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Abstract. A boundary value problem of the Bitsadze-Samarskii type is studied in the article for a fractional-
order diffusion equation and a degenerate hyperbolic equation with singular coefficients at lower terms in an
unbounded domain. The article considers a mixed domain where the parabolic part of the domain under consideration
coincides with the upper half-plane and the hyperbolic part is bounded by two characteristics of the equation under
consideration and a segment of the abscissa axis. The uniqueness of the solution to the problem under consideration
is proven by the method of energy integrals. The existence of a solution to the problem under consideration is reduced
to the concept of solvability of a fractional-order differential equation. An explicit form of the solution to the modified
Cauchy problem is given in the hyperbolic part of the mixed domain under consideration. Using this solution, due to
the boundary condition of the problem, the main functional relationship between the traces of the unknown function
brought to the interval of the degeneracy line of the equation is obtained. Further, using the representation of the
solution of the diffusion equation of fractional order, the second main functional relationship between the traces of
the sought-for function on the interval of the abscissa axis from the parabolic part of the considered mixed domain is
obtained. Through the conjugation condition of the problem under study, an equation with fractional derivatives is
obtained from two functional relationships by eliminating one unknown function; its solution is written out in explicit
form. In the study of the boundary value problem, generalized fractional integro-differentiation operators with the
Gauss hypergeometric function are employed. The properties of the Wright and Mittag-Lefller type functions are
extensively utilized in the study.
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HOAHbeI TEKCT Ha aHIAUMACKOM SI3BIKE
VAK 517.958

3amaga Tumna bumanze-Camapckoro g ypaBaueaus auddys3uu n
BBIPO2K/IAIOMIETOCd TUMEePOOIMIeCKOTO YypaBHEHUS

M. X. Pysues*!, P. T. Bynnynos®, H. T. FOadawesa®, I. B. Parumosa’®

! UncturyT MaTemaruxy uM. B. Y. PomasoscKoro Axapemun HayK Y3beKucraHa,

100174, r. TamkeHT, yA. YHUBEPCUTETCKaS, 9, Y3bekucTan
2 @uaman PoccmitcKoro rocyAapCTBEHHOTO YHUBEPCUTETa HepTH U rasa (H1Y)

vveru V. M. I'ybruna B . TamrenTe, 100125, r. TamkenT, yauna AypMoH #yan, 34, V3berucran
3 ®epranckuit rocysapcTBeHHE#H yHUBepcuTeT, 150100, . Peprana,

yauna Mypabbuitnap, 19, V3berkucran

AnHoTanus. B crarbe usywaeTcs: KpaeBasi 3apada Tuna Buaase-Camapckoro anst ApobHOro ypaBHeHUs aAucbdysun
¥ BBIPOYKAQIOIIEroCS TUIEPOOAMYECKOrO YPaBHEHUS C CHHLYASPHBIME KO3(DMUIIMEHTAMU IPM MAAAIIMX TAEHAX
B HeOrpaHWdYeHHON obnracTm. B craThbe paccMaTpmBaeTcsi cMellaHHas obaacTb, B KOTOPOM mapaboamdeckas
YacTh paccMaTpuBaeMoi 0bAacTH COBIIapaeT ¢ BePXHEM IIOAYIIAOCKOCTBIO, a THIepboAnYecKasl 9acTb OrpaHMYeHa
ABYMSI XapaKTEPHUCTHKaMK PacCMaTPHBAeMOrO yPaBHEHHS M OTPe3KoM ocu abcmmcc. EAMHCTBEHHOCTD pelleHUS
paccMaTpUBaeMOMR 3aAa9M AOKa3bIBAETCS METOAOM MHTErPaAOB dHepruu. CylllecTBOBaHNe PellleHNsI PaccMaTpPUBaeMoR
3a)a4uM CBOAWTCS K IIOHSITHIO PasPELIMMOCTH APOBHOro AMddepeHIMaAbHOrO yPaBHEHNs. [IpUBOANTCS SIBHBIM BHA
pellleHNsT MOAMMUIMPOBAaHHON 3apaum Komm B rumepboAMYecKOM WacTM paccMaTpUBaeMOM CMeIIaHHOM obaacTH.
C HOMOIIBIO 3TOTrO PEIIEHWS B CHAY IPaHWYHOIO YCAOBUS 3apadM IIOAYHUEeHA OCHOBHasI (PYHKIMOHAABHAS CBSI3b
MeXXAY CAeAAMV HEW3BECTHON (PYyHKIIMM, IPVBEASHHLIMM Ha WHTePBaA AWHUM BLIPOXKAEHWS ypaBHeHUMs. Manee,
KUCIIOAB3YS MPEACTABACHNE PEIIEHWSI yPaBHeHWs AN(dysuu APobHOrO IOpPSAKa, IOAYYEHO BTOPOE OCHOBHOE
bYHKIIMOHAABHOE COOTHOIIEHNE MEXAY CAEAAMM MCKOMOM (PYyHKIIMM Ha oTpeske ocu abcrucc ms mapaboamdeckon
YacTH pPaccMaTPUBAaEMOM CMeIIAaHHOM obaactu. Yepes YCAOBHME CONPSIMKEHNS MNCCASAYEMOM 3ajadM M3 ABYX
BYHKIIMOHAABHBIX COOTHOIIEHWI IIYyTEM MCKAIOUEHUS OAHOM HeW3BeCTHOM (YHKIUN I[IOAYYEeHO YpaBHEHUE C
APOOHBIMU IIPOMSBOAHBIMU, PEII€HWE KOTOPOrO BBHININCAHO B SBHOM BHAe. [IpM KCCAeAOBaHMM KpaeBOM 3apadn
HUCIOAB3YIOTCS 0606IIIeHHEIE OITEPATOPHI APOBHOr0 MHTErPo- AN PEPEHITUPOBAHNS C TUTIEPreoMeTPUIeCcKOM PyHKITIEN
Taycca. [Ipu mCCAeAOBAHUM IIMPOKO HCIOAB3YIOTCS CBOMCTBa PyHRUuE Tuna Pafita m Murrar-Aeddaepa.

Karouesvie caosa: kpaesas 3adaua, ypasHenue OudPysuu, 6wuporcleHHoe 2unepboauHeckoe YpasHEHUE,
2unepzeomempurecrkan dyrnrxuyua laycea, dynxyua Patima, eduncmeenHHocms peulenus 3a0ayu, CYUECcmseosaHue
peweHus 3adau
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Introduction and problem statement

Fractal theory explains the structure of disordered media, like porous materials, and
the processes that take place within them. A fractional-order differential equation is
used to describe the movement of a substance in a uniform fluid flow [1]. The topic of
fractional-order diffusion is covered in [2]. Fractional-order differential equations come
up in various areas, such as classical mechanics (inverse problems), heat conduction
(heat flow dynamics), diffusion (electrochemical analysis of electrode surfaces), and in
the study of stochastic transport processes. Problems involving fluid filtration in highly
porous (fractal) media often require studying boundary value problems for fractional-
order partial differential equations. Boundary value problems for the fractional-order
diffusion equation were explored in [3-6]. A certain family of generalized derivatives of
the Riemann-Liouville operators Dz‘f of orders « and 3 was studied in [7]. Applications
of this operator are given in [8]. The unique solvability of the problem for a partial
fractional derivative equation of the Riemann-Liouville type with a boundary condition
containing a generalized fractional integro-differentiation operator is investigated in
[9-11]. Reference [12] studies an analog of the Bitsadze—Samarskii type problem for a
mixed-type partial fractional derivative equation in an unbounded domain.

Let us consider a partial differential equation of the second order

Wy — Dy, u=0, y>0,0<vy<T,

0+,y
Xo Bo (1)
—(—y) "y + Uy + ———w U+ —uy =0, Yy <0,
K T Ty Y

where D} .y 1s the partial fractional Riemann-Liouville derivative of order yO<y<T)
of function u(x,y) for the second variable [13] in domain D = D* U D~ U I, where D*
is the half-plane y > 0, D~ is a finite domain of the half-plane y < 0, bounded by
characteristics OC and BC of equation (1) emanating from point O(0,0) and B(1,0)
and segment OB of the straight line y =0, [ ={(x,y) : 0 < x < 1, y = 0}. In equation
(1) m, &g, o are some real numbers satisfying conditions m > 0, |o| < mT“, —3 <

Bo <.

Let us introduce the following notation: O(x) = <§, — (mT” )mTH) is the intersection
point of the characteristic of equation (1) emanating from point (x,0) (x € I), with
characteristic OC, Igf’” is the operator of generalized fractional integro-differentiation
with the Gauss hypergeometric function F(a, b, c;z) introduced by M.A. Saigo [14] and

having the following form for real o, 6,1 and x > 0

X

—0—d
= J(X_t)g_]F(G+5)_n>G;] _E) f(t)dt, (o > 0),
0,0,1 o F(G) X
(IO+ f)(X) - 0 (2)
%(ISI“’é‘“’”‘“f)(x), (0 <0n=[—a]+1).

In particular [14],
(L") (x) = F(x), (15, ") (x) = (I5.F)(x),
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(Iy M) (x) = (Dg.f) (%), (3)

where (I§,f)(x) and (Dg,f)(x) are the Riemann-Liouville fractional integration and
differentiation operators of order o > 0.

Problem 1. Find in domain D solution u = u(x,y) to equation (1) satisfying
the following conditions:

Y uly—o =0, (—o0o<x <0,1<x< 00), (4)

A (T80 @ (1)]) () 4+ A (81717 Tim (—y)Pouy () ) (x)+

y—0—

+A3 (Iy+a+ocb—%[5 1—a 111’].’1( y)ﬁouy(t)y)>(x) = g(X), (5)

y—0—

and the conjugation conditions

lim y'" u(x,y) = lim u(x,y), vx €1, (6)
y—0+ y—0—
ylggl+y Yy u(x, y))y = lim (~ —y)Pouy(x,y), vx el (7)

2 2
Here o = W, B = % 0 < a,B <3, A1,Az Az are real constants

such that A7 > 0,A; <0,A; <0 or Ay <0,A; >0,A3 >0, a,b,y are real numbers,
g(x) is a given function such that g(x) € C'(I) N C3(I). We will seek solution u(x,y)
to the problem the class of twice differentiable functions in domain D such that u(x,y)
tends to zero as (x* +y?) — oo,

y' "ulx,y) € C(DY), ulx,y) € C(D),

y'" Yy "ulx,y)), € C(DTU 1),
Uy € C(D*UD"), 1y, € C(D).

Note that nonlocal boundary value problems for equation (1) in unbounded and
bounded domains were studied in [15], [16], [17], and for equation (1) for oy = O,
Bo = O problems were considered in [9,11]. In works [18], [19] nonlocal problems with
shift on conjugation of two hyperbolic equations of the second order, consisting of a
wave equation in one part of the domain and a degenerate hyperbolic equation of the
first kind in the other part, are studied.

Uniqueness of the solution to the problem

Theorem 1. Let condition g(x) =0 be satisfied. Then the problem cannot have
more than one solution.

Proof. Let there be a solution to the problem. We introduce the following notation

lim 1_;11 Vu(x U) —Tl( )) lim U(X>U) :TZ(X)) (8)
y—0+ y—0—
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lim y' " (y M ulx,y))y = vilx), lim (—y)Pouy(x,y) = va(x). (9)

y—0+ y—0—

It is known [5] that the solution to equation (1) in domain D™ satisfying condition
(4) and condition

lim y'"u(x,y) =T (x), Vx €1
y—0+

is given by the following formula

1
u(x,y) = J Glx,y, )1y ()dt, (10)
0

where

y_1 1, _Y
Glxy,t) = —Lyi eyt (—k—thyF),

TR - z"
3= > >0,zeC
Fud ; ren+wrs—éen)’ €>& 6>0 2
is the Wright-type function [6].
By (10), the functional relationship between t;(x) and v;(x) brought the parabolic
part D* to the line y = 0, following form [20]

1 1
== . 11
Let us find the functional relationship between T,(x) and v,(x) brought to the line
Yy = 0 from the hyperbolic part D~ of domain D.
The solution to the modified Chauchy problem (8)-(9) in domain D~ has the
following form [15], [21]

1

2 m-+
u(x,y) = v JTz <x+ m—+2(2t— 1)(—9)22) 11— ) dt+
0

2 m+2
—y)'Po — = 2t—1)(—y) T )t (1 —t)"Pdt, (12
el o (et 2= 07 ) e —otay (1)
_ T(atB) _ r(1—a—p)
TAC V1 = o) Y2 = ~mrnr et (1=p)"

From formula (12) and relation (2) we obtain

m+2

T—a—B
WO =y )+ (M50 ) T = B . (19

Substituting (13) into the boundary condition (5), in view of (8) and (9) and applying
the following relation [14]

(EEMEPm0) (x) = (157547 (), (y > 0), (14)
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we obtain

Aryil (o) (Igia’b’ﬁflfaﬁ) (x)+
m+2 1—a—p a+1— —1,—T—a
AT () T =) (IR ) (4

2 (T 70, ) () 4 Ag (0710, (x) = g (). (15)

where k1 = AyiT(«), k, = Ay, (™2)"=*PI(1 — B). We apply operator I;* "%~ 4o
both sides of equality (15). Direct calculations using formulas (14) and (3) show that

Ta(x) = —kq (IJ)IOC_BW) (%) — k2 (Ig7%v2) (x) — ks (I3, v2) (x) + g1(x), (16)

where
Vo (RE2) B (1 — B) Az

k= y ko= —2—
‘ yiT (o) 2T AN

k3 A3 ) y 91 (X)

T AN« T AN« < o

Let us estimate the integral
1

K= JTz(X)Vz(X)dX.
0

By virtue of the conjugation conditions (6), (7) and relation (11), we have

1
1 "
K= FU—-H/) 6[11 (%)t " (x)dx.

Integrating by parts and assuming that 7;(0) = 7;(1) = 0, we obtain

1

_ 1 / 2
K= Ty l[’ﬁ (x)]7dx < 0. (17)

Now we find a lower bound for the integral K. For g(x) = 0, equality (16) takes the
following form

Tz(X) = —k4 <I(1)__'_OC_BV2> (X) -k (I(]);OC\Q) (X) - k3 (IX+V2) (X) =

_ k1 [ )P o kz [ AT PR
= —FU—OL—B)J)'VZM(X t)Pdt —r(1_a)jvz(t)(x t)"*dt

va(t)(x — 1) dt,

|
e
S|E
Ot
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and, therefore,

1 x
k4 -
K=o | valdx | (x =) Pvy(t)dt—
F(1—oc—[3)(J)’ J
oo | [ o | x
ke o ks .
r“_o()(J)vz(x)dxi(x £ va(t)dt r(y)lvz(x)dxi(x vt

Next, we use the well-known formula for the gamma function I'(o) [22]

o0

J s 'cos(ks)ds =
0

I'(o) o7t
o 3(7), (k>0,0<0o<1).

Assuming that k =[x —t|, 0 = a+ 3, we obtain

| x—t| % P=
— ] Js”‘+f3_‘cos(s|x—t|)ds O<a+pB<1)
Mo+ B) cos(m3E) J ’ ’
for k =| x —t|, 0 = « we obtain
PR — T 1 cos(s | x — t )d
X — = |s s|x— s
I(ot) cos( ) ’
0
for k=|x—1t|, 0 =1—vy we obtain

1

|X_t P/_]: (1—y)
I'(1—vy)cos(=5+)

J s Ycos(s|x—1t]|)ds
0

Applying these formulas and the Dirichlet formula for the permutation of the order of
integration in the repeated, we arrive at the following relation

1

Sl 1[ J )cos(sx)dx)2 + (Jv (x) sin(sx)dx)z} ds—

B (o]
K—_ 2k sin(7t TJ
0

S v, (x) cos(sx) dx

Zkz sin “7 2
J v, (x) sin(sx dx) }ds—
0

2k3 gin U=¥)m J

2
v, (x) cos(sx) dx v, (x) sin(sx dx) ]ds > 0. (18)

(e
(Jromosy(

From (17) and (18), it follows that K = 0, and, consequently, according to (17)
1

J[’ﬁ (x)]?dx = 0.

0
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Hence, by virtue of equalities T;(0) = 7;(1) = 0, we obtain 7;(x) =0 for all x € I.

Thus, according to formula (10), makes it possible to assert that u(x,y) = 0 in
domain D+.

By virtue of the conjugation condition (6) T,(x) = T;(x) and so 1;(x) = 0Vx € [0, 1],
and by virtue of (7), (9), (11) , also v;(x) = 0Vx € [0,1]. Then u(x,y) = 0 in the
domain D~ as a solution to the modified Cauchy problem with zero data, which proves
the uniqueness of the solution to the original problem. []

Existence of a solution to the problem

Theorem 2. Let conditions a > max{—«, 3 —1}, vy > 1— be satisfied. Then the
solution to the problem exists.

Proof. Differentiate both sides of relation (16) with respect to x twice:

&2 2 2o 2
@Tz(X) = —k]@ (I(1)+ BVZ) (X) — kzw (I(1)+ Vz) (X) — kg@ (Ig+'\/2) (X)+
dZ
+rx)291 (%),

or (assuming that t;(x) = T2(x) = t(x), vi(x) = va(x) = v(x))

(Déi‘”%) (x) — A(Déi“v) (x) — 6<D(2):Yv> (x) — uv(x) = ga(x), (19)
where A = —2, & = —&,u = —”L—J:Y),gz(x) = ©-¢7(x). In the monograph [23], the

equation with fractional derivatives is considered

D§y ) (x) = A(Dg,y ) (x) = 8§( D,y ) (x) — wy(x) = f(x),
(D) 09 ~A(08,9) 03 =53, y)

wherex >0, a >pB>v >0, A, 1,0 e Rj1—1 < ax < 1,1 € R, and its solution is written
out in the following form

Here

S .
H}SV B o
G%B,cx;h(z) = Z( Z )WZ(“ BIn+Bi—(B—y)v

m+1,1)

ak ((oc— BIn+Pi+ o+ (B —v)v,x— B) ‘7\2“*5

H?:] F(ai + (Xik) l
TT, T (b + Byk) kI’

pWe(z) =) ozt o= (k€ No=1{0,1,...}),
k=0

Z)al)b] 6 C) %)B] ER) i:‘l)'p) j:‘l’q.
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For equation (19), this solution takes the following form

Vix) = J (x = %Gy ot ratsaspn (x — H)ga()dt,
0

igv

ad B
Go—o 4o T+atpr, (X — 1) = ( Z > -

: (X . t)ﬁn+(1+<x)if(tx+yf1)vx
ilv!

n=0 it+v=n
n+1,1)

_1\B
Pn+(T+a)i+(14+a+ B)+(“+Y—])V,B)|}\(X t)

X]W] |:

This completes the proof of the existence of a solution to the original problem. [

Conclusion

The article investigated a nonlocal boundary value problem for a fractional diffusion

equation and a degenerate hyperbolic equation in an unbounded domain. The main
results obtained are new. We can use these results to investigate various boundary
value problems for differential equations with a partial fractional derivative.
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