3HABATEIBLHYIO JIETEJBHOCTD OYIyINX yJIuTeseil, OPraHn30BaHHYIO0 B PAMKaX BY30BCKOM
mogroroBku. OT KarKJI0ro IperojiaBaresis By3a 3aBHCUT YPOBEHDb YCIENIHOCTH OY/IAyINero ydIuTess. A 3HAUWT,
Y4IeOHBIN TPOIECC JOJKEH OBITH OCTPOEH C yYETOM aKTYaJIbHBIX HAIPABJIEHUN MPEIMETHON IOJIIOTOBKH U
BOCIIUTAHUS IIKOJBHAKOB HA yPOKAX W BO BHEypPOUHOe BpeMms. MerToanka oOydeHUs 3/1eCh CTAHOBUTCS [IPUOPU-
TeTHON mucrmiuinaoit. imenuno merognka obydenust oObeanHsieT B cebe Bece acimeKkThl (hOpMUpPOBaHUs podeccu-
OHAJILHBIX KAYeCTB OYYIIEro yUuTelIs: MCUXOJIOrO-TeJarOTnIecKre, IpeMeTHble u o0meKyabTypube. C 3710t
I[EJIBI0 TIPETIOJIABATENI METOMUKN O0YUeHUs Pa3pabdaThIBAIOT PA3/IMYHbIE BUJbI 33JaHUN JJIS CTYJIEHTOB, BKJIIO-
varolnue B cebsi: HAOOp MPOBJIEMHBIX CUTYyaIluii, COOTBETCTBYIOIIUX OY/IyIlell MpodecCHOHAJIBHON J1eITeIbHOCTH;
3a/laHUs TIPAKTUYECKOTO Xapakrepa (paspaboTKa KOHCIEKTOB YPOKOB U BHEYPOUHBIX MEPOIPUATHUI, HATJISIIHO-
0 COIPOBOXKJIEHUS, IIJIAHA WTOTOBOIO IOBTOpeHUsi B pamkax moaroroBku K OI'D u EI'D, omnwmcanme cmcremsr
3a7la4 U T. J.); CIEHADUU JIEJOBBIX WID; [POrPaAMMbI JIEKTUBHBIX KypcoB u T. 1. [1-3; 6].

He menee 3HaumMmbIM 3TAnoM B IPOMECCHOHAIBHON ITOATOTOBKE OYIyIINX YUHUTEsell HABJSeTCH MTPOM3BOI-
CTBEHHAs IPAKTUKA, B PaMKaxX KOTODOHl OYAyNIUM YUUTESM IPEIOCTABJSAETCS BO3MOYKHOCTH MPAKTUIECKU
peaim30BaTh BCe pa3spabOTaHHBIE Ha AYJIUTOPHBIX 3aHSITUSIX MaTepHUajbl W IOJIOTOBUTH MHOYKECTBO JIPYIUX C
y4eToM C(POPMHUPOBAHHBIX KOMIleTeHImil. Takum 06pa3oM, pa3sBUTHE U COBEPIIEHCTBOBAHME ITPOMECCHOHAIBHBIX
KadecTB OyIyImuX yduTeseil ITPOUCXOJINT HEIIPEPBIBHO, €CJIA IIPEOIaBATEe/IIM By3a, IMPEXKJE BCEro IMPEernoIaBa-
TeJIAM METOIWIECKUX JUCIUIIINH, YIAeTCsd O0ECIeYnTh €JUHCTBO BCEX YUEeOHBIX 3aJa9 HA MPOTSKEHUU BCETO
nepuojia obydenusi. DopmasbHas METOIUYECKas [TOJ'OTOBKA B IIEJArOTMYECKOM By3€ 3aBEPIIAeTCs IK3AMEHOM.

B srom yuebrom rogy na kadeqpe du3NKH, MaTeMaTUKN U MeTOIuKU 0bydenust CaMapcKoOro rocy1apCTBeH-
HOT'O COITUAJIBHO-IIEIAIOTUYECKOI0 YHUBEPCUTETA TAKOW SK3aMeH BIIEpBble ObIJI OPraHU30BaH B HOBOM HEOOBIU-
HOM (opMaTe JIEeMOHCTPAIMOHHOTO K3aMEHa. JTO CTAJIO BO3MOXKHBIM B CBSI3U C CO3JAHHEM B By3€ HOBBIX
npoctpancTB Ilemarormaeckoro TexHOIAPKa, MOSIBUJIACH CHEIWAJbHAS 30HA JJIsi OPraHU3AlNA U IIPOBEICHUS
JeMOHCTPAIMOHHOTO dK3aMeHa. B ero paMkax CTYIEHT PeIlaeT MPAKTHIECKHe 33a9l B YCJAOBUSX, MAKCHMAJIb-
HO TPHUOJIMKEHHBIX K peasusM Oyrytieit TpymoBoit fesarenbaoctr. CyTh 3aK/I0OYAIACH B CJIEIYIONEM: CTYIEHT
3apaHee MOJydYaJ OWJIET, B KOTOPOM H& MPUMEpE OJHOW TeMBbI 110 MaTeMaTHKe/(pu3nKe MpeJIarajgoch IIpojie-
MOHCTPUPOBATH PeIleHne KOHKPETHON y4uebHO# mpobsembl. JIjIsT 5TOTO CTYIEHTY Ppaspelnajioch HCIIOIb30BAThH
Juobble ucTouHuKy (y4eOHUK, MeTOQUYeCKre U AugakTudeckue nocobus, cpeiacrsa KT, naboparoproe obopy-
noBaHue u T. 1.). JIpyrumu cioBaMu, Oy ymuil yauTeib, Onupasch Ha chOPMUPOBAHHBIN Y HETO METOIUYECKUH
OIBIT, JOJ2KEH ObLI MPOIYMaTbh B JETAJSAX CBOI (DparMeHT YpPOKa M IIPOBECTH €ro CO CTYIEHTAMH-BOJIOHTE-
pamu (B KauecTBe BOJIOHTEPOB ObLIN MPUBJIEYEHBI CTYAEHTHI 1-To Kypca). [IpuBemeM cofep:kaHue OJHOTO U3
9K3aMEHAIMOHHBIX OWJIETOB.

Bananne 1. Ha npumepe dpparmenTa ypoka mMareMaTuku 1o teme "BekTopb!" mpojieMOHCTPUPYiTE BO3ZMOXK-
HOCTH (DOPMHUPOBaHUS MOTHBAIMU K YYEHHWIO W PACIIUpEHHEe Kpyro3opa ydammxcs 9 Kiacca.

Baganne 2. Ha npumepe dparmenta ypoka ¢usnkn mo teme "KuHemarnka paBHOYCKOPEHHOIO JIBHUZKE-
Hust" TPONEMOHCTPUPYHTE BO3MOXKHOCTH PEAHU3AIUN TEXHOJOTUU IMOITATHOTO (DOPMUPOBAHUS YMCTBEHHBIX
JIEeNCTBUIA.

Bcee samanmsa ObLir HampaBieHbI Ha MPOBEPKY COPMHUPOBAHHOCTH Y CTYIAECHTOB OOIIETPOdECCHOHATLHBIX
KOMIIETEHIINI: CIIOCOOEH OCYNIECTBJIATH HPOMECCHOHATIBHYIO JeATEIbHOCTh B COOTBETCTBUU C HOPMATHBHBIMU
paBoBbIME akTaMu B cdepe obpasosanusi u HopMamu npodeccuonansroit stukn (OITK-1); cocoben mpoexTu-
pOBaThb OCHOBHBIE W JIOMOJIHUTEIbHBIE 00PA30BaTE/IbHbIE IPOIPAMMBI M Pa3padaThIBATh HAYYHO-METOIUIECKOE
obecnieuenne ux peamusaruu (OITK-2); criocoben paspabarbiBaTh IPOIrPAMMbI MOHUTOPHUHIA Pe3YJILTATOB 00pa-
30BaHUA O0yYAIONNXCsl, PA3pabAThIBATD U PEAJM3OBLIBATD IIPOIPAMMBI IIPEOIOJIEHIS TPYAHOCTEH B 00ydeHnn
(OIIK-5); criocobeH IpOEKTHPOBATDH [EIArOrMYecKyIO JIeATeIbHOCTh HA OCHOBE CIEIHAJIbHBIX HAyYHBIX 3HAHUM
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u pesysbraroB ucciaenopanuii (OIIK-8) [5]. Vcxonst u3 ofo3HAUEHHBIX KOMIIETEHIUH (hOpMYINpOBKa 3aJaHuit
Oblia HAIIPABJIEHA HA BBISIBJIEHNE YPOBHsI TOTOBHOCTH CTYJ/IEHTA K BBINOJIHEHHIO CBOMX IPOMECCHOHAIBHBIX 00si-
3aHHOCTEl B KOHTEKCTE ODO3HAYEHHOU ITPODJIEMBI.

Cpenu akTyaJbHBIX MPOOJIEM, IMOMJIEXKAIINX IMIPOBEPKE Ha JIEMOIK3aMeHe, OBLIM BBIJEJIEHBI CJIELYIONINE:
dopMupoBaHre MOTHBAINKA K yYEHHUIO W DPACIIHPEHHE KPyro3opa; (pOpMUPOBAHWE KPUTHIECKOTO MBIILIEHUS
y IIKOJIBHUKOB; COBPEMEHHBbIE METOJUKHU, TEXHOJOTUH U METO/bl JTUArHOCTUPOBAHUSA JOCTHKEHUN O0YJarOInX-
csl; 3HAYEHNE MCTOPUYECKUX ACIEKTOB PA3BUTHS MATEMATUKN W (DU3WKH B IMOBLIINIEHUN ITO3HABATEILHOM aK-
TUBHOCTH; OPraHU3aIUs IIPOEKTHON IesATeIbHOCTH YYAIUXCd; IPUEMbl pPeaJIM3alluy IIPUHIUIE, WHIUBULYAIb-
HOTO TOAXO/a B OOydeHWH; (DOPMHUPOBAHNE KOMMYHHKATHBHON KOMIETEHTHOCTH Y IIKOJBHUKOB; (DOPMUPOBaA-
HI€ TI03HABATE/HHBIX YHUBEPCAIbHBIX yIeOHDBIX MEHCTBUII M HABLIKOB pedJieKCHu y ydJarmxcs; hOpMUPOBAHNE
HCCJIEI0BATEIbCKAX CIIOCOOHOCTENH; MEeCTO JIeMOHCTPAIMOHHOIO SKCIIEPUMEHTA B Ipollecce oOydeHus (DUIUKE;
dbopMupoBaHUE JIOTHIECKOTO MBIIIJIEHNS ¥ MKOJBHUKOB; CYIIHOCTh NPUHITUIA ITUKJITIHOCTU TIpU O00ydIeHun (hu-
3uKe; POPMUPOBAHUE TeOpeTUIeCKuX 0006IeHuil npu obydenun ¢usnke; (GoOpMUPOBAHUE TPOCTPAHCTBEHHOIO
MBIIIJIEHNST; BOBMOXKHOCTH CTAHOBJIEHUS SKCIEPUMEHTAJIBHBIX YMEHUHN IMKOJIHHUKOB; (DOPMBI PEATUBAINY JIOTIOJI-
HATEJIHHOTO MATEMATHIeCKOr0 OOpA30BaHWA C YUAIMMUCH; (POPMUPOBAHUE Yy IIKOJHHIKOB METAIIPEIMETHBIX
00pa30BaTEIbHBIX PE3YJIbTATOB U JPYTUE.

IIpu monroroBke K KaxKJIoMy (GparMeHTy YpOKa CTYIAEHTHI PYKOBOICTBOBAJIHMCH CJIELYIONIUMHU OOIIMME yKa-
3aHUSAMU:

— cocTaBuTh (DPArMEHT KOHCIEKTa YPOKa/BHEYPOUHOTO 3aHSATUS C UCHOJIB30BAHUEM OJHON M3 00O3HAUEH-
HBIX TEXHOJIOIUil 1yt ujiTrocTpanyuu 3(p@GEeKTUBHOCTH BHIOPDAHHBIX METOIOB;

— IIOKa3aTb POJIb U d)yHKL[I/II/I negarora B YIIpaBJICHUHN MO3HaBATETbHON JAeATeJIbHOCThIO HIKOJIbHUKOB;

— PacKpBITh OCOOEHHOCTH BOCIPUSTHUS YUAIIUMECS YIeDHOIO Marepuaja IO TeMe C yYeTOM BO3PACTHBIX
U WHJWBUIYAJbHBIX DPa3/IM4uii;

— pa3paboTaTh WHCTPYMEHTHI OIEHOYHOU MesITeIbHOCTU /I TPOBEJICHUS TEKYIIEro OIEHWBAHUS, PedJIeK-
cun 00y YIATOTITIXCS;

— DPAaCKPBITh BOCIHUTATEJHHBIN MMOTEHITHAJ YIeOHOrO 3aHATHUS.

B kaxkmgom OuyieTe MOMHUMO BBINIEOOO3HAMEHHONW yIeOHON mpoO/ieMbl ObLIN BBIIEIEHBI COIEPKATEIHHBIE AC-
MeKThl W yKa3aH KJIacc, JJIsi KOTOPOrO CJIEJIOBAJIO pa3paboTarh (pparMeHT ypoka. KarKaplit CTYJIeHT MOAroTo-
BUJI JIJIsI JIEMOHCTpanuu (pparMeHTa ypoKa MPe3eHTAIlN0, Pa3/J1aTOYHble MaTepPUAJIbl, BOIPOCHI U 3aJaHUs JIJIsl
JUATHOCTUKY PEe3YJIbTATOB, 000OPyIOBaHUE W MATEPHUAJIbI Jjis MPOBEIEHUsS OMBITOB. BO BpeMs JIEMOHCTDAIIHN
dparmeHTa CTYIEHT-yIUTEIb 00paIiaics K yIeOHOM ayIuTOpUA C BOIPOCAMHE, MPEJJIArajl COBMECTHO OOCYIUTH
u ornennTh uHbopmanmio. [lociae okoHYaHust parmMerTa SKCIEPTHI MOIVIM 3aJaBATh BOMPOCHI.

Cama mporieiypa ¢JIadu TaKOro SK3aMeHa JIs KayKJIoro cryaeHTa 3anuMaiia 25-30 muuyT. OreHky mpodec-
CHOHAJIbHBIX KOMIIETEHIIMI B IIpollecce IIPOBejieHusl (pparMeHTa ypoKa JaBajii IIPUIVIAIIEHHbIE HE3aBUCHMBbIE
9KCIEPTHI U3 00pa30BaTe/bHBIX yupexkjaeHuii r.o. Camapa.

B BeICTyIUIEHHSIX HE3aBUCHUMBIX SKCIEPTOB 10 PE3y/bTaTaM IPOBEJICHHBIX HCHBITAHUN OTMEYEH BBICOKUI
YPOBEHb TOTOBHOCTH OyIymnX ydmTeseill K OCYIIECTBJIEHUIO CBOUX TPYIOBBIX ITPO(ECCUOHATBHBIX OOSI3aHHO-
creii: 3HaHne (HAKTHIECKOrO MATEPHAJIa IO MPEIMETY, YMEHUS B3aNMOIEHCTBOBATL C ayJAUTOPUEN, HUCIIOIB3YsI
IUISL 9TOr0 HeOOXOMMBIE JTUIAKTHYECKHe pecypchl (IpeseHTaluu, TabJuIbl U CXeMbl, yueOHOe 06opyIoBaHue
U JIp.), TPOJEMOHCTPUPOBAJIN BCE CTYJEHTBHI.

V4aeHUKHU-BOJIOHTEPHI TAKYKE BBICKA3AJINCH O CBOUX BIIEYATICHHUAX OT yUIACTUSI B IKCIEPUMEHTE IO IIPOBEJIe-
HUIO JEMOHCTPAIMOHHOIO 9K3aMeHa: "BBII0 09eHb KJIACCHO IOCMOTPETH, KaK pedsiTa CTapIlnero Kypca IPOBOIST
VPOKH, BEIb 9TO OIBIT, KOTOPHI ITOMOYXKET HaM B JAJIbHEHIeM, Tak KaK HAaM TOXKe IIPEJICTOUT 3TO BCE MPOii-
tr"; "MHE OYeHb MOHPABUINCH PAbOTHI KAXKIOIO IK3AMEHYEMOTO, OHU BCE HEOOBIYHBI U OTJIUYAIOTCS JIPYT OT
apyra. ¢ yBepeH, 9TO X HapabOOTKW TOMOTYT MM B uUX Oymayrmieit pabore. Takxke s aymaio, 9TO JE€TAM TIO

UX MeTOJMKaM OyJieT JIErKO paboTaTbh W MOHMMATH TaKWe CJIOYKHBbIE HAayKH, KaK MareMaTuka u ¢usuka'.

OTHollleHNE caMMX CTYJIEHTOB-yuMTesell K JaHHOH ¢opme 3K3aMeHa COBIAJaeT ¢ MHEHMEM 3JKCIEPTOB U
obyuaromuxcs: "Bosnurensno. Marepecto. JleMOHCTPAIMOHHBIA 9K3aMeH — OTJUYHBIA HHIAKATODP TPOdQecch-
OHAJILHOMN TOJrOTOBKU. B mporecce mOAroTOBKU (bparMeHTa ypoka ObLIA HCIIOJIb30BAHbI BCE 3HAHUS, PEKOMEH-
Al ¥ OMBIT, [TOJYYEHHBI Ha JIEKIUSX U MPAKTHIECKUX 3aHATHIX 1O MeToauke obydenwus. [lommepxkka u
COBET IIperojaBare/ieil ObLIM caMoii I'JIABHOI OLOPOI IIpH IOArOTOBKE K BhICTYILIeHHIO"; "1eMoHCTparnoHHbII
9K3aMeH OBLIO CaBaTh HAMHOTO WHTEDECHEe, YeM B TPAJUIMOHHOM dopmare. Beiap 371eCh Mbl IIOKa3bIBAEM
U IpOoBEpsieM CBOM HaBLIKU Oysymieil mpodeccun — ydamress. XOTeaoch, 9Tobbl (opMaT ¢adn dK3aMeHa CO-
xpanuics B jajbHeiimeM!"; "B gaHHOM QopMaTe TpPOBEIEHUs IK3AMEHA MOXKHO MPOJEMOHCTPUPOBATL CBOU
MeJJArOruYecKiue HABBLIKM U yMEHHUsl, [POSBUTH CBOE TBOPYECKOE HAYAJIO, 8 TaKXKe IMOKa3aTh CBOU 3HAHUS IO
gucrnnymaaM. O4YeHb TOHPABUIIOCH MPOBEJIEHUE YPOKA M0 MaTeMaThKe U (usuke B 00beIUHEHHOM (opMare
B oiuH jeHb. Crnacubo 3a IpeaoCTaB/IeHHBIA OmIbIT".
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3akJIroueHue

Anaymsupyst OIBIT MPOBEJIEHUS JIEMOHCTPAIIMOHHOTO 9K3aMeHa 10 METOIUYIECKUM JIACIUIIMHAM, MBI IIPU-
XOIMM K BBIBOJy O I€JIeco0OpasHOCTH Takoro opmara ¢ pa3inudHbix mosuiuil. CTymaeHTbl JeMOHCTPUPYIOT
cOPMUPOBAHHBIN ONBIT TIEPEPAOOTKHA YIEOHOTIO COJEPKAHUSA U €r0 IPEJCTABICHNS C yIeTOM HE TOJIBKO COIEP-
KaHusg y4eOHOro MpeMera, HO W ero MHTEJJIEKTYasbHO, OOIIEKyIbTYPHO! U BOCIHUTATEbHON 3HAYMMOCTH.
[IpenomaBaren MeTOINIECKUX JUCIUILIAH B PEAJbHOCTH OIEHUBAIOT C(OPMUPOBAHHBIE y CTYICHTOB B DaM-
KaX ayJUTOPHBIX 3aHATUI KOMIIETEHIINH, HAMEYAIOT EePCIEKTUBDI JAJIHHEHIIEer0 COBEPIIEHCTBOBAHNS YIeOHOTO
nporecca. HezaBucruMble 9KCIIEPTHI HA PA3JIMYHBIX KOHKPETHBIX IPUMEPAX HAOJIONAIOT CHUTYaIlud, B KOTOPBIX
OyyIme yauTesss JeMOHCTPUPYIOT CIIOCOOHOCTH K Pa3pEIIeHUI0 METOJMYECKHX BOIPOCOB U TPOOJIEM, OIEHU-
BalOT UX C IPAKTUYIECKOH, MpO(eCcCHOHAJBHON TOYKM 3PEHHs, JAI0T PEKOMEHIAINN.

B zaBepinenne Hesib3sd He CKa3aTh O MHEHUU PYKOBOIUTEJICH Y U€OHO-METOINYIECKOTO yIIPABJICHUS YHUBEPCU-
TeTa O NPU3HAHUU JIEMOIK3aMeHa 110 METO/IMYEeCKOMY MOJLYJIIO IOJIOXKUTEIbHBIM OIIBITOM, PEKOMEHJIOBAHHBIM K
€ro IPOJIOJIKEHNI0. TaKO! BUI 9K3aMeHA MOBBLIMIAET y CTYIEHTOB MOTHUBAIUIO K O0YYE€HUIO, OPUEHTUPYET IMIPEIo-
naBaTesieil Ha pa3pabOTKy HOBBIX OIEHOYHLIX MATEPHUAJIOB B CBA3U C M3MEHEHHEM OPTaHU3AIMOHHBIX ITOJIXOI0B
K 00yvenuio. BaxkHO U TO, YTO COTPYIHUYECTBO ¢ IPO(ECCHOHAJAME IIOMOTAaeT CTYAEHTaM, IIPEIoIaBaTesIsIM
U caMOMy yUe€OHOMY 3aBeJCHHUIO B IIeJIOM 0Oojiee TOYHO IPEJCTABIATL cebe TpeboBaHUs, MPETbIBIIAEMbIE K
porpaMmMe OOYUYeHUsI U ero pPe3yJIbTaTaM.
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TEACHING METHODOLOGY — WHAT IS ITS ROLE IN EDUCATION
AND HOW TO EVALUATE

ABSTRACT

The article describes the experience of conducting a demonstration exam for students of pedagogical
universities on the example of two disciplines - methods of teaching mathematics and methods of teaching
physics. The authors emphasize the importance of this form of examination to demonstrate to the student
the possibility of solving practical problems as close as possible to the real conditions of future employment.

Key words: pedagogical education; subject training of future teachers; professional standard of a teacher;
competence approach; demo exam.
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O TFTOMOTOIINMYECKN IIJIOTHBIX IIOAIIPOCTPAHCTBAX
ITPOCTPAHCTBA IIOJIHBIX CHEIIJIEHHBIX CHUCTEM

AHHOTAIINA

B nanvOlf cTaThe paccMATPUBAIOTCS TOMOJIOTUYECKHAE U T€OMETPUYECKHE CBOHCTBA MHOYKECTBA CIEILJIEHHBIX
cucteM £ W CBOHCTBA €ro MOIIIPOCTPAHCTB, SIBJILAIONINXCS TOMOTOINYECKU IJIOTHBIME. [IpemcraBiieHbl TeopeMbl
IJIS METPHU3yeMOr0 HEBBIPOXKIEHHOIO KOHTHHYYMa, OIIPEJEJIEHbl YCJIOBHSA JJId TOMOTOIUYECKH ILJIOTHOTO
MHOXKECTBa KOMITAKTa U yCJIOBUS OIIPEJIeJIEHNS] MHOTOOOPa3us JjIsi KOHEYHOMEPHOIO MHOXKECTBA B 3aBUCHMOCTHU
OT TOrO, UYTO OHO HE COJIEPXKHUT THUJILOEPTOB KYO.

KuroueBble cjioBa: IMOJAIIPOCTPAHCTBO; TOIOJOTHYECKUE CBOMCTBA MHOXKECTBA; I€OMETPHUUIECKNE CBONCTBA
MHOXKECTBA; TOIOJIOTUYIECKOe MHOrooOpasme; TOMOTONHMYECKH IIJIOTHOE TOIIPOCTPAHCTBO; MeTPU3yeMbIit
HEBBIPOXKICHHBII KOHTUHYYM; KOHEYHOMEPHOE MHOXKECTBO; TMIb0EepTOB KyO.

IIntupoBanme. J[onromosos M.B., 2Kysomor K.P. O romoronndeckn TJIOTHBIX MOIIIPOCTPAHCTBAX
[IPOCTPAHCTBA HOJIHBIX crelieHHbix cucreM // Becrnuk Camapckoro ynusepcurera. EcrecTBeHHOHAYYHAS
cepust / Vestnik of Samara University. Natural Science Series. 2023. T. 29, Ne 3. C. 24-30.
DOTI: http://doi.org/10.18287/2541-7525-2023-29-3-24-30.

Nuadopmanusi 0 KOH(MINKTE MHTEPECOB: aBTOPhI U PEIEH3EHTHI 3asBJISAIOT 00 OTCYTCTBUU KOH(MJIMKTA
WHTEPECOB.

© Hoaronosos M.B., »Kysonos K.P., 2023

Muzaua Bauecaasosuy /[0420m0406 — JOIEHT, KaHIUIAT (DU3MKO-MATEMATHIECKUX HAYK, Kadeapa BbIcIIei
marematuku, CamapcKuii ToCyJapCTBEHHBIN TexHmdeckuit yuusepcurer, 443100, Poccuiickas ®Peneparus,
r. Camapa, yin. Mosogorsapieiickasi, 244.

Kamapuddurn Pusoxysrosuy Xysonoe — KaHIUIaT (PUBHKO-MATEMATHIECKUX HAYK, CTAPIIUI IPEIOIaBATe/b
Kadeaphl BBICIIEH MaTeMaTUKd, HallmoHaJBbHBINA HCCIeJOBATEbCKUI yHUBepcuTeT "TaIllKeHTCKUii WHCTUTYT
WHZKEHEPOB MPPUTAINA W MEXaHU3aluu cebckoro xossiicrea'", 100000, Pecybiuka Y3bekucran, r. Tamkent,
yin. Kaper Huszosa, 39.

BBeaenne

XopoIo  #W3BECTHO, YTO  MHOTHME  3aMedare/ibHble  TOIMOJOIMYECKHe  I[POCTPAHCTBA  BO3MOXKHO
0XapaKTepH30BaTh C MOMOIIBI0 KPATKOrO IepevHs ux Ttorosorudeckux cpoiicte [1-9]. C nauana 70-x romos
MPOIIJIONO BEKA W TI0 HACTOMAIIEE BPEMs ObLIM JIOKA3aHBI MHOIHE 3HAMEHUTHIE TEOPEMBI O XaPaKTEPUCTUKAX
MHOT000pa3nii rmI-0epTOBa TPOCTPAHCTBA W MHOr0oOpasnit Kyba I'minbepta. Ilo cyTu MeTomapI qOoKa3aTeIbCTBA
ObLIM OCHOBAHBI Ha IIOJHOTE PACCMATPUBAEMBIX IIPOCTPAHCTB. JlOKA3aTesibecTBA HEKOTOPBIX TEOpeM ObLIn
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peaim30BaHbl Pa3/juYHbIMU MeTojgamu B paborax M. BecrBunbi, JIxxk. Mormibcku, k. ¥Yscra, Anmepcona,
Beccaru u TlespamHcKoro [5], OHM KPUCTAJUIM30BAJIM IIOHSITHE IIOIVIOIMAIIEI0 MHOXKECTBA B MHOI0OODA3UU
rub0EPTOBA MPOCTPAHCTBA. B HEIABHUX WCCIIEIOBAHUSAX TAKXKE OTMEYAETCsl BO3POCIHIMIT MHTEPEC K TEOpUN
Kap/IMHAJIBHBIX WHBAPUAHTOB W WX IIOBEJEHUIO DU PA3JIUIHBIX KOBAPUAHTHLIX (DYHKTOPAX.

B nannoit cTaThe paccMATPUBAIOTCS TOIOJIOTUYECKAE U T€OMETPUYIECKUE CBOHCTBA MHOYKECTBA CIEIIJIEHHBIX
cucteM & M CBOUCTBa €ro TOJIIPOCTPAHCTB, SBJIAIONINXCSI TOMOTOTUYECKN IJIOTHBIMU. BBeJIEHBI OlpejiesieHus,
JOKA3aH psiJi YTBEPXKIECHUH U CHOPMYJIUPOBAHBI PE3YJIbTATHI B BUJIE TEOPEM JIjii TOMOTOMUYIECKU
IUIOTHOTO MHOXKECTBA KOMIIAKTA W YCJIOBUS OIPEIEJIeHUs MHOTO00Opa3us [Jisi KOHEIHOMEDHOTO MHOXKECTBA,
HE COJEPIKAIIEro TIIL0EpTOB KyO.

1. IlocranoBKa 3aJa491M 1 BBOJAHBbIE OIIpedeJ/iIieHnA

[lycts X — Tomosormveckoe mpocTpancTBo. Pacemorpum cucremy & = {F, : F, C X, F, = F,,a € A}
3aMKHYTBIX TOJMHOXKECTB ITPOCTPAHCTBA.

Bynem wucrosib3oBaTh psijfi IpeIBAPUTEBHBIX BBOJHBIX OIPEIEJIeHU, KOTOPbIE IPEICTABUM HIXKE.

Cucrema £ Ha3bIBAETCS CIIEIUICHHOM, €cJi JIIOObIe JIBa ee 3JIEMEHTa MMEIOT HEIYyCTOe IepeceveHue.

Cueruiennas cucrema £ 3aMKHYTBIX [TOJIMHOYKECTB MPOCTPAHCTBA X HA3BIBAETCS MaKCUMAJILHOM, €CjIu OHa
00J18J1a€T CJIEJIYIONUM CBOWCTBOM:

Ecin 3amxHyTOe MHOXKecTBO A C X mepecekaercst ¢ KaxKaplM ajemeHToM u3 &, to A€ ¢ [1].  (*)

Cueriennyio cucreMmy & 3aMKHYTBIX IIOJMHOYKECTB HA30BeM IOJHON [3|, ecam sy BCAKOrO 3aMKHYTOrO
MHOKECTBa BEPHO CJIEJIYIONIEe YCJIOBUE:

JlroGast okpecrHoctb OF muOxKecTBa F comepkut MHOXKecTBo P € € [3]. (**)

SamMeTnM, 9TO JJIsT BCAKON CIEIJIEHHOM CHUCTEMBI £ CYIIECTBYeT HAUMEHbBINAs MOJIHAs CIEIJIEHHAs CHCTeMa
(xopoTko, m.c.c.) &, comepxkamias . Cucremy £y, KOTOpyio OyIeM Ha3bIBATH IOIIOJIHEHHEM &, KOTODPAs MO-
KeT ObITh ITOCTPOEHA IIyTeM IIPUCOEIHEeHNs K & BCEeX 3aMKHYTBHIX HOJIMHOXKECTB F' € X | yIOBJIETBOPSIIOIIIX
yeaosuro (**).

IMycrs € — MakcuMasibHas CHEIUIEHHAs cucreMa (M.c.c.) 3aMKHYThix noamuoxkects X . Ilogcucremy &' C €
Ha30BeM Gazoit &, ecmm jyia Jnoboro F € € cymecrByer Takoe @ € &', uto & C F.

Herpynuo mnokaszarh, 9To cucrema £f HaMMEHLIIUX (110 BKJIOYEHHWIO) 3JIEMEHTOB M.C.C. & SBJISIETCH HAU-
menbIieil 6azoit £. Hocurenem wm.c.c. £ Gyaem HasbBaTh MHOXKecTBo H (&) = J&H.

Hanomuum, 910 cylieppaciiipeHrueM TOIIOJOIMYECKOro npocrpancrea X HasbiBaercs MHOXKecTBO A(X), co-
CTOSIITIEE M3 BCEX MAKCUMAJBHBIX CIEIUIEHHBIX CHCTEM 3aMKHYTBIX ITOJIMHOXKECTB IPOCTPAHCTBA X, & MHO-
JKECTBO BCEX IIOJHBIX CIEIUIEHHBIX CHCTeM (II1.C.C.) 3aMKHYTBIX NOJMHOMKECTB IIPOCTPAHCTBA ODO3HAYAETCS Je-
pe3s N(X).

Ormerum, 4YTO BCKas MakcuMaJibHas (110 BKJIIOUEHHH) CIEIJIEHHAS CHCTeMa 3aMKHYTBIX IIOJMHOXKECTB
(M.c.c.) sBastercss mosHoi. OTcroma MoxkeMm tmcarh cyneppacmmperne A(X) — sro momnpocrpanctso N (),
T e. A(X) € N().

IIycte X — Oeckomeunsbrit kommakT. [lomoxkum
X ={&: &€ XX, |H(E)| < n}.

Bamerum npexe Bcero, 9o A\ X~X (0oToxKAecTBiIsIeM M.C.C. £ ¢ €e OJHOTOYEYHBIM HOocuTeseM) u Ao X =
= A1 X, IIOCKOJIbKY HE CYIIECTBYET M.C.C., HOCHTEJb KOTOPOIl COCTOsi ObI POBHO u3 ABYyX Todek. OmHAKO TpHU
n > 3 BCe TOIMHOMXKECTBA Ap, X Pa3IUTHHI.

B camom mene, mist jiroboro n > 3 HETPYAHO HOCTpPouUTh M.c.Cc. & € AX, HOCHUTE/Jb KOTOPOl COCTOUT U3
n TOYEK X7, ...,Tn. Hampumep, & MOXKHO 3aJaTh C IIOMOIIBIO TaKON Oa3bI:

& = {x,, --.,wn}U{{xl,xk} k=2,...,n}.

HerpymHo mokazaTh, 9TO BCe MOJIAMHOXKECTBA A, X, n > 3, 3aMKHYTHI B AX, CJIeIOBATEIbHO, TPOCTPAHCTBA
A X ABISIOTCS KOMIAKTAMA.

MHOKeCcTBO BCEX IIOJIHBIX CIEIIEHHBIX CUCTeM (II.C.C.) 3aMKHYTBIX IOAMHOXKECTB HpocTpaHcTBa X 0003Ha-
vyaercs depes N(X).

CucreMy 3aMKHYTBIX TOJMHOMKECTB M IMpocTpaHcTBa X HazoBeM K -CIEILUIeHHOM, ecJin mepecedenne JII00bIX
K 3JIEMEHTOB CHCTEMBI 11 HEILyCTO.

Yepes N (X) 0603HAUYUM MHOXKECTBO BCEX IOJIHBIX K-CIEIUIEHHBIX cucTeM (KOPOTKO, MjCC) MPOCTPaH-
crea X. 3aMeruM, 4TO IIONOJHEHHe Ty BCAKON K-crereHnoii cucremsl siBisiercs nyCC U IPOCTPAHCTBO
Nk (X) samxnyro B N(X). Crenosarensno, Nk (X) asiserca kommakTom [3].

B pab6ore [3] nokazano, uro sy K-cuemienHoit cucrembl koutunyyma Ileano X mupocrpancrBa Ny (X)
roMeoMopdHBI THILGePTOBOMY KyOy (. JIj1s BCAKOI HOJIHOMN CIEIJIEHHON CHCTEMBI ONPEIENINM €€ HOCUTEIb KaK
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00beIMHEHNE MUHUMAJBHLIX [0 BKJIIOYEHHUIO 3jeMeHToB. CliefoBaTenbHo, Jjis JIOOOro HaTypasibHOrO YHuC/Ia
1 MOXKHO ompezenuTsb nojainpocrpanctso N™(X) mpocrpancrsa N(X), cocrosinee u3 Bcex IM.C.C., HOCUTENb
KOTODBIX cocrouT He Gosee yeM m3 n Touek, T. e. N™(X) = {xON(z) : |suppz|Jn}.

Ormerum, YTO BCgKag MakcuMajbHas (110 BKJIIOUEHHH) CIEIJICHHAS CUCTEMa 3aMKHYTBIX IIOJMHOYKECTB
(m.c.c.) aBmsierca nosmoi. Orcioma, mMoxkeM 1mcarh cyneppacrtmpenue A(X) — aro mogupocrpancrso N(X),
. e. A(X)C N(X).

BameTnm, 9TO CyMECTBYeT MOJHas C.C. £, KOTOpas He SBJSIETCS M.C.C.

ITpumep 1 [4]. Iycrs X = [—10,10] u & = {[0,2],[1,3]} — cuemnennas cucreMa. PaccMOTpuM CIEmIEHHYIO
cucremy m = {F € expX : [0,1] C F wm [1,3] C F}. CuemwieHHasi cucreMa m sBJIsIeTCsl IMOJHOM, HO He
SABJIIETCA MaKCHUMAaJbHOI CIHEIJIEHHON CHCTEMOIA.

13 sroro mpumepa cremyer, aro pasaocts N(X)\A(X) # 0.

[Iycrs X wopmasbuoe Tj-npocrpanctso. ljus muoxectsa A mpocrpancrsa X mnomokum AT = {m €
€ M(X): mna mekoroporo M € m, M C A}. O6osnasmm L = AT : A samxmyro B X}. CemeiicTBo Beex
00bEIMHEHNIT BBEPX HAIPABJIEHHBIX EPECEKAIONIMXCsT MOJCEMERCTB B L MOPOXKIAET BBIIYKJIOCTH B X. DTa
BBIIYKJIOCTh HA3BIBAETCS KAHOHUYECKOi BbIIYKJIOCTHIO B A(X), rne X — xayczopdoBoe KOMIAKTHOE [IPOCTPAH-
CTEBO.

O6111ast BBIMYKJIOCTh OIPEJIESETCs] TIOJYTONAMU U BBITYKJIBIME O0OJIOYKAMU KarKJIbIX KOHEYHBIX MHOYKECTB.
Buaunr, B npocrpacTBe A(X) BBILYKJIOCTb MOPOKIAETCS CJIEAYIOMAM OOPA3OM: ISl M.C.C., M1, M3, ..., M.
Sra BeIOyKIOCTE B A(X), monoxum m € co{mq,...,my}, ectu m C my|JmzJ...Umy. DT1a BBHIIyKIOCTH B
AMX) ymossierBopsier akcmoMe OTHEJUMOCTH Sy U JJIS Hee BEPHO CJjejyloniee OUHAPHOE CBONCTBO:

Ecim D — KoHEWHOE CeMeficTBO MONApHO MEPECEKAIONMNXCsl BBITYKJIBIX MHOXKeCTB, TO (| D # ().

Do BBIIYKIOE ceMelicTBO 06o3HaumM depes KA(X). Ouesmmno, uro KA(X) ecTh MOAIPOCTPAHCTBO
exp(AX), cocrosiiee U3 BBILYKJIBIX OAMHOXKECTB cyneppacimupenus (X ), KOTopoe BIepBbIe olpejeieHo Ban
ne Bemom [2]. TIo onpenemenmio, KA(X) cocronr m3 touek £ = {n € \(X) : £ C n}, tae & — cremnennas
CHCTEMA 3aMKHYTBIX IOJMHOXKECTB X .

B paGore [3] A.B. Usanos mokaszai, uro npocrpancrsa N(X) u KA(X) romeomopdus. ['omeomopdusm
H: N(X)— KXX) sanaerca dbopmynoit H(E)) =£T, 1. e. N(X) = KA(X).

ITpocrpancteo X ecrecTBeHHO BKiajbiBaeTcst B A(X): Touka x € X oToXJecTBiIsieTcs B M.c.c. & = {F C

CcX:zel}.

Kak yxe ormeuasnoch, muoxkectBo A(X) comepxkurca B N(X). Ilycrs Uy, ..., Ug, V1, Va,...,V,, — Habop
OTKPBITBIX HOJAMHOXKECTB X .
Honoxum O(Uy, ..., Ug)(V1, ..., Vi, )N A(X)= =0O(Uy, ..., Ux)(V1, ..., V), toe O(Uy,...,Ux)(V1,..., V) = {€ €

€ N(X) : pya suoboro i = 1, k cymecrsyer F; € € rakoe, uyro F; C U;, u mia moboro j = 1,k u moboro ® € &
nepecedenne @ (| V;. memycro}. Cosokymnocrs nogmuoxkects N(X) suma O(Ui,...,Uy)(Vi,...,V,) saBisercs
OTKDBITOH 6azoit HekoTopoi rtonosorun Ha N(X).

Takum obpaszom, cymnepacumpenne A(X) — sro nomupocrpancteo N(X). 13 romeomopdroctn N(X) u
KA(X) soirekaer, uro A\(X) C KA(X) u KA(X) C exp A\(X).

B pa6ote [2]| mokazamo, uro KA(X) — Gukommakt. Crenosaresnsro, N(X) Toxke GHKOMIIAKTHO.

B cuny paGorer Bam ge Bema [2] mw A.B. Uanosa [3| BBITeKaer, uTo mas Jiro6Oro METPU3yeMOTO KOHTHU-
myyma X, mpocrpancrea N(X) u KA(X) romeomopdubl ruisbeproBomy KyOy Q.

Ipusenem caenytomme obosnaderus [5]:

Q =1[I;2,[-1;1]; — ruasbepros Ky0, e OTpe30K

W ={(g;)} €Q:g; =*1} — T rpams yba Q;

BdQ = U;’il Wii — rmceByorpanuna Kyba @

S = Q\BdQ — mucesnoBHyTpeHHOCTH Kyba @Q; S = (—1,1)¢

S &~ {5 — cenapabesibHOE THIBOEPTOBO IIPOCTPAHCTBO;

> — smmeliHast 0GOJIOYKA CTAHJAPTHOTO KUPIHWYA B THILOEPTOBOM TPOCTPAHCTBE {a;

rint@Q = {z = (z,) € Q : |zn| <t <1 ana npomssomeroro n~J{[-1+ 1, 1-11*:ne N} CS,

BdQ =~ Y (Anzepcon B [5]);

rint@ =~ BdQ (Beccara—Tlesaunckuii [5]);

Q' — mommpocTpamncTBo Kyba (), cocrosiee M3 BCEX TOYUEK, JIMIIb KOHEUHOE HUHCIO KOODIMHAT KOTODPBIX
OTJIMYHO OT HYJIS.

Eg — JIMHEHHOEe MOJIIPOCTPAHCTBO TMJILOEPTOBA IIPOCTPAHCTBA f2 , COCTOAINEE U3 BCEX TOYEK JIUIIL KOHEY-
HOTO YHCJIa KOODJUHAT, KOTODPbIE OTJUYHLI OT HYJIsl.

ITycts Ha KoMmakTe X mMeeTcst MeTpuka p. Torja Tomosorusi cyneppacumpenusi A(X) mopoxaercs: cie-
AyIomel MeTpukoi p:

p(&,n) = f}le%{l%f%fn pa(M,N)}, tne pg — paccrosinne Xaycaopda B exp X.
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Hanomunm merpuky pp Xaycmopda na xomnakre X: mis Fi, Fy € exp X nonoxum «Fy, Fp) = inf{e :
€>0, Fy CO(F) win Fy C O (F1)} pu(Fi, Fa) = max{a(Fy, Fs); a(F2, F1)} — merpuka Xayciaopda.

Jlerxo Buzmetsb, 4o p(§,n) < € TOorga M TOILKO Torga, Korma B(F,e) € n pna moboro F € £ u B(X,¢€) €
st moboro @ €, rne B(F,e) = {z: p(X,F) < €} — 3aMKHyTasl £-OKPeCTHOCTb MHO}KecTBa F' B mpocrpan-
cre X.

ITycrs pg — merpuka Xayczopda wa exp A(X), u pg — orpanudenue py Ha nomupocrpancTse KA(X),
KOTOPOE MbI OTOXKJECTBJISIEM 10 CKazaHHoMy, romeomopdusmy ¢ N(X).

Just Merpusyemoro KoHTmHyyMa X 10 Teopeme Banm Mwmia [6] A(X) romeomopduo Q. CremosaresnbHo,
exp A(X) Toxe romeomopdHO (). 3amernM, 9TO BO BCSKOM KOHTHHyyMe IleaHo CyIecTByeT BBIINYKJAs MeT-
puka, T. e. Jisi Jiroboro 3aMmrHyToro F C X cmpaBejiiBO pPaBEHCTBO

B(B(F)51)7€2) = B(F,El +€2 — 6‘).

2. llpenjnoxkeHue U TeopeMbl

B pabote [6] umeercs ciefyromee mpesioKeHue.

IIpennoxenue [6]. Ilycre p = {®1, Do, ..., P, } — KOHeUHAs ClLiEILUICHHAS CHCTEMA 3aMKHYTBIX MHOXKECTB
kommakta X. Torma cucrema M = {F € exp X: cymectsyer ®; C p,®; C F'} siBsieTcst TIOJHON CIEIJIEHHOM
cucrtemoit B X.

st kommakta X wepes A, (X) o6osmauum orsercTenHo mogmHoxectBa | Ay (X). OdeBngno, aro 910
[OJIMHOXKECTBO — O-KOMIIAKT ¥ BCIOJy IIOTHO B mpocTtpaHcTBax A(X).

Hna  6uxkommakra X depes A, (X), N,(X) u N¥(X) 0603HAYMM COOTBETCTBEHHO MOAMHOXKECTBA
UoZ i M(X), Ur—y Ne(X) 1 U2 No(X). OueBnano, 9TO 9TH MOAMHOXKECTBA 0-KOMIAKTBI M BCIOJAY IJIOTHBI
B npocrparcTBax A(X) u N(X) cooTBeTCTBEHHO.

Onpepenenune [7; 9]. Muoxkectso B((Q)) HasblBaeTCs TPAHUIHBIM MHOXKeCTBOM B (), ecm Q\B(Q) = {5.

Samernm, uro mncepporpanuna Bd() runpbeproBa Kyba () SABJISETCS TPAHUIHBIM MHOXKECTBOM Kyba ).
Vcnonb3syem 00GO3Ha4YEHNUsI, BBEJIECHHBIE B KOHIE MPEIbIIyINEro . 1.

Homnonuuresnshoe onpezesnenne [10]. IIpocrpancrso X HasbiBaercst caabOCIeTHOMEPHBIM, eCiii X sIBIsSeTCs
CIETHBIM OOBEIMHEHNEM CBOUX 3aMKHYTBIX KOHETHOMEPHBIX ITOIPOCTPAHCTB.

Ounpepenenune [7]. Tonosornueckoe nmpocTpaHcTBO X HA3BIBAETCS MHOr0OOpa3MeM, MOJIEJIUPOBAHHBIM Ha
POCTPaHCTBe Y, WM Y -MHOrOOGpa3meM, €C/IM BCAKAas TOYKA IPOCTPAHCTBA X HMEET OKPECTHOCTH, TOMEO-
MOP(]HYIO OTKPBITOMY IIOJIMHOXKECTBY NPOCTPAHCTBA Y .

Bamerum, 9TO JyIs JIIOGOr0 METPU3YEMOIO HEBBIPOXKIEHHOrO KoMmmakTa X mupocrpancTsa A(X) u N(X)
romeoMopdubl ruibbeproBomy Kyby Q. g kaxgoro m > 3 momupocrpancrsa A, (X) samxayrer B A(X).
ITpocrpancrea A(X)\A,(X) (n > 3) ecrb OTKpbITHIE HOAMHOXKECTBa KoMmakTa A(X).

C npyroii cTOpoHBI, HAMU OBLIO 3AMEYEHO, YTO B ITUX ciydas KoMOoakT A(X) ecTb MOIMHOXKECTBO KOM-
makrta N(X), T e. N(X)\NX) orgpsrto B N(X). OTKpbITBIE IOJMHOXKECTBA TI'MabbepoToBa Kyba () ecThb
Q-muOT006pasus. CiieoBaTeIbHO, UMEIOT MECTO TPEJICTABIEHHBIE HUXKE TEOPEMBI.

Teopema 1. g Jji060ro MeTpU3yeMOIO HEBBIPOXKJIEHHOIO KOHTHHYyMa X HMeeM:

a) N(X)\A,(X) sBisterca @QQ-MHOroo6pasueM it 0600 n > 2,
6) MX)\A\.(X) aBusierca @Q-muoroobpasuem s Jioboro n = 2.

Teopema 2. s m060ro METpU3yeMOTO HEBBIPOXKJIEHHOIO KOHTHHYYM& HMEET MECTO:

a) N(X)\A(X) aBasierca Q-muoroobpasuem;
6) KAM(X)\N(X) sBasercss (Q-MHOTOOGPA3HEM.

Hamomamm, aro ams xommakra X sHemycrtoit koMrmakT G C exp X Ha3bIBAETCS THIIEPIPOCTPAHCTBOM POCTA,
eciu 10, yr0 A € G, B € exp X, A C B n Kaxjasi KOMIOHEHTa CBSI3HOCTH MHOXKeCTBa B Iepecekaercss ¢ A,
310 jaJsiee Bieder B € G [7; §].

Dro upocrpancrBo obosnadaercs depe3 G(X). Eciu B aroM omnpejiesieHun OIyIneHbl TpeGOBaHUS KOMIIO-
HEHTBI CBSI3HOCTHM TAaK, UTO COOTBETCTBYIONIEE MPOCTPAHCTBO HA3BIBAETCS THIEPIPOCTPAHCTBOM BJIOXKEHUS U
oboznavaercss yepe3 G(X), TO MMeeT MeCTO yTBEPIKIEHUE:

G(X)~Q < X — MeTpusyeMblil KOHTUHYYM.

Mycrs &1, & € N(X) u & # &. Torna 6e3 orpanmveHusi MOXKHO CUATATh, 4TO cyliecrByer F € & u
okpectaoctb OF O F takue, 9ro Hu ofuH 3jeMeHT & He jexur B OF, 1. e. jausa joboro ® € & wumeer
mecro © (N X\OF # 0.

Takum obpaszom, cucrema &, = & | J(X\OF) cuemnennas. Ilycrs 1 — M.c.c., comepKarmuast {;. Uneem 7 € &
u n ¢ &, nockomeky F € & u F €. Uror & # &F.

Sameyanue [8]. Hus mo6bix Touek &,7 € N(X) 9KBUBAJIEHTHBI yCJIOBUS:

1) pu(§m) <e;

2) B(F,e) € n mias moboro F € ¢ n B(P,¢) € &€ ma moboro @ € 7.
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Ilycts X — wmerpusyembrii xourunyyMm. A C X, intA # (), A= A. Torna At = {¢ € \(X) : A € £} ectn
Z-mmoxkectso B A(X) [5], . e. Ve > 0 I f: AM(X) = MX)\AT Takoe, uro p(&, f(£)) < & ana moboro € € A(X).

MuoxkectBo A C X Ha3blBaeTCsl TOMOTONNYECKH MJIOTHBIM B X [9], ecsim cymecrsyer romoronust h(z,t) :
X x [0,1] = X makag, aro h(x,0) =idx u h(X,(0,1]) C A.

Teopema 3. lnsa soboro meanosckoro koHtuHyyma X mnomanpocrpascetso N (X)\A, (X) romoronmueckn
mwiorHo B N(X).

HoxkazareascrBo. IIycrs £ € A(X). Hus uucna t € [0,1] u 3amHyTOro MHOXKecTBa A € exp X I0JIOXKUM
D(A,t) ={x € X : p(x,A) < t}. Mol Oynem cumrars, uro diam,X < 1. OueBuano, uro s soboro t € [0,1]
muoxkecTBo D(A, 1) € exp X.

UsBectHo, 410 £ €CTh M.C.C., COCTOAIIUX U3 3AMKHYTBIX MHOXKECTB, T. €. £ = {A, : A, € exp X, a— unyexc}.
Has € monoxkum £(t) = {D(Aq,t) 1 Aq € &} Temeps mocrponm romorommio h(€,t) : N(X) x [0,1] — N(X),
nostarasg h(€,t) = £(t).

Samerum, 9TO:

a) ecn € € N(X), 10 £(t) € N(X);
6) ecmm § € A(X), 5(75)6 N(X) m §(t)EN, (X);
) ecn € € A(X), 10 £(0) € A(X).

3HAUUT, TOAMHOXKECTBO Ay (X) C N(X) romorommvecku miorao B N(X). Teopema 3 jnokazana.

Ucnonbayst pesyabrarel pabor [7-9|, mokaseiBarorcs coemyione Teopembl 4 u 5.

Teopema 4. Jljisg 1106010 MeTpu3yeMoro HEBLIPOXKIEHHOIO KoMiakTa X IOAIPOCTPAHCTBO A, (X) aBisercs
IPAHUYIHBIM MHOXKECTBOM KoMmakTa A(X).

Teopema 5. ljia 1106010 MeTpU3yeMoro HeBBIPOXKIEHHOrO KommakTa X momupocTpancTBo A(X)\A,(X)
SABJIIETCS TIOJTHBIM CenapabebHBIM OeCKOHEYHOH PasMEepHOCTH METPUIeCKUM A R-TIpOCTpPaHCTBOM.

3. Pe3yabTaThl AJI8 MEeTPU3yeMOTro HEBLIPOXKIEHHOTO KOHTUHYYMAa

B pesysibrare i METPHU3YEMOIO HEBBIPOXKJIEHHOTO KOHTHHYYMa CHOPMYJIMPOBAHBI CJIEAYIONIME TEOPEMBI.

Teopema 6. i 10060r0 METPU3YEMOTO HEBBIPOXKIEHHOTO KOHTHHyyMa X WMeeT MECTO:

a) Ay(X) gBisiercss rOMOTONMYECKH IIJIOTHBIM MHOXKeCTBOM KommakTa A(X);

6) N,(X) siBisieTcss TOMOTOIMYECKH IIOTHBIM MHOXKeCTBOM KoMmmakTa N (X);

B) N, (X) siBisiercss TOMOTONIMYECKH IUIOTHBIM MHOXKeCTBOM KommakTa KA(X).

Jist 1106010 €1aboc4eTHOMEPHOro KoMIakTa X IPOCTPAHCTB A, (X) ciabocyernomepro. IIpocrpancrsa ég
u Qf cnabocuernomepnsr [5).

Teopema 7. [las 1106010 MeTpu3yeMOro HEBBIPDOXKJIEHHOTO KOHTHHYyMa X mMMeeM:

a) N(X)\N,(X) — roMoronu4ecku ILJIOTHOE MOJMHOXKECTBO i JIOOOro n > 2;

6) MX)\\n(X) sBisiercss roMOTONMYECKH MJIOTHBIM MOAMHOXKECTBOM Jisl JIIOO0ro n > 2;

B) N(X)\N"(X) siBisieTcss TOMOTOIMYECKU ILIOTHBIM IOJMHOXKECTBOM Jisl JIEOGOrO N > 2.

Teopema 8. s 11000r0 METPU3YEMOTr0 HEBBIPOXKIEHHOIO KOHTHHYyMa X WMeeT MECTO:

a) mpocrparcto N¥(X) stBisiercst » -MHOTOOOpa3neMm;

6) upocrpancrBo N, (X) sBasercsa » -muoroobpasuem, ecau N, (X) comepxkur ruinbeproB Ky6 @Q;

B) mpocTpaHcTBO A, (X) aBagercs Y -muoroobpasuem, eciau A,(X) comepxkur ruinbeproB Kyo Q.

Jlyist 1106010 MeTpU3yeMOro HeBBIPOXKJIEHHOIO KOHTHHYyyMa X HMeeT MeCTO:

a) mpocrparcteo N (X) sasisercs Eg— (mm Qf-) mmoroobpasmem, ecm X KOHEIHOMEPHO;

6) mpocrpancTBo A, (X) saBisercs Eg— (mwm Q'-) mmoroo6pazmem, eciu X KOHETHOMEPHO;

B) HpoCTPaHCTBO A, (X) sBisiercs ég— (mmn Qf-) mmorooGpasmenm, ecm A, (X) He cOnEpKHUT THILOEPTOB
Ky6 @

r) upocrpanctBo N, (X) sBisercs Zg— (mmr QF-) mmoroobpasmem, ecim N, (X) He cOAEPKHUT THILOEPTOB
Ky6 Q.

SakJiroueHue

B zaksiouenue mojBesieM UTOr, YTO HAa OCHOBE JOKA3aTEJIbCTBA CBONCTB TOIOJOTHMYECKUX U T'E€OMETpPUYe-
CKUX TOJIIPOCTPAHCTB MHOXKECTB CIIEIJIEHHBIX CUCTEM, SIBJISIOIIINXCS MOMOTONUYECKH ILJIOTHBIMU, CHOPMYIUPO-
BaHbl TEOPEMBI JIJIsi METPU3YEMOI'0 HEBBIPOXKJIEHHOI'O KOHTHHYYMa, OIPEJIeJIEHbl YCJIOBUSA JJId TOMOTOINYECKU
IUIOTHOTO MHO>KECTBA KOMITAKTA U YCJIOBHS OIIPEJIEJIEHUs] MHOI000pa3us JJIsi KOHEYHOMEDPHOIO MHOXKECTBA B
3aBUCUMOCTH OT TOrO, YTO OHO HE COJIEPXKUT I'mIb0epToB KyO.



Becmnux Camapcerozo ynusepcumema. FEcemecmeenmnonaywnas cepus 2023. Tom 29, mo. 8. C. 24-30
Vestnik of Samara University. Natural Science Series 2023, wvol. 29, no. 3, pp. 24-30 29

B jokazaresbcTBax M TeOpeMax HCIOJIB30BAHDBI CJEIYIONe yTBepxXKaeHusA. s Joboro MeTpusyemoro
HEBBIPOXK IEHHOI'O0 KOHTUHYYMa MOIIPOCTPAHCTBA IMOJIHBIX CIEIJIEHHBIX CHCTEM TOMEOMOP(MHBI I'UJILOEPTOBY Ky-
Oy. IIpu 5TOM OTKpBITHIE MOAMHOYXKECTBA TUILOETPOBa Kyba ecThb (J-MuHOrooOpasus. CieqoBaTesbHO, OMpeIeis-
IOTCH T€OPEMbBI O COOTBETCTBHUH ITOJIMHOXKECTB IIOIIIPOCTPAHCTB IMOJIHBIX CIEILUIEHHBIX CACTEM (J-MHOr000pa3nio
JIst JII0OOTO KOJIMYECTBA TOYEK HOCHTEJNs] OT JIBYX.

Hyist 1106010  MeaHOBCKOIO KOHTHUHYYMa IOJIIPOCTPAHCTBO IOJIHBIX CIEIJIEHHBIX CHCTEM T'OMOTOIHMYECKN
IUIOTHO BO BBEJIEHHOM KJIACCE€ MHOXKECTBA BCEX IOJHBIX CIIEIJIEHHBIX CHUCTEM 3aMKHYTBIX MTOIMHOYKECTB TOIO-
Jiormaeckoro mpocrpaHcTsa. OmpenesieHbl TeOpeMaMy MOIIPOCTPAHCTBO — TPAHUYHOE MHOXKECTBO KOMITAKTA
¥ TOMAITPOCTPAHCTBO — TOJHOE cernmapabebHoe GEeCKOHETHOW Pa3MepHOCTH METPHYECKOe ITPOCTPAHCTBO.
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ABSTRACT

This article discusses the topological and geometric properties of the set of coupled systems and the
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O EBKJINAOBbBIX MHOTI'OOBPA3UAX, ABJIAIOIIINXCA
IHoAITPOCTPAHCTBOM IIPOCTPAHCTBA BEPOATHOCTHBIX MEP
C KOHEYHBbIMN HOCUTEJIZIMN HA BECKOHEYHOM KOMIIAKTE

PASMEPHOCTHN HYJIb

AHHOTAILINSA

B craTbe JOKa3bIBAETCs, YTO MOANPOCTPAHCTBO P, ,_1(X) Bcex BepostHOCTHBIX Mep P(X), mOcmTenn
KOTODBIX COCTOSIT POBHO U3 N TOYEK, sIBJsIETCs (1 — 1)-MEPHBIM TOIIOJOTHIECKUM MHOrooGpasneM. Bbiiessiercst
PSAJ1 HOAIIPOCTPAHCTE IIPOCTPAHCTBA BCEX BEPOATHOCTHBIX MEp, MMEIOIINX OECKOHEYHYIO Pa3MEPHOCTb B CMBICTIE
dim, gergompuXcs MHOrOOOpasusiMHu. PacCMOTPEHBI OTAEIbHBIE TTOIMHOXKECTBA OECKOHETHOTO KOMITAKTa X, Ha
KOTOPOM TIPOCTPAHCTBO BEPOATHOCTHBIX MEP FOMOTONMYECKH IIJIOTHO BO BeeM mpocTpancTise. ChopMympoBaHbl
U JIOKA3aHbl TPHU TEOPEMbI O TOIOJOTHYECKHX CBOMCTBAX MHOTOOOpa3Wii — MOAIPOCTPAHCTB TOMOTONUICCKA
IJIOTHBIX B IIPOCTPAHCTBE BEPOATHOCTHBIX MEP ¢ KOHEYHBLIMU HOCUTEISMHU HA KOMIIAKTE, PACCMOTPEHBI JaCTHBIE
cllyday KOHEYHOTO M GECKOHEYHOIO KOMIIAKTA.

KiroueBbie ciioBa: TIOAIIPOCTPAHCTBO; BEPOATHOCTHAA Mepa; HOCUTEJIb; TOIIOJIOTUYIECKOe MHOI‘OO6pa3I/Ie;
KOMITaKT; (I)yHKTOp7 CHUMILJIEKC; T'OMOTOIINA; IIOJAIIPOCTPaHCTBO I'OMOTOIIMYECKHU IIJIOTHOE; Pa3MEpPHOCTDb.
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BBeaenne

Hacrositiiee nccieoBanne aBTOpPOB W JaHHAS CTATbdA IMOCBSINEHBI M3YYEHUIO TOIOJIOIHH IIPOCTPAHCTB Be-
POSITHOCTHO# Mepbl. DTa TeMa HAXOJAUTCS Ha CTBIKE JBYX ObjacTeili — GEeCKOHEYHOMEPHON TOIOJOIUH U Teo-
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pun Mmepsl [1; 2]. Ilpuunna, 00 KOTOpoil GeCKOHEYHOMEPHAsI TOIOJIOTUS TIPECTABIIsIeT WHTEPeC IPH U3yIeHUn
MPOCTPAHCTB BEPOSTHOCTHBIX MeEpP, 3aKJ/IFOYAeTCs B TOM, UTO MPOCTPAHCTBA Mep, KOTOPbIE HUMEIOT JOMOJTHU-
TEJILHYIO BBIMYKJIYIO CTPYKTYPY, SIBJSIIOTCS WICAJTbHBIMU "eCTeCTBEHHO" BO3HUKAIOMUMU GECKOHETHOMEPHBIMU
00 beKTaMK JIJIsl IPUMEHEHUsI MOIIHBIX MeTOJ0B OeckoHeurHoMepHoit Tomosorun [2]. C 1990-x romos mpocrpan-
CTBa BEPOATHOCTHBIX MEpP M3ydJasiCh B PAMKAX KATErOPUM KOMIIAKTOB, TJI€ TPODJIEMBI TOMOJOTHIECKON KJIac-
cuUKAIKA TPOSIBISUINCH BECBMa 3JIEMEHTAPHO: ITPOCTPAHCTBO BEPOSITHOCTHBIX Mep KOMIIAKTa pPacCMaTPHUBa-
JIOCh TOMEOMODPMHO OO0 KOHEIHOMEPHOMY JIjIsi KOMIIAKTa KOHEYHOrO, JINOO GECKOHEYHO-MEPHOMY OOBEMHOMY
KyOy. IloMmumMo KOMIAKTHOCTH OBLIO Jlayke He BCErJia sICHO, YTO CJIEJyeT PacCMaTPUBATh KaK IIPOCTPAHCTBO
BEPOSITHOCTHBIX Mep Ha KommakTe. VccaemoBaHus MOCTEIHUX JIET TTOKA3BIBAIOT PA3BUTHE HEKOTOPBIX HOBBIX
momxooB. B 3] oTOXmeCcTBIIN €BKINIOBBI TIPOCTPAHCTBA € TOAPOCTPAHCTBAMHI CIETHOTO GECKOHETHOTO MpO-
U3BEJEHUs CHCTEMBI HOAIPOCTPaHCcTB. Torga 00beMHeHHOe MHOYKECTBO MMEeT JIBe €CTECTBEHHbBIE TOIOJIOIHH, a
HMEHHO: CJIa0yr0 TOMOJIOrH0 (IIPSMOli IIPEeJIesT) OTHOCUTENBHO MOCIIEI0BATEIbHBIX BKIFOUEHHUH TIO/IIPOCTPAHCTB
U OTHOCHTEJILHYIO TOIOJIOIHIO, YHACIEIOBAHHYIO OT TOIOJOIHH CUETHOI'O OECKOHEYHOrO IIPOU3BEJCHUS CHCTEMbI
nozanpocrpadcTs. Takke B [3] nNpUBeIEHO HECKOJIBKO XaPAKTEPUCTUK TOINOJOIMIECKUX MHOTOOOpPA3Uil, CMOIEIH-
poBanubix Ha (R, 0)- mm (Q°°,X)- MHOroo6pas3usx, KOTOpble IPUMEHSIOTCH K OUTOIIOJIOMMYECKUM IDYIIIAM,
OUTOIOJIOTUIECKAM JIMHEHHBIM TIPOCTPAHCTBAM, IIPOCTPAHCTBAM Mep, IPOCTPAHCTBAM OTOOpayKeHUil, TUIepITpo-
CTPaHCTBaM.

B paGore [4] passuTa Teopusi K1accoB GECKOHEYHOMEPHBIX GAHAXOBBIX MHOrOOGpasuil Mep B abGCTPAKTHOM
M3MEPUMOM IIPOCTPAHCTBE, WCIIOJIb3Yys AUATPAMMBI, KOTOPBIE “‘COAIAHCHUPOBAHBI’ MEXKIy (DYHKIUSIMU ILIOTHO-
ctu u Jjiorapudmudeckoit mornoctr. OTMEYEHO, YTO MHOrO00Opa3wsi COXPAHSIIOT MHOTHE OCODEHHOCTH KOHEY-
HOMepHO# MHMOPMAMOHHOH TeomeTpun. BarkeH BbIOOp Mepbl . Pabora [5| paccMaTpuBaeT COXpaHEHWE MO
dyHKTOpaMu (QYHKTOpa BEPOSITHOCTHBIX MEp IIPOCTPAHCTB CYETHON PasMEpPHOCTH M SKCTEH30PHBIE CBOICTBA
HOJIIPOCTPAHCTB IPOCTPAHCTBA BEPOSITHOCTHBIX Mep. B [6] n3y4eHbl TOMOTONNYECKY TIJIOTHBIE HOIIPOCTPAHCTBA
MPOCTPAHCTBA BEPOSITHOCTHBIX MEP, OIPEJIEIseMbIX OECKOHETHBIM METPUIECKUM KOMIAKTHBIM MHOYKECTBOM, KO-
TOPBIE SBJIAIOTCS KOHEIHOMEPHBIMU M OECKOHEYHOMEPHO-PA3ZMEPHBIMHI TOMOJIOTHIECKUMU MHOTOOOpasusimu. Pac-
CMaTpUBasl Pa3JIMIHbIE CBOWCTBA IOJIIPOCTPAHCTB MIPOCTPAHCTBA BEPOSITHOCTHLIX MED, JOKA3aH Psij CBOWCTB
COOTBETCTBUSI U Psijl YCIOBUN SKBUBAJEHTHOCTH.

Takke B pabore [7] aBTOpBI JIOKa3aJu Dsiji YTBEPXKJEHUI, 9TO JieficTBue KOMIAKTHON rpynmsl G, ompe-
JlesisieMoit  cTpaTudUIUPOBAHHLIM IPOCTPAHCTBOM X, HENpepbIBHO Jyis npocrpancTBa Z(X), ABJILMIONErocs
CcTPaTU(UIMPOBAHHBIM TIPOCTPAHCTBOM, COJEPKAIIIM CaMOCTPATH(UIMPOBAHHOE TPOCTPAHCTBO X Kak 3a-
MKHYTOE MOJMHOXKECTBO. JloKazaH SKBUBapHAHTHBIN aHAJOr HEKOTOPLIX pe3yiabraroB P. Koru ornocuresnno
A(N)R(S)-upocrpancts. Takke mMokasaHo, uTo opbuTasbHoe mpoctpancTBo Z(X)/G mnom nefictBueM rpyi-
ubl (G SABJISIETCSI IIPOCTPAHCTBOM S.

B pabore [8] paccMoTpeHbl rOMOTONMYECKH ILIOTHBIE CBOMCTBA U TOMNOJOIMYECKHE W IKCTEH30PHDLIE CBOIi-
CTBa OJHOTOYEYHON KOMIAKTU(MUKAIUN U KOMIAKTUMUKAIIN 10 AJIEKCAHIPOBY I JIOKAJIHHO KOMIIAKTHOTO
[IPOCTPAHCTBA U [JIsi HEKOTOPBIX IMOJINPOCTPAHCTB MPOCTPAHCTBA BEPOSITHOCTHBIX Mep.

B nanHOil crarbe chOpMYJIUPOBAHBI U JIOKA3AaHBI TEOPEMBI O TOIIOJIOIMYECKUX CBONCTBAX MHOIrOOOpa3uii, siB-
JISTFOIIIUXCSI  TIOJIIIPOCTPAHCTBOM ITPOCTPAHCTBA BEPOSITHOCTHBIX M€p, — IMOAIIPOCTPAHCTB TOMOTOIMYECKH IIJIOT-
HBIX B MPOCTPAHCTBE BEPOSITHOCTHBIX MEpP € KOHEYHLIMH HOCHUTEISIMH Ha KOMIIAKTE, PACCMOTPEHBI YaCTHBIE
CIydan KOHEYHOTO W GECKOHEYHOIO KOMIIAKTA.

1. HO,ZLHpOCTpaHCTBa IIPOCTPAaHCTBa BEPOATHOCTHBIX MEP C KOHEYHbIMHN
HOCHUTeEJIAMMNM Ha KOMIIaKTe

Jlist kKoMIakToB X MMeeTcsl IPOCTasl TOMOJOTHIECKast KIaccuduKalms mpocTpancTs P () Becex BepOSITHOCT-
HBIX Mep. B ciyuae KoHewHoro n-todednoro npocrpatcrsa X = {n} moukm p npocrpancrsa P(n) = P,(n)
SBJISIOTCS BBIMYKJIBIMU JIMHEHHBIMA KOMOmHarusMu mep Jlupaxka:

p=mod(0) +m1d(1) + ... + mp_16(n — 1).
[To3TOMY OHM €CTECTBEHHO OTOXKJECTBIAIOTCS ¢ Todkamm (n — 1)-mepHoro cmmiuiekca o™~ 1. Ilpu sTom
mepnl JIupaka (i) oOpasyioT BepHIMHBI CUMILIEKCA, & MACCHI 71;, [OMEIIEHHbIE B TOYKU §, ABJSIOTCA Oapu-
LEHTPUYECKUMU KOOPJIUHATAMU Mepbl i, Takum obpasoMm, kommakr P(n) addunno romeomopden cumiuiekcy
ot 9]

B ciyuae Geckoneunoro xommakTta X npocrpanctso P(X) rakxke sBisiercs komnaktoMm (dbyHkTop P co-
xpanser Bec). Jlajiee, OHO CONEPKUT CUMILIEKCHI CKOJIb YIOJHO OGOJILIIONO YUCJIA M3MEPEHUil, II0ITOMY OHO
Geckoneuanomepro. ITo teopeme Ko [1] emyxumstii kommaxr P(X) € R adbdunno srragssaercs B lo.
CaenroBaresibho, 110 TeopeMme Kesurepa kommakr P(X) Kak 6€CKOHEUHOMEDHBIH BBIIYKJIBII KOMIIAKT, JIeXKaIIuii
B {5, romeoMopdeH TmibbepToBy Kydy @ = IX°.
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C npyroit croponsl, npocrpanctso P(X) Bcex BEpOSTHOCTHBIX MEp Ha KOMIakTe X Ha3bIBAETCH MHOXKE-
CTBOM BCEX DPETYJISPHBLIX GOPEJeBCKIX BEPOATHOCTHBIX Mep Ha X, CHabyKeHHBIM cyabeiimeil u3 Tomosoruit, s
KOTOPBIX HenpepbiBeH Kaxiplii (yukuuonan f, : C(X) — R, uepesonameii mepy p B u(U) (U — orkpsiroe
B X MHOXKeCTBO).

st upousBosibHOro KoMmmakTa X u Mepbl u € P(X) onpejeiien ee Hocuresb supp() — 9T0 HaMMEHbIIee
U3 3aMKHYTBIX MHOXKecTB F C X, misa xoropeix p(F) = u(X), 1. e. supp(p) =N{A: A=A, pe P(A)};

P, (X)={p € P(X) : |suppu| < n}— MHOKeCTBO BCEX MeD (i C He 00Jiee YeM 1 HOCUTEJSIMHU.

Onpenenenne [1]. Tononormdeckoe npocTpancTBO X HA3BIBAETCA MHOTOOODA3UEM, MOJEIUPOBAHHBIM HA
mpocTpancTBe Y, mam Y -MHOroo6pasmeM, €M BesKas TOYKa MPOCTPAHCTBA X WMEET OKPECTHOCTH, TOMEO-
MOPQHYIO OTKPBITOMY MOAMHOYKECTBY TPOCTPAHCTBA Y .

Onpepenenne [1]. TlogmuokecTBo A C X mpoctpancTBa X Ha3BIBAETCSI TOMOTONUYECKH TLUIOTHBIM B X,
ecim cymectsyer romorormst h(x,t) : X x [0,1] = X Takas, uro h(z,0) =idx un h(z,(0,1]) C A.

st Geckoneunoro (noGoro) kommakra X u Joboro n € N dyukropa P, monoxum P, ,_1(X) =
=P, (X) P,-1(X), tme P,(X) ={n € P(X) : |suppu| < n} [10].

Teopema 1. s moboro xommakTa X mHOAmpocTpancrBo P, ,_1(X) mpocrpancrsa P,(X) asisercs
(n — 1)-MepHBIM MHOroOOOpa3sWeM M IOMOTOIHMYECKH INIOTHBIM B P, (X).

HokazaTeabcTBo. [Iycts X — mpoum3BoibHBIE KOMITAKT. BO3MOKHBI JBa C/Iydasd.
1°. X — xomeunoe mHOkecTBO. Jljifi ompesenennocTH mycTh X cOCTOHT u3 n Touek. Torma P,(X) =
= P,(7) = 0" ! — (n — 1)-MepHbIit cTapjapTHBIT cuMILIeKe, T. e. T(x1, T2, ..., T,) = 0"~ ! cuMmIexkc ¢ Beprm-

HAMH B TOYKAaX Z;. A HOAUpOCTPancTBo P, ,,—1(n) = T(x1, 22, ..., 2o )\Er(T(x1, 22, ..., p)) = intT (z1, 22, ..., Tp),
T. e. Py po1(n) = T%x1, 22, ...,x,) — BHYTPEHHOCTDH cuMiLiekca. Buyrpennocts T°(x1, 2o, ..., 2,) ToMeoMopdHa
npocrpaucrey R [11], 1. e. P, ,_1(n) ectb (n — 1)-mepnoe muoroobpaszus R"™!.
20, X — 6eckoneunoit kKommakT. M3BecTHO, 9T0 mpocTpancTBo P, (X) COCTONT M3 JIMHEHHON KOMOGHHAIII
Mep /Jlupaka ciemyroriero Buja:
W =m101 + mads + ... + M, 6y, (1.1)

rae 0, — Mepbl [upaka, z; € X, 0<m; <1, Y. m; = 1.
Paccmorpum nomgmpocrpanctso P, ,—1(X) mpocrpancrsa P,(X). Ouesuamo, uro P, ,—1(X) OoTKpLTO B
P,(X). BosbmeM mponsBosbHYIO TOUKY € P, ,—1(X), Torma

o= m151 + m262 + ...+ mnén,

T1,T2, ..., Ty, — BIAUMHO PA3JIHUYHBL, T. €. |T1,T2,...,Tn| =n 1 m; > 0, m; < 1. Orciona pu € T (21, T0, ..., Tp) =
= intT(z1,22,...,Ty) — BHYTPeHHOCTb cumiuiekca. Wzsectno, uro T°(xq, s, ..., 2,) TOMeOMOPhHO TPOCTPaH-
crBy R"~!. B xauectse O(u) oroxkaectsasem muoxectBy TO(x1,To, ..., T,), T. €. KaxkKasg TOUKA MPOCTPAHCTBA
Py, n—1(X) mmeer okpecTHOCTB, ToMeoMopdmuyo R" 1. 3nauut, npocrpanctso P, ,—1(X) ects (n—1)-mepnoe
MHOT00Opasne.

Teneps mokazkeM, 94T0 MOAIPOCTPaHcTBO P, 1 (X) romorommyecku wioruo B P, (X). UckoMyio romoromnuio
h(p,t) : Po(X) x [0,1] = P,(X) mocrponm, nomarast h(p,t) = (1 —t)u+t-r(n), tome t € [0,1], p € Pp(X) u
r(p) : P(X) — P(suppp) — OGapuneHTpudeckn OTKpbIToe orobpaxkenue [11]. Ecim ¢ = 0, to h(p,0) = (1 —
—0)p+0-7(p) = p, 7. e h(p,0)=1idp,(x).

Ecmu ¢t € (0,1], To h(p,t) = (1 —t)u+t-r(pw) € Po(X) supph(p,t) cocrouT POBHO U3 nN-Pa3aUdHBIX
Touek, T. €. h(u,t) € Py p_1(X). D10 o3nagaer, 9ro P, ,_1(X) romoronmuecku miaorao B P, (X). Teopema 1
JIOKa3aHa.

Ecmun X — GeckoHeuHbIlT KOMIAKT, TOTJa JJis KOMIAKTa X CyIecTByeT cueTHOe cCOOCTBEHHOE BCIOLY ILIOT-
HOe TOJIMHOKECTBO, T. e. |[Ag| =xo m A = X.

ITycre A uwmeer Bug {1,%2,...,Tn,...} Te. A={x;:i€ N,z; € X}.
st sroboro n € N mosioxKum
Ap={z;:z; € A, i=1,n}.

B sTOM Cirydae mMeeTcs CJIeyIOmas [eNovKa IIOAINPOCTPAHCTB Aj;, /IS KOTOPBIX HMEIOT MEeCTO:
a) A;={rouka};

)}

) A, cocrour m3 n Touek KommakTa X, T.e. |A,|=n;

B) AcAC...CcAC.

r) A, = A, Te A, 3aMKHYTO U KOMIIAKTHO;

'ZL) Un 1 7’ = A

W3 cBoiicTB BCIOAY TJIOTHBIX MOAMHOXKECTB OECKOHEYHBIX KOMITAKTOB W CBOWCTB (byHKTOpa P BEPOSTHOCT-

Hpix Mep Tognpocrpanctso P(A) seiogy mmotno B P(X) u P(A) = P(U.Z, An) = U~ P(4,).

n=1 n=1
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C apyroit croponsr, muOXkectBo P, (A) toxe Berogy mwiotHo B Po(X) u P,(A) = Po(Upe; 4x)
= Upey Pn(Ay). Pacemorpum MHOXKeCTBO

k=1

Ina wopmasbuoro dyukropa P,, kommakta X wu Jioboro memycroro A C X, A # X wu3 3aMKHyTOro
mojgmHO)KecTBa A C X mMeer MecTo pPaBeHCTBO:

Pu(X\A) = Po(X)\Sp, (A). (1.2)
3mecy uwepes Sp, (A) obosnagaem muOKecTBO {1 € P (X) : suppp, (1) [ A # 0}.
ITycte X — OGeckoHeunblii KomMmakT u o € X. Pacemorpum mommuoxectso Sp(xg) = {u € P(X) :

suppp(zo # 0}. Ovesmano, uro Sp(zg) Beomy miorHo B P(X). DT0 MOAMHOXKECTBO siBjsieTcst {5 MHOTO-
obpazuem. CiemoBaTesibHO, B CUly BbILyKaocTu Sp(xg) romeomopduo fo. 3amerum, 9ro Jr0060€ KOMIAKTHOE
HOJIMHOXKECTBO Sp(xg) siBIsiercst Z-MHOXKeCTBOM B Sp(xg) [11].

Jlyist pas3jnuHBIX TOYEK To U 7 Kommakra X nepecedenue Sp(xg) u Sp(ry) Toxke roMeoMOpGHO I'iiib-
6epToBOMY TPOCTPAHCTBY f3. Ecau MBI pacCMOTPHM CUETHOE MOAMHOXKECTBO {Z(, X1, ..., Lp,...} OECKOHETHOTO
KommakTa X, 10 mepecedenne ();—,Sp(x;) ABIsSETCS BCIOLY IJIOTHBIM BBIILYKJIBIM HOAMHOMKECTBOM KOMIIAKTA
P(X). CienoBarenbHo, IOMIPOCTPAHCTBO [ |;o; Sp(z;) Toxke romeomopduo B lo [9].

C apyroit cToOpoHbI, i JO60ro 3aMKHyTOro moamuoxkectsa A C X, orauunoro or X, IOMIPOCTPAHCTBO
Sp(A) romeomopduo fy [11]. Ouesmgno, uro P(A) C Sp(A). Cnenosarensno, P(A) ecth Z-MHOXKECTBO B
Sp(A) u Sp(A)\P(A) romeomopduo fs.

Teopema 2. s ro6oro kommakra X u Jitoboro 3aMkHyToro mnojgmuoxecrsa A C X, orauynoro or X,
noamnpocrpancrso Sp, (A) romoromudecku wiotHo B P, (X).

Zloxazameavcmeo. Ilycts X — npoussosibubiit komnaktr u A C X, A zamkayro B X, A # X.
Bosmoxkubl gBa cirydast:

1. Kommakr X xomeden;
2. Komnakr X OGeckoHedeH.

Pacemorpum otnensio 1. Ecim X koHeuHoe n-snemeHTHOE MHOXKeCTBO, TO P, (X) addunno romeomopdHO
cumintekcy oL

B srom cirygae muOXKecTB Sp, (A) He mycro u Bbinykio. CiieJJoBaTEIBHO, SBIAETCH TOMOTOINYECKH [IOTHO
B Spn (A)

2. Tlycts X Geckonewurno u A # X. Uckomyto romorormio h(pu,t) : P (X) x[0,1] = P,(X) crponM, mosaras
h(p,t) = (1 — t)u + tpo, toe po — dbukcupoanHas Touka MHOXKecTBa P, (X\A). Hanpumep, mepa dupa 4,
B TOUKe To € X\A, t €[0,1].

Ecrm t =0, To h(p,0) = (1 =0)u+0- po = p, 1. e. h(,0) =idp, (x).

Ecmu ¢t € (0,1), To h(p,t) = (1 —t)u +t - go. B sTom ciygae HOCHTEHb Mepbl h(f,t) CONEPKAT TOUKA
SUpp{ U TOYKU Suppi, T. e. supph(u,t) 2 suppulsuppug. Dro osmauaer, aro h(u,t) € Sp, (A).

CanenoBarenbro, MHOXKeCTBO Sp, (A) romoronmueckn miotao B P, (X). Teopema 2 mokazana.

Teopema 3. [lyisi jroboro HeckoHedyHOro KommakTa X U ero 3aMKHYTOIO IIOAMHOXKeCTBa A, OTJIUYHO-
ro or X, nognpocrpancreo P(X)\P(A) romoronuueckn miorHo B P(X).

JokazarenbcTBo. Ilycth X — Geckomeunniit kKommakT u A C X, A=A, A# X. B srom caygae P(X)
romeomopduo ruasbeprosomy Kyby Q = [[io,[—1,1];, . e. P(X)~Q = [];2,[-1,1];, tme [—1,1] orpesok B R.
Uckomyto romorommio h(u,t) : P(X) x [0,1] = P(X) crpomm, monaras

h(p,t) = (L =) + tpo,
e 4 € P(X), po € P(X)\P(A).
Ecm pe P(X) u t =0, o h(p,0) = (1=0)p+0-po = p, 7. e. h(p,0)=idp,(x).
Ecmu t € (0,1], Torma h(p,t) = (1 —t)u +t - po. Hocurenp mepbt h(u,t) comepkur mesmkoMm orpe3ok [0; 1]
u e jexur B MuoxkectBe A. Crnemosarennno, mepa h(p,t)EP(A). Orciona, mepa h(u,t) € P(X)\P(A). 910
ozHavaet, uro nojnpocrpanctBo P(X)\P(A) romorommueckn miotao B P(X). Teopema 3 mokasaHa.
CaenctBue. [Ina moboro kommakTa X u Jrobo#t Touku xg € X BepHO:
a) Sp, (xg) romorommdeckn mwioTao B P, (X);
6) momupocrpancrso P(X)\d,, romorommvecku miaorHo B P(X).

SaKJ/II0UeHue

B szakmrouenune ormerum chOpMySIMpOBAHHBIE U JIOKA3AHHBIE B JAHHON CTATHE TEOPEMbBI O TOMOJIOTTIECKUAX
CBOIICTBaX MHOrOOODPa3Wil — IOAIPOCTPAHCTB I'OMOTOINYECKHU ILUIOTHBIX B HPOCTPAHCTBE BEPOSITHOCTHBIX MeEP
C KOHEYHBIMU HOCHUTEJIIMU Ha KOMIIAKTe.
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1. Jnsa moboro koMmakTa X HomupocTpancTso P, ,—1(X) npocrpaucrsa P, (X) sasisercsa (n— 1)-MepHbIM
MHOroo0pasueM U TOMOTONUYECKH IUIOTHBIM B P, (X).

2. Jnsa moboro xommakTa X © J000ro 3aMKHYTOro moaMuHoxkecrsa A C X, oraumunoro or X, MOAIPO-
crparctBo Sp, (A) romoronmueckn mirotHo B P, (X).

3. Husa soboro H6ecKOHEIHOro KOMIakTa X W ero 3aMKHYTOIO IMOJMHOXKecTBa A, oramaHoro or X, moj-
npocrparcteo P(X)\P(A) romoronuueckn trorHo B P(X).
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ON EUCLIDEAN MANIFOLDS BEING A SUBSPACE OF THE SPACE
OF PROBABILITY MEASURES WITH FINITE SUPPORTS
TO A CERTAIN INFINITE COMPACT SET OF DIMENSION ZERO
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ABSTRACT

In this short communication we prove that the subspace P, ,—1(X) of all probability measures P(X),
whose supports consist of exactly n points is an (n — 1)-dimensional topological manifold. A number of
subspaces of the space of all probability measures having infinite dimension in the sense of dim, which are
manifolds, are identified. We also consider individual subsets of the infinite compact set X, on which the space
of probability measures is homotopy dense in the entire space. Three theorems on the topological properties of
manifolds—subspaces of homotopy dense probability measures in the space of probability measures with finite
supports on a compactum—are formulated and proven, and special cases of finite and infinite compactums
are considered.

Key words: subspace; probability measure; carrier; topological manifold; compact; functor; simplex;
homotopy; homotopically dense subspace; dimension.
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PEKYPPEHTHBIE TO2KJECTBA AJIAd ABYX CIIENIMAJIBHBIX
OYHKIIVN T'UIIEPTEOMETPUYECKOI'O TUIIA

AHHOTAIIIA

B crarpe mnpencraBiieHBI BBIBOJ U JIOKA3aTEJbCTBA TOXK/IECTB THHA ToxkAecTB laycca mma aByx
M3BECTHBIX (YHKIMI rumnepreoMerpudeckoro tumna. Jlyisg BbIBoga u 000CHOBaHUsS (HDOPMYJ UCIOJIb3YIOTCS
npejicraBjeHne (QYHKIUNA B BHUIE Psfia, & TaKXkKe WHTerpajbHOe IIPeCTaB/IEHNe pacCMaTPUBAEMBIX (DYHKIIHIA.
Ucnonpaytorest ompejiesieHrne W CBOMCTBA TamMma- u Oera-QyHKIHi, rumepreoMerpudeckoit dyakmum [aycca,
a TakyKe W3BECTHbIE TOXK/IECTBA i HUX. | wumepreomerpmyeckne (OYHKIUHM IMAPOKO WCIOJIb3YIOTCS IPHU
PeIlleHr Pa3IMJIHbIX TUNOB uddepennnaabublx ypaBHenuit. Hasndne ToK1€CTB, CBA3BIBAIONINX (YHKIINU,
YYaCTBYIOIINX B Pe3yJbTUPYIOMUX (HhOPMysIax pelleHnuil, 3HAYUTEIbHO YIPOIAaeT KaK UTOroBble (DOPMYJIBbI, TaK
U IIPOMEXKYTOUYHBIE BBIUMC/IEHUsS] BO MHOTUMX 3aJla9aX, CBSI3aHHBIX C PEIIeHHEM ypaBHEHWI IMIepOOJIMIecKOro,
JIJIANITAYECKOTO UM CMENIAHHOTO THIIOB.

KuroueBble cJsioBa: crenuajbHble GyHKIUM; ramma-GyHKnsg; Oeta-pyukiusg; dyuknusa [aycca;
TOXKJIECTBO; TUIlepreoMeTpudeckasi (PYHKIMs; (hOpMyJIa; pelleHue.
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DOLI: http://doi.org/10.18287/2541-7525-2023-29-3-37-56.
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WHTEPECOB.

(© Iomknernosa C.B., 2023
Ceemaana Baadumuposna Ilodkiemmnosa — KaHIuAaT (QU3NKO-MAaTeMaTHIeCKUX HAyK, JIOIEHT Kadeaphl
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C.II. Koponesa, 443086, Poccuiickas ®exnepanusi, r. Camapa, Mockosckoe mrocce, 34.

1. IlpenaBapuresibHble CBe/IeHUS

Paccmorpum HekoTOpBIe (DYHKIME U UX CBOHCTBA, KOTOpbIE MOHAIO0ATCS B ITOH CTAThE.
o0

Omnpepnenenne 1. Qynkuus suga [ z% le ®dx, rae a > 0, Ha3LIBaeTCa raMMa-DYHKIHEH OT IapaMeTpa a
0

WM 3iJIepOBBIM MHTErpajioM Broporo poma [1; 4; 7):

I(a)= /x“fle*zdx. (1.1)
0
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B nacrosmeil crarbe Mbl OyeM HCIIOJb30BATH M3BECTHOE CBOMCTBO 3iJIepOBAa HMHTErpajia BTOPOrO poja,
Ha3bIBaeMoOe TePBbIM (DYHKIMOHAJIBHBIM ypaBHeHueM [1; 4; 7]:

F'a+1)=a-T(a). (1.2)

1
Onpenenenne 2. Unrerpan Buzga fx“*1(1 - x)bildx, rae a > 0, b > 0, na3piBaerca bera-byHKIuel nuin

0
5iJIepOBBIM MHTErpajioM mnepeoro poga [1; 4; 7):

1
/:c 2)" " da. (1.3)
0

Huxke mamu OyuyT HCIOJIB30BaHBI cjefyiomue cpoiictBa Gera-byukuuu [1; 4; 7]:

a
B 1,b) = B(a,b). 1.4
(0 +1,0) =~ (a,b) (1.4
B(a,b+1) = %B(a b). (1.5)
a rakxke dopmysa cBs3u Oera- u ramma-gyskimi [1; 4; 7):
['(a)-T'(b)
B = —"——" . 1.
(a,b) T(a+0) ,a>0,b>0 (1.6)

Omnpenenenne 3. Oyuxims

oo
F(a,b;c;z) = Z M - 2", (1.7)
= (), -n!
rae |z| < 1, mapamerpsl a, b U ¢ NPUHAIEKAT TPOCTPAHCTBY JEHCTBATEIBHBIX GUCEJ, TAPAMETD C OTJIMICH
OT HyJIsd W IIEJIBIX OTPUIATEJNBHBIX 9HCEJ, HA3BIBAETCA ruiepreomerpuueckoii dyukumeii Taycca [1; 4; 6].
3nech

(@), =a-(a+1)-..-(a+n—-1) (1.8)
stBsistercst cuMBosioM [Toxrammepa [5] mim y6biBaromuM hakTopuaiom,
nl=1-2-...-n. (1.9)

Huke HamM moHAIO0ATCS ClIeAyIONIe peKyppeHTHbie GopMyabl [aycca, cBs3bIBAIONINE 3HAYEHUS THUIIEPTEO-
Merpuveckoii Gynkimn [aycca ¢ pasamdaHbiMu mapamerpamu [4]:

Layly=1-@2y—a—-B8-1)2F(a,B;7v:2) + (v —a)(y = B) 2F (o, B;7 + 15 2) +
+7(v=1)(z=1) F(a, 87— 1;2) = 0.

2. Qa—y—az+B2)F(a,B;v;i2)+(v—a)Fa—1,8;v;2) +a(z = 1) F(a+1,8;7;2) = 0.
3. 28—y —-PBz+az)Fa,fiv;z) + (v —B) F(a,B—Lyiz)+ B (2= 1) F(a, 8+ 1;79;2) = 0.
4 yF (o, B = Liyi2) —=9F (= 1,857 2) + (o = B) 2F (@, B3y + 1;2) = 0.

5. 9(a=PB)F(a.Biviz) —a(y=B)Fa+ 1L By+L2)+B(y—a)F(a,B+1Ly+12)=0.
6. y(y+1)Fla,B572) —v(v+ 1) F(o, Biv+ 1;2) —afzF (a+ 1,8+ 1;7+ 2;2) = 0.

ToyF (. Bivi2) = (@) Fa, B+ Ly +Liz) —a(l—2) F
8. yF (o, B;7:2) + (B—F(a+ 1,87+ 12) - B(1-2)F
9. y(vy=Bz—a) F (o, B;7:2) =7 (y—a) F(a— 1,87

10. v(y —az = B) F(a, Byvi2) =7 (v = B) F (e, B — ;7

11. vF (o, B57;2) = vF (o, B+ 1;v;2) +az(1—2) F (a+ 1,8+ 1;7v+ 1;2) = 0.

(a+1,8+1;7+1;2)=0.
(a+1,8+1;7v+1;2) =0.
2)+afz(l1—2)F(a+1,8+1;7+1;2)=0.
2)+afz(l—2)F(a+ 1,8+ 1;7+1;2)=0.

12. vF (o, B;7y;2) —vF(a+ 1,8;v;2) + B2(1—2) F (a+ 1,8+ 1;7v+ 1;2) = 0.

3. y[a=(y=08) 2] F (o, B;v;2) —ay (1 —2) F(a+ 1,857 2) + (v — a) (v = B) 2F (o, B;7 + 1;2) = 0.



Becmnux Camapcerozo ynusepcumema. FEcemecmeenmnonaywnas cepus 2023. Tom 29, M 8. C. 87-56
Vestnik of Samara University. Natural Science Series 2023, wvol. 29, no. 3, pp. 37-56 39

W y[B=(v—a)z] F (e, Bi7:2) = By (1= 2) Fa, B+ Liv52) + (v — ) (v = B) 2F (@, B3y + 1;2) = 0.
5. y(y+ 1) F(a,B572) =y(v+ 1) F(a,+Liv+ Li2)+a(y—0)2F (a+ 1,8+ 1,7+ 2;2) = 0.
16. y(y+ 1) F(a,Biviz) —v(y+ D) Fla+ LBy +12) +8(y—a)2F (a+ 1,8+ 1,7 +2;2) = 0.
17, yF (o, B3 2) = (v = B) F (o, B3y + 152) = BF (o, B+ 137 + 1;2) = 0.

18 vF (o, B5752) — (v — @) F (o, B3y + 1;2) —aF (a+ 1,857+ 1;2) = 0.

Onpenenenne 4. OyHKIius

3F5 (a,b,c;d, €; 2) Z W 2", (1.10)

rme |z| < 1, mapamerpsr a, b, ¢, d W e TPUHAIJIEKAT MPOCTPAHCTBY JEHCTBUTENHHBIX THUCEN, TPAIEM Mapa-
MeTpbl d U e OTJIMYHLI OT HyJId M IIeJIbIX OTPHIATENbHLIX 4Hces, HasbiBaeTcss yHkIuel sFh mim dbynkuueit
Kunaysena [4; 6; 10]. 3amerum, aro gyHKImMs 3F5 MUPOKO NPUMEHNMA MPU UCCJIETOBAHUY YDABHEHUI JIBHIKe-
HUsl B IIPAKTUYECKUX 3aja4ax [5].

io: (a)"’+m’(ﬁ) ( /) (6)71 n,,m

I UM GO T

B, 6, v m ¢ upuHajyerKaT TPOCTPAHCTBY JEHCTBUTEILHBIX YHCEN, a HapaMeTpbl ¥ U 0’ OTJUYHBI OT HyJIs
U TIEJIBIX OTPUIATENIbHBIX YHCeJ, HA3bIBAETCs IHIlepreoMeTpudeckoil dyHkimed Ry aByx aprymenTtos [3]:

Onpenenenune 5. OyHKIUs BUIA , e |z| <1, y <1, napamerpst a, f3,

> (a N, (6
R, 8,807, 050y) = 3 Daen Ol (111)
o (V) pgom (07) I
Vkazannas (QpyHKIUS MOABISETCS B Pe3yJbTaTe pellleHns HeKOTOPhIX KpaeBbIX 3ajad.
®Dynknus Ry cesizaHa ¢ runepreoMerprueckoil dbyukimeit Taycca coorHomenneM [3]:
(8)n(0)n _n
Ry (a,8,8,6;7,6"2,y) = ZT Fa+n,B57+n;y). (1.12)
Eciu v > « > 0, 10 cupaBeJjiuBo MHTErpaJjbHOEe Bbipaxkenue [3]:
1
Ry (a,B3,8,6;7,8z,y) = /ta L1 — ) 1 —yt) P F(8,8:0; 2t) dt. (1.13)
(a,y — )
B (a7~ a) 0
Oyuxmuu Kiaysena u Ry csaspiBaer dopmyna [3]:
r Fy—a-p
Ry (0,8,8, 07050, 1) = DO D) (o 5587,y - ), (1.14)

T(y-—a)T(y-5)°

crpaseymBasg npu v — a — 3 > 0.

2. PexkyppenTHble TOXKJAecTBa Ajad pyHKONN R

CyTp pelnenns 3ajadn MOKaXKeM Ha HECKOJIbKUX mpuMmepax. Jlyisi BBIBOJA MEPBOMl YACTH TOXKIECTB I
dyukuun R; 6puia ucnosb3oBana dopmyna (1.12). BospMéM, HapuMmep, MOCJIEIAHIO U3 DEKYyPPEHTHBIX (hop-

My laycca:
cF (a,b;¢;2) — (c—a) F(a,b;e+1;2) —aF (a+ 1,b;¢+ 1;2) = 0.

Y1066l IPUBECTH TUIIEPreOMETPUIECKre (DYHKIINKM, YIACTBYIOIHE B 3TOH (opMmyse, K TOMY BHUIY, KOTOPDIi
dbyuxmus Taycca nmeer B (1.12), o6osHavmM

a=a+nb=Fc=y+n,z=y. (2.1)
Bynem mmern:
(v+n)FlatnBy+my) —(y—a)Flat+nfiy+n+Ly) -
—(a+n)F(a+n+1,85y+n+1y) =0
VMHOXIM 06 JaCTH IIOIYTIeHHOIO DABEHCTBA Ha
L (@,0,0), . )
Y+n (7),0),n!
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u MIpoCcyMMHDYEM IIO v OT HYJIA J10 Oeckoneunoctu. B pe3ysbTare npujaeM K C/eAyronieMy paBeHCTBY:

 (0),(8),(8), /
wa Fla+n,p57+ny)—

n=0

Bocnonb3osasiucs npejcrasierneM (1.7
cyMMbl pana. Ilomydanm:

y" =0.

Nnn

= (@0t B
BRI D e T cE ey i 2

n,m=0

B SR GRS ER I MO NCANC N

nao 2(r+n)(y+n+1),,08),nm! =0
OrmernM, [To, cormacysch ¢ dhopmymnoit (1.8), MOXKHO YyIPOCTHTE:

(@), (a+n), =ala+1)..(a+n—-1)(a+n)(a+n+1)..(a+n+m—1)=(a), . (2.4)

(@), (a+n)(a+n+1), =
=ala+l)..(a+n—-1)(a+n)(a+n+1)(a+n+2)...(a+n+m)= (2.5)

= Ot(01+ 1)n+7n7

My +n)y, =700+ 1) (y+n=1+n)+n+1)..(y+n+m—=1)= ), 1m (2.6)

My (y+n) (y+n+1), =
=y(y+1)..(yv+n-1)(vy+n)(y+n+1)(v+n+2)...(v+n+m)= (2.7)

=7y + 1)y

IMoxcraBuM moJiydeHHble BbIpaXKeHUs B paBeHCTBO (2.3):

( )n+m(5/) n!lm/! Ty ~ o) (’7+1)n+m(6/)nn!m!

n,m=0

=0.

e Oé+1 n+m(6)n(/8/)m(5)n n, m
- Z (y+1),00),nim! vy

an

YMHOKUM 00e 9acTu Ha <y U BocnosbayeMmcst dopmyiaoii (1.11), urobel 3anmcarbh CyMMBI, CTOSIINE B JIEBOH
qacTu TOXKJecTBa, depe3 GyHKmuoo Rp. IlosyunMm pekyppeHTHOE TOXKIECTBO:

P)/Rl (avﬁaﬂ,75;775/;xvy) -
—(v—a)Ri (o, B, 8,67+ 1,02, y) — (2.8)
—OZRl (O[+ 17676/a5;7+ 1,6/;.'17,?]) =0.
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YT106BI IPOBEPHUTD CIIPABEJIABOCTE TOXKAECTBA (2.8), PA3JIOKUM KaXK/IYI0 IMIEPreOMETPUIECKYI0 (DYHKIIIO
B pag no dopmyse (1.11):

e o PO PR S O P () N4 G P

(M npm (8"),mim! (v + 1), (67), 0!

n,m=0 n,m=0

—a i (Oé—I— 1)n+m(6)n(ﬂ,)m(6)nxnym

(3 + 1), (8),nlm =0

n,m=0

Orcrona

(D @D @D (8)(B) ()Y

n,m=0

JleBast yacTb YpaBHEHUA paBHa HYJIIO TOJBKO B TOM CJIy4da€, KOT'Jla PaBHO HYJ/IIO KazKJ/10€ U3 Bpr&)KGHHfL
CTOAIIUX B CKODKax npu JIIOOBIX JAOIIYCTUMBIX 3HaY€HUAX T U M, TO €CTb
(a)ner Oé(Oz + 1)n+m =0

O T TG,

’Y(a)ner
(Mt

Pacrmmmenm Bce cumposibl IToxrammepa B Jiesoil uactu no dopmyie (1.8):

vya(a+1)(a+2)..(a+n+m—1)
YA+ (y+2)..(y+n+m—1)

(—a) ala+1)(a+2)..(a+n+m—1) B
Y+ (y+2).(y+n+m—1)(y+n+m)

af(a+l)(a+2)..(a+tnt+m—1)(a+n+m)
(v+D(r+2) .. (ytn+tm—1)(y+n+m)

B mepBom ciraraemom cokpartum OO MHOXKHTEIh 7y B YHCJWTEE W 3HAMEHATEJe, 3aTeM BBIHECEM 3a
CKOOKY OOIIre MHOXKUTEJIU B JIEBOM CyMMe:

a(a+1)(a+2)...(a+n+m—l)( o a—i—n—i—m):
Y+1)(v+2)..(y+n+m—1) (Y+n+m) (v+n+m)

OquI/I,ELHO, JJIgd TOT'O 9ITOOBI IMOJTy9Y€HHOE TO2KIEeCTBO OBLIIO CIIpaBeIJINBO, HeO6XOJII/IMO, 9TOOBI BbIpazKeHue

=0.

B CKOOKax ObLIO TOXK/IECTBEHHbIM HYJIEM. Yrobbl 3TO IIPOBEPUTDL, IIPpUBEJIEM €ro K 06meMy 3HaMeHaTeJJI0 "
yapocTum HOJIy‘{eHHbe/'I YUCJIUTEJIb:

Yyt+tn+m—-y+a—a—n—m
(y+n+m)

=0.

Kak Buamm, mpu Jr06BIX JIOMyCTHMBIX 3HAYEHUSX 7, M U - (HAIIOMHHM, 9TO II0 ONDEJNENEHUI0 (hyHK-
. R mapamerp 7 OTJIMYEH OT HyJisl U IeJbIX OTPHIATENbHBIX UHCEN) IOCJeHee DABEHCTBO, & 3HAYUT U
ToxectBo (1.8), BepHo.

BriBosm 3TOrO TOXKIIECTBA MHOCTATOYHO IIPOCT, HMOCKOJBKY MHOXKHTEIN npu GyHKnuax laycca B MCIOIB30-
BaHHOM DEKYPPEHTHOM TOXKJIECTBE HE COJepzKaT He3aBuCuUMOil nepemennoii. Ilonpobyem Teneps npomssecTu
Te XKe JefiCTBUs, HAIIPUMEp, C YEeTBIPHAJIATHIM TOXKJIECTBOM. TaK »Ke, KaK W PAHbBINE, BOCIOJIb3yeMcs 000-
suadenugmu (2.1), ymooxkum o6e 4gacTu TOXKIeCTBA Ha (2.2) M IPOCYMMHUpPYeM OT HyJsd J0 OECKOHEYHOCTH,
3aTeM mpeacTtaBuM GyHKIun Laycca B Buje psimoB. B pesyabraTe BeeX THUX MEHCTBUI TPUAEM K CJIETYIOMIEMY
PaBEHCTBY:

= (@04 1) () Oy
(D 1), (8,1

_ﬁ/ (1 - y) Z (a)"(()(iy_;n?,)ym—fﬁrz)nrii;/—):;)'mw)” mnym+ (2.9)

n,m=0

o M, (Y1) (y+n+1),(5),n!

n,m=
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Ilepeble aBE CyMMBI JIETKO Hpeobpasytorcst ¢ momornsio Gopmyn (1.8) u (1.11). Paccmorpum oTmesnbHO
nocieaaee caaraemoe u3 (2.5). O6osHaumMm ero uepes S 1M pa3oObeM Ha JiBe YACTH CJIEJYIONMM OOPA30OM:

M(y+n—-p)y =

S (@B, 3),0),
S=0-0) 2 0wt 1) ()

) e (@)@t ), (9),(3),,0),
=m0 2 G ROt 1,0,

n,m=0

= (@), (a+n) (8),(6),,0),n . .
+Or-a)y 3 M), (y+n) (y+n+1),, (60, ntml " Y

n,m=0

ITpumennm bopmyisr (1.4) u (1.7), Bo BTOpoii cymMMe pachuiieM CyMMHPOBaHHE IO N:

vy =8y it B (B (8) 1 1
°7 ; v++1>n+m<6f>nn!m!x o
0 =)y § By <0+ ()11 ()1 (6),

vy — m! (v + 1)1,

( >2+m( ) ( ) 2 2 (a)n—km(ﬂ)n(d)nn JCn
B D T G )

B mepBoM ciaraemom 3aMeHMM CyMMy Ha COOTBETCTBYIOIIee 3HadeHume (yHKInu R no dbopmyme (1.11),
BO BTOPOM CJIAaTa€MOM BBIHECEM 38 CKOOKY, CTOSIIYIO ITOJ[ 3HAKOM CYMMBbI, MHOXKHUTEIh 3D &> & 3aTeM Tpo-
U3BEJIEM €ro YIIPOIIEHHe:

+

T+

+

s

5= OOy (0,857 + 1, 80) +
a3 — (a+1),, (/3/)m m (a+m+1),(8+1),(6 +1),
+(7_a)y7(7+1)6'$mzzo (v +2),,m! (1+ (y+m+2),(8+1),1! Tt
(atm+ 1, B+ D, 10+ D0y (a+m+1),B+ 1,0+, o, ) B
(Y +m+2), (8 +1),  (n—1)! (Y +m+2),(6 +1),n! )
- G0t =) O‘)y - B/)le (a,8.8/,0:7 + 1,852, ) +

afd (v — ) i(aﬂ ) mz (a+m+ 1,8+ 1,0+, 5 _

7(7+1)5’xym20 (v+2),,m! = (y+tm+2),(0'+1),n!

:Wle (a?676/56;7+176/;x’y)+
( zy ZO 7Jrz)nm((sur1)nn!m! vy
:Wle (a)ﬁ7ﬁ/,(5;’y—|—l7(5l;l‘,y)+

afi(y—a)

Yy +1)0 2yRy (a+ 1,8+ 1,8,0 + ;v +2,8 + L;2,y) .

IMoxcraBus mosydeHHoe Bblpaxkenwe B dopmyiry (2.9), ymHO)KMM 06e wactu Ha (y+ 1)0" w npumem K
PEKYPPEHTHOMY TOXK/]IECTBY:

7(74_ 1) o' [ﬁ/ - (’Y_a)y] Rl (@,6,6/,6;7,6/;$,y) -
_76/5/ ('7‘1’ 1) (1 - y) Rl <a76aﬁ/ + 1,6,7,5/,$,y) +

+(’Y —O() (’y_ﬁ/) ('Y"' 1) (S/le (0575,5/76,’}/4- 176/7'T7y)+

(2.10)

+afd(y—a)zyRy (a+ 1,8+ 1,8, +1;v+ 2,8 + 1;z,y) = 0.
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IIpuBeém M0Ka3aTEIHLCTBO IMOJYIEHHOTO TOXKJecTBa. J[jish 9TOro Tak »Ke, KaK W B NPEIBIIYIIEM CIydae,
ucnon3ysa opmyny (1.11), upemcraBum Bce ydacTByiomme B ToxkjaecTBe GyHkimu Ry B (opMe GECKOHETHBIX

TUIEePreOMeTPUYECKUX PAJIO0B:

oo a / 6
Yy+ 1) B = (v—a)y] Z ( iz;“:(ﬁzg/()ﬂiﬁi' )nxnym_

n,m=0

. (x ! 5
BT (r+1)(1—y) Y ( )"{;”;(B)"gfn&”?( )nm"ym+
n+m no U

n,m=0

t(y—a)(y=8)(v+1)¢ (y+1) (6"), nlm!
n+m n'v N

n,m=0
tafs(y—a)zy 3 (y ++2>n+m(5’ 0, atmt vV =0

n,m=0

Sanumem BbIpazKe€HHe, CTodIinee CJieBa TakK, 4TO0BLI OBLIO IIOHATHO, B KaKHX CTECIEeHAX HaXOJATCA HE3aBHU-

CUMbI€ TIEpEMEHHbIE T W Y:

> (« N, (8
v o

n,m=0

) S @Dy
D) ) e @atmt Y

L — (@), (8), (B +1),,(6), . .

86 (7+1)n%:=0 (+)n+m(5,) oty

+,y/6)/6l (’Y + 1) Z (a>n(+’:; (i)n((g)'i_n%:nn: (5>nxnym+1

n,m=0
/ / - (a)n m(ﬂ)n(ﬂl)m((;)n n, m+1
N AL i rre v e
— (@D, B+ D, (8)n 0410 oy
+apd (v — a) Z (v ++2)n+m(5/ + 1)nn!m! €z +1y =o.

n,m=0

+

_|_

Bo BTOpOM, 4eTBEPTOM M TATOM CJIATAEMBIX TOJOXKUM k = m-+1, B mecrom ciaaraemom k =m+1, [ = n+1:

= (a)n-i-m(/B)n(B/)m(d)n xnym_

vy(y+1)p80 n%;o (7)n+m(6/)nn!m!
/ c- Jntk—1(8)n(8)-1(0)y
AR Z ORI
k;:

> (« ! 5
*7615/ (7+ 1) Z ( )n-(&-’;w)(ﬂ)n((?/)"‘n}:];( )nxnmer
n+m n U

n,m=0

- (a)n+k71(6)n(ﬁ/+1)1971(6)71 n, k

/6/ 1
AR D & st Wi
k=1

nph—1(8)n (B -1(9),,
iy —a)(y=F)(r+1)0 Z 7+1§k+k (5)75(/{_1)!
n=0 n 1 n

k=1
(1) o (B+1), (81 (6 + 1)lflxlyk —o.

OB D @ 1 - UG- )

xnyk+
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TTostozxum Telrepb [ = n, k=mmn nepenunieM CyMMbI Tak, 9TOOBI 1 n, 1 M B CHMBOJIE CyMMHUDPOBaHUA
Ha4YMHaJIUCh C €JUHMIILI:

5 (5 @DaBnn 0 5 DB, 5 @i (BB O )
v (y+1) B8 (;% W@t 2 ), mt +n%;1 D @) yutml 7Y )
) oy (32 My 5 s s
T DG ><mZ_ N T LA SHy 7 W W ey e )
Y = (a)n(ﬂ)n(d)n n = (a)m(6,+1)m m = (a)n m( )n< ) (6)71 n, m
9 10 (5 GG 3 e, *? ?>n+m<a'> i )+

5 e £ )
. n+m—

om0 (35 Do Z s Do s )+
=1 ’7+1 m— 1( _1 ’7+1)n+m 1(6l)n ( _1>

) i (a + 1)n+’m—2(ﬂ + l)n—l(ﬂ )m—1(5 + 1)n—1 xnym

(Y +2)pgm—a(d + 1), 4 (n =1 (m —1)!

CprHHpreM COOTBETCTBYIOIIIME CYMMbI U BBbIHECEM 3a CKO6KI/I O6H_LI/Ie MHOZKUTEJIN:

(Y (y+ 1) B =488 (y+1)) ) ()0 POy oy

20, )l
Mym B(a+m—-1)B +m—-1)—(y—a)(y+m—1)m—

n,m=1

=0.

n,m=1

+8'y (v + 1)

m=1 (,Y)mm!
—(atm-1) (@B +m-1) @ +m)+ (B +m-1)(v+m-1)m+(y—a)(y- 8+
+78 (v +1) Z (@ntm-1(8)0 (81O 2y B (a+n+m—-1)(B +m—1) —

n,m=1 (’Y)n+m(5’)nn'm'

~(y=a) (b ntm= m = (@t ntm 1) (§ +m = 1) (8 +m) +
+(B+m-1)(y+n+m-—1)m+ (y—a)(y—B)m+(y—a)nm] =0.
YupocTuB BbIpayKeHUsl B CKOOKaX, MOJYYUM TOYKJECTBEHHBIN HYJIb IPHU BBIIOJHEHUN 33JIAHHBIX HA Ta-
paMeTpel ycjaoBuii, a uMmMeHHo Toro, uro «, (3, ', §, v u §' upuHame:KaT NIPOCTPAHCTBY JeHCTBUTEILHBIX

quces, a MapaMerpbl y U 0’ OTJIMYHBI OT HyJsl U IIEJbIX OTPUIATEIBHBIX 4Hcesl. Takum 0OpasoM, BBITIOJIHE-
Hue Toxkzaecrtsa (2.10) mokaszano.

[TomobubiM 0Opa3oM nM3 BOCEMHAIIATH TOKAECTB ['aycca moaydaeM Cjeyromne BOCEMHAIIATD PEKYPPEHT-
Heix Gopmys g GyHKIME Rp, CIpaBelIuBBIX s JeHCTBUTEIBHBIX mapamerpos «, 3, 8', 6, v, &' um or-
JIMYHBIX OT HyJs M HEJbIX OTPUIATEJbHLIX YHUCJIax Yy u O, B nepsoil dopmyne v # 1:

LAd(v+)[y—1-2y—a—-p -1yl Ri(a,B,5,87,6 5 2,y) +
+afd(v+1)z(l—y) Ry (a+1,8+1,8,6+ 1,7+ 1,0+ 1;2,y) +
+0' (y+1) (v =) (v = B) yRu (o, B, B/, 057 + 1,0"; 2, y) +
+afd(y—a)zyRy (a+ 1,8+ 1,8, + 1,7+ 2,8 + L;z,y) +
+78' (v* = 1) (y = 1) Ry (a, B, 8,657 — 1,8'; 2,) = 0.

2. 96" 2a —y = (a =Byl R (o, 8,8, 657,62, y) +
+aféx(l1—y) Ry (a+1,8+1,8,6+1;v+ 1,8 + 1;2,y) +
+70" (v —a) Ry (a— 1, 8,8, 0;7,0"s 2, y) +
+86 (v —a)zRy (o, B+ 1,8, + ;v + 1,0 + 1;2,9) —

—ayd (1 —y) Ry (a+1,8,8,8;7,0";2,y) = 0.

3. 96" 28" — v+ (a =Byl R (o, B, 8,857,652, y) —
—afdr(1—y)Ri(a+1,8+1,8,6+1;v+ 1,8 +1;2,9) +
+70" (v = B') Ri (o, B,8" — 1,67, 6"s2,y) +
+aféxRy (a+1,8+1,8 - 1,6+ L;v+ 1,8 + 1;2,y) —

—B'70" (1 —y) Ry (o, B, 8" + 1,857, 0"; 2, y) = 0.
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4 y(y+1)0Ri(a, 8,8 —1,8;7,0"2,y) —
Y (y+ 1) Ry (a—1,8,5,8;7,0"2,y) —
—B6(y+ 1D aRy (a,B+1,8,0+1;v+ 1,8 + L;2,y) +
+(a=8") (v +1)d'yR1 (o, B, 8,6;7 + 1,82, y) +
+afBdryRy (a+ 1,8+ 1,8 ,6+1;v+2,0' + 1;z,y) = 0.

5 y(y+1)(a—=p)0Ri(a,3,6,06;7,82,y) +
+aBs(y+ 1) zR (a+1,8+1,8,6+1;7+ 1,0 +1;2,9) —
—a(y+1)(y=B)0Ri(a+1,8,8,07+1,052,y) —
—afd(a+1)zR (a+2,8+1,8,6+1;7+2,8 +1;2,y) +
+68'8 (v+1)(y—a)Ry (o, 3,8 +1,6;7v+ 1,8 ;2,y) = 0.

6. v(v+1)6"Ri (e, 3, 8,67, 0" 2, y) —
—y(y+1) 'Ry (o, 8,8, 6,7+ 1,8 2,y) —
—afdrRy (a+ 1,8+ 1,8,0 +1;v+ 2,8 + 1;2,y) —
—af'0d'yRy (a+ 1,8,8 + 1,87+ 2,0;2,y) =0.

7. VRI (a,,@,ﬂ/,ts;’y,(y;x,y) -
_(7_a)R1 (aaﬂaﬁ/+176;7+176l;xvy)_
70‘(17y)R1 (a+1,5,ﬂ’+1,6;7+1,5’;x,y) =0.

8 y(y+1)Ry (o, B,0,8;7,0"s2,y) +
+B85(y+ D) zR (a+ 1,8+ 1,8,8 + v+ 1,8 + 1;2,y) —
—(y+ D) (y=B) Ry (a+ 1,8, 057+ 1,0 ;2,y) —
—Bé(a+1) xRy (a+2,8+1,8,0 +1;7v+ 2,8 +1;2,y) —
B8 (v+ 1) (1 —y)Ri(a+1,8,8 +1,0;v+1,0;2,y) = 0.

9. 7' (v —a—=py) R (, 3, 8,67, 0" 2, y) —
—76" (v — @) Ry (a = 1,8, 8',8;7,8"; 2,y) —
B3 (y—a)zRy (o, B+ 1,8,6 + 1;v+ 1,8 + L;2,y) +
+af'd'y(1—y) Ry (a+1,8,8 +1,0;v+1,8;2,y) = 0.

10. 0" (v = B' — ay) Ry (o, B, B/, 657, 6 w,y) —
—afdxyRy (a+ 1,64+ 1,8,6+L;v+ 1,0 + 1;2,y) —
—76" (v = B") Ri (o, B,8" = 1,657, 6" 2,y) —
—afdrR (a+ 1,64+ 1,8 - 1,0+ ;v + 1,8 + L;z,y) +
+B8'v0"'y (1 —y) R (o, B, 8" + 1,857, ";2,y) = 0.

11. F)/Rl (a,,@,ﬂ’,&’y,é';x,y) -
—YRi (o, 8,8"+1,8;7,82,y) +
+ayR1 (a+ 17575/ + 176a’7+ 1,5’;x,y) = O

12. 'Ry (o, B, B, 657,85 2,y) +
+B0xRy (a+ 1,8+ 1,8 ,0+1;v+ 1,0 + L;z,y) —
—y0'Ry (a+1,8,8,8;7,6" 2, y) +
+8'8yRy (a+1,8,8 +1,0;v+ 1,8 ;2,y) = 0.

13. 40" (y+ 1) = (v = By Ru (o, B, 8,637, 0" 2, y) +
+afd(v+1)a(l—y) Ri(a+1,84+1,8,0+L;v+ 1,0+ 1;2,y) —
—ayd (v+ 1) (1 —y)Ry («+1,8,0,6;7,0;z,y) +
+0' (y+1) (v =) (v = B) yRa (o, B, B, 837 + 1,8";2,y) +
+afd (y—a)zyRy (a+ 1,84+ 1,8 + 1,0+ 1;7v+ 2,8 + 1;2,y) =0.

4. 40" (y+ 1) [ = (v — o)yl R (o, B, 8, 057,02, y) —
=B (v+1) (1 —y) Ry (o, B, 8" +1,0;7,0";7,y) +
+6' (v+1) (v —a)(y = B)yRi(a, 8, 8,87 + 1,82, y) +
+aBd (y—a)zyRy (a+ 1,64+ 1,8,0 +1;v+ 2,8 + 1;2,y) = 0.
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15. 46" (v+1) (v +2) Ri (o, 3,8, 657,652, y) —
—0" (Y +1) (Y +2) Ry (o, B, 8+ 1,6;7 + 1,82, y) —
—aB6(y+2)z-Ri(a+ 1,8+ 1,8 + 1,0+ 1;7+2,8 +1;2,y) +
+ad (v+2)(y-B)y - Ri(a+ 1,8, +1,0;v+2,0;2,y) +
+a(a+1)B0zy - R (a+2,8+1,8 +1,6+1;7v+ 3,0 + 1;2,y) = 0.

16. 70" (v +1) Ry (o, B, ', 057,02, y) +
+B85(y+ 1) xRy (a+ 1,8+ 1,86 + ;v + 1,8 + 1;2,y) —
0 (v+ 1) Ri(a+1,8,8,6;7+1,0;2,y) -
—B6(a+1)zR (a+2,8+1,8,8+ ;7 +2,8 + 1;2,y) +
+8'6" (v —a)yRy (a+ 1,8, + 1,0;7 + 2,8 2,y) = 0.

17. ’751 (/7—’_ 1) Rl (aaﬁaﬂ/a(s;’wal;xay) -
—0 (’}/+1) (’y_ﬁ,)Rl (a,ﬁ,ﬁﬂé;v—i—lj';x,y) -
—afdzRy (a+ 1,4+ 1,8,0 +1;v+ 2,8 + 1;2,y) —
—B'¢" (v+1) R (e, B, '+ 1,057 + 1,6 2,y) = 0.

18. 'le (a,,@,ﬁ’,(s;'y,d';cc,y) - (FY - Oé) Rl (05757B/75;7+ 176,;I,y) -
—al (a+1,8,8,6v+1,02,y) =0.

st BBIBOZIA BTOPOI YacTu TOXKJECTB Jyid (pyakuuu R; ucnonabzyem dopmymy (1.13). s upumepa Boc-
MOJIb3yeMCsI TIEPBBIM U3 PEKYyPPEHTHBIX TOXKIeCTB laycca:

cle=1=(2c—a—b—1)z]F(a,b;c;z) + (c —a)(c—b) zF (a,b;c+ 1;2) +
+c(c—1)(z—1)F (a,b;c—1;2) = 0.

s mapaMeTpoB W HEPEeMEHHOH BBeAEM ceyiomme obosHadenus: a = 3, b =0, ¢ = &', z = xt. 3arem
YMHOXKHUM 00€ YacTh TOXKJIECTBA Ha

1 ’
— A=) =yt P
Bl a0

¥ TIPOWHTETPUPYEM IO TIEPEMEHHO ¢ OT HyJsis 0 eIWHUIBl. B pe3ysabrare MpUieM K CJeAYIONEMY PaBEHCTBY:

Oz’yfoz

1
/ta Y=t 1 —yt) 6~ 1 (20— B — 6~ 1) at] F (8,6;0'; at) dt+
0

1

(5 / 1 7 a—1 -p’ /

[ 1—uyt tF 0;0 + 1;xt)dt

S AE9, (1) 7't (8,80 + 1y0t) di
0

1
136@-(57_—134)0/ L= L= yt) ™ (at = 1) F(8,8:8' = Liat)dt = 0.

IIpeobpasyem BbIparkeHusi, CTOAIINE O], 3HAKOM HHTEIrPaJia TakK, YTOOBI [I0Jl NHTErPAJIOM HAXO/UINCH TOJIb-
KO mpou3Bejsienue creneneit t, 1 —¢, 1 —yt u runepreomerpudeckas dbynknus [aycca:

% ft“ L1 =) 1 — yt) P F (B, 6,0; t) di—

§(26'—p—o6-1) L o _g
_(B(T—a))zgt (1=t A —yt) 7 F (8,60 at) di+

! ! 1 ’
OO o=y 1= yt) 7 F (8,6:0' + Liat) di+ (2.11)
0

i [ =) T =yt F (8,60 — 15 at)di—
’ 0

7];5(57‘1& [ — 1) 1= yt) 7 F(8,6;6 — 1;at)dt = 0.

O6ozuaunM ciaraembie B JjeBoii yactu Iy, Is, I3, I4 m I5 COOTBETCTBEHHO U BBIYMCJIUM MX OTAeIbHO. K mep-
BoMmy ciaraemomy [ daktuiaeckn npocto npumennM Gopmyrty (1.13). Bo BTopoMm ciaraeMoM Ioj HHTErPaJIoM
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B II0Ka3aTejie CTeNeHu ¢ crouT «, a He a — 1. IlosTomy, uTobsl mpuBectn ero K dopmyre (1.13), Tpebyrorcs
HEKOTOpbIe TpecbpaszoBanus. st ympornerus Geta-QyHKIUIO PACIAeM Yepe3 ramMmma-(QyHKIn 1o (hopMysie
(1.6) u npeobGpasyeM IOALIHTErPAIBHOE BLIPAYKEHUE:

1

_ 6§ (@2-B-46-1) a —a—1 -p' 5. _
b=~ /t (1= t)" "Y1 = yt) % F (8,66 xt) dt —
0
1
52— B—5—1)p. — LV (at1)=1(1 _ p(+D=(a+D)=1(q _ = 5
=612 -B-6—-1)x F(a)r(y—a)/t U=l - (1 —yt)™" F(B,0;8; xt)dt
0

ITpeo6pazoBannss raMMa~-QYHKIMH OCYIIeCTBUM npu momonm ¢dopmyist (1.2), mocie gero cHOBa CKOHCTPY-
upyeM u3 nux Gera-pyuknuio mo ¢opmyse (1.6):
I'(y) _ a-(v-I'(v))
F@T'(vy—a) v (e T(@)T(y—a)

B a-T'(y+1) _a 1
A T+ DI ((v+ D) —(a+1) 7 Bla+LG+)—(a+1)

Tenepp MOxKeM HOpUMEHUTH K uHTerpasiy Is dopmyay (1.13):

1
! l — !
[ G 5 01 x/t“ (L= = yt) 7 F (8,06 at) dt =
0

B (a,
X 1
_ o sios a5 & (at1)—1( (D =(a+) =11 _ =B -8 =
@ =880 ey ey ¢ - e
0
/2/_ _ —_
_ o f 2D iRy (a+ 16,867 + 1,85 2,)-
Amnajiornaso 5 5 —5
.[3:0(( _5’3( — )le(a+17ﬁ7/3/7577+1’5/+1’x’y)
! /!
-1
L= R0t 18,85y 18— Liay).
Y

15 - _6/ (5/ - 1) Rl (aaﬁvﬁla(s;’%(s/ - 1ax7y) .
IMoxcrasum 3uadvenus unrerpasnos Ii, Io, Is, Iy u I5 B pasencrso (2.11):

5/ ((S/— 1) Rl (a,@ﬁ',d;'y,é/;x,y)—
& (28 =B —-0—1
_ad' (28"~ 5 J Ry (a+1,8, 8.6y + 1,05 2,) +

v
! r_
£20 ﬁv)(é DRy o+ 18,867+ 1,8 + Lia,y) +
!/ !/
-1
+ 0D o Ry (a4 LB, 8 6y + L8 — L) -

_5/ (6/ - 1) Rl (O[7B7Bl76;r)/75/ - 17I,y) = 07
YMHOXKHNM 066 JaCTU Ha 7y WU IMOJYyYUM HOBOE TO2KIECTBO:
75/ (61 - ]-) Rl (a»ﬁvﬁ/a 5;’77 (5/;.’E, y) -
—a5/(26/—6—(5—1)$R1 (a+17ﬂ76/75;7+176/;x3y)+
+a(d —B) (8 =) zRy (a+1,8,8,0;v+ 1,8 + 1;z,y) + (2.12)
+ad' (0 =)z Ry (a+1,8,0,6;v+ 1,0 — L;z,y) —

775/ (6/ - ]‘) Rl (a7ﬂvﬂ/75;73 8 — 17Iay> =0.

JlokazaTe bCTBO CHpaBeInBOCTU ToXKaecTBa (2.12) 1momobHo TeM, uTo maHbl g Toxkaects (2.8) u (2.10),
[O3TOMY HPHUBOJMTL €ro 31ech He OylaeM. AHAJOIMYHO IPeABIAYINEMY BLIBOIMM OCTABIIAECS CEMHAIIATH TOXK-
JIecTB. BhImuimem mosryueHHBIE TOXKAECTBA (HAYMHAS C JIEBATHAIIATOTO HOMEPA), KOTOPBIE MMEIOT MECTO IMPH
a, B, B, 6, v, & W OTIMYNBIX OT HyJId M UEJLIX OTPUIATENLHBIX 4HCIaX Y U ¢, B 1epBoit dopmyne 6 # 1:
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19. 46" (6" = 1) Ry (o, B, 8,057,652, y) —
—ad' (20 = B—0—1) xR (a+1,8,58,0;v+ 1,0 ;2,y) +
+a (8 =8) (0 =8 xR (a+1,8,0,6;v+ 1,8 + L;2,y) +
+ad’ (8 — xRy (a+1,8,8,6v+ 1,8 — L;z,y) —
76" (6" = 1) Ri (o, B, 8,637, 0" — Lz,y) = 0,

20. (28 =4") Ry (o, B, ', 857,0"s 3, y) —
—a(B—8)aR (a+1,8,8,8v+1,8;2,y) +
+y (6" = B) Ri(a, = 1,8, 65,6 z,y) +
+afrRy (a+1,8+1,8,6;v+ 1,8 2,y) —
—ByR1 (a, B+ 1,5',8;7,6" 2,y) = 0.

21 v (26 = &) Ra (o, B, 8", 05,65, y) —
—a(B—0)xRy (a+1,58,8,8;v+1,82,y) +
+y (6" = 0) Ry (o, B, 8,6 — 15, 8"; 2, y) +
+adzRy (a+1,8,8,0 + ;v + 1,8 2,y) —
—0vRy (o, 8,8",6 + 1;7,0";2,y) = 0.

22. v6' Ry (Ol,ﬁ,ﬁlyé - 1;7751;xay) -
_76/R1 (aaﬂ - 176176;776/;1:7?4) +
+O‘(ﬂ75)le (a+13/835/36a’y+135/+1,937y) =0.

23. 5/ (ﬁ - 6) Rl (a767ﬂ/75;735/;$7y) -
_ﬁ((s/ _6)R1 (avﬁ+176/a677a5/+17$7y)+
+5(5/ 7ﬂ)Rl (avﬂaﬂ/75+1;776/+1;$7y) =0.

24. 76/ (6/ + 1) Rl (a7ﬂa Bla 57’77(5/,3%9) -
—70" (6" + 1) Ry (e, B, 8,057, 0" + 1;2,9) —
—afdxRy (a+1,6+1,8,0 +1;7+1,0' + 1;2,y) = 0.

25. 70" Ry (o, B, B, 05, 0" 2, y) —
=y (0" = B) Bi (e, B, 8,0 + 137, 0" + Lz, y) —
—vBRy (a, B+ 1,8, + 1;7,8 + 1L;2,y) +
+afzRy (a+ 1,6+ 1,8,0 4+ 1;v+ 1,8 + 1;2,y) = 0.

26. v6'Ry (o, B, 8,657,685 2,9) +
+v(6 =) Ry (o, B+ 1,6,0;7,8 + 1;2,y) —
—vO0Ry (e, B+ 1,8',0 + 1;7,0 + Lz, y) +
+adzRy (a+ 1,8+ 1,0,6+1;9v+ 1,0 + 1;2,y) = 0.

27. &'y (v+1) (6" = B) Ru (e, B, B, 657, 6"5 2, ) —
—a(y+1)§0xRy (a+1,8,6,0;v+1,8;2,y) —
=0y (y+1) (8" = B) Ri (o, B — 1, 8,857, 0";m,y) +
+a(y+1)BéxRy (a+1,8+1,8,6+ ;7 + 1,0 + 1;z,y) —
—a(a+1)B0x?Ry (a+2,8+1,8,0 +1;7+2,8 +1;2,y) =0.

28. 4" (v +1) (0" = 0) Ry (o, B, 8,057, 0s ,y) —
—afd (y+ 1) zRy (a+1,8,8,6v+1,0;2,y) —
—y6" (v +1) (8" = 0) Ry (o, B, 8,0 — 1;7,8"; 2,y) +
+afBd(y+1)zR (a+ 1,8+ 1,68, + ;v + 1,8 + 1;2,y) —
—afBé(a+1)2?Ry (a+2,8+1,8,0 +1;7v+2,8 +1;2,y) =0.
29. ¥0'Ry (o, B, ', 0;7, 0" 2, y) —
—76'Ry (o, B, B',6 + 157,852, y) +
+afzRy (a+1,8+1,8,6+ 1,7+ 1,8 + 1;2,y) =0.
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30.

31.

32.

33.

34.

35.

36.

’y(isl <a757ﬁ/76;fy:6,;$7y) -
_75/R1 (a?IB + 17B/75;7a 6/7‘T7y) +
+adzRy (a+ 1,8+ 1,0,6+1;v+ 1,8 + 1;2,y) = 0.

B8Ry (a, B, 8,837, 0"; 2, y) —

—ad' (' =) xRy (a+1,8,8,0;v+ 1,0 2,y) —

—vB8'Ry (o, B+ 1,8, 857,052, y) +

+afBdzR (a+1,8+1,8,6v+1,0;x,y) +

+a (' =B8)(0" =) xRy («+1,8,0,6v+ 1,0 + L;z,y) = 0.

Y66'Ry (v, B, 8,637,052, y) —

—ad’ (8" = B) xRy (a+1,8,8", 6,7+ 1,0 2,y) —

—v88' Ry (o, 8, 8,6 + 1;7,0";z,y) +

+add’ xRy (a+1,8,8,6+ ;v + 1,0 2,y) +

+a(d = B)( =8 zR (a+1,8,8,6v+ 1,8 +1;z,y) =0.

75, (5/+ 1) Rl (O‘aﬁaﬂlafs;f}/aé,;xay) -
—70" (0" + 1) Ry (a, B, 8,6 + 1574, 0" + 12, y) +
+aB (8 =6 xRy (a+1,8+ 1,58, +1;7v+ 1,8 +2;x,y) = 0.

75, (5/+ 1) Rl (O‘aﬁaﬂlafs;f}/aé,;xay) -
—y0' (6" + 1) Ry (a, B+ 1,5',6;7,0" + L2, 9) +
+ad (' —B)xzRy (a+1,8+1,8,0 +1;7v+ 1,8 +2;x,y) = 0.

6/R1 (aaﬂaﬁla(s;f}/aél;xvy) -
- (61 - 6) Rl (0676,6/,(5;’776/ + 17‘T7y) -
_5R1 (O[7B7B/75+ 15776/ + l,ﬂl‘,y) = O

6/R1 (aa/}a 5,7 5;775/;x7y) -

_(61 _B)Rl (a757ﬁ/76;776/ + 17*%"1/) -
_/BRl (aaﬂ + 175/7&%5/ + 17xay) =0.

49

Takum obpazom, Hamu 1osaydeHbl 36 peKyppeHTHBIX dopmyn juid dyHKImH R;. B kKaxoit U3 HuUX npu-
CyTCTBYIOT OT 3 70 5 ciaraembix. OTmMeTnM, 9TO B HMPAKTUYECKHUX IeJIsIX yI00HEee IPUMEHSITh TOXKJIECTBA,
cocrosiinue W3 TPEX WM YETHIPEX CJIaraeMbIX, OCKOJIBKY dallle BCEro MpeoOpa30BbIBAIOT WMEHHO JIBE WJIN
Tpu (DYHKIUU ¢ PA3HBIMU MapaMeTpaMu B OJIHY.

3.

PekyppenTHbie TOXKecTBa i dyHknuu Kiaysena

s BeiBOmA ToxKmecTB Jyis dbyuximuun Kiaysena BocrnosbdyeMcs coorHomenueM (1.14) u temu 36 dopmy-
JlaMH, KOTODble OBbLIIM BBIBEJIEHBI B IIpeJbLLyIIeM pazjese st dyukiun R;. Bo3pbMméM, Hanpumep, mepsoe n3

HUX:

VW + D[y —1-2y—a—=8 -1yl Ri(a,B,5,0;7,2,y) +
+afd(y+1)x(l—y)Ri(a+1,84+1,8,6+1;v+ 1,8+ L;z,y) +
+0' (v +1) (v =) (v = B yRy (o, 8,8, 67 + 1,0"s2,y) +
+aB6 (y —a)xyRy (a+ 1,8+ 1,8, + ;v + 2,8 + 1;2,y) +
+790" (v = 1) (y = 1) Ry (o, 8, 8,657 — 1,8";2, ) = 0.

Ilomoxknm y = 1:

75/ (7+ 1) (OZ+6/ 77) Rl (aaﬂ7/8/36;775/;x31)+

+5/(V+1) (’yia) (’yiﬂ/)Rl (aa/876/551’y+175/7x71)+
+afd(y—a)zRi (a+ 1,8+ 1,80 + ;v +2,0 + L;2,1) =0

U K Kaxkjoil dbyHKuuu R; BHYTPH HOJIyYEHHOTO TOXKJECTBA NPUMEHHM Bbipaxkenue (1.14):

NIy —a-§)
F(y=a)l(y=#)

' (y+1) (a+ " =)

3F2 (O[,ﬁ,576/,’7—ﬂl,$)+
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+ (41 (0 —a) (- ) p DO A P

Fry+2)T(y—a—-4+1)
I(y—a+1)I'(y—-pF+2)

Coruacao dopmyse (1.2), B mepBOM CJaraeMOM JIEBOIl YaCTH II€PEIHIIEM BbIPAKEHUE

T+ () =0+ )I'(v+1) =T(r+2),

3F2 (a,ﬁ,é,é/,’}/—ﬁl+1,$)+

sy (@ + 1,8+ 1,6+ 10" + 1,7 — ' +2;2) = 0.

+afBé(y—a)z

BO BTOpOM cJiaraeMom
(Y+)T(y+1)=T(v+2),
B HepBOl\/I n BTOpOM cJlaraeMom

Y-« e’ 1

F'(y—a+1) (y—a)T(y—a) T(y—a)

SareM BBIHECEM 3a CKOOKY

L'(v+2)
['(y—a)
U COKPAaTHUM Ha 3TO BLIparkeHue 00e YacTH TOKJIeCTBA:
F(y—a-p
5/(a+3/_7> MSFQ (a75a5§5/,7_ﬁ/§$)+
F'y—a—-p3+1
+5/(’Y—B/) E[,-\Y(,y_ﬁ/_’_l) )3F2(aaﬁ7575,77_6/+111:)+
'(y—a-p+1
+afox (I:Y('y—ﬁ’ﬁ—i—Q) )3F2(a+1,B+1,5+1;5'+1,’yfﬂ/+2;x):0.
O6osnaunm a=a, 3=0, §=c, &' =d, v— 3 =e:
T'lfe—a
_d(e_a) (1—1(6))3F2 (a,lxc;d,e;x)-i—
F'e—a+1)
de—————>3F (a,b,c;d 1;
+de F(€+1) 3 2(0/7 , Gy 7e+ 7$)+
I'(e — 1
—I—abc:z:ngg(a—|—1,b—|—1,c—|—1;d+1,e—|—2;x)_O.

ITpeobpasyem no dopmyse (1.2)
(e—a)T(e—a)=T(e—a+1),

11
L(e+1) el'(e)’
1 1

I'(e+2) e(e+1)T(e)’
BBIHECEM 3a CKOOKY IpoOb
Ffe—a+1)
I (e)
U COKpaTHM Ha Hee 00e YaCTH IIOCIEIHErO TOXKIECCTBA:
—dsFy (a,b,c;d,e;x) +
+d3Fy (a,b,c;d, e + 1;2) +

1
“l‘abCImgFQ ((I+1,b+17c+ 1,d+1,€+2,l’) =0.

Yuuoxum obe gactn Ha —e (e + 1):
de (e +1)3F (a,b,c;d,e;x) —
—de(e+1)3Fs(a,b,c;dye+ 1;2) —
—abcxsFy (a+ 1,0+ 1,c+1;d+1,e+2;2) =0.
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ﬂ.HSI YipomeHusd CbOpMyJIbI IOJIOXKAM € = e — 1 U OKOHYaTeJbHO IIOJIyIUM

de(e —1)3F5 (a,b,c;d, e — 1;2) —
—de (e —1)3Fy (a,b,¢;d, e;x) — (3.1)

—abcxsFy (a+1,b+1,c+ 1;d+ 1,e+ 1;2) = 0.

Bamerum, UTO 3Ta POpMysa CIpaBeinBa TPU JIeHCTBATENbHBIX Tapamerpax a, b, ¢, d u e, Kpome TO-
ro, mapamerp d JIOJDKEH ObIThb OTJIMYEH OT HyJs W IeJIbIX OTPUIATeIbHBIX YHCesI, a HapaMeTp € He JIOJDKEeH
PaBHATLCA €JWHUIE, HY/JII0 W IEJIbIM OTPHIATEILHBIM uucjgaM. [IpoBesieM JIOKa3aTelbCTBO CIIPABEITABOCTH
roxkzecrsa (3.1). Hua sroro, Bocnosbzosasmuch (opmysoit (1.10), paznoxkum dynkuun Kiaysena B rumnep-
reOMeTPUYIECKHUE PSJIbL:

(a),,(b),, (), S (a),(0),,(0)
_ _ n\9)p\C)p o
de (e —1) Z {d), (e— 1) 2 — de (e—1) > ), (e),nl T
n=0
(3.2)

(a+1)n(b+1)n(f+1)n —
—abcx Z @ e et =0

B nepsom ciaraemom Boipazkenust (3.2) upeobpasyem cumost Iloxrammepa. st aToro Bocnosb3yemcs (op-
mysoit (1.8). 3mecn
e—1 (e—1)(e+n—1) e+n—1
(e—1), (e=1)(e),_y(e+n—-1) (€)n
Jlajiee B LIepBBIX JIBYX CJaraeMbIX B JIEBOW YacTH BbIparkeHus (3.2) BbIHeceM oOIue MHOXKHUTEIHN 3a CKOOKY,
[IOCTaBUB WX II0J OJUH 3HAK CyMMBbI:

d+1 e+1)

Ilocne ympoleHusi mEPBOTO CJIaraeMoro IpHJAEM K YpPaBHEHHUIO

(a+1) b+1) (c—i—l)nn_
dz — abew Z d+1 (e+1) nl vt =0

BameruM, 49TO IEpBOE CJlaraeMoe IIepBOil CyMMbI (TO €CThb BbIPAXKEHUE HOJ 3HAKOM CyMMbl upu n = 0)
PaBHO HYJIIO, IIOITOMY MOYKHO HA4YaTh CYMMHUPOBaHUE C 1 = 1, TO eCTh IPEeJIBIIYIIEee BhIPAXKeHNE SKBUBAJIEHTHO
cJleLyIomemy:

(a+1) b—|—1) (c+1), ,
dz bxz d+1 Crnoa? =0. (3.3)

[Ipeobpasyem mepBoe caaraeMoe BbIPAXKEHUST (3.3), BOCIIOJIL30BABIIUCH 11t 3T0oro hopmyaamu (1.8) u (1.9):

= (a), (D), ()1 abedex X (at 1), (b1, (41,
a2 T T L @D D i

n=1 n=1

B (@t 1)y 1O+ Dy slct Dy oy a+1 b+1) CRa
abcazz d—|—1 (e—!—l)n_l(n—l) abcacz et 1), (! x

B komme 3amenmsiz Bce n — 1 Ha n, TOrga CyMMHpPOBaHHEe HadnHaercs ¢ Hyis. llogcraBuB mostydeHHoe

BbIpaKeHHE B PaBeHCTBO (3.3), HPUXOAMM K TOXKJIECTBY, U4TO M JOKA3bIBAET CIPaBEIIMBOCTE (PopmMyisl (3.1).

[TomobuBIM 06pPa30M BBIBOIUM OCTABIIHAECS PEKYPPEHTHBIE TOXKJECTBa [ist pyHKImN KiayseHa, cipaBe-
BBbIE TIPU JIEHCTBUTEIBHBIX 3HAYECHUSX APAMETPOB a, b, ¢, d, € M OTJIMYHBIX OT HYJS U IEJIbIX OTPUIATEHHBIX
qnciaax napamerpoB d u e. Kpome toro, e # 1 B dopmymnax 1, 6, 7, 8, 17, 18, 19 u d # 1 B dopmymnax 2,
9, 10, 11, 14, 15, 16:

1. de(e —1)3Fz (a,b,¢;dye — 1;2) — de (e — 1) 3F5 (a, b, ¢;d, e; ) —
—abcxsFy (a+1,b+1,¢+1;d+ 1,e+ 1;2) =0.

2. de(d—1)3Fy(a,b,c;d—1,e;x) —de(d—1)3F5 (a,b,¢;d, e;x) —
—abcxsFy (a+1,b+1,c+ 1;d+ 1,e+ 1;2) =0.

3. desFs(a,b,c;d,e;x) —desFy (a+ 1,b,¢;d, e;x) + bexsFo (a+ 1,0+ 1, ¢+ 1;d+ 1,e+ 1;2) = 0.
4. desF5 (a,b,c;d,e;x) — desFy (a,b+ 1,¢;d,e;2) + acxsFa (a+ 1, b+ 1,c+ 1;d+ 1,e+ 1;2) = 0.
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5. desFs (a,b,c;d,e;x) — desFs (a,b,c+ 1;d, e; ) + abzsFy (a+ 1,0+ 1,c+ 1;d+ 1,e + 1;2) = 0.

6. (e—a—1)3Fy(a,b,c;d,e;x) — (e —1)3F2 (a,b,¢;dye — 152) + asFy (a+ 1,b,¢;d, e;2) = 0.
e—b—1)3F (a,b,c;d,e;z) — (e — 1) 3Fy (a,b,¢c;d, e — 1;2) + b Fa (a, b+ 1,¢;d, e;2) = 0.
—1)sFy(a,b,c;d,e;x) — (e — 1) 3Fs (a,b,¢;d, e — 1;2) + s Fa (a,b,c 4+ 1;d,e;2) = 0.

d—a—1)3F(a,b,¢c;d,e;x) — (d—1)3F5 (a,b,¢;d — 1,e;2) + azFs (a+ 1,b,¢;d, e;2) = 0.

10. d—1)3F (a,b,c;d—1,e;x) + b3 Fy (a,b+ 1,¢;d,e;2) = 0.

© » X
2T 2 5 = =
|
—

)
d—b— 1)3F2(CL b,C;d,@;I) (
d—c—1)3F(a,b,¢c;d,e;x) — (

11. d—1)3F (a,b,c;d—1,e;x) 4+ c3Fy (a,b,c+ 1;d,e;2) = 0.

12. de(e — a) 3Fs (a,b,c;d,e;2) —de (e — a) 3F» (a,b,¢c;d, e + 1;2) —
—abcxsFy (a+1,b+1,c+ 1;d+ 1,e+ 1;2) =0.

13. de (d —a) 3Fs (a,b,¢;d, e;2) —de (d — a) 3F» (a,b,¢c;d+ 1, e;2) —
—abcxsFy (a+1,b+1,c+ 1;d+ 1,e+ 1;2) =0.

14. de (d —1)3F5 (a,b,c;d — 1,e;2) —de (d — 1) 3F5 (a,b,c + 1;d, e;x) +
+ab(d—c—1)asF (a+1,b+1,c+1;d+ 1,e+ 1;2) =0.

15. de (d — 1) 3F5 (a,b,c;d — 1,e;2) —de (d — 1) 3F3 (a, b+ 1,¢;d, e;x) +
+ac(d—b—1)ax3Fr(a+1,b+1,c+1;d+1,e+1;2) =0.

16. de(d —1)3Fs (a,b,c;d — 1,e;2) —de(d — 1) 3Fs (a+ 1,b,¢;d, e; ) +
+bc(d—a—1)zzFy(a+1,b+1,c+1;d+1,e+1;2) =0.

17. de(e — 1) 3F5 (a,b,¢c;d,e — 1;2) —de (e — 1) 3F» (a,b,c + 1;d, e;2) +
+able—c—1)z3Fy(a+1,b+1,c+1;d+1,e+1;2) =0.

18. de (e — 1) 3F» (a,b,c;dye — 1;2) —de (e — 1) 3Fa (a, b+ 1, ¢;d, e52) +
+acle—b—1)zsFy(a+1,b+1,c+1;d+1,e+1;2) = 0.

19. de (e — 1) 3F (a,b,¢;d,e — 1;2) —de (e — 1) 3Fa (a+ 1,b,¢;d, e; ) +
+bcle—a—1)ax3sFy(a+1,b+1,c+1;d+1,e+ 1;2) = 0.

20. desFy (a,b+ 1,¢;d,e;x) — desFs (a,b,c+ 1;d,e;2) +
+ab—c)asFy(a+1,b+1,c+1;d+1,e+1;2) =0.

21. desF5 (a, b+ 1,¢;d,e;x) —desFs (a+ 1,b,¢c;d,e;z) +
+cb—a)zsFr(a+1,b+1,c+1;d+1,e+ 1;2) =0.

22. desFs (a,b,c+ 1;d,e;x) —desFs (a+1,b,¢c;d,e; ) +
+b(c—a)zsFy(a+1,b+1,¢c+1;d+1,e+ 1;2) = 0.

23. d(b—c)3Fs (a,b,c;d,e;2) —b(d—c¢)3sFa(a, b+ 1,¢;d + 1,e;2) +
+c(d—0b)3F(a,b,e+1;d+1,e;x) =0.

24. d(a—c¢)sFy(a,b,c;de;x) —a(d—c)sFa(a+1,b,¢;d+ 1,e;x) +
+c(d—a)sFr(a,b,c+1;d+1,e;2) = 0.

25. d(a—b)3Fs (a,b,c;d,e;2) —a(d—0b)3Fy(a+1,b,¢c;d + 1,e;2) +
+b(d—a)sFs(a,b+1,¢c;d+1,e;2) =0.

26. de(e+1)sFs (a,b,c;d,e+ 1;2) —de(e+1)sFs(a—1,b,¢;d,e; ) —
—be(e+1)zsFy (a,b+1,c+ 1;d+1,e+ 1;2) + abcrsFa (a+ 1,b+ 1,¢+ 1;d+ 1,e + 2;2) = 0.

27. de(e+1)(e—a)sFr(a,b,c;d,e;2) —abe(e+ 1) asFy (a+ 1,0+ 1,c+ 1;d+ 1,e + 1;2) —
—de(e+1)(e—a)sFs(a,b,c;d,e+ 1;2) —abe(e —a)xsFy(a+ 1,0+ 1,c+ 1;d+ 1,e+2;2) = 0.

28. desFy (a,b,c;d,e;x) —e(d—b)3Fs (a,b,c+ 1;d+ 1,e;2) —
—besFy (a,b+1,c+1;d+ 1,e;2) + abxsFa(a+ 1,0+ 1,c+ 1;d+ 1,e+ 1;2) = 0.

29. desFy (a,b,c;d,e;x) +e(c—d)sFa (a, b+ 1,¢;d+ 1,e;2) —
—cesFy(a,b+ 1,c+ 1;d+ 1,e;2) +acesFa(a+ 1,b+ 1,c+ 1;d+ 1,e + 1;2) = 0.
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30.

31.

32

33.

34.

35.

36.

d(d—1)esFs(a,b,c;d,e;x) —ad (2d—b—c—1)z3Fy (a+ 1,b,¢c;d, e + 1;2) +
+a(d—=0b)(d—c)xsFy(a+1,b,¢c;d+ 1,e+ 1;2) +
+ad(d—1)z3Fy(a+1,b,c;d—1,e+ 1;2) —d(d— 1) esFs (a,b,c;d — 1,e;x2) =0,

e(2b—d)sFy(a,b,c;d,e;x) —a(b—c)xsFy(a+1,b,¢;d, e+ 1;2) +
(

)
+e(d—"0b)3Fz(a,b—1,¢d,e;x) + abxsFr (a+ 1,0+ 1,¢;d,e + 1;2) — begFs (a,b+ 1,¢;d, e; ) = 0.

e(2c—d)sFs(a,b,c;d,e;x) +a(b—c)xsFa(a+1,b,¢c;d, e+ 1;z) +

53

+(d—c)(y=pF)3Fz(a,b,c—1;d,e;2) + acxsFe (a+ 1,b,c+ 1;d,e + 1;2) — cesFa (a,b,c+ 1;d, e;2) = 0.

d(d—-"b)e(e+1)3F5(a,b,c;d,e;x) —acd (e + 1) x3Fo (a+1,b,¢;d, e + 1;2) —

—d(d—"be(e+1)sFs(a,b—1,¢d,e;x) +abc(e+ 1) asFr(a+1,b+1,c+1;d+ e+ 1;2) —

—abc(a+1)2%3F (a+2,b+1,c+1;d+1,e+2;2) =0.

de(d—c)(e+1)3F5(a,b,c;d,e;x) —abd (e + 1) x3Fs (a+ 1,b,¢;d, e + 1;2) —

—de(d—c)(e+1)3Fy(a,b,c—1;d,e;z) +abc(e+ 1) xsFa(a+ 1,0+ 1,c+ 1;d+ 1,e+ 1;2) —

—abc(a+1)2%3F (a+2,b+1,c+1;d+1,e+2;2) =0.

bdesFs (a,b,c;d,e;x) —ad (d — ¢) x3Fy (a+ 1,b,¢;d, e + 1;2) — bdesFy (a,b+ 1,¢;d, e;x) +
+abdesFy(a+1,b+1,¢;d,e+1;2) +a(d—0b)(d—c)xsFa(a+1,b,c;d+ 1,e + 1;2) = 0.

cdesFs (a,b,c;d, e;x) — adexsFy (a+ 1,b,¢c;d, e + 1;2) — edesFy (a,b,c + 1;d, e;x) +

+acdxsFy(a+1,b,c+ L;d,e+ L;2) +a(d—0) (d—c)xsFy(a+ 1,b,¢;d+ 1,e + 1;2) = 0.

BriBoabl

B macrostimeit cratbe ObLIM BBIBEIEHBI PEKYPPEHTHBIE TOXKIECTBA [JIs JBYX CIEIUAJbHBIX (DYHKIANA TI'U-
nepreoMerpuydeckoro tuna. lIponsBons apudmernydeckue aeficTBAS HaJ| BbHIBEIEHHBIMU TOXKJECTBAMHU, MOXKHO
npuiiT K HOBbIM popMysiaM. Kak y»ke ObLIO CKa3aHO BBIIIE, YI00HEEe BCErO IOJIb30BATHCS TOXKJIECTBAMU, CO-
CTOATIUMU W3 TPEX WU UETHIPEX ciaraeMbiX. [loaToMy B 3akjioueHuwe 3amuIneM TOXKJIECTBA, COCTOSIINE U3

TpéX CJlIara€MbIX BMECTE€ C BBIBCJICHHBIMU B DPE3yJjIbTaTe ,ZLGfICTBI/IfI HaJ 3allMCaHHBbIMH paHee.

Ecmm napamerpor «, (8, ', §, v, ¢’ npunamIekaT TPOCTPAHCTBY NEHCTBUTENLHBIX YUCEN, TAPAMETPBI 7y W
0’ He paBHBI HYyJIIO W TEJBIM OTPHIATEIBLHBIM YHCIaM, TO CIIPABETMBBI PeKyppeHTHBIE (hOPMYJIbl 1 hyHK-
mun Ri:

1.

10.

11.

Fle (aaﬂaﬂla(;;’%a,;xay) - (Vfa)Rl (a7ﬁ7ﬂl+176;’7+136/;x7y) -
-« ]-_y)Rl (a+17ﬂvﬂ/+175;’y+176/;$7y) =0.

. 7R1 aaﬂaﬂ/ats;’%d/;xay) _rYRl (a,ﬁ,,@’+1,5;’y,5’;x,y) +OZyR1 (O[+1,6,,8/+1,5,’}/+ 1,6/;$,y) =0.

(
(

. Ple a,B,B',&%&’;x,y)—(’y—a)Rl (%675/,5;’74‘175/;%3})_aRl (a+1a576/75a’7+176/7x7y> =0.
. FYélRl (O[7B+ 1,/8/,5;7,5/;I,y) 776,R1 (O[7ﬂ7ﬂ/75+ 1a775/7'xay) +

+a(f-0)zR (a+1,6+1,8,6+1;v+ 1,8 + 1;z,y) = 0.

. 6/(6_6)R1 (a7675/76;7a5/;x7y)_ﬁ(é/_(s)Rl (a76+176/a61775/+171‘7y)+

+5(6l_/B)R1 (a,,@,ﬁ/,5+1,7,6/+1,$,y) =0.

. 76/ (6/ + 1) Rl (a7ﬂaﬁla§;776/;x’y) - ’76/ (5/ + 1) Rl <a757ﬁ/76;776/ + any) -

—aBdzRy (a+ 1,8+ 1,80+ ;7 + 1,8 +1;2,y) = 0.

YO Ry (v, B, 8,057, 8",y) — v Ry (o, B, 8,0 + 157,83, y) +
+C¥6£L'R1 (OZ+1,B+1,ﬂ/,5+1,’}/+1,6/+1,$,y) =0.

- Y0'Ry (o, B, 8,657, 6"s2,y) —v0' Ry (o, B+ 1, 8,637,652, y) +

+adzRy (a+1,8+1,8,6+1;7+ 1,8 +1;2,y) =0.

-8 (6" + 1) Ry (o, 8,8, 857,65 2,y) — 40" (0" + 1) Ry (o, B, 8,0 + 157, 6" + Ly, y) +

+af (0 =d)zR (a+1,8+1,8,6+ 1,7+ 1,0 +22,y) = 0.

76/ (6/+ 1) Rl (a7ﬂaﬁla6;776/;x’y) _’76/ (6/+ 1)R1 <a75+176/a6a776/+11$7y) +
+ad (¢ —B)zRy (a+ 1,8+ 1,6 ,0+1;v+ 1,8 +2;2,y) =0.

&Ry (o, B,0,0;7,0"  2,y) — (6" =) Ry (o, B,',057,0" + Ly, y) — ORy (o, B, 8,0 + 1;,6" + 1;2,) = 0.
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12. 6/R1 (aaﬁ76/a6;776/;x’y) - (6/ - B) Rl (a,ﬁ,ﬁ’,é;'y,&' + 171)72/) - BRl (aaﬁ + 1aﬁ/76;776/ + any) =0.
13 (5 - ﬂ) Rl (aaﬁaﬂlvé;f}/,é/;xvy) - 5R1 (aaﬂaﬂlvé + 1;%5/;1,3/) + BRl (aaB + 17B/,5;73 5/;$,y) = 0

Ecimm a, b, ¢, d n e upunaaekar MHOXKECTBY JeACTBUTEJIbHBIX YUCEJI, W IIPU 3TOM d M ¢ He paBHbLI HYJIIO
b ) b )
U IeJIBIM OTPUIATEJBHBIM YHUCIaM, TO

1. de(e+1)3Fz (a,b,c;d,e;2) —de (e + 1) 3F (a,b,¢;d, e + 1;2) —
—abcxsFy (a+1,b+1,¢c+ 1;d+ 1,e+2;2) =0.

2. de(d+1)3Fy (a,b,¢;d,e;z) —de(d+ 1) 3Fs (a,b,c;d + 1, e52) —
—abcxsFy (a+1,b+1,¢+1;d+2,e+ 1;2) =0.

3. desFs (a,b,c;d,e;x) —desFy (a+ 1,b,¢;d, e;x) +
+bcxsFy (a+ 1,0+ 1,c+ 1;d+1,e+ 1;2) =0

desFs (a,b,c;d, e;x) — desFy (a, b+ 1,¢;d,e;x) + acxsFo (a+ 1,0+ 1, ¢+ 1;d+ 1,e+ 1;2) = 0.
desFs (a,b,c;d, e;2) — desFs (a,b,c+ 1;d, e;x) + abxsFy (a+ 1,0+ 1, ¢+ 1;d+ 1,e + 1;2) = 0.
esky (a,b,c;d,e;x) — (e —a)3Fy (a,b,¢;d, e + 1;2) —asFy (a4 1,b,¢;d, e + 1;2) = 0.

(e —1)3F (a,b,c;d,e;x) — (e — b) 3Fs (a,b,¢;d, e + 1;2) — bsFy (a,b+ 1,¢;d,e + 1; ) = 0.

esky (a,b,c;d,e;x) — (e — ¢)3Fy (a,b,¢;d,e + 1) — esFa (a,b,c+ 1;d, e+ 1;2) = 0.

© % N o

) —

dsF5 (a,b,¢c;d,e;x) — (d—a)3Fy (a,b,¢;d+ 1,e;2) —agFy (a4 1,b,¢;d 4+ 1,e;2) = 0.
)—(d—0)3Fs (a,b,c;d+ 1,e;x) — b3 Fy (a, b+ 1,¢;d+ 1,e;2) = 0.
) —(d—

12. de (e — a) 3F3 (a,b,c;d,e;x) — de (e — a) 3F5 (a,b,¢;dy e + 15 ) —
—abcxsFy (a+1,b+1,¢+1;d+ 1,e+ 1;2) =0.

(
10. d3Fs (a,b,c;d, e;x
(

11. d3F5(a,b,c;d,e;x ¢)sFy (a,b,c;d+ 1,e;x) — csFy (a,b,c+ 1;d+ 1,e;2) = 0.

13. de(d — a) 3F5 (a,b,¢;d, e;x) — de (d — a) sFs (a,b,c;d+ 1,e;x) —
—abcxsFy (a+ 1,0+ 1,c+ 1;d+1,e+ 1;2) =0.

14. de(d+1)3Fz (a,b,c;d,e;x) —de (d+ 1) 3Fa (a,b,c+ 1;d+ 1, e;x) +
+ab(d—c)xsFy(a+1,b+1,c+1;d+2,e+ 1;z) = 0.

15. de(d+1)3Fs (a,b,c;d,e;x) —de (d+ 1) 3Fy (a, b+ 1,¢;d+ 1,e;x) +
+ac(d—b)xsFy(a+1,b+1,c+1;d+2,e+ 1;z) = 0.

16. de (d+1)3F5 (a,b,c;d,e;x) —de(d+ 1) 3Fa (a+1,b,¢;d + 1,e;2) +
+be(d—a)xsFy(a+1,b+1,c+1;d+2,e+ 1;2) = 0.

17. de (e + 1) 3Fs (a,b,¢;d,e;2) —de (e + 1) 3F2 (a,b,c+ 1;d,e + 1;2) +
+ab(e—c)zzFr(a+1,b+1,c+1;d+1,e+2;2) =0.

18. de(e+1)3F5 (a,b,c;d,e;x) —de(e+ 1) 3Fa (a, b+ 1,¢;d, e+ 1;2) +
+acle—b)zzFy(a+1,b+1,c+1;d+1,e+2;2) =0.

19. de(e+1)3F5 (a,b,¢;d,e;x) —de(e+ 1) 3Fy (a+ 1,b,¢;d, e + 1;2) +
+bc(e—a)xsFy(a+1,b+1,c+1;d+1,e+2;2) =0.

20. desFs (a,b+1,¢;d,e;x) — desFs (a,b,c+ 1;d,e;z) +
+ab—c)asFy(a+1,b+1,c+1;d+1,e+1;2) =0.

21. degFs (a,b+ 1,¢;d,e;2) — desFy (a4 1,b,¢;d, e;x2) + c(b—a)zsFy (a+ 1,b+ 1,¢+ 1;d+ 1,e+ 1;2) = 0.
22. desFy (a,b,c+ 1;d,e;x) —desFs (a+ 1,b,¢;d,e;2) + b(c—a)xsFa (a+ 1,b+ 1, ¢+ 1;d+ 1,e 4+ 1;2) = 0.
23. d(b—c)3Fs (a,b,c;d,e;2) —b(d—c¢)sFa(a, b+ 1,¢;d+ 1,e;2) +¢(d—b) 3F2 (a,b,c+ 1;d+ 1,e;2) = 0.
24. d(a—c) 3P (a,b,c;d,e;2) —a(d—c)sFa(a+1,b,c;d+ 1,e;2) +¢(d—a)3Fa(a,b,c+ 1;d+ 1,e;2) = 0.
25. d(a —b)3Fy(a,b,c;d,e;x) —a(d—b)sFy(a+1,b,c;d+ 1,e;2) +b(d—a)sFs (a,b+ 1,¢;d+ 1,e;x) =0.
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RECURRENT IDENTITIES FOR TWO SPECIAL FUNCTIONS
OF HYPERGEOMETRIC TYPE

ABSTRACT

The article presents conclusions and proofs of Gauss-type identities for two known hypergeometric type
functions. For the derivation and justification of formulas, the representation of functions in the form of a
series is used, as well as an integral representation of the functions under consideration. The article uses
the definition and properties of gamma and beta functions, the hypergeometric Gauss function, as well as
known identities for these functions. Hypergeometric functions are widely used in solving various types of
differential equations. The presence of identities connecting the functions involved in the resulting formulas
of solutions greatly simplifies both the final formulas and intermediate calculations in many problems related
to solving hyperbolic, elliptic and mixed types of equations.
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IMPUMEHEHUE METOJO0B JAEKOMIIOSUIINN 11 MHTEIPAJIBHBIX
MHOTI'OOBPA3UN K CHUHI'VJ/IAPHO BOSMVYIIEHHOUN 3AJAYE
KVNHETUKN CYUIINJIHOI'O CYBCTPATA

AHHOTAIINA

Ilenpro maHHON CTATBU SBIAAETCS PEIYKIUS CHHTYJISPHO BO3MYIIEHHON CHCTEMBI KWHETHUKHU CYUITUIHOTO
cyocrpara. IIpuMeHsioTcst MeTOIbI JIEKOMIIO3UIINN U UHTErPAJIBHBIX MHOTrooOpasuii. [lonmxkaercss pazmepHOCTH
ucxonuo#t 3amadu. IIpoBomuTcst aHaIN3 IMOJMYyYEeHHBIX YPABHEHUI HA WHTErPAJBHOM MHOT00OOpa3uu Ha
ycroitanBocTh. [IpuBonuTcsa mpumep cpaBHEHHS YUCIEHHBIX PEIIeHUil MCXOMHON CHCTEMBI U IIOJIy4eHHOIl Iociie
[IOHVM2KEHNST PA3MEPHOCTH BBINMIEYKA3aHHBIMUA METOIAMU.

KuroueBbie cioBa: muddepeHimaabable YPaBHEHNT; METO JTEKOMITO3UIINN; UHTErPAJILHOE MHOT000OpA3NE;
KOOIIEPATUBHOE SIBJICHNE; SH3WMHAS KWHETHUKA; CYWIMJIHBIN CyOCTpaT.
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1. IIpenBapuresibHbIE CBeIeHUS

B Mopenax xumMudeckoil KMHETHUKM HAJUYAE MAJIOTO IIapaMeTpa CBI3aHO C TeM, UYTO B XUMHUYECKON CUCTe-
M€ OJIHOBDEMEHHO IPOUCXOMAT CYIIECTBEHHO PA3HSIIUECs] CKOPOCTBIO IIPOIECChl. 3HAUYUTEIHLHOE UHUCJIO Iy0Jin-
Kalluii 110 TEOPHH W IPUJIOKCHUAM KaK METOJOB YIIPOIIEHUS MOJeJIeil MaKpPOCKOIMYEeCKON KHHETHUKH, TaK W
MOJIEJINPOBAHNS KPUTHUIECKUX $BJIEHUI BKJIIOYAaeT B cebsi OOJIbIIOe pa3HooOpasme 3a/ad, COYETAIONUXCS CO
CPABHUTEJBHO HEOOJIBIINM apCEHAJIOM IIPUMEHSAEMBIX CPEJICTB aHAJIN3a M JOBOJILHO DACHPOCTPAHEHHBIM MHe-
HUEM, YTO ITH 33J[a9M HEe HMEIOT HUYero OOIMero KakK IO CBOeH IOCTAHOBKE, TaK W IO METO/JAM PeIIeHHUS.
[Touukenne pasMepHOCTH MOJEJIEil SBJISETCs BaXKHEHIUM [TPUEMOM WCCJIEIOBAHUS CJOYKHBIX CHCTEM JIFOOOI
MIPUPOJIBI, Pa3yMeeTcs, He TOJbKO B OOJIACTH IH3UMHOI KHHETUKW, & KPUTHIECKUE SBJIEHUS WCKJIOYATETHHO
Ba)XXHBI W caMu 10 cebe, U KaK MHCTPYMEHT IO3HAHWS CJIOXKHBIX IporeccoB. OCHOBBIBasICh HA TeOMeTpHYe-
CKOIl TeOpUM CHUHIYIAPHBIX BO3MYIICHUI, IIOABUJICH IIOJXOJ, IIO3BOJIAIOIIUN C €JIUHBIX IIO3ULMNA 9TOU Teopuu
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paccMaTpuBaTh U METOJBI PELyKIIUN KMHETHIECKUX CUCTEM, U METOJbI MATEMATHYECKOIO MOJIETUPOBAHUS KPU-
TUYECKUX SIBIEHUH B TAKOBBIX. B CTaThe OMHUCBHIBAETCS TMPUMEHEHHME MEeTOJd WHTErPAJbHBIX MHOrOOOpasmii K
peaykuun [1] cucremst [2] u3 pazmena "Kwunernka cynmmanoro cyberpara''. PaGora [3] mogpoGHO omuceiBaeT
0060CHOBaHME AJITOPUTMA JTEKOMIIO3UINN 33IaH SH3NMHON KHHETHKH I IUHAMAIECKUX CHCTEM C OBICTPBIMU 1
M€/JIEHHBIMU TIePEMEHHBIMA U TIOCTPOEHUST WHTETPAJIBHBIX MHOT00Opasuii [4-8|, OCHOBHBIE De3yJbTATHI TEOPUU
MHTErpaJbHBIX MHOroo6pasuit cogepxkarcs B [9], merounnkn [10-11] TakKe OTHOCATCS K BBINIEYTIOMSHYTHIM
kareropusiM. Jljisi yKa3aHHBIX BBIIE CHCTEM JaHHBIE CyOCTPATBI BaXKHbI, TIOCKOJIBKY OHU OOECIIeIMBAIOT CIIOCOD
HAIleIMBaHUs Ha ONpEJeIeHHbIH (dhepMeHT yisi nHakTuBarmu. OHM OCOOEHHO MOJIE3HBI TIPH BBEJIEHUH JI€Kap-
CTBEHHBIX CPEJICTB, TOCKOJIBKY OHH HE BPEIHBI B CBOEil OOBIUHON (hopMe, W TONBKO ONpeNeeHHbI (PepMeHT
MOXKeT Tpeobpa3oBaTh uXx B (opmy wmuarubmropa. Hampumep, cybcTpaThl caMoyOmMitcTBa OBLIN MCCIETOBAHDI
JIsl WCIOJIB30BAHUST TIPY JIEY€HUH JENPECCUU, SIUJIEIICUA U HEKOTOPBIX OITyXOJIeil.

2. IlocranoBka 3amaun. McxoagHasa cucreMa u ee MmarpuvHas dpopma

B manmoit pabore paccMaTpmUBaeTCs CHCTEMa ypaBHEHWH KMHETHKHM CYHWIIMIHOTO cyOcTpaTa ¢ 6e3pa3MepHbI-
M KOd(DPUIHEHTAMI U TEePEMEHHBIMU:

B — (4 1) = e — e+ 1C— (e + Ve + T2, 2.)
dei(t) -
pran w(, (2.2)
PO ((p 1)~ ep — (ep+ ¢~ (e + 1)) € (23)
d¢(t) €p B
i Oxeaazps ¥ (24)
C HaYaJIbHBIMU YCJIOBUAMM:

B ¢dysnamenTanpHOl MOHOrpaduu [2] OnMcaH aJrOPUTM CBEJIEHUs KOOIEPATUBHOIO sIBJIEHHsI K JIAHHOMN
obGespasmepenHoil cucreme (2.1)-(2.5). Koabdunnenrst cucremsr (2.1)-(2.5) u MaJiblit mapameTp € Onpejiessi-
oTca opmyIamu:

K _k71+k20_ So __ _ €0 p—kflp—gilf— k3 + ky - ¢ b= ka
m k1 ’ I(m7 604—[(7”7 k‘g’ €’ k_l—f—kg, 1+€p7 k_l—i-k‘g.
3/ech ey — HadasbHasl KOHIlEHTpalus (bepMeHTa, Sg — HadajbHasl KOHIeHTpalus cybcrpara, k_1, ki, ko,
ks n ky — TOCTOSIHHBIE IOJIOXKUTEJIbHBIE MAPAMETPBI CKOPOCTE peaKIii.

IMockonbky 0 < € < 1, cucrema (2.1)—(2.4) colepKuUT pasHOTEMIIOBbIE NepeMeHHble. HerocpeacTBenHoe
YHCJIEHHOE WHTErPUPOBAHUE TAKUX CHCTEM CBS3aHO C BBIYUCJINTENBHON KECTKOCTHIO, UTO IIPOJMKTOBAHO Ha-
JIMIHEM MaJIoro IapaMeTpa B 3HAMeHaTeJse TpaBoil JacT auddepeHagpHoro ypapuenns. [lostoMy B naHHOM
CTaTbe K DEIIEHHI0 1 aHaau3y cucreMsl (2.1)—(2.5) mpuMeHSIOTCS METOIBI JIEKOMIIOSUIME M HHTEIPAIbHBIX
mHOroobpasuit [3; 4; 8; 12-18|.

O6GosnaunM uepes = ( s(t) ),y: ( £(t) ), F= ( eps+ 257 (p+1)s )7

ei(t) ¢(t) 0 w
(ep+1)(e; — 1)s —esp—1  —s(ep+1) (ep+1)s — (ep+ 1)se;
f = 0 ) G = be _¢ g = 0
(1+ep)(1+p)
Torma cucrema (2.1)—(2.4) B marpuunoii dbopme mpuMeT BUIL:
z = f(x,t,€) + F(z,t,€)y, (2.6)
€y = g(x,t, 6) +G(I7ta€)y' (27)

Hauasnbable yenoBust (2.5) Toxke 3amuineM B BEKTOPHON dopme:

0= (25)- (1)~ ()~ ()

IMonyuennas cucrema (2.6), (2.7) siBisieTcsl CHHTYJISIPHO BO3MYTIEHHON cucTeMoli audbepeHImalbHbIX ypas-
HEHUM, JIMHEHHON M0 OBICTPBIM EPEMEHHBIM.

Bompocsl cymecTBoBaHusl MHTErpajbHOrO0 MHOroobpasus cucrem rtuna (2.6)—(2.8), aaropuTm HOCTpOeHUs
ACHMIITOTUKHA TIOAPOGHO ommcanbl B paborax |[1-4].
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3. CymmecTBoBaHME, MOCTPOEHNE U YCTONYNBOCTh MHTETrPAJIbHOTO
MHOT'000pa3us

st (2.1)—(2.4) Beipoxxaennas cucrema (mpu € = 0) nMmeer BUL:

ds(t) _ p
T ——8(1—C—6i)+mf7 (3.1)
dei(t) -
e w(, (3.2)
0=s(1-¢—e)—¢, (3-3)
0= —7c. (3-4)

OrmernMm, 9TO:
I. Ypasuenust (3.3) u (3.4) naror emuncrBeHHoe pemrenne & = s(1— (¢ —e;), ¢ =0.
II. ®yuxnuu npasbix dacreii ypasaenuit (2.6), (2.7) ¥ MX 9acTHbIE OPOMU3BOJAHBIE MO BCEM IEPEMEHHBIM

JI0 TPETHEro MOPSAKA BKIIOUUTEIHHO PABHOMEDPHO HEMPEPLIBHBI W OTPAHUYIEHBI.
-1 -s

0 -
HOJIOZKUTEJIBHBIL.
N3 [1; 4] cmemyer, uro cucrema (2.1)—(2.4) mmeer ycTofuMBOe WHTETrpabHOE MHOTOOOpa3We MeJJIEHHBIX
nerkeHnit Buna y = h(t, x, €), IBUXKEHNE 110 KOTOPOMY OIIMCHIBAETCS YPABHEHUSIME (OILyCKAeM IIPOMEXKY TOUHbIe
peobpa3oBaHus ):

ITII. Onpenenurens marpuisl det Go(z,t) = =1 u caen marpunsl —Go(x,t), paBHbIil 1+ ),

. 1 p+pp—p 1
§=— —€ s+ e;s+ €eP(s,e; 3.5
p+1 (p+1)2 p+1 (s:€0) (35)
é = eI (s,e;), (3.6)
_ pptp-2 Yt put it
tre Pls,e0) = BEEecis + BREERS - MU 1 s
T(s,e;) = ﬁs — %eis, re MeJJIEHHOe WHBAPUAHTHOE MHOroobOpasme — 3TO:
< g ) = h(s,ei,€) = ho(s,e;) + eh(s, &) + O(e?) =
1+pp+p p(pt+1) 2 pptpt2,, 4 1 2 p(bptip+1) 2
_ ( —e;5+ s >+ ( s e R e ; o1 Sil+p+1eis+ G+ 08 )4-0(52). (3.7)
0 TorD S T oD 4
Cnenyst [1; 4], BbimosHEM 3aMeHy nepeMeHHBIX B cucreMe (2.9), (2.10) nmo dopmynam z = w +
o __wip L owy
+ eH(t,w,z,€),y = h(t,x,e) + z, tme H = Hy+ O(e) = ( "'61 L [P O(e) n 3zanmmem ee
b
pe3yJIbTaT:
. 1 p+pp—p 1
Wy = — —€ wy + ——wiwa + eP(wy, ws), 3.8
V= g — LR s + Pl o) (39)
Wy = €T'(w1, ws), (3.9)
HadgaibHble yCJIOBUS NPEMYT BHI:
p
0,e)=1—€e—— =0. 3.10
wl( 76) €p+17w2 ( )

IMonyunin cucreMy crernpasnbHoro suga (3.8), (3.9), ONHMCHIBAIONIYIO JBUXKEHHE 10 HHTErPAJLHOMY MHOIOOG-
pasuio, ¢ HadaJbHbiMu ycaoBusmMu (3.10).
s ncenenosanns (3.8), (3.9) Ha ycroifumBocts nepenmimeM cucremy (2.1)—(2.4) B Buze:

dz(tt) =—(ep+1)s+ S(s,€;,&,C), (3.11)
d%t) = Ei(s,e:,6,0), (3.12)
PO i 50, (3.13)
) _ Py, (3.14)

dt (1+ep)(1+p)
rae 5(87 ei7§7 C) = 6]985 + (6]9 + 1)8< + (Ep + 1)861 + ﬁppg7 EZ(S7 eiu£7 C) = WC 5(87 67;76, C) = (Ep + 1)8 - EpSé- -
— (ep + 1)s¢ — (ep + 1)se;. Haxomum: S(0,¢;,0,0) = 0, E;(0,¢;,0,0) = 0,Z(0,¢;,0,0) = 0. Cucrema (2.1)—(2.4)

uMeeT MHOrooGpasue CTallMOHADHBIX [IOJIOXKEHUil, & TaKKe yCToHunBoe mHTerpajibHoe MHOroobpasue (3.7), mis
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KOTOPOTO CIpaBeJinB 0000IIeH bl puHIMI cBejieHnst [4]. JIBrkeHne 1o 3ToMy MHOIOOGDA3HMIO ONHUCHIBAETCS
cucremoit yuddepeHimaibHbx ypaBHeHuit (3.8), (3.9), Koropasi TOKe MMeeT MHOroo6pasue CTAIMOHAPHBIX
nostoxkenuii. Ilepermmmenm (3.8), (3.9) B BHIE:

w, = Kwy, + S(wl,wg,te), (315)
U}Q = GEi(’U.)l, wg,t, E) (316)
rae

__ L ptpr—p

pr1 T(pr12
pp+p—2p pp+pb+p o ppY+pY+p o p 2
S(wi,wa,t,€) = ——wiwy + €E——————wjwsy + € wy] — € WiW2 + € ———5 W1 W5,
L 7 T s | B T e e R PR R

By Lo < pw pw
(W1, Wa €) =€ w1 — wiwsy | .
(3 ) Y
Ylp+1) vlp+1)

Corutacuo [4], MHOrOOGpa3ue CTAIMOHAPHBIX [OJIOKEHUH YCTOWIMBO 110 OTHONIEHUIO K [IEPEMEHHBIM €;, &, 1), ¢

B TOM M TOJBKO B TOM CJIydYae, €CJIU YCTOMYMBO IO OTHOIIEHWIO K IIEPEMEHHOI wi, & HA ITO BJUAET KOID-
-1 N " k_

dunpenr K = *ﬁ - %. Tax xak k; — xosddummentsr ckopocreit peaxmit, p = =+ > 0, a €
MaJIblil 1osIoKuTesbHBI mapamerp, K < 0 u pemenue ypasHenus (3.15) ycroiiuuBo ornocurenbro wi. OT-
CIOJla CJIeJlyeT, 9TO MHOI000pa3ue CTAIMOHADHBIX IIOJIOXKEHHH YCTOYUBO OTHOCUTEJLHO wi H pemieHue (3.8),

(3.9) ycroituuso.

4. Ilpumep u uncJIeHHOE CpaBHEHUE pelleHnii

. 11 _3 . _1,_
[ycts B mexommoit cucreme (2.1)—(2.4) p= 3, 0= 15, ¥ =3, w = g,p = 1. Tloce MpnMenenus BBHITIEOTH-
CAHHBIX METOJOB W IOJCTAHOBKM KO3(M@MUIMEHTOB CHCTEMa Ha HHTErPaJbHOM MHOTMOOOpDA3MU IPUMET BHJL:

. 15 25 5 1 1
i = (wg — 1)(5111{’ — wa + §w2wf + 2w, — Z),wl(O,e) =1- 61,
- 1
Wy = %,w(o,e) ~0.

Pucynknu 4.1, 4.2 orobparkaioT YuCIeHHblE CPDABHEHUS DEIIEHMI NCXOIHOI M KOHEYHOH CHUCTEM, TO €CTh JI0
peobpa30BaHUil W II0CJIe IPUMEHEHNs METOJMOB, IIPW 3HaYeHuu MaJjioro napamerpa € = 0.1.

CpagHeHuWe pelleHmnii NepBoro ypasHeHWs CUCTEMbI

4 6 8 10 12

——S-WxOgHaA CHCTEME = wl-Mm

Puc. 4.1. CpaBHeHre pellleHuil Jijisi IEPBOTO yPaBHEHUS 3aJa9d JO M II0CJI€ IIOCTPOEHHUS WHTErPaJIbHOIO
MmHOroobpasusi ipu € = 0, 1
Fig. 4.1. Comparison of solutions for the first equation of the problem before and after constructing the integral
varieties for € =0,1
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CpasHeHUe PELUEHUIA BTOPOTO YPaBHEHUA CUCTEMbI

—— Eto-hoxoarian cHcTema w2-HM

Puc. 4.2. CpaBuenue permreHuit ajiss BTOPOTO ypPaBHEHUS 3aJ@9d 10 W IIOCJ€ IMOCTPOEHUsSI WHTErPAJIBHOIO
MmHOroobpasusi npu € = 0, 1

Fig. 4.2. Comparison of solutions for the second equation of the problem before and after constructing the
integral varieties for ¢ = 0,1

SakJirouyeHue

JlanHasi cTaThsl BKJIIOYAET B ce0sl IpPUMEHEHNe METOJOB JIEeKOMIIO3WIMM ¥ WHTErPAJIbHBIX MHOr0o00pasmii
K MOJIEJIM M3 BTOPOIO CJIyvas, OMUCAHHOIO B (yHIamMeHTaJbHON Mouorpadum Mathematical Biology. Merom
JEKOMIIO3UIINN COKPAINAET PA3MEPHOCTH MCXOTHONU CHUCTEMBI, METOJl MHTErPAJIHHBIX MHOrO00pa3nii BBOIUT TaK
Ha3bIBa€Mble MHOTO0ODa3Msi, CYIIECTBEHHO YIIPOIIAIOIINE CJIOKHOCTh BBIYUCJIMTENbHBIX omneparwii. CpaBHenne
YUCJIEHHBIX PEIIeHnil 3a/ad pu 3HadeHnn MaJjoro mnapamerpa € = 0,1 mpuBogurcs rpadudecku.
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ABSTRACT

The purpose of this work is to reduce the singularly perturbed system of kinetics of a suicidal substrate.
Methods of decomposition and integral manifolds are used. The dimension of the original problem is reduced.
The obtained equations on the integral manifold are analyzed for stability. An example is given of comparing
the numerical solutions of the original system and those obtained after reducing the dimensionality using
the above methods.
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CYBrAPMOHUMNYECKUE OTMBAIOIIIUE JIJIsd ®YHKIIUM HA OBJIACTU!
AHHOTAIIIA

OjiHa U3 paCIpOCTPAHEHHBIX 33J7[ad B PA3JIMIHBIX OOJACTSX BENIECTBEHHOTO W KOMILJIEKCHOTO AHAJIA3a —-
BOIIPOCHI CYIIIECTBOBAHUsI W IIOCTPOEHUS I 3aJaHHOM (DYHKIMU orumbarolieil ee CHU3Y WJIM CBepXy (DyHKIUU
u3 crenuaj bHOro Kjacca H. PaccmarpuBaercs ciydait, korma H — BBIMYKJIBINH KOHYC BCEX CyOrapMOHUYECKUX
dyuknumit Ha obsractu D u3 KOHETHOMEPHOI'O €BKJIMI0BA MMPOCTPAHCTBA HAJ, TOJEM BEIEeCTBEHHBIX ducest. st
mapel cybrapmonndeckux GyHKuil v u M m3 3TOro BBIITYKJIOro KOHyca H ycraHaBimBaloTCsl TBOWCTBEHHBIE
HEOOXO/IMMBbIE ¥ JIOCTATOYHBIE YCJIOBUs, HPHU KOTOPBLIX Haiijercs cybrapMoHnmdeckasi GyHKIus h # —oo,
«racsiiast pocT» (PYHKIMU U B TOM CMBICJIe, 9TO 3HaYeHHs CyMMBI ¥ + h B KakJ0#i Touke m3 D He GoJiblle
3HadeHusi (yHkiuu M B TOH Ke TOYKe. IDTH Pe3yJbTaTbl IIPEIIIOJaraeTcsi IPUMEHUTH B JaJbHENIeM B
BOIIPOCaX HETPUBUAJBLHOCTU BECOBBIX KJIACCOB TOJIOMOPMHBIX (DYHKIHI, K ONUCAHWIO HYJIEBBIX MHOXKECTB WU
MHOXKECTB €JMHCTBEHHOCTH [JIsi 9TUX KJACCOB, K IPOOJIEMaM AIIPOKCHMAIMU B TeOpUH (DYHKIANA U T. .

KuroueBble cisioBa: cybrapmoHutueckas (DYHKIWSI; HUKHsS OTrubOaioniasi; yrnopsiJOUYeHHOe ITPOCTPAHCTBO;
BEKTODHAsI peIleTKa; MPOEKTUBHBIN IIpejesT; JuHeiiHoe BhiMeTaHue; Mmepa VeHncena; rojjomopdHast (QYHKIW.

Huruposauune. Xabubyummn B.H. Cybrapmonnyeckue orubaroiue s Gynkuuii va obsacru // Becrnuk
Camapckoro yHmsepcurera. HcrecrsBennonayunast cepust / Vestnik of Samara University. Natural Science
Series. 2023. T. 29, Ne 3. C. 64-71. DOI: http://doi.org/ 10.18287/2541-7525-2023-29-3-64-71.

Nudopmanusi 0 KoHDINKTE MHTEPECOB: ABTOP U PEIEH3EHTHI 3asIBJISAIOT 00 OTCYTCTBUU KOH(MJIUKTA
UHTEPECOB.

(© Xabubysmmua B.H., 2023
Byaam Hypmuesuw Xabubysrun — HOKTOP (PUBUKO-MATEMATHIECKUX HAYK, MPOMECCOpP, TJIABHBIN HayJIHBIHI
COTPYJIHUK OTJeJa Teopuu MYHKIMA U (PyHKIIMOHAIBLHOTO aHA/mM3a, VIHCTUTYT MaTeMATHKU C BBIYUC/IATEIHHBIM
meHTpoM Y (DUMCKOro (DejIepalibHOTO  UCCIIEJI0BATEILCKOTO TieHTpa Poccuiickoit  Akajgemun nayk, 450008,
r. Yda, yiu. Yepusimesckoro, 112.

1. ®opmyampoBKa OCHOBHOT'O pe3yJbTaTa

Muoxecrsa N := {1,2,...}, R, C CcOOTBETCTBEHHO HAMYPAALHOIT, BEULLCTNEEHHBIT, KOMNACKCHOLL YUCEA,
Ny := {0} UN u pacwupennaa eewecmeennas npamas R = R U {£oo}, rme —oo := inf R = sup @), +oo :=
= supR = inf@ ana nycmozo wmmoocecmea (), paccMaTPUBAIOTCA C UX E€CTECTBEHHBLIMHU aJrebpamvdecKuMHU,
rEOMETPUIECKUMU, TOIIOJIOIMUYECKUME CTPYKTYPAMU.

Eskmioso mpocrpanctso R? pasmepnoctn d € N paccmarpupaercs ¢ e6xaudocots Hopmoti

2| = /2P + ...+ 2%, (21,...,7q4) € R?

1 PaGora BBIMONHEHA B paMKax TOCYJAPCTBEHHOTO 3aganus MuHHCTEpCTBa HayKu W BbICIIero obpasosanust Poccmiickoit Dese-
pauun (kon Hay4Ho#l Tembr FMRS-2022-0124).

u d-meproti mepoti Jlebeea my.
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Hns mapsl pacwupennux cewecmeennvr dynxuut f:X — R n ¢: X — R mummem f < g na D, ecin
f(z) < g(x) ana xkaxzgoi Toukn z € X.

Yepesz C(X) oboznauaem sexmoproe npocmparcmeo nad R nenpepoishvix Pynxyul Ha TOIOJIOIMYECKOM
mpocTpancTBe X co 3HadeHusMH B R.

Berony nmanee 6yksoit D C R? obosnadaem obaacmo, T. e. CBS3HOE OTKPBITOE HOAMHOXKeCTBO B R?, a Takske
Bo(r) :={z € R*| |z —o| <7} — wap paduyca r >0 c uenmpom o € RY.

[HommuozkecTBO H BEKTOPHOI'O IPOCTPAHCTBA HaJL ojieM R HasbiBaercs komycom, ecim tH C H npum Bcex
0 <t eR. Ecm pomomuurenbuo kKouyc H coflep:KuAT HyJseBoit BekTop, T. e. tH C H mpm Bcex 0 < t € R,
10 H — Kxonyc ¢ sepwunot 6 wyae. Konyc H ewnykavd, ecim H — BBIIYKIOE MOJIMHOXKECTBO, T. €. NMEET
mecto Brutouenne tH + (1 — ¢)H C H npu mobbix 0 < t < 1. Takum obpasom, H — swnykavili KoHyc ¢
sepwuroti 6 Hyae, eciu tH C H npu Bcex 0<teR u H+ H C H.

Yepes Meas] (D) obozHataem 6uinykaviii KOHYC 6CET NOAOHCUMENLHBLT KOHEMHVLT GOPENCECKUT MED € KOM-
naxmuom wocumesem ¢ D, sbh(D) —  swnyxavi xonyc ecex cybeapmonuveckur na D @ynryud, KOTOPDIH
BKJIIOYaeT B cebst (DYHKITMIO, TOXKJIECTBEHHO paBHyi0 —oo Ha D. Bce HeoOxommMmble 371eCh CBeIeHHS O CyOrap-
MOHHMYECKHUX (DYHKIUAX MOXKHO I0YepHHyTh u3 [1; 2].

Kak u B Monorpacdun [3], ecn unTerpas oT (GyHKIHE 110 Mepe ji CyIMecTByeT W NPUHUMAaeT 3HadeHue u3 R,
TO 9Ty (DYHKIHIO HA3BIBAEM HHTEI'PUPYEMOIl 1O Mepe [, UIH [L-UHMe2pupyemoti, a eCJau STOT UHTErpaJl eIe u
KOHEYEH, T. €. O 3HadYeHueM B R, TO 3Ty QyHKIMIO HA3bIBAEM CyMMHUDPYEMOH IO Mepe (i, WIH [i-CYMMUPYEMOT.

IlonaTus cymMMHUpyeMOCTH WJIM WHTEIPUPYEMOCTH MHTErPAJIOB, & TaKyKe paBeHCTB =%¢ u mepaBencrs ¢
moYTH BCIOAY O€3 yKa3aHwsi MePbl OTHOCATCHA HIPKEe MMEHHO K Mepe Jlebera mg.

Besikasi nocmosannas ¢ € R "acto paccMaTpuBaeTcss W KakK (ByHxuus, mosclecmeenno pasnas c. Tax, s
dbyekmmm u: D — R 3amuch u # —oo 03HauaeT, 4TO (DYHKIHUS U He TOXKIeCTBeHHas —oo Ha D. Yepes

sbh, (D) := {u € sbh(D) | u # —o0} (1.1)

0003HaYaEM BBIIYKJIBI KOHYC C BEPIIMHON B HyJIe BCeX cybrapmonmdeckux yHKImT Ha obsactu D, He pABHBIX
TOXKJIECTBEHHO —O00.
st pacmupeHHO BemecTBeHHON dynkiuu f: D — R ee noaynenpepusHas CEEPITY peeYyApUSaUUsL

f*:D — R onpenensiercst Kax
f*(z) :=limsup f(z'), =x€D.

x' —x

Oyukrusa f: D — R aokaavro ozpanuvena ceepxry wa D, eciam

sup f(zr) < o0
reK

g Kaskjgoro kommakta K C D. @Oymkmusa f:D — R aokaavrno unmezpupyema wa D 10 Mepe mg, ecin

CYIIIECTBYET WHTETrPAJI
/ fdmy € R
K

Jutst Kaxkjioro Kommnakta K C D, a eciaum Bce WHTErpajibl 37eCh KOHEYHBI, T. €. IPHHUMAIOT 3HadeHus: u3 R,
To dbysKEs [ aokaasvro cymmupyema na D. Kaxnas dbyaxuums u € sbh, (D) mokansHo cymmupyema Ha D.

Haie nccsenoanue onmpaercst Ha dbyHKIHOHAIBHO-AHAIUTHYECKHE De3yibraThl u3 [4; 5], re JocraTodHo
JeTaJbHO M3JI0YKEHA U UCTOPHUS BOIPOCa ¢ OOImupHON bubsmorpadueii. 371eCh JIst BBIMYKJIBIX TOAKOHYCOB H C
sbh(D) onu npumensrorcst it JBORCTBEHHOIO OIKUCAHUS YCJIOBHM, IIPU KOTOPBIX JJIsl Iapbl CyOrapMOHUYECKIX
dyukuuit u, M € sbh,(D) u menpepsisuoii byukiuu m € C(D) uaiinerca cybrapMmonndeckas yHKIms h €
sbh.(D), ¢ koropoit u+h < M +m wa D. Hamm oCHOBHBIE Pe3yJIbTATHI MOXKHO TPAKTOBATH M KaK YACTHBIN
caydail pelieHus IOCTaBIeHHBIX B [4, 1. 2.3, 3anaua 3; 5, pasnen 1.2; n. 1.2.3, 3amaua 3| obmux npobieM o
CyIIEeCTBOBAHUU OTrHOAIOIIENH U3 BBIMTYKJIBIX KOHYCOB.

Teopema 1. ITycmwv obaacmv D C R codeporcum samxnymoidi wap Bo(r) paduyca r > 0 ¢ uenmpom 6
mouke o € D, a makorce 3adanv, napa cybeapmonuveckur Pynkuul u, M € sbh,(D) na D emecme ¢ nenpe-
prisroti Pynxyueti m € C(D). Onpedeaum xaacc mep?

L hdmdg/thu Vhesbh(D)}. (1.2)

JJ(D) := {,u € Meas] (D)
Bo(r)

Jas cyweemeosanus dynkyuu h € sbhy (D), ¢ xomopotii evinosnenv, Hepasercmea

u(z) + h(z) <m(x)+ M(z) VYxe D, (1.3)
Heobxrodumo u docmamouno, umobv, cyuecmeosanro wucao C' € R, das xomopoezo
/udug/(m—&—M)du—FC Vu € JJ (D). (1.4)
D D

2Kmacc JJ(D) B Tepmunax u3 [4-6] — 9TO Kjacc BCeX JIMHEHHBIX BBIMETAHM CyskeHums my Ha Bo(r) orHOCHTenbHO sbh(D).
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JdokazaTejbCcTBO HEOOX0AUMOCTHU B Teopeme 1. B cuity mosyHenmpepbIBHOCTH CyOrapMOHUIECKUX (DYHK-
muit u, h u M oHu p-mHTerpupyeMbl 10 JI000#1 OOPEsIEBCKOIl IOJIOKUTEJILHON Mepe [ € Measg (D) ¢ xoMmaxT-
HBIM HocuTesteM Ha D. VHTerpuposanue HepapeHcTBa (1.3) 1o nosoxkurenbHoit Mepe i € JI (D) ¢ KOMIAKTHBIM

HOCHUTEJEM BJledeT 3a coboit HHTEI'paJIbHOE€ HEPAaBEHCTBO

/udu+/hdp</md,u+/Md,u,
D D D D

oTkyza 1o ompezenernio (1.2) kmacca J (D) mosydaem

/udu+/ hdmdg/ mdu—i—/ Mdyp  nmns Beex p€ JI(D). (1.5)
D Bo(r) D D

Kaxnas cybrapmonnveckas na D ¢ynkuus h JjokajibHo mg-cymmmpyema (1], BBugy dvero

c:= L hdmg € R,
Bo(r)

rae uuciao ¢ € R He 3aBucur or Mepbl p € JI (D). Iocnennee Bvecre ¢ (1.5) Bieder 3a coboil HepaBeHCTBO
/ udp < / (m+ M)dy —c  pos Beex p € J5 (D).
D D

Monoxus 3xpecs C := —c € R, moayuaem tpebyemoe (1.4).
HeobxomumocTh B Teopeme 1 joKa3ana.

Jloka3aTesbCTBO JIOCTATOYHOCTH B TeopeMe 1 moTpebyeT OpejesIeHHON OATOTOBKYM U IIPEJCTABJIEHO B IIO-
crmenneM pazzaerne 3. s sroro morpebyercss ofuH OO pPE3yJILTAT 1O JIBOHCTBEHHOMY OIMCAHUIO HUXKHEH
orubarIeil OTHOCUTEILHO BBITYKJIOIO KOHyca — TeopeMa A, mnpuBeieHHasl HUXKe B pasueiie 2.

HawuGosee Baxken B Teopeme 1 mist npumeHeHnmit kK rosomMopdHbIM yHKIMSM B ayxe [4; 5| yxke ciydai,
korma m = 0. Coayuait mysnesoit ¢pyukiuun M = 0, T. e. eJMHCTBEHHOI HENPEPBLIBHOW (DYHKIMU M € C(D) B
npasoit vactu (1.3), panee GbLI IIOJHOCTHIO pa3obpaH B [4, ciexcreue 8.1; 5, cieacreue 3.2.1; 6, Teopema 7.2].
Pesynbrar Teopembr 1 mepekImMKaeTCs C MCCIEIOBAHUSIMU IO JBOMCTBEHHOMY OIMCAHUIO HUXKHUX OTMOAIOIIAX
u3 pabor [9-11] u MHOrMX NOCJIEAYIONMX, €CJIU PACCMATPUBATL HUXKHIOW CyOrapMOHMYECKYIO OrUOAIONyIO
st dyakmun M 4+ m — u B IPEIIIOIOXKEHNN JIOKAJIHHON OIPAHUYEHHOCTH (MDYHKIMH % CHUA3Y, HOCKOJbKY B
9TUX paboTax BCerJa PacCMaTPUBAJINCH HIDKHUE CyOrapMOHUYECKHE OrHOAlolue UCKIIIOYUTEIBHO JJIs JIOKAJIHHO
OrpaHUYeHHBIX cBepxy dyHKIimii. Ho B Hambojiee akTyaJlbHOM JiJisl JIaJbHENINNX [IPUMEHEHUl BapuaHTe U =
=In|f|, tme f — eonomoppnas na obaacmu D C C dynrkyus zoma 6v. ¢ odnum koprem, dysus ln|f]
HE OrPAHMYEHA CHU3Y B OKPECTHOCTHAX KOPHEN.

2. ﬂBOﬁCTBeHHOG olmmcaHuMue 0r1/16a10me171 OTHOCHUTEJIbHO BBIITYKJIOI'O
KOHYCa B ITPOEKTUBHOM IIpe/Jejie BEKTOPHbBIX pelieToOK

Yuopsiioyentoe Bekroproe npocrpancTso (X, <) Han R ¢ ornomenunem nopsiaka <, pedIIeKCUBHBIM, aHTHU-
CUMMETPUYHBIM ¥ TPAH3UTUBHBIM, HA3BIBAETCS 6EKMOPHOU DewemKot, ecju st Jboro xonewnozo F C X
CYIIECTBYET MOYHAA 6ePTHAA 2panb B X, obo3Havdaemasi nasee Kak X-sup F' € X (moxpobree B [7; §]).

MmuoxkectBo Bcex ¢yHkuumii f: X — Y ngeiicrByrommux u3 X B Y ¢ 06JlacThbIO OIpejiesieHusl Ha BceM X,
obosnagaeM jasee depes YX. st BekropHbiX pemerok X u Y depes linTYX o6osnadaem ewinykanid konyc
NUHETIHBIT NOAONHCUMENLHOT, T 8o3pacmatowur, gymkyud 1: X — Y. Jpyrumu ciaosamu, | € linTYX,
ecy i Jo6oro mosoKuTesibHoro B X BeKTOpa T BeKTOp () mojoxuTeabHbIR B Y.

ITycts (X5 )nen, — IMOCIENOBATENLHOCTD BEKMOPHOIL pewemok X, € OTHOIIEHUsIMH IIOPsiJKA COOTBeT-
CTBEHHO <, T. €. IOCIeI0BATENbHOCTh Map (X, <,), n € No. Eit coorBercTBYeT mpoussezeHue

(o)
HXn = H X,
n=0

JUTsl KOTOPOro mpu & = (Tp)neN, € || Xn mnomaraem pr,z = x, € X, — npoexyua Bekropa z € [[ X, Ha
npocTpancTBo X,,. Ilo onpenenernto x < &' B [[ X, ecm pr,z <, pr,@’ mas xaxmoro n € Ny.
., . . X
ITycrs (pp)neN, — MOCIIEIOBATENBHOCTD JTUHEHHBIX HOJIOKHUTEIBHBIX (DYHKIHMI Dy, € linT X, """ us Xn41 B

X,, n € Ny, UIsi KOTOPO# IPEIoaraeM CoOTPpaHeHue MOuYHOU SepTHel 2pary OAf KOHEUHLT NOOMHONCECTNS,
a MMEeHHO:

X~ sup pp (Frt1) = pn(Xpg1-sup Fry1)
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I KaXKoro Koneanoro Fyy1 C X, 1. Torma ciemyromee moampocTpancTBo B npoussenenun || X, o6o3Ha-
JaeMoe Kak

X :=prlim X,,p,, := {x € HX”

C TeM JKe OTHOIIEHWeM IMOpsiika <, 94To u Ha |[X,, — BEKTOpHAs DeIleTKa, Ha3blBaeMasi NPOEKMUGHbIM
npedeaom nocaedosamervrnocmi, (Xn)nen, 6EKMOPHOT Pewemor no (Pn)neN,. He yMayss obIIHOCTH, MOMKHO
cuntath [4, mpenmoxenne 3.1; 5, npemnokenne 2.1.1], uTo

pr,& = pn(pr, ) Vn € NO},

pr,X = {prnac | T € X} = X,, s jroboro n € Ny,

T. €. IPOEKIUN pr, U3 NPOeKTHBHOro mpenena X = prlim X, p, #a X, cropsexmusHi.
Mommuoxkectso B C X oepanuueno cnusy (ceepry) 6 X, ecim cymecTByeT BeKTOp & € X, Jyisi KOTOPOro
x < b (coorBercrBenno b < x) st Bcex b € B u B oepanuveno 6 X, ecaiu B OrpaHUYeHO W CHU3Y, U CBEDXY.

Teopema A [4, Teopema 2, caencrust 6.1 u 3.1; 5, teopema 2.4.1, caencrsus 2.4.1 u 2.1.1]. Iyemo
H C X :=prlim X,,p, — 6wunykavili Konyc ¢ sepwunot 8 nyae, a 0aa 10600 ozpanudernnotd 6 X nocaedosa-
MEALHOCTNY (h(k)) sexmopos h'®) € H cywecmeyem npunadaescawuti H seprnui npeden

keN
limsup h*) := inf sup h® € H. (2.1)
k—o0 neNg>p
Hyecms S C X — sexmopnoe nodnpocmpancmso, codepotcausee H, u npu xasrcdom n € Ny das ar06020

Sn € pr,S natdemca maxoe hy € pr,H, wmo h, <, $p.
ITycmo evibpana sunetnas nososcumenvias gynkyus qo € linTRX0 wa Xo, u daa cynepnosuyuu

q:=qoopry € linTRYX (2.2)
npu a06oti yowearowet 6 X nocaedosamesvrocmu (h*))en ¢ h%) € H npu yeaosuu xonewnocmu
inf ¢(h®™) € R 2.
af g™ € (23
oma nocaedosamenviocms (h¥) ey oepanuvena cnusy 6 X u
inf h®)) > inf g(h™M). 2.4
™) > faf o) 24
Tozda dasn wasicdozo s € S eeaununa -
sup{q(h) | H>h<s} eR (2.5)
DPABHA BEAUMUHE
inf{ (1, o pr, ) (s) ’ n € No, Ly € "R, g(h) < (I o pr,,) () Vh € H} € R. (2.6)

B wacmmnocmu, ecau npu 3adannom s € S seaununa (2.6) we pasna —oo, mo He pasna —oo seauduna (2.5)
u, caedosamenvro, natidemcs sexkmop h € H, ozubarowuti cnudy s 6 mom cmoicae, wmo h < s.

3. ,Z[OKaBa.Te.TIbCTBO AOCTATOYHOCTHN B TeopeMe 1

CsezieM paccMOTpEHHE JIOCTATOYHOCTH B TeopeMme 1 K TeopeMe A. Iy aToro BeIOEpeM ucuepnarue 00aacmu
D C R¢ nocie1oBaTeIbHOCTBIO (Dp)nen, obmacreit D,, C R?, nns xKoroporo B,(r) C Dy, samvikanue clos Dy,
obsactu D,, comepxkurtca B obnactu D, npm KaxiaoMm n € Np, T. e.

D= U D,, B,(r)CclosD, C D,y mupn Bcex n € Ny.
n€Ng

Hast n € Ny pacemorpum npoctpanctso X, := L!(closD,,) cymvupyembix ma clos D,, 1o my dbyHKImii ¢
OTHOIIIEHNEM IIOTOYEYHOI0 Ipeaopsika <, (akropusanuio KOTOPOro 10 OTHOIIEHHI0 =%¢ 0003HaYUM Ue-
pe3 X, e <€ yKe OTHOIIEHHE IOPAAKa. B KadecTBe JMHEHHBIX MOJIOKHUTEIbHBIX DYHKINN D, € Iin+X7)f it
BBIOEpEM cyorcenusn «Pynryuty u3 Xpp11 wa clos Dyy1, KOTOpble CTaHOBATCS y:Ke BeKTopamu u3 X,. IIpo-
eKTUBHBIA npenesn prlim X, p, 31ech — 3T0 (HaKTOPU30BAHHOE IO OTHOMIIEHUIO =% IIPOCTPAHCTBO JIOKAJIHHO
cyMMHuUpyeMBIX Ha D mo my QyHKIMil ¢ OTHOIIeHHeM Hopsgaka <, KOoTopoe 00OO3Ha4YaeM dYepe3 Llloc(D).
B kadectse Bbimyksoro komyca H C Li (D) BbibepeM BBITYKJIbIH KOHYC

loc
H :=sbh,(D) C L.(D). (3.1)

[TonyHenpeprbiBHAS CBEPXY PEryJIsipU3AIMs BEPXHErO IIPEJEJa IOCIEI0BATEILHOCTH CyOrapMOHUYECKUX (DYHK-
nuit Ha 00JIACTH, €CJIM STOT BEPXHHUI IpeJies HE PABEH —OQ, C OJHON CTOPOHBI, /1aeT CyOrapMOHHYECKYIO (DYHK-
IIMIO, & C JAPYyroil — oTJIM4aeTcd OT BepXHero IIpejiesa pa3Be 4TO Ha MHOXKECTBE HyJIeBOH Mg-Mepbl, U JlaxKe
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nossipaoM [1; 2]. Tlostomy must aroro xoryca H = sbh, (D) BeINOIHEHO ycsioBHE TeopeMbl A, 3aBepIIaroIieecs
PABEHCTBOM ¥ IPUHAIEXKHOCTHIO K H u3 coornomenuii (2.1). Tomoxkum

S :=C(D)+ H — H = C(D) + sbh,(D) — sbh,(D) C Li..(D) (3.2)

— BEKTOPHOE IIOJIIIPOCTPAHCTBO B Llloc(D). Iycrs s, € pr,S, T. e. S, = gn+ hy —hl,,, THE g, — HeUpepbIBHAS
dbyuxmus uz C(clos D,,), a dyuxun h, € pr, H u bl € pr, H — cyxenust Ha clos D,, byHKIuii n3 BBITYKJIOrO
koHyca H = sbh,(D) u3 (3.1). Torna cymecTBylOT NoA0HCUMEADHBIE WUCAG € U ¢, IS KOTOPBIX g = —C
Ha clos D, u h!, <, ¢ Ha closD,,. Crenosarensto, h, —c—c <, sp, vae hy, € pr,H, a TakxkKe IOCTOSHHAs
—c — ¢ € R upunamnexur pr, H, NOCKOJIbKY KaxKJasg HOCTOsHHAs — cyOrapmonmdeckas (byHKus. Takum
006pa30M, BBIIOJIHEHbI yCJIOBHs TeopeMbl A st BbIOpanHoro B (3.2) mogmpocrpanctsa S C Li (D).

B kadecTBe JIMHEHHON MOIOKHTENBHON byHKIIK o € lintTRX0 B Teopeme A BrIGepeM cysKeHEe MepBI Mg

Ha B,(r) B TOM cMbICs€, UTO

qo(fo) := L fodmg € R st Beex fo € Xo = proLi,.(D) = L'(clos D). (3.3)
Bo(r)
IIpu TakoM BBIGOpE qo JMHEiHAst MOJOKHUTeIbHAA (DYHKIHUs ¢, onpejesneHHast B (2.2), neficTByeT 1o IpaBuiy
q(f) = / fdmg € R s seex f € L (D). (3.4)
Eo(r)

Oyuxmust w: D — R nowmu cybzapmonuveckas Ha D, ecim oHa IIOYTH BCIOAY COBIAIAET C HEKOTOPOH Cy6-
rapMmonmnueckoil dynkimeit Ha D [12]. usa npoussoavnoti ybvisarowed nowmu 6ctody nocaedosamesvHocmu
(")) gen mouTH cybrapmormueckux ma D byukmuit h*) yerosue (2.3) cormacio (3.4) osmauaer, uTo

i (k) =i (k)
]irelg Eo(r)h dmy lirelqu(h ) € R, (3.5)

T. €. TOYHAsI HUXKHss TpaHb JieBoi wactu (3.5) koweuna. OTcCOmA TpPEmEN ITOH ITIOCTETOBATENLHOCTH €T
nourn cyGrapmonmdeckyo byHKIo Ha D, T. €. 5T0 BepHO Jyis yGbBatomeii nocaenoparebrocTi (h*))cy
u3 konyca H = sbh,(D). Bepxuuii upemen (2.1) yObiBaromieil mocC/aegI0BaTEILHOCTA — 9TO TOYHAS HUXKHSAL
rpamb 310l mocegoBarenbrocTn. 1ostomy mrs mocaenosarensuocteii (h*)),cn mpu yemosmn (3.5) momyaaem

— inf h*) -
00 # érelgh € H = sbh,.(D).

B wacrHOCTH, TIpH yeaosun (3.5) yopBaoomas mociemoBarensrocts (h*)) ey u3 H, oueBmaHO, orpaHmdeHHast
ceepxy dyukrueii V), orpammuena u cuusy dynkumei

inf h® € H.
keN

IIpu sToM MOxeM cunrarh Bee dyukmmm hF) momynenpepesubiMu cBepxy. st yObIBAIOMIEH MOCTEIOBATET -
HOCTH TaKuX (DYHKIUH infrecy MOXKHO BHECTH MMOJ 3HAK WHTErpaJja:

inf / h*) dm, = / inf h*®) dm,.
keN EO(T) EO(T) keN

CorytacHo (3.5) 3TO O3HA4YAET BBINOJIHEHUE PABEHCTBA
inf h(k) = inf h(k) JIST @ = o © Pro,
q(ke ) i q ( ) pit q qo © pro

9TO JayKe CUJIbHEe COOTBETCTBYIOIIEro HepabeHCTBa (2.4). TeM cambIM BBINIOJHEHBI BCe TpeGyeMble YCIOBHSI
TeopeMbl A M MOXKEM HPHUCTYIIUTH K TPAKTOBKE PABHBIX JPYT APYry BeawduH (2.5) u (2.6) st IPOEKTUBHOIO
npejienia BeKTOpHBIX pemerok Li (D) n konyca (3.1) npu ycaosun (1.4) teopemsr 1. Temeps, ecn u3 ycaosus
(1.4) reopembr 1 BbIBeseM, uro Beauuuna (2.6) ¢ yuerom (3.2) u (3.1) aa dynkuun

si=m+M—ucS:=C(D)+H—H=C(D) + sbh.(D) — sbh,(D) C Li,.(D), (3.6)

HE paBHA —0O, TO II0 3aKJIIOYUTEJbHOW dYacTu TeopeMbl A 310 Oyler O3Ha4YaThb, YTO HAMIETCs HEKOTOpast
dbyukuua h € H = sbh,(D), ana koropoit h <*¢ s = m + M —u wa D, wiu, B 3KBAUBAJEHTHONH dopme,
u—+h <** m+ M wa D. Orciona B cuiny cy6rapmonnunoctu Gynkuuit u, h, M [1],[2] u menpepbisrOCTH
dyukuun m serxko caemyer, 9ro u+h < m—+ M eciody na D, aro u maer tpebyemoe HepaBeHCTBO (1.3).
Ocranoch 1mokasarb, 4ro npu yciaosud (1.4) reopembl 1, 3ammcaHHOM B PaBHOCHIJILHON (opme Kak

inf m+ M)d —/ud>>—oo, 3.7
MeJ;(m(/D( Jdu— | udp (3.7)

Besmanna (2.6) He paBHA —O00.
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Tounyto HWXKHIOI rpadb B (2.6) mua dyaknum s:=m+ M —u u3 (3.6) MOXKHO 3ammcaTh Kak
inf{(ln opr, )(m + M) — (I o pr, ) () | n € No, 1, € lintRPS g(h) < (I o pr,)(h), h € H} (3.8)

Ipu xazxaoM durcnposanaoM n € Ny 31ech I, mpoberafor acts lintRP» urs mommpocrpancrsa S = C(D)+
+ H— H u3 (3.2). Torna obs3aTesnsHo I, € linTRP-C(D) — Iin+IRC(°'°5D”)7 OTKyZa 1o Teopeme Pucca [, Ha
C(clos D,,) peamusyercst Ha npoctpancree C(clos D,) Kak HeKOTOpas MOJIOKUTeIbHAsi KOHEUYHash Mepa Bope-
ast p4 Ha D ¢ KoMmmakTHbIM HocuteneM B clos D,,. TpeGosanue u3 (2.6) suga q(h) < (I, o pr,,)(h) npu BCex
he€ H nusa g =qpopry cornacHo (3.3) B TepMUHAX MepbI [i MOXKHO 3alMCaTh KaK TpeGOBaHME

/7 hdmg é/ hdp upu Becex h € HNC(D) (3.9)
B, (r) D

n3 oupenenenns knacca J) (D) B (1.2), mockoabKy Mepa > 0 ¢ KOMOAKTHBIM HOCHTEJEM B [ IPOIO/IKAETCH
OJIHO3HAYHO Ha Bee cyGrapMmoHmueckue (byHKIMH, KOTOPBIE CTAHOBSTCS {-MHTEIPHPYEMBIME BBHY BO3MOMKHO-
CTU NPEJCTABATH MX KakK Ipenes yObIBaomieil Moc/aeZ0BATEeSbHOCTH HENPEPBIBHLIX CyOrapMoHnveckKux Ha D
dbyukmit. 910, B YaCTHOCTH, BJeYeT 3a COOON KOHEYHOCTb MHTETPAJIOB

/ hdp € R jyist Beex h € H = sbh, (D).
D

Ciie/10BaTeNIbHO, MOJIYHeHHbe TakuM 06pasoM Mepsl 4 € Meas] (D), yrosiaersopsiomue (3.9), KOPPEKTHO Ompe-
JIeJIeHBl U IIPUHAMAIOT KOHEYHBIE 3HAYEHUS Ha BBITYKJIOM KOHYCE

C(D) + H = C(D) + sbh, (D) > sbh, (D).

B uacrnocrn, bymximmn uz C(D) + H cymmvmupyemsr o mepam g € Measd (D), yuosnersopsionmmv (3.9), a
HepaBeHcTBO (3.9) BepHO Jyra Beex dymukiwmit h € sbh, (D). Bosnee Toro, sro o3nagaer, uro neiicrsue na C(D)+
+ H dyuxmmit 1, € linTRPS | yrosnersopsiomux nepasencrsy q(h) < (I, o pr,)(h) mnsa Bcex h € H, mupn
paccMaTpUBaeMbIX KOHKDETHBIX BblOopax S kak B (3.2), mpoekumii pr,, Kak cyxenuii Ha closD, un ¢ Kak B
(3.4), MoxkeT OBITH PEAJU30BAHO B BUJE MEPBI (i € I\/Ieasér(D) ¢ HocurejieM B clos D, yIOBJIETBOPSIOIIEi
(3.9), no yxe npu Bcex h € H = sbh (D). dpyrumu cioBamu, Kjaacc Takux mep B jeiicrBuax wa C(D)+ H
He yxKe Kiacca dyukmmii [, € linTRP»S | yuacTByOmuIX B OIpeeJeHIN TOYHON HUZKHEH TDaH: (3.8). Orcrona
cpasy cjleflyeT, YTO TOYHAs HIXKHsS I'paHb B (3.8) He MeHbIne To4YHON HuKHedl rpanm B (3.7), KOTOpas He
pasaa —oo. CuleJloBaTeNbHO, U TOUHAS HIDKHsIS I'paHb B (3.8) He paBHa —00, UTO 3aBepIIAeT JOKA3aTEIbCTBO
JIOCTATOYHOCTU B TeopeMe 1.
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SUBHARMONIC ENVELOPES FOR FUNCTIONS ON DOMAINS?

ABSTRACT

One of the most common problems in various fields of real and complex analysis is the questions of
the existence and construction for a given function of an envelope from below or from above of a function
from a special class H. We consider a case when H is the convex cone of all subharmonic functions on the
domain D of a finite-dimensional Euclidean space over the field of real numbers. For a pair of subharmonic
functions u and M from this convex cone H, dual necessary and sufficient conditions are established under
which there is a subharmonic function h #Z —oo, “dampening the growth” of the function u in the sense
that the values of the sum of u+ h at each point of D is not greater than the value of the function M
at the same point. These results are supposed to be applied in the future to questions of non-triviality of
weight classes of holomorphic functions, to the description of zero sets and uniqueness sets for such classes,
to approximation problems of the function theory, etc.
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CPABHEHUE HEITAPAMETPUYECKUNUX OINEHOK ®YHKIINU
BBI2KVIBAHUN A

AHHOTAIINA

B crarbe mpoBommrTcsi cpaBHEHHE TpPEX BHJIOB OIEHOK: IKCIOHEHIIMAIHHOW, MHOXKHUTEJIBHOW WM CTEIeHHON
CTPYKTYp i (DYHKINKA BLDKUBAHWS TMPHU CAYyIaiHOM IIEH3YPUPOBAHWHU HADJIOAEHU crnpaBa. Pamee ObLIO
YCTAHOBJIEHO, YTO BCE 3TU TPHU OINEHKH IIPU PACTYIEM O0beMe BBIOOPDKU SKBUBAJEHTHBI, T. €. IIpU
OJIMHAKOBOI IIEHTPOBKE U HOPMHUPOBKE CXOJSITCS K OJHOMY W TOMY K€ T'ayCCOBCKOMY Iporieccy. KOHKpeTHO B
BBIOODKE IMOKA3aHO, UTO CTEIEHHBbIE OIEHKU OIPEJE/€Hbl Ha BCEeil MpsiMOil B OTJIMYHE OT SKCIIOHEHIMAJIBHOMN
W MHOXKHUTEJbHBIX OIEeHOK. CJie0BaTe/IbHO, CTEIEeHHbIE OIEHKU SBJISIOTCH JIydIle, YeM OCTaJbHBIE JIBE.
[TosBeprayThie TEeH3ype JIAHHBIE MCIOJb3YIOTCS MPU aHAJIN3e BHIXKUBAEMOCTH, B OHOMEIUIIMHCKUX UCHBITAHUAIX,
B IIPOMBIIJIEHHBIX KcrepuMenTax. CyliecTByeT HECKOJIBKO CXeM IleH3ypupoBaHusi (crpaBa, cjeBa, ¢ 06emx
CTOPOH, B COYETAaHWH C KOHKYPHUPYIOIMMM pucKamMu u japyrumun). OpHAKO B CTATHCTHYECKOH JuTepaTrype
[IUPOKO PACIPOCTPAHEHO IPABOCTOPOHHEE CJy4YaiiHOe IEH3yPHUPOBAHUE, IIOCKOJIbKY €ro JIerKo OINCATh C
METOOJIOTUIECKON TOYKN 3peHus. B craTbe Tak»Ke pacCMOTPEH 9TOT BHUJ| IEH3YPUPOBAHWS, 9TOOBI CDABHUTH
HAIllM PE3YJIbTATHI C JPYTUMHU HMCCJIEIOBAHUSIMUA.

KurroueBblie ciioBa: OleHKH; CiydaiiHOe [EeH3ypPUPOBAHUE CIPaBa; (PYHKIINsS BBIKUBAHUS; JTOBEPUTEIbHBIE
I10JIOCBHL.
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A6dyparum Azmedosuy A6dywyrxypoe — mpodeccop KadeIpbl MPUKJIAIHOW MATEMATHKH W UH(MOPMATHUKH,
MockoBckuit rocymapcrBertbiit  yauBepcurer umenu M.B. Jlomowmocosa, dwuaman B 1. Tamkent, 100060,
Vabekucran, r. Tamkent, np. Amupa Temypa, 22.
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1. IIpenBapuresibHbIE CBe/IeHUS

WcciremoBannst HemapaMeTpUIeCKUX OIEHOK, SKCIIOHEHIINAIbLHON, MHOYKUTEJIBHON U CTEIIEHHON CTPYKTYP MO-
Ka3bIBAIOT UX ACHMIITOTUYECKYIO IKBUBAJIEHTHOCTb (Iipu 1 — 00). HekoTropble oTsindnTesbHbIE CBOHCTBA 9THX
OIEHOK MPOSIBJISIOTCSA TPU (DUKCHPOBAHHOM 00beMe BBIOODKH, W OHM MPOBEJIEHbl B MoHOrpadun [1].
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IIycrs {Z;, j > 1} u {Y};,j > 1} — B3auMOHe3aBUCHMBIE IIOCIIEOBATEILHOCTH, HE3ABICHMbIE M OJUHAKOBO
pacipejieJieHHbIE CIydaiiHas BEJIUYNHA C HEIPEePBIBHBIMU (DYHKIUsIMU pacupeseieanss H u G COOTBETCTBEHHO.
Habusomaercss Boibopka obbema n:

C(n) = {(gijj)v 1<j< n}7

rie
§ =min (Z;;Yj),
Aj = 1(Z; <Y;)

(I (A) — s10 namurarop cobbitus A.

1. Ecmm Z; <Y, to § =min(Z;;Y;) =Zj, A;j =1, u B 93TOM ciIydae MBI MOXKeM HaOIOIATb

2. Ecm Y; < Zj, 10 § =min (Z;;Y;) =Y, A; =0, 310 Gyaer ciydail 1eH3ypHPOBAHUSL.

Basiata cocTonT B orenuBamun bynKmua spuKusanus 1 — H (z) mo swibopke C™) mpu menmaromeii dbyHkimm
pacupenesiernss G. s 1 — H cupase/yimBo npejicrasiesue [2]:

1 — H(z) = exp(—A(z;1)),

rIe
May= [ Q-H@-)TaH@= [ 0= N =) @),
(—ooia] (—ooia]
N(@)=P(<r)=1-(1-H(z)(1-G(z)) = M (z;1) + M (;0),
M (z;1) = P(§ <z, Aj=1i), i =0;1.
Hip (.’E) =1- H exp {_A{”(zf;\[z]\(/ﬁl(l)‘i;l)} =1-—exp (_An (.’E; 1)) ’
u<lz )
My, (u;1)—M,, (u—;
E&n(x):ﬁl—lgLexp{l—- (us2) M s n}7 (1)
Hs, (z) =1— (1= N, (2))*®),
rae

Ry (z) = Ap(x; 1)(An(x))71,

A (1) = / (1= Ny (u—)) M, (u:1),

—o00;x)
-1
M@= [ - Naw) ),
(—ocial
N () = Moy (1) 4+ Moy (250) = ST (6 < ),
j=1
M, (z;1) = %ZI(EJ <z,A;=14),1=0,1
j=1

TakuM 06pa3soM, paccMaTpUBaeMasi MOJEb SBJISETCS MOJENIbI0 CIIy9YaifHOrO IeH3ypPUPOBAaHHs CIIpaBa 7
IpH ToMoIy Yj, The Z; HabmomaeMbl jammb mpu A = 1.

IIycts Gin(z), Gan(z) u Gsp(z) coorBercTByromue oneHKH Memaroreli dbyHKuun pacnpesenenus G(z),
onpenensemble opmyaamu (1) ¢ samenoit M, (z;1) ma M,(z;0). B paccmarpusaemoit momemn 1 — N(z) =
=(1—-H(x))(1 —G(z)) ana sBcex = € R. Oapako s 9THX TPEX THUIOB OINEHOK HMEEM:

I.
(1= Hip(2)(1 = G1a(2)) = exp(—An(2)) # 1 — Na(x)
u mpu
& 2§ = max {&},
max (Hyp(z); Gin(z)) < 1.
IT.
(1= Hon(2))(1 = Gan(2)) # 1 — Np(2)

u mpu

T 2 )

ouenku Hop(z) u Gapn(x) HeoupemeseHHDI.
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ITI. Jlnst cremeHHBIX OIEHOK

(1= Hsn(2))(1 = Gsn(2)) = 1 = Na(2)

¥, CleJIoBaTebHo, npu T = &y, Hon(x) = Gan(z) = 1.

Taxkum obpazom, i ciaydas HenpepblBHbIX pacnpesenenunii H nu G, TOJBKO OIEHKN CTENeHHOIl CTPYK-
typol Hs,, u (3, gBisiorcs unieHTudUIUpyeMbIME ¢ MOJebio. s jgeMoHcrpanuu cBoiicrB oreHok (1)
paccMoTpuM BBIGOPKY 0o0beMa n = 97 u3 pabor [3; 5]. Dro manHble u3 neHTpa yeiuHeHus JeHHuHr Xayc
(Channing House) B r. ITaso Ansro (Palo Alto) B Kamudopruu (CIIA). Bapnannonmeiil psj, mOCTPOEHHBIH
1O STUM JIAHHBIM, €CTh:
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), (911;1), (911;0), (914;0), (927:1), (932:1), (936:0), (940;0), (942,5:0), (943:0), (945;1
951;0), (953;0), (956:0), (957:1), (957:0), (959:0), (960:0), (966:1), (966:0), (969;1), (970;0

)

( )
( )
( ) )
(973;0), (977;0), (983;1), (984;0), (985;1), (989:1), (992,5:1), (993;1), (996:1), (998;1), (1001;0), (1002;0),
(1005;0), (100630), (1009;1), (1011,5:1), (1012;1), (1012;0), (1013;0), (1015:0), (1016:0), (1018;0), (1022;1),
(1023;0), (1025;1), (1027:0), (1029:1), (1031;1), (1031;0), (1031,5:0), (1033;1), (1036;1), (1043;1), (1043;0),
(1044;1), (1044;0), (1045:0), (1047:0), (1053;1), (1055;1), (1058;0), (1059;1), (1060;1), (1060;0), (1064;0),
(1070;0), (1073;0), (1080;1), (1085:1), (1093;0), (1093,5:1), (1094;1), (1106;0), (1107;0), (1118;0), (1128;1),
(1139;1), (1153;0).

3/ech JaHHBIE TIPEJCTABIEHBI B MECSIax, MPUYeM HAXOMSINeecss C PsiIOM Yucao 1 B mapax O3HAdaeT HeIeH-
gypuposanue (T. e. cMeprh), a 0 — nensypuposamue. Ilpu srom 46 4YeOBEK yMep/d ¢ HAYAJIA OTKDPBLITHS
neaTpa B 1964 romy mo 1 wmrosnst 1975 roma Ko JHIO cOOpa JAHHBIX. DTO HEIEH3YypUPOBaHHBbIE JaHHBIE. U3
OCTAJIbHBIX JIAHHBIX O 51 desloBeke H ObLIM BBIMMCAHLI U3 IeHTpa, a 46 eme ObLm KuBbl K 1 mionss 1975 ro-
Ja. 970 1en3ypuposanHble gaHHble. Ilo sTuM 97 maHHBIM IpuBeIeHB! Tpaduku oneHoK Hp,.o7(x), m =1,2,3
Ha puc. 1-3 mo oTaesbHOCTH W HA puc. 4 BMecTe:

Puc. 1. Onenxa 1 — Hy,97(x)
Fig. 1. Estimator 1 — Hi,o7(x)

W3 pucyHKOB BHIHO, 9TO B OTJIMYHE OT IKCIOHEHIIUAJIHHBIX M MHOYKUTEJIHHBIX OIEHOK TOJBKO CTEIeHHBIE
OLIEHKH OIIpeJIeJIeHbl Ha Beeil npsiMoil. Temepb npu momornu omeHok (1) HOCTpouM J0BEepUTENbHBIE TI0JIOCHL JJist
HemssecTHON byHkuuu 1 — H(z). Hus sroro Gynem ciemnosarh paboram [3; 4] u ucmosb3yeM J10BEpUTETHHBIE
[IOJIOCHI BHJIA,

M (2, p2) = | MS) (@, i, p2) s M) ($,u1,uz)] ,
rame m=1,2,3,

M, (2,1, 12) = Hynp () =07 % (1= Hypp () (uldé (T) + p2 - — ) ) ,
dz (T)

S

Hop (2) + 1% (uldﬁ (T) + u()>
dz (T)

1 )
14+n2 (md% (T)+ uzd?(x))
di (T)

M) (2, p1, p2) =
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Puc. 2. Onenxa 1 — Ha.97(x)
Fig. 2. Estimator 1 — Ha,97(x)
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Puc. 3. Ouenxa 1 — Hs.g7(x)
Fig. 3. Estimator 1 — Hso7(x)

Puc. 4. Onenka 1 — Hp,.97(2), m= 1,2,3
m

Fig. 4. Estimator 1 — Hpm g7(x), = 1,2,3

T=1128 uy =1 uo= 1,37ud,(x)= [ (1-N, (u—))_2dMn (u;1). DTH MOSIOCH I JTAHHBIX O0BHeMa
(—o0s]
n=97 ¢ ucrnojab30BaHueM OIEHOK (1) mpuBeseHsl Ha puc. 5-7.



A6oywyrypos A.A., Bosopos C.B. Cpashenue HENnapamempuuweckur ouehork @GYHKUUYL BbHCUBAHUA
76 Abdushukurov A.A., Bozorov S.B. Comparison of nonparametric estimates of the survival functions

iy,
sy
LR
frog
ifas
[
L

Puc. 5. Hosepurenbusle momocsl Mi*.g7(x;1;1,37)
Fig. 5. Confidence bands M;"97(z;1;1,37)
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Puc. 6. Hosepuremsusre mosmocer Ma*.g7(xz; 1; 1,37)
Fig. 6. Confidence bands M>"97(x; 1; 1,37)

Puc. 7. Hosepurensuee monocsr Ms*.g7(x; 1; 1,37)
Fig. 7. Confidence bands M3*97(z; 1; 1,37)

3akJIroueHue

CpaBHUBAIOT TP BHJIA OIEHOK: YKCIOHEHIIMAJILHON, MHOXKUTEJHHOW M CTENEHHON s (DYHKINM BbIXKUBa-
HUS TIPU CJIyYAHOM II€H3YyPHUPOBAHUU CIpaBa. PaHee Oblaa yCTAHOBJEHA ACHMITOTHYECKAS IKBUBAJIEHTHOCTH
9TUX TPeX BUJIOB OIEHOK IPHU PACTYIIEM OO0beMe BBIOOPKH B CMBICJIE CXOAMMOCTH K OJHOMY U TOMY XK€ Tayc-
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coBckoMy Tiporieccy. Jjisi KOHKpeTHOM KOHEYHON BBIOOPKU oO0beMa n = 97 mokKa3aHbl HEKOTOPBIE ITPENMYIIECTBA
CTEIEeHHOI OIEHKHU 110 CPABHEHUIO C OCTaJbHbIMU jByMsi. CjieqoBaTe/ibHO, 3Ta OIEHKa JIydIlle, YeM OCTaJbHbIE.
NmetoTcss unciieHHbIe TPUMEPDHI IEMOHCTPAITUN PE3YILTATOB.
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MATEMATNYECKOE MOIEJINPOBAHUE KAK METO/
®OPMUNPOBAHUSY [IO3HABATEJIBHBIX VHUBEPCAJIbBHBIX
VYEBHBIX JEVICTBUN U KOMIIETEHIINIT OBYYAIOIIINXCY
B VCJIOBUSX XOJIMCTUYHON OBPA30OBATEJIBHOWN CPEJIBI

AHHOTAIIN A

C mosuruii mHMGOPMAIMOHHO-00PA30BATEIBHOIO XOJU3Ma Y e, yCIoBUII M OCODEHHOCTEl IIepexoHOro
mepuoga  1mudposoit  Tpamncdopmaruu  06pa3oBaHUS  AHAJIU3UPYETCs  JUJIAKTHYECKUN  MOTEHIHAJ
MaTeMaTUIECKOIO MOIEIUPOBaHusd B (DOPMHUPOBAHUU U PA3BUTUU II03HABATEJHbHBIX YHHBEPCAJIbLHBIX YYE€OHBIX
neficreuii (YY) Ha ypokax MaTeMaTWKH y IIKOJbHUKOB M yHUBepcasbHbIX KoMmuerennuii (YK) npu uzydenun
MaTeMaTUIECKUX U METOIUKO-MATEMATHYECKUX JUCHUILUIMH CTYJAEHTaMU BY30B HAIIPABJEHUs I1OJIOTOBKI
Iledazozuueckoe obpazosanue. Ha ocHoBe codyeraemMocTn TpeboBaHUil (beepalibHBIX TOCYIapPCTBEHHBIX
00pazoBaTENIbHLIX CTAHJAPTOB CpeiHero obmero u Boicmiero obpasosanusg (OPT'OC COO u OT'OC BO),
OPENeIAONNX YCJIOBUS U 0COOEHHOCTH (POPMHUPOBAHUS U PA3BUTHS yYHUBEPCAJIBHBLIX YYEOHBIX IEHACTBUI y
IIKOJIbHIUKOB U YHUBEPCAJIbHBIX KOMIIETEHIUNA Y CTYAEHTOB — OYAYIIUX yUYHUTeJell MaTeMaTUKHU, OLPEIesIseTcs
ONTUMM3UPYIOIee BJUsIHUE Y 4jeh Ha 3TM Iporecchl. PaccMaTpuBarOTCs BO3MOMXKHOCTH MaTEMaTHYeCKOIO
MOJIEJINPOBaHMsl KakK 00pa30BaTe/IbHON TEXHOJIOIUHU, IIO3BOJISIONIEN IOBBICUTH 3I(PMEKTUBHOCTD ITOJIyYeHUs,
YCBOEHUsI U NIPUMEHEHUsI 00y YaroNIMMUCs HOBBIX IIPEIMETHBIX U METOJAMYECKUX 3HAHUI B YCIOBUAX CMEITaHHOTO
odiiaita- u omaitn-ooyuenus. IIpusomures Mozmens MHAOPMAIMOHHO-00PA30BATEILHOIO XOJMA3Ma U IIPUMEPbI
3aJaHHIIHA.

KuroueBblie cJjioBa: 1 pOBU3AIIHS obpa3oBaHus; MaTeMaTUIeCKOe MO/I€JINPDOBAHUE;
nHGOPMAIMOHHO-00PA30BATEILHBIN  XOJIN3M; XOJHUCTHIHAsT 00pasoBaTebHAS Cpela; Mo3HaBaTeabHbIe ¥ Y/I;
VK, moaroroBka yduresiell MATEMATHKHU; PA3BUTHAE JIMTIHOCTHBIX KAYECTB OOYIAIOIIIXCH.
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BBeaenne

Mudposas Tpancdopmalyst IKOHOMUKA U JAPYTUHE TEXHOJOTMIECKUE IIPOIECCHI, 00YCIOBIEHHBIE JOCTUKEHU-
AMH HAYIHO-TEXHUIECKOIO IIPOrpPecca, B IMOJHOW Mepe CIIOCOOCTBYIOT CO3/IAHUIO HOBBIX CIIEIINAJTH3MPOBAHHBIX
U YHUBEPCAJIbHBIX UH(MOPMAMOHHO-KOMMYHUKaImoHubix TexHosoruii (MKT), Bkiroyass MCKyccTBEHHO-UHTE-
JIEKTyaJIbHbIE, KBAHTOBBIE U HEHPOTEXHOJIOTHH, BUPTYAJHHYIO U JIOMOJHEHHYIO PEabHOCTDb, OOJIbINNE JIaHHDIE,
pobororexuuky, cencopuky u apyrue SMART-rexunonoruu. HoBoe 1mudposoe mpocTparcTBO, opMuUpyeMoe B
coorsercrBuu ¢ IIporpammoii «ITudposas sxonomuka Poccuiickoit @enepanun» wa nepuox g0 2024 roxa [1],
ompesiesisseT YIeHBbIM, KOHCTPYKTOPaM, WHXKEHEePaM, MPOU3BOIUTESIM KOoMIboTepHoit Texuunku, WUT-crenuamm-
cTaM ¥ JPYTUM Da3paboTdYMKaM Te aKTyasbHblE HAIIPABJIEHUs IS AJANTAINM, YHU(MUKAIUT U KOMILIEKCUPO-
BaHUs TPAJUIUOHHBIX, ONTHMHU3AINNA COBPEMEHHBIX M Pa3pabOTKU IIEePCIEKTUBHBIX KOHCTPYKTOPCKO-TEXHOJIO-
FUYECKUX, TPOrPAMMHO-TEXHUIECKUX, IKCILIYATAIIMOHHO-TIO/IH30BATEIbCKIX U UHBIX PEIIeHHl, KOTOPbIE CMOTYT
obecrieanTb 3(hHEKTUBHOCTb U MPOLYKTUBHOCTH WCIIOJIb30BAHUS TOTEHINAJIA BBICOKUX IMUMPOBBIX TEXHOJIOTUMA
BO BCEX OTPACsAX U cdepax HAIIEro COIMMyMa, BKJIIOYAs CHCTEMY OOPa30BaHUS.

Ilomobnass «0ObEKTUBHAS W AMPEKTUBHAS» MI(PPOBU3AINST POCCUICKOTO 00pa3oBaHus, OypHOE pPa3BUTHE
koMmibioTepHbix SMART-cpencTs, cucreM m TeXHOJIOTUN, WHBIE OPraHU3AIMOHHBIE W COJEpKATeIbHbIE UHHO-
BaIlMOHHBIE W3MEHEHUsI TPAUIMOHHBIX JMJIAKTUKO-COIUMATBHBIX, 8 TaKyKe MPEeJIMETHO-CIENNAIbHBIX YCTOEB U
CTEPEOTUNOB O0YUeHUsI W BOCIHUTAHHUS NIKOJHHUKOB M CTY/IEHTOB OOYCJIOBIMBAIOT HEOOXOIUMOCTH aJ[AIITUBHOM
aKTyaJM3alliid K HOBBIM DEAJIMsM HBIHE AeHCTBYIOMUX u pa3dpaborku HOBbIX BapuantoB PI'OC COO u OI'OC
BO, onpegensior 06pa3oBaTeIbHBIM YIPEKICHUSIM BCEX YPOBHEN 3ajadn (DOPMUPOBAHUSA Y O0YUIAIONUXCS TI0-
snaBaresbHbIX Tex Y Y [2] m YK [3], KoTopble 3aHUMAIOT BeIyIiume MecTa B IPOIEccax PA3BUTHsI COIUATBHO-
TEXHOJIOTMIECKUX KOMIETeHIMHA 1 nudpoBoil KyJbTypbl JM4HOCTH Obydvarormerocst [4].

Od4eBHUIHO, YTO B TAKUX YCJIOBUAX JJIsl yIUTEJEH-IPEIMETHIKOB 00Ie00pa30BaTeIbHBIX IITKOJI U IIPEroiaBa-
Tesieit By30B OCOOEHHO aKTyaJbHBI ITOMCK HAIPABJICHUI YHUBEPCAIU3ANANA U YHUPUKAIMA KOMIIOHEHTOB 00pa-
30BaATEJILHOTO MPOIECca, Mpeobpa3oBaHUe yKe CYIIECTBYIONMX U Pa3paboTKa HOBBIX, IIPUOPHUTETHBIX, U OOjee
COBEPIIEHHBIX yYeOHO-BOCIUTATEIFHBIX, HH(MOPMAIIMOHHO-IUIAKTUIECKAX, YIeOHO-METONIECKUX, KYJIBTYPHO-
[IPOCBETUTEJILCKHX, CIIEINAIbHO-ITPAKTUIECKUX, TPOU3BOICTBEHHO-IIPUKJIAIHBIX U JIPYIUX IIPOEKTOB, CPEJICTB,
METOOB, TE€XHOJIOTHII U (POPMATOB KaK JIEKTPOHHOI WHQOPMAIMOHHO-00PA30BATE/IFHON CPEJIbI, TaK U XOJIU-
CTUYHOI Cpesbl 00pa30BaTEILHOIO yUIpeXKAeHus. [Ipu 9TOM IMOC/IEIHIOI MbI ONpeAesseM KaK CHCTEeMHO-HHTe-
IPATHBHBIA KOMILIEKC TPAJIMIIMOHHBIX, COBPEMEHHBIX U MEPCIIEKTUBHBIX MU(MPOBLIX U AHAJOTOBLIX CPEJCTB 00Y-
qeHUsT; «OyMasKHBIX», JEKTPOHHBIX U CETEBBIX YUEOHBIX, BOCIUTATEIHHBIX, METOJUIECKUX, HAYIHBIX U HHBIX
nH(MOPMAIMOHHBIX PECYPCOB; MIPOIPAMMHBIX CPEJICTB y4eOHOI0 HA3HAYEHUs] U IIPOIPAMMHO-METOINYECKUX KOM-
ILIEKCOB; COBPEMEHHBIX ObITOBBIX TajkeroB u Ap. SMART-ycTpoiicTs, npeiHasHavYeHHBIX JJIsl [IOJIyYeHUs] Heo0-
XOAUMO# MHMOPMAIUHT, ee XPAHEHUsI U 00ECIIEUEHUs IPEMOIaBaATE/IsIM U CTYI€HTAM OHJIAWH- U OQJIaiiH-10CTyIa
K MHOOPMAIMOHHBIM HCTOYHUKAM; & TaKXKe yIeOHO-MCCIIEIOBATEILCKIX U YIeOHO-METOINIECKUX KOMILIEKCOB
U Jpyroro 0oOOPY/IOBaHUSI KBAHTOPUYMOB WM TEXHOIMAPKOB 00pA30BATEIHLHBIX YUPEKICHUN, JIADOPATOPHOTO M
MHOTO y4IeOHO-TTPOM3BOJICTBEHHOTO OOOPY/IOBAHUS.

MHeHus yIeHBIX-TIeJarOr0B M IICUXOJIONOB OTHOCUTEIFHO HEOOXOIMMOCTH YHUBEPCAJIM3AINN U YHUMDUKAIIUN
MEeTOOB OOyYeHUs IMIKOJbHIUKOB U TEXHOJOTUN COBPEMEHHON KOMIIETEHTHOCTHO-OPUEHTUPOBAHHON MOATOTOBKI
CTYIEHTOB IEJarorudecKnx npoduieil s yCIermHoro (hOpMUPOBAHUS ITO3HABATEIbHBIX yYeOHBIX IeHCTBUI
X OyIyIuX y9YeHWKOB He BCerja OJHO3HAYHBI. BMecTe ¢ TeM JIOCTATOYHO OOJIBINOE KOJIUYIECTBO PE3YJIHTATOB
UCCJIeIOBaHUI 110 JIAHHOW TeMaTHhKe, MOJydeHHbIX, Hanpumep, A.I. AcmosiosbiM, I.B. Bypmenckoii, 11.A. Bo-
agonapckoit u gp. [5]; IL.4. Tambnepunsiv [6]; HM. 2Knanosoii [7]; T.FO. Kynukosoii [8]; B.B. Maok [9];
H.A. Cxko6enunoii, I.B. Konockosoit [10]; JL.II. Tepenrwsepoit, I1.II. BanoBoii [11], n03BOIAIOT cresaTh Bbl-
BOJ[ O IIeJIECOOOPA3HOCTH TMOJOOHOTO XOJUCTUYHOTO WHTEIPUPOBAHUS W YHUBEPCAIU3ANUN KAK KOMIIOHEHTOB
06pazoBaTeIbHO-BOCIUTATEILHON JIeTeILHOCTH, TaAK U PE3yJIbTATOB CTAHJIAPTU3UPOBAHHON TOJIOTOBKU 00y 4a-
romuxcest. T.FHO. KynukoBoii, Ha ocHOBe aHajm3a IyOJIMKAIWil 10 IIpobJjieMaM yHUBEPCAJIM3AIMH O0Pa30BaHUs,
eJI0CTHOE (XOJIMCTUYHOE) BOCIPHSITHE M MO3HAHNE MHUPA YUYAIMMUCS, & TAKXKE MX TOTOBHOCTH K TBOPYECKOMY
CaAMOPA3BUTHUIO OIPEJIEJISIeTCs KAK «CIIOCOOHOCTh CTPOUTH B3aMMOCBS3U C MUPOM HA OCHOBE YHHUBEPCAJBHBIX 3a-
KOHOB TIPUPO/IbI, IBOJIIOIMOHHBIX 3aKOHOB PAa3BUTHUs» U 0CO0O MOAUEPKUBAETCS TPU STOM TO ODCTOATENHCTBO,
9TO <. ..COBPEMEHHAs CHCTeMa O0Dpa30BaHUsl aKIEHTUDYeT BHUMAHUE HA METAIPEIMETHBIX TPAHCIACIUILIMHAD-
HBIX 3HAHWSX M YHUBEPCAJIBHON y4ueOHON mesiTesbHOCTH» [8].
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1. Coueraemocts TpedboBanmniit PI'OC COO nu ®I'OC BO
K ¢popmmpoBanuio ¥ VI n YK

W3 mpuBeleHHBIX BbIIle PabOT, a TaKyKe JAPYyTHX JIMTEPATYPHBIX HMCTOYHUKOB H3BECTHO, YTO II0 CBOEMY
00pa30BaTEIbHO-IUIAKTUIECKOMY ITOTEHITHAJTY, OIPEEIsIEMOMY CBOHCTBAMEU W (DYHKIUSMHU HAJIIPEIMETHOTO
(meranpenmernoro) xapaxrepa, Y Y jesndarcs Ha 4YeTbIpe OCHOBHBIX BHUJIA: JIMYHOCTHBIE, KOMMYHUKATUBHBIE,
peryJATHBHbIE W TI03HaBaTesbHbIe [5; 9]. Takas e Tpamausi TPUCYTCTBYET W B HbIHE feiictByomem OT'OC
COO, ompejessitonieM KoMIIOHeHTHI Y Y/, ocBanBaeMbIX IIKOJBHUKAMU B IEPUOJ UX 0OydYeHUs] B oOpa3oBa-
TesbHOM yupexkaennn. OrHocurebHO YK, (bOpMUpyeMBbIX M pasBUBAEMbBIX Y CTYIEHTOB BY30B HallpaBJIEeHUS
noaroroBru Iledazozuveckoe 0bpaszosanue, CIEAyeT OTMETUTh, UTO O0S3aTEJbHOCTb ITUX KOMIIETEHITHI BKJIFO-
yena B omy6smmkoBanubiil npoekr ®I'OC BO 4-ro nokonenus [12] ¢ pononnenuem aeiicrsyomero ®T'OC BO
(34++) 6a30BBIMH KOMIIETEHIHSIMU.

[TosToMy BrOJIHE yMECTHO HPEAIIOIOXKUTH, 9TO OByajenne YK BBIIyCKHHKAMHM By3a O3HAYAET UX CIOCOD-
HOCTH BBINOJHSATH PaboTy 10 (DOPMUPOBAHUIO M PA3BUTUIO PErYISTUBHBIX, IIO3HABATEJBHBIX U KOMMYHUKATHB-
HbIX Y VY]] y IIKOJIBHUKOB C KCIIOJIb30BaHUEM O0pAa30BATEILHOIO, WH(POPMAIMOHHO-TUJAKTHIECKOTO U yIeOHO-
METOIMYECKOTO MMOTEHITUAA TPAJAUIMOHHBIX, COBDEMEHHBIX U IMEPCIEKTUBHBIX KOMIBbIOTepHbIX SMART-cpencTs,
cucrem u rexuosoruii [13; 14]. Ornocurensio xke tpebosanuit PT'OC COO HEOOXOIUMO OTMETUTH, YTO, CO-
IJIACHO STOMY CTaHJAPTY, COBOKYITHOCTH OCBOEHHBIX INKOJBHUKAMHU B TEPUOJ] OOYUEHUST MEXKITPEIMETHBIX IT0-
uatuit ¢ YY/I onpenesisier MeTalpeIMeTHYIO COCTABJISIONIYIO OOIIMX PE3yIbTATOB O0yYeHHs BBIIIYCKHUKOB B
MHTErpaliy ¢ JUIHOCTHBIMU ¥ IIPEJMETHBIMEU pe3yJbraramu [2].

Hausumo opranndeckasi coueTaeMoCTh M siBHasi KoppeJsiust B npeanuckiBaeMbix @I'OC BO u @T'OC COO
MOJIXOJIaX K pe3yJjbraraM 00ydeHusi ¢ nosunuii popmupoBanust YK y CTYIeHTOB By30B HAIIpABJEHUS ITOJIO-
ToBKU [ledazozuueckoe obpasosanue u YY]I y ydammxcs ob0ImeoOpa3oBaTeIbHBIX IMKOJI. [Ipum sTOM 00paszo-
BaTeJIbHbIE CTAHIAPTHI ONPEIE/A0T By3aM W IITKOJaM 3a7add (POpMHUPOBaHUsS y obydamomuxcs Taknx YK u
VYV, KoTopble CIyKaT OIHOI M3 OCHOB JJjIs PA3BUTHS HE TOJIBKO HH(OPMAIMOHHO-KOMMYHUKAIIMOHHBIX U
COTTHAJTbHO-TEXHOJIOTUIECKAX KOMIIETEHIINH, OCOOEHHO BaXKHBIX B IHUMPOBOM 00IIeCcTBe, a B IEJOM OOIIeit co-
rajbHON U 1udpoBoii KyabTypbl jguuHocta [4; 15; 16].

Ilomobnast coueraemocth aupekTuBHBIX TpeboBannit GPI'OC COO m ®I'OC BO mHarasaHo MOATBEPXKIA-
er, 9TO OIpejiesieHne HanboJee ONTUMAIBHOTO, KOMILIEKCHOIO U MHOTOMYHKIMOHAJILHOTO HabOpa yHUBEPCAJIb-
HBIX CPEJICTB, METOJIOB, CHCTEM U TEXHOJOrHWi 06pAa30BATEILHONO HA3HAYEHWS, B T. 4. TPAJUIMOHHBIX «Oy-
MasKHBIX» ¥ AHAJIOrOBBIX TexHumueckux cpeicrs obydenus (TCO), coBpeMeHHBIX peaslbHbIX M BUPTYAJbHBIX
koMmrbioTepHbix KT, a Tak»Ke HepCIeKTUBHBIX MUMPOBBIX UCKYCCTBEHHO-MHTEJIJIEKTYaIbHBIX, KBAHTOBBIX U
HeiiporexHosioruit, pobororexandeckux u japyrux SMART-ycTpoiicTB m KOMILIEKCOB, OOJIAJAIOMINX KOHCTPYK-
TUBHO-00YCJIOBICHHBIMU (IIPUPOIHBIME) 00PA30BATEJILHBIMY, JUJAKTUUCCKUMUA ¥ METOJAUIECKUME CBOHCTBAMUI
u QYHKIUSIMHA, SBISIETCS AKTyaJbHON MpOOJIEMOil COBPEMEHHBIX HEIATOTHIECKUX, MCUXOJOTUIECKUX, METOIM-
YeCKHMX, TYMAHUTAPHBIX, €CTECTBEHHDLIX, TOYHBIX W Jpyrux HaykK. OUeBHIHO TakyKe, UTO TakKoil HAbOp obpa-
30BATEJILHBIX TEXHOJOIMIECKUX CPEJICTB, YCTPOMCTB M KOMILJIEKCOB SIBJISIETCSI OCHOBOW M CHCTEMOOOPA3yIONUM
KOMIIOHEHTOM YHHUBEPCAJbHOMN, IEJIOCTHON, XOJUCTUYHON 00pa30BaTe/IbHON CpeJbl, B YCJIOBHSAX KOTOPOM MO-
KeT ObITh B IOJTHOW Mepe peaim30BaH CHCTEMHO-IIEsITeIbHOCTHBIN TOXO0, OIpeIeIsieMblii 00pa30BaTeIbHBIMU
CTaHIAPTAME B KA4ECTBE HAYJIHO-METOIOJOTUIECKON OCHOBBI JIMYHOCTHBIX, METAIPEIMETHBIX U IIPEIMETHBIX
PEe3yJIbTaTOB OCBOEHUsI OCHOBHBIX oOpaszoBaresibubix mporpamm (OOII) obyuarommumucs [2; 3.

Ilo cyTtu, xommcTuanasi obpa3oBaTesbHAsT Cpela IMPEACTABISIET CO0Ot MHOTOMYHKITHOHAJLHDBIH KOMILIEKC
CPEJICTB, CHCTEM W TEXHOJOTHil, ONTHUMHU3UPYIONUI Mporecchl (DOPMUPOBAHUST W PA3BUTUS Y YUAIUXCS YHU-
BEpCAJIbHBIX U MHOIOILIAHOBBIX YMEHUI M HABBIKOB CaMOCTOSITEJIBHOI'O IIOMCKa U cOopa y4yeOHOI U WHON WH-
dopMaIyy, BBIJIBUKEHUS TUIOTE3bl WCCJIEIOBAHUS U IPOBEJEHUs €€ SKCIEPUMEHTAJIBHOU ITPOBEPKM, YMEHU
JIeJIaTh BBIBOJIBI U YMO3AKJIIOUEHUS 0 PE3y/IbTaTaM HUCCICIOBAHUs, & TAKXKEe APYTUX BaXKHBIX y4IeOHBIX, YIeOHO-
METOJINYECKUX ¥ YyIeOHO-UCCIeIOBATEILCKAX JeiicTBuit u omnepanuii. OCOOGEHHO BasKHOE MECTO OIpEJIeIeHIe
TaKNX YHUBEPCAJHHBIX IPUEMOB U CIIOCODOB 3aHUMAET B OCHOBHOM, CPEJIHEM ODINEM, CPEJIHEM U BBICIIEM IIPO-
deccuoHaIbLHOM 0Opa30BaHUU, TaK KaK UMEHHO Ha 3TUX YPOBHSX 3aKJIAIbIBAETCS (DYyHIAMEHT COIUAJIbHBIX,
OOIIEKYABTYPHBIX U OyIymux ITPodeCCHOHAIBHBIX Ka4eCTB O0YJYarOImXCcs, (POPMUPYIOTCS COIUAJIBHO-TEXHOJI0-
rudeckas u 1udpoBas FPAMOTHOCTD U KyJIbTYpa JIMYHOCTH YeJI0BeKa [4], 4ro eme pa3 HAIISIAHO IIOITBEPKIAET
coueraemoctb Tpebosanmit PT'OC COO u ®I'OC BO k dopmuposanuio YV u YK.

Bansane madopmanmoHHo-o6pa3oBaTeIbHOIO X0Ju3Ma X ieh
Ha popMHUpOBaHMEe NOo3HaABaTeJabHBIX ¥ Y/ n YK

Ilo mammemy mueHMIO, 0COOYIO POJL B Iporeccax (pOpMUPOBAHNS BBIMIEYKA3AHHBIX JIMIHOCTHBIX KA4eCTB 00Yy-
YAIOLIMXCs MOXKET ChIMPATh IPUHIUI UHMOPMAIMOHHO-00pasoBaresibaoro xoiu3ma (information and education
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holizm — ¥ ieh), KoTOpBI B paMKax OpoOJEMbl JAHHOTO HCCJIEOBAHUS OUDPEJESIeTCsl HAMU, B OTJIMYHE OT
nedbuHnIMY, TpejaraBiieiics panee [17], Kak uHTerpanus ¥ KOMIUIEKCHPOBAaHHE TeX IPHEMOB U CIHOCOGOB
Y'Y mKoapbHUKOB W KaTeropuit YK CTyIeHTOB, pasJIWYHBIX IO CBOUM JIHJAKTUKO-COIUAJIHHBIM, IIPEIMETHO-
CIEIUAJIBHBIM U YIeOHO-METOANIeCKUM (DYHKIMAM, HO UMEIOIUM OJIHY OOIIYI0 KOHEYHYIO IEJb — DPEaIIM3aInio
CHHEPTeTUYECKOro 3ddeKTa U IPUHIHIA IMEPIKEHTHOCTA B PENIEHHH 00DPa30BATE/HHO-BOCIIUTATEILHBIX 32~
a4 B YCJIOBUSIX XOJIMCTHYIHON 00Pa30BATE/IBLHON CpeJbl 38 CYeT OObeIMHEHUs] BCEX KOMIIOHEHTOB ITOTEHITUAJIA
nHGPACTPYKTYPBl 00Pa30BATE/IBHOIO YUPEXKIEHUsST U €r0 MapTHEPOB B €IUHYIO ODIIYI0 CHCTEMY, 00JIaIafoILyo
HOBBIMH Ka4eCTBAMM U BO3MOXKHOCTSIMU JIJIsl TTOBBIMIeHNsT 3(DPEKTUBHOCTH (HOPMUPOBaHUSA U pasBuTust Y Y/
u YK. Cumraem, uro mpumeHuMo K perneruio 3azad gopmupoanus ¥ Y nu YK norennuan X ieh cmocoben
OKa3bIBATH ONTUMHU3UPYIOIIEe BIIAsAHNE, ODECIednBas JIOCTUKEHHE Iejieil IIKOJIBHOM M BY30BCKOIl IOJIOTOB-
KM YYAIIUXCd 33 CYeT CJUSHUS OTAEJIbHBIX COCTABJSIONUX (IpUEMOB U CIOCO60B 0OyudeHUsI U BOCHHUTAHUA) B
€JINHYIO0 CHCTeMY U YIIPOIIEHUsI BO3SMOXKHOCTEH JOCTUXKEHUsI CUCTEMHOro 3(ddekra. VHBIMEU C/IOBaMM, WHTErpa-
nusl 1 KOMOWHAIMsT O0yJaroyuX MPUEMOB U CIIOCODOB HA OCHOBE Y. ieh MOTYT J1aTh ropasio OOJbIIuil oOImii
3ddekT or mpumenenus Y Y, dem mpocras cymMMa WHINBUIYAJbHBIX JACHCTBUN YUIAIIAXCS.
CrpykrypHast Mozenb Y. ieh upusenena Ha puc. 1.
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Puc. 1. Mogenb nrbopmanunonHo-obpasoBaTeabHoro xoausma (X ieh) [17]
Fig. 1. Model of information and educational holism (X ieh) [17]

Tunorernyeckas dopmyna norennuaia P(n) ¥ ieh morna 6pl umers cielyiomuii Bui:

P(n) tle+ P(n) eiee+ P(n) ies

100 %,
N nuiee %

P(n) ¥ ieh =

rne P(m) tle — mnorenmman (KIII) cpensr Tpamuimonnoro ofyuenusi (traditional learning environment),
P(n) eice — norermman (KILT) ssekTponHoit nHbOpMaIoHHO-06pasoBaTeabHOl cpenpl (electronic information
and educational environment), P(n) ies — norenmuan (KILI) nadopMamonno-00pa3oBaTeIbHOrO IPOCTPAH-
cTBa 00pa30BATEJILHOIO yupexaenusa u ero napraepos (information and educational space), N nuiee — Kosu-
YeCTBO NOJIb30Bareseil (IIKOJBHUKOB, CTYIEHTOB, MpelojaBaTelell, HaydYHbIX U JAPYTUX COTPYJHUKOB) uHGMOD-
MAIIMOHHO-00pa30BaTENLHON cpebl (IPOCTPAHCTBA) 06Pa30BATEIBHOrO yupekaeHus (number of users of the
information and educational environment).

Oupenensig neaecoobpa3HocTh u npeumytectsa P(n) X deh xomucTudnol 06pa3oBaTebHON cpeipl B (op-
MupoBarnn YK y CTymeHTOB — Oyaymux IeJaroroB W UX IMOATOTOBKE K (DOPMUPOBAHHUIO U pas3BuTuio ¥ ¥/
y IIKOJIBHUKOB, CTOUT OTMETHUTb, UTO IO PE3YJIbTATAM OIIPOCA ydHWTesell HaubOJIbIINe 3aTPyAHEHUS Yy O00y-
JAIONUXCs BO3HUKAIOT IIPH BBLINOJIHEHHH peryiaaTuBHbIX (43 %) u mosmasarensubix Y Y (57 %) [18]. Do
JIOTIOJTHUTEJIFHO TOJATBEPK AT HAIlle MPEJIIOJIOKeHHe O TOM, 4YTO mudpoBas TpaHchopMmalms 00pa30oBaHUs
00yCJIOBJINBaET HEOOXOIMMOCTH CO3/IAHUSI HOBOIl CHCTEMBl YHUBEPCAJBHBIX 3HAHUN, YMEHWN, HABBIKOB U KOM-
METEHIH, KOTOpasi MO3BOJIUT ONTUMU3UPOBATH U aJAlTUPOBATH CAMOCTOSTEIHLHYI0 0OPA30BATEILHYIO JeATE b=
HOCTH YYaIMUXCA K peausaM udpoBoro obimectsa. IIpu 3ToM 0coOEHHO BarKHOE MECTO B 9TOi cucreme OymeT
3aHUMATH COIUAJIBHO-TEXHOJOIMIECKAsT KOMIIETEHTHOCTD OOy JAIONIMXCsl, OIPEIEISIIONasi yPOBeHb UX 1udpoBoit
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KYJBbTYPbl KaK CIIOCOOHOCTH K IIPABHJIBHOMN, «OBICTPON M yMEJIOH COIUAIbHON opueHTHpOoBKe» [19] B mudpo-
BoM oOriectBe Ha ocHoBe YK m YV/I, chopMupoBaHHBIX B Iporecce OOydeHUs, ¢ OBICTPOIl W NpPaBUJIBHOM
pedJiekcuBHOI peaknueil Ha BHeIIHee BozjeiicTBue OKpyzKaomeil cpeint [4].

OueBngHO Takxke, 910 cucreMa YK y CTYIEHTOB By30B — OYyIAyIIUX yUUTEsEH-IIPEIMETHUKOB MOYKET OBIThH
6outee abderruBHO chopmupoBana ¢ ucnosb3osanueM P(n) ¥ ieh B npomecce Boinosanenus Y Y/ coBmecTHo €O
IIKOJIbHUKAMU, HAIPUMED, Ha I1eJJArOTHIECKON MPAKTUKE WA IPU OPTaHU3allii BHEYIEOHBIX OJIMMITHAIHBIX U
KOHKYPCHBIX MEDOIPUATUI U TBOPYECKO-UCCIIEI0BATEBCKUX [IPOEKTOB, KOTOPBIE O3HAYAIOT B IIIUPOKOM CMBbICJIE
«yMEHHE YUUTbCs, CHOCOOHOCTH CyObeKTa K CaMOPa3BUTUIO M CAMOCOBEPIIEHCTBOBAHHMIO IYTEM CO3HATEILHO-
IO M aKTUBHOI'O NPHCBOEHMsI HOBOIO COIMAJBHOIO ombiTay [4], a ¢ Gosee y3Koii (ICHXOJOIMYECKON) MO3UIUN
PACcCMAaTPHUBAIOTC KaK «COBOKYIIHOCTH CIIOCOOOB JeficTBuii 00yJaroiierocs (a TakyKe CBS3aHHBIX ¢ HUMU HABbI-
KOB y4ebHOiI paboThl), 06eCHeYNBAIONIMX CAMOCTOSTENbHOEe YCBOGHHE HOBBIX 3HAHWIA, (DOpMUPOBAHUE yMEHWI,
BKJIFOUasl OPraHM3aldio 9TOro mporeccas [4; 5; 15].

MpbI cunMTaem, 9TO OJHO U3 IJIABHBIX MECT B (DOpMHpPOBaHWU KOMIOHEeHTOB YK u mosHaBaresbHBIX VY Y/
y 00ydJaronmmxcst J0JKeH 3aHUMATh MeTOJ, MATEMATHIECKOrO MOJEJIUPOBAHUs, TaK KakK, 110 u3pedeHuro Mu-
xamia BacunbeBuda JIOMOHOCOBa «MaTeMaTWKy yKe 3aTeM y9IUTh HAJIO, 9TO OHA YM B TOPSIIOK IPUBOIUTS
[dur. mo: 20]. Opuako, K BEJUKOMY COMKAJICHUIO, IIPUXOAUTCS KOHCTATHPOBATL, YTO B IIOCJIEIHEE BPEMS W3
COJIepKaHusl HAYAJIHLHOTO, OCHOBHOTO M CpeJHero o0Imero o0pa3oBaHWsl CTAJIA HMCKIIOYATHCS HEKOTOpBIE yueh-
Hble npeamMersl 1o Maremaruke, a OOII BO, B pamkax KOTOPBIX HPOUCXOJUT IIOJIOTOBKA OYAYIUX yduTeseit
MaTeMaTUKHU, CYIIECTBEHHO COKPAIEHbl B YaCTU MAaTeMaTHIeCKUX JIUCIUILIINH. 1aKoe IOJIOYKEHHe B CHUCTeMe
poccuiickoro o0pa3oBaHHs HE TOJILKO COXPAHSIETCsS Ha IPOTSKEHUM HAJI0JIT0 3aTSIHYBIIErocs IepUoJa ee Odue-
peaHoro pedOpMUPOBAHUsI, HO W yCYTyOJISIeTCs, HECMOTPsI Ha OYEBUIHOCTH BaXKHOCTH MATEMATHICCKON TIOJI-
TOTOBKHU [T CIENUAJINCTOB BCeX oTpacieil u cdep rpsiymero mudpoBoro cornmyma.

2. Mertoa mareMaTUYIeCKOro MOJIeJIMPOBaHusI B (pOpMUPOBAHUN
no3HaBaTeJabHbIX Y Y/ n YK

IIpobmemam coepKaTeIbHOTO HAIOJHEHUST CTPYKTYypbl Y Y]l Hambosiee MpOIyKTHBHBIMU KOMITOHEHTAMIH,
OIpejieJIeHNs] TICUXO0JIOr0-TIearOrnIeCKuX YCIOBHi (DOPMUPOBAHUS U PA3BUTUS STUX Ka9eCTB IIPU OOYUEHUU Ma-
TeMaTHKe ¥ [MPUMEHEHUs JIAJIAKTUIECKOIO IMMOTEHIINAIa MATEMATUIeCKOr0 MOJIEIUPOBAHUS IPU (POPMUPOBAHUN
MO3HABATEIbHBIX Y ¥Y/[, MOArOTOBKN M MOAOOPKU yIeOHO-TMATHOCTUYECKUAX 33 AHUN IJIs BBISBJICHUS yPOBHS
chopmupoannoctu Y Y/ y obydaromuxcs, UX KOPPEKIMH U MOHATOPUHTA PE3YJIbTATOB OCBOCHHS ITKOJIbHUAKA-
MI U CTYJIeHTaM#u — OyJyIIMME IIeJ[aroraMu npuemMaMu u criocobamu Y Y/l B mporecce oO0ydeHnsi MaTeMaTHKe
nocssmennsl paborsr: O.B. Kanmkunoit, A.B. Cuenyxuna [21]; JI.B. Ilasnosoit [22]; JI.A. Tloropesnbckoit [23];
H.C. Tloaxononoii [24]; T.A. Pomaniok, E.A. Cyxoseerko [25]; H.A. Tepemmnua [26] u apyrux ucciesobare-
Jieii. ABropaMu 3TUX PabOT OMPENEIAIOTCS JUJAKTHYECKHE (DYHKIMU, 0OECIIeYnBAIONUE ONTHMU3AIMIO YCBO-
eHnsi OOYYAIONUMUCS METO/a W TEXHOJIOTMH MATEMATHIECKOTO MOJIEIUPOBAHUS Ha YYEOHBIX M BHEYJIEOHBIX
3aHATUIX 110 MATEMATHKE W JPYIUM pejameraMm. AanTupys UX OPUMEHHMO K TeMe HaIleil CTaTbh, MOXK-
HO BBLIEJIUTDH CJIEJYIOIINe OCHOBHBIE JIUIAKTHYECKHE (PYHKIINUA MaTEMAaTHIECKOIO MOJIEJIMPOBAHUsA, HanboJee
abdekTuBubie s dhopmupoBanus Y Y u YK B yc/ioBusgx XOJMCTUYHON 0OPA30BATEIHLHON CpPEJIbI:

— KOTHUTHBHYIO KakK (DYHKIMIO IO3HAHUsI U3ydaeMoro oObeKTa JIMOO pelreHusl y4eOHON 3a/1add MOCpe/I-
CTBOM MAaTEMaTUIEeCKOIO WJIA KOMIIBIOTEPHOI'O MOJE/JIMPOBAHUS JIjIsi KOHCTPYMPOBAHUS W ITPOEKTUPOBAHUS MO-
JIeJIv, COOTBETCTBYIOIIEH peaabHOMY 00pa3y WM YCIOBUSM 33J1a9M C COOJIIOIEHUEM TATAKTAIECKOTO ITPUHIIATIA
HOCTYIHOCTH OOyYeHUS [JIs ONPEIeJeHUs KPaTJdaiilliero, MpocToro U MOHATHOIO IIyTH PEIIeHUsi «OT IIPOCTOrO
K CJIOXKHOMY» );

— YHIPAaBJIEHYECKYIO, IIPU ITOMOIINA KOTOPOW BO3MOYKHO IIPOJIyKTHBHOE BBLIIIOJIHEHUE YYAIUMUCST U IIPEIOJa-
BATEIAMHU TAKUX yYHUBEPCAJIbHBIX JEHCTBUI, KAK: OPUEHTUPOBOUYHBIE (IIOCTPOEHUE MOJE/IH, MAKCUMAJBHO IIPU-
OJIMKEHHOH 10 CBOMM MapaMerpaM K YCJOBHUIO 3aJadd C IOCJIEIYIONUM BHECEHHEM B Hee JIOTOJIHUTEBHBIX
3JIEMEHTOB); KOHTPOJIMPYIOIye (CPABHEHUE CAMOCTOSITENHLHO CO3JIAHHON MAaTeMaTUYeCKOH MOJEIN ¢ PEKOMEH,Ly-
eMOIl MJIM STAJOHHON MOJEJIBIO, IPUBEMIEHHO B yIeOHUKE WIH yIeOHO-METOIMIECKOM OCOOMHU, ¢ COXPAHEHUEM
BapHaHTa CMOJIEJIMPOBAHHOIO 00beKTa JUOO0 BBINOJHEHUEM €ro Ipeobpa3oBaHuil); KOMMYHUKAIMOHHbIE (Onepu-
pOBaHMe MOJIEJIbI0 U PACCMOTPEHHE €€ C TO3UIUI Pa3IMYHbIX BAPUAHTOB PEIIEHUs] 3aJa49d JIjIsl [TOIOJIHEHUS U
pacIupeHnst Kak co6CTBeHHON nHGOpPMAIMOHHON 6a3bl (OIbITA), TaK U 00bsiCHEeHMs (KOMMEHTapUeB) IIPUEMOB
[OCTPOEHHsI MOJIEJIU YUUTEII0 U JPYIUM YUAIIUMCS);

— MHTEPIIPETAIMOHHYIO, C TOMOIIBI0 KOTOPOil OIUH U TOT K€ 00bEKT WJIM CIIOCOOBI PEIIeHUs 33/1a9l MOXKHO
MIPE/ICTABUTHh PA3JMIHBIMA BapUAHTAMHU MAaTEMAaTUIECKUX MOJIEJIEH;

— 3CTETHUYECKYIO, CIIOCOOCTBYIOIIYIO PEATU3ANNN KJIACCHIECKUX TUIAKTUIECKUX IIPUHIUIIOB HAIJISTHOCTH,
HAYYIHOCTH, JIOCTYHHOCTH OOyYEHHS W II03BOJIAIONLYI0 (POPMHUPOBATH y OOyYAIONMINXCS IPUJIEKAHUE, YCEPIUe,
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OTBETCTBEHHOCTD, YJIOBJIETBOPEHUE DPE3YJIBTATOM U «IyBCTBO IIPEKPACHOI0» OT CO3/aHUsI HE TOJIBKO II0JIE3HOM,
HO U <«KPacCUBOil» MaTeMaTUIeCKON MM KOMIIBIOTEPHOU MOIEIH;

— QYHKIOUIO IeJIeHAIPABJIEHHOIO BHUMAHUS JJIs PEAJIM3AIMKA TPUHIUIA I1eJIeCO00Pa3HOCTH OOyUIeHUs U
obecriedeHns KOOPINHAIINN JIeATeTFHOCTH U COCPEIOTOYEHHOCTH BHUMAHWS YUAIUXCH HA OODBEKTE MOJIEIUPO-
BaHUs;

— 9IBPUCTUYECKYIO (DYHKITHIO, C IIOMOIIBIO KOTOPOIl IIOCTPOEHHAS MaTeMaTHIecKasi MOJIEIb ITO3BOJISET yda-
IEMYCsl IIOHATH HE TOJBKO KOJMYECTBEHHBIE XapPAaKTEPUCTUKHU U KAYEeCTBEHHBIE CTOPOHBI M3y4YaeMOro OObeKTa
WK ajJTOPUTMa peIleHrsl 3aJadd, HO W BO3MOXKHOCTU IMPUMEHEHUs] MOJE/M JJjis PACCMOTPEHHs IpobJieM B
JIPYIUX HAyKax W y4eOHBIX IpeiMeTax (HaIpPeIMEeTHBIH U METAIPEIMETHBI ACIEeKThl JUIAKTUIECKOTO MOTEH-
[yaJjia NPUMEHEHHUsI METOJla MaTeMATHIEeCKOI0 MOJEJUPOBAHUS HA ypOKaxX MareMaruku) [21-25].

Ha ocuoBe ormedeHHBIX (DYyHKIWIT MOYXKHO YTBEDPXKIATH, YTO MATEMATHIECKOE MOJETUPOBAHUE SIBJISAETCS
Hanbojiee ONTUMAJBHBIM U 3(DMEKTUBHBIM cpelicTBOM st (popmupoBanus u pasButug Y Y/ u YK y obyua-
IOIMUXCS B YCJAOBUAX XOJUCTUIHON 0Opa30BaTENbHONW Cpeabl W mepexoia K IudpoBoMmy obpa3oBanuio. Bosee
Toro, MojeupoBanne paccmarpuBaercs H.C. IloaxomoBoii kak oxuo u3 Y Y/l npu wsydyeHuun mareMaTuKud B
HadasbHOH mkoie [24], a K.B. Mansinesa cuuraer, uro Y Y/ «riaBHbIM 06pasoM (hOpMHUPYIOTCS Ha yPOKax
MareMaruku» [27], HOTOMY 9TO MMEHHO HA HUX y OOYYAIONIMXCHA PA3BUBAIOTCS IIOCPEICTBOM HCIIOJIL30BAHMS
IIPUEMOB MOJIE/IMPOBAHUS TAaKWe CBONCTBA HHTEJUIEKTA JIMIHOCTH, KAaK: MATEMATHIECKAs WHTYUIIMSA, JIOTHIe-
CKO€ U IPOCTPAHCTBEHHOE MBIIIJIEHNE, TEXHUYIECKUI, KOMOUHATOPHBIH U AJITOPUTMUAYECKUN CTUIU MBIILIEHU,
COBEPIIIEHCTBYETCSI U Pa3BUBAETCS CUMBOJIBHBIN $I3bIK MaTeMaTUKW. Mbl HOIJIEpPKUBAEM OJO0HBIN IOIX0/ U
YBEPEHBI B TOM, YTO MaTeMaTUYeCKOe MOJEJIMPOBAaHME 3aHHMAaeT BarkKHeiilllee MeCTO Cpeld CPEeJICTB, METOJOB
W TEXHOJIOTHII HEeIAJEKOro IMIMPOBOro m OyIyIIero KubOEepHETUIEeCKOro O0YJIeHUs.

IIpomosrkasi paboTy B paMKax METOINKO-IUIAKTHIECKOTO HAIPABJICHUS, HAMHU OBLIN ITPOAHAJIA3UPOBAHDI
¢ onopoii Ha crarpio [1.51. Tanbnepuna [6] ocobennocru dbopMupoBanus U pasBUTHs MO3HABATEIbHBIX Y Y/ y
IIKOJIBHUKOB U YK y CTYIEHTOB € HMCIIOIH30BAHUEM MATEMATHIECKOIO MOJEIUPOBAHUS KAaK METOJA, ITO3BOJIHIO-
IIIET0 TIOBBICUTH 3(PPEKTUBHOCTD ITOJIyYEHUsI, YCBOEHUSI W IIPUMEHEHNUs] HOBBIX 3HAHWII B YCJOBUSIX XOJUCTHIHON
00pa30BaTeIbHON Cpejbl, HHTErPUPYIOIIEeil aHAJIONOBble U KOMIILIOTEPHBIE CPEJICTBA O0y4YeHUsi, 1 0COOEHHOCTEH
mudpoBoit Tparcdopmaluun obpaszoBaHus. 1Ilpu 3TOM B KOHIENTYaJbHOM ITOC/IEIOBATEILHOCTH OIMPEIETISIAChH
creredb 3GMEKTUBHOCTH AUIAKTUIECKOrO IMOTEHIIHAIA METO/a MATEMATHIECKOTO MOJIEJUPOBAHUAS Ha TAKAX
sranax dopmupoBanus nosnaBareabHbix ¥ Y n YK, kak:

— cocraBjieHre CTpyKTypHO-jiorndeckoit cxembl (CJIC) min npoexTupoBaHue 3HAKOBO-CHMBOJIBHOIO Bapu-
aaTta (3CB) maremaTndeckoi MoOJenM WM mHociaenoBaTesbHocTH (asropurMa) YV miast pemenust yueGHOI
3a/a9l C BO3MOYKHOCTBIO OKA3aHWsl ITOMOIIU IIeJaroroM B OIpeiesleHHH [PABUJIbHBIX HAIPABJIECHUN IIPU BbI-
[OJTHEHUU 3aJIaHUs KaK <«3HAKOMCTBO CO CXEMOI OPHEHTUPOBOYHOI OCHOBBI JeficTBus» [6];

— koppekrupoBka CJIC (3CB) nosuasarenpubix Y'Y/, BoinosnseMas (Opu HEOOXOIUMOCTH) YUYAIIAMCS
COBMECTHO C YUHUTEJIEM;

— pelenne yuebHOl (UCCIeI0BATEILCKON) 3a/a49u [JIs MOy YeHsl OXKUIAEMOr0 DE3yJIbTaTa COMJIACHO CO-
crapyennoii panee CJIC (3CB) maremarmdeckoit Mozesu [28], wam, Kak 9TO ONPEAENISIETCS B TEPMHHOJIOIUH
I1.4. TanbnepuHa, <«BBIIOJHEHHE yU4eOHOrO NEHCTBUSI B MATEPHAJLHOM WJIM MATEPUAIN30BAHHOM BHje» [6];

— BHEIIHEpeYeBOe U BHYTPUPEUYEBOE JEHCTBUsI ydallerocsi IPpU PeIeHUHd MaTeMaTHdecKoil jubo WHOM 3a-
Jagu (ITal «IIpOroBapUBaHUgA» BbIIOJHAEMbIX aeiicTBuil cormacuo CJIC (3CM) maremarndeckoil mozenn ¢
UCIIOJIB30BAHUEM <IIOJCKA3KU» YUUTEJNd U «IPO cebsl) ¢ IIOITAIHBIM [EPEXOJ0M K HOBBIM JIEMEHTAM MOJIEJIU
IIpU ee TOCJeJOBATEHLHOM COKPAIIEHUU [0 MepEe BBIIOJHEHUs dacTeil 3a/1adu;

— MPOBEPKa IIPABUILHOCTH PEIIeHNs 3aJa4d I[TOCPEICTBOM BBIIIOJIHEHUSA <«IEHCTBANA B YMCTBEHHOM ILJIAHE
Ha 3Tare (POPMUPOBAHUS YMCTBEHHBIX HABBIKOB, Ha KOTOPOM IIPOMCXOJUT aBTOMATHU3AIlNs JIEHCTBUl, Oe3 CJIOB,
HEOCO3HAHHO» [6].

st ompejiesienust crereHn 3MMEKTUBHOCTH TUIAKTHIECKOrO IOTEHIMAIa METOJa MATEMATHIECKOTO MO-
JeJIMPOBAaHUS. U €ro ONTUMHU3UPYIOIIEro B/WSHUSA Ha (OpPMHUPOBAHHE W Pa3BUTHE ITO3HABATEIbHBIX Y Y/ y
YIE€HUKOB OCHOBHOM IIKOJIBI HA YPOKAX MaTEeMATHKNH HAMW OBLIN MMOJOOpAaHBI CIIENUAIBHBIE 33aHUs, KOTOPBIE
[IPEJICTOSJIO PEIINTD, IIPEIBAPUTEIHFHO CMOIEINPOBAB M3ydaeMble OOBEKTBI, YCJIOBUS U AJTOPUTMBI HEOOXOIH-
MbIX neficTBuil. [IpuMmepsl Takmx 3aj@d NPUBOIATCS HUKE:

3agaua 1. CocraBbTe MaTeMaTHYECKHE MOJEIH JJIsT CJEYIONIX 3aJ1a4:

1. CunopruBHas miomaaka miomaabio 2400 KB. M oropoxkera 3abopom jyuHoit 200 M. Haitnure mymnay n
[IUPUHY STOM ILIOMIAIKHY.

2. MoxHO s paz3inokuTh 96 KPYy:KKOB OJMHAKOBBIMHU PsJIaMU TaK, 4TOOBI psioB ObLIO Ha 16 MeHbIe,
9eM KPYKKOB B KaXKJOM DPsiy?

3. I3 nByxX IyHKTOB, pacCTOSHUE MEXKJy KOTOPBIMH PaBHO H4 KM, BBIILIN OJHOBPDEMEHHO HABCTPEUY JAPYT
OpYyTy JBe TPYIIbI TYpUCTOB. Uepe3 3 dYaca MM OCTaBajoch mpoiitm mo Bcrpeunm 9 kM. Haiinure, ¢ Kakoit
CKOPOCTBIO IIJIA KaXKJasi IPYIIIIa, €CJIU U3BECTHO, YTO HA BECh IIYTh IIepBasi 3aTPATH/Ia HA 3 9 MEHbIIIe BTOPOI.



Becmnux Camapcerozo ynusepcumema. FEcemecmeenmnonaywnas cepus 2023. Tom 29, M 8. C. 79-92
Vestnik of Samara University. Natural Science Series 2023, wvol. 29, no. 3, pp. 79-92 85

4. JIBysHauHOe 4ucjao B 7 pa3 6ojblne cyMMbl ero nudp u Ha 52 0oJibllle IIPOU3BEJEHUs] CBOMX IH@P.
Haitnure 310 wmcio.

Cpeu HaHHBIX CHCTEM HAfIWTe Ty, KOTOpas OTJIMIAETCS OT TPeX APYTUX, W pemmure ee. UeMm ITaHHAS
CUCTeMa OTJIMYAETCS OT JAPYrux?

xy = 2400 r—y =16 z+y=15 1W0x+y=T"Txr+y
Peerme: { z+y =100’ { Ty =96 { 853 { 10x+y—5g:xy)
VdYeHuK J0JDKEH BBIOpATh TPETBIO CHCTEMY, TaK KaK OHa SABJISCTCH IPOOHO-pPAIOHAILHOIL.
{ x+y=15 { z=15—y r=15—y
@_@:3; @_@:3; 54y—54(15—y) _ 5
z Y z Y y(15—y)
r=15—
r=15—-y r=15—-y r=15—y y:%
54y — 54 (15 —y) =3y (15 —y) ;{ 3y?+63y —810=0 ; y2421y —270 =0 ; r=15—-y ;
y(15—y) #0 y(15 —y) #0 y(15 —y) #0 y ==21=39
y(15—y) #0
=06
[ y=9
x =45 — He YZIOBJIETBOPSIET YCJIOBUIO 3aJIa9H.
[ y=-30
y(15—y) #0
Orser: (6; 9).

3amaya 2. [lepesn Bamm reomerpuueckasi (pUrypa IMECOUHBIX YacoOB, 0Opa3oBaHHasi rpadukaMu QyHKITHI.
Omnpenenure, rpadukn Kakux GyHKIMI n300paKeHbl Ha pucynke. Haiiure obactu onpeesieHnst U 3HAYCHUS
KaXXJI0fl (pyHKIINH.

OrBer: PyHKIUM, IIpeJCTABICHHbIe HA rpaduke: y =1, y=—2° y=7; y = —T7.
O6usactp onpegenennst Gyuxiwmit: D(y) = [—2;2].
O6aacry 3uavenus byuxmumit: E(y) = [—8;8].

3anmada 3. He Bcerna xu3HeHHbIe 33/a49u OyAyT JaBATHCS BaM B SIBHOM BHJIe, U MATEMAaTHYECKUE 3a/Ia9H
e uckjodenune. [lonpobyiiTe mocTpouTsh mapaboy W HaMKUCATh ee ypaBHEHMe, He 3Has TOYHBIX JAHHBIX. Bam
JIQHBI JIAIIb CJIEJIYIONe yTBEPKIeHUs: v mapabosbl 2 BepuHbl; ock cumMerpun — ock Oy; Ha orpeske [0; 2]
napabosia yObiBaer, a Ha Jyde (2; +00) — Bo3pacraer; Hu oauH u3 KoddduimenTos He pasen 0; opauHara
BepIuH paBHa 1.

Pemenue:

IIpuBenennble 33724 OTHOCATCS HAMU K Pa3PSAAy AUIAKTHYIECKAX MAaTEPHAJIOB, ITO3BOJIAIONIAX OCYIIECTB-
JIATH (GOPMUpOBaHUE, PA3BUTHE U JUATHOCTUKY YPOBHs MO3HABATEIbHBIX Y Y/l IIKOJIBHUKOB, TaK Kak obecrre-
YUBAIOT KOPPEKIMI0 U MOHHUTOPHWHI PE3yJIbTATOB OCBOEHUs mpueMaMu u criocobamu Y Y/ B mporiecce o0ydeHust
MaTeMaTHKe, B TOM YHCJE U <«CPeJCTBAMH OOJIAUHBIX 3JIEKTPOHHBIX Tabiuiy [21]. Ilocieanee cpoiicTBo oco-
OeHHO aKTyaJbHO W 3HaYUMO i dopmupoBanus Y Y/ um YK B ycaoBusx XogucTudHON 00pa3oBATEIHHON
CPeJIbL.

B mporieccax dopmupoBanus un pazputusa YK y Oyaymmx 0akaJaBpOB M MaruCTPOB I€IarOTMYECKOTO 00-
pa3oBaHusl B IIEPHOJ, WX IIOJIOTOBKU B By3€ BeIyllasl POJIb METOJa MaTeMaTUIECKOI'O MOJIEJTUPOBAHUS TaK-
xe odepugHa. lIpmuem B pamkrax OOIIl GakamaBpuara 3TOT METOJ JOCTATOYHO WHTEHCUBHO ITPUMEHSIETCS HE
TOJIBKO HA AyJUTOPHBIX 3aHATUSX 110 MATEMATHIECKAM U JIPYTUM IUCIUILIMHAM, [IPUA BBITOJHEHUHN KYPCOBBIX
(KP) u Bbiryckubix kpasmbukanuonubix pador (BKP), a u Bo BHey4YeOHBIX HAyIHO-IPAKTHUYECKUX, KOHKYDC-
HBIX U OJIMMIINA/IHBIX MEPOIPHUATUSX C YIACTHEM IIPEeNoJaBaTesieil U CTYAEeHTOB. B kKadecTBe MOMOOHBIX IIpU-
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MEPOB MOXKHO IIPUBECTU TaKUE MEPOIPHUATUS U IIPOEKTHI, peaausyeMble (HbaKyJIbTeTOM MATEMATUKHU, DUINKU U
urdopmarnkn CaMapeKoro rocyJapCTBEHHOTO CONMANbHO-Tefarornieckoro yausepeurera (PMOU CI'CITY),
KaK:

— BeepoccuiicKast (€ MeXKIyHApOJHBIM y4acTUeM) HaydHO-IIPAKTUYeCKasi KOH(epeHus «AKTyajbHble [IPO-
6J1eMBbI €CTECTBEHHOHAYYHOIO M MaTEeMAaTHYIECKOI0 0Opa30BaHUSY;

— obnacTHO# ceMmuHaAp yduuTeseir MareMaruku n ¢usukn «IlIkombHoe PU3MKO-MaTeMaTHIeCKoe 00pa3oBa-
HUe: MePCIeKTUBBI pa3BUTUsI» Ha 6aze Texnomapka yHUBepcaJbHBIX mejarormdeckux kKommerennuit CI'CITY u
yuebHbIX Jaboparopuit Kadeapbl dbusnkm, MareMaTnku u Meroauku obydenus: (PMuMO) OMO®U CIr'CITY;

— PErmOHAJBHBI KOHKYPC HCCIEIOBATE]bCKUX PAOOT M MPOEKTOB IMKOJBHUKOB B O0JACTA MaTEMAaTHKH,
npukIagHol Maremaruku «Maremarmka BOKPYT HAC»;

— €XKeroJIHbI 00/IACTHOM KOHKYPC yUeOHO-UCC/IeI0BATEIbCKAX TPOEKTOB yJaIluxcs 00Ieobpa30BaTeIbHbIX
yapexaenuit «Mup TBOMX OTKPBITHI»

— cryleHYecKas npoduiIbHO-TIpeIMeTHast oymminaaa «Hemenss maremarukn u pusuku OMOPU»;

— MeK(daKyIbTeTCKANR CTYIEHYECKNI KOHKYyPCe METOAMIECKHX pPa3paboToK «f miay ma ypok...»;

— CTYJEHYECKUII HayJIHO-MeToandecKnii Kpykok «IlepBrie maru B npodeccuo» B camapckux MBOY COIIL
Ne 6 m Ne 132 ¢ mesnbio mOrpyzkeHust OYAyNIUX II€IaroroB B IPOMECCHOHANBHYIO JI€ATEJbHOCTD YIUTEJIsT Ma-
TEeMATHUKH;

— IpOrpaMMBbl JIONOJHUTEJIHHOTO ITPO(MECCHOHATBHOIO 00pa30BaHUsl, peain3yeMble IPErofaBaTe MU
OMOU CI'CITY: «IIpoekTupoBaHme OpraHU3alUN YIeOHO-MCCIETIOBATEIHLCKON U MTPOEKTHON JeATEeTbHOCTHA 00Y-
qaromuxcsty; «Omummmnmaga kKak (opMa paboThl ¢ ONApEHHBIME JeTbMu»; «Opranusarus oOydIeHUs] C IpUMe-
HeHueM IMejparorudeckux cpeicts YMOC B mkoses.

Ornocurenbio passutusg YK y crymentoB Maructparypbl PMOUN «MaremaTtnka m uHGOpPMATHKA B yCJIO-
BUAX [U(POBU3AIIH 00PA30BAHUI» MOXKHO OTMETUTH, ITO HA OCHOBE XaPAKTEPUCTUKU HAIIPABJIEHUS] UX IOJIO-
TOBKH K NTPO(ECCHOHAIIBHOM JIeATeIbHOCTH, a TaKKe TpeboBanmii K pedyiabraram ocBoennst OOIl u ee cTpyk-
Type, cogepxkammumucs Bo PI'OC BO, HeoOX0IUMOCTh BKJIFOUEHHS MaTEMATUIECKHX METOJOB U METOIOB KOM-
MBIOTEPHOTO MOJIEJIMPOBAHUSI B COJEpPXKAaHME IOJAIOTOBKA MATMCTPOB MEeIArOTHYIecKOro 0b6pa30BaHUsl B YyCJIO-
BUSIX XOJUCTUYIHONW 0OPa30BATENIHHON Cpelibl He BbI3biBaeT comHeHms. C 1epi0 moBbimeHus: 3GMOEKTUBHOCTH
dopmupoBanns YK y Oyaymmx MaruCTpOB-IIEIArOrOB U IIOBBIMIEHUS KAadecTBA UX IOJATOTOBKH B COIEpPIKa-
nue HazsanHoii OOII BBO sBkiitoueHn yuebHbI Kypc «Maremarwmdyeckne MeTOJbI U METOAbI KOMIILIOTEPHOI'O
MOJIEJINPOBAaHKS B OOpa30BaHUU>.

IIpu sTOM CcTOMT OTMETHUTH TO OOCTOSATEIHLCTBO, UTO YCJIOBUSI XOJUCTHUIHON 0OpPA30BATEIbLHON CpEIbl, U B
0COOEHHOCTH TAKOI'0 KOMIIOHEHTa ee CTPYKTYpbl, Kak coBpeMenHas DUOC Bysa, 00yC/IOBIMBAIOT HACYITHYIO
HEODXOJIUMOCTh MHTEHCH(DUKAIUN [TPUMEHEHUs] METOJ0B KOMIIBIOTEPHOI'O M MAaTeMaTHIeCKOrO0 MOJIEITUPOBAHUS
MarucTpaHTaMU B CBOMX HAyJHBIX HCCjejoBaHusX npu noiaroroke BKP B dopme marmcrepckux jmccepra-
mwmit. OIHAKO Ha OCHOBE HAIIETO OIBITA, U3 MPAKTAKA WX 3AIUT CJAEIYET, YTO ITHUM METOJAM ITOKa OTBOIUTCS
JINIIIb POJIb CBOEOOPA3HOI «IOAPYYHON» OCHACTKU WJIN JOTOJHUTEJHHOIO CPEICTBA MAaTEMATHIECKON CTaTH-
CTUKU JIJIsI [IOJITBEPXKIEHUs TUIIOTE3BI TPOBOIUMOTO ucciegoBanus. OCOOEHHO 3aMeTHA Ha 3alllUTaX MarucTep-
CKUX JIUCCEPTAIWii 10 HANpaBJIeHWI0 HOAroToBKu Iledazozuveckoe ob6pa3osamue HEONPABIAHHOCTH HEKOPPEKT-
HOro (C MATEeMATHYECKONH TOUKM 3PEHUsl) IPUMEHEHHsI M3BECTHBIX CTATUCTUIECKUX MeTonoB. Kak Hamu yike
oTMevasioch paHee B pabore [28], ocHOBHble ommOKu (puc. 2), JOIMyCKaeMble MaruCTpaHTaMH-TIeJaroraMu Ipu
MIOITOTOBKE U 3allUTe CBOUX JIUCCEPTAINil, BBIPAXKAIOTCA B HECOOTBETCTBUU HWCIIOIB3YyEMBIX METOOB IIPE/IJIa-
raeMoil KOMIBIOTEPHONU WA MATEMATHYECKON MOJICIN, & TaKxKe MEXKJy MOJEJbI0 W IIPAKTHUKOU, MOJIEJIbI0 WU
[EJIBIO MO/IEJINPOBAHUS.

MpsbI cuuTaeM, 9TO WCIIOJIH30BAHUE METOA MaTEMATHIECKOIO MOJAEJNpOBaHus B dopmupoBannn YK y BbI-
IYCKHUKOB II€ArOTNYIeCKOro OaKajaBpuaTa, KOTOPbIE BIOCIEICTBAN IMOCTYIAIOT YIUTHCS B MATUCTPATYPY, MO-
2KET CIIOCOOCTBOBATDH IIOBBINIEHUIO MX IIOJTIOTOBJIEHHOCTH K HEJIONYINEHUIO TAKAX OIIHOOK.
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Puc. 2. Knaccudurarys OCHOBHBIX ONIUOOK, JOIYCKAEMBIX MarvuCTPAHTAMU B JUCCEPTAIASAX I10 IEJArOrMKe
Fig. 2. Classification of the main mistakes made by undergraduates in dissertations on pedagogy

3. PesyabTaTbl OIBITHO-3KCIIEPUMEHTAJIBHON padOThI

ONBITHO-9KCIIEPUMEHTAIbHAST YACTh Halleil paboThl MO OMPEIESIEHIIO BJIMSAHUS METO/a MATeMATHIeCKOTO
MOJIeJINPOBaHMsl Ha (POPMUPOBAHUE U PA3BUTHE IO3HABATEIBHBIX Y Y/l ¥ HIKOJBHUKOB B YCJIOBHUSAX XOJUCTUY-
HOIT 00pa30BATEJBLHOM CPEJIbI BBINOJIHSIACH KAaK JUIIOMHOE HCCIIEJIOBAHUE B OONE0OPA30BATENbHBIX IIKOJIAX
Hepepkunckoro paitona Ilenzenckoit obsractu. B Heil mpuHuMa M ydacTue OOydarommecss OCHOBHOHN IKOJIbI —
VIeHHKN 9-X KJIaCCOB B KOJUYECTBE 57 UEJIOBEK, BKJIIOUYEHHBIX B 2 KOHTPOJIbHBbIE M 2 SKCIHEPUMEHTAJHHDLIE
rpyunsl (kiaccel). Pafora cocrostia M3 TPAJIUIMOHHBIX JTAOB: KOHCTATUPYIOMIEro, (OPMHUPYIOIIEr0 U KOH-
TPOJILHOTO.

Ha mepBom u3 Hux B (bopme cobecemoBaHUsl, pelreHnsi KOHTPOJIbHBIX 3aJad U TECTHUPOBaHUs OBLI OIpeie-
JIEH HAJaJIbHBII yPOBEHb MO3HABATENbHBIX ¥ Y/ obyuaromuxcs. [liman paborsl hopMUPYIOIIEro sTamna BKIOYIAJT
B cebst oreHKy 3(hhEKTUBHOCTH METO[a MATEMaTUIeCKOrO MOIEJIMPOBAHUS U €r0 IIpUMeHeHue st (hOpMUPOBa-
HUAS U Pa3BUTHs MO3HABATEIBHLIX Y Y/ y /NE€BATHUKIACCHUKOB HA yPOKAX MATEMATHKH C IIPOBE/IEHUEM JIUATHO-
CTUYECKUX CPE30B M IOCJEIYyIONIell KOppeKNnuel MefHCTBUil ydJaIuxcad U yduTesieil, KOTOPBIM ObLIN IIPEIOCTaB-
JIEHBI METOJMYEeCKIe PEKOMEHJIAIINN, COJIepKalllie COOTBETCTBYIOIINE 3a/IaHusl, pa3paboTaHHbIE U MTOJI0OpaHHBIE
HaMU TPUMEHUMO K TeMe HCCJIeJOBaHUs. IJTOT ITAll IKCIEPUMEHTa MPOBOJIWJICA B TeUYeHHE JBYX dYeTBEpTei
2022/23 y4ebHOrO TOJA.

SaKJIIOYNTENbHBI KOHTPOJIBHBINA 3TAIl ONMBITHO-9KCIEPUMEHTAJIBHON PabOThI BKJIIOYAJ B ceDsi UTOrOBBIN JiU-
ArHOCTUYECKUII Cpe3 MO pe3ysibraraM (DOPMUPYIOIIEro dTama. Kro e sBistioch 00600IIeHne U CPaBHUTEIb-
HBII aHAJIN3 PE3YJILTATOB, MOJYYECHHBIX HA MPEJAbIIYIINX ITANaX dKCIIEPUMEHTA, & TaKyKe COCTABJICHUE U CUCTe-
MAaTH3AIWI0 BBIBOJOB W 3aK/IIOUEHUII 110 MPOBEIEHHOMY HUCCJIEIOBAHMIO. 1IprM 9TOM y9YacTHUKAM SKCIEPUMEHTA
[ABAJINCh COOTBETCTBYIOIINE 3a/[aHUs, IIO3BOJISIONINE OIPEIEIUTh YPOBEHb C(HOPMUPOBAHHOCTH ITO3HABATEb-
HbIX Y Y/l y oOy4aronuxcs OCHOBHOU IIKOJIBI IIOCPEJCTBOM IIPUMEHEHUs METO/a MATEMATHYECKOTO MOJEIUPO-
BaHUS.

PesysbraTbl HTOrOBOrO JIMAIHOCTUYECKOTO CPE3a IIPUBEIEHBI HA Jauarpamme (puc. 3):
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Puc. 3. Pesyabrarsl BAHSHUS METOMa MaTEMATHIECKOTO MOICIUPOBAHUS Ha (POPMHUPOBAHUE W PASBUTHE
TO3HABATEILHBIX ¥ Y]] v IIKOJLHUKOB B YCIOBUAX XOJUCTHIHON 00pa30BATEIBLHON CpeIbl
Fig. 3. Results of the influence of the method of mathematical modeling on the formation and development
cognitive ULA in schoolchildren in a holistic educational environment

W3 npuBesenHoil auarpamMMbl CJI€IyeT, 9TO JaHHBIE CPABHUTEIBHOIO AHAJIM3a PE3YJIbTATOB KOHCTATHPYIO-
IEro M KOHTPOJIBHOI'O ITAIOB OIBITHO-IKCIEPUMEHTAJILHON PAbOTHI MOKA3AJ/IM yBEJIUYEHNE BBICOKOT'O YDPOBHSA
cOPMUPOBAHHOCTH TO3HABATEILHBIX Y Y/ vy obydaomuxca wa 57 %, cpennmit yposenb Y Y]l cuusmica Ha
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12 %, a HUBKOro ypoBHS HE OCTAJIOCH HHM Yy OJHOIO M3 yUAIUXCHA, BXOAMBIIMX B SKCIEPUMEHTAJLHYIO TPYIILY.
Takum 06pa3zoM, MOYXKHO CIE€JIaTh BBIBOJ O TOM, UTO €CJIM B IpOIecce OOyYeHWs] MATEMAaTHUKE B XOJMCTUIHOMN
00pa30BaTEIbLHON Cpejie OCHOBHOM IIKOJIBI MCIOJIb3yEeTCs METOJI MATEMATHIeCKOr0 MOJEIUPOBAHUSI, TO IIPOIECC
dopMupoBaHUsA W PAa3BUTHs IMO3HABATEJbHBIX ¥ Y/l y obydaromuxcs cramer ropaszno dddexkTuBHee.
DKCHEPUMEHT TI0 OIPEJIEJeHNI0 cTerneHn 3(hHEKTUBHOCTH MPUMEHEHUsI MEeTOJ/Ia MATEMaTHIECKOrO MOJIEJIN-
poBaHus it (DOPMHUPOBaHUST W Pa3BUTHs YK y CTYIEHTOB I€Jarormvyeckoro OakajiaBpuaTa U MaruCTPaTy-
pBl — OyIyImuX yduTejeil MATEMATHKU B YCJIOBUSIX XOJUCTUIHON 00pa3s0BaTEIbHON cpeje By3a IJIAHUDPYETCH
nposectu B 2023/24 yuebuom romy. Bmecre ¢ Tem Ha ocHOBe HaOJIIOAEHMII, PE3YJLTATOB IMPOMEXKYTOYHON U
WTOTOBOW aTTECTAIMU ODYJAIONIUXCS M COOCTBEHHOIO OIBITA MOYKHO IPEJIOJIOXKUThH, UTO OH IO3BOJISET OITH-
MU3UPOBATH HUCCJEIyeMble TPOIECChl, a Koppenadanus u codetaemocts Y Y/ ¢ YK mo3BosisieT TOBOPUTH O HUX
Kak 00 YHUBEpCaJbHOM BBICOKO3(MD@MEKTUBHOM HHCTPYMEHTAPHM OPraHU3AIMA COBMECTHON JIesITe/IbHOCTU yYU-
TeJsieli-IpeIMETHUKOB W OOYYalOIIUXCs JJIsl PelleHns 3371249 (pOPMUPOBAHUSI U PA3BUTHUs JTUIHOCTHBIX KAUYECTB
IIO/IPACTAIONIErO TIOKOJIEHUs [P TOAIOTOBKE K KU3HU B IU(PPOBOM HHMOPMAIMOHHOM OOIECTBE.
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MATHEMATICAL MODELING AS A METHOD OF FORMING COGNITIVE
UNIVERSAL LEARNING ACTIONS AND COMPETENCES OF STUDENTS
IN THE CONDITIONS OF A HOLISTIC EDUCATIONAL ENVIRONMENT

ABSTRACT

From the standpoint of information and educational holism X ieh, conditions and features of the
transitional period of digital transformation of education, the didactic potential of mathematical modeling in
the formation and development of cognitive universal learning activities (ULA) in mathematics lessons for
schoolchildren and universal competencies (UC) in the study of mathematical and methodological methods
is analyzed-mathematical disciplines by students of universities of the direction of preparation Pedagogical
education. Based on the compatibility of the requirements of the federal state educational standards of
secondary general and higher education (FSES SGE and FSES HE), which determine the conditions and
features of the formation and development of universal learning activities in schoolchildren and universal
competencies in students — future teachers of mathematics, the optimizing effect of 3 ieh on these processes.
The possibilities of mathematical modeling are considered as an educational technology that makes it possible
to increase the efficiency of obtaining, assimilation and application of new subject and methodological
knowledge by students in conditions of mixed offline- and online-learning. A model of information and
educational holism and examples of tasks are given.
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educational environment; cognitive ULA; UC; training teachers of mathematics; development of personal
qualities of students.
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ABSTRACT

For modeling in time series, models with fractional differences are widely used. The best known model is
the ARFIMA (autoregressive fractionally integrated moving average) model. It is known that for integer-order
autoregressive models, autoregressive models with additive noise can outperform ARMA and autoregressive
models in terms of accuracy. This article considers a class of autoregressive models with fractional order
differences. The article presents a new method for estimating parameters autoregressive models with fractional
differences in the presence of additive noise with an unknown variance of additive noise. The propose algorithm
was realized in Matlab. The simulation results show the high efficiency of the propose algorithm.
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Introduction

To describe processes of various nature, equations with derivatives are increasingly used. and differences of
fractional order. Despite the lack of a simple interpretation, which give derivatives, integrals and differences
of integers, models described by fractional-order equations, make it possible to accurately simulate many
processes in physics and technology [1-4]. In connection with the active development and application of
equations with differences and fractional derivatives for modeling and forecasting problems, methods for
estimating systems have also begun to actively develop, describing fractional-order equations and differences.

Autoregressions with fractional differences are widely used in the analysis of time series with long
memory [5; 6]. There are a large number of different models with generalizations of fractional differences,

IThe work was carried out as part of the development program of the Scientific and Educational Mathematical Center of
the Volga Federal District, agreement No. 075-02-2023-931.
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such as Gegenbauer autoregressive moving average (GARMA) [7; 8], fractional ARUMA [9], seasonal
autoregressive fractionally integrated moving average (SARFIMA) [10; 11], and autoregressive tempered
fractionally integrated moving average (ARTFIMA) [12; 13]. Various aspects of using fractional differences
for time series analysis have been considered [14; 15].

It is known that for autoregressive models of an integer order, autoregressive models with additive noise can
exceed the accuracy of ARMA models and autoregressive models [16]. An overview of methods for estimating
integer-order autoregressions in the presence of noise is presented in [17]. In the articles [8; 18; 19], the author
considered the estimation of autoregressions with fractional-order differences in the presence of noise with a
known noise ratio.

The article presents a new method for estimating parameters autoregressive models with fractional
differences in the presence of additive noise with an unknown variance of additive noise.

1. Basic results

Time series, is described by linear stochastic equations with fractional order differences:

zi= Y WMAY™L 4Gy =2+ &, (1.1)

m=1

o0
where b(™ are constant coefficients; 0 < a ... < ay; I'(a)= [ et 1dt
0
K3 .
Avmz =" (=1) ( aj’.” )zij is fractional difference;
j=0
< aj@ ) = % is generalized binomial coefficients.
It is required to estimate the unknown coefficients of the dynamic system described by (1.1) from the
observed sequence {y;} with noise for the known orders r , ay,.
If r and, «,, are unknown, it is necessary to apply algorithms based on global optimization, such as
genetic algorithms [8].
The following assumptions are introduced:
Al. The dynamic system (1) is asymptotically stable.
A2. Noises {&} and {(;} are statistically independent sequences with E{&} = 0, E{¢;} = 0, E{ff} =
= 052 < 00, E{Cf} = Jg < oo a.s., where E is the expectation operator.
A3. The output sequence {z;}, is independent of noise sequence {&;}. The noise sequences {&;},{¢;} are
mutually independent.
In [18], the following objective function was proposed for estimating the parameters:

Iy — Cbl;
_— 1.2
b 1+ + bTHeb’ (12)
where
A =imen 5 () () Shm == 1T

C= (o7 ... ¢T) eRPNY = (yr...yn) € RV b= (b0 b)) c R7,
@ = (Ay; 1,0, A%y q) € RV y = 02 [0?

Theorem 2.1. [18] Let the dynamic system described by Equation (1.1)with initial zero conditions and
assumptions A1-A3 be introduced. Then, the estimate of the coefficients determined by expression (1.2)
exists, is unique, and converges to the true value of the coefficients with probability 1, i.e.:

b(N) 2% by (1.3)

N—oo

Proof. The proof of the theorem is similar to the proof given in [20].
The minimum of function (1.2) can be found as a solution to the biased normal system of equations

(CTC —62He) b= C"Y. (1.4)

If the noise variance is unknown 0?, then it is necessary to use the estimate of the additive noise variance

ag. The variance estimate 6 can be found as the minimal generalized singular value

65 = Omin (C,Lg) 5 (15)
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where opin (C_', Lg) is the minimal generalized singular number of matrices C' and Le,

C=(Y C).

= e 1+ 0

_7JT _

H¢=Lg L, He = 0 H )

In [17] a review of methods for parametr estimation integer-order autoregressions with additive noise
is presented. One of the most accurate was the approach proposed in the article [21]. This article uses a
generalization of this approach to the case of autoregressions with fractional order differences. The maximum
value of the variance agmax is if the variance cr? =0 is defined as

z - 2 (é’ L’maz)

O¢max = Omin

where onin (C’, me) is minimal generalised singular values of matrices C' and Ly,q4,

_ I _ 10
_ 77T _
Hpaw =L L. Hpaw = ( 0 H )

The true value of the variance belongs to the interval O'g € ( 0 Ogmax )
In [21], high-order Yule-Walker equations are used to determine the variance. However, this approach
cannot be applied directly, since it is impossible to obtain a vector of instrumental shifts for equation (1.1).

Minimization (1.2) can be written as an eigenvector problem:

where b = ( _bl )
2

Equation (1.6) requires knowing not only the variance of the additive noise ag, but also the variance o¢.

(CTC - 62H) b =0, (1.6)

In order to eliminate the need to evaluate o2 and o2 simultaneously for fractional order autoregressions, we
use generalized instrumental variables [22], the application of generalized instrumental variables for fractional
order systems is considered in the article [23].
The vector of instrumental variables 1), satisfies the equality
: T A 277 \ 7.

N—oc0

where
Cy = (wfw%) e RNV
d)i e (Aalyi_g, ...,Aaryi_g) S Rlxr, Hw = ( 0 Hl/’ ),
k . N-1 o « —j — —
H;m):hmiﬁooﬁzi:o j:n]_ jk %,mzl,’hk‘:l,r,
For a finite sample, equality (1.7) will not be strict, the problem of determining the variance estimate
&g can be described as a quadratic function minimization problem

min  J (o¢), (1.8)

0¢€(0,0¢ max)
where .
J (o) =07 (CIC — 02Hy) (CIC —o2H,)b.
Based on equations (4), (6) and (8), an iterative algorithm is proposed for estimating the parameters b
and the variance 6? .

Step 1. Determine the maximum value of the variance agmax is defined as

2 = Jr211in (07 Lmar) .

JE max

Step 2. Start from a generic value O’? e(0 U?max ).
Step 3. Compute the parameter vector from equation (1.4)
(CTC —62H:) b= C"Y,

Step 4. Compute the cost function (1.8)
QT — — — — Eay
J(oe)=b (CTC —o2H,)" (CEC — 02Hy)b.
Step 5. Choose a new value Ug . The choice can be made using one of the methods of one-dimensional
optimization.
Step 6. Repeat steps 3-5 until the value associated with the minimum of is found.
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2. Simulation results

The proposed algorithm has been compared with ordinary least squares and the algorithm based on
objective function (1.2) with a known noise variance ratio. The minimum (1.2) of the objective function can
be found from the solution of the equation (1.4) or the augmented system of equations [24].

Test cases were compared by the following characteristics:the normalized root mean square error (NRMSE)

of parameter estimation, defined as
A 2 9
5b = Hb—boH /|bo|| 100/,

and normalized root mean square error of modelling (NRMSEM), defined as

62 = \[lI2 = 2I1* / l121*1000%.

The results were based on 50 independent Monte-Carlo simulations.
Example 1. The AR model is described by the equation

2 =040 2+ G, v = 2+ &, (2.1)
Noise standard deviation ratio
o¢fo, =057 =2.605
The number of data points N in each simulation was 10000.

Table 2.1 shows the mean values of tNRMSE and NRMSEM and their standard deviations.

Table 2.1
Mean values of NRMSE and NRMSEM and their standard deviations

Tabsma 2.1
Cpeanne 3nadveHus NRMSE nu NRMSEM u nx craHIZapTHBbIE OTKJIOHEHUS

Ordinary least | Algorithm with known | Proposed  algorithm
squares, % ratio, % with unknown ratio,
%
ob 8.95£5.74 1.05+1.20 1.44+1.93
0z 43.50 + 15.42 12.88 +£9.88 13.55 £ 10.98
Example 2. The AR model is described by the equation
20 =050z 1 + ¢, v = 2 + &, (2.2)

Noise standard deviation ratio
05/02 =0.5,yvy=211

The number of data points N in each simulation was 2000.
Table 2.2 shows the mean values of tNRMSE and NRMSEM and their standard deviations.
Table 2.2

Mean values of NRMSE and NRMSEM and their standard deviation
Tabsmma 2.2

Cpeanue 3HadveHus NRMSE u NRMSEM u ux crangapTHOE€ OTKJIOHEHUE

Ordinary least | Algorithm with known | Proposed  algorithm
squares, % ratio, % with unknown ratio,
%
ob 15.73 + 2.62 2.16 = 1.46 3.00+2.74
oz 26.70 £+ 2.36 5.82 +£4.47 7.13 £5.39
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Conclusion

This paper proposed an estimation method of the parameters of fractional AR models with additive noise.

The simulation results showed that the parameter estimates obtained using the proposed algorithm are highly
accurate.

Further development of the proposed approach is the study of the best choice of instrumental variables

and the choice of the weighting matrix.
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OINEHVUBAHUE ITAPAMETPOB ABTOPEI'PECCUUN C PASHOCTAMU
JPOBHOTI'O TIOPAOKA IIPU HAJINYUN AJJINTUBHOTIO IIIYMA?

AHHOTAIINA

Iljist MOIIeJIMPDOBAHMS BO BPEMEHHBIX PsjlaX IMUPOKO HCIOJb3YIOTCS MOIEIU € JPOOHBIMU PA3HOCTSIMH.
Hau6osee uzsectHolt Mopennio spigerca moieab ARFIMA (aBroperpeccuonHasi 9aCTUYHO UHTEIPUPOBAHHAS
CKOJIB3sIIIast cpessi). VI3BeCcTHO, 9TO Jijid aBTOPEIPECCUOHHBIX MOJEJIEH 1100 MOPSAIKA aBTOPEIrPECCUOHHBIE
MOJIET € &JINTUBHBIM IIyMOM MOTYT TpeBocxoauTh mo Tounoctn ARMA u aBToperpeccrmoHHbIE MOJIENH.
B jannoit crarbe paccMaTpuUBaeTcsl KJIACC aBTOPErPDECCHOHHBIX MOJIEJIell € PA3HOCTHIO JPOOHOIO IOPSiIKA.
[IpescraBiieH HOBBIN MeTOJ OIIEHWBAHUS [TapaMeTPOB aBTOPEIPECCHOHHBIX MOJeJIeil ¢ JPOOHBIMU PAa3HOCTSIMU
[IpY HaJUYUU JIATHBHOIO IIIyMa C €ro HeW3BeCTHOH gucnepcueii. [lpejmjaraembiii ajropuT™M peain30BaH
B cpeme Matlab. Pesymbrarbl MomenmpoBaHUS IOKA3BIBAIOT BBICOKYI 3(MMEKTUBHOCT MTPEJIOKEHHOTO
aJITOPUTMA.

KuirogyeBbie ciioBa: apobHasi PA3HOCTH; ABTOPErPECCHOHHAsI MOJENb; CyMMa HAWMEHDLININX KBaJIPATOB;
AJJINTUBHBIN 1TyM; HEM3BECTHOE OTHOINEHHWE JIUCIepCHuil; OOOOIEeHHbIE WHCTPYMEHTAJIbHBIE I€pEeMEeHHBIE;
JIOJITOBPEMEHHAST TTaMATh.

IIntupoBanme. Ivanov D.V. Estimation of parameters of autoregressive models with fractional
differences in the presence of additive noise // Becrnuxk Camapckoro ynusepcurera. EcrecTBeHHOHAYYHAS
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BOJIZKCKOT'O (befiepasibHOrO OKpyra, coryaimienne Ne 075-02-2023-931.
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TPEBOBAHUA K O®OPMJIEHUIO CTATEM

2Kypnan "Becruunk Camapckoro yHusepcurera. EcrecrBenHoHayuHasi cepusi / Vestnik of Samara University.
Natural Science Series” wuzgaercsa ¢ 1995 r. m sABISETCSA PEryISPHBIM HAyYHBIM H3JAHHUEM, BBIIyCKaeMbIM CaMapCKUM YHU-
BEPCUTETOM C II€JIbI0 PA3BUTHUS HAYIHO-HCCIIEJOBATEIHECKON JeATEeIbHOCTU, MOAJEPKKHU BELYIIUX HAYYHBIX IIKOJ M IOATOTOBKH
KaJpoB BhIcuiell kBanaudurarnuu. 2KypHaa BBIXOAUT KaK B [IEIATHOM, TaK U B JIEKTPOHHOM BHJE. DJICKTPOHHASI BEPCHSI XKypHa-
Jla pasMeraercs Ha cafire CaMapcKoro yHuBepcuTeTa IO anpecy hitps://journals.ssau.ru/est. Bee craTbu IPOXOAAT NPOBEPKY
B nporpamme "AnTumiaruar'.

B xypnane "Becruuk Camapckoro ynuepcurera. EcrecrBenHonay4nasi cepusi / Vestnik of Samara University. Natural
Science Series” meyaTarTCsl OPUTHHAJIBHBbIE HAyYHbIE DPE3yJIbTATHl U3 PA3JIMYHBIX 00JIACTENl eCTeCTBO3HAHUS IO MPOMUIII0 6a3bl
naHHBIX zbMath, panee He myOJ/IMKOBaBIIMECS U HE IIPEJICTABJIEHHbIE K IIYyOJIMKAIUU B JPYyrux u3JaHudax. E>KeromHo BBIXOOAT
B CBET 4YeThbIpE PEeryJisipHbIX BbIIYCKAa >KypHAaJia.

IIpencraBisiemast B »KypHay paboTa JOJKHA OBITh 3aKOHYEHHBIM HAy4HBIM MCCJIEJOBAHUEM U COHEPXKATb HOBbIE HAyYHbIE
pe3ysnbrarsl. CTaTbl JOJIKHBI IOAINCBIBATHCS BCEMU aBTOPAMH, UTO O3HAYAET MX COIVIACHE Ha IepeJady BCEX IIpaB Ha PacCIpo-
crpaHeHne paboT € MOMOIIBIO MEYATHBIX U 3JIEKTPOHHBIX HocuTeneil mudopmamun Camapckomy yuuBepcurery. CraTbu MOryT
OBITL HAIMCAHBI HA PYCCKOM WM AHIVIMACKOM $I3bIKAX, IPH 9TOM aBTOPBLI OOS3aHBI IPELbSBIIATH IIOBBINIEHHbIE TPEOOBAHHUS K
CTHJIIO W3JIOXKEHUsI U aA3bIKy. CTaTbH JOJI2KHBI COIPOBOXKJIATHCS HAIPABICHHEM OPraHU3allid, B KOTOPOH BBINTOJIHEHa paboTa.
Crarbu 0G30PHOIO XapakTepa, PEleH3UN Ha HaydHble MOHOrpaduu IUIIYTCH, KaK [IPABUJIO, 10 IPOCHOE PEIKOJIJIErHH KypHAJA.
Bce mpezacraBiennble paboTBI pefakiins »KypHajla HaIpaBisieT Ha peleH3upoBaHue. Perienuwe 00 OIMyOJIMKOBaHUU NPHHUMAET-
Cd PEIKOJUIETH »KypHaja HAa OCHOBAHUU DPeNeH3uu. ABTOPAM PEKOMEHJYETCs O3HAKOMHUTLCS C IIPABUJIAMHU IIOJITOTOBKHU CTATEH
mepes NPEeACTABICHHEM HX B peJaknuio. Paborel, opOpMIIEHHBIE HE IO IPaBUJIAM, PEIKOJIIETHEeNl pacCMaTPUBATHLCS HE OyIyT.
Pepaknusi nmpocur aBTOPOB npu 0(dOPMJIEHNU PaGOTHI NPUAEP>KUBATHCH CJIEAYIOIIUX IIPABUJI M PEKOMEHJALUN:

1. Crarbu npencTaBisioTCs 4depe3 caiiT https://journals.ssau.ru/est.

2. Crarbst OJIKHA CONEpPKaTh: HasBaHHe pabOThl (6e3 bOpMyJ1), CIIMCOK ABTOPOB, NMPEJCTABJICHHBIN B aaBUTHOM IODPSIKE,
C yKasaHHEM MecTa pPabOThl M €ro aJpeca C HHIEKCOM, aJPECOB SJIEKTPOHHON MOYTHI KajKJIOr0 U3 HHUX, 3BaHWS, JIOJI?KHOCTH,
ORCID ©a pyccKOM H aHIIMACKOM s3bIKax; aHHoTanuio He Menee 100 C/I0B Ha PYyCCKOM H AHIVIMHACKOM #A3BIKaX, KOTODAas
IaeTCsl TepeJi OCHOBHBIM TEKCTOM; OCHOBHON TEKCT, KOTODPBIH PEKOMEHJIYETCs Pa3JessaATh Ha HOAPA3IEbl C IEJIbI0 O0JIErYeHus
qTeHUus PabOThl; 3aKJIIOYEHHE C KPATKON XapaKTePUCTUKON OCHOBHBIX IIOJIyYEHHBIX DE3YJIbTATOB.

3. CraTbs Jo/pKHA ObITH CHaGXKeHa HMHIEKCOM yHuBepcaiabHOi kiaaccudukamuu (Y/IK), HeoOXOIUMO NpeICTaBUTh KJIIOYEBbIE
CJIOBa HA DPYCCKOM U AHIVIMHCKOM SI3BIKAX.

4. O6beM CTaTbU HE JIOJKEH MPEBBINATHL 15-25 CTpaHull, WIIIOCTPUPOBAHHOrO He GoJiee YeMm 5 pucyHkamMu u 5 Tabundmamu.
Bazossiit pasmep mpudra — 10 myakroB. OnybimukoBanue paboT, HE COOTBETCTBYIOIIMX STHM OIPAHUYEHUSM, BO3MOXKHO TOJIBKO
IOCJIe CHENUAJILHOTO DeIIeHUs] PEeJKOJIIErHU KypHaJA.

5. Ilonmucum K pucyHKaM JOJIKHBI pa3MeNIaTbCs CHU3Y OT PUCYHKa U JIOJKHBI COJEPXKaTh MX KpAaTKOe OIMCAaHUE M, BO3-
MOKHO, OObsICHEHUE MCIIOJIb30BAHHBIX CHMBOJIOB U YCJIOBHBIX OOO3HAYEHUN.

6. Ykaszareib TabJUIBI JTOJIPKEH ObITH Pa3MEIeH CIpaBa CBepXy OT Tabsmibl. 3arojoBok Tabimipl (Kak ¥ cama TabJuna)
IOJI2KEH OBITh OTIEHTPUPOBAH IO IIMPUHE OCHOBHOI'O TEKCTA.

7. Hymepauuss pucyHKOB U TabJnl JOJRKHA OBITH HOPA3/IeJIbHON IO TEKCTy craTbu. He [omyckaercsi pa3MelaTb B TEKCTe
PHUCYHKHA ¥ TaOJHUIBI [0 IOSABJICHUS HA HHUX CCBLIKA B TEKCTE.

8. Tekcr craTrbu JOMKEH OBITH MOATOTOBJICH CPEACTBAMHU WM3MATEIbCKONW cuctembl INTEX2: ¢ uWCHONb30BaHWEM CTHJIS
samgu.cls. Crumibp samgu.cls u mpuMep OQOpPMIEHHS CTAaTbH MOXKHO HaiiTu Ha caiite CaMapCKOro rocygapCTBEHHOIO YHU-
Bepcurera (ajapec ykasan Boiae). Vcnosnb3osanue apyrux peanusaimii TEX’a kpaiine mexxesmaresnbHo. [10AroToBka 3J€KTPOHHON
BEPCHH CTATbH C IMOMOINBIO APYIHX CPEICTB NOJKHA OBITH 3apaHee COIVIacOBaHA C pemakiueil. MimocTpaTuBHBIN MaTepuast
(pucysku, TabaMIpl, AMArpaMMbl) TOTOBHTCS CTaHAAPTHBIMU cpeincrBamMu ATEX’a. Pucynku Moryt GbITh Tak»Ke HOATNOTOBJIEHBI
B 1060M rpaduvecKOM pemakTope U ImpemocraBieHbl B ¢opmare EPS. Daexkrponnsie mpencrasienus dpororpaduil HOIyCKaIOTCs
Tonbko B (opmarax EPS wmiau TIFF c¢ paspemenuem He Menee 600 dpi. B ciydae ucCrnonb3oBaHWsSI HECTAHJAPTHBIX CTUJIEBBIX
daitsioB aBTOp 00s13aH MPENOCTABUTL PENAKIUU HEOOXOOUWMBbIE CTHEBble (ailabl. V3MeneHus: CTaHZAPTHBIX CTH/IEBBIX (ailioB
HEJIOILyCTHUMBI.

9. Ilpun moaroTroBKe 3JIEKTPOHHOIO BapHAaHTA CTATbU CJIEAyeT NPUHUMATL BO BHHMAHHUE CJIEAYIOMNE DPEKOMEHIAIIAN:

a) npu Habope CTaThbW HEOOXOJMMO DAa3/MYaTh CJEAYIOIINE 3HAKU IPEHMHAHUS M KOHTPOJIBHBIE IIOCJIEJI0BATEILHOCTH, UM
COOTBETCTBYyIOIHMe: ofuHapHbiii meduc (-”), asoitnoit geduc ()1, rpoitnoit medbuc (—")2. Oaunapnbii geduc HCHOMB3YIOT B
COCTaBHBIX CJIOBaxX; JBOWHOW J1edUC PEKOMEH/IyeTCs /Il yKa3aHWUs [ualla30Ha dYuces W “IBOMHBIX baMuiuii; TpowHoU 1educ
O3HAYAET THPE;

6) JIONYyCTUMO WCIOJIB30BAHHE TOJBKO OOpaTHBIX KaBbldeK (7) ¢ IIOMOIIBIO KOHTPOJIBHOH — IIOCJIEJIOBATEIHHOCTU
\textquotedblright;

B) HEJOIyCTHMO HAXOXKJEHUsl PSJIOM JIByX M 0OJiee 3aKPBIBAIOIIUX HJIM OTKPBIBAIOIIAX CKODOK OJHOIO BHAA. PekomeHmyercs
BHUMATEJIbHO OTHOCHUTBCH K OajlaHCy CKOOOK;

I') JOIyCKAeTCsl UCIOJIb30BAHUE CJIEYIONMX KOMaH[ nepek/odenns: mpudtos: \rm, \it, \bf, \sl u cranmapTHBIX mIPUQGTOB
cemetictBa AMS ¢ ucnosib3oBaHUEM CIIEAYIONUX KOMAHJ Nepek/odeHus mpudTos \mathbf, \mathcal, \mathfrak. Vcmosb3zo-
BaHUE JPYrUX MIPUQMTOB JOJIKHO OBITH COIJIACOBAHO C PeJAaKIUell »KypHaJja;

1) ma rpadukax JO/DKHA OBITh HAHECEHA CeTKa (JKeJATeIbHO KBaJpaTHasd) ¢ OGO3HAYeHHWEM JejieHuii. PexoMmenryembrit
pa3mep pucyHKoB — 11-15 cm mo ropusoHTamu u 5-15 cM 1o BepTukasm. Heobxogumo TIATESBHO CJIEAUTH 3a TOYHBIM COOT-
BETCTBHEM OOO3HAYEHUI B TEKCTe M HA DUCYHKaX U 3a nojobuem mmpudros. Haamucu, 3arpoMoKjaronime pPUCYHKHU, JOJI2KHBI
OBITH 3aMeHEHBl IUdpPaMu HIM OyKBEHHBIMH OOO3HAYEHUSIMH W BHECEHBI B IOApPHUCYyHOUHbIe mmonamucu. CaMu NOAPHCYHOYHBIE

L CooTBeTcTByONAasA KOHTPOJbHAS TOCTEI0BATENLHOCTh ecTh \cdash--~
2Co0TBeTCTBYONIAs KOHTPOIbHASA TOC/IEI0BATEIBHOCTE eCTh \cdash---
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TOINCH JOJIXKHBI OBITH, IO BO3MOXKHOCTH, KpaTKumu. Pemakmmsi ocrasisier 3a coboil mpaBo TpeboBaThb OT aBTOpa 6o0jee Ka-
YECTBEHHOIO BBINIOJIHEHUS TPadUUIeCKOro MaTepHuasia,;

e) IJis MaTeMaTHYeCKUX ODO3HAYeHUN DPEKOMEHIyeTcsl yHoTpeb/siTh, 10 BO3MOXKHOCTH, CTaHJApTHbIE U HauboJsiee IPOCThIe
cuMmBouibl. He ciemyer nmpuMeHATH MHIEKCHI U3 OyKB PYyCcCKOro asidaBuTa. BEKTOPBI M TEH30PBI BBIIOJHSIIOTCS KUPHBIM Ipud-
TOM. BMECTO OIMHAKOBBIX MOBTOPSIOMUXCS OJOKOB B (hOpMyJiax KeJaTeJIbHO HUCIOJIb30BATh UX COKpAIeHHble ODO3HAYEHUS;

2K) Ipu HyMmeparuu (HOPMyJ PeJaKlus IPOCUT IIOJIb30BATHCH JECATHYHON cHUCTeMON. PexoMeHjyercst iBoiHasi HyMeparys:
nepBasi umdpa — HOMEp pasjeja CTaTbH, BTOpas mHudpa I[0ocjie TOYKM — HOMep (OpMyJibl BHYTpU pasieia. Homep moskeH
croaTh cupasa oT dopmyiasl. He caemyer mHymepoBaTb OpMysibl, Ha KOTOPbIE HET CCHIJIOK B TEKCTE;

3) TeOpeMbl, JIEMMBbl, IIPUMEPbI, yTBEPXKIEHHUsI ¥ T.II. BBIIOJHSAIOTCA OOBIYHBIM HIPUATOM; UX 3ArOJOBKH JAIOTCH KUPHBIM
mpudToM;

M) CIMCOK JIMTEPATYPBI COCTABJSIETCS 0 MOPSAKY IMTHPOBAHUS, PACIIONAraeTCs B KOHIE CTATbH HA PYCCKOM M AHIVIMICKOM
a3pikax (He Mmenee 10 mynkToB). [lyisi KHMr coobmiaercs ciemytomas wHpoOpMaiys: (hbaMUJIMA M MHUIMAJIBl ABTOPOB, IIOJIHOE
Ha3BaHUE KHHUIH, H31aTEJbCTBO, TOJ H3JaHUs W KOJIMYECTBO CTPAaHUI[; JJIs cTaTeil B COOPHHUKAX W JKypHajlaX — QaMUIAN
¥ MHULOUAJILI aBTOPOB, MOJHOE HA3BAaHWE CTATbU, Ha3BaHWE >KypHasa (COOPDHUKA) IOJHOCTBIO WJIM, €CJAH €CThb CTAHJAPTHOE
COKpaIllleHHe, COKPAIIEHHO, oJHas uH(opMalws o6 u3gaHuu (cepusi, TOM, HOMED, BBIIYCK, I'OJ), HOMEpa HAYaJbHON U KOHEUHOMN
CTPAHUI[ CTATbH;

K) CCBIJIKA Ha WHOCTDAHHBIE MCTOYHUKW (BKJIIOYAsl IEPEBENEHHBIE HA DYCCKHN A3BIK CTATBU M KHHUIH) JAIOTCS OOSI3aTENBHO
Ha A3bIKE OPUTMHAJIA W CONPOBOXKIAIOTCA B CJIydae IE€PEBO/A HA PYCCKUN A3BIK C yKA3aHHEM Ha3BAHWUS U BBIXOJIHBIX JIAHHBIX
epeBoza.

IlurnpoBanue ocyiecTBiseTcss KoMaHaoi \cite c coorBercTByromeil MeTkoil. Cchuiki Ha HeomyOJIMKOBaHHBIE paGOTHI HEIO-
ILyCTHUMBI.

Hesbinosinenne aBTOpaMy ITEPEYUCICHHBIX BBIIIE MPABUJI MOXKET IOBJEYL 3a COOOM 3aJep:KKy C OIyOJIMKOBAHMEM pPabOTHI.

B »xypnase maercss ykasaHme Ha JaTy IIOCTYILJIEHHsI PAOOTBHI B PEJAKIMIO M JAThl ee NpuHATHs. lIpocsba pemakiuu o mepe-
paboTKe CTaTbu HEe O3HAYAET, YTO CTATLS NPUHATA K II€YaTH; [IOCJIEe MEPEPAOOTKHU CTaTbsl BHOBL PACCMATPUBAETCS PEIKOJIIETHEH
KypHaJa.

Pedaxuyus orcyprana
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