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KoHeunblii 3JieMeHT ISl pacueTa HEeOHOPOTHO-APMUPOBAHHBIX
crajepudpodeTOHHBIX 0AJIOK

A.C. Mapkosuu'2"”, B.II. Aranos'"”, JI.A. I'oanmesckas' "™

! Poccuiickuii yHuBepCHTET ApY:)0bl HApOI0B, Mockea, Poccuiickaa Pedepayus

2 HaioHaJbHBIN UCCIEN0BATENLCKUNH MOCKOBCKUI rOCY apCTBEHHBIN CTPOUTENbHBIN YHUBepcuTet, Mockea, Poccutickas Dedepayust
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AnHoTamus. Pa3zpaborana mMeTonuka pacdera W IMOCTPOCHUS (U3NYECKH HEIMHEHHOro KOHEYHOTro 3JIeMEeHTa OaJKH MHOTO-
CIIOMHOTO apMHUPOBAHUSI, TO3BOJISIONIETO BEIUUCIATE 3HAYCHHS NepeMEIleHNH, TeopMaliii 1 HalpsHKEHUH B XapaKTEPHOM CIIOe.
Jis yCTaHOBKH JI€HICTBUTENILHOTO HANpPsHKEHHO-/1E(OPMUPOBAHHOTO COCTOSIHUS M3rHOAaeMbIX HEOJAHOPOIHBIX ITUCIIEPCHO-apPMH-
POBaHHBIX OETOHHBIX AJIEMEHTOB MPOBEICHO SKCIIEPUMEHTAIILHOE UCCIIEIOBAHUE CTanePpruOpOOETOHHOI OaIKi ¢ HEpaBHOMEPHBIM
o BeicoTe ceueHust puodposbM apmupoBanueM (ot 0,5 1o 2,0 %). Onpenenens! AedopManuy U nepeMelieHus 0alku B XapakTep-
HBIX TOYKAaX, a TAKXKe MOJy4eHbl HOPMaJIbHbIE PAaCTATUBAIOLINE U CKUMarole HanpsikeHus. [lomyueHHble sKkcrieprMeHTalbHbIe
JlaHHBIE OBUIM HCIIOJIB30BaHbl JJI1 BEpHU(PHUKAIMA KOHEYHOTO 3JIeMEeHTa OajKyd MHOTOCIOHHOro apMupoBaHusi. PazpaboraHHbli
KOHEYHBIH 3JeMEHT OalKku OCHOBaH Ha MOAM(UIIMPOBAHHON TCOPUHM pacueTa MHOTOCIOMHBIX 0ajok, nmpeanokeHHoi [1.M. Bap-
BakoM. MojiesIb MHOTOCIIOHHOW OalKy YyYUTHIBAET UCKPUBIICHHE IIOIEPEYHOTO0 CEYESHHUs MPH JEHCTBUU KacaTelbHbIX HaNPsHKEHUH
3a CYeT BKJIIOUEHHUS B (DYHKIMOHAJI MTOJHOW MOTEHIIMAIBLHON YHEPruu 0000IIeHHOTO KOMIIOHeHTa Aedopmaruy caura. B nomon-
HEHHME K DKCIIEPUMEHTAJIbHBIM JaHHBIM BBIIOJIHEHBl HEJIMHEHHBIE pacdeThl MHOTOCIOMHOW OajK# B NMPOrpaMMHOM KOMILJIEKCE
Ansys. PacxoxneHne pe3yasTaToB pacyeTa IPH HUCIOIb30BAHUH Pa3pabOTaHHOTO KOHEYHOTO JIEMEHTA ¢ IKCIEePHMEHTAIbHBIMU
JTAaHHBIMU cocTaBuiio oT 6 10 11 %, a ¢ pe3ynsraraMu pacueToB, NONy4eHHbIX B Ansys, — oT 11 1o 15 %. Pa3paboranHsbiii koHey-
HBII SJIeMEHT MHTETPUPOBaH B BerYucauTeNbHbIH Komiuteke [IPUHC, u B cocraBe 3Toi MpOrpaMMbl MOXKET OBITh HCIIOJB30BAH IS
pacueTa HEOAHOPOIHBIX AUCIEPCHO-APMHUPOBAHHBIX AIEMEHTOB.

KiroueBble ¢10Ba: METOJ KOHEUHBIX JIEMEHTOB, cTanehuOpoOeTOH, MHOTOCIONHAs Oallka, HEPaBHOMEPHOE apMUPOBAHKE, HAIIPS-
JKEHHO-Ae(OPMHPOBAHHOE COCTOSTHUE

3asBiieHHe 0 KOH(JIUKTE HHTEPecOoB. ABTOPHI 3asIBIISAIOT 00 OTCYTCTBUM KOH(IIUKTA UHTEPECOB.

Bruanx aBTopoB: Mapkosuu A.C.— Hay4HOE PYKOBOJCTBO, KOHIICLIUS HCCenoBanust; Aeanoe B.Il. — Hay4yHOE pElICH3UPOBAHHE
U penakruposanue; [ oauwesckasn /].A. — 0030p IUTEPATYphl, IPOBEACHHE SKCIEPHMEHTA, Pa3padoTKa KOHEYHOTo JJIeMEHTa,
HaIKMCaHUE TEKCTa.
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Abstract. A method has been developed for calculating and constructing a physically nonlinear finite element of a multilayer
reinforcement beam, which allows to calculate the values of displacements, strains and stresses in a characteristic layer.
To establish the actual stress-strain state of bent heterogeneous fiber reinforced concrete elements, an experimental study of
a steel-fiber-concrete beam with non-uniform fiber reinforcement along the cross-section height (from 0.5 to 2.0%) was carried
out. Strains and displacements of the beam at characteristic points are determined, and normal tensile and compressive stresses
are obtained. The experimental data obtained were used to verify the finite element of the multilayer reinforcement beam.
The developed finite element of the beam was based on the modified theory of calculation of multilayer beams proposed by
P.M. Varvak. The multilayer beam model takes into account the curvature of the cross section under the action of shear stresses by
including the generalized component of shear strain in the functional of the total potential energy. In addition to the experimental
data, nonlinear analysis of a multilayer beam was performed in the Ansys software package. The discrepancy between the
calculation results using the developed finite element and the experimental data ranged from 6 to 11%, and from 11 to 15% with
the calculation results obtained in Ansys. The developed finite element is integrated into the PRINCE computing complex, and as
part of this program it can be used to calculate heterogeneous fiber-reinforced elements.
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1. BBenenue

[Ipu mpoekTupoBaHWM OCTOHHBIX KOHCTPYKIM HAa OCHOBE JUCIEPCHOTO apMHUPOBAHUS BO3HUKAET
HEOOXOAMMOCTh y4€Ta HEOTHOPOTHOTO paclpeAesieH!s] apMUPYIOIIEr0 MarepHalia 1o BbICOTE CEUEHUs dlie-
MeHTa. JlaHHas 3a1a9a MOKET OBITh pelIeHa MPH MCIIOJIF30BaHUN 00bEMHBIX KOHEUYHBIX AJIEMEHTOB, B CBOCH
OCHOBE peanu3yIoNuX T€ WU WHbIE KPUTEPUU NMPOYHOCTH U (MJTH) TJIACTUYHOCTH O€TOHA U apMUPYIOIIETO
Marepuana. Jlyisg pemeHust 3Toi 3a7adyd MOXKHO BOCIOJIB30BAThCS yKa3aHHBIMH OOBEMHBIMH KOHEUHBIMHU
5lIEMEHTAMH B TaKMX PACYETHBIX KOMILIEKCaX, Kak Ansys u Abaqus'. OfHako JaHHBIE TIPOrpaMMHbIE KOM-
TUIEKCBI MOTYT OBITh HEIOCTYITHBI IUPOKOMY KPYTY HHKCHEPOB-TIPOCKTHPOBIIUKOB BBHIY HMX BBICOKOM
ctoumocTH. Kpome Toro, ucronp3oBaHre 00bEMHBIX KOHEUHBIX JIEMEHTOB 3a4acTyI0 BEIET K YBEIMUEHHUIO
pa3MEpHOCTH PEIIaeMbIX 3aj]lad, YTO MPUBOIUT K CYIIECTBEHHBIM BPEMEHHBIM 3aTparaM M TMOBBIIICHHBIM
TPeOOBAHUAM K TIPOU3BOIUTEIILHOCTH HCITOJIE3YEMbBIX KOMITBIOTEPOB. B ¢Bs3M ¢ 3THM mpolbiieMa pa3paboTKu
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IPOCTHIX B PEATU3alUU M TOCTYIHBIX IIHPOKOMY KPYTY TOJIb30BaTEIed KOHEYHBIX JIEMEHTOB OCTAeTCs
aKkTyanbHOU 3amadeit [1-4].

B psane uccnenoBanuii, MpoOBEACHHBIX OTEYECTBEHHBIMU U 3apyOSKHBIMH YYEHBIMHU, PACCMaTPUBAIOTCS
CJydau OJHOPOJHOTO PacHpeieeHus AUCIIEPCHON apMaTyphl 110 CEYSHHUIO IeMeHTa [5—7], B TO BpeMs Kak
NpaKTUKa MPOEKTUPOBaHUs TpeOyeT Oosee rnOKoro moaxona [8]. CymecTByIoT METOIMKU pacdeTa, KOTOpbIe
HE YYUTHIBAIOT BO3MOKHOCTH CO3JIaHMsI 30H C Pa3IMYHOM KOHIEHTpalUel apMUPYIOLIUX BOJIOKOH B Mpejie-
Jlax OJIHOTO KOHCTPYyKTUBHOTO 31ieMeHTa [9; 10]. Hekoropsle yueHble paccMaTpuBarOT BIUSHWE Ha MPOY-
HOCTh U /1e()OpPMATUBHOCTH PA3IMYHBIX KOMOMHALIMN apMUPYIOIIUX BOJOKOH, HO PaBHOMEPHO pacrpere-
JICHHBIX B cedeHHH 3nneMenTa [12—-14]. OqHako UMEHHO HEOAHOPOAHOE apMUPOBAHUE MO3BOJISIET OMTUMU-
3MpOBATh PACXOJ MAaT€pHaJIOB U TOBBICHTH HECYIIYIO CIOCOOHOCTh KOHCTPYKIMH [15]. OTcyTCTBHE KOM-
TUIEKCHOTO TIO/IXOJa K PacdeTy AHCIEPCHO-apMUPOBAHHBIX 3JIEMEHTOB C YYETOM HEOAHOPOTHOTO apMHpPO-
BaHUS 110 BBICOTE CEUEHUS JIEMEHTA 3aTPYyAHSAET UX IIUPOKOEe NIPUMEHEHUE, HECMOTPSl Ha OYEBUIHbIE TEX-
HUKO-?KOHOMUYECKHE U MIPOYHOCTHBIEC TPEUMYIIIECTBA.

B cBsi3u ¢ 3TUM KpaiiHe BaKHBIM SBIISICTCS UCCIIEOBAHUE HANPSKEHHO-/1€()OPMUPOBAHHOTO COCTOSTHHS
MHOTOCJIOMHBIX 0aJ0K, UMEIOIIUX HEOIHOPOIHOE AUCIIEPCHOE apMUpOBaHUe. ABTOpaMH pabOThI OCTaBIIE-
Ha 3ajJ1a4a pa3paboTaTh METOIUKY pacdeTa HEOIHOPOIHO-aPMUPOBAHHBIX JIEMEHTOB M B Kau€CTBE MpUMepa
JUTSL ICCIIeTOBaHUs OblIa BeIOpaHa ctanednOpodeToHHas Oasika, MMEIOIIasi HEOJHOPOJHOE apMUPOBaHHE.

2. MaTepuaJjbl 1 METOJbI

OOBeKTOM HCcIenoBaHus ABIsIEeTCS craneduOpoOeToHHas Oanmka pazmMepoMm 65%250x1400 mm (bxhxL),
UMEIOIAsi HEOJHOPOJAHOE apMUPOBAHHE TI0 BBICOTE CEYEHUS BOJIOKHOM aHKepHOro tuma (puc. 1). banka
OblTa yciaoBHO mojesneHa Ha 10 clioeB: B HIDKHEH 4acTH OBLIO BBHIMOJIHEHO MaKCHMAalbHOE JHUCIEPCHOE
apmupoBanue, paBHoe 2,0 %, a B BepxHell yactu MuHUManbHoe — 0,5 %. [l M3roToBieHHs yKa3aHHON
0aJIKU MCIIOJIb30BAJICS MEIIKO3EPHUCTHIN OETOH, TIO3BOJISIOLIHNIA 00€CIIEUNTh BBICOKYIO CTETICHb HACHIIICHUS
BOJIOKHaMH1 M BBICOKYIO JUCHIEPCHOCTHL apMHUPOBAHUA. B kauyecTBe JAUCTICPCHOI0 apMHUpPOBaHUA MPUMCHSA-
nach craibHas pudpa ankepHoro mpoduis (ummHa BosiokHa 30 MM, quaMeTp BojokHa 0,3 MM).

@ 1=0.5 %
Iy ) 7 = 10
=0 3 1=1.0 % A i 9
wy —
& 3] I=1.5 % §
— wy
W 1=2.0 % e 7 )
2 6
¥ ™ = 5
40 660 660 40 4
Gl 7 3
1400 ~ 2
] ‘
1 65 &

Puc. 1. Pacnipenenenue comepaHus CTATHHOTO BOJIOKHA
aHKEPHOI'0 TUIIA 110 BbICOTE cTane(uOpoOeTOHHOU Oaku
W ¢ T o4 Huk: BemonaHeHo J[.A. ['onumeBckoi

Figure 1. Distribution of hooked-end steel fiber content
along the height of the steel fiber-reinforced concrete beam
S ource: made by D.A. Golishevskaia

Jia uccaenoBaHus HampsKeHHO-1€()OPMHUPOBAHHOTO COCTOSHHUS HEOJHOPOJHO-apMHUPOBAHHOM CTa-
nepubpobOeToHoit Oanku ObUIM UCTIOIB30BaHBI CPECTBA TEH30METpUHU. J[JIsi 3TOr0 Ha KOHTPOIBHBIN 00pa-
3err 6anmku ObuT HakieeH 21 Tersopesuctop BX 120-20AA B HanpaBiieHUH TIaBHBIX Aedopmarnmii. Tenso-
pe3uCTOphI OBUTH TOJKIIIOUYCHBI K MHOTOKaHAILHOM TeH30MeTpuieckoi ctaniuu Zetlab ZET 017-T32 mo
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MIOJTHOM MOCTOBOH cxeme. VMcrpiTaHus OaJiku MPOBOJIMIIUCH Ha CIIEIMAIbHON ycTaHOBKe Matest (puc. 2),
MO3BOJISAIONICH MPOBOANTH MCIBITAHUS KPYITHOPAa3MEPHBIX JIEMEHTOB Ha M3rub. B mpouecce ncnsitaHuit
B PEaIbHOM BPEMEHH CUHXPOHHO C Harpy3KOH perucTpUPOBAIKCH AehOpMaIIH U TIEPEMEIIICHHS OaKH.

Puc. 2. DkcriepuMeHTaIbHAsT HEOAHOPOIHO-APMHUPOBAHHAS
cranedubpoOeToHHast Oalika U UCIOJIb3yeMoe 000py/I0BaHHUE:
1 — ten3ometpuyeckas cranuus Zetlab ZET 017-T32; 2 — ruapasnuyeckuii npecc Matest;
3 — oOpasen-6anka c Tenzope3uctopamu BX 120-20AA;
4 — mepcoHaNbHBII KOMIBIOTEP 1711 00pabOTKK JaHHBIX; 5 — 1H(pOoBOi mporudomep
WU cTtounuxk: doro [l A. 'omnmesckoit

Figure 2. Experimental non-uniformly reinforced steel fiber-reinforced concrete beam and the equipment used:
1 — Zetlab ZET 017-T32 strain gauge station; 2 — Matest hydraulic press;
3 — beam specimen with BX 120-20AA strain gauges;
4 — personal computer for data processing; 5 — digital deflectometer
S ource: photo by D.A. Golishevskaia

Jl1 HOCTPOEHUsI KOHEUHOI'O AJIEMEHTa OAJIKU HEOAHOPOIHOIO apMUPOBaHUs Obljla MCIOJIb30BAHA TEO-
pHsi pacueTa MHOTOCIOWHBIX GaloK, mpuBeaeHHas B pabote I1.M. Bappaka'. Jlannas Teopus Obl1a MOJH-
¢uuupoBaHa aBTOPaMH B COOTBETCTBUU C OOLIMMH MOJ0KEHUAMH U MPUHIMIIAMU METOa KOHEUHBIX 3Je-
MEHTOB.

Jlns Mozien MHOTocIolHOM Oanku (puc. 3, 4), B KOTOPOi mosaraercsi, 4To MolepeyHble CeYeHus Uc-
KPUBJISIFOTCS 33 CUET BIMSAHUS KacaTelbHbIX HANPsDKEHUH, NpUHUMaeTCs cieaytomas gopmyna (2), kotopas
ciexyet u3 ycnosus (1) paBHoBecHs yactu F anemenTa dx Oanku:

0

Tk°bk+.[%dF:0; (1)

5 Ox

zZ
T, =—ﬁi E.b, zdz, 2)

dx b =

2

rae k(x)= — KPHUBHU3HA HEHTpaNbHOTO ciiost 6anku npu usrude; E, = E, (z) — Moy ynpyroctu

dx?

B HAIIpaBJICHHUHU OCH X.

' Bapeax I1.M., Bysyn U.M., T'opodeyxuii A.C., ITuckynos B.I, Tonoknoe FO.H. MeTOJ KOHEUHBIX JIIEMEHTOB : y4eOGHOE
nocobue uist By30B. Kues : ['ooBHOE M31aTeNnbCTBO M3aTebckoro oobeaunenus « BUIIA IIIKOJIAy, 1981. 176 c.
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dEF=5,(z)dz
."‘
Tﬁ' <
o
i F 0,
b(2)

Puc. 3. [TonepeuHoe ceueHre MHOTOCIOWHON OaKu
W c 1o 4 uk: BeimosHeHo [.A. TonuiieBckoit
Figure 3. Cross-section of a multi-layered beam
S ource: made by D.A. Golishevskaia

0
w\(z) uix,z)

dw
-

Puc. 4. Cxema cMelIeHus CJI0€B MHOTOCJIONHOM Oanku npu u3rude

W c1ouHn uk: BemonHeHo [I.A. TonumeBckoit

Figure 4. Diagram of layer displacement in a multi-layered beam under bending
S ource: made by D.A. Golishevskaia

[pononbHbie gehopMaiuu U aeGoOpMalEK TONEPEIHOTO CIBUTA TS k-TO CIIOS OTIPEIENSIOTCS CIIELy-
IOIMMH yPaBHEHUSAMH:
u, dw_ dx

8k ax dxz dxz \Vk (Z) ( )

gy W T _ dkdy(2),

b

T T G, dx dz

du, _ dw, dxdy,(2)

=— + , 4
oz ox dx dz “)

1

z
J. E.b ZdZ |dz yunThIBaeT KOMIIOHEHT CI[BHTa;

Z
rie G, = G, (z) — mouynb capura; GyHKUUS , () =J.
o Ui\ s

Uk — TOPHU3OHTAJILHOC IMEPEMECIICHUC; Wi — BCPTUKAJIIBHOC NEPEMCIICHNUE, KOTOPOC MPHUHUMACTCA IMOCTO-
SSHHBIM IT1O BBICOTC.
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Cornacho 3akony ['yka, ¢ yuetoM BeipaskeHwii (3) u (4) HanpshKeHUs: Oy1yT UMETh BUJL

d*w d*x
_E |:dx2 %_dxz \llk(Z):|5 (5)
de dy,(2)
6
T, =G, dx e (6)

Bpra)KCHI/Ie JJIA HOTCHHH&HBHOﬁ OHCPIrun I[C(I)OpMaLII/II/I MHOTOCJIOMHON OaaK¥ MOYHO 3aIlicarh B
CJICAYIOIIEM BU/IC:

1 1 d'w_ d’x dxdy, () ;-
WZEJ‘(GkSk+Tk’yk)dV:5J.{£Gk|:_W +d2\yk(z)}dF+J‘ . — 2 dF pdx =

dz
=“I( d*w —dK édxj )

rae [ — mmHa 0anku; F— TUIonaas monepevHoro ceueHus; M — u3rudaroimuii MOMEHT; ) — Toreped-

nast cuna; M u O — 06001IeHHbIe H3rHOAIOINH MOMEHT 1 MoTepeyHas CUia, BOSHUKAIOIINE BCIEACTBUE
neopMaIuy CABHUra IMOMEePEUHbIX CEYeHUI U OTBEYAIOIIIE MPUHATHIM BBIPAKCHUAM U IeOopMariuii.

Toraa gyHKuMOHAT MOJHOW MOTEHLUMUAIBHONW SHEPTUH MHOTOCIOWHONW OalkM C y4eTOM HCKPHBIICHUS
CEUeHMsI 3a CUeT JICHCTBUS KacaTeIbHbBIX HANPSDKEHUH 3alTUCHIBACTCS CIIEAYIOIINM 00pa3oM:

l s A l
H=W—A:lI[MK—ME+g6)dx—J.qwdx, (8)
2% G

G 0

rae g =¢_(X) — MHTEHCHBHOCTH PACIpeIe/ICHHOM MTOMepeYHON HArpy3KH, HOPMAIBHOM K OCH X.

Amnnpoxcumanus nepemenieHuit no obnactu K3 obycnosnena (I)yHKLII/IOHaJ‘IOM HOJHOM MOTEeHLUAlIb-
HOM 3Heprud (8), KOTOPBIH yUYUTHIBAET KPUBU3HBI m3ruba x W caBura k. BeipaxeHuss MoMeHTOB M u M
TaKOKe 3allMCaHbl 4epe3 KPUBU3HBI K U K.

Tak, B kaxmom i-m y3ie KO (i = 1, 2) Ha3HA9arOTCsI TI0 JIB€ HE3aBUCUMBIE TPYIIIBI CTEIIEHEH CBOOOIBI
(n3rubHas u caBuroBas) (puc. 5):

{}={:: } = ©)

i

rac w(x)— INEPEMCIICHUC, X)=¢K(X) — O606HICHHOC NnEPpeMEUICHUEC, CBA3aHHOC C YUCTOM IIOIICPCUYHO-
1

dw — dw "
TO CABHTA; ¢ = o yTOJI TTOBOPOTA CEUYCHUS; :d_ — aHaJIoT yIJIa MOBOPOTAa CCUCHMUS, CBSI3AHHBIN C
X x

Y4€TOM IIOIICPCYHOr0 CABUTIA.
C YUCTOM HPUHATBIX 0003HaYEeHNI BBIPpAXKCHUA JIA 1/13r1/16a101u1/1x MOMCHTOB 1 MOIICPCYHBIX CUJI 3aIln-
ChIBAKOTCA B CJIICAYIOIIEM BUIC!

_ _ D — — _
M =D, (x+x); M=-D,(¢x+c,x); Q:_fq’; 0=D,0. (10)
1

AKectkoctu D11, D12, D22 OnpeensitoTcsl ypaBHEHUSMU:

‘[E Z2dF = Z J. E.bz’dz; D, _[Eka(Z)ZdF —Z I E by, (2)zdz;

k=lgq, , k=l g,
jEkw (2)dF=Y j E b, (2)dz; cl=%; ¢, =2n (11)

k=lq,_, 11 12
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Puc. 5. Koneunslii 311eMEHT MHOTOCIIONHOM OaIKu
W ctouHn uk: BemosHeHo [.A. TonumeBckoi

Figure 5. Finite element of a multi-layered beam
S ource: made by D.A. Golishevskaia

ManI/IHa KECTKOCTU KOHCYHOI'O 3JICMCHTA IMOJY4Y€HAa Ha OCHOBAHWU BAPUAIIMOHHOTO HPUHIIUIIA Jla-
rpamxka. KoaddumenTsr MaTpuUIlsl B 001IEM clTydae paBHBI

1 ] s
r, =Ick(x)8k(x)dx:I Mx, M +%(pk}d (12)
0 0 G G

Cucrema ypasHenuil pasHoBecuss MKO nMeer ciieqyromui BUa:
[R]{z}={P}, (13)

rae {P} — BEeKTOp BHEUIHEH y3JI0BOH HArPYy3KH; {z} — BEKTOP y3JIOBBIX ITEPEMEIIICHH.

- -  —r
{Z={w o w o, w o w2 o} (14)

Martpuiia >KeCTKOCTH KOHEYHOTO dJIeMeHTa [R] mMeeT pasMepHOCTh 8%X8 1 popMHUpyeTCs CIITYIOIIM
o0pazoM:

ol )

r/1e mogmatpusl 4] u [7; | otBewaror cocrosmmio n3rnGa u capuTa, a MoaMatpuna [ | onpenenser B3au-

MOBIIMSIHUE 3THUX COCTOSIHUIA.

12 6 _12 6 12 6 _12 6

& I? r I? & I? & I?

6 4 6 2 6 4 6 2

S I B el SRV B B Bl
E B I 2 e
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R e [ 2] 6 26 [ 2] 6
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ol ! 5l all” 10 ol ! 5l o\ 7 10
1(6c, 1 1(4c, 21 (6 1(2c, I
_— —= 4 — _ —= _ J—— P _ —= —_
o\ I* 10 ol l 15 I’ 10 o\ [l 30
[1:]=
1(12¢, 6 l1({6c, 1 1(6c, 1
|5t |7t =ty
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3. Pe3yabTaThl U 00Cy:KIeHUE

st BeIMONMHEHUS (DU3WYECKH HEJIMHEHHBIX PacyeTOB HCIIOIB30BAJICS MOIU(HUIIMPOBAHHBIN METOX
Herotona — Padcona, mo3Bossromuii NOBBICUTh CXOAUMOCTD PE3YNBTaTOB 32 CUET YHEPreTUYECKON KOop-

PEKIKU BEKTOpPaA MMpHUPAILICHUA HepeMeH_[eHI/Iﬁ.

Ha ocHOBaHMM IpUBEIEHHOIO BhIIIE aJTOPUTMA pa3paboTaH KOHEUHBIN 3JI€MEHT MHOTOCIIONHOM 6a-
KW, UHTETPUPOBAHHBIN B BerurcauTeNnbHblil komiieke [TIPUHC [16].
B nensx omiaaku NpeanokeHHOIO KOHEUHOTO 3JIEMEHTa ObUIM HCIONb30BaHbl PE3YJIbTAThl 3KCIEpU-
MEHTa, POBEAECHHOIO aBTOPAMHU B Ja00OpaTOPUH CTPOMUTENIBHBIX KOHCTPYKIUM U MaTepHaioB MHKCHEPHOMH
akagemun PYJIH um. [Tarpuca JlymymOBI.
Jnis 3TOr0 O6bUIA PACCMOTPEHA HEOJHOPOIHO apMUpOBaHHAas craneguOpoOeToHHas Oanka. ['eomerpu-
YeCcKHe pa3Mephbl, KOJIMUYECTBO apMHUPYIOLIUX CIIOEB U UX (PU3UKO-MEXaHUUECKHUE XapaKTEPUCTUKU COOTBET-
CTBOBAJIM MapaMeTpaM IKCIIePUMEHTAIbHON Oanku (cM. puc. 1). OCHOBHBIE pe3yNbTaThl pacyeTa MpecTaB-

JieHbI Ha puc. 6 u 7.
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Puc. 6. [ledhopmrpoBaHHas cxema UCCIIeayeMOi Oalku:
a — niporu6sl npu Harpyske P = 1,2 kH; 6 — nporu6s! npu Harpyske P = 9,6 kH
M c1ouHnuk: BemonHeHo [I.A. IonumeBckoit

Figure 6. Deformed shape of the investigated beam:
a — deflections at load P = 1.2 kN; 6 — deflections at load P = 9.6 kN
S ource: made by D.A. Golishevskaia
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Puc. 7. Dmropa MakCUMalIbHBIX HOPMAJIbHBIX HAIPSDKEHUH:
a — npu Harpyske P = 1,2 xH; 6 — npu Harpyske P = 9,6 kH
W ctouHn uk: BemosHeHo [.A. TonuiieBckoit

Figure 7. Diagram of maximum normal stresses:
a—atload P=12kN; 6 — atload P=9.6 kN
S ource: made by D.A. Golishevskaia

Jlia BepuuKauy MOJy4YeHHBIX pe3yabTaTtoB (puc. 6, 7) B JOMOMHEHUE K SKCIEPUMEHTAIbHBIM JaH-
HBIM OBLTH BBIMIOJHEHBI HEJMHEIHBIE pacyeThl UCCIIeAyeMoi OalKu B MPOTPAMMHOM KOMILIEKCE ANSYs.
KoneuHo-snemeHTHass Mozenb 6amku cocrosuia u3 3920 00beMHBIX BOCHBMHY3JIOBBIX JJIEMEHTOB W MMeEJa
31 360 y310BBIX Heu3BeCTHHIX. [ MopenupoBanus cranedguOpoOeTOHa MPUMEHSIICS 00BEMHBIH BOCHMU-
y3noBoit KO Conc65, ucnonb3ytonuii B cBOe OCHOBE TPEXOCHBIN KpUTEpHil TpouHOCTH OeToHa Bumiama
u Bapuke [17].

OCHOBHBIE pe3yIbTaThl pacyeTa B IPOrPaMMHOM KOMILIEKCE Ansys IPECTaBIEHbI HA puc. 8 U 9.

ComnocraBiieHre YKCIEPUMEHTAIBHBIX JaHHBIX U PE3YJIbTaTOB PacueToB OaKu 1o pazpaboraHHoMy KO
U C IPUMEHEHHEM MPOrpaMMbI Ansys MPHUBEACHO B TaOIHIIE.

PacxoxneHus B 3HaUEHUSX, MOJYUYEHHBIX [0 pe3ybTaTaM KOHEYHO-3JIEMEHTHBIX PAacueTOB M JKCIIe-
PUMEHTAJIBHBIX JaHHBIX, HE TPeBIIAOT 6 % npu Harpy3ke 1,2 kH u 11 % npu Harpyske 9,6 kH. Pesynbra-
ThI KOHEYHO-DJIEMEHTHBIX PacyeTOB pacxoaarcs Mexay coboit Ha 11 % npu Benuumue Harpysku 1,2 kH
u 15,1 % npu 3Hauenun Harpysku 9,6 kH.
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CBojHbIe JaHHbIE Pe3yJILTATOB HEOJHOPOHO-APMHPOBAHHOM cTa/1ePuOPOOETOHHOI DaaKN

Iosy4yeHHBIE Pe3yIbTATHI

3nauyeHnue nporuda 6aaKu
B cepeJlHe NpoJieTa (MM)
npu Harpyske, kH

HopmaubHbie
pacTAruBaoIue
HaNpsiKeHUs Gy, Klla
npu Harpy3ke, kH

HopmaubHbie
CKAMAIOLIHE
Hanpsi’KeHus 6p, Klla
npu Harpyske, kH

1,2 9,6 1,2 9,6 1,2 9,6
Pesynbrarhl 5KCIEpUMEHTA 0,0132 0,102 +555,13 +4265,0 -511,84 -3938,4
Pesyasrathi pacuera 1o paspaGotanomy 0,0140 0,112 +590,74 | +4725,9 | 543,13 4345
KD 0anku MHOrOCIOHHOrO apMUPOBAHUS ’ ’ ’ ’ ’
Pesynbratel pacyera B nmporpamme Ansys 0,0155 0,132 +539,49 | +4315,6 -522,7 —4036,1
. 6.0 9.8 64 10.8 58 103
Pacxoxcnerne, % 10,7 15,1 9,5 9,5 3,9 7,7

W ctouH uk: BemosHeHo [.A. TonumeBckoi

Summary data of results for the non-uniformly reinforced steel fiber-reinforced concrete beam

Beam deflection value . Normal compressive
. Normal tensile stresses
. at mid-span (mm) 6. kPa under load stresses o, kPa
Obtained results under load e under load
1.2 kN 9.6 kN 1.2 kN 9.6 kN 1.2 kN 9.6 kN
Experimental results 0.0132 0.102 +555.13 +4265.0 —511.84 —3938.4
Calculation results using the developed FE 0.0140 0.112 +590.74 | +4725.9 | 54313 | 4345
model for a multi-layer reinforced beam
Calculation results in Ansys 0.0155 0.132 +539.49 +4315.6 -522.7 —4036.1
Discrepancy, % 6.0 2.8 6.4 10.8 5.8 10.3
pancy, 7o 10.7 15.1 9.5 9.5 3.9 7.7

S ource: made by D.A. Golishevskaia
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Puc. 8. ITonsa BepTUKAIBHBIX NEpEeMEIIEHUN [MM], TOTy4eHHBIE JUIS HATPY3KU:

a—12kH;6—9,6 xH

W c1ouHnuk: BemonHeHo [I.A. IonumeBckoit

Figure 8. Vertical displacement distribution [mm] obtained for the following loads:

92

a—12kN; 6 — 9.6 kN

S ource: made by D.A. Golishevskaia
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-876.715 -522.674 -168.633 ) 185.407 ) 539.448

Puc. 9. ITons HopmanbHbIX HanpspxeHui [klla], momydeHHble A1 HArpYy3KH:
a—12kH;6—9,6 xH
W ¢ 1ouHnuk: BemonHeHo [I.A. TonumeBckoit

Figure 9. Normal stress distribution [kPa] obtained for the following loads:
a—1.2kN; 6 —9.6 kN
S ource: made by D.A. Golishevskaia

4. 3akJIoueHne

B pesynbrate npoBeneHHON paboThl aBTOpamMu pa3zpaboTaH (U3NMUECKH HEIMHEWHBIM CTEP>KHEBOU KO-
HEYHBIA DJIEMEHT OallKh MHOTOCJIOWHOTO apMupoBaHus. [yis BepuduKanmuu mpemioKeHHOTO KOHEYHOTO
AIIEMEHTa MHOTOCJIONHOW OajKky ObUIM HMCIIOJIb30BaHbl AKCIICPUMEHTAIBHBIC JaHHBIC HEOIHOPOTHO-aPMHU-
poBaHHOM cTanepruOpoOETOHHOM OaNKK U pe3ynbTaThl (U3NUECKH HEIMHEHHOro pacuera aHaJIOTMYHON Oal-
KM B NPOrpaMMHOM KOMILIEKCE AnSysS, BBIINOJTHEHHbIE aBTOpaMu. [lodyueHHble pe3yNlbTarhl MO3BOJISIOT
c(hopMyIUpOBaTh CICTYIOIINE BHIBOIBI:

1. Pa3zpaboran ¢pu3nuecku HETMHEHHBIM METO/ pacueTa HEOIHOPOIHO-aPMHUPOBAHHBIX cTanegudpode-
TOHHBIX JJIEMEHTOB, HA OCHOBAaHUHU KOTOPOTO pa3paboTaHa METOIMKA YHCIEHHOTO pacdyeTa W MOCTPOEH
KOHEYHBIN 3JIEMEHT HEOTHOPOIHO-apMUPOBAHHON OAJIKH.

2. TounocTh pa3pabOTaHHOTO KOHEYHOTO 3IEMEHTa HEOAHOPOAHO-APMUPOBAHHON OaIKU MOATBEPKIa-
eTcs MPUEMIIEMON CXOJUMOCTBIO PE3YJBTaTOB pacyeTa ¢ AKCIEPUMEHTAIBHBIMHU JAHHBIMU U Pe3yJIbTaTaMu
BEepU(PUKAIIMOHHOTO pacdeTa B MporpaMme Ansys.

3. Jlannpiii koHeuHbIM 3nmeMeHT amanTupoBaH kK BK TIPMHC u B coctaBe 3TOro BBIYUCIHTEIHHOTO
KOMIUJIEKCA MOKET OBITh MCIOJIB30BAH COTPYIHUKAMHU HAYYHBIX U MPOEKTHBIX OpraHU3aluil IUIs pacueTa
cTanepuOpoOCTOHHBIX KOHCTPYKITHH.
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AnHoTanus. IIpu coopyxeHHH MOPCKUX 00BbEKTOB TpeOyeTcsl HaJeKHOe 3aKpeIUIeHHEe UX Ha JOHHOH MOBEpXHOCTU. B mMupe pasz-
paboTaHO MHOXKECTBO pELIEHUH Mo (QuKcanuy ¢ JOHHOH INOBEPXHOCTBIO (IPY3bl, aHKEPHL, AKops). Jist pelneHus NaHHON 3a1auu
IPUMEHEHA KOHCTPYKLUS BaKyyMHOro aHKepa. IIpecTaBiieHbl IPUHIMIIUAIBHBIE CXEMBl BAKYYMHBIX aHKEPOB, YCTPAaHBAaEMBbIX B
crmabbIx rpyHTax. Llems uccnenoBanms — 000CcHOBaHNE pabOTOCIIOCOOHOCTH BaKyyMHBIX aHKEPOB C YIE€TOM BIHSHHSA HHHUIBTPA-
LIMOHHBIX NPOLECCOB. [l NOCTHKEHUS LeJU NIPUMEHAINCh MATEMAaTUYECKUIl annapar, MOUCK U aHaIM3 OTEYECTBEHHBIX U 3apy-
6€XHBIX MCTOYHHKOB C COTIOCTAaBICHHEM NaHHBIX. OmnpereneHne MOoM0KeHNs THHNH (UIBTPAIIORHOTO TOKA BOJBI B IIPOHHIAC-
MOM TPYHTE BBIIOJIHEHO METOJOM JIEKTPOTUAPOJUHAMHUYECKON aHanoruu. IIpousBeneH pacueT GUIbTpaLMU BOJBI K aHKEPY
[0J] BBIAEPIUBAIOLIEH Harpys3kol; ompeneneH (GUIbTPALUOHHBIA PAacXof BOIbL B 3aBUCUMOCTU OT INIyOMHBI aKBaTOPHU B MECTE
YCTaHOBKH, MOLIHOCTH CJ10sI BOZOIPOHUIIAEMOr0 IPYHTa U ero kodddunrenta GpuIbTpanuy, FeOMETPUIECKUX apaMeTPOB BaKy-
YMHBIX aHKepoB. OmucaHa TEXHOJOIMs MOrPYKEHHs BO3/EHCTBHEM BaKyyMHBIX aHKEPOB B CIa0blil JOHHBIA IDYHT, BBINOJIHEH
pacyeT ycja0BHs NOIPYKEHUSI aHKEpa B JIOHHBINA TPYHT M YCIOBUS €r0 BBbIAECPTMBaHUsA U3 IPYHTA. Y CTAaHOBJEHO, YTO BAKyyMHBbIE
aHKEepBI JUT IPAMEHEHUS B CIIA0BIX JOHHBIX TPYHTaX 00/Iafaf0T 3HAYUTENBHON yAep KUBAIOIIEH CIOCOOHOCTBIO IIPH OTHOCHTENb-
HO HeOoipmIKX pa3Mepax. IIpu 3TOM MOIIHOCTh BOJOIPOHUIIAEMOTO CJIOS JOHHOTO IPYHTA, IPEBBIIAIOIAs IISITh AJIUH 3ariyoie-
HYSI BAKYYMHOT'O aHKepa B JOHHBIIl TPYHT, NIPAaKTUUECKU HE BIUSET HAa 3HaYCHUE (PUIBTPAllMOHHOTO pacxona BOJbl BHYTPb Baky-
YMHOT'O aHKepa IpU BO3IACHCTBUM BbIIEprUBaoLleld Harpy3ku Ha aHkep. IIporHo3upyercs CHUXKEHUE 3aTpaT IpU BHEAPEHUU
BaKyyMHBIX aHKEPOB B IIPAKTUKY MOPCKOI'O CTPOUTEIbCTBA.

KnaiwoueBble c0Ba: NOHHBIN TPyHT, HHQUIBTPALUS, IMEKTPOTUAPOIMHAMUYECKAs aHAIOTHUS, BaKyyMHas (HUKCAIUs, MOPCKHUE
COOPYIKEHHS, yIeP KUBAIOLIAsl CIIOCOOHOCTD, THAPOTEXHUUECKOE CTPOUTENIHCTBO
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Analysis of Water Seepage into Vacuum Anchor Subjected to Pull-Out Load
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Abstract. When constructing offshore facilities, their reliable fixation to the bottom surface is required. Many solutions for fixing
to the bottom surface (weights and anchors) have been developed in the world. To solve this problem, it is proposed to use a
vacuum anchor design. Conceptual diagrams of vacuum anchors installed in soft soils are presented. The purpose of the study is to
substantiate the operability of vacuum anchors taking into account the influence of infiltration processes. To achieve this goal,
mathematical techniques, search and analysis of Russian and international sources with data comparison were used. The position
of the water seepage lines in permeable soil is determined by the electrohydrodynamic analogy method. Water seepage into the
anchor subjected to a pull-out load was calculated; the seepage discharge of water was determined depending on the depth of the
water body at the installation site, the thickness of the permeable soil layer and its permeability coefficient, and the geometric
parameters of the vacuum anchors. The technology of driving vacuum anchors into soft bottom soil is described, the conditions of
driving the anchor into the bottom soil and the conditions of it pulling out from the soil are calculated. It is established that vacuum
anchors used for soft bottom soils have a significant retaining capacity with relatively small dimensions. At the same time, the
thickness of the permeable layer of the bottom soil, exceeding five embedment lengths of the vacuum anchor into the bottom soil,
practically does not affect the value of water seepage inside the vacuum anchor when subjected to a pull-out load. A reduction in
costs is predicted when introducing vacuum anchors into the practice of marine construction.

Keywords: bottom soil, infiltration, electrohydrodynamic analogy, vacuum fixation, marine structures, retaining capacity, hydraulic
engineering
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1. Beeaenue

B Mopcko#i akBaTOpuM MIUPOKO HMPUMEHSIOTCSI CTPOHUTENbHBIE O0BEKTHI C PA3IMYHBIM (YyHKIIHOHAIb-
HBIM Ha3Ha4eHHeM. K TakuM 00beKTam, B UUCIIE MTPOYHX, OTHOCATCS IIaT(opMbl 11 100br4n HeTH U Ta3a
Ha MOPCKOM Inenb(e, MpruuanbHbIe COOPYKeHHs, IUPOKasi HOMEHKJIATypa IJIaBydYnuX KOMIUIEKCOB IO Ipe-
00pa30BaHMIO PHEPTUU MOPCKUX BOJH B IOJE3HYI0 MOLIHOCTb, BKIIIOYAsl COMYTCTBYIOIIUE COOPYKEHUS.
[Tpu sTOM AJIst yAep>KaHUs MOPCKHUX COOPY>KEHHH CETOIHS MCHOB3YIOT pa3iIMuHble KOHCTPYKIIMH Kperuie-
HU, 00eCTIeYNBAIONINX YCTOMYUBOCTD M 3aKpEIUICHHE K MOPCKOMY JTHY.

Tak, B [1] mpeacTaBieHO TEXHHUYECKOE pEIICHHE TI0 MPEeoOpa3oBaHUIO YHEPTHMH MOPCKHUX BOJH IS
MPOM3BOACTBA MPECHOM BOJBI, TEIUIOBOW M 3JEKTPHUECKON SHEPTUU C OCHOBHBIM 3JI€MEHTOM CHCTEMBI —
CHIIb(OHHBIM HACOCOM-KOMITpeccopoM. J[iist paboThl cucTeMbl TpedyeTcs KperyieHHe CUiIb(h)OHHOTO Hacoca-
KOMIIpeccopa Ko JIHy MOPCKOil akBaTopuu. B [2] aBTOpBI MpUIIUTK K BBIBOAY, YTO CPEAM MPENSATCTBUN TeX-
HUYECKOTO XapakTepa, OTPAaHUYMBAIOIINX Pa3BUTHE U IMOBCEMECTHOE BHEIPEHUE OOBEKTOB MOPCKOW HEp-
T€TUKH, SBISIETCA TOTPEOHOCTH B TOBBIIIICHUH CTETICHU HAJIEKHOCTH NMPUMEHSIEMBIX KOHCTPYKIIMA ¥ MeXa-
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HU3MOB CheMa MOIIHOCTH. Kak ciencTBre, NMEIOTCSl BBICOKHE KAlTUTaIbHBIE U KCILTyaTallMOHHBIE 3aTPaThl
B CIIOKHBIX YCIOBMSX akBaropuu. Cpeau pacCMOTpPEHHBIX [2; 3] TEXHHYECKHX peLIeHuH, TpeOyIommx
KPEIJICHUsI K MOPCKOMY [HY, BBIJICJISIOTCS] B TIEPBYIO OUepeab TEXHUUECKUE PELICHUs Ha MPUHIUIE KOoyeo-
monierocs BogsHoro ctonda (OWC — oscillating water columns) u ycTpoiicTBa o NPUHIUITY «IIEPETUBA»
(overtopping devices), a Takxke psan periennid noriaskoBoro tumna (floating system). Shengjie Rui u coas-
TOpaMH UCCIieoBaHus [4] OTMEUeHa U U3y4YeHa COBOKYMHOCTh (hakTOPOB, TPEOYIOIINX y4eTa MpU MPOESKTH-
POBaHMM U YCTPOWCTBE OCHOBAaHMH MOPCKHMX COOPYKEHMH pa3IMYHOrO HAa3HAYCHMs, BKIIOYAsl JOHHbBIE U
MOPCKHE TE€UYCHHsI, CBOMCTBA TOHHOTO TPYHTA, BIMSHAE UKINICCKON HATrpy3KH, B3aUMOJICHCTBUE C OMOTOI
U Tipoune GakTophl.

Ecnu ynomuHate TeXHUYECKHE PEUICHHS MO ChEMY SHEPTrUU MOPCKHUX BOJH, KaK MPAaBHUIIO, OHU BKJIIO-
qaroT B ce0s Oyil, reHepaTop MoJIe3HOM MOLTHOCTU U IOHHBIN rpy3. Tak, B 0630pe crnoco00B MpOU3BOJICTBA
MPECHOM BO/BI C UCIIOJIB30BAHUEM SHEPTUU BOJIH [5] pacCMOTpPEH psii TEXHUUECKUX PEIICHUH 1o mpeood-
pa3oBaHMUSAM BOJHOBOH sHepruu. CTPOUTENBCTBO MOPCKOTO 00beKTa, pabdoTatoniero no npuHuny OWC,
B npubpexnHoit pepeBHe Vizhinjam (MHmus) motpeboBaio ycTpoicTBa TOHHOTO Tpy3a BecoM 3 000 TOHH.
B cocras ycranoBok, aedctByromux no npuniuny WABRO (tena, akTuBHpyeMble BOIHOM — 0OpaTHBIN
0CMOC), TaKXKe BXOAAT IUIaByuuil Oyi, reHepaTop M KpeljieHne K JOHHOU noBepxHocTu. [Ipumepamu Takux
TEXHUYECKUX pelieHult sBistoTcst cuctembl Delbuoy B [Tyapro-Puko (1982), Oyster B lllommanauu (2009),
CETO Freshwater B ABcTpasinu, IpoeKT mpeoOpa3oBaresis, pa3paboTaHHbIA B YHUBEpCUTETE YMIcaia u
Jpyrue pemeHus. AHaJIOrMYHbIE IO COCTaBy OCHOBHBIX 3J€MEHTOB TEXHHUUECKHE PEIIECHUS MPEICTaBICHbI
B 0030pe COBPEMEHHBIX JOCTI)KEHUH B 00nacTu mpeoOpa3oBaHUsl SHEPTUU BOJIH, OCHOBAaHHBIX Ha pas-
JUYHBIX CHCTEMAaX IEepeJadyd MOIMHOCTU [6]. BOJBIIMHCTBO paCCMOTPEHHBIX B CTaThe PELICHUN TaKkKe
BKJIIOYAIOT B CBOEM COCTaBe JIOHHBIN T'Py3 MIIM JIpyroil crnocol KpemieHus K JoHHoMY rpy3y. B Tiomen-
CKOM MHJIyCTPHAJIbHOM YHUBEPCUTETE pa3pabOTaHbl TEXHUYECKUE perieHus [7; 8] 1Mo UCIoIb30BaHUIO TeX-
HOJIOTMU OOpaTHOIO OCMOCa Ha OCHOBE PHEPIrUU MOPCKUX BOJH. PazpaGoTaHHbIE pellieHUs MPEAnoIararT
(buKcanuio JOHHBIM I'py30M. B kauecTBe (puKCauy MOXKET HCIIOJIb30BaThCsl HE TOIBKO TSHKEIBINA Ipy3, HO U
KEeCCOH (BaKyyMHBII aHKep).

[TpuMeHEeHNnI0 KOHCTPYKITUH KPETUIeHUH, 00eCTIeYNBAIONINX YCTOMYUBOCTD 32 CYET COOCTBEHHOTO Beca
(MepTBBIX siKOpel [9]; IMHaMHYECKH YCTaHaBIMBAEMbBIX AHKEPOB, B TOM HHCIIE TOpPHEAHBIX sikopeit [10],
U [IPOYUX KJIACCHUYECKUX KOHCTPYKLUI 3aKpeIIeHHs), Ha 3Tale 3aKperIeHUss OCHOBAHUS COITyTCTBYIOT CY-
II€CTBEHHBIC TPAHCIIOPTHBIE, IIOIPY30UHO-PA3TPy304HbIe, 3eMJIIHbIE, TPYIOBBIE U, KaK CIIECTBUE, (PMHAH-
COBBIE 3aTparhbl. 3aTpaThl CMEXKHOTO XapaKTepa BO3HHUKAIOT MPHU 3aKPEIJICHUH JIMHEHHBIX COOpPYKEHUH —
MarvcTpajbHbIX TPyOO- M Ta30MPOBOIOB HA y4acTKax co ciaboit Hecymel criocodHocThio [11]. Jlnst obec-
MEYCHHUS YCTOMUMBOTO MOJOKEHUSI TPyOONpPOBOJa B MPOAOIHLHOM U MONEPEYHOM HampaBieHusx B [11]
MPEJIOKEHO UCIIOIB30BATh KJIACCUUECKHE KOHCTPYKIIMH aHKEPOB.

B cBsi3u ¢ 3THMM MHTEpEeCHO MPUMEHEHHE BaKyyMHBIX TEXHOJOTHUH NP OpraHU3alyy CBAaiHBIX (yH/a-
MEHTOB M OCHOBAaHMM KaK MCTOYHHKA IOBBIIICHHUS TEXHUKO-3KOHOMUYECKOH 3((EKTUBHOCTH, MIPOU3BOIAM-
TEJIBHOCTU TPYyAa U HaJEXKHOCTH pabOoThl MpUMEHseMbIX ycTpoicTB. B [12] oTrmedeHo, 4To B cocTaB cBa-
€BJ/IaBJIMBAIOLIET0 000PYI0BAaHNUS, HAIPUMEp, pabOTaIOLIETO 110 MPUHIIMITY, OMcaHHOMY B [13], MoryT Bxo-
JUTh BaKyyMHbIE aHKEpHbIE ycTpolicTBa. B aBTOpckoMm cBuzaerenscTBe [14] onucaHo ycTpOHCTBO sl MO-
Ipy’KEHHs] aHKEPOB BJaBJIMBaHUEM BKIIIOYAET BAKyyM-KaMepy U MPEUMYIIECTBEHHO MOYKET MCIOIb30BaThCs
B BOJIOHACBILIEHHBIX TPYHTaxX. B TaHHOM ciyuyae B BaKyyM-KaMmepe CO3AAr0TCs NEPUOINYECKUE UKIIBI pa3-
pemeHus ¥ U30BITOYHOTO JaBJICHHS, a 32 CUET UMEIOIIEHCS eperopoaKy HA)KUMHOE YCHITHE TiepeiacTcs B
MIPOTUBOIIOJIOKHBIE CTOPOHBI MPU HEOOXOAUMOCTH. ABTOpaMu n3o0perenus [15] paspaboraHo perieHue mno
BPEMEHHOMY 3aKpEIJICHUI0 KOHCTPYKLUI Ha IMOBEPXHOCTHU I'PYHTA, B KOTOPOM 3a CHET CO3/IaHUS pa3pexe-
HUSI BO3HHMKAET JIONOJHUTEIbHOE MPUKHMAIOLIEEe YCHINE, CIOCOOCTBYIOIIEE MOTPYKEHUIO KIMHOBUIHBIX
CTCHOK B rpyHT. [I0o OKOHYaHWUU pabOT BaKyyMHOE BO3JECHCTBHE MpPEKpAaIaeTcs, MO3BOISAA OONETYnTh JIe-
MOHTaK BPEMEHHOIN KOHCTPYKIUH.

Takum o0Opa3om, albTepHATHBON MPUMEHEHHIO TOHHBIX I'PY30B B CTPOUTEIIHCTBE BBICTYMAIOT KOH-
CTPYKIIMU BaKyyMHBIX aHKepoB [7; 8; 15—19]. BakyymHbIii aHKep, KaK U TOHHBIN Tpy3, PUKCUPYET KOPITYC
reHepaTopa HEPrUU B HENOJBM)XHOM COCTOSIHUHM, a IOJBM)KHBIA paOouMii opraH reHeparopa IHOJe3HOMN

98 ANALYSIS AND DESIGN OF BUILDING STRUCTURES



Muporog B.B., UsaHtowut FO.A., MupoHos [.B. CTpouTenbHas MexaHuka UHXEHEPHBIX KOHCTPYKLMIA 1 coopyxemit. 2025. T. 21. Ne 2. C. 96-107

MOIITHOCTH CBSI3aH C IUTaByYUM OyeM, COBEPIIAIOIINM KojeOaTelbHbIe JBHKCHUS, BBI3BAHHBIC BOJHOBBIM
BO3HCﬁCTBHeM. Hcnonp3oBanne BAaKyyYMHBIX aHKEPOB MNPCANOYTUTECIBHEC, YE€M HCIIOJIb30BAHUC TKEIIBIX
JIOHHBIX TPy30B. BakyyMHBIE aHKEpHI JIETKO YCTaHABIMBAIOTCA 0€3 MPUMEHEHHSI TSHKEION TEXHUKU U TaKKe
JIETKO JIEMOHTHUPYIOTCS B Cily4yae HEOOXOOUMOCTHU. BakyyMmHble NOHHBIE aHKEphl MOMHMO (DPUKCALUU TO-
TUIABKOBBIX YCTPOMCTB, CHUMAIOIIKUX HYHEPIHI0 MOPCKHUX BOJIH, HAIUIM NMPUMEHEHHE B THIPOTEXHUYECKOM
CTPOMTENBCTBE M TPYOOIPOBOJAHOM TPAHCIOPTE, CYAOXOACTBE B KAa4eCTBE YACP)KUBAIOIIUX YCTPOWCTB U B
HeTera3zoBoil MPOMBIIIIICHHOCTH ISl (PUKCAITNH TUTaByYHX OypOBBIX IIaTdopm.

B [16] nana KOHCTpYKIHs BaKyyMHBIX aHKEPOB W TPUBEICHO €€ 00OCHOBAaHUE JIJISl MCIIONB30BAHUS B
KauecTBE OCHOBHOM YIEP)KHUBAIOIIEH CHIIBI MarucCTPalbHBIX TPyOONpPOBONOB Ha OOBOJHEHHBIX M OOJIOTH-
CTBIX TPYHTax. YCTaHOBJIEHO, YTO UX XapaKTEPUCTHKH 3aBUCSAT OT KOHKPETHBIX YCIOBHH CTPOUTEIHCTBA.
Psin yncneHHbIX pacyeToB MOKa3al, YTO M3MEHEHUE yIyia BHYTPEHHETO TPEHUS TPyHTa OKa3bIBaeT HE3HAYM-
TEJIFHOE BIMSHUE HA yAECPKUBAIONIYIO ClIOCOOHOCTh. OHAKO BIMSHME HA HECYIYIO CIOCOOHOCTh U HAJIEXK-
HOCTh BaKyyMHBIX aHKEPOB OKa3bIBa€T Pa3MbIB JOHHOTO IrpyHTa. Tak, B [17] uccinenoBaHo BAMSHUE TOTEPH
JIOHHOTO TPyHTa Ha HECYIIYI0 CIIOCOOHOCTh BaKyyMHBIX aHKEPOB B YCJIOBHUSAX mecyaHoro jaHa HOxHo-
Kuraiickoro mopsi. YCTaHOBIEHO, YTO y4eT T€OMETPHH MMOBEPXHOCTH MOPCKOTO JHA U XapaKTepa B3anMO-
JEHCTBUSL MEXy TPYHTOM U aHKEPAMU SIBISICTCS KPUTUYECKH BaXKHBIM (PaKTOPOM TIPH MPOEKTHPOBAHUH U
OIIeHKe 0€301MacHOCTH TITyOOKOBOTHBIX MOPCKHX coopykeHuid. B [18] ycraHoBieHO ermie omHO W3 JTOCTO-
MHCTB NPUMEHEHHs BaKyyMHBIX CBail. /IeMOHTak MOPCKUX MIaT(GOpM MOXKET OCYIIECTBIISATHCS C IPUMEHE-
HUEM KOHTPOJINPYEMBIX B3pBIBOB (0K0JIO 35 % OT 0011ero KoIM4YecTBa JeMOHTHPYEeMbIX Tuatgopm). B cimy-
yae MPUMEHEHHUs Ha IuiaTgopMax BaKyyMHBIX TepMETUYHBIX CBall (BaKyyMHBIX aHKEPOB), SHEPTHs B3phIBa
HalpaBIsieTCsl BHYTPb aHKEpa, a He B OKpYXKarolee MpocTpancTBo. Kpome Toro, yaapHasi BOJIHA TacHUTCS
BHYTPHU T€PMETUYHOH TTOJIOCTH C HEIOCTATOYHBIM JaBiieHHeM. B m3o0perenun [19] mpemnmaraercs ycrpoii-
CTBO JOHHBIX KPEIJICHHMHA B BHJE BEPTUKAIBHBIX TPyO C BHHTOBBIMH peOpaMu (B NMPOTHBOMOIOKHBIX
HanpaBJIeHUAX) Ha BHemHeH cTtopone. Ilocnme pasmemenust TpyO Boma yhayseTcss M3 HHX MOCPEICTBOM
Hacoca, co3JaBas BHYTPU BaKyyM. 3a c4eT aOCOJIIOTHOTO JAaBJICHHS OKa3bIBAeTCs JABJICHHWE HA BEPXHIOIO
3anTyIIEHHYIO YacTh TPyO, 3aCTaBIsIsl MX IMOCTETIEHHO YIIIyOnsaThCs B rpyHT. Hanmndue BuHTOBOTO Mpodust
Ha TpyOax oOecmedynBaeT JOMOIHUTEIHFHOE BpallaTelIbHOE JABIKEHHE, KOTOPOE CIIOCOOCTBYET JIydIIeMy
MPOHUKHOBEHHIO B TPYHT. TpyObI CBA3BIBAIOTCS MEXKIY COOOM JKECTKOW MEPEMBIUKOM, TTPEI0TBpaIIaomeit
WX 0OpaTHBII MOBOPOT MIPH BO3JICHCTBUH BBIICPTUBAIOIIEH HATPY3KH.

BakyyMHBIE TEXHOJIOTHH MOTYT HCIHOJIB30BaThCs M B KIACCHYECKHUX TEXHOIOTMYECKHX CTPOUTEIBHBIX
mporieccax, HalpuMep g KOHCOJIMJIAIIMK TPYHTOB OCHOBAaHHUM TEXHOJIOTHYECKUX coopykeHuii. B [20]
OTMEUEHO, YTO BaKyyMHOE yIJIOTHEHHE TpeOyeT MEHbBIINX YHEPro3arpaTr B CPABHEHUH C HJIEKTPOOCMOTHYE-
CKUM yTuToTHeHHEeM. M3o0perenuem [21] B KOTJIOBaHE, BHITIOJHEHHOM B HECBS3HOM TPYHTE, MPEIjIaraeTcs
c(hopMHpOBaTh TEPMETHUYHYIO E€MKOCTh W3 HEMPOHUIAeMOIl reoMeMOpaHBbl M 3alOJHHUTH €€ HECBSI3HBIM
TPYHTOM. 3a CYeT CO3JaHHs B TOJIOCTH OOPa30BaHHON €MKOCTH OTPHUIATEIIHOTO JABJICHUS MPOUCXOAUT
YIUIOTHEHHE TPyHTa. B maHHOM ciTydae BaKkyyMHOE YIUIOTHEHHE 00eCIIeunBaeT yCKOpeHHe U cpabaTbIBaHNe
GUIBTPaIIMOHHON KOHCOMHIAINH (TIepBUYHAs (DMIBTPAIIMOHHAS OCa/IKa) 10 Hadaxa MPaKTHIECKON IKCILTY-
aTaluyu CTPOUTEIHHBIX OOBEKTOB.

Kpome Toro, BakyyMHBIE TEXHOJOTHH HAIUTW MPUMEHEHHE B KaYECTBE METOJOB BOJOMOHMKXEHUS MPH
3aIUTe 31aHUNA U COOPY>KEHHUM OT TPYHTOBBIX M MOA3EMHBIX BOJ [22; 23]. Kak mpaBmiio, MeToj] BAKYyMHOTO
BOJIOTIOHM)KCHUS TIPUMEHSIETCS B TPyHTax ¢ kKodddunmentom ¢umsrpanuu 0,1-2,0 M/CyT nipu yCcIOBHH BO-
JIOTIOHIKEHUS 710 70 M ¥ B 32aBUCUMOCTH OT CTPOEHUS TOJIIHN rpyHTa [22].

Takum 00pa3zoM, OOBEKTOM HCCIICIOBAHUS SIBIISCTCS BaKyyMHBIH aHKEp KaK YCTPOMCTBO KpETUICHHS
MOPCKHX CTPOUTENBHBIX OOBEKTOB, B TOM YHCIIE ISl (PUKCAIIMU MaJIbIX OOBEKTOB BO30OHOBIISIEMOM BOJTHO-
BOi1 sHepreTuku. [Ipu 3TOM 0COOBII MHTEPEC BBI3BIBACT MOJACPKAHUE HECYIIEH CITOCOOHOCTH B YCIOBHUSAX
NPUTOKA TPUIOHHBIX TPYHTOBBIX BOJI B TEJIO aHKEPA.

B cBs3u ¢ 3TUM 1ETBI0 TAHHOTO MCCIIEIOBAHUS SIBISIETCS 00OCHOBaHHE pabOTOCIIOCOOHOCTH BaKyyM-
HBIX aHKEPOB C y4eTOM MHOUIBTPAMOHHBIX MpoleccoB. s 3TOro HeoOX0AUMO YCTaHOBUTH YCIOBHS,
HE0OXOIMMBIE ISl HAJIEKHOTO TOTPYKEHHUS aHKepa B TPYHT U €T0 BBIEPTUBAHUS; YCTAHOBHUTDH PACIIONONKE-
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HUE JUHUN (UIBTPALIMOHHOTO TOKAa BOJBI M BBIIOIHUTH pacyeT (MIBTPAIIMOHHBIX PACXOAOB BOABI BHYTPh
BaKyyMHOTro aHkepa. CpaBHUBAs MOJyYEHHBIE PE3yIbTaThl pacuyeTa, MOKHO C/IEIaTh BBIBOJ O CTEIIEHH BIIH-
SIHUS YCIIOBUM MOTPY>KEHNS Ha BETMYMHY (HIBTPALIMOHHOTO PACX0/1a BOIBI.

2. MarepuaJjibl 1 METOABI

Jlnst BIaBIMBaHHUS BaKyyMHBIX aHKEPOB B JIOHHBIA TPYHT, B CPAaBHEHHH C TPATUIIMOHHBIMH METOIAMH
OpraHM3aIMi OCHOBAHUM MOPCKHUX COOPYKEHUH, NCTIONb3YeTCs MUHUMYM 000py/10BaHHS U TEXHUKU. OCHOB-
HBIM 3JIEMEHTOM SIBJISIETCSI HACOC, OTKAYMBAIOIIMIT BOLy M3 Tella IMOJIOTO BAKyYyMHOT'O aHKepa, CO3/1aBasi B HEM
paspexeHue. 3a cueT arMoC(EepHOro AaBJICHUS U THIPOCTATUIECKOTO JaBICHHUS CTOJI0a KHUIKOCTH BaKyyM-
HBII aHKep MOTpYy>KaeTcs B AOHHBINA IpyHT. /{11t 1eMoHTa)a BaKyyMHOTO aHKepa JOCTaTOYHO CO3/1aTh U30bI-
TOYHOE JIaBJICHHE BHYTPU HETO, KOTOPOE MOJHUMET aHKep W3 JIOHHOTO TpyHTa [15; 18]. BakyymHble aHKepHI
npeaHa3HaueHb! 17151 paOOoThl Ha BBIICPTUBAIOIIEE YCHITHE.

Ha puc. 1 npencraBiieHbl cXeMbl peiaraéMbIX BaKyyMHBIX aHKEPOB, YCTaHABIMBAEMbIX B CJIA0bIX U
IJIOTHBIX OCAJOYHBIX NTOHHBIX I'PYHTaX.

YpoBeHB BOJIBI

| Water level

VYpoBeHs 1Ha

| 1 | Bottom level N [ 2

a 9]

Puc. 1. CxeMbl BakyyMHBIX aHKEPOB, yCTaHABIMBAEMBIX:

a — B cJ1a0bIi IECYaHbIi JOHHBIA T'PYHT; O — B IJIOTHBIM [IECYAHBIIl TPYHT C MIPEIBAPUTENIBHBIM Pa3MbIBOM;
1 — Teno BaKyyMHOT'O aHKepa; 2 — HacoC IS OTKAuKH BOJBI U3 IIOJIOCTH BaKyyMHOIO aHKepa; 3 — oOpaTHBIN KiIalaH;
4 — 3anopHas apMaTypa, HCIIOIb3yeMast JUIs CO3JaHMs H30BITOYHOTO JIaBJICHNS B TeJle aHKepa IPH ero JEMOHTaXe;
5 — Hacoc U1 pa3MbIBa INIOTHOTO JOHHOTO IPYHTA; 6 — TPYOOIPOBOA I Pa3MbIBa INIOTHOIO JOHHOTO TPYHTA;
7 — maTpyOOK JUISl OTKAYKH BOJBI U IYJIBIIEI U3 IIOJIOCTH BaKyyMHOTO aHKepa
W cTo4H uk: BeimonaHeHo B.B. Muponosbim, FO.A. UBantommneiM, /[.B. MupoHoBbIM

Figure 1. Designs of vacuum anchors installed:

a — in soft bottom soil; 6 — in dense sandy soil with preliminary erosion;
1 — vacuum anchor body; 2 — pump for pumping water out of the vacuum anchor cavity; 3 — check valve;
4 — shut-off valve used to create excess pressure in the anchor body during its dismantling;
5 — pump for eroding dense bottom soil; 6 — pipeline for eroding dense bottom soil;
7 — branch pipe for pumping water and pulp out of the vacuum anchor cavity
S ource: made by V.V. Mironov, Yu.A. Ivanyushin, D.V. Mironov

[Ipennoxen pacuer (uiabTpalMM BOABI BHYTPb BAaKYyMHOI'O aHKepa IpU MPUKIAJbIBAHUU K HEMY
BbIJIEPTUBAIONICH Harpy3ku. Beinepruaromnias Harpy3Ka CHH)KaeT aOCOJIOTHOE JIaBICHUE BHYTPH aHKepa,
KOTOpOE B IIPEeZieIie HE JOJIKHO ObITh MEHbIIIE 1aBICHUS HACBHIECHHBIX IIApOB BOJIBI IIPU 3aJaHHOM Temrmepa-
Type. CHIXeHne abCOIIOTHOTO JaB/IeHHsI HUXKE JaBJICHHs HACBIIIEHHBIX IIapOB MPHUBEJET K BCKUIIAHUIO BO-
JIbl, CPBIBY IIOTOKA M KaBUTALlMM BHYTPU BaKyyMHOI'O aHkepa. [Ipy HUKINYEeCKOM BO3IEHCTBUU BbIIEPIUBA-
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oIl Harpy3Kd Ha BaKyyMHBIM aHKep (HIbTpamnys BOABI BHYTPh BaKyyMHOTO aHKepa MPHUBEAET K MOCTe-
MIEHHOMY BBIXOJIY €r0 M3 JIOHHOTO TPYHTA M CHIKEHHIO €Tr0 yaep)KuBaromieil criocoonoctu. Eciu TommmHa
ci10s1 caboro rpyHTa A0CTaTOYHO OOJIbIIAs WIIM CHIIBI TPEHUS I'PYHTa O TeJI0 aHKepa IIPU €ro BIaBlIMBa-
HUU B TPYHT HE MO3BOJISIOT JOCTUYb IIPU MOTPYKEHUU aHKEpPaA BOAOYIOPHOIO CJIOS, TO IIPHU IPHUKIAIbIBa-
HUM BBIICPTHBAIOIIETO YCWINSA C 00pa3oBaHHEM pa3peKeHHsl BHYTPH Tella aHkepa OyleT MpPOHMCXOIUTh
GuibTpanus BoAbl B MOJOCTh aHKEPA, YTO CHUXKAET €ro yAEp KUBAIOIIYI0 CIIOCOOHOCTb. B 3TOM ciyuae
npoMIBTPOBAHHYIO BOLY HEOOXOIMMO YIaJsATh U3 MOJIOCTH aHKepa. /s 3Toro mpeanaraercs MCIob30-
BaTh LUKIMYECKH pabOTaIOMIMi HACOC C MPUBOJOM OT YHEPTMH MOPCKUX BOJIH, YCTAHOBJICHHBIN Ha IlIa-
ByueM Oye.

IIpoBeneHne 3KCIepUMEHTAIBHBIX UCCIEN0BAaHUI IIyTEM OCYLIECTBJICHUS 3aMEPOB HEIOCPEICTBEHHO
THIPABIMYECKUX XapaKTEPUCTHK (PUIBTPALMOHHBIX MMOTOKOB BHYTPh BaKyyMHOTO aHKEpa TPYIOEMKO U 3a-
TPAaTHO B pealn3alui, OCOOCHHO B YCJIOBUSX peajbHOM akBaropuu. IlosToMy B paboTe ObLI HCIIOIB30BaH
METOJ JIeKTporuaponuHamudeckoit ananoruu (3171A) [24; 25], nepBoHavanbHO TPUMEHEHHBIN TS pacyde-
TOB IUIOTHH akameMukoM, mpod. H.H. [TaBmoBCKMM M BIIOCIEIACTBHH yCOBEPIICHCTBOBAHHBI MHOTUMU
YUEHBIMH ISl pelieHus (uiIbTpallMOHHBIX 3a1a4 [24; 26; 27].

IIpu stom cdepa npumenenus meroga jaocrtaroyHo obmupHa. Tak, B.U. llypo npumenun meron
OI'JTA s m3ydeHus: BIUSHUS CTETNIEHM M XapaKTepa BCKPBITHS IUTacTa Ha JEOMT CKBAKUHBI, TIOCTPOUB
rpaduKy, MIUPOKO MCIIONB3yeMbIe B MPAKTUKE M TEOPUU Pa3BEAKH U pa3padOTKu mMecTtopoxaeHuid. Mccie-
J0BaHHUsA 1O npuMeHeHuto Metona DI JIA g pa3paboTku HeTAHBIX U Ta30BbIX MECTOPOXKICHHUM IIPOBO-
nunu [1.M. Benam, A.I1. KpsutoB, M.M. Makcumos, VY. Kaprimtoc 1 apyrue u3BecTHbIE yUEHbIE U CIEIHa-
muctel. H.IT. TleTpoB BBIMOTHUI pacyeThl JUHUN TOKa B TPYHTE O]l HEMIPOHHUIIAEMBIM (IIOTOETOM IUIOTH-
Hel, a [I.U. ®unpyakoB u B.M. [laHunimmH nocTpomiy JMHUM PaBHOTO Haropa AJis oOnacteil Gpuibrpanuu
npou3BobHON Gopmbl. A.b. KoTtokoB mox pykoBoactBom B.E. CantoBa MCHonb30Ball MEKTPOTHIPOANHA-
MHUYECKYIO aHAJIOTHIO JUIS COBEPIICHCTBOBAHUS MPOIECCOB (PHIBTPALIMU U KOHCTPYKUHUI (DUIIBTPOB OUUCT-
KU BOJIbI B JKUBOTHOBOJUECKUX Komiulekcax. M.M. Jlyoba u3ydan yciaoBUs MUTaHUsI TOPU3OHTAIBHOIO JIpe-
Ha)ka 1 (OpMHUPOBAHUS IPEHAKHOTO CTOKa ¢ MpuMeHeHneM Meroza DI J1A.

Ha puc. 2 npencraBnena cxema (GpUiIbTpalMOHHOTO pacueTa MOPCKOH BOZBI B TE€JIO BAKYYMHOTO aHKepa,
MOTPY’KEHHOTO B OCAJ0YHBIN TOHHBII IPYHT ¢ U3BECTHBIM KOAPPUIIMEHTOM (PUIBTPALIIH.

AN A\
VYpoBeHb BOIBI D H
Water level T |
7!
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e DK

Puc. 2. PacueTHas cxema QUIbTpali MOPCKOM BOJBI B TEJIO BAKYYMHOT'O aHKepa
W cTo4H uk: BemonaHeHo B.B. Muponossiv, FO.A. UBanrommnsM, /[.B. MupoHoBEIM

Figure 2. Model of sea water seepage into the body of a vacuum anchor
S ource: made by V.V. Mironov, Yu.A. Ivanyushin, D.V. Mironov
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Cxema (QprIbTpaIIMOHHOTO pacyueTa Oblia IMoJyvYeHa Ha TIOCKOW 3JIEKTPOTUAPOAMHAMUYIECKON MOJIEIH,
BBIIIOJTHEHHOM Ha DIIEKTPOIPOBOIHON Oymare ¢ rpaMTOBBIM MOKpbITHeM. Ha Moens moaaBaaoch Harmpsi-
KEHHE. YHUBEPCAIbHBIM MYJIBTUMETPOM (TECTEPOM HAIPSDKEHMS) B Pa3IMYHBIX TOUKAX MOJEIM OIpese-
TSUICS DJICKTPpUYECKU moTeHIan. Takum oOpa3om, mpu momomu Metona DI JIA Owu1o chopmupoBaHo
(GUIBTPALIMOHHOE IOJIE U PACIIONIOKECHUE JIMHUM (DUIIBTPAIIMOHHOTO TOKA MOPCKOM BOJBI BHYTPh BaKyyM-
HOTO aHKepa NP HATUYHK B HEM pa3pexkeHus (puc. 2).

3. Pe3yabTarsl U 00CyxK/AeHHE

3Hasi pacroioKeHHe JIMHUHA (UIBTPAIIMOHHOTO TOKA, MOXKHO OIPEIeINTh CYMMAapHBIA (UIbTPAIIMOH-
HBIIl pacxo/l MOPCKO BObI BHYTPh BaKYyMHOI'O aHKepa 110 (opmyie

D
(x_i

2 2m-kAh-x
o= [

2

dx, (1

e Oy — CyMMapHbIii (DUIBTPALMOHHBINA PACXON MOPCKOi BOIbI, M°/c; L — ITyOMHA TIOTPYKEHHs aHKepa B
GUIBTPYIOLUIMH CIION JOHHOTO 0CaJ0YHOTO TPyHTa, M; D — auaMeTp BaKyyMHOTO aHKepa, M; Al — norepu
Haropa Mpyu (pUIBTPALUU BOABI OT IOBEPXHOCTH JIOHHOIO TPYHTA JI0 TPyHTA, COIPUKAcCAIOIIErocs: ¢ oopa-

. D
3yIOlIed MWIMHAPUYECKOTO BAKYYMHOI'O aHKEpa, M; (x—; — PACCTOSHHE OT OCHOBAHMSI BaKyyMHOTO

aHKepa JI0 BOIOYTIOPHOTO CIIOSI TPYHTA, M; kK — KO3 PHUIMEHT (HUIBTpaIy TPyHTa, M/C.

C yuerom noctpoenHoit merogom DIJIA mozaenu Bech npoiecc GpUIBTpalud MOPCKON BONIbI BHYTPh
BaKyyMHOT'O aHKepa MOXKHO pa3JefuTh Ha TpH 30HBI. [lepBas 30Ha — uiIbTpanus Boibl OT OBEPXHOCTH
JIOHHOTO MIPOHMIIAEMOT0 TPyHTa A0 00pasylomiell MWINHAPHIECKOTro aHkepa. Bropas — ¢uibsrpanus B mu-
JUHIPUYECKOM CTOJIOE MPOHHUIIAEMOTO TPYHTA MO/ BaKyyMHBIM aHKEpPOM. TpeTbst — (puiabTpanus BOAbI B
IpPyHTE BHYTPH aHKepa 4epe3 CJIOM IpyHTa BBICOTOM L. DUIbTpallMOHHBIE PACXO/bI BOJBI B Pa3HBIX KOJIbLE-
BBIX AJIEMEHTAPHBIX CTPyIHKax ¢ FTeOMETPUIECKUM Pa3MepOM dx B TIEpBOil 30HE (pUIBTpAIK pa3HbIE U3-3a
M3MEHSIOLIUXCS TUIOIIAJIeH )KMBOTO CEUEHUs Mo KoopauHate x. B cBoro ouepens, norepu Hamopa Ak oguHa-
KOBBI€ BBUY NApaJUIEILHOCTU APYT APYTY AIEMEHTAPHBIX (QUIBTPALIMOHHBIX CTPYEK.

OMIBTPaIMOHHBIN PACcXOJl BOABI 0 00pa3yroiel MITHHAPUICCKON MTOBEPXHOCTH aHKepa JIajiee mora-
JaeT B TPYHT HWJIMHAPUYECKOW (OpMBI mof aHKepoM. Pacxox mocrymnaromielt nmpoduisTpoBaHHOM Boabl O

o D D
B 3TOHM 30HC HCPABHOMEPCH II0 BBICOTC ((x—? . YuuteiBas OCpCAHCHUA pacxoda IO BBICOTEC (X—?

o D
U IIyTEBYIO MOAMUTKY (UIBTPALIMOHHBIM PACXO/IOM CTOJI0a IPyHTa BBICOTOM (a -5 ) HOTEepH Hamopa /i B

IIMHAPHYECKOM CJI0€ TIPOHUIIAEMOTO TPYHTA I10J] BAKYYMHBIM aHKEPOM MOYKHO OIPEIETUTh Mo (hopmyiie

(+-5)-
Or 2
D D D
“2 %5 Ty
hy=| dv. (2)
2
0 kTCD
4

OUIBTPaIMOHHBIN PacXojl BOABI BO BCEX TpeX 30HaX (rIbTpanuu oguHAKoB. DUIIBTpAIIMOHHBIA pac-
XOJl B TpeTbel 30He (3, paBHBIN (O, MOXKHO PAacCUUTATh 1O (POpMYe ¢ MCIOIB30BaHHEM 3aKoHa (PHUIIBTpa-
uuu Hapceu:
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p"+H+L+(o¢—§j—Ah—hp - p+L+(oc—12)) D2
Oy =k-0J =k P& 5 Pg - (3)

I7e (O — IUIOmMA/b HOMEPEYHOTO CEUeHHs BAKYYMHOTO aHKepa, M>, guameTpoM D, M; J — Ibe3oMeTpHye-
CKUH YKIIOH, M/M, ps — arMocdepHoe naBienue, [1a; p — aOconroTHOE aBiIeHne Ha TOBEPXHOCTH TPyHTA
BHYTPH BaKyyMHOTO aHKepa, 0oJblliee aOCOMIOTHOTO JaBJICHUSI HACBIICHHBIX MApOB MPU 3a/IaHHON TeMIIe-
parype, Ila; H — mryOuHa akBaTOpHH MOpPSI B MECTE€ YCTAaHOBKM BaKyyMHOTO aHKEpa, M; p — IUIOTHOCTh
MOPCKO# BOZIBI, KI/M’; g — yCKOpeHHe CBOOOIHOIO MajieHusl, M/C’ MU B COKPALIEHHOM BHIE:

4

Pemast cucremy ypaBuenwuit (1), (2) u (4), onpenensicss GUIBTPaIMOHHBINA PAacXoj] B 3aBUCIMOCTH OT
DIyOWHBI AKBaTOPUHU MOPS U TOJIIIUHBI (PHIBTPALIMOHHOTO CJIOS IOHHOTO I'PYHTA IPU U3BECTHBIX T€OMETPH-
YeCKHX MapaMeTpax BaKyyMHOTO aHkepa, ko3¢ ¢uiMeHTa (UIbTpaldy JOHHOTO I'PYHTa M aOCONIOTHOTO
JIaBJICHHSI HACHIIIIEHHBIX TAPOB BOJIBI P 33/1aHHON TeMIepaType.

MaxkcuManbHO JOMYCTHMOE BBIIEPTHBAIOIIEE YCUIINE JUIS BAKYYMHOTO aHKEpa, COOTBETCTBYOIIee a0-
COJIFOTHOMY JIaBJIEHUIO HACBILCHHBIX IIApOB BOJIbl BHYTPHU aHKEpa MU 3aJJaHHOH TeMIepaTrype, MOKHO pac-
CUHTATh 110 POopMyIIe

TCD2

F=(pq+pgt -p) ==, (5)
rae F'— MakcHMaJlbHO JIOIyCTUMOE BhlAEepruBatolee ycuiue, H.

B kauecTBe rUMOTETHYECKOTO MpUMeEpa C UCIOIB30BAaHHEM MPEICTABICHHBIX 3aBUCUMOCTEH OBLIT BBI-
MOJTHEH (PMIIBTPALIMOHHBIN pacyeT BaKyyMHOTO aHKepa ¢ 3aaHHbIMH pazmepamu D = 0,58 M, L = 0,9 M nipu
a0COJIIOTHOM JJaBJICHUH HACBIIIEHHBIX IIApOB BOJBI IPH 3a/1aHHOM Temneparype p = 2300 Ila.

Temneparypa mopckoit Boabl 7x=20 °C. KoadduuueHt ¢umprpanuu 0cagodHOr0 JOHHOTO T'PyHTa
k=10,01x10%m/c = 0,1 mm/c. IInotHOCTH MOpCKOii Boabl p = 1020 xr/m°. [My6HuHA 10 JOHHOM HOBEPXHOCTH
B MECTE pa3MeIleHHs] aHKepa COCTaBiIsieT He MeHee H > 3 M. MOIHOCTh CJ10s1 BOZONPOHUIIAEMOTO JOHHOTO
rpyHTa MpHUBeeHA K ITyOWHE MOTpyKEHHs BAKyYMHOTO aHKepa B IPYHT L.

Pesynbrarel pacuera B Buae 3aBucumoctu Oy = f (H, L) npencrasiensl Ha puc. 3. [Ipu moctpoeHnu
rpaduka — AJI1 HAIJISITHOTO OTPa)KeHUs: OceBble MMHUU H n Oy UHBEPTUPOBAHBI; 3HAUEHHUS 110 OCEBOM

TuHUM H BBICTaBICHBI B 00paTHOM MOpsAIKe (B COOTBETCTBUH C YBEIMUYEHUEM IITyOWHBI aKBATOPHH JI0 JTHA).
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[ny6uHa akBaTopum 4 M
Depth of water body # m

16 18 20 22 24 2,6 28 30 32 34 36 38
Pacxop dunbTpauuoHHbii <104 m3/c
— (5 e || e =f = - =20 Seepage discharge ¢x10* m3/s

Puc. 3. I'paduyeckas 3aBucUMOCTh GHIBTPALIMOHHOTO pacxoaa Boasl O
OT ITyOMHBI aKBAaTOPUU H ¥ TONIIMHBI BOJOIIPOHUIIAEMOTO CJIOSl JOHHOTO I'PyHTa
W cTo4H uk: BemonaHeHo B.B. Muponossim, FO.A. UBanrommasiM, /[.B. MupoHOBEIM

Figure 3. Graphic relationship between the water seepage discharge Oy,
the depth of the water body H and the thickness of the permeable layer of the bottom soil
Source: made by V.V. Mironov, Yu.A. Ivanyushin, D.V. Mironov
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BakyyMmHBII aHKEp C BBIIICTIPUBECHHBIMUA pa3MepaMH JIOMyCTUMO M3TOTaBINBATh U3 METAJUTMYECKOM
JBYXCOTJIUTPOBOM OOUKHU, TIOMYTHO YTHIM3UPYS TEM CAMBIM ITyCTYIO O0YKOTapy (0e3 3HaYUTEIbHBIX KOPPO-
3MOHHBIX MOBPEXIECHUH U 1e(PEKTOB KOHCTPYKIMH), N30BITOUHO CKOIMBIIYIOCS B TPYIHOAOCTYIHBIX PEru-
onax Poccwuiickoit @enepanuu, kak orMedeHo B [28]. KoHCTpyKIHs BaKyyMHOTO aHKepa U3 OBIBIIEH B yIO-
TpeOJIeHNN METAUIMYeCKOW OOYKM C OTKaYMBAIOIIUM BOIY JPEHAXKHBIM HACOCOM, HEOOXOIMMBIM ISl TIO-
rpy’KEeHUS aHKepa B TPYHT, MpeAcTaBieHa Ha puc. 4, a.

W
W

N W
W o

N
o

MakcuManbHo JonycTumoe

BblepruBatoLLee ycunve F, kH
Maximum permissible pull-out force F, kN

35

30
3.0 4,0 5,0 6,0 7,0 8,0 9,0 10,0

[nybuHa akBaTOpuM Ha MECTe YCTaHOBKM A, M
Depth of the water body at the installation site # m

a o

Puc. 4. BakyyMmHblii aHkep 13 ObIBILCH B yIOTPEOJICHUH METAJUNTHICCKON OOUKH:

a — oOmmuii BUI ONbITHOTO 00pasia; 6 — rpaduueckas 3aBUCUMOCTb MAaKCUMAJIBHO JIOITYCTUMOTO
BBIJIEprUBaloIIero ycuins F, kH Ha aHKep B 3aBUCHMOCTH OT INIyOWHEI aKBATOPHHU B MECTE €r0 yCTaHOBKU H, M
W cTouHuk: poro u cxembl B.B. Muponosa, F0.A. MBantomna, J[.B. MupoHosa

Figure 4. Vacuum anchor from a used metal barrel:

a — general view of the prototype; 6 — graphic relationship between the maximum permissible
pull-out force F, kN, on the anchor and the depth of the water body at the place of its installation N, m
S o ur c e: photo and scheme by V.V. Mironov, Yu.A. Ivanyushin, D.V. Mironov

ITo dpopmyne (5) M1 BakyyMHOTO aHKepa U3 METAJUINYECKOM OOUKU MPH TEMIIEPAaType MOPCKOH BOJBI
Ts = 20°C 6bUM OCTPOEHBI IPahUKN MAKCUMAIIBHO JIOITyCTHMOTO BBIJIEPTUBAIOIIET0 YCUIIHUS F B 3aBUCH-
MOCTH OT INIyOMHBI aKBaTOpHHU /1, B KOTOPOH yCTaHaBIMBAETCs BaKyyMHBII aHkep (puc. 4, 0). AHaIu3 3aBH-
cuMocTeil (puc. 4, 6) NMOKa3pIBAaeT, YTO BAKyYMHBIH aHKEp M3 METAUIMYECKOW IBYXCOTIUTPOBOI OOYKH,
ObIBIIEH B yHOTPEOJICHUN, MOYKET KOMIIEHCHPOBATh BBIJIEPIUBAIOIINE HATPY3KU B HECKOJIBKO TOHH.

4. 3akaouenue

Ha ocHoBe nony4eHHbIX pe3yIbTaTOB MOXKHO CAENaTh ClIeIyIOIINe BEIBOADI.

1. OTHOCHTEIBHO HEJOPOTHE BaKyyMHBIE aHKEPHI, B TOM YHCJIE BHITIOJTHEHHbBIE U3 BTOPUYHBIX MaTEpHU-
aJIOB, IIPU YCTAHOBKE UX B CIAOBIX IOHHBIX I'PYHTaxX 00JaJal0T 3HAYNTENBFHON yAepKUBAIOIIEH CIIOCOOHO-
CTBIO.

2. BakyymHbIe aHKEpbI MOTYT IPUMEHATHCSA [T (PUKCAIMK Pa3IMYHBIX TUIABAOIIUX CPENICTB B aKBATO-
pHUAX ¢ 0CAZOYHBIMH JOHHBIMU I'pyHTaMHU. Eciin BakyyMHBINM aHKep IpU MOTPYKEHUU NOJHOCTHIO MPOXOINUT
CJ1a0blil 0CaJJOUHBINA IPYHT U JIOCTHTAET BOIOYTIOPHOTO CJIOS, TO €ro CIeIyeT IKCIUTyaTHpOBaTh 0€3 OTKaYKH
BOJIbI U3 TeJla aHKepa. EMMHCTBEHHOE yCIOBHE MPH MPUKJIIAIBIBAHUH K aHKEPY BBIACPIHBAIOIIETO YCHUIHUSI —
a0COIIOTHOE JIaBJICHUE BHYTPHU Tella aHKepa He JOJDKHO OBITh MEHBINE JAaBJICHUS HACHIIEHHBIX MTApPOB BOIbI

NpY 33JaHHOW TeMIlepaType Ui MpeAoTBpalleH s CpbiBa aHKepa (mapooOpa3oBaHKe BHYTPH Tella aHKepa
C TOCIeAyIoNIe KaBuTanuen).
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3. B ciryuae, xorna BakyyMHBIH aHKep NPHU BIABIMBAHHU B TPYHT HE JOXOIHT JIO BOAOYIIOPHOTO CIIOS
M0 TIPUYUHE BBICOKOTO KOA(UIIMEHTa TPEHUS TPYHTA O TEJIO aHKepa WM OOJBIIOW MOITHOCTH CIIaboro
0CaJI0YHOTO JIOHHOTO TPYHTa, IPU NPUKIAJABIBAHIH K HEMY BBICPTHBAIOIICH HATPY3KH MPOMCXOANUT (DHITH-
TpaIysi BOABI B TEJIO aHKEpa ¢ BAKYYMOM BHYTpPHU Hero. B aToM ciydae skcrnryaranusi BAKyyMHOTO aHKepa
HEBO3MO)KHA 0€3 OTKa4KH BOJBI, MPOQHIBTPOBABIICHCS B Telo aHKepa. OTKavyka BOIBI HEOOXOMMMaA IS
NpeOTBPAIICHHS BBIX0/Ia BAKYYMHOTO aHKepa U3 CIa0d0ro IOHHOTO TPYHTA.

4. Ilpy MOLITHOCTH CIIOSI BOIOIIPOHMIIAEMOTO JIOHHOTO TPyHTa Ooliee MATH TIyOHH IOTPYKEHUS BaKy-
YMHOTO aHKepa B JOHHBIN TPYHT ITyOMHA MOPCKOW aKBaTOPHU B MECTE YCTAHOBKH NPAKTUUECKU HE BIIHSET
Ha BEIMYMHY (QHIBTPAIIIOHHOTO pacxoza (cM. puc. 3). JliIst OTKa4KH MOYKHO HCIIONB30BaTh OJIMH U3 HACOCOB
C TPHBOJIOM OT YHEPTHU MOPCKUX BOJIH, YCTAHOBJICHHBIX Ha IUIaBydeM Oye. DTOT HaCOC AOJDKEH BBHIITOIHATH
paboTy 1Mo MUKINYECKOH OTKaYKe MPO(UIETPOBAHHOW BOJIBI M3 TEJIa aHKepa.

5. BakyyMHBIEe aHKEPBI SBISIFOTCS JIOKAIBHBIM PEIICHUEM 3a]jadil (PUKCAIITH MOPCKHUX COOPYKEHUH,
B TOM YHCJIE IUTaBYYHX CHEMHUKOB SHEPTHMH MOPCKHX BOJH BBICOKOH ITOBTOPSIEMOCTH U 00CCIICYCHHOCTH B
He3aMep3arnmx Mopsx. KpoMe Toro, B 3TOM HalpaBiIeHHH CYIIECTBYET BO3MOXXHOCTD JUIsSi BTOPHYHOTO TIPH-
MEHEHHS 00YKOTapHI.
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Abstract. The goal is to determine the free vibration natural frequency spectrum for a plane statically determinate truss with a
cross-shaped lattice. The truss members are elastic and have the same stiffness. Both truss supports are pinned; the truss is
externally statically indeterminate. A model, in which the mass of the structure is uniformly distributed over its nodes, and their
vibrations occur vertically, is considered. The Maxwell-Mohr method is used to determine the stiffness of the truss. The member
forces included in the formula are calculated by the method of joints using the standard operators of Maple mathematical software
in symbolic form. The eigenvalues of the matrix for trusses with different numbers of panels are determined using the Maple
system operators. Spectral constants are found in the overall picture of the frequency distribution constructed for trusses of
different orders. A formula for the relationship between the first frequency and the number of panels is derived from the analysis
of the series of analytical solutions for trusses of different orders. A simplified version of the Dunkerley method is used for the
solution, which gives a more accurate approximation in a simple form. The relationship between the truss deflection under
distributed load and the number of panels was found. Spectral constants were found in the frequency spectrum.

Keywords: Dunkerley method, first frequency, deflection, Maxwell-Mohr formula, periodic structure, analytical solution,
frequency spectrum
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CrnekTp coOOCTBEHHBIX YACTOT M (POPMYJIa JJI1 OCHOBHOI YaCTOTHI
IVIOCKOM peryJsipHoi (pepMbl pelieT4aToro TUIa

M.H. KupcaHosB

HannonaneHsIi nccnenoBaTeabCKuil yHIBEPCHTET «MOCKOBCKUH SHEPTeTHIECKUH HHCTHTYTY, Mockea, Poccutickas ®edepayus
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Jopa6otana: 12 mapra 2025 1.
ITpunsra k my6aukanun: 21 mapra 2025 1.

AHHOTanus. [ MI0CKO# CTaTHYECKH ONpPEeAeNuMOi pepMbI ¢ KpeCcTOOOpa3HON PELIeTKON ONMpeAeNsIeTcsl CIEKTP COOCTBEHHBIX
4yacToT cBOOOHBIX KojeOanuid. CtepxHU QepMbl yIIPyrue U UMEIOT OJMHAKOBYIO KECTKOCTb. O0e onopsl (hepMbl HEMOIBU)KHBIC
[IapHUpHI, epMa BHENIHE CTATUUECKH HeolpeaennMa. PaccMoTpeHa Mozenb, B KOTOPOH Macca KOHCTPYKIUH PaBHOMEPHO pac-
IpesiesieHa Mo ee y3JaM, a UX KoJeOaHUs MPOUCXOIAT MO BepTUKaIH. [ OmpenesieHus KECTKOCTH (epMbl IPUMEHEH METOI
MakcBemia — Mopa. Ycuius B CTEp)KHSX, BXOAAIINE B HOPMYITY, PAaCCUUTHIBAIINCE METOJIOM BBIPE3aHHUS Y3JIOB ¢ IPUMEHEHHEM
CTaHJApTHBIX ONEPATOPOB CHCTEMBbI KOMIBIOTEpHON MaTeMaTuku Maple B cumBosnbHOH opme. COOCTBEHHBIE YHCIIA MATPULIBI
IUIs epM ¢ pasInYHbIM YMCIIOM TaHEeNel pa3bICKUBAIOTCS C MOMOIIBIO OrnepaTopoB cucrteMbl Maple. B o0uieit kaptuHe pacnpe-
JIEJIEHUs] YacTOT, IOCTPOSHHOU A71sl pepM pa3IuuHOro nopsiika, 0OHapyKeHbI CIIEKTpalbHble KOHCTAHThL. 113 aHanmu3a nocnenosa-
TEJIbHOCTH aHAJIUTUYECKUX PEUICHUH I GpepM pa3HOro Mopsaka BbIBeIeHA (OpMysa 3aBHCUMOCTH IEPBOH YaCTOTHI OT YHCIIA
naseneil. Jns peleHus UCIOJIb30BaH YNPOILEHHBIN BapuaHT MeToAa JloHKepies, Aaroluil 6osiee TOUHOE NPUOIIKEHUE B IIPO-
ctoit gopme. Haitnena 3aBucumoctsb mporuba ¢epmbl 1Mo ACHCTBUEM paclpeelieHHOM Harpy3Kd OT Yucliia naHeneit. B crnekrpe
4acToT OOHAPY KEHBI CIIEKTPaJIbHble KOHCTaHTHI. BhiBeneHa hopmysa 3aBucuMocTy nporuba Gpepmsl OT YKcia MaHesen.

KioueBble cioBa: meron JloHkepres, nepBasi yactora, nporud, popmyna Makcsemia — Mopa, peryisipHas KOHCTPYKIIHS, aHa-
JUTHYECKOE PEIICHHE, CIIEKTP YacTOT

3asBiieHHe 0 KOH(JIUKTE HHTepecoB. ABTOD 3asBIsIeT 00 OTCYTCTBUU KOH(IUKTA HHTEPECOB.

Joas uurupoBanus: Kirsanov M.N. Natural frequency spectrum and fundamental frequency formula for plane periodic lattice
truss // CtpoutesbHas MEXaHUKa HHKEHEPHBIX KOHCTPYKIUE 1 coopyskenuit. 2025. T. 21. Ne 2. C. 108—117. http://doi.org/10.22363/
1815-5235-2025-21-2-108-117

1. Introduction

One of the problems of dynamics of engineering structures is the calculation of natural vibration
frequencies. Most often, standard programs based on the finite element method are used for this purpose
[1; 2]. This allows to obtain results for rather complex systems with many parameters, both geometric,
related to the dimensions of the calculated object, and physical, characterizing various material properties of
its elements. An alternative method of calculation of natural frequencies was developed mainly after the
appearance of mathematical computer software. This method is applicable principally for simplified models
of objects. Its main advantage manifests in case of periodic structures, for analytical solution of which the
number of periodicity elements in the model does not affect the accuracy and complexity of calculations.
R.G. Hutchinson and N.A. Fleck [3; 4] were first engaged in the theory of existence and calculation of
periodic statically determinate truss structures. Later, this issue was addressed by F.W. Zok, R.M. Latture
and M.R. Begley [5]. A simplified analysis of civil engineering structures using graph theory methods is
proposed in [6]. The problem of optimizing the size, layout and topology of truss structures with the use
of special algorithms is considered in [7]. In [8], approximate analytical solutions of statics of thin elastic
plates in Maple are given. The superposition method for analyzing the stress state of an isotropic rectangle
is proposed in [9]. A.S. Manukalo [10] analytically solved the problem of the first frequency of natural
vibrations of a plane girder truss. The author’s reference books [11; 12] contain analytical solutions of
problems on the deflection of plane periodic trusses with an arbitrary number of panels. A simple formula
for the lower estimate of natural vibrations of a plane periodic beam truss with a rectilinear upper chord is
obtained in [13] by the Dunkerley method in the Maple mathematical software system. Analytical solutions

Kupcanoe Muxaun Hukonaesuu, ToKTop (GU3NKO-MaTeMaTHUECKUX HAYK, podeccop kKadenpbl poOOTOTEXHUKH, MEXaTPOHUKH, THHAMHUKY H POYHOCTH
MamuH, HanoHnaneHbli uccnenoBarensckuid yauBepeuter « MOWy», Pocceuiickas ®enepauns, 111250, r. Mocksa, yi. KpacHokazapmeHnHsas, 1. 14, ctp. 1;
eLIBRARY SPIN-kox 8679-6853, ORCID: 0000-0002-8588-3871; e-mail: c216@ya
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for spatial truss structures are also known. In [14], an estimate of the fundamental frequency of vibration
of an L-shaped spatial truss with an arbitrary number of panels in the cross-girder was obtained by the
induction method. Similar problems of statics and dynamics were solved in analytical form for spatial
trusses in [15; 16].

In this paper, a new configuration of an externally statically indeterminate lattice truss is considered,
and the analytical relationship between the deflection and the first frequency of natural vibration and the
mass, dimensions, and number of panels is derived. The obtained formulas are compared with the results of
traditional numerical calculations taking into account all degrees of freedom of the structure. In the joint
frequency spectrum of a number of trusses of different orders, patterns are determined, which can be used to
simplify practical calculations.

2. Structure

A plane truss consists of 2n panels of length 2a in its middle part and has the total height of 34
(Figure 1). A special feature of the truss is the pinned supports on its ends. At the same time, the truss
remains statically determinate: the truss contains n==8n+20 members, including four members modelling

the supports, and K =4n+10 internal hinge joints, n=2K.

"2a a  2a 2a  2a  2a  2a  2a a 2a

Figure 1. Truss under uniform load, n =3
S o ur ce: made by M.N. Kirsanov

The mass of the truss in the problem of determining the natural frequency is uniformly distributed over
all internal joints. In the model under consideration, the masses vibrate along the vertical y-axis. Under this
assumption, the number of degrees of freedom of the truss is equal to the number of nodes K. It is assumed
that the hinges of the truss are ideal and the material of the members is elastic.

3. Methods
3.1. Calculation of Forces

For the analytical calculation of forces in the truss members, a program written in the Maple symbolic
mathematics language is used. The algorithm of this program was previously used in [10—12]. The nodal
coordinates of the truss with a span of L, =(4n+6)a are defined using loops. The coordinate origin is
located in the left pinned support (Figure 2):

x,=0,y,=0,x,=2a, y,=0;

Xiva = Xope7ei = a(2i+ 1): Yiea = h’ YVonsr4i = 3h’ i= 1’ oee 2n+ 1’

Xopes =Ly =20, 35,0 =0, %55 =Ly, 1,5 =0;

Xypi6 =05 Vauie =20, Xy, =313, ¥5,07 = Vipeo =5h /25

Xgpvo = Lo =3a /2, x40 = Lo Yayiro = 2h.
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The order of connecting the members into nodes is specified by special lists containing the end
numbers of the corresponding members @, ,i=1,...,n. The members of the lower chord, for example,

are coded by the lists: @, =[i,i+1], i=1,..,2n+4.

Figure 2. Numbering of nodes and members, n = 2
S our ce: made by M.N. Kirsanov

The matrix form is used to write the equations of equilibrium of the nodes projected onto the
coordinate axes: GS =T . Here G is the matrix of directional cosines of the member forces, S is the vector
of unknown forces and support reactions, T is the vector of the applied nodal loads. Odd elements 7,, |

of this vector contain the load components along the x-axis, even 7,, — along the y-axis. The elements
of matrix G are calculated in terms of nodal coordinates and the data of lists @, i=1,.,n1. Maple uses

a relatively fast inverse matrix method to solve the matrix equation in symbolic form: S=G™'T .

3.2. Deflection

The deflection due to a uniform nodal load applied on the top chord is calculated using the Maxwell —
Mohr formula:

7
5= 5"Is" /(EF),
J=1

where S;P ) is the force in member j due to load applied at nodes i =2n-+6,..,4n+10 of the top chord,;
S is the force in the same member due to a unit force, which is applied at the middle node of the lower

chord, where the deflection is measured. Stiffness EF of all members is assumed to be the same.
The deflection is sought for an arbitrary number of panels in the truss, so first a series of solutions
is compiled for individual trusses of different orders:

:P53a3 +15¢° + 210"

8 ;
! 6h°EF
5 _ P3232a3 +438¢° +11d° +964h°
? 72h*EF ’
3 3 3
5, :P220a +127c +11Ah :
2h*EF
5 — P20064a3 +1038¢* +19d° +1364h°
! T2h*EF ’
4036a° +111¢° + 451°
85 =P B LIRS
6h’EF
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where lengths c=+a’+h’>, d =+9a” +h’ are used. The required number of members of the series to

determine its common term in this problem is twelve. Using computer mathematics methods, the common
term of the series is obtained:

Ca +C,c’ —|—Cd3+Ch3

5, =
W EF

The coefficients in this formula are obtained from the solution of homogeneous recurrence equations,
which are constructed using the operator rgf findrecur fromthe genfunc package in Maple:

C, = (308 +4(5—4(~1)")u + 4(2(=1)" 5] +(110(=1)" 218} + 105(~1)" +231)/36;

C, = (120 42((=1)" +13)n-+ (1) +33)/ 24,

4

(
C, (3+4n)( +(=1)') /144
(0

—1)"+34)n -+ 48(~1)" 93] /18,

3.3. First Frequency Estimate

Two simple methods for estimating the first natural frequency of vibration are the most popular.
They are the Dunkerley method for the lower estimate and the Rayleigh method for the upper one [17; 18].
The Rayleigh estimate is more accurate, however, its analytical expression is generally cumbersome.
In [19], a modified version of the Dunkerley method is presented, which gives a simpler and more accurate
solution than the original Dunkerley method. According to this method, the following formula is valid for
the approximate expression of the first frequency s :

K
W’ =my. 3, =mK8™ /2=mKA,, (1)
p=l1

v 2
where by the Maxwell — Mohr formula each term has the form: §, = mZ(Sof")) I, /(EF), S{P is the force

a=l1
in member o due to a unit vertical force applied at node p, I, is the length of the corresponding member, m
is the mass of the truss node. Here, unlike the original Dunkerley method, the sum is computed by the mean
value theorem. In this formula: 5™ is the maximum value of 5, , which is calculated for a particular node,

having the maximum deflection from the individual vertical force applied to the same node. Obviously,
for this problem such a node is node 743 at the mid-span of the lower chord. For numerical calculation
there is no difficulty in computing the sum in (1), however, summation difficulties arise when seeking
an analytical solution. That is why in the simplified method the sum is replaced by its average value. In this
case, of course, the property of the lower bound of the first frequency according to the Dunkerley method
is lost.

Similar to the deflection calculation, expressions A, for different numbers of truss panels are calculated

step by step:
9@’ +50 +h
' 4W’EF
A — 233a’ +66¢° +d° +41h°
2 36h°EF ’
3 3 3
A= 65a" +9¢” +h :

4h*EF
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_ 897a’ +102¢° +d° +41h°

A . ;
36h°EF

4

233a’ +13¢° +i°
A, = -
Ah*EF

9 see e

By finding the common terms of the coefficient series before the exponentials of dimensions in these
series, an expression for coefficient A, is obtained:

_ Ba'+B,c’+Bd’ + B

A, >
h°EF

where
B, = (120" 4 6(1=2(=1)" ) +4((~1)" +7)n+35(~1)" +62)36;
B, =(12n-+(=1)" +19)/24;
By =((=1 +1)/72, B, =(16(~1)" +25)/36.

Finally, according to (1):

o.=h EF
' m(4n+10)(Bla3 +B,c’ + B,d’ +B4h3) '

2

3.4. Natural Frequency Spectrum

For numerical calculation of all frequencies of the truss, the same Maple operators as for the analytical
results can be used, by entering their numerical values into the program instead of the symbolic geometric
and physical characteristics of the structure. The results of calculations of frequencies of trusses of different
orders are presented in Figure 3. The analysis was performed at £ =2.1-10MPa, F =9cm’, m=200kg,

a=3m, h=2m. Each point on the graph corresponds to the value of frequency plotted on the vertical

axis, and in the corresponding place on the horizontal axis the number of this frequency in the spectrum is
marked. All frequencies of the same truss are connected by a broken line of individual color. The figure
shows the calculations of the spectra of 12 trusses.

o,l/s n=1 n=2 n=3 n=4 n=6 n=7

n=>
00 — — — — R — o —0

n=9 n=10 n=11 n=12
o

0

13

= = O
800 |
700
600
500
400
300

200

100

10 20 30 40 50

Figure 3. Spectra of trusses of order n=1, .., 12
S ource: made by M.N. Kirsanov
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The overall picture of the frequency distribution of trusses of different orders reveals a number of
patterns. First, given the dimensions of panel length, truss height, mass and stiffness, the frequencies of
vibration are limited from above. Secondly, a jump of frequency values in the upper part of the spectrum is
evident, which is the same for trusses of different orders. There are at least two horizontal lines connecting
the points and representing almost constant values (with very small errors) of natural frequency for trusses
of different orders. These number lines are labeled o, and o, respectively, and are the spectral constants of

the truss [20; 21]. The practical meaning of these constants is obvious. To calculate this frequency in any
truss with a large number of panels, when due to the amount of calculations there are often problems with
accuracy and time-consumption, it is possible to use the solution for a similar truss with a small number of
panels by adopting in this solution the desired value lying on the same horizontal straight line as the desired
solution. For example, the value of the highest frequency for a truss with one panel (n = 1) coincides with
great accuracy for a truss with 12 panels, ® =911.08s™', the calculation of natural frequencies of which is

much more complicated than for a truss with one panel.

4. Results and Discussion

The analytical solution (2) is approximate. It should be compared with the numerical solution obtained
in Maple using the Eigenvalues operator from the linear algebra package LinearAlgebra, designed to
calculate the eigenvalues of a matrix. For the numerical solution, the algorithm for calculating the forces,
the input of node coordinates and the order of connecting the members to the nodes is the same as for the
derivation of formula (2). The numerical characteristics of the trusses are taken the same as in the con-
struction of the frequency spectra. Figure 4 shows the curves of the relationship between the first frequency
and the number of panels, obtained numerically and analytically using formula (2). The first frequency
found numerically (dashed line) is denoted as w,, the analytical solution is denoted as .. For small number
of panels the error is quite noticeable. Starting from about n = 4, the error decreases. The method used is
characterized by the fact that the curve of the analytical solution crosses the numerical solution, nominally
assumed as the exact one, several times. It is possible to estimate the error of the method more accurately by
introducing relative value ¢ =| o, —o. | /o, (Figure 5). It was obtained that the error decreases with increasing

number of panels starting from n = 5. At the same time, the relationship between the error and the truss
height 4 is uncertain: for small » the error decreases or increases when s changes. Starting from n = 5,
the error is almost independent of the truss height.

,l/s

Figure 4. Relationship between the fundamental frequency of vibration and the number of panels
S o ur ce: made by M.N. Kirsanov
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Figure 5. Relationship between the relative error and the number of panels

S o ur ce: made by M.N. Kirsanov

5. Conclusion

The considered truss configuration is more complicated than a conventional beam truss due to
uncommon supports, more typical for frames and arches: both truss supports are pinned. This complicates
the calculation of the structure, since the reactions of the supports cannot be found from the equations of
equilibrium of the truss as a whole in the general way. However, in this formulation of the problem, an
analytical solution is determined using mathematical computer software, for which it is not difficult to solve
the complete system of equilibrium equations of all nodes, including the support ones, both in numerical
and symbolic mode. On the basis of these solutions, the formula for the relationship of the fundamental
frequency of vibration and the number of panels (this is the main result) is derived in a compact form in this
paper. The deflection problem is solved in analytical form and the joint spectrum of all frequencies of
natural vibrations of trusses of different orders is numerically constructed. Characteristic features are
noticed in the spectra, the use of which in practice can significantly simplify and refine the solution.

The main results are:

1. A model of statically determinate periodic truss is proposed.

2. A formula for the first natural frequency as a function of the number of panels is derived.

3. Comparison of the analytical result with the numerical solution shows their good agreement. The
accuracy of the estimates increases with increasing number of panels.

4. Spectral constants are found in the spectrum of the natural frequencies of the truss.
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Abstract. For elasto-plastic analysis of structures at a particular load step, a mixed finite element in the form of a prism with
triangular bases was obtained. Displacement increments and stress increments were taken as nodal unknowns. The target quantities
were approximated using linear functions. Two versions of physical equations were used to describe elasto-plastic deformation.
The first version used the constitutive equations of the theory of plastic flow. In the second version, the physical equations were
obtained based on the hypothesis of proportionality of the components of the deviators of deformation increments to the
components of the deviators of stress increments. To obtain the stiffness matrix of the prismatic finite element, a nonlinear mixed
functional was used, as a result of the minimization of which two systems of algebraic equations with respect to nodal unknowns
were obtained. As a result of solving these systems, the stiffness matrix of the finite element was determined, using which the
stiffness matrix of the analysed structure was formed. After determining the displacements at a load step, the values of the nodal
stress increments were determined. A specific example shows the agreement of the calculation results using the two versions of the
constitutive equations of elasto-plastic deformation.
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AnHOTanus. J[J1s1 yIpyromiacTHYecKoro pacyera KOHCTPYKITHIL Ha IIare Harpy>KeHH ITOyYeH CMEIIaHHBII KOHEUHBII SJIEMEHT B
(opme IpU3MBI C TPEYTOJIBHBIMU OCHOBAHHSMH. B KauecTBe y3/I0BbIX HEM3BECTHBIX MPHUHSITHI NPUpAILeHus AehopMaLiil 1 MpH-
paleHust HarpspkeHuit. VICKoMble BEIMYMHBI AlPOKCHMHUPOBAIMCH C HCIOJIb30BAaHUEM JHMHEHHbIX (yHKkumil. s onmcanus
YIPYTOMIaCTHYECKOro Je(h)OpMUPOBAHHUS HCIIONIB30BAIMCH 1Ba BapHaHTa (hM3HMUECKNX ypaBHEHHUil. B nepBoMm BapuaHTe HpUMEHs-
JIMCh OIPENEIIIOINE YPAaBHEHNSI TCOPUH IUIACTUYECKOrO TeueHus. Bo BTOpoM BapuaHTe (M3MYSCKUE YPAaBHEHHMS IOJIYUYCHBI Ha
OCHOBE THUIIOTE3bl O MIPONOPLHUOHATBLHOCTY KOMIIOHEHT JEBUATOPOB IpHpalieHuil nedopManuii KOMIOHEHTaM J1€BHATOPOB MPHU-
pamieHui HampspkeHHH. JIs MOTydeHUsT MaTPHIBI )KECTKOCTH IPH3MATHYECKOr0 KOHEYHOTO 3JIEMEHTAa HCIONB30BAJICs HEIH-
HEWHBI CMEeIMIaHHBIH (pyHKIMOHAN, B pe3yNbTaTe MHUHUMH3AINHA KOTOPOTO IOJNyYEHBI IBE CHCTEMBI are0panvecKux ypaBHe-
HUIl OTHOCHTEIIBHO y3JI0BBIX HEH3BECTHBIX. B pe3yibrare pelieHust 3THX CHCTEM ONpejelieHa MaTPHIA KECTKOCTH KOHEYHOTO
3JIEMEHTa, C UCIIOJIb30BAaHUEM KOTOPOi (POpMHUPOBANIACH MATPHILA JKECTKOCTH PACCUUTHIBAEMOH cTpyKTYpbl. Ilocie onpenenenus
HepeMelIeHUH Ha IIare Harpy)KeHHs ONpe/eNICHbI 3HAUCHHMS! Y3JI0OBbIX BEJIMUMH HMPHpALIeHni HanpshkeHuid. Ha KoHKkpeTHOM mpu-
Mepe MOKa3aHO COBHAJEHUE PE3yJbTaTOB pacyeTa ¢ MUCIOJIb30BAaHUEM BApPUAHTOB ONpPECIAIONINX YPaBHEHUH YIpPyromiacTuye-
CKOro 1e(OopMHUPOBAHUSL.

KnroueBble ciioBa: ynpyras aedopmanus, Iiactuueckas aedopmanus, CMEIIaHHbl (yHKIMOHA, CMEIIaHHbI KOHEUHBIH 3J1e-
MEHT, OIIPEAEIAIOIINE yPABHEHHUS, TEOPUS TEUCHUS

3asiBiieHHe 0 KOH(DJINKTE HHTEPECOB. ABTOPHI 3asBISIIOT 00 OTCYTCTBUH KOH(MDIINKTA HHTEPECOB.
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1. Introduction

When real structures are loaded, stress concentration zones always appear, in which local stresses
exceed the yield strength of the material and the physical relationships between stress and strain are
nonlinear. Analysis of the stress-strain state of structures in the zones of elasto-plastic deformation of the
material is an important engineering problem. The solution of such problems is performed using numerical
methods for determining design values. Among numerical methods for determining the strength parameters
of structures, the finite element method (FEM) in various formulations has become widespread. The dis-
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placement-based FEM has been widely used to analyze elasto-plastic deformation of structures [1-4].
In this formulation, the FEM was used in the analysis of thermoplastic and contact problems of continuum
mechanics [5-9]. The finite element method has also been used in cases of finite strains in elasto-plastic
deformation of bodies of various configurations [10—13].

Elasto-plastic deformation processes of plates and shells have also been investigated using the mixed
FEM [14-18].

In this paper, a prismatic finite element in mixed formulation is developed, with strains and stresses as
the nodal unknowns. A nonlinear mixed functional was used to obtain the stiffness matrix of the finite
element. As physical equations, two versions of the constitutive equations of the theory of plastic flow were
used. In the second version of the physical equations, the relations between the strain increments and stress
increments obtained based on the hypothesis of proportionality of the components of the incremental strain
deviator and the components of the incremental stress deviator were used.

2. Methods

2.1. Linear Geometric Relationships at a Load Step

In Cartesian coordinate system x, y, z the components of the incremental strain tensor Ag; are related

to the displacement increments Au; by relationships'

1 )
Aej; :5<Auij+AUij);(l,]= 1,2,3), "
or in matrix form
{ae}=[L]{Mv], o
6x1  6x3 3x1

where {Ae}! ={Ae|| Aey, Aeyy 2A€1, 2A€ 3 2Ae03} is the row of strain increments; {AvY = {Au; Auy Aus }
1x6 1x3

is the row of displacement increments; [L] is the matrix of differential operators.
6x3

2.2. Physical Equations at a Load Step
2.2.1. Physical Equations of Plastic Flow Theory

In the theory of plastic flow, it is assumed that the total strain increments are equal to the sum of elastic

strain increments Aafj and plastic strain increments Aa{-j’. .

The increments of elastic strain are determined by the relations of the Hooke’s law'

Ae}; =—(Aoy, —VAG,, —VAG;);

by | —

Ag5, =—(Acy, —VAG,| —VAGS;);

by | —

1
Aes; = E(A%s —VAcy —VAcy, );

21+ 21+
2A¢7, =%A012; 2A¢;, =%Acl3; 2Ag5, =

Ao, 3)

where E is the elastic modulus of the material in tension; v is the Poisson’s ratio.

! Demidov S.P. Theory of Elasticity. Moscow: Vysshaya Shkola Publ.; 1979. (In Russ.)
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To determine the plastic strain increments, the flow theory uses the hypothesis of proportionality of the
components of the incremental plastic strain tensor to the components of the total stress deviator, occurring
before the considered load step. According to this hypothesis,

aef =55 (o, —3y0,), 4)

jre
i

. . . . 1 .
where o, is the stress intensity; 6; is the Kronecker delta symbol; o, =§(011 +0,, +054;) is the first

invariant of the stress tensor.
The value of the plastic strain intensity increment included in (4) is determined by the expression [19]
Ac; Ao,

Ac? = Ae,— Act = —1 - 00 (5)
E E

X H

where Ag; is the strain intensity increment; Aeg- is the elastic strain intensity increment; E, is the chord

modulus of the stress-strain diagram; £, is the modulus of the initial region of the stress-strain diagram;
Ao, is the stress intensity increment.
Considering (5), relationships (4) can be expressed as

1 1)1

Ae? =A6,| ——— |— -3 . 6
8”1,, GI(EC EO]Gl (G”’H‘I n“’IGC) ( )

In order to express Ae? . according to (6) by stress increment functions AG;;, Ac; needs to be written

ij >
in such general form

Ao, = do, Ao, , (7)
dc

mn

1 2 2 2 12
where o, :_[(511 —0y) (0 —033) +(05 W) +6(5122 +0o13 +5§3)}

N

By summing (3) and (6) and taking into account (7), the matrix relationship of the constitutive
equations of the flow theory is formed
{ae}={c’ Ao}, (8)
6x1 6x6 6x1

where {AS}T = {ASU A822 A833 2A812 2A813 2A823};{A6}T = {AG“AGzz A(533 AGlz A(513 A(st}.
1x6 1x6

2.2.2. Version of Physical Equations without Separation
of Strain Increments into Elastic and Plastic Parts

The hypothesis of proportionality of the components of the incremental strain deviator to the
components of the incremental stress deviator was used in obtaining the constitutive equations of the
specified version, leading to the following relations

3 Ag,
Agmn _amnAgc =3 & (Acmn _5mnAGc)’ (9)
2 Ac;
where£=i' Ae =1(Ae +Agy, +Aey3); A =1(A0 +AG,; +AGy3)
AGI’ Ex ’ c 3 11 22 33/> c 3 11 22 33/
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Using the condition of incompressibility under plastic deformation assumed in the theory of plastic
flow, according to which the following relation holds

_1-2v

Ae, Z

Ac, (10)

constitutive equations (9) can be expressed in matrix form

{ae}= |cf fiac}. (1)
6x1 6x6 6x1

3. Stiffness Matrix of Prismatic Finite Element

A prism with triangular bases is taken as the finite element. Nodal unknowns are displacement
increments and stress increments. For integration over the finite element volume, rectangular prism is
assumed, the height of which is determined by coordinate —1<{ <1, and the bases are right triangles with

coordinates 0 <&, n<1.

Approximation of Cartesian coordinates x; of displacement increments Av; and stress increments
Ac; is performed in terms of the corresponding nodal quantities by linear functions

r=fimemm SRSt s e e B e ) 02

where {k y}T = {Xi A NN N AP } is the row of nodal values of A; symbol A denotes the values of
Ix6
Xi, AV,’ B AGU .
On the basis of (12), the necessary approximating expressions are written in matrix form

{av)=[4)av,}: {ag} =[] [4] {av,} =[B] {av,}: {ac} =[s]{Ac,]. (13)

3x1 3X18  18x1 6x1 6x3  3x18 18x1 6x18 18x1 6x1 6x36  36x1

where

{Avy}T = {AvliAvlevlkAvlmAvlnAvlp...v3iAv3jAv3kAv3mAv3nAv3p };
1x18

i i i i i i
a0,V = {Ac) Ach,AGk;A61 A Ach; .. AGT|AGL,AGE AT, AT, AGE, ).
1x36

To form the stiffness matrix of the prismatic finite element, a mixed functional for the considered load
step is used [16]

=]t} + St [}y L f{so}[6¢ ] {so}ar -

VL 1x6 6x3  3x1 2V 1x6 6x6 ox1

-l {a)+ Haahfos: (u=12), (14)

s Ix3 3x1 2 3x1

where {Ag}{g} is the load applied at the considered load step and before the considered step; V is the
volume of the finite element; S is the area of load application.
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Taking into account approximating relations (13), functional (14) will be expressed as

={an )" [[8] {o}ar +{ac )" [[s] [8lav {av,}-

Ix36  y 36x6 o 1x36 y 36x6  6x18 18x1
—{ac Y [[sT[G2]Is]ar{ac,} —~{av ) [[4] {aq}ds{av} [[4] {ghds.  15)
2 1x36 y36x6  6x6 6x36 36x1 2 Ix18 s 18x3 3x1 118 s 183 3x1

As a result of minimization of functional (15) with respect to nodal unknowns, two systems of
equations are obtained

oD
P — A —|HRA :0’ 16
a{AGy}T ggll{ 1‘;11} E6x3!{ 321V} (16)
oD r
iy G e a7

where [0] =] [s]” [Blav; [m]=([[S]'[G1] [S]av: |ar,)=] [4]" {ag}as:
36x18 p36x6 6x18 36x36  p36x6  gx6  6x36 181 S18x3  3x1

[R] = [ [4]" {4}as [ [B]" {c}dV is the Raphson residual error.
18x1  ¢I8x3 3x1 y18x6  6x1

From system of equations (16), the column of stress increments is determined in terms of displacement
increments

{ac,}=[H]"[0]{Av,]. (18)

36x1 36x36  36x18 181
Taking into account (18), the stiffness matrix of the finite element is determined from system (17)

[K){Av,}={Af }+{R]}, (19)

1818 181 18x1 18x1

where [K]= [0] " [1#] ™" [o] .

18x36 36x36 36xI18

Using (19), the stiffness matrix of the considered structure is formed, by solving which the
displacements of all nodes are determined.
The values of the stress increments are determined by equations (18).

4. Results and Discussion

4.1. Example of Analysis

The stress-strain state of a simply-supported beam (Figure 1) is considered given the following data:
[=200cm; A=10cm; b=1cm; P=13 kN.
The tensile and flexural stress-strain diagrams of the material are shown in Figures 2 and 3.

Physical and mechanical parameters are assumed to be the following: E=2- 10° MPa; v=03:;
o, =200 MPa; o, =300 MPa; ¢&.=0.001; ¢ =0.01; o,=200 MPa; o, =300 MPa; ¢, =§(1+v)sT =
=0.866667-107; g, =0.866667-107; W= bh*/6 = 1x10*/6 = 16.66667 cm’.
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Section 1-1

.-—b_—.c
Figure 1. Simply-supported beam
S ource: made by R.Z. Kiseleva
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Figure 2. Tensile stress-strain diagram Figure 3. Flexural stress-strain diagram
S ource: made by R.Z. Kiseleva S ource: made by R.Z. Kiseleva

The strain hardening curve is described by the equation
o, =ag’ +be, +c,
where a, b, ¢ are coefficients with the following numerical values:

a =—6612835.53 MPa; b =242231.48 MPa; ¢ =1795.033 MPa.

The model of the beam is presented in Figure 4 (N» = 40; N = 11 number of nodes along the beam
axis and along its height).

The results of calculation using the considered versions of the constitutive equations turned out to be
virtually identical.
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Figure 4. Finite element model of the beam
S ource: made by R.Z. Kiseleva
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According to the obtained values of normal stresses, the normal stress diagram in the beam cross-section,
which is located at distance /4 from the middle one, is plotted (Figure 5).
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Figure 5. Diagram of normal stress Oy in the beam section

S ource: made by R.Z. Kiseleva

Equations of statics *x=0 for the diagram in Figure 5 are satisfied with a discrepancy of

6 = 0.7%. The moment from external forces is equal to M, =§(é—h} = 6.5><(100—10) =585 kNxcm, and

the moment from the internal forces is equal to Mint = 597.4 kNxcm.
The equations of statics have a discrepancy of 6 = 0.5% in terms of the equality of moments from
external and internal forces.

5. Conclusion

Based on the obtained calculation results, it can be concluded:

1. The developed version of the constitutive equations without separation of strain increments into
elastic and plastic parts leads to the same results as when using the constitutive equations of the flow theory,
where the separation into elastic and plastic parts is adopted.

2. The use of the hypothesis of proportionality of the components of the incremental strain and
incremental stress deviators in the developed version of the constitutive equations allows to express the
stress increments immediately. In flow theory, the strain increments are first expressed in terms of the stress
intensity increments, and only after performing differentiation operations it is possible to obtain the required
constitutive equations.

The proposed version of the constitutive equations of the plasticity theory is more preferable for use in
the design practice of engineering structures.
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AnHoTanus. VccnenoBaHue yCTOMYMBOCTH CHUCTEM C KOHEYHBIM YHCJIOM CTENEHeHW CBOOOJbI MOA JEHCTBUEM ITHHAMUYECKUX
HArpy30K SIBJISICTCS. OJTHOM M3 BaXKHBIX MPOOJIEM CTPOUTEIBHON MeXaHUKU. TaKkue CUCTeMbl HAXOAAT MIMPOKOE IPUMEHEHHUE B Me-
XaHWYECKUX CHCTEMaX, UCIOJIb3YEMbIX B Pa3IMUHBIX 00JACTAX: CTPOUTEIbCTBE, MAIIMHOCTPOSHHUH, aBUACTPOCHHH, KOpabiecTpo-
CHUH, TPUOOPOCTpPOCHUH, OnoMexaHuke. [Ipu ceficMuUecKuX BO3ACHCTBUAX HEOOXOAUMO MTPOBEPATH HA JMHAMHUECKYIO YCTOWYH-
BOCTh 3JIEMEHTHI KOHCTPYKIMM 3/1aHus. Bomnpoc onpenenennss KpUTHUECKOTO COCTOSIHUS CHCTEM C KOHEYHBIM YMCIIOM CTEIeHeH
cBOOO/IBI TIPU JICHCTBUU TUHAMHUYECKUX HArpy30K peliaetcs B JaHHOW pabore. [IpeacraBneHa MeToauKa pacyera Ha AWHAMHYEC-
CKYI0 YCTOMYHMBOCTH CTE€P)KHEBBIX CHCTEM C OJHOW M JBYMsI CTETIEHSIMH CBOOOABI. PaccMOTpeHBI CTep)KHEBbIE CUCTEMBI C KOHEY-
HBIM YHCJIOM CTETeHEeH CBOOO/Ibl, Ha KOTOPBIC B MPOJOJIHHOM HAINPABJICHUH JIEHCTBYET AMHAMHYECKAs C)KUMAIOIIas Harpy3Ka.
B mapHupax crepKHH COeIMHEHbl MEXIY CO0O0H YNpYyruMH Ipy>XKHHaMH, KOTOPBIE MPOTHBOAEHCTBYIOT MOTEPE YCTOHYUBOCTH
cuctembl. [ pemeHns 3a1auu cocTaBieHbl 0OBIKHOBEHHBIC AU (epeHIMaIbHbIC YPABHEHUS, & UMCHHO COCTABIISICTCS ypaBHE-
HUE JUI CUCTEMBI C OJIHOM CTEIEHbI0 CBOOOABI U CUCTEMA JIByX YPaBHEHUH [UIsl TPEXCTEPKHEBOM CUCTEMBI (CHCTEMA C IByMs CTe-
neHssMu cBo0o/ibl). [lonyueHHbIE YpaBHEHUS MO3BOJISIIOT HCCIIENOBAaTh YCTOMYMBOCTh CHCTEMblI C KOHCYHBIM YHCIIOM CTETICHEH
cB0OOBI. J{71s1 peieHus 3a/1a4n UCIIONIb3YETC sl YUCICHHBIH MeTol. YUCIeHHOe MHTErPUPOBAaHNE YPAaBHEHUH BBIITOJHEHO METOJJOM
Pynre — Kytra. Ilo pe3ynpTaTaM pacdeToB NOCTPOEHBI Ipa(UKu 3aBUCUMOCTH OTKJIOHEHUS CTEPKHEBBIX CHCTEM OT JeHCTBYIO-
el TMHAMUYECKOW Harpy3ku. Mi3MeHeHHe «BpeMEeHH f1» MOKa3bIBACT BEIMUYMHY HUHAMUYECKOTO K03 uirenta k. HMccnenosa-
HO BIIMSIHAE HAa KPUTEPUU INMHAMUYECKOH YCTOHYMBOCTH CTEPKHEBOM CUCTEMBI C OJHOM U JAIBYMSI CTEIICHSIMH CBOOO/IbI, TapaMeTpa
CKOPOCTH U3MEHEHHUS CKIMAIOIIEH Harpy3KH, HAYaJIbHOTO HECOBEPIIICHCTBRA.

KuaioueBble clIoBa: YCTOWYHBOCTD, CTEPIKHEBAS CHCTEMA, COKUMAIOIIAs HArPYy3Ka
3asiBiieHHe 0 KOH(DJIUKTE HHTEPECOB. ABTOPHI 3aSsBISIIOT 00 OTCYTCTBUH KOH(DJINKTA HHTEPECOB.
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Abstract. The study of the stability of systems with a finite number of degrees of freedom under the influence of dynamic loads is
an important problem of structural mechanics. Such systems are widely used in mechanical systems in various fields: construction,
mechanical engineering, aircraft construction, shipbuilding, instrument engineering, and biomechanics. In case of seismic impacts,
it is necessary to check the building’s structural elements for dynamic stability. The issue of determining the critical state of
systems with a finite number of degrees of freedom under dynamic loads is solved in this paper. The article presents a method for
analyzing the dynamic stability of bar systems with one and two degrees of freedom. Bar systems with a finite number of degrees
of freedom, which are subjected to a dynamic compressive load in the longitudinal direction, are considered. In the hinges, the bars
are connected by elastic springs that counteract the instability of the system. To solve the problem, ordinary differential equations
are composed. One equation is composed for a single-degree-of-freedom system and a system of two equations for a three-bar
system (a two-degree-of-freedom system). The obtained equations allow to study the stability of a system with a finite number of
degrees of freedom. Numerical method is used to solve the problem. Numerical integration of the equations is performed by the
Runge — Kutta method. Based on the calculation results, graphs of the relationships between the deflection of the bar systems and
the acting dynamic load are constructed. The change in the “# time” shows the value of the dynamic coefficient k4. The influence
of the parameter of the rate of change of the compressive load and the initial imperfection on the criteria of dynamic stability of
bar systems with one and two degrees of freedom is investigated.
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1. Beeaenue

Kak cucrteMy ¢ KOHEUHBIM YHCIIOM CTETEHeH CBOOOIbI MOKHO paccMaTpUBaTh MEXaHHUYECKYIO CTEPXK-
HEBYIO0 CUCTEMY, €CIIH KECTKOCTb CTEP:KHEH 3HAYUTEIbHO IIPEBBIIIAET JKECTKOCTh YIPYrux omnop. Poib
YIPYTUX NPY>KUH MOTYT BBINOJIHATh Pa3IMYHbIE CTEP’KHEBBIE CUCTEMBI (OalIku, pambl, epMbl Kak cTaTude-
CKH OIpE/IeNUMbIE, TaK M CTaTUYECKH HEOINPEJEIHMBbIE), UMEIOLINE KOHEUHYIO KecTKOCTh. [Ipy Hamuuun
OOJIBIION CKOPOCTH Harpy>KE€HUs 3JIEMEHTBl CTEPKHS HE YCIEBAIOT IEPEMECTHTHCS B HAIIPABICHUU, IEep-
NEHAMKYJISIPHOM K OCU CTepxkHs. Ha oCHOBaHMM 3TOro CKMMAOIIEe YCUINE MOXKET JOCTUTHYTh KpUTHYE-
CKOM BEJIMYMHBI U JaKe NPEBBICUTH €€ B HECKOJIBKO Pa3, paHblIe, YeM OTKIOHEHHs JOCTHTHYT 3aMETHBIX
BenuuMH. [lox nelicTBMEM AMHAMHMUYECKHX HArpy30K paccMaTpUBallaChb yCTOWYMBOCTH IUIACTHHYATHIX CH-
crem B [1-3]. Ilpu nelicTBUM MPONOJIBHOM HAarpy3KH Ha CTEPKHEBYIO CHCTEMY C IIPOMEXYTOUYHBIMU YIIPY-
I'MMHU OIIOpPaMH BO3HMKAaeT 3aJaya yCTOWYMBOCTH CHUCTEM C KOHEUHBIM UYHCIIOM CTEIeHEH cBOOOIbI, a MpH
JEMCTBUU HAarpy3Ku OBICTPO M3MEHSIOIIEHCS BO BPEMEHH CTABUTCS 3a/1a4a JMHAMUUYECKOW YCTOWYMBOCTH.
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VY cTOHYMBOCTh T€OMETPHUECKU U (DU3HMUECKH HETMHEHHBIX IIMIMHIPHUECKUX 000JI0UeK MPH JIeHCTBUM
JIOKaJIbHBIX MONEPEYHBIX JUHAMUYECKUX Harpy30K pa3JIM4HbIX THUIIOB ObLIa MccienoBaHa B [4—7]. Ycroii-
YUBOCTH CTEPKHEBBIX CUCTEM paccMmarpuBainachk B [8§—12]. B [13] uznoxkeHsl pe3yabTaThl YUCICHHOTO aHa-
Ju3a JUHAMHUYECKOH MOTepU yCTOMUMBOCTH HEJIMHEHHO-IE(POPMUPYEMBIX CETYATHIX IUIACTUH U3 KOMIIO3H-
LHUOHHOTO Marepuasna. CTaTuueckas U JMHaMU4ecKas yCTOMYMBOCTh IUIACTUH paccMmarpusanack B [14-17].
BomnpocaM TuHaMH4YECKOH M CTaTHYECKOH YCTOHYMBOCTU CTEp)KHEH, IUTACTUH U 000JI04€eK MOCBAIIEHBI pa-
00TbI HHOCTpaHHBIX aBTOPOB [18-23]. IloBeneHne cxKaThIX CTEPKHEBBIX CUCTEM C KOHEYHBIM YHCIIOM CTe-
MeHel MpU BHE3AITHOM HarpyXeHun paccMarpuBaiioch A.B. Anekcanaposbiv, B./1. [Totanoseim, B.B. 3pute-
BeiM'. JlasbHelimas pa3paboTka METOMKH PacdeTa Ha JMHAMUYECKYIO yCTOMYMBOCTh CTEPIKHEBBIX CHCTEM
C KOHEYHBIM YHCIIOM CTENIEHEH CBOOOIbI SBISIETCS aKTyaIbHOM 3a/1a4ueid.

L]env uccneoosanus — pa3paboTKa METOAMKH pacyeTa Ha JUHAMUYECKYH0 YCTOMYHMBOCTb CTEPKHEBBIX
CHCTEM C KOHEUHBIM YUCIIOM CTETEHEH CBOOOBI.

2. IlocTaHOBKA 3a1a4YH

1. PaccMOTpUM U3BECTHYIO CTAaTHMUYECKYIO 3a/1auy YCTOWYMBOCTH CTEP’KHEBOM CHCTEMBI C OJJHOW CTe-
MeHBI0 CBOOOIBI (puUC. 1) pu 1eHCTBUU MPOJOIBHON cTaTndeckor cuiiel P(¢) = P. JlaHHyt0 3a1a4y MOXHO
PELIUTh TPEMS CIIOCOOAMU: CTaTHUECKUM, YHEPTETHUECKUM U TUHAMHYECKHIM.

Cratudeckasi BeIMYMHA KPUTHUECKOMN CHIIbI COCTABIISIET

Pkpzr/l, (1)

r7ie ¥ — JKECTKOCTh OIOPHOM MPYKHHBI, XapaKTEpPU3yeT BETUYMHY MOMEHTA, BOSHUKAIOIIETO B OCHOBAaHUHU
IIPH [TIOBOPOTE OMOPHOI0O ceueHus () Ha €NHULLY.

iQV P(1)

Puc. 1. Cxema ieiicTBUS HATPY3KH HA CUCTEMY C OJTHOW CTEHEHBIO CBOOOIBI
W ¢ 1o uHnuk: BemoiHeHo C.I1. MBanoBeiM, O.I'. IBaHOBBEIM

Figure 1. Load diagram of the system with one degree of freedom
S our ce: made by S.P. Ivanov, O.G. Ivanov

PaccmoTpum nuHamuueckoe Harpy»keHue IpoojbHON cuinoil P(f), 3aBucsel oT BpeMeHH ¢ (puc. 1).
Bo3morHOe IBHKEHHE CUCTEMbI XapaKTepU3yeTCsl TIOBOPOTOM CTEPKHS OTHOCHTEIBHO OMOPHOM Touku 0.
Henuneitnoe nuddepennnansnoe ypaBHEHUE TBUKEHUS UIMEET BUT

d*0 :
]W = P(¢)! sin® —rB + Ql cosH, (2)

! Anexcanopos A.B., Ilomanos B.J[., 3vinee B.b. CtpoutenbHas MexaHuka : B 2 k. K. 2 : JldHAMHKa U yCTOWYHUBOCTh yIIpYy-
TUX cHcTeM: yued. mocobue ais By30B. Mocksa : Beicmas mikona, 2008. 384 c.
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rje © — yrona nHoBopoTa CTepkHs, I = ml’/3 — MOMEHT MHEPLMH MACCHI 711 CTEPIKHS OTHOCHTEIBHO OIOp-
HOM Touku 0, Q — Manas BeJMYMHA MOTEPEUHON HArpy3Ku, MPUJIOKEHHOW K BEpXHEH TOUKE CTEPKHS s
ydeTa HadyaJbHOTO HECOBEPIICHCTBA.

Cxumaromias Harpy3Ka 3aBUCUT OT BPEMEHH ¢ B ClIeAyIomIel popme:

Pt) = kt, 3)

rne k uamepsercs B kH/c, xapakTepusyeT CKOpOCTh H3MEHEHHS CKIUMAIOIIEH Harpy3KH.
BBenem HOBBIN MapaMeTp BpeMEHU

p PO _ K

1
Py, Py

4)

3armmmem ypaBHeHue (1) yepe3 HOBBIM mapameTp (4), UCTOIB3Yys MPABUIO 3aMEHBI TIEPEMEHHBIX B
G depeHINaTbHBIX BBIPAKESHUSIX

1 .d*0 :

——=(4sin6- 0) + gcose, (%)

S, dt Fe

rac St — BCJIMYNHA, YIUTBIBAIOIIas CKOPOCTb U3MCHCHHA C}KI/IMaIOH_ICﬁ Harpy3Ku U paBHas

P3l 3 3
Sl MR SR T (6)
k> 1I’k*  mlPk?

1

S1 06paTHO MPOMOPIMOHANBHA BEIHYUHE k2.

2. IlepeiineM K paCCMOTPEHUIO CUCTEMBI C IByMs CTEHEHAMH cBOOObI (puc. 2). M3 pemenus cratuye-
CKOM 3aJjauu IOJTy4aeM JBa 3HA4CHUs KPUTUYECKOH cuibl. MuHMManbHas BelnuduHa Pxp = 7// U COOTBET-
CTBYET CUMMETPHUYHON (hopMe NOTEPU YCTOWIUBOCTH.

B v 01(2) — 02(1)
Os=——_
-7 F====00

PG WA WP T~ PO
ey < c DS
01=0 =0 *)‘ .
/ / ! }“

Puc. 2. Cxema neiicTBus Harpy3KH HA CHCTEMY C JBYMsI CTEIIEHBIO CBOOO/TBI
W c 1o uHnuk: BemoiHeHo C.I1. MBanoBeiM, O.I'. IBaHOBBEIM

Figure 2. Load diagram of the system with two degrees of freedom
S our ce: made by S.P. Ivanov, O.G. Ivanov

Ha cucremy neiictByet npomonbHas nuHamudeckast cuna P(f). CocTaBUM BO3MOXKHBIE JBIKEHUS CH-
CTEMBbI, XapaKkTepu3yemble MoBOpoToM 01, 02 crepkHell oTHocuTenbHO OonopHbIX Touek A u D. Cpennee
3BeHO BC coBepIiaeT JBMKEHHE IOBOPOTHOE U MOCTyNaTeIbHOe. MOMEHTBI HHEpUMHU / Macc KpallHUX 3Be-
HbEB U Jo MacChl CPETHETO 3BEHA BBIPAXKAIOTCSA 10 CIIEAYIOMINUM (OopMyIaM:

3 1/2 ml3
, I,= .[ mx’dx = . (7
-1/2 12

ml

I = jmxzdx =
0
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3anuieM ypaBHEHHs JBUKEHUS CTEPKHEBOW CUCTEMBI C Y4ETOM I€OMETPUUECKON HETMHEHHOCTH:

d*e, . d%e, . .
4] " +1 " =—[5r0, —2P(t)Isin6, ]| +[4r0, — P(¢)Isin6, |+ Olcosh,,
t t
d*e, d*o, . .
1 p +41 7 =[4r 0, — P(¢)Isin0,] —[5r0, —2P(¢)sin6, |+ Ol cosH,, ®)
t t

3J1eCh 7 — KECTKOCTH MPY>KUH, NeicTBytomue B mapuupax B u C; P(f) — nuHamuueckas Harpyska omnpe-
nensercs o popmye (3).

[Monenus nepBoe u Bropoe ypaBHeHus (8) Ha Pxp ¥ BBOJAS HOBBIM MapaMeTp BpeMeHH 71 1o (opmyIe
(4), moJy4uM CIEIYIOIIYI0 CUCTEMY HETUHEHHBIX U depeHlInaIbHbIX YPaBHEHUH]:

1 d?e, . : 0

— =(3¢,sin®, — 86, )+ (70, —2¢,sin0, )+ —cosH,,

s, dtlz (34 1 1)+(76, 1 2) P, 1
2

149, =(76, —2¢t,sin0, )0, +(3¢,sin6, —86,) +£c039 , 9)

S > 1 1 1)Y% 1 2 2 P 2

2 dtl Kp

rae

6P> 3

S, =2 = Y (10)

T Smik> smik

HauvanpHOoe HECOBEPIICHCTBO YUYUTHIBAIOCH MAJIBIMU BEIMYMHAMHE MOTMEPEeYHbIX HArpy30k Q° = Q/Pxyp,
MPUKJIaJbIBa€MbIX K apHupam B u C.

3. IIpumepsI peanu3anuu 3aaa4

1. IuddepennnansHoe ypaBHeHHUE (5) peann30BbIBaIOCh YUCIEHHBIM MeTosioM Pynre — Kytra. [lo pe-
3yJlbTaTaM pacdera Ha puc. 3 mpecTaBieHbl IpadUKU W3MEHEHUs yria O oT M3MEHEHHs JTUHAMHYeCKOM
Harpy3ku t1=P(t)/Pxp.

[Ipoananusupyem pe3yibTaThl, IpeacTaBieHHbIe Ha puC. 3. U3 cpaBHeHus rpadukoB / U 2 BUIHO, 4TO
IpHU OJIMHAKOBOM CKOpocTH m3MeHeHUs Harpysku Si= 0,1, Ho pasHoii Benmuunsel Q° = 0,01 u O* = 0,02
Oosee ObICTpBIN pocT yriia 6 Habmogaercs npu Oonbmeit Benmnuune O° = 0,02. C yBenTu4eHUEeM CKOPOCTH
U3MeHeHus AuHamudeckor Harpysku S1= 0,05 npu tex xe 3Hauenusx Q° = 0,02 u 0,01 kpubie 3 u 4 cMme-
naroTes npasee. Tak, mpu OTKIIOHEHUHU cTepkHs ¢ yraa 0 = 0,07 pan. HabmonaeTcss 04eHb OBICTPBIA POCT
KpuBbIX [/ U 2, 3 u 4. U3 rpadukos / u 2, 3 u 4 caenyer: npu 0 = 0,04 pan. BeJM4MHA ¢1 COCTABISAET COOT-
BETCTBEHHO J M 6; 7 U 8. DTO 3HAUUT, YTO MPHU YBEIUYEHUU CKOPOCTU JEHUCTBUS HArpy3KU yBEIUUYUBACTCS
BEJINYMHA AUHAMUYECKON Harpy3KH, KOTOpasi MPEBBIIIAET CTATHYECKYI0 KPUTHUECKYIO CHITy B HECKOJIBKO pas3.

2. Cucrema nudepeHanbHbIX ypaBHeHUH (8) HHTEerpupoBaiach YUCIEHHBIM MeToZioM. HauanbHoe
HECOBEPILIEHCTBO YUUTHIBAJIOCH HArpy3koil O = O/Pxp. Pe3ynbTaThl npencTaBiIeHsl Ha puc. 4.

PaccmarpuBas rpaduk /, BugHo, uto mpu S2 = 0,2 u Q* = 0,2 xpuBas / 3aBUCUMOCTH O — 1 pe3KO
HauMHAeT YXOAUTh BBEpX, HauuHas ¢ yria 0 = 1 pan, Benuunna #1 = 5. Kpussie 2 u 3 goctaToyHO OJIM3KO
OPOXOJIAT APYT OT Apyra. [Ipu oquHakoBeix ckopoctsix S2 = 0,1, Ho pa3ubix BennuuH O = 0,2 u 0,3 y rpa-
¢uka 2 HaunmHaercs O6ojee ObICTpBINA pocT yraa O mpu f1 = 6. [lpunumas 3a kputepuit 6 = 1, y Bcex Kpu-
BbIX /—4 HaOMI0qaeTCs aCUMITOTHYECKUNA POCT yriia 0, COOTBETCTBEHHO MMeeM 3HaueHus 1 = 5; 5,93; 6,5;
7,42. DTO 3HAUUT, YTO MPH ITUX 3HAUYCHUAX KPUBbIE HAUMHAIOT PE3KO YXOAUTh BBepX. Tak, mpu f1 = 6 Benu-
yuHa yria 0 = 2,2 pan. (mpoaorKeHne KpuBou /).
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Puc. 3. I'paduku 3aBucumocTy yria 6 ot mapamerpa BPEMEHH ¢ ISl CHCTEMBI ¢ OTHON CTETIEHBIO CBOOOIBI:
1 — nipu 3uavenusix S;= 0,1 u Q"= 0,02; 2 — npu 3uavenusx S;= 0,1 u Q"= 0,01;
3 — mpu 3nadenusix Sy = 0,05 u Q"= 0,02; 4 — npu 3Havennsix S;= 0,05 u Q"= 0,01
W c 1o unuk: BemonHeno C.I1. Banoseim, O.I". iBaHOBEIM, A.C. HBaHOBOM

Figure 3. Graphs of the relationship between the angle £ and the time parameter #1 for a system with one degree of freedom
1 — for values S;=0.1 and Q"= 0.02; 2 — for values S,= 0.1 and Q"= 0.01;
3 — for values S;=0.05 and Q"= 0.02; 4 — for values S, =0.05=0.01 and 0= 0.01
S ource: made by S.P. Ivanov, O.G. Ivanov, A.S. Ivanova
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Puc. 4. I'paduku 3aBucHMOCTH YII0B O OT HapaMeTpa BpEeMEHH ?1:
1 — nipu 3Havennsix S, = 0,2 u Q= 0,2; 2 — npu 3uavenusx S, = 0,1 u Q"= 0,3;
3 — npu 3HavyeHusx S>= 0,1 u 0*=0,2; 4 — npu 3Hauennsx S,= 0,1 u 0*=0,1
M c 1o uwu uk: BemoaHeno C.I1. UBanoseiM, O.I". BanoBbIM, A.C. IBaHOBO

N
\\\\\\A\
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(9]

Figure 4. Graphs of the relationships between the angles 6 and the time parameter #:
1 — at values S, = 0.2 and Q"= 0.2; 2 — at values S,= 0.1 and 0*=0.3;
3 — atvalues S,=0.1 and Q"= 0.2; 4 — at values $,=0.1 and Q"= 0.1
S ource: made by S.P. Ivanov, O.G. Ivanov, A.S. Ivanova
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Ha puc. 5 mocrpoens! rpaduku / u 2 npu JEHCTBUN CXKUMAIOIIe Harpy3ku P(f) COOTBETCTBEHHO Ha
CHUCTEMY C OJHOW W IByMS CTETICHSIMH CBOOOBI IpH OAMHAKOBBIX BenmmuuHax S = 0,1 u O = 0,1. U3 cpas-
HeHHs TpagukoB / U 2 BUAHO, YTO MPU OJMHAKOBBIX JAHHBIX YTOJI O HAUYMHAET OBICTpEEe PacTu B CUCTEME
C OJIHOM cTerneHbto cBoOObI. Tak, mpu O = 1 pax. Benmuuuna t1 = 5 (kpuBast /) u t1 = 7 (kpuBas 2). CooTHO-
[ICHHE MEXIY MapaMeTpaMH, YUYWUTHIBAIOIIUMU CKOPOCTh M3MEHEHHS CKUMAIOIIEH Harpys3Kd, COCTaBIISET
Si/S2 = 2,5. Tlapametp k>, U1 00enX CTEPKHEBBIX CHCTEM OyzeT oauHaKkoB npu S = 2,5-S». [IpunaTo cre-
nyroriee 0003HaUYeHHUE:

3

r
S=—.
ml’k*

(11

0-10,pan / rad
10

___.‘4/ t

Puc. 5. JluarpaMMsbl «yroJi HoBopota @ — BpeMmst #1» JUIsSl C)KATBIX CTEPKHEBBIX CUCTEM

C KOHEYHBIM YHCJIOM CTENEHeH CBOOO b IIPH JUHAMUYECKOM HarpyKeHUH
W ¢ 1o uHuk: Bemosadeno C.I1. MBanoseiM, O.I". iBanoBbiM, A.C. MBaHOBO#

Figure 5. “Rotation angle 8 — time #”” diagrams for compressed bar systems
with a finite number of degrees of freedom under dynamic loading
S ource: made by S.P. Ivanov, O.G. Ivanov, A.S. Ivanova

4. 3akrouenue

B pesynbrare mpoBeeHHOTO MCCIIENOBaHMS MOTy4YeHb! AU(GepeHIInaNIbHbIe YpaBHEHHS, OMUCHIBAIO-
1IMe 3aBUCUMOCTb O — #1 Ipu JMHAMUYECKOM HArpy>K€HUU JUIsl CTEP>)KHEBBIX CUCTEM C KOHEUHBIM YUCIIOM
cTerneHel cBOOOAbI: C OAHON U IBYMsI CTEIIEHSIMU CBOOO/IBI.

Crenyer OTMETUTH CIEIyIONIee:

1. Bo Bcex ciydasx MpH yBEJIMYEHUH CKOPOCTH HArpy>KEHHUsl B HECKOJIBKO pa3 YBEIMYMBAETCS JWHA-
MUYecKasi Harpy3ka 1Mo OTHOIICHHIO K CTaTUYECKOW KPUTHUECKOH CHJIe, YTO MOATBEPIKIAETCS pacyeTaMu,
BhInosHeHHBIME A.C. BoabMHpOM Ut crcTeM ¢ OECKOHEYHBIM YMCIIOM CTeNeHel cBoOoabl. Takoi BBIBOJ
MOJKHO CJ/IeTIaTh, TaK KaK CHCTEMY C OECKOHEYHBIM YHCIIOM CTeTeHel CBOOOIbI MOKHO 3aMEHUTH CHCTEMO
C KOHEYHBIM YHCJIOM CTENeHel CBOOOIBI.

3. Ilpu oIMHAKOBBIX CKOPOCTSX HArpy>KEHUS M OJUHAKOBOW BenuunHe O rpaduk 3aBUCUMOCTH O — £
HAXOJUTCS JIeBee IS CUCTEMBI C OJIHOM CTETNEHBI0 CBOOOJBI 10 CPABHEHHUIO C TPapHUKOM IJIsi CHCTEMBI C
JIByMsI CTETICHSIMU CBOOO/IBI.
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AnnoTtauus. Vccnenyercss BOIpOC MCIOIB30BaHUS aIPOKCHMUPYIOIUX (YHKIHMHA B 3a/a4aX pacyeTa TOHKOCTEHHBIX CTPOHU-
TEJIbHBIX KOHCTPYKIHMH M aHAIM3UPYIOTCS TPeOOBAaHMUS, KOTOPHIM OHH JOJDKHBI YAOBIETBOPATH. CopMynupoBaHo MmpaBuio,
MO3BOJISIIONIEE OTJIMYUTH IJIABHBIE KPAaeBbIe YCIOBUS OT €CTECTBEHHBIX. [IoKka3aHO, YTO anmpoKCUMHUpPYIOUIHE (QYHKINHU TOJDKHBI
YAOBJICTBOPSTDH TJIABHBIM KPaeBbIM YCIIOBHSM, a €CTECTBEHHBIC KPAaeBbIC YCIOBUS BXOIAT B YPAaBHEHHS PaBHOBECHS M BBINOJIHS-
I0TCS aBTOMAaTHUECKHU TP PEIICHUU KpaeBoi 3afau. TOYHOCTh UX BBIIIOJHEHHUS 3aBHCUT OT TOYHOCTH PELICHUs CaMOM 3a1auH.
Ha npumMepe moka3aHo, K KaKUM OIIMOKaM MOKET NPHBOIHUTH MCIIOIb30BAHUE aNNPOKCHMHUPYIOMUX (GYHKIMH, YIOBIETBOPSIO-
MIMX 33JaHHBIM KPaeBbIM YCIOBHUSIM, HO HE yJIOBJIETBOPSIOIINX YCIOBUSAM HOJHOTEL. PaccMOTpeHBI HEKOTOPBIE CHCTEMBI (DYHKIIHH,
JUIsL KOTOPBIX JOKa3aHO YCJIOBHE IOJHOTHI B PHEPreTHYECKOM INpocTpaHCcTBe. Ha mpumepe OpTOroOHaJlbHBIX MHOT'OYJICHOB
Jlexxanapa OIpUBOAUTCA METOAMKA (POPMUPOBAHUS ANIIPOKCUMUPYIOIUX QYHKIUIL, yIOBIETBOPSIOIINX 3aJaHHBIM KPAeBbIM YCJIO-
BUSIM U YCJIOBHSM IIOJIHOTHI cHCTeMBbI GyHKIMH. [lokazaHa 3((EeKTHBHOCTH MCHONB30BAHUS MOIYYEHHBIX AllPOKCUMUPYIOLIHX
(hyHKIMH TIPH pelIeHUH KpaeBbIX 3a71au metosioM b. I'. [Nanepkuna.
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Abstract. The question of the use of approximating functions in the calculation of thin-walled building structures is investigated
and the requirements that they must satisfy are analyzed. A rule is formulated that allows one to distinguish between the principal
boundary conditions and natural ones. It is shown that the approximating functions must satisfy the principal boundary conditions,
while the natural boundary conditions are included in the equilibrium equations and are satisfied automatically when solving
a boundary value problem. The accuracy of their fulfillment depends on the accuracy of the solution of the problem itself.
An example shows what errors can result from the use of approximating functions that satisfy the specified boundary con-ditions,
but do not satisfy the completeness conditions. Some systems of functions for which the completeness condition in the energy
space has been proven are considered. Using the example of Legendre or-thogonal polynomials, a technique is given for forming
approximating functions that satisfy the specified boundary conditions and the com-pleteness conditions of a system of functions.
The efficiency of using the obtained approximating functions in solving boundary value prob-lems using the Galerkin method
is shown.

Keywords: approximation, Galerkin method, principal boundary conditions, natural boundary conditions, completeness of functions,
Legendre polynomials, convergence
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1. Beeaenue

Bapuanmonnsie metoasl Putma u B.I'. ['anepkuna (moimyaHanuTHYeCKUe METOJBI) HaXOIAT OOJIBIIOE
MpUMEHEHNe TIPH pacueTax TOHKOCTEHHBIX CTPOUTENbHBIX KOHCTPYKIMH (Oanka, rumTa, obonouka) [1-4].
[TpubmmkeHHOE peleHue sl STUX METOJIOB OepeTcs B BUAEC CyMMBI IIPOM3BEICHUI HEU3BECTHBIX YHCIO-
BBIX ITAPAaMETPOB U M3BECTHBIX AMMPOKCUMHUPYIOUINX (QYHKIUN. ANMPOKCUMHUPYIONUE (YHKIUHN JTOJIKHbI
YAOBJIETBOPSAThH TJIABHBIM KPAaeBbIM YCIOBUSAM. EcTecTBEHHBIE KpaeBbl€ YCIOBHS NPHU PEIICHUU 3aJa4vu
OyIyT yAOBJIETBOPATHCS aBTOMaTtudecku. OIHAKO €CIM anmpoOKCUMUPYIOIKE (QYHKIUU YyIOBIETBOPSIOT
€Ille U €CTECTBEHHBIM KPAEBBIM YCIIOBHSM, TO HPOLECC CXOAUMOCTH MPUOIMKEHHOTO PEIIeHUs] K TOYHOMY
yOBICTpSICTCS.

[To cpaBHeHMIO C METOIOM KOHEUYHBIX 37eMeHTOB (MKD) npumenenne BaprHallMOHHBIX METOJIOB MO3-
BOJISIET IS omnpeeneHus] pyHKIUN mepeMenieHnid oay4yaTh CUCTEMY alreOpandecknx ypaBHEHUH, mopsi-
JIOK KOTOPOI CpaBHUTENBHO Maji. A MHOIZA JJIs MOJIYYEHHs] JOCTaTOYHOW TOYHOCTHU JIOCTATOYHO B pas3io-
YKEHUHM UCKOMBIX (DYHKIUH 110 anmnpoKCUMHUPYIOMUM (QYyHKIUSAM OpaTh BCETO OJMH YJIEH.

VYcioBre moMTHOTHI CHCTEM aNlPOKCUMUPYIONINX (DYHKIIUN TapaHTHPYET CXOAMMOCTh MPUOIMKEHHOTO
pemeHusl K TOYHOMY, TIOTOMY NPHUMEHEHHE BapUAIlMOHHBIX METOAOB MOXKET OBITh HCIIOIB30BAHO IS
000CHOBaHUSI TOYHOCTH pelieHni, noayyeHHsIx MKD.

HaubGonee uwacto B KadecTBe ammpoOKCUMHPYIOMNUX (YHKIHH HMCIONb3YIOT TPUTOHOMETPHUECKHE
bysakmun [5-8]. OHM 001amal0T XOPOIIeH HATJITHOCTRIO0, HO ISl HETIEPHOIMYECKUX PEIICHUH 00J1aaaroT
XyJIuIend CXo0AUMOCTbBIO, UeM ajirebpandeckue QyHKIUH.

Vladimir V. Karpov, Doctor of Technical Sciences, Professor of the Department of Information Systems and Technologies, Saint Petersburg State
University of Architecture and Civil Engineering, 4, 2-nd Krasnoarmeiskaja St, St.Petersburg, 190005, Russian Federation; eLIBRARY SPIN-code: 7406~
9199, ORCID: 0000-0001-7911-4067; e-mail: vvkarpov@lan.spbgasu.ru
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Onucanuio pa3IMyHBIX AMIPOKCUMUPYIOMIMX (QYHKIUI IMOCBSIIEHO HECKOIBbKO MmyOnukaruii. CaMblii
MIOJIHBIN TepeueHb ammpOKCUMHUPYIOMUX (DYHKIMN, YIOBISTBOPSIONIMX CaMBIM Pa3HOOOpPa3HBIM KpPaeBBIM
ycioBusAM, aaetcs B pabote B.3. Binacosa [9]. B 40—50-x rr. nmpomuioro ctonetus: 60JbLIyI0 HOMYJISPHOCTh
IOpU pacdeTe TOHKOCTEHHBIX CTPOMTENBHBIX KOHCTPYKIMH IONYYWIM BapUallMOHHBIE METOABI: METOJ
b.I'. 'anepkuna, meton BnacoBa — KanToposuua, meton Putna.

[lepBoHauasbHO AJI IMIMHAPUYECKUX U Ipu3MaTHueckux obosodek B.3. BiacoB Ha ocHoBe mpume-
HeHUsT QYHKIMI TMONEepeYHBIX KoJiebaHmii 0aok pa3paboTai anmpoKCUMUPYIONTHe (GYHKIIMA JUTS pa3iInd-
HBIX BUJIOB TPAaHMYHBIX yCIOBUH.

OO0umil aHAIMTUYECKUI METO/ PelIeHUs KPAaeBbIX 3a4au [0 TEOPUM LUINHAPUUECKUX 000JI04eK OT-
KPBITOrO MO I OCHOBAH Ha MPUMEHEHUH K HHTErpUPOBaHUIO AU depeHIInaIbHbIX YpaBHEHUH 000104-
KM B YAaCTHBIX MTPOU3BOJHBIX (PYHIAMEHTAIbHBIX (PYHKINH MOMEPEUHBIX KoeOanui 6anku. Dtu GpyHKIUN
B MeTojie B.3. BiacoBa omnpenensorcs 1o rpaHUYHBIM YCIOBUSAM, 3a/laHHBIM Ha IONEPEUHBIX KPUBOJIMHEH-
HBIX KpasiX 000JI0YKH U JOJKHBI YIOBJIETBOPATH OAHOPOIHOMY MU PepeHIINATbHOMY YPAaBHEHUIO

o*X
-, X, =0,
Ja
rac
A = Rm,, ’

¥ OZHOPOJIHBIM TPAHUYHBIM yCIIOBHEM, 3aJaHHBIM Ha Kpasix o0 =0 u o =ou = 1/R.

O.Jl. OHMamBWIM PAcpOCTPAHUI IPUMEHEHNE BapUallMOHHOTO METO/1a Ha KJIACcC MOJIOTUX 000JI04eK
JIBOSIKOM KPUBU3HBI, YTO J1A€T BO3MOXHOCTh IMPUOIMKEHHOTIO PEIIeHHs CTATUYECKUX U TUHAMUYECKUX 3a-
Jlad TIpY IPOU3BOJIBHBIX TPAaHUYHBIX YCIOBUSX, 3alaHHBIX Ha KOHTYype [10]. PaccMaTpuBanucek ypaBHEeHUS B
CMeIaHHOoU Gopme.

Hckomble QyHKIMS HAMPSHKEHUH B CPEJMHHOM MOBEPXHOCTH 000704KH P(x, y) n (yHKuus mporuda
W(x,y) O.d. OnnamBuau ObUTH TPEACTaBICHBI B BHJIE CYMM IPOM3BEICHHS HEN3BECTHBIX YMCIIOBBIX Mapa-
METPOB M JIByX M3BECTHBIX (PYHKIHUH, OJHA U3 KOTOPBIX 3aBUCUT OT MEPEMEHHOM X, a BTOpasi 3aBUCHUT OT ).
W nna 3amanus 3tuxX QYHKIUE HCTIONB30BAIUCH JIMHEWHbIE KOMOMHAIMK (DyHIAMEHTANIbHBIX (PYHKIUN
HOTIEpPEYHbIX KosleOaHui OaKH, 3aBEJJOMO YAOBJIETBOPSIOIINX 3a/JaHHBIM IPAaHUYHBIM YCIIOBHUSM, IIPHUYEM
HE TOJIBKO IVIaBHBIM I'PAaHUYHBIM YCIIOBHSIM, HO U €CTECTBEHHBIM.

Hanomuum, uto sty Mmetonuky O.J]. OnnamBunn npeanarain B 1949 r. Dta Metouka pemieHus: Bapua-
IIMOHHBIX 33/1a4 C YCIEXOM NPUMEHSETCA U ceifdac, TOIbKO yKECTOUMIINCh TpeOOBaHUs, IPEAbIBIIEMbIE K
AnMpOKCUMUPYIOMUM GYHKIUAM. OHHU JTOJDKHBI yIOBJIETBOPSTDH €II€ M YCIOBHSIM MOJHOTHI B pacCMaTpH-
BAa€MOM 3HEPreTUYECKOM MPOCTPAHCTBE. ITO YCIOBUE FapaHTUPYET CXOJUMOCTb MIPUOIMKEHHOTIO PEIIEHUS
K TOYHOMY.

[Ton BapmanmonHsiM MeTozioM B padore O.J]. OHmamBuim mornMaercsi npuMmeHnerne merona b.I'. Ia-
JIepKUHA K YpaBHEHHUSM B CMELIaHHOH (opme.

Jnst paszHbIX (OpM 3aKperuieHHs KpaeB 000JIOUKH BBIIHCHIBAIOTCS (PyHIaMEHTaIbHbIe (PYHKIUH (CHUCTe-
MBI (pyHKIINH). Tak Kak MpUHUMAETCS

(I)(x’y) = ZZAmn(pmn 5

W(x’y) = ZZanWmn H

U, KpOME TOTO,
O =X, ()7, (¥);
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TO /I pa3IMYHbIX BUJIOB 3aKpeIieHus KpaeB 0007104k Haxoxares dyukuun X, (x),Y,, (»).x, (x),¥,, (»)

13 KOMOMHAINN (HyHIaMEHTAIBHBIX (QYHKITUI

Z, (o) = ¢ sin(A,0) + ¢, cos(A,0) + ¢ysh(h, o) + cych(h,0);

Zm (B) = Cl Sln(HmB) + C2 COS(HmB) + CSSh(““mB) + C4Ch(““mB)
9TI/I q)yHKL[I/II/I ABJIAKOTCA COOTBETCTBECHHBIMU pCH_ICHI/IﬂMI/I I[I/I(b(i)epeHHI/IaHBHBIX ypaBHeHI/Iﬁ

z, (0)=0,Z,();

Z, (B)=H,Z,(B)-

B sTux ypaBHEHMSX O U Un — HEKOTOpBIE MapaMeTphl, CBA3aHHBIC B 33/1a4€ O KOJICOAHUAX Oanku
C 4acCTOTOM COOCTBEHHBIX KosiebaHmit. [Ipon3BosbHEIE TOCTOSTHHBIE ¢ 1 C ONPENEeNSIFOTCS U3 YCIOBHMA OIH-
paHUs KOHIIOB MPOCTON OaKH.

C nauana 60-X TO0B MPOILJIOrO CTOJETUS MOABUIUCH OoJiee YeTKUE TpeOOBaHUs K allpOKCUMUPYIO-
M QyHKIMSM. OHU JTOJDKHBI YJIOBJIETBOPATH TJIABHBIM KPAeBbIM YCIIOBHUSIM, JII00as UX TOCIIEI0BATEIb-
HOCTb JIOJKHA OBITh JTMHEHHO HE3aBUCHMOM, U OHH JIOJDKHBI OBITh TIOJIHBI B PACCMaTPUBAEMOM SHEpreTHde-
CKOM MPOCTPAHCTBE.

[Tocnennee TpeboBanue obecrneunBaeT CXOJUMOCTb MPUOIMKEHHOTO pemeHus kK TouHoMy. K pabotam
ATOTO HalpaBlieHus: MOKHO oTHecTH padotel C.I'. Muxymna [11], H.W. Axuesepa [12], U.K. [layraBera
[13] u mp.

[TocTpoenunto anmpoKCUMHUPYIOMUX (YHKIHA MOCBSIIEHO Heckoibko myOmukanwmii (I'.P. Konepuuk u
B.B. Iletpos [14], B.H. ®unaros [15], B.Il. Uneun u B.B. Kapnos [16], II.A. bakycoB u A.A. CemeHnoB
[17] u 1p.).

B nannoii pabote Oyaer mokasaHo, K KaKMM OIIMOKaM MOXKET MPUBECTH HMCIIOJIb30BAHUE B Ka4eCTBE
ANMpPOKCUMUPYIOMUX (YHKINH, yIOBIETBOPSIOMNX KPAeBbIM YCJIOBHSAM, HO HE 00JaNaIOMINX yCIOBHEM
noaHOTHl. OCHOBOHM K€ JaHHOW IMyONHMKAalWU SBISIOTCS COCTAaBIICHHBIE M3 MHOTOWICHOB Jlexxanapa ar-
MpOKCUMHUpYIOLUE (QYHKIUU Ui Pa3IUYHbIX KPAEBBIX YCIOBUM, YAOBJIETBOPSIOINIMX BCEM TPEOOBAHUSM,
IPEIbSABISEMBIM K HUM.

2. Teopusi U1 MeTOBI

2.1. Ilozpewtnocmo, K KOMOpPOii NPUBOOUM UCHOTb30BAHUE
AnnPOKCUMUPYIOWUX PYHKUUTL, YOOETEeMEOPAIOUUX KPACCLIM YC10GUAM,
HO He 0071a0aruux yciosuem noIHomol

Tpuronomerpuueckre GyHKIIHH, UCTIONb3YEMbIe B CTPOUTEIBHON MEXaHUKE B KaueCTBE allllPOKCUMU-
pyromux QyHKIHHA, 00I1aJaI0T XOpOoIlel HarIsAHOCTIO, HO MOTYT HE YIOBIETBOPSAThH YCIOBHUSM MOJTHOTHI.

B kauecTBe mpumepa paccMOTpUM pacdeT OalKku JIIMHOW 4 M, JKECTKO 3aKpeIUIeHHOW Ha KOHIAX U
HaxoJdLIencs oA IeHCTBUEM PABHOMEPHO paclpeiesIEHHON Harpy3KH g.

VYpaBHeHHE paBHOBECHS TAaKOW OAJIKM MPUMET BH/T

EW? —g=o0. (1)

H3BecTHO TOUHOE PEeUICHUE 3ala4n

W(x) = 24(;_]()64 —8x° +16x2).
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Ucnonmesys meton b.I'. 'anepkuna, Haiimem npuOImkeHHOE penieHrne ypaBHeHUs (1) mpu KpaeBbIxX
YCIIOBUSX

w(0)=w’(0)=0, W(4)=W’'(4)=0. (2)
Annpoxcumupyromue GyHKIUN BO3bMEM B BUJIE
(4—x)*x; i=0,1,2,....
Taxas cucrema ¢yHKIui, Kak onvcana B padore C.I'. Muxinmna [11], siBisieTcs MOTHON B paccMaTpu-
BAaE€MOM IIPOCTPAHCTBE.
Bosbmem niepBoe mpuOmmKeHue
2 2
W(x)=W(4-x) x".

B cootBercTBum ¢ Metoniom B.I'. Tanepkuna nns onpenenenus Wi numeeM ypaBHEHUE

4

|~ 2 _8x’ +x*)dx =0,
I[24W gjj(mx 82" +x*)dr=0
0

q
orkyga W, =——.
Yy
Clie1oBaTeiIbHO,
q 4 3 2
W(x)= —8x” +16x7 ), 3
(¥)= g (¥ -85 +167) ®

YTO COBIIAJAET C TOYHBIM PEIIEHUEM
q
w(0)=w(4)=0, W(2)=0,666-—.

Haiinem BTOpYI0 npou3BoaHyto W(x), KoTopas BbIpa)kaeT M3rHOAIOMINN MOMEHT B Oajike U SIBIISETCS
BakHOU xapakrepuctukoi ee H/IC:

” _ 9 2
w (x)—ﬁ(lbc —48x+72). (4)
Tenepp
» » q ” q
w(0)=w"(4)=3-—L, w"(2)=—L. 5
(0)=w"(4)=3— (2)=—- (5)

B CTpOHTCJII;HOﬁ MEXaHUKC I pacdeTa IIUT U 000JI0YEK YacTo HCHOJIB3YIOTCA B KaUCCTBE allIIPOK-

CUMUPYIOUIMX (YHKIUH TPUTOHOMETpHUYECKHEe (QYHKIUH. Tak, MpHU >KECTKO 3aKPEIUIEHHBIX KOHIAX IpHU
x =0, x =4 ucnonb3yrorcs GyHKIUU

sin’ —(2i—1)nx'
4

OTH annpoKCUMUpYIONIHe PyHKIUNA HE 00aNal0T YCIOBHEM IOJHOTHI, HO yJIOBJIETBOPSIIOT KPAeBbIM
yCIOBUSIM (2).

142 ANALYSIS OF THIN ELASTIC SHELLS



Kapnos B.B. CtponTenbHast MexaHuka HXeHEepHbIX KOHCTPYKLMA W coopyxkeHnit. 2025. T. 21. Ne 2. C. 138-154

Bosbmem niepBoe mpuOmmKeHue

. o TX
W(x)lestT. (6)
B atoMm ciiydae npubimkeHHOE pelieHre OyIeT UMETh BUJI

g 64 . ,Tx
W(X)—E—JFSIHZT.
q
w(0)=w(4)=0;, W(2)=0,657-—,
(0)=w (4)=0; w(2)=0.657 L

YTO OJIM3KO K TOYHOMY PEIICHUIO.
Haiinem BTOpYyI0 NpOM3BOAHYIO OT MOJyYEHHOTO PEIICHUS:

re N q 8 2mx
w (X)—EFCOST. (7)
Tenepp
” ” q ” q
wi0)=w"(4)=0,81-—; W7'(2)=-0,81-—, 8
0)=w"(4)=081--L: wr(2)=-081 ®

YTO CYHIECTBEHHO OTIMYAETCS OT TOYHOTO PEIICHHS.

Takum 0Opa3oM, IpUMEHEHNE TPUTOHOMETPHUUECKUX (DYHKIHIA, HE 00JIAAAIONINX YCIOBUSMH TOTHO-
ThI, IPX PACYETE CTPOUTENIBHBIX KOHCTPYKIMIA BapUAIMOHHBIMU METO/IaMHU, IPU KaXKyIIEeHcs BBICOKON TOU-
HOCTHU B 3HAYCHMSIX NIEPEMEIICHNU, B MOMEHTaX MOKET MPUBECTHU K CYLIECTBEHHBIM OLIHOKAM.

2.2. Annpokcumupyioujue yHKyuu, cocmaegieHHbvle U3 MHO2041eHo6 Jleycanopa

Kak y>xe roBopmiioch paHee, MOJHOTA CHCTEMBI alMpPOKCUMHUPYIOMUX (QYHKIHUN TapaHTUPYET CXOMH-
MOCTb MPUOJIMKEHHOTO PEIICHHUs, MOJyYeHHOr0 BapHalMOHHBIMU MeTonamMu Putna mwimm B.I'. anepkuna,
K TOUHOMY PELICHHIO.

[Tonnora cucremsl GyHkumii {sinmn}, j=12,... nokazana B padore H.W. Axuesepa [12], cucremsl

ynxmi {a)(n)n-’ ‘1}; j=1,2,... B padore JI.B. Kauroposuua u B.W. Kpsuiosa [18], cucrembr GpyHKuuii

J2j+1T(n—t)Pj(2t—1)dt ,i=12,..., 9
0

rae P (m) — muorounens! JIexanapa, B pabore C.I'. Muxumuna [11].

B pab6ore H.K. JlayraBera [13] moka3aHo, 9TO ammpoOKCHMAaIlds MHOTOWICHAMH HETEPHOIUICCKIX
¢byHKLU 1aet 6osee OBICTPYIO CXOJUMOCTb 10 CPABHEHUIO C TPUTOHOMETPUUECKON allpoKCUMAaIUeH.

CKOHCTpyHpyeM CHUCTEMBI allPOKCUMUPYIOMUX (QYHKIUN U3 adredpanyecKux MHOTOUICHOB Ul He-
KOTOPBIX BHJIOB I'PAaHMYHBIX ycioBuid. Hambomee ynoOHBIMU ISl 3TOM IENH SIBISIIOTCS MHOTOWICHBI
Jlexannpa [19; 21], oOpa3yromue Ha otpe3ke [—1, 1] monnayto cucremy dyHkiuii. B [21] onucansl MHOTO-
uneHs! JIexxanapa, 3agannslie Ha orpeske [0, 1] 1 oOpasyrolyie Ha HeM MOJIHYI0 CUCTEMY (DYHKIIMH.

B pa6ore JI.C. Kysnenosa' npusoastcs MHOrodwtens! Jlexanapa P, (x), 3amanHble Ha oTpeske [—1, 1]

1 paBHbIe | WM —1 Ha KOHIIAX OTpe3Ka. DTH MOIMHOMEI ompenensroTest popmyroi Ponpura

' Kysneyos [J1.C. Cuennansaele GyHKmu. Mocksa : Beicimas mikona, 1962. 249 c.
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£ (%)= znln! Zc’; ((xz _l)nj'

Taxoxke MHOTOUNIEHBI JIekaHapa B Ka4eCcTBE aNPOKCUMUPYIOMHUX (YHKIMN HCHOIB3YIOTCS B paboTax
[22-27].

I'. Kopr u T. KopH IpUBOAAT peKyppeHTHYI0 (hopMmydy> [ OIpeaeleHHs OPTOrOHATBHBIX MHOTO-
uiieHoB Jlexxanapa

x*—1 dp, (x)

P =xP, (x)+
o (x) =38, () + S =1 S8

(10)
OTH MHOTOYJIEHBI 337aHbl Ha oTpe3ke [—1, 1] 1 Ha KOHIax OTpe3Ka MpUHUMAIOT 3HavyeHus 1 unu —1.

OTH MHOTOWIEHBI 00pa3yroT Ha oTpeske [—1, 1] monHyto cuctemy dyHKIHA. BOT HEKOTOpBIE U3 HUX:

R =1 B(x)=x Pz(x)=§(4x2—1); B (x)=2x"-x; B‘(x):é(l6x4—l2x2+l);

1 16(11 7 23 1
Ps(x)=§(16x5—16x3+3x); P(,(x)z?(gxé —§x4+3—2x2—3—2j. (11)

Bynem paccmarpuBaTh cMelIEHHBIE MHOTOWIEHBI JIexkanapa
B (%)= B ()= Py (x); n=12.. (12)

OTH MHOTOWIEHB! OyAyT paBHbI HYJIO IpU x =—1 U x =1. [loslyunm HEKOTOpbIE U3 HUX:
- 1 - - 1
B (x) =§(4x2 -4); B(x)=2¢-2x; P(x) =E(48x4 —~56x" +8);

M= 16(11 ¢ 44 , 187 , 11
])S(X)—g(lﬁx —22x +6)C), }%(X)—?(ZX —EX +ﬁx _ﬁJ (13)

+1
ITepetinem ot otpeska [—1, 1] k otpe3ky [0, 1], cnenas 3amMeny &sz wm x=2§—1. Tenepp MHO-

TOYWICHBI IIPUMYT BU

R(&)=5(4(28-1) - 4) =225(E-1); P(E)=2(86 1267 +48) =82 (26 - 36+1):

_»

GRS

(248" 488> +2987 - 5¢);

P (€) =§(64§5 ~160E* +1388 - 4787 +58);

= _E(11~64

B (5) : §6_11.192§5+11792§4_2992§3+5313§2_ 1540 ij- (14

6 6 30 15 40-3 32-15

Ha puc. 1 npuBenens! rpadMKu 3THX MHOTOYJICHOB.

2 Kopnu I'., Kopn T. CripaBOYHHK 110 MaTeMaTHKe (11 HayuHbIX pabOTHHKOB U HHKeHepoB). Mockaa : Hayka, 1973. 832 c.
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0.6

0.4+

0.2

Puc. 1. Cmemniennsie MEOTOWIEHB! JIexanapa
W c 1o 4Huk: BeinosnHeHo B.B. Kapnossim

Figure 1. Shifted Legendre Polynomials
S ource: made by V.V. Karpov

Ot MHOTrOwIteHb! pu §=0 u & =1 paBusl Hy110. OT oTpe3ka [0, 1] MmoxHO mepeiiTu k oTpe3ky [0, a],

CCJIM COCJIATh 3aMCHY

&zZ; 0<y<a.
a

Hanpuwmep:
©)="2eE-)=222-1)- Ly (-0)
: 3 3ala 3220 )

a

P, (&):8&(28 —3§+1):8§(2z—j—31+1}:%y(2)}2 —3ya+a2);

3
P(&)= f?(mg“ 488 +2987 - 5) = 3?(24 —48a +29§2 5%}:

2
-3 (24" - 48y°a+29y%a> - 5ya’).
15a

Muorounensl (14), 3aganasie Ha otpeske [0, 1] 1 paBHBIE HYJIIO Ha KOHIIAX 3TOT0 OTPe3Ka, MOTYT OBITh
MCIOJIB30BaHbl JUIs annpokcumanuu nepememienuit U(§) u V' (§), ecnu Kpail KOHCTPYKIMH 3aKpEILICH

KCCTKO MM HIApHUPHO-HEIIOABUIKHO, a AJIA alllIpOKCHUMAIUU npom6a W(é) U3 HUX HCO6XOILI/IMO TaKXE

CKOHCTPYHPOBATh aNMPOKCUMHUPYIOLIUE (PYHKIHH, YIOBIECTBOPSIOIINE 3aJaHHBIM KPA€BbIM YCIIOBHSIM.
Teneps n3 MHOTOUIEHOB (14) MOMTYyYNM aIPOKCUMHUPYIOMINE (PYHKIUH, yIOBIECTBOPSIONINE YCIOBHAM

w(0)=0, W’'(0)=0, W"(1)=0, W”(1)=0. (15)
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DTH yCIIOBHS 03HAYAKOT, 9TO NpH & =0 Kpai )KeCTKO 3aKperuien, a mpu & =1 — cBo6GoIeH.
= 16
Paccmorpum B (&) :?ﬁ(ﬁ,—l). Ora (yHKIMs yAOBIETBOPsieT yciaoBuo W7 (1)=0, Ho u W”(0)=0,

a 3To He TpeOyeTcs, MOITOMY ITPUMEM

W1§'(§)=?(§—1)-

[IpOMHTErpUPYEM 3TO COOTHOLICHHE:
” 16
r0-5(5 o)
Vcnons3ys yenosue W), (1)=0, naitnem C; =1/2.
Hanee

" (é)%{i . 5&+CJ

Vcnonssys ycnosne W, (0) =0, naiinem C, =0.
Jaiee nomyuum

_lo(g & &
M, (8)= 3 (24 6 4 +C3J'

Wcnonbsys yenosue W, (0)=0, naiinem C; =0.

Clie1oBaTeiIbHO,
16 §4 (23 &2
w; =— -2+
2 (6) 3 [24 6 4
[TocTymas aHaJOrHYHBIM CITIOCOOOM, U HCIIOJIB3YysE MHOTOWICHBI (14), nanee moaydaeMm
w, (€) =—§5 gt + é += éz

32(1.6 4.5 29.4 5.3 loo)
m, (%):E(g‘i —g‘i +a§ —g‘i +z§ ],

1 Beo Bys AT 53,
i, ©)=3( 2y - By -T2y 2u),

16(22.5 1611, 1474 .o 748 _s 1771 ., 77 .5 11 2)
W, (§)=—| =& - + - + - + :
' (6) 3[63§ 15-7(2 15~30‘g 15~15§ 80-12‘g 48-3§ 80-2§

Annpoxcumupyromue GyHKIUH, yI0BIETBOpsIonue yciaosusaM (15), mpuseneHs! Ha puc. 2, a.
Hcnons3ys muorounens! (14), nomyuum annpokcumupyromme QyHkiuu 11 W (&), yl10BIeTBOPAIO-

mye KpaeBbiM ycioBusm mpu E=0 u =1

W, (0)=W;(0)=0: W, (1)=W;(1)=0. (16)

OTH KpaeBbl€ YCIOBHsI COOTBETCTBYIOT IIAPHUPHO-HENOABIXKHOMY 3aKPEIIJICHHUIO KPAEB.
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ITpumem
()= (8 -¢).

[IponHTerpupyem 310 COOTHOILIEHHUE JIBA pa3a

313 2
2 (&):?(%—?JFC@JFQJ

U3 yenosust W, (0) =0 naxomum C, =0, n3 ycnosust W, (1)=0 naxonum C; =1/12. CrenosateisHo,

(8 8L
"2 (8)=3 (12 6 +12J'

[Toctynas aHaaOrM4HBIM CIIOCOOOM, MCTIONB3YSI MHOTOUWIEHBI (14), nanee nomyyaem

o8 8.8 &)
sz(g)_g[lo 46 60]’

", (8) ‘Q(iif’ —12§+29§—5§+$§j;

1505 5 12

8(32,, & & & 5.
W, (E)=2]| 2287 —162+ 692472+ 283+ CE+C, |.
2 (8) 3(21§ 3 10 12 6g i5+C,

AnmpokcuMupyromue GyHKIHH, YI0BICTBOPSIONIUe yciaoButo (16), mpuBeaeHbI Ha puc. 2, 0.

1.2

0.84
0.64
0.44

0.2 1

Puc. 2. Annpokcumupytomue GyHKIHU:
a — TIpH JKECTKOM (JIEBBIH Kpaif) 1 cBOOOAHOM (TIpaBblil Kpail) 3aKpEIICH!H; 6 — HPHU [IAPHHUPHO-HEIOABIKHOM 3aKPEIUICHUN
W c 1o 4Huk: BeinosnHeHo B.B. Kaprnossim
Figure 2. Approximating functions:
a — with fixed support (left edge) and free end (right edge); 6 — with pinned supports
Source: made by V.V. Karpov
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Hcnonb3yst Mmuorowiensl (14), nonyunm annpokcumupyronye Gpyuxuuu uis W(E), yaosneTsopsromue
YCIIOBHSAM

w(0)=w'(0)=0;, W(1)=w"(1)=0, (17)

10 ecThb 1pu & = 0 Kpaii KkeCTKO 3aiemies, a npu & = 1 3akperuieH IapHUPHO-HETIOABIKHO.
ITpumem

i (6)= (P (8)+ 4R (€)= (6 1)+ 4-8(28 -3¢ +1).

IIpu >tom ycnosue W (1) =0 Bbmonnsercs. [Ipounterpupyem Wy (€) nsa pasa:
, 16 3.5

Wi (C)=—| 5~ =& +E|+C;
At 3{ &J A2 -3p )

7:1(8)- f(i ij ( -2 i}q&wz

U3 ycnous W’(0)=0 naxoaum Ci =
W (1)=0, Haxoaum A:

E l_l +84 l_l+l :(); A:i;
316 2 6 2 2 3

OKOHYATEILHO MOJIy4uM

0, a u3 ycnosus W (0)=0 naxomum C2 = 0. Mcnone3ys yciosue

() =5 (26 - 58" +38%),

[Toctynas aHamoru4HBIM CIIOCOOOM, UCTIONB3YST MHOTOWIEHHI (14), nanee momyyaem

212 206 22 ., 106 103
)= -2l Do - R 2 e 18 1Bp )

_32(24.5 .4 29,3 5.5) 56 8 6 s, 23,4 47,5 5.
%3(};)_15(20& 4§+6E" 2};) 45 3( : 8§+2g 6§+2§)'

AnmpokcuMupyromue GyHKIHH, YI0BIeTBOpsromue yeiaoBusm (17), mokazaHsl Ha puc. 3, a.
Ecmu konctpykuus npu =0 u & =1 keCTKo 3aKpeIuieHa, TO €CTh ANPOKCUMHUPYIOIHE (GyHKIIUNA
JOJDKHBI yJI0BIETBOPATE yclnoButo W (0)=Ww’(0)=0; W (1)=W’(1)=0, To, KaK ObLIO YK€ CKa3aHO paHee,

B KaYeCTBE aNMPOKCUMUPYIOMUX (PYHKIUN, YIOBIECTBOPSIOUIUX YCIOBUAM MOIHOTHI [11], MOKHO NPUHSATH

N
—
g
~
Il

(1—&)2 B i=0, 1, 2, a TaKke UCONB3ys MHOrodIeHsl (14)

P(E)=TEE-1): B(E)=86(28 -3e+1);

32(

P, (&) =22(248" - 488 + 2987 - 5¢);

P (&) :%(64&,5 —160&* +1388° —47€ +58),
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IMOJIYYUM BBIPpAKCHHUA

W41 (‘i) :?éz (é—l)Z;

2
5

Wi (&) =882 (2§2 -3+ 1)

W, (é):%

Wy (€) :%(64&,,5 —160E* +138E3 —47&2 +5§)

(248" — 482’ +29¢” - sg)2 ;

2

Bun stux annpokcumupyromux (GyHKIMN TOKa3aH Ha puc. 3, 6.

0.204 0.3
0.154
0.2
0.104
0.054
0.1
0
1
—0.05-
0 '
0 0.2 0.4 06 0.8 1
<
a o

Puc. 3. Annpokcumupyomme QyHKINH:
a — TIPH JKECTKOM (JIeBBIH Kpail) M MIapHUPHO-HETIOABIDKHOM (TIpaBbIi Kpail) 3aKpeIIeHHH; 6 — JKECTKOM 3aKpeIUICHUH
W c 1o 4Huk: BeinonHeno B.B. KapnoBsim

Figure 3. Approximating functions:
a — with fixed (left edge) and pinned (right edge) supports; 6 — with fixed support
S ource: made by V.V. Karpov

3. Pe3yabTaTsl u 00Cy:KIeHUe

Hexomopbie npumepul ucnonb306aHUA ARRPOKCUMUPYIOUUX QYHKUUIL,
odnaoawux yciosuem noiHOmol

Teneps npoaHanu3upyeM HEKOTOPBIE AIPOKCUMUPYIOMIKE (GYHKIINHU, COCTABJICHHBIE U3 MHOTOUYJICHOB
Jlexxanapa, KOTOpble 00pa3yloT MOJHYIO CUCTEMY (PYHKLMH B paccMaTpUBaeMOM MPOCTPAHCTBE.

Ot GyHKIMM 3a1aHbl Ha oTpeske [0, 1], moaTomMy TouHOE perieHne i Oallku MPH COOTBETCTBYIOIIMX
(dbopMax 3aKperieHHsI KOHIIOB OyaeM HaXOoAuTh i otpeska [0, 1].

PaccMoTpum mapHHpHO-HENOIBUKHOE 3aKpeIUIeHHe Ha KOHLAX Oanku. [{0HKHBI BBIMOIHATHCSA Kpae-
BbIC YCJIOBUS

W (0)=w"(0)=0; W(1)=W"(1)=0. (18)
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O01mee perneHne ypaBHEHUS

wl — 44— 19
7 (19)

OyIeT UMETh BUJI

W(x):%%+q%+cz%+c3x+c4. (20)
IIpu sTOM
W' (x) =ix—3+C1£+C2x+ C;;
El 6 2
() =L CrrCy; 1)
EI 2

w”(x)= %x +C,.

YacTtHoe pelieHue, yA0BIETBOPSIOLIEe KpaeBbIM ycioBusaM (18), npumer Bua

__a (X sx
W(x)_EI~12[2 x+2J. (22)

AnnpoxcuMmupyromue (GpyHKIUY A 9TOr0 BUJA 3aKPEIJICHUs KPaeB KOHCTPYKIMU, COCTABJICHHBIE U3
MHOrowieHoB Jlexanzpa, Oy yT UMeTh BUJ (II€PBbIi WieH cucTeMbl (PyHKIIHIA)

16 (x* 5 «x
= | X+ 23
¢ (x) 3~6(2 X 2J (23)
ITpumem
W(x)=We(x)

u HaiineM peuieHue ypasHeHus (19). 3nauenue Wi HaiineM U3 yCloBHsl, OTKyAa

1 4
j(ilel—iJ 1o/ _ o4 ae=o.
3.6 EI)| 18| 2 2

Taxum o6pazom,

qg 18

T EI 1216

Clie10BaTeIbHO,

4
q X 30X
W(x)=—t—| == +=|, 24
(x) EI-12(2 ¥ 2] @9

YTO COBIAJAET C TOYHBIM pelieHreM (22).
PaccmoTpum emie ouH B 3aKPETUICHUS KPaeB KOHCTPYKIHH

w(0)=w’'(0)=0; W’(1)=w"(1)=0. (25)
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B sTom ciryuae wacTHoe perenne ypaBHeHus (19) nmpu kpaeBbIX yciaoBHAX (25) IpUMeT BU

4 3 2
qlx x x
Wx)=—| ———+—|. 26

(*) E1(24 6 4] (26)

HepBBIﬁ YJICH CHUCTCMbI alllIPpOKCUMHUPYIOIIUX (I)YHKLII/Iﬁ JJIs1 OTOro BHJAa 3aKpPCIJICHUS KpacB KOH-
CTPpYKIUH, COCTaBJICHHOM M3 MHOTOYJICHOB J'[excaHz{pa, HNMECT BU

16(x* X x*

_Lop & 27
0)-¢ 55 @
ITpumem
W (x)=We(x)

1 HalijieM peenre ypasHeHus (19). 3nauenue W1 HaiiieM U3 yCiIoBHS

1 4 3 2
J' EWl—i 16 x__x_+x_ e =0.
3 Elr)3(24 6 4

0

OTcrona
_4q43
"UEI16
CnenoBartenbHO,
4 3 2
wix)=-L| 21| (28)
EIN24 6 4

Oyuknus (28) coBnagaer ¢ (26), To ecTh NPUOIKEHHOE PelIeHUe, HallJICHHOE, KOT/Ia alpOKCUMU-
pyromue GyHKIIMA COCTaBIIEHBI U3 MHOTOWICHOB JIeskaHapa, COBMAAAET C TOYHBIM PEIICHUEM.

4. 3akroueHue

[IpencraBneHHble UCCIENOBaHUS MOKA3aJId, YTO HEJb3s MCIOJIb30BaTh B Kaue€CTBE aNIPOKCHUMHUPYIO-
mux (YHKIHMH, YJTOBJIECTBOPSAIOIINE 33JaHHBIM KPAaeBbIM YCIIOBHUSM, HO HE YJOBJIETBOPSIOIIME YCIOBHIM
MOJIHOTHI. BO3MOXHO, Takas annmpoKcHManus AaeT XOPOIIUE pe3ysbTaThl B IEPEMEIIECHUAX, HO B MOMEHTax
MIPUBOJUT K CYIIECTBEHHBIM ITOTPEIIHOCTSIM.

1. Ana ¢popmupoBaHus annpoOKCUMUPYIONMX (QYyHKIUN Haubosnee yAOOHBIMU SBISIOTCS OPTOTOHAJIb-
HbIe MHOTOUJICHBI JIexanipa, Ui KOTOPBIX JT0KAa3aHO BBHITOJHEHUE YCIOBUM TOTHOTHI.

2. Ha ocHOBe CMeleHHbIX MHOTOWICHOB JIexaH pa MOoXy4YeHbl annpOKCUMUpYIomKe QyHKINUHU, YAO-
BJICTBOPSIOLINE BCEM TPEOOBAHUSIM, IPEIBSIBISIEMbIM K HUM.
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OIUCaHBl F€OMETPUYECKUE U IMPOYHOCTHBIE MCCIIENOBAHMS [10 TOPCOBBIM MOBEPXHOCTSIM M 000J0YKaM, KOTOPbIE NPOBOAMINUCH
yueHbIMU 3a nocneanue 10 ner. OHM NOKa3bIBAIOT, YTO MHTEPEC K UX M3YUYEHUIO HE MIPOXOAUT, HO IepeMeIaeTcs B CTOPOHY KOM-
MBIOTEPHOIO MOJEIMPOBAHUSA U CPABHUTEIBHBIX PACYETOB HA IIPOYHOCTB NPH IOMOLIM METOAA KOHEYHBIX 3JIEMEHTOB. [Iponimiro-
CTPUPOBAHbl HANIPABJIECHHS B MCCIENAOBAHUAX Pa3HOOOPA3HBIX TOPCOB, KOTOPHIE JKEIATEIbHO PAcIpOCTPAaHUTh Ha MpeAaraeMble
K BHEJIPEHUIO TOPCOBBIE TOBEPXHOCTH.

KiroueBble c10Ba: TOpcoBasi MOBEPXHOCTb, IMPOU3BOJIbHBIA YETHIPEXYTONbHBINA IUIAH, KOHCTPYMPOBAaHHWE TOPCOB, KOMILUIaHAp-
HOCTB TPEX BEKTOPOB, UCIIOJIb30BaHUE TOPCOB, Pa3BEPTHIBAIOLINICS I'€TUKOU

3asBiieHHe 0 KOH(JIUKTE HHTepecoB. ABTOD 3asBIsIeT 00 OTCYTCTBUU KOH(DIMKTA HHTEPECOB.

Just uurtupoBanus: Krivoshapko S.N. Torses with two curves in intersecting planes and with parallel axes // CtpourtenbHast
MEXaHHMKa MHKEHEPHBIX KOHCTPYKIMA U coopyxkenuid. 2025. T. 21. Ne 2. C. 155-166. http://doi.org/10.22363/1815-5235-2025-
21-2-155-166

1. Introduction

The studies of geometrical problems of torse surfaces with an edge of regression, which were started
by G. Monge, still have not stopped. Torse shells are very convenient for covering large arbitrary areas with
rectilinear or curved contour sides [1]. In [2], torse surfaces with rectangular base are considered (Figure 1),
while in [3] torse surfaces cover an equilateral trapezoidal area (Figure 2). In both cases, plane curves in the
form of second-order algebraic curves and superellipses are located at the ends, and the sides of the
horizontal base coincide with the rectilinear generatrices of the projected ruled surface of zero Gaussian
curvature (torse surface), which will be neither a cone nor a cylinder (Figures 1, 2).

Figure 1. A torse with a parabola and a hyperbola at the ends Figure 2. A torse with superellipses at the parallel ends
S ource: compiled by S.N. Krivoshapko S ource: compiled by S.N. Krivoshapko

In scientific literature, several techniques for designing analytical surfaces with rectangular and
trapezoidal bases and with specified plane curves at the ends are proposed, but these techniques yield
cylindrical [4] or conical surfaces, cylindroids [5] or kinematic ruled surfaces [6]. And only in works [2; 3]
parametric equations of torse surfaces with specified plane directrix curves in parallel planes and with
additional imposed geometric requirements are obtained.

The aim of study is to obtain parametric equations of torse surfaces with two plane curves lying in
intersecting planes and with parallel axes, i.e., developable surfaces covering an arbitrary quadrilateral area.
At present, only one torse surface with two parabolas with parallel axes is known, and the parabolas lie in
intersecting planes [7].

2. Methods

2.1. Adopted Methodology for Determining Parametric Equations of Midsurfaces
of Torse Shells Covering Arbitrary Quadrilateral Areas

Consider the case when the plane directrix curves lie in intersecting planes. Without restricting the
generality of the problem, it is assumed that the first curve lies in the xOy plane, and both planes intersect at
the Oy axis, then the equations of the curves can be written as
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x=x(u), »=w(u), z=0;

5=x0), »=»), z=z(v). (1)
This pair of directrix curves can be expressed in vector form as

r=r) and r,=r,(v) (2)

with respect to origin O, where u, v are the corresponding parameters, then the torse equation can be
presented in the form of [7]:

r(u,A) = 1 (u) + Ay (v) = 1 (u)], 3)
where A is a dimensionless parameter, 0<A<1. By adopting

r,()=nvW)]=Ru),
and by defining m(u) = R(u) — r1(u), the torse equation (3) can be written as

r(u,))=r(u)+rm(u). 4)

By defining the torse in the form of (4), coordinate lines A =0 and A =1 coincide with the directrix
curves (1). The relationship between parameters u and v can be obtained from the condition of coplanarity
of three vectors:

AT
("2_"1"'1 26! )—0,

which in expanded form is written as
() =uy (u) =y, (v) =y (v), (5)

by assuming that x, (u)=u, x,(v) =v,x/'(w) = 1, x/(v) = 1, 22 = vige,

z2' = tgo, @ is the angle between the intersecting planes.

The meaning of condition (5) is that the correspondence between
points P1 and P> (Figure 3) involves the requirement that the tangents
to the curves at these points intersect at the line of intersection of the
planes containing the given curves [8].

Vector equation (4) can be expressed in parametric form:

e= (e, M) =x ()(1 )+ 2 [v(w)]

y=y(u M) =y, (u)(1=1)+ Ay, [v(u)],

Figure 3. Construction of a torse
z=2z (u, X) =)z, [V(u)] = \x, [v(u )] tgo. (6) with curves in intersecting planes
Source: compiled by S.N. Krivoshapko

2.2. Examples of Determining Parametric Equations of Midsurfaces
of Torse Shells Covering Arbitrary Quadrilateral Areas

Examplel. Two square parabolas lying in planes intersecting at angle ¢ are given (Figure 4):
n=x)=v, = (v)=H[l—(v - C)z/(bZCOSZ(P)} z,=12,(v) = vigo.
N=x)=v, »,= (v)=H[1—(v - 0)2/(bzcosz(p):|, z,=12,(v) = vige. (7)
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The relationship between parameters u and v is determined using formula (5):
hb*cos’@ (u2 +a’ - cz)
aH

v+ (bzcoszq) -c ) =

3

or

hb*cos’e(u’ +a* —c*
v:\/ (p( )—bzcosz(p+c2. (8)

a’H

The parametric equations of the sought torse surface (Figure 5) are determined by formulas (6) taking
into account relation (8):

x=x(u,A)=u(l-1)+v;
y=y(ur)=h[1- (-c)/a*](1 —x)+xH[1 - (v—c)z/(bzcosch)];
z= Z(u, K) = Atgo. ©)

The following notation (see Figure 4) in adopted in equation (6): /4 is the height of the first parabola
with respect to the xOz plane, H is the same for the second parabola, c is the distance from axis Oz to the
vertical axes of the two parabolas, 25 is the span of the second parabola in the xOz plane, 2a is the span of
the first parabola in the xOz plane, c —a <u <c + a.

z y
curve 2
/ curve 2
b
b <
a curve 1 : curve | < B
oLA® = o ;
c ! al x c ia
AL V beosq MWV
view of the curves in the xOz plane view of the curves in the xOy plane

Figure 4. Plane directrix curves in intersecting planes
S ource: compiled by S.N. Krivoshapko

Figure S. A torse with two parabolas in intersecting planes:

a — general view; b — view in the xOz plane
S ource: compiled by S.N. Krivoshapko
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Example 2. The two square parabolas, which were considered in the previous example, lie in the
planes intersecting at an angle @, but the vertical axis of the second parabola is located at a distance of
bcose from the coordinate axis Oz (Figure 6):

s=x(w)=u y =y (w)=hll-(u-c)'/a"], =0
xn=xv)=v, y,=y() :H[l—(v—bcosq))2 /(bzcosz(p)} z, =z, (v) = vtgo. (10)

In this case, relationship (5) between parameters u and v allows to obtain:

hlu* +a* -¢*
v:bcosq’\/( - ) (11)
a

and to write the parametric equations of the torse surface (6) in the form:
x=x(u,A)=u(l =)+,
y=y(u,l)= h[l —(u—c)’ /az}(l ~1) +XH[1 —(v—bhcosp)’ /(bzcosz(p)}

Zzz(u,K)zkvtg(p. (12)

_ z
bcosp
curve 2
| b
ol/e curve 1
c =\|a a X

view of the curves in the xOz plane

a b
Figure 6. A torse with two parabolas in intersecting planes, ) )
but with their axes at different distance from the yOz plane: Figure 7. Plane directrix curves
a — general view; b — view in the xOz plane in intersecting planes for the 2! example
S ource: compiled by S.N. Krivoshapko S ource: compiled by S.N. Krivoshapko

Figure 7 shows the geometrical parameters for example 2, which are used in formulas (10)—(12). For
the construction of the surface shown in Figure 6 it is assumed thata = c=1m, A=2m, 0 <u <2 m,
0<A<1,b=1m.

Example 3. If a biquadratic and a quadratic parabola are placed in intersecting planes (see Figure 4),
then

xl:xl(”):u9 ylzyl(u):h[l_(u - 0)4/614:|, z,=0;
X=xv)=v, y,=y) =H[l—(v —¢) /(bzcosz(p)};
Z2 =Zz(v):vtg(p, (13)
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Relationship (5) between parameters u and v takes the following form:

. \/hbzcosz(p[(u —¢) (Bu+c)+ aq

a‘H

—b’cos’p+c’. (14)

The parametric equations of the sought torse surface (Figure 8) are determined by formulas (6) taking
into account relation (14):

x=x(u,A\)=u(l —A) +Av;
y=yuN)=h[1 - @-c)* /a1 -1 + w[l - (v—c)z/(bzcoszq))];
z=z(u,\) =Mtgo, (15)

where ¢ —a <u < c + a, h is the height of the biquadratic parabola above the xOz plane, H is the same for
the second order parabola, ¢ is the distance from axis Oz to the vertical axes of the two parabolas, 25 is the
span of the quadratic parabola in the xOz plane, 2a is the span of the biquadratic parabola in the xOz plane
(Figure 4).

Figure 8. A torse with the second and the fourth orders parabolas in intersecting planes:
a — general view; b — view in the xOz plane
S ource: compiled by S.N. Krivoshapko

Example 4. Let a hyperbola and a parabola of the second order with axes parallel to the coordinate
axis Oy be located in two intersecting planes (Figure 4):

h(u—c) (2d +h
xlle(u):u, ylzyl(u)=d+h—\/d2+ (U C) 2( il ), 21:0,
a
N=x)=v, »,=y(v) =H|:1—(v—c)2 /(bZCOSZ(P)} z,=12,(v) =vtgo. (16)

Relationship (5) between parameters u and v takes the following form:

2 2 2 _ 2 2
. bc;)IS(p d+h—H—d he(u c)(2d+h)/a i a7
—¢) (2
\/d2+k(u ) (2d-+h)
L a —
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The constant geometric parameters are shown in Figure 4, the constant parameter d associated with the
bisector of the hyperbola is chosen arbitrarily as needed, but d # 0. When constructing the surface shown in
Figure 9, it is assumed that d = 1 m.

The parametric equations of the sought torse surface (Figure 9) are determined by formulas (6) taking
into account relation (17):

x=x(u,A)=u(l —L) +Av;

Y=y (uh) = d+h—\/d2+h(u_0)22(2d+h) (1-2)2H I—M,

z = z(u,)) = hvtgo. (18)

a b
Figure 10. A torse surface with two parabolas
Figure 9. A torse with a parabola and a hyperbola in intersecting planes: in the intersecting planes, formed
a — general view, b — view in the yOz plane by tangent lines to its edge of regression
S ource: compiled by S.N. Krivoshapko S ource: compiled by S.N. Krivoshapko

Example 5. Four examples of finding parametric equations (6) of torse surfaces with specified
second-order algebraic curves lying in intersecting planes are presented above. A review of relevant
literature on the methods of constructing torse surfaces with curves in intersecting planes has shown that
there is only one more publication [7; 9], which studies a torse surface with two parabolas in intersecting
planes through the determination of parametric equations of its edge of regression (Figure 10).

This surface is also considered in example 1.

3. Research on Torse Surfaces and Shells Performed in the last 10 Years
(2015-2025)

The most complete information on torse surfaces and shells is given in monograph [9] with 386 used
sources. This monograph describes the studies on the history of the appearance of the results, geometry,
applications, parabolic bending of torse surfaces, and strength analysis of torses. Research performed up to
2009 is described. More recent new research will be summarized in the paper. As the review of the studies
related to torse surfaces and thin shells has shown, these studies were mainly progressing in 6 directions.
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Application of Torses in Construction and Mechanical Engineering

Architects used them mostly as objects of small architecture or for sculptural compositions [10],
but there are examples where they were used to decorate the facades of large civil structures, such as the
Luxembourg pavilion at Expo 2020 [1]. In [11] it is recommended to use a fragment of a torse of the same
slope as a reinforced concrete canopy with a thickness of 5 cm over the entrance to a public building.

In paper [12] it is proposed to perform segmentation of non-developable surfaces using torse fragments.
The authors prove with specific examples that it will reduce the cost of products in the textile industry,
in the production of thin-walled metal structures of mechanical engineering, in the construction of lattice shell
pavilions. Similar problems of approximation of complex surfaces by torse surfaces in the form of ribbons
are solved in [13]. There are proposals for the use of torse surfaces for tent structures [14]. The authors
of article [15] state that torse surfaces are of great interest to experts of various branches of human activity,
such as architecture, engineering, textile industry, replacement of free-form surfaces by torse surfaces.

Design of Torses with Predetermined Geometric Conditions

To date, 10 methods of designing torse surfaces are known [9], of which the most popular are designing
a torse surface using two given plane directrix curves and using a specified edge of regression [16].
The shaping of new torse surfaces containing two specified plane curves can be illustrated by examples of
torses on rectangular [2], trapezoidal [3], and arbitrary quadrilateral (Figures 5-9) bases. Torse surfaces
can be easily computer modeled [17]. Paper [18] uses a well-known technique to obtain equations of torse
surfaces of equal slope with curvilinear coordinates in the lines of curvature. The name of the surface itself
indicates that its rectilinear generatrices are inclined to a plane with a directrix curve at the same angle.
Researchers are also interested in the method of designing torses with a predetermined line of curvature and
a single straight generatrix [19]. Quite a lot of studies are devoted to the construction of developable Bézier
surfaces [20]. The method of torse shaping with two plane curves in parallel planes is widely used in
shipbuilding for the formation of external hulls [1; 15].

Construction of Torse Surface Developments

Currently, the construction of torse developments onto a plane is not difficult. Having more than a dozen
analytical and numerical methods of torse develop-ments [9], geometers have decided that the issue with the
construction of torse developments is finally solved. Over the last 10 years, only one paper on the construction
of torse developments with parabolas of the second and sixth orders in parallel planes has appeared [21].

Parabolic Bending of Thin Metal Pieces

When bending a thin metal piece into a desired torse, normal stresses emerge in it, unlike a surface that
has no thickness and Poisson’s ratio. Several papers [22-24] are devoted to the study of this phenomenon. As
a result of parabolic bending of a metal sheet, plastic deformations can also occur.

Some researchers propose to consider that bending flat metal sheets into a torse uses minimum
energy [15], but it should be known that, practically, a real flat piece made of plywood, aluminum or steel
cannot be bent exactly into the designed torse with preservation of straight generatrices due to the presence
of Poisson’s ratio of the used material [22].

Strength Analysis of Thin Torse Shells

The main works on determining the strength of torse shells defined in non-orthogonal conjugate
curvilinear coordinates were published before 2015 [9; 25]. After that, only torse surfaces of equal slope on
an elliptic base [18; 26] and developable helicoids [27] were studied.

162 ANALYSIS OF THIN ELASTIC SHELLS



Kpusowanko C.H. CTpoutenbHas MexaHuka MHXEHEPHbIX KOHCTPYKLMiA 1 coopykeHuit. 2025. T. 21. Ne 2. C. 155-166

Investigation of Helical Developable Products and Building Shells

The helical developable surface (torse-helicoid, helical torse, developing
helicoid, involute helicoid) is the best known torse surface (Figure 11). This
surface was used as early as Archimedes, who created a screw to lift water
to a height of 0.5 meters. This surface has always been on the radar of geo-
meters, architects and engineers [25]. The increased introduction of numerical
methods and the growing interest in computer modeling has also affected all
areas of research on developable helicoids. Five types of linear helicoidal
surfaces have been established, of which the torse helicoid is a surface of
zero Gaussian curvature and the other four are surfaces of negative Gaussian
curvature, with the straight helicoid being the only minimal surface [27].
In [28], the optimal mesh sizes for FEM analysis of straight and developable
helicoids are determined.

The analysis of modern software packages for constructing helicoid
models and the possibilities of their application in 3D modeling is carried
out in article [29]. It is noted that it is not possible to implement the method
of parametric modeling in all software packages.

It is possible to list even more scientific articles devoted to helical
developable products and building shells, but in this paper the discussion is o

. . . . Figure 11. Developable helicoid
restricted to the cited sources, since the purpose of the section is to show the Sourece: compiled
interest of researchers in the application of torse surfaces and shells. by S.N. Krivoshapko

4. Results

1. The parametric equations (6) of torse surfaces with two plane curves lying in intersecting planes and
with parallel axes are obtained. These developable surfaces allow to cover an arbitrary quadrilateral area.

2. It is found that up to the present time, only one torse surface with two parabolas and with parallel
axes, defined by analytical formulas, is known, and the parabolas lie in intersecting planes, although the
method of constructing the surfaces under consideration was proposed as recently as by G. Monge.

3. Parametric equations of four torse surfaces with two second-order directrix curves lying in intersecting
planes are derived. The proposed four torses are visualized using computer graphics.

4. It is shown that the four considered developable surfaces can be applied in construction, mechanical
engineering, textile industry, and in the production of thin-walled metal structures.

5. A literature review on the subject over the last 10 years has shown that there are currently no
published studies of the stress-strain state of thin shells with the considered torse middle surfaces defined in
curvilinear non-orthogonal conjugate coordinates u, A in the form of (6) with the application of the moment
theory of shells.

5. Conclusion

Algebraic second-order surfaces are the most widespread in various fields of human activity. The next
most widespread surfaces are surfaces of zero Gaussian curvature (cylindrical, conical and torse surfaces).
Next are transfer surfaces, oblique linear surfaces, and tubular surfaces. This short list of the most common
analytical surfaces implemented in real products and structures and the given list of used sources shows that
torse surfaces have a wide range of application in various branches of economy. With specific examples,
the possibility of determining parametric equations of torse surfaces containing two predetermined directrix
curves in intersecting planes is shown. Directions in the research of a variety of torses, which are desirable
to extend to the torse surfaces proposed for implementation, are illustrated.

PACUYET TOHKUX YMPYTVX OBOMNOYEK 163



Krivoshapko S.N. Structural Mechanics of Engineering Constructions and Buildings. 2025;21(2):155-166

References

1. Krivoshapko S.N., Gil-oulbé M. Tangential developable surfaces and their application in real structures. Structural
Mechanics of Engineering Constructions and Buildings. 2022;18(2):140—-149. http://doi.org/10.22363/1815-5235-2022-18-
2-140-149 EDN: IQPSGE

2. Krivoshapko S.N. Torse surfaces on a rectangular plan with two plane curves on the opposite ends. Building and
Reconstruction. 2025;1(117):3—15. https://doi.org/10.33979/2073-7416-2025-117-1-3-15

3. Rekach V.G., Krivoshapko S.N. Analysis of Shell of Complex Geometry. Moscow: RUDN Publ.; 1988. (In Russ.)
ISBN 5-209-00047-8

4. Ivanov V.N., Aleshina O.0., Larionov E.A. Determination of optimal cylindrical shells in the form of secondorder
surfaces. Structural Mechanics of Engineering Constructions and Buildings. 2025;21(1):37-47. (In Russ.) http://doi.org/
10.22363/1815-5235-2025-21-1-37-47

5. Ivashchenko A.V., Stepura A.V. Modeling the surface of a cylindroid using CAD systems. Perspectivy Nauki
[Perspectives of Science]. 2023;1(160):121-124. (In Russ.) EDN: MHRRUD

6. Filipova J.R. Comparative analysis of the results of calculation of a thin shell in the form of carved surface of
Monge with an application of membrane (momentless) theory and finite element method. Structural Mechanics of
Engineering Constructions and Buildings. 2016;(3):8—13.

7. Bhattacharya B. Theory of a new class of shells. Symposium on Industrialized Spatial and Shell Structures. Poland,
1973:115-124.

8. Pavlenko G.E. Simplified Shapes of Ships. Moscow: MRF SSSR, 1948.

9. Krivoshapko S.N. Geometry of ruled surfaces with cuspidal edge and linear theory of developable surfaces’
analysis: monograph. Moscow: RUDN; 2009. (In Russ.) ISBN 978-5-209-03087-4

10.Grinko E.A. On classification of analytical surfaces as applied to parametrical architecture and machine building.
RUDN Journal of Engineering Research. 2018;19(4):438-456. (In Russ.) https://doi.org/10.22363/2312-8143-2018-19-4-
438-456 EDN: YXILRJ

11. Aleshina O.0. Studies of geometry and calculation of torso shells of an equal slope. Structural Mechanics and
Analysis of Constructions. 2019;3(284):63-70. (In Russ.) EDN: MGZGMR

12. Yuan C., Cao N., Shi Y. 4 survey of developable surfaces: from shape modeling to manufacturing. 2023. https://
doi.org/10.48550/arXiv.2304.09587

13. Tang Ch., Pengbo Bo, Wallner J., Pottmann H. Interactive design of developable surfaces. ACM Transactions on
Graphics. 2016;35(2):12. https://doi.org/10.1145/2832906

14. Belyaeva Z.V., Berestova S.A., Mityushov E.A. Tangent developable surfaces elements in thin-walled structures.
VIII International Conference on Textile Composites and Inflatable Structures-Structural Membranes 2017. Munich, Germany.
2017:415-426. EDN: XYCRPV

15. Perez-Arribas F., Fernandez-Jambrina L. Computer-aided design of developable surfaces: designing with
developable surfaces. Journal of Computers. 2018;13(10):1171-1176. https://doi.org/10.17706/jcp.13.10.1171-1176

16. Kovaleva N.V,, Fedorova A.V., Pashyan D.A. Algorithms of generating cuspidal edges of developable surfaces.
1OP Conference Series Materials Science and Engineering. Sochi: IOP Publishing Ltd; 2020;962(3):032025. https://doi.org/
10.1088/1757-899X/962/3/032025 EDN: YNMOAN

17. Fernandez-Jambrina L. Characterization of rational and NURBS developable surfaces in computer aided design.
Journal of Computational Mathematics. 2021;29(4):556-573. https://doi.org/10.4208/jcm.2003-m2019-0226

18. Aleshina O.0., Ivanov V.N., Cajamarca-Zuniga D. Comparative analysis of the stress state of an equal slope shell
by analytical and numerical methods. Structural Mechanics of Engineering Constructions and Buildings. 2022;18(4):375—
386. https://doi.org/10.22363/1815-5235-2022-18-4-375-386

19. Yilmaz B., Ramis C., Yayli Y. On developable ruled surface of the principal-direction curve. Konuralp Journal of
Mathematics. 2017;5(2):172—180. Available from: https://dergipark.org.tr/en/download/article-file/351070 (accessed: 21.10.2024).

20. Hu G., Cao H., Qin X., & Wang X. Geometric design and continuity conditions of developable A-Bézier surfaces.
Advances in Engineering Software. 2017;114:235-245. https://doi.org/10.1016/J. ADVENGSOFT.2017.07.009

21. Ershov M.E., Tupikova E.M. Construction of development of a torse surface with the parabolas on the opposite
edges. Engineering Research: Scientific-and-Practical Conference. RUDN University. 2020:31-41. (In Russ.) EDN: JDIESQ

22. Krivoshapko S.N. On parabolic bending of plane metal sheet into torse structure. Tekhnologiya Mashinostroeniya.
2020;11(221):14-24. (In Russ.) EDN: QMSSJF

23. Cherouat A., Borouchaki H., Jie Z. Simulation of sheet metal forming processes using a fullyrheological-damage
constitutive model coupling and a specific 3D remeshing method. Metals. 2018;8:991. https://doi.org/10.3390/met8120991

24. Marciniak Z., Duncan J.L., Hu S.J. Mechanics of Sheet Metal Forming. Butterwarth-Heinemann Publ.; 2002. ISBN
0-7506-5300-0

164 ANALYSIS OF THIN ELASTIC SHELLS


http://doi.org/10.22363/1815-5235-2025-21-1-37-47
https://doi.org/10.1088/1757-899X/962/3/032025

Kpusowanko C.H. CTpoutenbHas MexaHuka MHXEHEPHbIX KOHCTPYKLMiA 1 coopyxeHuit. 2025. T. 21. Ne 2. C. 155-166

25. Krivoshapko S.N. Geometry and strength of general helicoidal shells. Applied Mechanics Reviews. 1999;52(5):
161-175. https://doi.org/10.1115/1.3098932 EDN: XOOZHE

26. Aleshina O.0., Ivanov V.N., Grinko E.A. Investigation of the equal slope shell stress state by analytical and two
numerical methods. Structural Mechanics and Analysis of Constructions. 2020;6(293):2—13. (In Russ.) https://doi.org/
10.37538/0039-2383.2020.6.2.13 EDN: YXWWNT

27. Krivoshapko S.N., Rynkovskaya M. Five types of ruled helical surfaces for helical conveyers, support anchors and
screws. MATEC Web of Conferences. 2017;95:06002. https://doi.org/10.1051/matecconf/20179506002

28. Ermakova E., Rynkovskaya M. Modern software capabilities for shape optimization of shells. Vietnam Journal
of Science and Technology. 2024;62(1):184—194. https://doi.org/10.15625/2525-2518/18788 EDN: EVIFMG

29. Jean Paul V., Elberdov T.A., Rynkovskaya M.I. Helicoids 3D modeling for additive technologies. RUDN Journal
of Engineering Research. 2020;21(2):136—-143. (In Russ.) https://doi.org/10.22363/2312-8143-2020-21-2-136-143 EDN:
QNCFJR

CnMcok JIMTepaTyphbl

1. Krivoshapko S.N., Gil-oulbé M. Tangential developable surfaces and their application in real structures // Ctpou-
TeJIbHas MEXaHNKa MHXEHEPHBIX KOHCTPYKIMH 1 coopyskenuit. 2022. T. 18. Ne 2. C. 140-149. http://doi.org/10.22363/1815-
5235-2022-18-2-140-149 EDN: IQPSGE

2. Kpusowanxo C.H. TopcoBble TIOBEPXHOCTH Ha NPSMOYTOJIBEHOM IUIaHE C ABYMS IUIOCKMMH KPUBBIMH Ha TPOTHUBO-
MOJIOKHBIX TopIax // CtpoutenscTBO u pekoHeTpyKims. 2025. Ne 1 (117). C. 3-15. https://doi.org/10.33979/2073-7416-2025-
117-1-3-15 EDN: ACOCGO

3. Pexau B.I'., Kpusowanko C.H. Pacaer obonmouex cioxxHoi reomerpun. Mocksa : Y/IH, 1988. 176 c. ISBN 5-209-
00047-8

4. Hsanoe B.H., Anéwuna O.0., Jlapuonoe E.A. OnpeneneHne ONTUMAaIbHBIX HIMHAPHYECKUX 000JI0UYeK B (hopme
MOBEpXHOCTEl Broporo nopsijika // CTpouTtenbHas MEXaHWKa MHKEHEPHBIX KOHCTPYKIHU U coopyxenuit. 2025. T. 21. Ne 1.
C. 37-47. http://doi.org/10.22363/1815-5235-2025-21-1-37-47

5. Hsawenko A.B., Cmenypa A.B. MonenupoBanue noBepxHocTH ImtuHapouna cpeacrsamu CAD-cuctem // Ilep-
cnektuBsl Hayku. 2023. Ne 1 (160). C. 121-124. EDN: MHRRUD

6. Qununosa E.P. CpaBHUTENbHBIN aHAIN3 PE3yJBTATOB pacdeTa TOHKOH 000J0YKH B (OpME pe3HOW HMOBEPXHOCTH
MoHka mo 6e3MOMEHTHO#T TEOPHH M METOIOM KOHEYHOTO dneMeHTa // CTpouTenbHAsE MEXaHHKA HHIKCHEPHBIX KOHCTPYKIHIA
u coopyxenuil. 2016. Ne 3. C. 8-13. EDN: VUCZJH

7. Bhattacharya B. Theory of a new class of shells // Symposium on Industrialized Spatial and Shell Structures. Poland,
1973. P. 115-124.

8. Iasnenxo I'E. O6 ynporieHHbIX popmax cynoB. Mocksa : MP® CCCP, 1948. 28 c.

9. Kpusowanxo C.H. eoMeTpust THHEHYATHIX MTOBEPXHOCTEH ¢ peOpOM BO3BpaTa M JTMHEHWHAs TEOPHS pacyeTa TOpCco-
BbIX 000s10ueKk: MoHorpadus. Mockga : PYJIH, 2009. 357 ¢. ISBN 978-5-209-03087-4 EDN: QJWLCJ

10. I'punvro E.A. Knaccupukanuusi aHaTUTHYECKUX TTOBEPXHOCTEH MPUMEHUTEIBHO K ApaMETPUUECKOH apXUTEKType
n MammHocTpoenuio // Bectnuk PYJIH. Cepusi: Mnxxenepusie uccnenosanus. 2018. T. 19. Ne 4. C. 436-456. https://doi.org/
10.22363/2312-8143-2018-19-4-438-456 EDN: YXILRJ

11. Aréwuna O.0. VccnenoBanust 1o TeOMETPUH U PACUETy TOPCOBBIX 000JIOYEK OMHAKOBOTO ckara // CTpouTenbHas
MexaHuKa u pacuer coopyxeHui. 2019. Ne 3 (284). C. 63—70. EDN: MGZGMR

12. Yuan C., Cao N., Shi Y. A survey of developable surfaces: from shape modeling to manufacturing. 2023. https://
doi.org/10.48550/arXiv.2304.09587

13. Tang Ch., Pengbo Bo., Wallner J., Pottmann H. Interactive design of developable surfaces / ACM Transactions on
Graphics. 2016. Vol. 35. No. 2. Article No. 12. https://doi.org/10.1145/2832906

14. Belyaeva Z.V., Berestova S.A., Mityushov E.A. Tangent developable surfaces elements in thin-walled structures //
VIII International Conference on Textile Composites and Inflatable Structures-Structural Membranes 2017. Munich,
Germany. 2017. P. 415-426. EDN: XYCRPV

15. Perez-Arribas F., Fernandez-Jambrina L. Computer-aided design of developable surfaces: designing with develop-
able surfaces // Journal of Computers. 2018. Vol. 13. No. 10. P. 1171-1176. https://doi.org/10.17706/jcp.13.10.1171-1176

16. Kovaleva N.V., Fedorova A.V., Pashyan D.A. Algorithms of generating cuspidal edges of developable surfaces //
IOP Conference Series Materials Science and Engineering. Sochi, 2020. Vol. 962 (3). Article No. 032025. https://doi.org/
10.1088/1757-899X/962/3/032025 EDN: YNMOAN

17. Fernandez-Jambrina L. Characterization of rational and NURBS developable surfaces in computer aided design //
Journal of Computational Mathematics. 2021. Vol. 29. No. 4. P. 556-573. https://doi.org/10.4208/jcm.2003-m2019-0226

18. Aleshina O.0., Ivanov V.N., Cajamarca-Zuniga D. Comparative analysis of the stress state of an equal slope shell
by analytical and numerical methods // CtpoutenbHas MexaHUKa WHXXCHEPHBIX KOHCTPYKIHUH U coopyxenuii. 2022. T. 18.

PACUYET TOHKUX YMPYTVX OBOMNOYEK 165


https://doi.org/10.1088/1757-899X/962/3/032025
https://doi.org/10.37538/0039-2383.2020.6.2.13
https://doi.org/10.22363/2312-8143-2018-19-4-438-456

Krivoshapko S.N. Structural Mechanics of Engineering Constructions and Buildings. 2025;21(2):155-166

Ne 2. C. 375-386. https://doi.org/10.22363/1815-5235-2022-18-4-375-386. EDN: OTIAHV

19. Yilmaz B., Ramis C., Yayli Y. On developable ruled surface of the principal-direction curve // Konuralp Journal
of Mathematics. 2017. Vol. 5. No. 2. P. 172-180. URL: https://dergipark.org.tr/en/download/article-file/351070 (accessed:
21.10.2024)

20. Hu G., Cao H., Qin X., & Wang X. Geometric design and continuity conditions of developable A-Bézier surfaces //
Advances in Engineering Software. 2017. Vol. 114. P. 235-245. https://doi.org/10.1016/J.ADVENGSOFT.2017.07.009

21. Epwos M.E., Tynuxosa E.M. IlocTpoeHune pa3BepTOK TOPCOBOM MOBEPXHOCTHU ¢ Mapabosamu Ha Topuax // Vmxe-
HEpHBIE UCCIIEIOBAHUS : TPYIIbl HAyYHO-TIPAKTHYECKOH KOH(PEPEHIIMU C MEXIYHapoaHbIM yuacTreM / on pea. M.JO. Maib-
koBoit. Mocksa : PYJIH, 2020. C. 31-41. EDN: JDIESQ

22. Kpusowanxo C.H. O napaboim4eckoM H3rHOaHUM TUIOCKOTO METAJLTHYECKOTO JINCTA B TOPCOBYIO KOHCTPYKITHIO //
Texnonorus mammuoctpoenus. 2020. Ne 11 (221). C. 14-24. EDN: QMSSJF

23. Cherouat A., Borouchaki H., Jie Z. Simulation of sheet metal forming processes using a fullyrheological-damage
constitutive model coupling and a specific 3D remeshing method // Metals. 2018. Vol. 8. Issue 12. Article no. 991. https://
doi.org/10.3390/met8120991

24. Marciniak Z., Duncan J.L., Hu S.J. Mechanics of Sheet Metal Forming. Butterwarth-Heinemann Publ.; 2002. 211
p- ISBN 0-7506-5300-0

25. Krivoshapko S.N. Geometry and strength of general helicoidal shells // Applied Mechanics Reviews. 1999. Vol. 52.
No. 5. P. 161-175. https://doi.org/10.1115/1.3098932 EDN: XOOZHE

26. Anewuna O.0., Hsanos B.H., Ipunvko E.A. VlccnenoBanue HanpsHKEHHOTO COCTOSIHHS TOPCOBOWM OOOJIOYKHU OfIM-
HAKOBOTO CKaTa aHAJIMTUYECKUM M YHCICHHBIMHA MeTojamu // CTpouTelbHas MEeXaHUKa U pacuet coopyxenuit. 2020. Ne 6
(293). C. 2-13. https://doi.org/10.37538/0039-2383.2020.6.2.13 EDN: YXWWNT

27. Krivoshapko S.N. and Rynkovskaya Marina. Five types of ruled helical surfaces for helical conveyers, support
anchors and screws / MATEC Web of Conferences. 2017. Vol. 95. Article No. 06002. https://doi.org/10.1051/matecconf/
20179506002

28. Ermakova E., Rynkovskaya M. Modern software capabilities for shape optimization of shells // Vietnam Journal
of Science and Technology. 2024. 62 (1). P. 184—194. https://doi.org/10.15625/2525-2518/18788

29. XKan Ilons B., Onvbepoos T.A., Peinkoeckas M.H. 3D-mMonenupoBaHue TeIMKOUIOB JUIS UCIIONB30BAHMS B ajjIH-
TuBHBIX TexHomorusax // Bectauk PYIH. Cepus: Umxenepusie uccnenoBanus. 2020. T. 21. Ne 2. C. 136-143. https://doi.org/
10.22363/2312-8143-2020-21-2-136-143 EDN: QNCFJR


https://doi.org/10.1051/matecconf/20179506002
https://doi.org/10.22363/2312-8143-2020-21-2-136-143

”& CTPOMTENBHAS MEXAHUKA UHXEHEPHBIX KOHCTPYKLIMIA U COOPYXXEHUIA ¢
% STRUCTURAL MECHANICS OF ENGINEERING CONSTRUCTIONS AND BUILDINGS

Ki

2025. 21(2). 167-178

ISSN 1815-5235 (Print), 2587-8700 (Online)
HTTP:/JJOURNALS.RUDN.RU/STRUCTURAL-MECHANICS

ONHAMUKA KOHCTPYKLUMMN N COOPYXXEHWA
DYNAMICS OF STRUCTURES AND BUILDINGS

DOI: 10.22363/1815-5235-2025-21-2-167-178
EDN: OBXHMJ
Research article / HayuHas cTatbs

Variant Design of Girder-Slab Structure with Different Geometric Cells
Under Flexural Vibrations

Andrey A. Chernyaev“™, Kirill V. Marfin

Orel State University named after 1.S. Turgenev, Orel, Russian Federation,
P4 chernyev87@yandex.ru

Received: February 20, 2025
Revised: April 10, 2025
Accepted: April 18, 2025, 2025

Abstract. Girder-slab structures are widely used in industrial buildings, bridge decks, complex combined engineering structures and
other objects of construction and mechanical engineering. An important task in their design is to find the most economical structural
solution with the least amount of material while ensuring the necessary strength and rigidity. Therefore, the development of methods
and algorithms for searching of the most rational and optimal design solutions is of great significance. The authors offer a technique
of variant design of girder-slab structures with various cell shapes: rectangular, triangular, rhombic, trapezoidal and other, when
analyzing vibrations. The technique is based on the principles of physicomechanical analogies and geometrical methods of structural
mechanics. For a numerical example, a cantilever girder-slab structure on trapezoidal base is studied. The bars are of typical sections,
the flooring is smooth steel. It is shown that cell geometry affects flexural vibrations of the girder-slab structure and material
consumption.
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AnHoTauus. [TnacTuHYaTO-CTEp)KHEBBIE KOHCTPYKINH IIUPOKO UCTIONB3YIOTCS B KaUueCTBE IEPEKPHITUI 31aHui, TPOJIETHBIX CTPO-
€HHI MOCTOB, CIIO)KHBIX KOMOMHUPOBAHHBIX HH)KCHEPHBIX COOPYKEHUSAX U APYTUX OOBEKTOB CTPOUTENHCTBA M MALTMHOCTPOCHUSI.
Baxnoii 3aﬂaqeﬁ IIpU UX NPOCKTUPOBAHUU SABJIACTCA IMONUCK Han6onee OKOHOMHYHOTO KOHCTPYKTUBHOT'O PCIICHNS, Ha BBIIIOJTHCHUE
KOTOpOTO 3aTpauynBajoch Obl HAUMEHbIIEE KOJIMYECTBO MaTepHaia Ipu oOecrnedyeHnH Heo0X0AUMOM MPOYHOCTH U JKECTKOCTH.
B cBs3u ¢ 3THM O0JBIIOE 3HAYSHUE TPH MPOSKTHPOBAHUH NPHIAIOT Pa3paboTKe METOJOB U arOPUTMOB IOMCKa palMOHAIBHBIX
¥ ONTUMANBHBIX KOHCTPYKTHUBHBIX pemieHui. [IpemnoskeHa aBTOpcKas METOAMKA BAapUAHTHOTO NMPOSKTHPOBAHUS IUIACTHHYATO-
CTEP KHEBBIX KOHCTPYKIIUH C pa3JIMYHON T€OMETPUYECKOM SUCHKO B TIaHEe: MPSMOYTOJIbHOM, TPEYTOIBHOM, pOMOMYECKOH, Tpare-
LMEBUIHON U IPpyroM MpuU HCCIeT0BaHUN Kxonebanuii. Metorka OCHOBaHA Ha UCIIOIL30BAHUN [IPUHLIUIIOB (1)1/131/1K0-Mexa1-11/1qecx14x
aQHAJIOTHMH U IeOMETPUYECKUX METOJIOB CTPOMTEILHOW MEXaHUKU. B KauecTBe 00bEKTa MCCIENOBAHMS ISl YUCIEHHOTO MpUMepa
paccMaTpuBaeTCs KOHCOJbHAS TIACTHHYATO-CTEP)KHEBas! KOHCTPYKIMS Ha TpanenueBHIHOM Iu1aHe. CedeHus cTep)KHeH U3 THIIo-
BBIX MpPOQUICH, HACTHI CTaJbHOW rinajakuil. [TokazaHo, 4TO reoMeTpHsl SUYCHKU BIMSET Ha M3TMOHBIC KOJNEOAHUS TIACTHHYATO-
CTEP)KHEBOH KOHCTPYKIIMU U MAaTEPHATIOEMKOCTb.
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1. Introduction

Girder-slab structures are widely used in industrial buildings, bridge decks, complex combined
engineering structures and other construction objects and machine structures. An important task in their
design is to find geometric grids with the least amount of material and while ensuring the strength and rigidity,
also in case of vibrations [1-3]. Now, computer programs for the finite element analysis of the stress-strain
state of structures are a common tool of engineers. In tasks of variant engineering and optimization of designs
of girder-slab structures, numerical methods are also used [4-6]. A set of methods, which can be used for
girder-slab design is very broad: from rather universal, such as nonlinear mathematical programming and
genetic algorithms, to problem-oriented [7-9].

All methods have advantages and disadvantages and means for setup, appropriate application of which
can strongly influence the speed of operation of the methods and even correctness of the results.

Moreover, direct borrowing of universal numerical optimization methods, which in some works are
referred to as “search optimization methods”, from mathematics leads to the increase in dimensionality of the
problems and significant growth in calculation amount in case of the increase in the number of design
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variables. Development of the methodology of nonlinear mathematical programming should be pointed out
from mathematical works on geometrical optimization methods for the purposes of structural design and
construction [10]. It requires accurate formalization of the optimization problem statement.

In this work, the authors propose a technique of variant design of girder-slab structures with various
horizontal cell shapes, i.e. rectangular, triangular, rhombic, trapezoidal and other, with the choice of the most
rational structural solution in terms of the lowest material costs for its production and while ensuring the
rigidity under vibrations. The technique is based on use of the principles of physicomechanical analogies and
geometrical methods of structural mechanics. To implement this technique, it is planned to develop software
products that will visually represent the entire calculation procedure.

2. Methods

Geometrical methods of structural mechanics are based on mathematical analogy and the functional
correlation, individual physicomechanical characteristics of the stress-strain state of plane elements of
structures (pressures, deflections, vibration frequencies, critical buckling forces and others) in the shape of
plates, membranes, bar cross-sections with their geometrical parameters (sizes, angles, side ratio and so on).
For this, it is necessary to choose some characteristic of the geometric shape for plates and membranes or of
the cross-section for the bars. And if it is proved that it is related to the parameters of the stress-strain state by
some function or expression, then it is possible to study the change in the stress-strain state parameters using
the chosen geometric characteristic [11; 12] et. al.

In this work, it is proposed to use the geometrical parameter representing the relation of the inner mapping
radius to the external mapping radius of the areas restricted to the contour of plates, membranes or bar cross-
sections [13].

During the research, the authors’ technique of physical-geometric analogy is used, see references to this
technique in [14-16], according to which the integral geometric characteristic of a flat area with a convex
contour (the ratio of mapping radii) is analogous to the integral physical characteristics in the considered
problems, that is, the laws of change of physical characteristics in these problems are modeled by the
corresponding changes in the shape of the area.

2.1. Definition of Terms

“The following quantities are involved with a plane domain D:

A is the area of D,” .... “r, is the inner radius of D with respect to point a, point a lies necessarily

inside D. The interior of D is mapped conformally onto the interior of a circle, so that point a corresponds
to the center of the circle and the linear magnification at point a is equal to 1; the radius of the obtained circle

is 7, The value of 7, varies with point a. 7 is the maximum inner radius.” ... “7 is the outer radius of D.

The complementary domain of D, exterior to C, is mapped conformally onto the exterior of a circle, so that

the points at infinity correspond and the linear magnification at infinity is equal to 1; the radius of the obtained
circleis 7 .7 [13, p. 2].

“... C aclosed plane curve without double points surrounding plane domain D [13, p. 1].

2.2. Formulae

The formulas for finding internal 7 and external 7 mapping radii for some singly connected domains,
which are considered in the work, take the following form [13; 17]:
= for a circle of radius a

r=a, r=a; (1)
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where 7 is the number of the sides; L is the perimeter; G(x) is the Gamma-function;

» for arbitrary triangles with angles o, n, my:

F=dn f(a)f(B) f(v)p. F=-r, 3)

r

where

1 x* E‘
f(x)= G(x){(l_x)”} , (4)

p is the large radius; A4 is the square; x is a or B or y; G(x) is the same as in (2);

= for isosceles triangles with angles o= expressions (3) will take the following form:

F=4n- (o) f(v)ps F=—o (5)

where @ is the equal base angle; % is the height;

= for rectangular triangles (= m/2), it follows from expression (3) that

_ sin2a-c?
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where d is the angle in case of hypotenuse; ¢ is the hypotenuse;

= for rhombs with angle na
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where G(x) and L is the same as in (2);

7=

= for ellipses with semiaxes a and b (a > b)
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= for rectangles with the sides a and b (a > b)
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where ¢ =e ° | o is the argument of complex numbers (circle points which images are rectangle vertices in

case of conformal mapping).
For other complex domains, for example, parallelogram, trapezoid and other, mapping radii can be
obtained using the Schwarz-Christoffel formula [18] and expanding the mapping function in a Taylor series.
These formulas are also given in the authors’ works [14; 15], among other.

2.3. Mathematical Functional Correlation

Mathematical analogy and the functional correlation of mapping radiuses with the characteristics of the
stress-strain state, vibrations and stability of structural elements in the shape of plates, membranes, bar cross-
sections are defined in earlier works [19].

Since the stress state of a plate under vibrations is considered, then, the resulting relationship for the
fundamental frequency of vibration of a plate should be also considered. The fundamental frequency of
vibration of a plate wo is related to mapping radii 7 and 7 by expression [19]:

N |
wogk(gj ~ND/m (11)
r

A 2

where £ is a numerical constant turning the expression into an equality for round plates, which depends
on the type of boundary conditions, m is the mass (weight) of the plate with an area of 1 m?; 4 is the area
of the plate; D is the flexural rigidity of the plate:

Ef

TR0’ (12)

where E is the modulus of elasticity; ¢ is thickness of the plate; v is the Poisson’s ratio.

In case of fixed supports of the plate, £ =32.08 in (11).

In case of pinned supports of the plate, the value of £ can be indicated only for a specific plate material.
Since the transition of a regular n-angle plate into a round one with pinned supports leads to the well-known
Sapondzhyan — Babuska paradox [20], according to which the value of the vibration frequency will depend
on the Poisson’s ratio. For such a case of boundary conditions, for comparison, the value of £=17.8
corresponding to a plate in the shape of a regular 16-gon is specified, which in shape is close enough to round.

Expression (11) was obtained using the variational representation of the eigenvalue of the differential
equation of free vibrations of the plate and the conformal representation of the inner part of its region when
mapped onto a unit circle. And also with the help of many mathematical transformations.

Expression (11) shows that fundamental frequency of vibration of a plate wo is inversely proportional
to the ratio of mapping radii 7/7 » or directly proportional to the ratio of mapping radii 7 /7. It means that,
the change in fundamental frequency of vibration wo for plates of various shapes can be studied by defining
the change in the ratio of mapping radii 7/7 . The ratio of mapping radii 7/7 in expression (11) characterizes
the geometric shape of the plate in dimensionless form.
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2.4. Graphs and Functions
In work [21], instead of numerical constant k£ (11), correcting polynomial functions of the form
k,=f(7/7) were defined for all plates of simple shapes: rectangular plates, isosceles triangular plates,

rectangular triangular plates, thombic plates, regular polygonal plates, elliptical plates. k, represents the

fundamental frequency of vibration of a plate in general form. Graphs were constructed (Figures 1, 2).
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Figure 1. Graphs of the fundamental frequency of vibration of plates with pinned supports
along the perimeter, presented depending on the ratio of mapping radii
Source: made by A. A. Chernyaev
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Figure 2. Graphs of the fundamental frequency of vibration of plates with fixed supports
along the perimeter, presented depending on the ratio of mapping radii
Source: made by A. A. Chernyaev

For elliptical plates with pinned supports along the perimeter, the graphs and functions k = f(7/7)

will be different for different values of the Poisson’s ratio due to the indicated paradox [20]. Figure 1 shows,
for example, graphs for two values of the Poisson’s ratio: v=10.33, v=0.5.
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As shown in Figures 1, 2 points 3, 4, 6, 16 correspond to k, values for plates in the shapes: regular

triangle (point 3), square (points 4), regular hexagon (points 6), regular hexadecagon (points 16), circle
(point O).
In works [19; 21] it was proved that the values of k_ for all plates with a convex contour, for example

parallelogram, trapezoid, are inside between these graphs.

2.5. Computational Model and Algorithm

The computational model of the girder-slab structure represents a cross system of bars of the first, second
and third levels, which support the slabs (plates). The bars of the first level are called the main girders or
spars. The bars of the second level are called secondary beams. The bars of the third level are called floor
beams. Beams and girders can be made in the shape of bars of constant or variable cross-section. They can
be located in space not only at right angles, but also inclined with a different geometric cell (Figure 3) [14; 15].

The mass (weight) from the plates is transmitted along the perimeter to the floor beams and secondary
beams. The plates can be loaded, then the mass (weight) takes this load into account. The mass (weight) from
the floor beams is transferred to the secondary girders at the connection points. The mass (weight) from the
secondary beams is transferred to the main girders (spars) at the connection points. The girder-slab structure
vibrates freely from the mass (weight). The main parameter to determine is the fundamental frequency
corresponding to the first mode of vibration. The main factor that affects the fundamental frequency of
vibrations is the mass (weight) of the girder-slab structure. If the horizontal outline of the structure is assumed
to be constant or specified to be unchanged according to the design assignment, then with different geometric
cells (geometric shape of plates) the main vibration frequency will be different (see similar problems, for
example [22-24]). Therefore, the main task in the design of girder-slab structures is to determine the geometry
of the cells.

Geometric cell

Bars of the third level
(floor beams)

Bars of the second level
(secondary beams)

Bars of the first level
(main girders or spars)

Figure 3. Computational model of the girder-slab structure
S ource: made by A.A. Chernyaev

An algorithm is being developed for determining the geometry of cells of various shapes in the girder-
slab system at a given fundamental frequency of vibration of the plates based on the established mathematical
and graphical relationship between the fundamental frequency of vibration of the plates and the ratio of the
mapping radii of the region bounded by the contour of the plates (Figure 4).

This algorithm uses a custom designed computer program: patent No. 2016615454 (RU) (Figure 5).
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Choice of the type of restraint of plates along the
contour to the floor girders (pinned support
or fixed support)

!

AN

Setting the thickness of plates, mass (weight) of 1m? of plates

Poisson's ratio, modulus of elasticity of the material

/Setting the value of the fundamental frequency of
vibration of the plates
Z

!

N

/

!

N\

Definition of the shapes of the plates corresponding to
the fundamental frequency of vibration

Input of auxiliary geometrical data for plates of
irregular complex shapes (parallelogram and
trapezoid)

!

i

AN

etermination of the geometric parameters of the plates

(angles, lengths of the sides, etc.) of various shapes
providing a given value of the fundamental frequency of
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i

Designing a computational model of the girder-slab structure

with different geometric cells based on the obtained plates

End

Figure 4. Algorithm for determining the geometry of cells of various shapes
in the girder-slab structure at a given fundamental frequency of vibration of the plates

Source: made by A. A. Chernyaev
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Figure 5. Working window of the computer program: patent Ne 2016615454 (RU)

S ource: made by A. A. Chernyaev using PrintScreen
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3. Results and Discussion

In this section, a numerical example is presented. A cantilever girder-slab structure on trapezoidal plane
with sizes: larger base 3 m, smaller base 1.5 m, height 4.5 m, larger inner angle 90°, is studied. The bars are
made of typical sections, plates (flooring) are steel and smooth. The bars of the first level (main girders or
spars) are made with a linearly variable section. The bars of the second level are parallel.

The bars of the first level (main girders or spars) with a larger base are fixed. The bars of the second
level (secondary beams) are connected to the bars of the first level by means of steel covers using electric
welding, such connection is considered to be rigid. The bars of the third level (floor beams) are connected to
the bars of the second level in the same way. The steel flooring is welded to flooring beams by means of
welding. Strictly speaking, such connection is considered rigid, however in calculations such connection is
considered as a hinge for thin plates in safety margin of material.

Initial data. The material is steel, modulus of elasticity £ = 2.1 10° MPa, Poisson’s ratio v = 0.3,

weight of steel 78.5 kN/m®. Thickness of the plates (flooring) ¢ = 1.0 mm.
The cross section of the first level bars is flange beam in accordance with Figure 6.

1 2 1-1 22
= M. e
[: |10 ] L ]
1 \E =] L
— ) - gl 10
4L 45m ﬁL s 100 «
67|—l
o, 100

Figure 6. Bars of the first level (main girders or spars)
S ource: made by A. A. Chernyaev

The cross section of the second level bars is channel No. 5 in accordance with the interstate standard
GOST 8240-97".

The cross section of the third level bars is equilateral angle No. 30x3 in accordance with the interstate
standard GOST 8509-932,

Solution. With the help of the computer program: patent No. 2016615454 (RU)* (see Figure 5),
the geometric sizes of plates of various shapes are determined. All plates have identical values of the
fundamental frequency of vibration

D
0 = 2466532
A

absolute value wo = 76.34 1/sec.

On their basis, girder-slab structures with a different geometric cell are designed. The structures
numbered 1, 2, 3,4,5,8,9, 10, 11, 12, 13, 14 (see Figure 5) are selected for calculation (Figure 7).

Example result of flexural vibrations of girder-slab structures with geometric cell number 1 (Figure 7)
in SCAD Office [25] is shown in Figure 8. Calculation of flexural vibrations of other girder-slab structures
is performed similarly in SCAD Office. The results of the flexural vibration analysis of the structures
(Figure 7) are shown in Table.

"' GOST 8240-97. Hot-rolled steel channels. Assortment. Minsk, 1997.

2 GOST 8509-93. Hot-rolled steel equal-leg angles. Assortment. Minsk, 1993.

3 Chernyaev A.A. Determination of the ratio of conformal radii of a flat region. Certificate of registration of the computer
program RU 2016615454, 05/25/2016. Application No. 2016612918. 2016.
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Figure 7. Girder-slab structures with different geometric cell
S ource: made by A.A. Chernyaev

Figure 8. Example result of flexural vibration analysis of the girder-slab structure
with geometric cell number 1 (Figure 7)
S ource: made by A.A. Chernyaev using SCAD Office

Results of flexural vibration analysis of girder-slab structures with different geometric cell

Geometric cell (Figure 7) | Material consumption, kg | Fundamental frequencyof vibration, 1/sec | Maximum deflection, mm
1 421 37.13 2.43
2 446 36.67 242
3 438 37.22 2.35
4 420 37.30 2.28
5 453 36.44 2.46
6 452 37.01 2.41
7 421 36.77 2.33
8 434 36.46 2.40
9 459 36.15 2.50
10 457 36.8 2.44
11 453 36.98 242
12 443 36.49 2.42

S ource: made by A.A. Chernyaev
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4. Conclusions

The conducted research allowed to conclude the following:

1. Cell geometry affects the flexural vibrations of the girder-slab structure. Between the 12 types of cells
considered in the work (see Figure 7), the difference in the results was: 9.2% by material consumption, 3.1%
by fundamental frequency of vibration, 7.8% by maximum deflection (see Table);

2. The developed technique can be used for variant design and optimization of girder-slab structures.
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