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Abstract. A boundary value problem of the Bitsadze-Samarskii type is studied in the article for a fractional-
order di�usion equation and a degenerate hyperbolic equation with singular coe�cients at lower terms in an
unbounded domain. The article considers a mixed domain where the parabolic part of the domain under consideration
coincides with the upper half-plane and the hyperbolic part is bounded by two characteristics of the equation under
consideration and a segment of the abscissa axis. The uniqueness of the solution to the problem under consideration
is proven by the method of energy integrals. The existence of a solution to the problem under consideration is reduced
to the concept of solvability of a fractional-order di�erential equation. An explicit form of the solution to the modi�ed
Cauchy problem is given in the hyperbolic part of the mixed domain under consideration. Using this solution, due to
the boundary condition of the problem, the main functional relationship between the traces of the unknown function
brought to the interval of the degeneracy line of the equation is obtained. Further, using the representation of the
solution of the di�usion equation of fractional order, the second main functional relationship between the traces of
the sought-for function on the interval of the abscissa axis from the parabolic part of the considered mixed domain is
obtained. Through the conjugation condition of the problem under study, an equation with fractional derivatives is
obtained from two functional relationships by eliminating one unknown function; its solution is written out in explicit
form. In the study of the boundary value problem, generalized fractional integro-di�erentiation operators with the
Gauss hypergeometric function are employed. The properties of the Wright and Mittag-Le�er type functions are
extensively utilized in the study.
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Àííîòàöèÿ. Â ñòàòüå èçó÷àåòñÿ êðàåâàÿ çàäà÷à òèïà Áèöàäçå-Ñàìàðñêîãî äëÿ äðîáíîãî óðàâíåíèÿ äèôôóçèè
è âûðîæäàþùåãîñÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ñ ñèíãóëÿðíûìè êîýôôèöèåíòàìè ïðè ìëàäøèõ ÷ëåíàõ
â íåîãðàíè÷åííîé îáëàñòè. Â ñòàòüå ðàññìàòðèâàåòñÿ ñìåøàííàÿ îáëàñòü, â êîòîðîé ïàðàáîëè÷åñêàÿ
÷àñòü ðàññìàòðèâàåìîé îáëàñòè ñîâïàäàåò ñ âåðõíåé ïîëóïëîñêîñòüþ, à ãèïåðáîëè÷åñêàÿ ÷àñòü îãðàíè÷åíà
äâóìÿ õàðàêòåðèñòèêàìè ðàññìàòðèâàåìîãî óðàâíåíèÿ è îòðåçêîì îñè àáñöèññ. Åäèíñòâåííîñòü ðåøåíèÿ
ðàññìàòðèâàåìîé çàäà÷è äîêàçûâàåòñÿ ìåòîäîì èíòåãðàëîâ ýíåðãèè. Ñóùåñòâîâàíèå ðåøåíèÿ ðàññìàòðèâàåìîé
çàäà÷è ñâîäèòñÿ ê ïîíÿòèþ ðàçðåøèìîñòè äðîáíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ. Ïðèâîäèòñÿ ÿâíûé âèä
ðåøåíèÿ ìîäèôèöèðîâàííîé çàäà÷è Êîøè â ãèïåðáîëè÷åñêîé ÷àñòè ðàññìàòðèâàåìîé ñìåøàííîé îáëàñòè.
Ñ ïîìîùüþ ýòîãî ðåøåíèÿ â ñèëó ãðàíè÷íîãî óñëîâèÿ çàäà÷è ïîëó÷åíà îñíîâíàÿ ôóíêöèîíàëüíàÿ ñâÿçü
ìåæäó ñëåäàìè íåèçâåñòíîé ôóíêöèè, ïðèâåäåííûìè íà èíòåðâàë ëèíèè âûðîæäåíèÿ óðàâíåíèÿ. Äàëåå,
èñïîëüçóÿ ïðåäñòàâëåíèå ðåøåíèÿ óðàâíåíèÿ äèôôóçèè äðîáíîãî ïîðÿäêà, ïîëó÷åíî âòîðîå îñíîâíîå
ôóíêöèîíàëüíîå ñîîòíîøåíèå ìåæäó ñëåäàìè èñêîìîé ôóíêöèè íà îòðåçêå îñè àáñöèññ èç ïàðàáîëè÷åñêîé
÷àñòè ðàññìàòðèâàåìîé ñìåøàííîé îáëàñòè. ×åðåç óñëîâèå ñîïðÿæåíèÿ èññëåäóåìîé çàäà÷è èç äâóõ
ôóíêöèîíàëüíûõ ñîîòíîøåíèé ïóòåì èñêëþ÷åíèÿ îäíîé íåèçâåñòíîé ôóíêöèè ïîëó÷åíî óðàâíåíèå ñ
äðîáíûìè ïðîèçâîäíûìè, ðåøåíèå êîòîðîãî âûïèñàíî â ÿâíîì âèäå. Ïðè èññëåäîâàíèè êðàåâîé çàäà÷è
èñïîëüçóþòñÿ îáîáùåííûå îïåðàòîðû äðîáíîãî èíòåãðî-äèôôåðåíöèðîâàíèÿ ñ ãèïåðãåîìåòðè÷åñêîé ôóíêöèåé
Ãàóññà. Ïðè èññëåäîâàíèè øèðîêî èñïîëüçóþòñÿ ñâîéñòâà ôóíêöèé òèïà Ðàéòà è Ìèòòàã-Ëåôôëåðà.
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Introduction and problem statement

Fractal theory explains the structure of disordered media, like porous materials, and

the processes that take place within them. A fractional-order di�erential equation is

used to describe the movement of a substance in a uniform �uid �ow [1]. The topic of

fractional-order di�usion is covered in [2]. Fractional-order di�erential equations come

up in various areas, such as classical mechanics (inverse problems), heat conduction

(heat �ow dynamics), di�usion (electrochemical analysis of electrode surfaces), and in

the study of stochastic transport processes. Problems involving �uid �ltration in highly

porous (fractal) media often require studying boundary value problems for fractional-

order partial di�erential equations. Boundary value problems for the fractional-order

di�usion equation were explored in [3�6]. A certain family of generalized derivatives of

the Riemann�Liouville operators Dα,β
a+ of orders α and β was studied in [7]. Applications

of this operator are given in [8]. The unique solvability of the problem for a partial

fractional derivative equation of the Riemann�Liouville type with a boundary condition

containing a generalized fractional integro-di�erentiation operator is investigated in

[9�11]. Reference [12] studies an analog of the Bitsadze�Samarskii type problem for a

mixed-type partial fractional derivative equation in an unbounded domain.

Let us consider a partial di�erential equation of the second order
uxx −D

γ
0+,yu = 0, y > 0, 0 < γ < 1,

−(−y)muxx + uyy +
α0

(−y)1−
m
2

ux +
β0

y
uy = 0, y < 0,

(1)

where Dγ
0+,y is the partial fractional Riemann-Liouville derivative of order γ(0 < γ < 1)

of function u(x, y) for the second variable [13] in domain D = D+ ∪D− ∪ I, where D+

is the half-plane y > 0, D− is a �nite domain of the half-plane y < 0, bounded by

characteristics OC and BC of equation (1) emanating from point O(0, 0) and B(1, 0)

and segment OB of the straight line y = 0, I = {(x, y) : 0 < x < 1, y = 0}. In equation

(1) m, α0, β0 are some real numbers satisfying conditions m > 0, |α0| <
m+2
2
, −m

2
<

β0 < 1.

Let us introduce the following notation: Θ(x) =
(
x
2
; −
(
m+2
4
x
)m+2

2

)
is the intersection

point of the characteristic of equation (1) emanating from point (x, 0) (x ∈ I), with

characteristic OC, Iσ,δ,η0+ is the operator of generalized fractional integro-di�erentiation

with the Gauss hypergeometric function F(a, b, c; z) introduced by M.A. Saigo [14] and

having the following form for real σ, δ, η and x > 0

(Iσ,δ,η0+ f)(x) =


x−σ−δ

Γ(σ)

x∫
0

(x− t)σ−1F

(
σ+ δ,−η, σ; 1−

t

x

)
f(t)dt, (σ > 0),

dn

dxn
(Iσ+n,δ−n,η−n0+ f)(x), (σ ≤ 0, n = [−α] + 1).

(2)

In particular [14],

(I0,0,η0+ f)(x) = f(x), (Iσ,−σ,η0+ f)(x) = (Iσ0+f)(x),
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(I−σ,σ,η0+ f)(x) = (Dσ
0+f)(x), (3)

where (Iσ0+f)(x) and (Dσ
0+f)(x) are the Riemann�Liouville fractional integration and

di�erentiation operators of order σ > 0.

Problem 1. Find in domain D solution u = u(x, y) to equation (1) satisfying

the following conditions:

y1−γu|y=0 = 0, (−∞ < x ≤ 0, 1 ≤ x <∞), (4)

A1

(
Ia,b,β−1−a0+ u[Θ0(t)]

)
(x) +A2

(
Ia+1,b−1+α,β−1−a0+ lim

y→0−(−y)β0uy(t, y)
)
(x)+

+A3

(
Iγ+a+α,b−γ,β−1−a0+ lim

y→0−(−y)β0uy(t, y)
)
(x) = g(x), (5)

and the conjugation conditions

lim
y→0+y1−γu(x, y) = lim

y→0−u(x, y), ∀x ∈ I, (6)

lim
y→0+y1−γ(y1−γu(x, y))y = lim

y→0−(−y)β0uy(x, y), ∀x ∈ I. (7)

Here α = m+2(β0+α0)
2(m+2)

, β = m+2(β0−α0)
2(m+2)

, 0 < α, β < 1
2
, A1, A2, A3 are real constants

such that A1 > 0,A2 ≤ 0,A3 ≤ 0 or A1 < 0,A2 ≥ 0,A3 ≥ 0, a, b, γ are real numbers,

g(x) is a given function such that g(x) ∈ C1(I)∩C2(I). We will seek solution u(x, y)

to the problem the class of twice di�erentiable functions in domain D such that u(x, y)

tends to zero as (x2 + y2) → ∞,
y1−γu(x, y) ∈ C(D+), u(x, y) ∈ C(D−),

y1−γ(y1−γu(x, y))y ∈ C(D+ ∪ I),

uxx ∈ C(D+ ∪D−), uyy ∈ C(D−).

Note that nonlocal boundary value problems for equation (1) in unbounded and

bounded domains were studied in [15], [16], [17], and for equation (1) for α0 = 0,

β0 = 0 problems were considered in [9, 11]. In works [18], [19] nonlocal problems with

shift on conjugation of two hyperbolic equations of the second order, consisting of a

wave equation in one part of the domain and a degenerate hyperbolic equation of the

�rst kind in the other part, are studied.

Uniqueness of the solution to the problem

Theorem 1. Let condition g(x) ≡ 0 be satis�ed. Then the problem cannot have

more than one solution.

Proof. Let there be a solution to the problem. We introduce the following notation

lim
y→0+y1−γu(x, y) = τ1(x), lim

y→0−u(x, y) = τ2(x), (8)
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lim
y→0+y1−γ(y1−γu(x, y))y = ν1(x), lim

y→0−(−y)β0uy(x, y) = ν2(x). (9)

It is known [5] that the solution to equation (1) in domain D+ satisfying condition

(4) and condition

lim
y→0+y1−γu(x, y) = τ1(x), ∀x ∈ I

is given by the following formula

u(x, y) =

1∫
0

G(x, y, t)τ1(t)dt, (10)

where

G(x, y, t) =
Γ(γ)

2
y

γ
2
−1e

1,γ
2

1,γ
2

(
−|x− t|y−

γ
2

)
,

eζ,ξµ,δ =

∞∑
n=0

zn

Γ(ζn+ µ)Γ(δ− ξn)
, ζ > ξ, ζ > 0, z ∈ C

is the Wright-type function [6].

By (10), the functional relationship between τ1(x) and ν1(x) brought the parabolic

part D+ to the line y = 0, following form [20]

ν1(x) =
1

Γ(1+ γ)
τ ′′1 (x). (11)

Let us �nd the functional relationship between τ2(x) and ν2(x) brought to the line

y = 0 from the hyperbolic part D− of domain D.

The solution to the modi�ed Chauchy problem (8)-(9) in domain D− has the

following form [15], [21]

u(x, y) = γ1

1∫
0

τ2

(
x+

2

m+ 2
(2t− 1)(−y)

m+2
2

)
tβ−1(1− t)α−1dt+

+ γ2(−y)
1−β0

1∫
0

ν2

(
x+

2

m+ 2
(2t− 1)(−y)

m+2
2

)
t−α(1− t)−βdt, (12)

ãäå γ1 =
Γ(α+β)
Γ(α)Γ(β)

, γ2 = − 2Γ(1−α−β)
(m+2)Γ(1−α)Γ(1−β)

.

From formula (12) and relation (2) we obtain

u[θ(x)] = γ1Γ(α)(I
α,0,β−1
0+ τ2)(x) + γ2

(
m+ 2

4

)1−α−β
Γ(1− β)(I1−β,α+β−1,β−10+ ν2)(x). (13)

Substituting (13) into the boundary condition (5), in view of (8) and (9) and applying

the following relation [14]

(Iα,β,η0+ Iγ,δ,α+η0+ f)(x) = (Iα+γ,β+δ,η0+ f)(x), (γ > 0), (14)
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we obtain

A1γ1Γ(α)
(
Iα+a,b,β−1−a0+ τ2

)
(x)+

+A1γ2

(m+ 2

4

)1−α−β
Γ(1− β)

(
Ia+1−β,b+α+β−1,β−1−a0+ ν2

)
(x)+

+A2

(
Ia+1,b+α−1,β−1−a0+ ν2

)
(x) +A3

(
Iγ+a−α,b−γ,β−1−a0+ ν2

)
(x) = g(x). (15)

where k1 = Aγ1Γ(α), k2 = Aγ2(
m+2
2
)1−α−βΓ(1−β). We apply operator I−α−a,−b,α+β−10+ to

both sides of equality (15). Direct calculations using formulas (14) and (3) show that

τ2(x) = −k1

(
I1−α−β0+ ν2

)
(x) − k2

(
I1−α0+ ν2

)
(x) − k3

(
Iγ0+ν2

)
(x) + g1(x), (16)

where

k1 =
γ2(

m+2
4
)1−α−βΓ(1− β)

γ1Γ(α)
, k2 =

A2

A1γ1Γ(α)
,

k3 =
A3

A1γ1Γ(α)
, g1(x) =

1

A1γ1Γ(α)

(
I−a−α,−b,α+β−10+ g

)
(x).

Let us estimate the integral

K =

1∫
0

τ2(x)ν2(x)dx.

By virtue of the conjugation conditions (6), (7) and relation (11), we have

K =
1

Γ(1+ γ)

1∫
0

τ1(x)τ1
′′(x)dx.

Integrating by parts and assuming that τ1(0) = τ1(1) = 0, we obtain

K = −
1

Γ(1+ γ)

1∫
0

[τ1
′(x)]2dx ≤ 0. (17)

Now we �nd a lower bound for the integral K. For g(x) = 0, equality (16) takes the

following form

τ2(x) = −k1

(
I1−α−β0+ ν2

)
(x) − k2

(
I1−α0+ ν2

)
(x) − k3

(
Iγ0+ν2

)
(x) =

= −
k1

Γ(1− α− β)

x∫
0

ν2(t)(x− t)
−α−βdt−

k2

Γ(1− α)

x∫
0

ν2(t)(x− t)
−αdt−

−
k3

Γ(γ)

x∫
0

ν2(t)(x− t)
γ−1dt,
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and, therefore,

K = −
k1

Γ(1− α− β)

1∫
0

ν2(x)dx

x∫
0

(x− t)−α−βν2(t)dt−

−
k2

Γ(1− α)

1∫
0

ν2(x)dx

x∫
0

(x− t)−αν2(t)dt−
k3

Γ(γ)

1∫
0

ν2(x)dx

x∫
0

(x− t)γ−1ν2(t)dt.

Next, we use the well-known formula for the gamma function Γ(σ) [22]

∞∫
0

sσ−1 cos(ks)ds =
Γ(σ)

kσ
cos
(σπ
2

)
, (k > 0, 0 < σ < 1).

Assuming that k =| x− t |, σ = α+ β, we obtain

| x− t |−α−β=

=
1

Γ(α+ β) cos(πα+β
2
)

∞∫
0

sα+β−1 cos(s | x− t |)ds, (0 < α+ β < 1),

for k =| x− t |, σ = α we obtain

| x− t |−α=
1

Γ(α) cos(πα
2
)

∞∫
0

sα−1 cos(s | x− t |)ds,

for k =| x− t |, σ = 1− γ we obtain

| x− t |γ−1=
1

Γ(1− γ) cos(π(1−γ)
2

)

∞∫
0

s−γ cos(s | x− t |)ds.

Applying these formulas and the Dirichlet formula for the permutation of the order of

integration in the repeated, we arrive at the following relation

K = −
2k1 sin(π

α+β
2
)

π

∞∫
0

sα+β−1
[( 1∫

0

ν2(x) cos(sx)dx
)2

+
( 1∫
0

ν2(x) sin(sx)dx
)2]
ds−

−
2k2 sin

απ
2

π

∞∫
0

sα−1
[( 1∫

0

ν2(x) cos(sx)dx
)2

+
( 1∫
0

ν2(x) sin(sx)dx
)2]
ds−

−
2k3 sin

(1−γ)π
2

π

∞∫
0

s−γ
[( 1∫

0

ν2(x) cos(sx)dx
)2

+
( 1∫
0

ν2(x) sin(sx)dx
)2]
ds ≥ 0. (18)

From (17) and (18), it follows that K = 0, and, consequently, according to (17)

1∫
0

[τ1(x)]
2dx = 0.
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Hence, by virtue of equalities τ1(0) = τ1(1) = 0, we obtain τ1(x) = 0 for all x ∈ I.
Thus, according to formula (10), makes it possible to assert that u(x, y) ≡ 0 in

domain �D+.

By virtue of the conjugation condition (6) τ2(x) ≡ τ1(x) and so τ2(x) ≡ 0 ∀x ∈ [0, 1],

and by virtue of (7), (9), (11) , also ν1(x) ≡ 0 ∀x ∈ [0, 1]. Then u(x, y) ≡ 0 in the

domain �D− as a solution to the modi�ed Cauchy problem with zero data, which proves

the uniqueness of the solution to the original problem. □

Existence of a solution to the problem

Theorem 2. Let conditions a > max{−α,β− 1}, γ > 1−β be satis�ed. Then the

solution to the problem exists.

Proof. Di�erentiate both sides of relation (16) with respect to x twice:

d2

dx2
τ2(x) = −k1

d2

dx2

(
I1−α−β0+ ν2

)
(x) − k2

d2

dx2

(
I1−α0+ ν2

)
(x) − k3

d2

dx2

(
Iγ0+ν2

)
(x)+

+
d2

d(x)2
g1(x),

or (assuming that τ1(x) = τ2(x) = τ(x), ν1(x) = ν2(x) = ν(x))(
D1+α+β
0+ ν

)
(x) − λ

(
D1+α
0+ ν

)
(x) − δ

(
D2−γ
0+ ν

)
(x) − µν(x) = g2(x), (19)

where λ = −k2
k1
, δ = −k3

k1
, µ = − Γ(1+γ)

k1
, g2(x) = 1

k1
g′′1(x). In the monograph [23], the

equation with fractional derivatives is considered(
Dα
0+y
)
(x) − λ

(
Dβ
0+y
)
(x) − δ

(
Dγ
0+y
)
(x) − µy(x) = f(x),

where x > 0, α > β > γ > 0, λ, µ, δ ∈ R, l−1 < α ≤ l, l ∈ R, and its solution is written
out in the following form

y(x) =

x∫
0

(x− t)α−1Gγ,β,α;λ(x− t)f(t)dt.

Here

Gγ,β,α;λ(z) =

∞∑
n=0

( ∑
i+v=n

)µiδv
i!v!

z(α−β)n+βi−(β−γ)v×

×1Ψ1

 (n+ 1, 1)(
(α− β)n+ βi+ α+ (β− γ)v, α− β

)∣∣∣λzα−β
 .

pΨq(z) =

∞∑
k=0

ckz
k, ck =

∏p
i=1 Γ(ai + αik)∏q
j=1 Γ(bj + βjk)

1

k!
, (k ∈ N0 = {0, 1, ...}),

z, ai, bj ∈ C, αi, βj ∈ R, i = 1, p, j = 1, q.
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For equation (19), this solution takes the following form

ν(x) =

x∫
0

(x− t)α+βG2−α,1+α,1+α+β;λ,(x− t)g2(t)dt,

G2−α,1+α,1+α+β;λ,(x− t) =

∞∑
n=0

( ∑
i+v=n

)µiδv
i!v!

(x− t)βn+(1+α)i−(α+γ−1)v×

×1Ψ1

[
(n+ 1, 1)

(βn+ (1+ α)i+ (1+ α+ β) + (α+ γ− 1)v, β)
|λ(x− t)β

]
.

This completes the proof of the existence of a solution to the original problem. □

Conclusion

The article investigated a nonlocal boundary value problem for a fractional di�usion

equation and a degenerate hyperbolic equation in an unbounded domain. The main

results obtained are new. We can use these results to investigate various boundary

value problems for di�erential equations with a partial fractional derivative.
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