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PaccmaTtpuBaioTcs meproanyeckre KOHTaKTHbIE 3a1a4u [JIsl TPEXMEPHOTO YIIPyroro Kjin-
Ha (IByXIpaHHOTO YTIJIa, MOJIYIIPOCTPAHCTBO M YETBEPTh MPOCTPAHCTBA SIBJISIIOTCS] YaCTHBI-
MM CJIydasiMM) TIpu yuete cwil TpeHust KyloHa B HeM3BeCTHBIX 00J1acTsIX KoHTakTa. OnmHa
rpaHb KJIMHA XECTKO 3aKperuieHa, a Apyrasi r(paHb B3aUMOJEHCTBYET ¢ OECKOHEUHOM Mpsi-
MOJIMHEITHO 1IeTTOYKOI OMMHAKOBBIX KECTKHX IIITAMITIOB, OCh LIETIOYKU MapajijieibHa ped-
py KJIWHA. YUYUTHIBAIOTCS CUJIbI TPEHUSI MEPIEeHIUKY/ISIpHbIE WJIN TapajuieibHble peGpy
KJIMHa. BbIBeneHbl MHTErpaibHble YPaBHEHUSI, B KOTOPBIX PSIbI, MTOPOXIACHHBIE KOMITO-
HeHTaMM YeppyTu BKJaga CUJI TPEHUSI, TOYHO MPOCYMMUPOBAHBI. [IJIsT pelreHusT 3amay
MPUMEHSIETCS METOIl HEJIMHEMHBIX MHTErPAJIbHBIX YPaBHEHUI, TTO3BOJISIIOLINN OTHOBpE-
MEHHO OIpeAeIUTh 00JaCTh KOHTAKTa U KOHTAKTHBIC JaBieHMs. PaccunTaHbl MexaHUYe-
CKMe XapaKTepUCTUKU, U3YIEH ITepeXo] OT TUCKPETHOM K HETIPEePBIBHOM 001aCT KOHTaK-
Ta GECKOHEUHOM! JUTUHBI.

Kntouegwle crosa: iepuoanuecKuil KOHTAKT, YIIPYTUIl KJIMH, UHTErpajbHbIe YPaBHEHUSI
DOI: 10.31857/S0572329923600056, EDN: QACECL

Beenenue. McciienoBaHus 3a1a4 NepruoauuyecKoro KOHTaKTa aKTyaJlbHO B CBSI3U C MHXKE-
HEepHBbIMU TIprIoXeHUusiMu [1, 2]. OMHUM U3 OCHOBHBIX MOIXO/IOB SIBJSIETCSI METOJ JIOKAJIU -
3alMy, IIPUMEHSIEMEBIN IJIsI KPYTOBBIX MHASHTOPOB [3—5]. M3ydyaanchk ABOSIKOIIEpUOINYE-
CKVe KOHTaKTHBIE 3a1aul JUTSI PETYJISIPHBIX TTOBEPXHOCTEM, CJIOST M TIOJTyIpocTpaHcTBa [6—8].
YuuTeiBasicsl BKJIAJl CUJT TPEHUS, U3HOCA, CLIETJIEHUS U alre3uu Mpy MepuoanyeckoM KOH-
TakTe ynpyrux tei [9—12]. it HeperyasipHbIX TOBEPXHOCTEHN NPy HAJTMYUU YTIJIOBOW JIUHUU
MEePUOIUYECKUI KOHTAKT pacCMaTPUBAJICS HA MPUMEpPE HECXKMMAEMOTOo yIpyroro KjiinHa 6e3
yueTa cui TpeHus [13]. B ciyyae nmepuoanuecKkoit 3amaHHO 001acTU KOHTaKTa TIPUMEHSIICS
acUMIITOTUYECKUl MeTof [6, 13], a mpu HEM3BECTHOIT 061aCTH — METOM, OBICTPOIO IIpeodpa-
30BaHus Dypbe ¢ aHATNU30M MEPKOJISLIMU (CIUSHUS 00J1acTeil KoHTaKTa) [7], a TakKKe METOI
HEeJIMHEWHBIX TPaHUYHBIX UHTEeTPAIbHBIX YpaBHeHMI |8, 13], pa3paboranHbiii b.A. 'anaHo-
BbIM [14]. PaccMaTpuBaiuch NMpOCTpaHCTBEHHbIE KOHTAKTHBIE 3aJ1a4ld O B3aMMOAECHCTBUU
KJIMHA TIPY y4eTe TPEHUS ¢ eTMHUYHBIM IITamIioM [ 15, 16].

B HacTosI1I€e# cTaThe HA OCHOBE M3BECTHBIX (DyHAAMEHTAIBHBIX pelreHuii [15, 16] mony-
YeHbl MHTETpaJIbHbIC YpaBHEHUS JIMHEWHO-TIEPUOANYECKUX KOHTAKTHBIX 3amay sl TPeX-
MEPHOIo yIpyroro KjiuHa TpU ydeTe cuJl TpeHus. ZKecTkasi 3ajeiaKa OQHOU rpaHu KJIMHa
obecrieynBaeT KOPPEKTHOCTh MHTETPAIbHBIX YPABHEHUI ¢ CUMBOJIOM $IIpa TUIIa TaHTeHCa
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Puc. 1. CxeMa KOHTaKTa Ha FpaHu @ = OL.

TUMepOoIMIeCcKOro, KOTOPBIi 00ecreunBaeT CXOIUMOCTb SIIEPHBIX psioB. B oTnune ot 3a-
JaJ JuIst HecsknMaeMoro Matepuana [ 13] yaureiBatotest cuitbl TpeHust KystoHa, neiicTByIonme
TIepNEeHAVKYISIPHO WKW TapajuleIbHO pebpy KJIMHA TPU MPOM3BOJILHOM KoadduiimeHTe
ITyaccoHa. B wacTHOM cityyae, Korga KJIWH pa3BOpayMBaeTCsl B IMOJYNMPOCTPAHCTBO, MHTE-
rpaJbHOC YpaBHCHUE IJI IEPINCHAUKYJIAPHBIX pe6py CUJI TpE€HUS COBITAAACT C BBIBEACHHBIM
panee [8]. B ssmpax ypaBHeHMI BbIIEICHbBI IAaBHbIE YWIEHBI, M3 KOTOPBIX CBSI3aHHBIE C TPEHU -
€M TOYHO MPOCYMMUPOBaHBI, a HECBSI3aHHBIE COlepKaT UHTErpupyeMble OCOOEHHOCTH Ha
JIMHUSIX BO3MOXKHOTO CIUSTHUST COCETHUX 00JIacTeit KoHTaKTa. M3ydeHa BO3MOXHOCTD TTepe-
Xoma OT AUCKPETHOTO K HEMPEepPBIBHOMY ITPOCTPAHCTBEHHOMY JWHEIHO-MIEPUOANIECKOMY
KOHTAaKTy Ha rpaHM KJIMHA.

1. ITocranoBka 3aaa4. PaccMotpum ynpyruit KinH 0 <7< oo, 0 < @ < q, [7] < o0, pebpo ko-
TOPOTO COBMANAeT C OChbI0 7 LMJIMHIPUYECKOIl cucTeMbl KoopauHaT. IpaHp kinHa @ = 0
KECTKO 3ajesiaHa. M3ydnM KBa3MCTaTUYECKUE TepUOAMYECKUEe KOHTAKTHBIE 3a1a4u O JIv-
HEWHON IIeTIOUYKe OMMHAKOBBIX JKECTKUX IITAMITOB (mepuon 2/, och LIEMOYKN MapajuieIbHa
pebpy KIIMHA ¥ yIajieHa OT Hee Ha PaCCTOSTHUE ¢), BHEAPEHHBIX B TPaHb () = () HA BEJIMIUHY O
¥ HAaUMHAIOIINUX JOCTATOYHO MENJIEHHO IBUTAThCs 6e3 MmepeKoca MepreHauKYIIpHO WM Ma-
pauienbHO pedpy KiauHa (3agauu A U B cooTBeTCTBEHHO, puc. 1). YUUThIBaeM CUJIbI TPEHUS
KyJioHa KoJUTMHeapHble HATIPaBIeHUIO IBUKEHUST M HalpaBJeHHBIE TTPOTUB IBVXKEeHUS. 3a-
Jada A ciMMeTpU4Ha 1o z. K mrrammnaM mpuioxkeHbl HOpMaJibHble CHIbl P Ha pacctossHumn H
OT pedpa u kacareiapHble cwibl 7 = WP (UL — koadbduuueHT TpeHusi Kynona). [Ipennonara-
€TCsI, 9YTO HEM3BECTHBIE 00JJAaCTH KOHTAKTA alpUoOPH COMEP3KATCs B 3aJaHHBIX COMPHUKacalo-
IIXCSI TIPSIMOYTOJIbHMKAX O cTopoHamu 2/ u 2a (puc. 1, a < ¢). bavkauii K Hagaay KOOpau-
HaT MPSIMOYTOJILHUK S COMEPXKUT 00J1aCTh KOHTAKTA €2, B KOTOPOil MOJOIIBA IITaMIa OIU-
ceiBaeTcsl yHKIMen f(r, z), TIepuoanYecKu MpoaoIKalolIeiics 1Mo Z BHe S ¢ nepuoaom 2/
st onpenesieHHOCTH fajiee 6epeM

f(r z)=M+i (1.1)
’ 2R 2R

rae R < R, nna3agaun Au R, = R, nis 3agavym B.
I'paHnyHbBIC YCI0BUS KOHTAKTHBIX 3a/1a4 UMeEIOT BUa (QQ* — oObeauHEeHHast 001aCTh KOH-
TaKTa)

p=0 uy=-(@-f(r2), (n)eQ o,=0, (rn)eQ
(A) To=U0p Te; =0 (B) 7,=0, T4 =U0, (1.2)
0=0 wuy=u=u, =0
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[Mpu 3amaHHBIX TapaMeTpax yrnpyroctu G (Momaynb cipura), v (koadduumneHT [TyaccoHa),
BEJIMINHAX O, @, ¢, [, &, L 1 DyHKIMU f(r, ) TpeOyeTCs ONpPEAETUTh 06JIacTh KOHTaKTa Q U
KOHTAKTHOE JaBJIEHUE Gq)(r, o, 7) = —q(r, 2), (r, 7) € Q, 3aTeM TIpU UCTIOJIH30BAHUN UHTE-
rpajbHBIX YCJIOBUII paBHOBECHS IIITAMITIOB MOTYT OBbITh HaiiieHbI BeTUUMHBI P u H.

2. VlnuTerpajbHblie ypaBHeHUs . [{J1s1 TpeXMEpPHOTO YIIPYroro KJrHa ¢ OMHOM KECTKO 3aKper-
JIeHHO# TpaHblo (QyHKUMU [puHa comepXaT pellieHUs] BCIIOMOTraTeJIbHBIX MHTETPaIbHBIX
ypaBHeHuit dpenaronbma Broporo pona [15, 16]. Mcnonb3ys 3TM GYHKIUMKM IUIST YCIOBUIA
(1.2), npUHLIMI CyNIepHO3ULIMU U TIEPUOJUYHOCTh KOHTAKTHBIX 3a/1a4, OTHOCUTEJIbHO KOH-
TaKTHOTO JABJICHUs TTOJYIUM MHTeTpalibHbIe ypaBHeHus (0 = G/(1 — v), n = 1, 2 n71s 3aga4
A u B cOOTBETCTBEHHO)

[[ atx, K (x, y,r, 2)dxdy = 216[8 - f(r,2)},  (r,2) € Q 1)
Q
K(x,y,r,z) = Ko(xay,",Z) - MKn(-x’yar’Z)

Ky(x,0,7,2) = ﬁ ! { sh(uW (u)Kiy(Br) {e,,(u, Bx) + %ﬁg} S Bz — y)dudB

k=—co
2A(u)

2kchQow) + 4u’sinol + k% + 1

Au) = xsh(2ow) — usin2o), * =3 —4v

B0 (u,px) = Kiy(Bx),  cxoB.1) = ca(B,1) = cos(B(t + 21k))

W) =

sh()K, Bx)dt | _ 1-2v

@ g By v | v =
6 (u,px) = Kiu(B) V*-([ wle) ch(mr) — ch(mu) ~ 2(1-v)

u

=)

/
0,(u.Bx) = "0 XK/ (B2) + (WK, (B) — [ shiun) VHOXKB) = AOK, B,
U ! ch(nf) — ch(mu)

_sin(B( + 21k)) _ ulsin’o _ 2xsh’(ar) _ fy()
(P = SRR,y = 2R, = S0 - AT

() = —uhy(u) [1 + W} L KiBx) =LKy )

u'sin“o

3nech K, (r) — umnuHapuveckast dynkuust beccenst, a dyukuuu W ,(u, Bx) npu dukcupo-
BAHHOM 3HAYeHUU X YIOBIETBOPSIIOT MHTETPATbHBIM ypaBHeHUsIM Dpearonbma BTOPOro
pona (0 <u < o)

W, (u, Bx) = (1 = 2v) [ L(u,T) [‘I’”(t, Bx) + ch %T F,(t, Bx)} dt (2.2)
0

L(u,7) = 2ch ™ gp 70 W(r)]° sh(nf) g(0) dt
’ 272 P eh( + eh()leh() + ch(mo)]

th(ar) sin’(201) N
ch(20t) + cos(4)
+ {sin’aL (20(N 28 (1) — 18:(1)] — g3()[28>(7) + 18 (1)]) —
— 2(1 - v)sin o(gy(?)[sin(3cr) — ch(2017) sin o] — g5(#)sh(20u) cos &)} /g4 (2)

g1 =-

go(®) = xsh(2ot) cos(2a) — tsin(2a), g;(t) = — ch(2or) + cosa) + sin2(20c)
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2,(t) = th(ow)sinQa) (1 + cos(R)),  g(f) = (kch(2air) — 1) sin(20r)
&(1) = [g5(1) + g5 (O]1(sh*(ar) + cos’(2a)))

K (Bx)
Fy(1,Bx) = 6y(7,Bx), F(z,Bx) =0,(T,px) + ”
o(T.p o(T.B (T B 1T B W=V - 297D
1= V)’ 1K+(Bx) + K/ (Bx)
2(1—=v)A = 2v)W (1)
M cxonumoctu psaa B sape Ky(x, y,r, 7) BAXHO, YTO €ro cuMBoJl W (1) Tuna TaHreHca
runepoonnueckoro. MHTerpaibHoe ypaBHeHue (2.1) mis 3amaun A mpu O = T COBIIAAaeT C

BBIBEJCHHBIM paHee s noayrnpocTtpaHcTBa [8]. [Tpu v = 0.5 sinpa uHTerpajJibHbBIX ypaBHe-
Huii (2.1) npuBoasTcs K hopme

Fy(1,Bx) = 8,(t.px) + X

K(xy,r,2) = 5 [ [ shauoW, @K, B0K,Br) Y, caB.z - ydudp (23)
T oo k=—oo

Whu) = Wae(u) - uf*(u)(l - xd%) . W) = Waw) + uf*(u)xi

sh(20w) — u sin(20)
2(ch*(ow) + u’sin’0)

rae n =1, 2 st 3apa4 A u B coorBetcTtBeHHO. [Tpu =0 dbopmysl (2.3) garoT U3BECTHOE S/~
po [13].
Jlns ynpoieHus siapa ypaBHeHMs (2.1) Bocronb3yemcs npencrasieHueM [17]

flu) = usinzoc

Wi(u) =
chz(om) + u’sin’o

Z exp(if(z — y + 2lk)) = 2mexp(iB(z — ¥)) Z (2B — 2mk) 2.4)
k=—oo Kk =—o0
rae 8(x) — d-pynkuusa Jupaka, OTAeNsIs B HEM AEACTBUTENLHYIO U MHUMYIO 4acThb. I1pu BbI-
YUCJIEHUM UHTErPANIOB ¢ O-hyHKIuel (2.4) TpeOyIOTCs 3HAYEHUS IIPEAEIIOB

o

J@cos (u In L)du (2.5)

2im [ shmuy W @)K, (Bx)K;, (Brydu =
nh-0y 0 X

oo

2.t (WWh) sh(mush(mr) ' _ [ Wwhw) . r
nlsli%;[g chmr) — ch(mgy  rBXKiuBrididu { PR (”lnx)d”

BO3HUKapIIUX B saape (2.1) npu k = 0; Takke MCHOJIb3yeM MHpeesi, IoJydaeMblil ITOWIeH-
HbIM 1uddepeHIMPOBaHUEM M0 X BTOPOii (hopmyisl (2.5).

[Mpenenst (2.5) cBsi3aHbl C COOTBETCTBYIOLIEH TI0CKOM 3anaveit. Ecinu ynepxathb B siipe
ypaBHeHwMs (2.1) 3amaum A 1UIIb ciaaraeMoe Ipu kK = 0 (€IMHUIHBINA IITaMIT) IJIs1 II0JIOCOBOI
00JIacTM KOHTaKTa BIOJIb pebpa KJIMHA, IPUMEHUTH IpeodpasoBaHne Dypbe 0 7 U COBEP-
LIUTH MPpeneabHbIN epexor B — 0 mpu yuete dopmyn (2.5), TpuaeM K U3BECTHOMY SITPY MH-
TerpajbHOr0 YpaBHEHMSI IJIOCKOI 3a1a4y ¢ TpeHUEeM ISl KiinHa [15]

oo oo

K(x,r) = £ W) [uu; WAy @] cos (u In i)a'u — uv*_([ M sin (u In i)du (2.6)

Beinenum rnaBHble wieHBl sapa ypaBHeHus (2.1). g dynkuum Ky(x,y,r,7) BO3bMEM
uHTterpaiisl u psn [15, 18, 19] (C — nocrosiHHas Ditnepa)
[ cosn) ;e"p(‘”) du ==l [ h(m) Ky (00K, tridu = 2Ky (1 = 2
0 0
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k=1

%2 (M |r = x|) cos (mi (z — »)) = R I(C+ln xlj +Z{Rk - =

Ry

R=Ar-—xP+(z-y> R =r-x+G@-y+2k)’, mn, =nk/i

a U151 3aBUCSILLIMX OT L CJIaraeMbIX S11pa BbIAEJIUM MHTETpasbl U psansl [15, 18, 19]

2 J. J‘ J. U(ta LI)K[,(BX)K,'M(B/') COS(B(Z _ y))d[.))dfdu — _r-x

000 ch(mr) — ch(mu) IS
4T UK EDK,Br) Bz
nz'o[ g'[ ch(ntr) — ch(mu) sinz =y B didu = R2

U(t,u) = ch(nf)ch(mu) — 1

z r— 7t sh(n(r — x)/1)
K (Rk) T [ch(n(r — x)/1) — cos(n(z — y)/D)]

o 2—y+2k _ nsin(n(z — y)/1)
e (RD? 2 [eh(n(r — x)/1) - cos(n(z — y)/D)]

(2.7)

Psne1 (2.7) mO3BOJISIIOT TOUHO NPOCYMMUPOBATh WiI€HbI, HOPOKISHHBIE pEllIEeHEeM 3a1a-

yu YeppyTH 151 MOTYIIPOCTPAHCTBA.
B pesynbrare npencraBum sapa ypaBHeHus (2.1) B popme

1,1 1 1|, c 1, |r=4
K s Vol =—+ —t———|+=+-In—+
WD = ;;{R,j R kl} U alinGr /)

%]{:{[W(u) —1]cos (u In= ) + exp(— u)}: +

oo

B ) W W@
+ py E[ Sh(nu) {[W(Ll) Cth(nu)]zo(u, Ll) + ch(TCLl/z) }dll

nvx sh(n(r — x)/1)

Ky 2 = — /1) — cos(nz — /D]
.[[W(u)h(u) —1]sin (u In” )d” +
u

, ) 2w |,
+ j sh(nu)W(u)[ 5 Ziwu) + ch(mu/ 2)} a

CAvs T f f W (u)h(?) sh(mu)sh(rr) —

UW 5 (¢, udidu
ch(nt) — ch(mu)

nvasin(m(z — y)/1) B
2/ [ch(r(r — x)/I) — cos((z — y)/])]

KZ(xayar:Z) =

- T {v*[W(u)h(u) —1]cos (u In— ) W(uzlho(u) sin (u In i)} du +

(2.8)
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r i 2w ],
+ 4 J; Sh(TELI)W(u)‘: p X(u,u) + )Xy (u,u) + ch(nu/2)} du

v ]""f W wh(t) sh(msh(n) =Uw) s 1, 4
nl gy ch(mt) — ch(rmu) ’

+ 4 .[ J- W (u)hy(t) sh(rnu)sh(mr) 5 (t, u)drdu
L7 ch(rntt) — ch(mu)

() = D Ky (x) Ky () s, (2= ), Sp0(0) = 5j0(8) = cos(myr)
=

X,(u) = i‘l‘n (u, 70 ) Ky (7) 510 (2 = ¥)5 Sp0(t) = sin(m,?)
k=1 T X

(t,u) = x, K} (mex) Ky, (T7) 552 (2 = )
k=1

B dopmynax (2.8) yiydiiieHa CXOOMMOCTh BCEX MHTETPAJIOB C YY€TOM aCUMIITOTUYECKOIO
MOBEAEHUSI CUMBOJIOB B 0€CKOHEYHOCTHU. fAnpa (2.8) comep:kat ciiaraeMble, BXOASIIME B siIpa
N3BECTHBIX MHTCIPaJIbHbBIX ypaBHCHI/If/’I NPOCTPAHCTBCHHbIX U INIOCKMX KOHTAKTHBIX 3a1a4 C
TPEHUEM ISl OMHOTO IITaMIIa; B Tipeesie pu [ — ©© OHU CTPEeMSITCS K U3BECTHBIM sipaM
st ogHoro mramna. Jlorapudmuueckuit wieH ganpa Ky(x,y,r,z) obnagaer ycTpaHUMOM
0COOEHHOCTBIO Ipu + — X [8, 13].

3. Yucaennslii Meton. JIjisi perieHns] KOHTAKTHBIX 3a/1ad MCTIOJIb3YeEM METOM, Pa3BUTHIN
l'ananoBbIM [14], KOTOPBIT MO3BOISIET ONPENENIUTh 00JaCTh KOHTAaKTa U JABJICHUSI B 3TOU
o0JiacTi omHOBpeMeHHO. B maHHOM MeTone nHTerpupoBaHue B ypaBHeHuu (2.1), (1.1) pac-
MMPOCTPAHSIETCS Ha MPSIMOYTOJIBHUK S, comepxkaluit oonacts Q (puc. 1). B ycaoBusix orcyr-
CTBUSI KOHTAKTa M 0OpallleHHWsT B HYJIb JTaBJIIEHUs B JOIMOJTHUTEIBbHON obactu S\ Tpuxo-
UM K CUCTEME UHTEeTPAJIbHOTO ypaBHEHUS 1 UHTETPaJIbHOIO HEPABEHCTBA

Iq(N)K(N,M)dN =dM), qM)=0, MeQ

K
Iq(N)K(N,M)dN >dM), qM)=0, MeS\Q 3.1)
s

N=xy, M=rz dM)=2r0[0- f(M)]
IMociie BBeIeHNS HEJUHERHBIX OIEPATOPOB
p (M) = sup{p(M),0}, p (M) = inf{p(M),0}
W IIpEACTaBJICHUA UICKOMOTI'O IaBJICHUA B (I)OpMe
qg=qM)=q" (M)+q (M)

cucteMa (3.1) cBOAMTCS K pellIeHUIO HeJIMHEIHOTo onepaTOpHOro ypaBHeHus Tuiia 'ammep-
mTeiHa

Op=0 (MeQ), Op=p +Kp —d (3.2)
e p = p(M), p* = p*(M), d = d(M),
Kp© = j pH(N)K(N, M)dN (3.3)
S

WMHTterpanbHoe HepaBeHCTBO (3.1) ymoBieTBopsieTcsl aBToMaTU4eckKu. MOXHO J10Ka3aTb
SKBUBAJIECHTHOCTh cucteMbl (3.1) u ypaBHeHus (3.2) [14, 15].
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JI1s1 yncieHHOro pelleHus: ypaBHeHus (3.2) puMeHsieTcs] MoTuUIMPOBaHHbBII METO.,
HrprotoHa, koTopbiil 6a3upyeTcsl Ha MOCTPOCHUU TOCIEA0BATENbHBIX MPUOIVKEHUN T10
dopmynam

puit = Pa=(F'p) " ©py py=p, (M), n=0,1,..., py=d
rae F — nuddepeHMpyeMelit orepaTtop, anmmpoKCUMUPYIOIIN orepatop © 1Mo paBHOMEP-
Holt MeTpuke [14, 15].
B otimmume ot 3amav mist ogHoro mrammna |14, 15] mepBoe saapo (2.8) B IpsIMOYTOJIbHUKE S
MMeeT He TOJIBKO KIIACCIYECKYIO OCOGEHHOCTh R, HO U IOIIOTHUTEIbHBIE MHTETPUPYEMbIC
0COOEHHOCTH (Rlir )71 B TOYKax 7 = x, z — y = ¥2/ Ha cTopoHax .S, 0603HaU€HHBIX TOUKAMU

Ha puc. 1. Ilpu pacuere 3HaueHMii sigpa B MHTerpagax tuma (3.3) ocoO0eHHOCTHU CIilaxkMBa-
Juck 1o opmyie (k=0; 1)

(r—x) +(@z—-y+ 2kl = (r—x) +(z—y+2kl)’ +h]ﬁ
rae /1, U hy — 11aru CeTKM COOTBETCTBEHHO IO OCSIM ' U Z.
BseneMm Ge3pasMepHble 0003HAUYEHUS (IITPUXHU JajIee€ OITyCKaeM)
r.:r—c, x.:x—c’ z'zg, y':Z, :L’ :L’ L=C
/ / / / 2R, 2R, /

Q'(r',z')=M, e=4 8':§, p=_2 , SoS Qe
210 / / 10/>

[MapamMeTp A XapaKTepU3yeT OTHOCUTEILHYIO YIAJIEHHOCTD LIEMOYKU IITAMIIOB OT pebpa
KJTWHA.

B 1a6. 1 u 2 mpuBemeHbI COOTBETCTBEHHO 3aBucMocTr P(8) (A=2,v=0.5,u=0.2,e=1)u
PA) (6=1,v=0.5,u==0.2, e = 1) I pa3HBIX YIJIOB KJIMHA O, pACCINTAHHBIE TIPU A = 1 1
B=0.2 nna 3amaun Au A= 0.2 u B= 1 anga 3anaun B. 3HaueHus BaaBiuBaoouiein cuisl P
pPACTyT NIPY YBEJIMYEHUU YIJIa KJIMHA U OCAJKU IIITAMITIOB U CHUXAIOTCS TIPY OTAAJIEHUH 11e-
MOYKU OT pebpa KiarHa. JIJ1s1 ynpyroit 4eTBepTH MPOCTPAHCTBA COOTBETCTBYIOIINE 3HAYCHUST
Gosblile, YeM IS TTOJIyITPOCTPAHCTBA, UTO OOBSICHSIETCSI TIPUOJIMKEHMEM 30HbI KOHTaKTa K
JKeCTKOI 3a/ieJiKe IO YIJIOBOM KoopauHare. 11 HeCXXKUMaeMoTo TOIyITpOCTPaHCTBA B 3a1a-
4e A, a TakKe TSI IPOU3BOIBHOTO KJIMHA B 3a1ave B, 3HaK |1 He BiusieT Ha 3HaYeHue P (cM.
ypaBHeHus (2.1) u (2.3)). CymecTBeHHOE BIMsSIHIE HAIIPaBJICHUS CUJI TPEHUSI HA BIABIMBA-
romryto cuiny P ripu v = (0.5 HabmonaeTcsd B 3amadye A MpU KOHTaKTe BOJM3U pedpa oCTpo-
YTOJIBHOTO KJIMHa. [ HecxkuMaeMol 4eTBepTH mpocTpaHcTBa npu WL < 0 (CHJIBI TPEeHUST Ha-
MpaBJieHbl B MOJOXUTEIbHOM HaIlPaBJIEHUU MMOJYOCH ) 3HaUYeHUs P MeHbllle, yeM rpu L > 0
(cM. Taba. 2). [TpoTBOMOJIOXKHAS CUTYaIMsI OTMeYaIach ISl CKMUMaeMOTO TTOJIyITPOCTpaH-
ctBa (o0 = 1, v = 0.25) [8]. Takoe nmoBeneHWe UHTETPATIBHOM XapaKTEPUCTUKM KOHTAKTHBIX
JABJICHUI KOPPENUPYyeT CO 3HAKOM CBSI3AHHON C [l 4acTu (PyHOAMEHTATbHOTO DEIIeHUS
TUTOCKOM 3aga4u (2.6), KOTOPOE SIBIISIETCSI HOPMaIbHBIM TIepeMelleHreM (C 0OpaTHBIM 3Ha-
KOM), BbI3BaHHBIM JEHCTBUEM KacaTeJIbHOM CHIIbI, MPUJIOKEHHOI B TOUKE ¥ = X U HallpaB-
JIeHHO# K yriy kiuHa [15]. TIpu r < x mist MoJIyIJIoCKOCTH YKa3aHHOe HOpMaJibHOE TepeMe-

IIEHNE TOYCK TPAHULIBI Uy(r, 0 = T1) < 0 (v =0.25) [8], Torna kak ajis HECXMaeMOii YeTBEP-

TH TUIOCKOCTH Uy(r, 0L = Tt/2) 2 0 (v = 0.5), 4TO 110-pa3sHOMY MOXET BJIMSITh HA KOHTAKT.

M1t MOCTaTOYHO BBITSIHYTHIX BIOJb pebpa KIMHA MITAMIIOB IIPU POCTE OCaIKu O Ha6IIO-
JaeTCsl BBIXOJ 00JIACTH KOHTAKTa Ha GOKOBBIE CTOPOHBI IMPSIMOYTOJIbHUKA .S (TTOKa3aHbI TOY-
KaMu Ha puc. 1), 4To o3HaYaeT HavyaIo0 MepKosImy (CiussHue obnacTteil kKoHTakTa). Ha puc. 2
noKaszaHbl 3aBUCUMOCTH (a) mind(A) u (b) minP(A), Ip1 KOTOPBIX HAYMHAETCS CAUSTHUE 00-
Jlacteit koHTakTa Juist 3anadn A (v = 0.5, 4 = e = 1, B= 1 = 0.2; crutolHble JIMHUU 1151 O = 37/2,
IIYHKTUDP — Ol = T, TOYKU — O, = T/2). 3HaueHunsa minP(L) mpu oL = T ¥ O = /2 OTIINYAIOTCA



MEPUOANUYECKHWME KOHTAKTHBIE 3AJAYU 177
Ta6auua 1. 3HaueHust cuIIbl P B 3aBUCUMOCTH OT OCAIKM O
3amaua A B
o 0.5 1 1.5 0.5 1 1.5
oa=m/2 0.132 0.332 0.444 0.147 0.375 0.628
aA=T 0.0996 0.235 0.309 0.109 0.267 0.442
o=3m/2 0.0918 0.214 0.281 0.0985 0.236 0.389
Tabsmna 2. 3HauyeHus CUITBI P B 3aBUCMMOCTH OT IapaMeTpa A
3anaua A B
A 1.5 2.5 3.5 1.5 2.5 3.5
a=mn/2,u=0.2 0.383 0.303 0.268 0.451 0.335 0.291
a=m/2,u=-0.2 0.341 0.278 0.248 0.451 0.335 0.291
a=m,Vu 0.258 0.221 0.202 0.306 0.246 0.222
o=3m/2,u=0.2 0.233 0.202 0.186 0.266 0.220 0.202
o=3m/2,u=-0.2 0.227 0.198 0.183 0.266 0.220 0.202

OT COOTBETCTBYIOIINX 3HAYEHUI TTpH oL = 37/2 He Gosee, yeM Ha 2%, 1 He TTOKa3aHbl Ha PUC.
Ipu yMeHBIIIEHUM YTJIa pacTBOpa KJIMHA CHUXKAETCS OcaliKa, TPy KOTOPOI HacTyIaeT nep-
kossius. [lpu oTnaseHUr LEMOYKY IITAaMIIOB OT pe0dpa KJIMHA yKa3aHHasl ocaaka, Hao00-
poT, Bo3pactaeT. [Ipy 5TOM BHaBIMBawllas cuja MeHsieTcsl He3HauuTeabHo. Ha puc. 3
BHYTPH MPSIMOYTOJIbHUKA S TOKa3aHbI TPAHUIIBI TOJIOBUHOK CUMMETPUYHBIX 1O Z 06J1acTeit
koHTakTa Q (3amava A, v=0.5,A=¢=1, B= = 0.2). [Ipu pa3BuUTHU MEPKOJSILNH C PO-
CTOM OCalKH O HabJIOaeTCs YBEIMYeHE JIMHUU CIIUSIHUSL COCENHUX obnacteii mpu z = 1 u
ioanu Q, cMelleHrue o0o1actu {2 K pedpy KJIMHa OTHOCUTENbHO TOUKM HayaJbHOTro Kaca-
Hud (puc. 3,a, o0 = =71/2, d = 1, A = 2). O61acTb KOHTAKTa PACTET TAKXKE IIPU YMEHbIIEHUN
yIJIa OCTPOYIOJIBHOIO KiirHa (puc. 3,b, 8 = 0.5, A = 1.5, cruroluHas JMHUS U O, = TT, IIyHK-
THDp — O = T/2).

(@) (b)
0.9 /, 016p—o
—_ I
-
-
2} s _
5 z 5
e v e g
s
0.71- 0.14
2 A 2 4 A

Puc. 2. 3aBucumoctu (a) mind(A) u (b) min P(A) it HavaIa ePKOJISIIIUH.
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@) S (b)

Puc. 3. IpaHuLbl MOJOBMHOK 30H KOHTaKTa (a) mocse u (b) 10 MepKOISILUH.

3akmoueHue. 3aKpeTUIeHUE OTHOM IPaHU TPOCTPAHCTBEHHOTO YIIPYTOTO KIIMHA TTO3BOJISI-
€T TTOJIYIUTh KOPPEKTHBIC UHTETPAJIbHbIC YpaBHEHMS TIPH JIMHEMHO-TIEPUOANIECKOM KOH-
takTe ¢ TpeHreM KynoHa. YcraHoBieHa CTpyKTypa siAep MHTErpaJibHbIX YpPaBHEHUM 3a1a4
JIMTHEMHO-TIEPUOMYECKOTO KOHTAKTa C TPEHWEM U1 KJIMHA, KOTOpasl BKIIIOYaeT M3BECTHBIE
YJIEHBI SIIEP MHTErPATbHBIX YPABHEHHI COOTBETCTBYIOIINX INTOCKUX M MPOCTPAHCTBEHHBIX KOH-
TaKTHBIX 3a1a4 ¢ TPEHUEM JIJIsT OMHOTO ITamIia. Ha TMHHUSIX BO3MOXKHOM MEePKOISINA BO3ZHUKA-

IOT JIOTIOJTHUTENIbHBIE MHTErpUpyeMble 0COGEHHOCTH sipa mopsinka R-!. TIpu yMeHblIeHUH
OCTpOTO yIJIa KJIMHA XapaKTEPUCTUKU KOHTAKTa MOTYT CYIIIECTBEHHO OTJIMYAThCS OT CiIydasi
MTOJTYTIPOCTPAHCTBA.

Pabora BbINoJIHEHa Tipu nopepkke Poccuiickoro HayyHoro poHaa (kox mpoekra 22-21-
00013).
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