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Abstract. Previously, boundary control problems for a heat conduction equation with Dirichlet boundary
condition were studied in a bounded domain. In this paper, we consider the boundary control problem for
the heat conduction equation with Neumann boundary condition in a bounded one-dimensional domain.
On the part of the border of the considered domain, the value of the solution with control parameter is
given. Restrictions on the control are given in such a way that the average value of the solution in some
part of the considered domain gets a given value. The studied initial boundary value problem is reduced to
the Volterra integral equation of the first type using the method of separation of variables. It is known that
the solution of Volterra’s integral equation of the first kind cannot always be shown to exist. In our work,
the existence of a solution to the Volterra integral equation of the first kind is shown using the method
of Laplace transform. For this, the necessary estimates for the kernel of the integral equation were found.
Finally, the admissibility of the control function is proved.
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V3bexucran

AnHOTanusa. Panee 6BIAY UCCAEAOBAHBI 33Aa4M I'PAHNYHOTO YIIPABAEHUSI ANST YPABHEHUSI TEIIAOIIPOBOAHOCTH
C T'PAaHUYHBEIM YCAOBUEM AUpPHXAEe B OrPAaHMYEHHOU obaacTu. B paHmHO# paboTe paccMaTpMBaeTCs 3apada
TPAHUYHOI'O YIIPABAEHUS AAST YPaBHEHUS TEIAOIPOBOAHOCTM C TI'PAaHUYHBIMU YCAOBUsMEM HeiiMaHa B
OrpaHUYEHHOM OAHOMepHO# obaracTu. Ha wacTy rpaHunsl paccMaTprBaeMoil oOO6AACTH 33AaHO 3HAYEHUE
PellIeHusI C YIPaBASIOMIIM INapamMerpoM. OrpaHWYeHUsI Ha yIpPaBAEHUE 33aAAIOTCS TaKuM obpasoM, 4TOOBI
CpeAHee 3HaYeHWEe DEIIeHUsI B HEKOTOPOM YacTM paccMaTpUBaeMoOl 0b6AACTH NOAYHAAO 33AAHHOE 3HAUEHUE.
VicchepyeMass HauanbHO-KpaeBasi 3apada CBOAUTCS K WHTETPAABHOMY YPaBHEHMIO BoabTeppa IIepBOro THUIIA C
HUCIIOAB30BAaHUEM METOAA PA3AENAEHUSI IePEMEHHBIX. VI3BeCTHO, YTO He BCerAa MOXKHO AOKa3aTh CYIIeCTBOBAHUE
PellleHNsI MHTErPaAbHOTO YpPaBHEHUS BoabTeppa IepBoro popa. B Hamreir paboTe CyIiecTBOBaHUWE PEIIEHUS
WHTErPaAbHOTO yPaBHEHNsI BoAbTeppa epBoro poaa II0Ka3aHo C IIOMOIIBIO METOAQ IIpeobpa3oBaHus JAamaaca.
Anst 3TOro OBIAM HaAEHBEI HEOOXOAMMEIE OIIEHKM SAPA MHTEIPAAbHOIO ypaBHeHUs. HakoHel], AOIYyCTHMOCTD
GYHKIUN yIpaBAEHUS AOKa3aHa.

Kmovesvie caosa: napaboaudeckoe ypasHeHue, UHMEZPANDBHOE YDABHEHUE, HAAABHO-KPAEsas 3a0aua,
donycmumoe ynpasaerue, npeobpasosarue Janaaca.
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1 Introduction

In this article, we consider the following heat conduction equation in the bounded
domain Q ={(x,t):0<x <1, t>O0}

ou(x,t) 0 (k( ) ou(x,t)

ot = & Ox )) (x,t) € Q, (1)

with Neumann boundary conditions
w(0,t) = —p(t), w(lit)=0, t>0, (2)

and initial condition
u(x,0)=0, 0<x<1l, (3)

where p(t) is control function.
Assume that the function k(x) € C*([0, 1]) satisfies conditions

k(x) >ko >0, k'(x)<0, 0<x<L (4)

DerFINITION 1. It is called that the function p(t) € W}(R,) is admissible control, if
it fulfills the conditions n(0) =0 and |u(t)| < 1 for all t > 0.

Control Problem. For the given function 0(t) Problem consists looking for the
admissible control p(t) such that the solution w(x,t) of the initial-boundary problem
(1)-(3) exists and for all t > 0 satisfies the equation

1
Ju(x, t) dx = 0(t). (5)
0

Control problems for parabolic equations were first studied in [1, 2]. Control
problems for the infinite-dimensional case were studied by Egorov [3], who generalized
Pontryagin’s maximum principle to a class of equations in Banach space, and the proof
of a bang-bang principle was shown in the particular conditions.

The optimal time problem for second-order parabolic type equation in the bounded
n—dimensional domain was studied in [4,5] and the optimal time estimate for achieving
a given average temperature was found. The control problem for the heat equation
associated with the Neumann boundary condition in a bounded three-dimensional
domain is studied in [6]. In this work, an estimate of the optimal time was found
when the average temperature is close to the critical value.

In [7, 8], the control problems of the heat equation associated with the Dirichlet
boundary condition in the two-dimensional domain are studied. In these articles, an
estimate of the minimum time for achieving a given average temperature was found,
and the existence of a control function is proved by the Laplace transform method.
The boundary control problem related to the fast heating of the thin rod for the
inhomogeneous heat conduction equation was studied in works [9] and the existence
of the admissible control function was proved.
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The minimal time problem for the heat conduction equation with the Neumann
boundary condition in a one-dimensional domain is studied in [10]. The difference of
this work from the previous works is that the required estimate for the minimum time
is found with a non-negative definite weight function under the integral condition.
In [11], the control problem for a second-order parabolic type equation with two control
functions was studied and the existence of admissible control functions was proved by
the Laplace transform method.

Boundary control problems for parabolic type equations are also studied in works
[12-14].

A lot of information on the optimal control problems was given in detail in the
monographs of Lions and Fursikov [15,16]. General numerical optimization and optimal
boundary control have been studied in a great number of publications such as [17].
The practical approaches to optimal control of the heat equation are described in
publications like [18].

In this work, the boundary control problem for the heat transfer equation is
considered. The difference of this work from the previous works is that in this problem,
the control problem for the heat conduction equation related to the Neumann boundary
condition is studied. In Section 2, the boundary control problem studied in this work
is reduced to the Volterra integral equation of the first kind by the Fourier method.
In Section 3, the solution of Volterra’s integral equation is proved using the Laplace
transform method.

2 Main integral equation

Consider the following spectral problem

d dvi(x)
™ (k(x) gx ) +Avk(x) =0, 0<x<l, (6)
with boundary condition
vi(0)=v ()=0, 0<x<L. (7)

It is well-know that this problem is self-adjoint in [,(Q)) and there exists a sequence
of eigenvalues {A} so that A; < A, < ... <Ay — 00, k — oo.

The corresponding eigenfuction vy form a complete orthonormal system {vy}in [,(Q)
and these function belong to C(Q), where Q = Q UdQ (see [19,20]).

DErFINITION 2. By the solution of the problem (1)—(3) we understand the function
u(x,t) represented in the form

1—x)?
wtot) = T i v, Q
where the function w(x,t) € C2{(Q)NC(Q), wy € C(Q) is the solution to the problem:
0 ow d l—x 1—x)?
= e (k00 52 ) - (100 S e+ B, ()
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with boundary value conditions
WX(O)t) = 0) Wx“')t) = 0)

and initial value condition
w(x,0) =0.

We set
Bk = (Akbk — Clk) Ck, k= ],2, ooy

where coefficients ay, by and cy are as follows

1 1
_ o 2
a = Jdix(k(x) ! 1X> vi(x)dx, by = J (1—x) vie(x)dx,

0

and
!

cx = | vi(x)dx.
|

We understand the coefficients ay, and b, as follows

!
[ d l—x k(0
ao—J'a(k(X) 1 )dX——T,
0

and
1
o (=x)? 1
bo = J 21 dx = —
0
Thus, we have
t
& k(0
wix 1) = 1300 = 5 [ uls) ase
0

Ly (Je““”(u(S) Gy -+ 1'(s)by) ds> v,
k=1 0

where ay and by defined by (13).

From (8) and (15), we get the solution of the mixed problem (1)—(3) (see [19]):

(10)

(11)

(12)

(13)

(14)

(15)
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We know that the eigenvalues Ay of the boundary value problem (6)-(7) satisfies the
following inequalities
A >0, k=0,T,.. (16)

Indeed, since

4 <k(x) dvk(x)) FAv() =0, 0<x<1,
dx

then we get

; 1
Ay = — J i (k(x) de(X)> v (x)dx = Jk(x) ’Vﬁ(x)lzdx > 0.

dx dx
0 0

According to condition (5) and the solution of the problem (1)-(3), we may write

1 t
(1—x)? 13 K(0)1
o dx — M w(t )+—2 Ju(s)ds—

o
o

21 2
—ZakaJ dS—ZbkaJ Ak (t=s) (S)ds:
k=1 0 0
l—x? B KOV |
(t)J Sl + SO0 s ds—
0 0
o0 t o0
— Z ay Cy J e M=y (s)ds — pu(t) Z by cx+
k=1 S k=1
+Z7\kbkckj “M=s) ) (5)ds, (17)
0
where ¢, defined by (14).
Note that
1
(1—x)? | E—
J 71 dx = ﬁ + Z bk Cx, (18)
4 _

where by, cy are defined by (13) and (14).
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As a result, from (17) and (18), we obtain

kKOl &
0(t) ZJ(%—FZ (A b — ai) ce ™ “) w(s)ds
0 k=1
We set
k(0)l o e
B(t)=T+ZB e ™ >0

where 3y defined by (12).
Then we get the main integral equation

JB(t— s)u(s)ds =0(t), t>0.
0

Lemma 1. For the cofficients {By}ro, the following estimate is valid:
0<B<C k=12,

where C 1s a positive constant.
Proof. First we calculate the following equality using (13)

1 1
C[(=x)? _ (1—x)* d dvi (x) -
)\k bk = J 21 }\k Vk(X) dx = —J 21 a (k(X) dx )dX =

o
o

Then we have
Akbk—ak :k(O)Vk(O), k= 1,2,....
We know that the following inequality is true (see [20])
1
w(0) [l ax=0, k=12,
0
Thus, by (21) and (22), we have

1
B = (A b — ax) ¢ = k(0) we(0) - Jvk(x)dx >0,
0

15
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It is clear that if k(x) € C'([0,1]), we may write the estimate (see [21,22])

max |vi(x)| < C.
0<x<l

From this we can obtain the following estimates
B < k(0) [vk(0) ei| < C.

0

Lemma 2. Let 1/2 < o« < 1. Then for the function B(t) defined by (19) the
following estimate 1s valid:

0<B(t) < %, 0<t<,

where C, 1s a constant depending only on «.

Proof. It is known from the general theory that if k(x) is a smooth function, the
following estimate is valid (see [22]):

dx
k(x)

kZ 2 :

Let 1/2 < o < 1 and A > 0. Then the maximum value of the function h(t,A) = t*e™
is reached at the point t = § and this value is equal to ;‘—ze*“.
As a result, for any 1/2 < o < 1, we get the estimate

IQ

B < ] - 04 7Akt < C - 0('
(t)_constt—aZBkte —_ocZ_Oc
k=1 k=1

~
—+

where

= 1
2 <t

k=1

&R

U

3 Main result

In this section, we prove the existence of the control function.
Denote by W(M) the set of function 6 € W3(—c0, +00), which satisfies the condition

Theorem 1. There exists M > 0 such that for any function 6 € W(M) the
solution u(t) of the equation (20) exists, belongs to C(R,) and satisfies condition

n(t)l < 1.

16
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We use the Laplace transform method to solve the integral equation (20). It is known

Then we use Laplace transform obtain the following equation

am:jemdﬂBu—ﬂmwmzﬁmnmm
0

Thus, we get

E—), where p=a+1i§, a>0, §&e€R,

and
a+ico ~

w0 =g | WP engp L[ Sletid

(a+i£)t d
2mi &

. (23)
J _B(p) 21 ) Bla+if)
Then we can write

o0 o0 o0

B(p) = JB(t)e‘pt dt = @ J Pt + Z Bkj ~pHAE gt —

0 0 0

_)

ey B
-
where B(t) defined by (19) and

k(0)1

Bla+i&) = 2 a+1£ Za+7\k+1£

k(0L a N —  Bx(a+Ay) B
2 a?+E — (a+ M2+ &

k(0)1 - B
2 a2+5,2 15’; a+7\ 248

— ReB(a + i&) + iImB(a + i&),
where
~ , k0l «a —  Br(a+ A
ReBlo+i8) == m * L larms &

k=1

. KOl £ - B
ImB(a—i—lﬁ):_Tm_aZ a+}\k§2+£z'
We know that

(@+ M)+ & < [(a+ N>+ 11(1 + &2,

17
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and we get the following inequalities

1 1 1
a?+E T 1+81+a?

(24)
and
1 - 1 1
(a+ N2+ &8 7 T+8 (a+ N>+ T
Consequently, according to inequalities (24) and (25) we can obtain the following
estimates

(25)

_ . B k(O)l a > Bk(a+7\k)
|ReB(a+16)l—Tm ; (a+ M2+ &~

1 k(O >0 Bk(a—f—)\k . Cia
Z1+£2( 2 1+c1szZ (a+ Ay)? )_]JF‘EZ) )

k=1
and

Y4 () R - Pr
]ImB(a—FlE)!—W(—Z 21l +; (a+7\k)2+£2> -

&l (k(0)1 - ~ Gy [
21+£2( 2 1+a2+; a+7\k )_1+52’ (27)

where C;4, C;, as follows

k(01 a — Brl(a+A)
o= 77 a ;(a+7\k)2+1’
and
k(O 1 > B
Ca =3 1+a2+Z(a+7\k)2+1'

k=1
From (26) and (27), we have the following estimate

_ ~ ~ 2 2
B(a +1i&)|* = |ReB(a + i&)]* + ImB(a + i&)[> > M

T+&
and N c
B(a +1i&)| > \/1—1(—1752’ where C, = min(Ciq, Caq). (28)
Then, when a — 0 from (23), we obtain
+o0 ~
u(t) = %{ J % et dE. (29)

Lemma 3. [9] Assume that 0(t) € W(M). Then for the tmage of the function
O(t) the following inequality

+o0

| eI+ Ede < C 0z

—00

18
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1S valid.
Now we present the proof of the Theorem 1.
Proof.
Now, we show that u € W} (R,). Indeed, according to (28) and (29), we obtain

+oo +00 | ~ 2
. 8 (ic)
RE)PA +1EP) dE = J ORE) 4 | ey ae <
L ) [Blie)
+o00
<C | BP0+ 1ER e = ClOf

Further,

t

W(®) —uls)) = |[wimar < JwluvEs.

S

Hence, u € Lip &, where o« = 1/2. From (28), (29) and Lemma 3, we can write

oo ~
1 0(18)]
| t|s—J~ di. < J|ema IV F E2dE <
H{t) 271_ IB(i&)| 27[C0
CM
<
where 9
M= c

O

4 Conclusion

In this paper, we have considered the boundary control problem for a parabolic-
type equation in a one-dimensional bounded domain. By the method of separation of
variables, the control problem was reduced to the Volterra integral equation of the first
kind. Using the Laplace transform method, the existence of a solution to the integral
equation was found and the admissibility of the control function was proved.
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