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56 A.C. Pymaunuges, J1.C. HJoaranesa, A.C. I'oroBuH RUmEEN:

1. BeeaeHue

CucreMbl pacpe/Ie/IeHHBIX BBIYUCICHNN, TaKNe KaK BbITUCIUTETbHBIC
ceru U3 NepcoHasbHbIX KoMibioTepos Tuia Desktop Grid (BCIIK), BCIIK
yposusi npeanpusitusi (Enterprise Desktop Grid), siBasioTcst aKTyaJbHBIM
WHCTPYMEHTOM JIJIsT O0'bEIMHEHNST TTPOCTANBAIOIINX PECYPCOB HECTIEITUAIIT-
3UPOBAHHBIX BBIYUCIUTENEH (KOMIBIOTEPOB, CEPBEPOB) C IIEJIBIO PEIIeHHs
BBIMUCIUTETbHOEMKUX 3a7a4 [1]. TloTeHnma bHO BBICOKOE GBICTpOAEIiCTEIE
TAKUX CeTell KOMIIEHCUPYIOTCI HU3KOW HAJIEXKHOCTHIO, TPYIHOIPOIHO3UPYEMbIM
BpeMEHEM 3aBepIIeHUs PACUeTOB, a TAKXKE CYIECTBEHHBIM OrPDaHUICHUEM
Ha KJIACC PEIIaeMbIX 3a/a4 (PEelIeHrne KOTOPhIX MOXKHO PA3/Ie/IUTh Ha MHOKECTBO
€J1a00CBA3aHHBIX 110/[33/1a4, He TPEOYIONMX MEXKIIPOIIECCOPHOIO 0OMEHa).

JlJis1 TIOBBIMIIEHNST HAJEXKHOCTH CETH U JIOCTOBEPHOCTU MOJIYYaeMbIX
PEe3yJIbTATOB, B YKA3aHHDBIX CETAX IPUMEHSETCH U30bimouwHOCMb Ha YPOBHE
HOJ3aJaHUH 3a cuer penaukayuy (CO3IAHUST KON MOI3a/AHUS ¢ OJHUME 1
TeMU Ke MCXOJHBIMU JAHHBIME) U K60pYyMma (IUCIa KONUH, HEOOXOAUMBIX JIJIst
YCIIEIHOTO IIPOXOK/ICHAS BAJIAJAINN U (DUKCAIUU PE3YJILTATA).

N36B1TOUHOCTS WHMOPMAIINHT ABJIAETCS CIIOCOO0M obecredeHusl HadeXKHOM
rnepesadu JaHHBIX MEXKJIy y3JIaMHU BBIYUCIUTEBHBIX CUCTEM C IIOMOIIBIO
cereil nepejiadn JaHHbIX (B TOM uucie 6ecnpoBoiubix) [2]. Tlomobuas 3ana4a
BO3HUKAET U B IIEPEIOBBIX CUCTEMAaX XPAHEHWUs, OCHOBAHHBIX Ha TEXHOJIOI'MHU
TBEPIOTEIbHBIX HAKOIHUTEIEH, KOTOphIe, B OTIMYNAE OT TPAAUIUOHHBIX CUCTEM,
00J1a1aI0T 3HAYNTEIbHBIM BHYTPEHHUM PE3€PBOM IapaJlIe/In3Ma, BCTPOEHHOM
N30BITOYHOCTBIO, HO CYIIECTBEHHO MEHBLIINM BPEMEHEM HapaDOTKM Ha OTKAa3
OTJIEJIBHBIX MOjyJIeil xpaHerus [3]. B 910l cBsisn KoHTposMpyeMasi n36bITOY-
HOCTb, JyOJUpOBaHre MHPOPMAITNNA U BBHICOKAsT ITPOMYCKHAs CIIOCOOHOCTDH
SIBJISTIOTCS [IeJIEBBIMU (DYHKITUSIMU JIJIsi OIITUMUBAIINN [IaPAMETPOB TAKUX
HocuTeneit [4].

Jtst aHaM3a CTAIMOHAPHBIX XapPAKTEPUCTUK TPOU3BOJUTEIHLHOCTH TEJIe-
KOMMYHUKAIIMOHHBIX U BBIYUC/IUTEIHHBIX CHCTEM IIEJIECO00PA3HO MPUMEHSITh
METO/IbI TEOPUH MACCOBOTO OOCJIY?KUBAHUS B CBSA3H CO CJYUANHBIM XapaKTePOM
HCCJIeIyeMbIX MpoTieccoB. VITOroM mpuMeHeHns YKA3aHHBIX METOIOB JTOJI2KHO
OBITH PeIlleHIe COOTBETCTBYIOIINX 38124 110 [IOUCKY OIITUMAJIBHBIX [IapaMeTPOB
KoHMDUTYpAIIUU CUCTEM € H30BITOYHOCTHIO. [lesibio maHHOit pabOThI ABIAETCS
AHAJIN3 TIEPCIIEKTUB UCCIICJOBAHUST KJIacCa MHOTOCEPBEPHBIX MOJeell ¢ n30bl-
TOYHOCTBIO, HA3BIBAEMOI'O CUCTEMaMU pa3jielieHus-ciausgnus (split-merge),
[IPUMEHSIEMBIX B KA4eCTBE MOJEJIe BBIUYUCIUTEIbHBIX CUCTEM U CHUCTEM
nepeaan gaHubX [5,6]. damee B paboTe KpATKO PE3IOMUPOBAHBI OCHOBHBIE
Pe3y/IbTaThl B 00JIACTH aHAJIA3a, CHCTEM Pa3/Ie/IeHNsI-CIUsIHIsI, IOy YeHbI HOBBIE
PE3YIILTATHI JIJIsI CTOXACTHYECKON YIOPSIOYEHHOCTH KJII0OYEBhIX XapaKTEePUCTUK
U TIPEJIJIOYKEHBI HAITPABJIEHUST JAJbHENIINX NCCIIeIOBAHUI YKA3aHHOTO KJIacca
CHCTEM.
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2. O00OuWeHHbIE CUCTEMBI TUNA pa3genieHne-cavsiHne

B manHOM pasjeie 06beKTOM HCCIEI0BAHNS SIBJISTFOTCS MHOI'OCEPBEPHbBIE
CUCTEMBI O0OC/IYyKUBaHKS, B KOTOPHIX M30BITOYHOCTh OPraHN30BaHa Ha yPOBHE
3asBOK (KJIMEHTOB), TIOCTYTIAIONINX B CUCTEMY, C TIOMOIIBIO PEITUKAIN U
KBOpyMa 3asiBOK. Takue cucrembl siBisiorcs mogeiamu BCIIK (B Tom gucite
CHCTEM YPOBHs NPEIIPUATHs) U PAla JIPYIUX CUCTeM (HAIPUMED, CHCTEMbI
opraHu3aIn HajekHoro xpanenus tuna RAID [7]). s ucciaenoBanus
JIAHHOTO BUJIA, CUCTEM MapaJJIeIbHOTO ODC/IYKUBAHUS MOYKHO ITPUMEHATD
MHOI'OCEPBEPHBIE CUCTEMBI MACCOBOTO OOC/IYKMBAaHUS C Pa3lde/IeHUEM U
CIIUSTHAEM 3asBOK. VIMEHHO, B MOMEHT IIOCTYILJIEHWsS] B CHUCTEMY 3asiBKa pa3Jie-
JISIeTCsl Ha, HECKOJIbKO 9K3eMILISIPOB, KOTOPhIE B JIaJIbHENIIIEM OOCIIYKUBAKOTCSI
B COOTBETCTBUU C BBIOpPAHHOM JuctuiiinHoil. B cooTBeTcTBUM ¢ TepMHUHOIOTHE
BCIIK, 6ynem HasbBaTh nod3adaHuem SK3EMILISIP 3asBKH Ha JIAHHOM CEPBEDPE.
B 3aBucumocTr OT HUCIUTIINHBI OOCTY ) KUBAHUS TTOA3AIAHNIMA, BBIIESIIOT
CJIEJTYIOIIE BUIBI CHCTEM:

* KJIACCUYECKHUE CUCTeMbl Tulia pazeemeaenue—coedunernue (Fork-Join, FJ),
B KOTOPBIX MO/33JAHNS MONAIAI0T HA HE3ABUCUMbIE HEOIDAHUIEHHBIE
odepeIi OJIHOTUITHBIX CEPBEPOB, a OOC/IYKUBAHUE 3asIBKHU 3aBEPIIACTCS
JIUIIb B MOMEHT OKOHYAaHUS OOC/IYyKUBAHUST BCEX COOTBETCTBYIOIINAX
nojzaJanuii (B psijie ciaydaeB Jyis lejlell HAKOILUIEHUsSI Pe3yJIbTaToOB
BBITIOJTHEHUS TTOJ33IAHII TaKyKe PACCMATPUBAETCS OTJIC/IbHAS OUePEIb,
pacroJioxkeHHas 1mocje cepsepos) [8-11];

0000IIIEHHbIE CUCTEMBI TUIIA PA36EMBAEHUE—COEIUHEHUE, ODO3HAUAEMBIE
(r,q)-FJ, B KOTOPBIX JUIst KaXKJ0# 3asiBKH CO3/IAI0OTCS T PEIIUK (1071
3aJlaHuil), a OKOHYaHUE ODCJIYZKUBAHUS COOTBETCTBYET KBOPYMY U3 ¢
Pe3yJIbTaToB, [IPU 3TOM HEBOCTPEOOBAHHBIE I — ¢ MO33IAHUI CHUMAIOTCS
¢ pacderoB/u3 ovepezieil (B 4acTHOCTH, Kiaccuieckoi FJ sipisiercs
cucrema (r,r)-FJ) [12];

00OBIIEHHBIE CUCTEMBI THITA pasdsemeaerue—pannas ommena (Fork-Early-
Cancel), obozunauaembie (1, q)-FEC, B KOTOPBIX U3 ' PEILIUK, B MOMEHT
HadaJia 00C/IyKMBaHUsI HE MeHee ¢ II0[3a/IaHuil, HeBOCTpEOOBAHHbBIE ' — ¢
[OJ(33/IaHUIT CHIMAIOTCS ¢ PAcIeToB,/u3 odepeseii [12,13];

060611IeHHbIE cHCTEeMBI TUIIa pasdeaenue—causnue (Split-Merge), 060-
sHauaeMble (¢,7,q)-SM, B KOTOPBIX MMEETCsl OflHa OOInast 0uepeIb
Ha OOCJIy2KUBAHUE W € TPYII IO T OJHOTUITHBIX CEPBEPOB KaXKIasl,
[O/I3a/IAHUs KAXKOr0 KJIUEHTa OXKUIAIT OCBOOOXKIeHUs (PYIIIIbI)
CEPBEPOB OT O[3 IAHU TTPEJITECTBYONINX KJINEHTOB U HATHHAIOT
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00C/Ty>KMBaHIE HA TAHHOW I'PYIIE CEPBEPOB OJTHOBPEMEHHO, 8 OKOHIAHIEM
00CIIy?KUBAHUS sIBJISIETCS JOCTUKEHNE KBOpyMa ¢ (HeBOCTpeOOBaHHbIE
HO/3a/IaHUs JAHHOI 3asBKU CHUMAIOTCS C PACYETOB).

OTMeTHM, 9TO BEPOATHOCTHBI aHaIn3 Klaccudeckux FJ-cucrem 3arpynHen,
IIOCKOJIbKY BXOJIHBbIE IIOTOKH Ha CepBepa KOPPeJIMpOBaHbl, a pa3Mep odepein
Ka2KJIOI'0 cepBepa HEOIDAaHWYEH, YTO O3HaYaeT, IOTEHIINAIbHYIO IOTPEOHOCTD
B XpaHEHU!N HEOIDAHWYEHHOI'O YUCJIa KOMIIOHEHT JJIsl OIUCAHUS CHCTEMBbI
B BuJe nenu Mapkosa. B aToit ¢BA31, KaK IPaBmIo, 1A aHAJIHA3a KJIACCHICCKIX
FJ-cucrem npuberaror K 4nCJI€HHOMY aHAJM3Y WU anlpokcumarmn [7].
Oznako, B psJie BaKHBIX YaCTHBIX CJIY4YaeB yIAeTCA CBECTH QHAJIN3 K U3BECT-
HBIM KJIACCUYECKHMM cucreMaM. B gacrHocru, B paborax [12—-14| mokaszanbl
CIeAyIOIKe BasKHbIE PEe3y/ILTaThL:

o (r,1)-FJ cucrema ¢ THOMYIHBIM BpeMeHEM OOCIyKUBAHUS O3 0aHAS S
9KBUBAJIEHTHA KJIACCUYIECKON OJHOCEPBEPHOIl CUCTEME C THIIMYHBIM
BpeMEHEM OOCIIyKUBAHUS S1.r;

(r,1)-FEC cucrema sKkBUBaJIeHTHA KJIACCUIECKOIl T-CEPBEPHOI cHCTEME
00CITy 2KMBAHUS;

BpeMs npebbiBanus (BpeMs orTkimka) B (7, ¢)-FJ cucreme orpanundeno
cBepxy BpemeneM orkinka B (1,7, q)-SM cucreme;

BpeMs IpebbiBanus (BpeMst OTKJIHKa) B (¢, 7, ¢)-SM cucreMe ¢ THIHIHBIM
BpEMEHEM OOCIIyKUBAHUS [OJ3a/aHNsI S COBIAAET CO BPEMEHEM
peOBIBAHNS B KJIACCHYECKOIl ¢-CePBEPHOIT CHCTEMe ¢ TUIMYHBIM BPEMEHEM
obcyKuBaHuA Sg.p,

rjie Sg.r €CTB ¢-51 HOPSIKOBAs CTATUCTUKA U3 7 HE3ABHCUMBIX OJIMHAKOBO
PACIpEJIeJIeHHBIX CJIyYaliHbIX BeJuduH (C.B.), Konuil S. 1o o3Havaer, B 4acT-
Hocry, 1ro (1,7, 1)-SM cucrema sxeusanentra (r, 1)-FJ cucreme, a (¢, 1,1)-SM
cucreMa skBuBasienTHa (¢, 1)-FEC cucreme. B 9roit cBsA3m najee npuseieM
PE3YJILTATHI JJisl CUCTEM C Pa3IesIAoNUMUcs Kanenramu tuna (¢, r, q)-SM.

Paccmorpum cr-cepBepryio cucremy 00CIIyKMBAHUS, B KOTOPYIO C MHTEH-
CHBHOCTBIO A IIOCTYIIAeT IIOTOK 3asiBOK. llocTymnaromast B cucreMy, 3asiBKa
02KUJIAET OJHOBPEMEHHOI'O0 OCBODOXKIEHUS IPYIIIBI U3 I CEPBEPOB U CO3IAET T
nojzajannil, TunudHas (CjaydailHas) JUIMTeIbHOCTh KOTOPBIX, S, MOJI0KUTEb-
na. [lonzaanus TaHHOTO K/IMEHTA 3aHUMAIOT OCBOOOUBIIUECS I CEPBEPOB
OJIHOBPEMEHHO, & IIPH JIOCTIZKEeHUU KBOPpyMa ¢ (IpH OKOHYAHUM OOCILYKMBAHUIL
q mojzananuii), HeBoCTPEOOBAHHbBIE ©' — ¢ TOA3AJIAHNUN IIOKUIAIOT CepBepa
HEMEJ[JIEHHO. DTO O3HAYAET, YTO IPYIIIA U3 I' CEPBEPOB 3aHUMAETCS TOJIBKO
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[OJ3aJAHUSIME JAHHOTO KJIMEHTA, PA3/Ie/ICHHS JAHHON IPYIIBL CEPBEPOB MEXKILY
Pa3JIHIHBIME KJIMEHTAME He Iporcxoqut. Taxum o6pasoM, paccMaTpuBacMast
cucTeMa SKBHBAJICHTHA Kiaccuieckoil cucreme G/G /¢, B KOTOPO#l TUIIYHOE
BpeMsl 0OCITy KUBaHUsI SIBJISETCS HOPAKOBOH crarucTukont Sy.,. Cucrema
CTAIMOHApHA B CJIyUae BBIIOIHEHHs HepaBeHcTsa [15]

(1) AES,., < c.

Ilenbio anam3a sBJAETCS, KAK MPABUJIO, TOJIYYEHUE CJICTYIONNX KJTIO-
YEBBIX XaPaAKTEPUCTUK IIPOU3BOIUTEIHHOCTH U 9(M(HEKTUBHOCTA CUCTEM
B CTaAIlMOHAPHOM PEXKUME B 3aBUCUMOCTH OT YHCJIa CEPBEPOB CT', TapaMeTPOB
PEILIKAIMA 7' U KBOpYMa ¢ (3TU HapamMeTpbl UCIOJIL30BAHBI B 0003HAYCHUSIX ):

8PEMA OMBEAUKG CUCTEMDL Vi ¢ — BPEMA C MOMEHTA IIOa A KIIIEHTa,
B CHCTEMY JI0 MOMEHTa OKOHYAaHUs ero o0c/yKuBaHus (I10J1yYeHus]
Pe3yIIbTATOB ¢ II0/[38,/IaHMii)
(2) Vig = Wig+ S¢r
rae W, 4 ecThb craloHapHas 3a/ep:KKa B CUCTEMe;

cmoumocmo svivucaeruti Cy g — IeHOBas XapaKTePUCTUKA, IIPOIIOPIMO-
HaJIbHag peajlbHOMY BPEMEHU BbIYUCJICHUN KJINEHTA,

(3) Crg =1Sgr.

Ormerum, uro gyt BCITK 1o cTonMOCTBI0O MOXKET II0JIpa3yMeBaThCsA JHEP-
ronorpebsieHne, B cucTeMax OBJAUYHBIX BBIYUCIIEHUH (B KOTOPBIX PeCypChl
Pa3MeIAlTCsl B PACIIPEIETIEHHOM PA3/IeJISIeMOM IIyJIe) CTOMMOCTD TIPEJICTABIISIET
3aTpaThl B JECHEXKHOM SKBUBAJICHTE, B CUCTEMaX XPAHEHUS JIAHHBIX HA OCHOBE
TBEPIOTEILHLIX HAKOINUTEJEH CTOMMOCTD ONPEIEsieTcs KakK (DI3NIECKUN U3HOC
HAKOITUTEJIS.

2.1. CroxacTtuyeckasi ynopsifoHeHHOCTb XapaKTepucTmk

CpoiicTBa yKa3aHHBIX XapAKTEPUCTUK HAXOMATCS B CJIOXKHON 3aBHCHMOCTH
OT TIApaMeTPOB PEILUIMKAIINY " U KBOPYMAa ¢ M, B YACTHOCTHU, ITO CBI3aHO
¢ 0COBEHHOCTSIMU PACIPEIeTIeHHs MOPSIKOBLIX craTuCcTUK. Ilycrs c.B. S nmeer
dyukmmo pactpesenerust F. MzsectHo [16], uTo dDyHKIMs pacupeneseHns
HOPSIAKOBOM CTATHCTUKU Sg.r MMEET BH]L

(4) Fpp(z) =P{Spr <z} =) <:> Fi(a)F (),

1=q
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rne F(z) =1 — F(x) ectb xBocT pacupesenenns. Pasercrso (4) o3Havaer,
B YACTHOCTH, YTO UMEET MECTO CJleaylomiee (OUEBUIHOE) CTOXACTHIECKOE
HEPaBEeHCTBO:

Sl:r <st S gst Sr:r-

Kpome Toro, npu (pUKCHPOBAHHOM 7 I ¢ > 1 MMeEeT MECTO CJIELYIOIIee
pasencrso [17]:

(5)  P(Sgr <) =P(Sy_1, <) — <q . 1>F“<I>F”“<z>.
DTO 0O3HAYAET, B YACTHOCTH, ITO

(6) Sq:r >st Sq—l:'r-

Kpowme Toro, npu dburcupoBaHHBIX 7, > 1, ©IMeeT MeCTO CJIeLyIOIIee

paBeHCTBO [17]

N

() P(Sgr <) = P(Syorrm1 <) = (2 - D Fii (@) F " (@),

B YaCTHOCTHU, 9TO O3HAYaAET, 9YTO
(8) Sq:r >st Sqflzrfl'

Haxkonen, nipu ¢ > 1 Beimosaeno [17]

1 Y
(9) P(Sqr <) =P(Sgr—1 <) + (; B 1) Fi(x)F q(x).
910 o3HATAET, ITO Sq.p Kst Sqir—1, ITO € yaeToM (6) u (8) OKOHUIATETHHO
BJEYeT
(10) Sq:r Zst Sq—l:r—l Zst Sq—l:r-

Uz (3) u (6) caenyer, aro C, ¢ MOHOTOHHO HeyOLIBAET C BO3PACTAHHEM ¢
(upu puKCUpPOBAHHOM T), T.€.

(11) Cr,q Zst Cr,q—la qg>1

W13 (8) cmenyer, uro C) ; MOHOTOHHO HeyOBIBAET IIPU OAHOBPEMEHHOM YBeJIHte-

HUU q U T, T.€.
(12) Cr,q >st C(T—l,q—la q,” > 1.

B 10 ke Bpewmsi, B 0011eM citydae npu (PUKCUPOBAHHOM ¢ C YBEJUIEHUEM T

pesmana C). , HEMOHOTOHHA, uTO cyexyer u3 (10).
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st ncciieoBanus MOHOTOHHOCTU BPEeMEHU IIPeObIBAHUSA B CHUCTEME
B 3aBHCHMOCTH OT IIapaMeTPOB PEIUINKAINN U KBOPyMa, HaM ITOTpedyeTcs
CJIEYIONINIT Pe3yJIbTAT, SABJIAIONMNICA IPAMBIM cieicTBreM Teopembr 4

B pabore [18]:

TEOPEMA 1. ITycmwv 6 cucmemaz ¥V u $(2) (ynpasasrowue nocaedosa-
MEABHOCTNU KOMOPHIT 0003HAEHbL COOMBEMCMBYIOULUM BEPTHUM UHOEKCOM,)
UMEEM MECTNO CALOYIOULUT CTNOTACTNUNECKUT NOPAJOK 0AA MUNUYHDLT GDEMEH

Mmeoicdy npuzodamu T u epemen obcayotcusarus S,

(13) 7O >, 7®, s <, §P),

Tozda cmayuonaprvie 3adepoicku W 6 cucmemax ynopadowerv, cAeOYOUUM
0bpasom,

(14) wh <, W@,

Torma u3 pasencrsa (2), Teopemsl 1 u nepasencrsa (10) caemyer, uro

CIIPABE/IINBO YTBEPIKJICHHE.

YTBEPXKAEHUE 1. Jlas r,q > 1 umeem mecmo caedyrowuti cmoxacmume-

CcKUl NOPAJOK A CMAUUOHAPHIT DEMEH OTKAUKG,

(15) Vr,q >st ‘/r—l,q—l >st Vr,q—1~

OTI\&GTI/IM, YTO CTOXACTUYECKU TOPAJOK BJI€YET, B YaCTHOCTHU, yHIOPAIO-

YEHHOCTH CPETHUX 3HATCHUIL.

B ob6mem ciiyuae BbIparkeHue Jjisi CPEJIHEIO BPEMEHU MPeObIBAHUST

B cucreme EV,. , ma cucremst Tuna G/G /¢ neussectHo. ZBHBLA BUI CpeaHero
)

BPEMEHU OTKJINKA MOYKHO IOJIYYIUTh B CJIydae ¢ = 1, ecJiu BXOJHOU ITOTOK

SIBJISIETCSI TIyaCCOHOBCKUM. JJIsT 9TOro MOXKHO BOCITOJIb30BATHC (POPMYJIIOH

Tonnayeka—XuHunna

(16) EW,,= LSS:T,
0 2(1 = AESy:)
U HOJIyYuTh U3 (3) BbIparkeHue
AE(SZ,)

(17) BV = BSur) + 5 3B (5,)
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KOTOpPOE MOXKET OBITH UCIIOJIB30BAHO Il pacdeTa CpeHETO BpeMEeHU OTKJINKa,
€CJIN U3BECTHBI COOTBETCTBYIONINE BbIpazKE€HU JIJIsI MOMEHTOB ITOPAJIKOBBIX

CTaTUCTHUK.

Juis milIrocTpanu croxacTudeckoro nopsaka (15), nocrpoum rpadukn
dbyuKImil pacupesenenus BpeMenu oTK/IuKa B cucreMe M /G /¢ upu KoJmdecTse
CepBEpPOB ¢ = 3, MHTEHCUBHOCTHU BXOJIHOIO IMOTOKa A = 1 m mapamerpax
n30bITOYHOCTH ¢ = 3, 7 = b JyIa cirydasi, KOrja BpeMs ODC/IyKUBaHUS

HOI3a1a41 IMeeT pacipeeaenne 11apeTo ¢ MI0THOCTHIO
(18) fx) =axfz™"t, x>z, (f(xr)=0,z<mz0).

TTomoxkum o = 5, z9g = 1 u 3aMeTUM, ITO YCJIOBHE CTAIMOHAPHOCTHA CUCTEMBI
BBITIOJTHEHO. 171 yKa3aHHEIX CHCTEeM BeJIMUNHa HATPY3KH prq = AES., pasna
P53~ 0.39, ps2 ~0.38 m p5 2 = 0.37, coorBercTBenno. Ha pucynke 1 sunna
YIOPSITOY€HHOCTD (DYHKITUI pacipeiesieHnsi, COOTBETCTBYIOIIAsT CTOXaCTHIe-
ckoMy nopsiziky (15). I'paduku mocTpoeHbl ¢ HOMOIIBIO METOA UICAIBHOMN
BbIGOpKH [19].

e
—

0.8

Fy(x)
0.6
|

0.4

0.2

T T T T T T T T
1.0 1.5 2.0 25 3.0 3.5 4.0 45

PucyHok 1. I'paduk dyukImit pacripeneseHns Ijisd CUCTEMBI
M/G/c npn equHUYHON MHTEHCUBHOCTH BXOJHOIO IIOTOKA Ha 3

cepBepa
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2.2. ®a3o0BbIii TUN pacnpegesieHnsi BPEMEHU 00Cay>XX1UBaHUS

Croumoctsb BbraucieHuil (3) MOxKeT ObITH [OJIyY€HA B SIBHOM BHJIE
JJIsI PACCMATPUBAEMOM MOJIEJI B CJIytdae, KOrJa BpeMsl OOCIIy2KUBaHUS
umeer pacupesesenue dbazosoro tuna PH (3, B), T.e. BpeMs 00CJLyKUBAHMS
COOTBETCTBYET BPEMEHH JI0 MOTJIOIIEHNsT KOHeUHO# 1ern MapkoBa ¢ HauabHBIM
pacupesesierneM 3 u (cybreneparopHoil) MaTpuIeil HHTEHCUBHOCTE! [IEPEXO/I0B
MEXKJLy 1M HEBO3BPATHBIMU cocTosiHusAMU B (1oapobaee 06 9TOM ILIOTHOM
KJacce pacrpejiesiernii cM., Hanp. [20]). B aroM ciryuae MOXKHO 11OKa3aTh

(cm. [20,21]), uTO pacmpefeseHne MOPSIIKOBOH CTATHCTUKY Sy UMEET BHT
PH(Bg., Bgr), e

B®"  bg" O O .. (0]
" o B ' vy O .. o
(19) By = ;
o o o o .. B!

rJie HEKBaJIpaTHbIE MaTPHUIIbI b?fk cozepzKaT NHTEHCUBHOCTH IIePexola MeXK Iy
COCTOSTHUSIMU B CBSI3M C IIOIVIOIIIEHHEM OIHOIT KOMIIOHEHTHI (peanmauﬂeﬁ OJTHOI

u3 k He3aBUCUMBIX OQNHAKOBO pacCIIpeAe/ICHHBIX C.B. C pacCliepeae/ICHUCM

PH(B, B)),
(200 bYF =by@I-1 4TI, @by @ Iz + -+ Ie-1 @ by,

I; ectb epumudHast MATpHIIA pa3Mepa j > 1, ® ecTb KDOHEKEPOBO IIPOU3BEICHIE
1 @ ecTh KPOHEKEPOBa CyMMa MATPHIL (COOTBETCTBEHHO, KPATHBIE IPOU3BEIeHNe
U CyMMa yKa3aHbl B Ka4ecTBe BEDXHEro uHiekca), a by = —B1 ecrb BekTOp
WHTEHCUBHOCTEN TOIVIOIIEHUS IIEIH, COOTBETCTBYIONIEH PaCIIPE/IeJICHIIO
PH(B, B). HauanbHoe pacupejeieHue Mporecca MOXKHO 3a/aTh B CJIEIyOMEM

BUE

(21) lgq:r = (ﬁ@wao)’

OT0 03HAYAET, YTO KJIACC PacipeieseHnii (pa3oBoro Tuma 3aMKHYT OTHOCUTEJIBHO
[IOPSJIKOBBIX CTATUCTHK, & CJIEJ0BATEIbHO, yCIoBUe cranuoHapaoctu (1) u
croumocts EC, 4, onpenerentas B (3), IpuHAMAIOT SBUbIH Bux. eificTBHTENbHO,

U3BECTHO, 4TO Jist ¢.B. X ¢ pacupesenenneM PH (3, B), MOMEHTHI IEPBOTO 1
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BTOPOI'O HOPsIZKA UMEIOT BuJ [22]

(22) EX = -8B '1, EX?=23B 1.

Torza, ¢ yuerom (22),

(23) ECyq = rESq, = —18,, B, 11,

rie B3, u By, onpenenenst B (21) u (19), cooTBeTcTBEHHO.

Paccmorpum BarkHBIN 9acTHBIN Cayvail: TyCcTh BpeMsl O0C/TY X KUBAHUST

10/[33/IaHUsI PACIIPE/IEJIEHO IKCIIOHEHINAJIBHO ¢ apameTpoM u. Torma B =1,

B = —p, by = 1 u MmoxxHO npeobpazoBarh (23) K CIIeLyIOmeMy BULy
1 K r

24 EC,, = — E .

( ) 9 U — r—1

B wactaOCTH, TIpT ¢ = 1,

(25) P{Si,<z}=1—e""",
MO3TOMY BbIpakenue (24), npumer B

(26) EC,, =p~,

T.€. CMOUMOCTL BHINUCAEHUL He 3asucum om napamempa r npu ¢ = 1.
B obmem caydae,

g—1

1 1
2 - == <0
( 7) ECTJ,»Lq ECr,q 1 7;21 (7’ —1 —+ 1)(7' - Z) 0

3Ha4YUT, CTOUMOCTH MOHOTOHHO yOBbIBAeT 10 1 IpU (DUKCHPOBAHHOM ¢ > 1.

Ecim BXO,QHOfI IIOTOK B CHCTEMY fABJIFAETCHA IIYaCCOHOBCKUM (.J'II/I6O TaK
Ha3bIBa€MbIM MapPKOBCKHUM BXOIHBIM HOTOKONI), TO B8PEMA OMKAUKG CUCTEMBbI
MOZKET ObLITh Haﬁ,ﬂeHO B dBHOM BHJE, HO Ha IPAKTHUKE 3TO MOXKET OBITH
BBIIIOJIHEHO JINIIIh YKCJIeHHO. B pagae 9JaCTHBIX CJIy4daeB 9TO ydaeTCd CaesaTb

fABHO.

Paccmorpum BaxKHBIN JacTHBIH ciydail ¢ = 1, T.e. perInKaIys MPOUCXOIUT
Ha BCe y3JIbl CUCTEMBI, U IIyCTh BXOJHON IOTOK B CUCTEMY IIyaCCOHOBCKHI.

Torma (1,7, q)-SM cucrema skBuBasienTHa cucreme tuna M/PH/1, nns
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KOTOPOii Bpems oTKJmKa (17), ¢ yuerom (22), nupumer Bu

—2
Aﬂq'anan

28 EV,, = —anaen
(28) 14+ M8, Byl

-1
- ﬁq:r‘Bq:rl'

Ecau Bpems obciyxuBaHust nMeeT SKCIOHEHIINAIBHOE PACIPEIe/IeHNe C Iapa-
METDPOM 4, ¥ IIPK 9TOM ¢ = 1, TO aHAJIU3 YIPOIIAETCA 32 CUeT Bblpazkenus (25).
B uacrHocru, B cucreme (¢, r, 1)-SM 11 pacdera BpeMeHH OTKJIMKA MOYKHO

npuMeHnThL GopMysy Dpmanra [23],

(29) Evhl — i _|_ C(C, A/(TH))
T crp— A

)

rae tak HasbiBaeMmas C-dbopmyrna Dpaanra C(n, p) 3a1aeT BEpOITHOCTH
[oNaJaHus B 04epeb B MOMEHT Ipuxoja B cucreme M /M /n npu marpyske
p<n,

-1

nl = (np)*
(30) C(n,p) = 1+(1—P)(np)nk§ el

B uacrHOoCTH, BpeMst OTK/IMKa cucTeMsbl (¢, 1,1)-SM coBnajaer ¢ KiaccuIeckum

BpeMeHeM OTKJInKa cucrembl M /M /c:

1 Ce, A
(31) EVii=—+ M
I L — A
13 (30) Bugmo, aro C(1,p) = p, mosromy Bpems oTKIuKa (29) B cucreme
(1,7,1)-SM upumer Buj,
1 A
EV,i=—+ ——.
" =)

2.3. Pacnpep,eneHme BpemMeHun 06Cﬂy)KVIBaHVI$| C Ts1)KeNnbiM XBOCTOM

C yuerom (9), 3aBHCHMOCTH CTOMMOCTHOM xapakTepuctuku C,. , OT mapa-
METPOB 7', ¢ HEOOXOJUMO UCCIIEJ0BATE JIJIS OTJIEIBHBIX KJIACCOB PACIIPEICJICHUIA.
B namnom pasgesie Besimuuna cpenueii croumoctu EC,. , uccienosana jjia
pacupesesennii [Tapero u BeiiGyiia, Koropble OTHOCSTCs (B OCIIE[HEM CIIydae —
[PY OIIPEIEJICHHBIX IapaMeTpax) K KJIACCy PACIPEIeIeHHIl ¢ TSKeJbIM XBOCTOM.
OrmMeTnM, 9TO TaKne PACIpPE/ICIEHUsT XapAKTEPHBI JjIs MHOTUX MPHJIOKEHUH

B 00JIACTH BBIYHMCJIUTEJBHBIX U TEJICKOMMYHUKAIMOHHBIX CHCTEM [24].
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[TycTs TUIIYHOE BpeMsi O0C/IyKUBAHUS TI0/[3a/1aHusT S UMeeT pacipeese-
rue ITapero (18) ¢ mapamerpom « > 1. CpoficTBa HOPSIIKOBBIX CTATHCTUK JJIsI
¢.B. ¢ pacupesesierneM Ilapero nosydensl B padorax [25,26], uMeHHO,

rl T(r—q+1—-k/a)
(r—q)! Tr+1-k/a) ’

rye I siastercst ramma-dyrkipeii. 113 (3) u (32) MOKHO HOJIyYINTD SIBHBIH

(32) E(SF,) =} 0<k<alr—qg+1),

Bug EC, 4, a Takske ciemylolee peKyppPeHTHOE COOTHOIIEHNE IS BTN IHHbL
EC, 4 [6]:
(r+12(r—q+1-1/a)

EC, 4.
rr—q+1)(r+1—-1/a)

ITpeobpasosbiBast Boipaxkenue (33), MOKHO HOTyduTh, 9To EC, , 603pacmaem

(33) ECr11,4 =

1O 7', €CJIM BBIIOJHEHO HEPABEHCTBO
(34) ar’ +2a—aqg—q—1)r—aqg+a—1>0,

B nnporusHoM ciy4dae EC, , nesospacmaem 1o r. Ilpn o > 1 n uxcuposannom
g > 1, kBaJpaTHBIl TpexwieH (OTHOCHTEIBHO ') B JIeBoil dactu (34) numeer
JIB& BEIECTBEHHBIX KOPHs, JIEBBIM U3 KOTOPBIX OTPUIATENIEH, a MpPaBbIil
[OJIOYKUTEEH U UMeeT BuJ [6]:

1+qg+aqg—2a++/(ag+qg—1)2+4q
(35) rola) = A Fr

Taxnm 06pa3oM, IpH 3a1aHHOM (BUKCUPOBAHHOM ¢ HEPABEHCTBO (34) BBIIOJHEHO

upu (1esbix) r > ro(q), & MUHIMYM CTOMMOCTH JIOCTUIAETCs B OJHOM W3 JIBYX
GumKafmmMx neasx K ro(q).
U3 (35), B wacruocru, ciemyer, 9ro ro(1l) < 1 upu o > 1.5, T.e. crouMocTb
EC, 1 BospacraeT no r nas Beex r > 1. [eficTBuTensHo,
r’a 1 1
=z |lr+—+—->7-], 7>1/
ra—1 a  alar—1)

Kpowme toro, u3 (36) ciegyer, 4ro uMeeT MECTO aCUMITOTUYECKU JIMHEHHBII

(36) ECT’l = X9

POCT CTOUMOCTH

lim r_lECT,l = xy.
T—>00

W13 (36) cnenyer, aro EC} 1 MOKeT GBITH CKOJIb YIOXHO GOJIBIINM, €CIIH (¢

6mmzko K 1. [deitcrBurensro, n3 (32) wian u3 (36) BUIHO, UTO

EC’l,l =ES = i)

a—1"
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B To0 ke Bpems, u3s (36) cuemyer, 4ro
2
ECQJ <z (24—,
e

MOCKOJIbKY ar — 1 > 1 jmaa r > 2. 910 o3Hadaer, B YACTHOCTH, UTO
ECy < ECi1 ama o < V2. TakuM 06pasoM, ¢ IPAKTHYECKON TOUKH
3peHnsl PEIINKAI MOXKET OBITEH MTOJIE3HA /I CYIECTBEHHOTO CHIYKEHUS

CTOUMOCTH BbIYMCIeHUH pu 1 < 7(q).

B ornomennun epemeru omrauka, cupaBeyius oomuii pesyabrar (15)
0 MOHOTOHHOCTH IO IIapaMeTpaM U30bITOYHOCTH, a TakKe, ¢ yaeroM (17)
u (32), mocrynen siBHbIA BuJ B cucreme tuita M /G /1. Ograko 6osee BasKHOl
(B IpUCYTCTBUY PACHPEIETIEHNH € TSZKETIBIM XBOCTOM ) SIBJISIETCs IpodsieMa
obecIieueHnsT KOHEYHOCTH MOMEHTOB (HAIPUMEp, CPEIHEr0 WIIN JUCIIEPCHH)
BpPEMEHH OTKJIMKA CUCTEMBIL. KKOHEUHOCTH MOMEHTOB, MO3BOJISIET 00ECIEINTh
HaJIeXKHOE (JI0BEPUTEIBHOE) OIEHUBAHUE XaPAKTEPUCTHK CHCTEMBI B CTAIHO-
HAPHOM peXKMMe U (KOHETHOCTh B CPEHEM) sIBJISIETCsI HEOOXOIMMOM J11s1

CTaIMOHaPHOCTH CHCTEMBbI.

O6ozuaunM k(X)) momenmuodi undexc c.B. X, T.e. [27,28]
(37) #(X) = sup{k > 0: E(X*) < 0o} < 0.

Torma uz (18) caenyer, aro ¢.B. S, uMeromas pacupezesenue [lapero, uveer

MOMEHTHBI! MHIEKC v,

(38) K(S) = a,

upu 3ToM (32) o3Havaer, 4To

(39) K(Sgr) =a(r—g+1) > a.

W3 (39) crenyer, aro k(Sq.,) Aunelino pacmem ¢ POCTOM T — ¢, T.€. C TIOMOIIBIO
mapaMeTpoB U30OBITOTHOCTH ¢, T MOXKHO 00ECTIeYUTh KOHEYHOCTH TpebyeMoro
MOMEHTa (HAIPUMED, JUCIEPCUU) BpeMeHH O0CIyKUBAHUS 3agBKU JIAZKe DU
MaJIbIX 3HAYEHHUX MOMEHTHBIX MHJIEKCOB II0/3a]aHuil (HAIIPpEMED, B CIIydae eciu

oa3aJand UMEIOT HEOTPAHNYICHHYIO JUCIIEPCUIO AJTUTEIbHOCTI BbIHOJIHeHI/IH).

W3BecTHO, YTO MOMEHTHBIII NHJIEKC BPEMEHN OXKMJIAHWUSI B MHOI'OCEPBED-
Hoit cucreme tuna G/G/c onpeseisieTcss MOMEHTHBIM HHJIEKCOM BPEMEHU

obcayxuBanus [29]. B pacemarpuBaemoit cucreme Jist 3aJaHHBIX \, @, C, T, q
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MOMEHTHBII WHJIeKC BpeMeHn oxuganns W, , nmeeT Bu [6]

(40) K(Wig) = (a(r—qg+1)=1)(c—[p]) 2 a—1,
rne p = AESy.,, a ESy., ompenesreno B (32). Torma uz (3), ucmons3ys

HepasercTBo Munkosckoro [30]
1/k 1/k 1/k
(B(Wrg + S4:0)*) " < (BWE,) " + (ES,)
MOKHO 3aKJIFOUUTh, UTO
(41) Kk(Vyq) = min(k(W,4), K(Sq:r)),

rme MoMeHTHbIe HHIEKCH K(W, ;) u k(Sq.,) ompemerenst B (40) u (39),
COOTBETCTBEHHO.

Pagsencrso (40) upu ¢ = 1 u r = ¢ cornacyercsa ¢ dopmysnoit Iosuiauexa—
Xununnza (16), 13 KOTOPOIt cieyer, 9To Jyist 06ecieIeH s KOHETHOCTH CPEJIHEro
BPEMEHH OXKUJIAHUS HEOOXOIMMa KOHEYHOCTDb 61M0P020 MOMENMA BPEMEHN
obcirykuBaHusl. B 3aKioueHne 3aMeTHM, UTO JIMHEHHBI POCT MOMEHTHOI'O
unzpexca Sg. 10 T — ¢, ¢ yaeroM (41) u (40), MoxKeT GBITH UCIONB30BAH ISt
moj1bopa 3HAYEHUN r, ¢ TAKUM 00pPa30oM, ITOObI rapaHTUPOBATH TpebyemMoe
3HAYEHNe MOMEHTHOTO WHJIeKca (HAIpUMED, KOHEUHOCTD JINCIIEPCUN) BPEMEHH
npeObIBaHNsl KJIMEHTa B CUCTEME JIaYKe eCI MOMEHTHBIH nHeke k(S) = a

MOJ38/IAHUST JIOCTATOIHO MaJl (HalpuMep, IPH & GJIU3KOM K €JIMHUIE).

HOBTOpI/IM aHaJn3 OJId CUCTEMbI, B KOTOpOfI TUIINTIHOE BPEMA BBIITOTHEHUA

moJ3alanus S uMmeer pacipejeiierne Beitbyiuia,
(42) Flz)=1-e", £>0.

Torna MomeHTEl HOpsiaka k > 0 jyist Sg. MOTYT GBITH IIOJIydYeHbI B CJIE/AYIONIEM
Buze [31,32]

@ w155 o[RS (1 Y=g

TakuMm obpa3oM, yKa3aHHbIE MOMEHTHI KOHEYHBI st Jjiroboro k > 0, T.e.
k(Sq:r) = 00, a Bolpazkenne (17) nosBosster HaitTu sBHBIL Bun mist BV, o nost
cucremsl tuna M /G /1. Kpome Toro, nmeer MecTo cjieiyioliee pekyppeHTHOe
cooTHommenue [17,33]

r—1

(44) E(Sq:r) = E(Sq—l”'—l) + (q -1

>J(T_Q+1aq_1)a
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e ES1. = J(1,0) =T(1 + k/€), a J(p, m) oupeensercs peKyppeHTHO:
J(p,m) = J(p,m —1) + J(p+1,m—1), J(p,0)=p /*T(1+1/¢).

C yuaerom (43), nmeem

)_.

) % r—q+1+3) e

(7“ FO g —1—j)!

(45) ECrq=r

U3 (45) BugHO, UTO

(46) EC,; =T +1/6)r 7Y r>1.

910 osHavaer, B wacTHoctH, 410 EC, ; HeybbiBaeT (HeBO3pacTaeT) 1o r IpH
& > 1 (£ <1, coorBercrBenno). Kpome toro, upu £ = 1 pacupezesenue

Beiitbyia coBrajiaeT ¢ KCIOHEHIMAIBLHBIM PAcIpe/ieieHreM, 1 npu 3ToM (46)

cormacyercs ¢ (26).

Hamnpsimyto ncmons3oBars (45) mist ycranossienust Monotorsoctu EC, 4
sarpyguurensno. Oamako, pacemarpusas pasnocts §(r) = ECy 41 — ECy ,

BOCIIOJIB30BABINNUCEH peKypcueil (44), MOXKHO yCTAHOBUTD, UTO
3(r) = (1 + 1/¢) ((27’2 P D)V (e 1)IVE g2 - 1)*1/5) .

B gacrroctn, mpn £ < 1 Bemmmamna EC, - HeBo3pacTaer 1o 7. [efictBurensHo,

ucceayeM pyHKITHIO

O(r) = 2r2 +r+ 1)r Y8 —p(r 4 1)YE 2 (p — 1)7VE,
O6ozmaunm a = £~ > 1. IIpeo6pasyeM DyHKIMIO K CJI€IyIOMEMY BULY
(") Br) = = ()7~ (= )7 + 6,
rie
Sr) =r(r+ 1) = (r+ )T T =T T = () (1)

W3 einykiocry Gyskimm % caeayer, uro 2r~* — (r+1)7% — (r —1)7% < 0.
Kpome Toro, moxkuo ybemurbest, uro 0¢(r)/0r < 0 g Bcex a > 1, Te.
dyuxnuga ¢(r) yossaer no r > 2. Ilpu 310M MOKHO mpoBeputh, 410 ¥ (2) < 0
npu o6om € € (0,1). Takum obpasom, u3 (47) ciemyer, 9To paccMaTprBaeMast
pas3HocThb 0(r) HEHMOJIOXKHUTeNbHa IId Beex T > 2, T.e. EC,, MOHOTOHHO

HeBo3pacTtaeT 110 7 1pu Jobom & € (0,1).
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3. Ntorn un nepcnekTusbl nccnenosaHui

Tabauna 1 npezcraBiser pe3yabTATHI OIMUCAHHOTO BBIIIE MCCJIEIOBAHUS
BJINSTHNS TIApaMeTPOB PEIVIUKAIMH 7 ¥ KBOpyMa ¢ Ha crouMocTb C, U
BpeMd OTKJIHKA, V., B MHOIOCEPBEPHBIX MOJIENIAX CHCTEM C H30BITOTHOCTHIO
tuna (¢, r,q) — SM 1jisi pa3ju9IHbIX PACIPEeICHU BpeMeHn 00C/ Ty KUBAHMS
nojzastannii S. Bujy MOHOTOHHOCTH yKa3aH IIPU YBEJIUYEHUU T, ¢, B Psijie
CJIy9IaeB Pe3yJIbTAT JIOCTYIIEH JJIsi CPEJIHEr0 3HAYEHUS, JIUOO JIJIsi COOTBET-
CTBYIOMIEH CIydaiiHON BeIMIUHbBI (CTOXACTUIECKUIA TTOPSJIOK ). Pe3yibrarst
[TOJTY9€HBI JIJTsl CJIY9IaeB, KOraa BpeMst OOCIyKUBaHus nMmeeT (ha30BbINA TUIT
pacupeesienus, gubo pacupeieienue [lapero uiu Beiibysuia (orHocsmmecs:
K KJIACCY PACIIPEJEICHHI ¢ TIAKEIBIM XBOCTOM).

TABIULUA 1. Pe3ynbraThl IpeCTaBIEHHOIO UCCIIEI0BAHNA

XapakTepucTuka
Pacopenenenne
Crq Vi
O6uuit cay4ait Hemonoronna Hey6biBaet, nepasencrso (15)

Hesozpacraer,
HepaBeHCTBO (27);
OKCIOHEHIMAIBHOE | [IOCTOSIHHA TP ¢ = 1,
dopmyma (26);
ABHBIN Bu (24)

Asubiit Bug (29) B cucreme
tuna M /M /c npn ¢ =1

SIBHbI By (28)

dazoBblil THI SBHbrit B (23) 5 cncrene Tuma M/PH/1

I'mobanbublit MuHUMYM, | ZIBHBIN BHJI B CUCTEME THIIA

Hapero BoIpaxkenue (35) M/G/1 ¢ yaerom (17) u (32)
Hesospacraer,
< = ;
Beitbynna ccm £ <1, g = 1,2 SIBHBII BUJ B CUCTEME THUIIA
HeyObIBaeT

¢ mapamerpoMm § pn €31, g = 1; M/G/1 ¢ yaerom (17) u (43)

BoIpakenue (46)

C y9eroM MOJIy9eHHBIX PEe3yJIbTATOB, MOYKHO BBIJIEIUTH CJIELYIOIIHe
HaIIpaBJICHUd UX JlaJbHENIIero pa3BuTHd:

+ MOHOTOHHOCTH CpeJiHeil croumocTu (27) IOJIydeHa Jjist YaCTHOIO CJIydast
9KCIIOHEHITNAJILHO PACIIPEJIEJIEHHBIX BPEMEH 00C/IyKUBaHUS 1033134,
DY 9TOM MHTEPEC IPECTABIISET OOMIHIi CIIyYail IPOM3BOIBLHOIO (ha30BOro
THUIIa pacClIpeaesIeHu;
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» OBLIO OBI MEJECOOOPA3HO PACCMOTPETH TAKKe HEOTHOPOJIHBIN CIydail,
HAIPUMED, KOTJIa cepBepa, Ha KOTOPhIE OCYIIECTBIISIETCS PEILTAKAIINSI,
HMEIOT PA3HYIO IPOU3BOJUTEJLHOCTD (IPH 9TOM KOPPEKTHPOBKH Tpebyer
dopmysia (19) u gasnbreiinume pe3yJibTaTh);

MOHOTOHHOCTb CTOMMOCTH JIJIsi CUCTEMBI C pacipejiesienueM Belibysia
moKa3aHa B paszzene 2.3 s r = 1,2, caydail Tpou3BOJLHOTO 7 TpedyeT
OTIEILHOTO UCCJIEOBAHUS;

HAKOHEIl, B MOJIEJIU [IPEJIIIOJIATAETCsl, UTO TUCIO OJIOKOB CEPBEPOB €
HEU3MEHHO, IIPU 3TOM 7" ABJIACTCA U3MEHACMbIM IIapaMeTpPOM, U,eﬂeC006—
Pa3HO UCCIIEOBATH CJIydaii, KOI/Ia YUCJIO OJIOKOB OILIPE/IEISeTCS KaK
s/r (1es09nciIeHHo), rje § ABJfeTcs (HEM3MEHHBIM) YHCJIOM CEPBEPOB
B HCXOIHOM CHCTEMeE.

TTocnennee HaIpaBIeHUE OTKPBIBAET BO3SMOXKHOCTH JJIsl MCIOJIb30BAHNUS
CTOXACTHYECKUX CPABHEHUH JIsl CHCTEM C PA3JIMIHBIM YHCIIOM CEPBEPOB,
OJIHAKO MHTEPECHA TAKIKe IapaMeTPHIecKas MOHOTOHHOCTD CUCTeM (Halpumep,
0 Iapamerpy « JyUis pacupenenenus Ilapero nimm § s pacupeieiennst
BeiibyJiia).
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1. Introduction

Distributed computing systems, such as Desktop Grid (DG), Enterprise
Desktop Grid (EDG), are widely used for utilizing the idle resources of the
generic computing resources (personal computers/servers) in order to solve
computationally intensive tasks [1]. The potentially high performance
of such networks coincides with low reliability, hardly predictable task
completion time, as well as a significant limitation on the class of tasks to
be solved (the solution of such tasks needs to be divided into many loosely
coupled subtasks that do not require interprocessor exchange).

To increase the reliability of the network and the reliability of the
results obtained, redundancy at the task level is used in the DG by means
of replication (i.e. copying a task with the same input) and quorum (the

number of replicas required for successful validation and result assimilation).

Redundancy of information is a way to ensure reliable data transmis-
sion between nodes of computing systems using data transmission networks
(including wireless) [2]. A similar problem arises in advanced storage systems
based on solid-state drive technology, which, unlike traditional systems,
have a significant internal reserve of parallelism, built-in redundancy,
but significantly less time to failure of individual storage modules [3].
In this regard, controlled redundancy, duplication of information and high
throughput are the target functions for optimizing the parameters of such
media [4].

To analyze the stationary performance characteristics of telecom-
munication and computing systems, the methods of queuing theory are
used due to the random nature of the processes under study. As a result
of such a study, an optimal configuration parameters of such systems
with redundancy may arize. The purpose of this work is to analyze the
perspectives for the study of a class of multi-server models with redundancy,
called split-merge systems, used as models of computing systems and data
transmission systems [5,6]. Further, the paper briefly summarizes the
main results in the field of analysis of the split-merge systems, new results
for stochastic ordering of key characteristics are obtained and directions for
further research of this class of systems are proposed.
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2. Generalized Split-Merge-type Systems

In this section we study the multiserver queueing systems with
task-level redundancy organized by means of replication and quorum
mechanisms. Such a systems are the models of the DG (including EDG)
and many other systems such as reliable storage systems, e.g. RAID [7].
To study such systems, multiserver queueing systems with task split and
merge may be used. Specifically, upon arrival, each task is split into
multiple copies which are then processed according to the selected service
discipline. Using the terminology adopted in DG systems, we call such
tasks workunits. According to the service discipline, such systems fall into
one of the following categories:

« classical Fork-Join (FJ) where the workunits enter independent queues
of (identical) independent servers, whereas the service of a specific task
is complete only upon completion of all the corresponding workunits
(in such a case usually a specific unbounded buffer accumulating the
completed workunits is used) [8-11];

generalized Fork-Join systems, denoted as (r,q)-FJ, in which r
replicas of a task (workunits) are created and service completion is
considered to be the time at which ¢ earliest results of the workunits
of a specific task are obtained, whereas the unnecessary r — ¢ workunits
are immediately removed from the servers/queues (in particular, the
classical F.J corresponds to the generalized (r,r)-FJ) [12];

generalized Fork-Early-Cancel systems, denoted as (r,q)-FEC,
where each task is copied into r replicas, and upon the service
initialization of not less than ¢ workunits, the unnecessary r — ¢
workunits are cancelled from the servers/queues [12,13];

generalized Split-Merge systems, denoted as (¢, 7, ¢)-SM, in which
a single queue and a pool of ¢ groups of r identical servers each are
used, and the workunits of each task are dispatched to a specific
group of servers. The group of servers dedicated to a task is seized by
the workunits simultaneously (for random independent service times),
whereas the service completion epoch is the time of obtaining ¢
completed workunits (the unnecessary workunits are cancelled, and
the group of servers is simultaneously released).
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We note that stochastic analysis of the classical F.J systems is rather
complicated, since the arrival processes of the servers in such a system are
correlated, and the queue sizes are unbounded, requiring a potentialy
unbounded storage needed to keep the system description Markovian. As
such, the classical FJ systems are generally studied by means of numerical
analysis and approximation [7]. However, in some important special
cases such an analyis may be performed by using the results for classical
queueing systems. In particular, the following important properties were
obtained in the papers [12-14]:

+ (r,1)-FJ system with (generic) workunit service time S is equivalent
to a classical single-server queue with generic service time Si.,;

« (r,1)-FEC system is equivalent to a classical r-server system;

« sojourn (response) time in the (r, ¢)-FJ system is upper bounded by
the sojourn time in (1,7, ¢)-SM system;

+ sojourn time in the (¢, 7, ¢)-SM system with generic service time of a
workunit S coincides with the sojourn time in a c-server system with
generic service time Sg.,,

where S;., is the ¢g-th order statistics from r independent identically
distributed (iid) random variables (r.v.), stochastic copies of S. In particular
this means that (1,r,1)-SM system is equivalent to (r,1)-FJ system,
whereas (¢, 1,1)-SM system is equivalent to (¢, 1)-FEC system. In this

regard, we focus on studying (c,r, q)-SM systems in what follows.

We consider the cr-server queueing system in which the tasks arrive
with input rate A\. An arriving task is waiting for (simultaneous) release
of the group of r servers and is split into r workunits, each having iid
service times, stochastic copies of the genric positive random service time
S. All the workunits of a given task simultaneously seise the group of r
servers, and upon receiving the quorum of ¢ completed workunits, the
remaining (busy) r — ¢ servers immediately are released. This means
that the group of r servers is seized only by the workunits of a given task,

and there is no split of such a group between different tasks. As such, the
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system under consideration is equivalent to the classical G/G/c system
in which the typical service time is the order statistics Sg.,. The stability
condition of such a systems is as follows, [15]

(1) AES,., < c.

The main goal of the analysis is, in general, to obtain the dependence
of the following key performance and efficiency characteristics on the
number of servers, cr, replication r and quorum ¢ (these parameters are

used hereafter in the notation):

sojourn time V. , — the time interval from the arrival of a (generic)
task into the system until service completion (obtaining g completed
workunits)
(2) ‘/T,q = Wr,q + Sq:m
where W, , is the (stationary) generic delay in the system;

computation cost C,, — the characteristic proportional to the compu-
tation time of a task,

(3) Crg =7Sgr.

Note that in DG the cost may be thought of as the energy consumption of the
system, whereas in the cloud computing such a cost directly coincides with
the expenses for resources rent, in the solid state drive-based storage

system such a costmay be considered as the wearout of the storage units.

2.1. Stochastic monotonicity of the performance

The properties of these characteristics are in a complex dependence
on the replication parameters r and the quorum ¢ and, in particular, this is
due to the peculiarities of the order statistics distribution. Let r.v. S have
a distribution function (cdf) F. It is known [16] that the order statistics
cdf S;., has the form

r
@ Furle) = P{Syr <2 =Y (1

1=q

7
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where F(z) = 1 — F(z) is the tail of distribution. The equality (4) means,

in particular, that the following (obvious) stochastic inequality holds
Sl:r gst S gst S’r:r-

Moreover, for a fixed r and ¢ > 1 the following equality holds [17]

(5) N&W<xwﬂ%%1w<w—<quFWWMFT”%m.
This means, in particular, that
(6) Sq:r >st Sq—l:'r~

Moreover, for fixed r,¢q > 1 the following equality holds [17]

(1) P(Syr <) =P(Sy_10-1 < ) — (2 : 1) FIY (@) F ().
In particular this means that

(8) Sqir Zst Sqg—1:r—1.
Finally for ¢ > 1 holds [17]

;" B D Fi(2)F  Y(z).

This means that Sy, <g Sq:r—1 which taking account of (6) and (8) leads

to

) H&m<@=wa1<@+<

(10) Sq:r >st Sq—l:r—l >st Sq—1:7"~

It follows from (3) and (6) that C, 4 is monotonically non-decreasing

as ¢ increases (for a fixed r), i.e.
(11) C?",q Zst Cr,q—la q> L.

It follows from (8) that C, 4 is monotonically non-decreasing as ¢ and

increase simultaneously, i.e.
(12) Or,q >st Or—l,q—la q,r > L.

At the same time, in the general case, for a fixed ¢, as r increases, the

quantity C, 4 is nonmonotonic, which follows from (10).
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To study the monotonicity of the sojourn time in the system depending
on the parameters of replication and quorum, we need the following result,

which is a direct consequence of Theorem 4 in [18]:

THEOREM 1. Let the systems (1) and L) (whose escape sequences
are denoted by the corresponding superscript) have the following stochastic

order for typical times between arrivals T and service times S,
(13) 71) > T(Q), s <u 52
then the stationary delays W in the systems are ordered as follows,

(14) wh <, wP,

Then it follows from equality (2), Theorem 1 and inequality (10)

that the assertion is true.

STATEMENT 1. Forr,q > 1, the following stochastic order for stationary

sojourn times takes place,

(15> Vr,q Zst ‘/1‘71,q71 Zst Vr,q71~

Note that the stochastic order implies, in particular, the ordering

of the mean values.

In general the expression for the average sojourn time EV, , for
a system of type G/G/c is unknown. An explicit form of the average
sojourn time can be obtained in the case of ¢ = 1 if the arrival process is

Poisson. To do this, you can use the Pollacek—Khinchin formula

16 EW,,= 7AES§:T

(16) " 2(1 = AES,,)’

and get from (3) the expression

17 EV,, =E(Sqy) + A5 )
o o = B TS
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FiGURE 1. Cumulative distribution functions for the system
M /G /c with the input rate A = 1 and the number of servers

c=3

which can be used to calculate the average sojourn time if the corresponding

expressions for the moments of the order statistics are known.

To illustrate the stochastic order (15), let’s plot the sojourn time
distribution functions in the M/G/c system for the case when the service

time has Pareto distribution whose pdf has the form
(18) f(x) =azgz™"t, 2 >x0, (f(x)=0, 2 < x0).

Let’s set a = 5, g = 1 and redundancy parameters r = 5, ¢ = 3 under
input rate A = 1 and the number of servers ¢ = 3. For these systems, the
load p;q = AESy. is p5.3 = 0.39, ps2 ~ 0.38 and p5 2 = 0.37, respectively.
Note that the stationarity condition of the system is satisfied. Figure 1
shows the ordering of distribution functions corresponding to the stochastic
order (15). Note that the graphics were built using the exact sampling
method [19].



ENZRY STEADY-STATE PERFORMANCE ANALYSIS OF MULTISERVER QUEUEING MODELS 83

2.2. Phase-type service time distribution

The computation cost (3) may be obtained explicitly for the considered
system in case the sojourn time has the so-called phase type distribu-
tion PH(8, B), i.e. the service time constitutes to the absorption time
of a finite state space Markov chain with initial distribution 8 and
(subgenerator) transition rate matrix for m transient states B (for more
details on this class of distributions see e.g. [20]). In such a case it can be

shown (see [20,21]) that the distribution of order statistics Sy, is given as

PH(B,.., Bg.r), where
B®"  pyr o O .. (0]
o B* ' vt o ... ()
(19) qu: )
(o) (o) o o0 .. B%t!

where the (non-square) matrices bgak consist of such transition rates between
the states that are related to absorption of one of the components of the
chain (i.e. absorption of one of the k iid r.v.’s with distribution PH (3, B)
each),

(20)  bYF =bo @ Ipi1 4 I @by @ Iz + -+ et @ by,

the matrix I is the identity matrix of size j > 1, ® is the Kronecker
product and @ is the Kronecker sum of matrices (repeated sums and
products of this type are given as upper indices), whereas by = —B1 is the
absorption rate vector corresponding to the distribution PH (3, B). The

initial distribution of such a chain may be given as

(21) By = (B",0),

This means that the phase-type distribution class is closed with respect to
the order statistics, and hence the stability condition (1) and the cost
EC, 4, defined in (3), may be obtained in explicit form. Indeed, it is known
that for the r.v. X having PH (B, B) distribution, the first and second
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order moments are given as [22]

(22) EX — 3B '1, EX2=23B 1.
Hence, it follows from (22) that
(23) ECyq = rESq, = —18,, B 11,

where 3., and By, are defined in (21) and (19), respectively.

Consider the following important special case, let the workunit service
time be exponentially distributed with service rate . Then 8 =1, B = —p,
bo = p and (23) may be transformed into

1 ! T
(24) Ecwzﬁgr_i.
In particular, if ¢ =1,
(25) P{Si, <z}=1-e"",
and hence (24) converts into
(26) EC,; =p~",

i.e. the computation cost is independent on r when ¢ = 1. In general,

1 (= 1
(27)  ECry1q—ECpg=—— (Z (r—i+1)(r— i)> ="

K i=1

Hence the cost monotonically decreases with r for given fixed ¢ > 1.

If the arrival process is Poisson (or the so-called Markovian arrival
process), then the sojourn time in the system may be obtained explicitly,
howerver, in practice it is possible only numerically. However, in some

important special cases this may be done in explicit form.

Consider the case when ¢ = 1, i.e. the replication is performed on all
the servers of the system, and let the arrival process be Poisson. Then
the (1,7, q)-SM system is equivalent to the M/PH/1 system which, due

0 (22), has the following form of the sojourn time (17):

ABynByal

28 g = Tt
2 * 1+ ABgn Byl

-1
- ﬁq:qu:rl‘
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If the workunit service time is exponentially distributed with rate p and if
g = 1, then the analysis is simplified by using (25). In particular, for
the (¢, r,1)-SM, the sojourn time may be computed by using the Erlang
formula [23],

(29) EVr’l — i + 0(07 A/(T/'L)),
I crp — A

where the so-called Erlang C-formula C(n, p) describes the probability

of enqueueing in the M/M/n system having load p < n,
-1

nl = (np)*
(30) Cn,p)= |1+ (1-p) (np)" > !
k=0

In particular, the sojourn time in (¢, 1,1)-SM system coincides with the

classical sojourn time in the M/M/c system:

1 Cle, A
(31) Vi, = L 4 SeM1)
I cp— A
It follows from (30) that C(1,p) = p, and hence the sojourn time (29)
in the (1,7,1)-SM system may be obtained as

1 A

BV j=—+—— .
ri rp(rp— A)

2.3. Heavy-tailed service time distribution

It follows from (9) that the dependence of the cost C,, on r,q is
not monotone in general, and needs to be studied for particular classes
of distributions. In this section we consider the dependence of the average
cost EC}. , on the aforementioned parameters for the Pareto and Weibull
service time distributions which (the latter - for specific parameter set)
belong to the class of the heavy-tailed distributions. Note that the
heavy-tailed distributions are widely used for studying the computing and

communications systems [24].

Let the generic service time of the workunit S have the Pareto

distribution (18) with parameter a > 1. The properties of order statistics
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from Pareto distribution are obtained in [25,26], specifically,

el D(r—q+1—k/a)
(32) E(Sf;:r)—xé(rfq)! L(r+1—Fk/a) ’

where T is the gamma function. It follows from (3) and (32) that the

O<k<alr—q+1),

explicit expression for EC). ; may be obtained, and the following recurrence
relation for EC, , may be obtained as well [6]:

(r+1)>*r—q+1-1/a)
rir—q¢+1)(r+1-1/a)

It follows from (33), after some algebra, that EC,. , inreases with r, if the

(33) ECy11.4 = EC,,.

following inequality holds good,

(34) ar’+ 2a—aqg—q—1)r—aqg+a—1>0,

otherwise EC,. ; non-increases with r. For a > 1 and fixed ¢ > 1, the
quadratic polynomial (w.r.t. ) on the Lh.s. of (34) has two real roots,
such that the smaller is negative and larger is positive and has the following
form [6]:

1+q+ag—20+/(ag+q—1)%+4q
6 o) Y Fid

As such, for given fixed ¢ the inequality (34) holds good for (integer)

r > r9(q), and the minimal cost is attained at one of the integers nearest to
ro(q).

It follows from (35), in particular, that 7o(1) < 1 for o > 1.5, i.e. the
cost EC). 1 increases with r for all » > 1. Indeed,

r’a 1 1
36 EC,, = - Sy ), 1/a.
(36) 1 xorafl o (T+a+a(arl)> r>1/a

Moreover, it follows from (36) that the cost is asymptotically linear

lim ’I“_IECTJ = xy.
r—00

It can be seen from (36) that EC} ; may be arbitrary large if o is close
to 1. Indeed, it can be derived from (32) or from (36) that

ECy, = ES = 29—
a—1
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At the same time, it follows from (36) that

2
ECQJ < X (2 + ) y
«

since ar — 1 > 1 for » > 2. This means that, in particular, ECy; < EC 1
for a < v/2. Thus, the replication may be used to significantly reduce the
computation cost if r < 7¢(q).

With respect to the sojourn time, the general result (15) on the
monotonicity w.r.t. replication/quorum parameters holds good, and, by
taking into account (17) and (32), explicit expressions can be derived for
the system of type M/G/1. However, an even more important problem to
consider (in the presence of heavy tailed distributions) is to guarantee the
finiteness of the moments (say, expectation or variance) of the sojourn time.
This is especially important for obtaining reliable (interval) performance
estimates in steady state and is important for the system stability.

Denote by k(X) the moment index of the r.v. X, i.e.. [27,28]
(37) #(X) = sup{k > 0: E(X*) < 0o} < 0.
Then it follows from (18) that the r.v. S with Pareto distribution has the
moment index equal to «,
(38) () = a,
at the same time it follows from (32) that
(39) K(Sqr) =a(r—qg+1) > a.

It follows from (39) that k(Sg..) is linear w.r.t. r — g, i.e. the given
moment conditions (say, variance) may be configured by appropriate choice
of the redundancy parameters ¢, r even in the case when the moment index
of the workunits is relatively small (e.g. has infinite variance).

It is known that the moment index in the multiserver system G/G/c
may be obtained from the moment index of the service time [29]. In the
system under consideration, for given fixed A, a, ¢, r, ¢, the moment index
of the waiting time W, , may be obtained as follows [6]

(40) K(Wrg) = (alr—g+1) = 1) (c=[p]) Za -1,
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where p = AES,.,, and ES,,, is given in (32). Thus from (3), using the
Minkowski inequality [30], we obtain

(EWrq + 50" < @Wh)"" + (B55,) ",
and hence
(41) /{(‘/:"711) 2 min<H(WT,q)7 K:(qur))7

where the moment indices x(W,.,) and x(Sy..) are given in (40) and (39),
respectively.

Note that equality in (40) holds good, in particular, for ¢ = 1 and
r = g, which agrees with the Pollacek—Khinchin formula (16), which states
that finiteness of the second moment of the service time is necessary to
ensure the finiteness of the average waiting time. Finally we note that,
taking into account (41) and (40), the linear growth of the moment index
Sq:r in 7 — g can be used to select the values of 7, ¢ in such way to guarantee
the required value of the moment index (for instance, finiteness of the
variance) of the task sojourn time even if the moment index x(S) = «
of the workunit is small enough (for example, when « is close to one).

Let’s repeat the analysis for a system in which the typical workunit
service time S has the Weibull distribution
3
x

(42) Flz)y=1—¢e"%, €£€>0.

Then the moments of order k£ > 0 for Sy, can be obtained in the following
form [31,32]

(43) E(S;m:q(q) +k/e§ (.)<r—q+1+j>—1-k/f.

Thus, these moments are finite for any k > 0, i.e., k(Syr) = 00, while

the expression (17) allows to find an explicit form for EV, , for a system

of type M/G/1. In addition, the following recurrence holds [17,33]
r—1

(44) E(S¢.r) = E(Sq—1:0-1) + (q B 1) Jr—q+1,q-1),
where ES1.; = J(1,0) =T(1 + k/¢), and J(p,m) is defined recursively:
J(p,m) = J(pym —1) + J(p+1,m—1), J(p,0)=p /T(1+1/¢).
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Taking account of (43), we have

H

q —1

r—q+1+]) 1-¢

(7‘ FO g —1—j)!

(45)  EC,q=r

It can be seen from (45) that
(46) EC,; =T +1/6)r Y r>1.

This means, in particular, that EC,.; is non-decreasing (non-increasing)
in 7 for £ > 1 (£ < 1, respectively). Moreover, for £ = 1 the Weibull
distribution coincides with the exponential distribution, and at the same

time (46) is consistent with (26).

It is difficult to use (45) directly to establish the monotonicity of EC, .
However, considering the difference §(r) = ECy ;41 — EC5, and using

recursion (44), we obtain
5(r) = T(1 + 1/¢) ((27«2 o )V o+ 1)IVE 2 - 1)*1/’5) .

In particular, for £ < 1 the quantity ECy , does not increase in r. Indeed,

let us study the function

P(r) = 2r +r+ Dr Ve —p(r + 1)1V =2 (r — 1)7VE
Denote a = ¢! > 1. Let’s transform the function to the following form
(47) P(r) =27 = (r+1)7 = (r = 1)7%) + 6(r),
where
p(r)y =r(r+D) =+ 1) =0T (- D) (r 1)

The convexity of the function =% implies that 2r=%—(r+1)"%—(r—1)"% <
0. Moreover, one can verify that d¢(r)/0r < 0 for all a > 1, i.e. the
function ¢(r) is decreasing in 7 > 2. Moreover, one can check that ¢(2) < 0
for any & € (0,1). Thus, it follows from (47) that the difference §(r) is
nonpositive for all » > 2, i.e., ECy , is monotonically non-increasing in r
for any £ € (0,1).
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TABLE 1. A summary of the obtained results.

with parameter &

non-decreasing
forg=1,¢£ > 1,
expression (46)

o Characteristic
Distribution
Cr.q Via
. Non-decreasing,
In general Non-monotonic inequality (15)
Non-increasing,
. . inequality (27); Explicit form (29) in system
Exponential is constant for ¢ =1, M/MJc for q = 1
formula (26); cora=
explicit form (24)
- Explicit form (28)
Phase type Explicit form (23) in M/PH/1
.. Explicit form in system
Pareto Global I M/G/1 with respect (17)
expression (35) and (32)
Not-increasing
e <1 - . .
Weibull ifg=1,2and £ < 1; | Explicit form in a system like

M/G/1 taking account of (17)
and (43)

3. Resume and perspectives of the research

Table 1 presents the results of studying the impact of replication pa-

rameter r and quorum ¢ on the cost C,, and the sojourn time V, 4
in multi-server models with (¢, r, ¢) — SM redundancy for different distribu-
tions of workunit service time S. The type of monotonicity is indicated with

an increase in r, ¢, in some cases the result is available for the average value

or for the corresponding random variable (stochastic order). The results

are obtained for cases where the service time has a phase-type distribution,
Pareto or Weibull distribution (belonging to the class of heavy-tailed

distributions).

Taking account of the obtained results, the following directions of their
further development can be distinguished:

« the monotonicity of the average cost (27) was obtained for the special
case of exponentially distributed workunit service times, while the
general case of an arbitrary phase type of distributions is of interest;
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« it would be interesting to consider also a heterogeneous case, for
example, when the servers to which replication is carried out have
different performance (in this case, the formula (19) and further
results require appropriate adjustment);

« cost monotonicity for a system with Weibull distribution is shown
in section 2.3 for r = 1,2, the case of arbitrary r requires a separate
study;

« finally, the model assumes that the number of server blocks c is
unchanged, while r is a variable parameter, it is advisable to study
the case when the number of blocks is defined as s/r (integer), where
s is (unchanged) number of servers in source system.

The latter direction opens up opportunities for using stochastic comparisons
for systems with a different number of servers, but the parametric
monotonicity of systems is also interesting (for example, in the parameter
« for the Pareto distribution or £ for the Weibull distribution).
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