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Introduction. In developing a mathematical model for the sound pressure generated by the
grinding process, it became necessary to determine the actual values of the integral elastic parameters
of grinding wheels to use as inputs in the model. This will expand the applicability of the model and
maximize its practical utility. This paper describes an approach to determining Poisson s ratios and
Young’s moduli for grinding wheels with different characteristics. The elastic properties of the tool
are the subject of this study. The purpose is to establish the relationship between actual values of
integral elastic parameters and grinding wheel characteristics via modal analysis. The research method
combines experimental investigation of natural frequency spectra and modal analysis, implemented
via the finite element method in specialized software. Additionally, regression analysis is employed to
derive empirical dependencies of the integral elastic parameters of grinding wheels on abrasive grain
size and hardness. Results and discussion. The main result of this work is the determination of the
actual values of Poisson s ratios and Young s moduli for grinding wheels with the studied characteristics.
The selection of grinding wheel characteristics allowed for the investigation of the influence of abrasive
grain size and hardness on its integral elastic properties. The development of a mathematical model for
sound pressure generated by the grinding process, along with a methodology for predicting the service
life of grinding wheels based on this model, will improve grinding operation efficiency by reducing the
machine-setting time, increasing processing time, reducing consumption of manufacturing resources,
and optimizing tool lifespan utilization.

For citation: Zhukov A.S., Ardashev D.V., Batuev V.V,, Kulygin V.L., Schuleshko E.I. Modal analysis of various grinding wheel types for the
evaluation of their integral elastic parameters. Obrabotka metallov (tekhnologiya, oborudovanie, instrumenty) = Metal Working and Material
Science, 2025, vol. 27, no. 3, pp. 71-86. DOI: 10.17212/1994-6309-2025-27.3-71-86. (In Russian).

Introduction

Predicting the life of a grinding wheel (GW) by means of the indirect acoustic criterion naturally implies
the need to study its dynamic characteristics. The development of a model for the sound pressure generated
by the grinding process requires the values of the elastic moduli of the grinding wheel to correctly calculate
the modes and frequencies of the natural vibrations which are the source of the acoustic field. According to
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the characteristics of such a field, it is possible to predict many output parameters of the grinding process
over time: cutting forces, machining quality parameters [1, 2] (roughness, shape deviations of the workpiece,
presence of burns, etc.), and stiffness of the technological system. The sequence of manifestation of natural
vibration modes of the grinding wheel, inseparably connected with its elastic parameters, determines the
nature of the acoustic response of the system during operation, as well as the way it will react to external
excitation during grinding.

Modal analysis is a powerful method for determining the dynamic characteristics of a mechanical
system. In mechanical engineering, this method is used to solve a wide range of problems, from the
design and optimization of machine structures, mechanisms, and parts, to the diagnosis and monitoring
of equipment condition. The growing need to improve the design of modern metal-cutting machines and
tools with respect to vibration resistance, increasing their reliability and rigidity, has led to the emergence
of new and effective applications of modal analysis. In [3—8], parametric optimization of both the design
of individual elements of machine tools (spindles, beds, etc.) and complex machine tool assemblies is
carried out. In particular, designs of numerically controlled machine tools and multi-axis high-precision
machine tools are often optimized by means of modal analysis. In [9—13], cutting tools are designed using
modal analysis, and existing designs of turning tools, drills, and milling cutters are improved according
to criteria of vibration resistance and enhancement of dynamic balance during machining. Calculating the
eigenmodes and vibration frequencies of systems whose operation is associated with dynamic vibration
loads is necessary at the design, testing, or modernization stages, regardless of the magnitude of the loads.
If the system’s operating mode leads to vibrations at the resonance frequency, the design is modified to
prevent emergency situations.

The complexity and multi-component structure of a grinding wheel make it difficult to determine its
elasticity parameters, which are necessary for calculating its natural vibrations. The elastic parameters of
abrasive tools are poorly represented in technical literature. There is no systematization, and no correspondence
has been established between these parameters and the characteristics of grinding wheels. Reference books
do not provide values for the elastic properties of abrasive tools, such as Poisson s ratio and Young s modulus.
Only isolated experimental references for grinding wheels with specific characteristics can be found.

The variety of existing and emerging grinding wheel formulations is extremely large. Depending on
the characteristics of the grinding wheel, the proportions of its components (abrasive, bond, and pores) and
their properties vary considerably [14]. Exact calculations of the elastic parameters of grinding wheels are
extremely laborious, as they require consideration of the properties of each component and how they interact
with each other. To simplify the process, modal analysis is proposed to evaluate the elastic properties of the
system as a whole without detailing the components.

The objective of this study is to determine how the actual values of integral elastic indices depend on
grinding wheel characteristics using modal analysis. To achieve this goal, the following tasks must be
completed:

1) conduct an experimental study of the frequencies of natural vibrations of grinding wheels with
different characteristics;

2) calculate the natural frequencies and mode shapes of grinding wheels for various combinations of
elastic and geometric parameters using specialized software and the finite element method;

3) compare and correlate the experimental and calculated natural frequencies of the grinding wheels.

4) determine the actual values of Poisson s ratio and Youngs modulus for all investigated grinding
wheels.

Methods

Table 1 shows the list of grinding wheel characteristics included in the study of integral elastic
performance.

The grinding wheels were selected for this study to investigate how changes in granularity, hardness,
and abrasive material affect the integral elastic properties of the tool (Fig. 1).
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Table 1
Grinding wheels characteristics according to GOST R 52781-2007
GW No. &/ oo Abrasive material Grit Hardness
D x H X d, mm
1 F36
2 F46
3 Fé60 L
4 600x50%305 F80
254
5 F120
6 N
7 P
8 500x63%305 S
Fo0
9 144
600x50%305
10 64C L
11 600x40%305 924

Fig. 1. Grinding wheels under study

The effect of grain size variation on the elastic properties of grinding wheels No. 1, No. 2, No. 3,
No. 4, and No. 5 was studied. The grain size ranged from F36 to F120 (H50 to H10 according to
GOST 2424-84), with the average grain size ranging from 0.5 to 0.11 mm. Other properties remained
unchanged.
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The influence of changes in hardness on the elastic properties of grinding wheels No. 3, No. 6, No. 7,
and No. 8 was studied. The hardness varied from L to S (CM2 to 72 according to GOST 2424-84). All other
formulation characteristics remained unchanged.

To study the influence of different abrasives on the elastic properties of grinding wheels, wheels No. 3,
No. 9, No. 10, and No. 11 were considered:

— 254 white aluminum oxide with 99 % a-A4/>Os content. It is used for finishing and profile grinding of
hardened steels, as well as sharpening of high-speed tools;

— 144 normal electrocorundum with 93 % a-A4/>Os content. It is used for rough grinding;

— 924 chromotitanium electrocorundum with 60—75 % a-A/>Os content. It is used for grinding hardened
steels, machining with large metal removal, and rough grinding;

— 64C green silicon carbide with 96-97 % SiC content. It is used for final sharpening and finishing of
carbide tools, honing, and superfinishing [14, 15].

The structure of the considered grinding wheels is medium (structure numbers 5, 6, and 7), and the bond
is ceramic.

Experimental study of natural vibrations of grinding wheels

A full-scale experiment was conducted to record the spectrum of natural frequencies of grinding wheel
vibrations. The natural oscillations of the grinding wheel were excited by impact, as shown in Fig. 2.
The acoustic signal generated by the wheel’s natural vibrations was recorded using the NFM-2 (natural

frequency meter) employing a non-contact method. The grinding wheel
(GW) was mounted vertically on a carriage. The ICHSK-2 microphone,
which serves as the device’s sensitive element, was positioned at an
angle of 45° £ 15° relative to the diameter passing through the grinding
wheel’s support point. A minimum clearance between the cylindrical
surface of the grinding wheel and the microphone must be maintained;
contact with the surface is not permitted. The striker (hammer) impacts
the grinding wheel at an angle of 45° = 15° relative to the diameter
passing through the support point of the grinding wheel, symmetrical to
the microphone’s position. The striker impacts the cylindrical surface
of the tested bearing directed toward its center. The force and area of
impact are insignificant since the study focuses on the frequencies, not
the amplitudes, of natural vibrations.

When setting up the device, it is necessary to specify:

— type of product — abrasives / blades / other products;

Fig. 2. Scheme of measuring — type of abrasive — 144 / 254 / 924 / 64C;
frequencies of G natural — type of bond — bakelite / vulcanite / ceramic;
vibrations: — geometric shape and dimensions of the grit (shape coefficient);
1 — microphone, 2 — hammer, 3 — _ density of the ball:

grinding wheel under study, 4 — base
— frequency range of measurements.

The experiment involved 10 measurements of the eigenfrequencies
of each grinding wheel. Then, the average spectral composition of the natural frequencies of each grinding
wheel was determined. Fig. 3 shows an example of a spectrogram of ten measurements of natural frequencies
of GW' 1 600x50%305 254 F60 L 7V 50 2kl GOST R 52781-2007 — grinding wheel No. 3.

Modal analysis of grinding wheel natural vibrations

A computer simulation experiment was conducted using the finite element method in the COMSOL
Multiphysics software environment to study natural frequencies and vibration modes. This software
is widely used for engineering calculations worldwide and has proven effective in solving acoustic and
vibration problems [16-20].
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Fig. 3. Spectral composition of grinding wheel No.3 natural vibrations

A model of a grinding wheel was developed that allows parametric control over its geometry and elastic
parameters. The following equation expresses the relationship between the natural frequencies of a grinding
wheel’s vibrations and its geometric dimensions, shape, and elastic parameters:

fi = Fi(a, V)\/E
p

where F(a, v) is the shape factor, which depends on the body’s geometrical dimensions and shape (a =A(D,
d, H)), Poisson s ratio (v), and the mode of oscillation.
The model parameters are summarized in Table 2.

Table 2
Grinding wheel model parameters
Symbol Description
Geometrical model parameters
D GW outer diameter
d GW inner diameter
H GW height
Elastic parameters of model material
v Poisson s ratio
E Youngs modulus
p density

The calculation of eigenmodes and oscillation frequencies was carried out for each variant of the grinding
wheel (GW) parameters — D, d, H, v, E, and p — in order to determine the agreement with the experimentally
obtained frequencies. The comparison is presented in the section “Comparison of experimental and
calculated spectral compositions of grinding wheels”.

Results and Discussion

Eigenmodes of Grinding Wheel Vibration

Computer modeling has shown that the order in which eigenmodes of grinding wheel vibrations mani-
fest remains unchanged over a wide range of values of v, E, and p. The natural frequency values associated
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with each mode vary depending on the values and combinations of the elastic parameters. The geometric
parameters of grinding wheels have a decisive influence on the shapes of the modes, the sequence of their
manifestation, and the corresponding frequencies. Table 3 summarizes the natural frequencies and their
corresponding modes in the order of their manifestation for grinding wheel No. 3 — G 1 600x50%305 254
F60 L7V 502 class GOSTR 52781-2007.

Table 3
Occurrence order of grinding wheel natural oscillations modes*
No. 1 2 3 4 5 6 7
f, Hz 544.59 544.62 1187.6 1429.7 1429.71 1451.8 1451.81
3
]
=
Repeated modes Repeated modes Repeated modes
No. 8 9 10 11 12 13 14
f,Hz 1983.3 1983.5 2555.5 2555.51 3440.4 3440.8 3503.5
3
]
=
Repeated modes Repeated modes Repeated modes
No. 15 16 17 18 19 20 ;
NS
f,Hz 3508.8 3508.81 3850.0 3850.1 4503.5 4503.51 : -
YO
n 29
KT =
X o N
Lo A
wv
% X 0o,
3 S > a
= e g
N G)
)
Repeated modes Repeated modes Repeated modes *‘

Thus, a pair of the lowest modes are bending modes with two nodal diameters, f; and fz (n =2, s = 0),
followed by the bending mode f; with one nodal circle (rn = 0, s = 1), called the “umbrella mode in the
literature [21]. This result agrees with the analytical calculations of vibration modes of grinding wheels by
B. A. Glagovsky and I. B. Moskovenko [22]. In the study of vibrations of discs with a central axial hole, the
letters n and s denote the number of nodal diameters and nodal circles, respectively. The grinding wheels
considered in this study belong to this category.

The bending modes manifested in pairs fx and f5 (n = 3, s = 0), fio and fi: (n = 4, s = 0), and fi- and fis
(n =5, s=0) are similar and differ only in the number of nodal diameters. The pairs fs and fo (n = 1,
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s = 1) and fi: and fi3 (n = 2, s = 1) differ by the presence of a nodal circle and a different number of nodal
diameters. The pairs fs and f> (n = 2, s=0), fis and fis (n =3, s = 0), fis and fzo (n = 1, s = 1), and mode fi+
(n =0, s = 1) belong to the class of radial modes. These are characterized by tension-compression stresses,
in which oscillations of microvolumes occur in the plane of the grinding wheel.

The peculiarity of the pairwise manifestation of modes with nodal diameters (r # 0) is emphasized.
These modes are called multiple modes since they are vibration modes with close (or coinciding) natural
frequencies, the same mode set but different orientations of nodal lines. Multiple modes appear in pairs
and are characterized by the relative displacement of nodal diameters by some angle. Such modes occur in
systems with a high degree of symmetry (e.g., circular discs, spherical shells, square plates). Their existence
has been confirmed by both experimental studies and analytical calculations [23-26].

The smallest number of nodal lines, whether nodal diameters or nodal circles, are characteristic of the
lowest modes, i.e., modes formed at the lowest frequencies characteristic of the “grinding wheel” system. As
the number of nodal lines manifested in the vibrational motion of a particular mode increases, the frequency
at which this mode occurs also increases. It is well known that the lowest modes are of primary importance
in the overall dynamics of the vibrational process of an elastic solid. To describe the contribution of each
mode, coefficients of modal participation and modal mass have been introduced. These coefficients will be
discussed in more detail in “Modal Participation Coefficients” .

Modal participation coefficients

The participation coefficient indicates the relative contribution of each mode to the displacement or
rotation of the system when excited in a specific direction and manner. Since no rotational modes or angular
vibrations of the grinding wheel were identified in the computer simulations, the participation coefficients
for rotational directions are not considered in this study.

Participation coefficients are calculated when it is necessary to determine the parameters of an
external load that could potentially cause undesirable resonance in the system [27]. Such calculations
make it possible to assess the significance of
each mode participating in the vibration process.
These modes are characterized by high vibration
energies and sensitivity to specific types of loads.
After identifying a significant mode in strength
calculations, either the system’s operating modes
should be changed or the design modernized to
avoid undesirable consequences.

Fig. 4 shows the graph of participation
coefficients of grinding wheel No. 3 — GW 1
600x50%305 254 F60 L 7 V 50 2 class GOST
R 52781-2007 — plotted along three coordinate
axes. It demonstrates that the most significant
eigenmodes of vibration of the grinding wheel are
modes fi and f2, which are most pronounced in
the X and Y directions. Regarding the Z axis, the
largest contribution in this direction is made by the
“umbrella” mode f;.

This mode will be used for acoustic monitoring
of the grinding process. When applying boundary
conditions, the displacement of the grinding wheel
model is restricted — it is rigidly fixed along the
seat diameter on the machine spindle. Additionally,
a prestressing condition distributed over the volume of the grinding wheel is imposed, resulting from the
centrifugal forces during rotation at a speed of 1,590 RPM.

Fig. 4. Participation factors of the natural vibration modes
of the grinding wheel along the coordinate axes
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The order of eigenmodes’ manifestation changes significantly as a result of calculating them under
these specified boundary conditions. The bending mode with the highest values of modal participation
coefficients and modal masses becomes the lowest and most significant mode, featuring a nodal circle
coinciding with the end region — the “umbrella” mode. The participation of this mode in the overall
dynamics of the grinding wheel vibrations is much greater (more than 30 times) than that of the others and,
accordingly, it generates the most powerful acoustic wave.

Comparison of experimental and calculated spectral compositions of grinding wheels

In figs. 5, a—k, the black lines show the spectral compositions obtained experimentally using the method
described in section “Experimental study of natural vibrations of grinding wheels”. These graphs illustrate
the distribution of the natural frequencies of grinding wheels with the studied characteristics.

During computer modeling and the modal analysis process, the values of Poisson s ratio (v) and Young's
modulus (E) were adjusted to align the calculated frequency values (shown in the graphs as red vertical
lines) with the experimental frequencies. The parametric optimization problem was solved using the fitting
method. A perfect fit can only be achieved when the real geometric dimensions of the grinding wheels
exactly match their modeled counterparts.

The frequencies coincide at a satisfactory level. The deviation of the calculated frequencies from the
experimental values does not exceed 5 %. Consequently, the values of the integral elastic parameters,
v and E, were obtained for each grinding wheel considered:

1. 254 F36 L —v=10.25; E=51.25 GPa; 7.254 F60 P—v =0.225; E = 54 GPa;
2.254 F46 L —v=0.215; E = 46 GPa; 8. 254 F60S8—-v=02; E=67.5GPa;

3.254A F60 L —v=0.18; E =41.5 GPa; 9.144A F60 L —v=0.25; E=41.2 GPa;
4. 254 F80 L —v=0.17; E =40 GPa; 10. 64C F60 L —v =0.26; E =43 GPa;

5.25A FI120 L —v=0.16; E=45.5 GPa;

11. 924 F60 L —v =0.27; E = 53 GPa.
6. 254 F60 N —v =0.22; E = 48 GPa;

Thus, although labor-intensive, this approach to determining v and E is recognized as effective. The
agreement between the calculated and experimental frequencies allows us to conclude that the simulated
values of Poisson s ratio and Young s modulus of the grinding wheels correspond to those of their prototypes.
Therefore, the main objective of this work has been achieved.

Currently, work is underway to develop a mathematical model of the sound pressure generated during
grinding and a methodology for predicting the grinding wheel service life based on acoustic indices. This
model requires taking into account the actual elasticity parameters of grinding wheels and establishing a
relationship between these parameters and the wheels’ characteristics.

The values of v and E obtained during this study were used as parameters to develop a sound pressure
model of the grinding process. Preliminary results show the model’s qualitative agreement with, and
adequacy to, the experimental acoustic data obtained during the grinding process study.

Dependence of integral elastic parameters on grinding wheel characteristics

The study of grinding wheels No. 1, No. 2, No. 3, No. 4, and No. 5 determined the influence of abrasive
grain size on the elastic parameters, v and E. Poisson s ratio decreases as the abrasive grain size decreases.
Young's modulus decreases until the grain size reaches 0.2 mm; thereafter, the trend reverses and begins
to increase. However, there is insufficient data to conclude whether the increase in Young'’s modulus will
continue as the grain size is further reduced.

Fig. 6 shows graphs reflecting this dependence in terms of granularity versus Poisson’s ratio and
granularity versus Young s modulus. Next, regression equations and curves were obtained using MS Excel.
The regression curves constructed from the experimental data are expressed by second-degree polynomial
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Fig. 5. Comparison of empirical and calculated spectral compositions of natural vibrations of grinding wheel:

a—25A F36 L;b— 254 F46 L; c — 254 F60 L; d — 254 F80 L; e — 254 F120 L; f— 254 F60 N; g — 254 F60 P h — 254 F60 S;
I1- 144 F60 L;j— 924 F60 L; k — 64C F60
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Fig. 6. Influence of grinding wheel grit on the value of Poisson s ratio and Young s modulus

dependencies with approximation reliability levels of R?=0.949 for the Young s modulus dependency curve
and R? = 0.993 for the Poisson s ratio dependency curve. This indicates a strong correlation between the
values of v, E and the grain size factor.

v =0.0054- x% - 0.054- x +0.3; E=175-x%-12.25-x+62.35.

It should be noted that the obtained regression relations are not claimed to be universal and can only
be applied under the conditions in which they were derived. For instance, the values of v and E can be
determined for a grinding wheel with the following characteristics: an abrasive of white electrocorundum
with a hardness grade of L and an average structure number of 6 on a ceramic bond. For a grinding wheel
with a grit size of F700 (grit size ranging from 0.15 to 0.11 mm), the values of Poisson s ratio and Young's
modulus are 0.164 and 42.66 GPa, respectively.

Similarly, the effect of hardness on the elastic performance of grinding wheels has been established.
An increase in grinding wheel hardness results in higher values of Youngs modulus. Youngs modulus
characterizes the stiffness of the system and its ability to resist elastic deformation. This is reflected in the
study of natural vibrations of a solid body. Grinding wheels with higher E values exhibit a shift of natural
frequencies toward the high-frequency range (see Fig. 5).

The change in hardness of grinding wheels with the same structure is due to the redistribution of the
proportions of the main components: grain, bond, and pores. An increase in hardness is promoted by a
decrease in pore volume and an increase in bond volume. Therefore, it can be concluded that there is a
positive correlation between hardness and stiffness, or between the characteristics of plastic and elastic
deformation of the grinding wheel, as expressed by Youngs modulus.

Poisson s ratio increases with hardness in the interval from L to P. After reaching a maximum value of
0.23, it begins to decrease. See fig. 7 for the graphs.

The obtained regression dependencies have approximation confidence levels close to unity (R?=0.9913
for the Youngs modulus curve and R? = 0.999 for the Poisson s ratio curve). Therefore, there is a strong
correlation between the values of v, E, and the hardness factor.

v =-0.0162- x> +0.0877 - x + 0.109; E=175-x%>-035-x+405.

These empirical regression models can be used to determine the values of v and E for white
electrocorundum grinding wheels with an F60 grain size and medium structure on a ceramic bond for
several hardness grades: K, M, O, R, and T:

— 254 F60 K has values v=0.148; E = 40.76 GPa;

— 254 F60 M has values v=0.200; E =43.91 GPa;
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Fig. 7. Influence of grinding wheel hardness on the value of Poisson § ratio and Youngs modulus

— 254 F60 O has values v=0.227; E = 50.56 GPa;

— 254 F60 R has values v=0.217; E = 60.713 GPa;

— 254 F60 T has values v=0.175; E = 74.36 GPa.

Values of Poisson s ratio and Young s modulus were also obtained for grinding wheels made of normal
electrocorundum, white electrocorundum, chromotitanium electrocorundum, and green silicon carbide (see
fig. 8). Since the abrasive material of the grinding wheel cannot be quantified, regression analysis and the
development of empirical relationships are not applicable in this case, unlike in the study of the effect of
grain size and hardness on the elastic parameters of the tool. The values of v and E in fig. 8 do not permit
further applications or insights beyond what is obtained directly.

Fig. 8. Influence of abrasive material on the value Poisson s ratio and Young s modulus

Conclusion

1. The order of appearance of the eigenmodes of grinding wheel vibrations remains unchanged over a
wide range of v and E values. The lowest eigenmodes used for acoustic monitoring of grinding wheels are
a pair of bending modes f1, fz (n = 2, s = 0) and the bending mode f; (n =0, s = 1).

2. In the absence of boundary conditions, modes f; and f> (n = 2, s = 0) contribute most significantly to
the dynamics of grinding wheel vibrations along the X and Y coordinate axes. In the Z direction, the largest
contribution is made by eigenmode f; (n = 0, s = 1); however, this contribution is much smaller than that
of fi and f>.

3. The values of Poisson s ratio and Young s modulus for the studied grinding wheels were determined
by correlating the experimental and calculated spectral compositions of the natural frequency distributions.
The values vary within the following ranges: 0.16 <v <0.27 and 40 GPa < E < 67.5 GPa. Grinding wheels
with significantly different characteristics (e.g., 254 F80 L and 254 F60 S) may have slightly different
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Poisson s ratio values (v = 0.17 and v = 0.2, respectively). This underscores the importance of accurately
determining the integral elastic parameters of the tool to correctly model the sound pressure generated
during the grinding process. Even a slight error in determining Poisson s ratio can lead to discrepancies
between the modeled wheel’s characteristics and its actual behavior.

4. Empirical regression dependencies of the integral elastic parameters of grinding wheels on abrasive
grain size and hardness have been obtained with a high degree of reliability and accuracy.
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