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Boundary Value Problems for the Three-Dimensional Helmholtz
Equation in the Unbounded Octant, Square and Half Space

Z. 0. Arzikulov*

Fergana Polytechnic Institute, 150107, Fergana, Ferganskaya str., 86, Uzbekistan

Abstract. At present, the results of the study of boundary value problems for the two-dimensional
Helmholtz equation with one and two singular coefficients are known. In the presence of two positive singular
coefficients in the two-dimensional Helmholtz equation, explicit solutions of the Dirichlet, Neumann and
Dirichlet-Neumann problems in a quarter plane are expressed through a confluent hypergeometric function
of two variables. The established properties of the confluent hypergeometric function of two variables allow
us to prove the theorem of uniqueness and existence of a solution to the problems posed.In this paper,
we study the Dirichlet, Neumann, and Dirichlet-Neumann problems for the three-dimensional Helmholtz
equation at zero values of singular coefficients in an octant, a quarter of space, and a half-space. Uniqueness
and existence theorems are proved under certain restrictions on the data. The uniqueness of solutions of
which is proved using the extremum principle for elliptic equations. Using the known fundamental (singular)
solution of the Helmholtz equation, solutions to the problems under study are written out in explicit forms.

Key words: confluent hypergeometric function of three variables; system of partial differential equations;
asymptotic formula, three-dimensional Helmholtz equation with three singular coefficients; Dirichlet problem
in the first infinite octant.
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MATEMATUKA
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Hayunas craTbs &

TToAHBIE TEKCT Ha aHTAMICKOM SI3BIKE
VAK 517.958

KpaeBble 3asauu a9 TpexMepHOro ypaBHeHus l'eJbMroJibiia B
HEOIPAHNYEHHOM OKTaHTe, KBa/IpaTe U IMOJIyIIPOCTPAHCTBE

3. 0. Ap3suxynros*

Depra"ckuil TOAUTeXHUIeCKUHE HHCTUTYT, 150107, ya. Pepranckas, 86, r. Peprana, Y3bekucTan

AnHOTanus. B HacTosIee BpeMsi M3BECTHBI PE3YABTATHI UCCAEAOBAHUS KPAeBBIX 33apa4 AAST ABYMEPHOI'O
ypaBHeHUST [eABMrOABIla C OAHMM ¥ ABYMS CHUHTYASIDHEIME KodddunueHTamu. [lpm Hasrmguum
ABYX TIOAOKUTEABHBIX CHUHTYASIPHBIX KO3M@UIMEHTOB B ABYMEPHOM YpPaBHEHUN [€ABMIOABIIA SIBHBIE
pemrenust 3apayd  Aupuxae, Helimana u Aupuxae-HefiMama B 4YeTBepTH IIAOCKOCTH BBIPa>XaloTCs
4epe3 BBIPOXKAEHHYIO TUIIEPIeOMETPUYECKYIO (YHKIUWIO ABYX II€PEeMEHHBIX. YCTAaHOBAEHHBIE CBOMCTBa
BBIPOXKAEHHOM TI'UIIepreoMeTPUYecKOod (PYHKIMM ABYX IIepPeMeHHBIX IIO3BOASIIOT AOKa3aTh TeEOPeEMY
€AMHCTBEHHOCTM M CYLIECTBOBAHUS PEIIEHUSI IIOCTAaBACHHBIX 3aAad. B paHHOM paboTe mM3ydaroTcs 3apadu
Aupuxnre, Heilimana um Aupuxnre-HeliMana AAS TpeXMepHOTO YpPaBHEHUSI [eABMIOABIIA IIPU HYAEBBIX
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Introduction

It’s known, that the Helmholtz equation has a variety of applications in physics and
other sciences, including the wave equation, the diffusion equation, and the Schrodinger
equation for a free particle.

The Helmholtz equation often arises in the study of physical problems involving
partial differential equations (PDEs) in both space and time. The Helmholtz equation,
which represents a time-independent form of the wave equation, results from applying
the technique of separation of variables to reduce the complexity of the analysis [15].

The two-dimensional analogue of the vibrating string is the vibrating membrane,
with the edges clamped to be motionless. The Helmholtz equation was solved for many
basic shapes in the 19th century: the rectangular membrane by Siméon Denis Poisson
in 1829, the equilateral triangle by Gabriel Lamé in 1852, and the circular membrane by
Alfred Clebsch in 1862. The elliptical drumhead was studied by Emile Mathieu, leading
to Mathieu’s differential equation.

Two- and more-dimensional Helmholtz equations

= d%u
ZW‘FHU:O
j=1 j

and their related boundary-value problems have been investigated in a large number of
papers [1-3,12-14].

On the other hand, the equation has important applications. In 1952 Kapilevich [18]
has solved Dirichlet and Neumann problems for multidimensional Helmholtz equation
with singular coefficient

— o’u  2xd
_12L+_oc_u+uu:0) 0<2a<1
i an X1 aX1
in the half-space. In 1978 Marichev [19] has investigated two-dimensional Helmholtz
equation with two singular coefficients
’u  ou  2adu 2B ou
—t =+t —+t—F =0, 0< 2, 2B < 1. 1
o Togr Tx ox Ty oy THHTO 0<20 28 (1)
There are many works [6-9,11] devoted to the Helmholtz equation (1). For instance, in
the work [10] the Dirichlet problem fot the singular Helmholtz equation (1) for u = —A?
is solved explicitly.
Generally speaking, our further goal is to pose and investigate boundary value

problems for Helmholtz equation with three singular coefficients

o’u  o’u  d’u  2xdu 2B0%u 2you
—_——t ——+ —— =0, 0 <2, 2f3,2 1 2
6x2+ay2+azz xax+yay+yaz+uu » 05 200 2B, 2y < (2)
in some infinite domains.

For beginning, in the present paper, we study the Dirichlet, Neumann and Dirichlet-
Neumann boundary value problems for equation (2) at x =3 =y =0 and p = —A’ in
the unbounded domains — in an octant, square of the space and half-space.

9
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The Dirichlet problem Dg for the Helmholtz equation in the first
octant

Let us consider the following Helmholtz equation
Uy + Uyy + U, — )\Zu = O) (3)

in the infinite domain Q3 = {(x,y,z) : x >0, y >0, z > 0}
The Dirichlet problem Dj3. Find a regular solution u(x,y,z) to the Helmholtz
equation (3) in the class of functions C (Q3) U C*(Q3), satisfying the conditions

LL(X,IJ,O) :T1(X>y)> OSX)H < 00, (4)
U(X, O>Z) = Tz(X>Z)> 0< Xy Z < 00, (5)
u(0)9>l) :TS(U> )) 0<y,Z<OO, (6)
Rlimu(x,y, ) =0, R=+/x*+y?+2% (7)

where T, (t, s) are given functions such that

o %1(X>y) ~

T](X>U)— (] +X2+y2)(]+€])/2) T](X>U) GC(OSX)U<OO)) €1 >O, (8)
- %Z(X)Z) ~

TZ(X) Z) - (1 +X2 —}—ZZ)HJFEZ)/Z) TZ(X» Z) S C(O < X,z < OO)) € > O» (9)
o %3(9)2) ~

Ta(yyl) - (1 +y2 +Zz)(1+53)/2) T3(1J,Z) S C(O <Y,z< OO), e3> 0. (10)

In addition, the functions Ti(x,y), T2(x,z) and T3(y,z) satisfy the concordance
conditions in origin t;(0,0) = 12(0,0) = 13(0,0), and in the lateral ribs of the domain
Qgi

T (X>O) — TZ(X) O)) T (O)y) - T3(y)0)) TZ(O>Z) - T3(O) Z) 0 S X, Y,Z < 0. (11)
Theorem. [4] The Dirichlet problem for equation (8) in an unbounded domain

Q3 can have at most one solution.

Existence of the solution to the Dirichlet problem D%

We will seek a solution to the Dirichlet problem (3) — (11) in the form

3

u(X,U,Z) = Zu’t(xayaz))

i=1

where w(x,y,2), u(x,y,2), us(x,y,z) are a solutions to the equation (3), satisfying
the boundary conditions

w (X>U)O) =T (X>U)) W (X)O)Z) = O) u1(0>y)l) = O> (12)

10
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uz(XJJ)O) - O, uZ(X> O>Z) — TZ(X>Z)> Uz(OJJ)Z) - Oa (13)
uz(x,y,0) =0, us(x,0,z) =0, u3(0,y,z) = 13(y,2), (14)

respectively.

Lemma 1. If a function ti(x,y) can be represented by the formula (8), then the
function

X yYy Z ]-Hu]) X yYr Z ) (15)

HI\/]-h

1s a regular solution of the equation ( 3) in the domain Qg3, satisfying the boundary
conditions (7) and (12), where

t
Uy (X,U,Z) = i J J i (3’3) (1 +)\p1i)e_)\p]jdtdsy ] = ])2)3)4; (16)
27 7;
00 )
P11 = \/(t—x)2+ (s—y)l+2%, pu= \/(t—x)z+ (s +y)* + 24 (17)
o2 = /(4% + (s —y)P + 2, prs = (t+ %)+ (s +y) + 2 (18)

Proof. Now we will show that function u(x,y,z) satisfies condition (4) of the
Dirichlet problem.
By setting t = x + zpu, s =y + zv, we transform formula (16) for j = 1 to the form

o 1 T T (X +zu,y + ZV) 2 2 2 f?\zz(1+u2+v2)
w (x,Y,2) = 7 lj 050" [1+22° (T4+ 12 +v7)]e dudv
(19)
On the right-hand side of (19) we pass to the limit as z — 0 and get
, 177 dudv
limun (x,y,2) = (x —WJJ NI,
00
Using consistently the well-known identity [5, Eq. 4.623]
J J @ (a*x* +by?) dxdy = % J o (x)dx, (20)
00 0

we obtain
limuyy (x,y,2) =711 (%, y) .
z—0

Likewise, everyone can easily get

ii_r%ulj (X>U)Z) =0, j=2,3,4

TThere is a typo in this formula, the correct formula is (20).

11
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So, the following equality is true for the function u;(x,y,z) defined in (15):

liném (x,y,2z) =11 (x,y) .

z—

Taking into account the obvious equalities

Prileo = Pr2lgy Puily—o = Pualyos Pr2lymg = P13y, P13l = Pralio

we establish that for there exist a following limits

limw (x,y,z) =0, limw (x,y,z) =0.
y—0

x—0

It is easy to see that as the point (x,y,z) tends to infinity, i.e. R — oo, function (16)
tends to zero. Then, by virtue of (8), we get

dtds
(1+ 8 +s2)1F12p2,

(21)

lw (x,4,2)] < Ciz

o3

At the right-hand side of inequality (21), change the variables as follows: t = Ry,
s = Rv. We obtain the inequalities

: ' EK(X)y>Z;R)

1
[un| < Re R

where

dudv
(12 +v2) 14 2 v — 2 (ux + vy)]

K(x,y,z;R) :J
0

0%8

Let us show that this proper double integral is bounded. Indeed, using the formula
(20) and passing to the limit as R — oo, we calculate

. . _1 ]+€1 2—|—£1
%LriloK(x,y,z,R)—Zr( > )F( 7 ), (22)

where I'(z) is a famous gamma function.

Using (22), we obtain
C

Re

|LL]] (X>U>Z)| § y €1 > O> (23)

where C is a positive constant.

Now, it intermediately follows from estimate (23) that the function (16) vanishes at
infinity. [J

Similar statements are also true for functions u,(x,y,z) and usz(x,y,z) that satisfy
the conditions (13) and (14), respectively, and vanish at infinity, where

-I)j+1

LL'L(X>1J)Z): Ui (X,%Z), i:2)3)

.I\j“
|

=1

12
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OOOOT t, s _
uzﬂ&l.;»l)z%t“ F() )(1—|—7\p2) M2 dtds, (24)
00 )
prr = (=X 92+ (s =2, pu=1/(t—xP+y2+(s+27  (25)
_ 2 2 2 _ 2 2 2
o = ([ (E+X) + 2 + (s — 2)}, ng—wtm sz (26)
X T3 )
U3; (XﬂJ» = Z_[ J J p 1+ Ap?)j)e_)\pg’J dtdS, (27)
00 )
o5t = X+ =yt (s— 2P =+ -y +(s+2  (28)
] 2 2 ] 2 2
o2 = X2 (LY + (s — 2P pss= X2+ Ly +(s+2%  (29)

Thus, we have proved the following

Theorem 2. If a given functions Ty, T, and T3 satisfy the conditions (8) — (11),

then a function u(x,y,z ZZ ’HLLL] (x,Y,z), where the functions wy are
i=1j=

defined in (16), (24) and (27) 1 a regular solution of equation (3) in the domain
Q3, satisfying the conditions (4) to (7).

Other problems for the Helmholtz equation in the first infinite
octant

Let us consider the Helmholtz equation (3) in the infinite domain Qj.
The Neumann problem N3. Find a regular solution u(x,y,z) to the Helmholtz
equation (3) in the domain Q3, satisfying the conditions

limw =vi(x,y), 0<x,y < oo, (30)
20 0z
0

limM =vy(x,z), 0<x,z< 00, (31)
y—0 0y

. ou(x,y,z)
lim——— =v;(y,z), 0<y,z< o0, (32)
x—0 0x

llmu(x y,z) =0, R=+/x2+y?+ 22, (33)

where v (t,s) are given functions such that

Vi(x, .
V](X>y) = (1 —1—7!2(4-31)&]/2, Vi (X>y) € C(O <xy< OO)) € > O> (34)
vi(x,z) = i +sz(7: Zi)sz/z, Va(x,z) € C(0 < x,z < 00), €7 > 0, (35)
X2+ z
V3(y,z .
) = +in 21)53/2» U(y,z) €CO<y,z<00), e5>0.  (36)

13
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Theorem 3. If a gwen functions vy, v, and vs; satisfy the conditions (34) —
(36), then a function

3 [eole ]
] A ey
u(x,y,z) ZZJJV Jdtds, i=1,2,3; j=1,2,3,4
= 00

i=1 j=I1

1s a regular solution of equation (3) in the domain Qj, satisfying the boundary
conditions (30) to (33), where pi; are defined in (17), (18), (25), (26), (28), (29).

The Dirichlet-Neuman problem D3N]. Find a regular solution u(x,y,z) to
the Helmholtz equation (3) in the class of functions C (Q3) U C*(Q;3), satisfying the
conditions

u(x,y,0) =ti1(x,y), 0<x,y < oo, (37)
u(x, O>Z) = Tz(X>Z)> 0<xz<o0, (38)
0
limM =vi(y,z), 0<y,z< oo, (39)
x—0 0x
R11mu(x Y,z) =0, R=+x?+y?+ 27 (40)

where T (t,s),T2(t, s),v3(t,s) are given functions such that

%1 (X)y)

T](X>y) = (1 1 X2 +y2)(1+e])/2) %1(7()9) € C(O < Xy < OO)) €1 > O) (41)
(%, z) .

T(x,z) = i +X22+ ;2)(]+EZ)/2, T(x,z) € C(0 < x,z < ), €2 > 0, (42)

iy, 2 = — 2B g e o<y z<o0) >0 (43)

(1 +y2+22)%/%
In addition, the functions T;(x,y), T2(x,z) satisfy the concordance conditions in origin
and in the lateral ribs of the domain Qj:

T1(%,0) = T2(x,0), 0 <x < o0. (44)

Theorem 4. If a given functions t;, T, and v; satisfy the conditions (41) —
(44), then a function

4 (0.0
Xya :%Z ] J
0

j=1

T

1+ 7\p1j ) e i dtds

o3

4
+%Z(— i

j=1 pz)

0%8

J o 1+ ?\pzj)e’}“’zi dtds
0

1 4 o0 00
__Z 1)+ J J Vs ( e dtds,
2n _ p3]
00

14
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15 a regular solution of equation (3) in the domain Qj, satisfying the boundary
conditions (87) to (40), where p;; are defined in (17),(18),(25),(26),(28),(29).
Hereinafter, (] denotes an integer part of the number «.
The Dirichlet-Neumann problem DIN3. Find a regular solution u(x,y,z) to the
Helmholtz equation (3) in the domain Qj, satisfying the conditions

ou(x,y,z)

£1_I)% 3z =vi(xy), 0<xy < oo, (45)
0
limM =vy(x,z), 0<x,z< 00, (46)
y—0 ’c)y
U(O,U,Z) :T.’)(y» )) O<U>Z<OO» (47)

Rlimu(x,y, ) =0, R=+x*+y?+2? (48)

where vq(t,s),v2(t,s),t3(t, s) are given functions such that

Y1(x .
V](X>y) = (.l +7<]2(_i_’31)g]/2’ Vi (va) € C(O < X)y < OO)) € > O) (49)
vy(x,z) = ; +V;2(7: 2){2/2, $(x,2) € C(0 < x,2 < 00), €2 > 0, (50)
t(y, z) .
3(y,z) = i +y23+yz)2)(1+53)/2) %(y,z) € C(0 <y,z < o0), €5 > 0. (51)

Theorem 5. If a gwen functions vi, v, and T3 satisfy the conditions (49) —
(51), then a function

4 ) o0 o0
U(X,y,l) = _l Z (_1)[%] J J M (t S) Aphdtds
00

1 ) oo oo t 4 o0 00 t
)
00 00

1s a regular solution of equation (3) in the domain Qj, satisfying the conditions
(45) to (48), where p;; are defined in (17),(18),(25),(26),(28),(29).

Boundary value problems for the Helmholtz equation in the first
infinite square

Let us consider the Helmholtz equation (3) in the infinite domain
O, ={(x,y,z) : —c0o < x < 00, y >0, z>0}.

The Dirichlet problem D3. Find a regular solution u(x,y,z) to the Helmholtz
equation (8) in the domain Q,, satisfying the conditions

u(XJJ)O) :T1(X>U), _OO<X<OO>OSU<OO, (52)

15
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u(x,0,z) = 12(x,2), —o0o<x<00,0<2z<00 (53)
Rlim u(x,y,z) =0, R=+/x2+y?+ 22 (54)
—00

where T1(t,s) and T,(t,s) are a given functions such that

T1(x .
T1(x,y) = i +;2(_;3)2)€]/2, F(x,y) € C(—o0o < x < 00,0 <y < 0), &1 >0, (55)
T(x,z) = i +F::z(j_)zz)z)€z/2’ T(x,z) € C(—o0 < x < 00,0 <z < ), &3 >0, (56)

Theorem 6. If a given functions Ty and T, satisfy the conditions (55) and (56),
then a function

U(X,y’z) -
_ £ st J T (t,8) (1 txp”)e_}\p”d’c—JdS J T (t,8) (1 4-3}\p14)e—?\p14dt
fer P11 =)
— )
| | 1 s i i 1 —Ap24
- st J T (t,s) ( 4—37\021)6 dt—st J T (t,8) ( _27\‘)24)6 i
lém b ol e :

1s a regular solution of equation (3) in the domain Q,, satisfying the conditions
(52) to (54), where p;; are defined in (17) and (25).

The Dirichlet-Neuman problem DIN!. Find a regular solution u(x,y,z) to the
Helmholtz equation (3) in the domain Q, , satisfying the conditions

u(x,y,0) =ti(x,y), —o0o<x<00,0<Yy< 00, (57)
. ou(x,y,z)
lim——————= =v;(x,z), —oo0<x<00,0<2z< 00, (58)
y—0 ay
Rlim u(x,y,z) =0, R=+/x2+y2+ 22, (59)

where T1(t,s), v,(t,s) are giwen functions such that

%1 (X>y)

T(x,y) = TR T (x,y) € C(—o0 < x < 400,y < 00), &1 >0, (60)
Ty
valx,z) = — 2% 95(x,2) € Cl—00 < x < +00,0 < z < o), €2 > 0,  (61)

(142 +22)2%

Theorem 7. If a given functions T; and v, satisfy the conditions (60) and (61),
then a function

U(X,y,z) =
-z st J T (t,s) (1 —:7\011)6—?\911 dt J ds J T (t,s) (1 4—3}\p14)e—>\p]4 "
lem ) o | :

16
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o0 o0 o0 o0

_ st J Valtys) et dt—st J va(ts) e
T6m P21 P24

0 —o0 0 —o0
1s a regular solution of equation (3) in the domain Q,, satisfying the conditions
(57) — (59), where py are defined in (17) and (25).

Let us consider the following Helmholtz equation (8) in the infinite domain
Q) ={(xyy,z): —c0 < x <00, y >0, z>0}.

The Neumann problem N3. Find a regular solution u(x,y,z) to the Helmholtz
equation (3) in the domain Q, , satisfying the conditions

0
limM:w(x,y), —00 < X < 400,00 <y < o0, (62)
z—0 0z
0
limM =v(x,2), —00<x<+00,0<z< 00, (63)
y—0  dy
Rllmu(x y,z) =0, R=+/x2+y?+ 2% (64)

where v (t,s) are giwen functions such that

Y1(x .

vi(x,y) = T 12(;‘;1)51/2, Y1(x,y) € C(—o0 < x < +00,0 <y < o0), &1 >0, (65)
X

Va(x,z) = q +V22(1’Zi)52/2, V2(x,2) € C(—00 < x < +00,0 < z < 00), €3 >0, (66)
X2 +z

Theorem 8. If a given functions v; and v, satisfy the conditions (65) and (66),
then a function

o) o0 o o)

1 t —Ap11 t —Apia
WXy, z) = —— st J MLMJC“ J viltys)e e o
167 P11 P14
0 —0o0 0 —00
1 T T t —Ap21 T T t —AP24
_ st J Mdt—l—l[ds J wdt
lTerm : P21 , P24

1s a regular solution of equation (3) in the domain Q,, satisfying the conditions
(62) — (64), where py are defined in (17) and (25).

Boundary value problems for the Helmholtz equation in the
half-space

Let us consider the following Helmholtz equation (3) in the infinite domain Q; =
{(xyy,2) : —00 < X,y < 00, z >0}

The Dirichlet problem D). Find a regular solution u(x,y,z) to the Helmholtz
equation (3) in the domain Q) , satisfying the conditions

u(X>U>O) =T (X)y)) —00 <X,y < 00, (67)

17
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limu(x,y,z) =0, R=+/x%+y?+ 22 (68)

R—o0

where T (t,s) are given functions such that

%1(7()9)
(1+x2+y2)"/%

T (X>y) = %1 (X)y) € C(—OO < XY < +OO’)) & > O) (69)

Note, that the Dirichlet problem for Helmholtz equation (3) in case of half-space is
found in the books for students [16,17].

Theorem 9. If a given function Ty satisfies the condition (69), then a function

z T i T1 (t,8) (14 Apyy)e e
N ] dt 70
u(x,y,z) ZWL SL ) (70)

15 a regular solution of equation (3) in the domain Q,, satisfying the conditions
(67) and (68), where p11 is defined in (17).

The Neumann problem N!. Find a regular solution 1u(x,y,z) to the Helmholtz
equation (3) in the domain ), , satisfying the conditions

0
limM =vi(x,y), —oo<x < 400,—00 <Y < 400, (71)
z—0 0z
llmu(x y,z) =0, R=+/x24+y?+ 2% (72)

where v;(t,s) is a given function such that

{’1(7()9)
(T+x2+1y2)

vi(x,y) = il Y1(x,y) € C(—o0 < x < +00,—00 < Yy < +0), &1 > 0,

(73)

Note, that the Neumann problem for Helmholtz equation (3) in case of half-space is
found in [16,17].

Theorem 10. If a given function vy satisfies the condition (73), then a function

o0 o0

1 t —Apn
u(x,y,z) = 7 J ds J %d’c (74)

1s a regular solution of equation (8) in the domain Q,, satisfying the boundary
conditions (71) and (72), where p1; is defined in (17).

Remark 1. The solutions (70) and (74) of the Dirichlet and Neumann problems are
found in [17].

Remark 2. Uniqueness of solutions of the problems posed is proved using the
extremum principle for elliptic equations.

Conclusion

In this paper we presented solutions of 9 boundary value problems for the three-
dimensional Helmholtz equation in infinite domains in explicit and convenient forms for
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further research. The results of this paper can be useful in the study of boundary value
problems for a three-dimensional equation of mixed type, because from the explicit
solutions of the posed problems it is easy to derive functional relationships between the
traces of the desired solution and its derivative along the normal, brought to the plane
of change of the equation type.
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IlepBas kpaeBas 3ajsa4a JIJisi MO/IeJIbHOTO ypPaBHEHUS
napaboJIo-rurepoboJIMIEeCKOro TUMa TPEeThero nopsaKa

K. A. Baaxusos*

VHCTUTYT IPUKAAAHON MaTEMATUKU M aBTOMaTu3amuy — puanasr Kabapauno-Baarkapckoro
HayuHoro neuTpa PAH, 360000, Haaruuk, ya. lllopTamosa, aA. 89 A, Poccus

AnHoTanusi. B 1978 roay B XypHanre «AuddepeHIuasbHBIE YpPaBHEHUS» OBbIAa OINyOAMKOBaHA CTaTbhs
A.M. HaxymeBa, rAe AaHa METOAWKA IIPABUABHON IIOCTAHOBKM KpPAeBOM 3apauM AASL KAACCa YPaBHEHUH
napabono-ruIepbOANIECKOTO THUMIA BTOPOr'O IIOPSIAKA B IIPOM3BOABHOM OrpaHmdYeHHOM obaactu () c raapkon
UAU KYCOYHO-TAAAKOM rpaHuneir Y. VccaepoBaHHAst B OTMedeHHON paboTe KpaeBast 3apada B HACTOSIIEE
BpEMsI HA3BbIBAETCsI IEPBOM KPaeBOU 3apadeil AAST YPABHEHWSI CMEIIAHHOro Iapabono-runepboardecKoro Tuma
BTOpPOro IOpsiaKa. B paMkKax AaHHOM paboThl B CMeIIaHHOE 06AAaCTH CPOPMYAMPOBAHA M MCCAEAOBAHA
mepBasi KpaeBasi 3apada AASI MOAEABHOTO YPaBHEHUSI NapaboAO-TEIEPOOAMYECKOTO TUIIA TPETHETO IOPSIAKA B
TOM CMBICAE, B KOTOPOM OHa COPMYAUpOBaHa X uccaepoBaHa A.M. HaxymeBBIM AAST ypaBHEHWH BTOPOTO
mopsinka. B opHOM WacTu cMeInaHHOM 0b6AaCTM paccMaTpUBAaeMOE yPAaBHEHUWE COBIAAAET C BHIPOXKAAIOIIUMCSI
TUNEepOOANYECKUM YPaBHEHWEM IIEPBOTO POAA BTOPOrO IOPsIAKA, & B APYTOM YacTU SIBASIETCSI HEOAHOPOAHBIM
YPaBHEHWEM TPETHErO MHOPSIAKA C KPATHBIMU XapaKTEPUCTHKAMU Napaboawdeckoro Tuma. AAsST PasAMYHBIX
3HAYeHWH IapaMeTpa A, BXOASINUX B PacCMaTPUBAaeMOe ypaBHEHMWE, AOKA3aHBI TEOPEMBI CYIECTBOBAHUS U
€AMHCTBEHHOCTY PETYASIDHOTO PELIEHUsI UCCAEAYEMON 3apauu. AAsT AOKAa3aTEABCTBA TEOPEMEL EANHCTBEHHOCTH
IIPUMEHSIETCS METOA, MHTETPAAOB SHEPIUU B COBOKYIHOCTE ¢ MeTopoM A.M. HaxymeBa. AAsi A0Ka3aTeAbCTBA
TEOpeMEI CYIeCTBOBAHWSI NIPUMEHSIETCS METOA, MHTErPaAbHBIX ypaBHeHuN. B repMmumuax dyHRmum MwuTrar-
Neddaepa pemreHmne 3apady Ha¥AEHO U BHIIIMCAHO B SIBHOM BHUAE.

Karouesvie caosa: YpasHEHUE CMEUWAHHO20 NaApaboao-zUnepbOAUMECKO20 MUNG, BbLPOHCOAIOULEECA
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muna, UHMEZPANbHYIE YPABHEHUA 6mopozo poda, 3adaxa u Mmemol Tpukomu, Memol UHMEZPANLHBIT
ypasHeHUl.
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The First Boundary Value Problem for a Model Equation of
Parabolic-Hyperbolic Type of the Third Order

Zh. A. Balkizov*

Institute of Applied Mathematics and Automation, Kabardino-Balkarian Scientific Center RAS,
360000, Nalchik, Shortanova st., 89 A, Russia

Abstract. In 1978, the journal Differential Equations published an article by A. M. Nakhushev, which provided
a technique for correctly formulating a boundary value problem for a class of second-order parabolic-hyperbolic
equations in an arbitrary bounded domain Q with a smooth or piecewise smooth boundary X. The boundary
value problem investigated in the above-mentioned work is currently called the first boundary value problem for
a second-order mixed parabolic-hyperbolic equation. Within the framework of this work, the first boundary value
problem for a third-order model parabolic-hyperbolic equation in a mixed domain is formulated and investigated
in the sense in which it was formulated and investigated by A. M. Nakhushev for second-order equations. In one
part of the mixed domain, the equation under consideration coincides with a degenerate hyperbolic equation
of the first kind of the second order, and in the other part it is an inhomogeneous third-order equation with
multiple characteristics of parabolic type. For various values of the parameter A included in the equation under
consideration, theorems of existence and uniqueness of a regular solution of the problem under study are proved.
To prove the uniqueness theorem, the method of energy integrals is used in conjunction with the method of
A.M. Nakhushev. To prove the existence theorem, the method of integral equations is used. In terms of the
Mittag-Lefller function, the solution to the problem is found and written out in explicit form.

Key words: equation of mized parabolic-hyperbolic type, degenerate hyperbolic equation of the first kind,
first boundary value problem for an equation of parabolic-hyperbolic type, integral equations of the second kind,
Tricomi problem and method, method of integral equations.
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1. BBenenue

KpaeBrle 3apaum AAS MOAEABHBIX YPaBHEHUM Iapaboao-THIEPOOAMYIECKOTO THUIIA
BTOPOTO IIOpsiAKA BIEPBBIE OBIAM u3ydeHBI B paborax [1], [2]. Karaccudburanus
YPaBHEHUH Iapabono-THIEPOOAMYIECKOTO THUIIOB Ha YPAaBHEHUS C XapPaKTEPUCTUIECKON
7 HeXapaKTEPUCTUYIECKOH AMHUSMU W3MEHEHUs THUIa OBlaa IpoBepaeHA B paboTe [3].
IIpruem B pabote [1] 6plra w3ydeHA 3apada AAST MOAEABHOTO yYPaBHEHUS mapabono-
TUNEPOOANIECKOTO THUIIA C XaPaKTEPUCTUIECKOM AMHIEN N3MEHEHUS TUIIA, a B paboTe [2]
HUCCAEAOBaHa 3ajada AAS MOAEALHOTO YPaBHEHUS C HEXAPAKTEPUCTUUECKON AMHUEN
m3MeHeHuss Tuma. B pabore [4] 6bina pAaHA METOAWKA NPABUABHONM IIOCTAHOBKU
KpPaeBO! 3apayuy AASI ODIIEro ypaBHEHUS I1apabono-TUIepOOAMYEeCKOTO THUIIa BTOPOTO
IIOpsiAKa B IIPOM3BOABHON OrpaHMYeHHON obaracTm () C TAAAKON MAM KYCOYHO-TAAAKOMN
rparuneit L. MccaepoBaHHass B pabore [4] KpaeBasi 3apaga B MoHorpaduu [5, c.
236| 6blra HasBaHa IIEPBOY KpaeBOM 3apadell AASI YPAaBHEHUSI CMEIIaHHOIO mapabono-
runepboArdyeckoro Tuma. llepBasi KpaeBas 3ajada AASI BEIPOKAAIOIIETOCS BHYTPH
obaracTu runepboOAMIECKOT0 YPaBHEHMSI BTOPOTO IIOPsSIAKAa pPaHee Oblna MCCAEAOBaHA B
pabore [6]. Aranor 3apaun TpPUKOMU AAST YPAaBHEHUH 1apaboao-THIIEPOOAMYECKOTO THIIA
TPETLETO TIOPSIAKA C BEIPOKAECHUEM TUIIA ¥ NIOPSAKA B 06AACTH €r0 IuIepboAMIHOCTH
UCCAeAOBaHEL B paborax [7], [8]. Hauboaee moaHbI! 0630p paboT 110 KPaeBLIM 33AadaM
AASI YPaBHEHUH mapaboao-TUIepbOANIECKOr0 TUIIa MOXKHO HaiiTu B MoHOrpadusx [5],
[9], [10].

B paHHON paboTe mHOAydYeHHBIe paHee B pabore [4] pe3yAbTaTBI IepEHECEHEI
Ha MOAEABHOE YypaBHEHUWE I[Iapabono-THUIEPOOAMYIECKOTO THIIA TPETHETO IOPSAKA.
IToAB3ysICB METOAMKOMN, IIPEANOKEHHOM B paborax [4], [5, c. 236], B pabore
chOopMyAUpPOBaHa M MCCAEAOBaHA IIEPBAs KpaeBasl 3ajada AAS YpaBHEHUsI Imapabono-
TUIEePOOANYECKOTO THUIIA TPETHETO HOpsSAKa. AOKa3aHBI TEOPEMBI CYIIECTBOBAHUS U
€AMHCTBEHHOCTH PETYASPHOI'O PEINEHUS 3aAajuul. PelreHue 3aAady BEIIMCAHO B SIBHOM
BUAE.

2. IlocTanoBKa 3aj1a4n

Ha eBKAI/IAOBOfI IIAOCKOCTHY HE3AaBUCUMBIX IIEPEMEHHBIX X 1 Y PACCMOTPUM YyPAaBHEHNUE

0= (_y)muxx - uyy + )\(_y)(m—Z)/Z Uy, Yy < O) (1)
Uyxx + uy - f) Yy > 0>

rAe A, M — 3apaHHBIE YuCAd, pudeM m > 0, A| < 3 f = f(x,y) — 3apanHas GyHKINS,
u = u(x,y) — uckoMast PyHKIAS.

Ilpu y < O ypaBHeHume (1) COBHAAAET C BHEIPOXKAAIOIIAMCSI TUIEPOOAXIECKUM
ypaBHEHUEM IIEPBOro poaa [11, c. 21]

m

(—y) ™ — Uy + A (—Y) T 1, =0, (2)

a npu y > 0 ypaBHeHue (1) SIBASIETCS HEOAHOPOAHBIM YPAaBHEHUEM TPETHETO IIOPSIAKA C
KPAaTHBIMU XapakTepuctukamu [12, c. 9] mapaboargeckoro Tuma [13, c. 72]

uxxx+uy :f(X,y) (3)
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VpaBuenue (1) paccmarpmBaercs B obnractm QO = Q; U Q, U I, rae Q; - aro

_ . 2 m+2)/2 _
obaacTh, orpaHmdeHHas xapakrepucrmkamu o1 = AC : x — Z5(—y)™2 = O m

0, =CB: x+ miﬂ(—y)(m“)/z = 1 ypaBHeHus (2) upz Yy < 0, BEIXOASALIUMY U3 TOYKU

4
orpe3koM | = AB npsamoit y = 0; (, - 3T0 06AaCTH, OrPaHUYEHHAS IPSIMOYTOABHIKOM

¢ Bepmuramu A = (0,0), Ag = (0,h), B = (r,h) u B = (r,0), h = const > 0;
] ={(x,0): 0 <x < r}— unrepsar AB mpsimoit y = 0.

Pezyaapruim B obractu () pemneHueM ypaBHeHusI (1) HasoBeM GYHKLIZO U =
u(x,y) m3 kaacca C(Q) N C'(Q) N CHQy) N CHL(Qy), ux(x,0), uy(x,0) € L;(0,7), mpm
IIOACTaHOBKe KOTOpO¥ ypaBHeHue (1) obpaliaeTcst B TOXKAECTBO.

_2
C=(r/2,Yc), Yo = — [M] e , mpoxopsiuMu 9epe3 Touku A = (0, 0), B = (r,0) m

Bagaua 1. Haiitu peryasipuoe B obnactm () pemnenuwe ypaBHeHust (1),
VAOBAETBOPSIOIIEE YCAOBUSIM

u(ovy) :(Pl(y)) U(T’,y) :@Z(U)v LLX(THJ) :@3(1:,)) OSU <h) (4)

u[er(x)] = II)(X), 0<x< T, (5)

rae 0.(x) = (T*T", — ("‘T*z)z/(mﬂ) (r— x)z/(m“)) — adduUKC TOUKK IepecedeHUs
XapaKTEPUCTUKY BEIXOASIeH u3 Touku (x,0) oTpeska | = AB u mpoxopsmieit

mapaanenabHo xapakTepuctuke AC ¢ xapaktepuctuxoit BC; ¢i1(y), ©2(y), @3(y) —
3apanHbe Ha oTpe3ke 0 < y < h dymknuy; P(x) — 3apanHas Ha otpe3ke 0 < x < r
dyHKIUS, TpUYeM BBIIOAHEHO YCAOBKE coraacoBanus (1) = @;(0).

3. Teopema eIMHCTBEHHOCTH

IIycTb CymecTByeT peryAasipHoe B obaactu () pemrenue u = u(x,y) ypasHenus (1)
3 kaacca C(Q) N C'(Q) z nycTs

u(x,0)=7(x), 0<x<r, (6)

uy(x,0) =v(x), 0<x<T. (7)

Toraa mepexoasi B ypaBHeHuu (1) K mpeaeay npu y — +0 ¢ ydeToMm obo3HadveHUN
(6), (7) m ycaoBuit (4) cpasy mOAYYEM IIEpBOe (DYHAAMEHTAABHOE COOTHOIIEHNE MEXKAY
dyurumaMu T(x) # V(Xx), IprHECeHHOe m3 mapaboamyeckoil wactu ), obaractu () Ha
AVHUZIO W3MEHEHUS THUMA J:

™ (x) +v(x) = f(x,0), 0<x<T, (8)

T(0) = 91(0), T(r) = 92(0), T'(r) = 3(0). (9)

Danee HalipneM pyHAAMEHTAABHBIE COOTHOIIEHUST MEXAY PYHKImIMA T(x) @ v(x),
[IPUHECEHHEIE U3 obaacTu runepboarurocT () ypaBHeHus (1) Ha oTpesok | mpsiMoit

y = 0. AAst 9TOro CHadaAa 3aMETHM, YTO B XaPAKTEPUCTUIECKUX KOOPAMHATAX & =
2 m+2 o 2 m+2 o
x—+5(—y) 2, m=x+55(—Yy) 2 ypaBHeHue (2) IepeXoAUT B ypaBHeHUe Diiaepa-

Aapby-Ilyaccona

azu_ B 'c)_u+ B2 Oou _
080n m—§&om n-—§&09E
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TAe B1 = 3ioiay, B2 = Fiass;. ObosHAwMM AOTOAHUTEABHO: B = B1 + B2 = 5.
[lycrs BHaware [A| < 2 um myers t(x) € C[0,r] N C*0,7), v(x) € C'(0,7) N
L;(0,7). Torana peryasipeoe B obaractu () pemrenue 3apauu (6), (7) AASL ypaBHEHUS

(2) BeImmCEIBaeTCs o popMmyAae [14, c. 14]:

1

_ B RV VB (95 1] 4B (] g )Br
u(x,y) = FBIT (B JT [x+(1=B)(—y) 2t—1)] P (1 —t)PTat+
r2—-py AV (A /0-B) (g —B1 (1 _ +)-B2
+r(] _61)]'*(] _BZ)JV[X+(1 6)( U) (Zt ])} t (1 t) dt, (10)

rae I'(p) = [ exp(—t) tP~'dt — mrrerpaa Ditnepa Broporo popa (lamma-dyHKIWMS).

0
YaoBaerBopsist (10) ycaosuio (5), HAXOAUM:

T+ X
)

-2 28 (r =)

w18, ()] = u {

1
_ T(B) 21 (1 BT 34
_WJT[X—FU—X)H P2 (1 — )P Tat

1
2=2p)F " (r=x)"Pr(2-p) - N
r(1—p)r(1—B,) JV[X+(r x)t] t7F (1 —t)7P2dt = P(x).

BBoaAsI HOBYIO IIEPEMEHHYIO MHTEIPUPOBAHUS z = X + (T — X)t, TOCAEAHEE PABEHCTBO
TIEPETINIIETCS B BUAE

dz =P (x).
(11)

Bocmoab3yeMcst panee CAEAYIOIIUM OIPEAEAEHUEM OIlepaTopa APOOHOTO WHTErpO-
puddepennuposanus [13, c. 9]: onepaTopoMm ApobHOro (B cMbIcre PuMana-AUyBHAAS)
IHTErpo-AU(PDEPEHIINPOBAKUS IOPSIAKA || C HAYaAOM B TOYKE C ¥ C KOHIIOM B TOYKE
X HasblBaeTcs omeparop D¢, KOTOpEI# AeficTByeT Ha abCOAIOTHO KHTETPUPYEMYIO
dyuruuio @(t) € L[a,b] mo dopmynre

r(p) (r—x)'"* J%z) (r—z)P!  (2-2B)'T(2—p) jv(z) (r—z)
MBT(B) | P M=M= | z—x)P

X X

D¥o(t) = x —t TV o(t)dt, «a<0,

sgn(x —c) h
M(—od) J

d* ol
Dcx(p( )_Sgn —H(X_C)W {D(CXXH ](P(t)}, (X>O>

TA€ CHMBOA Sgn(z) OIpeAeAsieT 3HAK dYHCAA Z; [X] — Ieaass dYacThb dYHUCAA (K,
yaoBAeTBopsiomast HepaBeHCTBY (] < o < [ + 1. Tlo ompepeaerumio DO ¢ (t) = ¢(x),
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a DLo(t) = @™ (x) mpz n € N. IToppobHOe MCCAeAOBaHME CBOMCTB OIepaTopa Dg,
IIPUBEAEHHBI B MOHOrpadusix [15], [16].
B repmMuHax omeparopa D, paBercTBo (11) mepemuuieTcss B BUAE

F(B)(T - X)]_ﬁ D;([Sz {T(t) (T‘ _ t)ﬁli] } _

I'(B1)
(2—2B)P'T(2—B) 4, B2l _
— FT B, DETH{v(t) (r—t) P2} = (x). (12)

[Ipumensis K obemM dacTsim cooTHomernusi (12) omepatop D! P, ¢ ygyerom saxoma
B3BEIIEHHO! KOMIIO3WUIIMY OIIEpaTopoB ApobHoro (B cMbicae Pumana-ARyBUAAS)
AADPEPEHIIUPOBAHNS U KHTErPUPOBAHUSI C OAMHAKOBHIMEM Hadaramu [15, c. 18],
HaXOAUM

v(x) =y1 DL P(t) — 2 (r—x)P2 DL Py (b), (13)
_ TO—B2)T(B)(2—2B)' " r(1—p2)(2—2p)' P
A1 ="rpgro g V2= Tap
Tak xak T(x), P(x) € C[0,r], a T/(x),P'(x) € L[0,r], To HOAB3YSICH CAEAYIOLIAM

cBoiicTBoM omeparopa D& mopsiaka 0 < o < 1 [16, c. 43|

(p(T) — —1 /
DX — (r—x) *—D¥ t
C y4€TOM YCAOBUSI coraacoBanus T(r) = P (r), coorHomernue (13) MOXKHO IEpenucaTh 1
B CAEAYIOIIER opMe

v(x) = =y1 DT (1) +v2 (r —x)P2 D1 (1), (14)

CooTHouIeHRE, BBIpa’kaeMoe OAHOM w3 paBeHCTB (13) mam (14) u ecTh OCHOBHOE
byHAAMEHTaABHOE COOTHOINEHME MEXAY UCKOMBIME QyHKImsSME T(x) 7z V(x),

IprHECeHHOe 13 obaacTu () HA AWHUIO U3MEHEHUs THUIA | B CAyYae, Koraa A < 5.

2-2p)1—F
Ecam A = —3F, 1o KoadPurmenTsl B1 = B = 705, P2 =0, v1 =7v2 = (r(zﬁjﬁ) u

pemrenue 3apasu (6), (7) AAsS ypaBHEHUS (2) BHIIUCHIBAETCS IO opMmyae [14, c. 15]:

u(X)U): |:X—mi_i_2(—y)(m+2)/2:| +
1

2y 2o o

+m+2J {X m+2( y) +2/2(2t ])} (1—1) Bdt. (15)
0

VaoBaerBopsisi mpeacTaBaeHue (15) ycaoBuio (5), mpuxopauM K PyHAAMEHTAABHOMY
COOTHOIIEHNIO MEeXAY PYHKIMAME T(X) X V(X) CAEAYIOIIEro BUAQ

v(x) =v1 [DiPr(t) — D P(t)] (16)

Ecamsxe A = 3, 10 31 =0, B2 = B =5, v1 =0, v2 = 2""P(1 — B) . Pemenue
3apaun (6), (7) pAst ypaBHeHUs (2) B 9TOM CAydae uMeeT Bup [14, c. 15]:

2
uloy) =7 x4 = (=)™ +
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1
2y
0

W3 (17) upm ycaroBuu (5) cpasy HaxoauM:

v(x) =2"7P(1 = B)P (r—x)P P/ (x). (18)

CropaBeapAnBa CAEAYIONIAS TEOPEMA O EAMHCTBEHHOCTH PETYASIPHOTO PEILIEHUS 3ada4uu
1.

Teopema 3.1. 3adauva 1 He moorcem umems bosee 00H020 PELYAAPHO20 6
obracmu () peweHUA.

JlokazaTeabcTBO. AAS AOKa3aTeAbCTBAa TEOPEMBI 1 PACCMOTPHM OAHOPOAHYIO
3aAa4y, COOTBETCTBYIOIIYIO 3aa4e 1, To ecTb 6yaeM cuuTaTh, 9To f(X,y) =0 V (x,y) €
0y, b(x) = 0Vx € (0,1l m ¢1(y) = @2(y) = @3(y) = 0Vy € [0,hl. Tpu srom, ¢
yderoM Toro, 4ro T(r) = @2(0) = P(r) = 0 u3 coorHomerwmit (13), (14), (16), (18) ars
PA3AUYHBLIX 3HAYEHUHA A ITOAYYAaEM COOTBETCTBYIOIINE PABEHCTBA

v(x) =vi DI Pt(t) = vi DT (1), —= <A< = (19)

vix) =0, A=—. (20)

[IpeaBapUTEABHO AOKA’KEM CAEAVIOIIYIO BCIIOMOT'ATEABHYIO AEMMY.

Jlemma 3.1. Aas arobot abcoaromro HenpepwvieHol Ha ceemenme [0, 1] gyrryuu
¢ = @(x), yoosaemesopsrouet ycaosuro @(r) =0, umeem mecmo HepageHCmMeao:

o(x) D% p(t) > »

2Dm(p() O<a<l. (21)

AeticTBuTeABHO, ecAr @(T) = 0, TO IO OIPEAEAEHUIO UMEEM

1 ()
Dio(t) = T o J(t—x)“dt'
Ananoruyso,
1 29(t) @'(t)

HOABByHCB IIPUBEACHHBIMY PABEHCTBAMU, HaXOANM

T

o(x)D% (1) — D% 2(t) =

1 o'(t) lot) —o(x)] |

2 N1 —«) J (t—x)> dt =
1 e ([ 1 (e _
‘m—cx)J(t—x)“ J“’(S)ds dt‘m—oc)J J (t—xe 98] 4=
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o X [ Y @'(t)
_mJ(s x) J(t—x)"‘dt ds >0,

X S
OTKyAA U BEITEKAET HepaBeHCTBO (21). AeMMa AOKa3aHa.
PaccmoTrpuM Tenepr mHTErpaa BHAA

I= JT(X) v(x) dx. (22)
0
[Ipu —5 <A < 3 u3 (19) u (22) c yuerom (21) IPUXOAUM K HEPaBEHCTBY

I= JT(X) v(x) dx = v; JT(X) Dlx_BT(t) dx >
0 0

Y1 18,2 _ "N p—1,2
> — = > 0.
> JDrx T°(t) dx 3T (p) Jx T°(x)dx >0 (23)
0 0

C Apyro#t CTOPOHEL, AASI COOTBETCTBYIOIIEHN 3a/1a4e 1 OAHOPOAHO#M 3aAady HHTETPAA
(22) ¢ yuerom (8) u (9) mpumeT BUA;

1= JT(X) v(x) dx = —JT(X) " (x) dx = l [t'(0))* < 0. (24)
0 0

V3 HepaBeHCTB (23) u (24) caepyer paBeHcTBO I = 0, KOTOpoe, Kak caepyeT u3 (23),
MOXXET MMETH MECTO B TOM M TOABKO B TOM CAydae, Koraa T(x) = 0V x € [0,r]. Ilpm
sTOM u3 cooTHomenu# (8) u (19) maxoauM, ¥To U V(x) = 0 AAst Bcex x € [0, 1] u ATOOBIX

Ae =35 9).
Ecam »xe A = T, To u3 (8), (9) u (20) mpuxoamM K OAHOPOAHO# 3apade
7(0) =0, t(r) =0, T/(r) =0 (25)
AAST YPaBHEHUST
™(x)=0, 0<x<T. (26)

Pemnenue 3apaun (25) anst ypaBHeHEs (26), Kak ¥ B CAyd9ae A € [—”7‘; %”), HE MOJKET
OTAMYATLCS OT TpuBHaAbHOro: T(x) =0 # v(x) = 0 anst Bcex x € [0, 1].
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Toraa, Kak caeayet u3 popmya (10), (15), (17), B obaactu Q; pemerue u(x,y) =0
KaK pellleHne OAHOPOAHOH 3apauu Komu (6), (7) anst ypaBreHus (2). A B obractu Q,
OAHOPOAHAS 33pada

Ux +Uy =0, VY (x,y) € Qy,
u(0,y) =0, u(r,y) =0, uy(r,y) =0, 0<y<h,
u(x,0)=0, 0<x<r

6yAeT 06AapaTh TOABKO HyAeBbIM pemenueM u(x,y) = 0 V (x,y) € Q, [12, c. 144].
Taxmm obpazom, u(x,y) =0 V (x,y) € Q. O

4. Teopema cyIieCTBOBaHUS

[TepeiiaeM K HMCCAEAOBAHUIO BOIIPOCA O CYINECTBOBAHUU PETYASIPHOI'O PEIIEHUS
3amadm 1. 3AeCh CIIPaBEAAMBA CAEAYIONIAS

Teopema 4.1. Ilycmv sadannvie gynruyuu f(x,y), @1(y), ¢2(y), @3(y), Pb(x)
maxosedvl, 1mo OHU o6ﬂadamm ceolucmeamu

e1(y), ©20y), @3(y) € CIO,h]; P(x) € CI0,11NC*0,7); f(x,y) € C(Qa).  (27)

Toz0a cywecmeyem pezyaaproe 8 obaacmu () peweHue 3anadm 1.

JokazaTenbcTBo. AeWCTBUTEABHO, U3 IIOAYYEHHBLIX BhIle (DYHAAMEHTAABLHBIX
coorromenuit (8), (13) u (16), OTHOCUTEABHO MCKOMBIX PYHKIUE T(x) # V(Xx) mpm

A€E [—— “—1) TIPUXOAUM K CAEAVIOIIeH cucTeMe ypaBHEHUH

2 2
™ (x) + v(x) = f(x,0), (28)
v(x) = v1 DI;Br(t) —va (r —x)P2 DI B1p(t),
OTKyAa OTHOCHATEABHO MCKOMOW (QPYHKINM T(X) IPUXOAUM K 3apade HAXOXKAEHUS
peI‘YAF[pHOI‘O peI_T_IeHI/IH O6I>IKHOB6HHOI‘O AI/I(b(i)epeHLII/IaABHOI‘O YpaBHeHI/Iﬂ TpeTbeI‘O

TIOpsIAKA C APOOHOM IPOM3BOAHON B MAAAIIMX YAE€HAX BHAAQ
" (x) +v1 DLPT(t) = f(x,0) + 72 (r —x)P2 DI Py (t), O<x<rm, (29)

YAOBAETBOPSIIOIIETO yCAOBUSIM (9).

[lyrem mnpuMeHeHus: omeparopa D’ K 06eMM dYacTsIM IIOCAEAHETO YDaBHEHUS,
permmenue ypaBHeHUs: (29) SKBUBAaAEHTHBIM 0OPasOM DPEAYLUPYETCS K PEIIEHUIO
MHTErPaAbHOTO YPaBHEHUSI BoabTeppa BTOPOro poaa BHAA

—

T(x) = — J(t—x)ﬁ“ T(t) dt+c; (r—x)2+ca(r—x) +c3—

2
rp+2) J(t—X) F(t) dt, (30)

2
rae F(x) = f(x,0) + v, xPr Dé;ﬁztl)(t), a ¢y, €, C3 — IIOKA IIPOU3BOABHLIE IIOCTOSTHHEIE.
DyHKIUSA

nf5+2n 1

R(x,t; B) Z“ nBHn) = (t=x)P"E 1 [y (t—x) 5 B+ 2],
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rae Eqf Z oty ~ PyExmus Murrar-Aeddaepa [17, c. 117], sBAsteTcs
pe3oabBeHTOH siapa K(x,t; ) = % ypaBuerus: (30) m Cc IOMOINBIO (DYHKIAN

R(x,t; B) pemenue ypasuerus (30) BEIIUCHIBAETCS B CAEAYIOIIEM BHAE

T(x) =c¢; (r—x)*+ca(r—x)+c3— % J(t —x)2F(t) dt+

+qv1ﬁr—tﬁRux;Mdv+qv1ﬁr—ﬂR@J;Mdt+QV1JRu¢;Mdv—

Y1
2

R(x,t; B) J(s — 1) F(s) ds dt. (31)

X ——

HeHOCpeACTBeHHBIM BBEIYUCACHUEM HaXOAUM, YTO

JRwﬁwﬂdh=ﬁ— XIPZE L [y (r )2 B4 3],

J(r—t)R(x,t;B)dt:( PR L [y (r—x) ' B 4-4]

jw—wVMnquu=2( XIPUE L [y (r—x) 2 B 1 5]

JR(X,t; B)J(s—t)zF(s)ds dtzZJ( )B+4E [y1 (t —x)B+2. ; B+ 5] F(t)dt.

C y4eToM IPUBEAEHHBIX BBIIIE BEITUCACHNUN PaBEHCTBO (31) MEPENNIIETCST B CAEAYIOIIEH

dopme

w00 = {r=x) 4+ 2vilr =P E L [ (= x)® 5 B 45 it

+ {(r—x) +v1 (r—x)ﬁ“E%z [yi (r—x)*2; B +4]}cz+

{1y (=P L P (1= x) P B+ 3] os—

_%J{(t—x)z —}—2Y1 (‘t— ) B+HE 1 h/1 ( )(ﬁ+2); B +5:|} F(t) dt. (32)

YaoBaerBopsia (32) ycaroBusim (9), HaxoarM:
c2 =—¢3(0), c3=¢,(0),

er =< {@1(0 +v1 [T+072E L (i B 43)] 02(0)-

1
d
29



ISSN 2079-6641 Baakuszos XK. A.

— [P PE L (i B+ 4)] 03(0)—

] T
_EJ [tz +2v1 tﬁ+4Eﬁh/1 tB+2). g +5)] F(t) dt »,
0

rae =15+ rf”“EB]+2 (v, TB+2: B 4+5) > 0.

TaxuM 06pasoM eAMHCTBEHHOE pelnerme 3apadu (29), (9) mpu A € [—3; 3) aaercs

110 hopmyae (32), TAe 3HAYEHUS TOCTOSTHHBIX C1, C2, C3 OIPEAEASIOTCS II0 IIPUBEAECHHEIM
BBIIIIE POPMYAAM.

I[Tpu A = 5 u3 coornomenuit (8) u (18) c yuerom ycaosuit (9) HaxoauM

Y, 2 2 ’
o) = 2 0100+ 1= T ) + 55 0a0) - 3 fre w1 0)
T T T
(=2 | r—x? ]
+ ng Jtzf(t,O) dt + 553 (T1 _Xg,)(1+rs) J[t2+2(1—[3)t} (r—t)PP(t) dt—
0 0

2 (1= )0 [ [P 201 B (e =] (- 0P (e) de.

ITocae Toro, Kak pyHKIUS T = T(x) HalipeHa, BTOPYIO UCKOMYIO (DYHKIMIO V = V(X),
B 3aBUCUMOCTHY OT 3HAUEHUSI A, MOXKHO HalTy u3 coorHomenui (8), (13) uau (18). Toraa
PEryAsipHOe pelileHZe 3a7a4u 1 B obaacTu () OIpEAEAsieTCss KaK DelleHue 3aAadu
Komu (6), (7) arst ypaBHEHUS (2) U BBIIACHIBAETCSI IO opHON u3 dopmya (10), (15) uam
(17), a B obaactu (), IpUXOAMM K HadanbHO-KpaeBoil 3apade (4), (6) AAS ypaBHEHUS
(2), peleHrze KOTOPOrO BBHIIKUCHLIBAETCS aHAAOTMYHO pe3yAbraraM paboTer [12, c. 132,
159]. IIpu sToM ykasaHHEIN B dopMyAe (27) Kaacc 3apaHHBIX dyHKIuA f(X,y), @1(y),
©2(y), ©3(y), P(x) obecneunBaioT PEryAsIpPHOCTL IOAYIEHHOIO PeleHust B obaactu Q.
U

3akJrroueHue

CdopuMyrupoBaHa TIepBas KpaeBasi 3ajada AAS  ypaBHeHUsT 1apabono-
rUnepbOAMYECKOTO THUIIA TPETHETO IIOPsSIAKA B TOM CMBICAE, B KOTOPOM OHa ObIAa
chopMmyrupoBata 1 uccaepoBara Apamom MapemoBuuem HaxymeBbIM AN YPaBHEHUS
CMEIITaHHOTO IapaboAo-TUIePOOAMYECKOTO TUIIA BTOPOTrO IOPSIAKA. J\OKa3aHbI TEOPEMEI
CYIIECTBOBAHUSI ¥ EAMHCTBEHHOCTY PETYASIPHOI'O PEIIEHUS 3aAAYM.
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Abstract. A boundary value problem of the Bitsadze-Samarskii type is studied in the article for a fractional-
order diffusion equation and a degenerate hyperbolic equation with singular coefficients at lower terms in an
unbounded domain. The article considers a mixed domain where the parabolic part of the domain under consideration
coincides with the upper half-plane and the hyperbolic part is bounded by two characteristics of the equation under
consideration and a segment of the abscissa axis. The uniqueness of the solution to the problem under consideration
is proven by the method of energy integrals. The existence of a solution to the problem under consideration is reduced
to the concept of solvability of a fractional-order differential equation. An explicit form of the solution to the modified
Cauchy problem is given in the hyperbolic part of the mixed domain under consideration. Using this solution, due to
the boundary condition of the problem, the main functional relationship between the traces of the unknown function
brought to the interval of the degeneracy line of the equation is obtained. Further, using the representation of the
solution of the diffusion equation of fractional order, the second main functional relationship between the traces of
the sought-for function on the interval of the abscissa axis from the parabolic part of the considered mixed domain is
obtained. Through the conjugation condition of the problem under study, an equation with fractional derivatives is
obtained from two functional relationships by eliminating one unknown function; its solution is written out in explicit
form. In the study of the boundary value problem, generalized fractional integro-differentiation operators with the
Gauss hypergeometric function are employed. The properties of the Wright and Mittag-Lefller type functions are
extensively utilized in the study.

Key words: boundary value problem, diffusion equation, degenerate hyperbolic equation, Gauss hypergeometric
function, Wright function, uniqueness of the solution to the problem, existence of a solution to the problem.

Received: 16.09.2024, Revised: 23.09.2024, Accepted: 27.10.2024, First online: 20.11.2024

For citation. Ruziev M.Kh., Zunnunov R.T., Yuldasheva N.T., Rakhimova G. B. Bitsadze-Samarskii type problem for
the diffusion equation and degenerate hyperbolic equation. Vestnik KRAUNC. Fiz.-mat. nauk:. 2024,48: 3,33-42. EDN:
GCWUEC. https://doi.org/10.26117/2079-6641-2024-48-3-33-42

Funding.The first author is supported by the Grant of the Ministry of Higher Education, Science and Innovation of the
Republic of Uzbekistan No. F-FA-2021-424.

Competing interests. There are no conflicts of interest regarding authorship and publication.

Contribution and Responsibility. All authors contributed to this article. Authors are solely responsible for providing
the final version of the article in print. The final version of the manuscript was approved by all authors.

*Correspondence: @ E-mail: mruziev@mail.ru
The content is published under the terms of the Creative Commons Attribution 4.0 International License BY

© Ruziev M.Kh., Zunnunov R.T., Yuldasheva N.T., Rakhimova G.B., 2024
© Institute of Cosmophysical Research and Radio Wave Propagation, 2024 (original layout, design, compilation)

33


https://elibrary.ru/GCWUEC
https://creativecommons.org/licenses/by/4.0/deed.ru

Bectauk KPAYHII. Pus.-mat. Hayku. 2024. T. 48. Ne3. C.33-42. ISSN 2079-6641

MATEMATUKA
@) https://doi.org/10.26117/2079-6641-2024-48-3-33-42 El
Hayunas cratbs rlil

HOAHbeI TEKCT Ha aHIAUMACKOM SI3BIKE
VAK 517.958

3amaga Tumna bumanze-Camapckoro g ypaBaueaus auddys3uu n
BBIPO2K/IAIOMIETOCd TUMEePOOIMIeCKOT0 YpaBHEHUS

M. X. Pysues*!, P. T. Bynnynos®, H. T. FOadawesa®, I. B. Parumosa’®

! UncturyT MaTemaruky mM. B. Y. PomasoscKoro Axapemun HayK Y3beKucraHa,

100174, r. TamkeHT, yA. YHUBEPCUTETCKAS, 9, Y3bekucTan
2 @uaman PoccmitcKoro rocyAapCTBEHHOTO YHUBEPCUTETa HepTH U rasa (HWY)

vveru V. M. I'ybruna B . TamrenTte, 100125, r. TamkenT, yauna AypMoH #yan, 34, V3berucran
3 ®epranckuit rocysapcTBeHHEH yHUBepcuTeT, 150100, . Peprana,

yauna Mypabbuitnap, 19, V3berkucran

AnHoTtanus. B crarbe usywaeTcs: KpaeBasi 3apada Tuna Buaase-Camapckoro anst ApobHoOro ypaBHeHUs aAucbdysun
¥ BBIPOYKAQIOIIEroCS THUIEPOOAUYECKOrO YPaBHEHUS C CHHLYASPHBIME KO3(DMUIMEHTAMU IPU MAAAIIMX TAEHAX
B HeOrpaHWdYeHHON obnractm. B craTrbe paccMmaTpmBaeTcsi cMellaHHas obaacTb, B KOTOPOM mnapaboamdeckas
YacTh paccMaTpuBaeMoi 0bAacTH COBIIapaeT ¢ BePXHEM IIOAYIIAOCKOCTBIO, a TMIepboAMYecKasl 9acThb OrpaHMYeHa
ABYMSI XapaKTEPHUCTHKaMK PacCMaTPHBAeMOrO yPaBHEHHS M OTPe3KoM ocu abcmmcc. EAMHCTBEHHOCTD pelleHUS
paccMaTpUBaeMOM 3aAa9M AOKa3bIBAETCS METOAOM MHTErPaAOB dHepruu. CylllecTBOBaHNe PelIeHNsI PaccMaTpPUBaeMoR
3a)a4uM CBOAWTCS K IIOHSITHIO PasPELIMMOCTH APOBHOro AMddepeHIMaAbHOrO yPaBHEHUs. [IpUBOANTCS SIBHBIH BHA
pellleHnsT MOAMMUIIMPOBAaHHON 3apaum Komm B rumepboAmdecKoOM WacTV paccMaTpUBaeMOM CMeIIaHHOM obaacTH.
C HOMOIIBIO 3TOrO PEIIEHWS B CHAY IPaHWYHOIO YCAOBUS 3apadM IIOAYHUeHA OCHOBHas (PYHKIMOHAABHAS CBSI3b
MeXXAY CAeAAMV HEM3BECTHON (PYyHKIIMM, IPVBEACHHLIMM Ha WHTEPBaA AWHUM BLIPOXKAEHWS ypaBHeHUsS. Manee,
KUCIIOAB3YS MPEACTABACHNE PEIIEHWSI yPaBHeHWs Aupdysuu APobHOrO IOpPSAKA, IOAYYEHO BTOPOE OCHOBHOE
YHKIIMOHAABHOE COOTHOIIEHYUE MEXAY CAEAAMM MCKOMOM (PYyHKIIMM Ha oTpeske ocu abcrucc ms mapaboamdeckon
YacTH pPaccMaTPUBAaEMOM CMeINaHHOM obaactu. Yepes YCAOBHME CONPSIMKEHNS MNCCAEAYEMOM 3ajaduM M3 ABYX
BYHKIIMOHAABHBIX COOTHOIIEHWH IIYTEM MCKAIOUEHUS OAHOM HeW3BeCTHOM YHKIUM I[IOAYYEeHO YpaBHEHUE C
APOOHBIMU IIPOMSBOAHBIMU, PeEIIE€HWE KOTOPOIrO BBHINNCAHO B SBHOM BHAE. [IpM KCCAeAOBaHMM KpaeBOM 3apadn
UCIOAB3YIOTCS 0606IIIeHHEIE OITEPATOPHI APOBHOr0 MHTErPo- AN EPEHITIPOBAHNS C TATIEPreoMeTPUIeCcKOM HyHKITMEN
laycca. [Ipu mCCAeAOBAHUM IIMPOKO HCIOAB3YIOTCS CBOMCTBA (PyHRUuE Tuna Pafita m Murrar-Aeddaepa.

Karouesvie caosa: kpaesas 3ada4a, ypasHenue OudPysuu, 6wuporcleHHoe 2unepboauHeckoe YpasHEHUE,
sunepzeomempurecran pyrnrxuyua laycea, dynxyua Patlima, eduncmeenHHocms peulenus 3a0ayu, CYUUECcmeosaHue
peweHus 3adau
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Introduction and problem statement

Fractal theory explains the structure of disordered media, like porous materials, and
the processes that take place within them. A fractional-order differential equation is
used to describe the movement of a substance in a uniform fluid flow [1]. The topic of
fractional-order diffusion is covered in [2]. Fractional-order differential equations come
up in various areas, such as classical mechanics (inverse problems), heat conduction
(heat flow dynamics), diffusion (electrochemical analysis of electrode surfaces), and in
the study of stochastic transport processes. Problems involving fluid filtration in highly
porous (fractal) media often require studying boundary value problems for fractional-
order partial differential equations. Boundary value problems for the fractional-order
diffusion equation were explored in [3-6]. A certain family of generalized derivatives of
the Riemann-Liouville operators Dz‘f of orders « and 3 was studied in [7]. Applications
of this operator are given in [8]. The unique solvability of the problem for a partial
fractional derivative equation of the Riemann-Liouville type with a boundary condition
containing a generalized fractional integro-differentiation operator is investigated in
[9-11]. Reference [12] studies an analog of the Bitsadze—Samarskii type problem for a
mixed-type partial fractional derivative equation in an unbounded domain.

Let us consider a partial differential equation of the second order

Wy — Dy, u=0, y>0,0<vy<T,

0+,y
Xo Bo (1)
—(—y) "y + Uy + ———w U+ —uy =0, Yy <0,
K T Ty Y

where D} .y 1s the partial fractional Riemann-Liouville derivative of order yO<y<T)
of function u(x,y) for the second variable [13] in domain D = D* U D~ U I, where D*
is the half-plane y > 0, D~ is a finite domain of the half-plane y < 0, bounded by
characteristics OC and BC of equation (1) emanating from point O(0,0) and B(1,0)
and segment OB of the straight line y =0, [ ={(x,y) : 0 < x < 1, y = 0}. In equation
(1) m, &g, o are some real numbers satisfying conditions m > 0, |o| < mT“, —3 <

Bo <.

Let us introduce the following notation: O(x) = <§, — (mT” )mTH) is the intersection
point of the characteristic of equation (1) emanating from point (x,0) (x € I), with
characteristic OC, Igf’” is the operator of generalized fractional integro-differentiation
with the Gauss hypergeometric function F(a, b, c;z) introduced by M.A. Saigo [14] and

having the following form for real o, 6,1 and x > 0

X

—0—d
= J(X_t)g_]F(G+5)_n>G;] _E) f(t)dt, (o > 0),
0,0,1 o F(G) X
(IO+ f)(X) - 0 (2)
%(ISI“’é‘“’”‘“f)(x), (0 <0n=[—a]+1).

In particular [14],
(L") (x) = F(x), (15, ") (x) = (I5.F)(x),
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(Iy M) (x) = (Dg.f) (%), (3)

where (I§,f)(x) and (Dg,f)(x) are the Riemann-Liouville fractional integration and
differentiation operators of order o > 0.

Problem 1. Find in domain D solution u = u(x,y) to equation (1) satisfying
the following conditions:

Y uly—o =0, (—o0o<x <0,1<x< 00), (4)

A (T80 @ (1)]) () 4+ A (81717 Tim (—y)Pouy () ) (x)+

y—0—

+A3 (Iy+a+ocb—%[5 1—a 111’].’1( y)ﬁouy(t)y)>(x) = g(X), (5)

y—0—

and the conjugation conditions

lim y'" u(x,y) = lim u(x,y), vx €1, (6)
y—0+ y—0—
ylggl+y Yy u(x, y))y = lim (~ —y)Pouy(x,y), vx el (7)

2 2
Here o = W, B = % 0 < a,B <3, A1,Az Az are real constants

such that A7 > 0,A; <0,A; <0 or Ay <0,A; >0,A3 >0, a,b,y are real numbers,
g(x) is a given function such that g(x) € C'(I) N C3(I). We will seek solution u(x,y)
to the problem the class of twice differentiable functions in domain D such that u(x,y)
tends to zero as (x* +y?) — oo,

y' "ulx,y) € C(DY), ulx,y) € C(D),

y'" Yy "ulx,y)), € C(DTU 1),
Uy € C(D*UD"), 1y, € C(D).

Note that nonlocal boundary value problems for equation (1) in unbounded and
bounded domains were studied in [15], [16], [17], and for equation (1) for oy = O,
Bo = O problems were considered in [9,11]. In works [18], [19] nonlocal problems with
shift on conjugation of two hyperbolic equations of the second order, consisting of a
wave equation in one part of the domain and a degenerate hyperbolic equation of the
first kind in the other part, are studied.

Uniqueness of the solution to the problem

Theorem 1. Let condition g(x) =0 be satisfied. Then the problem cannot have
more than one solution.

Proof. Let there be a solution to the problem. We introduce the following notation

lim 1_;11 Vu(x U) —Tl( )) lim U(X>U) :TZ(X)) (8)
y—0+ y—0—
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lim y' " (y M ulx,y))y = vilx), lim (—y)Pouy(x,y) = va(x). (9)

y—0+ y—0—

It is known [5] that the solution to equation (1) in domain D™ satisfying condition
(4) and condition

lim y'"u(x,y) =T (x), Vx €1
y—0+

is given by the following formula

1
u(x,y) = J Glx,y, )1y ()dt, (10)
0

where

y_1 1, _Y
Glxy,t) = —Lyi eyt (—k—thyF),

TR - z"
3= > >0,zeC
Fud ; ren+wrs—éen)’ €>& 6>0 2
is the Wright-type function [6].
By (10), the functional relationship between t;(x) and v;(x) brought the parabolic
part D* to the line y = 0, following form [20]

1 1
== . 11
Let us find the functional relationship between T,(x) and v,(x) brought to the line
Yy = 0 from the hyperbolic part D~ of domain D.
The solution to the modified Chauchy problem (8)-(9) in domain D~ has the
following form [15], [21]

1

2 m-+
u(x,y) = v JTz <x+ m—+2(2t— 1)(—9)22) 11— ) dt+
0

2 m+2
—y)'Po — = 2t—1)(—y) T )t (1 —t)"Pdt, (12
el o (et 2= 07 ) e —otay (1)
_ T(atB) _ r(1—a—p)
TAC V1 = o) Y2 = ~mrnr et (1=p)"

From formula (12) and relation (2) we obtain

m+2

T—a—B
WO =y )+ (M50 ) T = B . (19

Substituting (13) into the boundary condition (5), in view of (8) and (9) and applying
the following relation [14]

(EEMEPm0) (x) = (157547 (), (y > 0), (14)
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we obtain

Aryil (o) (Igia’b’ﬁflfaﬁ) (x)+
m+2 1—a—p a+1— —1,—T—a
AT () T =) (IR ) (4

2 (T 70, ) () 4 Ag (0710, (x) = g (). (15)

where k1 = AyiT(«), k, = Ay, (™2)"=*PI(1 — B). We apply operator I;* "%~ 4o
both sides of equality (15). Direct calculations using formulas (14) and (3) show that

Ta(x) = —kq (IJ)IOC_BW) (%) — k2 (Ig7%v2) (x) — ks (I3, v2) (x) + g1(x), (16)

where
Vo (RE2) B (1 — B) Az

k= y ko= —2—
‘ yiT (o) 2T AN

k3 A3 ) y 91 (X)

T AN« T AN« < o

Let us estimate the integral
1

K= JTz(X)Vz(X)dX.
0

By virtue of the conjugation conditions (6), (7) and relation (11), we have

1
1 "
K= FU—-H/) 6[11 (%)t " (x)dx.

Integrating by parts and assuming that 7;(0) = 7;(1) = 0, we obtain

1

_ 1 / 2
K= Ty l[’ﬁ (x)]7dx < 0. (17)

Now we find a lower bound for the integral K. For g(x) = 0, equality (16) takes the
following form

Tz(X) = —k4 <I(1)__'_OC_BV2> (X) -k (I(]);OC\Q) (X) - k3 (IX+V2) (X) =

_ k1 [ )P o kz [ AT PR
= —FU—OL—B)J)'VZM(X t)Pdt —r(1_a)jvz(t)(x t)"*dt

va(t)(x — 1) dt,

|
e
S|E
Ot
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and, therefore,

1 x
k4 -
K=o | valdx | (x =) Pvy(t)dt—
F(1—oc—[3)(J)’ J
oo | [ o | x
ke o ks .
r“_o()(J)vz(x)dxi(x £ va(t)dt r(y)lvz(x)dxi(x vt

Next, we use the well-known formula for the gamma function I'(o) [22]

o0

J s 'cos(ks)ds =
0

I'(o) o7t
o 3(7), (k>0,0<0o<1).

Assuming that k =[x —t|, 0 = a+ 3, we obtain

| x—t| % P=
— ] Js”‘+f3_‘cos(s|x—t|)ds O<a+pB<1)
Mo+ B) cos(m3E) J ’ ’
for k =| x —t|, 0 = « we obtain
PR — T 1 cos(s | x — t )d
X — = |s s|x— s
I(ot) cos( ) ’
0
for k=|x—1t|, 0 =1—vy we obtain

1

|X_t P/_]: (1—y)
I'(1—vy)cos(=5+)

J s Ycos(s|x—1t]|)ds
0

Applying these formulas and the Dirichlet formula for the permutation of the order of
integration in the repeated, we arrive at the following relation

1

Sl 1[ J )cos(sx)dx)2 + (Jv (x) sin(sx)dx)z} ds—

B (o]
K—_ 2k sin(7t TJ
0

S v, (x) cos(sx) dx

Zkz sin “7 2
J v, (x) sin(sx dx) }ds—
0

2k3 gin U=¥)m J

2
v, (x) cos(sx) dx v, (x) sin(sx dx) ]ds > 0. (18)

(e
(Jromosy(

From (17) and (18), it follows that K = 0, and, consequently, according to (17)
1

J[’ﬁ (x)]?dx = 0.

0
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Hence, by virtue of equalities T;(0) = 7;(1) = 0, we obtain 7;(x) =0 for all x € I.

Thus, according to formula (10), makes it possible to assert that u(x,y) = 0 in
domain D+.

By virtue of the conjugation condition (6) T,(x) = T;(x) and so 1;(x) = 0Vx € [0, 1],
and by virtue of (7), (9), (11) , also v;(x) = 0Vx € [0,1]. Then u(x,y) = 0 in the
domain D~ as a solution to the modified Cauchy problem with zero data, which proves
the uniqueness of the solution to the original problem. []

Existence of a solution to the problem

Theorem 2. Let conditions a > max{—«, 3 —1}, vy > 1— be satisfied. Then the
solution to the problem exists.

Proof. Differentiate both sides of relation (16) with respect to x twice:

&2 2 2o 2
@Tz(X) = —k]@ (I(1)+ BVZ) (X) — kzw (I(1)+ Vz) (X) — kg@ (Ig+'\/2) (X)+
dZ
+rx)291 (%),

or (assuming that t;(x) = T2(x) = t(x), vi(x) = va(x) = v(x))

(Déi‘”%) (x) — A(Déi“v) (x) — 6<D(2):Yv> (x) — uv(x) = ga(x), (19)
where A = —2, & = —&,u = —”L—J:Y),gz(x) = ©-¢7(x). In the monograph [23], the

equation with fractional derivatives is considered

D§y ) (x) = A(Dg,y ) (x) = 8§( D,y ) (x) — wy(x) = f(x),
(D) 09 ~A(08,9) 03 =53, y)

wherex >0, a >pB>v >0, A, 1,0 e Rj1—1 < ax < 1,1 € R, and its solution is written
out in the following form

Here

S .
H}SV B o
G%B,cx;h(z) = Z( Z )WZ(“ BIn+Bi—(B—y)v

m+1,1)

ak ((oc— BIn+Pi+ o+ (B —v)v,x— B) ‘7\2“*5

H?:] F(ai + (Xik) l
TT, T (b + Byk) kI’

pWe(z) =) ozt o= (k€ No=1{0,1,...}),
k=0

Z)al)b] 6 C) %)B] ER) i:‘l)'p) j:‘l’q.
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For equation (19), this solution takes the following form

Vix) = J (x = %Gy ot ratsaspn (x — H)ga()dt,
0

igv

ad B
Go—o 4o T+atpr, (X — 1) = ( Z > -

: (X . t)ﬁn+(1+<x)if(tx+yf1)vx
ilv!

n=0 it+v=n
n+1,1)

_1\B
Pn+(T+a)i+(14+a+ B)+(“+Y—])V,B)|}\(X t)

X]W] |:

This completes the proof of the existence of a solution to the original problem. [

Conclusion

The article investigated a nonlocal boundary value problem for a fractional diffusion

equation and a degenerate hyperbolic equation in an unbounded domain. The main
results obtained are new. We can use these results to investigate various boundary
value problems for differential equations with a partial fractional derivative.
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JI. M. Sneesa*

VHCTUTYT IPUKAAAHON MaTeMATUKY ¥ aBToMaTusanuy — puanar Kabapauno-Baakapckoro
HayuHoro neaTpa PAH, 360000, Haavuuk, ya. [llopTanoBa, aA. 89 A, Poccus

AnHoTanusi. B paboTe paccMaTpuBaeTcs AMHEHHOe OOBLIKHOBEHHOE AuddepeHINaAbHOE YPaBHEHNE C IIPOU3BOAHOM
APOGHOrO IIOpsiAKa, KOTOPOE COAEP>KUT OIIEPaTOp WHBOAIOIMKM B IIOAYMHEHHOM CAaraeMoM. PaccMaTpuBaeMmoe
VPaBHEHUE SIBASIETCSI MOAEABHBIM X OTHOCHUTCS K KAACCy AMGM@PEpPEeHINaNbHBIX YPaBHEHUN, K HEOOXOAMMOCTH
HUCCAEAOBAThH KOTOPBIE IIPUBOAUT W3YYEHWE KPAEBEIX 3a7a4Y AAST AUDODEPEHIMANBHBIX YPaBHEHUE APOBGHOrO
OPSIAKA, COAEPIKAIUX KOMIIO3UIIAIO AEBO- M IIPAaBOCTOPOHHUX OIEPATOPOB APOOHOro AnddepeHInpOBaHus.
ITocrepHVEe BOSHUKAIOT IIPY MOAEAVPOBAHUY PASAUYHLIX (PUIUIECKUX U Fe0PU3NIECKUX IIPOIECCOB, ¥, B YaCTHOCTH,
UMeeT Ba’KHOE 3HAYEHWE IIPY ONWCAHUN AUCCUIATUBHEIX KOAEBATEeABHBIX CHCTeM. AAST pPaccCMaTpUBAEMOTO
VPaBHEHUSI MCCAEAYETCSI HadaAbHasl 33apada B €AMHWYHOM uHTepBare. OCHOBHON pe3yAbTaT paboTEI — TeopeMa
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Cauchy Problem for Fractional Order Equation with Involution

L. M. Eneeva*
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360000, Nalchik, Shortanova st., 89 A, Russia

Abstract. The paper considers a linear ordinary differential equation with a fractional derivative that
contains an involution operator in the subordinate term. The equation under consideration is a model
equation and belongs to the class of differential equations that need to be investigated due to the study of
boundary value problems for fractional differential equations containing a composition of left- and right-
hand fractional differentiation operators. The latter arise when modeling various physical and geophysical
processes and, in particular, are of great importance when describing dissipative oscillatory systems. For the
equation under consideration, the initial value problem in a unit interval is investigated. The main result
of the paper is a theorem of existence and uniqueness of a solution to the problem under consideration.
Sufficient conditions that ensure unique solvability of the problem under consideration are formulated in
terms of constraints on the coefficient and the right-hand side of the equation under consideration. A
fundamental solution is constructed, its various representations are obtained, and its main properties are
studied. An explicit representation of the solution to the problem under consideration is found in terms of
the fundamental solution.
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BBeaenne

PaccmoTpum ypaBHeHUE

ocw(x) = Au(l —x) = f(x), (1)
rae f(x) — sapammas dysruusa; x €]0,1[; D, — apobHas mpouwsBoaHAsT IOPSIAKA o
(0 < a < 1) B cMblcae Pumana-AumyBuanrs ¢ HagaaoM B Touke X = 0 [1] (cm.

OIIPEAEAEHUE HIUKE).

Apobroe wucuucrenme u AuPEPEHIIANBHBIE YPaBHEHUS APODOHOTO IOPSIAKA,
KaK U3BeCTHO [l], 3aHUMaioT ocoboe MeCTO B MaTEMATHIECKOM MOAEAMPOBAHUU
dusryeckux ¥ reodmswgecKUX IIporeccoB. [Ipm srom, kak ormedeHo B [2], [3],
IIPUXOAUTCSI PaCcCMATPUBATh VPAaBHEHUS, COAEPSKAIIWE KOMIIO3UIINY IIPOM3BOAHBIX
APOOHOTO IOpsSiAKAa C Pa3sAWYHBIMK HadaAaMHU. B  YacTHOCTH, TakKWe YpaBHEHUS
BO3HUKAIOT IIPY MOAEAUPOBAHUY AUCCAIATUBHEIX KoAebaTeAbHBIX cucTeM (cM. [4]- [21],
a Takxe bubamorpacmio Tam). B pabore [21] OBIA IPEANOIKEH IIOAXOA K DPEIIEHUIO
KpaeBBIX 3aAa4d AASI YPaBHEHUH APOOHOTO NIOPSAKA, COAEPIKAIINX KOMIIO3UIIMIO AEBO-
¥ TIPaBOCTOPOHHUX OIIEPATOPOB APOOHOrO AmdEPEHIMPOBaHNS PuMana-AUYBUAAT 1
KanyTo, BOBHUKAIOIINX IPYX MOAEAMPOBAHUY AWCCUIATUBHBIX KOAEOATEADHBIX CUCTEM,
OCHOBaHHBIM Ha PEAYKINM M3yUaeMBIX 33AaY K HCCAEAOBAHUIO YPaBHEHUY APOOHOTO
TIOPSIAKA C MHBOAIOIIUEH.

B pamHO#I paboTe MBI paccMaTpuBaeM MOAEABHOE AMM@EpPEHINAAbHOE YPaBHEHUE
APOBHOro mopsiaKa C HHBOAIOIMEN — ypaBHeHue (1). AAsi paccMaTprBaeMOro ypaBHEHUS
HUCCAEAYETCsT HadaabHAs 3apada. MBI yKasbIBaeM AOCTATOYHBIE YCAOBUS OAHO3HAYHOM
Pa3peNIrnMOCTH, HaXOAUM (PYHAAMEHTAABLHOE PEIIEHNE, B TEPMUHAX KOTOPOTO CTPOUM
TIPEACTAaBAEHUE PEIIEHUST UCCAEAYEMON 3aAaYN.

JIpobHoe nmuddepeHIIpPOBaHE U OIIEPATOP WHBOJJIIOIAN

J\€BOCTOPOHHWUY ¥ IIPaBOCTOPOHHWY APOOHBIE HHTErpanbl PumaHa—\RYBUAAS
nmopsipka [ > 0, ¢ HaganaMmu B Touke X = 0 ¥ X = | OIPEAEASTIOTCS, COOTBETCTBEHHO,
paBeHCcTBaMu [1]

Dylu(x) = ﬁ L u(t)(x —t)*'dt, (2)
n .
D fu(x) = m] J w(t)(t —x)*'dt, (3)

Apobuast mponsBoaHast Pumana-AuyBuaas nopsiaka «, « €]0, 1[, c HagaaoM B TOUKe
x = 0 3apaeTcss popmyroit [1]

d
o3 _ _Doc—1
ot (x) T Dox u(x),
T.€.
sy = 4 un(t)(x —t)*dt
Ox (1 — ) dx J, '
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B panbmedmem, gepe3 I, 6yaeM obo3HaYaTh OIEpaTOp WHBOAIOLWM, AEWCTBYIOMIAR
Ha IIPOU3BOABHYIO (DYHKIWIO g(X), ompeaeAeHHY0 Ha orpe3ke [0, 1], mo mpaBuAy

Lg(x) = g(1 —x). (4)

OuyeBUAHO, 4TO
Lg(x) = L (Lg(x)) = g(x).

ITocTranoBka 3a1a91

Danee, xak mpusTo, AC[0, 1] obo3HaYaeT IPOCTPAHCTBO aOCOAIOTHO HEIPEPLIBHAIX
Ha orpeske [0, 1] dpyukmui, a L[0, 1] — npocTpaHCTBO CyMMUPYEMBIX (DYHKIIWIA.

Onpenenenne. PeryasipHBIM pernenueM ypaBHeHUs: (1) O6yAaeM HasbBaTh (OYHKIIUIO
u = u(x) u3 Kaacca

u(x) € L[0, 1], Dg‘x_]u(x) e ACI[0, 1],

YAOBAETBOPSIIOIIYIO ypaBHeHUO (1) aAnst Bcex x €]0, 1[.
ByaeM paccMaTpuBaTh CAEAVIOIIVIO 33pady:  HAUMU DeYAApHOe PEWEHUE
ypasnenus (1), ydosaemeoparowee ycaosuro

liII(l) D& u(x) = uo. (5)

Bcriomorarenbubie yTBEpXKIeHUA

PaccmoTpum onepatop
Qg = IDO_XOC IX' (6)
ITycts g(x) € L[0,1]. B cuay (2), (4) u (6) Mo>xeM 3amucarh

Q1 glx) = Do Lo = s | gl —0ix— )" ae =

_ LJ] g(s)(s +x—1)"ds.

F(O() 1—x
Orciopa, ¢ yaeroM (3) u (4), CAeAyeT PAaBEHCTBO
QY = LDy,
a TaK>Ke IIPEACTABAECHUE
1
Fox) = | als) glo) s )
0
rae
(s4x—1)
3aech 1 panee,
z, z>0,
(2), =< 8
oo, z<o. ®)
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TaxkuMm obpaszoM, Q¥ — MHTErpaAbHBIN ONIEPAaTOP C CUMMETPUYHEIM sIApoM. [Ipuyem,
KaK AETKO 3aMeTUTh,

Qs (L[0,1]) c L[0, 1]. (9)

AetictBuTennsHo, ecam ¢(x) € L[0, 1], To, oueBmamo, h(x) = I, g(x) € L[O, 1]. TTosaTomy
Qx g(x) =DyXh(x) € L[0, 1]. OTCIOAa caepyet (9).
Kpowme Toro,

N =

101
J J Iq(x,s)l2 dx ds < oo, ecAlm o >
0 Jo

—

To ecTb, QY siBAsieTcst onepaTopoM ['manbepra — [IImMuaTa B [,[0, 1] mpm o« > 1/2.

[Tycte a € [0, 1]. IIpumem caepyromue 0603HAUEHTST

g(x]]

sup 1 (xk—al™+x+a—1[H)
u
M0, 1] = {g(x) € C([0, 11\ {a,T—a}) : [|g]l(ay < oo} (10)
Jlemma 1. ITyems a € [0,1] u g(x) € M!7%[0,1]. Tozda
1QF 90l (01— < Callg(¥)[[ 11— (11)
20e
1 M)

Co =t T T

HokaszarenbcTBo. B cuay (7) umeem

1
< 190 a1~ )J (s+x—1)""(Is—a*"+[s+a—1*")ds
1—x

19 90 ar-e = =y

OrneHnM panee BEANMYMHBL

1
J1 :J (s+x—1"s—al*"ds

1
IZ:J (s+x—1)"s+a—1/*"ds. (12)

Anst |1 moaydaeMm

max(a,1—x)
IE :J (s+x—1*Na—s)*"ds+

1
+J (s+x—1""(s—a)*"ds =T+ Ji- (13)

max(a,1—x)
Ecam a+x —1 <0, To, oueBuAHO, J1; = 0. PaccMoTpum cayuait, xorpa a +x — 1 > 0.

B sToM caydae moaydaeM

1

a+x—1
Jin :J s“MNa+x—1—95)"ds=(a+x— 1)2“_1J s (1 —s)* " ds.
0 0
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TaxuM obpasoM, ¢ yIeToM 0bo3HaUeHU: (8) moaydaeM

—

2(o)

Ji1 = r(zoc)(antx—])i“*‘ (14)

Omenum Teneps Ji,. [Ipumem oboznavernus & = max(a,l —x) z n = min(a, 1 — x).
OueBupano, urto & >nu &, n € [0,1]. C ygeToM 3TOro morydaem

1 1
Jiz = J (s+x—1*s—a)*ds = J (s—&)* N (s—m)*ds =

max(a,1—x) &

1—
-

Inal

il

1-¢
= J s s+ &—m)*ds = (§—m)™! J s s+ 1) ds <

0 0
1

Inal

= 1
g(a—nf“‘J s 7Mds = —(&—m)*(1 - &)~
0 x
OTciopa IOAyYaeM, ITO
1
< — — 1 15
Jiz < o(|X +a—T| (15)
IToacTaBasist (14) u (15) B (13) moaygaem
1 ()
< |- — 1 16
J‘—(a+r(zo¢))|"+a | (16)

Bamensis B (12) a Ha 1 — a, moarygaeMm
1T T2
hs(—+ (M)m—m“l
o

Otciopa, yuuTsiBast (16) 1 paBeHCTBO

1 l+ () B 1 n M)
Ma) \ax T(2x)/) T(x+1) T(2x)’
npuxopuM K (11). O
@}/'H,D;aMeHTa.ﬂbHoe peiaieHnue

Paccmorpum  dymkmumio  Fya(x,t), KoTopast ompeaeAsieTcss KaK — pelleHue
MHTErPaAbHOIO YPaBHEHMUSI

Foc,?\(xyt) - 7\Q3 FOL,?\(X)t) + qO(X»t)> (O <xt< 1)) (17)
TAe 1
_ (x=1¢
qo(x,t) = TOJ

Onpegenenne. MuoxecTBO Bcex A € C pAAST KOTOPBIX OAHOPOAHOE ypPaBHEHUE
g(x) =AQ¢g(x),  (0<x<T),
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He mMmeer B mpocTpaHcTBe M| *[0,1] ans Bcex t € [0,1] pemenmit, OTAMYHEIX OT
TPUBUAABHOI'O, 0O03HAYUM 4depe3 S,.

Jlemma 2. Ilycmo

1 Me) \
Al < + . 18
A (F(OH—]) F(Zoc)) (18)
Toz0a A € S,, u ypasHerue (17) umeem pewerue, U NPUMOM eOUHCMBEHHOE. MO
peweHue moorcem bvimv npedcmasaero 8 sude

oc7\ X t Z)\n qo X, t) (19)

HokazarenbcTBo. Kak HeTPyAHO 3aMeTuThb, psia B (19) siBAsieTcs psiAoM
HelimMaHa, HOAyYaeMBIM P DeIleHuY ypaBHeHZs (17) METOAOM IOCAEAOBATEABHBIX
IpubAVIKeHU. V3 CXOAUMOCTH TOTO Psipd U OYAET CAEAOBATH YTBEPKAECHUE AEMMEL.

TTpuEMMas Bo BEUMaHue onpeaeaenue (10), mmeem qo(x,t) € M!~%[0, 1] arst Aroboro
durcuposannoro t € [0, 1]. Orcioaa, ¢ yuerom (11), caepyet, ITo

1 Q)™ qolx, t)[[t,1-0) < Cillqolx, t)

(t,1—ot) -

B cuay (11), sTo o3Hawaer, uTro psan B (19), CXOAMTCI B IIPOCTPAHCTBE
Ml_‘"[O, 1] paBHOMEPHO OTHOCHTEABHO A U3 AIOOOr0 KOMIIAKTHOI'O MHOYKECTBA UUCEA,
yaoBAeTBopsifomux (18). O

Samevanwue. [IpumHuMas Bo BHuUMaHue (6), HETPYAHO 3aMETHUTB, UTO AAS A,
yaoBaeTBopsitomux (18), dbykuKIusS Fy) MOKeT OBITH IpEACTaBAEHA B BUAE

Far(x,t) = Z?\“qnxt

rae MYHKIUE (n(X,t) 33AaI0TCST paBEeHCTBAMU
qn(x,t) = Do Lk gnoi(x, t), n € N.

uAM, 9TO B cuAy (7) TO ke caMoe,

1
qn(x,t) :%OC)JO(5+X—1)+ gn_1(x,s) ds.

Bameuanne. Kak ormedueno Bbime (cM. (9)), QY sIBASIeTCS KHTErpaAbHBIM
OIIEPATOPOM C CUMMETPUIHBIM SIAPOM, AeficTByromum B L[0, 1], u mpu & > 1/2 siBasieTcst
oneparopoMm ['manbepra — [lIMmara B [,[0,1]. OT0 03HawaeT, 4YTO IO KpaiHed Mepe
upu o« > 1/2 uHTerpanbHOoe ypaBHeHUe (17) OAHO3HAYHO Pa3pPEIIEMO AASI BCEX A, 3a
HCKAIOYEHUEM He 60Aee YeM CUETHOrO YMCAA AEHCTBUTEABHBIX 3HAUECHUI.

JIlemma 3. ITycmos A € S, u pyHryua G(x) npedcmasuma 6 sude

1
G(x) =J 9(5)qolx, s) ds,

0
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20e g(x) € MI7*[0,1], a € [0,1]. Tozda unmezpasvroe ypaeHerue
v(x) =AQFv(x) = G(x) (20)

umeem efuUHCMEBEHHOE pewerue. Smo pewerue umeem euo

1
v(x) = J Far(x,t) g(t) dt. (21)
0

HoxkazarenbcTBo. ToT dakT, uTo ypaBHeHue (20) UMEET ¥ NPUTOM EAMHCTBEHHOE
DEIlleHNe CAEAYET U3 OIPEAEAEHUS MHOMECTBA Sy. AAS AOKA3aTEABCTBA AEMMBI
OCTaeTCsI MoKa3aTh, YTO (pyHKuus (21) siBAsieTcst ero pemreHueM. AeHCTBATEABHO, B
cuny (17), umeem

1 1

g(t) Qf Fanl(x, t) dt = L [Far(x,t) — qo(x,t)] g(t) dt =v(x) — G(x).

AQyv(x) =A J

0
Otciopa caepyet, 9To (21) siBAsieTcst pemrerueM (20). [

Jlemma 4. ITycmov A € Sy. Ana dynryuu Fua(x,t) umerom mecmo pasencmsa

D3 Far(x,t) = AFqa (1 —x,1) =0 OD<x<1, 0<t<1, x#1t) (22)

lim D "Faa(x, t) =
x—0

{0, ecau  t >0, (23)

1, ecau t=0.

HokaszarenbcrBo. [lopeficTByeM Ha obe wacTu ypasrHeHus (17) omeparopom D§ "

yuuThIBas (6) ¥ paBEeHCTBO
DS 'qo(x,t) = H(x — 1),
rae H(z) — dyuruusa XeBucaiipa, moaydaeMm
D Fan(x, 1) = ADg! LFap(x, 1) + H(x — t). (24)

VYerpemasisi x K Hyaio noaydaeM (23). Auddepermnupyst (24) npuxopum K (22). [

IIpeacraBiienne perneHns

ITycts u(x) — peryasiproe pemenue 3apauu (1), (5), f(x) € MI=%[0,1], a € [0,1],
nycTs A € S,. IIpumensst Kk obeum dacTsM (1) omeparop Dy ¥, npuHuIMast BO BHIMaHUE
3aKOHBEI KOMIIO3WUIMKM AASI OLIEPATOPOB APOGHOro MHTErpo-puddepernuposanus [1],
HadanbHOe ycaoBue (5) u onpepenerue (6), IOAYIUM

oa—1
u(x) — AQ¥u(x) = Dyf(x) + uo%. (25)

B cuny auneitrocTz (25) dyHKIHIO U(X) CyMMBI U (X) + uz(x), TAE
wi(x) = AQg wi(x) = DoHf(x) (26)
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3aMeTuB, 4TO
1
Dof() = | aplx,s)(s) s,
0

IIOAYYaeM, UTO B CHAY AOKA3aHHOTO BBIIIE (CM. AeMMY 3), pellleHue ypaBHeHUsS (26)
UMEET BUA,

1
u(x) = J Far(x,s) f(s) ds.

DAanee, yauTBIBast, 9TO

IIOAYY9aEM

Uz (x) = uo Fan(x,0).

TaxuMm 06pa3oM, MBI IPUXOAUM K CAEAYIOIIEMY YTBEPKAECHUIO.

Teopema. ITyem» A € S,, f(x) € M!I0,1], a € [0,1]. Cywecmeyem
eduncmeenHoe pezyaaproe pewerue 3adaxu (1), (5), u ono npedcmasumo 6 eude

1

u(x) = uo Fan(x,0) + J Far(x,s) f(s) ds. (27)
0

JokazaTenbcTBO. V13 IPpUBEAEHHLIX PaHee PACCY KAEHUA CAEAYET, 9TO ECAHT U(X) —
peryasipaoe pemmenue 3apauu (1), (5), u BEIIOAHEHBI YCAOBUSI TEOPEMBI, TO U(X) KMeeT
Bup (27). OTciopa, B 9aCTHOCTH, CAEAYET EAMHCTBEHHOCTD PEIIEHUS] PACCMATPUBAEMOR
3apaun. AAsl 3aBEPIIEHUs] AOKa3aTEAbCTBA TEOPEMBI OCTAETCSI I0KA3aTh, YTO MOYHKIINS
u(x), 3apausast opmyroit (27) AEHCTBUTEABHO SIBAsIETCs pernenueM 3apadu (1), (5).

B cuay (23) umeem

1
lim Dgu(x) = ug lim D& Faa(x,0) + limJ D& Fan(x, s) f(s) ds = .
X—

x—0 x—0 0

Danee, c yueToM (24) moarydaem

1
Dgu(x) = 1o D§ Faa(x,0) + dixJ' [ADg, L Fan(x,s) + H(x —s)] f(s) ds =
0

1
= AU Far (1 —x%,0) + A J Far(1 —x%,8) f(s) ds + f(x) = Au(l —x) + f(x).
0

9T0 3aBEPIIAE€T AOKA3aTEABCTBO TEOPEMEIL. Ol
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SaKJ/II0UeHue

B pabore pokasaHa TeopeMa CYIIECTBOBAaHUS M €AWHCTBEHHOCTH DPEINEHUS 3aAadu
Komm anst OOBIKHOBEHHOI'O ypaBHEHUS APOOHOI'O IOpsiAKa C WHBOAoImei. AokasaHa
TeopeMa CYILIEeCTBOBAHUS U €AMHCTBEHHOCTU pEIIEHWsI, B KOTOPO# CHOPMYAMPOBAHBI
AOCTAaTOUHBIE YCAOBUSI, ObecliedmBarolIve OAHO3HAUHYIO Pa3pelIMMOCTb HMCCAEAYeMOM
3apaun. [locTpoeHo ¢dyHpaMEHTaAABHOE peEIeHUNe, W3Y4YeHBl €rO0 OCHOBHLBIE CBOMCTBA.
B repMuHax (pyHAAMEHTAABHOI'O PEUIEHUS HAWAEHO SBHOE IIPEACTAaBAECHUE PEUIeHUS
HUCCAEAYEMOT 3apayum.
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Hayunas cratbs

[ToAHEI TEKCT Ha PYCCKOM SI3BIKE
VAK 519.622.2

MaremaTudeckoe MoeJIMPOBaHNE aBTOKOJIeOaHWIT HelipoHa B
KJIETOYHOII MeMOpaHe C MCIOJIb30BaHNEM JIPOOHOII MoJe
OurnXpio-Harymo ¢ dyHkImeit ”THTEHCUBHOCTU Pa3apakKuTeIs

H. B. Aaumosa®

TamkeHTCKUA TOCyAApPCTBEHHEIM (PUHAHCOBLIN yHUBEpcuTeT, 100000, Peciybarka V3bekucTaH,
r. TamkenT, mpocrekT Amupa Temypa, 60A

AnHoTanusi. B cTaTbe IPOBOAUTCS MCCAEAOBAHUE IIPOLIECCA BPEMEHHOI'O PACIPOCTPAHEHUSI HEPBHOTO
UMIIyABCA B KAETOYHON MeMbpane. AAsi 9TOH IleAu OBIAA IPeANO>KEHA HOBAsi MaTeMaTHYeCKasi MOAEAD,
OCHOBaHHasi Ha ApobHOM ocruarsTope PurnXspio-Harymo ¢ pyHKIMEH WHTEHCUBHOCTH Pa3APa>XUTEAS.
OcobeHHOCTL APOBHOrO OCHMAASITOPA SIBASIETCSI, TO, UTO MOAEABHOE YPaBHEHUE COAEPIKUT IPOU3BOAHBIE
APODHBIX IIEPEMEHHBIX IOPSIAKOB TuIa l'epacumoBa-KamyTo. IIpepanoskeHHass MaTeMaTHYeCKas MOAEADB
npeacTaBasieT coboit 3apauy Komwu. B cuay HeAMHENHOCTH MOAEABHOI'O yPaBHEHUS PEILIEHUE 3aAadu
Koy #cKanock C IOMOIIBI0 YUCAEHHOI'O METOAA HEAOKAABHOMN SIBHOM KOHEYHO-PA3HOCTHON CXEMEI IIEPBOTO
IIOPSIAKA TOYHOCTH. YUCAEHHBIA MeTop OBbIA peanm3oBaH Ha si3bike Maple 2022, C moMOIbI0 YUCAEHHOTO
aaTopuTMa 6BIAA IIPOBEAEHA BU3YAAU3AUUS PE3YABTATOB MOAEAWPOBAHUSI, IIOCTPOEHBI OCIUAAOIPAMMBI
u a30BbEle TPAEKTOPUM I[PV PA3AUYHBIX 3HAYEHUSIX [IapaMeTpPoB MOAeAH. [loKasaHO, YTO pelIeHue
HOBOI MaTeMaTHYeCKO# MOAEAU MOXKET 06AaAATh PeAaKCAIMOHHLIMU KoaebauusiM. KpoMme Toro, mpuseaeH
OpuMeEP, B KOTOPOM IIPEAEABHBIN LIUKA SIBASIETCS YCTOMYMBBEIM. Tak>Ke [IOKA3aHO, UTO IPEANOIKEHHBIN
ApobHEBIE ocuuarsTop PuTiXbo-Harymo ¢ dyHKIUEN MHTEHCUBHOCTH Pa3sApPa>kuTensi obrapaer Horaroit
AMHAMUKON: PA3AUYHBLIE PETYASPHBIE X XaOTUYECKUE PEXKUMEL.

Karouesvie cnosa: moldeans, ocyumnamop PumuyXwvro-Hazymo, npouszsodnas 0pobHO20 nepemerHozo
nopaAdKa, HeAOKANbHAA KOHEWHO-DASHOCTNHAA CTEMA, OCYUUMLODAMMDL, Pa306ble MPAEKMOPUU

TToayyenne: 15.10.2024, Vcnpasaenue: 02.11.2024, ITpunsarTue: 15.11.2024, I[Tybaukanus onaaiin: 20.11.2024

s uunrupoBanusi. AaummoBa H.B. MarTemMaTuyeckoe MOAEAVPOBAHUE aBTOKOAEeOaHUM HeMpoHA B KAETOYHOMN
MeMbpaHe C HCIOAB30BaHMEM ApPobHOM Moperm PurnXbio-Harymo ¢ yHKIMelH WHTEHCMBHOCTH Pa3APasKUTEAST
Becmnux KPAYHI]. ®us.-mam. wayxu. 2024. T.48. Ne 3. C. 56-69. EDN: RBCKMK. https://doi.org/10.26117/2079-
6641-2024-48-3-56-69.

Punancuposanue. HaydHoe uccaepOBaHNE IIPOBEAEHO 6e3 hMHAHCOBOM MOAAEPHKKI (DOHAOB.
Koukypupyroiuue narepecbl. KOHPAUKTOB HHTEPECOB B OTHOIIEHUN aBTOPCTBA ¥ IyOAMKAIIUU HET.

ABTOpCKI/Iﬁ BKJIaQ U1 OTBETCTBEHHOCTbD. ABTOP HeCeT OTBETCTBEHHOCTL 3a IIPEAOCTaBAEHUE OKOHYATEABLHON BeEpCcUM
CTaThbM B II€4YaThb.
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Abstract. The article studies the process of temporary propagation of a nerve impulse in a cell membrane.
For this purpose, a new mathematical model based on the fractional FitzHugh-Nagumo oscillator with a
stimulus intensity function was proposed. A feature of the fractional oscillator is that the model equation
contains derivatives of fractional variables of the Gerasimov-Caputo type. The proposed mathematical
model is a Cauchy problem. Due to the nonlinearity of the model equation, the solution to the Cauchy
problem was sought using a numerical method of a nonlocal explicit finite-difference scheme of the first
order of accuracy. The numerical method was implemented in the Maple 2022 language. Using a numerical
algorithm, the simulation results were visualized, oscillograms and phase trajectories were constructed for
various values of the model parameters. It is shown that the solution to the new mathematical model can
have relaxation oscillations. In addition, an example is given in which the limit cycle is stable. It is also
shown that the proposed FitzHugh-Nagumo fractional oscillator with stimulus intensity function has rich
dynamics: various regular and chaotic modes.
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BBeaenne

B paborax 60-eix ropoB P. PwmrnXeio [1] m Ax. Harymo [2] 6mlra
IIPEANOSKEHA MaTeMaTHIecKasi MOAEAD (ocruarsiTop PurnXbio-Harymo) s onucaHus
BO3OY>KAEHUST HEPBHOIO UMIyAbCca B MeMbpane. Mopeab ONUCEIBAaET OBICTPYIO
U MEANEHHYIO AWHAMUKY ABYX IIEpEMEHHBIX — "Bo3Oyskparomieir" IepeMeHHO,
XapaKTepu3yoImeid MeMOpaHHBIA IOTEHIIMAA B OMOAOrMYECKON BO3OYAMMOMN TKaHU U
""BoccTaHaBAMBAIOIIEHR" TIEPEMEHHOM, OTBEYAIOIIER 3a TOK BOCCTAHOBAEHUS. Mopeab
SIBASIAACh YIIPOINEHHOM Bepcuedl paHee M3BECTHOH MopeAw XOAKKUHA-XacKAu |[3|u
IITAPOKO MUCIOAB3YIOTCS B HEHPOOMONOTHH AASI ONMCAHUSI aKTUBAIAU ¥ AEAKTUBAIIAU

HEWPOHOB.

HeobxopuMO OTMETHTH, dUTO CylmecTByeT Mopean DurnXsio-Harymo [2],
KOTOPBIE VYUTBIBAIOT IIPOCTPAHCTBEHHOE PACIPOCTPAHEHWE BO30OYKAEHUS HENPOHOB
(pAuddysroHHAST MOAEAB), UYTO IO3BOASIET M3ydaTh IIPOCTPAHCTBEHHO-BPEMEHHEIE
IIATTEPHLEI B HEWPOHHBIX CHUCTEMAX. 1aKWe€ MOAEAW ONMUCHIBAIOTCS YPAaBHEHUSIMHU B
YaCTHHIX IIPOU3BOAHBIX AUMDDY3UOHHOrO THUNA [4].

B macrosme#r pabore MBI 6yaemM um3ydarh MopeAab PurnXnro-Harywmo,
KOTOpasi OIIUCHIBAeT BO3Oy>XAeHVE HelpoHa B OMONOTMYECKMX TKAHSIX C Y4YEeTOM
HACAEACTBEHHOCTU. HacneApCTBEHHOCTH — 3TO CBONCTBO AVMHAMUYECKON CHUCTEMBI
IIOMHUTH O OKa3aHHOM Ha Hee BO3AEUCTBUM. OTO BO3AEHCTBUE IIPOSIBASIETCS HE
MTHOBEHHO, a C TedYeHUEeM HeKOTOporo BpeMeHu. C TOYUKKM 3pEHUST MaTEMATUKU
TaKMe CHUCTEMBI C HACAEACTBEHHOCTBIO MOXKHO OIIMCAaTh C IIOMOIINLIO MHTErpo-
AP PEPEHIIMANBHEIX YPABHEHUY C PA3HOCTHBIMY SIAPAMU — PYHKIUASIMY IaMsiTa [5].

B cayuae, ecan QYHKIUYM TaMSATH SIBASIOTCS CTEIIEHHBIMY, TO MBI MOXKEM TIEPEUTH K
TIOHSITHAIO APOOHOM NPOM3BOAHON M COOTBETCTBEHHO K APOOHBIM AMPEDEPEHINANBHEIM
ypaBHeHusiM [6]. MaTeMaTuduecKue MOAEAM, KOTOPBIE OIUCHIBAIOTCSI C IIOMOIIBIO
APOOHBIX AMMDEPEHITNANBPHBIX YPAaBHEHUY 6yAeM Ha3bIBaTh APOOHBIMU MOAEASIMU.

OpHu 13 IepBEIX paboT 1o nccaep0BaHMIO APObHOHN MopeAn PuTiiXbro-Harymo 6s1an
IIPOBEAEHEI B CTaThsAX [7-9]. B aTux paborax 6slna mocTpoeHa ApobHAS MaTeMaTHIeCKas
Mopenb DPurnXwio-Harymo B TepMumHax Apobmo# mpousBopHO® ['epacumona-KamyTo
[10, 11] mocTostHHOrO moOpsiAKa. Jansee C IOMOINBIO YUCAEHHBIX METOAOB OBIAK
HUCCAEMAOBAHBl KOAMYECTBEHHBIE U KAaUYECTBEHHBLIE CBOMCTBA PELIEHUS IIPEANOKEHHON
MOAEAH, TIOAYYEHEI PAa3SAMYHBIE AMHAMUAYECKUAE PEKUMEI, IIOKAa3aHO, UYTO IIPEAEABHEIR
LIIVKA HE BCETAQ SABASETCS YCTONYUBLIM.

Hacrosias paboTa sIBASIETCS TPOAOATKEHNEM NCCAEAOBAHUYE APOOHOTO OCIIMAASITOPA
®urnXsio-Harymo m ero obobumiermsi. O600ienve paHee IPEANOKEHHOM ApoOHOM
Moperrm PurnXpio-Harymo 3akAiodUaeTcsi B yUeTe 3aBUCHUMOCTH MOPSIAKOB APOOHBIX
IIPOM3BOAHBIX OT BPEMEHM, a TaKXXe B YYeTe 3aBUCUMOCTA WHTEHCUBHOCTHU
Pa3sApPa’kKUTEAST OT BPEMEHU.

ITeabio paboTBI SIBASIETCSI MCCAEAOBAHUE OCIUANOTPAMM ¥ (PA30BEIX TPAEKTOPUM,
IIOCTPOEHHBIX IPKY PA3AUYHBIX 3HAUYEHUSX I[IaPAMETPOB MOAEAM AAS YCTAHOBAEHUS
PeAaKCAIMOHHBIX KOAeOaHN U TPOBEPKE UX YCTONIUBOCTH C IIOMOIIBIO KOMIIBIOTEPHOT'O
MOAEAVPOBAHUS.
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ITocranoBka 3aJa49M 1 METOJUKa pelieHnd

PaccMmoTpuM CAeAyIONIYIO 33Aa4y:

5% (1) — ¢ (32 (1) +p) 05x (1) + qx (t) + gx (t) — a — bz [t) =0,

x (0) = k1, % (0) = kay )

b
TAE P = a2 1,9 =1—-Db,g = b/3, 3peck a,b,c — KOHCTAHTHI, YAOBAETBOPSIOIINE

yeaoBumsim 1 —2b/3 < a <1, 0<b < 1,b<c? x(t) € C?[0,T] — membpanHbIit

moremmnman, z(t) € CI[0,T] — dyHKIUS, KOTOpash OTBEYAET 3a MHTEHCUBHOCTD
pasapaxureas, t € [0,T] — BpeMsi paccMaTpuBaeMoro mporuecca, I > 0 — BpeMs
MOAEAUPOBaHUSI, Ki,k; — KOHCTAHTEHI, KOTOPBIE OIPEAEASIOT HAYaAbHBIE YCAOBUS,

OIIEPATOPEBL ApO6HI:>IX IIPOM3BOAHBIX UMEIOT BHUA:

05 Vx(t) =

1 I x(t)dT

FU—BHDOH—TWW

a(t) i 1 [ X(T)d’f
aOt X(t) = r2—a(t)) J (t_T)oc(t)ﬂ’
0

[IOHMMAIOTCI B CMBICAE [epacuMmoBa-KamyTo, I€peMeHHBIE IIOPSIAKM KOTOPBIX
1T <a(t) <2, 0<p(t) <1 asastorcs pyukiuamu u3 kaacca C [0, T], I'(-) — ramma-
PYHKIHS.

Bameuanume 1. OTmeruMm, 4YTO B cAaydae koraa o (t),p(t),z(t) siBAstroTCS
KOHCTaHTaM¥ MBI IPIXOAUM K pe3yAbTaTaM pabor [7-9].

Bameuanue 2. B cayuae, xorpa « (t) = B (t) = 1 u z(t) IBASIETCST KOHCTAHTOH’, TO
MBI IIEPEXOAUM K Kaaccudeckoit Mopean PurnXwio-Harymo [1,2]

Bameuanue 3. IIpomsBopHBIE ADOOHOIO IIEPEMEHHOTO IOPSAKA MOXKHO U3YIUTH B
ob630pHO# cTaTbe [12].

Apobrast MaTeMaTrmdecKast MopeAb PurnXsio-Harymo (1) siBasieTcss o6bekTOM
HAllleTO HCCAEAOBaHWMS. B cmay Toro, 49To MoAeAbHOe ypaBHeHme (1) siBAsteTCS
HEAWHENHBIM, TO AASI IIOAYYEHNSI PEIIeHNsT HaM HY’>KHO IIPMBAEYb YUCAEHHBIE METOABL.

B kagecTBe UNWCAEHHOrO METOAA BO3bMEM HEAOKAABHYIO SBHYIO KOHETIHO-
Pa3sHOCTHYIO CXeMY IIEPBOTO IOPsiAKa TOYHOCTH. CxeMa SBASIETCSI YCAOBHO YCTORIMBOI,
a bonee AeTaABHOE MCCAEAOBAHUE 3TOTO BOIPOCA MOXKHO IIOCMOTPETh B CTaThe [13].
Ha paBrOMepHO# ceTke ¢ uucaoM y3A0B N 1 ImaroMm Auckpermsanuu T = I/N BBepeM
CAEAYIOIIYIO CXeMy (Xi, Xk, Pk, Zx — CeTOUHbIe PYHKINM):

x; =k; +1ky, k=0,

1
N Ay + cB; (X% +p)
el
Ay + B (X +p)

—Bre(x2 +p) X (G + 1) P —5F%) (1 — xa)

X2 (a+bzi + (2A1 +cB1 (X +p) — q)x1 —x3g — A1xg), k=1,

Xk4+1 = a+ bz + (ZAk + CBk(Xi + p) — q)Xk — Xig — AX1

—Ax Z}: (G+ 1) — jZﬂXk)(Xk—j-&-] — 22Xy + Xi—j—1 )))
(2)
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T(Xk TBk

AEFEow) TRy

() — ramma-pyurIma, k = 2,...,N —1.

PGBYJII)TaTLI MOOeJINMPOBaHMUA

YucaeHHBIE arropuTM (2) GBIA peaAM3OBaH B KOMIIBIOTEpHON Iporpamme Maple
2022. PaccMOTpuM HEKOTOPBIE IPUMEPHI.

Anst apobuoit Mopeau PuTiXbio-Harymo (1) Bua dyHKIUSE 6BIA 3aAaH CAEAYIOIUM
obpaszowm:

(1) = ag— My, B (1) = Bo — My, 2 (1) = dsin (wt). (3)

Anst mapamerpoB yHKIuHE (3) ObIAK BHIOPAHEI CAEAYIONIINE 3HAYEHUS: Xy = 2,
Bo=1,M; =0.0I,M, =0.08,p =1,w =1.

SHaueHUST OCTAABHBIX IIapaMeETPOB BhIbepeM coraacHo pabore : ¢ = 3,a = 0.7,
b=0.8k; =0.2,k, =0.3,t € [0,100].

AAsi pacgera 1o aATOpUTMY (2) KOAMYECTBO y3A0B pacdeTHo# cerkz N = 3000,
T = 1/30. Ha puc. 1-3 npuBeaeHbI pacYeTHBIE OCITUAAOIPAMMEI X (pa30BBIE TPAEKTOPUA
TP Pa3sAMYHBIX 3HAYEHUSX O X W.

LWl
ANERR N

b

\//\N Vzow & meu w = wf LJ[\\( L..J/\W”L\//\
C

x(t)

Puc. 1. Ocumanrorpamumer a) u b), dasosast TpaekTopus ¢) aast @ = w = 1.
[Figure 1. Oscillograms a) and b), phase trajectory c) for ¢ = w = 1]
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Ha pwmc.l oTYeTAMBO BUAHO HAAWYIWE HECKOABKHUX KOAEDATEABHBEIX PEKUMOB.
Ha dasoBoit TpaekTopuu puc.lc, YTO CyIIECTByeT TOYKA PaBHOBeCUsS (YCTONYIMBEHIN
dokyc), daszoBast TPaeKTOPUsI CHaYaAd 3aKPYUUBAETCSI [I0 YaCOBOM CTPEAKE, a AAAEE
C HEKOTOPOI'O MOMEHTAa BPEMEHU IIPOUCXOAUT ABUKEHVE B OOpaTHYIO CTOPOHY H
TPAEKTOPUSI BBIXOAUT Ha IIPEAEABHBIN ITUKA.

a

N

x(t)
n
L

°

y(t)

Puc. 2. OcumanrorpaMmsl a) u b), dazosast TpaekTopus ¢) aast ¢ = 1.5, w = 1.
[Figure 2. Oscillograms a) and b), phase trajectory c) for ¢ = 1.5, w =1/]

DAanee mIpu yBeAWYEHWM 3HAUEHUsI ITapaMeTpa ¢ MBI OTYETAWBEE BUAUM ABa
KOAeDATeABHBIX DPEXXUMa KaK Ha ocnuAarorpaMmax (pmc.2a,b), Tak u Ha (as3oBoi
TpaeKToOpuu (puc.2c). 3pech HADAIOAAETCS TaKasl J)Ke AUHaMUKa Kak u Ha puc.l. OaHako
YUCAO 3aKPYYUBAIOIINXCS BUTKOB MEHBIIE ¥ BEIXOA Ha IPEAEABHBIA ITUKA ITPOUCXOAUT
MEANEHHEE.
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OTmMeTuM, YTO OCIHAAOTPAMMa Ha puc. 2b 0YeHb HAIIOMMHAET CHUTHAA
uckyccrBerHoro OKI, moaydemmeir mo mopeam Maxkllleppu [14], a 3T0 MOXXeT
YKa3BIBAThb Ha OOABIION ITOTEHIIMAA B IPUMEHEHNN IIPEAAOIKEHHON MOAEAN.

VBeAUUnM ellle pa3 3HaueHue mapaMerpa ¢ (puc.3), ocTaabHbIE IapaMeTPhl OCTaBAM
6e3 u3MeHeHU.

oY)

x(t)
~
L

-
f

°

y(t)

Puc. 3. OcuuanrorpaMmsl a) u b), dazoBas TpaekTopus ¢) past ¢ =2, w = 1.
[Figure 3. Oscillograms a) and b), phase trajectory c) for ¢ =2, w =1/]

Ha pwc.3c MBI BHAWM, YTO YHCAO 3aKPYYMBAIOMIMXCS BUTKOB YMEHBIIWAOCH, a
TPAEKTOPUSI BBIXOAUT Ha IPEAEABHEBIM ITMKA. VICXOAST M3 BBINIE CKA3aHHOTO 3HAYEHUS
ImapaMeTrpa ¢ BAKSET Ha 3aTYXalOUIUN PEXXUM U IIPU €ro AOCTATOYHO OOABITHX
3HAUEHUSIX MOXKET IIPUBECTU K €r0 UCUE3HOBEHUIO (pHC.4).
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AeficTBuTeAbHO Ha puc.4 Ipu 3HadeHWM Imapamerpa ¢ = 2.5 Ha dazosoit
TpaekTopuu (puC.4C) BEL BUAUM, YTO 3aTYXAOIIAN DPEXKUM HCUE3 U OCTAIOTCS TOABKO
PEeAAKCAIMOHHBIE KOAEOAHUS (IPEAECABHBIN IIUKA).

2
B
% 1
o r T T T T
10 120 30 0 60 U 80| 0
1
5
o
g 34
=
2
1
] T T T T T T
1 0 0 a0 5 6 0 0 9¢
a4 Y
24
3
o

o

Puc. 4. OcuzanrorpaMmser a) u b), dasosast TpaekTopus ¢) arst ¢ = 2.5, w = 1.
[Figure 4. Oscillograms a) and b), phase trajectory c) for ¢ = 2.5, w =1/]

OrmMmeTuM, 9TO Ha puc.1c-4c pa30Basi TPAEKTOPUS PAHO HMAK IIO3AHO BBIXOAUT Ha
OAVH ¥ TOT K€ IPEAEABHEBIN IMKA. [[09TOMY eCcTeCTBEHHBIM 06pa3soM 3AECH BO3SHUKAET
BOIIPOC SIBASIETCS IIPEAEABHBIA ITUKA YCTOAYUBBIM !

[Ipe>xpe, WeM OTBETUTH Ha 3TOT BOIPOC HEODXOAMMO OTMETHUTH, YTO B CAYyUaE,
KOT A IIPOM3BOAHBIE IIEAOYNCAEHHEBIE, TO 10 KPUTEPHIO BEHANKCOHA MOXXHO YCTAHOBUTD
yCTOHUMBOCTE IpeAeAbHOro nuKAa [15]. OpHako B 00IIEM CAydae, KOTAA B MOAEABHOM
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VPaBHEHUYN IIPOM3BOAHLIE APODHBIE, TO KpuTepuit Bemaukcona He paboraer. Hysxem
ero aHanor. B pabore MBI 3KCIEPMMEHTAABHO IIOKa>XE€M C IIOMOIIbIO KOMIIBIOTEPHOT'O
MOAEAUPOBAHUS, YTO IPEAEABHEBIM ITUKA MOKET OBITH YCTORYUBLIM.

OO0 ycroitymBoCTH NpeJIeJIbHOTO ITUKJIA

VCTORYMBEIE NPEAEABHBI IMKA — 3TO 3aMKHyTas TPAEKTOpUs B (Pa30BOM
IIPOCTPAHCTBE AMHAMUYECKOH! CHCTEMEI, 0OAAAQIOMIAS CAEAYIOIUMY CBOACTBAMMU:

1. TleproAMYHOCTD: CHCTEMA COBEPIIAET IIOBTOPSIOIINECS KOAEOAHUS C IIOCTOSTHHEIM
[IEPHOAOM.

2. IIpursikeHne: OAM3AEIKAIINE TPAEKTOPUX CO BPEMeHEM IPUOAUIKAIOTCS K STOMY
IIUKAY.

3. VCTOMYMBOCTE: Maable BO3MYILEHWSI HE BBIBOAST CUCTEMY U3 3TOTO PEXXUMA
KoaebaHut HapoAro. [Tocae BO3MYIEHUST CHCTEMA BO3BPAIIAETCS K TOMY K€ IIUKAY.

ITepBOE CBOMCTBO OYEBUAHO BHIIOAHSETCS (pUC.4).

IToxa>keM, 9TO MOXKET BBIIOAHSITCSI BTOPOE CBOKCTBO. AAS 3TOTO IIOCTPOUM (Da30BYIO
TPAEKTOPUIO IIPY APYTUX HadaAbHBIX 3HaueHUsix Ky = 0.2, k; = 5, 3HaU€HUsT OCTAABHEIX
IIapaMeTpoOB OCTaBUM 0e3 m3MeHeHUs, Kak Ha puc.4. ObpaTuM BHUMaHWE, YTO TOUKA
(0.2,5) A€KUT BHE IPEAEABHOTO IIUKAA.

Puc. 5. ®azoBasi TpaeKTOpHWs: 4YepHass KpuBasi — (pa30Basi TPAEKTOPUS U3 PUC.4;
KpacHas KpuBas — ¢aszoBasi TpaekTopus Arst ky = 0.2,k; = 5.
[Figure 5. Phase trajectory: black curve — phase trajectory from Fig. 4; red curve —
phase trajectory for k; = 0.2k, =5.]

64



MaremaTryeckoe MOAEAMPOBAHME aBTOKOAEOAHMY HERPOHA . . . ISSN 2079-6641

U3 puc. 5 BUAHO, YTO BTOPOE CBOMCTBO BBIIIOAHSIETCS — ABE (pa30BEIE TPAEKTOPUU
C PasAMYHBIMM HAYaAbHBIMKU TOYKAMU IIPUTSTMBAIOTCI K OAHOMY M TOMY JKe
npepeAabHOMY IMKAY. OHO yKa3bIBAa€T Ha TO, YTO CYINECTBYET €AMHCTBEHHBIN
YCTOMYUBLIA IIPEAEABHBIN ITAKA.

[TpoBepyM TpeThE CBOMCTBO. AASI 3TOr0O BO3MYTHM, HAYaAbLHEIE YCAOBHUSI:
k1 =0.2+ €,k; = 0.3 + €, TAe € — Manrasi BEAUYUHA.

Puc. 6. ®azoBast TpaeKTopus: UepHas KpuBasi — (a3oBasi TPAEKTOPUS U3 Puc.4;
KpacHass KpuBasi — (as30oBasi TPAEKTOPUS AAS BO3MYIIEHHBIX AAHHBIX
k; = 0.2002, k, = 0.3002.

[Figure 6. Phase trajectory: black curve — phase trajectory from Fig.4; red curve —

phase trajectory for disturbed data k; = 0.2002, k, = 0.3002.]

[TocrepHuit mpuMep Ha PHC.6 IIOKA3LIBAET, UTO IPEAEABHBIR ITMKA MOKET OBITH
YCTOUNYIUBEIM.

HeobxopmMO Tak>Xe OTMETHTb, YTO HAaAWYWE APODOHOM MIPOM3BOAHOE B
HEPIIMAaABHOM dYAEeHE, KaK IOKa3aaW paboTel [16, 17], AAST AMHAMWYECKUX CHCTEM
He aBTOKOAEDATEABHOTO THWIIA IPUBOAAT K AUCCHUIAINM X 3aTyxaHuio. OAHAKO Kak
IIOKa3aA¥ IPUMEPHI BEHIIMIE AASI APOOHBEIX AMHAMUYECKUX CHCTEM aBTOKOAEOATEABLHOTO
THUIIa MOKET COXPAHSATCS PEAAKCAIIMOHHBIE KOAEOAHMSI. DTO OYE€HDb Ba*KHO ANS PEIIEHUS
IIPUKAAAHBIX 3aAad.
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SaKJ/II0UeHue

B paboTe nmpeanoskeHa HOBast MaTeMaTHdeckKast MopaeAb PuTiXwio-Harymo, koTopas
obormaeT paHee M3BECTHLHIE MOAEAU. Aanee IIPOBEACH UWCAEHHBIA aHAAW3 MOAEAH,
IIOCTPOEHL! OCIUAAOTPAMMEI ¥ (Pa30Bble TPAEKTOPUU IIPM PA3AUYHBIX 3HAYEHUSIX
IIapaMeTpPoOB MOAEAM. [IoKasaHO C IIOMOIIBIO KOMIBIOTEPHOI'O MOAEAMPOBAHUS, UTO
CYIIIECTBYET BO3MOKHOCTb HAAWYUST EAMHCTBEHHOI'O YCTONYMBOI'O IIPEAEABHOI'O IIUKAA.
3A€eCh HY>KHO OTMETUTD, UYTO AAS Boaee TOAPOOHOTO aHAAM3a HEOOXOAMMO pa3paboTaTb
aHAAOT TeOpeMBI DeHAWKCOHAa O CYINECTBOBAHUK €EAWHCTBEHHOTO YCTONYMBOIO
IPEAEABHOTO ITUKAQ.

AanbHelimee pa3puTre ApobHOTO ocrmAAsITopa PuTiXbio-Harymo — mccaepoBanus
XaOTWYECKUAX ¥ DPErYASIPHBIX DeXXuMoB [18, 19|, mocTpoeHwe KapT AMHAMUYECKUX
PEKUMOB, HCCAEAOBAHUE APYIUX (QYHKIKWOHAABHBIX 3aBHCHMOCTEH B MOAEABHOM
ypaBHeHuu (1).
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CroxacTudeckKasi ABYMOJO0Bad IpeauTapHasda Mode/ib KOCMHUYECKOIo

JMHAMO

E. A. Kaszaxos*, I M. Boduruap

VHCTUTYT KOCMOU3NIECKIX UCCAEAOBAHUM U pacIpocTpaHeHus: papuoBorH ABO PAH,
684034, c. Ilapatyuka, EauzoBckuit patorn, Kamuarckuit kpait, ya. Mupnas, a. 7, Poccus

Awunoranms. Pabora TIOCBSIIIIEHA KAACCY CTOXaCTUYIECKUX ABYMOAOBBIX SPEAUTAPHBIX
Mopenen KOCMUYIECKOT'O AMHAMO. Moaeau BKAIOYAIOT B cebs ABa reHeparopa
MarHUTHOI'O TIOAS — KPYIIHOMAaCIITaOHBIR u TYPOYAEHTHBIR (x-addekT). Bausinuze
MarHATHOI'O HOAST Ha ABUKEHUST CpeAB! IPeACTaBAEHO qepes IOAABAEHUE

a-a3dderTa QPYHKIUOHAAOM OT KOMIIOHEHT IIOASI, YTO BBOAUT B MOAEAb IaMSTh (SPEAUTAPHOCTD).
Mop€eAb ONMKCBEIBAET AMHAMUKY TOABKO KPYITHOMACIITAOHBIX KOMIIOHEHT, OAHAKO YYUTBHIBAET BO3MOXKHOE
BO3AENCTBYE MEAKOMACHITAOHBIX MOA, C IIOMOIIBIO CTOXACTUYIECKOTO YAEHA. DTO YNEH MOAEAUDPYET BAUSHUE
BO3MOXXHOM CIIOHTAHHOM CHHXPOHUM3AIMM MEAKOMAacIITabHBIX MoaA. Tak >ke B paboTe IpeACTaBAEHA
YUCAEHHAS CXeMa AAS PeLIeHUsI UHTerpo-AuddepeHINanbHbIX YPaBHEHUN MopeAr. UHUCAEHHAsT cxeMa
COCTOUT M3 ABYX dHacTell: AAsT AUDDEPEHIMANBHOM YaCTH MCIOAB3YETCS METOA, IIPEAVKTOP-KOPPEKTOP»
ApaMca 9eTBepTOro MOPsIAKA, a AASL MHTErpaAbHOM dacTu — MeTop CumicorHa. OCHOBHBIM Pe3YABTATOM
paboThl SBASIETCST ODOOIIEHHAST MOAEAb AMHAMO-CUCTEMBI, C AAAUTUBHBIM AODAaBAEGHUEM CAYYaNHOMN
IoIpaBKa B X-TeHEpaTop. Y4YeT TaKOW IONpPaBKU CYILIECTBEHHO Pa3sHOOOPA3UT AMHAMUYECKUE DPEXUMEBI B

MOAEAH.
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Stochastic Two-Mode Hereditary Model of a Cosmic Dynamo

E. A. Kazakov*, G. M Vodinchar

Institute of Cosmophysical Research and Radio Wave Propagation FEB RAS, 684034,
Paratunka, Mirnaya str. 7, Russia

Abstract. The paper is devoted to a class of stochastic two-mode hereditary models of the cosmic dynamo.
The models include two magnetic field generators — large-scale and turbulent (x-effect). The influence of
the magnetic field on the motion of the medium is presented through the suppression of the x-effect by
a functional of the field components, which introduces memory (hereditary) into the model. The model
describes the dynamics of only large-scale components, but takes into account the possible impact of small-
scale modes using a stochastic term. This term models the influence of possible spontaneous synchronization
of small-scale modes. The paper also presents a numerical scheme for solving the integro-differential
equations of the model. The numerical scheme consists of two parts, for the differential part the Adams
«predictor-correctors method of the fourth order is used, and for the integral part the Simpson method.The
main result of the work is a generalized model of a dynamo system, with an additive addition of a random
correction to the a-generator. Taking into account such a correction significantly diversifies the dynamic
modes in the model.

Key words: hydromagnetic dynamo, memory, heredity, integro-differential equations, stochastic model,
«-effect, coherent structures.
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BBeaenne

Teopust rUAPOMArHWTHOIO AWHAMO  YCIEIIHO OIMCHIBAeT CyIIeCTBOBaHUE
KPYIIHOMACINTaOHBIX MArHUTHBIX IIOAEH KOCMUYECKMX OOBEKTOB (IIAQHET, 3BE3h U
ranakTuk) [1,2]. B mpocrefimeit popMe 3TOT MEXAHU3M AASI KOCMUYECKUX AXHAMO-
CUCTEM IIPEACTaBAsIET CObOH B3aMMHYIO T'€Hepalio TOPOMAAABLHOM ¥ IIOAOKAAABHOMR
KOMIIOHEHT IIOASI APYI U3 Apyra C IIOMOIIbIO KPYIHOMACIITaOHBIX ABMYKEHUH
IIPOBOASAIIEN CPEABI M MEAKOMACIITabHBIX TYpOYAeHTHBIX IyAbcanuit [1, 3]. Pabora
AMHaMO-CUCTEMBI HOCUT CaMOCOI'AACOBAHHBIM XapaKTep C 06paTHOM CBS3BIO.

OpHuM W3 HaIpaBAeHUI PaboT IO AMHAMO-CHUCTEMaM SIBASIETCS YU€T B MOAEASIX
mamsaTu (spepmrapHocT:). OOBIYHO 3Ta ObpaTHAsi CBSI3b CUUTAETCS MIHOBEHHOM BO
BPEMEHN ¥ AOKaAbHOH B IpocTpaHcTBe. OpAHAKO IPaBUABHOE OIMCAaHUE TyPOYAEHTHOIO
IlepeHoca BKAIOYAeT CBEPTKY MHTEIPAABHEIX SIAED CO CpeAHUM moaeM [4]. B pabore [5]
IIOKa3aHO, YTO 3EKT MaMsATU TaK’Ke CUABHO BAUSET Ha AeHCTBME AMHAMO.

[IpsimMoe YWCAEHHOE MOAEAMPOBAaHHUE AASl ypaBHEHWE AMHaAMO TpebyeT OdeHb
OOABITNX BBHIYUCAUTEABHBEIX PECYPCOB. AAS BOCIIPOM3BEAEHUS B MOAEASIX PeaU3aIUMl
IIOASI, CPaBHUMEBEIX IIO AAMTEABHOCTH CO BPEMEHEM CYIIECTBOBAHUSI KOCMUYECKUX
0OBEKTOB, IPUXOAUTCSI OIPAaHUYMBATHCS MaAOMOAOBEIMY IIPUOAMIKeHUsIMHU. [IpeaeabHO
BO3MOYKHOE yCEYEHME YMCAA MOA IPUBOAUT K ABYMOAOBBIMU MOAEASIM. Aa’ke IIPU TaKOM
CHUABHOM IIPOCTPAHCTBEHHOM YCEYEHUN B MOAEASIX C IaMSThIO YAAETCS BOCIIPOU3BOAUTD
AVHAMHUYECKAE DPEXUMBI, IOAOOHBIE peaAbHBIM, BKAIOYasi TaKHWe CBOMCTBa, KakK
dpaKTaABHOCTL IIKAABI IOASPHOCTH MAarHWTHOIO IIOASI M CTEIEHHOE DacIIPeAeAEHUe
BpPEMEHU OKUAAHUS NHBEPCUHU.

ABropaMy paspaboTaHa ABYMOAOBasl 3peAUTapHas MOAEAb AWHAMO B BHAE

CAeAyIOIE#l  MHTerpo-pAudepeHnraAbHOE  cucTeMbl [6-8], B  6e3pasMepHBIX
IIEPEMEHHBIX!
dx S [
at - ety nopst ) Kit=1QUx(r),y(r) dr
(1)
d T
d—l‘i =—y+x {D —J K(t — T)Q(X(T),y(’t)) d’t] )
0

3aecs  x(t) m y(t) mnpeacTaBASIOT COBO# aMIAWTYABL TOPOMAAABHOM U
[TOAOUAAABHON KOMIIOHEHT IIOASI, IIOAOKUTEABHEIE KO MUIUEHTEL 1), S, P, D SIBASIOTCS
YVIPaBASIIOIIMMY ITapaMeTpaMu MopeAu. [Ipy p = 0 moayyumm ow-puHaMo, npu p # 0
HoAyYHM o W.

QU3NIECKUA CMBICA HHTEMPAABHOTO YAEHA — 3TO [aMsTh B OOpPaTHOW CBS3U
AMHAMO-CACTEMBI, KOT'AA MOAABAEHNE TE€HEPAMM MArHUTHOTO IIOASI ODECIIEYMBAETCSI
B3BEIIIEHHON I[I0 NPOLIABIM COCTOSIHUSM GYHKIMeX Q(X,Yy) OT KOMIIOHEHT IIOAS.
B peanbHO# (pU3MUECKON AMHAMO-CUCTEME OOpaTHAasI CBSI3b ODECIIEYMBAETCS CHUAOK
J\opeHIla, KOTOpasi KBaAPaTUYIHA II0 IToAI0. [losTomy dyuKIus Q(X,y) 6yaeM cuuTaTh
HEKOTOPO#t KBaApaTHIHOM hopMoit CBOUX apryMeHToB, T.e. Q(x,y) = Ax?>+2Cxy+Ay?,
rae A, — HEKOTOPBIE ITIOCTOSIHHEIE KO3 PUIMEHTEI, HE PaBHLIE HYAIO OAHOBpPEMEHHO. [Ipn
A = 0 mopaBAEHME reHepaTopa CIXPAABHOCTBIO oA, Tpu = O IIOAABAEHUE reHepaTopa
SHEPTUEN IIOAS.
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J\OKa3aTeAbCTBO CYILIECTBOBAHUS ¥ E€AMHCTBEHHOCTH pelleHust cucTeMbl (1) mpum
IIPOM3BOABHEIX HAa9aAbHEIX YCAOBHUSIX IIPUBEAEHO B pabore [8].

B paboTe 6yAeM MCIOAB30BATH KOMIAKTHYIO (POPMY 3amucu CUCTeMEI (1), KoTopas
UMEET BUA;

& n—psiz)y —mx

dt ’

dy

@ - DP-2x-y, 2)

t
2= | Kit=0QUx(7),y(x) dr.
0

Kak mokasaHo B pabore [9], MHTerpaAbHBIE UA€H B CHCTeEMe (2) AASL OAHOTO
kaacca sgpep K(t — T) ¢ 3KCIOHEHNIaAbHON aCHMITOTHKOM MOMKHO YCTPaHWUTb, BBEAS
MAOTIOAHUTEAbHbBIE (pa3oBble IepeMeHHble. CumcreMa (2) Ipum 35TOM 3aMeHSIETCS Ha
cucteMy AUPQEPEHIINANPHEIX YPaBHEHUN C HEKOTOPEIMU HAYaAbHEIMU YCAOBUSIMHU
Ha AONOAHWTEABHBIE IepeMeHHEle. [IpIMepOM TaKoro sApa MOXKET ObITH (PYHKIUS
K (t) = e "'. B aTOM cAydYae HHTErPaAbHOE PABEHCTBO B (2) 3aMEHUTCST PABHOCUABHEIM

COOTHOIIIEHUEM d—i = Q(x,y) — bz, z(0)=0. Toraa npu 3uaveruu p = 0 ¥ PyHKIUL
Q(x,y) = xy moayumm Kaaccudeckyio cucremy JNoperna [10]. Eé aunamuyeckue

pexxumMmel mpu 1 = 10, b = 3 IIPEKPACHO M3BECTHEI.

CroxacTudeckasi ABYMOJOBad MOJIEJIb

Vcnoab30Banme MaAOMOAOBBIX IPUOAMIKEHWY BCETAa IIPEAIOAATAET, YTO OOIuit
3pderT OT OTOPOIIEHHBIX MEAKOMACIITabHEIX MOA, paBeH HyAo. OAHaKO B
AENCTBUTEABHOCTH 3TH MOABLI MOTYT CAMOIIPOM3BOABHO CHHXPOHU3UPOBATBECSI U HUX
BAUSHUEM V>Xe HeAb3sd IIpeHeOpeub. Ob6pa3oBaHWE TaKUX KOTEPEHTHBIX CTPYKTYP
XOPOIIIO M3BECTHO B TEOPUM TYPOYAEHTHOCTH. DTHU CTPYKTYPHI CIIOHTAHHO BOSHUKAIOT 1
CIIOHTAHHO paspymaiorcs [11].

BBeaeM B cucrteMy 2 CTOXacTHYecKuil dUneH &(t), KOTOPBIA ONKUCHIBAET
CAyYaliHOe BAUSHNUE KOTEPEHTHEIX CTPYKTYP, KOTOPHIE CIIOHTAaHHO OOpa3yoTCs
MeAKOMACIITAOHBIMY IYABCAIUSIMU CKOPOCTY ¥ MArHWTHOI'O IIOAS, Ha MHTEHCUBHOCTD
o-3pderTa. B 3aBUCHMOCTZ OT aMIAUTYABI Ka>XAOW TaKOW CTPYKTYPEHI, BAUSHUE
MOYKET YCUAUBAIOTCS UAU OCcAabeBaTh. BBEAEM 3TOT YAEH B CUCTEMY, KaK apAUTUBHYIO
IIOIIPABKY AAS z(t), B pE3yAbTATE IOAYYMM:

d

d—: =(M—ps’(z+&))y—nx,

d

d—l;':(D—z—Ez)x—y, (3)

2= j K(t — 0)Q(x(1), (1)) dr,

0
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3pech & m &) UMIOYABCHBIE CAyYallHBlEe IIPOIIECCHI, ONIMUCHLIBAIONINE BAUSHUE
CHHXPOHWU3WPOBABIIMXCS MOA Ha TeHepaunuio o-3dPeKTOM TOPOMAAABHOM U
TIOAOMAAABHOM KOMIIOHEHT.

OnuireM MOAEABHYIO CTPYKTYpPY 3Tux mporeccoB [12]. Ilpeamonaraercsi, 4To K-
CTPYKTypa CIOHTAaHHO obpa3yeTcs B CAyUalHBI MOMEHT (y M CYIIECTBYET CAyUaiiHOe
BpeMst Oy. Ml npeHebperaeM BO3MO>XHOCTBHIO OAHOBPEMEHHOI'O CYIIECTBOBAHUSI ABYX
u 6onree cTpyKTyp. CaepoBaTEABHO, MBI HMMeeM CTOXAaCTUYECKYIO BO3PaCTAIONIYIO
IIOCAE€AOBATEABHOCTH MOMEHTOB BPEMEHMU:!

0<P1 <01 <P <O < <P <O <... (4)

Torpa TXV = ¢x — 01 - cayualiHOe BpeMs OKUAAHUS (POPMUPOBaHUS K-0it

CTPYKTYPEHL, a T]E = Oy — Py cayuaiiHOe BpeMs ee cyllecTBoBaHusI. CHHXPOHU3AIIUS

MOA, IIPOMCXOAUT AOBOABHO PEAKO M CYIINECTBYIOT OHU HEAOATO. [losToMy MEI HyaeMm
w

IIpealionraraTb, 9TO IIEPEMEHHBIE T,  HMMEIOT CTEIICHHOE PACIIPEAEAEHNE C HEKOTODPBIM
MEANAHHBIM 3HAYECHNEM TWI

w 1
o =T, (R - 1), (5)
1 -1 E
rae ¢ = (Zﬁ - 1> . A TepeMeHHBIE T, HMEIOT IIOKa3aTEABHOW pacCIpeAEAeHUE C
MEAMAHHBIM 3HAYECHNEM TEI
Te
Tr = ——— InR. (6)
In2

[Tapamerpst T, # T UMEIOT CMBICA XapaKTEPHEIX BPEMEH OXKUAAHUS U CYLIIECTBOBAHUS
CTPYKTYDP.

[lycts caygaliHble BEAWYUWHBI & U &) ONKUCHIBAIOT KMHTEHCUBHOCTL BAUSIHUS
k-off CTPYKTYphHl Ha T€HEpPAIWIO TOPOUAAABHON ¥ IIOAOMAAABHON KOMIIOHEHT.
OTV MHTEHCUBHOCTHU IIPEAIIONATAIOTCS OAMHAKOBO PACIPEAEAEHHBIMU I'AyCCOBCKUMU
cayuaitaniMu BeawauHamu N (0, 02).

Bce cay4altHble BEAWYWHEL T) , Tv, &1y 4 &7y IPEATIOAATAIOTCS HE3ABUCUMEIMA MEKAY
coboit ¥ IIpM Pa3AUYHBIX K.

Temepb ompeaeArM mporecchl &;(t) caepyromuM obpazoMm:

ai(t):Zaik[H(t_Tk)_H(t_ek)]> i=1,2, (7)

rae H(:) — crynmenyaTas dyHukius XeBucaiaa.

OAMH 73 BO3MOJKHEIX IIPUMMEDPOB PEAAM3ALUM TaKOI'0 CAYYalHOI'O IIpoIiecca Co
3HaueHusMu I, = 1 u Tg = 1 mpeacTaBAeHa Ha puc. 1.

Peanpuble AWHAMO-CHACTEMEL AEMOHCTPUPYIOT 6oAbIIOE pasHoObpazme
AVHAMUYECKAX PEXXUMOB: CTAI[MOHAPHBIE, OCIUAAUPYIOIINE, XAOTUIECKUE, BCIIAECKU
remepanuy (dynamo bursts). OaHako, B ABYMOAOBHIX MOAEAsIX Tuma (2) mpu
(PUKCHPOBAHHLIX 3HAYEHUSIX VIPABASIOIINX IIAPaMETPOB IPOOAEMATHYHO IIOAYYATH
cMmeHbl pexxuMoB. Ho mpomeccwl &; B CTOXaCTHYECKOM BapHaHTe ABYMOAOBOW MOAEAU
(3) sIBASIIOTCSH CAyYaRHBIMY BO3MYIIEHUSIMU ABYX U3 3TUX IIapaMeTPOB.
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Puc. 1. IIpumep cayuaitaoro mporecca &(t).
Figure 1. Example of a random process &(t).

[IosToMmy, ecam BBIOpATh 3HAYEHUS I[IaPaMETPOB MOAEAM BOAM3KM KPUTUUECKUX
(COOTBETCTBYIOIIUX CMEHE pEXUMOB), TO B MOAEAW MOXXHO BOCIPOU3BOAUTD
pasHoobOpasre AMHAMUKY, IIPUCYIIee PeaAbHBIM AMHAMO-CUCTEMAM.

YucaeHHBIT MeTo/

AANST YUCAEHHOTO MCCAEAOBAHUS MOAEAU (2) HEOOXOAMMO COBMEIIEHUE PA3HOCTHLIX
cxeM AAST AMP@EPEHIIMAABHON YaCTW ¥ KBAAPATYPHOU (POPMEI AAS HMHTETPAABHOMN
YaCTH.

B KadecTBe pasHOCTHON CXeMBI AAS AUPGEPEHIMANBHOE dYacTH MBI 6yaeMm
HCIIOAB30BATh CXEMY <(IIPEAUKTOP—KOPPEKTOP» HAa OCHOBE SIBHOM M HESIBHOW CXeM
Apawmca 4 nopsiaka [13-15]:

h
xP = Xp + ﬂ [55f(Xn) Zn) - 59f(Xn—1) Zn—]) + 37f(Xn—2) Zn—Z) - 9f(Xn—B) Zn—3)] )

h
Xnt+1 = Xp + ﬂ [91:()(13) Zp) + ]91:(}(11, Zn) - 5f(Xn—l) Zn—]) + ]f(Xn—2) Zn—Z)]

B xauecTBe KBaApaTypHOM (OPMYABI AASL MHTETPAABHOTO UYAEHA UCIOAB3yEM
dopmyry Cummncora [16], KOTOPYIO IPEACTaBUM B BUAE:

h
Zn41 = L+ gKOQ(Xn+1)) (8)
TAE LB CAydYa€ YETHOI'O M.
h h
L= 3KaQlx1) + ¢ (Kn1 Qo) + KnQ(x1) +4K, 1 Qlxs) ) +

n/2 n/2—1 (9)
4h 2h
+? ; Kig1-21Q(%a1) + 3 ; Knt1—irn Q(X2it1),
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a B CAYyY9a€ HEYETHOI'O M.

h n/Z n/Z 1

L= gKnHQ Xo Z Kn- 21+1Q X21+1 Z Kn— 21Q X21 (10)

[TocKOABKY, CEMERCTBO METOAOB AAaMca SIBASFOTCS MHOT'OIIIATOBBIMY, HaM HEOOXOAUMO
AASI 3aIIyCKa UTEPAIMOHHOM IIPOIeAYPHl HadaAabHOe NPUbAM>KeHWe. B wacTHOCTH, HaMm
HEOOXOAMMO 3HATh 3HadeHWs pyHKuum# f(x) B Toukax t = 0,h,2h,3h u 3HaYeHUS
dyukmuit Q(x) B Toukax t =0, ;,1 2,3.

OAVH 73 BO3MO>KHEIX CIIOCODOB IIOAYUEHUS STUX 3HAYEHUY B CACAYIONIEM. 3aMEHUM
sapo K(t) ma anmmpoxcumupyiomiee J(t), AAST KOTOPOTO MHTETPAABHBIA UAEH MOMKHO
HCKAIOYUTD ¥ NEpediTy K AuddepeHnmarbHoit cucreme. B pabore [9] mokasaHo, 4To
9TO MOXKHO CAEAATb AAST HEKOTOPBIX SIAEP C SKCIOHEHIUAABHON aCHMITOTUKOHA, B TOM
YuCAE, AST IAEP BUAA Ae~ bt g e b . [ToaTomy, npu K(0) # O bepeM mepBEBI# TUI sTApa
J(t), moaarast A = K(0), a mpu K(0) = 0 6epem BTOpOI#t T siapa J(t). B oboux caygasx,
moay4uuM coBmapeHue saep K(t) u J(t) B HyaeBoit Touke. Aanee AETKO ONPEAEAUTH B,
YTOOBI CXOAHOE U allIPOKCIMUPYIOUIEE TAPA COBIapaAu B Touke t = 3h.

AAST TaKEM CUCTEM MBI MOXXEM IIOAYYUTH pelreHme B Toukax t = 0, ;,h 2h,3h
4YuCAeHHBIM MeTopoM Pyrre-KyrTer 4 mnopsipka. Pemrenwme cucTeMBl B TOYKax
t = 0,h,2h,3h meobxopumMEI AAS AUDODEPEHIINANDHON YACTA YUCAEHHON CXEMBI, a
3Ha4YeHUEe B TOUKE % TpebyeTcs AAS KBaAPATYPHOR POPMEI.

B 3aBucuMoOCTH 0T BHAQ siapa J(t) AuHaMuYecKasi cucTeMa 6YAET UMETH CAEAYIOMIAR
BUA,

Anst siapa J(t) = K(0)e ®t.

d
dt
dXz

a (D —x3) %1 —xa. (11)

= (ﬂ - PSZX3) X2 —MNX1,

dX3

T Q(x1,x2) — bxs.

Anst siapa J(t) = te b,

dx,
dt

dx
d_tz = (D —x3)x1 — %2,

dX3
Db t
dat x4(t)

dx ~ ~
d_t4 = Q(x1,%2) — 2bxy — b*x3

HOAYT-IaeM AATOPUTM IIOMCKa HaAYaABHOI'O l'IpPI6AI/I7KeHI/I$I AASL  MHOTI'OIIIAaroBOI'O

= (n—ps’xs) x2 —1xi,

(12)

METOAQA:

1. Haxopuwm 3Hauenus dyurnui f(x) u Q(x) B Toure t = 0.
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).

2. C maroMm — HaxoAUM 3HadeHZs X1. Haxoauwm 3Hauenuwe dpymkimm Q(x
2

2

1
2

3. C marom 5 HAXOAUM 3Ha4YeHWs X;. Haxoaum 3HaveHus: pyurumi f(x) z Q(x) B

Toure t = h.

4. C marom h HaxopuM 3HadeHUs X;. Haxopum smauenust dpymruumi f(x) u Q(x) B
Touke t = 2h.

5. C maroM h HaxopuM 3HadUeHus X;. Haxoaum 3HaueHus dyuknuit f(x) m Q(x) B
Touykre t = 3h.

[Toche HaXORAEHUS 3HAUEHUE BCeX HEOOXOAMMBIX (PYHKIIMN, MBI MOXKEM 3aIlyCTUTH
BBIYUCAUTEABHYIO IPOIEAYPY MeToaoM Aaamca.

BroruucianreabHble IKCIIEpUMEHTbI

Bbina IpOBeAEHA CEPUST BEIYUCAUTEABHBIX SKCIEPUMEHTOB B MOAeAX (3). Aanee Ha
PUCYHKaX IIPEACTABAEHBI PE3YABTATEl MOAEAMPOBAHMSI. BBIUYMCAEHUS TPOBOAUAKCE HA
cucreMe (3) CO CAEAYIOMIUMY 3HAUEHUSIMY YIIPABASIOIUX TapaMeTPOB:

8 2
3)
K (t) = eibt) Q(X)y) =Xy.

Ha puc. 2b. nokasano pemrenue x(t) cucremsr (3) 6e3 cAyIaiiHOrO BO3AEUCTBUA &,

T]:]O) D:24) b:

15

05 -
10

Xl
[=]
X

05

10 b

Puc. 2. Cayuaiinsrit npouecc &(t) (a) u dasoBast koopaurara x(t) (b).
Figure 2. Random process &(t) (a) and phase coordinate x(t) (b).

Ha puc. 3b u3obpasxkerno perernue x(t) cucremsr (3) ¢ caygaiiHbiM Bo3aeiicTBureM & (t)
[IPUBEAEHHLIM Ha puc. 3a.

7



ISSN 2079-6641 Kazaxos E. A., Boaurgap I'. M.
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Puc. 3. Cayyaitueiit mpouecc &(t) (a) u dasoBas koopauzaTa x(t) (b).
Figure 3. Random process &(t) (a) and phase coordinate x(t) (b).
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-15 +

Puc. 4. Cayuqaiinsrit mpouecc &(t) (a) u dasoBast koopaurara x(t) (b).
Figure 4. Random process &(t) (a) and phase coordinate x(t) (b).

Eme oaHa peanmsamusi CAyYallHOTO IIPOIleCCa M €r0 BAUSHUS Ha cucTeMy (3)
IPeACTaBAEHBI Ha pucC. 4.

Terepb pacCMOTPUM CAyd9alf, Koraa cucreMa (2) 6e3 caydaiHOro BO3AEHCTBUS
UMEET XAOTUUECKUN PEXUM AMHAMUKZ puc. 5b. AAsi 3TOro 3aduKCHpPyeM 3HAYECHUS

VIPaBASIONIIX IIapPaMETPOB CAEAYIOIIUM 0bpa3oM:
n=10, D=21, b=2, ps’=0,
(13)
K(t)=e", Qx,y)=nxy.

Ha puc. 6 mpeACTaBAEH PE3YABTAT MOAEAMPOBAHUSI CUCTEME! (3) CO 3HAYEHUSIMU
yIpaBAsIOIIzX mapameTpos (13) u BAUSHEEM CAYYaAHOTO IPOLECCA.
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20

xi
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X

L
@

Puc. 5. Caywaitueiit mponecc &(t) (a) u dasoBas koopauzaTa X(t) (b).
Figure 5. Random process &(t) (a) and phase coordinate x(t) (b).

xi
o
X

Puc. 6. Caywaitaeiit mponecc &(t) (a) u dasoBas koopauzaTa X(t) (b).
Figure 6. Random process &(t) (a) and phase coordinate x(t) (b).
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t t

Puc. 7. Cayuaitueiit mpouecc &(t) (a) u dasoBast koopauzaTa x(t) (b).
Figure 7. Random process &(t) (a) and phase coordinate x(t) (b).
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Ha puc. 7 mpeacTaBAEHA €Ille OAHA pPeaAr3alidsl peaAr3alsi CAYIafHOro MpoIecca u
ero BAUSIHZS Ha cucTeMy (3) ¢ ynpaBasifomumu mapamerpamu (13). Ha panaOoM npumepe
BUAHO, YTO CAydYaliHOe BO3AEMCTBME Ha XAOTUYECKYIO CHUCTEMY MOXKET IIOAABASITH
XaOTUYECKOE TTOBEAEHIE.

3akJ/rroueHue

B pamHOI paboTe OBIA IIPEACTAaBAEH METOA TI'€HEPAIMM CAYYAHHOIO IIpoIlecca
MOAEAUPYIOMINH BAUSHUS CIIOHTAHHO BO3HUKAIOMIWMX ¥ CIOHTAHHO Pa3pyIIaiolIeiocs
CTPYKTYpP. Peaam30BaH 3TOT METOA B BUAE CAYYANHOTO IIPOIECCA, BKAIOYAIOIUY B Cebst
HaboOp CAyYaHHBIX BEAUYNH PACIPEAEAEHHBIX II0 PA3HBIM 3aKOHAM PACIPEAEAEHUSI, TaK
HaIIpUMEDP UHTEHCUBHOCTDL BAUSHUS KOTE€PEHTHLIX CTPYKTYP ONUCHIBAETCS I'ayCCOBCKUM
pacIpeAeneHUEM, a BpPeMsl OXXUAQHUS K-Off CTPYKTYPBI ONUCHIBAETCS CTEIEHHBIM
pacIpeAeAEHNEM, B CBOIO OYEPEAD, BPEMSI CYIIECTBOBAHKS CTPYKTYPEI, ITIOKA3aTEABHBIM.

B pabore 6pira 0606IIEHA MOAEADL KOCMUYECKHAX AWHAMO-CHUCTEM, AAAUTUBHBIM
obpazoM pobaBAeHA CAyUaiiHAsI IIONPaBKa B (X-T€HEPATOP, YTO IIO3BOAUAO IIOAYIUTD,
P CTAaTUYHO 3aAAHHBIX 3HAUEHUSX VIPABASIOMIUX IIapaMETPOB, PE3KUE CMEHBI
PEXUMOB AMHAMUKY, BKAIOYAsT IIOSIBAEHUE IIPOMEXKYTKOB IIPEKPAIEHUS TeHEPAIUT —
OCTAHOBKY AMHAMO.
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Awnnoranus. B craThe IpeararaeTcst IpUHIMNIAABHO HOBOE 0600IEHNEe PaHee U3BECTHOM MaTeMaTHIeCKOR
MOAEAV 3uMaHA CEPAEYHBIX COKPAIEHWN 3a CYET SAEKTPOXUMUYECKOI'O BO3AEMCTBUsI. ITO 0b60bIeHme
06yCAOBAEHO HaAU4YMEM 3PEPEKTOB HACAEACTBEHHOCTM B KOAEOATEABHOM CHCTeMe, KOTOPHIE YKa3BIBAIOT
Ha TO, YTO OHA MOJKET COXPAHSITH MHQOPMAIMIO O CBOUX MIPEABIAYIIUX COCTOSHUSIX. C TOYKK 3pPEHUs
MaTeMaTUKH! CBOMCTBO HACAEACTBEHHOCTM MOXKHO OIIMCATh C IIOMOILIBIO KHTErpo-AuddepeHIarbHBIX
YPaBHEHUY BOABTEPPOBCKOI'O TUIA CO CTEIEHHBLIMYU PA3HOCTHBIMU SIADAMY HAM C IIOMOIIBIO IPOM3BOAHEIX
APOOHBIX TIOPSIAKOB. B cTaThe OBIAM BBEAEHBI B MOAEABHBIE YPaBHEHUs 3MMaHa OIepaTOpPhl APOGHOrO
auddepeHIpoBaHus B CMBICAe ['epacmMoBa-KamyTo, a Takyke XapaKTepHOE BPEMSI AASI COTAACOBAHUS
pa3MepHOCTe#l B MOAEABHBIX YpPaBHEHUSX. [loAydeHHass MaTeMaTHdYeckKas APOOHasT MoAeAb 3uMaHa
UCCAEAOBAnaCh B CHAY €€ HEAWHEWHOCTH C IIOMOIIBIO YWCAEHHBIX METOAOB — HEAOKAABHON KOHEYHO-
Pa3HOCTHOM CXeMbI. YUCAEHHBIN aATOPUTM OBIA peaam3oBaH Ha s3blke Python B cpeae PyCharm 2024.1, B
KOTOpPOY 6BbINA PEaAM30BaHA BO3MOXKHOCTH BU3YAAU3AUY PACIETOB C IIOMOIIBIO OCIMAAOTIPAMM ¥ (Pa30BEIX
TpaeKTopuii. [IpoBepeHa MHTEPIIPETALINST PE3YABTATOB MOAEAMPOBAHMUS.

Karouesvie caosa: ceplewHvie COKPAULEHUSR, OPOOHAA Mamemamuyeckas moleav 3umana, OpobHas
npouseodras I'epacumosa-Kanymo, “UCAEHHBLU QA20DUMM, OCUUAL0ZDAMMA, $A3068aA MPAEKMODUA.
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PunancupoBanme. ViccaepoBaHUE He IIPOBOAUAOCE IIPH IOAAEPIKKE POHAOB
Koukypupyroinue nHrepechbl. KOHGOAUMKTOB HHTEPECOB B OTHOIIEHUY aBTOPCTBA U NMyOAMKAIUU HET.

ABTOpCKI/Iﬁ BKJIZA 4 OTBETCTBEHHOCTBD. ABTOpBI y9acTBOBaAM B HANIWCAaHUN CTaTbUM M IIOAHOCTBIO HECYT
OTBETCTBEHHOCTD 3a IIPEAOCTABACHNUE OKOHYATEeAbHON BE€pPCHUU CTAThH B II€4YaTh.
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Abstract. The article proposes a fundamentally new generalization of the previously known mathematical
Zeeman model of heart contractions due to electrochemical action. This generalization is due to the presence
of heredity effects in the oscillatory system, which indicate that it can store information about its previous
states. From the mathematical point of view, the property of heredity can be described using integro-
differential equations of the Volterra type with power difference kernels or using fractional derivatives. In
the article, fractional differentiation operators in the sense of Gerasimov-Caputo were introduced into the
Zeeman model equations, as well as the characteristic time for matching dimensions in the model equations.
The resulting mathematical fractional Zeeman model was studied due to its nonlinearity using numerical
methods - a nonlocal finite-difference scheme. The numerical algorithm was implemented in Python in the
PyCharm 2024.1 environment, which implemented the ability to visualize calculations using oscillograms
and phase trajectories. The interpretation of the modeling results was carried out.
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BBeaenne

CepaeyHBbIE COKPAIIIEHUS IIPEACTABASIIOT COO0 CAOXKHBIA ¥ BHICOKOOPTIaHU30BAHHBIN
poiiecc, obecreunBaronuit 3pHEKTUBHYIO PabOTy CEPAEIHO-COCYAUCTON CUCTEMEL. DTHU
TIPOIIECCHl SBASIIOTCSI PE3YABTATOM B3aUMOAEUCTBUS PA3AUYHBIX (DUIUONOTUIECKUAX
MEXAHU3MOB, BKAIOYAS 9IAEKTPUYECKYIO AaKTUBHOCTH MUOKApAd, MEXaHWYECKYIO
paboTy cepalla ¥ HENPOTYMOPAABLHYIO peryasinuuio. [loHmMaHwe 3TUX MeEXaHU3MOB
“MeeT KPUTUYECKOE 3HAUeHWE AAS AWATHOCTUKY U AEUYEHUS CEPAEIHO-COCYAUCTBIX
3ab0.A€BaHUit, KOTOPHIE OCTAIOTCS OAHOW M3 OCHOBHBIX IPUYKWH CMEPTHOCTX B Mupe [1].

CoBpeMeHHBIE HCCAEAOBAHUSI CEPAEYHBIX COKpPAIIEHWH OXBAaTHIBAIOT IIWPOKUN
CIIEKTP TEM, BKAIOYAST SIAEKTPOPUIUONOTHIO, MEXAHOOMOAOTHIO, & TAKIKE MOAEKYASIPHEIE
¥ KAETOYHLIE OCHOBEI cCeppeuHOM yuKuuu. Hampummep, pabora 1[0 U3yUIEHUIO
9AEKTPUYECKON aKTUBHOCTH CEPAIlA IIOKa3aAd, UYTO HApPYUIEHWS B IIPOBEAEHUU
IMIIYABCOB MOIYT IPWBOAUTBH K aPUTMUSIM U ADPYTHM CEPBHE3HBIM COCTOSHUSIM [2].
Kpome Toro, mccAeAOBaHUSI MEXAHUKY CEPAEYHOIO COKPAIIEHWsI, TaKMe KaK pabora 1o
OIlEHKE COKPATUTEABHON CIIOCOOHOCTM MUOKAapAQd, UI'PAIOT Ba’XHYIO POAbL B IIOHUMAaHUUN
1aTOU3NONOTUY CEPACYIHON HEAOCTATOIHOCTH [3].

B mocaepHME TOABI HAOAIOAQETCS POCT MHTEpeca K HOBBIM METOAAM BU3YaAU3AIAU
¥ MOHUTOPHHIA CEPAEYHOM AESITEABHOCTH, TaKUM KaK MarHUTHO-DE30HAHCHAS
TOMOTpadusi ¥ YABTPA3BYKOBAasT AMArHOCTUKA, KOTOPBIE IIO3BOASIIOT OOAEE TOYHO
OIIEHVBATh (PYHKIUU CEPAIlA ¥ BBISIBASITH IIATOAOTMM HA PAHHUX CTapusix [4]. Ortum
AOCTU)KEHUSI OTKPBIBAIOT HOBBIE TOPU3OHTHI AASI KAWHWYECKOM NPAKTUKYU ¥ HAYIHBIX
KUCCAEAOBAHUM, YTO IIOAUEPKUBAET HEOOXOAMMOCTL AAABHENIIET0 M3YUEHUS IIPOIIECCOB
CEpAEYHBIX COKPAIIEHUH.

TakuMm o0b6pa3oM, MCCAEAOBAHWE IIPOIIECCOB CEPAECYHBIX COKPAIIEHUY HE TOABKO
YTAYOASIET HAIIM 3HAHUSI O (PUIMOAOTUU CEPAIIA, HO M CIIOCOOCTBYET paspaboTke Hoaee
9(p(PEKTUBHBIX METOAOB AMATHOCTUKU ¥ AEUEHUS CEPAEYHO-COCYAUCTHIX 3abo/eBaHUM,
B TOM YKCA€E C IIOMOIIBI0 METOAOB MATEMATAIECKOTO MOAEAMPOBAHUSI. B AaHHON cTaThe
MBI PaCCMOTPHM HEKOTOPBIE ACIEKTHI MATEMATHYECKOTO MOAEAMPOBAHUS CEPAEYHEBIX
COKpAIlleHW# ¥ IPEeANO’KMM Ha OCHOBE YJKe U3BECTHON MOAEAW HOBYIO MOAEAD
CEpAEYHEBIX COKPAIIEHUH.

B Bompocax MaTeMaTHYECKOT'O MOAEAMPOBAHUS pPabOTHI CEpAlla IPUMEHSIOT B
OCHOBHOM MOAEAY ABYX THIIOB: AWHAMUYECKHE M CTPYKTYPHO-PYHKIMOHAALHEIE.
Bce oHmM B KadecTBe MAaTEMATHYECKOTO allllapaTa MCIOAB3YIOT AKUP@eEpeHIInaAbHBIE
ypaBHeHUs] (OOBIKHOBEHHBIE WAM B YACTHBEIX [POM3BOAHBIX, a TAaKXXe UX CUCTEMEL).
CTpyKTypHO-PYHKIIMOHAABHBIE MOAEAN OOAEE CAOXKHEBI, TaK KAaK HEOOXOAMMO AASI UX
PEIleHNs 3HATh MHOXECTBO IIapaMETPOB OT TI'€OMETPUYECKUX Pa3MepOB, HAIPUMeED,
3HAThb pasMEpPHl CEPAEYHEIX KaMep, AO (PU3MYECKUX CBOWCTB, HAIpUMep, 3HATH
9AACTUYHOCTL COCYAOB ¥ T.A. Kak mpaBumao 6e3 SKCIEPMMEHTAABHBIX AAHHBEIX TYT
HEBO3MOXXHO 060HTHCE. [103TOMY MEI OCTaHOBUMCS Ha Ooaee IPOCTOM AMHAMUYECKOMH
(MexaHUYIeCKOM) MOAEAU PABOTHI CEPALIA, KOTOPAs OIMCHIBAET COKPAIIEHNE CEPAECIHOM
MBIIIIEL - MOAEADL 3uMaHa [5].

CokpalneHre MBIIIEYHBIX BOAOKOH B paMKaxX MOAEAW SHUMaHa IPOMCXOAUT 3a
CYET SAEKTPOXUMUIECKOTO BO3AeHCTBUS. Kak IpaBWAO, MBIIMIEYHOE BOAOKHO OBICTPO
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COKpAIIlaeTCsI M OCTAETCS HEKOTOPOE BPEMsI B TAKOM COCTOSIHMM, & 3aTEM OBICTPO
BO3BpAIIAeTCA K pacCcAabAeHHOMY COCTOSHUIO. Aaaee Ipollecc MOBTopsieTcs. Vcxoast
W3 BBIIIE CKAa3aHHOI'O, €CTECTBEHHBEIM OOpa30oM 3AECh BO3HUKAIOT PeAAKCAIMOHHEIE
KoAeDaHUsI, KOTOpPBIE MOXKHO OIKMCATH C IIOMOIIBIO HEAWHENHOI'O OCIUAASITOPA
aBTOKOAE6ATEABHOrO (ABEHAPOBCKOIO) TUIIA, HALIPUMED, BAAQ:

ex (t) =x(t) —x* (t) —y (1),
y(t) =x(t), (1)
x (to) =x0,Y (to) = Yo.

3aeck x (t),y (t) € C'[0,T] — dyuxmun pemenus, rae x (t) — AAUHA MBIIIEIHOTO
BOAOKHA, Y (t) — yHKIUS, oTBevarwInas 3a 3AEKTPOXUMUYECKOEe YIPaBACHUE
COKpAIlleHNeM MEIIIEYHOr0 BOAOKHA; t € [0, T| — BpeMsi paccMaTpuBaeMOro IIPOIEecca,;
T > 0 - Bpemst MopenmpoBauusi; 0 < ¢ < 1 — IOAOKUTEABHAST IOCTOSIHHAST (ManbIi
IIapamerp).

Bameuanue 1. 3apauy Komu (1) 6yaeM HasbIBaTh KAACCHYIECKON MOAEABIO 3uMaHa
UAM IIPOCTO MOAEABIO 3MMaHa.

B macrosme#t pabore mpeanaraercs obobmieHume MopeAm 3uMaHa (1) Ha caydait
ydeTa HaCAEACTBEHHOCTH [6]. DddeKT HacaeACTBEHHOCTH (IaMsITH) MAM B 3alaAHON
AUTEPATypPe 35PEAUTAPHOCTH B KOAEDATEABHBIX CHCTEMAX O3HAYAeT, 4YTO TEeKYIIlee
COCTOSIHME CHUCTEMBI 3aBUCSAT OT MPEABIAYIIUX COCTOSTHUM. DTO MOXKET OBITH CBSI3aHO
C (PUBMYECKUMU CBONCTBAMU MATEPUANOB WMAU CTPYKTYP, KOTOPBIE WM3MEHSIIOTCI B
PE3yABTaTe IPEALIAYIIUX HAarpy30K, CBOMCTBAMY CPEABI B KOTOPBIX IIPOTEKAET IIPOIIECC,
HaIIpUMED, BSI3SKOYIPYTIUE IIAACTUYHELIE CPEABL U T.A.

B cAyuae yyeTa HaCAEACTBEHHOCTH, C TOYKY 3PEHUSI €€ MAaTEMATUYECKOI'O ONMCAHNUS,
MBI UMEEM AEAO C WHTETPO-AUPPEPEHIIMANBHEIME YPAaBHEHUSIMU C Pa3HOCTHBIMU
CTENEHHLIMU SIAPaMM, KOTOPBIE M3Y4YalOTCsI B PaMKaX TEOPUU APOOHOTO MCUYUCAEHUS
[7,8].

ITocTranoBka 3aJa91M 1 MEeTO/JUKa €€ pellleHnA

PaccMmoTpuM caepyromyio 3apagy Kormu.

g108x (1) =x () —x° (t) —y (1),
205y (t) = x(t),
x (to) = %0, Y (to) = Yo.

3aech €1 = 0%, ¢, = 0P, O — mapameTp, UMeromuit PA3MEPHOCTh BPEMEHN.
Apobruble mpomsBopHbIe HOPSIAKOB 0 < «,3 < 1 B (2) IOHMMAIOTCS B CMBICAE
I'epacumoBa-KamyTo (9, 10]:

Ogex (t) =

(3)
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rae I (-) — raMmma-pyHKIES Ditaepa.
Bameuanne 2. 3 (2) caeayer, 9To mpu & = 3 = 1 MBI IOAYYAEM KAACCUIECKYIO
Mopenb 3umana (1).

Bameuanne 3. 3apauy Komm (2) 6yaeMm HasbIBaTh ApPOOHON MOAeAbIO 3uMaHa
(AMB3).

Sameuanue 4. HeobxopMMO OTMETUTDH, YTO OIPEAEAEHHEBIH MHTEPEC IIPEACTABASIET
HCCAEAOBAHME BOIIPOCA CYIIECTBOBAHUS U €AMHCTBEHHOCTH pernenus 3apa4u Kommwm (2)
[11].

B cuny meamnuedimoctu AM3, panee MBI IpUMEHSEM YUCAECHHBIE METOABLI AASI €€
HUCCAEAOBaHUS. YUCAEHHBEIE METOABI OCHOBAHBI HA ITOCTPOEHUM HEAOKAABHBEIX KOHEYHO-
Pa3HOCTHBIX cxeM [12]. BBeaeM paBHOMEDHYIO PACUETHYIO CETKY AASL 9TOTO Pa30bbEM
Bpemenuoit mHTepBaA t € [0,T] Ha N paBHBIX YacTell C IIArOM AUCKPETU3AIIAN
7 =T/N . Torpa dyuruuz pemerus B 3apade Komu (2) mepeAyT B ceToYHbIe (DYHKIUN:
x (t) =%,y (b = yo, tk = kT, k =0, ..., N.

OmnepaTopsl APOOHEIX IIPOM3BOAHEIX (3) OYAYT MMETH aNlpPOKCAMAIIUHN:

k—1 k—1
Ogex (t) = A ZW]‘X (Xiej1 — %), 05y (1) ~ B ZW]B (Yr—jr1 — Yxj)- (4)
j=0 j=
TA€ BeCOBbIE KO dunumenTsl: Wi = (j + 1)]7"‘—j]_"‘,w]f3 =+ 1)17ﬁ—j1_5, A= #@),
B T
r(2-p)

IToacTaBAsisi cooTHOIIeHUs (4) B (2) C yYeTOM CETOUHBIX (DYHKLIUH, IOAyIaeM
CAEAYIOILYIO AUCKPETHYIO 3aAady:
( k—1

1

Xt = A (14 Ae) i —Xp — Y — Ay D Wi (Xijor — xiy) |
=

k—1 (5)

1
Yut1 = Be, xx + Beryx — BEZZWJ[5 (Yk—1 = Y) |y k=T, N =1,

j=1

X0 = a,Yo = b.

3apaua (5) mpeacTaBAsieT coboil HEAOKAABHYIO SIBHYIO KOHEYHO-PA3HOCTHYIO CXEMY
AAST 9UCAEHHOTO pelleHus 3apauu Komu (2).

Bameuanne 5. HenokanbHasi KOHEYHO-pasHOCTHasi cxeMa (4) obAapaeT IepPBBIM
IIOPSIAKOM TOYHOCTM ¥ YCAOBHO cxopuTcs [12]. OaHako B craTbe Hac He OyAeT
WHTEPECOBATh BBICOKASI TOYHOCTb YUCAEHHOTO AaATOPHATMA, a VCTOMYWBOCTE U
CXOAMMOCTE METOAA MBI MOXXKEM KOHTPOAMPOBATDH, YMEHBIIAsl IIar PacYETHON CETKH,
HaIIpuMep, IO IpaBUAy PyHre.

Bameuanme 6. B cuay roro, uro B 3apaum Komwu (2) mpucyTcTByeT ManbIi
IIapaMeTp €, TO HeOGXOAUMO AAST YUCAEHHOM cXeMblI (5) BEIOXPATH AOCTATOYHO IIAOTHYIO
pacueTHyIO ceTKy. B panpHedmux pacuerax Mbl 6yaem moaarats € = 0.001, a wucao
y3A0B pacueTHOR ceTku N6yaeM BuIOMpPAThH AOCTATOYHO OOABIITIM.
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Pe3y.IIbTaTbI MOJeJIMpOBaHUA

Yucaenubl# aaroput™ (5) O6bIA peaan3oBaH Ha s3bike Python B cpeae PyCharm
2024.1 [13]. Aanee ¢ moMmoIrbio, pa3spaboTaHHOM KOMIBIOTEPHOW IpPOrpaMMbl ObIna
IIPOBEAEHA BU3YaAU3ALUS PE3YABTATOB MOAEAUPOBAHUS IIPU PA3AWYHBIX 3HAYEHUSIX
[IapaMeTpPOB MOAEAX (2) U AaHA UX MHTEPIIPETAITVS.

IIpumep 1. (Kaaccuueckast MopeAb 3uMaHa). HaueHUs IapaMeTpos: o« = 3 = 1,
xo = 1,yo = 0.3,¢ = 0.001,t € [0,50],N = 2-10°. Pe3yAbTaThI MOAEAMPOBAHMUS C
[IOMOIIBIO YUCAEHHOro arropurMa (5) IpuBEAEHE! HA puc. 1.

Puc. 1. Khaccugeckast MOAEADL 3MMaHA: A — M3MEHEHWE MBIIIEYHOTO BOAOKHA; b —
U3MeHEHVE SNEKTPOXUMUYECKOr0 IIOTeHIMand; ¢ — ¢a3oBas TPaeKTOPHUs Ha
IIAOCKOCTH.

Figure 1. Classical Zeeman model: a — change in muscle fiber; b — change in

electrochemical potential; ¢ — phase trajectory on the plane.
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Ha puc.l mpuBeAeHBI OCIMAAOTDAMMAa U3MEHEHUS AAWHBI MBIIIEYHOTO BOAOKHA
(puc.la), ocumanorpaMMa M3MEHEHUS SAEKTPOXUMUYECKOTO IOTeHIWara (puc. 1b) m
dazoBast TpaekTopusi (puc. 1c). OcumanrorpaMMbl 06A3AAIOT TOCTOSTHHON aMIAUTYAOK
U 9acTOTOH, a30Basi TPAEKTOPUSI IIPEACTABASIET COOOM IIPEAEABHBIN YCTORIUBBIN ITUKA,
KOTOPBIl COAEPKUT U30KAUHY Y (t) = x (1) —x3 (t). MexaHusM cepAeYHBIX COKpaIeHuit
3A€ECh PAbOTAET CAEAYIONIMM 0OPa30M: U3 YCTONYMBON TOYKY PAaBHOBECUSI E IPOMCXOAUT
mepexop B OAM3KOE COCTOSIHWE B TOYKY A, (x =1/ \/5) JAanee MBIITIEYHOE BOAOKHO
OBICTPO COKPAIIAETCS U IIPK 9TOM KOOPAMHATA X YOLIBAET BAOABL TPAEKTOPUU OT TOUYKU
A a0 Touku B. BEICTpast peaakcalysi MBIIIEYHOI'O BOAOKHA IIPOUCXOAMT Ha yYIaCTKE
TpaekTopuu CD, mmocae 9ero IpoMCXOAMT BO3pPAIllEHWE K IIOAOKEHWIO paBHOBecHs E.
Janee mpoliecc IOBTOpsieTCs ¥ MBI moaydaeM muka EABCD.

IIpumep 2. (ApobHas Mopenb 3uMaHa). 3HadeHUs mapaMeTrpoB:x = 0.9,0 = =1
z N = 10°, a ocTaAbHbIE 3HAYEHUS IapaMeTpoB Beibepem u3 [Ipmmepa 1.

PesyabTaThl pacuyera IpUBEAEHEI HA PHUC.2.

Puc. 2. Apobrass Mopenb 3uMaHa: 0 — W3MEHEHWE MBIIIEYHOI'O BOAOKHA; b —
U3MeHEHVE SNEKTPOXUMUYECKOr0 IIOTeHIMand; ¢ — ¢a30oBas TPaeKTOPHUs Ha
IIAOCKOCTH.

Figure 2. Fractional Zeeman model: a — change in muscle fiber; b — change in

electrochemical potential; ¢ — phase trajectory on the plane.

89



ISSN 2079-6641 Ucpaitunxauosa I'. C., Kapuwmos 1. T\, [Taposux P. U.

Ha puc. 2 MBI BUAMM, YTO IIEPEXOA K IIOAOXKEHWIO PABHOBECHUSI IIPOUCXOAUT B
PEKUMeE 3aTyXalomux KoaebaHuit. PaccMoTpuM Apyrue 3HadeHUs mapaMeTpoB:x = 0.9,
p=080=e=0.1T=100,N=2-10" u N = 10°, ocTarbHEIE 3HAUEHNS ITaPAMETPOB
ocTaBuM 6€3 U3MEHEHU.

Puc. 3. Apobras mopeab 3uMmana npu 0 = 0.1: a — ©3MeHeHUE MBIIIEYHOTO BOAOKHA,
b — u3MeHeHVE INEKTPOXUMUYECKOTO IIOTEHIMAAA, C — (Pa30Basi TPAEKTOPHUS
Ha IIAOCKOCTH.

Figure 3. Fractional Zeeman model at 8 = 0.1: a — change in muscle fiber; b — change

in electrochemical potential; ¢ — phase trajectory on the plane.

Ha pwmc.3 BumAHO, 9TO OCHMAAOTPAMMEI X (pasoBas TPAEKTOPUSI COOTBETCTBYIOT
IpeAeAbHOMY IIMKAY, a 3HadeHHWe IlapaMeTpa 0 BAUSET Ha 9acTOTy KoaebaHuUi, deMm
MeHbIITe 3HaUeHKe, TeM OOABINE YacToTa.

VBeAWYNM 3HAUYEHUE TapaMeTpa 0 = 5 u IpoBeAEM PaCUeThI II0 HEAOKAABHON STBHOM
KOHEYHO-Pa3HOCTHOH cxeMe (5), pe3yAbTATH KOTOPHIX IIPUBEAEHEI HA PUC. 4.
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Ha puc. 4 BuapHO, uTO ueM OOAbIIEe 3HAUEHMWE IIapaMmeTpa O, TeM MEeHbBIIEe YacTOTa
Konebanmit. Kpome Toro, ¢asoBble TPAaeKTOPUU HA puC. 3 U 4 BU3YAABHO HMEIOT
OAMHAKOBYIO (POPMY, UTO YKa3bIBAaET HA TO, UTO IapaMeTp O Ha Hee HE BAUSIET.

Puc. 4. Apobuass Mmopeab 3uMaHa Opu O = 5: a — U3MeHEeHMEe MBIIEYHOTO BOAOKHA; b
— M3MEHEHME IAEKTPOXUMUUECKOTO IIOTEHIIAA]; ¢ — (Pa30Basi TPAEKTOPUS Ha
IIAOCKOCTH.

Figure 4. Fractional Zeeman model at 6 = 5: a — change in muscle fiber; b — change
in electrochemical potential; ¢ — phase trajectory on the plane.

Ha puc. b npuBeaeHE! pacdeTsl OCIIUAAOIPAMM ¥ Pa30BBIX TPAEKTOPU IIPU ADYTHUX
HaYaAbHBIX 3HAYeHUSX Xo = 0.7,Yo = 0.3 (ocTarbHbIe 3HaUeHUST OPAAUCE 6€3 M3MEHEHUS
KaK Ha pHC. 4), KOTOPbIe YKa3BEIBAIOT HA YCTONIMBOCTE IIPEAEABHOTO IIUKAA. [locaepHee
YyKas3bIBaET Ha TO, YTO €CAM APOOHAsT AMHAMHUYECKasl CUCTEMA SIBASIETCS AbEHapOBCKOI,
TO CYINECTBYET YCTOWYMBBIM IIPEAECABHBIH IUKA. DTOT BBIBOA HYKAAETCS B CTPOTOM
060CHOBaHMY, TaK Kak KAacCUIecKui Kpurepuit BeraukcoHa [14] 3aech He MOXKET OBITH
IIPIMEHUM.
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Puc. 5. Apobras Mopeab 3uMana npu xo = 0.7,yp = 0.3: a — U3MeHeHUe MBIIIEYHOT'O
BOAOKHA; b — HM3MeHeHUWe 3AEKTPOXUMUYECKOI'O IIOTEHIMaAa; ¢ — da3oBas
TPAEKTOPHS Ha IIAOCKOCTH

Figure 5. Fractional Zeeman model at xp = 0.7,yo = 0.3: a — change in muscle fiber; b
— change in electrochemical potential; ¢ — phase trajectory on the plane.

SaKJ/II0oueHue

B cTraThe OBInA IIpepnOKeHA APOOHAsT MOAEAL 3MMaHa CEPAEYHBIX COKPAIIEHUH C
y4eTOM HACAEACTBEHHOCTH. DPPEKTH HACAEACTBEHHOCTH OBIAM YITEHBEI B MOAEABHBIX
VPaBHEHUSX C IIOMOIIBIO APOOHBIX IIPOoM3BOAHEBIX [epacumoBa-KamyTo. VccaepoBanue
TIPEANOSKEHHOR MOAEAM OBIAO IIPOBEAEHO C IIOMOIIBIO HEAOKAABHOM SIBHOYW KOHEYHO-
Pa3HOCTHOM CXEMEI IIEPBOTO IIOPSIAKA TOYHOCTU, KOTOpasi ObIAa peaan3oBaHa B CPEAE
PyCharm 2024.1 ma s3mIKe mporpamMupoBanus Python. KommnbioTepHas mporpaMma
IIO3BOASIET IIPOM3BOAUTEH PACYETHI OCIUAAOTPAMM ¥ (A30BBIX TPAEKTOPUHA IIpu
PA3AMYHBIX 3HAYEHUSIX [IAPAaMETPOB MOAEAH.

Pe3yabTaThl MOAEAWPOBaHUS IIOKa3aAM, YTO APOOHAs MOAEAL 3MMaHA MOXKET
0bAaAATh PEAAKCAIIMOHHBIMY KOAEDAHWSIMM, KOTOpPBEIE Ha (Ga30BOM IIAOCKOCTH
COOTBETCTBYIOT aTTPAKTOPY UAU IPEAEABHOMY IIMKAY. [IpEAEABHBIR ITMKAS SBASIETCS
YCTOMYMBELIM. AOIOAHUTEABHEIM ITapaMeTp BAUSET Ha YacTOTY Koaebauuil 1 He BAUSET
Ha popMy IPEAEABHOTO ITUKAA.
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AaAbHeﬁmee Pa3BUTHE Ap06HOfI MOAENAN SuMaHa — KadeCcTBEHHOE HNCCNAEAOBaAHUE

AVHAMUYECKUX PEXUMOB, IIOCTpoeHVe OMYPKAIMOHHBEIX AMarpaMM U KapT

AMHAMUYECKUX PESKUMOB 10 aHAAOrUH C paboroir [15].
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Nnentudpukanmmsa mapaMeTpoB MAaTeMaTUIeCKON X-MOdeJIn
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AnvoTtanusa. PapoH — UHepTHBIE paAWOaKTHBHEIM Tra3s, HNCCAEAOBAHUS BapHaluii KOTOPOTO B
COIIOCTABAEHUN C CEMCMUYHOCTBIO CINTAIOTCS EPCIEKTUBHEIMU AAS LieA€H Pa3spaboTKH METOAMK IIPOrHO3A
seMneTpsacenwit. Ha moayocTpoBe KamwaTra pasBepHyTa ceTh IYHKTOB HabAIOAEHWS, B KOTOPHEIX C
[IOMOIIBIO HAKOIUTEABHBIX KaMep € r[asopaspsipAHBIMU CUYEeTYMKaMKM BEAETCS MOHNTOPHMHI ObbeMHON
axTUBHOCTM papoHa (RVA). Amanus apammeix RVA B pamMKax papOHOBOTO MOHUTOPUHIA SBASETCS OAMMM
U3 METOAOB IIOMCKA IPEABECTHUKOB CEMCMUYECKHX COOBITHH. DTO CBS3aHO C TeM, GUTO M3MEHEHWS
HaIIps>XeHHO-AePOPMIPOBAHHOTIO COCTOSHUSA TeOCPEARl, Yepe3 KOTOPYIO IPOTeKaeT ras, BAUSIIOT Ha RVA.
VsMeHeHMe MHTEHCHBHOCTH IIepeHOCAa PajOHa BCAEGACTBME WM3MEHEHMS HallpPsIKeHHO-Ae(OPMUPOBAHHOIO
COCTOSIHUST I'eOCPeAbl OIMMCLIBAETCS C IIOMOIIBIO OIlepaTopa APOBHOTO AU dEepPeHITMPOBAHNSI IOCTOSIHHOIO
BeLIeCTBEHHOrO IOPsiAKa X, KOTOPHIM CBS3aH € IIPOHUIIAEMOCTBIO reocpeabl. MsBecrHo, uro Ha RVA B
HaKOIMUTEALHON eMKOCTH C AATUMKAMM BAWSET TaK>Ke KPaTHOCTBL Bo3pyxoobumeHa Ay, 3cdeKT KoToporo
HeOoOXOAMMO YyUMTHIBATh B M3yUeHMe IIpoliecca IIepeHoca PaAcHa. Lleabio MCCAeAOBAHNUS SIBASIETCS U3y IeHIE
HaKOIAEHUS PapoHA B KaMepe, KOTOPOe 3aKAIOUWAETCS B MASHTU(MUKAIINY 3HAUeHUH IIapaMeTpPoB Ag ¥ & C
[IOMOIIBIO PELIEeHNsI COOTBETCTBYIOIIE obpaTHO 3apauu. B pesyabrare mccaepoBaHmil 6BING IIOKa3aHo,
YTO AAS IPEAUTAPHOM -MOAEAM IepeHOca papoHa MeTopoM JeBeHbepra-MakrBapaTa ¢ IpUBAedYeHHEM
SKCIIEPMMEHTAABHEIX AQHHBIX RVA MO’XHO ONPEAEAUTh ONTHMaAbHBIE 3HAUEHUS €€ [IapaMeTPOB Ay U .
IToaygIeHHBIe MOAEABHEIE KPUBLIE XOPOIIO COTAACYIOTCS ¢ AQHHBIMU RVA, IOAYYeHHEIME B PaMKaX XOPOIIIO
M3BECTHOM KAACCUYECKOM MOAEAM IIePeHOCa PaAOHA B HAKOIMTEALHOM KaMepe.
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Identification of Parameters of the Mathematical «-Model of
Radon Transport in the Accumulation Chamber Based on Data
from the Karymshina Site in Kamchatka

D. A. Tverdyi*?, E. O. Makarov®, R. 1. Parovik!

! Institute of Cosmophysical Research and Radio Wave Propagation FEB RAS, 684034,
Paratunka village, Mirnaya str., 7, Russia
2 Kamchatka Branch of the Federal Research Center «Unified Geophysical Service of the
Russian Academy of Sciencesy, 683023, Petropavlovsk-Kamchatsky, Piipa Boulevard st., 9, Russia

Abstract. Radon is an inert radioactive gas, and studies of its variations in relation to seismicity are
considered promising for the development of earthquake prognosis methods. A network of observation points
has been deployed on the Kamchatka peninsula, where radon volumetric activity (RVA) is monitored using
accumulation chambers with gas-discharge counters. Analysis of RVA data within the framework of radon
monitoring is one of the methods of searching for precursors of seismic events. This is due to the fact that
changes in the stress-strain state of the geo-environment, through which the gas flows, affect the RVA. The
change in radon transport intensity due to changes in the stress-strain state of the geosphere is described
by a fractional differentiation operator of constant real order «, which is related to the permeability of the
geosphere. It is known that the RVA in the storage tank with sensors is also affected by the air exchange rate
Ao, the effect of which should be taken into account in the study of the radon transport process. The aim
of the research is to study the accumulation of radon in the chamber, which consists in the identification
of the values of the parameters Ap and « by solving the corresponding inverse problem. As a result of the
research it was shown that for the hereditary o-model of radon transport by the Levenberg-Mackwardt
method with the involvement of experimental data of RVA it is possible to determine the optimal values
of its parameters Ap and «. The obtained model curves agree well with the RVA data obtained within the
framework of the well-known classical model of radon transport in an accumulation chamber.

Key words: mathematical modeling, dynamic processes, radon volume activity, Kamchatka, earthquake
precursors, fractional derwatives Gerasimouv-Caputo, memory effect, nonlocality, nonlinear equations,
inverse problems, unconditional optvmazation, Levenberg-Marquardt algorithm, C, Gnuplot.
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BBenenue

/I3BECTHO, YTO B 3€MHOM KOPE IIOCTOSIHHO COAEP’KUTCS PAAMOAKTHUBHEIA 3AEMEHT
226Ra, B XOAE Pacmaaa KoToporo o6pasyercst 22?Rn (paAOH) — MHEPTHLIA PAAYOAKTUBHBIR
ras C IEepUOAOM TIoAypacmapa 3.85 CyTok. 2??Rn  SIBASIETCS MHEPTHBIM TI'a30M,
CIIOCOOHBIM 3a CYET OCHOBHBIX MEXaHM3MOB MaccomepeHoca AMMDY3UM ¥ KOHBEKIIAU
PaCIpOCTPAHSATLCS II0 TPAAMEHTY KOHIIEHTPAIIMU. 3a CYET €ro pPaAMOAKTUBHOCTH
BO3MOYKHA PEruCTPalysi ParOHA METPOAOTMYECKH IPOCTHIMY METOAAMM, B TOM UHCAE
HEIIPEPBIBHO ¥ aBTOMATU3UPOBAHO B PEXKKUMe MOHUTOPHHTA [1,2].

Ha oaToif ocHOBe Ha moAyocTpoBe KaMuyaTka pasBEpPHyTa CEThb IYHKTOB
HabOAIOAEHUS, TA€ C IIOMOIIBIO HAKOIUTEABHBIX KaMepP C ra30pa3psiAHBIMU CYETINKAMU
BEAETCS PAAOHOBBIM MOHUTOPHWHr [3|. PacmoaokeHWe IyHKTOB CeTH MOHUTOPUHTA
IIOAITOYBEHHBIX Ia30B Ha KaMuyaTKe NIPUYPOYEHO K PEYHBIM AOAWHAM, KOTOPLIE
CAEAYIOT BAOAB PA3AOMHBIX 30H. 30HBI AMHAMUYECKOT'O BAMSIHUS PA3AOMOB ODAAAAIOT
[IOBBIIIEHHOY IIPOHUIAEMOCTBIO, YTO CIIOCOOCTBYET BBIXOAY IIOATIOYBEHHBLIX I[A30B B
armocdepy [4]. asopaspsiaHbIE CUETYWKHU, KaK IIPABUAO, CaMble DPACIPOCTPAHEHHBIE
AETEKTOPHL Y/P-um3ayuenmsi. C MX DTOMOIIBIO BO3MOXKHA PEAAM3ANUS IIPOCTOrO
M HAAEXKHOrO crmocoba perucTpanmu 2??Rn IO WMBAYUEHHUIO €r0 KOPOTKOXKUBYIIUX
IIPOAYKTOB pacmaaa. KOAMYECTBO 3aperuCTPUPOBAHHBIX UMIIYABCOB [3-M3AYUEHHUS B
MUHYTY IPONOPIMOHAABHO 06beMHOM akTuBHOCTE papoHa (RVA), BRumcasiemoit 1mo
smmupurdeckoit dopmyae: A(t) = 9- M (Br/m®), rae M — 4mCAO 3apErUCTPUPOBAHHBIX
HIMIIYABCOB 3a MUHYTY [5].

Bameuanue 1. AHAAU3 AAHHBIX, IOAYYEHHBIX B XOAE HEIPEPHIBHOTO MOHUTOPKHTA
RVA, saBAsieTCsa OpAHMM K3 METOAOB IIOMCKA IIPEABECTHWKOB CEMCMUYECKUX COOBITHWIA.
OTO CBsSI3aHO C TeM, 4YTO Ha Bapmauuy RVA BAUSIOT HM3MEHEHWS HAIIPSKEHHO-
AePOPMUPOBAHHOI'O0 COCTOSIHUSI T'€OCPEABI, UYEPE3 KOTOPYIO IIPOTEKAET ra3. TakuM
obpa3oM, PapOH MOJKHO CUMTATh MHAWKATOPOM DEAKIWM TEeOCPEeABbl Ha BO3AeHCTBUE
TEKTOHMYECKUX HANPSKEHUH, BOBHUKAOMIUX IPY IOATOTOBKE 04Yara 3eMAETPsICEHU [6,
7]. PapoHOBBIH (9MaHAIMOHHEIN) METOA IIOMCKA IPEABECTHIKOB CECMUIECKUX COOBITUI
BO BCEM MUPe XOPOII0 Cebsi 3aPeKOMEHAOBAA 3@ IIOCAEAHUE FOAHI [8,9], 0COBEHHO C LIEABIO
BBITBAEHUST KPATKOCPOYHBIX IPEABECTHHKOB (A0 15 cyTok) [10,11].

Sameuanune 2. CTOMT OTMETHTH TO, YTO Bapwaummy RVA CBsS3aHBI C TaKUM
[I0Ka3aTeAEM, KaK IIAOTHOCTb HOTOKA papoHa (RFD) c moBepxHOCTH, T. K. HA OCHOBE
KPUBBEIX HAaKOIIAEHUS pajAOHA B HaKOIUTEABHOM KaMepe MOXHO omeHuTh RFD [12] ¢
IOBepPXHOCTH IIOA, He#t. [losToMy MmopeampoBaHme m3MeHeHUsT RVA B kKamepe mMeeT
IIPUKAAHOE 3HAUEeHNVE IIPY OPTraHU3aIluy IYHKTOB MOHNTOPHMHTA ITIOAIIOYBEHHOT'O PaAOHA
C IIeABIO PACIIMPEHUSI CeTM MOHUTOPHWHIA, T. K. Heobxopumo 3HATh BeamumHy RFD B
BBIODAHHOM TO4YKE, A€ OYAET yCTaHABAMBATHCS HAKOIIUTEABHASI KaMepa CO CIETIUKAMI.

ueAbIO HNCCACAOBAHUSA SABASACTCA M3YYCHUE HAKOINACHUSA DPapOHa B IIOA3CEMHEBIX
KaMepax C n30BITOYHBIM 06BbEMOM C IIOMOIIBI0O METOAOB MATEMATHUYIECKOI'O
MOAENANPOBAHUSA.
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Sameuanue 3. PaccMaTprBaeTCs KAACCHYIECKAs MaTeMATHIECKAS MOAEAD U3MEHEHN ST
RVA Bo Bpemenu A (t) B HAKOIUTEABHOM KaMepe Ha OCHOBE YPABHEHUSI C OOBIKHOBEHHOMR
mpomsBopHO# 1-ro mopsiaka (ODE-mopenr RVA), a Tak)Ke HOHSTHS M BEAWYUHEL,
CBSI3aHHBIE C 3TUM IIporeccoMm [12-14].

OmnepaTop 06BLIKHOBEHHOM TPOU3BOAHOM 1-T'0 IOPsIAKA O3HAYAET, YTO B KAACCUUECKOM
MOAEAM M3MEHEHUS HaNpPSKEeHHO-AePOPMUPOBAHHOTO COCTOSTHUS TE€OCPEABl HeE
VUUTBIBAIOTCS, a IPOIECC IIEPEHOCA PaAOHA PACCMATPUBAETCS B OAHOPOAHOM CPEAE.

Bameuanne 4. ODE-mopear RVA B mpocrefimem caydae IIpeAllOAaraeT
CTAIIMOHAPHEBIM PEXXUM HAKOIIAEHUWS B KaMepe, a 3HAYUT, MOAEAB AOAKHA VUUTHIBATH
KaK MUHUMYM Ay — IOCTOSIHHBIA KO3(MUIMEHT KPATHOCTH Bo3pyxoobmenHa (AER) B
HeH.

Yrobel  y4YecTb BAMSIHME HA IIOTOK  2*?Rn  W3MEHEHUN  HaIpSIKEHHO-
AePOPMUPOBAHHOTO COCTOSTHUSI T'€OCpPeAnl, BBoAUTCS 0606menme ODE-mopeam RVA
C IOMOIIBIO ammapaTta ApobHbIX mpomsBOAHBIX (FD) [15-17]. OcHoBaHWEM K TaKOMY
06061IIeHNIO TBASIETCS TO, UTO IIOA AEHCTBUEM TEKTOHWYECKUX HAIPSIKEHUHN IIPOUCXOAUT
M3MEHEeHNEe BEPTUKAABHOM CKOPOCTM Ta30BOTO IIOTOKa paAoHa [18], Bapmamuwm
HaIPSKEHHO-Ae(DOPMUPOBAHHOTO COCTOSIHUSI TEOCPEABI IIPMBOAST K U3MEHEHUSM
TAKUX €€ XapaKTEPUCTUK, KaK IOPUCTOCTD, IPOHUIIAEMOCTb U TPEIIMHOBATOCTD [19], a
IIPOIleCC IIepeHOca PasOHa IIPOMCXOAWT B TaKOM IpoHumIaeMoit reocpeae [20]. ITosTomy
B MCCAEAOBAHWM MCIOAB3YETCS 3PEAUTApPHAS X-MOAEAb RVA, I0O3BOASIOMIAS yYeCThb
W3MeHeHVe WHTEHCUBHOCTY IIePEHOCA PaAOHa B IIPOIECCE HAKOIAEHUS, pa3paboTaHHAsS
B XOA€ IMKAA MCCAeAOBamwmit [19,21,22].

Sameuanue 5. Obobiuenue A0 pepUTapHON x-MopeAr RVA 3aKAI0UaeTCs B 3aMeHe
OBBIKHOBEHHOM IIPOM3BOAHOM 1-r0 mopsiaka Ha FD KanyTo (I'epacumosa-KamyTo) [23,24]
noctosiHHOrO 0 < & < 1 mopsipAKa.

Anst arpobrpoBaHUST MOAEAM ONTMMAABHO Ha IIEPBOM 3Talle UCIOAB30BAThH AAHHBIE
o HakomneHmm RVA B Kamepe B YCAOBUSX, KOTAQ OTCYTCTBYIOT BO3AEUCTBYIOIIUE
9K30reHHBIE (PAaKTOPBl (M3MEHEHWsSI aTMOCHEpPHOrO AABAEHWS, CHUABHBIL BeTep,
yBAQJKHEHUE IIOYBBI BCAEACTBUE AOKAEH HMAUM TasHUS CHEXXHOTO IIOKPOBa). Kak
73BeCTHO u3 paboTsl [12], MakCuMaAbHBIE AHOMAABHBIE OTKAVKYA B AQHHBIX PaAOHOBBIX
HabAIOAEHWIE Ha METEeOBO3AEWCTBUME CBS3aHBI C PE3KUM IAAEHWEM aTMOCKhepHOTO
AABAEHUSI B MOMEHT IIPUXOAA IIMKAOHA.

3ameuanne 6. VICIOAB30BaHME AAHHBIX, KOIAQ KpHUBAasi HAKOIAEHHUS 222Rn
YeTKO BHU3YaAbHO IIPOCMATPUBAETCSI ¥ HE 3allyMAEHA, IO3BOAUT CTPOUTD
MOAEABHEIE KPUBHIE, MAaKCHMaAbHO OAm3Kme 1m0 OpMe K DPEAaAbHBIM AAHHBIM I C
MaKCUMAaABHOM Koppeasiiuelr. [To3ToMy AAsT pabOThI OTOMPAAMCH AQHHBIE B TIEPUOAHI,
KOTAA OTCYTCTBYIOT DE3KHME HU3MEHEHHsT aTMOCKhEPHOTO AABAEGHHUS, CBSI3aHHBIE C
IIUKAOHIYECKO! aKTUBHOCTBIO.

Sameuanne 7. Hayumas HOBU3HA AQHHOI'O WCCAEAOBAHUS 3aKAKOYUAETCSI B
IIPUMEHEHNY METOAOB pelleHuss OOpaTHBIX 3apad [25, 26] IO HOBBIM H3BECTHBIM
3KCIIEPMMEHTAABHBIM AQHHBIM RVA HaKONIMTEABHOI'O XapakTepa C IIeABI0 BOCCTAHOBUTH
3HAYEHMSI IIOCTOSHHBIX IAPAMETPOB Ag X X B IpPeAUTaApPHON x-Mopeam RVA.
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ObpaTHble 3apa9¥ — AOBOABHO MOAOAOM pa3AeA MaTeMATUKM, HAYaBUINY aKTUBHOE
pazButue TOABKO B XIX-XX Bexax B CBA3M C OYPHBIM Pa3BUTHEM MATEMATUIECKOTO
MOAEAVPOBAHMS ¥ BO3MOKHOCTEH BBIUMCAUTEABHON TeXHWKHU. [loCAeAHWME OTKPBIBAIOT
Iepen MUCCAEAOBATEASIMU HOBBIE, paHee He AOCTYIIHBIE, BO3MOXHOCTE AA Oonee
rAyOOKOr0 IIOHMMAHMS SIBAGHUN NIPHPOABI. Hampumep, ecam B3TASHYyTH Ha HeOO,
TIPEACTABASIETCSI MHOXXECTBO OOBLEKTOB AAST MCCAEAOBAHUN B 00AACTH aCTPOHOMUU
n acTpodU3MKH, TAe IpMMeHMMEI obpaTHble 3apaur. OT METOAOB BOCCTAHOBAEHUS
n300pakeHut yAANEHHBIX OOBEKTOB HA OCHOBE AAHHBIX DPAaAUOACTPOHOMUU AO
COAHEYHOH ceficMoAOTMM [27], TO3BOASIONmEN HMOAYYUTH MHMOPMALMIO O BHYTPEHHEM
ycrpoiictBe COAHIIAa Ha OCHOBE HAOAIOAAEMBIX CBOMCTB COAHEUHBIX KOAebamumit. Vpes
IIOCAEAHETO He HOBA, TaK KaK TaKON IIOAXOA HaCTO BO3HUKAET 3AeCh, Ha 3eMAe, IPHU
pabore ¢ reonrormueckuMu AAHHBIME [28]. OCOBEHHO OCTPO 3TOT BOIPOC CTOUT AAS
reodusuKy U ceficMoaoruu [29],Tak KaK 3AeCh TOKe HEBO3MOJKHO IIPOBECTH IIPSIMBIE
M3MEPEHNUST U3y9aeMoro obbeKTa.

CraTbsi UMEET CAEAYIOIIYIO CTPYKTYPY: pa3aen 1 mpeacTaBasieT coboi BBEAEHHUE,
ONIMCBLIBASL: 0OAACTD, OOBEKT, IIEAD U METOALL UCCAEAOBAHUS; B Pa3AEAE 2 IPEACTABAECHBI
IKCIEPUMEHTAABHBIE AAHHBIE IT0 HAKOUAEeHUI0O RVA, HEKOTOpHIE CBEAEHUS O IYHKTAX
HAOAIOAEHUS TAE AQHHBIE OBIAYM ITOAYYEHBI M IPEAIOCHIAKK K KMCIIOAB30BAHUIO MMEHHO
AAHHBIX I[I0 HAKOIIAEHWIO; B pa3jAene 3 MPUBOASITCS KAACCHYECKAS MaTeMaTudecKas
Mopeab RVA, a TakiKe IOHATHS ¥ BEAUYWHEI CBI3aHHBIE C 3TUM IIPOIIECCOM; B Pa3AEAE
4 onmMCBIBAETCS dpepUTapHast x-Mopaeab RVA kak 0600meHue KAACCUYECKON MOAEAH,
dopMyAUPYeTCsT HIpsAMas 3ajada M METOA €€ PEeIIeHWS, IIPOBOAUTCS BepHUUKAIIUS
MOAEAY Ha PA3AMYHBIX YKCIEPUMEHTAABHBIX AQHHBIX RVA; B pasaene b dopMyaupyeTcs
obpaTHas 33jrada II0 BOCCTAHOBAEHWIO 3HAYEHWM HECKOABKWX IIapaMeTpPOB Ay ¥ «,
OIMCBIBAETCSI METOA €€ peIIeHWs; B paspene 6 IPUBOASATCS PE3YABTATHL PEIIEHUS
06paTHBIX 33739 AASI A9 X X Ha OCHOBE Pa3AWYHBIX 9KCIIEPUMEHTAABHBIX AAHHBIX RVA;
B paspene 7 IOABOASTCS MUTOTH MCCAEAOBAHUS U YKa3bIBAETCS AAAbHENIIEe BO3MOKHOE
HaIpaBAEHVE UX PA3BUTUS.

dKcnepuMeHTaJIbHbIe JaHHbie RVA

B pabore 6BIAM HCIOAB30BaHBI IKCIEPUMEHTAAbBHBIE AAHHBIE, IIOAYYEHHBIE Ha
nyakTe KRMR B pa3mble nepuoab! BpeMenu B Teuenuu 2020 ropa.

I[Iyakr KRMR opramm3oBan Ha 6a3e IIyHKTA KOMIIAEKCHBIX TI'eO(DU3UIECKUX
HabaropeHUE «KapeiMmmuay Kamuarckoro duamanra «EawmuOl reodpmsmaeckoin
cayx6er PAH» u opHOMMEHHOM ceificMocTanumu (moiMa peku KaphIMIMWHA, IPUTOKA
peku Ilaparynka).

Peructparuss RVA ¢ wacToToit 6 IUKA./4aC BBIIOAHSIETCS B BO3AYXE CYXOH
CKB)KUHBI TAYOMHOM 3 M C IOMOIIBIO CKBaXMHHOrO paamomerpa BMC2 (ALGADE
Barisol, ®paunus). Ha Bcio raybuHy CKBa’kmHa obcarkeHa TpybOil M3 HeprKaBeloIlei
CTaAl C epdopanueir o BCel AAMHE.

Hap ckBa>kmHO¥ OPraHW30BaHHO YKPBITHE ¥ YCTAHOBAEHBI COAHEYHBIE IIAQHEAU AAS
obecrevenust nuTaHUs papuoMeTpa (puc. 1).
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Puc. 1. Cxema pasmemenus patunka CBEM-19 u papmomerpa BMC2 ans HabaioaeHUA
3a Bapuanuamu OAP ma nyrkte KRMR

[Figure 1. Scheme of placement of the SBM-19 sensor and BMC2 radiometer for

observations of OAR variations at the KRMR station)]

Kpowme 3TOro B CKBa’kuHY IOMEIIEH ra3opa3psapubii cuerynk CBM-19, ¢ xoToporo
BEAETCSI PETUCTPALXSI KOHIIEHTPAIMY TTOATIOYBEHHOIO PaAOHA C HaCTOTOR 2 ITMKA./dac
c nmomompio papmomerpa PEBAP [12]. OronoBOK CKBa)KMHBI 3aKPBLIT ILAOTHOMR
HAOMBKOM ANST YMEHBIIEHNUS KOHBEKTUBHOM COCTaBASIOMEY ABUKEHUST BO3AYXa B CTBOAE
ckBaXuHEL. C moMompio IpeobpasoBareass mHTepdeiicoB MOXA (RS232-Ethernet)
papmomerp BMC2, umeromnui BEIXOAHOM pa3beM AAS CBSI3U CTaHAAPTa RS232 coepmHeH
¢ cerpro Ethernet Kamuarckoro uarmanra «EamHOM reodpusmdeckoit cayx6u1 PAH».

C HEKOTOPBIMU AQIYINEHUSIMU BHYTPeHHUZ 0b6beM 006CapHOH TPYyOBI IPEACTaBASIET
coboil HAKOIUTEABHYIO KaMepy, a OTBepcTus nepdopanuu o06eCneuuBalOT IIOTOK M
HaKOIIAEHNE PaAOHA B Heil. V36BITouHbI 06beM Kamephl cocraBaseT ~0.02 [m].

Ha pwuc.2-7 mpuBepensr panublie RVA 3a pazawmynble mepuoabl 2020 T
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Puc. 2. OrcnepumenTaAbHEIE paHHEBIE RVA ¢ nyakTa Habaroperuss KRMR noaydennbie
B mepumoa: 24 asrycra 2020 r. (13:40) — 27 aBrycra 2020 r. (03:30)

[Figure 2. Experimental RVA data from observation point KRMR obtained in the

period: August 24, 2020 (13:40) — August 27, 2020 (03:30) |
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Puc. 3. OrcnepumenTaAbHBIE pAaHEBIE RVA ¢ nmyakTa Habaroperuss KRMR noaydensbie

B mepmoa: 27 asrycra 2020 r. (15:40) — 29 aBrycra 2020 r. (17:30)

[Figure 3. Experimental RVA data from observation point KRMR obtained in the
period: August 27, 2020 (15:40) — August 29, 2020 (17:30) ]
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Puc. 4. OrcnepuMmeHTaAbHEIE pAaHHEBIE RVA ¢ nyrkTa Habaroperuss KRMR noaydensble

B mepuoa: 4 certssopst 2020 r. (00:00) — 6 cerTsibpst 2020 r. (23:50)

[Figure 4. Experimental RVA data from observation point KRMR obtained in the
period: September 4, 2020 (00:00) — September 6, 2020 (23:50) |
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Puc. 5. OrcnepumenTanbHBIE pAaHEBIE RVA ¢ myrkTa Habaroperuss KRMR noaydennbie

B mepuoa: 25 cenTsibpst 2020 r. (23:50) — 28 centsibps 2020 r. (23:40)

[Figure 5. Experimental RVA data from observation point KRMR obtained in the
period: September 4, 2020 (23:50) — September 6, 2020 (23:40)]
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B mepmoa: 7 okTst6pst 2020 r. (9:40) — 10 oxTsibpst 2020 r. (3:30)

[Figure 6. Experimental RVA data from observation point KRMR obtained in the

period: Oktober 7, 2020 (9:40) — Oktober 10, 2020 (3:30) ]
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Puc. 7. OrcnepumerHTaAbHBIE pAaHEBIE RVA ¢ nyakTa Habaroperuss KRMR noaydensbie
B mepuoa: 6 Host6ps 2020 r. (21:30) — 8 HOs16ps 2020 r. (15:20)

[Figure 7. Experimental RVA data from observation point KRMR obtained in the

period: November 6, 2020 (21:30) — November 8, 2020 (15:20) |

Kiaccuyeckas mareMarmdeckas MO/J€eJIb HaKOIIJIEHUA PpaJdOHa

Ansi onmmcaHMsT MeXaHM3Ma IIEpeHOoCa pPapOHA B I'EONOTHMUYECKUX CPepaXx B PaMKax
9MaHAIMOHHOr0 MeToAa [31] paspaboranbl MHOrME MAaTEMAaTHYECKUE MOAEAHU IIPOIIECCA:
usuko—xuMuYeckasi [32], ruppoTepManbHOR cucTeMbI [33|, MOAeAB «reoraszas B
IPYHTE C IOAHBIM BAAroHacwimeHueM [34,35]. Ho B pAaHHOM mCCAEAOBAHUU WHTEPEC
NIPEACTABASIIOT MEXAHWYECKHE IIPEACTABACHUS M MOAEAM, HAa HUX OCHOBAHHEIE.
Mexanuuyeckme IIPEACTAaBAEHUSI — 3TO BBIAGAEHME P3aAOHA U3 KPUCTANAMIECKUX
PEIeTOK II0A AEHCTBUEM YABTPa3BYKOBBIX Koaebamwmit [36], aecopbuum papoHa IIOA
BO3AEUCTBMEM YIPYyrux Koaebammit [37]|, yBeawdueHWe KO3(bGDUIVEHTA 3MAHVNPOBAHUS
pPapOHA BCAEACTBHE AedopManuii TOpHBIX mopoa [13]|, mopmemmmBamwe papOHA B
IOA3EMHEIE BOABI B AKTHUBHBIX 30HAX [38] a Tak>Ke U3MEHEHNE CKOPOCTH TI'a30BOTO
IIOTOKAa papOHA BCAEACTBUE M3MEHEHUS IIOPUCTOCTY ¥ TPEITMHOBATOCTH IIOA AEMCTBUEM
TEeKTOHWYECKUX HanpsikeHuit [18]. [TocaepHee mpeacTaBAsieT HaUOOABIIN UHTEPEC, TaK
KaK MOJXKET IIOMOYb C BBEAEHWEM B MOAEADb IIapaMeTPOB, OTBEYAIOIIVX 3a M3MEHEHUE
WHTEHCUBHOCTH IIPOIIECCa IIePeHOCa PaAOHa.
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B wumccaepoBamvu 6yaeM OTTAAKUBATBCS OT XOPOIIO M3YyYEHHOM MAaTeMaTHIECKOMN
MOAEAM HakomAeHusi RVA B HakonwTeAbHON Kamepe [12-14]|, T.K. OHa AOCTATOYHO
HEIIAOXO OIIMCLIBAET HAKONUTEAbHBIE peXuMbl RVA. Moapeab B 0OCHOBE CBOEH
IIPEACTABASIET AMHeHHOe 06BIKHOBeHHOE AnddepernmarbHoe ypaBHeHre (ODE) Bupa:

dA(t)
dt

= S(t) — (A(t) = AR™) A(t) — (A(t) — ARL™) Arny (1)
TAE,

e A(t) € C'[0, T] — Bpemennas 3asucumocTs RVA B xamepe, [Bx/m];

e C'[0, T] - xracc HempepHIBHO-ANDDEPEHINPYEMbIX (PYHKIMH;

e AS™ — RVA B Hapy>xHOM Bo3ayxe, [Bxr/M3).

e t € [0, T] — Tekymee Bpems cumyasimuu RVA, [c].

e T> 0 — obmiee BpeMsi CUMYASIINY, [c].

e S(t) — HeROTOpasi MYHKIMS, KOTOPASI ONMMUCHIBAET CKOPOCTh IIOCTYIIAEHUS] PAAOHA,
T.e. CyMMapHO€ yAEABHOE IIOCTYIIACHUE Ha eAMHUIY 06béMa KaMmepsl, [Bx /m3c].

e A, (t) — dyHKIIUS, ONUCHIBAOIIAS 3aBUCUMOCTD KPATHOCTH Bo3ayxoobmena (AER)
B KaMepe OT BpeMeH:, [¢].

® Apn = 2.1-107° — mocTostrHas pacmapa papoHa, [c'].

CoraacHo paboram [12, 14], Mopendb (1) MOKHO CYIIECTBEHHO YIPOCTUTb B DSIAE
caygaeB. Hampumep, uneHoM npum Ag, ypaBHeHus (1) MOXXHO mpeHebpedb, T. K. AAXKe
IIOAHOCTBIO 3aKPBITOE IIOMEINEHNe C AAaTIuKaMu uMeeT A, (t) > 0.05 [g] (T.e. ~ 1.3889 -
107 [c]), 9TO KaK MUHEMYM HOPSIAOK GOABIIE I€M Ag,, & 3HAINT, BAUSHAE Ha PACYETHI
II0 AAQHHOM MopeAm 3-r0 4neHa (1) HeBEAUKO.

V3BecTHO, YTO 3a I[EPEHOC paAOHA B BEPTUKAABHOM HANpPABAEHUM MOTYT
OTBEYATH TEMAOKUAKOCTHASI KOHBEKIINS, TYPOyAEHTHBIE 3(PMEKTHI IPA U3IMEHEHUU
METEeOPOAOTIUECKUX (PAKTOPOB, 3¢pdy3us 3a CUeT rpaAueHTa AABACHUS B 36 MHOM KOPE,
A dY3UsT 38 CUET rPAAMEHTa KOHIIEHTPAIMY PaAOHa X Ap. [39).

Onpenenenne 1. MOAEAUPYEMEBI IIPOIIECC HAKOMAEHUS PAAOHA HA3BIBAETCS
CcTarroHapHBIM, Korpa RFD ¢ moBepxXHOCTH IOA HaKONMMTEABHON KaMepPOH IIOCTOSHHA, a
TaK>Ke KOrAa HeT pe3kux m3MeHeHmit AER, a 3maumr, A, (t) = Ay u S(t) = S sIBASIIOTCS
IIOCTOSHHBIMK BeAmumHaMmu. Torpa RVA 6yaeT mMeTh HAKONUTEABHBI XapaKTep C
BBIXOAOM Ha HachIMeEHuE: Ana = S/Ag, [Br/M?] [12]. OTKyaa moAyyuaeMm, 9TO BEAMUMHA
S = Anao-

Y4uUTHIBASI BEIIEN3A0KEHHOE, MOAEAD (1) MoxHO ypocTuTs A0 ODE, 3aaaua Komnu
AAST KOTOPOT'O IIPUMET BUA,;

dA(t)
dt

rae, Ao — U3BeCTHAsI KOHCTaHTa, 3HaUYeHne RVA B momeHT BpeMenu t = 0.

= —AoA(t) + AnaxMo, A(0) = Ay,
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Sameuanue 8. Aanee, npu paboTe C IKCIEPUMEHTAABHBIMEI AAHHBIMU, HEOOXOAUMO
byaeT caenaThb AAS BPEMEHHBIX PIAOB RVA HOPMEPOBKY Ha MaKCHUMYM, IIEPEXOAS TAKUM
obpasom anst obo3HaueHUst A(t) K «OTHOCUTEABHBIM EAVHUIAMS [OTH.€A.].

Torpaa, oueBUAHO Ao = 1, a 3HauUT ODE-MOAEAD TPUMET BUA:

dA(t)
dt

= —NA(t) +ho,  A(0) = Ay, (2)

Bameuanue 9. Aanee, CTAWOHAPHYI0 MOAE€Ab RVA (2) anst kpaTkocTz 6yaem
HaswiBaTh ODE-Mopenbio RVA.

Anst 3apaum Komu (2) MOYKHO IIOAYYUTD aHAAUTHYECKOE DEILIEHUE:
A(t) =1— eix()t (1 - AO) ) A(O) = AO) (3)

IPUYEM W3 PEIIeHNS MOAEAWM mpum t — oo BuAHO, uto RVA A(t) — 1, T e
A (t) = 1 — ropu3oHTaAbHAS ACUMIITOTHKA, KOTOPAsi ONPEAEASIET YPOBEHDb HACHIIEHUS
RVA.

dpeauTapHad X-MOJEJb HAKOILJIEHUS PaI0HA

B mopeabHBIX ypaBHeHZsX (1) u (2) OOBIKHOBEHHAsSI IIPOM3BOAHASL 1-I'O IOPSIAKA
He II03BOASIET YUeCTb WU3MEHEHWe WHTEHCUBHOCTHM IIEpEeHOCA pPaAOHA B IIPOIEcce
HAKOIIAEHUS, T. €. HE IIO3BOASET y4UeCThb BAUSHVE Ha RVA m3MeHEHWN HaANIpPSKEHHO-
AePOPMUPOBAHHOTO COCTOSTHUSI T€OCPEABI. YTO CMABHO orpaHmumBaeT rubrocts ODE-
mopean RVA.

ITosTromy aBTOpamum B paborax [19, 21| mpeanaraercst MoOAMMUKALZS MOAEAR
(2), cocrosmias B 3aMeHe OOBIKHOBEHHOW IIPOM3BOAHOM 1-ro IOpsiAKa Ha APOGHYIO
mpomsBopuyo (FD) [15-17] DOCTOSIHHOrO WAM [EPEMEHHOTO  BEINECTBEHHOI'O
nopsinka. OCHOBaHMEM K TaKOMYy OOOOIIEHWIO SBASIETCS TO, UTO IIPOIECC IIepeHoca
PaAOHA IIPOMCXOAWT B IIPOHUIIAeMOM reocpepe [20], a Tak)Xe YIOMSHYTHIM paHee
IIPEACTABAEHUSIM 00 W3MEHEHMH CKOPOCTM T[a30BOro mmoToka [18] u wusmeHeHwWZ
MHTEHCUBHOCTH dMaHarmu [13].

Bameuanue 10. IlonaraeTcs, 9YTO HOPHCTOCTH CPEABI ODOYCAOBAEHA HAAUIUEM
W30AVPOBAHHBIX IIOP, & IPOHUIAEMOCTH CPEABI IIOHUMAETCSI KaK HaAW4YMe KaHaAOB,
IIPOBOASIINX I'a3 MeXXAY ITopaMu. [IopuCTOCTb Cpepnbl MOKET IIPUBOAUTD K 3aMEAAEHUIO
IIpoIlecca IlepeHoca rasa, T. €. cybauddys3um, a IPOHUIIAEMOCTL CPeABI, HaobopoT,
IPUBOAUT K YCKOPEHWIO, T. €. cymepauddysum [31]. Takme IpoIecchl OTHOCATCS K
SIBAEHUSIM aHOMaAbHOU Auddy3uu [40].

Sameuanne 11. AHOManbHYIO AUPOY3UIO MOXHO CBS3aTh CO CBOWCTBOM
CUCTEMBI MAM CPEABbl IIOMHUTb HEKOTOPOE BpeMsI OKa3aHHOe Ha Hee BO3AEHCTBUE —
3peAUTAPHOCTBIO (3pderToM mamsaru) [41].

CobcTBenmno, AT onmcaHus 3PdeKTa IaMsaTH B MaTeMaTwdecKoi mopeauw RVA um
BBOAATCE FD Kanyro (I'epacumoBa-KamyTo) [23,24] IOCTOSTHHOTO IOPSIAKA!
1 YdA(o) 1

WA =1 L at (t— o)

do, O<a<l, (4)
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rae, I'(-) — u3BecTHAST raMMa-PYHKIUS Diaepa:

o0
I'(x) = J e 'y 'dy, x € C:Re(x) >0,
0

Bameuanune 12. CaepyeT OTMETHTH, YTO CYIIECTBYIOT M ADPYTHE OIIPEAEAEHUS
IIPOM3BOAHOM APOOHOrO mopsiaka. VX MOXXHO HaWTW, HaIpUMeEpP, B HAYYHBIX TPYAAX
[42,43].

Llura paboT aBTopoB [19, 21, 22] mOCBSAIIEH MCCAEAOBAHUIO BOIPOCOB, CBSI3aHHBIX
C MaTeMaTWYeCKUM MoAeampoBaHueM RVA, rae mpeamoaaraeTcsi, 4TO IapaMeTp &
OIIMCHIBAET (DPAKTAABHOCTH [44] reoCpPeABl U CBSI3aH C TAKUMU €€ XapaKTePUCTUKAMIU,
KaK IIOPUCTOCTb, IIPOHUIIAEMOCTb M TPEIIWHOBATOCTH. DPEAUTAPHAS X-MOAeAb RVA
IIPEACTABASIETCST CAEAYIONIeH 3apaueir Komru:

0t AL0) = —AoA(t) + Ao,  A(0) = Ao, ()
TAe, oTAr4He OT (1) Ba’KHO OTMETHTD!
o A(t) € C%[0, T] — GyHKIMS pelIeHus], 3aBUCUMOCTb RVA OT BpeMeHU B KaMepe;
e X — KOHCTAHTA, IOPSIAOK APOOHOIM IIpOU3BOAHOM (4);
e C?[0,T] = A — KAACC ABaXXABI HEPEPLIBHO-AMPPEPEHIUPYEMEIX (DYHKITHL.

Onpenenenne 2. [Tapamerp «, coraacHo [19], AaeT BO3MOXKHOCTH HaM
CMOAEAVPOBATh M3MEHEHWS IIPOHUIIAEMOCTH TI'€OCPEABI, IPUBOASAINEN K M3MEHEHUIO
VHTEHCUBHOCTY IIpOIlecca IiepeHoca papoHa. [Ipeamoanaraercss, 4uTo nocrosHHas 0 <
x < 1 B OTHOCUTEABHBIX EAWHWIIAX OIMCHLIBAET CPEAHEE II0 HEKOTOPOMY OOBEMY
(v BO BpeMeHH) 3HAYEHWE IPOHUIIAEMOCTH [EOCPEABI IIOA HAKONUTEABHON KaMEpPOi
peructpupyiomeir RVA. Ilpuguém, ecam o« — 0, 3TO XapaKTepu3yeT AOBOABHO CUABHO
IPOHUIAEMYIO AASI PaAOHA CPEAY, & €CAM & — 1, ITO XapaKTEPU3YET HEKYIO
«CPEAHECTATUCTUIECKYIOY IIO IIPOHUIIAEMOCTU CPEAY.

Bameuanne 13. OpeauTapHast x-MopeAb RVA (5) Tak>Ke sIBASIETCS CTAIMOHAPHOIH,
COT'AQCHO OIpPEeAEAEHUIO 1.

Anst 3apaum (5) BOCIIOAB3yeMCsT paHee Da3pabOTaHHON HEAOKAABHON HESBHOU
KOHeYHO-pa3HocTHOU cxemoit (IFDS) [45], 3aaaHHOM B paBHOMEPHOM CETOYHOM 06AaCTH:

h=T/N, Q={t=1ih):0<i<N}, AcQ,

(6)
A(t):Ai, 0<Ai <.
Omnpenenenue 3. Toraa pa3sHOCTHAsS IpsSMas 3apada:
05 A .
Ai:1——>;7, Ay — const, 1<i<N,
i (7)

)=

— h—«
0 A= — i+ 1) ) (AL — A ).
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IIpeACTaBAsIET CcoO0M 33pady Komm, COCTOSAIIYX0 B IIOUCKE AMCKPETHOM (DyHKIIMM Aj,
IPUHAAAEIKAINER U3BECTHOMY KAACCY Ae (Al, IIpU M3BECTHOM IIOCTOSTHHOM oK.

IFDS cxema (7) u eé 0606mieHHbIE aHAAOTY OBIAY aPOOUPOBAHLL B PSIAE TECTOBBIX
7 TIPUKAAAHBIX 3apa4d [45, 46]. Aanee (7) pemaeTcs MOAUDUIMPOBAHHBIM METOAOM
Heioroma (MNM), mpwuém TOraa pasHOCTHAS NpsiMasi 3apada Ha ocHoBe IFDS
6e3yCAOBHO yCTONYIUBA.

Bameuanne 14. DpepmTapHas o-Mopeab RVA (5) pemaemas mo cxeme (7) mpum
smavenuu « = 1 mepesiaer B ODE-mopenr RVA (3), 3TO IPOAEMOHCTPEPOBAHO B
paborax [22,46], 9TO TOBOPUT O TOM, 4TO 06061IeHNE (5) KOPPEKTHO.

OOpaTHag 3agava Ha MapaMeTpPhl A U & JJId SPEeaUTaAPHOI
a-monean RVA

Panee aBropamu [19,21,22] mapamMeTpsl MOAEAEH Ay X  OBIAY HEM3BECTHBI U IIOTOMY
HOABUPAAUCH BPYYHYIO 10 MakCuMyMy R? — xoaddunmenTta aerepMmunanum [47] u o
— K03 dunmenTa xoppeasuuu [48] ¢ srcmepmMeHTaABHBIME AaHHBIME RVA. Takoit
TIOAXOA, SIBASIETCS TPYAOEMKUM, YTO HeM3DEeXXHO IPUBOAUT HaC K HMAEIM PABAUIHBIX
crtocob0B aBTOMATH3AUUK [I0ADOPA OIITMMAABHBIX IIaPaMETPOB.

IIycts A; € A (r coorBercTBeHHO A(t) € A) — dyHKIus 3aBucuT oT Habopa
IIapaMeTpPOB = [Xoy...,Xx_1], Tae K = 2, a Xo = «, X1 = Ao. IlycTs B obaracTu
Q= [0, N] 3HaueHNS AMCKPETHON (DYHKIINK PEIleHnsT A; € A HEM3BECTHBI, HO I/IBBeCTHa
AOIIOAHUTEABHAST WH(OPMAIASA — 3KCIepUMeHTaAbHBIE paHHBIE RVA A; = 0; = 9 0
peleHny Pa3HOCTHON npsiMoit 3apaum Komwu (7) anst speauTapHOil o-Mopean RVA.

Onpenenenue 4. Toraa pasHoCTHAsE obpaTHas 33aa4a AAs (7) — 9TO BOCCTAHOBAEHUE

3HAYEHUN = [Xo, X1] 10 M3BECTHHIM SKCIEPUMEHTAABHLIM AAHHBIM RVA mMeeT BHA:
% A
Ai:1——o;<’h—, Aizei, 1§1<N,
1
“Xo R o 1-Xo _ s1-X ®)
0,% A; = i+ 1 0 o) (A A
0,ih r(z_XO)Z((J+ ) ) )( j j 1)

Anst pemenus (8) obpaTuMcs K Teopuu 6e3yCcAoBHOM onTuMusanuu [49]. Aast sToro
HEOOXOAMMO MUHMMHU3UPOBATE (PYHKIIMOHAA HEBSI3KM:

EEEEEEE (TCI) R WS WUETUNINC

TAe, T — BEKTOD HEeBSI3KE pasmepHocT N > K, a BeKTOp w(?) = [wo, ..., WN] — BEKTOD
MOAEABHBIX AQHHBIX, T. €. PEIIEHWE PAa3HOCTHOM IpsiMoil 33pau# (7) OTHOCHTEABHO
HEKOTOPOTO IPUbAMKeHNST X, IOAYYIAEeMOI'O B XOAE PeIIeHusT 0OpaTHON 3aAa4H.

PasHocTHast obpaTHas 3apada pEIIaeTcs METOAOM Oe3yCAOBHOM ONTHMU3AIIMHI
HBIOTOHOBCKOTO THHa [50], 2 MMeHHO UTePAIMOHHLIM METOAOM J\eBeHbepra-MapkBapaTa
[51,52], IpeACTAaBEMOIO B BUAE:

AX=(-H") x (J"x7), H=7" xJ+vE, (10)
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TAE,
e AX — ONITHMAABHOE IIPUPAIIEHUE ? AAST CAEAYIOIIEN MTepaluy;
e b - epvHMYHAA MaTpuna pasMepHoOcTE K X K;
e =] <?) — maTpuria Jdxobu pasmeprocTz N X K ¢ 3neMeHTaMU BBIYUCASIEMBIMHI

no dopumyae: Jiy = S’QL,i =0.N—1,k=0.K—1;

ﬂf*m
OXy

e IIPOM3BOAHAS g%: AIIIIPOKCUMUPYETCST Pa3HOCTHBIM OIIEPAaTOPOM Jix =

O0X — 3apaHHOE MaAOe IIPUpPAIIeHHE ?;

, TAe

e Y — mapaMeTp peryaspmi3anuu Meropa. Hcam vy € R, a Takyxe Mmarpuia [ecce
H moaoXuTeAbHO OIIpeaeneHa, TO Torpaa AX SIBASIETCS HaIIPaBAEHUEM CIIYCKa AAS
OIITMMAABHOTO IIIara METOAR;

, T
e Craprosoe sxauenue: y” = v-max <d1ag (] (X %] (X“”))), TA€ V — 3aAaHHAS
1
CTapTOBast KOHCTAHTA.

Bameuanue 15. Pemnenue obparHoit 3apaun (8) meropom JNesBenbepra-MaprsapaTa
(10), aanee (IP-LB), cBoAMTCS K TOMY, YTOOBI B XOA€ IIMKAQ, HAUWHAS C 33AAHHBIX
mocrosaEbix X, 86X, vV a Take C — KOHCTAHTHI AAS I€PECUéTa Yy, MHOTOKPATHO
BBIYUCASIST peIIeHWe PA3HOCTHOM mnpsMo#t 3apauu (7) Hpu NPUOAWIKEHUSX ,
TIOAYYaeMbIX B XOA€ PEIneHVst o6paTHOM 3aAayuM, BEIYUCAUTHL ONTUMAABHBLIE 3HAUEHUS

Sameuanue 16. KpurepreM IOAyYEHUS ONTUMAABHOT'O 3HAYEHUS ABASIETCSI € < X,
1 v N-171.4712
rae L — 3apaHHast TOYHOCTD pemenus IP-LB, ¢ = § Yo [ni } — CpepHEKBappaTUIHAS

omwubka (MSE) Me>XXAY 9KCIepUMEHTAAbHBIME U MOAEABHBIME AAHHBIME RVA.

Pe3y.HI)TaTbI MOaeJIMpoBaHuA

Aanee O6yAyT NpeACTaBAEHBI pPe3yAbTATHI pemeHus [P-LB 1o BoCCTaHOBAEHUIO
OIITMMAABHBIX 3HAYEHUH Xg = «, X7 = Ao CTAIIlMOHAPHON PEAMTAPHON -MopeAm RVA
(5) 10 W3BECTHBIM IKCIIEPUMEHTANBHEIM AAHHBIM RVA.

AATODUTMBI, peaAU3YIOIIWE DPEIIEeHUS IPSAMBIX 33pad o MopaeasiM (2) u (5),
AEKAINMX B OCHOBe aaropurMma IP-LB, mpom3BOAAT BBIYMCAEHHS B BEAWYHMHAX
«MeTp/49acy. 9To 060CHOBAHHO TeM, ITO (DAKTUIECKUN 00BbEM HAKOIUTEABHOM KaMepPEH
(~0.02 [m’]) a wacTrora perucrpamumum RVA (6 mura./dac). IlosTomy Ha pmc. 813
3HageHms mapameTpo I,t,h B [4], X; = Ay B [¢']. OpHako, KAIOUEBEIE TAapaMeTPHI
XapaKTepU3YIOINKe MOAYUYEeHHbIE Pe3YABTATEI, IPUBEAEHEI K «METD/CeKYHAA» COTAACHO
MeXXAyHapoaHO# cucTeme eavuuil CY u cBepeHBI B Tabauniy 1.

Sameuanue 17. Ha BOCCTaHOBAEHME Ay CUABHO BAUSET BBIOOD €r0 yIPaBASIOIMIVIX
0
mmapamMeTpoB B aaroputme IP-LB, T e. x§ ) _ Hawanbmoe 33AaHHOE IPUOAVIKEHHE U O —
0
Ha4YaAbHOE 33 AAHHOE IIPUPAINEHUEe X(() ),
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time calc: (Red) - 3.321 sec.,
algorithm DP: (Red) - sequentlal | (Blue) sequent ial |
(Red) -fcount=29/n=21/step=5/2=0.001/c=2/v=1 = 0.77, 0 = 0.95) [Xo = 0.76, X1 = 0.072]
(Blue) - /count*U/n*Ulstep*OIZ*OJC*OIV*OI(R?*OSQ 0=0.93)[ X1=0.06]

0.76

0.51 ¢

A(t) [oTH. eq.]

0.27

0.02
A0 8 20 20 0 40 30
@2 a2 o @t 20" 820" 2
2 15,0 - 150 3 26° 160 7_60 1%

A%
Txg&?—o QAD%?.O
Reverse Problem | x(t) | Riccati | G-C | VO | alpha

| IFDS (MNM) | N = 372, h = 0.167 ——

Direct Problem | A(t) | Classic RVA | Ordinary Derivative | -Exact Solution-| N =372, h = 0.167 ——
A(t) | Normalize | KRMR-2 (24.08.2020 13:40 - 27.08.2020 03:30) | N = 372, h = 0.167 ——

Puc. 8. Pesyabrar IP-LB mo pammsiv KRMR. Boccranosaensr: & = 0.76, Ay = 0.072
[Figure 8.Result IP-LB for the KRMR data. Restored: o« = 0.76, Ay = 0.072]

time calc: (Red) - 2.395 sec.,
algorithm DP: (Red) - sequential | (Blue) sequential |
(Red) - /count=39/n=26/step=5/¥=0.001/c=2/v=10/(R?=0.89, 0 =0.97) [Xo = 0.857, X1 = 0.095]
(Blue) -/count=0/n=0/step=0/2=0/c=0/v=0/(R?=093,0=10.97)[ X1=0.06]

1
—~ 083}
=
()
£ 0.65 |
z
[=]
= 048 |
< 03t
0.13 20 A0 IAD A n 20 AI 4‘1-0 30
540 0 A o A & A% 7! 1 2! 1
0" o 0 0 ot o o't 0 0 ot ot
. 2 rﬂog,i 5087 B®F @D%'L 'LBQB'L 1%09'1 0 oo 2‘3_05.1 T’B_QE\.’?—
| IFDS (MNM) | N = 300, h = 0.167 ——

Reverse Problem | x(t) | Riccati | G-C | VO | alpha
Direct Problem | A(t) | Classic RVA | Ordinary Derivative | -Exact Solution-| N = 300, h = 0.167 ——
A(t) | Normalize | KRMR-2 (27.08.20 15:40 - 29.08.20 17:30) | N = 300, h = 0.167 ——

Puc. 9. Pesyastar IP-LB no aamaeiMm KRMR. BoccranoBaersr: o = 0.857, Ay = 0.095
[Figure 9.Result IP-LB for the KRMR data. Restored: o« = 0.857, Ay = 0.095]

time calc: (Red) - 7.909 sec.,

algorithm DP: (Red) - sequential | (Blue) - sequential |
= 0.77, 0 = 0.92) [Xo = 0.834, X1 = 0.064]

(Red) -/ count=49/n=31/step=5/2=0.001/c=2/v=10/(R2=
(Blue) -/count=0/n=0/step=0/2=0/c=0/v=0/(R?2=10.49,0=0.89)[ X1 = 0.06]
1
— 0.84
o
v 0.68
o
B 0.52
= 0.36
<
0.20
0'040 o ® ® ® ® ® ® ® ® © ® 50
Qo 0® A2 AR QO o ©- AL AD- O~ o ©- A A% 23
42T 40T 0 (10 910 5@ 60.310 910 6027 910 600

Reverse Problem | x(t) | Rlccatl | GC|VO| alpha | IFDS (MNM) \ N = 432, h=0.167

Direct Problem | A(t) | Classic RVA | Ordinary Derivative | -Exact Solution- | N =432, h = 0.167 ——
A(t) | Normalize | KRMR-2 (4.09.2020 00:00 - 6.09.2020 23:50) | N = 432, h = 0.167 ——

Puc. 10. PesyavraT IP-LB o panasiM KRMR. Boccranosaens:: o = 0.834, Ay = 0.064
[Figure 10.Result IP-LB for the KRMR data. Restored: o = 0.834, Ay = 0.064]
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time calc: (Red) - 6.443 sec.,
algorithm DP: (Red) - sequential | (Blue) sequential |
(R2=10.72, 0 = 0.88) [Xo = 0.846, X1 = 0.099]

(Red)-/count=39/n=25/step=5/2=0.001/c=2/v=10/
(Blue) -/count =0/n=0/step=0/2=0/c=0/v=0/(R2=060,0=0.88)[ X1 = 0.06]

50 60 50 50 50 0 50 50 50 A
Al 0 2% 070 5. 0 AN 20 AT 20 73" oo 209 0 AN AT o2
6997 410 A @7 0T @ g ®»PT o 57

2 7
Reverse Problem | x(t) | Riccati | G-C | VO | alpha | IFDS (MNM) | N = 432, h = 0.167 ——

LB 0 AN 50

0 0
09 A 251 oS A

20
’l 2% o

Direct Problem | A(t) | Classic RVA | Ordinary Derivative | -Exact Solution- | N = 432, h = 0.167 ——

A(t) | Normalize | KRMR-2 (25.09.2020 23:50 - 28.09.2020 23:40) | N =432, h = 0.167 ——

Puc. 11. PeayavraT IP-LB o panasiMm KRMR. Boccranosaens:: o = 0.846, Ay = 0.099
[Figure 11.Result IP-LB for the KRMR data. Restored: o = 0.846, Ay = 0.099]

time calc: (Red) - 4.535 sec.,
algorithm DP: (Red) - sequential | (Blue) sequentlal |
0/(R2=0.85 0=0.92) [Xo = 0.834, X1 = 0.091]

(Red)-/count=34/n=25/step=5/2=0001/c=2/v=1
(Blue) - ,'count—(].fn—U.fstep—O,'Z—Ofc—U.fv—O,'(R2—074 o=0.92)[ X1 = 0.06]

40 440 o0

9 A0 0 9 A0 °

A
A

gAY o207

Reverse Problem | x(t) | Riccati | G-C | VO | alpha | IFDS (MNM) | N = 396, h = 0.167 ——

Direct Problem | A(t) | Classic RVA | Ordinary Derivative | -Exact Solution- | N = 396, h = 0.167 ——
A(t) | Normalize | KRMR-2 (7.10.20 9:40 - 10.10.20 3:30) [N = 396, h = 0.167 ——

Puc. 12. Pesyavrat IP-LB o panasiMm KRMR. Boccranosaensr: o = 0.834, Ag = 0.091
[Figure 12.Result IP-LB for the KRMR data. Restored: o« = 0.834, Ay = 0.091]

time calc: (Red) - 1.379 sec.,
algorithm DP: (Red) - sequential | (Blue) sequentlal |
.78, 0 = 0.93) [Xo = 0.964, X1 = 0.108]

(Red)-/count=29/n=20/step=5/% =0.001/c=2/v=10/(R
(Blue) - .’count—()fn—Ofstep—O.’I—O.’c—Ofv—O.’(R1=011 o=0.88)[ X1 = 0.06]
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Reverse Problem | x(t) | Riccati | G-C | VO | alpha

-0‘0 QO
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g% g ®

| IFDS (MNM) | N = 252, h = 0.167 ——

Direct Problem | A(t) | Classic RVA | Ordinary Derivative | -Exact Solution- | N =252, h = 0.167 ——
A(t) | Normalize | KRMR-2 (6.11.2020 21:30 - 8.11.2020 15:20) | N = 252, h = 0.167 ——

Puc. 13. PesyawrraT IP-LB no aanasiMm KRMR. BoccranoBaennr: o = 0.964, Ay = 0.108
[Figure 13.Result IP-LB for the KRMR data. Restored: o = 0.964, Ao = 0.108 ]
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Brino 3aMedeHO0, YTO eCAM HaYaAbHOE IPUOAVIKEHVE M €rO IpUpaIleHre 33aAaBaTh
+1% oOT OIEHKM MAKCHMMAaAbHOIO 3HAYEHWS BOCCTAHABAMBAEMOIO IIApaMeTpa, TO
5(beRTUBHOCTb U TOIYHOCTL PaboThl IP-LB 6yaeT HamBbICIeH (MCXOAS U3 OIEHOK R’ m
0) AASI IPEACTaBAEHHBIX AAHHBIX KRMR.

8-13
. (0) _
VIPaBASIOIINX IIAPaMETPOB: [XO , 60} =

PeBy'AbTaTbI Ha puc. IIOAYY€HHBIE IIpu CAEAYIOIMUX SHAYEHUAX

[0.05,0.01] Anst mOKa3aTeAsT «; a TaKIKe

[xﬁo), 61} = [0.0025,0.0005] ansg rosdppuImeHTA Ay. 3HAYEHUS YIPABASIONUIAX
IIapaMeTpoB C, v, L aas aaropuTMma [P-LB, yka3zaubl Ha puUCyHKax.

Sameuanue 18. U3 puc. 8-13 3ameueno, 4To 4eM OOABIIMY IIEPHMOA II0 BPEMEHH
OXBAaThHIBAIOT AdHHBIE RVA (T.e. uem Ooabme T), TeM TOYHEe ONMCAHHEIE METOAEI
pemeHnss IpsIMOil 1 oOpaTHOM 3apay BOCCTAaHABAMBAIOT CBSA3KY M3 ABYX IIapaMeTPOB
« 1 Ap. OCOBEHHO 3TO IPOSIBASIETCSI IIPM BOCCTAHOBAEGHHH Ay, TOTAA 3HAUEHUS ITOTO
mapameTpa OAMIKE K IPUOAM3UTEABHBIM OIEHKaM Ay KOTOPBIE MOXKET AATH IKCIEPT,
M3y49UB AAHHBIE U YUNUTHIBAS MHBIE PAKTOPHI Ha MyHKTE HAOAIOAEHUS.

Tabauua 1

ITapamerps MaTemaTudeckux mogeseii: kiaaccudeckoit ODE (2),
spenurapHoii a-momesn RVA (5) perraemoii metomamu o6paTHBIX 3a1ad, a
Tak>kKe Ko3(dunuenTsl noaodus MOAe/bHbIX KPUBLIX 1 JAHHbIX. JHAYCHUS

IpUBEAEHBI K MeXXAyHaponuoii cucreme exuuui; CU. [Parameters of
mathematical models: classical ODE (2), hereditary x-model RVA (5) solved
by methods of inverse problems, as well as similarity coefficients of model

curves and data. Values are given in the SI international system of units.]

AaTer

3aAaHHOE BOCCTB. BOCCT. ) 5

BBEIOOPOK R- pns R pns
Ao ANS Ao ANS o AAST
AAHHBIX Accu speamT speamr KAacCHy. SPEANT.
KRMR KA . 3 3

24.08.20 -

1.66-107° 2.0-107° 0.76 59 77
- 27.08.20 % %
2'7.08.20 -

1.66-107 | 2.638-107° 0.857 93 89
- 29.08.20 % %
4.09.20 -

1.66-107 1.77-107° 0.834 49 77
- 6.09.20 % %
25.09.20 -

1.66-107 | 2.75-107 0.846 60 72
- 28.09.20 % %
7.10.20 -

1.66-107° | 2.527-107° 0.834 74 85
- 10.10.20 % %
6.11.20 -

1.66-107° 3.0-107 0.964 11 78
- 8.11.20 % %
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DOuHAHCMPOBAHNE M BKJIAJ B MCCJIEI0BAHUA

Aannvle ¢ nyakTa KRMR npepoctaBaersl MakapoBeiM E. O. crapmuM HaydHBIM
COTPYAHUKOM Aab0paTOPUM aKyCTHUYIECKOT'0 ¥ PAAOHOBOIO MOHHTOPHHTA KaMYaTCKOro
dburmanra ¢epeparbHOTO HCCAEAOBATEABCKOTO IeHTpa «BEamHas reodpusuueckas
cayx6a PAH» r. IlerponaBaoBck-Kamuarckuit, Poccus.

Pabora BbmOAHEHA ©Hpu [OOAAEPKKe Munobpruayku Poccum (B pamkax
TOCYAQPCTBEHHOTO 3aaaHUsI Ne 075-00682-24) 1 ¢ UCIOAB30BAHUEM AAHHEIX, IOAYIEHHBIX
Ha YHUKaAbHOM HAy4YHOM yCTaHOBKe «CelcMOMH(pPa3ByKOBONH KOMIIAEKC MOHHTOPHUHIA
APKTUYECKON KPUOAUTO30HBI ¥ KOMIIAEKC HEIIPEPLIBHOI'O CEMCMUYIECKOT0 MOHUTOPUHTA
Poccuiickoit Pepepariuy, COIPEAEABHBIX TEPPUTOPUN U MUPAY.

Bce pacuéThbl, CBsI3aHHBIE C PeEIIEHWEM IPSAMBIX X ODPATHBIX 33aAad IO MOAEASM
RVA, a Takxe pacué€rel mo 06paboTKe AAQHHBIX, OBIAY BBIIOAHEHBI B IIPOIPAaMMHOM
rommnrekce PRPHMM 1.0 ma siseike MATLAB [53] Bepcuz R2023b aast GNU/Linux
Ubuntu Desktop 22.04. IIporpammuoit xomnaekc PRPHMM 1.0 paspabaTbiBaeTcsa B
paMkax npoekTa '"MoaeAmpoBaHME AMHAMWYECKHX IIPOIIECCOB B IeOC(EPax C yIETOM
HACAEACTBEHHOCTH '3a cueT rpanTa Poccumiickoro HaygHOro donaa Ne 22-11-00064 (pyk.
ITaposuk P.U.) ncnoansiemoro Ha 6ase VIHCTUTYTa KOCMOMDU3NIECKUX UCCAEAOBAHUHA 1
pacnpocTpanenus papuoBoAaH ABO PAH, c. ITaparyska, Poccus.

Busyaausanus B AaHHOE CTaThbe ObLAa BBITOAHEHA TBEPABLIM A.A. C IIOMOIILIO
mporpaMmuoro kommaekca FEVO 1.0, pazpabaTkiBaeMOro B TOM YKCAE Ha CKPHUITOBOM
s3bike Gnuplot 6.0 [54] aast GNU/Linux Ubuntu Desktop 22.04. IIporpamgHuOi
rommaekc FEVO 1.0 pazpabaTeiBaeTcs B paMKax mpoekTa ''Pa3spaboTka mporpaMMHOTO
KOMIIAEKCA AASI MOAEAMPOBAHUS M aHaAu3a OOBEMHON aKTWBHOCTH PAAOHA KakK
IPeABECTHUKA CUABHBIX 3eMAeTpscenuiyt Kamuarku" 3a cuer rpanTa Poccmitckoro
HayusHoro ¢oupa Ne 23-71-01050 (pyk. TBEpapni A.A.) ucmoaHsiemoro Ha 6asze
VucTuTyTa KOCMO(U3NUECKMX MCCAEAOBAHWM M pPacIpOCTpaHeHus papuoBoAH ABO
PAH, c. Ilaparysuka, Poccus.

3akJrodeHne

B pabore npoAEMOHCTPHPOBAHO, YTO C IIOMOIILIO METOAOB MaTeMAaTUYIECKON
6e3yCAOBHOY ONTMMM3AIIUM, B UYACTHOCTY UTEPAIMOHHOTO MeTopa J\eBenbepra-
Mapxsapara, MOXHO  pellaTb obpaTHbIe 3aA34u C VICIIOAB30BAHUEM
9KCIEPUMEHTAABHBIX AAHHBEIX HAKOIAEHUS 2*’Rn B KaMepe.

Ha mpumepax moxa3aHO, YTO MO>XHO BOCCTAaHABAMBATL OAM3KME K ONTHMAaAbHBIM
3HQUEHUSI: X — CTENeHb APOOHOW IPOM3BOAHON, XapaKTEPU3YIOMEN WHTEHCUBHOCTH
Imporecca IIepeHoca pPajOHAa, Ay — IIOCTOSHHAsI KPAaTHOCTH BO3AyXOoOMeHa AAS
CTAIMOHAPHOM 3peAuTapHON o-Mopear RVA. V3 pe3yAbTaTOB MOAEAMPOBAHUS BHAHO,
4TO IpepuTapHas x-Mopaeab RVA ¢ mapaMeTpaMu, BOCCTaHABAWBAEMBIMU peEIIEHUEM
obpaTHoit 3apaun, B cpaBrernu ¢ ODE-mopeanto RVA mpu Ay = 1.66 - 107> paeT 6onee
TOYHBIN PE3YABTAT 3a CUeT 00600meHrs A0 APOOHOY IPOU3BOAHOY, & MOAEABHBIE KPUBLIE
AydIlle COIAACYIOTCS C AQHHBIMY HAKOIIAEHUS, O YEM I'OBOPST 3HaUYeHUs KO3 duIrenTa
AeTepMuHamuu R? ¢ pamEbBIME To RVA BrIme B cpepreM Ha 22%.
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[Ipoponrxkerue paboTHI MOXKET OBITH CBSI3aHO C IpuMeHeHUeM Ooaee 0600IIEHHON

9PEANTAPHOR o¢(t)—MOAEAM M METOAOB MHOI'OMEPHOM ONTUMU3ALMUHA AAST MOAEANPOBAHMS
ITPOITECCOB HAKOIAEHWS PAAOHA II0 OCAOKHEHHBIM SKCIEPUMEHTAABHBIM AAHHBIM.
VCAOKHEHHOCTh AQHHBIX HAKOIIMTEABLHOT'O IIPOIlecCa COCTOUT B TOM, YTO AAHHLIE

WCKa’KeHBI 3ddeKTaMu AVHAMUYECKOTO BAUSHUSA aTMOCHEPHOTrO AABAEHHUS U
IIePEMEHHOM IIPOHUITAEMOCTHIO T€OCPEARL.

A66peBuaTypbl

10.

11.

RVA  Radon Volumetric Activity

RFD Radon Flux Density

FD Fractional derivative

AER  Air Exchange Rate

ODE  Ordinary differential equation

MNM Modified Newton’s Nethod

IP-LB Inverse problem by method Levenberg-Marquardt
MSE  Mean Squared Error

Criucok aurepaTyphbl

. Pyaakor B.II. SmarauuorHwiti morumopurz zeocped u mpoueccos. MockBa: Hayumreiil mwmp,

2009.175 c. ISBN 978-5-91522-102-3.

. Zuzel G., Simgen H.High sensitivity radon emanation measurements, Applied radiation and

1sotopes, 2009. vol. 67, no. 5, pp. 889-893 DOI: 10.1016/j.apradiso.2009.01.052.

. Makarov E. O. Firstov P. P., Voloshin V. N.Hardware complex for recording soil gas concentrations

and searching for precursor anomalies before strong earthquakes in South Kamchatka, Seismic
instruments, 2013. vol. 49, no. 1, pp. 46-52 DOI: 10.3103/50747923913010064.

. @upcros II.I1., Pyaakos B. Il. PesyAbTaTel perucTpamnuy IoAIIOYBEHHOTO pajoHa B 1997-2000 rr. Ha

IlerponaBaroBck-KaMyuaTckoM reopuHaMUYeCKOM IIOAMTOHE, Byaxaroaozua u celicmonozua, 2003.
Nel, C. 26-41.

. @upcroB II.II. m Ap.llomck DNpPeABECTHMKOBEIX aHOMAAWM CHUABHBIX 3EMAETPSICEHUN IIO

AAHHBIM MOHUTOPWHTA MOATIOYBEHHBIX [a30B Ha [leTpormaBAOBCK-KaM4aTCKOM TeoAMHAMUYECKOM
moauroHe, [eocucmems. neperodHwir 3ow,2018. T.2, MNel, C. 16-32 DOI: 10.30730/2541-
8912.2018.2.1.016-032.

. Barberio M. D. et al. Diurnal and Semidiurnal Cyclicity of Radon (222Rn) in Groundwater, Giardino

Spring, Central Apennines, Italy, Water, 2018. vol. 10, no.9:1276 DOI: 10.3390/w10091276.

Neri M. et al. Spatial distribution of soil radon as a tool to recognize active faulting on an active
volcano: The example of Mt. Etna (Italy), Journal of Environmental Radioactivity, 2011. vol. 102,
no.9, pp. 863-870 DOI: 10.1016/j.jenvrad.2011.05.002.

. Petraki E. et al. Radon-222: A Potential Short-Term Earthquake Precursor, Earth Science &

Climatic Change,2015. vol. 6, no.6 DOI: 10.4172/2157-7617.1000282.

. Hauksson E. Radon content of groundwater as an earthquake precursor: evaluation of worldwide data

and physical basis, Journal of Geophysical Research: Solid Earth,1981. vol. 86, no. B10, pp. 9397—
9410 DOI: 10.1029/JB086iB10p09397.

Inan S. et al. Geochemicalmonitoring in the Marmara region (NW Turkey): A search for precursors
of seismic activity, Journal of Geophysical Research: Solid Earth,2008. vol. 113, no. B3, pp. 1-15
DOI: 10.1029/2007JB005206.

Buptoanva C.B., Kosnoa U.A., HOproB A.K.UccrepoBanve UHGPOPMATUBHOCTH 0O6beMHOMN
AKTUBHOCTY TIOYBEHHOTO PAaAOHA IIPU TOATOTOBKE U PEANU3AIUYU TEKTOHUYECKUX 3EMAETPSICEHUN
Ha npumMepe HOxHO-Kypmabckoro perumoHa, Becmuux Kamuamcxkol pezuoHaavHoll accouuayuy
«YuebHo-nHayuHuiti uenmps. Cepusa: Hayxu o 3Semae,2019. T.4, Nedd4, C. 73-83 DOI:
10.31431/1816-5524-2019-4-44-73-83.

112


https://doi.org/10.1016/j.apradiso.2009.01.052
https://doi.org/10.3103/S0747923913010064
https://doi.org/10.30730/2541-8912.2018.2.1.016-032
https://doi.org/10.30730/2541-8912.2018.2.1.016-032
https://doi.org/10.3390/w10091276
https://doi.org/10.1016/j.jenvrad.2011.05.002
https://doi.org/10.4172/2157-7617.1000282
https://doi.org/10.1029/JB086iB10p09397
https://doi.org/10.1029/2007JB005206
https://doi.org/10.31431/1816-5524-2019-4-44-73-83
https://doi.org/10.31431/1816-5524-2019-4-44-73-83

VpeHTHNUKAIINSA TapaMETPOB X-MOAEAHX . . . ISSN 2079-6641

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

@wupcros II.II., MakapoB E.O. Auramuka nodnoxsennozo padona Ha Kamuamxe u cuavHvie
semaempacerusn. IlerponaBroBck-Kamuarckuit: KaMuaTckuil rocyaapCTBEHHBIN YHUBEPCUTET WM.
Buryca Bepunra, 2018. 148 c. ISBN 978-5-7968-0691-3.

Dubinchuk V.T.Radon as a precursor of earthquakes, Isotopic and Geochemaical Precursors of
Earthquakes and Volcanic Eruptions, 1993, pp. 9-22.

Vasilyev A.V., Zhukovsky M. V.Determination of mechanisms and parameters which affect radon
entry into a room, Journal of Enwironmental Radioactivity,2013. vol. 124, pp. 185-190 DOI:
10.1016/j.jenvrad.2013.04.014.

Kilbas A.A., Srivastava H. M., Trujillo J.J. Theory and Applications of Fractional Differential
Equations. Amsterdam: Elsevier Science Limited, 2006. 540 pp. ISBN 9780444518323.

Podlubny I. Fractional differential equations: an introduction to fractional deriwatives,
fractional differential equations, to methods of theiwr solution and some of their applications.
New York: Academic Press, 1999. 340 pp. ISBN 9780125588409.

Haxymes A. M. Apobroe ucnucaerue u ezo npumererue. Mockba: Pusmaraur, 2003. 272 c. ISBN
5-9221-0440-3.

King C.Y.Gas-geochemical approaches to earthquake prediction, Isotopic and Geochemzical
Precursors of Earthquakes and Volcanic Eruptions, 1993, pp. 22-36.

Tverdyi D.A., Makarov E.O., Parovik R.I. Hereditary Mathematical Model of the Dynamics of
Radon Accumulation in the Accumulation Chamber, Mathematics, 2023. vol. 11, no. 4, pp. 850 DOI:
10.3390/math11040850.

Parovik R.I., Shevtsov B. M. Radon transfer processes in fractional structure medium, Mathematical
Models and Computer Simulations,2010. vol. 2, pp. 180-185 DOI: 10.1134/S2070048210020055.

Tverdyi D.A., Parovik R.I., Makarov E.O., Firstov P.P.Research of the process of radon
accumulation in the accumulating chamber taking into account the nonlinearity of its entrance, E3S
Web Conference,2020. vol. 196, no. 02027, pp. 1-6 DOI: 10.1051/e3sconf/202019602027.

Tverdyi D. A., Makarov E. O., Parovik R.I. Research of Stress-Strain State of Geo-Environment by
Emanation Methods on the Example of alpha(t)-Model of Radon Transport, Bulletin KRASEC.
Physical and Mathematical Sciences,2023. vol.44, no.3, pp. 86-104 DOI: 10.26117/2079-6641-
2023-44-3-86-104.

Gerasimov A. N. Generalization of linear deformation laws and their application to internal friction
problems, Applied Mathematics and Mechanics, 1948. vol. 12, pp. 529-539.

Caputo M. Linear models of dissipation whose Q is almost frequency independent — II, Geophystcal
Journal International, 1967. vol. 13, no. 5, pp. 529-539 DOI: 10.1111/j.1365-246X.1967.tb02303.x.

Mueller J.L., Siltanen S. Linear and Nonlinear Inverse Problems with Practical Applications.
Philadelphia: Society for Industrial and Applied Mathematics, 2012. 372 pp. ISBN 978-1611972337.

Tarantola A. Inverse problem theory : methods for data fitting and model parameter estimation.
Amsterdam and New York: Elsevier Science Pub. Co., 1987.613 pp. ISBN 0444427651.

Arregui [. Inversion of Physical Parameters in Solar Atmospheric Seismology, Multi-scale Dynamical
Processes in Space and Astrophysical Plasmas, 2012, pp. 159-169 DOI: 10.1007/978-3-642-30442-
2 18.

Tahmasebi P., Javadpour F., Sahimi M. Stochastic shale permeability matching: Three-dimensional
characterization and modeling, International Journal of Coal Geology,2016. vol. 165, pp. 231242
DOI: 10.1016/j.c0al.2016.08.024.

Lailly P. The seismic inverse problem as a sequence of before stack migrations, Conference on Inverse
Scattering, Theory and application, 1983, pp. 206—220.

Utkin V.I., Yurkov A.K.Radon as a tracer of tectonic movements, Russian Geology and
geophysics, 2010. vol. 51, no. 2, pp. 220-227 DOI: 10.1016/j.rgg.2009.12.022.

[TapoBuk P.U. Mamemamuueckue moleau HEKAACCUHECKOU MEOPUU IMAHAUUOHHO20 Memoda.
[MerpomaBnroBck-Kamuarckuii: KamMmyarckuil rocypapcTBeHHbI# yHEBepcuTeT M. Buryca Bepumra,
2014.80 c. ISBN 978-5-7968-0450-6.

ITomamape A.C.DpaKIVOHUPOBaHWE B THUAPOTEPME KaK IMOTEHIIMAAbHAs BO3MOXXHOCTH
dOopPMUPOBaHUST IPEABECTHUKOB 3eMAeTpsiceHnit, [eozumus, 1989. Ne5, C. 714-724.

Bapcykos B.A., Bapman I M., l'apamur A.B., 3amokuua H.C. 3HadueHWe T'UADPOTeOXUMUIECKUX
METOAOB AASI KPaTKOCPOYHOTO IIPOrHO3a 3eMAeTpsiceHuil / I'udpozeozumureckue npedsecmHury
semaempacerud. Mocksa, Hayka, 1985, C. 3-16.

113


https://doi.org/10.1016/j.jenvrad.2013.04.014
https://doi.org/10.1016/j.jenvrad.2013.04.014
https://doi.org/10.3390/math11040850
https://doi.org/10.3390/math11040850
https://doi.org/10.1134/S2070048210020055
https://doi.org/10.1051/e3sconf/202019602027
https://doi.org/10.26117/2079-6641-2023-44-3-86-104
https://doi.org/10.26117/2079-6641-2023-44-3-86-104
https://doi.org/10.1111/j.1365-246X.1967.tb02303.x
https://doi.org/10.1007/978-3-642-30442-2_18
https://doi.org/10.1007/978-3-642-30442-2_18
https://doi.org/10.1016/j.coal.2016.08.024
https://doi.org/10.1016/j.rgg.2009.12.022

ISSN 2079-6641 TBépaptit A. A., Makapos E. O., ITaposux P. .

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.
51.

52.

53.

54.

Etiope G., Martinelli G. Migration of carrier and trace gases in the geosphere: an overview, Physics
of the Earth and Planetary Interiors,2002. vol. 129, no.3-4, pp. 185-204 DOI: 10.1016/S0031-
9201(01)00292-8.

Varhegyi A., Baranyi I., Somogyi G. A. Model for the vertical subsurface radon transport in «geogas»
microbubbles, Geophysical Transactions, 1986. vol. 32, no. 3, pp. 235-253.

lopbymmaa A. B., Pabomrran }0. C. OMaHamoHHEIA MeT0A MHAUKAITIY MeOAMHAMIIECKUX IIPOIIECCOB
TIPY MH>XEHEPHO-TEONOI'MIEeCKUX U3bICKauusax, Cogemcxran zeonozus, 1975. Ned, C. 106-112.

Kosnoa W.A., OpkoB A.K.OTpakeHre NDOCAEAOBATEABHBIX CEACMUYECKUX COOBITMH B IIoAe
o6beMHOI aKTUBHOCTY PapOHa, Vpaavcrull zeopusuneckuti secmruxk, 2016. Ne1(27), C. 35-39.

I'yazenko B. B., Ayburuyk B.T. Hzomonw padus u pador e npupodrux sodax. MockBa: Hayxka,
1987.156 c.

Hosuxos I'. ®. Paduomempuueckan padsedka. Nemuurpan: Heapa, 1989.406 c. ISBN 5-247-00832-4.

Uchaikin V.V. Fractional Derwatives for Physicists and Engineers. Vol. I. Background and
Theory. Berlin/Heidelberg: Springer, 2013.373 pp. ISBN 978-3-642-33911-0 DOI: 10.1007/978-3-
642-33911-0.

Volterra V.Sur les équations intégro-différentielles et leurs applications, Acta Mathematica,1912.
vol. 35, no. 1, pp. 295-356 DOI: 10.1007/BF02418820.

Patnaik S., Hollkamp J.P., Semperlotti F.Applications of variable-order fractional operators:
a review, Proceedings of the Royal Society A,2020. vol.476, no.2234, pp. 20190498 DOI:
10.1098 /rspa.2019.0498.

Coimbra C. F.M. Mechanics with variable-order differential operators, Annalen der Phystk,2003.
vol. 515, no. 11-12, pp. 692-703 DOI: 10.1002/andp.200351511-1203.

Mandelbrot B.B. The fractal geometry of nature. New York: W.H. Freeman and Co., 1982. 468 pp.

Tverdyi D. A., Parovik R.I.Investigation of Finite-Difference Schemes for the Numerical Solution
of a Fractional Nonlinear Equation, Fractal and Fractional,2022. vol.6, no.1l, pp. 23 DOI:
10.3390/fractalfract6010023.

Tverdyi D. A., Parovik R. I. Application of the Fractional Riccati Equation for Mathematical Modeling
of Dynamic Processes with Saturation and Memory Effect, Fractal and Fractional, 2022. vol. 6, no. 3,
pp. 163 DOI: 10.3390/fractalfract6030163.

Chicco D., Warrens M. J., Jurman G. The coefficient of determination R-squared is more informative
than SMAPE, MAE, MAPE, MSE and RMSE in regression analysis evaluation, PeerJ Computer
Science, 2021. vol. 299, pp. €623 DOI: 10.7717 /peerj-cs.623.

Cox D.R. Hinkley D.V. Theoretical Statistics, 1st editizon. New York: Chapman and Hall/CRC,
1974.528 pp. ISBN 9780429170218.

Dennis J.E., Robert Jr., Schnabel B. Numerical methods for unconstrained optimization and
nonlinear equations. Philadelphia: SIAM, 1996. 394 pp. ISBN 9781611971200.

Gill P.E., Murray W., Wright M. H. Practical Optimization. Philadelphia: SIAM, 2019.421 pp.

Levenberg K. A method for the solution of certain non-linear problems in least squares, Quarterly
of applied mathematics, 1944. vol. 2, no. 2, pp. 164-168 DOI: 10.1090/qam/10666.

Marquardt D.W. An algorithm for least-squares estimation of nonlinear parameters, Journal of
the society for Industrial and Applied Mathematics,1963. vol.1l, no.2, pp. 431-441 DOI:
10.1137/0111030.

Ford W. Numerical linear algebra with applications: Using MATLAB, 1st edition. Massachusetts:
Academic Press, 2014. 628 pp. ISBN 978-0123944351 DOI: 10.1016/C2011-0-07533-6.

Janert P.K. Gnuplot in Action: Understanding Data with Graphs, 2nd FEdition. New-York:
Manning, 2016. 400 pp. ISBN 1633430189.

114


https://doi.org/10.1016/S0031-9201(01)00292-8
https://doi.org/10.1016/S0031-9201(01)00292-8
https://doi.org/10.1007/978-3-642-33911-0
https://doi.org/10.1007/978-3-642-33911-0
https://doi.org/10.1007/BF02418820
https://doi.org/10.1098/rspa.2019.0498
https://doi.org/10.1098/rspa.2019.0498
https://doi.org/10.1002/andp.200351511-1203
https://doi.org/10.3390/fractalfract6010023
https://doi.org/10.3390/fractalfract6010023
https://doi.org/10.3390/fractalfract6030163
https://doi.org/10.7717/peerj-cs.623
https://doi.org/10.1090/qam/10666
https://doi.org/10.1137/0111030
https://doi.org/10.1137/0111030
https://doi.org/10.1016/C2011-0-07533-6

VaeHTHNUKAIINSA TapaMETPOB X-MOAEAHX . . . ISSN 2079-6641

Nudopmamnusa 06 aBTopax

Teépdviti Amumpuid Anexcanoposuy® - KaHAVAAT
PU3UKO-MATEMATUIECKHAX HayK, HAyYHBIH COTPYAHUK
Aaboparopuu 3AETPOMArHUTHLIX W3AYYIEHUH, WuacTuTyT
KOCMO(U3UIECKUX KUCCAEAOBAHUM u PaCIPOCTPAHEHNSA
PAAMOBOAH ABO PAH, C. [TapaTysuka, Poccusi,

ORCID 0000-0001-6983-5258.

Maxapos Eeszenut Oaez08un® - KaHAMAAT bpu3UKO-

MaTeMaTHUYIeCKUX HAyK, CTApLIWi HAy4HBIE COTPYAHUK ~AabopaTopunu

aKyCTHUIECKOTO u PaAOHOBOT'O MOHHUTOPUHTA, KamuaTckuit

dburman  depeparbHOTO  MCCAEAOBATEABCKOTO  IleHTpa  "EaumHas

reopusuueckast cayxba PAHTr. IlerpomaBaroBck-Kamuarckuit, Poccus,
ORCID 0000-0002-0462-3657.

Ilaposux Poman Hearoeuyw® — AOKTOP (PU3UKO-MATEMATUIECKUX HAYK,

mpodeccop, BeAYIINH HayIHBIN COTPYAHUK Aab0paTOPUY MOAEAUDPOBAHUS

pu3mUecKUX IIPOIEeCCOB, VMHCTUTYT KOCMOMU3UYECKUX UCCAEAOBAHUN

7 pacupoctpanenus papuoBorH ABO PAH, c. Ilaparymka, Poccus,
ORCID 0000-0002-1576-1860.

115


https://www.researchgate.net/profile/Dmitriy-Tverdyi
https://orcid.org/0000-0001-6983-5258
https://www.researchgate.net/profile/Evgeny-Makarov-2
https://orcid.org/0000-0002-0462-3657
https://www.researchgate.net/profile/Roman-Parovik
https://orcid.org/0000-0002-1576-1860

ISSN 2079-6641 TBépaptit A. A., Makapos E. O., ITaposux P. .

References

[4]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[]

[10]

[11]

[12]

[13]

[14]

[15]

Rudakov V.P. Emanacionnyj monitoring geosred i processov [Emanational monitoring of
geoenvironments and processes]. Moscow: Science World, 2009, 175 pp., isbn: 978-5-91522-
102-3 (In Russian)

Zuzel G., Simgen H. High sensitivity radon emanation measurements, Applied radiation
and isotopes, 2009, vol. 67, no. 5, pp. 889-893. DOI: 10.1016/j.apradiso.2009.01.052.
Makarov E.O. Firstov P.P., Voloshin V.N. Hardware complex for recording soil
gas concentrations and searching for precursor anomalies before strong earthquakes
in South Kamchatka, Seismic instruments, 2013, vol. 49, no. 1, pp. 46-52. DOI:
10.3103/S0747923913010064

Firstov P. P., Rudakov V. P. Results from observations of subsurface radon in 1997-2000 at
the Petropavlovsk-Kamchatskii geodynamic site. Journal of Volcanology and Seismology,
2003, no. 1, pp. 26—41 (In Russian)

Firstov P.P. et al. Search for predictive anomalies of strong earthquakes according to
monitoring of subsoil gases at Petropavlovsk-Kamchatsky geodynamic test site. Geosystems
of Transition Zones, 2018, vol. 2, no. 1, pp. 16-32, DOI: 10.30730/2541-8912.2018.2.1.016-
032,(In Russian)

Barberio M. et al. Diurnal and Semidiurnal Cyclicity of Radon (222Rn) in Groundwater,
Giardino Spring, Central Apennines, Italy. Water, 2018, vol. 10, no. 9:1276. DOI:
10.3390/w10091276.

Neri M., Giammanco S., Ferrera E., Patane G., Zanon V. Spatial distribution of soil radon
as a tool to recognize active faulting on an active volcano: The example of Mt. Etna
(Italy), Journal of Environmental Radioactivity, 2011, vol. 102, no. 9, pp. 863-870. DOLI:
10.1016/j.jenvrad.2011.05.002.

Petraki E., et al. Radon-222: A Potential Short-Term Earthquake Precursor, Earth Science
& Climatic Change, 2015, vol. 6, no. 6. DOI: 10.4172/2157-7617.1000282.

Hauksson E. Radon content of groundwater as an earthquake precursor: evaluation of
worldwide data and physical basis, Journal of Geophysical Research: Solid Earth, 1981,
vol. 86, no. B10, pp. 9397-9410. DOI: 10.1029/JB086iB10p09397.

Inan S., Akgul T., Seyis C., Saatcilar R., Baykut 3., Ergintav S., Bas M. Geochemical
monitoring in the Marmara region (NW Turkey): A search for precursors of seismic activity,
Journal of Geophysical Research: Solid Earth, 2008, vol. 113, no. B3, pp. 1-15. DOI:
10.1029/2007JB005206.

Biryulin S.V., Kozlova I. A., Yurkov A.K. Investigation of informative value of volume
radon activity in soil during both the stress build up and tectonic earthquakes in the South
Kuril region, Bulletin of Kamchatka Regional Association «Educational-Scientific Centers
Earth Sciences, 2019, vol. 4, no. 44, pp. 73-83. DOI: 10.31431/1816-5524-2019-4-44-73-83.
Firstov P.P., Makarov E.O. Dynamics of subsurface radon in Kamchatka and strong
earthquakes. Petropavlovsk-Kamchatsky, Vitus Bering Kamchatka State University, 2018,
148 pp., isbn: 978-5-7968-0691-3 (In Russian)

Dubinchuk V. T. Radon as a precursor of earthquakes, Isotopic and Geochemical Precursors
of Earthquakes and Volcanic Eruptions, 1993, pp. 9-22.

Vasilyev A. V., Zhukovsky M. V. Determination of mechanisms and parameters which affect
radon entry into a room, Journal of Environmental Radioactivity, 2013, vol. 124, pp. 185-
190. DOI: 10.1016/j.jenvrad.2013.04.014.

Kilbas A.A., Srivastava H.M., Trujillo J.J. Theory and Applications of Fractional
Differential Equations. Amsterdam, Elsevier, 2006, 540 pp., isbn: 9780444518323.

116


https://doi.org/10.1016/j.apradiso.2009.01.052
https://doi.org/10.3103/S0747923913010064
https://doi.org/10.3103/S0747923913010064
https://doi.org/10.30730/2541-8912.2018.2.1.016-032
https://doi.org/10.30730/2541-8912.2018.2.1.016-032
https://doi.org/10.3390/w10091276
https://doi.org/10.3390/w10091276
https://doi.org/10.1016/j.jenvrad.2011.05.002
https://doi.org/10.1016/j.jenvrad.2011.05.002
https://doi.org/10.4172/2157-7617.1000282
https://doi.org/10.1029/JB086iB10p09397
https://doi.org/10.1029/2007JB005206
https://doi.org/10.1029/2007JB005206
https://doi.org/10.31431/1816-5524-2019-4-44-73-83
https://doi.org/10.1016/j.jenvrad.2013.04.014

VpeHTHNUKAIINSA TapaMETPOB X-MOAEAHX . . . ISSN 2079-6641

[16]

[17]
[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]
[26]

[27]

[28]

[29]
[30]

[31]

[32]

Podlubny I. Fractional differential equations: an introduction to fractional derivatives,
fractional differential equations, to methods of their solution and some of their applications.
New York, Academic Press, 1999, 340 pp., isbn: 9780125588409.

Nakhushev A.M. Drobnoe ischislenie i ego primenenie [Fractional calculus and its
application]. Moscow,: Fizmatlit, 2003, 272 pp., isbn: 5-9221-0440-3 (In Russian)

King C.Y. Gas-geochemical approaches to earthquake prediction, Isotopic and Geochemical
Precursors of Earthquakes and Volcanic Eruptions, 1993, pp. 22-36.

Tverdyi D.A., Makarov E.OQO., Parovik R.I. Hereditary Mathematical Model of the
Dynamics of Radon Accumulation in the Accumulation Chamber, Mathematics, 2023, vol.
11, no. 4:850, pp. 1-20. DOI: 10.3390/math11040850.

Parovik R.I., Shevtsov B.M. Radon transfer processes in fractional structure medium,
Mathematical Models and Computer Simulation, 2010, vol. 2, pp. 180-185. DOI:
10.1134/S2070048210020055.

Tverdyi D.A., Parovik R.I.,, Makarov E.O., Firstov P.P. Research of the process of
radon accumulation in the accumulating chamber taking into account the nonlinearity
of its entrance, E3S Web Conference, 2020, vol. 196, no. 02027, pp. 1-6. DOI:
10.1051/e3sconf/202019602027.

Tverdyi D.A., Makarov E.O., Parovik R.I. Research of Stress-Strain State of Geo-
Environment by Emanation Methods on the Example of alpha(t)-Model of Radon
Transport, Bulletin KRASEC. Physical and Mathematical Sciences, 2023, vol. 44, no. 3,
pp. 86-104. DOI: 10.26117/2079-6641-2023-44-3-86-104.(In Russian)

Gerasimov A. N. Generalization of linear deformation laws and their application to internal
friction problems, Applied Mathematics and Mechanics, 1948, vol. 12, pp. 529-539.
Caputo M. Linear models of dissipation whose Q is almost frequency independent — II,
Geophysical Journal International, 1967, vol. 13, no. 5, pp. 529-539. DOI: 10.1111/j.1365-
246X.1967.tb02303.x.

Mueller J.L., Siltanen S. Linear and Nonlinear Inverse Problems with Practical
Applications. Philadelphia, Society for Industrial and Applied Mathematics, 2012, 372 pp.
Tarantola A. Inverse problem theory : methods for data fitting and model parameter
estimation, Amsterdam and New York: Elsevier Science Pub. Co., 1987, 613 pp.

Arregui I. Inversion of Physical Parameters in Solar Atmospheric Seismology, Multi-
scale Dynamical Processes in Space and Astrophysical Plasmas, 2012, pp. 159-169. DOI:
10.1007/978-3-642-30442-2 18

Tahmasebi P., Javadpour F., Sahimi M. Stochastic shale permeability matching: Three-
dimensional characterization and modeling, International Journal of Coal Geology, 2016,
pp. 231-242, vol. 165, DOI: 10.1016/j.coal.2016.08.024.

Lailly P. The seismic inverse problem as a sequence of before stack migrations, Conference
on Inverse Scattering, Theory and application, 1983, pp. 206-220.

Utkin V.I., Yurkov A.K. Radon as a tracer of tectonic movements, Russian Geology and
geophysics, 2010, vol. 51, no. 2, pp. 220-227. DOI: 10.1016/j.rgg.2009.12.022

Parovik R.I. Matematicheskie modeli neklassicheskoj teorii emanacionnogo metoda
[Mathematical models of the neoclassical theory of the emanation method]. Petropavlovsk-
Kamchatsky, Vitus Bering Kamchatka State University, 2014, 80 pp., isbn: 978-5-7968-
0450-6(In Russian)

Ponamarev A.S. Frakcionirovanie v gidroterme kak potencial'naya vozmozhnost’
formirovaniya predvestnikov zemletryasenij [Fractionation in hydrothermal fluid as
a potential opportunity for the formation of earthquake precursors]. Geohimiya
[Geochemistry], 1989, no. 5, pp. 714-724 (In Russian)

117


https://doi.org/10.3390/math11040850
https://doi.org/10.1134/S2070048210020055
https://doi.org/10.1134/S2070048210020055
https://doi.org/10.1051/e3sconf/202019602027
https://doi.org/10.1051/e3sconf/202019602027
https://doi.org/10.26117/2079-6641-2023-44-3-86-104
https://doi.org/10.1111/j.1365-246X.1967.tb02303.x
https://doi.org/10.1111/j.1365-246X.1967.tb02303.x
https://doi.org/10.1007/978-3-642-30442-2_18
https://doi.org/10.1007/978-3-642-30442-2_18
https://doi.org/10.1016/j.coal.2016.08.024
https://doi.org/10.1016/j.rgg.2009.12.022

ISSN 2079-6641 TBépaptit A. A., Makapos E. O., ITaposux P. .

[33]

[34]

[35]

[36]

[37]

[38]
[39]
[40]
[41]

[42]

[43]
[44]

[45]

[46]

[47]

[48]
[49]

[50]

Barsukov V.L., Varshal G.M., Garanin A.V. Zamokina N.S. Znachenie
gidrogeohimicheskih metodov dlya kratkosrochnogo prognoza zemletryasenij [Significance
of hydrogeochemical methods for short-term earthquake prediction], In book:
Gidrogeohimicheskie predvestniki zemletryasenij [Hydrogeochemical precursors of
earthquakes|, 1985, Moscow: Science, pp. 3-16.

Etiope G., Martinelli G. Migration of carrier and trace gases in the geosphere: an overview,
Physics of the Earth and Planetary Interiors, 2002, vol. 129, no. 3-4, pp. 185-204. DOI:
10.1016/S0031-9201(01)00292-8.

Varhegyi A., Baranyi I., Somogyi G. A. Model for the vertical subsurface radon transport
in «geogas» microbubbles, Geophysical Transactions, 1986, vol. 32, no. 3, pp. 235-253.
Gorbushina L.V., Ryaboshtan YU.S. Emanacionnyj metod indikacii geodinamicheskih
processov pri inzhenerno-geologicheskih izyskaniyah [Emanation method of indication
of geodynamic processes in engineering-geological surveys|. Sovetskaya geologiya [Soviet
geology], 1975, pp. 106-112 (In Russian)

Kozlova I. A., Yurkov A. K. Reflection consecutive seismic events in the field of radon volume
activity. Ural’skij geofizicheskij vestnik [Ural Geophysical Bulletin|, 1975, no. 1(27), pp. 35—
39 (In Russian)

Gudzenko V.V., Dubinchuk V.T. Izotopy radiya i radon v prirodnyh vodah [Isotopes of
radium and radon in natural waters]. Moscow: Science, 1987, 156 pp.(In Russian)
Novikov G.F. Radiometricheskaya razvedka [Radiometric intelligence]. Leningrad: Nedra,
1989, 406 pp., isbn: 5-247-00832-4.(In Russian)

Uchaikin V. V. Fractional Derivatives for Physicists and Engineers. Vol. I. Background and
Theory. Berlin/Heidelberg, Springer, 2013, 373 pp. DOI: 10.1007/978-3-642-33911-0.
Volterra V. Sur les équations intégro-différentielles et leurs applications, Acta Mathematica,
1912, vol. 35, no. 1, pp. 295-356. DOI: 10.1007/BF02418820.

Patnaik S., Hollkamp J.P., Semperlotti F. Applications of variable-order fractional
operators: a review, Proceedings of the Royal Society A, 2020, vol. 476, no. 2234, pp.
20190498. DOI: 10.1098/rspa.2019.0498.

Coimbra C. F. M. Mechanics with variable-order differential operators, Annalen der Physik,
2003, vol. 515, no. 11-12, pp. 692-703. DOI: 10.1002/andp.200351511-1203.

Mandelbrot B. B. The fractal geometry of nature. New York, W.H. Freeman and Co., 1982,
468 pp.

Tverdyi D. A., Parovik R.I. Investigation of Finite-Difference Schemes for the Numerical
Solution of a Fractional Nonlinear Equation, Fractal and Fractional, 2022, vol. 6, no. 1, pp.
23. DOI: 10.3390/fractalfract6010023.

Tverdyi D. A., Parovik R. [. Application of the Fractional Riccati Equation for Mathematical
Modeling of Dynamic Processes with Saturation and Memory Effect, Fractal and Fractional,
2022, vol. 6, no. 3, pp. 163. DOI: 10.3390/fractalfract6030163.

Chicco D., Warrens M. J., Jurman G. The coefficient of determination R-squared is more
informative than SMAPE, MAE, MAPE, MSE and RMSE in regression analysis evaluation,
PeerJ Computer Science, 2021, no. 299, pp. €623. DOI: 10.7717/peerj-cs.623.

Cox D.R. Hinkley D.V. Theoretical Statistics, 1st edition. New York, Chapman and
Hall/CRC, 1974, 528 pp., isbn: 9780429170218.

Dennis J. E., Robert Jr., Schnabel B. Numerical methods for unconstrained optimization
and nonlinear equations. Philadelphia, SIAM, 1996, 394 pp., isbn: 9781611971200

Gill P. E., Murray W., Wright M. H. Practical Optimization. Philadelphia, STAM, 2019, 421
pp.

118


https://doi.org/10.1016/S0031-9201(01)00292-8
https://doi.org/10.1016/S0031-9201(01)00292-8
https://doi.org/10.1007/978-3-642-33911-0
https://doi.org/10.1007/BF02418820
https://doi.org/10.1098/rspa.2019.0498
https://doi.org/10.1002/andp.200351511-1203
https://doi.org/10.3390/fractalfract6010023
https://doi.org/10.3390/fractalfract6030163
https://doi.org/10.7717/peerj-cs.623

VaeHTHNUKAIINSA TapaMETPOB X-MOAEAHX . . . ISSN 2079-6641

[51]

[52]

[53]

[54]

Levenberg K. A method for the solution of certain non-linear problems in least
squares, Quarterly of applied mathematics, 1944, vol. 2, no. 2, pp. 164-168. DOIL:
10.1090/gam/10666.

Marquardt D. W. An algorithm for least-squares estimation of nonlinear parameters,
Journal of the society for Industrial and Applied Mathematics, 1963, vol. 11, no. 2, pp.
431-441. DOI: 10.1137/0111030.

Ford W. Numerical linear algebra with applications: Using MATLAB, 1st edition.
Massachusetts, Academic Press, 2014, 628 pp., DOI: 10.1016/C2011-0-07533-6

Janert P. K. Gnuplot in Action: Understanding Data with Graphs, 2nd Edition. New-York:
Manning, 2016, 400 pp., isbn: 1633430189.

Information about the authors

Tverdyt  Dmitrii  Alezrsandrovich® - PhD  (Phys. &
Math.), Researcher, Electromagnetic Radiation Laboratory,
Institute  of Cosmophysical Research and Radio  Wave
Propagation, FEB RAS, Paratunka village, Russia,
ORCID 0000-0001-6983-5258.

Makarov Ewvgeny Olegovich® — PhD (Phys. & Math.), Senior
Researcher, Acoustic and Radon Monitoring Laboratory, Kamchatka
Branch of the Federal Research Centre "Unified Geophysical Service of

the Russian Academy of Sciences Petropavlovsk-Kamchatsky, Russia,
ORCID 0000-0002-0462-3657.

Parovik Roman Ivanovich® - D. Sci. (Phys. & Math.),
Associate  Professor, Leading Researcher, Physical Process
Modeling Laboratory, Institute of Cosmophysical Research and
Radio Wave Propagation, FEB RAS, Paratunka village, Russia,
ORCID 0000-0002-1576-1860.

119


https://doi.org/10.1090/qam/10666
https://doi.org/10.1090/qam/10666
https://doi.org/10.1137/0111030
https://doi.org/10.1016/C2011-0-07533-6
https://www.researchgate.net/profile/Dmitriy-Tverdyi
https://orcid.org/0000-0001-6983-5258
https://www.researchgate.net/profile/Evgeny-Makarov-2
https://orcid.org/0000-0002-0462-3657
https://www.researchgate.net/profile/Roman-Parovik
https://orcid.org/0000-0002-1576-1860

BECTHUK KPAVHII. ®U3.-MAT. HAVKU 2024. T. 48. Ne. 3. ISSN 2079-6641

IIpodeccop Mupcana Mupcuagankosud A purosB
K 85-JIeTUI0 CO AHA POKJIEHUA

Mupcaup, MupcuaAMKOBUY Apunos
popumacs 20 cenTsabpss 1939 ropa B cene
Ucnait, BocTarabIKCcKOrO paitona TarmkeHTCKOR
obaracTz B cembe cayxxamero. B 1961 roay
OKOHYMA  TaIIKEeHTCKUN  TOCYyAAPCTBEHHBIN
VHUBEPCUTET (ubiHe HanuonanbHbIN
yHUBEpPCUTET Y3bekucTaHa wuMeHm Mupso
Yayréeka  HVYVY3) II0  CIEIXAaAbLHOCTH
«MaremaTukay. K Tpyp0oBO#l AESITEABHOCTH
IPUCTYIUA B KadecTBE CTapIIero .aabopaHTa
BBEIYUCAUTEABHOTO IleHTpa Taml'V B 1961 roay
U ITIOCA€AOBATEABHO IIPOIIEA IIYTh OT HAYYHOTO
COTPYAHUKA, CTapIlIero IIPEIOAABATEAST,
TTpodbeccop M.M. Apmros AOIIEHTa, AEKaHa, IIPOodeccopa, 3aBEAYIOIIETO

Kadeppoit B TeueHUM 35 AeT, IpPeACEAATEAS
00 beAMHEHHOTO IIPO(QCOIO3HOrO KoMmTeTa Taml'y A0 TEPBOrO IIPOPEKTOpa
TamkeHTCKOTO TOCYyAAPCTBEHHOrO YyHuUBepcuTera. B  1963-1968 ropax IpOXOAUA
CTa’KUPOBKY ¥ aCIUPaHTyPy B BeraucaureabHoM 1eHTpe Cubupckroro otaenenus PAH.
Tax>xe, M. ApunoB YeTHIPEKALLI IIPOXOAUA IIOBBIIIEHNE KBAAUDUKAIINY Ha (PaKyAbTETE
BBIYMCAUTEABHON MaTeMaTuku um KubepHetmkum MIY B 1972-1986 ropax. 3a Bpems
paboTsl B yHUBepcuTeTe M. APHUIIOB Ha BEICOKOM YPOBHE YXTAaA ODIME M CIEIIMAAbHEIE
Kypchl 10 wuH(pOpMaTVKe, UHPOPMAIIMOHHON TEXHOAOTMY, MaTEMaTUIECKOMY
MOAEAVPOBAHUIO HEAMHEWHBIX IIPOIIECCOB, a TaKXe Kypc «MaTeMaTmdyeckme 3apadu
€CTECTBO3HAHUSIY AAS DaKaaaBpOB, MaruCTPOB, aCIMPAHTOB, CAYLIIATEAEH ITOBBIIIIEHUS
KBaamuramuy B Taml'y.

M. ApumoB BeAET aKTUBHYIO HAYYHO-MCCAEAOBATEABCKYIO paboTy B IIEAOM PSIAE
IIPEAMETHBIX OOAACTEN, BKAIOYAsT MATEMATHYIECKOE MOAEAMPOBAHUE HEAMHENHBIX
IIPOIIECCOB, 3alIUTy MHAOPMaluUy, MHAMOPMAIMOHHLIE TEXHOMAOTUY, BBIYUCAUTEABHYIO
AVHTBUCTUKY ¥ METOAVKU IIPENIOAABAaHUSI MHMOPMAIIMOHHBIX TexHOAOru#. [Ipodeccop
M. ApunoB sBAsieTcs aBTOpoM boaee 600 mayuublx pabor, 7 Momorpadwmit, 50
yIEOHUKOB M Y4IEeOHBIX HOCOOMIM IO NIPUKAAAHOW MaTEMATHKE M WHAOPMAIIMOHHBIM
TEXHOAOTHSIM, 4 3 KOTOPBIX IPU3HAHLI AYYIIIMY YIeOHNKAMY X YI€OHBIMY ITOCOOUSIMU.
VM Tak>Xe NOAYYEHBI CEPTU(MUKATHI MHTEANEKTYAABHOTO areHTCTBa PV3 Ha 30
IIPOTPaMMHBIX IIPOAYKTOB. 3SHAYMTEAbHBIN HaydHBIN mHTepec M. ApwumoBa CBS3aH C
HUCCAEAOBAHUSIMU ACHMIITOTHYECKON TEOPUU MCCAEAOBAHUSI PA3AMYHBIX KAaUECTBEHHBIX
CBOMCTB pereHuit 0600IIIEHHEIX YPaBHEHNHN THIIa DMAeHA-Payaepa BTOPOro U TPETHETO
IIOPSIAKA, ONMCHIBAIOIIWE PsA (PU3MIECKUX IIPOIeccoB. M. APHIIOB AAS U3YUIEHUS
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ACHUMIITOTUYIECKUX CBOMCTB PELICHUY ypaBHEHUWE TUIla JMAeHa-Payrepa IPEANOKUAA U
06OCHOBaA MeTOA 3TanOHHBIX ypaBHeHui (Merop BKB) u3BecTHBIE paHee AWIIL AASI
AVHEWHBIX ypaBHEHU#. IM yCTaHOBAEHO, UTO OOOOIIEHHBIE YPAaBHEHUS TUIIA OMAEHA-
®ayaepa BTOPOTO ¥ TPETHETO MOPSIAKA TECHO CBSI3aHBI C aBTOMOAEABHBIMU PEIIEHUSIMU
HEAMHEWHBIX BBIPO’KAAIOUINXCS YPABHEHUN IapaboAMYECKOT'O THUIIA B AUBEPLEHTHON 1
HEAMBEPTreHTHON opMax C YpaBHEHMEM TOHKOM IIAEHKH, BCTPEYAOIINX B PA3AUYHBIX
IPUAOKEHUSX.

BMmecTe co cBomMmum yuenHmKaMu M. ApPHUIIOB IPEANOKUA U ODOCHOBAA METOARI,
HUCCAEAOBAHUS KPAEBHIX 33734 AASI ABaKABI HEAUMHENHBIX BEIPO’KAQIOIIAXCSI YPaBHEHUT
MapaboAMYeCKOT0 THIA ¥ HUX CHUCTEM, OIIKXCBIBAIOIIWE IIPOIECCHI. (PUALTPAIAU B
ra3ax ¥ JKUAKOCTSAX, HEAWHEWHON AUPOPY3US, TEIAOIPOBOAHOCTH, IIBIAE-COAE
IIepeHoca, OMOAOTMYECKON IIONMYASINK, PAaCIPOCTPaHEHWE BHPYCOB, OMONOTMIECKON
nonyasmuu tuna Koamoropoa Puirepa B OAHO- ¥ MHOTOKOMIIOHEHTHBIX HEAWHEWHBIX
Cpepax, C Y4YeTOM IIEPEMEHHOM INOTHOCTM ¥ ABOWHON HeamHeHHOCTH. CO3AaHHBIE
UM TeOpUs ¥ IIPAKTUKA II0O3BOAUAUM YCTAHOBUTL HOBBLIE SIBAEHUS CBOWCTBEHHBIE
AUIITBb PAaCCMOTPEHHBIM HEAVMHENHBIM 3apad9aM TaKHME€ KaK <«KOHE€YHasi CKOPOCTBb
PaCIpOCTPAHEHUSI», <«IPOCTPAHCTBEHHAS AOKAAM3AIUA», <«blow up», «CTeHay,
«BBIMUPAHUE 32 KOHEYHOE BPEMSIY».

M. ApunoB — OAWH 73 WHUIWATUBHBIX VUYEeHBIX, VCIEIIHO HAAAAWBIIAN
Me>XAYHapPOAHOE COTPyAHMUYecTBO. B Teuenume 1976-2023 ropoB oH ydacTBoBaA bonee
60 pas BO BCEMUPHBIX MaTEMATHYECKUX KOHI'peccax, B KoHrpeccax ISAAC, TWMS,
GAMMV,, mpoBoAMMEIX B pa3sAMYHBIX cTpaHax CeBepHo#t Amepukuy, 3amapHoit EBpomsr
u Bocrouno#t Asmu. M. ApHUIOB SBASIETCS YAEHOM AMEPUKAHCKOTO U €BPOIEWCKOTO
MaTEMAaTUIECKUX OBIIeCTB, obInecTBa NIPUKAAAHON MaTeMaTuky u MexauHuku (GAMM,
I'epmanus), Maremarudeckux obmecTB ISAAC, TWMS, peleH3eHTOM IPECTH>KHOI'O
u3paums Zentralblatt, waeHom pepxoarerum 7 MeXAYHAPOAHBIX KypHaAOB «Pure and
Applied Mathematicsy, «uacdopmarimonnas be3onacHOCThy, BrrducauTenbHast HU3UKA,
BrrumcauTenbHble HaHOTexHOAoruu. «BectHuka PI'VI'H», «Bioanerens YzMVy,
«Broaneresr TYUT», «[IpobareMbl BEIYMCAUTEABHON ¥ NIPHUKAAAHOW MaTEMATUKU»
¥ APYTEX >XypHanoB. Boabmoe BHumManume M. ApHIOB yAeAsieT BOIpocaM HAydHOTO
COTPYAHMYECTBA C BEAYIIMMK By3aM{ M HAYYHBIMU KCCAEAOBAHUSIMU. IEHTPHL. B
pe3yAbTaTe 3TOr'0 COTPYAHMYECTBA II0A PyKoBoACcTBOM M. ApumnoBa 6bpIAM peaan30BaHbI
3 mpoekTa EBpocoioza COCUZ, CANDI, CLASS u Bcemupnoro 6amka, obmuit ob6bem
€ro MHBECTULIUH cocTaBuA Horee 2 MAH. poarapoB CIIIA. B pe3yabTaTe 3TUX IPOEKTOB
co3paH 21 HOBBI KYypPC AUCTAHIIMOHHOTO OOYYeHMSI AASI MarucTPaTypbl U BEAETCS
IIOATOTOBKa MAarucTpoB ¥ HaKanaBpPOB IO HOBBIM CIEIMAABHOCTAM «KOMIBIOTEPHLIE
Hayku», «KOMIbIOTEpHasT AWHIBUCTHKA». B paMKax 3TuX rpaHToB 10 MarucTpoB
3aBEPIIUAY MarucTePCcKyio pabory u 30 yenoBeK U3 IPOdECCOPCKO-IIPENOAABATEABCKOTO
COCTaBa IIPOUIAY TPEHUHT KYPChI 3apyOe’KoM B U3BECTHLIX €BPOIENCKUX YHUBEPCUTETAX.
B xoae peanmsalniuy 3TOTO MPOEKTA OBIA ITOAIIMCAH AOTOBOP C Y HEBEpPCHUTETOM Apama
Munkesuua B [ToabIe.

M. ApwumnoB pPYyKOBOAMA 2 POCCUHCKO-y30eKcKuME, 2 GOYHAAMEHTAABHBIME, 3
TIPUKAAAHBIMA ¥ 2 WHHOBAIIMOHHBIMY HAYYHBIMU IIPOEKTAMU U IIPOEKTOM BCEMUPHOTO
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bamka VY3YAT: VHUBepCaAbHBIE KOPIYC A€peBa OTHOLIEHWH AAs ob6paboTru
€CTEeCTBEHHOI'O SI3BIKa Ha Y30EKCKOM SI3bIKE U €r0 CEMAHTUYECKUM aHanm3y. TakiKe,
OH PYKOBOAUA bonee 12 XO3SHCTBEHHBIMU AOTOBOPAMU 3aKAIOUEHHBIX C PA3BAUYHBIMU
npepnpusaTuamMu Poccum un Hame#t Pecniybamku. Pe3yabTaTbl Hay4HBIX W3BICKAHUR
6piAu BHeppeHbI B VucTmTyTe dumsurku PAH, B Hayunom obbepuuenuu «DPoTOHSY,
SeNeHOIPaACKOM BOEHHOM IpeAnpusaTun, MI'V u psine KPYIHBIX IPEAIPUSTHN Halei
CTpaHBI, a TakK>Xe Ha 3aBope Ne84, «¥Y3TpaHcrasy, «¥Ys3HedTerasy, TaIIKeHTCKOM
TIPOEKTHO-KOHCTPYKTOPCKOM b6iopo, MHcTuTyT acTrpornomuu, Obbepunenne «Manrukay u
Ap. M. ApunoB Tak>Xe aKTUBHO paboTaeT B CUCTEME «YCTO3- IIIOTUPAY X C OAAPEHHBIMU
yuenukaMu. Cpepm ero yueHumkoB B 2011 roay acmumpanTt A. Abayanraes, B 2022 1
pokTopaHT C. MaTaaTunos, CTaBIMIUE CTUNEHAMATOM [Ipe3suaeHTCKO# cTUIEHAWW, a
yuaeruk T.P. Asnapos B 2013 ropy 6vIA yAOCTOEH 3BaHUSA «l'epoit Y3bekucTaHay.

M. ApunoB co3pan Hayd9HYIO IIKOAY B OOAACTH NIPUKAAAHOW MaTeMaTUKU U
“HMOPMAIMOHHBIX TexHOoAoru#i. OH MOATOTOBHA 14 AOKTOPOB HayK (B TOM YHCAE
3 pokropa Hayk u3 Hrumra, CayaoBckoi#t Apasum u Typroum), 35 KaHAUAATOB
HaykK (B ToMm uwmcae 23 PhD), pykoBopuma 60 MarucTepcKuMu AucceprarusMu. M.
ApunoB sBAsIETCSI OPraHU3aTOPOM 16 MEKAYHaPOAHBIX KOHMepeHnit Aab-Xope3mu 1o
aKTyaABHBIM IIpobAeMaM NIPUKAAAHOY MaTEMATUKM ¥ WHAOPMAIIMOHHBEIX TEXHOMOTUH,
KOTOpasi IIPOBOAUTCS pa3 B ABa I'OAQ, OH TaK>Xe SIBASIETCS YAEHOM OPraHW3aIVOHHBIX
¥ IPOTPaMMHBIX KOMUTETOB MHOTUX MEXAYHAPOAHBIX KOH(MEPEHIINH, IPOBOAUMBIX 3a
pybesxoM.

B 1990-1995 ropax M. ApunoB OBIA AENyTAaTOM T'OPOACKOI'O COBETa TaIIKEHTA.
3a TpyAoBBle 3acayrz M. ApUIIOBYy IIPHMCBOEHO IIOYETHOE 3BaHUE <«3aCAY>KEHHBIN
paboTHUK HapopHOro obpasoBanusi Pecrybauku Y3bekucrans (1990 r.). B 2020 roay
61 Harpa>xpeH opaeHoM «PumaoropoHa xmsMaTrapu yuyHsy. Kpome Toro, M. Apumnos
HEOAHOKPATHO HarpPaKAEH IIOYETHHIMU IpamoTaMu 1 MeparsMu HY V3, MBuCCO PVs,
MuyHUHHOBaIY ¥ IPOdCoio3a, BKAOYasi modeTHble rpaMoTel MBuCCO PV3, Mepans
«l'opaocts HanmomaabHOro yruBepcumTeTas (2023 T.), HarpypHbIE 3HaK «Berepan
Tpyaay (2023 r.), rpamora «3a 3aCAYru B [OBHIIEHUN AKAAEMUYECKONM DPelyTaluu
By3a» (2022 r.). 3a BKAap B passurre HamuoHaabHOro yHuBepcuTera Kasaxcrama M.
Apwuno 6bIA Harpa>XA€H HarpyAHBIM 3HAKOM «3a BKAAA B pasBUTHUM KazaxCTaHCKOI'O
HanuonaabHOro yHEBepcuTeTay (2015 1.).

Mwupcaup, MwupcupaukoBrd ApPUNOB YK€ IIOCAEAHUX HECKOABKO AET SIBASETCS
YAE€HOM PEAAKIIMOHOTO coBeTa KypHaaa «Bectauk KPAVHII. ®usuko-mMaTeMaTndecKue
HAYKU» ¥ BBEAET aKTUBHYIO PaboTy IO pasBUTHIO KypHana. PepaKIMoHHAS KOAAETHUS
u coBeT XypHanra «Becrumuk KPAVHII. ®usmro-maTeMaTndecKue HAYKU» CEPAEIHO
no3papaBaser Mwupcampa MupcupaukoBuua ¢ 85-AeTHUM 0OMAEEM, JKEAAET MY
KPEIIKOI'O 3A0POBbSI, HEUCCIKAEMOM >KU3HEHHOU 3HEPIHH, AAADHEUININX TBOPYECKUX
yCIeXoB B paboTe u HAATONOAYYUUS B CEMBE.

PeAaKHPIOHHaH KONAANETI'USA I COBET
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Hunpekrop MIIMA KBHII PAH
Apcen Baagumuposnu Ilcxy
K 99-JIETUIO CO AHA POXKJIEHUA

30 OKTs16pst 2024 ropa Apcen
BarapumupoBuu Ilcxy orMmerun 55-aeTHUR
obuneit. A.B. Ilcxy sBAsieTCsI AMPEKTOPOM
NucTuTyTa NOpPUKAAQAHOK  MaTeMaTUKU U
aBToMaTu3anuy - Gurnara PepepasrbHOTO
TOCYAAPCTBEHHOI'O  OIOAJKETHOTO  HAYYHOT'O
VIpEeXKAEHUS «DPepepanbHBIH Hay4HBIH
nentp «KabapauHo-Bankapckuit HaydHBIN
neaTp PAH c¢ 2021 ropa mo HacTosIIee
BpeMs (panee — MucTuTyT). B UHCTHTyTe
A.B. Tlcxy paboraer c 1996 roaa, mpoirea
OyTh OT MAAANIIETO HAYYHOTO COTPYAHUKA
DO pykoBopuTeAs. B 1991 ropy 3aKOHYHA
MeXaHUKO-MaTeMaTUIeCKUM dakyAbTET
MOoCKOBCKOTO I'OCYyAQPCTBEHHOT'O YHUBEPCUTETA
uMm. M.B. AomoHOCOBa, B 1999 ropy 3amuTuA
AUCCEPTANIO Ha COMCKAHWE YYEHON CTEIeHU
KaHAMAQTa (PU3UKO-MATEMATUIECKAX  HAYK
(r. Haawvumk, WuCcTHTyT), B 2007 ropy -

Aupexrop MIIMA KBHIL PAH AUCCEPTalli0 Ha COMCKAHME YYUEeHOM CTeIeHU

A.B. Ilexy AOKTOPA PU3UKO-MATEMATAIECKUX HayK
(Mocksa, MI'V).

[Icxy A.B. — cmenmanucT B obAACTH TPUKAAAHOM M TEOPETUYUECKON MaTEeMAaTUKU
(puddeperimansurle  ypaBHEHWsI,  APOOHOe  HCUMCAEHUE, MaTeMaTIIeCKOoe
MoaeaupoBarue). Mupexc Xupma PUHIL - 21, X WOS - 10, X Scopus — 11.

IIcxy A.B. noaydennl QyHAAMEHTaAbHBlE HAYYHBIE PE3YALTATHI, CBSI3aHHBIE
C paspaboTKO# U paA3BUTUEM AHANUTUYECKUX METOAOB DPEIIEHUST OOBLIKHOBEHHBIX
¥ B YACTHBIX IIPOM3BOAHBIX AuUMdEPEHINAABHBEIX VPaBHEHUN, COAEPIKAIIUX
OIIepaTOphl APOOHOTO ¥ PACIPEAEAEHHOTO AUMPDEPEHNIUPOBAHUS, KX IPUMEHEHUEM
K MaTeMaTUYECKOMY MOAEAMPOBAHUIO IIMPOKOTO KAacCCa (PUINUECKUX IIPOIIECCOB;
MeTOAAMU DEINEHUST ¥ aHaAW3a HaYaAbHBIX U KpaeBBIX 3aAaY AAS VpPaBHEHUN B
YaCTHBIX IIPOM3BOAHLIX; TEOPHEN WHTErPAABHBEIX IPeobpa3oBaHUMl U CIEIIMAABHBIX
dyHKIINA. SIBASIETCS PYKOBOAUTEAEM HaydHOro HanpaBAeHus VucturyTa. [lorydyeHHEBIE
UM HAyYHBIE PE3YABTATHI IPUBAEKAU IMAPOKOE BHUMAHWE CIEIIMAAWCTOB KaK Y HAC B
CTpaHe, TakK 1 3a Pybe’xoM, ero HaydYHBIA aBTOPUTET muPoko u3BecTeH B KBEP u 3a ero
IpeAeNaMu.
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[Icxy A.B. — aBrop 6Gonree 200 mayuyubix paboT, B ToM umcre 3 MoOHoOrpadumit,
PYKOBOAUTEAL HPOEKTOB, GuHaHCUPYyeMbIX PPPV, nporpamm GyHAAMEHTAABHBIX
uccaepoBaHuit OTpeneHusi maTeMaTudeckux HayK PAH, naypear PoHpA IOAAEPIKKHU
oTeuecTBeHHOY Hayku. llcxy A.B. ycmemHo codeTaeT HAy4YHYI ¥ Hay4HO-
00pa3’0BaTEAbBHYIO AESITEABHOCTH, YHUTAET CIEIMAABHBIE KYPCHL AAS aCIUPAHTOB
¥ MOAOABIX yuUeHBIX B HayuHo-0OpasoBaTeAbHOM IIEHTPE VIHCTUTyTa ¥ CTYAEHTOB
CTapIIXX  KYPCOB  MaTeMaTudeckoro  gakyabTera  Kabapauno-Baakapckoro
TOCyAApPCTBEHHOTO yHuUBepcuTeTa uM. X.M. BepberoBa, pyKOBOAUT Hay4HON paboToit
aCIIMPAHTOB M COMCKATEASIMU YUeHBIX cTemeHel. [Ioa ero pykKoBOACTBOM 3aIluIneHo 9
KaHAUAATCKUX Aumccepranuii 1 PhD. Vcememno pykoBopuT VHCTHTyTOM, B HAyYHBIR
KOAAEKTUB KOTOPOT'O BAMBAIOTCSI MOAOABIE yUeHBIE. [IDOAOAIKAET PA3BUTHE BEAYIIETO
HAYYHOI'O HAIIPABAEHUS ¥ HAYYHOHR ITKOALL II0 TEOPUX APOOHOTO UCYUCAEHUS, CO3AaBas
KOMQOPTHEIE YCAOBUS AAST YCIENTHON HAYYHOM pPaboTHl KOAAEKTHUBY.

IIcxy A.B. — unen pepxoaneruit >xypHaaoB: Journal of Fractional Calculus and
Applications (JFCA); Fractional Differential Calculus (FDC); Electronic Journal of
Mathematical Analysis and Applications (EJMAA); Becruuk KPAVHII; BecTHuk
AI'Y; Ussectusst KBHII PAH; Aokaaasr AMAH. SIBasieTcs skcnepToM B PepeparbHOM
PEECTPe 3KCIEPTOB HAyYHO-TeXHUYECKOR chepsl MunobpHayku PP; uaeH 3KCIEPTHOTO
coBeTa PH®. Brec cymecTBeHHBIN BKAAA B pa3BuTue HayKu B Kabapauuo-Baarkapckoit
pecnybArKe, B YKPENAEHNE HAYIHBIX CBsI3€l ¢ By3aMmu pecnybaumk CeBepHoro KaBkasa,
KOHCOAMAQIIAY Hay4gHoro coobmecta FOPO.

AesteapHocTs Ilcxy A.B. 6mina ormedena Ilowermo#t rpamotoit Poccuiickoit
akapeMuy HayK u lIpodcoro3oB paboTHuUKOB Poccumiickoit akaaeMum Hayk (2007),
[ToueTHO# rpamoToit MunucrepcTBa obpasoBanuss u Hayku Kabapaummo-Barkapckoit
pecnybauru (2011), Ilowermoi#t rpamoroit Ilapaamenta KBP (2013), ITouerHeIME
rpamoTtamu KabapaumHo-BaakKapcKoro Hay4HOr'oO IIeHTpPa POCCHiICKON aKaAeMUM HAYK
(1999, 2008).

Apcer BaapummpoBuu Ilcxy saBasercs 6oaee 10 AeT aKTUBHBIM YAEHOM
PEAAKIIMOHHON KoAanermu >XypHana «Becrumurk KPAVHII. ®usuro-mMaTeMaTmdecKue
HAyKW» ¥ BBEAET AaKTWBHYIO paboTy IO Pa3sBUTHUIO J>KypHand. PeraKIMOHHAsS
KoAnerus: KypHana «Bectuuk KPAVHII. ®usrko-MaTeMaTruyecKue HAYKUAy CEPAECTHO
no3apaBaseT ApceHa BaapumumpoBuda ¢ 55-nreTHUM 100uAEEM, JKEAAET EMY KPEIIKOTO
3AOPOBBSI, HEWCCSIKAEMOMN >XU3HEHHOU SHEPTUY, AANDBHENININX TBOPYECKUX YCIIEXOB B
paboTe m 6AATOIOAYYIUST B CEMBE.

PeAaKIJ;I/IOHHaSI KOMAANETUSA
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