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Abstract. For elasto-plastic analysis of structures at a particular load step, a mixed finite element in the form of a prism with
triangular bases was obtained. Displacement increments and stress increments were taken as nodal unknowns. The target quantities
were approximated using linear functions. Two versions of physical equations were used to describe elasto-plastic deformation.
The first version used the constitutive equations of the theory of plastic flow. In the second version, the physical equations were
obtained based on the hypothesis of proportionality of the components of the deviators of deformation increments to the
components of the deviators of stress increments. To obtain the stiffness matrix of the prismatic finite element, a nonlinear mixed
functional was used, as a result of the minimization of which two systems of algebraic equations with respect to nodal unknowns
were obtained. As a result of solving these systems, the stiffness matrix of the finite element was determined, using which the
stiffness matrix of the analysed structure was formed. After determining the displacements at a load step, the values of the nodal
stress increments were determined. A specific example shows the agreement of the calculation results using the two versions of the
constitutive equations of elasto-plastic deformation.
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AnHOTanus. J[J1s1 yIpyromiacTHYecKoro pacyera KOHCTPYKITHIL Ha IIare Harpy>KeHH ITOyYeH CMEIIaHHBII KOHEUHBII SJIEMEHT B
(opme IpU3MBI C TPEYTOJIBHBIMU OCHOBAHHSMH. B KauecTBe y3/I0BbIX HEM3BECTHBIX MPHUHSITHI NPUpAILeHus AehopMaLiil 1 MpH-
paleHust HarpspkeHuit. VICKoMble BEIMYMHBI AlPOKCHMHUPOBAIMCH C HCIOJIb30BAaHUEM JHMHEHHbIX (yHKkumil. s onmcanus
YIPYTOMIaCTHYECKOro Je(h)OpMUPOBAHHUS HCIIONIB30BAIMCH 1Ba BapHaHTa (hM3HMUECKNX ypaBHEHHUil. B nepBoMm BapuaHTe HpUMEHs-
JIMCh OIPENEIIIOINE YPAaBHEHNSI TCOPUH IUIACTUYECKOrO TeueHus. Bo BTOpoM BapuaHTe (M3MYSCKUE YPAaBHEHHMS IOJIYUYCHBI Ha
OCHOBE THUIIOTE3bl O MIPONOPLHUOHATBLHOCTY KOMIIOHEHT JEBUATOPOB IpHpalieHuil nedopManuii KOMIOHEHTaM J1€BHATOPOB MPHU-
pamieHui HampspkeHHH. JIs MOTydeHUsT MaTPHIBI )KECTKOCTH IPH3MATHYECKOr0 KOHEYHOTO 3JIEMEHTAa HCIONB30BAJICs HEIH-
HEWHBI CMEeIMIaHHBIH (pyHKIMOHAN, B pe3yNbTaTe MHUHUMH3AINHA KOTOPOTO IOJNyYEHBI IBE CHCTEMBI are0panvecKux ypaBHe-
HUIl OTHOCHTEIIBHO y3JI0BBIX HEH3BECTHBIX. B pe3yibrare pelieHust 3THX CHCTEM ONpejelieHa MaTPHIA KECTKOCTH KOHEYHOTO
3JIEMEHTa, C UCIIOJIb30BAaHUEM KOTOPOi (POpMHUPOBANIACH MATPHILA JKECTKOCTH PACCUUTHIBAEMOH cTpyKTYpbl. Ilocie onpenenenus
HepeMelIeHUH Ha IIare Harpy)KeHHs ONpe/eNICHbI 3HAUCHHMS! Y3JI0OBbIX BEJIMUMH HMPHpALIeHni HanpshkeHuid. Ha KoHKkpeTHOM mpu-
Mepe MOKa3aHO COBHAJEHUE PE3yJbTaTOB pacyeTa ¢ MUCIOJIb30BAaHUEM BApPUAHTOB ONpPECIAIONINX YPaBHEHUH YIpPyromiacTuye-
CKOro 1e(OopMHUPOBAHUSL.
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1. Introduction

When real structures are loaded, stress concentration zones always appear, in which local stresses
exceed the yield strength of the material and the physical relationships between stress and strain are
nonlinear. Analysis of the stress-strain state of structures in the zones of elasto-plastic deformation of the
material is an important engineering problem. The solution of such problems is performed using numerical
methods for determining design values. Among numerical methods for determining the strength parameters
of structures, the finite element method (FEM) in various formulations has become widespread. The dis-
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placement-based FEM has been widely used to analyze elasto-plastic deformation of structures [1-4].
In this formulation, the FEM was used in the analysis of thermoplastic and contact problems of continuum
mechanics [5-9]. The finite element method has also been used in cases of finite strains in elasto-plastic
deformation of bodies of various configurations [10—13].

Elasto-plastic deformation processes of plates and shells have also been investigated using the mixed
FEM [14-18].

In this paper, a prismatic finite element in mixed formulation is developed, with strains and stresses as
the nodal unknowns. A nonlinear mixed functional was used to obtain the stiffness matrix of the finite
element. As physical equations, two versions of the constitutive equations of the theory of plastic flow were
used. In the second version of the physical equations, the relations between the strain increments and stress
increments obtained based on the hypothesis of proportionality of the components of the incremental strain
deviator and the components of the incremental stress deviator were used.

2. Methods

2.1. Linear Geometric Relationships at a Load Step

In Cartesian coordinate system x, y, z the components of the incremental strain tensor Ag; are related

to the displacement increments Au; by relationships'

1 )
Aej; :5<Auij+AUij);(l,]= 1,2,3), "
or in matrix form
{ae}=[L]{Mv], o
6x1  6x3 3x1

where {Ae}! ={Ae|| Aey, Aeyy 2A€1, 2A€ 3 2Ae03} is the row of strain increments; {AvY = {Au; Auy Aus }
1x6 1x3

is the row of displacement increments; [L] is the matrix of differential operators.
6x3

2.2. Physical Equations at a Load Step
2.2.1. Physical Equations of Plastic Flow Theory

In the theory of plastic flow, it is assumed that the total strain increments are equal to the sum of elastic

strain increments Aafj and plastic strain increments Aa{-j’. .

The increments of elastic strain are determined by the relations of the Hooke’s law'

Ae}; =—(Aoy, —VAG,, —VAG;);

by | —

Ag5, =—(Acy, —VAG,| —VAGS;);

by | —

1
Aes; = E(A%s —VAcy —VAcy, );

21+ 21+
2A¢7, =%A012; 2A¢;, =%Acl3; 2Ag5, =

Ao, 3)

where E is the elastic modulus of the material in tension; v is the Poisson’s ratio.

! Demidov S.P. Theory of Elasticity. Moscow: Vysshaya Shkola Publ.; 1979. (In Russ.)
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To determine the plastic strain increments, the flow theory uses the hypothesis of proportionality of the
components of the incremental plastic strain tensor to the components of the total stress deviator, occurring
before the considered load step. According to this hypothesis,

aef =55 (o, —3y0,), 4)

jre
i

. . . . 1 .
where o, is the stress intensity; 6; is the Kronecker delta symbol; o, =§(011 +0,, +054;) is the first

invariant of the stress tensor.
The value of the plastic strain intensity increment included in (4) is determined by the expression [19]
Ac; Ao,

Ac? = Ae,— Act = —1 - 00 (5)
E E

X H

where Ag; is the strain intensity increment; Aeg- is the elastic strain intensity increment; E, is the chord

modulus of the stress-strain diagram; £, is the modulus of the initial region of the stress-strain diagram;
Ao, is the stress intensity increment.
Considering (5), relationships (4) can be expressed as

1 1)1

Ae? =A6,| ——— |— -3 . 6
8”1,, GI(EC EO]Gl (G”’H‘I n“’IGC) ( )

In order to express Ae? . according to (6) by stress increment functions AG;;, Ac; needs to be written

ij >
in such general form

Ao, = do, Ao, , (7)
dc

mn

1 2 2 2 12
where o, :_[(511 —0y) (0 —033) +(05 W) +6(5122 +0o13 +5§3)}

N

By summing (3) and (6) and taking into account (7), the matrix relationship of the constitutive
equations of the flow theory is formed
{ae}={c’ Ao}, (8)
6x1 6x6 6x1

where {AS}T = {ASU A822 A833 2A812 2A813 2A823};{A6}T = {AG“AGzz A(533 AGlz A(513 A(st}.
1x6 1x6

2.2.2. Version of Physical Equations without Separation
of Strain Increments into Elastic and Plastic Parts

The hypothesis of proportionality of the components of the incremental strain deviator to the
components of the incremental stress deviator was used in obtaining the constitutive equations of the
specified version, leading to the following relations

3 Ag,
Agmn _amnAgc =3 & (Acmn _5mnAGc)’ (9)
2 Ac;
where£=i' Ae =1(Ae +Agy, +Aey3); A =1(A0 +AG,; +AGy3)
AGI’ Ex ’ c 3 11 22 33/> c 3 11 22 33/
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Using the condition of incompressibility under plastic deformation assumed in the theory of plastic
flow, according to which the following relation holds

_1-2v

Ae, Z

Ac, (10)

constitutive equations (9) can be expressed in matrix form

{ae}= |cf fiac}. (1)
6x1 6x6 6x1

3. Stiffness Matrix of Prismatic Finite Element

A prism with triangular bases is taken as the finite element. Nodal unknowns are displacement
increments and stress increments. For integration over the finite element volume, rectangular prism is
assumed, the height of which is determined by coordinate —1<{ <1, and the bases are right triangles with

coordinates 0 <&, n<1.

Approximation of Cartesian coordinates x; of displacement increments Av; and stress increments
Ac; is performed in terms of the corresponding nodal quantities by linear functions

r=fimemm SRSt s e e B e ) 02

where {k y}T = {Xi A NN N AP } is the row of nodal values of A; symbol A denotes the values of
Ix6
Xi, AV,’ B AGU .
On the basis of (12), the necessary approximating expressions are written in matrix form

{av)=[4)av,}: {ag} =[] [4] {av,} =[B] {av,}: {ac} =[s]{Ac,]. (13)

3x1 3X18  18x1 6x1 6x3  3x18 18x1 6x18 18x1 6x1 6x36  36x1

where

{Avy}T = {AvliAvlevlkAvlmAvlnAvlp...v3iAv3jAv3kAv3mAv3nAv3p };
1x18

i i i i i i
a0,V = {Ac) Ach,AGk;A61 A Ach; .. AGT|AGL,AGE AT, AT, AGE, ).
1x36

To form the stiffness matrix of the prismatic finite element, a mixed functional for the considered load
step is used [16]

=]t} + St [}y L f{so}[6¢ ] {so}ar -

VL 1x6 6x3  3x1 2V 1x6 6x6 ox1

-l {a)+ Haahfos: (u=12), (14)

s Ix3 3x1 2 3x1

where {Ag}{g} is the load applied at the considered load step and before the considered step; V is the
volume of the finite element; S is the area of load application.
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Taking into account approximating relations (13), functional (14) will be expressed as

={an )" [[8] {o}ar +{ac )" [[s] [8lav {av,}-

Ix36  y 36x6 o 1x36 y 36x6  6x18 18x1
—{ac Y [[sT[G2]Is]ar{ac,} —~{av ) [[4] {aq}ds{av} [[4] {ghds.  15)
2 1x36 y36x6  6x6 6x36 36x1 2 Ix18 s 18x3 3x1 118 s 183 3x1

As a result of minimization of functional (15) with respect to nodal unknowns, two systems of
equations are obtained

oD
P — A —|HRA :0’ 16
a{AGy}T ggll{ 1‘;11} E6x3!{ 321V} (16)
oD r
iy G e a7

where [0] =] [s]” [Blav; [m]=([[S]'[G1] [S]av: |ar,)=] [4]" {ag}as:
36x18 p36x6 6x18 36x36  p36x6  gx6  6x36 181 S18x3  3x1

[R] = [ [4]" {4}as [ [B]" {c}dV is the Raphson residual error.
18x1  ¢I8x3 3x1 y18x6  6x1

From system of equations (16), the column of stress increments is determined in terms of displacement
increments

{ac,}=[H]"[0]{Av,]. (18)

36x1 36x36  36x18 181
Taking into account (18), the stiffness matrix of the finite element is determined from system (17)

[K){Av,}={Af }+{R]}, (19)

1818 181 18x1 18x1

where [K]= [0] " [1#] ™" [o] .

18x36 36x36 36xI18

Using (19), the stiffness matrix of the considered structure is formed, by solving which the
displacements of all nodes are determined.
The values of the stress increments are determined by equations (18).

4. Results and Discussion

4.1. Example of Analysis

The stress-strain state of a simply-supported beam (Figure 1) is considered given the following data:
[=200cm; A=10cm; b=1cm; P=13 kN.
The tensile and flexural stress-strain diagrams of the material are shown in Figures 2 and 3.

Physical and mechanical parameters are assumed to be the following: E=2- 10° MPa; v=03:;
o, =200 MPa; o, =300 MPa; ¢&.=0.001; ¢ =0.01; o,=200 MPa; o, =300 MPa; ¢, =§(1+v)sT =
=0.866667-107; g, =0.866667-107; W= bh*/6 = 1x10*/6 = 16.66667 cm’.
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Section 1-1

.-—b_—.c
Figure 1. Simply-supported beam
S ource: made by R.Z. Kiseleva
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Figure 2. Tensile stress-strain diagram Figure 3. Flexural stress-strain diagram
S ource: made by R.Z. Kiseleva S ource: made by R.Z. Kiseleva

The strain hardening curve is described by the equation
o, =ag’ +be, +c,
where a, b, ¢ are coefficients with the following numerical values:

a =—6612835.53 MPa; b =242231.48 MPa; ¢ =1795.033 MPa.

The model of the beam is presented in Figure 4 (N» = 40; N = 11 number of nodes along the beam
axis and along its height).

The results of calculation using the considered versions of the constitutive equations turned out to be
virtually identical.

/ }"F
/ }C’E
/ }OE N

AR
\

_—
—

P/2

Figure 4. Finite element model of the beam
S ource: made by R.Z. Kiseleva
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According to the obtained values of normal stresses, the normal stress diagram in the beam cross-section,
which is located at distance /4 from the middle one, is plotted (Figure 5).

b 2 com
-260.366
<
l'L
250.232 %
1
-230.995 |
.37 — ;
e —] 0¥ 191.346
-177.468 —
\\__\m 09
\ 234787
1 240351
2, 258.876

o,,(MPa)

Figure 5. Diagram of normal stress Oy in the beam section

S ource: made by R.Z. Kiseleva

Equations of statics *x=0 for the diagram in Figure 5 are satisfied with a discrepancy of

6 = 0.7%. The moment from external forces is equal to M, =§(é—h} = 6.5><(100—10) =585 kNxcm, and

the moment from the internal forces is equal to Mint = 597.4 kNxcm.
The equations of statics have a discrepancy of 6 = 0.5% in terms of the equality of moments from
external and internal forces.

5. Conclusion

Based on the obtained calculation results, it can be concluded:

1. The developed version of the constitutive equations without separation of strain increments into
elastic and plastic parts leads to the same results as when using the constitutive equations of the flow theory,
where the separation into elastic and plastic parts is adopted.

2. The use of the hypothesis of proportionality of the components of the incremental strain and
incremental stress deviators in the developed version of the constitutive equations allows to express the
stress increments immediately. In flow theory, the strain increments are first expressed in terms of the stress
intensity increments, and only after performing differentiation operations it is possible to obtain the required
constitutive equations.

The proposed version of the constitutive equations of the plasticity theory is more preferable for use in
the design practice of engineering structures.
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