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NMPABUNA /11 ABTOPOB

XypHan npunnmaer k nybaukauun cra-
Tbi, COZPXKaLLe HOBbIE OPUrHHANbHbIE
pe3ynbTaTbl M0 BCEM OCHOBHBIM pasgenam
MaTeMaTuKI, MeXaHUK1 U MHOPMATUKK.
Pepkonnerveii He paccMaTpUBAlOTCA CTaTby,
HOCALLME UCKIOYMTENBHO NPUKNAZHON Xa-
paKTep, paHee onybaMKOBaHHbIE UM NPUHS-
Thle K ONY6NNKOBAHMIO B AAPYTX XypHaNax.

06bem ny6nukyemoii CTaTbh He AOMKEH
npeBbIWwath 12 CTpaHnL, 0YOPMAEHHBIX B
LaTeX cornacHo ctunesomy ¢ainy, pasme-
LeHHoMy no agpecy https://mmi.sgu.ru/
ru/dlya-avtorov. Ctatbin 60nbLuero obbema
MPUHMMAKTCA TONLKO MO COFNACOBAHMIO C
pegKonnerveii xypHana.

Bce pykonucu, noctynuBLLme B peaKLyio
1 COOTBETCTBYIOLNE NPOdUAI0 XypHana,
MPOXOAAT PeLieH3MpOBaHHe, 1 3aTeM pejKon-
nerus NpUHUMAeT peLlieHine 0 BO3MOXHOCTH
nx onybnukoBaHua. B cnyyae nonoxurens-
HOTO peLleHns CTaTbs NOABepraercs Ha-
YUHOMY 11 KOHTPONbHOMY PeJaKTPOBaHMI.

CraTbsl, HanpaBNeHHas aBTOPY Ha f0-
paboTKy, AOMKHA 6bITb BO3BPALLEHA B UC-
npaBNeHHOM BUAe B MaKCMManbHO KOPOTKHe
cpoku. Cratbs, 3aepxaHHas Ha cpok bonee
TpéX MecsLeB, paccMaTPUBAETCS Kak BHOBb
noctynusLuas. K nepepabotaHHoil pykonucu
Heo6X0ANMO MPUAOXMTb NMUCbMO OT aBTO-
POB, COlepXKalLiee 0TBETbI Ha BCe 3aMeyaHus
W NOSACHSIOLLIEe BCe M3MEHeHNS, CienaHHble
B CTaTbe. Bo3BpalLieHve CTatbit Ha 4OPaboTKy
He 03Hauaer, 4o craTbs byzer ony6anKoBa-
Ha, nocne nepepaboTku OHa BHOBb byfeT
peLieH31poBaThbCs.

ABTOpY CTaTbi, NPUHATON K MybAMKaLyuK,
OZHOBPEMEHHO C pelleHneM peaKosnernm
BbICHINAETCSA NNLIEH3UOHHBIA A0TOBOP.

[laToi nocTynnenus craTby CYnTaeTcs Aata
MOCTyNAeHNs ee OKOHYaTebHOro BapuaHTa.

Mnata 3a nybaukaumio pykonuceii He
B3MMaeTcs.

bonee noApo6HO € npaBunamm Ans asTo-
POB 1 MOPSIAKOM PeLieH3MPOBaHNS MOXHO
03HaKOMUTbCS Ha CailTe XypHana: https://
mmi.sgu.ru
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INonyananutuyeckasi annpokcumMalyus HOPMaJbHOMI
MPOU3BOJHON TEIJOBOI'0O MOTEHIMAJa MPOCTOTO CJIOS
BOJIM3M rpaHULbl IBYMepHON 00JacTu

1. 0. UBaHos

Poccuiickuii yHuBepcuter TpaHcmnopta, Poceusi, 127994, r. Mocksa, I'CII-4,
yi1. O6pasuosa, 1. 9

HWBanos dmutpmuii IOpbeBuu, Kangunat (usanko-mMaTreMaTHYeCKHX HayK, JO-
LEHT Kadeapsl BhICLIEH MaTeMaTHKH, ivanovdyu@yandex.ru, https://orcid.org/
0000-0003-4551-469X, AuthorID: 9829

AnHortaums. [lpensnaraercs nosjyaHaluTHUecKasi anmnpoKCHMalUsl HOp-
MaJIbHOH MPOU3BOAHOU TEIJIOBOTO MOTeHLHaJa [IPOCTOro CJ10s BOJIM3U
rPaHHIbl IBYMEPHON 06J1aCTH ¢ raakocTbio C°. Bbiunc/ieHne HHTerpasos,
BO3HHKAIOLKX [0CJ/e KyCOUHO-KBaAPaTHYHOH HMHTEPNOJSALNN (PYHKIUU
MJIOTHOCTH IO MepeMeHHOH IJMHBl AYTH S, OCYLIECTBJ/SeTCS C NOMOLIBIO
aHaJMUTHUECKOr0 HHTErPUPOBAHUS 10 MepeMeHHOH p = /12 — d2, rae
7 U d — paccTOSIHUS OT TOUKH HaOJ/IIofeHUs A0 TOYKH HHTeTPUPOBAHUS
U JI0 TPaHUIBl 06/1aCTH COOTBETCTBEHHO. L/l 3TOTO MOABIHTErpalbHas
(DYHKLHS TpelcTaB/seTcsl B BUAE CYMMbl IBYX MPOU3BENeHUH, Kaxa0e U3
KOTOPBIX COCTOUT M3 ABYX MHOXKHTEJIeH, a MIMEHHO: IVIafKo# B PHUIPaHUY-
HOH o6/acTu (PyHKUUH, coleprKalllell KoOMaH Mepexofa OT NnepeMeHHOH
UHTETPUPOBAHUS S K ITePeMeHHOH p, U BeCOBOH (DYHKLHUH, coleprKallel
0co6eHHOCTb NpH 7 = 0 ¥ paBHOMEPHO abCOJIIOTHO HHTErpUpyeMod B
NPUTPAHUYHOH obsactu. [yagkue QPyHKIUH aNIPOKCUMHUPYIOTCS C MTOMO-
I1IbI0 KYCOUHO-KBaJPaTHYHOH HHTEPMOJ/SALMU 110 epeMeHHOH p, U TOTAA
aHaJUTHYeCKOe MHTErPUPOBAHHE CTAHOBHUTCS BO3MOXHO. AHasUTHYeCKOe
UHTErpUpOBaHHUe MO p OCyLIeCTBJseTCs Ha (PUKCHPOBAHHOM I10 LIMPHHE
ydyacTKe IpaHUIbI, COAepxKallleM IIPOeKLHI0 TOUKU HaOMI0JeHHs, a Ha
0CTaJIbHOM YaCTH IPaHHULbl HHTErPasbl M0 S BBIUUC/SIOTCS C MOMOIILBIO
tdopmya T'aycca. MuterpupoBanue no napamerpy Co-Nonyrpynisl, 06-
pa3oBaHHOM olepaTopaMH CIABHra MO BPEMEHHM, TaKxKe OCYILeCTBJseTCs
aHaiautHuecku. Has atoro Cp-nosyrpynna annpokCHMHUPYeTCs: ¢ [TOMO-
b0 KYCOYHO-KBaJpaTHYHON MHTEPNOJALUM N0 ee mapaMmeTpy. JokasaHo,
4TO MpejJlaraeMble anlpoKCUMaUUK 00/1afal0T YCTOHYUBOH KyOHuecKon
CXOIMMOCTbIO B 0aHaXOBOM IIPOCTPAHCTBE HENpPepBIBHBIX (PYHKUHH C
pPaBHOMepHOH HOPMOH, NpHYeM Takasi CXOAMMOCTb PaBHOMepHa B 3aMKHY-
TOU MpurpaHu4yHoil obsactu. [IpuBeseHbl pe3y/bTaThl BHIYUCAUTENBHBIX
9KCIEPUMEHTOB [0 HAXOXAEHWI0 HOPMaJbHOH MPOU3BOAHOH pelleHHH
BTOPOH HayaslbHO-KpaeBOH 3a/jayM TeIJIONPOBOJHOCTH B €JUHUYHOM KpyTe

© WaHos 4. FO., 2024



L. KO. WsaHos. [NonyaHanntn4eckas anmnpokcuMaums HopManbHow Mpon3BoAHON Ter10BOro noTeHuana 4@

C HYJIEBbIM HauyajbHBIM YCJIOBHUEM, NOATBEPXKIAOLINE PABHOMEPHYIO KyOHUYeCKYI0 CXOLMMOCTb Ipe/J/iaraeMbix
anmpoKCUMalHi HOPMasJbHOH MPOM3BOIHON TEIJIOBOTO MOTEHIHAMa MPOCTOrO CJIOS.

KoiroueBble ciioBa: rpaHUYHbBIH 3/7€MeHT, MOTEHLHA, TOUTH CHHTYJ/ISAPHBIH HHTEerpas, 3(QeKT NorpaHHIHOro
CJI0s1, paBHOMEPHAsi CXOAUMOCTh
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near the boundary of a two-dimensional domain with C® smoothness is proposed. The calculation of the
integrals that arise after piecewise quadratic interpolation of the density function with respect to the
variable of arc length s, is carried out using analytical integration over the variable p = v/r2 — d?, where r
and d are the distances from the observation point to the integration point and to the boundary of the
domain, respectively. To do this, the integrand is represented as the sum of two products, each of which
consists of two factors, namely: a function smooth in a near-boundary domain containing the Jacobian
of the transition from the integration variable s to the variable p, and a weight function containing a
singularity at » = 0 and uniformly absolutely integrable in the near-boundary region. Smooth functions are
approximated with the help of the piecewise quadratic interpolation over the variable p, and then analytical
integration becomes possible. Analytical integration over p is carried out on a section of the boundary fixed
in width, containing the projection of the observation point, and on the rest of the boundary, the integrals
over s are calculated using the Gauss formulas. Integration over the parameter of Cy-semigroup formed by
time shift operators is also carried out analytically. To do this, the Cy-semigroup is approximated using
the piecewise quadratic interpolation over its parameter. It is proved that the proposed approximations
have stable cubic convergence in the Banach space of continuous functions with the uniform norm, and
such convergence is uniform in the closed near-boundary region. The results of computational experiments
on finding of the normal derivative of solutions of the second initial-boundary problem of heat conduction
in a unit circle with a zero initial condition are presented, confirming the uniform cubic convergence of
the proposed approximations of the normal derivative of the simple layer heat potential.

Keywords: boundary element, potential, near singular integral, boundary layer effect, uniform convergence
For citation: Ivanov D. Yu. Semi-analytical approximation of the normal derivative of the heat simple layer
potential near the boundary of a two-dimensional domain. lzvestiya of Saratov University. Mathematics.
Mechanics. Informatics, 2024, vol. 24, iss. 4, pp. 476-487 (in Russian). https://doi.org/10.18500/1816-
9791-2024-24-4-476-487, EDN: GMVNDF

This is an open access article distributed under the terms of Creative Commons Attribution 4.0 International
License (CC-BY 4.0)

BBenenue

B pamkax mMeTona rpaHMYHBIX 3JIEeMEHTOB [Ji aNIPOKCHMALHH MOTEHLHAJNO0B IIPOCTOrO U J1BOK-
HOTO CJ1051 B JIByMepHOH 006J1acTH, a TakxKe UX MPOU3BOJAHBIX FpaHMLIA 00/1acTH pa3buBaeTcsl Ha
IYTH, Ha3blBaeMble TPaHHYHBIMH 3jeMeHTaMu (['D), Ha KaXHo# K3 KOTOPBIX OCYIIECTBJISETCS

Martemarvka 477



@ WU3B. Capar. yH-T1a. Hos. cep. Cep.: Marematuka. MexaHuka. VIngpopmatuka. 2024. T. 24, Bbin. 4

TMOJIMHOMHUAJIbHAS HHTepHossuus (QyHKUMK MmioTHocTH [1, m. 2.5]. BosHuKamuMe mnocje 3Toro
UHTErpaJsbl He MOTYT ObITb B OOLUEM cjydae BblUMCJEHbl aHAJUTHUeCKH. TpajiuLMOHHO AJs HUX
BBIUMCJIEHHS] UCIOJIB3YIOTCS MPOCThie KBanpatypHble Gopmyasl [aycca (ITKPT) [1, n. 2.6]. Ecau
TOYKa HabJIofeHHsl, B KOTOPOH BBIYUCJ/SIIOTCS MOTEHLHAJbl, HAXONUTCS AOCTATOYHO AAJIEKO OT
rpaHulbl 06J1aCTH, TO UX BbluncjeHue ¢ nomoulpio [IKPT nmpoucxonut ¢ ymoBsieTBopuTenbHOH
TOYHOCTbI0. Ecsin Touka HabuoneHHst NpUOIMKaAeTCsl K I'PaHHULE, TO TOUHOCTb BBIYMCJEHUS MO-
TeHuuasoB ¢ nomombio [IKDPT ymenbuiaercs. 1o siBjeHHe HasbiBaeTcsi 3PPEKTOM MOrPaHUIHOTO
cnosi. JledcTBUTENbHO, NIPU MPUOMHKEHUH TOUKU HabmtofeHus K y3ay [IKPI norpemnocts Bo3pac-
TaeT KaTacTpouyecku O6Jarofaps CHHIY/ASPHOCTH MOAbIHTerpasbHol GpyHkuru. Ho norpeiHocTsb
BO3pacTaeT U B TeX CJAydyasX, KOTAa TO4Ka HaOmoneHus npoxoput mexny yanamu [TKDI. Ilpu
BBIUMCJIEHUH noTeHIMasa aBoiHoro cjosi (I1/1C) u HopmanbHoit npoussonnoil (HIT) norenunana
npocrtoro cqosi (III1C) 3to siBNeHHe MOXKHO OOBSCHUTH TEM, YTO TOUHbIE (DYHKLIHH UMEIOT KOHEUHbIe
paspbiBbl Ha rpanule [2, nm. 95, 97], a annpokcumaunu Ha ocHoBe [TKDI' HenpepbiBHBEI BO BCex
TOUKax, OTJAUUHBIX OT y3/0B [IK®DI'. Tak Kak npu 10CTATOUHOH I1aAKOCTH TPAHULBl AMIIPOKCUMALIUH
[1C u HII IIIIC cxomsaTcs BO BCcex TOYKAX IJIOCKOCTH, TO TaKas CXOLHUMOCTb He MOXKeT ObITb
PaBHOMEPHOH.

Lol 1OCTHKeHUS YyIOBJIETBOPUTENBHON TOYHOCTH MPUMEHSIIOTCS, B YACTHOCTH, IOJyaHaJIUTHYe-
CKHe METOJbl, UCIIOJIb3YIOLIMe B TOH WJIM MHOH CTeNeHH aHAJIUTHYECKOe UHTEIPUPOBAHHUE IO IJHHE
nyru. st Toro 4To6Bl aHAJIUTHUECKOe HHTErPUPOBAHHE CTAJIO0 BO3MOXHBEIM, B OOJBILIHHCTBE METO-
L0B OCylllecTBJ/sieTcsl JIMHelHas, napaboandyeckass U 6oJiee BBICOKOrO MOpsiiKa allpOKCHMaLUsl
['9, KoopaMHATHBIX GYHKUMH UM (QYHKLUHHM PACCTOSHUS, MPUUEM Tepexof K 6osiee TOUHOH ammpok-
CHMAalLHWH COMpPSI’KEH, KaK MPaBUJIO, C YCI0KHEHUeM HHTerpaJsoB. JInHeliHas annpoxkcumanus ['D
CUMTAETCs HeyIOBJIETBOPUTENbHOH M1JISi BHIUHCJEHHs MOTeHLHAal0B BOIM3U IpaHulbl [3,4], mostomy
HEKOTOpble MoJyaHaJUTUYeCKHe METO/bl, PeasM30BaHHble BHauaje AJis JUHeHHbIX ['D [5], Oblin
OCYIIeCTBJIEHbl 3aTeM MJs1 KBanpaTHuHbix [D [6]. B c¢BA3U ¢ 3TUM mpencTaBiseT WHTepec MoJyaHa-
JUTHYECKUH MeToJl, BIIepPBEle ONUCAHHBIH B paboTax [3,4]. XoTs B 3THX paGoTax OH HCIO/Nb30BAJICS
I/ KBafpaTHUHBIX ['D, ero MOXKHO NPUMEHHUTD 1J1s 000K aHANMUTHUECKH 3aJaHHOH NOCTaTOYHO
TJIaJKOH IpaHULbl I1BYMepHOH 06/acTH. ANNpoKCHMalKs TPaHULBl JJIsi OCYIIEeCTBJIEHHS METOIA He
TpebyeTcs, ¥ CJOXKHOCTb UHTErpPasoB He 3aBUCHUT OT BUJA IPaHUILbI, YTO N03BOJSIET UCIO/b30BaTh
MeTOJ NPH BBICOKOTOYHOH anmpOKCHMAaLKK IPAaHULb ¢ TOMOILBIO CIJIAaHHOB. B 0cHOBe MeToza JIEXKUT
AHAJIMTUUECKOe HHTETPUPOBAHUE M0 TepeMeHHOl p = /172 — d?, e 7 U d — pacCTOSIHUSI OT TOUKH
HaO0JII0leH!Us 10 TOUKH MHTerPUPOBAHHUSl U JO I'PaHHULBl 00JaCTH COOTBETCTBEHHO. [l TOro 4To6hl
aHaJUTHYeCKOe UHTerpHpoBaHHe CTaJ0 BO3MOXKHBIM, [OAbIHTErpasibHasl (PYHKLHS [IPeNCTaBAseTCs
B BHJe MPOMU3BeNEeHHUs ABYX (PYHKLHH: BECOBOH, comepxkalleld oco6eHHOCTb NpH 7 = 0, U rmaakod
(hbyHKIMH, cofepxkalledl siKoOMaH Ilepexola K HOBOH IlepeMeHHOH HHTerpupoBaHus p. [nankas
(hyHKLUS HUHTePIOJUPYeTCs C MOMOLIbIO MTOJIMHOMOB MO MepeMeHHOH p, U TOrAa aHaJuTHYecKoe
WUHTETPUPOBAHHE CTAHOBUTCS BO3MOXKHBIM.

Ha ocHoBe Takoro mopxona B pa6oTe [4] mosyueHBl anmnpoKCHMALHUK POU3BOAHBIX JBYMePHBIX
[II1C nns ypaBHenus Jlanmnaca. Ho uHTerpasnbl oT BecoBbIX (PyHKLUHMH NPH 3TOM He SIBJSIOTCS
pPaBHOMEPHO CXOASILUMHUCS BOJIM3U TPAHHULBI 00/1aCTH, UTO CHHXKAeT CKOPOCTb PaBHOMEPHOH CXOIHU-
MOCTH TaKUX annpokcumauuii (cm. [4, ¢popmyna (28b)]). B HacTosiueii paboTe 15 anmpoKCHMalUK
HIT neymepHbix Temsosbix [II1C (TIITIC) nonsiHTerpanbHast GyHKLUHS NPENCTABJASETCS B BHIE
CYMMBI JIByX NpOH3BeleHUH yKa3aHHOro BHAA, NpPUYeM TaKUM oOpa3oM, UTO BeCOBble (DYHKLHH
B KaK/IOM W3 NPOMU3BENEHHH PaBHOMEPHO aOCOJIOTHO MHTErPHUPyeMBbl 110 MepeMeHHOH p BOJM3H
rpanuibl obaactu (cm. [4, dopmynaa (1)]). AnajorudHoe npencTaB/eHHe B paMKax TaHHOTO MeToja
MCI0JIb30BAJIOCh 1JIs1 alMpOKCHMalUK AByMepHbIX TemoBbix [TJIC [7].

1. IIpenBapurtesbHble 3aMeYaHUS

[Tycte 24 — nByMepHasi OTKpbITasi OrpaHUYeHHast OQHOCBsI3Has obJjacTb ¢ rpaHuued Of). B
[eKapTOBbIX KOOpPAMHATAX (X1, T2) 3alallM MapaMeTpHyecKHe ypaBHeHHs KpuBoH Ok x1 = Z1(s),
9 = Zo(s). [lapaMeTp s Mo MOLYJIO paBeH IJIUHE NYTH, OTKJIAIbIBAEMOH OT HEKOTOPOH (HUKCHPOBaH-
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HOU TOUKM M 3aKaHUMBalllelcs B Touke Z(s) = (Z1(s),Z2(s)), U yBeanunBaeTcs, Koraa 00/1acThb
24 npu o6xone rpaHuLbl Of) ocraercs caeBa. PyHKUUM T1(s), T2(s) (s € R), nepronnueckue ¢
nepuonoM 2S (S — mosoBUHA AJIHHBL Of)), OCYLIECTBJASIOT B3aUMHO OJHO3HAYHOE OTOOpakKeHHe
MHOXecTBa Ig = [—5,S) Ha MHOXKecTBO Of2. YcioBUMCS asiee HHcaTb 02 € C", eciv CyIIECTBYIOT

HerpepbiBHblE Ha 3aMKHYTOM MHOXeCTBe Ig NPOM3BONHbIE a; ( ) (I =0,n, i =1,2), npuuem

Z(l)(—S) = mgl)(S). Bynem cuutath, uto 9 € C2, ec/ii He OrOBOPeHO 0COBO.

O603HauuM uepe3 €(s) eAMHUYHBIH BEKTOp, HANpaBJeHHbIH MO KacaTeJbHOH K KpUBOH Of) B
TOYKe Z(S) B CTOPOHY yBeJHYeHHs NapaMmeTpa s, a depe3d 7i(s) — eIMHUYHYIO HOpPMaJjb K KpH-
BOU Of), TIPOXOASILYI0 Uepe3 TOUKY Z(S) M HampaBJeHHYI BHYTpb oOsactu (1;. Bekrtopnl €(s),
7i(s) 0Opa3ylT MpaByl0 CHCTEMY, U UX KOOPAHHATBHI (X1, x2) BBIUHUCISIOTCS C MOMOLIBIO (HOpMYy
s) = (), 3h(5)), 7i(s) = (~T5(5),(s)).

Mycrs Iz = [0,T), T > 0. O603nauum yepes C{ 6aHAXOBO MPOCTPAHCTBO HEMPEPLIBHBIX HA
MHOXecTBe [ BelllecTBeHHBIX (DyHKUHME f(t) ¢ ycaoBueM f(0) = 0 u HOpMOH Hchg = tsqu |f(2)].

€lr

Uepes C (n € Zy) 0603Ha4MM GaHaXOBBI HpOCTpaHCTBa dynkuui f € C), MMeroIMX NpOM3BONHbIE

fU) e CY (j =T1,n), c Hopmoii ||f”co = Z sup |f ‘ B mpocrpancte C{ 3ananum onepatop

nuddepenunposanus D: (D f) (1) = f/(¢ ) (f € CO, f' € CY). Oneparop D sBasieTcst renepaTopom

Co-nonyrpynmst [8, ra. VIII, n. 1] onepatopos npasoro casura U(7): (U(7) f) (t) = f(t — 7) npu

7<t, (U(T)f)(t) =0 npu 7>t (f € CY), Df = lir307*1 (f —=U(n)f) (f € CY). 3ameTum, uto
T—

|U(T)||=1npu 7 < T, U(r) = O npu 7 > T (O — Hyn1eBOH onepaTop).
Uepes 0870 0603HauMM 6aHAXO0BO NPOCTPAHCTBO HEMpPepBIBHBIX Ha MHOXecTBe R x [ Belie-
CTBEHHBIX QYHKUMEH f(s,t) Takux, uto f(s+ 2S5,t) = f(s,t) npu (s,t) € Rx Ir u f(s,0) =0

npu s € R ¢ Hopmo# HfHCgO = Isug)l |f(s,t)|. Uepes Clg,o (k € Z4+) o6osnaunm GaHaxo-
' s€lg,telr

Bbl NIPOCTpPaHCTBa (PYHKUUH f € 0870, MMEIOLIMX YacTHbe NpousBoaHble OLf € 6’870 (I =1,k),

k
C HOpMOH HfHCgO = 120 elsutlél |0Lf(s,t)|. Uepes Cg,n (n € Zy) o6o3HauMM GaHaXOBbI MPO-
’ =0sels,telr

crpanctBa GyHkumi f € Cf,, MMEIOUMX YaCTHBIE TPOM3BOLHBIE dlf e Co (4 = 1,n), ¢ Hop-
n

Mo [[fllgy =2 sup
j 086137 EIT

Cl,=CRoNCY,, (k,n€Zy) ¢ Hopmoit HfHCo = 1flleg, + £l

O6OSH3’—II/IM yepe3 D TpeTb pamuyca prra .HHHyHOBa (2, m. 94] BBenem B paccmoTpeHue
MeCTHble CHCTeMbl 1eKapTOBbIX KOOpAHHAT (s, 7)s) C HauaJaMH B TOUKaxX Z(s) U OCSIMH OpIHHAT,
COHAMpaBJIeHHBIMH C COOTBETCTBYIOIIMMHU BeKTOpamu €(s), 7i(s). Touku Z4(s) (s € Is) ¢ mect-
HbBIMH KoopauHatamu (&g, 7s) = (0,d) npu ¢ukcupoantom d € Ip = [—D,0) U (0, D] obpasyioT
3aMKHYTY®0 Junuo 0§y € C, pu 9TOM COOTBETCTBHE MeXAy ToYKaMH Z4(s) U Z(s) B3aUMHO

8§f(s,t)}. BBenem Tak:ke B pacCMOTpeHHe GaHAXOBBI MPOCTPAHCTBA

onHo3HauHoe (Zo(s) = Z(s)), a HopMa/u Z(s)T4(s) K KpUBOH OS) ABJAIOTCA ¥ HOPMAJISIMH K KPUBOH
09y [2, m. 102].

O6o3HaurM uepe3 {2p MHOXKECTBO, 0Opa3oBaHHOe ToukaMu T4(s) (d € Ip, s € Ig). Ha
MHOXecTBe Qp X I 3ananum dyHKuuio u(z) co sHadeHussMu B npoctpanctee CY: u(z) = G(x)v
(v e 08’0), rae G(z) npu KaaoM (pUKCMPOBAaHHOM ¥ = (x1,72) € {2p — JUHEHHBIH omepaTop,
oTobpaatomuii npoctpanctBo CJ, B mpoctpancTBo C:

x)v = /U (x,T)vdr, A(z,7)v= /g(a:,s/,T)v(s’) ds',

Is
gz, 8, 7) = 3ﬁ(s)a0(r2, T) = a(r ,T)2 lﬁﬂ( )T a(r2,7') (—7(s), ")z -

3mech ag(r2,7) = (477) ' exp =2/ (47)], a(r?,7) = rOraq, r(z,s) = |7, 7(z,s) = xi’(s’;,

x # Z(s') (ycaoBUMCSs, UTO Mbl MOXKEM HMHOTJA MAJisSi KPATKOCTH He MHUCATb apryMeHThl (hYHKLHH,
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€C/JIM OHU TaKHe Ke, KaKHe HCIOJNb3YIOTCS TPU omnpeneneHUH (QyHKUWH); AHddepeHIpOBaHNE
Ori(s) OCYLIECTBJISIETCS M0 NepeMeHHoH = = T4(s) B HanpabieHuH 7i(s); (-,-)ge — CKalspHOe
NpoOU3Be/IeHHe B eBKJIUIO0BOM mpocTpancTse R%; v(s’) — dpyukuus co snauenusmu B CJ). Oynkuus

u(z) mpu x € Qp — HIT nBymeproro TIIIIC ¢ niotHocThIO v, NpH x € OS2 — npsimoe 3HaveHue HII
TIIIIC [2, n. 153].

Myets 7o(s,s’) = Z(s)Z(s'), ro(s,s') = |7o|. 3ananum Ha muHOxectBe © = {(s,5) : 5 € Ig,
s’ — s € I} QyHkunn ¢;(s,s’) (i = 0,1): npu s’ # s paBeHcTBaMK ¥; = ;/ (s’ — 5)?, rae

po(s,s') = [T1(s) - 551(8)}2 + [Z2(s") — 352(3)}2 =7
p1(s,8') = —a5(s) [T1(s) — & ) .

1(8)] + #(s) [F2(s) = 2(s)] = 27007 e = — (71(3), F0)g2 »

a ipu s’ = s pasencTBamu Yo = 1, ¥y = 271 [#(s) 7 (s) — T (s) T5(s)]. B cuay [9, nemma] npH

yeaosun 02 € C™12 (n € Z.) cyllecTBYIOT HelpephIBHbIE HA MHOXKeCTBe © MpPOM3BOAHEIE ;i
MecTHble KOOpAHHATH (s, 7)s) ToOuek Z(s') U Zq(s) paBHbl ((€(s),70)gz , (7(s),70)g2) U (0,d)

2 ek 2 = = 2 T
COOTBETCTBEHHO, M03ITOMY 7% = ‘xd(s)x(s )‘ =r5—2d (7(s),70)g2+d”. Ha mHOXecTBe Y = Ipx©O

3ananum GyHKUUo o(d, s, s') =12 — d? = o + 2d 1. Tak kak KpuBas 9§ ¥ OKPYKHOCTb Paauyca
d € Ip c UeHTPOM Z4(S) UMEIOT TOJbKO OAHY OOULYI0 TOUKY Z(s) (MHaye HapyllaeTcs B3aHMHO
O[THO3HAUHOE COOTBETCTBHE MEXKIY TOUKaMHU Z(S) U Z4(s)), TO 2d cosa < 1, TA€ o — YrOJl MEXIY
ayyamu Z(s)Z(s") u 2(s)Zq(s). CaenoBarensHo, ¢ > 0 npu (d,s,8') €T (¢ >0mpu s #s', p =0
npu s = s'). Ha mHoxecte Y 3anamum HenpepbiBHble DyHKUMH p(d, s,s'), ¥(d,s,s'): p = /9,
ecn s > 85 p=—/p, ecnn 8" < 55 9 = Yo + 2d1)y.

Tak kak KoHTyp Jf) He HUMeeT TOUEK caMollepeceyeHHs, TO ¢, = " ir’l)fe@ o > 0 (¢ < 1).

CnpaBennuBa oueHka: v < ci |8 — s| < cxer ' ?rg, rae ¥} — OCTpBIE YroJl MexX1y HOpMaJIsiMH,
MPOXOISAIINMU Yepe3 ToUkH Z(s) u Z(s'); cx = sup K(s,s) (K(s,s) = 2|i1(s, s)| — kpuBusHa
s€lg
kpuBo# O} B Touke Z(s)). [losromy Bennuuna 3D, rne D = cr/? (3cx) !, MOxeT ObITh B3sATA
B KauecTBe paauyca Kpyra JlsnyHosa (cm. [2, m. 94, ouenku (3), (5)]). Tak kak (s, s) = 1,
[1(s,s)| =27 K (s,s) u D < (3cx) ™", To mpu (d, s) € Ip x Ig umeem ouenku: (d, s, s) > 2/3.
Kpome Toro, ¢ = ¢ /(s' — s)? > 0 npu (d,s,s') € T, s’ # s, nosromy ¢ > 0 Ha MHO)KecTBe Y.
Tak kak r2 = g + 2d @1 + d?, To 2_18ﬁ(5)r2 = 27102 = @1 +d, u g(34(s),5,7) =
= a(p+d%,7) (1 + d). TlostTomy dynkums g npu = = 74(s), (d, s,s') € T (xkpome s’ —s = d = 0),
7 > 0 MOXeT OBbITh 3aMKcaHa B CJEAYIOLIEM BHIE:

9(Za(s),s',7) = ar(d, p,7)01(d,s,s") + az(d, p,7)02(d, s, "), (1)

rae ay(d, p,7) = pa(p? +d*,7), ax(d, p,7) = da(p® + d? 1), 01(d, 5, 5') = P1/9, da(d, s, 8') = 1.
Tak kak ¢ > 0 Ha MHOXecTBe Y, TO NIpH yesoBuy 92 € C™F2 (n € Z,) CyLLeCTBYIOT HelpepbiBHbIe
Ha MHOXkecTBe Y mpoussogHbie 87,61 (j =0, n).

[pu puxcupoBanHoM s € I 0603HaunM Yepes Eg 3aMKHYTYIO ATy KpuBo# Of), OrpaHMYeHHYIO
ABYMS$ NapaJijie/lbHbIMK NPSIMBIMH, HaXOASAIIMUMHCS Ha pacCTOSIHUU D ot npsiMoit Z(s)Zp(s), mpuuem
Z(s) € E;. 3HaueHus s’ — s, cooTBeTCTByMLIMe rpaHuuaM ayrd Eg, o603Haunm uepes ., X7
(XL <0< X)), urorna s’ —s € = [2L, %], & € Ip, ecn 3(s') € Es.

Teopema 1 (cm. [9, Teopema 5]). [ycmv 0Q € C™2 (n € Zy). Toeda na mHoxmecmse
Y ={(d,s,s):de€lp,s€ls,s —s€E} cyuecmsyrom noLoNUMENbHAS, OZDAHULCHHAS CEEp-
xy pynkyus do(d,s,s") = (Oyp) ™' u nenpepolsubie npoussodHsie d2,60 (j =0,n).

CaenctBue 1. [Tycmo 0S) € C’jz (n € Z4). Toeoa pynkyuu pq (o) = p(d, s, s + o) npu awo-
Goix gurcuposantbix s € Is, d € Ip dupgpeomopgro ¢ eradkocmoto C™ ! omo6pascarom mrodxce-
cmea g Ha coomeemcmesyroujue MHoxecmsa pq s(=s). Pynkyuu do(d, s, p) = do (d, s,s + 04,5(p)),
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0i(d,s,p) = 0;(d,s,5+04,(p))do (i = 1,2), 20e aqs(p) — dynryus, obpamnas & Gyuryuu
pa,s(0), umerom nenpepoisrote na mroxcecmse Y' = {(d,s,p) :d € Ip,s € Ig,p € pas(Zs)} npo-
usgoduvie do; (5 =0,n, i =0,2).

O6o3uauum uepe3 A, (z,61,%2) (2 € [¢1,%], m = 0,2) KBagpaTHUHbIE HHTEPMOJSILHUOHHbBIE
MHorodJjieHsl Jlarpanxa:

Z— Z .
Am(2;§17§2) = H P ‘7‘7 Z] = f‘i_ q]hZ (] = 07 2)
J=0 (j#m)

3necb h, =2 e —61),c=2" 1 +w);0=-1,¢=0,q=1[10,r 2, § 3, 0. 2]. [Tycts
Cjls1,2] (j € Z4) — 6aHaxoBbl NPOCTPaHCTBA, 00pPa30BaHHbIE j pa3 HENpPEepPbIBHO AU(QepeHIIt-
pPyeMbIMH Ha MPOMEXKYTKe [¢1, <] GYHKUUSAMU f(z) CO 3HAUEHHUSIMH B 6AHAXOBOM MPOCTPAHCTBE

~ 2
E. Torna mas ¢yukuuit f(z) = Y. f(zm)Am(z,61,62), a Takke AJsT UX TEPBBIX M BTOPBIX
m=0

MPOU3BOAHBIX MPH z € [¢1,S2] UMEIOT MECTO OLEHKH:

f& =16, <e sw 1O 12 e alaa. @
2€[c1,62] E
17|, < eno max [ fGallls  (f € Colar, ), 3)
m=0,2
|79, <ens s [P0 (Feciaal =12 @)

2€[s1,52)
3nech ¢, =2v/3/9, cap =ca1 =3, cap =271

2. IlonyanaauTvyeckKue anmnpoKCHMMaluyd HOPMaJbHOUN MPOU3BOAHON
TENJOBOI0 MOTEeHLHaJja MPOCTOTO CJIOS

B cuny pasenctsa (1) onepatopnl A(z,7) (x € Qp, 7 > 0) MOryT GbITb MpEACTaBJEHbI B

3
Buge cymmer: A(z,7) = > Ai(x,7), tie Aj(z,7)v = [ ai(d,p,7)Bi(d,s,p)vdp (i = 1,2),
i=1 pd,s(ES)
As(z,7)v = [ Bs(d,s,s + o,7)vdo, a onepatopel G(z), B CBOIO OuYepefib, B BHIE CYyMMBI
IS\ES

3 _
G(z) = Y Gi(x), rie Gi(z)v = [ U(r)Ay(x, 7)vdr. 3nech v € Cf g, © = Z4(s), d € Ip, s € I,
i=1 Ir

Bi(d, s, p)v =d;v(s + oas(p)) (i =1,2), Bs(d,s, s, 7)v = gv(s).

YcnoBuMcesa auHelHbIH onepatop F, oTo6pakatomnii 6aHaxoBO MPOCTPaHCTBO X B 6aHAXOBO
npocTpaHcTBO Y, o6o3Hayath Kak F [X — Y], aeciu X =Y, 1o F [X]. Tak kak sto6asi npsimasi,
napaJJesbHasi IpsiMod Z(s)Zp(s), nepecekaet rpaHuily OS2 BHYyTpu Kpyra JIsmyHoBa ¢ LEeHTPOM
B Z(s) He GoJiee yeM B OfHOH Touke, TO r > D, ecau (d,s,s’) € T\ Y'. YuursiBas caenctsue 1,
ro/Ty4aeM OLEHKH HopM orepatopos A;(z,7) [CF — Cgl:

|Ai(z,7)|| < &éioyi(d,7) (x€Qp, 7>0, i=1,3),

+00 +oo
e & = (87) 7" [ A%exp (—2/4)dy = 2y7) 7, G = (8m) 7 [ exp (—7%/4) dy = (4y7) 7,
é3 =28, ¢ip = sup & (i =1,2), i30 = sup lg(Za(s),s',7)], y1(d,7) = =12,
(d,s,p)eY’ (d,s,8")EYT\Y’, 7>0

yo(d,7) = d773/2exp [~d?/ (47)], y3(d,7) = 1. OTCIOna BBITEKAIOT OLEHKH A/l HOPM ONIEPATOPOB
Gi(x) [C8 — CY):

HGZ(QZ)H < éiéﬁo (:L’ S @, 7= 1,3), (5)
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e ¢1 = 272, ¢y = [ys(d,7)dr = 2\/7, cs = T. Hosromy oneparopsr G(z) [CQy — C{]
0

paBHOMEPHO OTpaHMYeHbl Ha MHOXKecCTBe (1p. 3aMeTHM, uTO orepatop npsiMoro sHadenus HII
TIITIC na rpanuue O€) umeet sun G(7(s)) = G1(2(s)) + G3(%(s)), Tak kak Go(Z(s)) = O.

[yets N/2 €N, 7, =nh, (n € Zy), hy = T/N. 3anagum oneparopuyio gpynkuuo U(T) [CY]
(2 0):

2
U(r) = Z U (1on+1 + gmhr) A (T, Ton, Tont2) (T € [Ton, Tont2], m=0,N/2—1).
m=0

B cuny ouenok (2), (3) u ||[U(7)|| < 1 umeroT MecTo OLEHKH HU(T)H <eppH

|0()

[lyets L/2 €N, sy =1lhs, l € Z, hs =S/(L+ 1). Beenem B paccmoTpeHue npocTpaHcTBa H,
ceTouyHbIX QYHKLME f co 3HaueHusMU f; € CY, 3alaHHBIMU B TOUKAX KoJJI0KAUUU 8 (firor 4o = f1),

¢ Hopmo#t || f[ly, = —Lr—n1a<)§<LHleCg' 3ajanuM mpoenupytouide onepatopsl Py, [0870 — Hpl:

(Prf), )= f(si,t) (f € 08’0, t € I), v unTeprionupyolye onepatopsl Pr [Hy — 0870]:

o < |[[Dfll o b7 (F € CF). (6)

(PLf> Z for—14m () A (s, s21-1, s2041) (f € Hi, 8 € [s2-1, s241], | = —L/2,L/2).

< 1. B cuny oneHok (2), (3) uMeeM TakKe OIEHKH HPLH <cpaoH

5 3 3 0
‘ s, S Cw HasJCH0870 hs (f € Cyp). (7
3ananum oneparopsl G;(z) [Hy — CY: Gi(z)f = f U(7)A;(z, )Py fdr (f € Hy, x € Qp,
i = 1,3). C yueToM OLEeHOK )fJ H CAL0, HPLH < cpao ¥ (6), (7) monyuyaem mpu f € ngg,
x € Qp, i = 1,3 HepaBeHCTBa HG H C; czczocAO
|Gi@PLf - Gl fH <aicitioes |03l op, b2+ eno |02 f e 1] (8)

Beenem B paccMoTpenue omepaTopbl A;(z,T), annpokcuMUpyIoLIKe oreparopbl Ai(z,7)Pp
[Hy — C§] (z € Qp, 7 > 0, i = 1,3). Jlas sroro samennm ¢ynkuun Bi(d,s,p)PL f (f € Hy,
(d,s,p) € Y/, i = 1,2) uxX KyCOUHO-KBaApaTHUHbIME HHTeprosiHtamu B;(d, s, p)f no mepemen-
HOU p:

MG n = [ aldpnBidspide (=12,
pd,s(Es)
B’L(da Sap)f = Bi,l(da Svp)f (P S [pd,s,lapd,s,l-i—l] ) l=—-L— 27 L)a
B

2 N
Bii(d, s, p)f = ZO i(d, 5, pd,50,m)PLf Mn(ps pd,s s Pasit1)  (Pdsi < Pdsi+1)

)

Bi(d, s, pas1)PLf (Pd,st = Pd,si+1)
Pdsim = 27" (Pdst + Pdsi1) + Gmhiyer hgsr =27 (Pdsie1 — Pd,sy) -
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3nech pg,s1 = pd,s(si); aso = 0; agg = min {s;p — 5,57}, ecnu s > 8 € (Sk, Spq1] M1 >0, 1

L
as; =max {Sj1p41 — S, X4}, ecld spypr1 < s U1 < 0. Mo ompenenennio  |J [y, s i41) = Zs
l=—L—2
(s € Ig). )
Uurerpanst As(z, 7)Prf (f € Hy) annpokcumupyem ¢ nomotiubio [TK®T ¢ v yanamu:
AB(i‘d(S)aT)f = Z h//lB3l(d $ T)f B3,l(d5577-)f = ijBIS(d?SvS+/857l,jvT)PLfa
I=—L-1 Jj=1
Botg =27 (Bsg 4 Bsjyr) + 1y 2, higy =27 (Bsir — Bsy)s
rae fs; = max{s;, s+ X7}, ecmu s; > s, u fBs; = min{s;, s+ X}, ecau s; < s; zj — KOPHHU

mHorousnena (d7/dz7) (2% —1)" na untepsane (—1,1) [10, ra. 3, § 5, n. 2]; a1 BecoBEIX KO3(Qu-

5
LIHEHTOB W; BBIMOJNHSAIOTCS YCIOBUSA » w;j = 2, wj > 0 [10, r. 3, § 5, n. 1]. ITo onpenenenuio

j=1
L _
U [Bsp Bl = Is \ Es (s € Is).
I=—L—2
Beenem B paccmotpenue omepatopu Gi(z) [Hr — CJ]: Gi(z)f = [ U(r)Ai(x,7)fdr

_ _ ~ 3 . -
(x € Qp, f € H, i = 1,3) u G(z) = > Gi(z). B cuny ouenku (3) oneparopsl B;(d, s, p)

[H, — C§] (i = 1,2) orpanuuenb paBHoMepHO 10 (d, s, p) € Y

’Bz‘(d,s,p)H < €4 0Gi0, @ Onepa-
topst B3 (d, s,7) [Hz — CY] orpannuent pasuomepro no (d,s) € Ip x Ig, 7> 0,1 = —L — 1, L:
HEg}l(d,S,T)H < 2cp,0¢3,0. [ToaToMy 1o ananoruu ¢ oueHkamu (5) nmeeM npu = = Z4(s), d € Ip,

s € Is ouenky ans HopM onepatopos G;(x) [Hy — CYl:

Hétl(SC)H < Ciéi éi,UCi,O (’L = 1 2 HGg ‘ < 6353 53’0 C?X,O' (9)

Lo
U3 oueHok (9) cienyer yTBep:KIeHHe.

Teopema 2. [Tycmos 0Q € C?, v € N. Toeda onepamopeoL G(ac) [H, — C] oepanuuers
pastomepro no x € Qp, N/2,L/2 € N.

B cuny cnenctBust 1 u HepaBeHcTBa r > D, umeroiiero mecro, ecau (d,s,s’) € Y\Y/, npu
YKa3aHHBIX TJ1aaKoCcTsAX KpuBo 02 U j = 0,n, n € Z, MOTYT ObITb OTpe/eeHbl KOHCTAHTHI:

¢ij = sup 976i (1=0,2, 90Ne€ cnt?),
(d,s,p)€Y’
&) = sup &9 (Za(s), s, T)] (90 € C™ Yy,

(d,s,s")ET\Y/, 7>0

Hcnonbays HepaBeHcTBa (2)—(4) u hdsl “le,hs (o= sup  Ogp), HU H CA,0, TIOJTyUa-
(d,s,s")eX’

em pu f € C9, f=PLPLf, x=4(s), (d,s) € Ip x Ig 1 yKasaHHBIX IIaLKOCTAX KPHBOH DN
CJIe[YIOLIHe OLEHKH:

Hé,(:):)PLf — G,(:):) chAochwc% ess sup 8 B, (d, <
(d,s,0) €Y’
< 8_161'01\7051'6“)6106@' ”f”cgo hg (OQ € 05), (10)

Ay ¢ v ¢ v ¢ v ) ¢ v o .
¢ =&geno+ (382¢0,0 + 361601 + Eioo2) ean +3 (G180 + Giolortoo) cag (i =1,2);
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HGs )PLf - Gs(z < c3cppC3  esssup ‘ )f Jh3 <
(d,s,s")ET\Y/, 7>0 Co
<ezennlsls || fllog hST (90 € CHY, (11)

=[N v+ 1) () B2y en0 + 29801000 +7 (27 — 1) é325-20a 2]

3nech esssup — cyuiectBeHHbli cynpemyM [8, rai. III, m. 1, moxn. 11]. Ilpu nonydeHuu oueHkn
(11) ucnonbayercsi orieHka octaroyoro ujnena [IK®I [10, ra. 3, § 5, m. 2].

Bgezem B paccmoTpenue 6aHaxoBbl mpocTpaHcTBa H\, ceTOYHBIX (DYHKUHMH f C BelleCTBEHHbIMH
3HaYeHHUSIMHU [y, 3aJaHHBIMU B TOYKaX KOJJIOKaUuu 7, (n = 0, N), ¢ ycjaoBueM fo = 0 1 HopMO#

”f”H}v = OglaXN]fn| 3agaaum npoeuupytomuii oneparop Py [C) — Hyl: (P f), = f(m)

(n=0,N, f€CY), u uarepnonupyomuii oneparop f”N [H)y — CP:

2
(~I]Vf> (t) = Z fontm Am(t, Ton, Tonao)  (f € Hy, t € [Ton, Tonte], n=0,N/2—1).

m=0

B cuny nepagencets ||Py|| < ), (3) crpaBed/UBbI OLIEHKH

HP&P%H<Cmm HﬁxP'

<y ||Bf|l oy (f €CE). (12)

B cuny samkHyTocTH onepatopa B u pasencts U(7)B f = BU(7)f (f € CY¥, 7 > 0) umeem
G(z)f € Cf mpu f € Cf,, = € Qp. Ha ocrosanuu ouerok (8), (10)-(12) nonyyaem crenyiomee
yTBEpKAEHHUE.

Teopema 3. [Tycmo 90 € C2+Y, v > 2, v, N/2, L/2 € N. Toeda onepamopo. PP, G(z)P,
[C9 3 = CQ] cxodames npu L, N — 0o no onepamoproii Hopme K COOMBeMCmeyouum onepa-

mopan G(z) [C3 3 — Cf] pasromepno no x € Qp ¢ nopadkom annpoxcumayun O (h3 + h3).

~ — P P O
CornacHo Teopeme 3 ¢pynkunn i(x) = PP\ G(z )PLv SABJAIOTCH allMPOKCUMALUAMU (PYHKIUH
P/
[0870 — CQ] orpaHuueHbl B COBOKYITHOCTH, M0ITOMY alNpOKCUMALKMH 1(T) YCTOMUMBB K BO3MYyLile-
HusM GyHkuu v B HopMe C . ChopMyTUpyeM OCHOBHOH Pe3yJibTaT HACTOSILEH PaGoOThI.

u(z). B cuny Teopemsbl 2 u HepaBeHeTB ||Pr|| < 1,

’ ca0 oneparopel PAPAG(2)Pr

Caencreue 2. [Tycmo 0 € CPFL, v > 2; v N/2,L/2 € N; R > 0. Tozoa pynukyuu (z,t)
cxodames npu L, N — oo ¢ kybuueckoii ckopocmoto k pynkyuu u(zx,t) pasromepHo omHocu-
meavno (x,t) € Qp x It u Qynkyuil v € C§73, y0064eMBOPAIOWUX HepaseHcmay HUHCQS < R.
Kpome moeo, yuxyuu is(z,t): is(x) = PP\ G(x)Prus, cxodames k pynuxyuu u(z,t) npu
L,N — o0, § — +0 pasromepro omrocumenrvro (x,t) € Qp X Ip u ynxyuti v € 05973, vs € 0870,
y008AeMBOPSIOULUX YCAOBUAM HUHCQB < R, ||vs — UHC(D),O < 0.

3ameTHM, UYTO 1/ BblYMC/IeHHs (QYHKUMH U(z,t) HeOOXOOMMBI JHIIb 3HauUeHHs v(Si, Ty)
(l=—=L—1,L, n=0,N) dyukuuu v, T.e. oneparop P’y G(x)Py, aBasercs, M0 CyluecTBy, CeTou-
e, TIpu BbiumC/IeHHH onepaTopos G() HHTerpUpOBAHME MO T OCYLIECTBAAETCS AHATUTHYECKH.
3atem B omepatopax G;(z) (i = 1,2) BEUUC/ISIOTCH HHTETPAEL 110 p, HO HE BCE OHU MOTYT GbITh BbI-
YHCJIEHBl aHAMUTHYECKH. B Takux ciyuasx ¢yHKunH exp(—z,) U Ei(—2,) (2, = (p* + d?) / (470),
n = 1, N) 3aMeHsI0TCS MHOTOUJIEHAMH, OOPa30BAHHBIMU TEPBHIMH UJIEHAMH PA3JIOKEHUS] 3THX
dyHKIUEH B psigel MakjopeHa, a uMeHHO Ky + 1 ujieHaMHu CO CTeNeHsMHU (zn)k (k=0,Kuy), a
TaKkXe Jorapu(mMUUecKuM ujieHoM In (z,) B caydae Ei(—zp,).
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3. BbluncaurejabHbIe IKCIIEPUMEHTbI

PaCCMOTpI/IM BTOPYIO HadaJbHO-KpaeBYIO 3a4a4y TeIJOIPOBOAHOCTH.

010(x,t) +02.0(x,t) =0 (xeQy, te(0,T)),
Opi()0(Z(s),t) =w(s,t) (sels, telr), 6(z,0)=0 (zeQy).

HIT pewenus 0(xz,t): uy(z,t) = Of(s)f(x,t) (v = Z4(s), d € (0,D]), umeer sua HIT TIIIIC:
uy(z) = G(x)vg, rae vy = (G4) 'w, G4 — onepatop rPaHHYHOrO MHTErPANBLHOrO yPaBHEHHS
sroporo pona: G (#(s)) = —27'1 + G(&(s)), I — ToxaecTBenHbli oneparop [2, n. 153]. 3anaua
(13) paccmarpuBaetcsi npu ycaosuax, uto T = 1, Qi — enunuunbiéi kpyr, w(p,t) = t*cosp
(R=1-4d, p = s—nossipHble paguyc U Yros COOTBETCTBEHHO C IOJIIOCOM B LIEHTPe Kpyra),
no3ToMy To4yHas GyHKUHS u4 (R, @, t) umMeeT BUI

(13)

0o —1) | D) — f(l)(o)e—uit
) J (e R) (=) [0
uy =2cosp{ —271f(t) + — )
; Ji(pk) (17 — 1) ; =t
rie f(t) = t*, Ji(z) — dyukuus Beccens, jy — nonoxutesnbHsle KopHH ypasuenus Ji(z) = 0. Jas
naHHoi reomerpuut umeeM D = 2/(3w), X7 = —X¥! = arcsin (2/ (37)) (s € Ig). Beruncisiem anmpok-
- . RN . . N
cumauud QyHKUnU uy: U4 () = PP G(x) <G+) Prw, 4 (z) = P P\G;(x) (G+> Prw
(i = 12,24,48). 3nech G, — ceTounas annpokcumauusi onepatopa G.: G, (i(s;)) = —27'T +

+ G(:E(sl)) (I = —L —1,L). Onepatopsl G(:ﬁd(s)) (d € [0, D]) BblumcasioTes ¢ v = 2 y3Jgamu
[TIK®T, Kj; = 10 uneHamu pasioxeHus: B psiapl MakJjopeHa. Onepatopsl G;(x) oTau4anTCs OT
~ Qs 141 ~
oreparopos G(z) To/bKO TeM, uTO HHTerpansl [ g(z, s, T) (PL f) (s")ds' (f € Hy) Bblumcs-
Qs 1
IOTCSl HE C TIOMOIIIbIO aHAJUTHUECKOTO HHTErPUPOBAHUS TI0 TlepeMeHHOH p, a ¢ nomotbio [TIKDI
¢ 4 y3JaMu. 3aMeTHM, 4TO TO4Ka Z(s) He coBmajaeT HU ¢ ofHUM 3 y3/10B [IK®PI, tak kak a9 =0

u [TIK®OT — otkpeithie Gopmyasl. [Toatomy (yHKUMM 4, (2,t) HempepbiBHE Ha MHOXKecTBe Qp X Ir.

7

Maxkcumymbl MonyJiell aGCOMIOTHBIX MOrPelIHoCTel
Table. Maximum modules of absolute errors

d 102 103 102 e 07
546102 559-102 | 5.60-102 5.60-102 | 5.60-102
hr =1/8 5.45 - 1072 2.25- 107 7.31-1071 7.97-1071 8.05- 10!
hy = /3 5.46- 1072 579-1072 | 5.39.10"1 7.76- 101 8.05-10!

5.46 - 1072 5.59 - 102 8.88-1072 6.95-107! 8.05-107!
5481073 5.78 - 1073 5.81-1073 5.81-1073 5.81-1073
h, =1/16 5.97-1073 2.47-1071 9.38-1071! 1.02 - 10° 1.03 - 10°
he =77 5.48 1073 3.52-1072 6.77-1071 9.97-107! 1.03 - 10°
5.48 - 1073 5.78 - 1073 6.11-102 8.90-101 1.03 - 109
5.65-10% 6.37-107% 6.45-10% 6.46 - 102 6.46 - 10~ %
h, =1/32 5.65-10~* 2.72-1072 9.13-107! 1.10 - 10° 1.13-10°
hs =7/15 5.65-104 2.22-1073 4.03-1071 1.04 - 10° 1.13-10°
5.65 104 6.37-1074 5.33-1072 8.10- 101 1.13-10°
5.70-107° 7.38-107° 7.57-107° 7.59-10°° 7.59-107°
h, =1/64 5.69 - 1075 3.01-1072 7.26-1071 1.12 - 10° 1.17-10°
hs = 7/31 5.70 - 1075 1.01-1074 3.76 - 1072 9.92.1071 1.17-10°
5.70 - 1075 7.38-107° 2.32-1073 5.35-10! 1.17 - 100
5.09-107F 8.69-107° 9.16-107° 9.21-107°6 9.21-10°6
1/128 5.09-1076 2.41-1073 3.72-1071 1.09 - 10° 1.19 - 10°
s =7/63 5.09-10—¢ 9.51-10~9 5.21-102 8.32-101 1.19 - 109
5.09-1076 8.69-1076 5.39-107% 1.41-10"1 1.19 - 10°
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OyHKUMA U4, Uy, ﬂj BBIUMCJISIIOTCS € JIBOMHON TOUHOCTbIO MpH (prukcupoBaHHbiX d € (0, D]

B TouKax (Za(si112) Tng12) (Siv12 = (1 +27he, | = =L —1,L; Tppqy2 = (n + 27 1A,

n =0,N —1). [Ipu dukcrpoBaHHBIX d HAXOOUM MAaKCHMyMbl MOAYJEH aOCOMIOTHBIX MOrPELIHOCTEH
NpUO/IMKEHHBIX pelleHud: Aty = max |U4 — uy, Aﬂj = max ‘ﬁj — u+|. B Tabauue B Kaxnoi
n K

OCHOBHOH siuelike mpejcTaB/eHsl 3Hauenust Ady, Adf,, Adg,, Adjfy B cooTBeTcTByIOWEM MOPSIKe
CBEpPXy BHH3.

MoXXHO 3aMeTHTh, YTO Ja)ke MPU OYeHb MaJsblX PACCTOSIHUSX 10 I'PaHUIbl Of) coxpaHseTcs
KyOHr4yecKasi CKOPOCTb CXOAMMOCTH aMMNPOKCUMALUH U4, YTO XOPOLIO COTJIACYETCSl CO CJEeNCTBUEM
2. CKOPOCTb CXOAMMOCTH aNNpOKCHMAUMi 4 CHUXKAeTcs OT KyOHYecKOH N0 HyJeBoil Mo Mepe
npub/anXKeHus K rpanuie OS) npu (GUKCHPOBAHHBIX LIarax NUCKpeTH3aUuuu h,, hs U BOCCTaHABJ/IMBA-
eTcst 10 KyOudecko# npu hr, hs — +0 1 pukcupoBaHHblX d. Tak Kak anmnpokKCHMaLHuu aj U Uy
oTnnyarmTcs Tosbko criocobom Beruucaenuss HIT TIIIIC B o6nactu 2p, 3TO CBUAETENBCTBYET O
TOM, YTO PaBHOMepHasi CXOAMMOCTb B 2p y Tpaauuuonubix annpokcumanuit HIT II1C orcyrcTByer,
XOTSl OHM U CXOASITCSI PaBHOMEPHO C KyOMUeCKOH CKOpPOCTBIO B JIIOOOH 3aMKHYTOH MORO6/acTH

obmactu Qp.

3akJoueHue

Ha ocHoOBe Kyco4HO-KBafipaTUYHONW HHTEPIOJSLIHUY MOJYUYeHbl TOJyaHAJUTHIeCKHe anlpoKCHMa-
nuu HIT TTITIC, cxonsimumecs ¢ KyGH4ecKod CKOPOCTbIO PABHOMEPHO BOJIM3U I'DAHUILBI JIBYMEPHOH
obnactu. Takue annpokcMMauuu NPaKTHUECKH U TEOPETHYECKH OCYLLEeCTBUMBI AJis JIIOOOH aHaIUTH-
YeCKH 3alaHHOH rpaHuibl Kaacca O,
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AnHoTtamusa. B nocienHee BpeMsi BO3HHUK 3HaUUTEJbHBIE HHTepeC K OOPATHBIM CIIEKTPaJbHBIM 3aJauaM
IJ1s1 HeJIOKAJIbHBIX OTepaTopoB, BO3HHUKAIOIIMX BO MHOTHX INpPUJI0KeHHsAX. B Hacrosie# paboTe paccmaTpu-
BAeTCs OMEepaTop ¢ 3aMOpokKeHHbIM aprymenToM ly = —y”(x) + p(x)y(x) + q(x)y(a), KoTOPHIH siBISIETCS
HeJIOKa/JbHbIM BO3MYILIeHHeM HecaMmoconpsixkeHHoro onepartopa Ultypma — JIuysuans. Hcenenyercs o6paTtHas
3afaua BOCCTAHOBJEHHs noteHuuana g € Lo(0,7) no crekTpy mpu U3BecTHOM Koad¢uuuente p € Lo (0, 7).
B To Bpems Kak mpeablaylive padoThl ObIIM COCPENOTOUEHBI TOJBKO Ha caydyae p = 0, 31ech UCCAENyeTCs
6oJsiee CJIOXKHBIH HecaMOCOMNpPsSIKEHHBIH caydyal, TpebyloLui yyeTa KpaTHOCTeH COOCTBEHHBIX 3HaueHHH. Mbl
pa3BuUBaeM IOAXOM, OCHOBAaHHBIH Ha CBSI3U MeXIy XapaKTepUCTHUeCKOH (PYHKUHel U Ko3(p(pHLHeHTaMU
{&€n}n>1 moOTeHUHANA ¢ N0 HeKoTOpoMy Gasucy. [losyueHbl HeoOXOOMMbIE U HOCTATOYHBIE YCJIOBHS AJIS
CIIEKTPa, KOTOPBIe SBJSAIOTCA aCUMIITOTHYECKUMHU (hopMysamMu ocoboro Buaa. M3 HUX ciefyeT, UTO 4acTb
CTeKTpa He 3aBUCHT OT ¢, T.e. siBJseTcs HenH(OopMaTUBHOH. [/ 0OAHO3HAYHOH pas3pelminMoCcTH 06paTHOH
3a/layl KpoMe CreKTpa HeoOXOAMMO 3a4aThb 4acTb KOI((PULHEHTOB &, KOTOPbIe ABJSAIOTCS MUHUMAJbHBIMU
JOTIONIHUTEbHBIMH JaHHBIMU. [/ 06paTHOH 3amayM IO CNEKTPY U JOMOJHUTENbHBIM NaHHBIM MOJyUeHbI
TeopeMa eIUHCTBEHHOCTH U aJITOPUTM.
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Introduction

Inverse spectral problems consist of recovering operators from their spectral characteristics.
The classical results in this field were obtained for the differential operators [1-5], which are
local. Recently, in connection with numerous applications, there appeared a considerable interest
in inverse problems for non-local operators [6—12], and, in particular, for the operators with
a frozen argument [13-25]. Their studying is complicated by the fact that non-local operators
require the development of non-standard methods.

In this paper, we study the recovery of a complex-valued potential ¢ € L2(0,7) by the
spectrum {\,, },>1 of the boundary value problem

ly == —y"(x) + p(x)y(z) + y(a)g(z) = My(x), € (0,7), (1)
y'@(0) =y P(r) =0, «oBe{0,1}, (2)

where a € [0,7] and p € Ly(0,7) is complex-valued. Operators ly are usually called Sturm -
Liouville operators with frozen argument. They have a close relation to the operators with integral
boundary conditions [8,12,26-28], which arise in studying diffusion and heating processes and in
the theory of elasticity, see [29-32]. In connection with this, in [33], some spectral properties
of the operator ly were established in the case of periodic boundary conditions. However, the
mentioned work does not address an inverse spectral problem.

The previous studies of inverse spectral problems for Sturm - Liouville operators with frozen
argument [13-25] were focused only on the case p = 0. In this particular case, a comprehensive
study of recovering ¢ by the spectrum required a series of works [15-18,20,22,25]. The most
general approach to the operator with frozen argument was developed in [22], which allowed us
to obtain necessary and sufficient conditions on the spectrum and, afterward, a uniform stability
of the inverse problem [25].
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In [23], there was suggested another approach to the operator with frozen argument within
the framework of perturbation theory. According to it, operator [y could be treated as a one-
dimensional perturbation of the Sturm - Liouville operator Ay := —y” + p(z)y. However, for
studying the spectral properties of ly, this approach needs the selfadjointness of the operator
A. For this reason, it is inapplicable to the case of complex-valued p considered here, since the
unperturbed operator A is non-self-adjoint.

Here, we develop an approach to the general situation of arbitrary p € Ly(0,7), relying
on some ideas of [22]. We significantly extend the mentioned ideas to take into account the
non-self-adjointness of the unperturbed operator, which requires consideration of eigenvalues
multiplicities.

The main results of the paper consist in necessary and sufficient conditions on the spectrum, a
uniqueness theorem, and an algorithm. As in the previous work [22], the necessary and sufficient
conditions are asymptotic formulae of a special form. They give the so-called degeneration
condition that some part of the eigenvalues is uninformative, i.e. it does not depend on gq.
However, compared to [22], the non-self-adjointness of the unperturbed operator leads to a new
effect that the degeneration condition includes a restriction on the minimal possible multiplicity
of each uninformative eigenvalue.

The paper is organized as follows. In Section 1, we introduce necessary objects and
provide auxiliary statements. As well we obtain a characteristic function of boundary value
problems (1), (2), and a main equation of the inverse problem. In Section 2, by necessity, we
establish the conditions on the spectrum. The main results and their proofs are given in Section 3.

1. Preliminaries. The main equation of the inverse problem

First, we consider the unperturbed boundary value problem for the classical Sturm - Liouville
equation
—y"(z) + p(@)y(z) = Ay(z), € (0,m), (3)
with boundary conditions (2). Denote by S, (z, A) and C,(x, \) the solutions of equation (3) under
the initial conditions

Cola,\) =1, Cl(a,\) =0, Su(a,\) =0, S.(a,\) =1;

here and below the prime symbol stands for the derivative with respect to the first argument.

Let us agree that f: f(t)dt is understood as — [;* f(t)dt when b < a. For z € [0,n], using
transformation operators (see, e.g. [4]), we obtain the followmg representations:

Sulw, A) = sinp(z —a)  cos p(x2 —a) walz) + / Koa(a,t) Ccos ,0(7;— a) "
p p o p
, sin p(x — a) v sin p(t — a)
S, (x,\) =cosp(x —a) + 7@;(36) + [ Koz, t)f dt,
: (4)
— t—
Co(z,\) =cosp(x —a) + ——— sinple — a) / Kq3(x s1n sinp(t — a) dt,
p p
Cl(z,\) = —psinp(z — a) + cos p(x — a)wa(x) + / Kq4(z,t) cosp(t — a)dt,
where p? = )\ and w,(z) = % “p . In (4), for each fixed z, there determined K, ;(z,-) €

Ehmm)de”ehmwF':L4

Consider the entire function Ag(\) = C4(0,\)SY (m,A) — S{(0,\)CP (x, \), wherein
y© =y and yM) := ¢/. It is easy to see that Ag is a characteristic function of unperturbed
boundary value problem (2), (3), i.e. a number u,, is its eigenvalue if and only if Ag(u,) = 0. By
{tin}n>1 we denote the spectrum of (2), (3), being the sequence of the eigenvalues taken with
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the account of algebraic multiplicities. The following asymptotics are known (see [4]):

n ["
atB w sy, o=y [ p0dt {odeich 6
0

=02 0,=n—
Hn n Un =N 2 ™m n 2

By m,, we denote multiplicity of the eigenvalue pu,,. By asymptotics (5), for a sufficiently large
n, we have m, = 1. Without loss of generality, we assume that equal values in the spectrum
follow each other. Then, we have

fn = fptl = -+ = fntm,—1, NES, S:={n>2:pu, # up—1}U{1}.

The index n € S corresponds to the unique elements in {up}n>1, while for n € S and
v € 0,m, — 1, the index kK = n + v runs through N.

Now, we are ready to study boundary value problems (1) and (2). Introduce the solutions
S(z, ) and C(z, A) of equation (1) under the initial conditions

S(a,\) =0, S'(a,\)=1, C(a,\)=1, C'(a,)\)=0.

Any other solution of (1) is a linear combination of S(z,\) and C(z, A). It is easy to see that
SN = Sale ) CleN) = Cale )+ [ Wlast a(o)di 0

where W (x,t,\) := Co(t, N)Sa(z, \) — Co(x, ) Sa(t, A). We introduce the entire function
AN = 90,208 (xr, A) = §©@ 0, \)CP) (x, A). (7)

Then, A(\) is a characteristic function of boundary value problem (1), (2), while {\,},>1 is a
sequence of its zeroes taken with the account of multiplicities.
Substituting (6) into (7), we obtain

A = Ag(N) — SP)(x, ) / W@ 0,40 g(t) dt — S0, \) / "Wt N gty d. (8)
0 a

Following the approach in [22], we should substitute into (8) the values A = pu,, being the
zeroes of the main part Ag(A). In the paper [22] corresponding to the case p = 0, we had

Ly = (n — O‘TH’))2, being simple eigenvalues. Here, we have to take into account that u, may be
multiple. For each n € S, we differentiate both parts of formula (8) v =0, m,, — 1 times and put
A = . Since
8V
o
in A = u,, we obtain

(00,05 (r, 3)] = 2[5

a a TN ae (07A)Céﬁ)(ﬂ'7)\)]7 nes, V:W, (9)

™ (v)
AN = [5}1@ (m, A)/ g(t, Nq(t) dt] . A=jip, neS, v=0,my, —1, (10)
0

where g(t, \) := —W(@)(0,¢, \). One can see that g(t, \) = So(x, \) if @ = 0, and g(t, \) = —Co(z, \)
if @ = 1. Moreover, ¢/ (m, \) = Ag(N).
For n € S and v = 0, m,, — 1, we introduce

nl=~ a"séﬂ)(w,A)
vl ON

nl—a ﬁm"_y_lg(t, )\)
mp —v—1)  9Amv—l

n4v =

sy Intv (t) = (

)\:,U/n A:“n

Note that a; and g are the objects constructed by unperturbed boundary value problems (2), (3),
and they are known. Formulae (4) and (5) yield that ax = O(1) and {gx(¢)}x>1 is an almost
normalized system. At the same time, {gx(¢)}r>1 is constructed from eigen- and associated
functions of the operator Ay = —y” + p(x)y considered under strongly regular conditions (2). For
the mentioned reasons, the following proposition holds (see, e.g., [34,35]).
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Proposition 1. The functional sequence {g,(t)}n>1 is a Riesz basis in Ls(0, ).

Applying the general Leibniz rule in (10), we get

s A (i - _
n®= BV(!M) = Zanﬂ/fngnﬂnnflfm nes, v=0m,—1, (11)
n=0
where &, := [ gr(t)q(t)dt. Further, we consider (11) as an equation with respect to the
coefficients {&,},>1. From Proposition 1 it follows that {&,},>1 € ¢2 and its knowledge allows

one to recover ¢ uniquely. Formula (11) is called the main equation of the inverse problem.

2. Necessary conditions

In this section, we obtain necessary conditions on the spectrum {\,},>1, which consists of
asymptotic formulae (21). In the next section, we prove that they are sufficient conditions as
well.

Remind that A\, = p2 and p, = 6%. Without loss of generality, we assume that argp,,
argf, € [-%,%). We start by obtaining the weakest asymptotics for p,.

Lemma 1. The following asymptotics holds: p, = 0, +o(1), n > 1.

Proof. For definiteness, we provide computations in the case « =1 and 8 = 0 (the other cases
are proceeded analogously). By asymptotics (9), it is sufficient to prove that p, =n — % +o(1).
For A = p2, we consider A()) as an entire function of p. Then, {pn}n>1 U {—pn}n>1 is the set of
all its zeroes.

Denote 7 = |Im p|. Using the corresponding formulae in (4), for p — oo, we obtain

T(m—1)
W'(0,t,\) = =Co(t,\) = O (e™), W(m,t,\) =—Sx(t,\) =0 (6 p ) :

e‘r(ﬂfa)

Su(m.2) = 0 ( ) » S0 =0, Ao() = =Co(m,A) = —cospr + 0 <e,o> |

Substituting these relations into (8), we get
A(N) =Ag(A) + 0O (€p> = cos pm + O <€p> . (12)
For any § € (0, %), we have the following estimate with C5 > 0 (see [4]):

|cospm| > Cse™, peGs:= {z e C:

zn+;‘>5,n€Z}. (13)

Then, by (12), there exists N5 € N such that | cos prr| > | cos pr — A(p?)| as soon as p € G5 and
|p| > Ns. Applying Rouche’s theorem, we arrive at that in the circle |p| < Nj, the functions
cos prr and A(p?) have the same number of zeroes. Analogously, in each circle |[p —n + 3| < 4,
where n € Z is such that [n — 1| > N, there is exactly one zero of A(p?). Taking into account
that A(p?) and cos pr are even functions of p, and that & can be arbitrarily small, we arrive at
the needed asymptotics. O
Further, we clarify the obtained in Lemma 1 necessary conditions on the spectrum.

Theorem 1. /. Let K € N be such that for n > K, all m, = 1. Then, the [ollowing
asymptotics holds:
An = pn + apstp, 1 2 K, {%n}n2K € {y. (14)

Il. For n € S, denote k, = min(my,r,), where ry, is a multiplicity of A = p, as a zero of the
entire function Séﬁ) (m,X). Then, there exists such numeration of {\,}n>1 that

An:)\n—&—l:”':/\n—i-kn—lzlinv nesSs. (15)
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Proof. 1. By Lemma 1, we have p,, = 6, + n,, where 1, = o(1). To prove (14), we substitute
A = p2 into (8) and, using the Taylor series, obtain asymptotics for 7,, where n > K.

For definiteness, consider the case @« = 1 and 8 = 0 (the other cases are proceeded
analogously). Since Ag(\) = —Co(m, \), substituting A\ = p2 into the corresponding formula
in (4), applying trigonometric formulae along with asymptotics (5) and 7, = o(1), we get

sin 0,,t

Ao(An) = —cosbO,m — 93 sin @, ™ — / Ko3(m,t)
0

n

dt + (=1)" g, + o(ny).

n

In this formula, the first three summands compose Ag(u,) = 0, and we arrive at
Aop(An) = mam ((=1)"" + 0(1)). (16)

Proceeding analogously, based on (4), we also obtain the following asymptotics:
Salt, An) = Sa(t, pin) + O™ ), Sa(t, An) = So(t, pn) + O (), }

Ca(t, M) = Cul(t, pn) + O(1n), Cc/z(t7 An) = C(;(t, pin) + O(nmy)

(17)

uniformly on ¢ € [0, 7]. Using (17), we have
Ay = So(m, An) /a W’(0,t, \n)q(t) dt =
0
= (sutm) +0 (2)) (= [ sut0at e+ o) ).

Since gn(t) = —cosfpt + O(n~1), by the Riemann - Lebesgue lemma, [ g,(t)q(t)dt = o(1).
Using also that S, (7, i1,) = O(n™!), we obtain

Ay = —Su(ms i) /O " gn(®)a(t) dt + o). (18)

Analogously, we have

By, := 84,(0,\n) / W (m,t, An)a(t) dt = S4(0, i) / W (m, t, pin)q(t) dt + o(n).
Relation (9) yields that S/ (0, pn)W (¢, pin) = —Sa(m, pin)gn(t), and
By = — S, ) / on(®)q(t) dt + o(m). (19)

Combining (16), (18), and (19) with (8) in A = p2, we obtain

0= ((_1)n7T + 0(1))7771 + S<7T’:U’TL)§TL7 {En}n}l < £2~

For n > K, the value 7, is the unique solution of this equation, which leads to 7, = a,v,n"*
with {v, }n>k € €2, and to (14).
II. From the definition, it follows that

Gp = Gpt+1 = ... = Gptk,—1 = 0.

Then, by formula (11), p, is a zero of A(A) of multiplicity not less than k,. This means that u,
occurs in the spectrum {\,},>1 at least &, times, and (15) holds up to a numeration. O
In what follows, we can assume that the numeration of {\,},>1 satisfies (15). Denote

QO={n+v:nesS, v=0k,—1}, Q=N\Q. (20)
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Formula (15) yields that the part of the spectrum {\,},cq does not depend on ¢, i.e. we have

the degeneration condition. Each unique eigenvalue \,, = p, in this part occurs k,, times, which

restricts its multiplicity to be not less than k,,. Note that (15) follows from (14) when n > K

since k, < 1. In [22], condition (15) was not required because, for p = 0, we can take K = 1.
Now, we unify conditions (14) and (15) into one formula. Introduce the values

antv, V= Oapn - 1a
bpty = pn :=max(1l,k,), nesS.
17 V=Dn,Mp — 17

Then, formulae (14) and (15) are particular cases of the following relation:
An = n + bpyn, n =1, {%n}n>1 € {y. (21)

[t differs from (14) and (15) only by a finite number of formulae forn = k+v < K, k € S,
v € kp,m, —1 with b, # 0, being non-restrictive. For this reason, (21) is equivalent to (14)
unified with (15). In particular, n € Q if and only if b, = 0.

Note that b, = O(1), then the following asymptotics is weaker than (21):

)\n:pfl, pn:n—L—Ff-l-;, {vn}tnz1 € Lo, (22)

By the standard approach involving Hadamard’s factorization theorem (see, e.g., [4]), one can
prove that

2
Ap — A (k—#) k>1lora+f <2,
) Cp =

Ch 1, k=1, a=pf=1

(23)

AR = (-1 I
k=1

Thus, by the spectrum we can uniquely reconstruct the characteristic function A(\).

3. Main results

First, we obtain the necessary and sufficient conditions on the spectrum.

Theorem 2. For an arbitrary sequence {\,}n>1 of complex numbers to be the spectrum
of boundary value problem (1), (2) with some q € Lo(0,7), it is necessary and sufficient to
satisfy (21).

For the proof, we need the following lemma.

Lemma 2. Let A(\) be constructed via (23), where arbitrary values {\,}n>1 satisfy
asymptotics (22). Then, the following representation holds:

p* (Sinm - Cosfﬂw/w <SPy (1) dt) . a=8,
p p o P

. ™ gin ot
(-1~ (cos pT + Smppﬂw —|—/ sn;p W (t) dt) , aF B,
0

AN = (24)

where W € Lo(0, ).

For a = 8 = 0, the statement of the lemma easily follows from Lemma 3.3 in [6] after
integration in parts. For the other combinations of v and 3, the needed statements are proved by
analogous computations.

Proof of Theorem 2. The necessity part was proved in the previous section. Let us prove the
sufficiency part. Construct the function A(X) via formula (23) using the given numbers {A, }n>1.
Condition (21) yields asymptotics (22), and, by Lemma 2, A()\) has the form (24).
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Now, we should find a function ¢ such that its coelficients & = [ q(t)g(t) dt satisfy (11).
For every n € S, relation (11) can be considered as a system of m,, linear equations with respect
to the vector [&,4,]7" "

an§n+mn—1 = n27a7ﬁA(Mn)7

A,
an£n+mn—2 + an+1£n+mn—1 — n2—a—ﬁw’
1! (25)
2 A D (n)

(my, — 1)!

By (21), we have A(u,) = A'(uy) = ... = A%=D(u,) = 0. This along with (15) yields that
the first k, rows in the system (25) turn trivial identities and that arbitrary values of &,4,,
v =0k, — 1, satisly this system. If k, < m,, then a,,x, # 0, and the rest &,,, are uniquely
determined by subsequent application of the following formulae:

angn + anJrlfnJrl +...+ anernflfnernfl =N

AFn) (1)
2 a—0 Hn
€n+mn71 st ]€ I )
” 26)
1 Akntr=1 () . B
én Mp—V — n2—o¢—ﬂ - Un+k, gn mp—v , V= 25 mnp — kn

Remind that for a sufficiently large n > K, we have m,, = 1, and &, either can be arbitrary (if
k, = 1) or it is computed via the first formula in (26) (if &, = 0).

Thus, we arrive at that the part of the coefficients {&.}, g is uniquely determined by
{An}n>1, while {&}req can be arbitrary (for the definition of € and Q, see (20)). Applying
the scheme from the proof of Theorem 1 in [22], using representation (24), we obtain that
{n*=PA(un)ay '}, cons € l2 and {&},cq € Co. Choose arbitrary coefficients {&;}req € lo.
Then, there exists ¢ € La(0,7) such that its coefficients with respect to the basis {gx(¢)}r>1 are

{&ktr=1
Consider boundary value problems (1) and (2) with such potential ¢. Let A,(\) be the

characteristic function of this boundary value problem. Then, by construction,

AN — A

F = Ag(N)

is an entire function. Representations (8) and (24) along with (4) yield asymptotics
AN — AN =0 (paw*%”) . pr=\ 7= [Imy)|. (27)

Using (4), we also arrive at

e (COSp?T—i—O

. ) o+ 5,

). a-s

5, analogously to (13), one can prove

ﬂb‘
\_/

5
Consider arbitrary & € (0, 7). For a sulficiently large [A| >
that

p2el (sm pm+ O

N——

=

|1A0(N)| = Cslp|*TPe™, peGs= {z e C: ‘z—n—k a;ﬁ >0, nEZ}, (28)

where Cs > 0. Using (27) and (28), we arrive at F'(\) = o(1) in Gs. By the maximum modulus
principle and Liouville’s theorem, F'(A\) = 0. Thus, the function A()) is the characteristic function
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of the boundary value problem (1), (2) with the considered potential ¢, and {\,},>1 is its
spectrum. O

From the proof of Theorem 2, it follows that the potentials ¢ corresponding to the same
spectrum have the same coefficients {fn}neﬁ’ while for n € ), the coefficients &, may differ.
At the same time, by Proposition 1, the mapping g — {&,}n>1 is a one-to-one correspondence
between Lo(0,7) and ¢5. Thus, for a fixed spectrum {\,},>1, one can construct the set of all
iso-spectral potentials ¢ varying {&,}neq € 2 or find a unique ¢ setting additionally {&,}neq € fo.
In the latter case, we obtain a uniqueness theorem.

Theorem 3. Let {S\n}@l be the spectrum of boundary value problem (1), (2) with a potential
qe€ L2(077T>J while fn = foﬁ q(t)gn(t) dt, n € Q. [f {An}n21 = {/\n}n21 and gn = fn fOI’ n € €,
then q = q.

Since the proof of Theorem 2 is constructive, we have the following algorithm for recovering
q given {An}n>1 and {&ntneq.

Algorithm 1. To recover the potential g, one should:

1. Construct A(\) via formula (23).

2. For n € §, by formula (26), compute the unknown coefficients &,4%,,---,&ntm,—1-
3. Find ¢ = > 07 &n fn, Where {f}n>1 is the basis biorthonormal to {g,}n>1 in La(0, 7).
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BBenenue

PaccmatpuBaetcs cienyiomas 6ecKoHeYHasi CUCTeMa HeJMHEHHbIX IBYMEPHBIX YpPaBHEHUH:

Q(xmn) = Z Z am,m,jpij Tij, (m,n) € Z2 =7 X 7, (1)

1=—00 j=—00

OTHOCHTEJIbHO 3JIEMEHTOB GeCKOHeYHOH MaTPULbl X = (Zmn)(m,n)cz2 B NPEANONOKEHHH, YTO

ag >0, (L)eZ’ > Y ap=1, (2)
f=—00 t=—00

Qg = Qe (Evt) € sz Q_pt = Apt, P eENU {O}’ te Z’ (3)
P;>1, Py=P; @G,j)eZ’ > Y (Pj-1) <o, (4)

i=—00 j=—00
Q0)=0, Q€C[R"), R':=]0,00), (5)
Q) — hYHKIMS, CTPOro BbINYKJAas BHH3 U MOHOTOHHO Bo3pacTawomlias Ha RT, (6)
cylecTByer yucao n > 0 takoe, 4yto Q(n) = 7. (7)

PaccmaTpuBaeMblil Kjacc CUCTeM ypaBHeHHH (1) HAXOAMUT NMpHMeHeHHe B Pas3JHUHbIX 00JaCTAX
MaTeMaTUuecKol (PM3UKH U MaTeMaTHuecKo#l GUoJoruu. B mpuiokeHUsix 3TOT KJacc HauboJee
YacTO BCTpeuaeTcs B AMCKPETHBIX aHAJOrax 3afad JUHAMHUYECKOW TEOPUH p-aluuyeCKHUX OTKPLITO-
3aMKHYTBIX CTPYH, KHHETHUECKOH TEOPUM I'a30B, TEOPHUH MPOCTPAHCTBEHHO-BPEMEHHOTO MOJEJ/H-
poBaHHs snumeMuu (cM., Hanpumep, [1-15] U ccblikKM B HUX). MI3ydyeHHIO pellleHHsT yYKa3aHHbIX
3ajay B HeMpepbIBHbIX CJaydasix MOCBsILEeHbl, HanmpuMep, padotsl [1,4,13,16-18], B KoTopbIX MpH
omnpefie/IEHHBIX YCAOBHSAX A0KA3aHbl TEOPEMbl CYLIECTBOBAHUS U €OUHCTBEHHOCTH MOJOKUTENBHOTO
M OPaHUUYEHHOT0 pellleHHs], a TaKKe H3ydeHbl UX aCHMIITOTHUECKHe CBOHCTBA.
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CrienyeT OTMETHTD, UTO PEeIIeHHI0 CUCTeM OECKOHEUHBIX HeJMHEeHHBIX airebpanuecKux ypaBHe-
HUH JJIS OTMEYeHHBIX BBIIIE 3aJau MOCBsLIeHbl, Hanpumep, pabotsl [19-21].

Tak, B pa6ore [19] u3yueH onuH KJacc 6€CKOHEYHBIX CHCTEM ajarebpandecKUX ypaBHEHHH C
MOHOTOHHOH M BBINYKJIOH BBepx Ha RT HenunefiHocTbi0 G 1 MaTpuuaMu A = (Gn—j)n, jez THIA

Tenuna:
o0

Tn= Y anj(Glx;) +hi(x;)), neL, (8)

j=—o0

OTHOCHTEJIbHO HCKOMOTO GeCKOHEYHOro BeKTopa & = (...,2_1,2g,21,...)! (I — 3HaK TPaHCIOHH-
pOBaHHsA), TJe MOC/Ie0BaTeNbHOCTh MOHOTOHHBIX HeNpepbiBHbIX Ha R BelllecTBEHHBIX (QyHKLHH
(hj(u))jez ynosnetBopsieT onpenenéHHbM ycaoBuam (cm. [19]).

Panee cucrema ypaeuenuil (8) Ha ZT = NU {0} 6bina uccaenosana B [20], a B padore [21]
npu h; =0 (j € Z) 6l u3ydeH eé 1BYMepHBIH aHAJOT.

OtmerumM, uto B [21], B oT/iMUHe OT HacTosilied paboThl, MOAPOOHO HCCJIEN0BAH OIUH KJacC
cucrembl Buaa (1) npu

Q(X) - CXcube + (1 - C)X7 am—in—j = am—i : bn—ju PZJ = 17 m, n7i7j < Z:

— 3
roe Xcube - (xmn)(myn)GZQ

X = (Tmn) (m,n)cz2, BO3BEAEHHBIMH B KY0, YAC/IOBbIE NI0CEN0BATENLHOCTH {ar}i>® m {bs}
VIOBJIETBOPSIIOT ONpeeséHHbIM ycaoBusiM, ¢ € (0, 1] — unca0BOl napamerp.

Cuienyet TakxKe OTMETHUTb, YTO B JIMHEHHOM M OJHOMEPHOM cJjaydae cucteMma (1) mocraTodHo
noapo6HO MccaenoBaHa B paborax [22-25].

B Hacrosiiieil pabote Mcciaenyembiil Kaace cucteM ypaBHeHHH (1) paccmaTpuBaeTcs Ha Beei
MJIOCKOCTH LIeJOYUCAeHHOH PeméTKu Z2 ¢ 06Ilell MOHOTOHHOH M BBEIMYKJIOH BHH3 HEJMHEHHOCTHIO
Q@ ¥ ¢ o6mKMK MaTpulamMd A = (amn)(m’n)ezg uP= (Pij)(i’j)ezg, YIOBJIETBOPSIIOLIMMH YCJOBUSM

— MaTpula ¢ COOTBETCTBYIOUIMMU 3JIEMEHTaAMHU HCKOMOH MaTpHULLbI
—+00

§=—00"

(5)-(7) u (2)-(4) coorBercTBeHHO. McemenyoTesi BOMpochl CYIIeCTBOBAHUS U €IUHCTBEHHOCTH
HETPHUBHAJBHOTO pPellieHHs] HeJUHEHHON crucTeMbl (1) B Kjacce HEOTPULATENbHBIX U OpaHHMYEHHBIX
6eCKOHEUYHBIX MAaTPHULl. BBISB/ISIOTCS HEKOTOPble KaYeCTBEHHble CBOMCTBA MOCTPOEHHOTO pelleHHs .
[TpumeHsis U pa3BUBasi paHee MpeJOKEHHbIE METOMbI, JOKA3bIBAIOTCS KOHCTPYKTUBHAs TeopeMma
CYILIECTBOBAHHUS MOJOXKUTEJBHOTO PElIeHHUs], a TaKXKe TeopeMa eIMHCTBEHHOCTH B yKA3aHHOM KJjacce
MaTpul. PesynbTaThl, MOJydeHHbIE B 3TOH CTaTbe, AOMOJNHSIOT U 00001LIaI0T HEKOTOPLIE paHee
noJsiydyeHHble GpakThl aBTopoB (cM. [21]). B KoHlle paboThl A5l HJMIOCTPALIMKA BaXKHOCTH MOJYyUEHHBIX
pes3y/abTaTOB MPUBOASTCS KOHKPETHble MPHUMEpPHl COOTBETCTBYIOIIMX MaTPHIlL H HeJUHEHHOCTeH,
YIOBJIETBOPSIIOIIMX BCEM YCJAOBHUSM C(HOPMYJMPOBAHHBIX TEOPEM M MMEILIMX KaK MPUKJIAAHOH, TaK
¥ TEOpPEeTHUECKHH HHTepec.

1. BcnomorareJsibHble (PaKTbI

Peltenne HenuHelHOH cucTeMbl ypaBHeHHH (1) OymeM uckaTb B ciefylolleM KJjacce 6ecKoHeu-
HBIX MaTpHILL:

T = {(wmn)(m’n)ezz C T = 0,(m,n) € ZQ;( Su)I;Zmen <oowu dr € N st ¢ > 0}, 9)

rae

¢ = (mm)igéz\BT Tmn;  Bri={(m,n) €Z*: |m| <r, |n| <7}

[Ipexkne ueM MepexoiuThb K pelleHHIO cUcTeMbl (1), yCTaHOBUM [Ba BCIIOMOTATENbHBIX Pe3yJib-
TaTa, KOTOpble Mbl OyIeM HCIIOJNb30BaTh B JaJbHEHIIEM.
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Jlemma 1. [lpu ycaosusx (2)—(7) daa aroboeo pewenus X = (xmn)(mVn)Ez2 € T neaunetinoti
cucmemol suda (1) umeem mecmo caredyrouyas oyeHKa CHU3Y:

x:= inf , Tmn > Q Ya), o :=c Z Z ap > 0, (10)
(m,n)€EZ {=r+1 t=r+1
20e Q™' — obpamnas Qynkyus K yukyuu Q.

JoxkasareabctBo. Ilo ycioBusm nemmel 1

—(r+1) —(r+1) —(r+1) o~ —(r+1)
xmn = Z § Am—in—jTij + § Z Gm—in—jTij + Z § Am—in—j;Tij+
1=—00 j=—00 i=—00 j=r+1 i=r+1 j=—o00
00 00 —(m+r+1) —(n+r+1) —(m+r+1)
+ Z Z Am—in—jTij 2 ( E Z ag + E Z apt
i=r+1j=r+1 f=—00 = {=—0c0 t=r+l-n
n+7‘+1
+ E Z gt + Z Z agt) ‘= Omn,» (m 7’L) € Z2
{=r+1-m t=—00 {=r+1—m t=r+1-n

[110CKOCTD LieJIOUMC/IeHHOH peléTKy Z2 pa3o6béM Ha YeTbipe 4acTH:
le{(m,n)€Z2: m >0, n}O}, ng{(m,n)GZQ: m <0, n>0},
ng{(m,n)€Z2: m < 0, néO}, H4:{(m,n)EZQ: m >0, n<0}.

Ha xaxkxnom u3 mHoxkecTB II; (i = 1,2,3,4) olleHUM CHM3Y BbILeONpee/EHHbIEe d1eMeHThl 6ecKo-
HEUHOM MaTPHLLL (Tin ) (1, ) ez2:

o0 o
e ecnu (m,n) €Iy, TO Opp = ¢ >, Y. app =y >0
(=r+1 t=r+1
—(r+1)
o ecant (m,n) €Ila, T0 Oy = ¢ Y. D, ap=cr Z Z ag = o,
{=—00 t=r+1 l=r+1 t=r+1

—(r+1) —(r+1)
o ecat (m,n) €1l3, T0 O, = ¢ D>, D, ap = ay;
{=—00 t=—00
oo —(r+1)
e eciu (m,n) € Iy, TO Opmp = ¢ >, o ag = ay.
{=r+1 t=—o00
Tak kak U II; = Z2, to nnis1 Bcex nap (m,n) € 72 uMeeM oy = oy > 0. [Ipunrmasi Bo BHUMaHUe

CBOI/ICTBa (5) 1 (6) dyHKIMH (), ONUCHIBAIOLIEH HEJUHEHHOCTb CUCTEMbI ypaBHeHHH (1), mosydnm
Tmn = QY ay) > 0V (m,n) € Z2. Cienosate/ibHO, MO ONpefieJieHHI0 HHOUMyMa MPUXOAUM K
HepaBeHcTBY (10). Jlemma nokasaHa. O

HMcnoneays 3TOT (akT, MBI JOKa)kKeM, 4YTO Ha CaMOM JeJe IJs 3JeMeHTOB MaTpHIbI
X = (Tymn) (;m,n)cz2 MEET MeCTO GoJlee TOUHOE HePABEHCTBO.

Jlemma 2. [Ipu svinoanenuu ycarosuii remmor 1 05 ar0boco peuterus X = (xmn)(m nyez? € T
Heaunetinotl cucmemot (1) umeem mecmo caredyrou,as oyeHKa:

X Z 1.

Hoka3aTeabcTBO. [leHCTBUTENBbHO, COTJIACHO OMpefeseHuto y W ycaoBui (2), (4) us (1)
MOJIYYUM

00 00
Q(xmn) =X Z Z Um—in—j = X, (m, n) € Z2,

i=—00 j=—00
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OTKYJa CleAyeT, UTO Ty = Q@ 1 (x) (m,n) € Z2. Toraa no onpejeneHu0 HHPUMYMa MOJYyYUM
X = Q7' (x) nm

Q(x) = x. (11)
3aMeTuM, UTO M3 MOCJEHEr0 HEPABEHCTBA CJENyeT, YTO X > 7). [leficTBUTENbHO, B MPOTHBHOM
caydyae ¢ y4éTOM MOHOTOHHOCTH (PYHKIIMU % Ha (0,+00) GyneMm UMeThb

Q) _ Q) _
X n
4yT0 HeBo3MOXHO BBUAY (11). Takum oOpasom, jeMMa JoKasaHa. O

2. CymecTBOBaHME pelleHUs CUCTeM ypaBHeHHi Buaa (1)

[TepefinéM K MOCTPOEHHUIO pelleHHUs U BbISIBJIEHMIO OCHOBHBHIX ero cBoHcTB. PaccmoTpum crenyio-
IMe UTepaLHu:

Q) = 37 3 amin Py (12)
1=—00 J=—00
O =n k=0,1,2,..., (m,n)eZ (13)

YcTaHOBUM HECKOJIBKO BaXKHbIX CBOHCTB, XapaKTepPHU3YHOIIUX UTepalHoHHble MaTpulibl. CHauasa
LIOKaxKeM MOHOMOHHOCMb umepayuti no k:

) 4ok, (m,n) ez (14)
C yuérom (13), (4), (2) u (7) usz (12) npu k = 0 6ynem umeThb
Q(x’gr]i’;l) =1 Z Z am—in—jpij Zn= Q(l'?(ngzl), (m, n) S 72.
1=—00 j=—00

-1
[TpenmnosoxxuM, 4TO NPU HEKOTOPOM HATypaJbHOM k = S HMEIOT MeCTO HepaBeHCTBa xﬁfl% > 1:7(fm )

((m,n) € Z*). Torna u3 (12) npu k = s + 1 noayunm

y + S (s-1)
X 1 -1
g Qzi) > Z Z Un—in—iPy ;) = Qal)),
>Q£§1 7777777777777777777 R 1=—00 j=—00
l > (m,n) € Z2.
<
; OTkyna BBULY yc/aoBUE (D) U (6) mpuxoauM K Hepa-
R A BEHCTBaM xﬁfl#) > xﬁ{i% (m,n) € Z*. CnenosatesbHo,
L MOHOTOHHOCTb HWTepalui no k nokaszaua.
o Tenepb noka)kem oeparuueHHocms umepayuil no k.
QQ“ C yuyétom (2) u (4) nonoxum
o M := | sup a;; | - E Z (P —1). (15)
: 1 L,J €L 1=—00 j=—00
0 n £ u
[Iycts € — abcuucca TOUKM TepecedyeHUs: MPSIMON
Puc. 1. Dckusbl rpapukoB (QyHKUHH y = (1 + M)u u xpuBoél y = Q(u), CylIeCTBOBaHHE
y=(1+M)uny=Q(u) na R" KOTOpO# BhITeKaeT HemocpeacTsenHo us (5)—(7) (puc. 1):
Fig. 1. Sketches of function graphs
y=(1+M)uand y = Q(u) on R Q&) = (1+ M)E. (16)
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YuuteiBas ycaoBus (5)—(7), HECJOXKHO MPOBEPUTH, UTO £ > 1.
[IpyMeHeHHeM MHAYKLUMHU 10 k TOKaXKeM, UTO

k) < ¢ (mn)eZ? k=01,2,.... (17)

[Ipu & = 0 HepaBeHcTBa (17) BeIMOMHSIIOTCS aBTOMaTHuecKd. [lycth (17) MMeeT MecTo mpH
HekoTopoM s € N. Torna, uMest B BULY UHAYKIIHOHHOE MpeamnoJsioxeHue u (2), (4), (15), (16), us
(12) 6ymem nmethb

Q( s+1 <£Z Zamzn]zg—

i=—00 j=—00

(Z Zam in—j(Pij — Z Z&&)\ (M +1)=Q(&), (m,n)cZ?

1=—00 j=—00 {=—00 t=—00

[Tpumenenvem o6paTHoOi (GyHKuMM Q' mpuxoauM K yTeepxiaeHuio (17) npu k = s + 1, oTKyza
BBITEKAeT OTPaHHUEHHOCTh UTepaLui 1o k.

C/ienoBaTesIbHO, MOCTPOEHHBIE TTOCpencTBOM HUTepauui (12) u (13) sneMeHTb MaTpHILL OTpaHH-
YeHbl KaK CHU3Y, TaK U CBepXy:

n<a® <¢  (mn)eZ? k=01,2,.... (18)

mn

k o0 .
Takum o6pasom, rnocjie0BaTeNbHOCTb MaTPHLL {(mﬁn%)(m n)eza} MpH KaxKJI0H (PUKCUPOBaH-
’ k=0

Holt mape (m,n) € Z? uMeer npefes, Koraa k — oo :

khﬁm B =g, (m,n) € Z2.

o0
Tak kak ) Z Am—in—jPyj x( ) < &M + 1) Y(m,n) € Z* u Q € C(R"), T0o npenenbHas
1=—00 j=—00
Marpuia X = (Zmn) (. n)ezz YAOBJIETBODSIET HelMHeliHOM cucTeme ypasHeHuid (1). Bosee toro, B
cuay (18) uMeloT MecTo NBOMHbLIE OLEHKH:

N < T <&, (m,n) € Z2. (19)
3ameuanue 1. Ha camom nese B j1eBoi yactu (19) HMeOT MeCTO cTporve HepaBeHCTBA
Tp >0, (m,n) € Z2 (20)
JleHCTBUTEJBHO,

xmn Z 1 Z Z Am—in— ]Pl] >, (m’n) €Z2a

1=—00 j=—00

OTKyJa HMeeM
Tonn > Q_l(n) =n, (m,n)e€ 72

Takum o6pasom, corsacHo (19) u (20) umeem
N < Tmn <& (m,n) € 27, (21)

Sameuanue 2. OTMETUM TakKxKe, 4TO AJIS 3JEMEHTOB IOCJA€A0BATEJbHOCTH MAaTPHUILL

o0

{(xgi%)(m,n)ezz } o
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HayWHas ¢ HoMepa k = 1, UMEIOT MeCTO CTPOTHe HepaBeHCTBA
xﬁ,’f}l >n, k=12..., (m,n)ecZ.
JlelicTBUTEIBHO, BBUY MOHOTOHHOCTH xgi,)l no k (cm. (14)), (2), (4) u (5)—(7) umeem

00 00
5137(7]?7)1 > Q_l n Z Z amfinfjpij >n, k=12,..., (m7n) SYAN

1=—00 J=—00

Hanee, nokaxkem cyiiecTBoBaHHe Takoro uuciaa C > 0, 4to

i i(l“gﬁ%—ﬁ)éa =0,1,2,.... (22)

m=—0o0 N=—0o0

CHava/ia MHIYKIHeH 10 k J0KaXeM CXOTHUMOCTb psina

i i(mﬁ,’fg—n)<oo, k=0,1,2,.... (23)

m=—0o0 N=—00

[Ipu k = 0 ytBepxkneHue (23) BBITEKAaeT HEMOCPENCTBEHHO U3 OMNpeeseHUs] HYIeBOTO NMPUO/IHKEeHHUS
(13). Ilycrb (23) umeer mecto mpu HekotopoMm k € N. Torma, umes B Bumy (2), (4), (17) u
MHAYKLIHOHHOe mpennosoxenue, us (12) npu k + 1 Gynem umeTb

0<Q@EM) —n=>Y > am—in—j(ﬂj*1)$§?)+ > amfmfj(ﬁg?)*??)<

<é Z Z am—in—j(f)ij - 1) + Z Z Am—in—j (xz(f) - 77)7 (mvn) € z? (24)

1=—00 j=—00 1=—00 j=—00
k
(HepaBeHCTBa Q(xgm)l) > 71 uMeroT Mecto BBUAY (21) U MoHOTOHHOCTH (yHKUMH (). Tak Kak
npaBasi 4aCTb HepaBeHCTBa (24) sIB/sETCS 3JEMEHTOM CXOJSIIEro psiia, TO MO MPU3HAKY CPaBHEHHS
CXOAAMXCS pAnoB ¢ yuétoM (2), (4) ¥ MHAYKIIMOHHOTO MPEANOJIOKEHHS MOJYIUM

Z Z i ) <€Z Z DY Y @ g <o (29)

M=—00 N=—00 1=—00 J=—00 1=—00 j=—00

C npyroit CTOpOHbI, Ha OCHOBaHWH 3aMeuaHusi 2 U (5)—(7) mast Besikoro € € (0, 1) UMeT MecTo
oleHkH (puc. 2):

(k+1) _
Q@mn ) =n _ 1 Q(an)>1’ k=012

x%;—l)_n = ’)”—8’]7 g ey

(m,n) € Z2. (26)

B pesy/nbTaTe HCMONb30BaHUs OlleHKH (26) HepaBeHCTBO (25) MpUMeT BHI
19 SN G em<e S -0+ Y Y el on @
mM=—00 N=—00 1=—00 j=—00 1=—00 j=—00

M3 KOTOPOTO CJelyeT CXOAUMOoCThb psifa (23) mpu k + 1, a ciefoBaTeNbHO, CIIpaBelInBOCTb (23).

(k) o
Y4uTBIBa MOHOTOHHOCTb MO Kk NOC/IE0BATENBHOCTU 3 (Tmn) (m,n)cz2 , U3 (27) monyyum
' k=0

e} o o o)

e D "LENETS Sl Sy

mM=—00 N=—00 1=—00 j=—00
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Yy
(910 (i
(S
Q) 1
ya
Dy |
Qalfy) po-mmm A &
(Q) |
) |/
'Vx a
X | |
N Tt
4 I
N Ll 0 >0 =
net-—-——"""""~F-"-7~- 61 —"*‘ : (k l)
! i Q(zmn ) — 1
| o tgd = SN E— >
: | ' Tmn = —
! 3 i > w =196,
| v n—e&n
Qlen) L __ /. [0 _____+ ! i
1 ! L
0 €n Ui ngjhg u

Puc. 2. dckus rpaduka pyHkuun y = Q(u) Ha [0, €]
Fig. 2. Sketch of function graph y = Q(u) on [0, €]

OTKyIa BBITEKAeT CIPaBelINBOCTb yTBepxKaeHUs (22):

(1—¢ 77{
> > o< S S S im0 < e
m=—00 Nn=—00 <= Q 1=—00 j=—
— Z j=——oo
Yerpemasisi k — 0o, MoJiyuyaeM TJIaBHBIH BBIBOJ, M3 BbILIETPUBENEHHBIX pacCyKIeHHUH: NBOHHOM

pSil, COCTABJNEHHBIH M3 PA3HOCTU 3JIEMEHTOB NpeleNbHOH MaTpuubl X = (a:mn)(m nyczz ¥ UHCIa 1),
YIOBJIETBOPSIET CJIeAYIOLIEeH OLeHKe:

o0

> Z(mmn—mgen 5” >y (28)

m=—0o0 N=—00 ’L_*OO]_*OO

U, CJjenoBaTe/bHO, PAI

YY) @mn—n) <o (29)

m=—0o0 N=—00
CXOZLUTCS.
[IpenBapuTe/sbHO OTMETHM, UYTO OCHOBBIBAsICb Ha 3TOM (haKTe, HUXKE Mbl JOKAXKeM TEOpPeMY
€IMHCTBEHHOCTH pelleHHs .
Wtak, Ha OCHOBaHMM H3JI0XKEHHOTO BbILLIE U YTBEP:KAEHUS JIEMMBl 2 ClpaBelnBa CJeNYIOLLast
Teopema.

Teopema 1. B ycrosusx semmor 2 Herurelnas cucmema ypasHenuti suda (1) umeem
nosoxcumenvHoe peulerue X = (xmn)(m nyecz2- bosee mozo, anemenmor mampuyer X obaadarom
ceoticmeamu (21) u (28).

3. EauHCTBEHHOCTb pelleHUs] CUCTEeMbl ypaBHeHHi (1)

[Tepeiiném K H3y4eHHIO BONPOCA €IMHCTBEHHOCTH pelleHHs cucTeMbl ypaBHeHHH (1) B ksacce T.
CnpaBessiBa caefyollas Teopema.
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Teopema 2. [Tycmo soinosnenst ycaosus meopemot 1. Toeda 8 kaacce T neaunelinas cucmema
ypasHeruti suda (1) He moxem umemo 601ee 00HOEO peuleHus.

Hoka3sareabcTBo. [Ipennosnoxum obpaTHoe: mycTh B Kaacce T cucrema (1) umeer nBa pas-
JudHbIX petenuss X = (Zmn)(mm)ezz 4 X = (Tmn) (mmnyezz: X, X € T u X # X. CaenosaressHo,
IJ1s1 pacCMaTpPUBAeMbIX MATPHIL UMeeM CJeAyIollee TTOIMHOXKECTBO Map LeJblX UHIEKCOB:

&£ .= {(m,n) €e7?: X = (Zmn) (monyezzs X = (Tmn) (mnyezz € T ¥ T # :Emn} #+ @. (30)

CornacHo (1) umeem

|Q(zmn) — Q(Emn)| < Z Z Am—in—j Pij |Tij — T4j] - (31)

1=—00 j=—00

[TokakeM paBHOMEpHYI0 CXOIMMOCTb psia MpaBoil yacT HepaBeHcTBa (31). Mmes B Buny (9), (2)
1 (15), 6ymem UMeThb

o0 o0 o0 o0
> > aminPyley — | < | sup @i+ sup Fij | > Y amin Py <
1=—00 j=—00 (7’7])6Z2 (27])622 1=—00 J=—00

< (('S.up ZTij + sup xz]) ( Z Z Am—in— ] z] Z Z Am—in— ]) X

173)622 ( 7.7 €Z2 1=—00 ]_—oo 1=—00 j——OO
< | sup zij+ sup Ty | (M +1):=Ch < 0. (32)
(3.4)€Z? (4,5)€z?

Ianee, mokaxem CXOOMMOCTb psila Z Z (Tmn — N) Ppmn. HdelicTBUTENBHO, HA OCHOBAHHH

(19), (4) n (29) umeem m=moon=mo0

o o S S
Z Z (@mn = 0) P = Z Z (@mn — 1) (Prnn — Z Z (Tmn —n) <
m=—00 n=—00 m=—00n=—00 m=—00 n=—00

o0 o0

g(f—ﬂ) Z Z(Pmn_1)+ Z Z(wmn_n)<ooa

m=—00 N=—00 m=—0o0 N=—00

OTKyna BBUIY (32) BbITEKaeT CXOAMMOCTb psifa

Z Z (@mn — 1) Pmn Z Z am—in—jPij |Tij — Zij| < +o0. (33)

m=—0o0 N=—00 1=—00 j=—00

YMHOXKHUM 00e yacTd HepaBeHCTBA (31) HA (Zyn — 1) P > 0 (Mt Ha (T, — N) P, > 0) W Ha
ocHOBaHMHU (33) MpPOCYMMHpyeM MO BCeM HMHAeKcaM m U n oT —oo 10 +oo. Torma ¢ yuérom (3),
(1) u (2) nonyyuM CJAEYIOILYIO 1IeNOYKY HepaBEHCTB:

o0

Z Z (@mn — n)Pmn‘Q(xmn) - Q(jmn)} <

m=—00 N=—00

0o 0o
Z Z (xmn_ P Z Z Qm—in—j ’Lj |xzy l’z]‘ =

m=—0o0 N=—0o0 ’L_*OO]_*OO

o0 o0 o0 o0
Z Z Pyjlzij — Ty Z Z @i—m j—nPrmn(Tmn — 1) <

1=—00 j=—00 M=—00 N=—00
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o o oo o [o@) [o@)
< Z Z P |$ij—!i‘ij!( Z Z Gi—mj—nPmnTmn — N Z Z aifmjfn) =

1=—00 J=—00 M=—00 N=—00 m=—00 Nn=—00

= Z Z Pij |zij — Z45] (Q(w45) — m)-

i=—00 j=—00

OTcrona umeem

m=—0o0 N=—00

CanenoBatesibHO, B cuay onpeneneruss mHoxkectBa £ (cM. (30)) u ¢ yuérom (20) moxHO (34)
3anucaTh B BHJIE

Z Pmn (wmn_n”xmn_'i'mn‘ (‘

- 77) <0. (35
(m,n)e€E l

Tmn — Tmn Tmn

Onupasicb Ha cBOHCTBA (PYHKUHHU (), HECJIOKHO YOenUThes (pUc. 3), uTo

‘Q(fnmn) — Q(Tmn) _ Q(Tmn) — 1

— Tmn Tmn — 1

> 0.

C yuéroMm nocsienHero HepaBeHcTBa B (35) mpuxonum K npotuBopeuuto. CienoBatenbio, X = X. [J

y y / /
/
|Q@m) Q@w)
: ’ >
i f 7
' i N
| N Q(ivnm) i
5 i
) fi |
Q(Zrmn) i i
| e\Tmn) ) ]
‘ : /
: : )
1 7 (5 B> By =
H i a>a = T /A ]
‘ : i ' Q(Zmn) — Q(Tmn)
| ' - _ 7 i Vg = ——————= >
U bl tgan = Q@) = QFmn) i P Eyn — T
Sl / - | Zrn — Emn / i ' Q)
! : 1 Q@mm) =1 _ Ji : > LI 0 _ 445,
' i i > =tgm /i i T — 1
0 ! i T — 1] /1 !
] i ) / i
3 : : ! NS / i
4 Q,\\\\ i i \)//Q« // i
72 | 1 ! i
f i i i : |
oy fion B\ /B L
0 n Ton Tmn & & 0 7 Tn Tnn € u
a/a 6/b

Puc. 3. [lepeceuenue rpaduka GyHKiud y = Q(u) ¢ NPSMBIMH, IPOXOASIIUMHU Yepe3 TOUKU (Tymn, Q(Tmn)),

(77777), (‘%mnaQ(i’mn)) a—Tmn > *’zmn; 6_xmn < imn
Fig. 3.The intersection of the graph of the function y = Q(u) with straight lines passing through the

points (Zmn, Q(Zmn)), (1:1M), (Zmn, Q(@Tmn)): @ IS Tyn > Tmn; b 1S Tin < T

4. Ilpumepsl

JleficTBEHHOCTb MOJyYeHHBIX TEOpeM MPOHJIIIOCTPUPYEM HECKOJBPKHMH TPHUMepaMH MaTpHIL
A = (amn)mmyezz 1 P = (Pij) jyezz 1 QYHKUEH @, ONHCBHIBAIOIIEH HEJTHHEHHOCTh CHCTEMbI
ypaBHeHH# (1), yIOBJIETBOPSIOLINX BCEM YCJIOBHSM C(HOPMYIHPOBAHHBIX TEOPEM.
e [Ipumepnl MaTpuubl (Gmn) (m,n)ez?:
e—1)* _jm|— 2.
(A1). = D eIl (1, n) € 724
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—+00 .
(A2). amn = (03 (0, 1)) 2 e M= (m,n) € 22, ©3(2,09) = 3 ¢ (lg] < 1)—
n=—oo

TeTa-hyHKIUs KoOU (pHc. 4);
(A3). amn = (ﬂ> g™+ (m,n) € Z2, 0 < ¢ < 1 — npousBoJIbHOE YUCIIO;

—2 plml+in| . —2 p—lm|=|n| ., —2 pmtn
(A4). amn = (2" — 1) T|mn|! ,amn:(Q\/E—l) r|m7n\!’ amn:(er+\/é_1) 7‘"m7n|!’
(m,n) € Z2, r > 0 — NPOU3BONbHOE YHCJIO;
th2 -
(A5). amn = wgﬂ) (1+m2)1(1+n2)’ (m,n) € 22, th(r) = guz—w’
(Ag). amn = (2-€(2k) — 1)72(1 + |m|) (1 + |n|)~2*, (m,n) € Z*, k > 3 — nponseoabHoE
yuegio, ( — azera-PpyHkuus Pumana.

™

A
y i

54

Puc. 4. I'paux ¢ynxunu y = 03 (0, q) Ha [0,0.9)
Fig. 4. Graph of the function y = 03 (0, ¢) on [0,0.9)

OctanoBumest Ha npumepe (Ag). IlepBoe ycnoBue B (2) U ycaoBus B (3) aBTOMaTHUECKH
BBIMOJIHsAIOTCSA. [loKaxkeM, uTO MMeeT MecTo W BTOpoe ycjoBue B (2). s 3TOro H0OCTaTOUHO
+oo
1
y6emuTbest, 4To Y w =2C(2k) -1, k> 3.

JleicTBUTENbHO, TIpH k > % nMeeM

400
1
> T —1+2Z —1+2(Z 2k—1)—2§(2k)—1
m=—00 s=1
o [lpumepn Matpuusl (Pij)(; j)eze:
(P). Pyj =1+ lij|®e” 1=l (4, §) € Z2, a > 0 — npoussosbHOe umCIIO;
(PQ) PZJ - 1+6 H _IJI ’ (Zvj) GZz,
. . 2.

(P3) RJ_1+(1+12)(1+J),( )GZ
(Py). Pjj =1+ W’ (i,§) € Z*, a > 1 — NpoM3BOJIbLHOE UMCJIO;
(P5). Py 1‘|’|”|n(Z j) € 2%

° HpHMepr HeJIMHeHHOCTH ():

Q1). Q(u) = uP, u € RT, rue p > 2 — NpoU3BOJIBHOE YHCIIO;

(Q2). Q(u) = cu? + (1 — c)u, u € RT, tne ¢ € (0,1] — urcsioBoil mapametp U p > 2 —
POM3BOJILHOE YHCIIO;
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

(@3). Q(u)
(Q4). Q(u)

0% —1, u € RT, rme § > 1 — Npor3BOJbHOE YHCJIO;

uPIn(u + 1), u € RT, rae p > 2 — npoU3sBOJIbHOE YKCIIO.
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Introduction

On the way of generalizing the pseudospectral method of Chebyshev collocations for solving
linear ODEs to the class of nonlinear ODEs, we dwell on an intermediate subclass of special
linear differential equations with two independent variables — exact differential equations [1].

The problem of numerical integration of ODEs is traditionally studied within the framework
of solving the Cauchy problem. The most common Runge — Kutta method is related to all other
methods included in the conventional libraries. Finite-difference methods for solving differential
equations and finite element methods reduce the original continuous problem to a discrete
analog, a system of algebraic equations. For linear differential equations (DE), this is a system of
linear algebraic equations (SLAE). Both approaches in their traditional implementations require
significant amounts of memory and/or substantial time costs.

An alternative to the latter approaches, which can be considered finite-dimensional approxima-
tions of the desired solutions and coefficients of equations from infinite-dimensional function
spaces, is a truncated expansion in complete systems of orthogonal polynomials. For them,
three-term relations are performed, which make it possible to drastically reduce the number of
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intermediate calculations. Another resource is the availability of special “orthogonal” discrete
grids consisting of the roots of the corresponding polynomials. An example is the Gauss — Lobatto
grid for Chebyshev polynomials. Ultimately, these factors reduce the required memory and
computation time by orders of magnitude.

The method of integrating factors is a representation of the solution in the form of a product
of functions, a kind of method of separation of variables. Representing a solution as a product
of two or more functions, compared to methods for finding a single desired function, provides
much more opportunities and more variety to obtain the desired solution. The approach to the
numerical solution of ODEs based on integrating factors offers new possibilities compared to
simple traditional methods.

In analytical form, the method of integrating factors for constructing solutions of both linear
and nonlinear differential equations has been used for a long time [2]. We propose an efficient
numerical approach based on the collocation method and the use of integrating factors. A robust
algorithm for the search for solution is implemented in the spectral space, and for the polynomial
interpolation of the solution, expansion into a series of Chebyshev polynomials of the first kind is
used.

1. Motivation

The class of exact differential equations or total differential equations is a kind of ordinary
differential equations that are widely used in physics and technology (see, e.g., papers by
L. L. Doskolovich [3-6] about inverse problems of calculating optical elements). In Refs. [7,8],
the inverse problem of designing a reflective surface of arbitrary shape to create a given
illumination distribution is reduced to the form of the Monge — Ampere problem. Prior to that, in
the papers by Doskolovich et al. [9,10], this problem was solved in the presence of the surface
axial symmetry and for one-dimensional illumination distributions.

In Ref. [11], a new method for reconstructing a reflecting (refracting) surface from a given
source—target map is proposed, which determines the relationship between the directions of
incident and reflected (refracted) rays. In the proposed method, the optical surface is represented
as an envelope of multiple paraboloids (reflecting surface) or ellipsoids (refractive surface). This
representation makes it possible to reduce the problem of designing an optical surface to restoring
a function from its total differential. The proposed approach is illustrated by the synthesis of
mirrors that produce uniform illumination on a square target in the far-field zone. The results
of the calculations showed that the proposed method allows forming qualitative illumination
distributions even if the integrability condition is not met.

Reference [12] proposes a method for designing reflective surfaces that form given continuous
illumination distributions in two-dimensional regions. The surface of the mirror is represented as
an envelope of a two-parameter family of ellipsoids. The first focus of each ellipsoid coincides
with the point light source, and the second is in the illuminated area. This surface representation
can be interpreted as an extreme case of a segmented surface used in the support quadric method
to focus on a set of points. The envelope equation depends on the function that determines the
lengths of the major axes of the ellipsoids of the family. The calculation of this function is carried
out using a continuous approximation of the discrete function obtained from the solution of the
discrete problem of focusing on a set of points. The high efficiency of the proposed method is
illustrated by the developed examples of mirrors for creating a uniform distribution of illumination
in areas of various shapes.

Based on the results of Refs. [11,12], we developed a method for restoring a reflective
(refractive) surface from a given source-screen mapping. This representation makes it possible to
reduce the problem of designing an optical surface to the problem of restoring a function from
its total differential. In this case, reduction to a total differential can be carried out using an
integrating factor.
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2. Basic solution method

As the main construction in developing a method for solving the nonlinear ODEs considered
below, we will use a stable and efficient algorithm for restoring a function from a known
derivative (practically this is the equivalent of the problem of restoring the antiderivative from
the integrand) — the solution of the Cauchy problem for an ordinary differential equation [13, 14]

y,(:C) = f(x)v y(xO) =Y, TE€ [a’ b]

The method consists in representing the approximate solution of the problem in the form of a
series y(x) = > p_, ckTk(x) of Chebyshev polynomials of the first kind Tj(x) with the domain of

definition # € [—1,1]. The linear transformation I(z) = w allows to proceed to solving

the problem in the interval [—1, 1], the upper estimate of the interpolation error [15] having the
form:

= 1 (b B a) n+1 n+1
ly(z) —kZ:OCka(w)I =gyl 7| gg[gflg]ly( )(©)].

Thus, the Chebyshev interpolation is an almost optimal approximation in the sense of the
norm L., nearly equivalent to the Lo norm. Moreover, the use of Gauss - Lobatto nodes as
interpolation nodes leads to optimal integration formulas.

Below we consider both the interpolation problem and the problem of solving ODE exactly in
the interval [—1,1].

y/(IL‘) = f(l’), y(l'o) =%, TE [_13 1]' (1)

We propose to find the expansion coefficients ¢;, k = 0,...,n of the approximate solution (1)
in the form of the series y(z) = >_}_, cxTk(x) of Chebyshev polynomials in two stages.

At the [irst stage, the stage of derivative interpolation, the collocation method is used to
calculate the coefficients by, k = 0,...,n of the derivative expansion f(x;) = > }_, bxTk(z;),
j=0,...,n in the orthogonal basis of the Chebyshev polynomials of the first kind.

The algorithm stability is achieved at the expense of the discrete orthogonality of the modified
Chebyshev matrix T = [T} x]o<jk<n On the Gauss - Lobatto grid. The choice of collocation points
xj = cos(mj/n), j =0,...,n, makes it possible by multiplying the first and the last equation of
the collocation method by 1/4/2 to obtain an equivalent “modified” system with a new matrix T
instead of T and vector T instead of f. The new system already possesses the property of discrete

“orthogonality”. Its multiplication from the left by the transposed matrix T’ yields a system with
the diagonal matrix

[n 0 0 07 T o
0 5 0 R T f
0 0 = 0| 6| =T | 5
0 0 0 ... n|lbn fn

where f = T" (fo/V2, f1,. -?7fn—17fn/\/§)T

The expansion coefficients for the function f(x) are easily expressed in the explicit form

2f: n
bO = @) bl > b2 = ﬁ? = f

The second stage implies the calculation of the antiderivative expansion coefficients ¢y,
k =1,...,n. For this purpose, we multiply the banded three-diagonal integration matrix [13,
16,17] by the vector of the derivative expansion coefficients by, £k = 0,...,n and obtain the
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expansion coefficients ¢k, &k = 1,...,n of the antiderivative, except the zeroth one, cg:
[0 0 0 0 0 0 0 ] [ by | [co =7]
1 0 3zt 0 0 0 0O by ¢
o 3z 0 = o0 0 0 b co
o 0 ¢ 0 0 0 0 b3 c3
- 0 by | T
. 1/2 —1/2
0 0 0 Ol 0 (n=1) bn—1 Cn—1
o 0o 0 . 0 £ 0] |[bu]| | & |

In some cases, e.g., when solving the Cauchy problem with a given initial condition o,
it is also necessary to know the zero coefficient ¢y. Then a linear equation that specifies the
initial/boundary condition is additionally solved, and the coefficient ¢ is calculated by the formula
co = yo — D=1 cu(~1)*.

The approach presented has been successfully applied by the authors to solve linear ODEs of
the first and second order [13, 14].

The third stage is the ultimate calculation of the potential surface values, which requires
efficient computation of definite integrals of the functions, interpolation coefficients of which
are already known. We will present a formula for calculating definite integrals from the known
coefficients of Chebyshev interpolation, which directly follows from the recurrence relation for
the Chebyshev polynomials of the first kind.

Assertion. Let the coefficients by, k= 0,...,n be the coefficient of expansion of the integrand
flx) = >0 _obiTk(z), 5 = 0,...,n in Chebyshev polynomials. Then the exact formula for
calculating a definite integral by the interpolation coefficient of function f(z) expansion in the
interval [—1,1] has the form:

n

1 1.n c
[ s /_1’;00@(%)65@:2 >

k=0, k=even

On the way to generalizing the pseudospectral method of Chebyshev collocations from linear
ODEs to the class of nonlinear ODEs, we dwell on an intermediate subclass of special linear
differential equations with two independent variables.

3. Equations with separable variables

Consider the solution of one of the simplest nonlinear equations of the first order — an equation
with separable variables.
Nonlinear first-order general equation

dy

can be written in the form J
M(z,y) + N(m,y)dfi = 0.

A transformation to such form is always possible. In the particular case when M (z,y) depends
only on x, and N(x,y) depends only on y, the equation is reduced to the form

dy
ay _ 2
e 0 (2)

of an equation with separable variables. It is possible to use the symmetry in the form of the
equation and emphasize the ‘independence’ of the dependent variables from the independent ones:

M (z)dz + N(y)dy = 0. (3)

M(z) + N(y)
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The solution (a general integral) of this equation with separable variables in an implicit form
is obtained by integrating Eq. (3):

/M(a;)dx—i—/N(y)dy—C, (4)

where C is an arbitrary constant. Any differentiable function y = ¢(x), satisfying condition (4)
is a solution of Eq. (2). Thus, it implicitly defines the solution of the differential equation with
separable variables.

This form of the solution of the separable equation (with separable variables) can be
substantiated in the following way. We denote by H; and H» the functions, the derivatives
of which are M and N respectively, i.e.,

Hi(z) = M(x), H(y) = N(y),

then Eq. (2) can be rewritten as

dy
Hi (@) + Hy(y) 52 = 0. )
According to the rule of differentiating a composite function, a chain of equalities is valid
dy d @ d

5(y )% dy 2(y)da: = %Hz(y)

and, therefore, Eq. (5) can be presented as

d
— [H H =0. 6
" [Hi (@) + Haly)] 6)
Integrating the latter, we get the general solution
Hi(z) + Ha(y) =, (7)

where ¢ is an arbitrary constant. Any differentiable function y = ¢ (x), satisfying condition (6) is
a solution to Eq. (2) with separable variables in the implicit form.
Differential equation (2) together with the initial condition

y(7o0) = Yo (8)

defines a Cauchy problem. The solution of such an initial-value problem implies the specification
of a certain numerical value of the parameter ¢ in Eq. (7). It is possible to specify such a value
by substituting in Eq. (7) the values x = xp and y = yo and computing the desired value of the
constant

¢ = Hi(z0) + Ha(yo).

Substituting the calculated value of the constant ¢ in (7) and keeping in mind that

Hi(2) — Hy(xo) /M ds,  Haly) — Holyo) = [ N(s)ds,

Yo

we obtain a formula to determine the particular integral curve of Eq. (2), passing through the
given point.

The solution of the Cauchy problem satisfying the initial condition y(z¢) = yo is determined
by the relation

/ “M@©de+ [ Ny =0, (©)
Yo

that determines the integral curve passing through the point (zg, yo).
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Equation (9) implicitly determines the solution of differential equation (2), satisfying initial
condition (8). It should be kept in mind that in order to find an explicit formula that describes the
behavior of the integral curve, it is necessary to express the dependent variable y as a function
of x from the nonlinear equation (9). Unfortunately, it is often impossible to do analytically; in
such cases it is possible to use numerical methods to find approximate values of y(z).

The algorithm of definite integral calculation based on Chebyshev interpolation:

e by linear transformation I(z) = M;(_b:a) reduce the integral calculation to the interval
[71’ 1]7
e calculate the coefficients by, k = 0,...,n of the integrand expansion f(z) = ;_, bxTk(z),

j=0,...,n in Chebyshev polynomials;
e calculate the values of the potential function at the point (z,y) under the given initial
condition y(xg) = yo:

x y
Fla,y) = / Mde+ [ N(n)dn
o Yo

using the exact formula for calculating a definite integral from the interpolation coefficients
of the expansion of the integrand f(x):

n

1 1 r
/1f($)dx%/1];)cka(x)dx:2 Z {2

k=0, k=cven
4. Numerical solution of an exact differential equation

Consider a simply connected open subset D of R? and two functions M and N, continuous in
D. An implicit ordinary differential equation of the first order

M(z,y)dx + N(xz,y)dy =0 (10)

is called an exact differential equation (a total differential equation), if there exists a continuously
differentiable function F'(x,y), called a potential function, such that

LD pwy), D~ Ny,

The integration of such an equation reduces to constructing the function F'(x,y), after which
the solution is found in the form F(x,y) = C, since dF = 0. Thus, to solve the problem it
is necessary to calculate the values of the integral curve, which is a line of intersection of the
potential surface with a horizontal plane.

Let the function F(x,y) be a total differential of an exact DE defined on a certain simply
connected and open subset D of R%. Then the differentiable function f(z) such that (x, f(z)) € D
is a solution if and only if there exists a real number ¢, such that

F (z, f(x)) =c.

In the case when the solution is subject to the requirement of passing through a given point
(a problem with an initial or boundary condition),

y (w0) = yo,

the local value of the potential function can be calculated by the formula [18, Lesson 23]:

z y
F(z,y) —/ M (t,yo) dt + N(z,t)dt =
o

Yo
:/xM(t,yo)dt—l—/y [N(mo,t)—i-/zaé]\f(u,t)du} dt. (11)
xo Yo o

Solving the implicit equation F(z,y) = ¢ with respect to y, where ¢ is a given constant,
allows us to calculate all possible solutions (Fig. 1).
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Fig. 1. The potential F(z,y) = (22 + y?) /2
of the exact DE zdx 4+ ydy = 0 restored
by the formula (11) (color online)

5. Integrating factors

The method of integrating factors allows a generalization of the proposed construction to a
wider class of nonlinear first-order ODEs reducible to the total differential form.

Three cases of equations admitting exact solutions are known:

e based on trivial integrating factors: u = 1;

e with an integrating factor depending only on z: u(x);

e with an integrating factor depending only on y: u(y).

In all three cases considered, the search for particular solutions is based on the pseudospectral
Chebyshev collocation method. The integrating factor method for implementing the algorithm
of numerical solution of linear ODEs by means of integration matrices [13] allows reducing the
problem to twofold sequential multiplication of a two-diagonal integration matrix by the vector of
spectral coefficients of the derivative. The lacking constants of integration are determined from
either boundary, or initial conditions of the problem. In the second and third case, a nontrivial
problem of finding the integration factors numerically additionally arises.

Case 1
[f the left-hand side of the differential equation (10) is a total differential, i.e.,

My(x,y) - N:E(xay) = 07

then both its terms are calculated separately by means of the appropriate integration matrices.
If the differential equation (10) is not exact, but still has a solution, then a function u(x,y)
necessarily exists, such that the equivalent equation obtained by multiplying both sides of Eq. (10)

by u(z,y)
(M) dx + (uN) dy = 0

is exact. Such function u(z,y) is called an integrating factor of the initial equation. Experience
shows finding an integrating factor in the most general form is extremely difficult. Below we
consider two special particular cases.

Case 2
If My(x,y) — Ny(x,y) # 0, and W is a function only of z, let us denote it by {(z). Then

pu(z) = +exp (/ §(x) dw)

is an integrating factor of this differential equation.
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Case 3

If My(z,y) — Ny(z,y) # 0, and (Azlﬂgz) is a function only of y, let us denote it by ¢(y). Then

) = zexp ([ viw)dn)

is an integrating factor of this differential equation.
A more general situation, when none of these cases takes place, is not considered here.

6. Discussion, numerical examples

Let us consider examples of the three cases listed in the previous section.

Example 1. The case of total differential

Consider a numerical method for constructing a general integral (potential) of an implicit
exact differential equation:
(sin(zy)xy cos zy) dx + 2% cos xy dy = 0. (12)
Equation (12) is an exact equation if and only if the condition
dM(z,y) _ dN(z,y) (13)
dy dx

is valid in some simply connected domain R of variation of variables.
If allowed by the problem statement, we analytically check the fulfillment of the condition
(13):

dM d
U59) @ n(ay)ry cosay) = 20 coszy — aysinay,
Y Y
d d
(6‘,1;7 y) — di (.’EQ CcOS l‘y) — 2l‘ COSs l‘y — 3323/ Sin $y
T X

For Eq. (12), the necessary and sufficient condition is satisfied, and it is an exact differential
equation.

In the case when checking the condition (13) analytically is not possible, it may well be
sufficient to check this condition numerically. The feasibility of the necessary and sufficient
conditions can be checked on a fine enough grid in the domain R with respect to the variables
(z,y) € R by numerical pointwise comparison of the computed derivatives. When approximating
functions with series expansion in Chebyshev polynomials of the first kind, such a comparison
can be efficiently carried out using Gauss - Lobatto grids in both variables and Chebyshev
differentiation matrices in the spectral space.

Next we substitute specific expressions M (x,y) = sin(xy)zy cos zy and N(z,y) = x2 cos y
into Eq. (11) to calculate the potential at the initial value, y(0) = 0,29 = 0,yp = 0. In the vicinity
of the initial point, the potential values are calculated using the formula

F(z,y) = / (sin (tyo) tyo costyy) dt+

0
Y v oM
+ / [3:02 cos xot + / {2u cos ut — u’t sin ut—— (u, t)} du] dt.
Yo 0 ot

Numerically, the integrals in this equation are calculated based on the method of restoring
the antiderivative from the known integrand. Plots of the calculated potential and its errors are
shown in Fig. 2.

The exact solution, the potential function of Eq. (12) looks as follows:

zsin(zy) = c.
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a b

Fig. 2. The calculated potential surface and the error of its calculation: a — potential surface, the interval
from —1.5 to +1.5 is shown; b — deviation from the exact surface (F(z,y) — zsin(zy)) - 1012 (color online)

Example 2

The case of reduction to the form of a total differential using the integrating factor p(z) [17,
Sample 2.6.1].
Consider the equation

(233y3 — 2233 — day® + 2x) dz + (3z%y* + 4y) dy = 0. (14)

We will search the solution by choosing an appropriate integrating factor.
Passing to the standard notation in Eq. (14):

M = 2zy® — 223y3 — day? + 2z,
N = 32%y% + 4y
we write the difference of derivatives in the form
M, — N, = 62y* — 62°y* — 8y — 62y* = —62°y* — 8xy. (15)
Since the right-hand side of Eq. (15) is nonzero, Eq. (14) is not exact. However, the expression
M, — N, 623y + Sxy 5
= — = —zX
N 3x2y? + 4y
is independent of y, therefore, the integrating factor can be calculated by the formula

) oo~ [ )

and equals p(z) = exp (—2?). The numerical determination of the integrating factor reduces, as
above, to the method of calculating the antiderivative of the integrand (M, — N) /N, followed by
the calculation of the exponential function in necessary points of the desired range. Multiplying
Eq. (14) by u(x), we proceed to the solution of the equivalent exact equation

e~ (2xy3 — 223y — day® + 2:5) dr + e (3w2y2 + 4y) dy = 0.
To solve this equation, it is necessary to construct a function (potential) F'(x,y), such that

Fy(z,y) = e (2ay® — 22y — day? + 2), (16)

Martemarvka 521



@ WU3B. Capar. yH-T1a. Hos. cep. Cep.: Marematuka. MexaHuka. VIngpopmatuka. 2024. T. 24, Bbin. 4

Fy(z,y) = e’ (3;321;2 + 4y) . (17)
Substituting into the formula (11) expressions (16), (17), and the mixed derivative
Foy(z,y) = e (6:Ey2 — 63y% — 8zy) ,
for each desired point (z,y) € R of the domain of solution existence at the given initial condition
y(0) = 0,20 = 0,y0 = \/1/_2 we build the approximating potential surface (18) (Fig. 3).

The exact solution has the form

F(z,y) = e (y2 (x2y +2)—1). (18)

a b

Fig. 3. The calculated potential surface and the error of its calculation: a — potential surface, the interval
from —1.0 to +1.5 is shown; b — deviation from the exact solution (F(m, y) — e~ (v (2?y+2) — 1)) 108
(color online)

Example 3

The case of reducing the initial equation to the total differential form using an integrating
factor p(y) [17, Sample 2.6.2]:

2xy® dx + (32%y* + 2%y + 1) dy = 0. (19)
Let us introduce the standard notation in Eq. (19)
M =2zy3, N =32%y> +2%y3 +1,
then the criterion of the equation belonging to exact differential equations has the form
M, - N, = 622 — (6:13y2 + 2my3) = —2x1°. (20)
Since the right-hand side of Eq. (20) is nonzero, Eq. (19) is not exact. However, the expression

M,—N, 2y’
N o 3a2y2 a3 41

depends on both x and y, therefore, it turns out impossible to calculate the integrating factor in
the form p(x).
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Let us try another possibility of constructing the integrating factor — as a function of the
second variable:
Ny — M, 22y

A,
M 2xy3

Since the relation (13) is independent of x, the integrating factor u(y) exists and is written
as p(y) = exp(y). The numerical determination of the integrating factor reduces, as above, to the
method of computing the antiderivative from the integrand with subsequent calculation of the
exponential function at the necessary points of the desired range. Multiplying Eq. (19) by u(y),
we proceed to the solution of the obtained exact differential equation

2zy2eY da + (32%y* 4+ 2%y® 4+ 1)e¥ dy = 0.
To solve this equation, it is necessary to construct the function (potential) F(z,y), such that

Fy(z,y) = 2ay°e, (21)
Fy(z,y) = (32%y* + 2%y® + 1)e. (22)

Substituting into formula (11) expressions (21), (22), and the expression of the mixed
derivative

Fpy(z,y) = (6:vy2 + 2:Ey3) eV = 2zy% (1 + y)e?

for each desired point (z,y) € R from the domain of solution existence under the given initial
condition y(0) =0, g = 0, yo = 0, we construct the approximating surface of the potential (23)

(Fig. 4).
The exact solution has the form

F(z,y) = (x2y3 + 1) eY. (23)

a b
Fig. 4. The calculated potential surface an the error of its calculation: a — potential surface, the interval from
—1.0 to +1.0 is shown; b — deviation from the exact surface (F(z,y) — (z%y*+ 1) e¥) - 10'* (color online)
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Conclusion

The approximation of functions by the Chebyshev polynomials is optimal in L, metric and
near-optimal in Lg-norm metric [19]. Using the collocation method to calculate the coefficients
of expansion in Chebyshev polynomials makes it possible to obtain a high approximation accuracy
with a small number of terms in the series. The use of three-term relations provides high speed
and accuracy of calculation of Chebyshev polynomials at arbitrary points of the solution definition
interval.

Due to the discrete orthogonality of Chebyshev matrices, the Chebyshev collocation method
on Gauss - Lobatto grids practically reduces the calculation of interpolation coefficients to
multiplying the matrix by the vector of values of the interpolated function. The use of integration
and differentiation matrices reduces nonlinear operations (integration and differentiation) to
algebraic multiplication of sparse matrices by vectors. Numerical experiments demonstrate a
decrease in computational costs by orders of magnitude compared to traditional methods for
solving ODEs.

The method of integrating factors representing the solution as a product of functions is a
variant of the method of separation of variables. This is a more interesting approach compared
to presenting the solution as an expansion of the desired function f(z) into a series and finding
expansion coefficients by the method of least squares in one form or another (Bubnov - Petrov —
Galerkin), since the product is a more complex construction, which offers more diverse possibilities
when searching for the desired solution.

The approach to the numerical solution of ODEs based on integrating factors adds new
possibilities compared to simple traditional Runge — Kutta methods. The speed and accuracy of the
solution procedure sharply increases due to the use of a global approximation of the solution over
the entire interval. The technique for solving first-order ODEs is simplified and generalized [13].
In many cases, the integrating factor method makes it possible to reduce ODEs with separable
variables to exact ODEs and restore the desired potential with high accuracy.
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TTocssuiaemes ceemaoil namamu

Buxmopa Axrekcandposuua Bedeprukosa

BBepenue

PaccmarpuBatoTesi TOJIbKO KOHEUHBIE TPYMIBl M KJAcChl KOHEUHBIX rpymnmn. Kmaccom rpymn Hasel-
BaeTCsl MHOXKECTBO I'PYTI, COAeprKallee BMECTE ¢ KaXKAOH TPYMIOH U BCe TPYIIbI, el U30MOpP(HEIE.
Cpenu KJaccoB Ipymn IeHTPaJbHOE MeCTO 3aHUMAIT (opMallH, BBeleHHbBIE B PacCMOTpeHHe
B. Tauouem B pabore [1].

C nomotibio QyHKIHOHANBHBIX MeToNOB B. Tauon noctpous jsokanbHele Gopmanny, HauboJsee
M3y4eHHble B HACTOsLee BpeMs M Halle/llde MHOTOYHC/IEeHHbE MPUMeHeHns1 B Teopuu rpymni. O606-
IeHHEeM TIOHSATHS JIOKAJbHOH (POpMAlUK SIBJSETCS MOHSITHE NPUMHUTHBHO 3aMKHYTOr0 TOMOMOp(a,
a umenHo . lllynk B pabote [2] mokasas, 4To BCsiKasl JOKaJbHash (popMalsi sBJASETCS TPUMUTHBHO
3aMKHYTBIM TOMOMOP(OM.

Jlpyrum ectecTBeHHBIM 00001IeHNEM TTOHATHS JOKaJbHOH (pOPMALMH SIBJSETCS BBEIEHHOE B
paccmorpenne JI.A. [llemerkoBbiM B [3] TMOHSTHE w-/M0KanbHOH (hOpMalMU, TIlle w — HEMyCTOoe
MHOXECTBO NPOCTHIX uuces. B pabore [4] Gblu onpenesieHbl w-MPUMUTHBHO 3aMKHYThble IOMO-
MOP(BI U YCTAHOBJIEHO, UTO BCSIKAs w-JO0KaJbHAasl (OpPMalLUs SBJASETCH w-TPUMHUTUBHO 3aMKHYTBIM
rOMOMOP(OM.

B. Tamouem /14 nokaabHOU GopMalyy § B pa3pellMMoii rpynie Obl1Md BBeleHbl B PaCCMOTPeHHUe
§-npoekTopbl [5] W F-mokpeiBatoliMe MOATPyMbl [1]. DTH MOHATHS SIBASIOTCS €CTECTBEHHBIM
0060011leHNeM TOHSATUH XOJJOBOH M KapTepoBOW MOATPYIN, a UMEHHO B Pa3pelluMOil TpyIie
MHOKECTBO BCEX 7TT-XOJIJIOBBIX (HHUJBMOTEHTHBIX) TMOATPYIIT COBMAJAET C COBOKYITHOCTBIO BCEX €€
& -nokpeIBaOIKX (1-MOKpBIBAOIIKMX) MOArpymnH, rae &, u N — KJjgaccel BceX m-TPYIN H BCex
HUJIBIIOTEHTHBIX I'PYII COOTBeTCTBeHHO. OTMETHM, UTO B KJacCe BCeX Pa3pelIMMBIX TPYII MOHATHS
$-mpoexTopa U F-MOKPBIBAIOLIEH MOATPYIbl COBMAAalnT. MHorve BaXKHble CBOMCTBA JAHHBIX BHIOB
NOATPYNI B cjydae, Koraa § siBAsieTcs JIOKaJbHOH (opmauuel, 6biin ycraHossaeHsl P. KapTepow,
T. Xoykcom, K. epkom, b. Xynneprom, JI. A. [llemerkoBbiM, D. . HImurupessim, [1. IlMumom,
B. A. Benepuukosbim, C. @. Kamopuukossim, T. W. BacunveBoit u ap. (cMm., Hanpumep, [6-8]).
CBoiicTBa §-POEKTOPOB U §-MOKPLIBAIOIIKWX MOATPYIIN B IPynnax /s NPUMHUTHBHO 3aMKHYTOTO
romomopda § usydasauch B padorax [9,10] u ap.

B paGore [4] n/st HemycToro Kjacca rpymni § OblJH ONpene/eHbl §¥-MPOeKTOPhl U §-TOKPbIBaIO-
I[{e MOATPYTIIIEl ¥ MOJyUeH Psll X KJIIOYEBBIX CBOHCTB (CYIIECTBOBAHHE, COTNPSKEHHOCTD, BIOXKEHHE
¥ 1p.) IJs Cayuasi, KOraa KJaacc § sBaseTcs w-J10KaabHOH (opMalneidl UIH w-TPUMHTHBHO 3aMKHY-
TeIM roMmoMopdom. B pabore [11] ucciaenoBanach B3auMOCBSI3b §“-MPOEKTOPOB M HOPMaJIbHBIX
w-noarpynn B rpynnax. Hacrosimas pa6ota mponoJikaeT UCC/AeIOBAHUS B AAaHHOM HalpaBJeHUU:
M3y4aloTCsl YCJIOBUS, NIPH KOTOPBIX §“-MTPOEKTOPLI U §*-MOKPLIBAIOIINE MOATPYNbI COBNAAAIOT C
IOPYTUMH TIOATPYNNaMM B rpynne. PeleHsl cienyoliye 3agadu: AJs HacjaeCTBEHHOTO roMoMopga
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X ¥ HemycToro w-npUMHTHBHO 3aMKHYTOro B X romomop@a § MoJy4deHbl YCJIOBHUS COBNANEHHS
§¥-NpoeKTopa HHUJbIOTEHTHOH w-rpynnbl G ¢ ee m-XOJJIOBOH moarpymnnoi, rae m = x(§) Nw
(teopema 1); mas HemycTod Qopmaunu ) u popmMauuu § = &, yCTAHOBJIEHBl YCJOBHS, NPH
KOTOPBIX §“-MOKpeIBaOLlas noarpymnmna rpynnsl G = A x B coBnazaer ¢ §“-mokpbiBaollel
noarpymnmno# rpynmnel B (Teopema 2). B kauecTBe csiencTBUE U3 TeopeMbl | BBHITEKAIOT H3BECTHBIE
cBoiicTBa §-npoekTopoB [12, rai. 5]. Teopema 2 passuBaet pesyabrathl C. . Kamopuukosa u3 [13]
0 §-TIOKPBIBAIOIMX MOATPYMIAX.

1. IIpenBaputesbHble CBeJeHUS

Hcnonb3yemble onpeneneHust © 0603HaUeHUs /s TPYMI CTaHAAPTHBI (CM., Hampumep, [6,7,12]).
[TpuBenem JHIIb HEKOTOpPBIE U3 HHUX.

3anucb A < G (A< G, A<G, A< - G) o3nauaer, uto A — noarpynna (COOTBETCTBEHHO CO06-
CTBeHHasi, HOpMaJibHasi, MaKCUMaJbHasi noarpynmna) rpynnsl G; A X B — nosynpsiMoe pou3BeleHHe
HopMaJibHOH moxarpynnbl A u noarpynnel B rpynnsl G; Coreg(H ) — sapo noarpynnsl H B rpymmne
G; ®(G) u F(G) — noarpynna ®partunu u noarpynna Ourtunra rpynnsl G cooTBeTcTBEHHO [12].
3amnuck A := B o3HauaeT paBeHCTBO A = B 1o omnpefeseHHIo.

[Tycte P — MHOXKeCTBO BCeX MPOCTBIX YHCEJ, 7 — HEMycToe MOAMHOXKECTBO MHOXKecTBa IP;
p € P. Torna #’ =P\ 7, p’ =P\ {p}. [pynna G naseBaercs w-epynnou, ecnu ©(G) C m, rue
7(G) — COBOKYNHOCTb BCeX MPOCTBIX JeauTeNel nopaaka rpynnbl G; m(§) = U, 7(G). Tpynna
G HasbplBaeTcsl m-omoeAumoti, eCau IJs KaxKIoro ee ryuaBHoro (akropa H/K uMeeT MecTo
|mNw(H/K)| < 1. Ilycte p — npocToe uucso. ['pynna G HasblBaeTCs p-HUALNOMEHMHOL, €CIH
Gy <G, rne Gy — p'-xonnosa noxrpynmna rpynmsl G [6, c¢. 248]. Uepes & o6osHavyaercs KJjacc
BCeX KOHEeUHbIX rpymt; x(§F) — XxapaKTepuUCTHKa KJacca TPyMM §, T.e. MHOXECTBO BCEX MPOCTHIX
qpces p, IJs KOTOPBIX B § MMeeTcs HeelMHHWYHas p-rpynna [12, c. 165].

Knacce § HasbiBaetcsi eomomopgom, ecnu § 3aMKHYT OTHOCHTEJIBHO FOMOMOP(HBEIX 06pa3o0B,
T.e. 3 G € § u N < G caenyer, uto G/N € §. ['omomopd § HaswiBaeTcsi ¢popmayuedi, ecnu §
3aMKHYT OTHOCHTEJIbHO MOAMNPSIMBbIX MPOU3BeneHuH, T.e. 3 G/A € § u G/B € § cienyet, 4To
G/(ANB) € §. Knace § HasblBaeTcs Hacaedcmaennovim (HOpMALLHO HACAEOCMBEHHbIM), €CTH
§ 3aMKHYT OTHOCHTEJbHO MOATPYNN (HopMaJsbHbIX moarpymnmn), T.e. i3 G€Fu N < G (N < Q)
caenyet, uto N € §. HopmanbHo Hac/jencTBeHHBIH KJacc § Ha3blBaeTcs xkiaccom Pummunea,
eCJM § 3aMKHYT OTHOCHTEJbHO TPOU3BENeHHH HOPMaJ/bHBIX F-moarpymi, T.e. u3 G = AB, rue
A<G, B<G, A, B € 3, cienyert, uto G € §. Knace § HasbiBaeTcs gopmayueli Pummunea, eciu
§ sBasercsa dopmanueid U knaccom durtunra. [lycts § — Henyctas dhopmauus Purrtunra. Torna
G — F-xopanukas rpynnel G, T.e. HauMeHbluas HopMaJbHas MoArpynna B G, GakTop-rpymnna no
KOTOPOH NpUHaMIeXUT §; Gz — §-paaukan rpynnel G, T.e. HauGoJbllasi HOpMaJdbHast MOATPYINa B
G, npuHannexamas § [6, ra. 1, § 1].

[Iycts § — kaace rpynn. [loarpynna H rpynnel G HasbiBaetcs §-makcumarvrol 6 GG, eciu
HeFuus HS K<Gu K € § Bcerna caenyer, uto K = H [12, ¢. 169].

[Ipoussederuem KnaccoB Tpynmn §1 U §2 Ha3blBaeTCs KJjacc TPy CJAeAYIOLEro BUAA:

$1852 ={G € 6 | 3 N < G rakas, uto N € §1 u G/N € F2}.

Ecnu §o — Henycrasi popmanusi, To F1oFe = {G € & | G%2 € §1) — KopaduKkaabroe npoussederue
KJ1accoB §1 ¥ §2 [7, ¢. 337]; ecan §1 — Hemycroil K1ace Purtunra, 10 §10%2 = {G € 6 | G/Gj, €
€ Fo} — padukanvroe npoussederue KnaccoB §1 U Fo [7, c. 566].

B nanbHeliieM w — HeMmycToe MOAMHOXKECTBO MHOXKecTBa IP; §,, — KJlacc BCeX w-TPyII, MpH-
Haasexalux Kiaacey §; O, (G) — Hanbosblasi HopMaJsbHasi w-noarpynna rpynnel G. Popmanus
§={G e & | G/O,G) € f(W) u G/F,(G) € f(p) nas nwboro p € 7(G) Nw} Ha3bIBaeTCs
W-10KAAbHOL hopmayueli ¢ w-CyTHUKOM f, Thae f — oTobpakeHre MHOXKecTBa w U {w’} BO MHO-
KeCTBO Bcex (opmauuil rpynn, F,(G) — HanboJbluasi HopMasibHas p-HUJIBIOTEHTHAS TOATPYTNa
rpynnsl G (cM., Hanpumep, [14, c. 46]).
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3ameuanne 1. Beskasi nokanbHasi opmauus siBjaseTcsl w-JOKaJAbHOH IJis J1060ro w. Ecaun
7(§) C w, To w-n0KaabHas opMaLHus § sIBJsSETCS JOKaabHOH (opmaiueidl (cMm., Hanpumep, [14,
caencreus 3.2 u 4.2]).

Knacc § HasbiBaeTcst HacolulerHbim (w-HACbILEHHbIM), eCTTd 151 Jio6od N < G Tako#, uTo
N < ®(G) (coorBerctBeHHO N < ®(G) N O,(G)), cnpaBemnuBo: U3 G/N € § caenyer, uto
G € § [7, c. 272] (cooTBeTcTBeHHO, [15, c. 118]).

3ameuanne 2. CorsacHo Teopeme [amrona — Jlio6esenep — HImunra [7, (IV, 4.6)], Henycras
(opMalis IBJSIETCS HACBIIIIEHHON TOrja ¥ TOJIbKO TOTIa, KOTAa OHa SIBJSIETCs JIoKaabHOH. B [15,
TeopeMa 1] ycraHoBJieHa 9KBHBAJEHTHOCTb MOHSTHE w-HACHIIIEHHON U w-JOKAJbHOH (hopMalHii.

ITycte § U X — HenycTble KJacchl rpynmn, § C X. Knacce § HasblBaeTcsl npumumusHo 3amKHY-
moim 8 X WU, KOPOTKO, P-3amxmnymoim 6 X, ecau njs jwboi rpynnel G € X crpaBeuBo:
us G/Coreq(M) € § nas qwboit M < - G caenyer, uto G € § (cm., Hampumep, [7, c. 283]).
Knacc § HaseiBaeTcs: w-npumumusro samknymoim 6 X UJIH, KOPOTKO, wP-3amkuymoim 8 X,
ecnu aas Jgwb6oi rpynnel G € X cnpaBensuBo: Uz G/(Coreg(M) N O,(G)) € § nasa awboi
M < - G cnenyert, uto G € § [4, onpenenenue 2.5]. Knace § HasbiBaeTcsl npumumusHo 3aMKHY-
moim (wW-NPUMUMUBHO 3AMKHYMbIM), €CIU § SIBJISETCS PUMHUTHBHO 3aMKHYTBIM (w-NMPUMHTHBHO
3aMKHYTbIM) B &. [IpUMHUTHBHO 3aMKHYTbIH roMoMop¢ HasbiBaeTcst kaaccom Llymuka [12, c. 163].

3ameuanne 3. CorsacHo [4, semMma 2.2] BCAKHE NMPUMMTHBHO 3aMKHYThIE B X romomopd
SIBJISIETCS W-TIPUMHUTUBHO 3aMKHYTHIM B X 171 qo6oro w. Ecnn w = 7(§), TO w-NPUMHUTHBHO
3aMKHYTBIH B X Kjacc § siB/sieTCsl IPUMHUTHBHO 3aMKHYTHIM B X [4, 3ameuanue 2.3]. Henycras
bopmalyst § w-MPUMHUTHBHO 3aMKHYTa TOTJa U TOJbKO TOTAA, KOTAA OHA w-HacklllleHHa [4, JeMMa

2.4]).

[Iycts § — HenycToll kmacc rpynn. Iloarpynna H rpynnsl G HasbiBaeTcsl §“-npoexmopom
B (G, ecnu aas J060d HopMasbHOH w-moarpynnel N rpynnsl G noarpynna HN/N siBasiercs
§-MakcuMaspHOl noarpynnoit B G/N [4, onpenenenue 3.1]. Tlonrpynna H rpynnel G Ha3biBaeTcst
$¥-nokpuisaroweti nodepynnoi rpynnsl G, ecain H € §, u u3 toro, uto H < U < G, V —
HopMaJibHasi w-noarpymnna rpynnsel U u U/V € §, caenyet, uto U = HV [4, onpenenenue 3.2].

3ameuanue 4. Eciu 7(G) C w, To NOHATHS §¥-NpoeKkTopa U F-npoekTopa (F“-mokpeiBatoiei
MOATPYNIbl U F-MOKpbIBaKOLeH MOATPYINbI) coBnanawT [4, 3amedanue 3.1].

[Tpu noxasaTesbCTBE OCHOBHBIX PE3yJbTATOB UCIIOJNb3YIOTCS CJeNYIOLIHe JeMMb.

Jlemma 1 ([4, nemma 3.2]). [Tycmo § — nenycmoti kaacc epynn. Ecau H — F-npoekmop
epynnot G u N — nopmareras w-nodepynna 8 G, mo HN/N seasemca §¥-npoekmopom 6 G/N.

Jlemma 2 ([4, nemma 3.3]). Ilycmo § — comomopgh. [odepynna H epynnor G sersem-
ca §¥-nokpoigaroweli nodepynnoti epynnot G moeda u moavko moeda, koeda H sasasemcs
§“-npoekmopom rasxcdoti nodepynnot epynnet G, 8 komopoii H codepacumcs.

Jlemma 3 ([4, nemma 3.4 (2)]). [Tlycmo § — ecomomop@. Ecau H — F“-nokpeisarouias noo-
epynna epynno. G u H < K < G, mo H — §¥-nokpuisaroujas nodepynna e K.

Jlemma 4 ([16, Teopema 2]). [Tycmov §— w-ar0karvnasn gopmayus. Ecau F-xopadurkan
epynnot. G ssasemcs w(§)-omdeaumoii w-epynnoii, mo G umeem, no kpatineti mepe, 00HY
$“-nokpoisarowyro nodepynny (F¥-npoekmop) u arobovie 0se F-nokpovisarowue nodepynmol
(ar0boble dsa §¥-npoexmopa) us G conpsmcerovl 8 G.

Jlemma 5 ([4, Teopema 3.4]). [lycmo X — Hacaredcmesentbiti comomopd, F — Henycmotl w-npu-
mumusro 3amkruymotii 8 X eomomoph, G € X, N — HULbNOMEHMHASL HOPMANLLHAS W-N00epynna
epynnot G. Ecau H — F-nodepynna 8 G maxas, umo G = HN, mo H codepxcumcsa 8 Hekomopoil
§¥-nokpoisarouieti nodepynne us G. B wacmnocmu, ecau H — §-maxcumarvnas nodepynna 8 G,
mo H sasasemcsa §¥-nokpoisaroujeii nodepynnoii 8 G.
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Jlemma 6. [lycmo §1, §2, T3 — Kaaccol epynn.

(1) [7, IV.1.7)] Ecau §1 — HopmasbHbill HacieOcmBeHHbIL KAACC U Fo — Gopmayus, mo
S$1 082 = 5152

(2) [7, (IX.1.11)] Ecau §1 — kaacc Pummunea u §o — comomopd, mo Fi © Fo = F152.

(3) [7, IV.1.8.¢)] Ecau F2 u F3 — ¢popmayuu, mo (F10F2) o Fs = F10 (F20F3).

(4) [12, reopema 5.10 (2)] Ecau §1 — eomomop u Fo — gopmayus, mo Fi o Fo — eomomopa.

Jlemma 7 ([17, c. 53]). Bceakas nodepynna mw-omoeiumoil epynnol w-omoeiuma.
JlokasaTesibcTBO CJeNyIOllel JJeMMbl aHAJOTHUHO J0Ka3aTebCTBY TeopeMbl 5.6 [12].

Jlemma 8. [lycmo X — nacaedcmeerroiti 20MoMopd, § — Henycmou w-npumumusHo 3amMKHY-
moui 8 X eomomopg. Toeda o, NN =N, (3w

2. OcHoBHbIE pe3yJIbTaThI
2.1. §“-mpoeKTOpPhI M XOJJIOBBI MOATPYNNBI B rPynmax

Teopema 1. [lycmo X — nacaedcmserHolil comomopd, § — Henycmou w-npumMumusHo 3amMKHY-
moiti 8 X ecomomopdh, m = x(§F) Nw, G — Hurvnomenmruas w-epynna us kiacca X. Ilodepynna
H epynnor G asasemca §¥-npoekmopom 6 G moeda u moavko moeda, koeda H — w-xoarro8a
nodepynna & G.

HokasareabctBo. Ilycts H — nmoarpynna rpynnst G.

1. IlpenBaputesibHO ycTaHOBUM, YTO H siBjisieTcsl §-MakKCHMaJbHOH MOArpynmnod B G B TOM H
TOJIBKO B TOM cJyyae, korga H — w-xoJss0Ba noarpynna B G.

[lycts H — §-MakcumasbHas noarpynna rpynnsl G. Beuny ycsiosus teopembl H iBjsieTCsl HUJb-
noTeHTHOU w-rpynnoi. Torna us H € § nonydaem H € §, NDN. CornacHo jsemme 8 F, NI = N,
CanenoBarenvHo, H sBJsieTcs T-TPYNIOH, W Mo TeopeMe XoJjsa moAarpynna H comepXUTCs B
HEKOTOpPOH 7-XoJss0Bod noarpymnmne P rpynmnel G. Ilo ycnoBuio Teopemsl noarpynna P sBjasieTcs
HUJBMOTEHTHOH M mo3tomy P € M, = F, N IN. 1o o3HauaeT, uto P € §. Tornauz H C P B
cuay §-makcumasnabHocTH noarpynnel H B G nonyudaem, yto H = P. CjienoBaTesibHO, MOArPyTINa
H sBasiercs m-xo/70B0# B G.

[Tycte Tenepe H — m-xossoBa noarpynmna rpynnsl . C yuetrom ycnoBus TeopeMbl H € M.
Tak kak M, = Fu NN, T0o H € §. Torna cymecTByeT §-MakcuMasabHas noarpynna K rpynmnsl G,
conepxauas H. [lockonbky K sBJsieTCs HUJBIOTEHTHOH w-TPYNIOH, IpUHaAdexallell §, ToO BBULY
aemmbl 8 K € 9. U3 toro, uro K — w-noxarpynna rpynnsl G, H — 7-X0/1/10Ba NOATPYTINA I'PYIIIIbl
G u H C K, nonyuaem, uto H = K. TeM caMblM yCTaHOBJIEHO, UTO H SIBJISETCS §-MaKCHMaJbHOH
noArpynno# rpynmnel G.

2. HNoxaxewm, uto noarpynna H rpynnsl G siBasieTcs §“-npoekTopoM B (G TOTAa U TOJNBKO TOTAA,
Korna H sBJasieTcst 7m-X0JsJ10BOH moarpynmno# B G.

[Tycte H — §¥-npoektop rpynnsl (. Torpa corsacHo onpeneseHHI0 §“-NpoeKTOpa IPyMIbl
HN/N sinsiercsi §-makcumanbHoi noarpynno# B G/N ns /110608 HOpMaabHOH w-noarpynmnbl N
rpynnsl G, 4, B 4acTHOCTH, Ipu N = 1 noJsydyaeM, uto H siBasercs §-MaKCUMaJ/bHOH MOATPYIIOH
B G. Ilo nokasaHHOMYy B MyHKTe | MaHHOH TeopeMbl 3aKJiouaeM, 4To H — 7-X0J/1/10Ba MOATPyMna
rpynnsl G.

[Iycts H sBasieTcss w-xoqsoBod noarpymnmnoir B G. Torma, xak cjenyer u3 myHkTa 1 noka-
3aTesibCcTBa TeopeMbl, H — §-MakcumanpHas noarpynmna rpynnsl G. Tak kak G = HG, To 1o
Jgemme 5 H — §“-nokpeiBatoias noarpynna B G. Otciona no semMme 2 nosydyaeM, yto H siBasercs
$“-npoektopom B G. U

Caencteue 1 ([12, caenctBue 1 teopembl 5.23]). [Tycme § — kaacc llyuxka, G — Husbno-
menmnasn epynna. Iodepynna H epynnot G seasemcs §-npoekmopom 6 G mozda u moAavKo
moeda, koeda H — x(§)-xoarosa nodepynna s G.
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JoxkasareabctBo. Ilockonbky § — kiaacc lllyHka, T.e. IPUMHUTHBHO 3aMKHYTBIEH TOMOMOP(
B &, TO M0 3aMeYaHuI0 3 § — w-NMPUMUTHUBHO 3aMKHYTBIH roMomMopd B & nJs Jsoboro w. [lycts
w = P. Torna G saBasiercs w-rpynno#, x(§) Nw = x(F). Ecan § # <, o no teopeme 1, ¢ yyerom
3aMeuanusi 4, yTBep:kaeHue BepHo. Ecin § = &, TO crpaBensiuBOCTb YTBep:KIeHUs odeBHAHA. [J

CnencrBue 2. [Iycmo § — w-a10karvran gopmayus, © = x(§) Nw, G — Husrbnomenmuas
w-epynna. [lodepynna H epynnot G asasemcs §¥-npoekmopom 8 G moeda u moavko moeoa,
Koeda H — m-xoanro6a nodepynna epynnot G.

Joka3areabctBo. [lockosbKy § — w-j0KanabHasaA GopMauus, TO § # & U M0 3aMedaHuio 2
§ — w-HacoleHHas ¢opmauus. Torna no samevyanuio 3 § ABASETCS w-NMPUMUTUBHO 3aMKHYTBIM
romomopdoM B & u 1o Teopeme | yTBep:KaeHHE BEPHO. U

CaenctBue 3 ([12, cnenctsue 2 Teopembl 5.23]). [Mycmo § — Hacviwennasn gopmayus, G —
Husvnomenmnasn epynna. [lodepynna H epynnot G asasemcs F-npoekmopom 6 G moeda u
moavko moeda, kozda H — x(§)-xoarr08a nodepynna epynnot G.

JoxkasareabcTBo. Eciu § = &, To cnpaBedJUBOCTb yTBepKIeHHS ouyeBUAHA. [lycTh § —
HerycTasi HacblllleHHas ¢opmauus. Torna rno 3ameyaHuio 2 § — JokajabHas GopMalusi U BBULY
3aMedaHusi 1 § siBasieTcs w-Ja0KaabHOH Gopmauurelt njs o60ro w. [lyete w = P. Torna G siBasietcs
w-rpynmno#, x(§F) Nw = x(F) u no caencTsuio 2, ¢ ydetoM 3amedaHus 4, yTBepxaeHHe BepHO. [J

CaenctBue 4. [Tycmo § — w-r0xarvnas popmayus, © = x(F)Nw, G — memanuronomenmuas
w-epynna. [lodepynna H epynnor G asasemcsa §¥-npoexmopom 6 G mozda u moavko moeoa,
koeda H — §-makcumanrvras nodepynna epynnot G u HF(G)/F(G) — m-xoaa08a nodepynna
epynnot G/F(QG).

HokasareabctBo. [lycts H — §“-npoextop rpynnel G. Torpa mno onpepeseHuo §*-npoekropa
rpynnel H sBasieTcss §-MakcuMmasbHod mnoarpynnoid B G. Ilockosnbky F(G)— HopMmasbHas
w-nogrpynna B G, 1o no jgemme 1 HF(G)/F(G)—§“-npoekrop rpynnel G/F(G). Tak kak
G/F(G) — HUJIBIIOTEHTHAs w-TpyMna, To no caenctsuio 2 HF(G)/F(G) — m-Xoa/10Ba NOArpymnna
B G/F(QG).

[Tyctb Tenepp H — F-makcumadnbHas noarpynna rpynnsl G u HF(G)/F(G) — m-xoJ0Ba nop-
rpynna B G/F(G). [lockonbKy G — MeTaHUJIbINOTEHTHAs w-TpyMmna, To G SBASETCS pa3pelinMoi, a
3HauuT, U 7(§)-oTAeauMoit w-rpynnoi. CornacHo semMe 7 F-Kopaaukas rpynmnsl G Takxe sBJsSETCS
7(§)-otnenumoit rpynnoid. Torna mo semme 4 B G cylecTByeT §“-TOKpbIBalOLast MOATPYTIIA.
[Iyets K — §“-nokpeiBatowias noarpymnmna B . CorsacHo jemme 2 K — §“-npoektop rpymnmnsl G
u no semme | KF(G)/F(G)— §“-npoekrop rpynnsl G/F(G). Io caenctuio 2 KF(G)/F(QG)
siBJsieTcsl m-Xoq0BoH moxarpynnod B G/F(G). Tak kak rpynna G/F(G) HUJBIOTEHTHA, TO
KF(G)/F(G) = HF(G)/F(G) u nostomy KF(G) = HF(G) := G;. [lo nemme 5 noarpynna H
ABJIseTCA §-TIOKphIBaKOIeH MOArpynno# rpynnsl G, a 3HaUUT, BBUAY JEMMBl 2 U §“-TIPOEKTOPOM
B (1. CorsacHo semmam 2 u 3, K — §¥-npoektop B G.

[TockosbKy F-Kopaaukas rpymnmnsl Gy siBiasietcs: 7(F)-0TATUMON w-TPYMIOH, TO MO JeMMe 4
H un K conpsixkensl B rpynme (1, a cjefoBatesapHo, U B rpymnne G, T.e. H = K9 njs1 HeKOTOpOro
g € G. Tak xKak K — §“-nokpsiBatoiias noarpynna B GG, o H Taxkxe siBjseTcs §“-N0oKpblBaoLlel
noarpynno# B G u BBUAY JieMMbl 2 H ecTb §¥-npoekTop B (. U

CnenctBue 5 ([12, cnenctue 1 Teopembl 5.24]). [lycmo § — Hacoviwennas gopmayus, G —
memanusonomenmuasn epynna. [lodepynna H epynnot G asasemcs §-npoexmopom 8 G moeda
u moavko moeda, koeda H — F-makcumanrvras nodepynna epynnot G u HF(G)/F(G) — x(§)-
xoanosa nodepynna epynnet G/F(QG).

JoxkasareabcTBo. Ecau § = &, To yTBepkKaeHue BepHo. [lycThb § — HemycTasi HacblllleHHas
tdopmauus. Torma no sameuanuio 2 § — JoKasabHasi opMalusi U BBULY 3aMedaHus | siBjisieTcs
w-JIOKaJIbHOH (opmauuneit s Jwo6oro w. Ilyers w = P. Torna G/F(G) siBnseTcst HUBIOTEHTHOH
w-rpynno#, x(§) Nw = x(F) u cormacHo caencTsuio 4 U 3aMmeuyanuio 4 yTBepxKueHue BepHo.  [J
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2.2. F“-mokpbiBaomye MOATPYNIIBI B IPyHIax

Teopema 2. [Tycmo $) — nenycmasn gopmayus, § = 6,9, G = Ax B, A —w-epynna, H < G,
H C B, Hi = HA. Tlodepynna H, epynneot G asisemca §¥-nokpoisaroweti nodepynnoii 6 G
moeda u moavko moeda, koeda H — §“-noxkpuisaroujas nodepynna 8 B.

HokazareabctBo. Tak kak A < G, to H; < G. Ilockonbky A<t Hy u ANH =1, 10
H1 =AxH.

[. Heobxodumocme. Ilycte Hy — §“-nokpeiBaoiias noarpynna rpynnsl GG. ¥YcraHoBuMm, uto H
sBJseTcs §¥-nokpeiBaollell noarpynnoit B B. Tak kak knaacc B, fBaseTcs HOPMaJbHO HacJe[l-
CTBEHHBIM romomopdoM, To no gemme 6 (1, 4) kaacc § Takxke siBasiercsi romomopdom. Torna us
Hy € § caenyer, uto H =2 H /A € §.

[lyets H < R < B, L — HopmasnbHast w-noarpynna B R u R/L € §. [Tokaxewm, uto R = HL.
[lycts Ly := AL,Ry := AR. Torma Ly C R;y. Ilockonmbky A <G, 1o Ry < G u L1 < G,
H; <Ry <G. U3 RC B caenyer, uto ANL=1u AN R = 1. Takum obpazom, L; = A x L,
R1 =AxR.

YcraHoBuM, uTo L; — HOpMasbHas w-noarpynna B Ry. [eictButensHo, |Li| = |A] - |L| —
w-yucqao. anee, nas gwoboro x € Ry crnpaBemanuBo x = ra, rae v € R,a € A. Torna 141" =
= (AL)* = AL* = AL™ = A(L")* = AL = L,. CnenoBarenbHo, L < Rj.

[Tpoepum, uto R1/L1 € §. Tak kak mo momynasipHomy ToxpaecTBy Hemekunna RN AL =
=L(ANR)=1L, 1 R/Li = RA/JLA=RLA/LA=R/(RNLA) = R/L. Ilockoabky R/L € §
M § — kjacc rpynmn, o Ry/L; € §.

N3 toro, uto Hi — §“-nokpeiBatoiias noarpynna rpynnsl G, Hy < Ry < G, L; — HOpMasbHas
w-noarpynna B Ry u Ry/L1 € §, coryiacHO OnpefesieHUI0 §*-MOKPbIBAOIIEH MOATPYIIbl CAeAYeT,
uto Ry = HiL;. Torna Ry = AHAL = AHL = Ax HL. Tlockoneky Ry = Ax R, 1o |R| = |HL)|.
Takum o6pasom, R = HL. D10 corjiacHO onpelesieHHI0 §*-MOKpbIBaollell MOArPYIbl 0O3HAUaeT,
yto H — §¥-nokpelBarlas noarpynna B B.

II. Jocmamournocme. Ilyctb H — §“-nokpeiBatolliast noarpynna rpynnel B. [Tokaxem, 4To
H, samnasiercs §“-nokpobiBatomieit noarpynnoid B G. I3 Hy = Ax H, A € &, u H € § no
oTipefieJIeHUIO TIPOM3BENEeHUsT KJjaccoB rpynn cuaepyet, uto H; € 6,5. Tak kak $H — popma-
uus U Kjaace &, siBJseTCs HOPMaJbHO HAcJeACTBEHHOH (opMaluel, To BBULY JeMMbl 6 (1, 3)
B,F=6,(6,9) =6,0(B,09))=(6,08,)0H=06,9)=7F. Takum obpasom, H; € §.

[Tyets Hy < Uy < G, Vi — HopmasbHasi w-noarpynna B U; takas, uto U;/V) € §. Tlokaxew,
yro Uy = H1Vj. Tlyets K := BN U;. YeranouM, uto U; = A x K. JlelicTBUTeIbHO, COTJIACHO
monyasipHomy ToxaectBy Henekunpa Uy = U3y NG =U; NAB = A(U;y N B) = AK. Beuny Toro,
yro K < B, noaydaem K N A = 1. CaneposaressHo, U = A x K.

[lyets K1 := Vi N K, A; := Vi N A. IlpoBepum, uto Vi3 = A; x K. Tak kak A < G, 1O
A1 Ky < Vi, Tlockoaeky Uy = A x K, T

Al K]

Uy v = AR
U1/ VAl Vi

(1)

C npyroi#t cropounsl, Uy /Vi = AVy/Vy - KVi/Vh. Tyers X := AV /Viu Y := KV;/V;. Torna

| X[ Y]
U1/ V1| = Xnv
Tak kak X = A/JANV, = AJA1Y 2 K/K NV, = K/K1,XNY = (AN K)W/Vi = Vi/VA,
to |Uy/Vi| = |X|-|Y| = |A/A1] - |K/K|. CnenoBaresnbHo, BBUAY (1) MPHUXOAHMM K paBeHCTBY
[Vi| = |A4| - |K1|. THockombky A1 N Ky =1, 1o |Vi| = |A1K1|. Takum obpasom, Vi = A x K.
ITockomeky H < H1 < Uy u HC B, o H CU;NB = K. llostomy H < K < B. Tak
Kak Vi — HopMaJ/ibHast w-noArpymnna rpynmel Uy, To K — HOpMaJbHasi w-MOArpynna rpynnsl K.
YcranoBumM, uto K/K; € §. CorsnacHo semme 6 (1, 4) knace § = 6,9 sBiasercs roMoMopdoMm.
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Torna u3 Uy /V; € § cnenyer, uto KVi/Vi = (U /Vh)/(AV1/Vh) € §. Tak kak KV /Vi = K/K;,
T0 K/K; €5.

Takum obpasom, us toro, uto H < K < B, K; — HopMaJsibHas w-noarpynna B K u K/K; € §,
COIVIACHO OMpefiesieHHI0 §%-TIOKpBIBAOLIEH MOArpynmnel noaydaeM paseHctso K = HK;. Torna
Uy = AK = AHK; = HiK; = HiK1Vi = H1Vi. Tem cambiM ycTaHOBJeHO, uTo H; — §¥-
NOKpbIBaLas Noarpynna rpynns G. O

Caencreue 6. [Tycmo $H — nenycmas gopmayus, § = 6,9, G = A x B, A — w-xo1108a
nodepynna 6 G, H < G, H C B, Hl = HA. [lodepynna H, epynnot G ssaisemcs §¥-nokpol-
sarowetl nodepynnoti epynne. G moeda u moavko moeda, koeda H — $H¥-nokpwisaroujasn
nodepynna epynnot B.

HokasareabctBo. 1. Heob6xodumocme. [lycts Hy — F¥-ToKpBIBatolasi MoArpymnmna TPybl
G. Torpa o Teopeme 2 H sBJisieTcs §“-NMOKpbIBaOILEH MOoArpynmnod B B. ¥YctaHoBUM, yTo H —
$H“-nokpeiBatoiias noarpynna B B. Tak kak 1o jemme 6 (2) Hi =AX H €eF=86,H=,0H
A — w-xonn0Ba noarpynna B (G, TO 10 ONpeleJeHHI0 paauKaJabHOIO POU3BEIeHUs] KJIaCCOB IPYIII
H = Hl/A = Hl/Ow(Hl) €N, 1e. HeS.

[lyete H < R < B, L —HopMaJsibHasi w-nioarpynna B R u R/L € §). Tak kak $ C §, 1o
R/L € §. Ilockonbky H — §“-nokpeiBatolias noarpynna B B, To R = HL. JTo o3HauaeT, 4ToO
H — $H%-nokpsiBarollas noArpynna rpynnsl B.

II. locmamounocme. Ilycte H — $H*-nokpoiBatollias noarpynna rpynnsl B. [lokaxewm, uto H
sBasieTcss §*-mokpeiBatoied noarpynnoil B G. s Hy = Ax H, A€ &, u H € $) no onpeneneHuio
NpOU3BeJeHUsl KAACCOB Ipynn caenyet, uto H; € &, = §.

[lycts Hy < Uy < G, Vi — HopMasibHasi w-nioarpynna B Uy Ttakasi, yto U;/V) € §. [lokaxewm,
yro Uy = H1 V1. llyers K := BNUy. K7 := ViNK, Ay := ViNA. Torna, Kak 1 npu 10Ka3aTeabCTBe
TeopeMbl 2, Uy = AXK u Vi = A1 x K1, H < K < B u K1 — HopMaJibHasi w-noArpynmna rpynnsl K.

YeranouM, uto K/K; € $. [lockonbky A — w-xosmoBa noxarpynna rpynnsl G u A C Uy,
T0 A — w-xosnoBa noarpynna B Uy. Torna AV;/V) —w-xoamoBa noarpynna B Uy /V) H, 3HauuT,
AV Vi = O, (U / V7). U3 Uy /Vi € §F = B, ¢ $ 10 ONpeesieHHI0 PauKaJIbHOTO POU3BENEHHUS
KJacco rpymn caenyert, uto K/ Ky = KVi/Vi = (U /Vh)/(AVi/Vi) = (U1 /V1) /O (UL / V1) € $.

Taxkum o6pasom, U3 Toro, yto H — H*-nokpsiBatouias noarpynna 8 B, H < K < B, K; — Hop-
MaJjibHast w-noarpynna B K u K/K; € §), coryiacHo omnpefe/ieHnu0 $*-MOKPbIBaOLIed MOArPYIIbI M0-
aydaem paBeHcTBo K = H K. Torma, kak u npu AokasartenbcTBe Teopembl 2, Uy = AHK; = H{ V).
Tem camblM ycTaHOBJIeHO, uTo [] — §“-noKpriBatolias noarpynna rpynmnel G. g

3akJarouenue

B pa6oTe peleHbl 1Be 3anauu:

1) nns 3agaHHOrO KJacca rpynn § U (PMKCHPOBAHHOTO MHOXKECTBA 7 NPOCTHIX YHCEJ YCTaHOBJIE-
Ha B3aMMOCBSI3b §“-IPOEKTOPOB U T-XOJJIOBBIX MOATPYINI HUJBIOTEHTHOH w-Tpynnbl (Teopema 1);

2) pns 3aaHHOTO KJjacca TPYIN § YCTaHOBJIEHA B3aHMOCBSI3b §*-MOKPBIBAIOLIMX MOATPYIII
rpynnel G = A X B 1 §“-N0KpBIBAIOILKX TMOATPYIN ee moarpynnel B (Teopema 2).

[IpuBeneHHbIE CJEICTBUS TeOpPeMbl | MPeNCTaBASIOT U3BECTHBIE PE3yJbTaThl O F-MPOEKTOPax
rpynn (cm., Hanpumep, [12, ri1. 5]). Teopema 2 passuaer pesynbratol C. ®. Kamopuukosa us [13]
0 §-TOKpBIBaOLIMX noArpynnax rpynn (cm. [13, semma 2]).
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AnHoTanmsa. B craTbe paccmatpuBaercs KHHEMaTHKa U JUHAMHKA «Ia-
pagokca/jbHoro» Mexanusma II. JI. He6bliésa. B KoH(pUrypaLHOHHOM
MPOCTPAHCTBE 3TOTO MeXaHHW3Ma eCTb LIeCTb 0COOBIX TOYeK, KOTOpPbIE
ocJ/IeJoBaTebHO MTPOXOAATCS NPU MOJHOM 000pOTe BeAyliero 3BeHa. B
3THX TOUYKaX I'OJIOHOMHbIE CBSI3H, HAJOKEHHBIE HA CUCTEMY, CTAHOBSATCS
JIMHEHHO 32BUCHMBIMH, MO3TOMY TPHMEHHTb CTAHIAPTHBINA BBIBOJ ypaBHe-
HUH JBHXKEHUS B 3TUX TOYKAX He MpeACTaB/seTcss BO3MOKHBIM. CBOlCTBa
napangoKcasbpHOTO MeXaHM3Ma OCHOBaHbl Ha CBOMCTBaX JsiMOia-MeXaHHU3Ma.
TpaekTopus BeplIMHBI JIMOIA-MeXaHHW3Ma B «[1apafloKCaJbHOM» MeXa-
HHM3Me PaclosioXKeHa MeXIY ABYMS OKPYKHOCTSAMH M KacaeTcs KaxKaoH
OKDY?KHOCTH B TpPeX TOYKaX. B COOTBETCTBYIOILIMX MOJNOXKEHUSX «Mapa-
JOKCAJIbHOrO» MeXaHHW3Ma BO3HHMKAIOT 0COOEHHOCTH KOH(UT'YPALMOHHOTO
npocTpaHcTBa. B cTaThe MokasaHo, UTO B OKPECTHOCTH 0CO00H TOYKH KOH-
(UrypaLHOHHOE MPOCTPAHCTBO SIBJSIETCS 0ObeIUHEHHEM JIBYX TJIAAKHX
KPHBBIX, KOTOPbIE MEepECceKaloTcsl MoJ HEHYJNEBBIM yIJIoM. /s 4HCIeHHOTOo
Y aHaJUTHYECKOT0 MOJEJNHPOBAHUS NapaMeTpPOB «I1apafoKCaJIbHOI0» Mexa-
HM3Ma NPUBOASATCS O0CHOBHBIE hopmyJibl U3 Tpynos I1. JI. Uebwiépa. s
OMUCaHUs TUHAMHUKH «IapafloKCaJbHBIH» MEXaHHU3M TIPelCTaBJseTCs Kak
o0benrHeHHe JIAMONA-MeXaHU3Ma U CHHTYJSPHOTO MasTHHUKA, ABHKEHHUS
KOTOPBIX OTPaHUYeHbl IBYMs TOJOHOMHBIMH CBSI3sIMH. BeInucaHbl ypaBHe-
HUS IBHKEHHS W HaHIeHbl BO3HHKAIOIIKE CUJbl peakuud. [lokasano, 4To
NP MaJIOM yBeJHMYEHHH [JMHbl 3BeHa ABOHHOro MasTHHKA KOH(UIypauu-
OHHOE MPOCTPAHCTBO pacragaeTcs Ha JiBe HelepeceKarollHecs KPUBBLIe.
UeM MeHbILIE CTAHOBUTCSl BO3MYIIEHHE 3BEHA, TeM OOJIbILE 110 BEJHUHHE
MHOXKUTeJU JlarpaH:ka 0KoJ10 0COObIX KOH(PUTypaluH.
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The point of interest in the dynamics of the “paradoxical” mechanism is connected with the fact that
its configuration space contains six singular points. These points are successively passed through a full
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with certain parameters of the lambda mechanism. The trajectory of the vertex of the lambda mechanism
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Therefore singular points arise in the configuration space. It is shown in the article that the configuration
space consists of two “curves” that intersect at a nonzero angle in the neighbourhood of a singular point.
In order to get a numerical and analytical model of the “paradoxical” mechanism, the main formulas from
the works of P. L. Chebyshev are given. “Paradoxical” mechanism is represented as a combination of a
lambda-mechanism and a singular pendulum, which motions are limited by two holonomic constraints.
The equations of motion are written out and the reaction forces are found. It is shown that with a small
increase in the length of the double pendulum rod the configuration space splits into two non-intersecting
curves. The smaller the link perturbation becomes, the larger the Lagrange multipliers around singular
configurations become.
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Beenenne

B naHHOl craTbe paccMarpuBaeTcs «apagokcasibHbid» MexaHuadMm [1. JI. Uebrwimésa. Oco-
6eHHOCTh TAHHOTO LIAPHUPHOTO MeXaHHM3Ma 3aKJ/I0YaeTcsl B TOM, YTO B HEKOTOPBIX MOJIOXKEHHSX
BO3HHUKAIOT JOMOJHHUTEJbHBIE CTeNIeHH CBOOOMbI, B Pe3y/bTaTe Yero MexXaHHU3M MOXKET CMEHWUTb THI
IBHKeHHUs. B KOH(pUrypallMOHHOM MPOCTPAHCTBE «I1apafloKCaJbHOT0» MeXaHH3Ma BO3HHKAIOT Teo-
MeTpHuecKre 0COOeHHOCTH (MJIM TOUKH BETBJIEHHS) THIA ABYX MepeceKaoluxcss KpuBbiX. OCHOBHOM
LeJIbI0 UCCJIeNOBAHUS SIBJASETCS U3yUueHUe KHHEMAaTUKH U TUHAMHUKH «1apagoKCcaJbHOrO» MeXaHU3Ma
OKOJIO TaKUX 0COOBIX KOH(HUTypauui (0COObIX TOUeK KOH(MHUTypallMOHHOro mpocTpaHcTBa). [Ipu
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MaJIOM BO3MYLIEHHH IJUHBI OJHOTO U3 3BEHbEB MeXaHH3Ma MPOHUCXOIHUT MepecTPoiKa KOH(HUrypa-
LIMOHHOTO [IPOCTPAHCTBA, KOTOPOe pacrnajgaeTcs Ha oObelUHEHUe NBYX HellepeceKarlIUXCcsd KPUBBIX.
[TosTomy Takxe HccsenyeTcsl ABHXKEHUe MeXaHU3Ma MPU MaJoM BO3MYLIEHHH OLHOTO M3 3BEHbEB.
s yrpolleHHs aHa/u3a paccMaTpuBaeTcCsl IBHXKeHHe MeXaHU3Ma 0 MHepLHH, HO MoJy4YeHHble
opMyJibl MOXKHO HampsiMylo 000OIIUTb Ha CJydall 3agaHHBIX BHEIIHHUX cus. OpUTrHHANbHBIH
«TMapafoKcaJbHbIH» MeXaHU3M OblJ PacHoJiOKeH B TOPU30HTAJbHOH MJOCKOCTH.

Jlast mocTpoeHHusl «apaloKcadbHOIO» MeXaHHU3Ma [IpUMeHseTcs o0lias Teopus J19MO1a-MeXaHus-
Ma, KoTopasi u3JjoxkeHa B paborax Ueonimésa [1,2]. Haxonsitcss mapamerpsl jsiM61a-MexaHH3Ma,
KOTOpble TMO3BOJISIOT MOCTPOUTh NMPHUOJIMKEHHE BCeH LIaTyHHOH KPHUBOH K OKpYKHOCTH. Popmysnu-
pOBKa TeopeMbl 00 asbTepHaHCe, KOTOpasi MpUMeHsieTCsl AJIsl OlpejesieHHsl apaMeTpOB MeXaHH3Ma,
npusegeHa B [3, c. 112-114]. Ha unTepHeT-pecypce! MOKHO HalTH Kak TEKCTOBOE ONHCAHHeE
mexaHu3MoB 1. JI. HeObléBa, Tak U TpexMepHble MOAeNH MeXaHU3MoB. [locTpoeHre ypaBHeHUH
JIBHXKEHHUS TOJIOHOMHOE CHCTEMBI CO CBSI3fIMM MPOBOAMUTCS Mo MeTonam u3 [4,5]. Hekortopbie mozneun
MexaHu3MoB, coznanuble [1. JI. YeOniméBbiM, HaxonsTcs B my3ee ucropuu Cankr-IlerepGyprekoro
rOCYapCTBEHHOrO YHHBEPCUTETA, X OMHCaHHe W OOLIMEI BUA MOXKHO Ha#TH B [6]. «[lapamokcanb-
HbIF» MeXaHU3M MMeeT LIeCTb 0COObIX TOYeK KOH(HUI'YPALUOHHOIO MPOCTPAHCTBA.

Oco6eHHOCTH MeXaHUUYECKHUX CUCTEM C TOJIOHOMHBIMU W HETOJIOHOMHBIMH CBSI3IMH H3Yy4alOTCS
B paborax [7] u [8]. B crartbe [9] oTmMeuaeTcss HEOOXOAMMOCTb MPOBEPKH KOH(PHUIYPALLUOHHOTO
NpPOCTPaHCTBA Ha Ha/JU4Me O0COOBIX ToyeK. MeTon NpencTaB/eHHUS CJOXKHOIO LIAPHUPHOTO Me-
XaHHW3Ma KaK KOMIIO3ULHUHM HECKOJbKHX 0oJiee MPOCTBIX YacTeH C JNOMOJHHUTEJNbHBIMU CBSI3SIMH
paccmarpuBaetcst B [10].

B crarbsax [11,12] aBTopoM HccenyIOTCS MeXaHHU3M C OCOOEHHOCTSIMU KOH(UTYPALHOHHOTO
MPOCTPAHCTBA, CHHTYJSIPHBIE MasiTHUK. AHAJOrMYHBIH MasiTHUK €CTb U B KOHCTPYKLHH «apaaok-
casbHOrO» MexaHu3Ma. B cratbe [12] uanoxkeHa o6iias Teopus ABHKEHHS CHHTYJ/ISPHOTO MasTHHKA,
BKJII0Uasl TEOPETHYECKUH U YHMCJIEHHBIH aHa/lU3 CHJl peaKLHH B CTep:KHAX. B padore [13] ananu-
3UpyeTcs IpPyrod MeXaHHU3M C 0COOEHHOCTSIMH KOH(UI'ypallMOHHOIO MPOCTPAHCTBA — MEXaHU3M
Hap6y.

1. Teomerpus nsimMOga-mMexaHu3Ma

Hacte mexanusmoB [I. JI. UeOriméBa ocHOBaHa Ha KOHCTPYKLHH CIELHAJ]BHOTO IJIOCKOTO
MexaHu3Ma [J51 peoO0pa3oBaHusl BPALLATENbHOTO ABHKEHHS B CUMMETPHUYHOE [IBHKEHHE OKOJIO
HeKOTOpo# ocH. PaccyxneHust B 3ToM pasnese caenyioT pa6oram YeoObimépa [1-3], 3mech npu-
BOISTCS TOJbKO OCHOBHBlE MOMEHTHI TeOpHH Jsimbaa-mexaHusma. [logpobHoe onncanue obiiel
TeOpHH ecTb B KHHre [3]. [lonosHUTEbHBIE pacCyXKAEHHs, KOTOPbIX HeT B [1-3], 3anmucaHbl Kak
«3aMevyaHUs».

Onuiuem o6U1yi0 KOHCTPYKLUHIO JsiMOAA-MeXaHU3Ma. B MI0CKOCTH IBHXKEHUS] MeXaHHU3Ma eCTb
nBe 3akpenJseHHble BepwHbl C' U O, paccrosinue CO = d. K BepunnHe O ILaPHUPHO KPeNUTCS
crepxkeHb OA paunbl r. 3BeHO ABM cocTOUT U3 ABYX oTpe3koB M B u BA paBHOH IJMHBI,
KOTOpble o6pasytoT yron w = ABM. JIpuxenue 3BeHa ABM orpaHuyeHo TeM, YTO BepIIHHBI
B u C coenvnenbl ctepxxkHeM BC, npu stoMm BC = AB = BM = 1. 3navyeHue 1 ¢opmabHO
3ajlaeT MacuiTabd 3BeHbeB MexaHHM3Ma. JIamM6ma-MexaHH3M MOXKHO pacCMaTpuBaTh KaK UeThIpex-
3BeHHbIH MIapHUPHBIA MexaHu3M. B paborax I1. JI. UebbiméBa [1] mosoxeHue nsaMbaa-MexaHuaMa
napamerpusyetcs yriaom p = ABC.

O6o3nauenuss Ay, My, By COOTBETCTBYIOT Haya/bHbIM 0JI0KEHHUSIM BEPIIMH MeXaHH3Ma, Koraa
yroa COA paseHn 7. Hanee yraol AOAg 1 M C My 0TCYUTBIBAIOTCS OT HAYaJbHOTO TOJOXKEHHS
MexaHuama npu COA = m, KaK nokasaHo Ha puc. 1. JlnnHa pannyc-Bektopa C'M paBHa:

. W
C’MzQSmT. (1)

1HpoeKT «Mexanuamet I1. JI. Uebbimésa», 2009-2013 rr. URL: http://www.tcheb.ru (nara o6pauenus: 20.03.2023).

538 HayuHbiii otgen



C. H. BypbsH. «[lapagokcansHeii» Mexanuam [1. /1. Hebbiwésa 4@

Puc. 1. JIamM6na-MexaHu3M NpH 3HAYEHHUH yIVia w = 7
Fig. 1. Lambda mechanism for angle w ==

Kocunyc yrna M C My otk/aoHeHus1 BepwiuHbl M oT ocu cuMmmetpuu C My:

4 sin® z_ r? 4+ d?
cos MC' My = . (2)
. P
4dsin —
sin 5

Yron a = AOAp oTk/aoHeHUs PyKOATKH OA:

élsinzg—r2 —d?

COsS&x = odr . (3)

[lns omHOTO 3HAueHHsl yria ¢ CyIIecTBYIOT nBa 3HaueHHs yriaa AOAp, KOTOpble OTJIHUAIOTCS
TOJIBKO 3HAaKOM YTJIOB B BbipaxkeHHsX (2) u (3). Ilpu Bpauienun 3Bena OA BBepX WJIHM BHHU3 OT
JuHAU LeHTpoB C'OA( Touka M omuchiBaeT KpPHUBYIO, CHMMETPHUUHYIO OTHOCUTeNbHO ocu C' M.

3ameuanue 1. [IycTb yraibl o ¥ p U3MeHsIOTCA B npefienaXx —m < a < 7, 0 < ¢ < 7. B atom
c/lydyae 3HaueHHe sin £ BCeria MOJNOXKHMTEeNbHO, I03TOMY BO3MOXKHO 3alHCaTh 3aBUCHMOCTD yIJIa ¢
oT yraa « u3 popmyasl (3):

r2 + d? 4+ 2rd cos a

-9 i
@ arcsin 1

[TpousBonHast GpyHKIMH ¢ (<) siBJAsSIETCST OTpHLATENbHOH TPpH 0 < v < 7, M03TOMY () MOHOTOHHO
yobiBaeT mpu 0 < o < 7. B cusy 4eTHOCTH QYHKUHH ¢(r) aHAJOTMYHO Yros ¢ yOblBaeT OT
MaKCHMaJIbHOTO 3HaueHHUsi ¢y Mpu o = 0 10 MUHHUMaJbHOrO 3HAUEHHST Y1 MPH O = T Wmaz.

PaccmarpuBaercs caenyiommas 3ajfada:; KpuBas, KOTopasi ONMChbIBaeTcsi ToUkod M, moJKHA MaJo
OTJIMYATbCS OT AYTH OKPYKHOCTU. Tak Kak TpaeKTopusi BepIiMHBl M CUMMETPHUYHA OTHOCHTEJBHO
ocu C' My, To ueHTp OKpYyKHOCTH (1, KOTOPYIO MPUOJHKAET TPaeKTOpHs TOUKH M, NOJKeH JiexaTb
Ha nipsamot C'My. O6o3HaunM uepe3 R paguyc 3ToH OkKpyKHOCTH. Torma pasHoOCTb KBaapaToB
paccrosinug MO; u paauyca R 3anuchiBaeTcs Tak:

W=

4811r12f—|—al2 —r?
MO} — R* = COt — R’ +4sin® | == | —4C0; -sin 2

w—
2

- (4)
4dsin —
sin 5
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Heo6xonuMo onpenesuTh YCJOBHS, TPH KOTOPBIX Pa3HOCTb (4) HaWMeHee OTKJIOHSIETCS OT HYJs,
KOrJa yroJl (¢ HaXOOMTCS B Tpefesax ¢ = g U ¢ = 1. [lpenenbl ¢g U ) ONpenessoT
MaKCUMaJbHble © MUHHUMaJbHble 3HaueHus yraa ABC. Eciu BBecTH nepeMeHHYO

TO pa3HOCThb (4) MPUBOOUTCS K BHULY

MO? —R*>=K |(piz +1) , (5)

rje nocTosiHHble K, p1, P2, p3 HAXOASATCs MpsiMbiM BhiuncaeHueM. [Tapamerp K B paGote UeObiéRa
He mon6upaetcsi, BMeCTo (5) MUHUMH3HUpPYETCs (PYHKILHS

F(z) = (pr +1) + paw + p3. (6)

Benuunna K onpenesisieTcs Mocje HaxXOXJAEHUS MapaMeTpPoB pi,p2,p3. B pe3dynbrate 3amada
NPUOMIKEHUS] TPAEKTOPUH ABMKEHHS TOYKH M K OKPYKHOCTH MPUBOAMUTCS K CJeNyIOlIeH: HYKHO
noao6paTh mapaMeTphl pi, P2, p3 TaKUM 00pa3oM, 4ToObl (GyHKUHs (6) HauMeHee YKJOHSAJIACh OT
HYJISE MEXy 3HAUeHUSIMH

x = sin® @, x = sin® ﬂ
2 2

st perieHust 3ToH 3amauyu NpUMeHsieTcst oOuias Teopusi PyHKLUUE, KOTOpble HaMeHee YKJOHSIOTCS
OT HyJs Ha 3aJaHHOM WHTepBaJje. B padore [1] mosyueHo siBHOe BbIpaKeHHe [Jsi TapaMeTpoB
MexaHu3Ma. Beipaxenus mis K, p1, pa, p3 3aMeTHO YIPOLLAIOTCS NPH W = T U Qmay = 7.

Pewenne YeOriéBa a1 NpubAMKEHUST TPAEKTOPUH TOUKH M K OKPYKHOCTH MPH 3HAUYEHHSX
YIJOB W = T U Qyngy = T 3aNHUCHIBAETCS aHAJTUTUYECKUMH BBIPaXKEHUSIMH U (HOPMYJUpyeTCs B
TepMHHaX BCIIOMOraTeJsbHOrO YIJa

[losnyuaetcs caenyrouuil Habop nNapaMeTpoB MPH 3afLaHHOM yTIJe 1:

_ 2sin® -sin 2y - /2 cos 29 d_sin21/; o _QCOSQw

N — = 7
sin 31 ’ sin 31’ sin 31 )

r

YIaBl o9 W @3, IS KOTOPBIX NOCTHraeTcss MHHMMAJbHOE M MakcuMasbHoe paccrosuue MO? — R?
MeXIY @0 U @1, HAXOAATCS 10 SBHBIM BbIpaKEeHUSIM:

¥o P1

97 Y3 =0—=—".

h="_ —0
_§+w7 Y2 =0 — 9

Hns panuycoB Ry u Ry oKpyKHOCTell w; U wg, KOTOPBIX KacaeTcs TpaeKTOpHsl TOUKH M, BbIIOJ-
HfeTCo

Ri+ Ry  2cosy-sin2y-y2cos2y Ry — Ry  2c0s2¢
2 sin 31 ' 2 sin3y

Yroa 1) He no/KeH MpeBocxoauTh 7. C MpUOIMKEHHEM yIia ¢ K 7 YMEHbIIATCS W BeJHYHMHA

1
LJQFR?, M BeJMYHHA Ll;R?.
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3ameuanue 2. [Ipu 3a1aHHOM yIJie ¥ U Qupge = T TAPAMETPHI 7 ¥ d OIHO3HAYHO OMPENENSIOT
YIJIBl o U 1 10 dhopmyJe (3):
. 0 . 1
4sm2%—r2—d2 481n2%—r2—d2

1 =cos0= dr , —l=cosm=

2dr

B pesynbrare nmosyuaem

(r+ d)?

=, ®)

o = 2 arcsin (1 = 2arcsin

3ameuanne 3. [lo pesysbraTaM CpaBHeHUs C [IJHHAMU CTepkKHed B COOpHHUKe TpymoB [3]
OpPUTHHAJbHBIN «1apafioKca/bHblii» MeXaHHW3M OblJ MOCTPOEH JJIsl 3HAUeHHUs MapameTpa ¥ ~ 43.669°.
Ilnst atoro yria v no dopmynam (7)—(8) moaydaiTcs cienyroliyde mapameTpsl JsMoOaa-MexaH|u3ma:

po = 140.249°, oy = 45.075°, 9 = 63.545°, 3 = 111.131°,
=0.557141, d=1.323724, CO; = 1.386699. (9)

I[aﬂee 9TU NapaMeTpbl NIPUMEHATCS IMPU NMOCTPOCHUH Fpaq;)I/IKOB U TIpU YUCJIEHHOM MOIEJ/JHMPOBAHUH.

2. JIuHaMHKa JaMOpa-MexaHHU3Ma

BBenem napameTpusalnio IBHXKeHHS J1sMOLa-MeXaHH3Ma C MOMOLIbIO NapaMeTpa «, PaBHOTO
yriay ApOA orknoHeHus: sseHa OA oT ropusoHTanbHOH ocu Oz. IdTa napamMeTpuUsal sl OMHUCHI-
BaeT BCe BO3MOXKHbIe MOJIOXKEeHHs JIMONa-MeXaHU3Ma, ecjld HUKaKHe [Ba 3BeHa MeXaHH3Ma He
MOTYT 00pa3OBBIBaTb HYJNEBOH yroJ (MM «CKJaabBaTbcsi»). Ilas mapameTpoB (9) ato ycjoBHe
BBITOJIHSIETCS.

BBezeM crcTeMy KOOpPAMHAT B IJIOCKOCTH IBHXKEHHMs MeXaHM3Ma: Hayaso KOOPAMHAT COBMAanaeT
¢ Toukoil C', ocb Ox HampasseHa no BekTopy C'O, ock Oy oproroHanbHa ocd Oz (puc. 2).

Puc. 2. «IlapamoxcasbHEI» MeXaHH3M
Fig. 2. “Paradoxical” mechanism

Koopnunats! Bepiind A, B 1 M M0OXHO 3amucath B CJeNyOlleM BHJE:

2
za=d+rcosa, ya=rsina, CA=+\r2+d>+2rdcosa, h= 1—CA4(Q),
o 04 za(a) e yala) —0 [0+ yala) ha) za(a) — 0
B= 2 CA) ) BT 2 CA(a) |’
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23 = ya(0) + 20z5(0) ~ 24(0)),  yar = ya(@) + 2(y5(a) - ya(@)),
vp = /(@p(@)2 + ()2 MOy = \/(ear(a) — 20,)2 + (yar(@) —yo,)%.  (10)

Koopaunatsl B B ¢hopmynax (10) nosmyuatores npu casure cepenutsl otpe3ka C'A Ha BeUYMHY
h optoronasnbHo npsimoii C'A. [losydeHHble BBIpaXKeHHs KOOPAMHAT BeplIMH B U M sABJA0OTCA
rMafikuMu, ecau h # 0, T.e. TpeyroibHUK ABC HeBBIPOXKIEHHBIH (Yo ¢ He MPUHUMAeT 3HAYeHHS
0 nau 7). [lepen nasnpHeHIIMM aHAIM30M ClieslaeM HEKOTOpoe ofllee 3aMedaHHe.

YrBepxpenue 1. [Ipu 3nauenuu yera w = m aunus CMy opmoeornarvra npamoii CO.
Caedosamenvro, xo, =0 u yo, = CO;.

Hoxka3zareabctBo. Paccmorpum tpeyronbHUK C'MoAg (mosnoxeHune naMOaa-MexaHU3Ma MPH
a = 0). Tak kak no nocrpoeruto BC = AB = BM = 1, To onucaHHasi BOKPYT TpeyrojibHUKa
CMyAp OKPYKHOCTb UMeeT LeHTp B Touke By u paauyc 1. Yron MoC Ay sBasieTcss BOMCAHHBIM
YIJIOM, KOTOpBIH onupaetcs Ha auamerp MyAg, mostomy yroa MyC Ay paBen 7/2. CrenoBaTesbHO,
MPU w = T OCb CUMMETPHUU KPUBOH, KOTOPYIO OMHUChIBaeT BepiinHa M, coBmagaet ¢ ocbio Oy. [
Yrael moBopora crepxkuedt CB u AM:

c1 = arctan (yp(a),zp(a)), co = arctan (yp(a) —ya(a),zp(a) —za(a)).

B ¢yHkuuu arctan(y,z) yroa HaXOAMTCS C y4eTOM OKTaHTa TOYKH (x,y). [lpenmosioxum, 4to
BCE CTEPXKHH HMEIOT OIMHAKOBYI0 PaBHOMEPHYIO MAOTHOCTh p HA eIUHHUIY AJHHBI. Torma mMacchl
crepxkHell OA, AM u C'B 3aBUCAT OT JJIMHBI CTepXKHEH:

moa=r-p, mam =2-p, mcp=1p.

Mowentsl unepunu KpuowmwnnoB OA u C'B c4UTalOTCS OTHOCUTENBHO HENOABHKHBIX TodueK O U
C. MowmeHT uHepund watyHa AN cunTaeTcss OTHOCHUTEJBHO LeHTpa Macc cTepxkHs AM, KOTOpBIH
COBMAajaeT C TOYKOH B:

1 1
IOA=§m0A'7“2, ICB:§mCB'12, IAM:EmAM'22-

Kunetuueckas sneprusi Ty nsaM61a-MexaHu3Ma

2 2
d d
(o, &) = %IOA (4)* + %IC’B e ] + %mAM(UB(a))Q(d)2 + %IAM pe2la) ] =
= ;JA(Q) (@) (11)

Oyukuus Jy(«) B (11) hopmanbHo onpenensiercs Tak:
Ia(a) =Iopa + ICB(cll(oz))2 + mAM(vB(a))2 + IAM(Cé(a))2 > 0.

YpaBHeHUS JBHXKEHHS 110 HHEPIUH c80600H0E0 JiMOa-MexaHu3Ma

RN \2
n(@) @ + S J4(@)(@)* = 0. (12)

Takum o6pasom, nuHaMHKa JsiMOIa-MexaHHW3Ma onucaHa nUdQepeHIHaIbHEIM ypaBHeHHeM (12) ¢
TJagKUMUA KO3(PULHEHTAMH.
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3. Teomerpus ABOMHOro MasiTHHMKa

O603HauuM KpHUBYIO, KOTOPYIO ONHUCbIBaeT BeplunHa M nsMOaa-MexaHusma, kak Y. Paccmor-
PUM CJIelyIOULYI0 KHHEMAaTHYeCKYl0 KOHCTPYKLHMIO: ecTh N1BOHHOH MasaTHUK O1 DM, BepunHa Oy
¢uKcupoBaHa, a Touka M nBHKeTCs TOJNBKO Mo 3afaHHOH KpuBoih Y. KpuBas T nocsenoBatesibHO
KacaeTcsl IBYX KOHIEHTPHUECKHX OKPYXKHOCTeH C LeHTpoM B Touke O u paguycamu Ry > Ro [1].
[Tpu pnunax crepxueit MD 4+ O1D = Ry £ Ry nojydyaeM CuUHeYyrapHbiL MAAMHUK, KOTOPBIH
u3yuaJscsi aBTopoM B cTathbsix [12,13]. CHHIY/NSIpHBIN MasiTHHK SIBJASIETCS] IBOMHBIM MaTeMaTHYeCKHM
MasiTHUKOM, cBOOOJHAs BeplUMHA KOTOPOro ABHKeTCs 10 3afaHHON KpuBoH. KoHurypaunonHoe
IPOCTPAHCTBO CHHIYJSPHOTO MasiTHUKa BOJM3H 0cOOOH TOUKM IpefcTaBJ/seT coO00H [Be IepeceKkaro-
LIMecsl WM [Be Kacakolluecsi KpUBbIE.

BBenem napameTpr3alMIo MOJIOXKEHHUS ABOMHOIO MasTHHKA CTaHIAPTHBIM 00pa3oM vepes mnapy
yrioB € U n B cucteme KoopauHat O1z'y’. Ock O12’ HanpasseHa npoTHBOMOJOKHO ocu Oy, 0Cb
01y napasnsensHa ocu Oxz. Yroa & uamepsieT oTKjOHeHHe cTepxHsi O1D 0T BEPTHKAJBbHOH OCH
O 2/, HanpaBJIeHHOH «BHU3». YTOJ 1) H3MepsieT OTKJOHeHHe cTepxkHsl DM 0T BepTHKa/JbHOH OCH.
Yrawl £ v 1) IOKa3aHbl HA pUC. 3.

Puc. 3. Yranl &, n, 01, 02 ¥ w, cBsA3aHHbIE C MOJIOXKEHHEM ABOHHOTO MasitHuKa Oy DM
Fig. 3. Angles &, n, 01, 63 and w related to the position of the double pendulum O; DM

Touka Op coBmagaer ¢ UEHTPOM OKPYKHOCTH, KOTOPYIO MPUOIMAKAET TPAEKTOPHS NBUKEHUS
tToukd M (nyHKT 2). M3 yTBepxkaeHusi 1 cnenyer, yto Touka (7 HaxomuTcs Ha ocu Oy. Yroa w
u3MepsieT oTKJoHeHHe npsimoit M Op ot ayua O1C.

B napanokcanbHOM MexaHH3Me K JsiMOIa-MeXaHHu3My ¢ napametpamu (9) mobaBnsieTcss NBOHHOH
MasiTHUK O1 DM co cneunanpHbiMU JJAUHaMK 3BeHbeB O1D u DM . BripaxkeHusi Ajs OJUH 3BeHbEB
01D u DM wmoxHo nonyuutb u3 (opmyanst (1):

CMy = 2sin [ Z—2°) , omy =2sin | == FL) | Ry =|CM;i — CO|,
2 2
(13)
Ry+ R Ry— R
R, = |CO, — CMy), DM:%, 0@:‘221’.

Ilnst yraioB ¢o ¥ 1 13 (9) mo popmynam (13) nosyuarTes ciaeayolide 3HaYUEHHS:
DO, = 0.123191, DM = 0.583647. (14)

«[Tapagokca/bHbIi» MeXaHH3M IJMHAaMH cTepxHei (14) nmokasan Ha puc. 2. Jlas mocTpoeHus
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napaMeTpU3al{y CUHTYJISIPHOTO MasiTHUKa pacCMOTPUM Yribl 01 u Oy [12]:

61(a) = (MO1)(a))? + DO} — M D?
1(04) = arccos 2(M01)(a) ‘ DOl 7

hole) — DO? + MD? — ((MOy)(a))?
2(ar) = arccos 5MD - DO, ;

w(a) = arctan(x s, —(ym (o) — COq)).

(15)

Yrael 61 v Oy onpepnensitoT yrael B TpeyroabHuke O1 DM 1o TeopeMe KOCHHYCOB. BriparkeHue
AJIS1 yIJ1a w COOTBETCTBYET YIJy MOBOPOTA CHCTEMbI KOOPAMHAT AJs JsaMmbaa-mexanuama Ozy U
CUCTEMBI KOOPAMHAT MJisi YIJIoB ABokHOro Masitiuka Oqx'y’. Bektop O1 M B cucreme Oxy umMeer
koopauHaThl (2, ypr — COq), a B cucreme Oz'y' — koopaunatsl (—(yy — CO1), z0r).

s yrioB € U 1) ecTb ABa BapuaHTa 3afaHUS:

& =w(a) +b0i(a), m =& +7+02(a),
L =w(a) —bi(a), n2==E&+7m—0a).
[TonoxxurenbHbld 3HaK B (16) cOOTBETCTBYeT KPHUBOH B KOH(HUI'YpPALlMOHHOM NPOCTPAHCTBE, MJIs
KoTopod crepkHu O1D u DM nHaxomsitcsi crpaBa oT npsimod MO;p. OTpunartebHbIH 3HAK B
(16) cooTrBeTcTBYeT pacnosoxenuto crepxkaeil O1D u DM cneBa ot npsimoit M O; (opreHTaLUs

CHCTeMbl KOOPIMHAT 3allaHa Kak Ha puc. 2). ¥ribl w, 01 U 65 ecTb Ha puc. 3. KoopanHaThl ToUKH
D pns 1ByX BapUaHTOB ABHXKEHHs B cucTeMe KoopauHat Ozy:

l‘BZ = DOy sin(w + &1.2), y}f = CO1 — DO cos(w + &1.2). (17)

(16)

Koopauuatsl (17) npuMeHstOTCS /IS HaXOXKAEHUs LeHTpa Mace matyHa MD.

4. JIuHaMHUKa IBOMHOro MadATHHKa

CHaya/na pacCMOTPHUM OTAEJNbHO NUHAMHKY ABOHHOro mMasitHuka O1DM mnpu ABUXKEHHH TIO
UHepLHUH, 6e3 yyeTa IONOJHUTEJbHBIX [OJOHOMHBIX CBS3ed OT JsaMOna-MexaHusMa. KnHeTnueckas
sHeprusi T), («pendulum») nBOMHOro (hM3MUECKOr0 MasTHHKA 3aMHCbIBAETCS B BHJE

T, = a(€)? + beos(€ — n)én + (i), (18)
rae BBeAeHbI CJaedyloliMe KOHCTAHThI:
molD'OlD2 mDM-01D2 mDM-MD‘OlD mDM-DM2
o= t 5 - °!= > T T

YpaBHeHUs [BUKeHUS (DU3HUECKOrO MasiTHHKA TOJIBKO MOJ JeHCTBHEM CHJ HHEpPLHH:
2a€ + beos(€ — n)ij + bsin(€ — n)(7)? =0,
beos(€ — n)E 4 2¢ij — bsin(€ — n)(€)? = 0.
YpaBuenus (19) moryT GbITb 3anucaHbl B MaTPUYHOH (popMme:
Ap(ap)dp + Bp(qp, qp) = 0. (20)

B Beipaxkenuu (20) BBefeHbl CleyIOlLIMe MaTPUYHO-BEKTOPHbIE 0003HAUEHHS:

b= ). = (SEIE). e (9)

Kunetuueckas sneprus Tp. «CBA3aHHOro» ABOHHOro MaaTHHKa O1 DM

(19)

Tpe = ;IolD(§'(Oé))2(0'é)2 + ;]/31\4(77'(04))2(0?)2 + ;mDM(UW)2 = ;Jpc(a)(@)Qa

rie BepiinHa W siBasieTcsi cepelMHON (LeHTpoM Macc) ctepxHs DM.
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5. KondurypaunonHoe npocTpaHCTBO

PaccMoTprM TpaeKTOpHH NBHXKEHMS «IapafloKCaJlbHOTO» MeXaHU3Ma B MPOEKLHH Ha IJ0C-
KOCTb yIJoB (&,m) nBoHHOro MastHuKa O1DM nasi ciydas, Koraa IJMHBL cTepxkHed DO; W
DM onpepensitotcesi Mo TOUHBIM BbipaxkeHusiM (13). Isis 3T0oro 0603HauMM HempepbiBHbIE 06pa3bl
KpuBbIX (16)

7i(e) = (&), m(a)),  72(a) = (La(a), n2(@))

Kak I'; u I'y coorBeTcTBeHHO. [Ipoekius KOH(UTYypPaLlMOHHOT'O NIPOCTPAHCTBA «1apaf0KCaTbHOI0»
MeXaHHM3Ma Ha JBYMepHBIH TOp COCTOMT M3 00benrHeHUs ABYX KpuBbIX I'1 u I's. I'paduk KoHDH-
TypaLHOHHOrO MPOCTPAHCTBA JJIs1 TapaMeTPOB MeXaHH3Ma, YKa3aHHbIX B BblpaxkeHHUsix (9) u (14),
nokasaH Ha puc. 4. na noctpoenus rpadrka npumMensiince gopmyast (15) u (16). Ha puc. 4
BUHO, 4yTO KpuBble I'y 1 I'y MMeIOT yIyIoBble TOUKH B 0COOBIX KOH(UIypaLHAX «apafoKcalbHOI0»
MexaHH3Ma, a oObeIUHeHHe KPHUBBIX I'; U
I’y naet nBe riajgkue KpHUBble, KOTOPHIE Tle- 1801
pecekaloTcs MOJ HeHYJEBBIM yI/oM. Bcero
B KOH(UT'yPaLLUOHHOM MPOCTPAHCTBE €eCThb 1207
LIECTb 0COOBIX TOUEK, TaK KaK 0coOble TOU-
ki (0, —m) u (0,7) coBmajaror.
TeopeTnyecku mMokaxem, uTO 0cCOObIe
TOUKH NapajgoKCcaJbHOIO MEXaHH3Ma HMEIOT
THIl TpaHCBepcaJbHOro nepecevyenus. Pac-
CMOTpPUM ABOHHOH MasaTHUK O1 DM, Bep-

60

Angle n (deg)
(=]
Il

|

=N

1<)
I

muHa M KOTOpOoro ABMXKETCS M0 3aJaHHOH 120

kpuBodl Y. Kpuass T B paccmaTpuBaeMom

cJyuae JBHIKEHMS «lapafloKCcaJbHOT0» Mexa- -180% ; ; : : ‘ :
o -180 -120 -60 0 60 120 180

HHU3Ma SIBJISIeTCS TPaeKTOpHeH BepIUHHbl M Angle £ (deg)

JnsMOaa-MexaHusaMa. Tun KoH(UTrypanHuoHHO-
Puc. 4. KoHdurypauronHoe nNpocTpaHCTBO «apaioK-
Fo MPOCTPaHCTBA CHHIYMAPHOTO MASTHUKA ;51 h6r0» MexaHH3Ma B IPOEKLHH Ha KOOPAHHATHYIO

O1DM onpenensieTcst CBOHCTBAMH QYHKLUHH  11pockocts yraios (£,7). CyomHOM JMHKel MoKas3aHa
paccrosinuil d(a) = (MOqp)(a). C He6Ob-  persb aBHKeHus I, NYHKTUPHOU JIMHHEH MoKa3aHa
IMUMH MOAMGHUKALUSMU TeopemMa O CBOH- BETBb ABHKeHHs [
CTBe KOH(UIypaLMOHHOrO mpocTpancTsa u3  Fig. 4. The configuration space of the “paradoxical”
crathi [12] mpHMeHMMa B IaHHOM Cciydae. mechanism in the projection onto the coordinate plane
EIHHCTBEHHOE OT/IHUHe 3aKjouaeTcs B Tom, © the angles (€,n). The solid line shows the Iy
motion branch, the dotted line shows the I'y motion
yTo yroJ « (Kak He3aBHCUMasi MepeMeHHast)

branch
3aMeHsieTcsi Ha yroa w(a).

Teopema 1. Paccmampusaemcs 0dsotinou masmuux O1DM, sepwurna M Odsuxcemcs no
3adannoil eradkoil kpusoti Y. Koopournamol sepuuunot M seasromcs era0Kumu QYHKYUUAMU
Hekomopozo napamempa o. Ilycmos npu 3HQUeHUU NAPAMEmpPa o = . BbINOAHIEMCS

2
(MO1)(a) = DM £+ O1D, di<MOl)(a*) =0, dCLQ(MOl)(a*) # 0.

[lepsoe ycaosue coomsemcmsyem ocobot mouke KonpueypayuorHoeo npocmparcmasa. Toeda

8 OKpecmHOCMmu MouKU, KOMOpas cOOmMeemcmeayem o, KOHGUSYPAUUOHHOE NPOCMPAHCMBO

npedcmasasemcs Kak 06vedurenue 08yx eAa0KuUX Kpusvlx, KOmopole nepecekaromes mpamc-

sepcanrvro. Pynkyuu sign (a) - 01 2(a), Komopole cummempuuHoL OMHOCUMENLHO (Ly, ABASIOMCS

enqaoKumMu GYHKUUIMU.

[Tepeceuenre xkpuBbiX I'; u 'y B 0cOOBIX TOUKAX KOH(UI'YPALMOHHOTO MPOCTPAHCTBA «Iapa-
JOKCAJIbHOTO» MeXaHHM3Ma IOJ HEHYJIEBBIM YIJIOM CJEeAYyeT M3 TOro, 4TO B 0COOBIX KOH(HUIypaLHUsiX
dbysxkuus MO; vMeeT HYJEBYIO TepBYIO0 MPOU3BOAHYIO U HEHYJIEBYIO BTOPYIO MPOU3BOIHYIO.
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3+ I'paduky nepBoil U BTOPOH MpoOU3-
\ / BogHOH PyHkuuMu MO nokasaHbl Ha
21 I puc. 5. BumHo, 4To B 3KCTpeMalbHBIX

Toukax gyHkuuu MO BTOpas Mpous-
BOJIHAsl HaXOAUTCS OKOJIO JIOKAJbHOT'O
MHHHUMYyMa HJIM MaKCHMyMa U OTJIM4YHA
OT HYJIS.

Hatinem 3HaueHusi yrsioB «, TpH
KoTopblX (yHKUHs MO; pocturaer
MHHHAMYMa WM Makcumyma. Ilas 3To-

Derivation value

-2+

T T

- 180 -120 -60 Angle?x(deg) 60 120 180 ro TMOJACTAaBHM H3BeCTHHIE 3HauYeHHUs

Puc. 5. TIpajuku (MO;) (o) (cunomnas aunus) u  $0sP1, P2, P3 ¥ SHAYCHHS 1apAMETPOB

(MO1)"(a) (MyHKTHpHAs JUHHUS) r u d u3 Beipaxkenu# (9) B dopmy-

Fig. 5. Graphs of (MO1) () (solid line) and (MO;)" () ay (3). B uTore mosyyum cjenyrommi
(dashed line) Habop YIJIOB o

a1 = 0.000°, ap =63.491°, a3 =130.281°, a4 = 180.000°,
as = 229.718°, g = 296.510°, a7 = 360.000°. (21)

BBenem BcriomoraTesibHYI0 (DYyHKLHIO 3HaKa sign («), KoTopast MeHsieTcsl ¢ +1 Ha —1 Tpu MPOXox-
JIeHUW 3HaUYeHHH «v Yyepe3 TOUKH «; U3 Habopa (21):

+1, ecmmaop <auna<a
-1, ecinas <aua<as
+1, ecmmaz<auna<ay
sign(a) =< —1, ecmmas<aua<as
+1, ecmn as<aua<ag

—1, ecmmag<aua<ay

0, ectia=q4, t=1,...,7.

3ameuanue 4. [lis riaqkoil napaMeTpU3alMy CHHIYJSIPHOTO MasiTHHKA B «lapafoKcasbHOM»
MeXaHH3Me C MOMOLLBIO yIVIOB & U 1) TIPH TOUHBIX 3HAUEHMSX IJIHH BCeX CTepXKHEeH HYXKHO BBIOHMPATbH
He yribl 67 2(), a yrasl sign (o) - 61 2(c), KoTopble SIBIsAOTCS TIagkuMu. PyHKuMS sign (a)
T03BOJISIET OMUCHIBATh JBHKeHHe cTepKHs O1D B «apajoKcasbHOM» MeXaHU3Me IPH JBHXKEHHH
Benyuero 3BeHa OA.

3ameuanne 5. B mMonesnn «mapanokcaibHOr0o» MexaHW3Ma M3 cTaTbd [12] W UHTepHeT-pecyp-
ca http://www.tcheb.ru crepxkenb O1D 3ameHeH Ha MacCHBHBIN AUCK. C TOYKH 3peHUs TMHAMUKU
B 9TOM CJlyyae MeHSIIOTCSl TOJbKO mapameTpsl a, b U ¢ B BuipaxkeHuu (19). HauGosee BepositHoO, uTO
CTepKeHb OblJ 3aMeHeH Ha MACCHBHbIH AMCK JJIsi CO3aHUsI NOMOJHUTENBbHOIO MOMEHTA, KOTOPbIH
TMO3BOJISIET TIPOUTH Yepe3 0COOEHHOCTb KOH(UTIYPALMOHHOTO MPOCTPAHCTBA MPH HAJIWYHH JIO(TOB B
peasibHOH MOAeJIH.

3ameuanne 6. Tak Kak KOHPUrypalMOHHOE MPOCTPAHCTBO CHHTYJASIPHOTO MAasTHHUKA B «Ia-
pamoKcajJbHOM» MeXaHM3Me UMeeT OCOOEHHOCTH TUIa MepecedyeHHsl ABYX TJAAKHX KPUBBIX Ha
NJOCKOCTH, TO TJIaJKOe ABHXKEHHEe MeXaHU3Ma COOTBETCTBYeT CUMMETPUUYHOMY NBUKEHUIO CHUHTY-
JISPHOTO MasiTHUKA yepe3 ocobeHHOCTH. CUMMEeTPHUUHOE JBHKeHHe HabJIo1aNoCch MPH [1BHUKEHUH
NBOMHOrO MasiTHHKa B pabote [12] W mpu ABHXKEHHH MOJENH «MapagioKcajbHOr0» MeXaHH3Ma.

6. JluHamMuKa «HapagoKcaJbHOr0» MeXaHU3Ma

Cucremy «lapajgoKca/jbHOrO» MeXaHH3Ma MOXKHO IpelCTaBUTb KaK 0O0belUHeHHe JsaMOja-
MexanusmMa COABM u pBoiiHoro mMasitHuka O1 DM, y KOTOPBIX COBNAAalOT KOOPAUHATHl BepILH-
Hbl M B IJIOCKOCTH JBH)KEHHSI MeXaHM3Ma. Bo3HHKaeT 1Be roJIOHOMHbIE CBSI3H fi U fa, KOTOpBIE
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COOTBETCTBYIOT COBMNAJEHHUIO KOOPAMHAT T U y TOYKU M y jsimOaa-MexaHU3Ma U JBOHMHOrO MasiTHUKA.
BeipakeHns cBsi3ell B KOOpAHHATaX:

f1=DO;cos€ + MD cosn+ (yy(a) — COp) =0, 22)
fo=DO;siné + MDsinn — zp(a) = 0.
Paccmotpum matpuily C, COCTaBIEHHYIO M3 TPaIUeHTOB TOJOHOMHbBIX CBsi3el fi U fo B BbIpaxe-
HUsIX (22), B3ATHIX [0 CTPOKAM:

o —DO;sin§ —MDsinn  y),(a) 23)
-\ DOjcos¢ MDcosn —z)y(a))’

Marpuna (23) B obuiem caydae UMeeT paHr 2.

YrBepxkaenue 2. Kozcda cmepwcnu DOy u M D cmarnosamcs napairiesvhovimy, mo n =& uiu
n=¢&+m. Boamom cayuae cmorbuvt mampuyor C

—sin¢ —sinn Yo (@)
() Cam)e (50) 24

CMAHOBAMCS MUHEIUHO 3A8UCUMbIMUL.

Joka3areabcTBO. [leficTBUTE/IbHO, NepBble 1Ba BeKTOpa B (24) mapaJiesbHbl U OPTOrOHAJBHBI
panuyc-BekTopy MO; npu n = & umu n = & + 7. Kpusas (xp7(«), yar()) Kacaercss oKpyKHOCTH
panuyca Ry = DOy + DM (BHewHe#) unu pagnyca Ry = DM — DO; (BHyTpeHHe#l), Tak Kak
TPaeKTOpHsl TOUKH M KacaeTcsl YKa3aHHBIX OKPYXKHOCTeH I10 MOCTPOEHHIO JsiMO1a-MeXaHH3Ma B
«napajokcaabHoM» MexanusMme. Torna BekTop (y),(cv), —zar(cv)) siBAsieTCst KacaTesqbHBIM BEKTOPOM
K OJIHOH M3 OKpYXKHOCTell, mostoMy BekTop (y),(a), —zpr()) oproronasnen paguyc-sekropy MO,
3HaAuMT, KOOPAMHATH TPeX BEKTOPOB Ha IJIOCKOCTH B (24) oproroHanbHbl BekTOpy M1, M0O3TOMY
BCe TPH BEKTOPA SIBJSIOTCS MapaJjiebHbIMH. O

3ameuanne 7. Tak Kak B 0COOBIX TOUKAX KOH(UTYPALHMOHHOTO MPOCTPAHCTBA «l1apagoKcaJsbHO-
ro» MexaHuama ctepkHu DO; u M D siBASIOTCS NapaJjijiebHBIMHU, TO B 3THX TOJIOXKEHUSX PAHT
MaTpuLbl cBsided C' MeHbllle MaKCHMaJbHOrO. BeIpoxKeHHe MaTpUllbl CBsidell MOXKeT NPUBOAHUTH K
HeorpaHWYeHHOMY BO3PacCTaHUIO MHOKUTeJel JlarpaH)Ka npu IBHKEHUHU CHUCTEMBI K 0COOOH TOUKe
KOH(UTYypPaLMOHHOTO MPOCTPAHCTBA.

YpaBHeHHUSs] NBUXKEHHUS «MapafoKCcaJbHOrO» MeXaHu3Ma (M0 WHepIMH) SIBAAIOTCS 00beTUHEeHHeM
cucteMm ypaBHeHud (12) u (19), K KoTopeIM n06GaB/eHbl 1Be roJOHOMHbIE cBsi3u (22). B marpuuHOM
BHUJIE

A(Q)§ + B(q,q) = MV fi + MV = CTA, (25)

rle BBeJeHbl CJeylolde 0003HAUEHHS:

3 2a beos(§—n) 0 bsin(€ —n)(1)?
a=|n], A= |beos(¢—n) 2c 0 |, B=|-bsin(€-n(©)?*].
a 0 0 Jx() 1/2 J{ (o) (cr)?
—DOqsiné DOq cosé \
Vfii=|-MDsinn |, Vfa=|MDcosn]|, A:< 1).
/ / A2
Y (@) —zy (@)

MexaHunka 547



@ WU3B. Capar. yH-T1a. Hos. cep. Cep.: Marematuka. MexaHuka. VIngpopmatuka. 2024. T. 24, Bbin. 4

Il moslydeHusl 3aMKHYTOH CHCTEMBl YpaBHEHHH HYXKHO K (25) mo6aBUTb ypaBHEHHUS CBs3€H.
[Ipy nuddepeHurpoBaHUN ypaBHEHUH cBf3ed f1 U fo ABaKabl 10 BpeMEHH KaK OJHO M3 cJaraeMblX
nosaydaercss Marpuua (G, KOTopasi COIEPXKUT KBaApaThl CKOpocTed 060011eHHbIX KOOPAWHAT:

G- <D01 cos (€)% — M D cos(n)* + yﬁ%(d)2>
~ \—=DO;sin&(€)? — MDsinn(n)? — 2,(@)? )

CHuJbl peakluM HjeanbHbIX TOJOHOMHBIX cBsAzeil A = (A1, Ao)? MoxHO BbipasuTh u3 (25) uepes
060011eHHble KOOPAHHATHl ¥ CKOPOCTH 8He 0COOBIX TOUEK:

A= (A ey YcA'B-G). (26)

Bripaxkennst st MHOXKHUTeselt Jlarpanxka (26) ¢opmasibHO onpesiesieHbl BHE 0COObIX TOYEK KOH(HU-
r'ypalLlHOHHOTO MPOCTPAHCTBA.

7. MopeaupoBaHue

CorsiacHO aHa/M3y «MapagoKcaJbHOrO» MeXaHH3Ma BO3MOXKHBI /1Ba BapUaHTa MofielMpoBaHus. B
NepBOM BapHaHTe IJIMHBI BCEX CTEPXKHEH «MmapafokcanbHoro» Mexanusma (AO, AM, BC, M D wu
DOy) naxonsitest o mouroim Gopmynam (7) u (13). Torna nBe xpuble (16) B KOH(pUTrypaLHOHHOM
MPOCTPAHCTBE, KOTOPBIM COOTBETCTBYET ABHKEHHe ABOHHOrO MasitHHKa Oy DM Bcernma mo omHy
CTOpOHY oT npsiModl M (01, nepecekaroTcsl B LIeCTH 0COOBIX TOUKaX. [/afikoe nBHKeHHe MeXaHHM3Ma
MPOUCXOAUT MPH CMEHEe THUNA ABHUKEHHS B 0COOBIX TOYKAX: MOCJE MPOXOKIEHHUS 0COOBIX TOUEK
«TpaBblil» MassTHUK O1 DM CTaHOBUTCS «JI€BBIM» W Hao6opoT. [l/is MonesMpoBaHUs CMeHbl 3HaKa
yryioB 6 u 62 ucnosbayercs HYHKUUS 3HaKa sign (a) ass yraoB (21) mo 3amevanuto 4.

TouHoe MomenupoBaHHe IJIMH BCeX CTepxKHEH Ha MpakKTHKe HeBo3MoxHO. [loaTomy BTOpOH
BapHaHT MOJEJHPOBAHHUS COOTBETCTBYET HEKOTOPBIM «IIOTPELIHOCTSIM» B IAJIMHAX cTepxkHel. [lasnee
paccMaTpUBaeTCsl MOJE/b, B KOTOPOH JsiIMOa-MeXaHHU3M MOCTPOEH MO «TOYHBIM» 3HAUEHUSM IJIUH
crepxxHel, a 3BeHo DO; B nBoiiHOM MasitHHKe D1 M ©osblie «TOYHOIO» 3HAUEHHS Ha MaJylo
BeJIMUUHY €. BBIOOp TaKOro THMa «IOrpelrHoCcTH» MeXaHU3Ma BO MHOTOM SIBJISIETCSI TIPOM3BOJIbHBIM,
HO T03BOJISIeT HAaHTH HEKOTopble CBOHMCTBA Mojesau ABHKeHHUs. HoBoe mosoxeHue BepuinHbl D
o6osHauaercst kak D’. B pesysbrate mosyuaetcsi «BO3MyIIeHHBIH» NBOHHON MasiTHUK O1D'M ¢
IJUHOH 3BeHa D'Oy = DOy + <.

Tak kak 3BerHo D'O; Gosblue «ToyHOro» 3HadeHuss DOq, ToO cymma IJuH crepxued M D' u
D’O; Gosblie MakcuMaJsibHOTO pacctosiiust MOq, nostomy ctepkid M D u DO He o6pasyroT
pa3BepHYTHIH YroJl B «apafokcaibHOM» MexaHuame. AHasornuto crepxad M D' u D'O; He moryt
MMeTb HYJIEBOH yTroJi, TaK Kak B 3TOM cjydae pasHocte M D' — D'O; MeHblle MUHHMaJbHOTO
3Hauenuss M O;. CnenoBaTesbHO, NPU BO3MYILEeHUH 3BeHa D1 KOH(UTypaLMOHHOE MPOCTPAHCTBO
«T1apaioKCcaIbHOT0» MeXaHHM3Ma paclajfiaeTcsi Ha [Be KpHBble 6e3 Touek rnepecedyeHHs (0COOBIX
Touek). B 3TOM csyuae reoMeTpHUeCKH MeXaHM3M MOXKET JBHUIaTbCsl TOJBKO MO OIHOH U3 IBYX
kpuBbIX: I'y nau I's.

Jlnst nBrxKeHUs 10 KpuBoH ') nesaercs uuciaeHHoe MofesnupoBaHre. KuHeTHueckas sHeprus 14
AsMOna-MexaHuaMa onpenensietcs no gopmyse (12). KnHetuueckas 3Heprust IBOHHOTO0 MasTHHKA
onpezensiercs 1o BblpaxkeHUAM (18). ¥Yruiel £ U 1 BeIpaxaloTcs Kak (yHKIHH yraa « 1no Gopmyaam
(16), mpu 3ToM nosy4aroTcst 3aBUCHMOCTH &1 2 = &1 2(a) 1 112 = m1 2(e). [lnoTHOCTD MaTepuasa
cTepHell B MexaHM3Me cuuTaercs paBHoi 7700 kg/m3, nauna BC = 1m, nonepedHoe ceueHHe
cTepxkHel cocTaBaseT 2 X 1cm?.

YpaBHenue Jlarpan:xa BToporo popa uHTterpupyercsi no merony Pynre — Kyrta nopsaka 4 (5)
MpU HadasJbHBIX YCJ0BUAX g = 0 pam, &y = 1 pan/c. JIBHKeHHe MexaHM3Ma HCCJENyeTCs Ha
uHTepBase B 10 ¢, 3a KOTOpble «MapagoKCaJbHBIH» MeXaHHU3M JesaeT HEMHOTrO GOJble MOJHOTO
o6opora. [Tocsie HaXOXKIeHHUs 3aBUCUMOCTH v = «x(t) ONpelessiFoTCs COOTBETCTBYIOIIME MHOXKHTEJH
Jlarpanxka A1 1 A2 mo cdopmynam (26). ITonyuennsie rpaduky noxkasansl Ha puc. 6 u 7. Ilpu
IPYTHUX HayaslbHBIX YCJIOBHUSX OBIIH MOJyUeHbl aHAJOTMYHble IpaUKH AJs MHOXKHUTe el JlarpaHixka.
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Puc. 6. Muoxutenu Jlarpamka Ay (CrjioriHast JuHust) ¥ Ao (IyHKTHPHAS JHHHUS)

IJIS1 caydast IBHUXKEHHs 10 MHepLHH 1o KpuBoH I'y, Korma 3BeHo DO, yBejuye-

Ho Ha 0.01 m. Peakuuu MeHsIIOTCS NJaBHO, TPAeKTOPUS He NPOXOAUT BOMHU3U
0COOEHHOCTH

Fig. 6. The Lagrange multipliers A, (solid line) and A (dotted line) for the case

of inertial motion along the I'y curve, when the rod DO; is increased by 0.01

m. The reactions change smoothly, the trajectory does not pass near singularity
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Puc. 7. Muoxurenu Jlarpamka A; (CrijioriHast JuHust) ¥ Ao (IyHKTHPHAS JHHHUS)
IJIs1 cIyyasi IBHXKEeHHsI [0 WHepLUH 1o KpuBoi I'j, Korna 3seHo D(O; yBesudeHo
Ha 0.0001 M. MHoxuTesu JlarpaH:ka UMeIOT 3HAUHUTENbHO GOJIBLIYIO BEJUUUHY B
KOH(UTypaLHUsiX, KOTOpble GJU3KH K 0COOBIM
Fig. 7. The Lagrange multipliers Ay (solid line) and Ao (dotted line) for the case
of inertial motion along the I'y curve, when the DO, link is increased by 0.0001
m. Lagrange multipliers have significantly larger values in the configurations
which are close to singular

3akJarouenue

B craTbe paccmMoTpeHa KMHEMaTHKa M NHHAMHUKa «lapanokcasnbHoros mexanusma I[1. JI. Ye-
ObléBa. JlaHHBIA LIAPHUPHBIH MeXaHU3M MpeACTaBJeH KaK 00bedUHeHHe NBYX MeXaHHUYeCKHX
cucrteM: namMbaa-MexaHu3Ma M IBOHHOro MasTHUKA. [Ipu TakoM mopxone «mapagoKcasbHBIH» Me-
XaHH3M paccMaTpUBaeTCss Kak MeXaHH4yeckas CHCTeMa C TpeMs CTeleHSIMH CBOOOABI M OBYMS
rOJIOHOMHBIMH CBsi3siMH. YUuc/0 cTerneHedl cBoOOnbl MeXaHU3Ma B PEry/asipHbIX TOUKaX KOH(HUIY-
pPallHOHHOTO MPOCTPaHCTBA paBHO 1. YpaBHeHUs CBsI3ed COOTBETCTBYIOT COBMAAEHHIO CBOOOIHBIX
BEpLUUH JAMOLa-MeXaHH3Ma U JBOHHOI0 MasiTHUKA. 3aMUcaHbl YpaBHEHUS [BHXKEHUS I8 CUCTEMb
CO CBfI3SIMM W BbIpakeHusl A/1s1 MHoxuTesied Jlarpanxka. IlokasaHo, 4TO B KOH(pUT'YPaLHOHHOM
IPOCTPAHCTBE «[1apafloKCaJbHOIO» MeXaHU3Ma BO3HHUKAIOT 0COOble TOYKH, HJIH TOUKH BETBJICHHS.
['eomeTprueckre 0COOEHHOCTH COOTBETCTBYIOT IOJIOKEHUIO MeXaHH3Ma, KOra CTepKHU IBOHHOrO0
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MasiTHUKA CTAHOBSATCS TMapasyenbHbIMA. J[BOHHOH MasTHUK MOXKET BBIUTU IBYMS Pa3JHUHBIMH
cnoco6aMu (3epKajsbHO CUMMETPHUHBIMH) M3 0COOBIX KOH(HUTYpPaLHi, MO3TOMY B O0COOBIX TOUKaX
reoMeTpUUYeCKH BO3HHUKAIOT [IOMOJHHUTEJNbHbIE CTeleHU cBoOoabl. TeopeTHuecKkH IMOKa3aHO, 4YTO
JJIs1 TOUHBIX NMapaMeTPOB OPUTHMHAJBHOTO «1apafoKCaJbHOTO» MEXaHU3Ma B KOH(PUT'YPALHOHHOM
MPOCTPAHCTBE €CTh IIECTb OCOOBIX TOYEK, KOTOPble HMEIOT THI ABYX MepeceKaloluxcs KpuBbix. [1pu
MaJioM U3MEeHEHWH AJIUH CTepKHeH MPOUCXOAUT MepecTporka KOH(UTypaLHOHHOTO MPOCTPAHCTRA,
KOTOpOe pacrnajiaeTcs Ha JBe Herepecekamlyecs kpubie. [Ipy Majsom yBeuueHUH IJIHHBI OHOTO
U3 3B€HbEB [IBOHHOTr0 MasiTHMKA €ro CTep:KHHW He MOTYT CTaTh MapaJJesbHbIMH, T03TOMY ABOWHON
MasiTHUK B BO3MYILIEHHOM «1apaJloKCaJbHOM» MeXaHU3Me JIBUKETCS 110 OAHY CTOPOHY OT HEKOTOPO
npsiMod. B gucjieHHOM MOIeMUpOBaHUHM TOKA3aHO, YTO M/ BO3MYILEHHOIrO «IapagoKCaJbHOTO»
MeXaHH3Ma MHOXHTeJ U JlarpaHKa 3HAaYUTENbHO BO3PACTAIOT MPH ABHKEHHH OKOJIO KPUTHUYECKHUX
MIOJIOXKEHUH MeXaHH3Ma.
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OnTtumMHu3anus MeXxaHH4YeCKUX CBONCTB BSISKOYNPYTHX KOHCTPYKIUHI
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AnHoTtanus. [IpoBeneHo Hcc/lefloBaHHe CIeKTPaNbHON 3aayk 00 ONpefeleHHH ONTHMAJBHOTO paclpenelie-
HUSI MEXAaHUYECKHUX CBOUCTB MPOH3BOJBHOTO HEOJHOPOLHOTO TeJja C YYeTOM 3aTyXaHHs B paMKax MOAEJH
JIMHEHHOH BI3KOYNPYTOCTH, TIPH KOTOPLIX MepBasi COOCTBEHHAs YacTOTa MaKCHUMaJ/bHA. YUeT 3aTyXaHHs oCy-
I[ECTBJISIETCS HA OCHOBE KOHILEMIMH KOMIIJIEKCHBIX MOAYJIEH B paMKax MOJEJH CTaHAapPTHOTO BSISKOYIPYTOro
Tesa. B KauecTBe ynpaBasomWUX QYHKUHH BEICTYNAOT (PYHKLUHH, XapaKTepU3yIoLe MITHOBEHHBIH U IJHTeNb-
Hbll Moxynu. [locTaHOBKa 3a1auu BKJII0YaeT B ceOsl M30MepPHMeTPHYECKHe YCIOBHUS, KOTOPble HAKJIaIblBAOTCS
Ha yrnpasJsiiollide GyHKLHWK U ONpelensioT UX CpefHee pacnpeneseHre 1no obbvemy. [loctpoeH (yHKLHOHA
tuna Pesesi, BapualHOHHBIM 00pa3oM HaHIeHO yCJIOBHE ONTHMAJbHOCTH, KOTOPOE COCTOUT B MOCTOSIHCTBE
YCJIOBHOH MOTeHIMAJbHOH 3Hepruu. B KauecTBe MofesbHON 3a/jaull PACCMOTPEHBI 3aa4l 0 MaKCHMH3ALUH
nepBoH COOCTBEHHOH YacTOThl (M3rHOHBIE U NPOAOJbHBIE KOJeOaHUs1) (PYHKLIHOHAIbHO-TPAAHEHTHOTO CTEPIKHS
C y4eTOM 3aTyXaHHs Ha OCHOBE NPHUHILIUNA COOTBETCTBHUS. [loyueHBl aHAMUTHYECKHE BBIPA’KEHHUS IJIs1 3aKO-
HOB M3MeHEeHHs1 MTHOBEHHOr0 U AJIUTeJNbHOr0 MoayJel. [IpoBepeHo, 4To 3amaua B Mpefe/ibHOM cjayuae (MpH
paBeHCTBe HYJIO BpeMeHH peJlaKCalliHi) CBOAUTCS K YIIpyromy ciaydato. st onpenesieHHsl ONTHMaJNbHOTO
3HauEeHHs MEPBOH COOCTBEHHOH YacTOTHl MOCTPOEHO KyOUUeCcKOe ypaBHeHHe, KOTOPOE PeIlasoch YHCJIEHHO.
[TonyueHnsl acuMnTOTHYECKHE (DOPMYJIBI 115 ONPELE/IeHHUs] ONTHMAaNbHON COOCTBEHHON YacTOThl NP MaJbIX
3HAUeHHUsIX BpeMeHH pesakcanuu. [IpoBeieHb pacdeTsl MO OLEHKE ONTHMAJBbHOCTH TIOJYUEHHOTO pelleHusl.
Hanpumep, npyu cpaBHEHHH €O CJy4aeM MOCTOSIHHBIX MOAYJEeH BBIMTPBILI B 3HAUEHUH TePBOH COOCTBEHHOMH
YacTOTHl COCTABJSAET OKOJIO 27% mJsi caydasi u3ruoba.
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Abstract. The spectral problem of determining the optimal distribution of mechanical properties of an
arbitrary inhomogeneous body taking into account damping is investigated. The optimisation problem
consists in finding the maximum first natural frequency. Damping is taken into account in the framework
of the linear viscoelasticity model on the basis of the complex modules concept for the standard viscoelastic
body model. The functions characterising the instantaneous and long-time modules are used as control
functions. The problem formulation includes isoperimetric conditions that are imposed on the control
functions and determine their average volume distribution. A Relye functional is constructed, and the
optimality condition, which consists in the constancy of the potential energy, is found in a variational
manner. As a model problem the problems of maximisation of the first natural frequency (bending
and longitudinal vibrations) of a functionally graded cantilever beam with consideration of damping are
considered. Analytical expressions for the laws of variation of the instantaneous and long-range modules
are obtained. It is checked that the problem in the limiting case (when the relaxation time is equal to
zero) is reduced to the elastic case. To determine the optimal value of the first natural frequency, a cubic
equation is constructed and solved numerically. Asymptotic formulae for determining the optimal natural
frequency at small values of relaxation time are obtained. Calculations have been carried out to evaluate
the optimality of the obtained solution. For example, in comparison with the case of constant modules, the
gain in the value of the first natural frequency is about 27% for the case of bending.

Keywords: optimisation, first natural frequency, mechanical properties, inhomogeneity, viscoelasticity,
cantilever beam, bending vibrations, longitudinal vibrations
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BBenenue

3anayy ONTUMaJbHOrO MPOEKTHPOBAHHUS MPUBJEKAIOT BHUMaHWE YYeHBIX HAauHWHasi C CepeliHbI
MpoLJIOro Beka. MHTepec K 3ajauaM ONTUMH3ALUK KOHCTPYKLUHH OBl BEI3BaH, B MEPBYIO OYepelb, B
CBSI3U C OBICTPBIM Pa3BUTHEM aBHACTPOEHMS, KOCMUYECKOH TeXHHKH, KopabsectpoeHus. Ha ocHoBe
ONTHMaJbHOTO MPOEKTUPOBAHHUS YAAJI0Ch JOCTHUb 3HAYUTEJbHBIX PE3Y/bTaTOB, MO3BOMSIOLIUX YIyU-
IIMTh MeXaHHUYeCKHe CBOMCTBA KOHCTPYKLHH, CHU3UTb BeC U YBEJHUUTh HECYIIyi0 crnocoGHOCTh [1].
Cpenu 6a30BBIX pabOT TOTO MEPUOAA CTOMT OTMETHTb MCCJeNOBaHUSA TakuX yueHbX, kak H. B. Ba-
Huuyk [1], H. Oabxodpd [2], . ®. Huopncon [3], a takxke pabotbl [4-7]. Ha nmepBbix mopax
3TO ObLIK 3aaud ONTHMH3ALUH FeOMETPUUECKUX XapPaKTEPUCTUK KOHCTPYKLHH, YIOBIETBOPSIOMIHNX
paccMaTpHBaeMOMY KPUTEPHIO KayecTBa, MPU 3TOM BHEIHHE BO3AEHUCTBHS, YCJOBHS 3aKpelJeHHus
TPaHULl U BHYTPEHHSS CTPYKTYpa 3/J1€MEHTOB KOHCTPYKIHUH H3BECTHBI.
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JlanbHedillee pa3BUTHE 3a[a4 ONTHMAaJbHOTO POEKTHPOBAHHUS CTAJ0 BO3MOXKHBIM GJarofapst
IIUPOKOMY MPUMEHEHHI0 HOBBIX COBPEMEHHBIX MaTepPUaJsioB C YJIYyUIIeHHBIMH CBOMCTBAMH — KOMIIO-
3UIMOHHBIX MaTepHalioB, MaTepPHasOB C MaMATbIO ()OPMbI, be30- U TEPMOYINPYTUX MaTepHaJsOB, a
TaK)Ke B CBSI3H C BO3MOXKHOCTBIO CO3aHH$I HOBBIX (DYHKIIMOHAJTbHO-IPAJHEHTHBIX MaTepHasoB C
3apaHee 3aJlaHHBIMU CBOUCTBaMH. FIMEHHO B 3TOT TMEPHUOA MHTEpeC YUeHbIX 0OpaTHJCS K MOCTa-
HOBKaM ONTMMH3aLHOHHBIX 3a1a4, B KOTOPBIX B KayeCTBe YNPABJSIOMMUX (QYHKIHUH BBICTYNAIOT
XapaKTepPUCTHKU MaTepuasa U BHYTPEHHsIsI CTPYKTypa 3JeMEHTOB KOHCTPYKLHE.

B0o3MOXHEI pa3/iMuHble TOCTAHOBKH 3a1a4 ONTHUMH3ALKUH CBOMCTB MaTepHaJsoB, 3TO U 3aJauu
YCTOHUHMBOCTH KOHCTPYKIMH, 3alaud YBeJHUeHUs MPOYHOCTHU (KECTKOCTH/MONATIHBOCTH) KOH-
CTPYKUHH, 3a1a4M, CBsI3aHHble C HeCylle#d COCOOHOCTBIO U MPOUHOCTbIO KOHKPETHOTO ydacTKa
KOHCTPYKIMH. B OTHe/IbHBIN IIUPOKUH KJIACC BBIAEJSIIOTCS CIEKTPaJbHbE 3a[aud ONTHMH3AIHH
YaCTOTHBIX MapaMeTPOB KOHCTPYKLHH, CPeld KOTOPBIX HauOOJee MOMYJNsSPHBIMU SIBJSIOTCS 3a1a-
4d MaKCHUMH3allUK MepBOd COOCTBEHHOM 4acTOThl KOJeOGaHUH, MaKCHMH3aLUH n-H pe30HaHCHOU
4acToThl [5], 3amauy MCKJIOUEHHS PE30HAHCHBIX YacTOT B HMHTEPECYIOLIeM [IHana3oHe 4acToT,
3aJla4y¥ MakCHMMH3alKMK 4acTOTHHIX 3a30poB [8]. Tak, B [8] uccienoBaHa 3agaya MaKCHMH3alUUN
YaCTOTHBIX 3a30POB MyTeM ONTHMU3ALHUU (POPMbI MOTMEPEYHO KOJEOIOMNXCs YIPYTHX OaloK B
pamkax moznesu DepHysiu — Diisepa, a Tak:Ke M3yU4eHO CBS3aHHOE C 9TUM CO3[aHHe MePUOIUUHOCTH
ONTHMU3UPOBAHHBIX KOHCTPYKLUHEH OaoK.

BoJbliiasi 4acTh 3afa4 ONTHMAJbHOrO MPOEKTHPOBAHHUSI BBIMOJNHEHA C MPUMEHEHHEM KJacCH-
YeCKHX MEeTOOB BapHallMOHHOTO HCUHCJ/IEHHs (BapHAllMOHHBIE TPUHIHUIIbI, METOM COIPSI?KEHHbBIX
(YHKLHI) I METOAOB TeOpUH ynpasijenus (mpunuun makcumyma JI. C. [Tontpsruna [5]).

[IprumeHeHHe OMpe/eleHHbBIX BaPHALIMOHHBIX METOI0B 00YCJIOBJIEHO MOCTAHOBKOH 3ajauM, Xapak-
TEpPOM H30TePUMETPUUECKUX YCJOBHH, a TaKXKe JUHEHHOCTbI0/HeMMHEHHOCTbIO N (pepeHLHaNbHBIX
OTepaTopoB, OMHUCHIBAIOIINUX AHHAMUKY 00beKTa HCC/edoBaHUs. B mocjenHem ciyudae 4acto wuc-
TMOJIb3YIOTCS METOJ BO3MYLIeHHH [4,5], MeToasl JMHeapU3aUUy C MOCJEAYIOUIMM IT0CTPOEHHEM
UTepaLMOHHbIX Tocaen0BaTeNbHOCTEH [3].

K HacTosilieMy MOMEHTY AOCTAaTOUHO MOAPOOHO HCCJEeNOBaHbI 3aaud ONTHMH3ALUU MepBOU
COOCTBEHHOH YaCTOTHI [J/is1 YOPYTHX 6asok [9], maacTHH u o6oJi0oueK 3a cueT yrnpas/eHHs GpopMoi
TOMepeyHOro CeueHusl.

Tak, onTHMH3aLHsI TeOMETPUUECKHUX TMapaMeTPOB OJHOPOAHBIX YMPYTHX 0aJoK paccMOTpeHa
B paborax [1-6]. B craTtbe [3] uccienoBaHa 3amaya ONTHMH3ALUHU FeOMETPHUECKHUX MapaMeTpoB
KOHCOJIbHOH Ganiku. [yl ompenesieHusi ONTHUMAJbHOTO pelleHUs 3aaud MOJYYeHO HeJUHeHHOe
G depeHIMalbHOE YpaBHEHHE, NPelJIoKeHa HTepallMOHHAsl CXeMa MJisl ero pelleHHs Ha OCHOBE
MeTO/la MO0CJ/Ie0BaTeNbHbIX NPUOIMKeHUH. DTa paboTa B JajbHEHIIEM Jerja B OCHOBY MHOTHX
IPYTHX, B YHCJIe KOTOPbIX OTMETHM HCCJIeIOBAHHE, Ille U3yUeHbl JBYMepHble 3aJaul ONTHMAJbHOTrO
yTIpaBJIeHUs TeOMeTpPHel MIacTHH U obosouek [4].

CriekTpaJ/ibHble BapHallMOHHbIe 3a1a4H, B KOTOPBIX B KauecTBe YNpPaBJSIOIUX (YHKIHUH BHICTY-
MalT MeXaHUUEeCKHe XapaKTepHCTHKH, pacCMOTpeHbl B padortax [5H—10].

Tak, B cratbe [8] mosyueHbl aHaJIUTHUYECKHE PELIEHHs CIEKTPaJbHON 3ajaul 0 MaKCUMH3alUH
nepBOd COOCTBEHHOM YacTOTHI J/1si HEOMHOPOLHON GasiKM C Pa3JMYHBIMH CIOCOOAMHU 3aKpereHHs
Ha OCHOBe BapHAalMOHHOTO MOAXOMA, B KayeCTBe YIMPABJSIOLMX (PYHKUHUH BHICTYMNAIOT YIpyTHe
XapaKTepPUCTUKU GaJIKH.

B pa6ote [10] paspaGoTaH 0600IIE€HHbIN METOA pacueTa KOHCOJIbHOH GalKH KPYIJOro CeueHHs
B YCJIOBHSIX U3TMOHBIX KoJsiebaHui. OnpenesieHo, YTO TUHAMHUYECKYIO KECTKOCTb KOHCOJH MOXHO
YBEJUUHTh, €C/JAM OCHOBHAsl UacCTb CTEpPXKHSI M3TOTOBJEHA M3 MaTepuasja C BHICOKHM MOJIYJeM
yIPYroCTH, a 4acTb CBOOGOJAHOrO KOHIA — U3 MaTepHasa ¢ HHU3KOH Ma0oTHOCThI0. CJleqoBaTeNbHO,
pa3paboTaHHbIH MeTOJ NpefHa3HaueH AJIsi COCTaBHOH OaJsikH, COCTOsIIEeH M3 IBYX MaTepHasioB Ha
pa3HbIX KOHIAX.

3ajaun ONTHUMAJBHOTO MPOEKTUPOBAHUS BHYTPEHHEH CTPYKTYPbl HEOTHOPOAHBIX aHHU30TPOMHBIX
NMJaCTHH U 06o0J04eK u3ydeHbl B [9]. B paboTe nccsenoBaHa crnekTpalbHasi 3a1aya MaKCHMH3ALHH
NepBOH Pe30HAHCHOH YacTOTHI, NOJYYeHO ONTHMa/lbHOE pellleHHe B BUAe (PYHKIHUU OT IBYX Iepe-
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MEeHHBIX, Uepe3 KOTOpPOe BhIpaKeHbl BCe yIpyrue MOLy/H. BapuauuonHas 3agada pelleHa Ha OCHOBE
MeToJa MaJioro (PU3U4YecKoro rnapameTpa, B OCHOBE KOTOPOIO JIeXKHT IPeAIoJoKeHHe 0 c/1ab0i
HEOTHOPOIHOCTH HCCJeyeMblX 0ObEKTOB.

Hwmetotcs takxke pa6oTsl (Hanpumep, [11]) onTHManabHOrO NMPOEKTHPOBAHUS MeXaHHYEeCKHX
XapaKTEePUCTHK B CIEKTPa/bHBIX 33[1a49aX, B KOTOPbIX OCYIIECTBJISIOTCS TOMOTeHH3aLUs] BHYTPEeHHEH
CTPYKTYpPbl M MOAOOp MapaMeTPoB COOTBETCTBYIOLIEH 3KBHBAJEHTHOH MOJENH C MPHUBJIEUEHHEM
reHeTHYECKHX aJrOpUTMOB.

B craTbe [12] onTHManbHOE NPOEKTHPOBAHHE MEXaHHYECKHX CBOHCTB CBELEHO K ONMpele/eHHI0
OpPHEHTALUH BOJIOKOH U I'PAHUYHOH KEeCTKOCTH MHOT'OCJTOMHOH LHUJHHAPUYECKOH 000JMOUKH, KOTOPbIE
Onpene/ISIoTCs C MOMOLBI0 9BPUCTHUECKUX aJTOPUTMOB.

OTmMeTuM Takke GoJiee coBpeMeHHble padoTel [13—-17], cBsA3aHHBIE ¢ MHOTOKPHUTEpPHAJbHOH
ONTHMH3ALMEH MaTepruaJsoB CJI0KHOH BHYTPEHHEH CTPYKTYpPbl, CI0KHBIX ME€PHOLHUYECKHX CTPYKTYP
THNA MeTamaTepuasoB. IIpoeKTHPOBAHHUIO CTPYKTYpP C 3alpelleHHOH pe30HaHCHOH 30HOH yaessieTcs
Bce 6oJIblile BHUMAHHS BO MHOTHX MPHJIOXKEHHUSAX M0 CHUKEHHIO HexKeJaTe/IbHBIX YPOBHEH BUOpaLUn
u mwyma. OnHako, Kak NPaBHJO, B TAKUX CJAOXKHBIX KOHCTPYKLHSIX MOJYUYHTb aHAJHTHUYECKOe
pelleHHe He TPeCTaBJSETCS BO3MOXHBIM, M ONTHUMH3ALMOHHBIA MOMCK CBOAWUTCS K Tonbopy
ONTHMAJIbHBIX XapaKTEPUCTHK Ha OCHOBE MHOXKECTBEHHBIX 9KCIEPUMEHTOB (BBIYMC/IUTENBHBIX
peasibHBIX) C MPUBJIEUYEHHEM IBPUCTHUECKUX ONTHMHU3ALHOHHBIX aJTOPUTMOB H MeTONa KOHEUHbIX
3JIEMEHTOB JJISl TIPOBE/IEHHs] PacyeTOB MeXaHHUUECKHX MOJeH.

OTmMeTtuM Takxke psin pador [18,19], KoTopble HampaB/eHBl Ha ONTHMAJbHYIO PE30HAHCHYIO
HacTpOHKYy 0ObekTa (pacrosioXkeHHe, pa3Mepbl Mbe303JEeMEHTOB) C LieJblo TalleHHus KosjeGaHUH
(Bubpopasrpyska). B [19] npensioxeHa KoHeuHO-3/1eMeHTHasi MOe/Ib 00bEKTa, C MOMOLBI0 KOTOPOH
MOXKHO TIPOEKTHPOBATb MOAYJbHBIE CHUCTEMbl YIIPaBJeHHUs 6e3 MOAKJIIOYEeHHS KCIIepUMeHTabHOH
6asHl.

B [20] ompenesieHbl onTHMa/bHble HACTPOUKU Y/IbTPAa3BYKOBOH CHCTEMBI, COCTOSIIIEH U3 BYX
CTepKHEH, MeXIy KOTOPBIMH PacroJ/IOxkKeH JKECTKO CBSI3aHHBIH C HUMH Mbe303JIeKTPUUECKHH BO30Y-
IIUTeJb KoJleOaHUH.

Bmecrte ¢ TeM, HecMOTpsl Ha HeyTacamUIMH HHTepeC K ONTHMM3ALHUOHHBIM CIEKTPaJbHBIM
3ajauam, 3ajlaud, B KOTOPBIX OCYIIECTBJSETCS ydyeT 3aTyXaHHUsl, MPAaKTHUECKH He hcc/enoBaHsl [21].

B Hacrosiieit paboTe paccMaTpuBaeTcsi 3aJada MAaKCHUMU3alWH ePBOH COOCTBEHHOH UaCTOTHI
115 BI3BKOYIPYT'Oro HEOAHOPOAHOro Tesa. ONTHMHU3HPYIOTCS MeXaHW4YeCKHe CBOHCTBA Tesa IPH
M30MePUMETPHUYECKOM YCJOBHH, MPEICTAB/IEHbl MPUMEPBI 1JI51 CTEPXKHEBBIX KOHCTPYKIHH.

1. IlocraHOoBKa ONTHMMU3ALMOHHOM 3aJauMl HJis IPOU3BOJBHOTO
BA3KOYINPYTOro TeJja

PaccMoTpyM ONTHMH3aLMOHHYIO 3ajauy MaKCHMU3alMK MepBOH Pe30HAHCHOH 4acTOTbI MPOU3-
BOJILHOT'O BSI3KOYTIPYTOr'0 HEOJHOPOAHOTO TeJia, 3aHUMatIero o6beM V' ¥ OrpaHHUeHHOr0 KyCOUHO-
TJIAAKOH MOBEPXHOCTBIO S = 5,US,,.

Bsiskoympyrue cBOHCTBa TeJla YUUTHIBAIOTCS Ha OCHOBe MPHHIIMIA COOTBETCTBHUS BosbTeppa [22],
COTJIACHO KOTOPOMY pelleHHe BSI3KOYMPYTroi 3amaud MOXeT ObITb MOJYYEeHO M3 PEelIeHHs] COOTBET-
CTBYIOIEH yMPyrod 3agauu MyTeM 3aMeHbl YIIPYTHX MOAYJeH Ha KOMIIEKCHBbIE, XapaKTepPU3YIOLHe
(pHU3MKO-MeXaHHUECKHe CBOMCTBA BSI3KOYNPYTOro MaTepHasa B 3aBUCHMOCTH OT YAcTOTH KosleGaHUH.
Jlnsi yyeta 3aTyXaHHsI UCIIOJIb3yeM CJEYIOLUIUE BapUaHT MpPeACTaBIeHUsT KOMIJIEKCHBIX MOMLYJIEH:

h(z) + ikTg(x)

|
1+ ikt ’ (1)

Cfmjr(ﬂf,iki) = ClijG(SU, Zk), Clmjr =F lej'r’a G(.T,’Lk) =
rae Iy, jr — KOMIOHEHTB 6€3pa3MePHOro T€H30pa MOAYyJeH ynpyroctH, F — XapakTepHbIH ynpyrui
Monyab, g(z), h(xr) — Ge3pa3MepHble XapaKTePUCTHKH, OMUCHIBAIOIIHE TepeMeHHble Ge3pa3MepHbie

MTHOBEHHBIH Y JJIUTe/bHBIA MOIY/H, 1 — BpeMs peJlakcalMi, k — Oe3pasMepHas 4acToTa KosneOaHUH
kT = wn. [lpn npoBeeHHH BBIUHUCIUTENbHBIX IKCIEPHUMEHTOB BaXKHO YUHTBIBATb YCJIOBHE MOJeJH

g(z) > h(x).
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YpaBHeHI/IH ABUXKEHHUA U OOHOPOAHDbIE T'PAaHUYHbIE YCJIOBUSA UMEIOT BULI
2 ..
0ij,5 + pwW U; = 07 1,)] = 17 2737 (2)
ui|5u :0, O‘ijnj’SU :O,

rle p — NJOTHOCTb CPenbl.
Onpepensiomnive COOTHOILIEHUS UMEIOT BUL

*
Olm = Clmjru

B kadecTBe ynpaBisilolIMX (YHKUMH B ONTHMH3aLHOHHON 3anaue BHICTYNaOT GyHKUUH h(x),
g(x), Ipy 3TOM ONTHUMAJbHOMY paclpele/eHHI0 XapaKTepPUCTUK hy (), g«(x) COOTBETCTBYET MaKCH-
MaJibHas mepBasi co6CTBEHHAs YacToTa. YMNpasJsiolive PyHKIUU BBIOUPAIOTCS U3 KJacca (yHKUHUH,
IJIsT KOTOPBIX BBIMOJHSIOTCS M30MIePUMEeTPUUECKHe YCIOBUS (HalpuMep, OrpaHHUY€eHHsl HAa UX CpefHee

3HaAUEHHE)
1 1
— [ h(x)dx =h — dr = go. 3
7 [ e =ho 3 [ gade = )

CocraBuM cooTHolleHHe Pesiest aHaJOrMYHO yIIpyromy cjydaro [3] masi HaxoXIeHHs NepBoi
COOCTBEHHOH 4aCTOTH! [JISl IPOM3BOJIBHOIO B3KOYNpPYyTroro Tesa. /s 9TOr0 YMHOXHUM KaKJ1oe H3
ypaBHeHUH (2) Ha COOTBETCTBYIOLLYIO CONPSKEHHYI0 (DYHKUHMIO U; ¥ IPOMHTErpupyeM no obaactu V:

9 fV Omj,jUm av fV G(w, z’k)ij,.lu,«,lﬂmJ av s mi
= = min.
fV PUp U dV fV PUp Uy, AV g,h

OTMeTHM CBOHCTBO BEIIECTBEHHOCTH (DOPMbl, XapaKTePU3YIOLIeH yCIOBHYIO MOTEHIHANbHYIO
SHepruo, KoTopoe cjelyeT U3 CHMMETPHH COOTBETCTBYIOLIEr0 TE€H30pa YIPYTUX MOLYJeH:

211 = ijrlgmjgrl = ijrlﬂm,jur,l = 211

Hanee uccnenoBanue 6yneM MPOBOTUTH AJisT BEIUYUHBI k, OTJIHUAIOMIENACS OT W JIKIIb MHOXHTE-
JaeM — k = wa, /Z—g, a — XapakTepHblid pa3Mep obsacTtu. s onpeneseHHs pe30HAHCHOH YacTOTHI

BSI3KOYIIPYT'OTO TeJja YCJOBHO MpencTaBUM k KaK KOMIUIEKCHYIO BeJIUUUHY k = ko + ¢kp, Torga
CTeKTpaJsibHasl ONTUMH3aLMOHHAS 3aada CBeIeTCs K MAaKCUMHU3AlHUK ee BelleCTBeHHOH W MHHUMOU
yacteil. BBenem o603HaueHue

1
K = / ,oujﬂjdV.
2 )y

HM3onepumerprueckue yc/ioBus (3) B paccMaTpHBAeMOH NMOCTAHOBKE MOXKHO TPaHC(OPMHUPOBATH,
pasbICKMBasi ONTHMaJbHOE pacrpeneneHne MOLyJeH, NOAUHHEHHBIX KOMIIJIEKCHOMY YCJIOBHIO

ho + ikTgo
/zek )av = —————%= T (4)

[IpHU 3TOM B MpeleJibHbIX C/lydasaX UMeeM

1 h
/ Gz, ik)de =4 " T
V Iy Jo, T — +o00.

Jlnisi pelleHUWs] BapHaLlMOHHOM 3a/laud MOCTPOUM OOIIME (PyHKLHOHAJ, B KOTOPOM yueT U30Mepu-
MEeTPHYECKOTO yCJIOBHSI OCYILECTBJIEH MeTonoM MHoxHTeJsel Jlarpanxa [1,2]:

Jlg, h,u] :K—l/vc(x,ik)HdV—Aé/ve(x,m) dv. (5)

OTMeTHM, YTO NPH TpefieJbHOM Tepexone npu 7 — 0 mosydaeM (QyHKIIMOHAJM, COOTBETCTBYIOUIUH
YIIpyromy cJjaydart.
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Haiinem Bapuanuio ¢pyHkiuonasna (5):

8J[g,h,u] = %J lg +tég, h + toh,u + téu]

)

t=0
§J[g, hyu] = K1 / I6GdV — )\/ 8GdV — R,
1% 1%

R=2K"! Cijrii jG) 0updV + k2 | pududV ),
J ) l
1% ’ 1%
O0h +iTkdg
1+ itk

Taknm o6pasom, onTHMa/bHOE pellleHHe N0CTHraeTcsl Ha (PYHKLHUSX, YI0BAETBOPSIOLIUX YCAOBHIO
dJ[g, h,u] = 0.

BBuny He3zaBUCUMOCTH Bapuauuil dh, dg, du,, IPUPABHUBAS K HYJNIO KOI(PPULUEHTHl NMPU HUX,
uMeeM ypaBHeHUs ABHKeHHs U ycaoBue II — AK = 0, oTKyzAa MoJiyddM yCJOBHE ONTHMAaJbHOCTH

II(x) = C? = const. (6)

0G =

Hanpumep, B ciydae U3ruGHbIX KosieGaHUi Gajikh, YU4eT 3aTyXaHHUsi B KOTOPOH OCYLIECTBJISIETCS
cornacho (1), KBagparuuHasi popMa, XapakTepuayollas YCJIOBHYIO MOTEHIHANbHYIO SHEPrHio Aedop-
MalyH, 15 6aakd beprysiu — disepa moctosinHoro nonepeyroro cedenusi 2I1 = w”w” = const u
COOTBETCTBYIOIME ONTUMaJbHble PELIeHUs SIBJSIOTCS KBaIPAaTHUHBIMK. B ciydyae mpomosibHBIX KO-
JIeGaHUH CTePXKHS YCJOBHS ONMTHMAJBHOCTH, UCXOIs U3 BHIa (DOPMBI [JIsi YCIAOBHOH MOTEHIHUANbHOH
suepruu 211 = w/%’ = const, onTHMa/bHBIE PEIIeHUs JTHHEHHHDI.

PaccMoTpuM MoziesibHBIE 3a/1a4l U OTPENENHM ONTHMAaJlbHble 3aKOHbI HEOIHOPOIHOCTH.

2. MopeabHasi 3ajaua O NMPOIOJbHBIX KOJeOaHUAX BSA3ZKOYNPYroro CTepxHs
NpU Pa3JUYHBIX cnocobax 3akpemieHus (3agaua 1)

B kauecTBe mpuMepa pacCMOTPUM CBOOOAHbBIE U3rHUOHBIE KOeOaHUSI BA3KOYTPYrOoro HEOAHOPO/ -
HOT'O CTEpKHS MOCTOSIHHOTO TOMEePEeYHOro CeueHHs MPH PA3JHUUHBIX Cocobax 3aKkperyieHus.

Bespasmepnas kpaepas 3ajaua, onucbiBaollas cBOOOAHbIE KoneOaHUsS CTepxkKHs, B 00LeM BHJe
3anucbiBaeTcsl Kak (r(x) — QyHKUMs, XapakTepuayollas 6e3pa3MepHyio MIOTHOCTD)

(G(x,ik)u') + k*ru = 0,
a1u(0) + b1 G(0, zk)u’(O) =0,
asu(1) + boG(1,ik)u (1) = 0.
[Ipu ay = 0, by = 0 UMeeM cjyuyail 3aKpeneHHOTO Ha JIEBOM Tople cTepxkHs (3anmaua la).
[Ipu by = by = 0 ¥MeeM cJaydail 3aKperneHHOro ¢ 060X TOPLOB cTepxKHs (3amaua 16).

[TocTaHOBKY ONMTHMHM3alMOHHON 3aJjaud 3aMbIKalOT H30TIePUMETPHYECKHe ycaoBHs Buaa (3).
CootHoueHue Pejiest niisi nepBoii cOOCTBEHHOH YaCTOTHl 3aNHULIETCS B BHUIE

k)u'n' dx
k2 = fo (@i — min.
fo x)uudz g,h

[TocTpouM OCHOBHOHM BapHallMOHHBIH (PYHKLUHOHAJ, KOTOPBIH YUHUTHIBAET U30MEPHMETPHUECKOE

ycqoBue B Bune (4)
(x,ik)u'u dw
Jlg, h,u] = fo / Gdz.
fO r(x)uudzx

- / / — .

Yurtem BemectBeHHOCTb (hopm 21T = v/’ = u02 + ulz, uu = ug + u%, roe u = ug + uy,
1 . .

=1 [y 7 (ud + u?) dz, ¥ NpUMeHUM OCHOBHOH BAPHALMOHHBIA MPHHLAI

1 1
5.Jg, h,u] = K—l/ be. (ug + u’f) dz — )\/ SGdz+
0 0
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1 1
+2K ! (/ G (upduf + uydul) do — k2/ r (updug + uiduy) dx) =0.
0 0

BbinuieM MHOXKHTE/M INepel He3aBUCHUMBIMU BapHauusiMu dh(x), dg(z) W, IpUpaBHIB HX K
HYJII0, TIOJIYYHUM YCJIOBHE ONTHMAJbHOCTH:

ug +up =C? (% =)\K. (7)

M3 ycaoBHil paBeHCTBa HYJNI0 MHOXHTesed mepen dug, du; UMeeM ypaBHEHHsl IBHXKEHHS,
aHaJOrHYHO ynpyromy ciyuaio, T.e. (G(z,ik)u’) + k*ru = 0.

M3 ycnoBust ontumanbHOCTH (7) BHAHO, UTO COOCTBEHHble (DYHKLHH 3aJa4yd NpencTaBieHbl
JUHeHHBIMH (yHKUMsAMH. Tak, B ciyudae 3anaud la rpaHudHble ycsoBusi uMmeroT Bun u(0) = 0,
G(1) = 0 u cooTBeTCTBYyIOLEe ONTHMa/bHOE CMelleHHe uMeeT BUA u = (1 + iC)x.

Jlnsi onpenenieHnst ontuMalbHoro Monys G(x, ik) mosyduM oObIKHOBeHHOe NH(depeHIHalbHOe
ypaBHeHHe ¢ rpaHHuHbIM ycjoBueM G(1,ik) =0

(G(x,ik)) + k*z =0,

oTkyaa Haxomum G(z,ik) = $k*(1 — 2?).
Takum 06pa3oM, ONTHUMa/bHbIE 3aKOHBI PACIIPe/ie/leHHs] TUTENbHOrO ¥ MTHOBEHHOTO MOJyJed
MMEIOT BHJ
2 2
g(x) =Ci(1—=%), h(z) =Cy(l —a”).

YnoBsieTBOPSisi H30MEPUMETPHUUECKOMY YCJIOBUIO (3), MOJyYHM

0.(2) = Sg0(1 =), hula) = Sho(1—a?). ®)

Jlnst HaXxOXKIeHUsT MaKCHMaJibHOKM MepBOH COOCTBEHHOH YacTOThl (BELeCTBEHHOH H MHHMO¥
gacTel) MoayduM KyOHUuecKoe ypaBHEHHE ¢ KOMILIEKCHBIMHA KO3(D(HUIIHeHTaMU:

3(itkgo + ho) = k*(1 + iTk). (9)

B pesynbraTe pewenus (9) moJayudM TPU KOMIJIEKCHBIX KODHS, IBa M3 KOTOPBIX He yIOBJe-
TBOPSIIOT (PU3HUUECKOH MOCTAHOBKE 3aiaul, HalpuMmep, B caydae gg = 1.75, hg = 1.333, 7 = 0.001,
ko = 2.0, k1 = 0.0006.

B cayuae 3apaun 16 uw(0) =0, u(1) = 0, mpx 3TOM MOCTPOUTH HeNpepbIBHbEIE HETPUBHAJBHbIE
peLIeHHs], YIOBJIETBOPSIIOIIHE YCJAOBUSIM ONTUMAIbHOCTH, HEBO3MOXKHO, MOITOMY PACIIMPHM KJIacc
MCKOMBIX (DYHKLHMH U NPeNCTaBUM pelleHHe B BHIE

[an}
[ NI

(1+iCs)z, ze |
(14+iC3)(1—=z), z€]

.
].

OnrtuMaJsibHBle pacrpeneneHus monyneil (npu r(x) = 1) UMelT BUI

)

)

D=

12ho2?,

12ho (2 =22+ 3), z€]

12goa? 0,3
g*(x): goxr~, S [ 73]7

hy(x) =
1, ()

8
m
=
—_ NI

D=

—

MaxkcrmanbHasi epBasi COOCTBEHHAs] UaCTOTA HAXOAUTCS M3 KyOHUYECKOro ypaBHEHUS
6(iTkgo + ho) = k(1 + itk),

HanpuMep, pH go = 1.75, ho = 1.333, 7 = 0.001, ko = 2.828429, ki = 0.00125.
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3. MogenbHasi 3agaya 00 M3rUOHBIX KoJeOaHUAX BA3KOyINpyrou O0anaku (3agaua 2)

B kauecTBe cJsenyloliero npuMepa pacCMOTPUM CBOOOAHbIe HU3rMOHBIe KOJe0aHUS BSI3KOYIIPY-
roil KOHCOJIbHO 3aKpeIJeHHOH HeoqHOPOMHOH Ganku (Momesb BepHysu — Dijepa) MOCTOSHHOTO
TMoTMepeyHoro ceueHus: S ¢ miaouaabo F', MOMEHTOM MHepUUH [, IJHUHON | U TJIOTHOCTBIO ().

OTMeTHM, UTO MOXKHO Cpasy HCMOJb30BaTh ycjoBHe (6), BBIMHUCAB MOTEHIIMANbHYO HEPTHIO
17151 6a/KH, @ MOXKHO TIOJIyUUTb YyCJIOBHE ONTHMAaJbHOCTH HENOCPEeACTBEHHO M3 COOTBETCTBYIOLLEH
KpaeBOH 3a1aud.

Jas hopmynnpoBkH obe3pa3MepeHHON KpaeBOH 3a[auH, YUHUTHIBAIOLIEH 3aTyXaHHe, UCIOJb3YyeT-
Csl KOHLIEMLMS KOMIJIEKCHBIX MOAyJlel, B paMKaX KOTOpOH MMeeM 3ajady BHAA

(G(z,ik)w")" — K2 Arw =0, =€ 0,1],
w(0) = w'(0) = 0, (10)
G(1,ik)w" (1) =0, (G'(z,ik)w"(x))'(1) =0,
rie A = % ro, hg — XapakTepHble 3HaYeHHUS MJOTHOCTH U MTHOBEHHOI'O MOIYJISI.
HOCTaHo?aKy ONTHMH3ALHMOHHON 3a/lauy 3aMbIKalOT H30IMIepUMeTpUUeCcKHe YCaoBHs BUaA (3).
CootHouienue Pesest nJisi mepBo# cOOCTBEHHOH 4acTOTBl M OCHOBHOH (DYHKIIMOHAJ 3aMUIIYTCS B
BUJIE

k) w'd
2 _ Jo Gla ikyw'"® Y, min, (11)
Afo ruwwdz 9,h

fo xzkwwdx

G (z,ik)dr — min.
Afo x)wwdx g,k

Jg, h,w] =

- " " o .
C yuerom Bewectsennoctu dopm 211 = w"w” = wy? + w2, ww = w3 +w?, rae w = wo + iwy,
_ 1 1 2 2

K = A [j r(wg + w}) dz, nveem

1 1
5J[g,h]:K_1/ G wg2+w1 )d:c)\/ 0Gdz+
0 0
1 1
+2K 1 </ G (wgéwo + w! Sw! ) dx — sz/ r (wodwo + wydwi) dm) .
0 0

BrinycaB MHOXKHTEJIH Nepe]l He3aBUCHMBIMH BapHaLUsiMHU dg, 0h ¥ NPUPaBHSB UX K HYJIO, MOJYyYUM
OCHOBHbIe COOTHOLIEHHsI BapHaLMOHHOH 3anaun (npu r(z) = 1)

//2+ //2 627 (12)
(Guw")" — k:QAw = 0.
M3 (12) Haxonum BUJA COOCTBEHHBIX (PYHKLHH C yUeTOM TPAaHUYHBIX YCJOBHH mpu = = 0:
= (1+iC)z% (13)

Jlnst ynoBsieTBOpeHUs yCJIOBUSM Ha CBOOOIHOM KOHILE KOHCOJIBHOT'O CTEPKHS MPUMEM YCJIOBHS
B Buze G(1) = G'(1) = 0.

[ToncraBuB (13) B (12) u pewuB cooTBeTcTByWOIIEe AUDdepeHIHaNbHOe YpaBHeHHe, Hal1eM
ONTHMAJbHOE paclpejeseHre KOMIJIEKCHOrO MOLY/sS. 3aMeTHM, UTo MoJydeHHas 3anada npu 7 = 0
aHaJIOTHUHA YIIPYroMy CJydalo, KOraa ONTHMaJsbHOe pacrpeneseHre MOay/s yrnpyroctd Ey(z) ¢
TOUHOCTBIO [0 MOCTOSTHHOTO MHOXKHTEJIS ONpe/iesIsieTCst M0 3aKOHY:

B = 1) = (5-5+3).
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B cJiydae, Korjga y4MuTbiBaeTCd 3aTyXaHHUe, ONTHMaAJbHOE pelIeHHWE NMPHUHHUMaeT BUI

G(z,ik) = K*Af.(z),
a1g(x) + agh(z) = K> Af.(z),
1 ikt

Tk T Tk

Otciona HalieM 3aKOHbI pacrnpenesieHUsi MOLyJel

g(z) = Cifu(x), h(z) = Caoful).

Y1oB/IETBOPUM H30NEPUMETPUUECKHUM YCJIOBUSIM, a TaKKe C y4eTOM TOro, 4To

1
fo= /0 f.(@)dz = 1/20,

nonyuuMm Ci = go/fo, Co = ho/fo. Takum obGpa3om, onTHMajbHble 3aKOHBI paclpeleseHHs
IJIUTEJNBLHOTO U MTHOBEHHOTI'O MOJyJied UMelT BUJL

I | 2 1
g*(x)—2090<24—6+8>, h*(x)—20h0<24—6+8> (14)

Jlns HaxoXJeHWs] MaKCHMaJbHOH MepBOH COOGCTBEHHOH YacTOThl (BeLIeCTBEHHOH W MHHUMO#H
yacTel) MoiyunM KyOudyecKoe ypaBHEHHe C KOMIJIEKCHBIMH KO3(h(hHIIMEeHTaMH:

itkgo + ho = K2 Afo(1 + itk). (15)

CToHT TaKkxKe OTMETHTb, YTO MOBefleHHe ONTHMabHbIX perueHuit (8), (14) Ha cBOGOIHOM KOHIE
KOHCOMH gx(1) = 0, hi(1) = 0 MOKeT ObITb NOABEPrHYTO KPUTHKE C MPAKTHUECKOH TOUKU 3pEHHS.
OnHako 3aMeTHM, UTO MOJyYeHO aHAJUTHUECKOe pellleHHe ONTHMHU3alMOHHOH 3a/laul, YTO He BCeraa
BO3MOXKHO NP APYTHX TPaHUUHBIX yc/oBUsiX. Ha mpakTike mompo6HOe MoBeleHUe, He OTBeyarlee
TPAJUIIMOHHBIM YCJOBHSIM, HaKJablBAEMbIM Ha XapaKTEPUCTHKH OaJiKH, MOXKET ObITh HCMPABJIEHO
3a cyeT «100aBJieHHsI» HA CBOOOJHOM KOHIIE 3JIeMEHTa C MOCTOSIHHBIMU XapaKTepUCTHKAMH.

4. AcuMOTOTHYECKHUH aHAJU3 MEePBOM COOCTBEHHOM YACTOThI AJA MAJbIX T
g 3agaum 2

HpOBe[LEM ACHUMIITOTHYECKHUH aHaJM3 MaKCHUMaJbHOH HepBOﬁ COOCTBEHHOM YaCTOTHl AJS1 MaJblX
BpeMEH peJiakcallhkd Ha OCHOBE MeToda BOSMYLHGHHﬁ. ILHH 3TOTO k‘, w WU MOAYJIb G pasJjioKuM B
pAaL o CTENeHsAM T

k= k) + 1Tk (7'2 , (16)
w = w( + 17wy + O (7’2) ,

G:h—s—wk()(g h) +0(72)

k2 = k(o) + 2iTk (7’2)

[ToncraBum (16) B ucxonHyio kpaeByio 3amauy (10) u cobepemM MHOXKUTEJH Mepel ONHHAKOBBIMH
CTEMEeHSIMH T

hw ) — k2. Arwgg = 0
Yo 0)A7W0) =1

(0
™ w(o)(0) = wly)(0) =0, (17)
h(D)wly (1) = (hufy)' (1) =0,
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"
(hwgl) + ko) (g — h)wgo)) - (kgo)w(l) + 2k(0)k(1)w(0)) Ar =0,
L e = w0 =0,
AUl (1) + kg (9(1) = b)) wfy (1) =0,

(hwf}y + k(o) (g9 — h)w(p)'(1) = 0.

(18)

3ameTuM, uTo 3agaua (17) aHasoruuyHa ymnpyromy cayuatw [7], COOTBETCTBEHHO, k(20) = X—J?O.

Hns naxoxnenus ki puddepenunanbhbie ypasHenus (17) u (18) ymHOXHMM Ha w1y H Ha w(g)
COOTBETCTBEHHO, BEIUTEM M€PBOE M3 BTOPOrO U MPOUHTETPUPYEM MOJyUeHHOE YPaBHEHHE 10 OTPE3Ky
x € [0,1]. B pe3ysnbraTe HeC/NOXKHBIX MaTeMaTHUECKUX NEHCTBUH MOXKEM IMOJYUHTb BEIPAXKEHHE IJI51
onpeneseHust kyy:
1 "9
fo (g — h)w(o)daz
1 2 ’
24 |, r(@)wy, dz
go—h

u B cydae r(x) = 1 Haxonum k() = 9f, - [aKHM 00pa3oM, MosrydaeM aCMMITOTHYECKYIO GOpMy.Ty

JJ11 BbIYHCJIEHUA ONTHMAaJbHOH COOCTBEHHOH 4YacTOTHI [IpyU MaJiblX 3HA4YE€HUAX BPEMEHU peJlakcaluu

kay =

ho | 90—ho o(+2). (19)

k
Afo 2Afo

AcumroTndeckyio gopmyny (19) MOXKHO TakKe MONYYUTb HEMOCPENCTBEHHO M3 ypaBHeHHs (15).
Jlis1 3TOTO TpeACTaBUM k B BUAE psila MO CTeNeHsIM 7 (OCTaBUM B 3TOT pa3 cjaraeMble 10 TPEThero
TOpsiIKa MaJsIoCTH)

k= k(o) + iTk(l) + 7_2k(2) +0 (73)

U 1noaCcTaBuM B (15). BbIHI/ILHEM MHOXHUTEJIHU Hepen ONMHAKOBbBIMH CTEIIeHAMHU T:
T k:(QO)AfO = ho,
Tt Afo(2kay + k:?o)) = go, (20)
7 Afo(2k0)k(2) — ka) — kfo)k(l)) = —kq).

W3 ypasnenuit (20) naiinem k), j = 0,1,2 1 noJyunm acuMNTOTHYECKYIO (opmysy Auis pacyeta k
MpU MajbiX BpeMeHaX peJsakcaluu 7, aHajsoruunyio (19):

_ 2 k319
k= ho 1 Z.Tgo ho i 7_26 9oho 90 5h0
Afo 2Afo 8A fov/Afoho

5. YucaeHHble pe3yJbTaThl

+0(73). (21)

CorsacHo mpepJsaraeMoll cxeme NpoBeJeHbl pacyeTbl AJs1 HEOAHOPOAHOH KOHCOJNBHOH 6aJiKu
C y4eTOM 3aTyxaHHus. PesysnbTaThl MpUBefeHbl B Tabaule IJjs caydas go = 1.75, hg = 1.33 npu
pPas3NMYHBIX 3HAUeHHsI BpeMeHM peJslakCallMM 7T, a TakxkKe [JIf Pas/H4yHbIX 3aKOHOB H3MEHEeHHSs
MOLYJIEH.

B Tabnuie NpUHATH ceayiomue 0603Hadenus: h(x) = 1 + 22, BepXHUM HHIEKCOM 3Be310YKOM
«k» OTMEUeHBl pe3ysbTaThl pacyeTa MaKCHMAaJbHOH IepBOH COOCTBEHHOH 4acTOTHI, MOJYUYEHHOH
HEMoCpeCTBEHHO U3 pellleHHs ypaBHeHHS (1D); g«, h. — ONTHMAaJsIbHBIE pacrpeleseHHs] MOLyel B
KaX/I0H M3 MOJeJbHBIX 3a/lau COOTBETCTBEHHO. Beprdukauus pesy/bTaToB Oblja [IpoBeleHa MyTeM
CpaBHEHHS C pe3ysbTaTaMH, nosydeHHbIMH B [23]. Kak BUIHO M3 pe3ysnbTaToB, MIPH ONTHMAaJbHOM
pacrnpejeneHUH MOAYyJeH NOCTUraeTcsl MakKCHMaJ/bHOe 3HaueHHe NepBOi COOCTBEHHOH 4acTOTHI.

[Ipu npoBeneHUM pacyeToB AJIs pellleHUs KpaeBod 3agauu (11) ncrmosnb3oBascs MeTox MpUCTpes-
kK41 U Meton PyHre — KyTTel. Pesysbrarel pacueToB M0OKasblBaloT, UTO NepBas cOOCTBEHHAs 4acToTa
MOXKeT OBbITb yBesuueHa Ha 27%.
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PesysbTaThl ONTUMH3aLHOHHON 3a1a4n
Table. Results of the optimisation problem

T | h(z) ] g(z) | ko | ki
3agaua 2

0 hi(z) 3.614 0

0.1 hi(z) 1.5+ 23 3.704 | 0.268

0.001 | Ay(x) | 0.795(2+2%) | 3.611 | 0.003

0.01 ho 90 4.060 | 0.026

0.01 h G« 5.166 | 0.042

0.01 h G 5.166" | 0.042*

0.1 hy g« 5.339 | 0.342
3anaua la

0.01 \ hy \ Gx \ 2.0* \ 0.006*
3apmaua 16

0.01 \ hy \ Jx \ 2.829 \ 0.013

Ha puc. 1 npuBenens! rpaduky oNTUMaNbHBIX MOAYJEH OJs1 KaXKI0H M3 MOAeNbHbIX 3amad. Ha
pUC. 2 MpUBeieHa 3aBUCUMOCTb ONTHMAaJbHOM YacTOThl OT BPeMeHH peslaKCaluu AJs 3ajauu 2.

2.57

g

—_

0.57

0 02

a/a

0.4

T

0.6

08 1

02

0.6
T

6/b

0.4

0.8

04 06 08 1

T

02

e/ c

Puc. 1. Tpaduku ¢pyHKIHH, XapaKTePU3YIOLIHX ONTHMANbHOE paclpeneseHye IaUTeabHOro (cunuit) h(z) u
MIHOBeHHOTO (KpacHblil) g(z) MopyJeil: a — naisa 3anaud la; 6 — nas 3agaun 16; 8 — nas 3agauu 2 (uBert

OHJIalH)

Fig. 1. Figures of functions characterising the optimal distribution of long (blue) h(x) and instantaneous
(red) g(z) modules: a for Problem 1a; b for Problem 1b; ¢ for Problem 2 (color online)

5.97
5.84
5.71
5.67
kO 5.57
5.41
5.39
5.27

5.1

0

562

02

04 06
T

a/a

08 1

0 02

04 06 08 I

T

6/0b

Puc. 2. 'paduky 3aBUCHMOCTH BellleCTBeHHOH (a) W MHUMO#H (6) yacTell MakCUMAaJb-
HOM YacTOThl k OT BpeMeHH pesakcauuu 7 (3agava 2)

Fig. 2. Figures of dependence of real (a) and imaginary (b) parts of the maximal
frequency k on the time of relaxation 7 (Problem 2)
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Ha puc. 3 npuBeneHbl pesy/abTaThl, AeMOHCTPUpPYIOLIMe IUANa30H MPUMEHHMOCTH aCUMIITO-
THuecko (opmyabl (21). Kak BHIHO M3 rpauKoB, MOTpelIHOCTb aCUMIITOTHUECKOH (DOPMYJIbI
cocraBJisieT He Goslee 4% ans T < 0.1.

6 0.9
0.81
5.81 0.71
0.61
361 0.5
ko kLo
5.41
0.31
5.2 0.21
0.11
54 ‘ | | | 0 ‘ | | |
0 005 010 015 020 0 005 010 015 020
T T
al/a 6/b

Puc. 3. I'paduku BeuiectBeHHod (a) u MHHMOH (6) uyacreit k (1BeT OHJAKH)
Fig. 3. Figures of real (left) and imaginary (right) parts of & (color online)

3akJarouenue

HpOBeaeHo UCCJIeJOBAHNE CIIEKTPAJbHOH ONTUMH3AUMOHHON 3agaun 06 ompefeseHHH ONTUMaJb-
HOTO pacrpefeJseHus BA3KOYNPYTUX MOAYyJeld MPOU3BOJbHOTO HEONHOPOAHOIO TeJja, MPU KOTOPBIX
nepsasi coOCTBeHHasi yacToTa KosebaHuil MakcuMmasbHa. [losydeHo obliee ycjoBHe ONTHMA/bHOCTH
AJig IPOU3BOJIBHOTO TeJia ¢ Y4eTOM 3aTyXaHHUS. paCCMOTpeHbI MOJeJIbHbIE 3a1ayX O MPOAOJIbHBIX K
U3ruOHBIX KoJieGaHusAX BA3Koynpyroi 6asnku. [locTpoeHbl HeobxonuMble QPyHKIIMOHAMbI, U3 BapHa-
IIMOHHOTI'O Imoaxoaa HaﬁlleHbI YCJIOBHA ONTHMAJIbHOCTH, KOTOPbI€ XapaKTEPU3YIOTCA MOCTOAHCTBOM
sHepruu nedpopmauuil. [lonyueHsl aHaJUTUUECKHUE BbIpaXKeHHUs [J/151 3aKOHOB M3MeHEHHs] MIHOBEH-
HOTO U JJIMUTEJBbHOTO MOIYJeH. s onpelesieHUs] ONTHMAJbHOIO 3HAYEHUS MepBOU COOCTBEHHOH
YacTOThl CPOPMYJUPOBAHO KyOHUecKoe ypaBHEHHE C KOMIIJIEKCHBIMH KO3 (HULIHEHTAMH.

[Tonyyena acumnroTudeckas ¢opmysa AJsi ONTHMAJbHOH COOCTBEHHOH YACTOTHI JJISI MaJbIX
3HaYeHWH BpeMeH peJakCalluH.

CpnenaHa ceprsi pacueToB, POBEEHO CPaBHEHHE C aCHMITOTUYECKUM nonxonoM. [Ipu cpaBHeHUH
C OOHOPOAHBLIM CJiydaeM BBIUIDBIII B 3HAYE€HHUH HepBOﬁ COOCTBEHHOH YaCTOThI pu HM3THOHBIX
KosleOaHHsIX KOHCOJIbHOH Gasiku cocTaBisieT 27%.
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Abstract. A mechanical system consisting of a pipeline connected at one end to the combustion chamber
of an aircraft engine, and with a sensor designed to measure the pressure in the combustion chamber at
the other end is investigated in the work. The sensitive element of the sensor, which transmits information
about pressure, is an elastic plate. A mathematical model of a pressure measurement system, taking into
account the transfer of heat flow through a pipeline with a working medium (gas or liquid) from the engine
to the elastic element, is proposed. To describe the vibrations of the sensitive element of the sensor, a
linear model of a solid deformable body is considered, taking into account the temperature distribution over
the thickness of the elastic element. Using the small parameter method, a coupled system of asymptotic
partial differential equations was obtained that describes the joint dynamics of the gas-liquid medium
in the pipeline and the elastic sensitive element of the pressure sensor. The cases of hinged and rigid
fastening of the ends of the sensing element were studied. Based on the Bubnov — Galerkin method, the
problem is reduced to the study of a coupled system of ordinary differential equations. Using the computer
algebra system Mathematica 12.0, numerical experiments were carried out for specific parameters of the
mechanical system.
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BBenenue

[Ipu npoekTHpoBaHUH MPUOOPOB, B3AaHUMOAEHCTBYIOLIHMX C ra30KHUAKOCTHOH CpenoH, ocoboe
3HaueHHe UMeeT aHaJU3 AMHAMHUKH U YCTOHUHMBOCTH UX AedopMHUpyeMbix aneMeHTOB [1-15]. Tlpu
KOHCTPYHPOBAHHUH NATYMKOB JaBJeHHs pabOuUX cpell HeoOXOMUMO YYHTHIBaTh, YTO TETJIOBOE H
a3pOrUJpoIMHAMHUECKOe BO3JEHCTBHUS MOTYT MOBBILIATH AMIIUTYLY M 4acTOTy KojeGaHHH yIpyrux
3JIEMEHTOB 10 KPUTHYECKUX 3HAUEHHWH, HEe TMO3BOJSIONIUX 00eCcrneynBaTh HEOOXOAUMYI TOUHOCTD
ux padoThl. [IpakTHUYeCKHM W TEOpeTHUEeCKHM BOMPOCaM TMPOEKTHPOBAHUS AATUMKOB JABJIEHHS
ra30KMIKOCTHBIX CPell MOCBSIIIEHO MHOTO Hay4HBIX paboT, B 4acTHOCTH, oTMeTuM [11-14,16-21].
Hayunble uccnenoBanus [11-17,20,21] mocesiliieHbl OMMCAaHUIO MPHHIIMIIOB PabOThl NATUHKOB
NlaBJIeHHs] U ONpeNeJIeHHI0 X TeXHUYeCKUX XapakTepucTuk. B [11,12, 18] npuBoasiTcsi oCHOBHBIE
TIPUHLIMITLL TPOEKTHPOBAHUS JaTYMKOB JABJEHHS.

ArpeccuBHOe BO3IEHCTBHE Ha YYBCTBUTEJbHbIH 3J€eMEHT JaTYMKa [ABJEeHHUS BBICOKHX TeM-
nepaTyp Y TOBBIIEHHBIX YPOBHeH BHUOPOYCKOPEeHUH, TPOSIBJASIONIUXCS MPHU HEKOTOPBIX PeXXKHUMax
paboThl IBUTATEJs, SABJSETCS OCHOBHOH MPOOJEeMON MPU NMPOEKTUPOBAHHH, KOHCTPYHUPOBAHUU H
9KCIIyaTalluy JaTUMKOB NaBJEHUs Ta30:KUAKOCTHBIX CPell B aBHAllMOHHBIX ¥ PAKETHBIX JABHraTeNsX.
Taxue skcnyatalniMoHHble YCJIOBHS BeyT K 3aBBILIEHHOH MOTPEeIIHOCTH W3MepeHHH U K Mpexje-
BpEMEHHOMY Pa3pylIeHHIO yIPYyTroro 4yBCTBUTEJBHOTO djeMeHTa aatduka. OmHUM U3 OCHOBHBIX
HanpaBJIeHUH pellleHUs] 3TOU MpoOJeMbl SIBJSETCS ONTHMaJbHOE NMPOEKTHPOBAHHE MeXaHUUECKOH
CHUCTEMBI «TPyOONpPOBOA — AATUMK AaBJjeHUs». [Ipy MPOeKTUPOBAHHWH OATUMK C TIOMOILIbIO TPy6o-
MPOBO/Ia OTBOJHUTCSl HA PACCTOSIHWE OT KaMepbl CrOpaHHsl JIBUTATEJIsl, YTO TMO3BOJIsIeT OCJIabUThb
arpeccrBHOe BO3JeHCTBHE Ha HEero TeMIepatyp U BUOPOyCKOpeHHH. Takue MareMaTHueCKHe MOJEJH,
B KOTOPBIX JAaTUMK PACIOJOXKEH Ha KOHIIE OTBOJHOTO TPyOONPOBONA, HUCCAEN0BaNUCh B paboTax
aBTOpOB [6-9].
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1. IlocranoBka 3agauu

Hccnenyercs matemarhdyeckasi MoleJsb CUCTeMbl, COCTOsILeH U3 TpyOOIpOBOAA M HaT4UUKa
NIaBJIEHHs] U YUUTHIBAWOILIEH, B OT/IHUKe OT (8], mepemady TemaoBOTO MOTOKA MO TPYOOMPOBOAY C
ra3oKUIKOCTHOH Cpelod OT aBHALIMOHHOIO JBHraTe/s K JAaTUMKY, U3MepsolleMy [aBjeHne 3ToH
cpensbl. [Tosie ckopocTeit ra3oXKUIKOCTHOH Cpefibl B TPyOOMPOBOAE CUMTAETCs MIOCKHM (puc. 1).
Ha xoHue Tpy6ompoBoma, 3akpelnsieHHOM Ha BBIXOIE M3 KaMepbl CrOpaHMs ABUrartess, 3aiaH
3aKOH M3MeHeHHs JaBjieHHusa pabouell cpenbl. Ha apyrom KoHue TpyOOoNpoBoja 3aKpelJeH AaT4HK,
npelHa3HayeHHBIH [JIs1 H3MepeHUsl 3TOro JaBjeHusl. HyBCTBHUTEJ/bHBIM 3/1eMEHTOM AaTUHKa SBJISETCS
ynpyras nJjacTHHa.

1 4 Ay 5
Iy !

T ¥l H

il

Puc. 1. Tpy6omnpoBon, coeiUHSIOUMI ABUTaTeNb ¢ JATUUKOM [AaBJEHHS
Fig. 1. Pipe, connecting the engine to the pressure sensor

Ha puc. | BBemensl cienywoume o6o3uadenus: [, H — IJMHA W [IKUPHHA TPYGOMPOBOAA COOTBET-
CTBEHHO; h — TOJILIHHA yIIPYroro 4yBCTBUTENbHOTO djeMeHTa; 11 (x, t) — QyHKLHUS, ONHCHIBAOLLAs
3aKOH M3MEeHEHHsl TeMIIepaTyphbl Ta30’KUAKOCTHOKM Cpeibl BHYTPH TPyGonpoBoaa; Ty — MOCTOsTHHAS
TeMmImepartypa okpyxatolieil Tpydonposon cpenst (Tp = const); T (t) — GyHKUHKS, OMKUChIBaOLIas 3a-
KOH U3MeHEHHs] TeMIIePaTypPbl Ha BBIXOIE M3 KaMepbl CrOpaHHs ABHUraTesist (Ha BXo[e B TPyOOMPOBON);
1 — kamepa cropaHusi ABUrareJist; 2 — TpyGONpPOBOM; 3 — AAaTUHK NaBJeHHs; 4 — ra3oKHUAKOCTHAs
cpena B TPyOONpPOBO/E; b — YyBCTBUTENbHBIH 3JeMEHT AaTdkKa (ymnpyras IJacTHHA).

Beenem o6o3Hauenusi: ®(x,y,t) — moTeHUHA CKOPOCTH Fa30:KUAKOCTHOH cpeabl; P(x,y,t) —
(yHKIMs, OMUCHIBaOLILast NaBjeHke B 3Tok cpene; w(y,t) — QYHKIHUS, ONHChIBAOIIAs Ae()OPMALIHIO
4yBCTBUTEJNBHOTO 3JieMeHTa AaTuuka; Th(x,t) — 3aKOH H3MEHEHHsI TeMIepaTypbl 10 TOJIIHHE
snemenTa; F(y,t) — 3aKOH U3MEHEHHUs NaBJieHust paGoyelt Cpelbl Ha BBIXOIE M3 KaMephbl CrOpaHHsI
(Ha Bxome B TpyGompoBon). YpasHeHue g(x,y,t) = 0 OMHUCBIBAET MOBEPXHOCTb dJeMeHTa. Torma B
MOZIeIU HEeCXKHMaeMO# Cpe/ibl MaTeMaTHuecKasi MOCTAHOBKa 3a1auyu MPUMET BHU]L

Qpp + Py =0, z€(-1,0), ye(0,H), (1)
Q290 + Pygy = —g1,  g(x,y,t) =0, y € (0, H), (2)
mi + Dw™ + N(t)w" +yw =P — P, g(x,y,t) =0, y € (0, H), (3)
1 1

P:PO—P<‘I)t+2‘I)§:+2‘I)§>a l‘E(—l,O),yG(O,H), (4)
P(~l,y,t) = F(y,t), y€(0,H), (5)
pcrTiy = k1Tge — B1 (Th — To), z € (—1,0), (6)
Tl(_lat) = T*(t)> (7)
T1,(0,t) = 0, (8)
pocaTor = koTozs, x € (0,h), 9)
TQZ‘(h’t) = 07 (10)
—koT5,(0,t) = g (T1 — T2)| g (11)

h
N(t) = Ny + 1EO‘T /Tg(x,t) dz. (12)

— UV
0
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UlTpux 1 Touka 0003HAUAIOT YacTHBEIE IPOM3BOAHbIE 110 KOOPAMHATE § U BPEMEHH ¢, a HHIEKCH X, ¥,
t CHU3y — YacTHbIe TPOU3BONHBIE 110 KOOPAMHATAM T, y U BpeMeHH t. KosdpuiuuenTsl cucteMbl: P —
pacnpezesieHHasl BHeIHss HarpysKa, AeHdCcTBYIOLas Ha 3JeMeHT; Py — naB/eHUe B MOKosllekcs ra-
302KUJKOCTHOU cpefle, p — IJIOTHOCTb 3TOU cpelbl; pg, F, v, m, D — NJOTHOCTb, MOAY/Ib YIIPYTOCTH,
Koa(uuuent [lyaccona, nmoronHas mMacca ¥ M3ruGHasi 2KeCTKOCTb IJIACTHHBI (YIPYroro ajeMeHTa);
N (t) — cxxumaroliee (pacTAruBalllee) MJIaCTHHY YCHJIHe, BbluncaseMoe o gopmyne (12); Ny —
MOCTOSIHHAS COCTAaBJSAIOLIAS YCHUJ/IHS, CO3AaHHAS NPH 3aKpeIJeHUH NJACTUHBI; ¥ — KO3(DPULIUEHT
KECTKOCTH CJI0s1 00XKaTHsl MJIAaCTHHBI (OCHOBAHHS); (vp — TeMIIePaTypPHBIH KO3(P(HUIIMEHT JHHEHHOTO
pacuiupenusi; ki, ko — Ko3(PUUHUEHTHl TENJONPOBOAHOCTH CPelbl U MaTepuasa MJAACTHHBI COOT-
BETCTBEHHO; ¢1, Co — KO3(D(PULIUEHTH TEMJIOEMKOCTH CPelbl U MJIACTHHBI, o, $1 — KO3DDULHEHTH
TermyooOMeHa MexAy paboueldl cpelod M MJACTHHOH M MeXIy MOBEPXHOCTbIO TPyOONpoBoAa U
OKpYXKamwlleld cpenou.

YpaBHenue Jlansiaca (1) omuchiBaeT NBHUKEeHHE HECKHMaeMOH cpelbl B TPyOOINpPOBOAE; Tpa-
HUYHOE YCJIOBHe (2) 3amaeT 3aKOH HeNpoTeKaHUs Ta30XKHMAKOCTHOH Cpelbl uepe3 MOBEPXHOCThb
3J1eMeHTa; ypaBHeHHe (3) ONMHChIBaeT AMHAMHUKY YIPYTOTo 3J€eMeHTa; 1aBjeHHe B paboyell cpene
(4) onpenensiercs unterpasom Jlarpanxa — Komu; ycnoBue (5) 3ajjaeT 3akoH paBeHCTBa NaBJEHHH
Ha BXOfle B TPYOOIPOBOM M Ha BHIXOJE M3 KaMepbl CrOpaHHUs ABUTraTeJsi; ypaBHeHus (6), (9) omu-
CBhIBAIOT 3aKOH paclipelie/leHUs] TeMIlepaTypbl 10 AJ1He TPyOOIPOBOAA U 10 TOJILIUHE NJIaCTHHBI
COOTBETCTBEHHO; ycJjoBHe (7) 3amaeT 3aKOH H3MEHEHHs] TeMIIepaTypbl HA BHIXOJE W3 JBHUTaTEJIS;
ycsoBde (8) 03Hayaet, UTO TEMJIOBOH MOTOK, MPOHUKAIOLIMN Yepe3 JIeBYl0 MpaHUIly MaacTHHbl x = 0,
npeHeOpeKUMO MaJjl BCIeACTBHE MaJIOCTH TOJILLMHBI IIJIACTHHBI M HaJU4YMsl BaKyyMa CIpaBa OT Hee;
(10) ycnoBus Tenon3onsuUy BHEIIHEH CTOPOHBI MJIACTHHBI, CIIPAaBa OT KOTOPOH HAXOMHUTCS BaKyyM;
(11) ycnoBue TensoobMeHa MeXIy TJIACTUHOH U pabGouell cpenoil B MOJNOCTH NaTUHKA.

2. MeTtoa MaJsioro napamerpa

[TpousBenem passoxenue GyHkuuii ®(z,y,t), g(z,y,t), wy,t), F(y,t) no masomy napa-
MeTpy &:
O(z,y,t) =ep(x,y,t) + ..., g(z,y,t) =z —wo(y) —ewi(y,t) — ...,

Wy, ) = woly) + £ (s8) + s Flyt) = Po+ Pl t) + .. )

B CUMY MaJIOCTU TeMIIEPATYypPHOT'O KOS(pq)I/ILII/IeHTa JIMHEHUHOT0 pacuidpeHrs MatepuaJia MnJjaacTUHB
CYHUTaeM €ro rnopdnka :

ar = ear] + ... (14)

[ToncraBum pasnoxenus (13) B cucremy (1)—(4), a paznoxenue (14) B koapduuneHt (12) u
OrpaHUUMMCS YJIeHaMHU Topsnka €. Toraa moJgyuyuM MaTeMaTHYecKylo MOoJesb 3aJad B TepBOM
ACUMIITOTHYECKOM TIPHOJIMKEHUH:

Gue + @y =0, x€(—1,0), y € (0,H), (
Duwy" 4+ Nowg +ywo = Py — P, y € (0,H), (

mivy + Dwi” + Ni(t)wy + Nowy +yw1 = —ppe(wo(y),y,t), y € (0, H), (17)
pu(wo(y),y,t) — oy (wo(y), y, hwy(y) = wn(y,t), y e (0,H), (
—pei(—l,y,t) = Pu(y,t), ye(0,H), (

rae Pi(y,t) — QyHKIHs, oMUCchiBaoLlasi H30bITOUHOE AaBjeHHe Ha BXOJe B TPYOOMPOBO (B CeYeHUH
x = —I), a Ko3hhULHEeHT

h
Ni(t) = f nyl / Ty(z,t) d. (20)
0
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3. Meroxg Bby6HoBa — I'anépkuna

[Ipennonoxkum, 4To BhinosHsieTcs yenoBue Py (y,t) = Pi(t). Ias Toro 4to6el MOTEHLHAN CKOPO-
cTh @(x,y,t) ynoBjaeTBOpsa ypaBHeHHO (15) u ycmoBuio (19), Bo3bMeM ero B BUIE Pa3JOKeHHs

t
1 oo
o(z,y,t /P* Ydz + (z+ Do )—|—2Z<pn(t)cos)\ny'Sh)\n(x—i—l), (21)
po n=1
nw
rape )\n =H-

Cunrtaem, 4TO KOHLbI YIIPYTOro 3/JeMeHTa 3aKperJyeHbl JU00 KeCcTKo, 160 wmapHupHo. [Ipu
[IaPHUPHOM 3aKpeIJIeHUH JOJXKHBI BBIMOMHATLCS YCJAOBHUS

wo(0) = wg(0) = wo(H) = wg(H) = wi1(0,t) = wi(0,t) = wi(H,t) = wi(H,t) =0,  (22)
a MpU KeCTKOM 3aKpelJieHUH —
wO(O) = w(l)(o) - wO(H) = ’IUE)(H) = wl(oat) = wll(oat) = wl(Hv t) = wll(H? t) =0. (23)

B csayyae oTcyTCTBUSI MOCTOSIHHON cocTaBasoued ycuaus No = 0 1 oTCyTCTBHS 06:KUMHOT0
cnost v = 0 dyHkuus wo(y), yroBJaeTBopsioolias ypaBHeHuwo (16), 0/t rpaHHUUHBIX yCJa0BHH (22)
NpUMeT BHUJL

Py—P
wy) = <5 (y* —2Hy® + H)),
a JJIsl TPAaHUYHBIX YCJI0BHE (23) —
Py—P

wy) = <5 (v* — 2Hy® + H?y?).

CornacHo metony By6HoBa — ['anépkrHa peruenne ypaBHeHus (17) uiercs B Buie
t) = win(t)éa(y), (24)
n=1

rae &,(y) — nosmHasi cucteMa 6asHCHBIX (QYHKIMH, MOLOOPaHHBIX TaK, YTOOBI BBITOJNHSJINUCH YCJIO-
Bust (22) mJsisl [WIAPHUPHOTO 3aKkperyieHust U (23) [Jisi XKeCTKOro 3aKperieHus, a PyHKIHH w1y, (1)
OTpeNEeJISIIOTCS U3 YCJIOBHUSI OPTOTOHAJbHOCTH HEBSI3KM ypaBHeHHs (17) K cucTeMe MOBEpPOUHBIX
¢yuxunit {h,(y)}. B KauecTBe MoBepoYHBIX (YHKUMH 1Ji51 BbIBOAA CHCTEMBl OObIKHOBEHHBIX TH(D-
(hepeHLIMA/IbHBIX YPABHEHUH BO3bMeM OasHCHBIE.

BasucHble GyHKuUMH, ABAsONMecs pemendem ypasHenus &LV (y) = v4¢,(y), npumyT B

&n(y) = Ap cos vy + B siny,y + Crchyny + Dpshyny, n=1,2,3,---

Yrobbl GyHKuus wi(y,t) B Buge (24) ymosserBopsiia ycaoBusim (22) uau (23), HalmeHbI
Ko3(puuneHTsl A,, By, C,, D, 1 napamerp v,. I cayudas [MapHUPHOTO 3aKperJeHUs MoJyYUM

. nm
En(y) =sinyy, m= R (25)

a IJid cjaydas XKeCTKOro 3aKperJjeHnusa —

&n(y) = ch (my) — cos (1ny) — :}ﬁ EZZZ% ::i: ((;Y:g)) (sh (vny) — sin (Wy)) , (26)

rzie Y, HaxousiTcs Kak KOpHU ypaBHeHHs ch (v, H ) cos (v, H) = 1.
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Cucrembl gyHkuMd B Buze (25), (26) oproroHasnbHel Ha [0, H], T.e. clpaBeNJUBbl PaBEHCTBA

H

H
/&(y)@(y)dyzo, /&(yu (Wdy=0, k+3. 7)
0

0

[Monpcrasass (21), (24) B (17) u npoeuupyst 370 ypaBHeHue Ha cucteMy GyHKIME {&,(y)} oo

n=1’
a ycaosre (18) na cucremy dynkuuit {cos \,y},—,, ¢ yuerom (27) cornacto merony ByGHoBa —
[anépxrHa mosyyum

H
(mina(®) + (Dik +2) w) [ ) dy+Non1n / €1()&x(y) dy =
0
H H H
= 2.0 [ @w)dy = Na(t) [ )& dy — pict) [ (unlo) +D6uw) dy-
0 0 0

—Qngbn(t) ./0 cos \py - sh A, (wo(y) +1) &k(y) dy, k=1,2,..., (28)

00 H
2 Z Son(t>)‘n/ (COS )\ny -ch A\, (wO(y) + l) + wé)(y) sin )\ny -sh A, (wO(y) + l)) dy+
0

H

Zwln ) [ &atw v (29)

0

~ H
2 Z <pn(t)/\n/ (cos Apy - ch A, (wo(y) + 1) + wo(y) sin Ay - sh Ay (wo(y) + 1)) ¥
0

n=1

- H
X cos A\py dy = Zwln(t) /fn(y) cos \pydy, k=12, ... (30)
0

n=1
W3 ypasHenus (29) naxopum ¢yHkuuio «(t). [NoncraBasis «(t) B ypaBHenus (28) u nudpepen-

uupys ypaBHeHus (30) no mepeMeHHOH ¢, MOJIYUYHUM CHCTeMY OOBIKHOBEHHBIX AHU((epeHHaNbHbIX
ypaBHEHHH [1Jis1 ONpe/esieHUs] HEU3BECTHBIX PYHKLHH ¢y, (), w1y (t):

H H H
may i (t /5 dy(/( o(y) +1) &y dy)Zwm / y) dy+

0 0 0

H H
+ (D + ) wa(t /§ dy+Non1n /5 y)dy = (t)/én(y) dy—
0 0

H 0o H
M) [ whw)w)dy 20> 2u(®) [ cos huy stk (wn(y) + 1) €ul) dy+
n=1

0

H H
+2Ep (/( o(y) +1) &y dy) ngn )\n/ cos A\py - ch A\, (wo(y) +1) +
0 0
+w(y) sin Ay - shh, (wo(y) +1)) dy, k=1,2,..., (31)
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oo H 0o H
Z W1p(t) /fn(y) cos \gy dy = 2 Z On(t)An / (cos A\py - ch Ay, (wo(y) +1) +
n=1 0 n=1 0
+w(y) sin Ay - sh A, (wo(y) +1)) cos ey dy, k=1,2,.... (32)

4. PemeHue TemjIoBOUN 3agauyu

[pu pemenuu TeroBoi 3anauu (6)—(11) BHauase, pemas 3amady (6)—(8), onpenessieM 3akoH
pacrpenesieHHsi TeMIepaTypbl paboueil cpeibl Mo AJHHe TPyOOMpoBOAA, 3aTeM, pellas 3aaady
(9)-(11), HaxomuM 3aKOH pacrpefesieHus TeMIepPaTyphl 10 TOJIINHE MIACTHHBI.

MeTtonom pasjesieHus: epeMeHHbIX MOJAy4YUM peleHue 3agadu (6)—(8), BEIBOA KOTOPOro naH
B [9]:

- T, T,
Ti(x,t) =Ti(t) — an ce M sinvy, (2 4 1) [610 — TP 4 et <T*(t) - 510) —
Tn Tn

n=0

t
—alv? / e T (rT)dr |, (33)
0

rae TP = T (z,0) = const, v, = afv? + Y,

V:7r(2n+1) _ 4 agzﬂ o_ B
" o1 2n+1) 1 pe’ TV per

Ecau u3BecTeH 3aKOH U3MeHeHHs: TeMrnepatTypbl T4 () Ha BbIXOIE M3 KaMepbl CrOpaHHUs JABUraTess,
TO 1o opmyJe (33) MOXKHO ONpeNesUTh 3HAUEHHe TeMIepaTypbl B JIOOOH MOMEHT BpeMeHH ¢ B
JM060H Touke TpyOOMpoBOAA.

Pemenue 3anaun (9)—(11), nosBossiomiee HalUTH pacrpeneseHde TeMIIEPATYpPbl M0 TOJIIHHE
MJIACTHHB! B TIPOM3BOJIbHBIH MOMEHT BpeMeHH, UMeeT BHJL

- t
To(x,t) = T(t) + Z Ape= %t cos pip (x — h) | T — TP — /e‘S”tT’(t) dt| , (34)
n=0 0

rue

k —1)"2a0+/a2 + k22
T = Ty(z,0) = const, a3 = 2 A (—=1)"2a0+/aF + k312

= On = a3,
b n — ) n — )
poc2 tin [R(0d + K3p2) + ko] "

a 3HaueHwus1 p, (n =0 - 00) — NOJIOKHUTENbHbIE KOPHU YPaBHEHHUS

ap

tg pnh = .
Hn k'Z,UJn

dyuxnus T(t) = T1(0,t) onpenensercs o dopmyie (33).
[ToncraBasist (34), okoHuaTebHO HaiineM KoadduuueHt (20) cucremnl (31), (32):

[e.e]

E N Ap L
Ni(t) = . iTyl (T(t)h + Z M—e_ént sin pph [Tg -1 —/0 et () dt]) :
n=0 """
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5. UYucaeHHbIH IKCTIEPUMEHT

[lycts okpyxkatomieil TpyOONpOBOA cpeldol siBJsieTCs BO3AYX ¢ Temmepatypod Tp = 293.15
(20°C). KoapdpuuueHT TennoodMeHa Mexkay MOBEPXHOCTbIO TPYOONPOBOAA U OKPY2KaloLleH cpenoy
f1 = 15.5. Cunraem, 4To Temmepatypa Ha Bxome B TpybompoBox moctosinHa T, = 1800, a
u36bITOUHOE JaBjeHHe nepeMenHoe Py (t) = 10%(5 — cos 10t). PaGoueil cpemoit B Tpy6onposose
nauHo# | = 0.5 u wupuHodt H = 0.01 sBsgeTcs Bona, Torna maoTHocTh p = 1000, KoappuuueHT
TenJ0eMKocTH ¢; = 4182, K03 uLHeHT TemnonpoBofiHocTH k1 = 0, 683. ITycTb pasHoCTb MexXIy
laBJeHreM B TOKOSILefcs cpefie M paclpe/ie/leHHOH Mo MJacTHHe BHellHel Harpyskoil Py — P = 104,
[IpennonoXxum, uTo MaacTHHa ToNIMHON h = 2.5-10~% H3roTOB/IEHA U3 ATIOMUHMS, TOTAA MJIOTHOCT
po = 2700, Monysb ynpyroctd E = 7- 100, koadduuuent INyaccona v = 0.34, TemneparypHbiii
K03 (PULHMEHT NuHeHHoro paciupenus ar = 12.3 - 107°, kosdpuuuent rennoemroctu co = 897,

3
KO3((PHULIUEHT TelJONPOBOLHOCTH kg = 209.3, usrubHas xectkocTb D = 12(1E7h2) = 0.103,
4

noroHHast Mmacca m = poh = 0.675. CuutaeM, 4TO OTCYTCTBYIOT MOCTOSIHHAS COCTABJSAIOIAS YCHIHUS
No = 0 u 06xuMHOHU cyoit (ocHoBaHHe) v = 0. Bce 3Hadenus manbl B cucteme CH.
Bosbmem HauanbHble yeaosus T = 293.15, TY = 293.15, wy(0) = 0, i (0) =0, k =1,2,. ..
B cucreme kommbroTepHo# anre6psl Mathematica 12.0, B3siB oTpe3ku psinoB B dopmynaax (21),
(24) navuHolt M, miisi pa3/MUHBIX BHUJOB 3aKperJieHHsl KOHLIOB UYBCTBUTEJNbHOTO 3/eMEeHTa AaTuHKa

M
MOCTPOeHBl rpauKky QYHKIHH nedopMannt w(y,t) = wo(y) +¢ > win(t)én(y).
n=1

Ha puc. 2 npuBeneHsl npyMepsl pacueToB AJs Caydas [APHUPHOTO M KEeCTKOTO 3aKperJeHHs
KOHLIOB 3JIEMEHTa.

w0 w(,0)
0.0005
l 0.0003 ]
0.0004 I
0.0003 0.0002 ‘
0.0002
0.0001
0.0001 ‘ , N ‘
t ‘ 't
002 004 006 008  0.10 002 004 006 008  0.10
a/a 6/5b

Puc. 2. I'paduiku pynkunu w(y,t) B Touke y = 0.005 B ciyuae wapHupHOro (a) U »kecTkoro (6) 3akpenyeHus
KOHLOB 3JjieMeHTa npu € = h/H, M = 2 Ha BpemeHHoM otpeske ¢ € [0;0.1]

Fig. 2. Graphs of the function w(y,t) at y = 0.005 in the case of hinged (a) and rigid (b) fastening of the
ends of the element at e = h/H, M = 2 on the time interval ¢ € [0;0.1]

Ha ocHoBanuu IMOJTYUEHHBIX FpanI/IKOB, AHAJIOTUYHBIX pHUC. 2, NPOBOAUTCA aHaJMM3 HaCTOThI U
AMIIJIMTY OBl KoJieGaHuH yHOpyroro aJjeMeHTa OJaTHHKa HaBJIEHHS.

6. pyrue mopenau Ae(OpMHPYeMOro TBEPHOTro Teja

s onucaHusl AMHAMHUKH UyBCTBUTEJ/bHOrO 3JeMeHTa NAaTUHMKA JABJEHHsSI MOXXKHO MPEeNJIOKHUTh
HEeCKOJIbKO HeJIMHEHHBIX MaTeMaTHYecKUX MojeJsel TBeproro aedopmupyemoro Teja. IlosTomy
ypaBHeHUe (3), OMHCHIBaKOIee NIHHAMUKY 3J€MEHTa, B 3aBUCUMOCTH OT BHIOPAHHOH MOIEH TPUMET
ONMH U3 CJIeLyHIOUIUX BHUIOB:

mwit + Dwyyyy + N (E)wyy + Bwyyyy + f(we, w) = P — P,

H H
d _
mwy + Dwyyyy + N (L) wyy + Bwyyyyt + f(we, w) — wyy | 1 / wz dy + U /wi dy| =P - P,
0 0
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3 _
muwy + [Dwyy <1 — 2w5>} + N (t)wyy + Bwyyyyt + f(wi, w) = P — P,
vy

3 3
muwgs + [Dwyy <1 — 2w§>} + N(t)wyy + [wyy <1 — walﬂ + f(wy,w) =P — P,
vy yyt

rae f(wg, w) — HenMHelHas (YHKIMS, 3aBUCAILAs OT AeOpMallii U ee CKOPOCTH; [3, 7 — K03-
(bMLMEeHTHl 1eMI(PUPOBaHUS; (4 — KOI(P(ULIHEHT, 3aBUCALIUN OT reOMeTPUYECKUX U MPOYHOCTHBIX
XapaKTepUCTUK YIPYTroro 3/jeMeHTa U THIA 3aKpelJeHUs ero KOHIOB.

3akJarouenue

Ha ocHoBe pazpaGoTaHHOH MaTeMaTHUECKOW MOMENH, YUYUTHIBAIOLIEH TEMJIOBOH MOTOK OT aBHAILH-
OHHOTO [BUTaTeJisl, B paboTe MPOU3BEIEHO HCC/AeI0BAHHE COBMECTHOH NTUHAMHUKH Ta30XKHAKOCTHOH
cpelbl B TPyOOIpPOBOJE U YIPYroro sjeMeHTa AaTyHKa AaBjeHHd. MaremaTuueckas Mole/b 1103-
BOJISIET OTCJIE2KUBATh B pexKHMe peasibHOrO BPeMeHH B3aHMOCBS3b IaBJEHHsI B KaMepe CropaHusl
U neopMallii UyBCTBUTEJBHOTO 3JeMeHTa AaTurka. [I[puMeHs/IMCh METOBl MaJoro napamerpa
u Dy6HoBa — [anépkuna. UncieHHBIH 3KCIepUMeHT TNpousBeleH B cucteMe Mathematica 12.0.
PaccmoTpeHb! ciyuan LIAPHHPHOTO U KECTKOrO 3aKpelJieHHsl KOHLOB 3/eMeHTa. Takxke Mpensoxe-
Hbl HOBble MaTeMaTHUeCKHe MOAead Ne)OpPMHPYeMOro TBEPAOrO TeJsa, OMHCHIBAIOIINE AUHAMHUKY
yIIpyroro ajeMeHTa AaTurKa AaBJjeHHs. Pe3ynbTaThl UCC/IeN0BAHUS MOXKHO MCIOJb30BaTh HA CTAHU
NPOEKTUPOBAHUSA AATUMKOB NaBJEHHs [J51 aBUALMOHHBIX U PaKeTHbIX ABUraresei.
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Abstract. Asymptotic integration methods have been used to model the propagation of a shear wave beam
along a nonlinear-elastic cylindrical shell of the Sanders — Koiter model. The shell is assumed to be made of
a material characterized by a cubic dependence between stress and strain intensities, and the dimensionless
parameters of thinness and physical nonlinearity are considered to have the same order of smallness. The
multiscale expansion method is used, which makes it possible to determine the wave propagation speed
from the equations of the linear approximation, and in the first essentially nonlinear approximation, to
obtain a nonlinear quasi-hyperbolic equation for the main term of the expansion of the shear displacement
component. The derived equation is a cubically nonlinear modification of the Lin — Reisner — Tsien equation
modeling unsteady near-sonic gas flow and can be transformed into the modified Khokhlov - Zabolotskaya
equation used to describe narrow beams in acoustics. The solution of the derived equation is found in
the form of a single harmonic with slowly changing complex amplitude, since in deformable media with
cubic nonlinearity the effect of sell-induced wave essentially prevails over the effect of generation of higher
harmonics. As a result, a perturbed nonlinear Schrddinger equation of defocusing type is obtained for
the complex amplitude, for which there is no possibility of modulation instability development. In terms
of the elliptic Jacobi function, an exact physically consistent solution, periodic along the dimensionless
circumferential coordinate, is constructed.

Keywords: nonlinear elastic cylindrical shell, shear waves, asymptotic integration, nonlinear Schrédinger
equation
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AnHoTanua. MerogaMy aCHMIITOTHYECKOTO MHTEIPHPOBAHHUS MPOBENEHO MOJEJIHPOBAHUE PACIPOCTPAHEHHUS
My4yKa CABUTOBBIX BOJIH BJIOJIb 00pa3ylollell HeJMHEHHO-YTIPYrod LHJIHHIPUYeCcKoH o6osoukn mopenan CaH-
nepca — Koiitepa. Cunraercs, 4To 060/04Ka U3rOTOBJAEHA U3 MaTepuasa, XapaKTepU3yIoLlerocs Kyoudeckou
3aBUCHMOCTbIO MEXIY MHTEHCUBHOCTSIMH HAlNpsKeHUH U nedopMaluii, a 6e3pa3MepHble MapaMeTPhbl TOHKO-
CTEHHOCTH U (PU3HUECKOH HEeJHHEHHOCTH SIBJSIOTCS BeJHUYWHAMH ONHOTO TMopsiika MajocTu. Hcnosbsyercs
Pa3HOBHUAHOCTb METOLA MHOIOMAacLITaOHbIX Pa3J/okKeHUH, M03BO/A0LLAs U3 YPaBHEHUH JIMHEHHOrO MPUOJIMIKe-
HHUS OTPeNEeUTb CKOPOCTb PACIIPOCTPAHEHHUS BOJIHBI, 4 B NIEPBOM CYILECTBEHHO HEJHHEHHOM NPUOJIHXKEHUH —
NOJMYYUTh paspellaioliiee HeJMHEHHOe KBa3UTUIlepOoNHuecKoe ypaBHeHHUe MJISl [IaBHOIO YJIeHa PasJIoxKeHHs
CIIBUTOBOH KOMIIOHEHTH! CMellleHHsl. BriBelleHHOe ypaBHeHHe MPeACTaBseT cO00H KyOUUeCKH HeJNUHEHHYI0
Monudukauuo ypaBHeHus JInHs — PeficHepa — L[35Ha, Momeupyollero HecTalHOHAPHOE OKOJIO3BYKOBOE
TeueHHe rasa, U MOxeT ObITb IIpeoOpa3oBaHO B MOAM(ULUPOBAHHOE ypaBHeHHe 3a00/10TCcKOH — X0XJI0Ba,
UCIIOMb3yeMoe /1S OMMCAHUS Y3KUX MYYKOB B aKyCTHKe. PellleHue BbIBEIeHHOI0 ypaBHEHHS OTbICKUBAeTCs B
BUJIe OIHOW TapMOHUKH C MeIJIeHHO MEHSIOIIEHCs KOMIJIEKCHOH aMIIUTYIOH, MOCKOJbKY B AehOpMUPYyEMbIX
cpenax ¢ KyOHUecKOH HeJMHEHHOCThIO 3((eKT CaMOBO3AEHCTBUS BOJIHBI CYIIECTBEHHO Mpeodnanaer Ham 3¢-
(beKTOM reHepalMM BBICILIMX FAPMOHHUK. B pesysbrare /18 KOMIJIEKCHOH aMIVIMTYIbl OJYUeHO BO3MYLLEHHOE
HeslMHeliHoe ypaBHeHue lllpennHrepa nedoKycHpyIOLIEro TUNA, A/ KOTOPOro OTCYTCTBYeT BO3MOXKHOCTD
Pa3BUTHS MOLYJNSLUOHHON HeyCTOHUMBOCTH. B TepMuHax aniuntuyeckod ¢yHKUMK K06 MOCTPOEHO TOUHOE
(hU3UYECKH COCTOSITeNIbHOE pelleHHe, NepHoaudYecKoe Mo 6e3pa3MepHOl OKPYXKHOH KOOpAMHATe.
KaroueBble ciioBa: HellMHeHHO-yIpyras LUJAMHIPHYecKas 000/104Ka, CIBUTOBblE BOJHBI, aCUMITOTHYECKOE
UHTErpUpOBaHHUe, HesluHelHoe ypaBHeHUe Illpenunrepa
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Introduction

Currently, there is an increasing interest in the study of nonlinear shear waves in systems of
various physical natures in relation to problems of acoustic diagnostics and non-destructive testing.
Biomedical applications of shear waves are discussed in [1,2]. The possibility of diagnosing
pathologies and the functional state of the muscular system is shown, due to the fact that the
speed of these waves in the muscles is much lower than the speed of longitudinal waves and
the formation of higher symmetry. Corresponding acoustic methods have great promise in the
diagnosis of neuralgic pathologies, as well as in gerontology, sports, and space medicine. In [3],
a method for measuring shear elasticity using focused ultrasound radiation pressure known as
SWEI (Shear Wave Elasticity Imaging) was proposed. The development of this technique called
supersonic shear imaging (SSI) is discussed in [4,5]. The results of observing a shear wave excited
by focused ultrasound in a rubber-like medium are given in [6]. A theoretical model has been
constructed that allows one to calculate the characteristics of the generated shear wave depending
on the parameters of the medium and the initial longitudinal wave. In [7], plane nonlinear shear
waves in a medium with memory are considered. Model equations with cubic nonlinearity are
derived and analyzed based on the Duffing equation. The dissertation [8] is devoted to the study of
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the propagation of linear and nonlinear shear waves in viscoelastic media. Classes of exact wave
solutions for shear waves in special viscous media were constructed in [9]. In [10], the effects of
cubic nonlinearity in shear wave beams of different polarizations are analyzed analytically and
numerically. Solitary and compact shear waves are studied in [11]. The possibility of generating
the second harmonic for shear waves in an elastoplastic medium was demonstrated in [12].
Nonlinear shear waves in a solid with a microstructure are studied in [13]. In [14], shear waves
in a nonlinear elastic body are analytically modeled. The propagation of a beam of shear waves
in a hereditary medium in the quasi-optical approximation is considered in [15]. In [16], the
propagation of shear solitons in an elastic plate is modeled. In [17-20], quasi-hyperbolic and
evolutionary equations that can be reduced to integrable ones are derived. Thus, the possibility
of generation and conditions for the existence of shear solitons are demonstrated. Nonlinear
longitudinal and shear stationary deformation waves in a gradient-elastic medium are considered
in [17]. It is shown that stationary shear waves are described by the Duffing equation. The
propagation of nonlinear shear waves in a granular medium is considered in [19]. It is shown that
low-frequency soliton-like disturbances are described by the Boussinesq equation. In [20], the
modeling of solitary shear waves in a granular medium led to the perturbed sine-Gordon equation
for the first time. It is shown that the speed of a solitary wave is always less than the speed of a
transverse seismic wave. In [21], the influence of material heterogeneity on the evolution of a
Riemann shear wave is studied. The dependence of the characteristic breaking distance of the
Riemann wave on the values of the corresponding elastic moduli has been revealed.

Problems of nonlinear wave dynamics of cylindrical shells, in contrast to similar problems
for rods and plates [22], have been studied to a lesser extent to date. The reason is that in rods
and plates, tangential and normal displacements are separated in a linear approximation and are
coupled only due to nonlinearity, which simplifies the use of asymptotic integration procedures [23]
of systems of initial equations. In shells, due to curvature, longitudinal, circumferential and
normal displacements are already connected in a linear approximation, and the division of
wave movements into longitudinal, shear (torsional), and bending becomes, to a certain extent,
conditional.

Depending on which component of the displacements predominates, we have to talk about
longitudinal-flexural, flexural-longitudinal, flexural-shear, etc. waves. Nonlinear axisymmetric
waves of the longitudinal-flexural type are considered in [24-27]. Flexural-longitudinal waves
are studied in [28]. In these works, classes of exact soliton-like and periodic solutions were
constructed and questions of their physical realizability were discussed. This article is devoted to
modeling the propagation of a predominantly shear wave along the generatrix of a cylindrical
shell.

1. Derivation of the resolving equation

We will carry out further analysis based on the Sanders —Koiter model of a cylindrical
shell [29,30]. Geometrically linear equations of motion of a shell element in forces and moments
have the form:

ON, ONg, 1 0M,, ~ho*u

Ox + Oy 2R Oy g otz 7
ONgy (ONy, 3 OMy, 10M, ~hd*v

_ B _ - = 1
Ox dy 2R Ox R oy g Ot2 0 M
0*M, 0*My, 0°M, 1 ~vh 0*w
7 T2 5 TRV e = U
oz oxdy dy R g Ot

where z,y are longitudinal and circumferential coordinates, u, v, w are movement of the middle
surface of the shell element in the longitudinal, circumferential and radial directions, respectively,
N, M, are normal force and bending moment in a section perpendicular to the axis Ox, Ny, M,
are normal force and bending moment in a section perpendicular to the axis Oy, Ny, M, are

580 HayuHbiii otgen



A. |. Zemlyanukhin et al. Shear waves in a nonlinear elastic cylindrical shell 4@

shear force and torque in a plane section Oxy, h, R, are thickness, radius of curvature and
surface density of the shell, g is acceleration of gravity and ¢ is time.

We will assume that the shell is made of a nonlinear elastic material characterized by a cubic
relationship between the intensities of stress and strain [31]

g; = Eoé‘i — maf’,

where Ej is the initial elastic modulus and m is the material constant determined experi-
mentally [32].

The relationship between forces and moments with deformations and changes in curvature of
the middle surface is assumed to be as follows:

Eg—mez2 h
Nxz(l_lﬂ)(ex—i-uey),
Eo —me?) h
Ny:(1_u2)(ey+l‘€x)v (2)
(Eo —me?) h
Nzy:—exy7
2(1+p)
(Eo — me?) h? 2mFh?
M, = ~———2— (K + pky) — ex + pey),
R TTI RR Y 27(1-,&)(1—@2(“3 Hey)
(EO — mez) h3 2mFh3
M, =~~——"2 (K, + pky) — ey + pez), 3
y 12(1—u2) (y [k ) 27(1_M2)(1_M)2(y pez) (3)
u :(Eo—me?)hg'l—,u‘ﬂ B 2mFh? R
Y 12(1-p?) 2 Voot —m)(1—p)? 2
where A )
H 2
e = 9 <ex —emey+e§+ ( _M)Q(ex +ey)” + 3692@)

represents the square of the intensity of deformations of the middle surface, u is Poisson’s ratio
and

1 3
F=(1-p+ ,uQ) (Kzer + Kyey) — B (1—4p+ ,u2) (ky€z + Keey) + meyexy(l — )t

The components of changes in curvature and deformation in the linearized Sanders — Koiter
model are related to the components of displacements by the following relations:

_ Ou B 0*w
61—%7 ’{z—_Wa
Yoy R oy?  ROy|’
SN L )
ooy o Oxdy 4R\ O0x Oy)|’

Substituting (4) into (2) and (3), and then the resulting relations into (1), we obtain a system of
equations of motion of the shell element in displacements

82u+1—,u(1+ h )32u+1+u<1 (1—p)h? ) 9%

O 2 48R2 | Oy2 2 C16(14 p) R? ) 0zdy
9 1—p)h? 93 1— pu?) 62
udw (Q-phE S (L) O )
R Ox 24R  Ox0y gEy Ot

MexaHvnka 581



@ WU3B. Capar. yH-T1a. Hos. cep. Cep.: Marematuka. MexaHuka. VIngpopmatuka. 2024. T. 24, Bbin. 4

2 2 2 a2 _ 2 2
<1+ h >8v+(1+ 3h )1 “M+<1 1—pu)h >1+u8u

12R2 ) 9y? 16R2) 2 02 C16(1+p)R2) 2 By
10 h? & 3—p)h? 9 1—p?) 92
ROy 12ROy 24R  0x%0y gEy Ot
h? pou 10v 1 (1 —p)h? O3u

12 w+R0x+§07y_ﬁw+ 24R  0z0y?
_ﬁ@_(fﬂ—u)fﬂ v v (1= p?) 9%w

12R dy? 24R 0220y  gE, 02

+ f3=0, (7)

in which all nonlinear terms are reduced to f1, fo and f3. The resulting system differs from a
similar system of equations of motion in the classical theory of Kirchhoff — Love shells [32] by
the presence of underlined terms of higher orders of smallness. Taking them into account during
further asymptotic integration, as will be shown below, leads to a new form of the resolving
equation.

Let us introduce dimensionless independent and dependent variables into consideration using
the formulas:

x Y FEpg t
X=-, Y==, T= e
! R YL —p2) 1 (8)
u v w
R’ R’ h
Substituting (8) into the equations of motion (5)-(7) reveals in the latter small parameters of

nonlinearity and thin-walledness % and & | which we will consider to be quantities of the same

order of smallness with the ratio of the physical nonlinearity parameters:
h_ B

=z=—=c (9)

R

l

This assumption is typical for problems of asymptotic analysis of long-wave perturbations [24-26].
According to (9), the dispersion parameter % is a value of the order of £.

Assuming that a beam of shear waves propagates along the generatrix of the shell, we

introduce into consideration new independent variables and expansions of dependent variables in

powers of the small parameter ¢:
X
2 2
— X, = Y’ = T - —,
X=E¢€ n==¢ T c (10)
U= 53/2U0 + 85/2U1, V= €1/2‘/0 + €5/2V1, W = 63/21;[}) + 55/2W1,

where C' is the yet unknown wave propagation speed. Taking into account (8)-(10), in leading
order in powers of the small parameter, the system of equations (5)—(7) takes the form

ﬁaW() i—l 02U0_(1+,U) 82‘/0 —~0 (11)
C or C?2 or? 2C 0ron
0%V,
(202 + pu—1) 6720 =0, (12)
100 4 gy, Vo, (13)

car T gy
From (12) the dimensionless wave propagation speed

I—p
C =44/ —=.
2
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is determined. The equation (6) in the first essentially nonlinear approximation has the form

Vo 32 =21 0%V 1 0%V 14+p 0%Uy
orox  32(1—p) 072 VZ—2u 0 T 2(1—p)oroy
Lo oWy \/m@%)?a% _

V2 =2 On (1—p?\or /) or?

Using (11), (13) to express the terms with the functions Uy and Wy in terms of V{, we give the
equation (14) its final form

(14)

Vo Vo . PV o \? 0%V
ot dx A or? te on? ¢ (5’7’) or? 0, (15)
where
3 VI—up V2

TV, R T W TR R Y R BV ey

2. Discussion of the properties of equation (15) and construction
of its periodic solutions

An equation similar to (15) was derived in [15] for a quasi-plane shear wave in a medium
with memory. The cubically nonlinear equation (15) contains an additional term with coefficient
1 arising due to the underlined terms in the system (5)—(7). Such an equation with quadratic
nonlinearity formally coincides with the Lin — Reisner — Tsien (LRT) equation modelling unsteady
near-sonic gas flow [33]. Therefore, by analogy with the classical and modified Korteweg -
de Vries equations, (15) can be called the modified LRT equation. At the same time, for the
function f = %, this equation takes the form of the modified Khokhlov —Zabolotskaya (KZ)
equation [33]

2
0 <8f 6f+ f28f> B o°f

or =g

the second summand in the left-hand side of which is eliminated by passing to the corresponding
traveling wave variable. It is known that in nonlinear acoustics the abbreviation KZ is more often
used, while in aerodynamics the abbreviation LRT is more common [33].

With variable transformation

C1 C1
% = 7(1)1 t=c1x, §:CIX+7-7 C: —n
c3 V c2

the equation (15) takes the compact form

2 2 2
0°P <8(I>> 0°®  0°9 - (16)

oo “\ag) 2 T a2

typical for problems of gas dynamics and acoustics. It is obvious that equation (16) has a large
set of symmetries, and its invariant group analysis is a separate task for further research.

When analyzing nonlinear wave processes in cubically nonlinear deformable media, the
experimentally established fact of a significant predominance of the phenomenon of wave self-
action over the effect of generation of higher harmonics is usually used [34,35]. This makes it
possible to find a solution to equations of the type (15) in the form of a single harmonic with a
slowly varying complex amplitude

Vo = A(x,n) exp (—iwT) + c.c. (17)
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Substituting (17) into (15), we obtain the perturbed nonlinear Schrodinger equation (NSE) for

the amplitude A
2

A
iwa — qw?A — CQa—nQ + cwt A? |A| = 0. (18)
To find an exact periodic solution to the NSE (18) we make the substitution A (x,n) = a (n) exp (iwy),
after which for the amplitude a (n) we obtain the Duffing equation

d*a 3
d7172 + d1a + dza = 0,
where +1
d1 = LWZ, dQ = —Cjw4‘
C2 Cc2

A physically consistent solution, depending on the dimensionless circumferential coordinate 7,
must be periodic in 7. This condition is met by the general solution of the Duffing equation in
terms of the Jacobi elliptic function

a = Clsn [91 (9277 + CQ) 793] 5

in which C;, Cy are constants of integration and

2d 1 —(2d1 +d2)d
91:\/ : 92:§V4d1+2d2, g3 =C1 (2, + dy) 2

2d1—|—d2—012d2’ 2dy + do

under condition g3 # +1.

Note that in equation (18) the coefficients in front of the dispersion and nonlinear terms have
opposite signs, that is, a defocusing version of the NSE is obtained. It is known [36] that in this
case, the development of modulation instability is impossible, that is, a spatially homogeneous
solution is stable, as well as solutions in the form of periodic stationary waves.

Conclusion

It has been established that when modelling the propagation of a shear wave beam along a
nonlinear-elastic cylindrical shell, a quasi-hyperbolic equation with cubic nonlinearity, generalizing
the LRT and KZ equations, is formed. Thus, the connection between the problems of nonlinear
wave dynamics of deformable systems, near-sonic gas dynamics, and nonlinear acoustics is
demonstrated. It is shown that cubic nonlinearity allows to transform the derived equation into
the NSE of defocusing type, in which it is impossible to develop the modulation instability of
periodic wave solutions.
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BBenenue

Bnaropaps ysydiieHHBIM CBOHCTBAM MO CPAaBHEHHIO ¢ OOBIYHBIMA MHOT'OCJIOMHBIMH KOHCTPYKIIU-
SIMH, TAKMMH KaK YCTOMYMBOCTb K KODPO3UH, MEXAHHUECKHUM HArpy3kaM W BBICOKHM TeMIlepaTypam,
(hyHKIHOHAbHO-TpafiueHTHbIe MaTepuabl (FGM) 1 mopucThle (hyHKIHOHAJIbHO-TPaIHEHTHBIE Ma-
tepuanbl (PFGM) ucnosb3yoTesi B pa3iudHbIX OTPAC/SX TPOMBIIIIEHHOCTH: a9POKOCMHUECKON
MPOMBILIIEHHOCTH, OHOJIOTHH, XHMHH, MeAMULHHE (IMarHOCTHKA, KJEeTOUHAas HAHO- ¥ MHUKDPOXH-
pyprusi, 1oCTaBKa JIeKapCcTB MOPa)KeHHOE MEeCTO OpraHu3Ma), 3JeKTPOHHOH MPOMBILIIEHHOCTH,
po6otorexHuke [1-4].

AHanuz paboT, MOCBSAIIEHHBIX HccaenoBaHu0 6aok W3 PFGM, nmokaseiBaeT, UTO OCHOBHOE
BHHMaHHe yIesseTcs aHalu3y BJHUSHUS Pa3JMUHBIX XapaKTEPUCTHK, TAKUX KaK KO3((UIHEHTH rpa-
IUEHTHOCTH W MOPHUCTOCTH, HAHOKOI(P(PHUIIMEHT, OTHOCHTE/bHAS TOJIIMHA HA U3THO, YCTOHUHBOCTD
¥ 3Ha4yeHHs1 coO6CTBeHHBIX yacToT [5—9]. MccnenoBanue BuiHYKaeHHBIX Kosebanuii PFGM-6a/ok
npuBeneHo Juib B padote [10]. B cratuueckoil JMHEHHOH MOCTaHOBKE MCCJEI0BAHUIO BJIUSHHUS
MOPUCTOCTH (DYHKIMOHAJIBbHO-TPAMEeHTHBIX MIACTHHOK MocBsiileHa cTtaTbs [12]. Hacrosimast paGora
CTaBUT CBOEH Lie/Ibl0 POAHANU3UPOBATh HEMMHEHHYIO CTATUKY U Xa0THUECKYI0 TUHAMHUKY MOPUCTHIX
(yHKUHOHATbHO-TPaIMEHTHBIX HaHOOAJOK, OMUChIBAEMbIX KHHEMaTHYeCKUMU Momesasmu 1, 2, 3
npUbIHKEeHUH.
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1. IlocranoBka 3agauu

Paccmotpum B mpocTpancte R3: Q = {x,y,2/ (z,y,2) € [0,a] x [0,b] x [~h/2, —h/2]} 6an-
Ky (puc. 1), BBIMOJHEHHYIO H3 KOMIO3HTa — (DYHKLMOHAIbHO-IPaAHEHTHOrO IOPHCTOrO MaTepHana,
COCTOSILIIETO M3 IBYX (pa3: MeTaJJIMUeCKOH U KepaMHUYECKOH.

g

h/2

q(x,t

Ll

KepamiKa
-h/2

X by

h2 O-PFGM X-PFGM U-PFGM meTann

Puc. 1. Pacuernast cxema u tunsl PFGM (uBet oHJaiin)
Fig. 1. Design scheme and types of PFGM (color online)

CoopmyrpyeM cienyionide rUnoTe3bl.
lunomesa 1. Kunematuueckasi runotesa tpetbero npubnuxenus — LllepemerreBa — [lesexa
[12,13]:

23 w(x
up = u(x,t) + z(x,t) — 32 (zp(x,t) + 8((§g;t)>, ug =0, wuz=w(z,t), (1)

rne u(z,t), w(r,t) u (r,t) 0603HaYaOT OCEBOE CMelleHHe CPEeAMHHOH JHHUH, MPOru6 Gajku
M yroJl BpalleHHs MOMepPeyHOro CeyeHHsi OTHOCHTENbHO BEPTUKAJIbHOTO HAMpaBjeHHsi. 3/ech
fajiee 4jieH C MoAYepPKUBAaHUEM CBEPXY OTHOCHTCS K yuyeTy MOBOPOTA HOPMaJi OTHOCHTEJIBHO
TMepPIeHANKYJIsIpa TP U3rube, 4jieH, MOAYEPKHYThIH CHU3Y, OTHOCUTCS K M3THOAHHIO HOPMAJIH.

3ameuanme 1. Eciu B (1) npeHeGpeub 4neHaMH, NOAYEPKHYTHIMH CHH3Y, — MOJIe/Ib THMOILIEHKO.

3ameuanue 2. Eciu B (1) npeHeOpeub yseHaMH, NOAYEPKHYTHIMHM CHHU3Y, a B UJjieHe, NMOIUEpK-

HYTBIM CBEpXY, MOJOXKHUTb ¢)(x,t) = —%, nosyyaeM monenb BepHynau — disepa.

lTunomesa 2. MatepuaJs, ©3 KOTOPOrO M3roTOBJ€HA HAHOIMJIACTHHKA, CYUTAETCS U30TPOIHBIM,
HO HEOIHOPOAHBIM MO ToJlIMHe F(z), v(2).

Tunomesa 3. HaHo3((eKThl yUUTHIBAIOTCS € MOMOLIBIO MOAW(HUIIMPOBAHHON MOMEHTHOH TEOpHH
ynpyroctd @. fura (F. Yang) [11].

T'unomesa 4. 'eoMeTpuueckasi HeJMHeHHOCTb yuuThiBaeTcsi B opme T. dhon KapmaHa.

Tunomesa 5. PyHKUNOHANBHO-TPAUEHTHAS MTOPUCTOCTb YUYHUTbIBaeTcsi mo mopenud P. Pana
(F. Fan) [5].

Jlns mocTpoeHHs paspellalolIUX ypaBHEHHH W I'DAHHYHBIX YCJOBHH HCIOJb3yeM IMPHHLHUIM

lamuabToHa
t1

5:/(K—U+W+Wg)dt, (2)
to

3necs U, K, W, W, — noTeHuHaJ/ bHasl HepPTrHs, KUHETHUECKas 3Heprus, paboTa BHELIHUX CUJ U
SHEprusi AUCCHUMALNU:

1 a
U= 2//(0'ij5ij —i—mijxij) dAdx,
0 A

o /a/p 8ugi,t)+zf)¢(a:,t) z?»<8¢(x,t)+a2w(x,t)> 2+(6w(x,t)>2 Ade,
0 A

ot  3h2 ot Ozt ot

N =

a

W= / (q(z, )w(z, b)) de, W= / <8wg;’t)w(x,t)) dz, (3)
0 0
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e € — KO3 (PULUUEHT AUCCUTIALUH, B (opmyse (3) mepBble caraeMble OTHOCATCS K KJaCCHYeCKOH
TEOPHUH YIPYTOCTH, BTOPbIE CjlaraeMble — K MOTU(UIIMPOBAHHOH MOMEHTHOH TEOPHUH yNPYrOCTH
®. dura [11].

B Bripaxkenuu (3) (ocHoBe Teopuu 6anku lllepemerneBa — [lesexa) B mpeanosokKeHUH Masbix
nedopMalMil U yMepeHHbIX BpallleHHH HeJHHelHble cooTHolleHUss Kapmana pss medopmauuu-
nepemeleHus 6anku ¢ ydetom (1) umeroT BUI

Cou(z,t) 1 (dw(a, )\ (x,t) B [Op(x,t) | 0Pw(,t)
T +2< or ) T o 3\ ot T 02 )

wxr 2'2 w\r
S, <w<x,t>+ 2 gﬁ) - 52 (v + 2521,
wlx 2 w\xr
922—;<8(§$’t)>—¢( )+h2<¢(x’t)+8a(x,t)>’

1] Q%w(x,t) OY(x,t Pw(z,t)  OY(x,t
o= | PR (1 ) (50 - 2500) |

z
X23 = X32 = ~555 (%Z)(l‘at) +

[naBHBIE KOMIIOHEHTHI CI/IMMETpI/IqHOﬁ 4aCTH TEH30pa HaHpH)KeHI/II;IZ

o = (A+2p) e, 013 = kspieis,
mis = ul*x12, maz = —ul*x2s3,
rae ks — MOnpaBoYHbIA KO3 HIHEHT, KoTopbii st Monesu [llepemernesa — [lesiexa pasen 1, a
s momesin C. I1. Tumomtenko — 5/6.

Hckomele BapraluoHHbBIE U IH(QepeHLInaNbHble YPABHEHHS, KpaeBble U HayaJbHble YCJOBHUS
BBITEKAIOT U3 mpuHuMNa [amuabroHa — Octporpanckoro (2). Paspematoniine ypaBHeHUs TBHXKEHHUS:

9 k: ou(z,t) _'_} ow(z,t)\? . 0?u(x,t)
x| "\ oz 2\ oz U o
9 ou(z,t) 1 [(dw(z,t)\?\| dw(z,t) Py(x,t) | 0'w(x,t)
&U{[kl< Oz +2( Oz oz ks 0z3 k1 ot
n O%w(x,t) N OY(x,t) 0?w(x,t) N ow(w,t) Otw(x,t) 03 (z, )
A oz a2 o ot o202 T ° dwot?

0% (x,t) PBw(x,t) ow(z,t) L 0%YP(a,t) Bw(z,t)
g R R\ Ty TVl ) =T T e @)

> + +q(z,t) =b

['panuuHble ycjoBus npu z = 0, a:

{kil <W+2 )} $t) 0,

0*w(x,t) O3Y(x,t) ou( ow(x,t) ow(x,t)
b k(a 2<8x>)] or

ow(x,t)
— b
€ En =+ 06

+

dx20t2 0 oxot?

0%Y(x,t) 3w (z,t) ow(z,t) B B
+k3 o ks 923 + ks p +¢(z,t) ) =0, w(z,t)=0,
oY(z,t) QPw(z,t) ow(xz,t)
ks i ky4 R 0, wuau 9 0,
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oY(z,t Pw(z,t
200 B o ey =0 ®
HauasnbHble yesoBus:
0 0
w(e,0) = oi@), 00 _ ) w0 = o), 20D g ),
0,0 = oaw). P80 _ ) ©
rae ¢;(x), ¢ =1,...,6 —3anaHHbBle HauaJbHbIE YCJOBHS.

Kosdpouuuents k; (4) nas momenu LllepemerneBa — [lesexa umeroT BUa
b= )+ 20(2), ke = (\(2) 4+ 20(2)) (22— 2 4 2
1= 24 ) 2 = 121% 352 9h4 )

ko = 212 (1= ) k= ) + 2002 (20 4 22
2nan0—4,u h2 sy 3 — H 3h2 9h4 )

24 z
fanana = 30(2) (1= 55 ) b = (2) +200) o

1 22 2 2’2 2
b = 30 (145 ) =) (1-55)
2 , 22 28

Ko = ) Fzstn = 21, b =) (2 = 305+ g7 ).

W3 ypaBHeHu# (4) cienyoT ypaBHeHHs [/ KUHEMaTH4YeCKUX Mozesell TumoleHko U bepHynin —
Oiinepa, Kak 1/ NOJHO pasdMepHbIX v = 0 6a/loK, Tak U HaHOpa3MepHbIX 7y # 0 6anok. Beenem
6e3pa3MepHble MapameTpsl Mo (Gopmysaam

_ X _
r=—, =

Ya
h )

S
> e

_ _ ua -
W= -, u:ﬁ7w:

i A B at 7 t a E a
= — =q—— =—, T=—, ¢c=4|—,E=¢—.
bh7 q Qh4E7 7_7 C? p7 c

Cuctema nuddepeHUHaNbHBIX YPaBHEHHH B YaCTHBIX MPOU3BOAHBIX (4) ¢ KpaeBbIMH (D) U
HayaJbHBIMH ycJoBUsIMH (6) cBemeHa K 3amade Koiiw MeTOIOM KOHEYHBIX Pa3HOCTEH BTOPOrO
MopsiiKa TOYHOCTH 10 TPOCTPAHCTBEHHBIM KOOpPAMHATAM, KOTOpasi pelieHa mMeTonoMm Pyhre — KyTThl
BOCBMOT'O TOpsiika ToYHOCTH W Hptomapka. JlocTOBEpHOCTb pe3yJsbTaTOB HUCCJ/IE0BANACh 110 MPABUITY
PyHre: unTepBas pas6ueHus Mo KoopauHaTe x 6bli1 npuHat 1/100, a no spemenn 1.953 - 1073, uto
06ecreynsio coBnajeHHe He TOJbKO OCHOBHBIX (DYHKIIMH, HO ¥ MPOM3BOAHBIX 0 BTOPOTO MOPsiiKa
BKJIIOUHUTEJBHO.

>

2. YucneHHbIN 3KCIIEPUMEHT

Hccnenyem ctaTuKy ¥ HeJMHEHHYI0 THUHAMUKY MOPUCTBIX (PYHKLHOHANBHO-TPaUeHTHbIX HaHOOa-
JIOK I/l KWHeMaTH4yecKux Mopeseidl bBepnynau —iinepa u lllepemerneBa — [lenexa nssi tumos
TIOPUCTOCTH, NMPUBENEHHBIX Ha puc. 1. Matepuan 6ankid — KOMIIO3UT, UMEIOILHMH MeTa/ JInYecKyio
(asy u (pasy kepaMUKH, Ko3ppuureHT nopuctoct I' = 0.2; 0.4, MOLyNH YIIPyroCTH, KO3(DPULHEHT
[TyaccoHa, mIOTHOCTb [1Jisi aJlOMHHUS U KepaMUKHU [14]:

E.=210TMa, E,, =70TTa, v, =024, u,=0.35,
pe = 2400 kr/M>,  pp, = 2700 kr/M>, h =1 M.

MexaHvnka 591



==

U3B. Capar. yH-1a. Hos. cep. Cep.: Marematuka. MexaHuka. ViHgpbopmaryka. 2024. T. 24, Bbin. 4

['paHuUHBIE YCJ0OBUS, COOTBETCTBYIOLIHE KECTKOH 3alesKe:

ow(0,1) _ ow(1,t)

0,t) =w(l,t) = =0
w(0,1) = w(l,t) = == S,
¥ HauasbHble yc/aoBus st ¢;(z) =0,1=1,...,6.
Harpyska:
Q(x¢ t) =qo0o+q1 Sin(wpt)7 (7)

e go, q1— BeJHYMHA CTaTHYECKOH M aMILIATYAa AMHAMMYECKOH Harpysku COOTBETCTBEHHO, Wy —
yacToTa Bo30YyKAeHUs, t — BpeMs.

2.1. Xaornueckad JUHaAMHKa

B pa6ote xaoc omnpenenensietrcss no dopmynnposke ['yauka [15]: «Xaoc cyiiecTByeT Torua,
Korja Jiubo UMeeTCsl CyllecTBEeHHAsi 3aBUCUMOCTb OT HauyaJbHBIX YCJOBUH, 00 (DyHKLUS UMeeT
TOJIOXKHUTENbHBIN M0KasaTe b JIAnyHOBa B KaxKI0H Touke 06JacTH ee ONpeleseHUs U 03TOMY He
SIBJIsleTCsl B KOHEYHOM HTOre Mepuoirdeckoii». MccienoBanack XxaoTHueckasi IHHAMUKa HAaHOOaJI0K
NpH NEHCTBHHU NEPeMEeHHOH pacnpele/eHHOH HarpysKH C 4acTOTOH BO30OYXIeHHUS wy, = 6, Ko3(du-
LMEHT JMCCHNAUMHK € = 1, oTHocHTe IbHas AauHa r = 3 = 50. CnekTp nokasareneidl JlsanyHosa
MoJiydeH € MOMOIIbI0 moaxona, pazpaboranHoro B. A. Kpoicbko u B. B. JloGpusiHom Ha OCHOBe
HEHPOHHBIX CeTed, CTapliui nokasatesb JlsnyHoBa mposepsiicst Mmetonom Kanma [16].

PaccmoTpuM HenMHEeHHYI0 TUHAMHUKY 0aJjikH, OTHMCHIBAEMYI0 KHHEMATHYeCKOH THIOTEe30H TpeTbe-
ro nopsinka lllepemerneBa — [lenexa, ¢ Tunom nopucroctd X ([16], cm. puc. 1, Taba. 1).

Tabauya 1 / Table 1

Hunamuka 6anku LllepemerneBa — [lesexa
Dynamics of the Sheremetyev — Pelekh beam

q1

1-10°%

22-10°

25103

CursaJisl

w(0.5,1)

3200 3202 3204 3206 3208

w(0.5,1)

0.5

3200 3202 3204 3206 3208

0.5

3200 3202 3204 3206 3208

w(0.5,1)

Cnextp Pypoe

S(w

4

Wp

BeiiBner Mopue

1500 2000

2500 3000 ©

1500 2000 2500 3000 ©

w2
1500 2000 2500 3000 ©
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P

Oxonuanue maba. 1/ Continuation of Table 1

@ 1-10° 22107 25 - 10°
02 6
; W
w 4
0.1
Ry
®a3zoBhIii MOpTpeT 0 of
0.1 2
4
-0.2 w
-0.02 0 0.02 -0.5 0 0.5 -0.5 0 0.5
005 W7 1 W) W(t+T)
1
0.04 08 - ,('""-.{L
0.03 £ 0.6 '} o iiﬁ' 'ﬁiﬂﬂaf.
04 1 >
Ceuenne Ilyankape | ., - - SR
001 02 0 ‘fgr
0 w 0 w 02 w
0 0.01 0.02 0.03 0.04 0.05 0 0.2 04 06 0.8 1 0 0.5 1

Kosdpduunent nopuctoctu I' = 0.2 u pasmepHo-zaBucuMmblil napametp v = 0.3. Ilpu narpyske
g =1-10% Ha crexTpe MOLIHOCTH HabJIONAeTCs YACTOTa BO3OYKAEHHS Wp, N0 CUTHAJY, BEUBJIETY,
(hazoBoMy noptpety U ceueHHIo [lyaHKape MOXKHO clesaTb BBIBOA, YTO KoJieOaHHs FapMOHHYeCKHe.
O rapmMoHHUeCKHX KoJeOaHHUSX CBUAETEJbCTBYIOT Takxke M nokaszaresu JlanyHoa LE Spectrum:
—0.00037; —0.26174; —0.26174; —1.32429. YBesnnuyeHUe HArpy3KH MPUBOAUT K MOSIBJIEHUIO HOBBIX
‘{aCTOT%7I/I npu g = 22-10 Ha creKkTpe MPUCYTCTBYIOT YaCTOTHl Wy = %wp, w3 = %wp, Wy = U%wp,
W5 = qpgWps «PACCTOSHHUS» MEXKJY KOTOPHIMHM PABHBI U PABHbI «PACCTOSHHMIO» MEXJY YaCTOTOH wp 1
wp. BeliB/eT-crekTp nokasblBaeT nepeMeHHbIH XapakTep 4acToT BO BpeMeHH. Pa3oBblil MOPTPeT U ce-
yeHue [lyankape yka3blBalOT Ha Xa0THYeCKUH xapakTep KosebaHui. CriekTp nokasatesei JIsmyHoBa
UMeeT OlIMH MOJIOXKHUTeNbHBIN nokasaTenab (LE Spectrum: 0.05097; —0.05654; —0.43458; —0.51255).
Ilpu Harpyske ¢ = 25 - 103 curnas craHoBuTCs ellle 60/1ee XaOTHYHBIM, Ha criekTpe Dypbe HMe-
eTcs MbeflecTal 4acToT. BeliB/eT-cieKTp yKasblBaeT Ha HEM3MEeHSeMOCTb YaCTOTHOTO CIIEKTPa BO
BpeMeHH. DPa30BbIi MOPTPeT aHAJOTHUEH NpelblAylleMy, a cedeHue [lyankape craHoBuTcsl Gosee
XaOTHYHBIM. B crekTpe mokasaresedl JIsgnyHoBa UMeIOTCs ABa MOJOXKHUTENbHBIX MoKasaTens (LE
Spectrum: 0.72661;0.00432; —0.00122; —0.73915), T.e. cucTeMa HaxoouTcs B runep-xaoce. CocTo-
sIHWe TUIep-Xaoca Ha0JIofaeTcs B 3afauax AJs KJAacCUYeCcKUX CHCTeM: 0000leHHoe 0ToOpaKeHHe
dHoHa, cucrema Jlopenua [16].

PaccmoTpuM 17151 cpaBHeHHs pe3y/bTaThl AJIsl TMOPHCTOH HaHoOanku bBepnysnan — ditsepa ¢
aHaJIOTHYHBIMHU MapaMeTpamu (tabna. 2).

Tabauya 2 / Table 2

Junamuka 6anku Bepuysnu — ditnepa / Dynamics of the Bernoulli— Euler beam

q1

29 . 103

2.6-103

CursaJnl

w(0.5,1)

w(0.5,1)

0.4

0.2

0

-0.2

-0.4

0.5

-0.5

2200 2220 2240 2260 2280

2200 2300 2400

Cnektp Pypbe

6
S(w
4

2 W) wa

Wp

w

2 3 4 5

6 7
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Oxonuanue maba. 2/ Continuation of Table 2
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[pu Harpyske q = 29 - 103 curnan He siBJseTCs CHHYCOMAAJbHBIM M HMeeT MHJI006pas3-
HYI0 CTPYKTYpPY, B crnekTpe Dypbe NPUCYTCTBYIOT [IBe YAaCTOThl C MaJiOH MOLIHOCTbIO BOKpPYT
yacToTsl 2. Ha BefiBieT-criekTpe OHM BbIpaxkeHsl c/1a60. (Pa3oBblil MOPTPET HMEET CJIOKHYIO
HeOTHOPOAHYI0 CTpyKTypy. CrekTp mnokasaresned JlsmyHoBa orpuuatesnbhbii —LE Spectrum:
—0.00778; —0.04325; —0.06809; —0.06809. Ilpn yBesnueHUH Harpy3ku MpPOMCXOAUT MepecTpOeHHe
CreKTpa, MOSIBJAAIOTCS HOBble 4acToThl, M npu ¢ = 29.6 - 103 Ha crekTpe mpucyTcTByioT 12 ya-
ctoT. HanGonbuyo MOIIHOCTE UMEIOT Wy, ”2—” YacToTsl pacrosio:keHbl Ha criekTpe ¢ marom 0.5.
XaoTUUHOCTb KoJieGaHWH MoATBepxKAaeT (Pa3oBbI MOPTPeT, cedeHue [lyaHkape W cnekTp mokasa-
tesedt Jlanynosa — LE Spectrum: 0.05000; —0.08149; —0.54066; —0.54066. YBesnuueHHe Harpysku
NPUBOAKT K NepecTpoeHHIo crekTpa, u npu g = 31 - 10% crektp Dypbe cTaHOBUTCS XaOTHUHBIM
Ha 4acToTax Wy, %,, Ceuenne [lyankape u (pa3oBbIH MOPTPET YKAa3blBAIOT HA XaOTHYHOCTb B
(bazoBom npocTpaHcTBe. CriekTp nokasareseil JIsnmyHoBa MMeeT ABa MOJIOXKUTEJIbHBIX T10Ka3aTess
(LE Spectrum: 0.056011;0.00067704; —0.042798; —0.10512; —0.35535), uTO TOBOPHT O COCTOSTHHU
runep-xaoca.

2.2. HccrnepoBaHme 3aBUCUMOCTH Harpys3ka — nporu0 mpu pasJudHbIX IapaMeTpax

Pemiennie HenMHEHHBIX CTAaTHYECKUX 3a/ady OCYLIECTBJSETCS C MOMOLIbI0O METOAa YCTaHOB-
JeHusi [14], uepe3 nMHamMHUYecKHe 3a/lauH, C TIOMOIIbIO METOLOB, ONMHUCAHHBIX B MEPBOM pasiesie
Hacrosilleldl paboThl. PacCcMOTPUM U TpoaHanu3upyeM NoBeneHHe GaNOUHBIX CTPYKTYP, OMHCBIBAEMBIX
runorte3amu l-ro v 3-ro npubMKeHUs (TUnoTe3a 2-ro NpUO/MKEHHsI Ha rpaduKkax OTCYTCTBYET,
TaK KaK ee pe3y/JbTaThl OJM3KH K pe3ysibTaTaM THIOTe3bl 3-TO MPUOJIMKEHHs), NMPH AEHCTBUH
BHeLIHed Harpy3ku qo (7), AJIst pa3MUHBIX 3HaueHHH pa3mepHO-3aBHcHMOro mapamerpa v = (0;0.3)
M TIpY pas3nuuHblX THnax nopucroctd — U, X, O ([16], puc. 2), npyu pasnuuHBIX MOKa3aTeNasx
nopuctoctd I' = 0.2;0.4, nas r = 50. Pesynprarsl mo kuHemMatHdeckoil monenu bepnysiu — ditnepa
nokKasaHbl cryiolHo# auHuer, [llepemerheBa — [lenexa — mTpuxoBoi. OTmeTtum, uto ¢ = 0 (7).
Tun nopuctocTH Ha rpadukax 0603HaYeH LIBETAMHU: CHHUU LBET — THUI NopuctocTH U, 3e/ieHbIH
LIBET — THII TMIOPUCTOCTH X, KpacHblHl 1BeT — THM nopucroctd O. M3 rpadukos puc. 2 BUIHO, YTO
THI NOPUCTOCTH BJIMSIET HA HECYLLYI0 CIIOCOOHOCTb Ganku. [ljs BceX KHHEeMaTHYeCKHUX THIOTe3
TUN nopucTocTh U fBJsIeTCS HAUXYAIIMM C TOYKU 3PeHHUs Hecylled cnocobHocTu Ganku. [lpu
yBeJIMUeHUH pa3MepHO-3aBUCUMOro NapamMeTpa <y Hecylllas CHOCOOHOCTb 0OajiKu yBeJHYHBaeTcs
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npumepHo Ha 13-16%. Taxkxke npu yBesHueHHWH mapameTpa MOpucTocTu I' Hecylasi CoCOOHOCTb
OaJKH yMmeHbllaercsi npuMepHo Ha 14-16%. CTOUT OTMETHUTh, UTO NPH yBeJHUYEHHH MapaMeTpa
nopuctocTd I' pasHMLa MexAy THNAMU MOPUCTOCTH TakKe yBeauuuBaeTcs. CpaBHeHHe pesyJ/bTa-
TOB (pHUC. 2) MOKa3bIBaeT, UTO yBesJHueHHe KO3(D(HUIHEHTA OPUCTOCTH AJs THUMNA MopucToCTH U
MPUBOIMUT K yBejuueHHio mporuba Ha 15% nas momenu bepuysnu — diinepa u Ha 11% s Momenu
[llepemerseBa — [lenexa. st Tuma mopuctocTd X 3HayeHHst cOOTBETCTBEHHO 13 W 9%, a /s Tuma
nopuctoctd O — 8 u 5%. W3 yero csenyer chaesnath BbIBOL, UTO THUI mopuctoctd O Haubosee
YCTOMYMB K YBEJHMYEHHIO NOP U MO3BOJSET HECTH GOJBILIYIO HATPy3Ky.
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Puc. 2. 3asucumoctb g[w(0.5)] 6anox Bepuynan — Diinepa u lepemervena — [lesexa (uBet oHsakH)
Fig. 2. Dependence ¢[w(0.5)] of Bernoulli— Euler and Sheremetyev — Pelekh beams (color online)

3akJarouenue

[TocTpoena maTematuueckasi Moaesb (QYHKLIHOHAIbHO-IPAIUEHTHBIX MOPUCTHIX 'MOKUX HaHOOa-
JIOK C HUCMOJb30BAHWEM KMHEMaTH4YeCKOH rumnorte3bl TpeTbero nopsaka lllepemerbeBa — [lesexa.
YueT pa3MepHO-3aBHCHMOr0 MOBEJEHHST MaTepHaJsa OCHOBAaH Ha MOAU(PHUIIUPOBAHHOH MOMEHTHOH
Teopuu ynpyrocty. M3 mocrpoerHoi matematuueckod mMoznenu lllepemerneBa — [lesiexa Kak yacTHBIH
cJy4ai BBITEKAIOT MOJEJH BTOPOTo Topsinka TUMOILEHKO W TmepBoro nopsiaka bepHymnnu — ditnepa,
C KOTOPOH TPOBEJIEHO COMOCTaBJIeHUe pe3y/bTaToB. UHC/eHHbIe Pe3y/bTaThl MOJYYEHbBl METOLOM
YCTaHOBJIEHHS, METOOM KOHEUHBIX Pa3HOCTeH BTOPOro MOpsiiKa TOYHOCTH, MeTonoM PyHre — Kyrra
BOCBMOT0O Mopsinka U Heromapka.

B 3apmauax HesnuHeliHO# nMHAMHUKK HaHoOasoK Bepnynnu —iinepa u HaHobamok Illepeme-
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TheBa — [lesiexa oOHapyxKeHBl ABa THUMA XAaOTHUYECKHX KoJeOaHWUU: XaoC W TUIep-Xaoc, TaK ke
KaK B KJaCCHYeCKHX 3aJjauaX TMIepXaoTH4yeckoro 0000IIeHHOT0 OTOOpaXKeHUsT DHOHA U CUCTEMBI
Jlopenua. Ilepexon kKosneGaHWH U3 rapMOHHUECKHX B XaOTHUYeCKHe Pas3Hblil [/15 KaxKI0H KHHeMaTH-
YyeckKol mMonenu. B monenn mepBoro npubsankeHus — cueHapuil Peliren6ayma, B MOIENH TPETHETO
NpUOJIMKEHHUs1 — [Iepexo]l B XaoC uepes3 NepeMeKaeMoCTb.

B 3apmauax cratvku cpaBHeHHe 3aBUcHMOCTel g[w(0.5)] mokasasno, 4To HauboJbIIEe OTIHYHE
pesysabraToB 6anok bepnynnu —diinepa u IllepemerseBa — [lesexa Hab./t0naeTCs PHU OXHOPOAHON
no toJirHe nopucroctd U-PFGM. Banku ¢ tunom nopucrocty U-PFGM umMeroT HauMeHbLIY1O
HeCYIIYI0 CIIOCOOHOCTD AJIsT KaKao# Monesnd. OTMETHM, YTO yBeJUdeHHe KOd(PpULHEeHTa TIOPUCTO-
ctd ' IPUBOOUT K CHHUIXKEHUIO HecyLIeH CIOCOOHOCTH MOPUCTBIX (DYHKIMOHAJNBHO-TPaJUEHTHBIX
HaHo0aJoK.

PaspaboTaHHbI# aArOpPUTM pacueTa 3agady CTaTUKW W JUHAMHKH 00/afaeT BBICOKOH TOYHO-
CTbIO, TaK Kak TpebOyeT COBMAaJeHHS He TOJbKO OCHOBHBIX (DYHKLHH, HO W UX MPOU3BOAHBIX N0
BTOPOrO MOPsAKa BKAOUMTeNbHO; Az = 1/100, At = 1.953 - 1073 — cOOTBETCTBEHHO IIary Mo Mpo-
CTPaHCTBEHHOH KOOpAHMHATE U Mo BpeMeHU. [IpencraBieHHble HCCIE0BAHNS HUMEIOT MPAKTUYECKHH
UHTepeC [/l HHXKeHepOB, MPOEKTUPYIOIHUX KOHCTPYKLUHUH U3 MOPUCTHIX I'PaJlUEHTHBIX MaTepHaJIOB.
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AnHotanusa. CraTbsl NOCBSIIIeHa U3YUYeHHIO HeJHHEHHbIX KolebaHUH OfHOH M3 HauboJjee 4acTo BCTpedalo-
LIMXCS CUCTEM C TpeMsl CTeNeHsIMU CBOOOAbl — TPEX3BEHHOr0 MaTeMaTH4eCKOro MasiTHHKA, NapaMeTphl BCex
HEeBECOMBIX 3BeHbEB M BCEX KOHIIEBBLIX TPYy30B KOTOPOro nosararoTcsl MAeHTHUYHbIMHA. O6cyxaaeTcs LHUPOKoe
NpUMeHeHHe MoJeJ/M TPeX3BeHHOIo MasiTHMKAa B IIPUKJ/aJHbIX 3allaiaX POOOTOTeXHHKH U OMOMEeXaHHKH, a
TaKXKe ee BaXKHOe HayuyHoOe 3HaueHMe B 3ajadax yCTOUUHMBOCTH PaBHOBECHs, CTAOU/IM3aLUU U yIpaBJeHUs
IBUXKeHHeM. PaccMaTpuBaeTcs BOIPOC O HAXO0XKIEHUH HeJMHeHHbIX (POpM KoseGaHHWH TPeX3BEHHOI'0 MasTHHU-
Ka, 3HaHHe KOTODBIX [103BOJISI€T OCYILECTBJSATh ONHOYACTOTHbIE PEXKHMbl ero JBHKeHHs IPH JOCTAaTOUHO
6o/bIIMX OTKJOHEeHUAX. Jsig 3TOH Le/nn UCNONb3YITCS aCUMITOTHYeCKHe MeTOAbl HeJUHeHHOH MeXaHHKH,
KOTOpBIE AT BO3MOXKHOCTb ONPEAeNUTh (DOPMBI KoJleGaHUH CHCTEMBI B IepBOM MPUOJIHKEHHUH B PaMKax
cnabo-HenuHelHOH Mozen. O6CYKAa0TCsl OCHOBHBEIE 0COOEHHOCTH MOCTPOEHHBIX HeJHHeHHbIX (JopM KoJe-
6aHUH U BBHIABJ/IAIOTCSA UX KauyeCTBEHHble M KOJIMUeCTBEHHble OT/JIMYMS OT TPaJULHUOHHBLIX JHHEHHBIX (OpM
MaJsblx KoJjie6aHui. TlomMMO 3TOro, oTMeyaeTcs, UTO HeJMHelHble (POpMbl KoneGaHUH MOTYT ObITb HalileHbl
¥ Ha OCHOBe YMCJIeHHOTO MOJeJIMPOBaHMs NPH IIOMOLIM Pa3roHa CUCTeMbl N0J, AeHCcTBHeM KOJJIMHeapHOro
yIIpaBJeHHs ¢ MaJjblX OTKJIOHEHWH, 3afaBaeMblX M0 JIMHeHHOH (opMe, U 10 KOHEYHBIX aMIIMTYA C BbIXOLOM
Ha OJHOYaCTOTHOE JBHMKEHHe yxKe M0 HeJuHeHHOH (opMe. [TosydyeHHBle aHAJUTHYECKHe BblpaXKeHHUs 1J15
4acTOT HeJMHEeHHBIX KoleOaHUi W COOTHOLIEHHH aMIIMTY[ KoJeOaHHUH 3BeHbeB MasATHHKA 1J1 KaXKIOH W3
HeJIMHeHHBIX (DOPM CONOCTaBJSAIOTCS C aHAJOTMUHBIMU YHMCJEHHBIMU 3aBUCHMOCTSIMH IyTeM MOCTPOEHHUS
OTBEYAKOIIUX UM Tpa(UUeCcKUX HIIIOCTPALUHN NIPU ONHOM U TOM K€ YPOBHE MOJHOH MEXaHHYeCKOH SHeprHuH.
YcraHaB/MBaeTCsl, YTO aHaJMTHYeCKHe M YMCJIeHHble pe3yJbTaTbl HaXOAATCH B COMJIACHH JPYT C APYroM,
4TO ompefieJisieT LeHHOCTb NOCTPOEHHOro B paboTe mpubJuzxKeHHoro pewleHus. [lonyueHHble GopMmyJbl U
Clle/laHHble BBIBOJBI NIPEACTABJAIOT HECOMHEHHBIH HHTEpeC B TEOPEeTHYECKOM OTHOLIEHHH, a TaKKe OHH MOTYT
0Ka3aTbCs IOJIe3HBIMHU W [I/151 UX HCIIOJb30BAHUS B KOHKDETHBIX NMPAKTHYECKHX LesX.
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Abstract. This article is devoted to the study of nonlinear oscillations of one of the most common systems
with three degrees of freedom — a three-link mathematical pendulum, the parameters of all weightless
links and all end loads of which are assumed to be identical. The wide use of the three-link pendulum
model in applied problems of robotics and biomechanics, as well as its important scientific significance
in the problems of equilibrium stability, stabilization and motion control are discussed. The question of
finding nonlinear oscillation modes of a three-link pendulum is considered, the knowledge of which makes
it possible to implement single-frequency modes of its motion with sufficiently large deviations. For this
purpose, asymptotic methods of nonlinear mechanics are used, which make it possible to determine the
oscillation modes of the system in the first approximation within a weakly nonlinear model. The main
features of the constructed nonlinear oscillation modes are discussed and their qualitative and quantitative
differences from the traditional linear modes of small oscillations are revealed. In addition, it is noted
that nonlinear oscillation modes can also be found on the basis of numerical simulation by accelerating
the system under the action of collinear control from small deviations specified on a linear mode to
finite amplitudes with access to single-frequency motion on a nonlinear mode. The obtained analytical
expressions for the frequencies of nonlinear oscillations and the ratios of the oscillation amplitudes of the
pendulum links for each of the nonlinear modes are compared with similar numerical dependencies by
constructing graphic illustrations corresponding to them at the same level of total mechanical energy. It is
established that the analytical and numerical results are in agreement with each other, which determines
the value of the approximate solution constructed in the work. The formulas obtained and the conclusions
drawn are of undoubted theoretical interest, and they may also be helpful for their use in specific practical
purposes.
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BBenenue

Tpex3BeHHBIH IpaBUTALMOHHBIA MasTHUK U €ro pasjduHble MOAM(UKALMU B NOCJe]Hee BpeMs
NOCTaTOYHO 4acTO NPUHHUMAIOTCS B KauecTBe 00bEKTOB MCC/eN0BaHHs BO MHOTMX Hay4yHBIX paboTax.
B nepByto o4epenpb, 3TO CBS3aHO C T€M, YTO MONOOHBIE KOHCTPYKLUWH AKTHBHO MPUMEHSIIOTCS B
poboToTexHHKe U OMOMeXaHHUKe, UTO U 00YCJ0B/IMBAaeT UX BaKHOe 3HayeHHe W UHTepec K HUM CO
CTOPOHBI Y4eHbIX U HccJ/eqoBaTesel.

B camoMm nesie, B poOOTOTEXHHKE MOJE/b TPEX3BEHHOIO0 MAsiTHMKA MOXKET HCII0Jb30BaThCsl IS
aHa/n3a MOBeleHUsl Pa3/HUHBIX MAHUIYJASTOPOB U MPOMBILIJEHHBIX POOOTOB HJIH MPEACTABJIATD
co00H 2J1eMeHT KaKoH-I100 CJI0KHOH COCTAaBHOH KOHCTPYKUMH. 3yueHue 3Tol 06/1aCTH NTO3BOJMUT
B OynylleM pa3pabaTbiBaTb HelleBble U 3((eKTHBHbIE aBTOMAaTHUECKHE CUCTEMbI, KOTOPble OKaXyT
MOMOIIlb YeJI0BEKY B MPOMBILIJIEHHOCTH U CMOTYT ONTHUMH3HPOBATh NPOU3BOACTBEHHBIH Tpolecc
10 MHOTMM napameTpaM. [Ipyu 3ToM 0 nocTaTo4HOH paspaboTaHHOCTH NPoOJieMbl IBHXKEHHUs Tpex-
3BEHHOI'0 MasiTHUKa CBUJETE/bCTBYET HajJuuue NyOJaMKaluil nocjaeqHUX JeT, KOTOpble MOCBSLLEHbI
IKCIEPUMEHTANBHOMY HCC/IEI0OBAHUI0 YCTOMYMBOCTU 0OPALIEHHOrO TPEX3BEHHOro MasiTHuKa [1], ero
cTabUIM3alMH Pa3JHUYHBIMU crioco6amu [2,3], ynpaB/eHHIO NBHKEHUEM TPeX3BEHHbIX KOHCTPYK-
uuil [4-8], nccienoBaHUIO YCTOHYMBOCTH PAaBHOBECHs] TPEX3BEHHOrO MasiTHHUKA TOJ AEHCTBHEM
caensiiux Harpysok [9, 10], aHanu3y yCTOHYHBOCTH e€ro OTHOCHTeNbHBbIX paBHOBecui [l1], a
TaK>Ke U3yUeHHWI0 YAapHO# NMHAMHKHU TPEX3BEHHOrO MasTHHKAa C y4eToM AeMmdupoBanus [12].
Heo6xonrMo Tak:Ke OTMETUTb, YTO MOIeJ/b TPEX3BEHHOI0 MasiTHUKA MOXeT ObITb MCII0Jb30BaHA U
KaK KOHeUHOMepHasi almpoKCHMALHsl TSKeJOH LeNH, MOABelIeHHOH 3a OIUH U3 CBOMX KOHLOB [13].

B 6ruomexaHuKe Tpex3BeHHasi MasiTHUKOBAsI MOJEJ/b MOXKET CJYXKHTb MPOCTEHILHM H B TO XKe
BpeMsl TOCTATOYHO aleKBaTHbIM MPUOJHKEHUEM K KOHEUHOCTSIM ueJioBeKa MJIH KHUBOTHOTO [14],
a TaK»Ke OMHUCHIBATb 03y uejioBeKa B 1esoM [15,16]. B 3Tom ciyuae Ha ocHOBe maHHOH MOIesH
MOYKHO H3y4yaTh €CTeCTBEHHble [BHXKEHHUS XKHUBBIX OPraHU3MOB B mpupoge. [laHHasi cdepa siB/sieTcs
0c00eHHO BaXKHOU W TMepPCINeKTUBHOH, TaK KaK MHOTHEe 3(P(peKTUBHbIE U HaleXKHble WHXKeHEPHbIe
pelleHHsl 3a4acCTYy0 3aMMCTBYIOTCS UMEHHO Y NPUPOLbI, Ille OHU BblpabaThbIBAOTCS 3BOJIOLHOHHBIM
NyTeM Ha MPOTSKEHUH ThICSYeseTHH, a MOTOMY MOTYT ObITh YCIEIIHO MPUCIOCOOJ/EeHbl A KOH-
KPETHBIX MPUKJIAAHBIX 3a1a4. OToeJbHO CTOUT YIOMSHYTh U O NIPUMEHEeHHH MOJAEJH TPEX3BEHHOT0
MasiTHHKa Ha CTblKe POOOTOTeXHHKH U OHOMeXaHHKH KaK Ba)KHOrO KOMIIOHEHTa IIpu pa3padoT-
Ke U HCCJeNOBaHWU 3K30CKeJeTa, T. €. YCTPOHCTBA, MO3BOJISIOLIETO CYLIECTBEHHO PACLIMPUTH
BO3MOXXHOCTH YeJIOBEUECKOro TeJia — ero (PU3HYeCKyH CHJy U BBIHOCJAHUBOCTB [17].

[Ipu 3TOM BaxKHOe MpHKJAaJHOE 3HAUYeHHe TPeACTaBJjseT BOMNpPoc o0 yrpaBjaeHHH (opMaMu
KosleOaHWH Tpex3BeHHOro MasTHUKa. /s 3ToH Ueiu HeoOXOOMMO HCIIO/Nb30BaTh afeKBaTHBIH
3aKOH yTpaBJeHHsI, KOTOPbIH MO3BOJIUT MMepefaBaTbh BCIO MOABOAUMYIO B CHUCTEMY SHEPruio Ha
B0O30YK/IeHHe TOJbKO OIHOH (DopMbl KosleGaHMi, He 3aTpauuBasi ee Ha pa3BuTHe Apyrux dopm [18].
EcTecTBeHHO, YTO HMMEHHO TaKOH MOAXOA CJefyeT IPU3HATb PALMOHAJbHbBIM, [OCKOJBKY IPU
pasroHe CHCTEeMBI cpasy IO BceM ee (hopMaM KoseOaHUH OyneT pPe3KO CHH2KEHO KadeCTBO IPOLEecCOoB
YTIPaBJsieMOT0 IBHKeHHUs! cucTeMbl. Haubosblinil nHTepec MpeAcTaB/seT UCCIe0BaHNe YKa3aHHBIX
yIpaBJsieMblX NPOLIECCOB Pa3roHa TPEX3BEHHOr0 MasiTHHKA OT MaJiblX U 10 JOCTAaTOYHO OOJBLIMX
OTKJIOHEHWH, T. €. C y4eTOM ILJIABHOTO Mepexofa OT JHUHEHHOH 06JacTH K HEJUHEHHOHW U C
BBIXOJOM Ha YCTaHOBUBLIHECS pexxXuM aBvkeHus [19]. B aToil cBA3u naHHas 3agaya TecHO
CBsI3aHa ¢ NpoOJeMol MOCTPOeHHUsl HeJIMHeHHbIX (OpM KoJleOaHHUH, CTPYKTypa KOTOPBIX SIBJISIETCS
OTHIOAb He TPUBHAJBHOH W CYyIIECTBEHHO 3aBHUCHUT OT XapaKTepa HeJUHEHHOCTH CUCTEMBI, UTO
ObILJIO OTUETJIUBO TPOAEMOHCTPHUPOBAHO M Ha TpHUMepe TPEX3BEHHOro MasiTHHKa B padote [20] mpu
TIOMOLIM YUCJIeHHOro MofenrpoBanus. [lon HeuHelRHOH dhopMoit KosiebaHUH 31ech MoApa3yMeBaeTcs
OJHOYACTOTHBIH PeXHUM [BUKEHHUS HEeJHMHEHHOH CUCTEMBl, KOTOPBIH OOBIYHO M MCNOJb3yeTCs B
MPaKTHUECKUX MPUJIOKEHHSIX, UTO ONpefesisieT BaXKHOCTh MOAPOOHOTO OMUCAHHUS TAKHUX PEXKHUMOB
(hyHKIIMOHHUPOBAHUS.
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B xauecTBe LieJIM HACTOSIIIErO HCCJAeIOBAHUS IPUHUMAIOTCS MOCTPOEHHE U aHAJIU3 HeJHHeHHBIX
(opM Kose6aHUH TPEX3BEHHOTO MasgTHHKA B MEPBOM MPHUOIHKEHUH NP MOMOILM aCUMITOTHYECKUX
MeTO/I0B U HX COINOCTaBJIeHHE C pe3y/bTaTaMH YUCJIEHHOI'0 MOAEJNHPOBAHHS, [0pa3yMeBalollero
OpPraHU3alMI0 YIPABJSEMOr0 Pa3roHa CUCTEMBI C MOCTeNeHHBIM ApeddoM (GopMbl KoseOaHUH OT
JIMHEHHOTro BapUaHTa K HeJUHEHHOMY.

1. MaremaTrnyeckasi MoaeJib KojeOaHUIl TPeX3BEeHHOT0 MasiTHMKA

PaccMOTpUM Tpex3BeHHbIH MaTeMaTHYeCKMH MasTHHK, IJHHBI BCEX HEBECOMBIX 3BEHBEB KOTOPO-
O JISi IPOCTOTHI M0JIAraloTCsl OAWHAKOBBIMU M PaBHBIMM [, @ MacChl BCeX KOHILEBBIX TPY30B TaKKe
CUMTAIOTCS MIEHTUYHBIMUA U paBHBIMH m (puc. 1).

BbipaxkeHUst 1711 KHHETHYECKOH M TOTeHLHaNbHOH 3Hep-
THH 3TOH CHUCTeMbl OblLIM MosyueHbl B padote [19], u oHH
UMeIT CJAeNYIOUHUNA BULI:

1
T = omi® 347 + 25 + ¢+
+4 cos (2 — @1)P1H2 + 2 cos (93 — ©1)P1P3+
.. 1. . .
+2c0s (03 — p2) 23] = a  A(@)a =T(q,q), (1)

2
IT = mgl(6 — 3 cos 1 — 2cos p2 — cos g3) = II(q), (2)

]T — cTon6el 0606IIeHHbIX KOOpAHHAT, B PHC. 1. PacueTHas cxema Tpex3BeH-
HOTO MaTeMaTHYeCKOro MasiTHHKA

Fig. 1. Calculation scheme of a three-
link mathematical pendulum

rae q = [p1, P2, ¥3
Ka4yeCcTBe KOTOPBLIX NMPUHUMAIOTCH YIVIBL (01, Q2 U (03 OTKJIO-
HeHUHd 3BeHbeB MAdTHHUKA OT BepTI/IKaJ'[I/I, a CI/IMMeTpI/I'-IHaH
maTpuua A(q) kuHeTH4YecKo# sHepruu (1) ectb

3 2cos (2 — 1) cos(p3 — 1)
A(q) = mi* | 2cos (p2 — 1) 2 cos (w3 — p2) |, AT = A,
cos (93— 1) cos (93 — ¢2) 1

YpaBHeHHS BHXKEHHsI TPEX3BEHHOTO MasiTHHKA MOTYT ObITh 3alHMCaHbl B BHJE OJHOTO HEJHHEHHOro
MaTpUUHOro ypaBHeHus [19]:

. .9 .
A(a@)d+ G(a)g” + Csing = 0, (3)
ca2 — 52 52 21T
TNpUUeM 371eChb HCIO/b30BaHbl C/IEAYIOLIHe YI00HBIEe 0003HAUEHUS: q° = [HF, P35, ¢3] croJberr
KBaJpaToB 0606IIEeHHBIX CKOpPOCTeH, sinq = [sin o1, sin 9, sin 3] — cTonben cuHycoB 060611eH-
HBIX KOOPIHMHAT, a KOCOCHMMeTpuuHasi Matpuiia G(q) u cuMMeTpudHasi mocTosiHHasi Matpuua C
ecTb

0 —2sin (w2 — ¢1) —sin(p3 — 1)
G(q) = mi? | 2sin(p2 — 1) 0 —sin(p3—2) |, GT=-G,
sin (3 — ¢1) sin (@3 — p2) 0
3 00
C=mgl| 0 2 0|, Ct'=cC.
0 0 1

JluHeapusys mosyueHHOe Bblllle MAaTPUUYHOE YpaBHeHHe NBHKeHHUs (3) BOIM3U TOJOKEHHS YCTOH-
yuBoro paBHoBecHss q = 0 (1. e. ;1 = 0, w2 = 0, 93 = 0), MOXKHO TOJYUUTb JUHEHHYIO
MaTeMaTHYeCcKylo MoJesb KojeGaHHH Tpex3BeHHOro MasitHuka [19]:

Aoq + COq = 07
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rne Ag = mi?>Ag— nocTosHHAas CHUMMeTPUYHAs MaTpulla HHePLHOHHBIX KO3((hUIHeHTOB, a
Cy = mglCy — nocTosiHHAsA CUMMeTpPHYHAsi MaTpPHUIla KBAa3UYNpPyruxX Ko3(p(HULUHUEHTOB, MpUYeEM
oTBedawlre UM 6e3pa3MepHble MaTpullpl Ag U Cg UMeIOT CJeAYIOINN BUL;

R 3 21 R 300
Ap=12 2 1|, Cy=1|0 2 0. (4)
1 11 0 0 1
CoOTBETCTBYIOIINE 3TOH MOIEIN YACTOTHl MasblX KosneGaHUl ksy TPEX3BEHHOTO MasTHHKA ObLIN
noJiydeHbl B padote [20], u B Ge3pasmepHOM BapuaHTe psy = kso/k OHU HMEIOT BUA

P1o = 0.645, P20 = 1.515, P30 = 2.508, (5)

re IJsi KPaTKOCTH 0003HaueHo k = y/¢g/l —uacToTa MajblX KoJeGaHHH MaTeMaTHUeCKOro Ma-
ATHUKA OJAUHOH [. PopMbl MasblX KoJeOaHUH TPEeX3BEHHOTO MasiTHUKA TOXe Oblid HalAeHbl B
pabote [20], 1 OHHU ONpeneNsOTCS CJAEAYIOUUMHA CTONOIAMU:

1 1 1
Qi=|1202|, Q=] 033 |, Qs=| —-1645 |. (6)
1.631 —2.398 0.767

J1si manpHeHIINX MeHCTBUH MOHAMOOsTCS Takke Ge3pa3MepHble HOPMHUPOBOUHbBIE KOI(P(HHULINEHTHI
N, = QFAoQs, koTopble ¢ yuetoM (4) u (6) UMeIOT caleyiolIle 3HAUCHUS:

Ny =21.646, N =3.923, Nj;=1.431. (7)

2. IloctpoeHue HeJUHENHBIX (POPM KOJeOaHUI TPeX3BEeHHOI0 MasTHUKA

s HaxoxaeHHs HeJWHeHHBIX (opM KoseGaHU cUCTeMbl OyIeM HCIOJb30BaTh aCHMITOTHYE-
CKHe MeTofbl HesqMHeHHOH MexaHuKU [21]. C 3Toi 1esbl0 06paTUMCs K MATPUUHOMY YPaBHEHHUIO
(3) u pasnoxkum Matpuisl A(q), G(q) u cronbew sing B psnbl Tellsopa no cTo61y 06061IEHHBIX
KOOPAMHAT U YAEP:KHUM B 3TUX Pa3J/oKeHUsX JHLIb Te cjaraeMble, KOTOpPble HEOOXOAUMBI /15
MOCTPOEHUS MEPBOTO TMPUOTHKEHHUS:

~ 1,

A(q):A0+K(q)+..., G(q)=G(q)+..., sinq:q—éq +...,

rae mMatpuia A(q) MMeeT BTOPOH MOPSIAOK MAJIOCTH U OMpEesieTCsl BhlpaXkeHneM

- mi2 0 2(p2 —1)? (g3 —¢1)?
A(q) = o 2(p2 — 801)2 0 (3 — 902)2 )
(p3—1)* (03— p2)? 0

MaTpuiia G(q) ¥MeeT mepBbIil MOPSIOK MaJOCTH U 3a1aetrcs (hopMyJIoi

N ) 0 —2(p2 — 1) —(p3— 1)
G(q) =mi” | 2(p2 — 1) 0 —(p3—2) |,
Y3 —p1 Y3 — P2 0

anon q* = [¢3, 93, p3]T nonumaercs cTonGen Ky6oB 0606LUIeHHBIX KOOpAUHAT. Torna ypaBHeHHe

(3) MoXKeT ObITH MepenucaHo B CJAEYIOLIEM BHJE:

. Lo Lo ~ .~ ) 1
AoG+Coq=P(q,4,d), P(q,q,d4) =—-A(q)d— G(q)q’ + gCoqg, (8)

NpHYeM B €ro JieBOH 4YacTH HaxXOAfTCH JIMIIb JIUHeHHble claraeMble, a B MPaBOH 4acTH CTOUT
crosbel; P, KoTopblil UMeeT TpeTHUH MOPSAOK MaJOCTH, U OH MOXKeT TPaKTOBaTbCsl KaK cToJbeLl
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BBIHYKIQIOIIUX CHJI, NEHCTBYIOLUIUX B JHHEHHOH cucTeMe. TakuMm o6pasom, (8) ecTb MaTpuuHOE
ypaBHeHHe KosleOaHHWH TPEX3BEeHHOrO MasTHUKA B paMKaX cjabo-HeJHUHeHHOH MOMAesH, KOTOpoe
YUHTBHIBaeT KyOUUECKYl0 HeJMHeHHOCTb U TeM CaMblM [aeT BO3MOXKHOCTb IIOCTPOUTb HeJIMHeHHble
(opMbl KoJIe6aHUH B MEPBOM MPUONHIKEHHH.

Bynem uckath peleHusi ypaBHeHHs (8) B MCXOAHOM BapHaHTe B CJeIYIOLIEM BHJE:

a=Qsacosth, ks(a) =1 = ke (1+ Bsa®), a= const, 9)

T. e. o hopMaM KoJsieGaHUH JUHEHHON cucTeMbl Qg, HO ¢ U3MeHEeHHBIMH YacToTaMU kg, KOTOPbIE
3aBUCAT OT BEJHYMHBI a4, XapaKTepU3YIOIleHd aMIIMTyObl KoJeOaHUH 3BeHbeB MasiTHUKA IIpU
IBUKEHHH 110 BbIOpaHHOH ¢opme. [Ipu aTom 3aBHcHMOCTH kg(a), HCXOAs U3 yueTa KyOHUeCKOH
HeJIMHEHHOCTH B ypaBHeHHHU (8), NOKHBI ObITb, OYE€BHIHO, KBaJAPATHUHBIMH MO @, a TONPABOYHBIE
Ko3(pduumneHTsl (s B HUX MOTYT OBITb HaHAeHBl M3 YpPaBHEHHH TapMOHMUecKoro OajiaHca Mo
3alaHHbIM (hopMam KosebaHui Qs [21]:

27
/Q;f (Aod + Coq — P) costpdrp = 0. (10)
0

OTH ypaBHEHHs! NOJIKHbI yIOBJETBOPSATHCS C TOYHOCTBIO 10 BEJUUYHH TPETbEro Mopsiika MasoCTH.
Onpenensisi ¢ yKazaHHOH TOYHOCTBIO CTOJOEl § HA OCHOBaHHUHU (Gopmysn (9), BBIUUCIUM CHauaja
kombuHauuio Apq + Cpq, Bxoasuyio B ypaBHeHus (10), nepexonss npu 3ToM K Ge3pa3MepHBIM
matpuuam (4) u yactoram (5), a TakKe MPUHUMasi BO BHUMaHue, 4To (opMbl KosmebaHuil Qs U
COOTBETCTBYIOLHE UM Ge3pasMepHble YaCTOThl Pgy B JIMHEHHON MOJEJH MOAUHHEHbl YPaBHEHHSIM

(60 - pgoz&0> Qs =0:
Ao + Coq = —2mglBsp2yAgQsa® cos . (11)

H,J'IH BBIUMCJIEHUS CTOJIOLA BBIHYKAAOIIHUX CHUJI Pc HeO6XOlIHMOI>1 TOYHOCTBIO JOCTATOYHO IIOACTA-

BUTb B COOTBeTCTBYMILYI0 hopmyny (8) q = Qsacost), q = —Qgakssiny, q = —Qsakgo cos Y,
BCJIEJICTBHE Yero OyleM UMeTh

~ 1~ ~
P = mgla® Kp?oAst + 600Q3> cos” ) — py G Q cos Ysin® ¢ |, (12)

rae ycaoBHble 0603HaueHns Q2 u Q2 moapasymeBaloT cToMOLbI KBaapaTOB U KyO6OB 3/1eMeHTOB
tdopMm KosmebaHUH, a 6e3pa3mepHble MaTpullbl A U Gy UMEIOT NpeacTaBIeHUs

- 1 0 2(Q23 - Q15>2 (Q3s - le)2
As = _5 2(@25 - le)2 0 (Q38 - Q2s)2 ) (13)
(Q3S - QIS)Q (Q3s - Q23)2 0
> 0 _2(Q2$ - le) _(Q?)S - le)
Gs = | 2(Q2s — Q1s) 0 —(Q3s — Qas) | - (14)
QSS - le Q3s - QQS 0

Ilnsi nanbHednx neictBuil popmyay (12) yno6Ho npeobpa3oBaTh K ciaenyiollel Gopme:
P = mgla® (U, cos ) + Vs cos 31) (15)
rae nis cron6uoB U u Vg caenanbl cienyoliyde 06003HaAUEHHUS:

2
— Pso

U, 4

(34.Q. - G.Q2) + ;CoQl V. =20 (R,Q,+€C.Q2) +,,CoQl (16)
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[ToncraBasis Beipaxkenus (11) u (15) B ypaBHeHUs rapmMoHHYecKoro GanaHca (10), mosyuum c
ydeToM o603HaueHH# (7) u mepBoro coorHouleHus (16) (opMmynay a/s HCKOMBIX MONPAaBOUHBIX
K03(h(pULUeHTOB fSs:

Ql'u, 1

fs = T 22N, 16p%,N,

Qr [27% (6.2 - 3A.Q.) - €Y .
[Tocsie moaCTaHOBKH clofla YMCJIOBBIX 3HaueHW# corsmacHo (4)—(7), (13) u (14) Haxomum:

By = —0.0959, By =—2.405, 5= —5.421. (17)

Takum o6pasom, 151 4aCTOT Ko/leOaHUHU MPU ABHXKEHHH N0 KaxK[A0H U3 HeJUHEeHHBIX (hOpM HMeeM
corsacHo (9) u (17) B GeapasmepHoM BapuaHTe ps = ks/k Ciliefyiolye BbIpaXKeHHUs:

p1 =pio (1 —0.0959a%) , ps = pao (1 —2.405a*), p3 = pso (1 —5.421a%). (18)

Orciopa BHAHO, YTO YeM BBIllle HOMEP YacTOTbl, TeM CHJIbHEe OTHOLIEHHE Dg/pso 3aBUCHT OT
BeJUUYUHBl @ BCJENCTBHE yyeTa KyOW4YeCKOH HeJIMHEHHOCTH, T. €. POJib HeJUHEHHBIX (DAKTOPOB
0c0OeHHO BeJIMKa Ha BBICOKMX HacTOTaX.

[lepefinem Tenepb K HaXOXIEHHIO pelleHHH C TOYHOCTbIO O TPETBEro MOpsiika MaJsoCTH,
YTOUHHUB TeM CaMbiM NepByt U3 (opmys (9) U MONyUUB MpencTaBieHre O HeJHHEHHBIX (hopMax
Kose6aHWH B mepBoM npuOarxkeHuH. C 3TOU Le/bl0 BBHIICHUM, KaKHe BBIHYXKIeHHbIe KoseOaHus
B030yxnaer cuna P u3 ¢opmyas (15) B snuHeinoii cucreme [21]. [lomcraBass (15) B (8) u
MPUHKMMasi BO BHUMaHHe IPH peLIeHHH IOJyUHBIIErocss ypaBHEHHS, UTO FapMOHHMKA COs) yKe
cbanancupoBaHa no gopme Qg BBUAY (10), Tak UTO YUUTHIBATDH €€ 31eCh He HYXKHO, MONYyUUM

ap(a, ) = (uscos ) + v, cos 31) a®, (19)
roe nJisd CTOJI6LLOB Ugs U Vg CAEJIAHbI CJAEAYIOUIHUE 0003HaUEHUSA:

Z<m

r=1, r#s

T
s =Y Qe (20)

prO ps ) T(prO _gpgo)

[Tpubasass (19) k nepsoét popmyne (9), moSyIUM HUCKOMBIE pellIeHHs

q = Qsacosy 4+ qp(a,v) = (Qsa + usag) cos ¢ + vsa® cos 31 (21)

BrinuiiemM 4uc/ioBble 3HAYEHHUST 3JIEMEHTOB CTONOLOB Uy U v, coracHo (20) u ¢ yuerom (16):

—0.0231 ~1.310 0.599

w = | 00107 |, uwp,=1] 2020 |, us=| 0150 |,
0.0255 ~1.044 —1.700
0.084 —0.237 ~1.319

vi=| 0131 |, vo=| —0898 |, wvy=| 2.173
—0.395 1.539 ~1.182

Onpenenum aMnaUTyAbl KoneOaHUH 3BeHbeB MasTHUKA Ajg, Aos U Ass B 3aBUCHMOCTH OT
napameTpa a, y4MTBIBasl, YTO IPU He OdeHb OOJbLIMX 3HAUEHHSIX @ OHH NOCTHUralTCHd TaK XKe, Kak
¥ B JIUHEHHON MozesH, npH ¢ = 0, mosatomy coriacHo (21) Gynem uMeTb

Als = lea + (uls + Uls) CL3, AQS = QQsa + (UQS + 1)25) a3’ A3s = Q3sa + (u3s + USS) a
B ABHOM BHIE€ 3THU 3aBUCHUMOCTHU HpHMyT CJIe[[yIOU_LI/If/’I BU:

A1 = a+0.0612a%, Ajp =a—1.547a>, A1z =a— 0.720a3,
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A9y =1.292a + 0.1416a®,  Ags = 0.353a + 1.122a3,  Asz = —1.645a + 2.322a>,
Ag1 = 1.631a — 0.369a, Ass = —2.398a + 0.494a>, A3 = 0.767a — 2.882a°.

O6pasyeM Tenepb OTHOLIEHUS fis = Aog/A1s U Ns = Ass/A1s ¥ COCTaBUM 1JIsl HUX TPUOJHIKEH-
Hble BbIPaXKEeHHS1 MyTeM HUX Pa3JIOoXKeHHs B PSJl C ylepKaHUeM OJHOU MOMPAaBKH:

Hs = Hs0 |:1 + <’LL25 + V2 _ s +v18) (12:| )

QQS le (22)
Ts = 150 [1 n (Uss +Uss U15+vls> a2:|
° ° Q3s le ’

rae pso = Q2s/Q1s ¥ Nsp = Q35/CQ1s — COOTHOLLIEHUS] aMILIUTYA KoseOaHUH 3BeHbeB MasTHHKA
B paMKaXxX JHUHEHHOH MozeJsH, TaK 4To pig = 1.292, poy = 0.353, ugo = —1.645, m10 = 1.631,
120 = —2.398, 130 = 0.767. B sBHOM BHze (opmyssl (22) nproGpeTaroT BHI

p1 = pao (140.0483a®), s = poo (1+4.727a%),  p3 = pgo (1 — 0.692a%)

23)

2 2 2 (

m = 1o (1 —0.288a%), 1o =m0 (1+1.341a%), 53 =n30 (1 — 3.0384%).
OcTaeTcst BBIYUCIUTD MOJHYI0 MeXaHHUEeCKYI0 SHepruto cucteMbl F = T + I ¢ TOUHOCTBIO 10

cJlaraeMbIX 4eTBEPTOro MOpsiiKa MaJoCTH Mo napametpy a. Obpaiasich ¢ 3To# Lesbio K (hopMysnam

(1) u (2) u ynepxxusast B T' u Il mocJjie pa3ioxKeHHs] TPUTOHOMETPHUUECKUX (DYHKIHE B Psilbl JHILIb

HeoOXOIUMBbIEe Cjaraemble, OyIeM UMeTh

1 —1)? —1)?
E= §ml2 [3¢%+2¢§+¢§+4 (1—M> G192 + 2 (1—M> 193+

2 2
(3 —p2)\ . | 1 5 2, 2 YI 5 i

o1 -3 ¥2) Zmgl (302 +2 AP ¥
+ < 5 P23 +2m9 P+ 295 + ¢3 1 6 19

[ToncraBnsist B 3Ty opmyay perueHus (21) U yuuTbiBasi IpU BBIUKCJIEHHH YTJIOBBIX CKOPOCTEH 1, (o
U (p3, 4TO 4acTOThl KosebaHui onpenensitores dhopmynamu (18), MOXKHO MONYUUTb BbIpaXKEHHs AJIsI
MOJIHOH 3HEPrUH NPU ABHKEHHUH MO KaXKAOH M3 TpexX HeJHHEHHBIX (hopM KoneGaHHWH C TOYHOCTBIO
JI0 4eTBEPTOro MOPsIiKa MaJOCTH:

Ey=FEy (1-0.157a%), FE»=Ey(1—1453a%), E3=E(1—2.836a%), (24)

rae Eg = 4.5mgla® — nonnas sHeprus B paMKax JMHeHHOH MoieJM, NpuyeM MNpejcTaBjieHHe IJs
Hee ONIMHAKOBO [Jis1 Bcex (hopM KoJebaHui. BunHo, uto B opmynax (24) oTCyTCTBYeT 3aBUCHMOCTh
OT 1, KaK 3TO U JOJKHO OBbITb, MOCKOJbKY MOJHAsl SHEPTUsl B CUJIY KOHCEPBATHBHOCTH 3adaul
JIOJKHa OCTaBaThbCsl MOCTOSIHHONW BeNMYHMHOU BO BPEMEHH.

Takum ob6pasoM, B paMKax MoAeaH KoneOaHWH TPEeX3BEeHHOTO MasTHUKA C Y4eTOM cJjabod
HeJIMHEHHOCTH [BUKEHHe CUCTEMBI 110 KaXKA0H U3 TpexX HeJHUHEHHBIX (popM KoJieOaHHWH ONHUCHIBAETCS
bopmyJoit (21), nonuepkuBaolel NepuogUuecKuii, HO y»Ke He TapMOHHUECKHH XapakTep 3THX GopM
Koseb6anuil. [loaToMy /st onmucaHusi ABMXKEHHUS 110 HeJMHEHHBIM (popMaM KoJeOaHUH HEeOOXOOUMO
yKa3aHHWe KOHKPETHBIX 3aBUCHUMOCTeH 000OLIEHHBIX KOODAUHAT OT BPEMEHH, a He TOJbKO 3HaHHE
gacToT (18) 1 cooTHOIIEeHHH aMIUTY L KoseGaHui (23), yero ObIJIO BIOJHE NOCTATOYHO B JUHEHHOH
MOJIE/TU BBUAY TapMOHHUUECKOT0 XapakTepa (OpM MaJjbiX KojebGaHWH. DTO 03HAYAET, YTO YIOMS-
HyTble BEJHMYUHbl He AAIOT MOJHOTO NpencTaBJieHHs O HeJHHeHHBIX (hopMax KosneOaHUH, 0OqHAKO
OHH SIBJISIIOTCSl UX Ba>KHBIMH IOKa3aTeJ/IsIMH, T103BOJISIIOILMMH OLEHUTb KONHYeCTBEHHbIE OTJIHYHS
HeJTMHEeHHbIX (PopM KosieOaHUU OT JMHEHHBIX NMPU He o4YeHb OOJbIINX YPOBHSAX 3Hepruu. Kpome
TOTO, UMEHHO UX yIOOHO paccMaTpUBaThb MPHU COMOCTABJEHHUH MPUOJHKEHHBIX aHAJUTHYECKHUX
pes3y/bTaToB C YUCJAEHHBIMH, K YeMy Mbl U [epeXOdUM.
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3. OOcyxkaeHune pe3yJbTaToB

UToObl CpaBHUTH HaHIeHHblE BBILIE AHAJUTHUYECKHE PelIeHHsI C Pe3yJbTaTaMHd YHCJIEHHOTO
MUHTErpUpOBaHUs, HEOOXOAUMO YKasaTb, UTO 1/ MOJY4YeHHs HeJHHeHHBIX (hopM KoseGaHUH Tpex-
3BEHHOr0 MasiTHHKA MPH MOMOIIK YUCJIEHHOTO MOJENHPOBAHHUS CleyeT OPraHH30BaTh yIpaBJseMoe
IBV2KEHHE CHCTEMbl MOJ NeHCTBUEM KOJJIMHEAPHOTO yIpaBJeHMs], KOTJa YNPaBJsOLIie BO3AEHCTBUS
M0 BCEM CTeNeHsIM CBOGOIBI (POPMHUPYIOTCS MPOMOPLHOHATBHO 060011eHHbIM UMIyabcam [18,19].
BakHeHIIMM TOCTOMHCTBOM 3TOrO yIPABJEHUS SIBJSETCS TO, YTO OHO TO3BOJISIET OCYIIECTBJATh
Pa3TOH CHUCTEMbl C MaJblX M BIJIOTb OO AOCTATOYHO OOJBIIMX aMIIMTYH MO Ka)KA0H K3 (opM
Kosle6aHui, He Hapylias NpH 3TOM (DOPMBI MasbIX KoJeOaHHH M OCYLIeCTB/ISAS UX MJABHBIH Mepexon
B HeJiMHelHble (opMbl Kosebanuil [20]. YuutbiBasi ckasaHHoOe, cTosOel 0600IIEeHHBIX YIIPaBJSOLIIX
cu1 R, chopMUpOBaHHBIX MO MPUHLIUNY KOJJIUHEAPHOTO YNpaBJEHHS, MOXKHO MPeICTaBUTb B BUIE

oT ,
R = Yaq = vA(q)q, (25)

rje MpUHSATA BO BHHMaHHe dopmyaa (1), a v — moNoKUTEeIbHBIE KOI(DDHUIIUEHT YCUIEHHSsI, KOTOPHIH
MOXKHO MPHHSTb BEJHUYHMHOH MOCTOSIHHOM M J0CTATOYHO MAaJIOH, MOCKOJbKY /sl TOCTENEeHHOro
nepeBofa JHHEHHBIX (OpPM KosleOGaHHWH B HesMHeHHble HapacTaHue KoJebOaHWH NOJ/KHO OBITb
H0CTaToOuHO MelseHHbIM. [loncTaBasisi cTonbel (25) B mpaBylo 4acTh MAaTPUUHOTO yrpaBJjeHus (3) u
rnoJiarasi HauajibHble YCJIOBUSI JBHXKEHHSI JOCTATOUHO MaJibIMH M OTBEYAIOLIMMHU MOOUYEPEAHO KaXK a0k
13 ¢opM Masblx KojebaHuil (6) (mss aToro Hanbosee MPOCTO OTKJIOHHTb BCe 3BEHbS MasTHHKA
B COOTBETCTBHHU C TpeOyeMou GopMol KojeOaHUU U MPeloCTaBUTh CUCTEMY caMoi cebe), MOXKHO
HabJ1I0aTh MOCJ/e OCYIIECTB/IEHHUS MPOLEAYPbl YUCTEHHOTO HHTEPUPOBAHMUS MPOLIECC YIIPABJISIEMOTO
pasroHa CHCTeMBI, CONPOBOXKAAEMbIH MOCTENeHHbIM ApeldpoM (opM KojeGaHHil M3 JHHEHHOro
BapHaHTa B HeJIMHEHHbIH C POCTOM aMIVIUTYA. [/ BbIX04a HA PeXUM [BHKEHHS, OTBeUalolHi
HEKOTOPOMY 3aJJaHHOMY YPOBHIO 9Hepru# FE,, TOCTaTOYHO OTKJIOYHUThH AEHCTBHE YIPABJIEHHS MPH
LOCTHXEHHUH 3TOr0 3HAueHHsl, TOCJe 4ero CHCTeMa INepelsieT B KOHCEPBAaTHBHOE ABHKEHHE I10
HHTepecyolllel Hac HeJMHeHHOU dopme Kosebanuit [20]. [TosyyeHHble TaKUM 00pa3oM rpaduueckme
3aBUCHMOCTH YTJIOB OTKJIOHEHHUS 3B€HbEB MasTHUKA OT BPEMEHH MO3BOJIST CHSITh BCE HEOOXOAMMBIE
XapaKTepPUCTHUKHU HeJHHelHBIX (popM KosebaHuii. [loquepkHem Takxke, uTo BMecTo FE, ymo6HO
BBECTH B PAacCMOTpeHHe Ge3pasMepHyI0 3Hepruiwo ., = FE,/(mgl), 3HaueHHss KOTOpO# cJenyer
MPUHHUMATh He OYeHb OOJBIIMMH, MOCKOJIbKY Jajee Mbl OyIeM CpPaBHHBATb UHUCJEHHbIE PE3YIbTaThl
C aHaJUTHYECKUMH, TOJNYUYEHHBIMH B paMKax MOJAEJIH CO CJ1aboi HeJUHEHHOCThIO, KOraa (hopMbl
KoJ1Ie6aHH# ellle He CTOJIb CHJIbHO OTJIHYAIOTCS OT JIMHEHHBIX.

OnuiieM Tenepb MPOLECC COMOCTABNEH ST aHATUTHUECKHUX Pe3ybTaTOB C UKC/IEHHBIMU. Bapbupys
mapameTp a, MOCTPOMM CHayaJja AJisi KaxKaod u3 Tpex hopm KoseGaHU# 3aBUCUMOCTU OTHOIIEHHUS
ps/Pso cornacHo (18) or sToro mapamerpa, a TakKe 3aBUCHMOCTH OTHOLIEHHUH fis/fis0 U Ns/7s0
corniacHo (23) ot Toro xe mapametrpa. OTMeTHUM, UYTO HEeJEHHE Ds, s U 7)s HA Pso, s U Ms0
COOTBETCTBEHHO OCYILIECTBJSIETCS] U3 COOOpaXKeHUH ynoO6CTBa, YTOOB BCE MOJYUYHUBIIHECS TAKUM
06pa3oM 3aBUCHUMOCTH TpU a = () HaUKWHAJIHUCh U3 1.

Ha puc. 2 ykazaHHble MPUO/IMKEHHbIE aHATUTHUECKHE 3aBUCUMOCTH MPUBEEHbl CIJIOLIHBIMH
JUHUSMH /151 BceX Gopm KoseGanuid. Janee Gynem moouepenHo GUKCHPOBATH pa3iHyHble 3HAUYEHHUS
a B TIPUHATOM Ha pHC. 2 IUanasoHe 1Jis KaxKIod U3 (opM KoseGaHUH U ONpelessiTb OTBeualoline
1M Oe3pasmepHble sHepruu ds = F/(mgl) no dpopmynam (24). HaiineHHoe Takum 06pa3oM TO HJIH
MHOe 3HaueHHe 0g CJIeNyeT 3aTeM 3a[aTh B KayeCTBe 6e3pa3MepHOro »KeJaeMOro YPOBHS IHEPTUH O,
Ha KOTOpbIH TpeGyeTcsl BbIBECTH CHCTEMY MPH NOMOIIH KOJIJIMHEapHOTrO yIpaB/eHHsl. DTO 03HaYaer,
YTO COOTBETCTBUE MEXAY aHAJUTHUYECKUMH M YUCJEHHBIMH pe3y/JbTaTaMH B MPUHITOM BapHaHTe
CTaHeT OCYIIECTBJATLCS TaK, YTO UM OyAeT OTBeYaTb OfMH H TOT XK€ YPOBEHb IHEPTHH.

YcraHaB/MBasi B pe3ysbTaTe YKa3aHHOTO UHCJEHHOTO MOJeJHPOBaHHUS 6e3pa3MepHyI0 4acToTy
KosebaHu# ps = ks/k ¥ COOTHOLIEHHST aMIIUTY] s = Ags/A1s U Ns = Ass/A1s, MOXKHO BBIUHCIUTD
M HMHTepecylolllMe HAac BEJUUHHB Ps/Pso, fs/fso U Ns/Ms0, TPUHHUMAs BO BHMMaHHeE, UTO BCe
HeoOXOIUMBIe MJIl STOr0 3HaYeHHs W3 JIMHEHHOH MOJeJH M3BECTHbI U3 TOYHOTO peLIeHHS.
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Ha puc. 2 nns Bcex opm KosebGaHUH UHC/IeHHBIE Pe3yJbTaThl IOKa3aHbl KPyKKaMH. JIerko
BHUIEThb, YTO MPH JOCTATOUHO HeOOMNBLIMX 3HAYEHHUSIX @ 3TH KPYKKH TOUHO HAKJAAbIBAIOTCS
Ha CIJIOLIHBIE JIMHUH, OTBeyalolliyde MPUONHIKEHHOMY peLIeHHI0 B paMKax cjaabo-HeJHHeHHOH
Mozesnd. OnHaKo Mo Mepe yBeJIMUeHHsI a HAOJI0AAETCsl MOCTEEHHOE PACXOXKAEHNEe UUCJAEHHBIX U
AHAJUTHYECKUX Pe3y/lbTaToOB, YTO CTAHOBUTCS 0oJiee 3aMETHBIM C yBeJUUeHHeM HoMmepa (POpMbI
Kose6aHui. OTCIOfa MOKHO clieslaTb BbIBOM, YTO MOJyUeHHBble aHAJUTHUECKHe (DOPMYJbl SBJSIOTCS
ACUMITOTHYECKH KOPPEKTHBIMH.

1 —osn 1 o 1
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Puc. 2. BeauuuHel, XapakTepuayollie HeJquHelHble (GOPMbl KoJeGaHUH TPEX3BEHHOr0 MasiTHUKA: 4 — NepBas
dopma konmeGanuit (p1/pro, f1/t0, M1/Mo); 6 —Bropas dopma Kosmebanuil (p2/p2o, /20, NM2/M20);
8 — TpeTbsi opma KosebaHuit (ps/pso, 3/ 130, M3/M30)

Fig. 2. The quantities characterizing the nonlinear oscillation modes of a three-link pendulum: a is the
first oscillation mode (p1/p10, p1/10, M1 /M10); b is the second oscillation mode (p2/p20, p2/ 120, M2/M20);
¢ is the third oscillation mode (ps/pso, 13/ 130, M3/M30)

3akJarouenue

B Hacrosiuie#t pa6oTe 6bla pacCMOTpPEH BOMPOC O MOCTPOEHHH M HCCJeNOBAHUM HeJHHEeHHbIX
¢dopMm Kosie6aHUH TPeX3BEHHOI0 MasTHHKA C HAEHTHUYHBIMH NapaMeTpaMM 3BeHbeB M KOHLEBBIX Tpy-
30B B [1€PBOM NPUOJHKEHHH C y4eTOM KyOuueckKoH HejunHeHHOCTH. [Ipy moMomiy acMMOTOTHYECKHX
MeTOJ0B HeNHHEHHOH MeXaHHUKH ObLIM MOJYy4eHbl JOCTaTOYHO HeCJO0XKHble TIPUOJHKEHHbIE pelIeHus,
OMNUCHIBAIOILIME BUKEHUE CHUCTEMBI 110 KaxKI0H M3 HeJIMHeHHbIX (opM KoseOaHUH B OTAENbHOCTH C
HEOOXOAUMOH TOYHOCTBIO M MPeACTaBJAIINE COO0H MepUOANYECKHE, HO yKe He FapMOHHYeCKHe
KosiebaHus. DTO 06CTOATENbCTBO 3aMETHO YCJIOXKHSIET XapakTep HeJHHEHHBIX (popM KoJeGaHUH 1o
CPaBHEHUIO C TPAAULUOHHBIMU JUHEHHBIMU (pOopMaMH MaJjblX KoseGaHUH, 06001IeHreM KOTOPbIX
OHH SAIBJISAIOTCS. YKa3aHHblE pellieHHsI MO3BOJISIOT KOJWYECTBEHHO OLEHHUTh MOCTENeHHbIH Aperd
4acTOT KosleGaHUH U COOTHOIIEHMH MeXAYy aMIIUTy#aMH KoJeOaHUM 3BeHbeB MasiTHUKA IpH
MJIaBHOM Tepexofie U3 JMHEHHON 30HbI B clab0-HeJHHEHHYIO ¢ yBeanueHHeM aMmauTyn. HatineHHole
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aHAJUTHYECKHE pelleHHUs] OBlJIM COMOCTAaBJIEHBl C pPe3yJbTaTaMHU YHUC/JAEHHOTO MOAENHPOBAHUS, s
4yero OCyILeCTBJAJCS yNpaBJjseMblil pa3roH TPeX3BEHHOrO MasTHHUKA MPU MOMOLIM KOJJIHHEAPHOTO
yIpaBJeHUs C MalblX OTKJOHEHUH, OTBEUAOLIHUX [100UepPeIHO KaxKJI0HU U3 JTUHEHUHBIX (hOpM KoJe-
0aHWi, ¥ BIJIOTh 0 JAOCTHXKEHHUS PexXKHMa KojebaTebHOrO JABHUXKEHHUS 110 HEeJWHEWHOH dopme ¢
Harepes 3aJaHHbIM yPOBHEM MOJHOH MexaHWUuecKoH 3Heprud. CpaBHeHHEe aHAJUTHUECKHX U YHC-
JIEHHBIX pe3y/bTaTOB, OTBEUAIOIINX OJMHAKOBOMY YPOBHIO 3HEPTHH, MOKa3a/J0 UX BecbMa XOpolllee
COOTBETCTBHE MPU He OueHb OOJbIINX aMIJIUTYAAX, YTO FAPAHTUPYET NOCTOBEPHYIO aCUMITOTHKY
NIPHUBEIEHHOT0 B paboTe MpUOJIHKEHHOTO pelleHUs] U TeM CaMbIM OMpeNesseT ero BaXKHOe Teope-
THYeCcKoe U MpaKTUueckoe 3HaueHHe. [losyueHHble pe3y/bTaThl MOTYT NPEACTABJAATh UHTEPEC MPU
pellleHnH KOHKPETHBIX MPUKJAAHBIX 33124 B 00/1aCTH TEOPUH MeXaHWUeCKUX KoseOGaHWH, TUHAMUKH
U YIpaBJieHUsl [BUKEHUEM MasTHHUKOBBIX KOHCTPYKIMH, a TakXKe COBpEMEHHOH POOOTOTEXHUKH U
6rOMeXaHUKH.
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BBenenue

dusnko-mexaHudyeckue (M 1p.) CBOHCTBA KOHCTPYKIMOHHBIX MaTepHaloB, UCIONb3yeMbIX MPH
M3TOTOBJIEHUH H3[eJHH, HANPSMYIO ONpeNessiioT HX TeXHHUECKHEe XapaKTepPUCTHKH, MTOITOMY ellle Ha
aTane MpoeKTHPOBAHUS HeOOXOOUMO He MPOCTO 3HAThb CIIPABOUHBbIE 3HAUEHHUS AAHHBIX MaTepUaJsoB,
a ellle U yMeTb OLIEHWBAaTh X 3aBUCUMOCTb OT Pa3/JMUHBIX (PAKTOPOB HJH ONPEAessTh BEJHUUHHY
OTKJIOHEHHSl OT CTaHIAAPTHOH BEeJIUYMHBL.

B npubopocTpoeHHH B 11eJIOM U B THPOCKOMHH B YAaCTHOCTH, TJe MPOEKTHUPYIOTCS MPUOOPHI,
TnpeaHa3HaueHHble MJIs1 OTpele/ieHHs M0JI0XKeHHs] 00beKTOB B HHepLHaJbHOM NpocTpaHcTBe [1-3],
BBHIY MaJIOCTH H3MepsieMbIX BeJUYHH JI000e HeCOBEPILEHCTBO (HEHAeaJbHOCTh) KOHCTPYKLHH,
B TOM 4YHCJe MpPOsIBJ€HHOe B BHAE IEPeMeHHBIX M0 00beMy (DH3UKO-MEeXaHWYECKUX CBOMCTB,
CYLIeCTBEHHO CKasblBaeTcsl Ha paboTe. B Hacroslleli cTaTbe paccMaTpuBaeTcsl OAMH U3 Haubosee
MepCreKTUBHBIX B HACTOsLlee BPeMs H3MEPUTEJbHBIX NMPUOOPOB HMHEPLUANbHOH HaBUTALUH —
BOJIHOBOH TBepnoTesbHbIH rupockon (BTT) [4,5], a uMeHHO HMHXKeHepHas oLleHKa pa3bpoca TaKMX
napamMeTpoB, Kak IJIOTHOCTb W MOAYJb YIPYrOCTH, OCHOBAHHAs Ha MH(OPMALMU O CTPYKType
MPUMEHSIEMOT0 MaTeprasna, ¢ MocaeAyIollel OlleHKOH BAHSHUS Ha paboTy mpubopa.

[Tpunuun pa6orer BT ocHoBan Ha 3(h(pekTe HHEPTHOCTH YNpPYTHUX BOJH [6], BO30yKAaeMbIX
B TBEPHOM TeJie, TI03TOMY K PaCCMOTPEHHIO NIPUHHUMAETCsl YyBCTBUTeNbHBIH 37eMeHT BTI — ero
pesoHatop. Pesonatop BTI npencraBisier co6oii TOHKOCTEHHYIO 000JIOYKY, KaK MMPaBUJIO, LIUIUH-
IpUYecKod uau nosaychepuueckod (opMmbl, B KOTOPOH B030yKAaeTcsl CTOsiuasi BOJHA YNPYTHX
KosieGaHUH, HCIoJb3yeMasi B fajbHEHIIeM, HAlpUMep, I/ U3MepeHHs yrja MoBOpoTa oObeKTa
BOKpYr ocu uyBcTBUTesbHOCTH BT [7]. HemocTosiHCTBO MJIOTHOCTH W MOMYJSI YIPYTOCTH MO
00beMy pe3oHaTopa (B CHJly ero 0CeBOH CHMMETPHUH) TMPUBOIUT K BOSHUKHOBEHHIO ABYX OJIM3KHX
M0 3HAUEHHWI0 COOCTBEHHBIX YaCTOT, Pa3HHIlA 110 MOAYJI0 KOTOPBIX Ha3blBaeTcsl paclilenieHHeM
paboueil cO6CTBEHHOH 4acTOTHL. PaciienyeHye 9acToThl HETaTUBHO cKasbiBaeTcs Ha pabore BTT,
YTO MPUBOAUT K HEOOXONUMOCTH €ro MPOTHO3WPOBAHUS U yCTPaHEHUs Ha dTare MPOEKTHUPOBAHUS H
M3rOTOBJIEHUS.

B kauecTBe KOHCTPYKLHOHHBIX MaTeprasoB pezoHatopoB BTI wesnecoo6pasHo ucmonbp30BaTe Ma-
TepHaJsbl C HU3KMM BHYTPEHHHM TpPeHHeM, TaK KakK YYBCTBHUTE/JbHOCTb NMPUOOpA HANPSIMYIO 3aBUCHUT
OT 1OOPOTHOCTH ero pe3oHaropa. Pe3oHaTopsl MpHOOPOB MaJIOr0 U CPeIHEro Kjaacca TOUHOCTH MOTYT
OBITb M3TOTOBJIEHB U3 MPEIU3HOHHBIX CMIaBoB, Takux Kak 32HK]I, 44HXTIO, 21HKMT-BH [8,9].
Haubosbliee pacnpocTpaHeHUe cpeayu MaTepHasa Pe30HATOPOB [J151 BbICOKOTOUHBIX MPHUOOPOB MO-
JIy4uJio KBapiesoe ctekso [6,10]. Ono u Gyner paccMatpuBaTbes B majbHeiiiem. Heo6xonumo
OTMETUTb, UTO HAWJYYLIUMHU XapPaAKTEPUCTHKAMH B 4aCTH MUHUMHM3aLUH BHYTPEHHErO TPeHHS,
6e3ycJIoBHO, 00/1a1al0T MOHOKPHUCTAJJIMUECKHe CTPYKTYpbl, HallpUMep CHHTeTHYeCKUH candup,
OIIHAKO BBHUIY CBOEH aHHW30TPOMHUM U BBICOKOH TBEPHOCTH NAHHBIH KJacC MaTepHaJsioB MOUTH He
Halles MPHUMEHEHHUsl B pacCMaTpUBaeMoH 00JacTH.

KBapueBoe cTekso KakK KOHCTPYKLHOHHBIH MaTepHhas XOpOLIO M3BECTEH M ONHUCaH KakK B
OTeueCTBEHHOHU, Tak H 3apybexHoil quteparype [11-13]. OgHako B cuay ero npuMeHeHwHs), B
MepBYIO o4Yepenb KaK ONTHUECKOrO KOHCTPYKLHOHHOTO MaTepuasa, TPYAHO HAHTH MH(OPMAaLUIO
no pasdpocy 3HaueHUH ero (PU3MKO-MeXaHHYeCKUX XapaKTepPUCTHK — MOAYJIO YIPYTOCTH HJH
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nnotrHocTH. Hampumep, B TOCT 15130-86 «Ctekso kBapieBoe ontuueckoe. Obmine TeXHUYeCKHE
YCJIOBUSI» IJIS YKa3aHHbIX NapaMeTpoB MpPeACTaBJeHbl MOCTOSHHbIE 3HAueHHWsT 06e3 KaKUX-JaH00
TEXHOJIOTMYeCKUX JI0MyCKOB Ha OTKJOHEHHE OT H3MepsieMOH BeJHUHHBl. [Ipy 3TOM ¢ TOUKM 3peHus
padotel BTT pas6poc 3TuX 3HaueHUH MMeeT OLHO U3 KJ/I0UeBblX 3HAUeHHH.

1. Marepuaabl ¥ MeTOAbI

KBapiieBoe cTekJ0, Kak u3BecTHO [14,15], uMeeT aMOpdHYO CTPYKTYPY, XapaKTepH3YIOILy0Cs
OTCYTCTBHEM JaJibHEro Mopsiika W HaJuudHeM GoJibiioro Koaudectsa myctot (puc. 1) [16]. Beumy
XAa0THUUHOCTH PACIIOJIOKEHHUSI TYCTOT MO 00bEMY, a TaKyKe HEMOCTOSIHCTBA MX pa3Mepa TPYIHO
copMUpPOBaTb 3aBUCHMOCTb, TO3BOJISIOLLYIO ONPEfeNUTb Npeenasl KonebaHUH 3Ha4eHUH MJIOTHOCTH
¥ MOIYJSl YIIPYTOCTH OT CIPaBOYHBIX 3HaueHHH. OMHAKO €CJId JOMYCTHTb MOCTOSIHCTBO CYMMAapHOT0
o6beMa MyCcTOT, TO MOXKHO MPOBECTH WHXKEHEPHYIO OLIeHKY KoJeOaHHWH paccMaTpUBaeMbIX 3HAUEHUH,
UCIIOJIb3ysl JaHHbIe 110 mapameTpaM 6a30BOro COeMHEHHS] KBApLEBOro CTeKJa — OKCHAA KPEeMHHS.

OCHOBHOH CTPYKTYpPHOH €IMHHIeH KBapLeBOTO CTekJa (KaK M KPUCTAJNJINYECKOro KBapua)
SIBJISIeTCS KpeMHeKHCJIopoaHblH TeTpasap SiO4, B KOTOPOM aTOM KPEMHHSI OKPYKeH 4eThIpbMS
aToMaMu Kucaopona. Ha puc. 2 [16] nmokasaHbl 3HaueHHs] MeXKATOMHbBIX PAcCTOSIHUH (IJUH CBsi3el),
ONpefieNISIIOIUX FreOMeTPUUECKHe pa3Mephl TeTpasapa. [Ipu aTom pesysbrathl sKcnepumMeHToB [17,18]
FOBOPST O BO3MOXKHOM M3MEHEHHH MJHHBI CBsi3ed B mpepesnax 1%, uTo MOXKeT ObITh MCI0Jb30BAHO
178 pacyeTta KoJjeOaHUH 3HAUeHWH MJIOTHOCTH M MOAYJS YIPYTOCTH.

6/b
Puc. 1. Crpykrypa Kpucramsaudeckoro (a) u Puc. 2. CrpykTypHast ennHHLA
amopduoro (6) KBapiia mo 3axapuaceHy KBapLeBoro crekaa SiOy
Fig. 1. The structure of crystalline (a) and Fig. 2. The structural unit of
amorphous (b) quartz according to Zahariasen quartz glass is SiO4

1.1. Meron onpenenenus pa3dpoca 3HaUY€HUH MJIOTHOCTH

Jlnst onpenesieHUs1 pacyeTHOrO 3HAYeHHs! MJIOTHOCTH KBapLEBOro CTeKJa BOCMOJb3yeMcs Bblpa-
JKeHHeM [/ TIJIOTHOCTH KPUCTAJIMYeCKUX CTPYKTYp [19]

m-M-1073
p - Na i V 9
rie m [en.] —uucI0 MoJIeKysl B paccMaTpUBaeMoi djeMeHTapHOU siuelike; M [a.e.M.] — MoJiekynsip-

Has macca; N, [1/monb] — uncao Aporaapo; V [M?] — o6bem anementapHoi sueiiku. [Ipunumas
JOTyIIeHHe O MOCTOSIHCTBE CyMMapHOTro o6bemMa MYCTOT B CTeKJe, MOOU(PULUDPYEM MPeACTaBIeHHOe
BbIpaKeHHEe IMyTeM NOMHOXKEHHs Ha KO3(DPHUUIHEHT I, SBJSIOLIETOCS aHAJIoroM KoddduiireHTa
TIOPUCTOCTH MaTepHasa, AJsi TMOJyueHHs LeJeBOro 3HaueHHs miaoTHocTd mo [19]. Ilpu stom B
KauecTBe 3JIeMEHTAapHOH siUeMKH BbIOMpaeM MNpPeACTaBJEHHBIH Ha puc. 2 TeTpasap, TeM CaMbIM
noJyyasi MakCHMaJbHO MJIOTHOE PACIOJOKEHHE aTOMOB.

Pas6poc 3HaueHUH NJIOTHOCTH MOJNYYHM NYTEM BapbUpPOBaHUS 0O0beMa 3JeMeHTapHOH suelKH,
BLI3BAHHOIO KOJIeGaHUSIMU 3HaudeHuH AauHbl cBssu Si—O (#a ocuose [17,18]). O6bem anemeH-
TapHOW f4YelKHU omnpefessscs AJs (PUIypHl, NPeACTaBJsoLEeHd co00H NATh NepeceKalIuxcs cpep
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(puc. 3) ¢ paguycaMu, COOTBETCTBYIOIIMMH HOHHBIM pafdycaM aTOMOB
coenunenus: [20] (MoHHBIH paguyc Kucsaopona U KpeMmHusi 140 nm u
41 M COOTBETCTBEHHO).

Heo6xoquMo 0TMETHTD, YTO OXOXKUH MMOAXOM UCII0Ab30BajIcs B [21]
IJ151 OTpefle/ieHHs] 3HaUeHHH MJIOTHOCTH Pas/IMYHbIX MHHEPAJIOB.

1.2. Merog omnpeneneHus pa3dopoca 3HaUeHHU
MOIYJisl YIPYTOCTH

Puc. 3. T'eomerprueckasi JlJ1s1 onpefesnieHHs] pPacYETHOrO0 3HAUEHUS] MOAYJS YIPYTOCTH KBap-
MOZEJIb CTPYKTYPHOM €IH-  1egoro cTeKJa BOCIOJb3yeMCsl BbIPpaXKEHHEM [JIsi MOMYJISl YIPYTOCTH

HUIBl KBapLEBOTO CTEK/a 5o 5
Fig. 3. Geometric model KPHUCTaJTHYeCKHX CTPYKTYp [22,23]

of the structural unit of 9

e
quartz glass L
4drregrag?

rie e [Ki] — aneMeHTapHBIil 3apsif, paBHEI 3apay MeKTpoHa; ey [Ki?/H - M%] — snexrpuueckas
TMOCTOSIHHAS; 7 [M] — pacCTOsSHHe MeK1y B3aHMOLEHCTBYIOLIMMH 3apsiiaMy (TOJIOBHHA IJIHHBI CBS3H
Si-0); ap [M] — nepuon KpucTanIHUecKOH pelieTKH (pasMep 3/eMeHTapHOH suedku). AHajo-
THYHO pacyeTy pa3dpoca IMJOTHOCTH IOMHOXHM IOJyYeHHOEe BblpaxkKeHHe Ha KOPPEeKTHPYIOLIHH
KO3((HUIMEHT <y IJs TOJyueHHUs LesieBoro 3HadeHus monyas ympyroctu no [OCT 15130-86.
Pas6poc 3HayeHHil MOLY/s YIPYroCcTH TakKxKe MOJIYyYUM 3a cdeT KojeGaHuil miuHbl cBsizu Si-O (Ha
ocHose [17,18]).

1.3. Merop ompeneneHnus pacuierieHus 4acToTbl pe3oHaropa BTI

Pacuiensienue uactotsl pe3oHaropa BTI onpenessiercs ¢ ncrnosb3oBaHUEM MOAENH, TOCTPOEH-
HOH Ha OCHOBE OMpeMEeJSIOIINX COOTHOIIEHHH TeOpHH TOHKHX obosouek o B. B. Hosoxwumosy [24].
CoOTBeTCTBYIOLIME BhIPaXKeHHs [J1s1 OTEHIMANbHON SHEPrUM yNPYTrol neOopMalru PacTSKUMOH
060JI0UKH U BbIpaxkeHHe /ST KUHETHUeCKOH SHEPruu 3/JeMeHTapHOro oobemMa 000JOYKH MpeACcTaBJle-
HbI B [7,24]:

1 2 w/2
z’zj/ j/ phv? A1 Ay df do,
2 0 0

Eh oy ) w2
=5 —2(1- — )44
w 5 (1 — V2) /(; /0 [(51 + 52) 2( V) (8182 1 ):| 1 2d0dg0+

+EW3/%/2“ 2)? = 2(1 =) (mma — %) | A1Asdbd
2u(1—12) Jy Jy K1 1 R2 v)(Kike — T 1A20bap,

rae h [M] — TosnHa noaychepuueckoi 06o0ukn; Ay, As — napamerpsl JIsive; v — KoapdULHEHT
[lyaccona marepuana; E [MIla] — Monyab ynpyrocTd mMatepualna; €1, €2 — apaMeTpbl, XapaKTepH-
3yIollye YAJUHEeHHe CPeIUHHON NOBEPXHOCTH; K1, Ko — MapaMeTphl, XapaKTepusyloline U3ruoHble
nedopMalry CpeAUHHON MOBEPXHOCTH; w, T — MapaMeTphl, XapakTepusywue nehpopMaludyd CoBUTra
M KPY4YeHHs] COOTBETCTBEHHO; 0, ¢ [Tpajl] — 3€HUTHBIH ¥ a3UMYyTaJbHBIH YIJbl COOTBETCTBEHHO; V
[M/c] — BEKTOpP CKOPOCTH.

[TpumeHsisi BapualMOHHBIK NpuHIMN [aMuiabToHa [25] coBMmecTHO ¢ Meromom Purtua [26],
BO3MOXKHO CBECTH 3aJauy MO OIpelaeseHUI0 COOCTBEHHBIX YACTOT K KJACCHYECKOH MOCTAHOBKE
3a/laud Ha COOCTBEHHble 3HAUEHUS:

(A—X?B)C =0,

rie A, B — MaTpHlLbl, CBI3aHHble C KHHETHYECKOH M MOTEHIHAJbHON SHEPrUsMH, a TaKKe KOOpPAH-
HaTHBIMU (PyHKUHAMH; C — BeKTOp-CTOJ0El HEU3BECTHBIX KO3((PUIUEHTOB; A — BEKTOP-CTOM0el]
3HaueHUH COOCTBEHHBIX YacToT.
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YueT KoJiebaHH# 3HAUeHHH (DU3MKO-MeXaHHUECKHX XapaKTepPUCTHK (¢) MPOBOAMUTCS MyTeM
BHECEHHSs COOTBETCTBYIOLIMX FAPMOHHUK B BBIpaXKeHHs A/ KUHETHUECKOH U MOTEHLHAaJbHOH 9HEPrui

q(¢) = qo + X sin(m¢ + 3),

TIe go — HOMHMHaJ/bHOE 3HayeHHe paccMaTpHBaeMoro napamerpa, X — aMIVIUTyda TapMOHUKH, ¢
[rpan], — yrsoBasi KoopIMHATa, COOTBETCTBYIOLIAs a3UMYTabHOMY yray. PaclensieHre yacToThl
BBIUMCJ/ISIETCS KAK PA3HOCTb MO MOAYJIO ABYX OJIU3KHUX MO 3HAUEHHUIO (MapHbIX) COOCTBEHHBIX YacTOT
0CeCUMMETPHUHOU 060JIOUKH.

2. PesyabTrathbl U 00CYyXKAeHHUS

Ha ocHoBe mpeacTaB/eHHbBIX BbIllle METOOB TMOJyUYeHa MHXKEHEpHasi OlleHKa TpeaesbHbIX 3Ha-
YyeHHH (pa3bpoca) MJIOTHOCTH W MOAYJs YIPYroCTH MaTepHasa pe3oHaTopa, a TaKyKe 3HAueHHsi
paciienyieH|si ero co6CTBEHHOH 4YacTOThl, UMU Bbi3BaHHOTO0. Pasbpoc B 1% mmauubl cBsisu Si—-O
COOTBETCTBYET KCIIePUMEHTaNbHbIM 3HaueHusiM [17, 18] s HU3KOTEMIEpaTypHOH MOAH(pHUKAINUH
KpemHe3ema — () MOAM(HUKALMK, YaCTO HCIOJb3yeMOH /il U3rOTOBJEHHsS] KBapLEBOro CTeKJa.
B cusy Toro 4to [Jisi H3rOTOBJIEHHSI PE30HATOPOB UCIOJb3YeTCsl BHICOKOKAUeCTBEHHOE KBapleBoe
CTEKJI0, COleprKalllee MUHHUMAJIbHOE KOJUYECTBO MpUMece#, BJAUSHHEM MX Ha Pa3dpoc MIOTHOCTH
npeHebperaetrcsi. MaccoBasi noJsi npumeced MetasnoB (Al, Fe u np.), a TakKe THIPOKCHIbHBIX
rpymnn onenuBaetrcs B 0.02% [27]. 3Hauenue paclienieHust ONpenessioch [Jjsi Y4eTBEPTOH rapMmo-
HUKH pacripefiesieHns] HeCOBEPIIEHCTBA KaK [IJisi TapMOHUKHU, BHOCSIIEH ONpeaesionliil BKIa B
paccmatpuBaemyto BeauuuHy [10]. [TosyueHHble pe3ysnbTaThl MpeACTaBIeHbl B TabJHLE.

PesynbTaThl pacyeTHOH OLEHKH
Table. The results of the estimated assessment

[TapameTtp Min Max Pacuennenue, I'n
[1n0THOCTD, KI/M° 2.133 2.263 37.3
Monyaib ynpyroct, [Ta 7.053 -10™° [ 7.64 -10™° 1.2

YuuThIBasi MOJy4YeHHbIe pPe3yJbTaThl, a TakXKe HEOOXOAMMOCTb NOCTHXKEHHsS 3HaueHWi# pac-
menaeHdss Ha ypoBHe He MeHee 0.1 T, MOXKHO OTMETHTBH CyIIECTBEHHOCTb MOJYYEHHBIX pe-
3yJIbTAaTOB B YACTH BJIMSIHUS TIePEMEHHOTO 3HAueHHs XapaKTEePHUCTHK MaTepuasa Ha MapaMeTpbl
npubopa. CyeICTBUEM 3TOTO SIBJSETCS HEOOXOAMMOCTb HOMOJHHUTENbHOIO KOHTPOJS pasbpoca
(PHU3HMKO-MeXaHUUECKUX XapaKTEepPHUCTHK Ha 3Tare IMoJyyeHHsl 3arOTOBOK M3 KBapLeBOTrO CTEKJa,
npeaHa3HAYeHHbBIX 1JI H3TOTOBJEHHUS pe3oHaTopoB. Heo6xXonMMo ckasaTh U O BEPOSITHO TpefebHBIX
3HaYeHHUsIX pa3bpoca 3HaYeHHH TMJIOTHOCTH W MOAYJsI YIPYTOCTH (C yueToM MPUHSTHIX HOMYIIEHHH),
a TakxKe 3HaueHWH pacllenyeHHs, UM BbI3BaHHBIX. OTMeyaeTcss U TO, UYTO NPHU COMNOCTABHMOM
pasbpoce 3HaueHud (+4%) BKJaA pa3HOMIOTHOCTH HA MOPSIIOK BhIlIE BKJaa PAa3HOYNPYrOCTH, UTO
Obly10 MokasaHo B [28]. B nomosnHeHue, pasbpoc MOMyCTUMBIX 3HaUeHUH A1 Kosdduunenta [lyacco-
Ha o OCT 15130-86 npuBomuT K pacuienenuio Ha ypoBHe 0.54 [, 4TO MeHbllle paCCMOTPEHHBIX
3Ha4YeHWH, HO TakXe TpeOyolleMy BHUMaHHUS.

3akJarouenue

B npencraBneHHON paboTe MpHBeleHa pacueTHas WHXKeHepHasl OlleHKa, MM03BOJSIONLAs OTpese-
JIUTb pa3bpoc 3HaAUeHUU TaKHUX (PU3UKO-MEeXaHHYECKUX CBOMCTB KBaplLEBOTO CTeKJa, KaK MJIOTHOCThb
¥ MomyJb ynpyroctu. OueHKa MOCTpOeHa Ha BhIPAaXKEHUSX AJs pacuera 3HayeHHH CBOHCTB KpHCTaJI-
JINYeCKUX CTPYKTYP C yUeTOM TOMpPaBKU Ha aMOpdHYI0 CTPYKTYypy cTekJa. [IpuHATO nomyiieHue
0 TIOCTOSTHCTBE CPeJHEro 3HaueHHs MyCTOT Mo oObeMy. B KauecTBe mepeMeHHOH HCIIOJIb30BaHBI
SKCIIepUMEeHTa/bHbIe [aHHblEe MO onpefeseHHI0 AauHbL cBsidu Si—O. IlosyueHHBIe BO3MOXHBIE
MaKcHMaJ/bHble KoJebaHUs TIOTHOCTH W MOAYJS YIPYTOCTH MPUBOAAT K CYLIECTBEHHOMY BJIHMSIHUIO
Ha TaKyl0 XapaKTepUCTHKY, KaK pacliernseHye pabouyeld cCOOCTBEHHOH YacCTOThl BOJHOBOTO TBEPLO-
TeJIbHOT'0 THPOCKOTA, YTO TpeOyeT AOTOJHUTENbHOTO KOHTPOJIS pacCMaTpPUBAEMBIX XapaKTEPHUCTHK
npy BbIGOpE U U3TOTOBJIEHUH 3aTOTOBOK /15 PE30HATOPOB.
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AnHoTtamusa. OueHka ypoBHS MOILEHHMYECTBAa B aBTOCTPAXOBAHUH Mpel-
CTaBJIsIeT COOOH aKTYaJbHYIO M CJ0XKHYIO 3a1ady, 4YTO 00yCJIOBJIEHO Je-
ATEJbHOCTBIO MOILIEHHHYECKUX Ipymnmn. /s yBepeHHOCTH MeHeIKMeHTa
CTPaxOBBbIX KOMIAHUH B CTpaTeruu NPOTHBOAEHCTBUS MOLIEHHUUYECTBY
HeoOX0OUM HMHCTPYMEHT, MO3BOJSIOLIME OLEHHUTb TEKYIee COCTOSHHE
nopTdess npereHsuil. CoBpeMeHHble METOIBl MAILIMHHOTO 00yueHHs M03-
BOJISIIOT TIPOBOAMTDb TAKYI0 OLEHKY, HCIIO/b3Ysl JAHHBIE O CTPAXOBATEJIAX U
CTPaxoBbIX caydasix. [Ipy MprMeHeHUH JAHHBIX MOAXOIOB BO3HHUKAET Psif
npo6JieM, He NO3BOJAIIINX AOCTHYb HEOOXONUMOI0 KauecTBa BblSBJEHHS
MolleHHHYecTBa. K HUM MOXKHO OTHecTH nucOaJjaHC KJ1acCoB M Tak Ha-
3biBaeMblit apeiid koHuemnuuu (concept drift), BosHuKarwIKE BeaeaACTBYE
U3MEeHEeHHUs CLIeHapHeB CXeM MOLIEHHHKOB M CYyObEKTHBHOCTH KCIEPTHOH
OLEHKH KOHKPETHOr0 CTPaxoBOro cjydasi. B HacTosilieM HCClef0BaHUH
npejJiaraeTcs MOAXOM, IO3BOJSIOUIUN YIyULIUTh METPUKU MoneJsel 115
BBISIBJIEHHS] MOLIEeHHHYeCcTBa B nopTdeJse npeTeH3nid. UncaeHHBIH JKCIe-
PUMEHT Ha IBYX OTKPBITHIX HA0Opax NaHHBEIX MOKAa3aJ MPUPOCT MOJHOTHI
BBISIBJIEHHS] CTPAX0OBOr0 MolleHHHYecTBa Ha 49 m.m. U 19 m.n. B cpaBHeHUH
C KJIaCCHYeCKUM MOJIeJIUPOBAHUEM.
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Abstract. The car insurance fraud level assessment is an urgent and complex task, which is largely due to
the activities of fraudulent groups. For the confident management of insurance companies in the anti-fraud
strategy, a tool to assess the current state of the claim’s portfolio is needed. Modern machine learning
methods make it possible to carry out such an assessment using data on policyholders and insurance cases.
When applying these approaches, a number of problems arise that do not allow achieving the required
quality of fraud detection. These include class imbalance and the so-called concept drift, which arises as a
result of changes in the scenarios of fraudsters’ schemes and the subjectivity of the expert assessment of a
specific insurance case. This study proposes an approach to improve model metrics for detecting fraud in
a claims portfolio. A numerical experiment conducted on two open data sets demonstrated a significant
improvement in the detection rate of insurance fraud compared to classical modeling. Specifically, there
was an increase in the completeness of fraud detection by 49 and 19 percentage points for the two datasets,
respectively.
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BBenenue

Pa3BuTHe TeXHONOTHH XpaHeHHs U 00pPabOTKM NAHHBIX CIIOCOOCTBOBAJIO PACIPOCTPAHEHHIO
MeTOM0B MallMHHOro obyueHusi (ML) B pasnuuHbiX obJacTsx, BK/A4Yas cdepsl, rae TpedyeTcs
NpPUHSITHE pelleHUH. Bnarogapst Hakon/JeHHBIM MaccHBaM MH(OPMALHUH TOSBUIACh BO3MOXKHOCTD
clles1aTh Mepexof OT SKCIEPTHBIX MOAXOAOB K aBTOMATU3UPOBAHHBIM, OCHOBAHHBIM Ha JaHHbIX. [Ipu
3TOM OCHOBHBIM HHCTPYMEHTOM B TaKHX 3afadyax CTajd MOAENH KJacCU(PHUKALWH, U3BJeKalolire
3aKOHOMEPHOCTH M3 HabGOpOB NAHHBIX.

Jlns yaydilieHUsl KauecTBa KJacCU(PUKALHUK HCIOJb3YIOTCS passdyHble MOAXOIbl, KOTOpble
3aBUCAT OT 06JIaCTH TpHMeHeHHsl, oObeMa NaHHBIX, HaJH4MUs pPasMeTKH y OOBEKTOB KJ/acCH-
tdukaunu, aucbasaHca KJaaccoB M APyrux (akropoB. CooblLiecTBOM yuUeHBIX pa3paboTaHbl A0-
CTYTHbIE MHCTPYMEHTHl (Hampumep, OTKpbIiTas OGUOJHOTEKa MallnHHOrO obyueHus scikit-learn
(https://scikit-learn.org/)), oGjeruatorine pelieHHe THIIOBBIX MPOOJEM, ¢ TMOMOLIbIO KOTOPBIX
MCCJIeOBATeNH NOCTUTAIOT 3HAYUTENbHBIX Pe3y/bTaTOB B 3a4adax NPUHATHUS PelleHHH.

Tem He MeHee omnpenesieHHble GU3HeC-TIPOLECCHl TPeOYIOT MHAWBUAYANbHOIO TOAX0/A K BHeIpe-
HUIO METOJOB MAaIIMHHOrO o6y4yeHHs] B HUX. B HacTosilleM ucciefoBaHUM MpelJ/araetcs yayulluThb
Ka4yeCTBO KJaCCU(PUKALUM MYyTeM KOPPEKTHPOBKH Pa3MeTKH NAHHBIX C HUCIOJb30BAaHHEM HEHPOHHOH
CeTH B TexX Habopax NaHHBIX, IJle MapKHPOBKA LeJIeBOro Kjacca NPoBOAUTCS dKcrepraMu. HoBuaHa
TaKOT'0 MOAXO/A 3aKJI0UaeTCsl B TOM, UTO yJaydllleHHe KJacCH(HUKALUN JOCTUraeTCsl He YCI0XKHEHHU-
eMm MeTomoB ML, a BcjencTBHe TOBBILIEHHS KAueCTBA BXOAHBIX NAHHBIX AJs 00y4eHHs, B KOTOPBIX
BbICOKA BEPOSITHOCTb HAJIMUHsl HEKOPPEKTHOH KCIEePTHOH OLIEHKH HMJIM MPUCYTCTBHS 9K3EMILISPOB,
He PacCMOTPEHHBIX KCIEepPTaMH.

OnHo#t 13 obJiacTel, Tie B MOCJeIHNE TOABI METOAbl MAIIMHHOTO 00y4YeHHsl NA/JH BO3MOXKHOCTb
pelInTh psifl npobJieM, siBJsieTCs oOHApYyKeHHe MOIIeHHHYeCTBa B aBTocTpaxoBaHuu [1]. OnHako
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NoBbIIIIeHHe 3(PPEKTUBHOCTU KJacCU(PUKALMK B 3TOH cepe ocTaeTcs aKTyaJbHOU MPOBIEMOH.
B cBsi3u ¢ 3TUM TecTHpoBaHHe MPUMEHHMOCTH IpeIJaraeMoro Moaxona MpoBeleHO Ha Habopax
IaHHBIX O CTPaXOBOM MOILIEHHUYECTBE.
[To nanHbiM Beepoccuiickoro corsa crpaxoBiinkos (https://ins-union.ru/), B TeueHue roaa
CTpaxoBble KoMNaHUM nopatoT B cyn O6osee 8000 MCKOBBIX 3asiBJE€HHH, a CyMMa BbIMJIAT MOLIEH-
HHUKaM cocTtasjsieT okoso 0.5% ot obuiero o6beMa BBIJIAT MO TNPETEH3UsM CTpaxoBaTtesed. DTo
CYLIECTBEHHO BJIMSIET Ha Mpolecc (JOPMHUPOBAHUS Tapu(OB U B KOHEUHOM CUeTe OTpakaeTcs Ha
3aKOHOTIOCJ/YIIIHBIX KJIMEHTaX.
TpannuuoHHO mpoliecc BbISIBJEHHS MOILIEHHUYECKUX TPETEH3UH COCTOUT U3 aHaNH3a HCTOPUH
YYaCTHUKOB U CPaBHEHHs MOJyUEHHBIX Pe3y/bTaTOB C PacCMaTPUBAaEMbIM CTPAXOBBIM CjydaeMm [2].
B pesysnbrare skcnepT NpUHUMaeT pelleHHe MO NPeTeH3WH O HaJU4YUH TPU3HAKOB CTPAXOBOIO
MollleHHUYecTBa. HakomseHne TakMX BEpAMKTOB TaKxKe SIBJSEeTCS LEHHOH HH(popMauued U B
OyAylIeM MOXKET pacCMaTpUBaTbCs KaK pa3MeTKa AJsi PUMeHEeHHs MeTOI0B MallMHHOrO 00ydYeHHs
C yUHTeJIeM.
C npyro#i CTOPOHBI, COTPYAHUKH CTPAXOBBIX KOMMAHUH MOTYT HMETb COOCTBEHHBIE Mpeny6exe-
HHS B YaCTH OMNpeie/IeH|s IPU3HAKOB MolleHHHUYecTBa. Hanpumep, sKcrnepTsl, UMeOLINe UHTEpeC
K PHUCKY MOLIEHHHYeCTBa, MOT'YT OLEHHUTb OAHY U Ty »Ke NpeTeH3HIo no-pasHomy. C TeyeHHeM
BpEMEHH B TOMBITKAX 000UTH (DPOL-MOHUTOPUHT MEHSIeTCS U MOBeLeHHEe MOLIEHHUKOB, MIPH 3TOM, CO-
rJacHo MHAycTpuasbHomy ompocy (https://www.iriss.com/insight/insurance-fraud-report-2022/),
peakliys KCIepPTOB He Bcerja ycreBaeT 3a M3MeHeHUsAMHU. [losaToMy mpeTeH3us, pa3MeueHHas Kak
JIETHTUMHAs!, Ha JeJle MOXKeT 0Ka3aThCsl MOILEHHUYECKOH, a BCJIEACTBHE HE3HAHHUS HOBOH CXeMBI
IKCTepT pomyckaeT omn6ky. [Io 3TUM mpuurMHAM B HaHHBIX O MOLIEHHHYECTBE MOXKET BO3HHKHYTb
Tak HasbiBaeMblil concept drift [3], 4To nMpUBOAUT K HEYCTOHUYHBOCTH MOJiesiell MAILIMHHOTO 00yUeHHs]
BO BpPEMEeHH.
[Ipennaraemblil MoaXoa BHOCHUT BKJAJ B UCCJIEIOBAHUS, MOCBSILIEHHbIE BbISIBJEHHUIO MOIIEHHH-
4yecTBa B aBTOCTPAXOBaHUH, W COCPeNOTOUEH Ha MOBHILIEHHH KayecTBa KJacCH(UKALHUKU Mojesel
MalIMHHOTO 00y4YeHHs], IPUMeHsIEMbIX K NpeTeH3usiM cTpaxoBaTeseld. OCHOBHOH 0COOEHHOCTBIO
IaHHOH 3ajauyu siBJjsieTcss nucbasaHC KJacCoB — TOUCK MOILIEHHHYECTBA CXOXK C MOUCKOM MIOJIKH B
CTOre CeHa, YTO HaKJaJblBaeT OINpejie/leHHble OrpaHHUeHHs Ha MCIOJb30BaHHe Mofesed KJaacCUudu-
Kauuu. B oTsinune oT Apyrux paboT U3 maHHO# obsaacTh (Hampumep, [4]), rae npobiema nucbananca
KJacca pemaercs TpaguuuonHbiMu TexHukamu (Undersampling, Oversampling, SMOTE u np.), B
HaCTOSILEM HCCJeL0BAaHUH MPOBOAUTCS KOPPEKTHPOBKA 11€JIeBOr0 KJacca ¢ MOMOLIbI0 HEHpPOHHOH
CeTH, YTO MO03BoJseT cOAJaHCUPOBATh NAaHHBIE /S UCIOJb30BAHMS METONOB MALIMHHOIO 00ydYeHHs
COBMECTHO C ycTpaHeHHeM npobJsembl «concept drifts. [Ipu aTom mpenmosaraercsi cHUXKeHMe pas-
MEPHOCTH MPOCTPAHCTBA MPU3HAKOB HCXOAHOro Habopa AaHHBIX C COXPaHEHHeM MeTPHK KadyecTBa
BBISIBJIEHUS] MOILIEHHHUYeCTBa. BesencTBre CHUXKEHHS OCTUraeTcsl MHTEPIPETHPYEMOCTb MTPHUHATOrO
peIlIeHHs 10 TPeTeH3MH, YTO pellaeT mpobJaeMy HeXBaTKH OM3HEC-KOHTEKCTa B aHTH(POL CHCTEMax,
paccMOTpeHHY10, Harpumep, B (hHHaHCOBOU cdepe [5].
B nanHHO# craTbe:
1) npexacraB/ieH HOBBIE MOAXOH, KOTOPBIH MO3BOJISET YJAYULIHTh Pasfessiollyl0 CIOCOOHOCTh
KJacCH(UKaTOpa MyTeM IMOBBIILIEHHUS KAauyecTBa NAHHBIX AJIs1 00yUeHHs;

2) NpOIEMOHCTPUPOBAHO, YTO HUCIOJNb30BaHWE HEHPOHHOU CETH IJIsi KOPPEKTHPOBKH IKCIEPTHOH
pa3MeTKH M03BOJIsSeT PeluTh MpobaeMbl aucbanaHca Kaaccos U «concept drift», uto nmpusonut
K YJIydlIeHHI0 KayecTBa KJaacCU(DUKALNH;

3) mpepJiaraeMblil IOAXON PaCCMOTPEH B 3ajiaue BbISIBJEHUs MOLIEHHHUECTBA B aBTOCTPAaXOBAHHUH;

4) mpoBeleH UMCJIEHHbIH KCIIEPUMEHT Ha IBYX OTKPHITBIX HabopaxX HaHHBIX ¢ Pa3MeTKOH MO-
IIEHHUYECKUX MPeTEeH3UH, KOTOPBIH NOATBEPKAAeT 3(P(PeKTUBHOCTD MpeJIOXKEHHOr0 MOAXO0/a.

1. OOuaacte ucciaexoBaHud

PaccmarpuBaeTtcst mpoliecc CTPaxoBOH KOMIAHWH, B KOTOPOM CHHJKAeTCsl PUCK MOIIEHHUYECTBA
CO CTOpPOHBI cTpaxoBarteJseil. [lepBoil mperpanoil N/ MOLIEHHHUKOB SIBJISIETCS TPOBEpPKa KJHEHTa
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nepeq 3aKJl0YeHHeM JO0roBopa CTpaxoBaHHs. [loMHUMO aKTyapHBIX pacueTOB CTPAXOBLIHUK MOXKET
00paTUTbCS K BHYTPEHHUM YEPHBIM HUJIM O€/bIM CIHMCKaM, BHEIIHUM HCTOYHHMKAM JAHHBIX O KJHEHTe
(HampuMep, KpeIUTHOH MCTOPHH), TPUMEHHUTb MOJEJH OLEHKH PUCKA MOLIEHHHYECTBAa CO CTOPOHHI
cTpaxoBaresisi. Takre MpoLeAypbl HANPSAMYIO BJAMSIOT HAa CTPAaXOBILMKA — YAJUHSIOT NpoLecc npona-
JKU TI0JIMCA, YXYALIass KJAUeHTCKHUN OMBIT, a JIOXKHble 0TKa3bl CHUKAIOT YPOBeHb cOOpa CTPaxoBOH
npeMuu. JTH (aKThl 3aCTABJSIOT CTPAXOBble KOMIAHUK YIIPOL1ATh X aBTOMaTHU3HPOBATh NPOBEPKH
Ha JaHHOM 3Tane. B Takom ciydae MeHeI:KMEHT KOMIIAHWH OPUEHTHPYeTCsl HAa TOYHOCTb BBISIBJIE-
HHUSl MOILIEHHHWYECTBa, YTO MO3BOJIsET NPodeCcCHOHANbHBIM MOIIEHHHKaM NMPOHUKATh B CTPAXOBOH
noptdeb.

[lanee CTpaxoBILMK aHAJIU3UPYET 3asiBJEHHbIE NPETEH3UH U NPU BhISIBJEHHWH NPHU3HAKOB CTPaxo-
BOr0 MOLIEHHHYECTBAa OTKAa3blBaeT B BhilsaTe. Ha naHHOM 3Tame NMPUMEHSIIOTCS KaK SKCMEepPTHbIe
MeTO/bl OLEHKH CO CTOPOHBI CJy>KObl 6€30M1aCHOCTH CTPAXOBLUMKA, TaK U TeXHHUKH C UCIOJb30BaAHU-
€M MeTONOB MalIMHHOro oOydeHusi. [losoxuTenbHbll 3(h(heKT naeT coBMelleHHe paGOThl IKCIepTa
U CHCTEM, MO3BOJIAIOIINX OLEHUBATh MPETeH3UH C MOMOILbIO aHAIU3a JAHHBIX W COLHAJbHBIX CeTeH.
B TexylleM npolecce cTpaxoBas KOMIAHHS OPUEHTUPYeTCs Ha I[OJIHOTY BBISIBJIEHUS MOLIEHHHYe-
CTBa, 4TOOBl OCTAHOBUTH y2Ke MposiBUBLIero ceds nMpoecCHOHAIbHOIO MOLIEHHHKA U CHU3UTh €ro
BJIMSIHME Ha MOKa3aTesb YOLITOYHOCTH MOPTdels.

B naHHOM Hcc/efoBaHUM INpelJaraeTcsl MeTO[ IMOBBILIEHHS] KauyecTBa OLEHKHW PUCKa MOLIeHHH-
4yecTBa B aBTOCTPAaXOBAaHHUHU C UCIOJb30BAHHEM MALIMHHOrO O0O0ydeHHs MpPH BBIJATE NpPETEeH3UH.

2. MeToabl 4 aJTOPUTM OLIEHKHM PUCKA

OueHKa NMpeTeH3WH Ha PUCK MOLIEHHHYECTBA MeTOJAaMH MalIMHHOTO 00yueHHs OCYILECTBJsETCS
C TIOMOLLbI0 UCTOPUUECKHUX AaHHBIX. Kaxknas npereHsus obJafaeT CBOUM IPU3HAKOBBIM ONHUCAHHUEM
H, ecii oHa o6pabaTbiBasach IKCIEPTOM, UMEET OTBET Ha BOMNPOC O HAJIWYMH B Hell MOLIeHHUYeCcTBa
CO CTOpPOHBI cTpaxoBaTeJss. Torna 3agady BhISIBJE€HHS MOLUIEHHHYeCTBAa MOXHO CBECTH K 3ajade
oOyueHus 1o mpeleneHTaM [6]. B uactHocTH, GymeM paccMaTpUBaTh 3agady KJAacCH(PHKALUH C
IBYMsl HerepeceKawlUMucs Kiaaccamu. [Ipu satoMm HalineHHas pematomiasi GyHKuus (masnee —
MOJles1b MJIH KJaccu(ukaTop) OyfeT HCIONb30BaThCs /s OLEHKH KOHKPETHOH NMpPEeTeH3HH Ha PUCK
MOLIIEHHHUYECTBa C MOMOILBIO ee NMPU3HAKOBOrO ONMUCaHHUs (ajee — MPU3HAKH).

Jns1 oueHKH pe3y/abTaTOB 3KCIEePUMeHTa BbIOpAHBl TPAAULMOHHO HCMOJb3yeMBle B 3amadax
BbISIBJIEHUS] MOLIEHHUYECTBA METPUKH:

TP I TP
Recall = m, Precision = m,
rne TP (True positive) — MolleHHHYecKasi IpeTeH3Uus UaeHTUhHIIHpoBaHa KoppekTHo, FP (False
positive) — jiernTrMHast peTeH3us uaeHTHHULHPoBaHa KakK MomeHHHYecKast, TN (True negative) —
JIETHTHMHas TpeTeH3uss uneHTHdUurpoBaHa KoppekTHo, FN (False negative) — mMoiieHHHYecKkasi
MpeTeH3us UAEHTU(PUIUPOBAHA KAK JIETMTHMHAS.

Recall (mosHOTa) MO3BOJIUT OLEHUTb NOJI0 MOLIEHHHYECTBA, BBIABIEHHYIO KJIaCCU(OUKATOPOM MO
OTHOILEHHIO KO BCEM MOLIEHHHUYECKHM TpeTeH3usiM; Precision (TOYHOCTB) — BepOSTHOCTb TOTO, UTO
nofo3peBaemMasi KJacCH(PUKATOPOM TpeTeH3Usl NeHCTBUTEIbHO MOLIEHHHUECKas.

Takxe n/s1 cpaBHeHHsI MoneJied W TPUPOCTA KauyecTBa BBISBJIEHHS MOLIEHHHYeCTBa OyneT
ucnosbaoBatbesi ROC kpuBas [7]. YBenuuenue nioinanu nox kpuoit ROC (AUC) 6ynet BhicTynath
B KauecTBe Mepbl YJIyUlleHHUs MOCTPOEHHOTO KJacCH(pUKaTopa.

OTKpBITbHIE HAGOPHI AaHHBIX aBTOCTPAXOBAHHS, IPUTOAHbBIE AJIST UCCAEIOBAHUS C TOUKH 3PEHHS
MalIMHHOTO OOy4YeHHs] U C pa3MeyeHHBIMHM CJIydasiMM MOILEHHHUYECTBa, BCTPeUalTCs KpalHe
peako [8]. OnuH M3 HUX — LIMPOKO M3BECTHBIH M HCIIOJIb3YEMbIH B Pa3JUUHBIX MCCJEI0BAHHUSIX
«carclaims.txt». B Hem comepxkarcsi cTpaxoBble ciyuau, 3apeructpupobanHble B CIIIA 3a nepuon ¢
1994 o 1996 rr. [9].

Taxxe /151 1eMOHCTPALUK TPUMEHUMOCTH MOAX0Aa HAa PA3JMYHBIX CTPAXOBbIX NaHHBIX PAaCCMOT-
peH ¢aitn «insurance_claims.csv» (https://www.kaggle.com/datasets/buntyshah/auto-insurance-
claims-data/), B KoTopoM comep:kaTcsi MpeTeH3UU 3a MepHol ¢ siHBaps mo ¢espaib 2015 T.

622 HayuHbiii otgen



n.A. BOpOﬁbeB. Merogbl MawmHHOro O6y‘-leHMﬂ B 3g4a4e OLeHKn pucka MoleHHn4ecTsa

Jnst uesielt [aHHOTO HCCJ/eNOBAaHUSI BBIOpAHBl IPU3HAKH, NIPHMBeNeHHble B Tabs. 1.

Tabauya 1 / Table 1

Onucanne MPU3HAKOB MPETEH3UH [JIs1 OLEHKH MOIIEHHHYECKOH COCTaBJSIOLIEH
Description of claims characteristics for assessing the fraudulent component

Ha6op nanubix

HasBanue [IpH3HaKa

Onucanue

«carclaims.txt»

Age Bospact crpaxoBatesns
DriverRating PeliTunr Bogutess
Gender [Ton ctpaxoBaress
BasePolicy Tun nosuca

Fault BuHoBHas cropoHa

NumberOfSuppliments

KomuuectBo mom. onuui

PastNumberOfClaims

KonnuectBo CTPaxoBbIX CJIydaeB

«insurance_claims.csv»

VehiclePrice CTOMMOCTb aBTOMOOUJIS
AgeOfPolicyHolder Bospact cTpaxoBatesns
age Bospact crpaxoBatesns

policy_annual_premium

CrpaxoBast npemMusi

insured_sex

[Ton CTpaxoBarteJisd

total_claim_amount

CyMmMa npeTeH3UH

P

incident_severity

Cepbe3HOCTb CTPAXOBOTO Caydast

Taxo#l ManoyuceHHBIH COCTaB TPU3HAKOB BBIOpPAH C LEJbl0 COXPAHEHHS] TPUMEHHUMOCTH TIpejl-
JIOXKEHHOT'O TOAXO0MA JJisi OLIeHKH MOIIEHHUYECKOH COCTaBJSIIONIEH B pa3HUHBIX NMOPTQessax npe-
TEH3WH CTPAxXOBBIX KOMMaHWH. J{aHHBI HabOp MPU3HAKOB MOXKHO MOJYYHTb M3 aHKETHBIX JNaH-
HBIX CTpaxoBaTeJiell M TpPeTeH3WH NpPH yperyJHpOBaHUM cTpaxoBoro ciayuasi. KarteropuasbHble
NPU3HAKK B 3KCIIePUMEHTaX OblIM 3aKOAUPOBAaHbI B UHCJOBble Mo MpuHIMMNY one-hot (https:
//scikit-learn.org/stable/modules/generated/sklearn.preprocessing.OneHotEncoder.html/).

Ha6op nanHbIx «carclaims.txt» cocrout us 15 420 sanuceit, us kotopuix 14 497 siBasiorcs
JIETUTUMHBIMHU TIpeTeH3usiMH, a 923 (6.0%) — ¢ mpru3HaKaMH CTPaxOBOTrO MolleHHHYecTBa. Pasmep
«insurance_claims.csv» cocrasasier 1000 3anuceit, u3 koropeix 247 — moieHHuueckue (24.7%).
[IpeTeH3nn MOXKHO BBICTPOWTb B XPOHOJIOTHYECKOM TOPSKE MO TOMY, KaK OHH TOCTyNaJu B
CTPaxoBYI0 KOMITAHUIO, TIO3TOMY KadeCTBO MOJEJH TpelJaraeTcs NPoBepsTh Ha GoJjiee TO3MHUX
JIlaHHBIX, TaK HasbiBaeMoH out-of-time BrIGOpKeE.

PaccMoTpuM chenyomuil npoiece MOAEJHPOBAHHUS IJIsl CHHXKeHHMs nucbajaHca KJacCoB U
pelienust npobJeMbl «concept drifts:

1) HaGop maHHBIX pa3bUBaeTCs Ha YeTbIpe YACTH W3 Pa3HbIX BPEMEHHBIX MEPHUOLIOB;

2) 6oJee paHHsis yacTb (Dj,;¢) peaHa3HaueHa [/ 00yueHUs1 Momesad M, ¢ MOMOIIbI0 KOTOPO#H

6yneT KOpPeKTHPOBAThCS IKCIEPTHAS OLEHKa;
3) caenyromas no BpeMeHH (Dyyqin) UCTIOIB3YyETCS NJ5 00y4YeHUs Moaeau Mg mpeniaraeMbim
MOAXOOM Ha repepa3MedeHHOM Habope JaHHBIX, a TaKxKe IJs1 00ydyeHHs: 6a30BOH MOJEJH
Mp, c KoTOpo# OyIeT CpaBHUBATbCS Pe3yJbTAT JKCIEPUMEHTA;

4) cnenyromas 4actb (Deontroi_1) NpeaHasHadeHa [/ noucka Todek orcedeHUs (T'H fpqud,
T Hjegitimate) MOA@NM M, B 3aBUCHMOCTH OT 3Ha4eHHH KOTOPEIX OyJeT MPUMHUMATbCS pelleH e
0 KOPPEKTUPOBKH Pa3MeTKH B Diyqin;

O) HakoHel Ha BBIOOPKE D oniro; 2 OyIET TPOBOAUTHCS BaJHUAALUS Pe3Y/bTaTOB.

Pa3bueHne NaHHBIX U KJIACCH(PHUKATOPBI /51 OLIEHKH TPeTeH3WH CXeMaTH4HO MPeNCcTaBJeHbl Ha
puc. 1.

B Tabs1. 2 nprBeneHbl UCMOIb3yeMble TAPAMETPBl H CCHIJIKH Ha OMHCaHHe MOJeJel, TpUMeHeHHbIX
B Tpoliecce o6y4YeHHs.

Bri6op Random Forest u HefipoHHOH ceTH B KadecTBe KjaccuduKaTtopa oOYCJOBJEH HCCJe-
noBanuem [10], B KOTOpOM IMOKa3aHO CpaBHEHHWE OCHOBHBIX METOIOB MAaLIMHHOTO OOyueHHs B
3a/layax BbISIBJIE€HHS] MOILIEHHUYECTBA B aBTOCTPaxoBaHMHU. [LJisi MOJydYeHHs JYUIINX apaMeTpoB
MoJiesiell MCMoJIb30BaJICs IMPOKO M3BECTHBIM MOAXO0M Kpocc-Basinaaunu, B yactHoctd GridSearchCV
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obyqenne obyueHne HaCTpOHKa BATHIALUMA
M]_ MB« Ms THfraudf THIegitimate PESVIRTATOR
ama Mg
| i i i ' ;
Din.il Dtrai.u D, control_1 Dccvntrol_Z t
«carclaims.txty ~ konnuectso 6420 3000 3000 3000
npeTeHsuii:
aucbanaHc
KNACCOR: 6,6% 5.7% 5.8% 5,2%
«insurance_claims.csv» KOMUYECTEO 255 241 253 251
npeTeHs3ui:
AvcBananc 26.6% 25.3% 28.4% 18.3%

Knaccoe:

Puc. 1. HpI/IMeHeHI/Ie npenJiaraéMoro noaxona Ha Ha60an JaHHbIX HpeTeHSI/If/'I ABTOCTPAaxOBaHHUA
Fig. 1. Application of the proposed approach on automobile insurance claims datasets

Tabauya 2 / Table 2

Hcnonb3yemble B npouecce o6y4deHHsl Ka1acCH(PUKATOPDI
Classifiers used in the training process

Haspanue Knaccudukarop

[TapameTtpsr

CchliiKa Ha omucaHue

Multilayer
perceptron

My,

«carclaims.txt»:
hidden_layer_sizes = (10),
solver =" lbfgs’

«insurance_claims.csv»:
hidden_layer_sizes = (2),
solver =" lbfgs,
activation =" relu’

https://scikit-learn.org/stable/
modules/neural_networks_
supervised.html

(nata o6pauenus: 22.09.2023)

Mp

Random
Forest
Classifier

«carclaims.txt»:
class_weight = {0: 1,1 : 1},
criterion =' entropy’,
n_estimators =5

«insurance_claims.csv»:
classyeight = {0:1,1: 1},
criterion =' entropy’,
n_estimators = 2,
maz_depth = 3

«carclaims.txt»:
class_weight = {0: 1,1 : 3},
criterion =' entropy’,
n_estimators = 5

«insurance_claims.csv»:
classyeight = {0:1,1: 1},
criterion =' entropy’,
n_estimators = 2,
maz_depth = 3

https://scikit-learn.
org/stable/modules/
generated/sklearn.ensemble.
RandomForestClassifier.html
(mata ob6pamienuns: 22.09.2023)

(https://scikit-learn.org/stable/modules/generated/sklearn.model_selection.GridSearchCV.html/)
TMPH ONTHMH3alMH METPUKH roc_auc.

DKCreprMeHTaJbHO C TIOMOIBIO U3MEPEHHs KauecTBa KaAacCUPUKAUUU HA Diontror 1 TIONOOPAHEI

3Ha4YeHus THfraud, T-Hlegitimate:

a) nJsi Habopa JaHHbIX «carclaims.txt»: TH frqua = 0.75; T Hiegitimate = 0.1;
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6) ans «insurance_claims.csv»: T'Hfpauq = 0.8; T Hiegitimate = 0.05.

[Tocne atoro mpeteHaun B Dyyqipn OBLIM NEpepasMeydeHbl CAeAYIOMHM 00pa3oM:

1) ecau pesysbTaT OLEHKH (BEPOSTHOCTb OTHECEHHE K MOLIEHHUYECTBY) MPETEH3HU C MOMOIILbIO

My, 6osbwie T'Hfpqyuq, TO OHA MepepasMedaeTcs Kak MOLICHHHUYEeCKas,
2) ecau pesynbraT oueHKH MeHee T'Hiegitimate, TO IPETEH3US NepepasMedaeTcs KaK JeruTHMHas;
3) B OoCTa/bHBIX CJydasiX pa3MeTKa MPeTeH3UH He IMOJIBEpraeTcss H3MEeHEHHIO.

JlaHHast KOPPEKTUPOBKA KJIACCOB yJydlinugaa 6ajsaHc B Dyqin 10 36.3% B Habope maHHBIX
«carclaims.txt» u 10 35.8% B «insurance_claims.csv». [danee npoBeneHo o6ydyeHue Mp Ha DaHHBIX
Diygin 10 KODPEKTUPOBKU KyaccoB U Mg Ha NaHHBIX Diygipn NOCHTE KOPPEKTUPOBKH.

DTanbl MPOBENEHHOrO KCMEPUMEHTA CXeMaTUYHO TTI0OKa3aHbl Ha pHC. 2.

Digis
MpuaHakn Lenesan
NPeTEH3MK nepemedHan
oByuUEHHE MOOEAH
0 >
1 1
. 2
Dtram
4 D.,..., cHosoii pazmeTxait
train P
MpuzHakm Uenesan Pezynbrar
MPETEHSIN NEpEMaHHaA My KOPPEKTMPOBKA MpUzHaKK Llenesan PeaynbTat
1 0.05 pasmeTHm MpeTeH3HK nepemeHHan My
0 0.87 A " 0 0.05
1 0.87
| 7
HacTpoRKa
3 noporoe
& TH:zuar THIe;itlm:t:
8
Dcontrol_l
Dcontml 2
— Mpr3HaKK Lienesan
MpuzHakm Llenesan OueHka OueHKa NPeTEH3MK nepemeHHan
NpeTeHsMK nepemedHas Mg M 0
1 1 1 CpaBHEeHHe 1
0 1 0 3 pesynuTaToR

Puc. 2. ransl npoBeneHns sKCIIEpUMeEHTa
Fig. 2. Stages of conducting an experiment

3. Pe3yabraThl 3KCIepUMeHTa

[TonyuenHnele Mofenu Mp u Mg nprMeHeHbl B BbIOOPKE Dionirol 2, KOTOPas HUKAKUM 00pa3oM
He yJacTBOBaJjia B 06y4eHHH KJIacCU(HUKATOPOB HJIM HACTPOHKE MapaMeTPOB U SIBJSETCS OoJiee
Mo3[Hel M0 BPeMEeHU C TOUKH 3peHHUs TOSIBJEHUs TPETeH3HH Y CTPAxOBIIMKA. TaKyKe B JTaHHOU
BBIOOpKe pa3MeTka He mnojBeprajach koppektupoBke. Ha puc. 3 npencraBnensr ROC kpuBble pis
3TUX MOJEJeH.

3HaueHus niomaned nox naHHeiMA KpuBbiMH (AUC) mokasbiBaeT 3HaUHUTENbHO JyYlllee Ka4eCcTBO
KJacCU(PUKAUKU /s TIPEAJOKEeHHOTO TOAX0a B CPaBHEHUHM C TPaJUUHOHHBIM oOyueHHeM Oe3
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«carclaims.txt» «insurance_claims.csv»

08

06

oe

TFue Positive Rate (Fositive label 1)
Positive Rate (Positive label: 1)

Tue

02

00 — f_with_relabeled {MS) (AUC = 0.76} a0 —— if_with_retabeled (MS) (AUC = 0.82)
b - rf_without_relabeled (MB) {AUC = 0.61) sues f_without_relabelad (MB) (AUC = 0. 75)

a0 02 04 06 08 10 oo a2 04 06 08 10
False Positive Rate (Positive fabel: 1) False Positive Rate (Positive label 1)

Puc. 3. CpaBaenue ROC kpuBbix nis moneneit Mp u Mg
Fig. 3. Comparison of ROC curves for Mp and Mg models

KOPPEKTHPOBKH pa3MeTKH. B Tabs. 3 Takke mpuBeneHbl 3HaueHHs Recall nmpu (rkcrpoBaHHOH
TOYHOCTH /ISl CPABHEHHUSI MOJEJIEN.

Tabauya 3 / Table 3

CpaBHeHHe MeTPHUK KayecTBa BbISBJEHHS MOILIEHHHYECTBA
Comparison of fraud detection quality metrics

Hab6op nanHbIX Mertpuxka Hﬁiﬁf{gﬁe?\;;m Tﬁiiii;?;;;“
ROC AUC 0.76 0.61
«carclaims.txt» Precision 0.10 0.10
Recall 0.92 0.43
ROC AUC 0.82 0.75
«insurance_claims.csv» | Precision 0.55 0.55
Recall 0.70 0.51

JakaoueHue

B Hacrosime#t paGoTte ncciieoBaHa BO3MOXKHOCTb KOPPEKTHUPOBKH IKCIIEPTHOH Pa3METKH AaHHbBIX
C TOMOLLbI0 HEHPOHHOH CeTH AJs AajbHeHIlero NnprMeHeHHs MeTOO0B MAalLIMHHOIO 0OyueHHs.
[TprpocT 3¢h(heKTHBHOCTH BbISIBJIEHHUS MOIIEHHHYECTBA B NAHHOM CJydae TMOATBEPKIEH TPHPOCTOM
OCHOBHBIX METPUK KauecTBa KJaccHpuKauuu. s uiamoctpauuu 3(Q(GeKTUBHOCTH UCMOJb30BaAHbI
I1Ba OTKPHITBIX Habopa NaHHBIX O CTPAXOBOM MOIIEHHHYECTBE.

[TpensoxkeHHBIN MOAXOA MO3BOJSET PELIUTh MPoOaeMbl qucOataHca KaaccoB U «concept drifts
3a cueT no0aB/eHHsl B 00y4eHHe MOIIEHHHUECKUX KEeHCOB, OMIMOOYHO MOMEYEHHBIX IKCIEepPTaMU Kak
JIETUTHMHBIE.

Ha cnenyoiem stane vccne0BaHNs MPeaNoaraeTcsl pacliupuTh 06/1aCTb MPUMEHEHHs JaHHOTO
MOJAX0Ja Ha OLIEHKY PHCKa MOILIeHHHYecTBa B OAHKOBCKHUX OIepalusiX, IJle TaKKe CYLIeCTBYeT
npobJ/eMa HeKaueCTBEHHOH pasMeTKU NaHHBIX.
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