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<?< 8<A4@<K9E><@ I4BEB@.

 4F9@4F<K9E>4S @B89?P LG@BFDBA4 EFDB<FES A4 BEAB69 97B EFDG>FGDAB= EI9@O, EBEFBSM9=
<; A9?<A9=AB7B GE<?<F9?S E I4D4>F9D<EF<>B= F (X), ?<A<< ;489D:>< c 6D9@9A9@ ;4C4;8O64A<S T
< H<?PFD4 Φ (D<E. 1, 4). �E?< H<?PFD CD98EF46?S9F EB5B= >B?954F9?PAO= >BAFGD E 8B5DBFABEFPR Q,
EBEFBSM<= <; 9@>BEF<, <A8G>F<6ABEF< < EBCDBF<6?9A<S (B8AB;69AAO= RLC-H<?PFD), @B89?P
BC<EO649FES 8<HH9D9AJ<4?PAB-D4;ABEFAO@ GD46A9A<9@

Z̈ +
Ż

Q
+ Z = F (Z(t− T )) . (1)
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a b

$<E. 1. �?B>-EI9@O 79A9D4FBD4 E ;4C4;8O64RM9= B5D4F-
AB= E6S;PR (a) < 79A9D4FBD4 E <A9DJ<BAAO@ ;4C4;8O64-
A<9@ (b). !' 4 A9?<A9=AO= GE<?<F9?P; T 4 ;489D:>4;
( 4 H<?PFD; �� 4 <A9DJ<BAAB9 ;69AB

Fig. 1. Block diagrams of a generator with delayed
feedback (a) and a generator with inertial delay (b). NA 4
nonlinear amplifier; T 4 delay; F 4 filter; IL 4 inertial link

+4M9 6E97B 6 >4K9EF69 A9?<A9=AB= HGA>J<< <E-
CB?P;G9FES F (Z,M) = MZ exp(−Z2), 789 C4D4-
@9FD M 4 >BQHH<J<9AF GE<?9A<S 6 ?<A9=AB@
D9:<@9.

 B89?P, BC<EO649@4S GD46A9A<9@ (1), E @4-
F9@4F<K9E>B= FBK>< ;D9A<S CD98EF46?S9F 8<A4@<-
K9E>GR E<EF9@G E 59E>BA9KAO@ K<E?B@ EF9C9A9=
E6B5B8O, IBFS H<;<K9E>B9 K<E?B EF9C9A9= E6B5B-
8O B7D4A<K9AB < EBEF46?S9F N ∼ ∆fT , 789 ∆f 4
CB?BE4 CDBCGE>4A<S H<?PFD4.

$4;D45BF>4 AB6B7B CB>B?9A<S 79A9D4FBDB6
I4BE4 A4 F69D8BF9?PAB= Q?9@9AFAB= 54;9 6 A4K4-
?9 1980-I 7B8B6 CBFD95B64?4 EB;84A<S @B89?PAOI
Q?9>FDBAAOI 79A9D4FBDB6 I4BE4 E EBED98BFBK9AAO-
@< C4D4@9FD4@< < @<A<@4?PAO@ K<E?B@ EF9C9A9=
E6B5B8O.

&4>4S @B89?P 6 6<89 >B?PJ96B7B 46FB79A9D4FBD4 E CB?GFBD4 EF9C9AS@< E6B5B8O 5O?4 CD98-
?B:9A4 �. %. �@<FD<96O@ < �.3. �<E?B6O@ [4,5]. �4 BEAB6G 5O?4 6;SF4 @B89?P LG@BFDBA4 (1).
#9D9IB8 BF D4ECD989?9AAB= @B89?<, BC<EO649@B= 8<HH9D9AJ<4?PAB-D4;ABEFAO@ GD46A9A<9@,
> >BA9KAB@9DAB= @B89?< BEGM9EF6?S?ES CGF9@ ;4@9AO ;4C4;8O64A<S A4 <A9DJ<BAAO= Q?9@9AF
C9D6B7B CBDS8>4 (D<E. 1, b). � D9;G?PF4F9 5O?4 CB?GK9A4 @4F9@4F<K9E>4S @B89?P 46FB>B?954F9?PAB=
E<EF9@O E CB?GFBD4 EF9C9AS@< E6B5B8O 4 CDBEF9=L<= >BA9KAB@9DAO= 4A4?B7 @B89?< LG@BFDBA4:

TẊ +X = F (Z), Z̈ +
Ż

Q
+ Z = X

<?<

TẊ +X = F (Z), Ẏ = X − Z, Ż = Y −
Z

Q
.

(2)

�?48<@<D 3>B6?96<K �<E?B6

Vladimir Yakovlevich Kislov

� (2) X I4D4>F9D<;G9F E<7A4? A4 6OIB89
<A9DJ<BAAB7B Q?9@9AF4, 4 Z 4 A4 6IB89 GE<?<F9-
?S. #4D4@9FDO T < Q BCD989?SRF EBBF69FEF69AAB
6D9@S D9?4>E4J<< <A9DJ<BAAB7B Q?9@9AF4 < 8B5-
DBFABEFP RLC-H<?PFD4, 4 C4D4@9FD M ;4849F >B-
QHH<J<9AF GE<?9A<S.

�E?98EF6<9 FB7B, KFB I4D4>F9D<EF<>4 GE<-
?<F9?S 6O5D4A4 E<@@9FD<KAB=, E<EF9@4 BEF49FES
<A64D<4AFAB= BFABE<F9?PAB ;4@9AO (X,Y, Z) →
→ (−X,−Y,−Z). #BQFB@G 4FFD4>FBD @B:9F ?<-
5B G8B6?9F6BDSFP GE?B6<R E<@@9FD<< < C9D9IB-
8<FP 6 E95S CD< G>4;4AAB= ;4@9A9, ?<5B, 5G8GK<
A9E<@@9FD<KAO@, <@9FP E<@@9FD<KAB D4ECB?B-
:9AAGR >BC<R.

#D< C9D9IB89 C4D4@9FD4 M K9D9; 5<HGD>4-
J<BAAB9 ;A4K9A<9 M0 = 1 6 E<EF9@9 CDB<EIB8<F
5<HGD>4J<S 4 CBF9DS GEFB=K<6BEF< CB?B:9A<S
D46AB69E<S 6 A4K4?9 >BBD8<A4F. � D9;G?PF4F9 DB:-
849FES C4D4 E<@@9FD<KAB D4ECB?B:9AAOI GEFB=-
K<6OI EBEFBSA<= D46AB69E<S Z = Y = ±

√
lnM ,
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�?9>E4A8D %9D7996<K �@<FD<96

Alexander Sergeevich Dmitriev

>BFBDO9 E DBEFB@ M G84?SRFES BF A4K4?4 >B-
BD8<A4F. #D< E?98GRM9@ >D<F<K9E>B@ ;A4K9A<<
M = M1 B54 QF< CB?B:9A<S D46AB69E<S F9DSRF
GEFB=K<6BEFP < EF4AB6SFES A9GEFB=K<6O@< HB>GE4-
@<. � B>D9EFABEF< >4:8B7B D46AB69E<S DB:849FES
CD989?PAO= J<>?. 1F< 864 J<>?4 E<@@9FD<KAO 8DG7
8DG7G. #D< 84?PA9=L9@ G69?<K9A<< C4D4@9FD4 M
CDB<EIB8<F >4E>48 5<HGD>4J<= G86B9A<S C9D<B84
< C9D9IB8 > I4BEG, CD<K9@ 4FFD4>FBD CBIB: A4 4F-
FD4>FBD $ёEE?9D4. �4F9@, CD< 8BEF4FBKAB 5B?PL<I
M , CDB<EIB8<F B5N98<A9A<9 86GI E<@@9FD<KAOI
8DG7 8DG7G 4FFD4>FBDB6 < B5D4;B64A<9 98<AB7B E<@-
@9FD<KAB7B 4FFD4>FBD4. " I4D4>F9DAOI D9:<@4I
6 E<EF9@9 @B:AB EG8<FP CB Q6B?RJ<< H4;B6B7B
CBDFD9F4 4FFD4>FBD4, CD98EF46?9AAB= A4 D<E. 2.

�E>BD9 >B?PJ96B= 46FB79A9D4FBD 5O? D94-
?<;B64A 6 6<89 4A4?B7B6B= Q?9>FDBAAB= EI9@O,
< A4 97B BEAB69 5O? EB;84A C9D6O= @4>9F EI9@O C9-
D984K< ;6G>B6B= < @G;O>4?PAB= <AHBD@4J<< E <E-
CB?P;B64A<9@ 8<A4@<K9E>B7B I4BE4 (D<E. 3) [638].

� 84?PA9=L9@ @B89?P >B?PJ96B7B 46FB79A9D4FBD4 E CB?GFBD4 EF9C9AS@< E6B5B8O 5O?4
B5B5M9A4 A4 @AB7B@9DAO9 @B89?<, >BFBDO9 <ECB?P;B64?<EP < CDB8B?:4RF <ECB?P;B64FPES 8?S
<;GK9A<S I4BF<K9E><I >B?954A<= D4;?<KAB= D4;@9DABEF< [5, 9, 10]. � K4EFABEF<, E CB@BMPR
D4;D45BF4AAB= A4 BEAB69 @B89?9= CB6OL9AAB= D4;@9DABEF< 4A4?<F<K9E>B-6OK<E?<F9?PAB= F9B-
D<< 79A9D4J<< I4BE4 5O?4 GEF4AB6?9A4 6B;@B:ABEFP HBD@<DB64A<S EC9>FD4 @BMABEF< 79A9-
D<DG9@OI I4BF<K9E><I >B?954A<= ;484AAB= HBD@O < 6 ;484AAB@ K4EFBFAB@ 8<4C4;BA9 [9, 10].

a b

c d

$<E. 2. 16B?RJ<S 4FFD4>FBD4 E G69?<K9A<9@ >BQHH<J<9AF4 GE<?9A<S: M = 3.5 (a), 5 (b), 12 (c), 16 (d); T = 2, Q = 10

Fig. 2. Evolution of the attractor with increasing gain: M = 3.5 (a), 5 (b), 12 (c), 16 (d); T = 2, Q = 10
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a

b

c

$<E. 3. 1>EC9D<@9AFO CB C9D984K9 ;6G>B6B= <AHBD@4J<< 6 E<EF9@9 E A9?<A9=AO@ CB8@9L<64A<9@ (1994 7B8):
a 4 EI9@4 C9D984K<; b 4 C9D984FK<> E<EF9@O A4 BEAB69 >B?PJ96B7B 79A9D4FBD4 I4BE4 E 1.5 EF9C9AS@< E6B5B8O;
c 4 H4;B6O= CBDFD9F E<7A4?4 6 >4A4?9 CD< C9D984K9 ;6G>B6B7B E<7A4?4

Fig. 3. Experiments on the transmission of sound information in a system with nonlinear mixing (1994): a 4 transmission
scheme; b 4 transmitter of a system based on a ring chaos oscillator with 1.5 degrees of freedom; c 4 phase portrait of the
signal in the channel when transmitting an audio signal

� A4L< 8A< <EE?98B64A<S CB 79A9D4J<< I4BE4 6 >BA9KAB@9DAOI >B?PJ96OI 46FB>B?954F9?PAOI E<-
EF9@4I CDB8B?:4RF D4;6<64FPES < <ECB?P;B64FPES 8?S EB;84A<S F69D8BF9?PAOI 79A9D4FBDB6 I4BE4
A4 EBED98BFBK9AAOI Q?9@9AF4I E ;484AAO@< EC9>FD4?PAO@< I4D4>F9D<EF<>4@< 6 D48<B-, %�+-
< ��+-8<4C4;BA4I K4EFBF [11]. 'CB@SAGFO9 79A9D4FBDO S6?SRFES >?RK96O@< >B@CBA9AF4@< 8?S
E69DIL<DB>BCB?BEAOI CDS@BI4BF<K9E><I CD<9@BC9D984FK<>B6 [12314], QHH9>F<6AOI @4?B7454-
D<FAOI <EFBKA<>B6 D48<BE69F4 [15318] < 8DG7<I CD<@9A9A<= 6OEB>BK4EFBFAB7B Q?9>FDB@47A<FAB7B
8<A4@<K9E>B7B I4BE4.
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Nonlinear regimes of spin wave propagation in a waveguide
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�6989A<9

�EE?98B64A<S 6B?AB6OI CDBJ9EEB6 6 @47A<FAOI @4F9D<4?4I 6 H<;<>9 >BA89AE<DB64AAB7B
EBEFBSA<S CB>4;4?< EGM9EF6B64A<9 @47ABAB6 < <I >B??9>F<6AOI 6B;5G:89A<= 4 EC<AB6OI 6B?A
(%�) [1, 2]. $4;6<F<9 F9IAB?B7<= EFDG>FGD<DB64A<S @47A<FAOI C?9AB> CB;6B?<?B L<DB>B <ECB?P-
;B64FP @<>DB- < A4ABEFDG>FGDO 8?S EB;84A<S @47A<FAOI ?B7<K9E><I GEFDB=EF6, C9D984RM<I
E<7A4?O, ;4>B8<DB64AAO9 6 4@C?<FG89 </<?< H4;9 EC<AB6OI 6B?A [335]. #B 4A4?B7<< E <AF9-
7D4?PAO@< EI9@4@<, BEAB64AAO@< A4 >B@C?9@9AF4DAB= EFDG>FGD9 @9F4??3B>E<83CB?GCDB6B8A<>
(� "#) [6,7], GEFDB=EF64, BEAB64AAO9 A4 @47ABAAOI CD<AJ<C4I, @B7GF 5OFP EB98<A9AO @9:8G
EB5B= @47A<FAO@< 6B?AB6B84@<, B5D4;GS @47ABAAGR 6OK<E?<F9?PAGR E9FP [8, 9].

 47ABAAO9 E9F< HGA>J<BA4?PAOI ?B7<K9E><I Q?9@9AFB6 @B7GF <ECB?P;B64FPES 8?S @4DLDG-
F<;4J<< < B5D45BF>< <AHBD@4J<<, B59EC9K<64S 8BCB?A<F9?PAO9 CD9<@GM9EF64 QA9D7BA9;46<E<-
@BEF<, A<;>B= D45BK9= @BMABEF< < BFEGFEF6<S 8:BG?964 A47D964 [10]. �4FGI4A<9 %� CD98EF46?S9F
EB5B= >D<F<K9E>B9 CD9CSFEF6<9 8?S EB;84A<S @47ABAAOI E9F9=, CBE>B?P>G B7D4A<K<649F CDBEFD4A-
EF69AAGR CDBFS:9AABEFP @4ELF454@<, ED46A<@O@< <?< @9APL<@< 8?<AO D4ECDBEFD4A9A<S %�.
 <A<4FRD<;4J<S @47ABAAOI GEFDB=EF6 S6?S9FES E?98EF6<9@ B7D4A<K9A<S @4ELF45<DG9@BEF<
@47ABAAOI EI9@. �ECB?P;B64A<9 C?9AB> :9?9;B-<FFD<96B7B 7D4A4F4 (���), 6 >BFBDOI %� @B7GF
D4ECDBEFD4ASFPES A4 D4EEFBSA<S 8B A9E>B?P><I @<??<@9FDB6, S6?S9FES L47B@ > CD9B8B?9A<R
B7D4A<K9A<= @4ELF45<DG9@BEF< [11]. "8A4>B B8ABA4CD46?9AA4S C9D984K4 E<7A4?B6 6 CBC9D9KAB-
B7D4A<K9AAOI @47A<FAOI 6B?AB6B84I S6?S9FES CD9CSFEF6<9@ 8?S @<A<4FRD<;4J<<, KFB ;4EF46?S9F
<E>4FP AB6O9 >BAJ9CJ<< GEFDB=EF6. #D<@9DB@ CD9B8B?9A<S B7D4A<K9A<= S6?S9FES EB;84A<9
GEFDB=EF6 E GCD46?S9@B= C9D984K9= EC<A-6B?AB6OI E<7A4?B6 A4 BEAB69 EFDG>FGD<DB64AAOI @47-
A<FAOI C?9AB> CGFё@ <;@9A9A<S 79B@9FD<K9E><I C4D4@9FDB6 @47ABAAOI EFDG>FGD [12], <;@9A9A<S
BD<9AF4J<< < 69?<K<AO 6A9LA97B @47A<FAB7B CB?S [13], EB;84A<S @9F4CB69DIABEF9= [14] < F. 8.
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#9D<B8<K9E>4S C9D9>4K>4 @BMABEF< E<7A4?B6 6 ?4F9D4?PAB E6S;4AAOI @47A<FAOI 6B?-
AB6B84I, BEAB64AA4S A4 QHH9>F9 8<CB?PAB= E6S;<, @B:9F 5OFP <ECB?P;B64A4 8?S D94?<;4J<<
D9:<@B6 CDBEFD4AEF69AAB= E9?9>J<< %� [5, 15, 16].  47ABAAO9 >D<EF4??O ( �) CD98EF46?S-
RF EB5B= EFDG>FGDO E C9D<B8<K9E>B= @B8G?SJ<9= EFDG>FGDAOI <?< @4F9D<4?PAOI C4D4@9FDB6
@47A<FAOI @4F9D<4?B6, 89@BAEFD<DGRM<I EC9>FDO %� c D4;D9L9AAO@< K4EFBFAO@< CB?BE4-
@< CDBCGE>4A<S < ;4CD9M9AAO@< ;BA4@< [17, 18]. �B?PL<AEF6B <EE?98G9@OI  � EBEFB<F <;
@4EE<6B6 @47A<FAOI CB?BE [19], @B8G?<DB64AAOI 6B?AB6B8B6 [20], @47A<FAOI A4ABFBK9> [21]
<?< EFDG>FGD E C9D<B8<K9E><@ @4EE<6B@ BF69DEF<= [22]. �4F9D4?PAB E6S;4AAO9 @47A<FAO9 6B?-
AB6B8O < @47ABAAB->D<EF4??<K9E><9 EFDG>FGDO E B8AB@9DAO@ @4EE<6B@ BF69DEF<= CDBEFO
6 <;7BFB6?9A<< [22] < CB8DB5AB <EE?98B64AO 6 ?<F9D4FGD9 [23].

"5N98<A9A<9 >BAJ9CFG4?PAOI <89= @47ABAAB7B >D<EF4??4 < ?4F9D4?PAB E6S;4AAOI @47-
A<FAOI 6B?AB6B8B6 6 B8AB@ GEFDB=EF69 CB;6B?S9F BEGM9EF6?SFP CDBEFD4AEF69AAB-K4EFBFAGR
E9?9>J<R %� [24]. � ?4F9D4?PAB E6S;4AAOI 6B?AB6B84I, D4;89?9AAOI B8AB@9DAO@ @4EE<6B@
BF69DEF<=, CDBEFD4AEF69AAB-K4EFBFA4S E9?9>J<S EC<A-6B?AB6OI E<7A4?B6 BEGM9EF6?S9FES A4
BEAB69 QHH9>FB6 5DQ77B6E>B7B BFD4:9A<S %� BF C9D<B8<K9E>B= A9B8ABDB8ABEF< < C9D<B8<K9E>B=
C9D9>4K>< @BMABEF< @9:8G CB?BE>4@< 6 B8AB= EFDG>FGD9. � D45BF9 [24] @O CB>4;4?<, KFB
GCD46?9A<9 EC<A-6B?AB6O@ FD4AECBDFB@ @B:AB BEGM9EF6<FP CGFё@ <;@9A9A<S G7?4 A4@47A<-
K<64A<S EFDG>FGDO. !9?<A9=AO= D9:<@ D4ECDBEFD4A9A<S %� @B:AB <ECB?P;B64FP 6 >4K9EF69
4?PF9DA4F<6AB7B @9FB84 GCD46?9A<S CDBEFD4AEF69AAB-K4EFBFAB= E9?9>J<9= E<7A4?B6 [25, 26].

*9?PR 84AAB= D45BFO S6?S9FES <EE?98B64A<9 D9:<@B6 ?<A9=AB7B < A9?<A9=AB7B D4E-
CDBEFD4A9A<S %� 6 E<EF9@9 @47A<FAOI ?4F9D4?PAOI CB?BEB>, D4;89?9AAOI B8AB@9DAO@ @4E-
E<6B@ BF69DEF<=.  9FB8B@ @<>DB@47A<FAB7B @B89?<DB64A<S CB>4;4AB EF4F<K9E>B9 D4ECD989-
?9A<9 6AGFD9AA97B @47A<FAB7B CB?S. #DB89@BAEFD<DB64AO ?<A9=AO9 < A9?<A9=AO9 D9:<@O
CDBEFD4AEF69AAB-K4EFBFAB= E9?9>J<< %�. � D45BF9 D48<BH<;<K9E><@ @9FB8B@ E CB@BMPR 69>-
FBDAB7B 4A4?<;4FBD4 J9C9= CB?GK9AO S-C4D4@9FDO 6 ?<A9=AB@ < A9?<A9=AB@ D9:<@4I C9D984K<
EC<A-6B?AB6B7B E<7A4?4. #B>4;4A4 6B;@B:ABEFP GCD46?9A<S K4EFBFAB= CB?BEB= A9CDBIB:89A<S
E<7A4?B6 6 E?GK49 A9?<A9=AB7B D4ECDBEFD4A9A<S %�.

1.  <>DB@47A<FAB9 @B89?<DB64A<9

�?S CB?GK9A<S EF4F<K9E>B7B D4ECD989?9A<S 6AGFD9AA97B @47A<FAB7B CB?S 6 ?4F9D4?PAB
E6S;4AAOI 6B?AB6B84I, D4;89?9AAOI B8AB@9DAO@ @4EE<6B@ BF69DEF<=, 5O?B CDB6989AB @<>DB@47-
A<FAB9 <EE?98B64A<9 6 CDB7D4@@AB@ C4>9F9 MuMax3 [27]. !4 D<E. 1, a CB>4;4AB EI9@4F<K9E>B9
<;B5D4:9A<9 <EE?98G9@B= EFDG>FGDO.  47A<FAO9 CB?BE>< G1 < G2 (E@. D<E. 1, a) B5D4;GRF
?4F9D4?PAB D4ECB?B:9AAO9 6B?AB6B8O L<D<AB= w1 = w2 = 200 @>@.  4EE<6 BF69DEF<=, D4;89?S-
RM<= 6B?AB6B8O G1 < G2, CD98EF46?S9F EB5B= B8AB@9DAGR C9D<B8<K9E>GR CBE?98B64F9?PABEFP
J<?<A8D<K9E><I 4AF<FBK9> 8<4@9FDB@ D = 75 @>@ E C9D<B8B@ 2×D. $4EEFBSA<9 @9:8G 6B?AB6B-
84@< G1 < G2 6 B5?4EFSI 59; 4AF<FBK9> EB6C4849F E 8<4@9FDB@ BF69DEF<=, F4> KFB EC<A-6B?AB64S
8<CB?PA4S E6S;P 6B;A<>49F FB?P>B 6 B5?4EF< C9D<B8<K9E>B= A9B8ABDB8ABEF<. �O?B K<E?9AAB
D9L9AB GD46A9A<9 �4A84G3�<HL<J43�<?P59DF4 [28]

∂M

∂t
= γ[Heff ×M] +

α

Ms

[

M×

∂M

∂t

]

, (1)

>BFBDB9 BC<EO649F CD9J9EE<R 69>FBD4 A4@47A<K9AABEF< M 6 QHH9>F<6AB@ @47A<FAB@ CB?9
Heff = H0 + Hdemag + Hex + Ha, 789 H0 4 6A9LA99 @47A<FAB9 CB?9, Hdemag 4 D4;@47A<K<-
64RM99 CB?9, Hex 4 B5@9AAB9 CB?9 < Ha 4 CB?9 4A<;BFDBC<<. �B@CBA9AFO, 6IB8SM<9 6 CB?9
Heff, 6OK<E?SRFES CB @9FB8<>9, CD98EF46?9AAB= 6 [27].  4F9D<4?PAO9 C4D4@9FDO <EE?98G9@B=
EFDG>FGDO, F4><9 >4> B5@9AA4S >BAEF4AF4 Aex = 3× 107 QD7/E@ < 59;D4;@9DAO= C4D4@9FD ;4FGI4-
A<S α = 10−5, EBBF69FEF6GRF :9?9;B-<FFD<96B@G 7D4A4FG (��� [YIG], Y3Fe2(FeO4)3). �A4K9A<9
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$<E. 1. a 4 %I9@4F<K9E>B9 <;B5D4:9A<9 ?4F9D4?PAOI @<>DB6B?AB6B8B6, EB98<A9AAOI B8AB@9DAO@ @4EE<6B@ BF69DEF<=.

b 4 $4ECD989?9A<9 6AGFD9AA97B @47A<FAB7B CB?S 6 EFDG>FGD9. c 4 $4ECD989?9A<9 6AGFD9AA97B @47A<FAB7B CB?S

6 E9K9A<SI A1A2 < B1B2 (J69F BA?4=A)

Fig. 1. a 4 Schematic demonstration of lateral microwaveguides separated by a one-dimensional array of holes. b 4 Distribution

of the internal magnetic field. c 4 Distribution of the internal magnetic field in cross sections A1A2 and B1B2 (color online)

C4D4@9FD4 A4@47A<K9AABEF< A4EOM9A<S ;484AB D46AO@ 4πMs = 1750 �E.  47A<FB>D<EF4??<-
K9E>4S 4A<;BFDBC<S ��� CD9A95D9:<@B @4?4 CB ED46A9A<R E 4A<;BFDBC<9= HBD@O, CBQFB@G

CB?9 4A<;BFDBC<< CB?474?BEP D46AO@ Ha = 0. "8ABDB8AB9 6A9LA99 @47A<FAB9 CB?9 H0 5O?B
A4CD46?9AB C4D4??9?PAB BE< x 6B 6E9I <;@9D9A<SI < D4EK9F4I. #B?GK9AAO9 >4DFO D4ECD989?9A<S

6AGFD9AA97B @47A<FAB7B CB?S 6 B5?4EF< 6IB8AOI E9>J<= ?4F9D4?PAB E6S;4AAOI 6B?AB6B8B6 G1

< G2 < 86GI C9D<B8B6 @47ABAAB->D<EF4??<K9E>B= EFDG>FGDO CB>4;4AO A4 D<E. 1, b. �<8AB, KFB

D4;@47A<K<64A<9 6 B5?4EF< BF69DEF<= CD<6B8<F > E<?PAB= A9B8ABDB8ABEF< 6AGFD9AA97B @47A<F-

AB7B CB?S |Hint(x, y)| = |H0 + Hdemag + Hex|. !4 D<E. 1, c CB>4;4AB D4ECD989?9A<9 6AGFD9AA97B
@47A<FAB7B CB?S 6 E9K9A<SI A1A2 < B1B2.  B:AB BF@9F<FP, KFB D4ECD989?9A<9 6AGFD9AA97B

CB?S 6 E9K9A<< A1A2 <@99F 6<8, EBBF69FEF6GRM<= E?GK4R 86GI ?4F9D4?PAB E6S;4AAOI ���,

@<>DB6B?AB6B8B6, D4ECB?B:9AAOI A4 D4EEFBSA<<, D46AB@ 69?<K<A9 8<4@9FD4 4AF<FBK><. �4AAO9,

CB?GK9AAO9 6 E9K9A<< B1B2, 89@BAEFD<DGRF G69?<K9A<9 6AGFD9AA97B @47A<FAB7B CB?S 6 J9AFD9

EFDG>FGDO, KFB E6S;4AB E A9B8ABDB8ABEFPR, 6O;64AAB= 5?<;><@ D4ECB?B:9A<9@ 7D4A<J 4AF<FBK9>.

 <>DB@47A<FAB9 @B89?<DB64A<9 CB;6B?S9F K<E?9AAB D9L<FP ;484KG B 6B;5G:89A<< <

D4ECDBEFD4A9A<< EC<AB6OI 6B?A 6 @47A<FAOI EFDG>FGD4I [12]. #DS@BG7B?PAO= <EFBKA<>

6B;5G:89A<S EC<A-6B?AB6B7B E<7A4?4 P0 L<D<AB= 30 @>@ 5O? D4ECB?B:9A 6 A4K4?9 6B?AB6B84 G1.

�IB8AB= EC<A-6B?AB6B= E<7A4? 6B;5G:84?ES CGFё@ CD<?B:9A<S 8<A4@<K9E>B7B @47A<FAB7B CB?S

bz(t) = b0 sin(2πft) E 4@C?<FG8B= b0 = 10 @1 < K4EFBFB= f . �9F9>F<DGRM<9 B5?4EF< D4ECB?4-

74?<EP A4 6OIB84I EFDG>FGDO P1, P2, P3. �?S G@9APL9A<S BFD4:9A<= %� BF 7D4A<J D4EK9FAB=
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f = 5.20 GHz f = 5.17 GHz

f = 5.19 GHzf = 5.13 GHz

$<E. 2. $9;G?PF4FO K<E?9AAB7B @B89?<DB64A<S 6 6<89 CDBEFD4AEF69AAB7B D4ECD989?9A<S <AF9AE<6ABEF< EC<AB6B=

6B?AO I(x, z) CD< D4;?<KAOI K4EFBF4I 6B;5G:89A<S E<7A4?4 (G>4;4AO A4 D<EGA>9) 6 ?<A9=AB@ (a3c) < A9?<A9=AB@ (d)
D9:<@4I (J69F BA?4=A)

Fig. 2. Spatial distribution of the spin wave intensity I(x, z) at different signal excitation frequencies (indicated in the figure)
in the linear (a3c) and nonlinear (d) regimes obtained by numerical simulation (color online)

B5?4EF< A4 >BAJ4I EFDG>FGDO 5O?< 66989AO CB7?BM4RM<9 E?B< (E@. D<E. 1) E Q>ECBA9AJ<4?PAB

6B;D4EF4RM<@ 6 A4CD46?9A<< 7D4A<JO >BQHH<J<9AFB@ ;4FGI4A<S α = 10−5..1 [29,30]. �BAH<7GD4-
J<S 6A9LA97B @47A<FAB7B CB?S H0 < A4CD46?9A<9 D4ECDBEFD4A9A<S %� 68B?P BE< y EBBF69FEF6GRF

B5D4FAO@ B5N9@AO@ @47A<FBEF4F<K9E><@ EC<AB6O@ 6B?A4@ ("" %�) [31].

 4EE<6O 84AAOI 8<A4@<K9E><I >B@CBA9AF A4@47A<K9AABEF< mx,y,z , CB?GK9AAO9 CBE?9

D9L9A<S K<E?9AAB= ;484K<, 5O?< <ECB?P;B64AO 8?S CBEFDB9A<S 86G@9DAOI >4DF D4ECD989?9-

A<S <AF9AE<6ABEF< %� I(x, z) =
√

mx
2 + my

2 (D<E. 2). �<A9=AO= D9:<@ D4ECDBEFD4A9A<S %�

EBBF69FEF6B64? GDB6AR @BMABEF< CB84649@B7B E<7A4?4 P0 = −20 8�@, 4 A9?<A9=AO= D9:<@
P0 = 26 8�@. )4D4>F9DAO9 ?<A9=AO9 D9:<@O D45BFO EFDG>FGDO, 6 >BFBDOI BEGM9EF6?S9FES BF-
69F6?9A<9 EC<A-6B?AB6B7B E<7A4?4 6 B5?4EF< P1, P2, P3, CB>4;4AO A4 D<E. 2, a3c. #D< 6B;5G:89A<<

%� A4 K4EFBF9 f = 5.2 ��J EC<A-6B?AB6B= E<7A4? BF69F6?S9FES 6 >4A4? P1 (E@. D<E. 2, a). $9:<@

CD<ё@4 E<7A4?4 6 >4A4?9 P2 BEGM9EF6?S9FES A4 K4EFBF9 f = 5.13 ��J (E@. D<E. 2, b). !4 K4EFBF9
f = 5.17 ��J EC<A-6B?AB6B= E<7A4? D4ECDBEFD4AS9FES 68B?P 6B?AB6B84 G1 < 5B?PL4S K4EFP

@BMABEF< 89F9>F<DG9FES 6 >4A4?9 P3 (E@. D<E. 2, c). #D< 6B;5G:89A<< E<7A4?4, EBBF69FEF6GRM97B

@BMABEF< A4 4AF9AA9 P0 = 26 8�@ A4 K4EFBF9 f = 5.19 ��J, D4ECD989?9A<9 <AF9AE<6ABEF< %�
CB;6B?S9F 7B6BD<FP B D9:<@9 BF69F6?9A<S E<7A4?4 6 864 >4A4?4 4 P1 < P3 (D<E. 2, d). � A9?<-

A9=AB@ D9:<@9 D4ECDBEFD4A9A<S EC<A-6B?AB6B7B E<7A4?4 6 <EE?98G9@B= EFDG>FGD9 6B;@B:AO@

B>4;O649FES BEGM9EF6?9A<9 D9:<@4 «;4M<M9AAO= CBDF», >B784 @BMABEFP 6B;5G:849@B7B E<7A4?4

BF69F6?S9FES 6B 6E9 CBDFO, >DB@9 B8AB7B.

2. 1>EC9D<@9AF4?PAB9 <EE?98B64A<9

�?S CDB6989A<S Q>EC9D<@9AF4?PAB7B <EE?98B64A<S 5O? EB;84A @4>9F <EE?98G9@B= EFDG>FGDO

<; @BAB>D<EF4??<K9E>B= C?9A>< ��� [YIG, Y3Fe2(FeO4)3 (111)], 6OD4M9AAB= A4 CB8?B:>9
74??<=-748B?<A<96B7B 7D4A4F4 [GGG, Gd3Ga5O12]. &B?M<A4 ��� E A4@47A<K9AABEFPR A4EOM9A<S

4πMs = 1750 �E EBEF46?S?4 10 @>@. ,<D<A4 ?<A<< H9DDB@47A<FAB7B D9;BA4AE4 8?S ���
EBEF46?S?4 0.5 1.  9FB8B@ ?B>4?PAB= ?4;9DAB= 45?SJ<< A4 BEAB69 6B?B>BAAB7B Nd:YAG ?4;9D4

E @B8G?9@ 2D 74?P64AB@9FD<K9E>B7B E>4A<DB64A<S (Cambridge Technology 6240H), D45BF4RM97B
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Goering E. J., Back C. H., Krawczyk M., Gräfe J. Phase resolved observation of spin wave modes

in antidot lattices // Applied Physics Letters. 2021. Vol. 118, iss. 23. P. 232403. DOI: 10.1063/

5.0045142.

24. Martyshkin A. A., Odintsov S. A., Gubanova Yu. A., Beginin E. N., Sheshukova S. E., Nikitov S. A.,

Sadovnikov A. V. Controlled spin-wave transport in a magnon-crystal structure with a one-

dimensional array of holes // JETP Letters. 2019. Vol. 110, iss. 8. P. 5333539. DOI: 10.1134/

S0021364019200062.

25. Sadovnikov A. V., Odintsov S. A., Beginin E. N., Sheshukova S. E., Sharaevskii Yu. P., Nikitov S. A.

Toward nonlinear magnonics: Intensity-dependent spin-wave switching in insulating side-coupled

magnetic stripes // Physical Review B. 2017. Vol. 96, iss. 14. P. 144428. DOI: 10.1103/PhysRevB.

96.144428.

26. Lenk B., Ulrichs H., Garbs F., Münzenberg M. The building blocks of magnonics // Physics

Reports. 2011. Vol. 507, no. 435. P. 1073136. DOI: 10.1016/j.physrep.2011.06.003.

27. Vansteenkiste A., Leliaert J., Dvornik M., Helsen M., Garcia-Sanchez F., van Waeyenberge B. The

design verification of MuMax3 // AIP Advances 2014. Vol. 4. 107133. DOI: 10.1063/1.4899186.

 4DFOL><A �. �., %48B6A<>B6 �. �.

�;69EF<S 6G;B6. #!�, 2024, F. 32, № 4 435

https://doi.org/10.1103/PhysRevB.96.060401
https://doi.org/10.1103/PhysRevB.96.060401
https://doi.org/10.1063/1.2904697
https://doi.org/10.1103/PhysRevB.95.024408
https://doi.org/10.1134/S0021364016200121
https://doi.org/10.1063/1.4976708
https://doi.org/10.1016/S0304-8853(01)00470-X
https://doi.org/10.1063/1.1935764
https://doi.org/10.1063/1.1935764
https://doi.org/10.1063/1.2709909
https://doi.org/10.1103/PhysRevB.88.134406
https://doi.org/10.1117/12.892168
https://doi.org/10.1038/srep02444
https://doi.org/10.1063/5.0045142
https://doi.org/10.1063/5.0045142
https://doi.org/10.1134/S0021364019200062
https://doi.org/10.1134/S0021364019200062
https://doi.org/10.1103/PhysRevB.96.144428
https://doi.org/10.1103/PhysRevB.96.144428
https://doi.org/10.1016/j.physrep.2011.06.003
https://doi.org/10.1063/1.4899186


28. Landau L.D., Lifschitz E.M. On the theory of the dispersion of magnetic permeability in

ferromagnetic bodies // Phys. Z. Sowjetunion. 1935. Vol. 8. P. 1533164.

29. Dvornik M., Kuchko A. N., Kruglyak V. V. Micromagnetic method of s-parameter characterization

of magnonic devices // Journal of Applied Physics. 2011. Vol. 109, iss. 7. 07D350. DOI: 10.1063/

1.3562519.

30. Venkat G., Fangohr H., Prabhakar A. Absorbing boundary layers for spin wave micromagnetics

// Journal of Magnetism Magnetic Materials. 2018. Vol. 450. P. 34339. DOI: 10.1016/j.jmmm.

2017.06.057.

31. Damon R.W., Eschbach J. R. Magnetostatic modes of a ferromagnet slab // Journal of Physics and

Chemistry of Solids. 1961. Vol. 19, iss. 334. P. 3083320. DOI: 10.1016/0022-3697(61)90041-5.

References

1. Bloch F. Zur Theorie des Ferromagnetismus. Zeitschrift für Physik. 1930;61:2063219. DOI: 10.1007/

BF01339661.

2. Gurevich AG, Melkov GA. Magnetic Vibrations and Waves. Moscow: Fizmatlit; 1994. 464 p.

(in Russian).

3. Khitun A, Bao M, Wang KL. Magnonic logic circuits. Journal of Physics D: Applied Physics.

2010;43(26):264005. DOI: 10.1088/0022-3727/43/26/264005.

4. Au Y, Dvornik M, Dmytriiev O, Kruglyak VV. Nanoscale spin wave valve and phase shifter.

Applied Physics Letters. 2012;100(17):172408. DOI: 10.1063/1.4705289.

5. Sadovnikov AV, Beginin EN, Sheshukova SE, Romanenko DV, Sharaevsky YP, Nikitov SA.

Directional multimode coupler for planar magnonics: Side-coupled magnetic stripes. Applied

Physics Letters. 2015;107(20):202405. DOI: 10.1063/1.4936207.

6. Wang Q, Kewenig M, Schneider M, Verba R, Kohl F, Heinz B, Geilen M, Mohseni M,
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Abstract. Purpose of this work is the comparative analysis of two approaches to the synthesis of two-dimensional binary

identifiers of nucleotide sequences obtained using DNA sequencing of biological objects. Methods. One of the approaches is

based on modeling the polarization-dependent diffraction of a coherent readout beam on a two-dimensional phase-modulating

structure (phase screen) associated with the symbolic sequence obtained as a result of DNA sequencing. Another approach

uses a two-dimensional representation of the symbolic sequence using a chaos game representation (CGR). To obtain a

finite-element CGR mapping, it is fragmented into a given number of cells, ensuring acceptable sensitivity of the synthesized

binary identifier to structural changes in the displayed sequence. Results. The comparative analysis was carried out using

fragments of symbol sequences corresponding to various strains (Wuhan, Delta, Omicron) of the SarSCoV2 virus. In the

course of the analysis, the correlation coefficients between the binary identifiers corresponding to various strains were obtained

and compared with each other. Conclusion. It has been established that binary identifiers synthesized using the polarization

encoding technique are characterized by significantly higher sensitivity to structural changes in the analyzed sequences and

smaller sizes compared to CGR binary identifiers.

Keywords: nucleotide sequences, binary representation, polarization encoding, chaos game representation.
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K4EFBFAO= 4A4?<; AG>?9BF<8B6 CB CGD<AB6O@ < C<D<@<8<AB6O@ 7DGCC4@. �89A<A < 7G4A<A

(A, G; CB5BKA4S 8<47BA4?P 54;<E4) BFABESFES > >?4EEG C<D<@<8<AB6, 6 FB 6D9@S >4> J<FB;<A <

F<@<A (C, T; 7?46A4S 8<47BA4?P 54;<E4) CD<A48?9:4F > >?4EEG CGD<AB6. �A4?B7<KAO@ B5D4;B@

BFB5D4:9A<9 6 MK-54;<E9 CB;6B?S9F CDB4A4?<;<DB64FP D4ECD989?9A<9 AG>?9BF<8B6 CB 4@<AB6O@

< >9FBAB6O@ 7DGCC4@, 4 WS-54;<E CD98BEF46?S9F 6B;@B:ABEFP 6 K4EF< 4A4?<;4 D4ECD989?9A<S

AG>?9BF<8B6 CB 7DGCC4@ EB E?45O@< < E<?PAO@< 6B8BDB8AO@< E6S;S@< [335].

#BE?98B64F9?PAB9 CBEFDB9A<9 B5D4;B6 CBE?98B64F9?PABEF9= CDB<;6B8<FES E CB@BMPR D4;-

?<KAOI D9>GDE<6AOI CDBJ98GD; 6 D9;G?PF4F9 E<AF9;<DGRFES ?<5B >GEBKAB-?<A9=AO9 BFB5D4:9A<S

6 FD9I@9DAB@ CDBEFD4AEF69 (A4CD<@9D, Z-, %-, RY-, MK- < WS-?<A<< [6310]), ?<5B FBK9KAO9

BFB5D4:9A<S 6 86G@9DAB@ CDBEFD4AEF69. � >4K9EF69 L<DB>B <ECB?P;G9@B7B 86G@9DAB7B FBK9KAB7B

BFB5D4:9A<S AG>?9BF<8AOI CBE?98B64F9?PABEF9= E?98G9F BF@9F<FP BFB5D4:9A<9 I4BF<K9E>B=

<7DO (chaos game representation, CGR), 6C9D6O9 CD98?B:9AAB9 �:9HHD< (H. Joel Jeffrey, [11]).

� EBBF69FEF6<< E CGR-4?7BD<F@B@ E<AF9; 86G@9DAB7B FBK9KAB7B BFB5D4:9A<S E<@6B?PAB= CBE?9-

8B64F9?PABEF< BEGM9EF6?S9FES 6 CD989?4I >648D4FAB= B5?4EF< 98<A<KAOI D4;@9DB6, 789 E<@6B?G

� EBBF69FEF6G9F A4K4?B >BBD8<A4F (0.0; 0.0). "EF4?PAO@ FBK>4@ 54;<E4 EBBF69FEF6GRF >BBD8<A4FO

(0.0; 1.0), (1.0; 1.0) < (1.0; 0.0). %BBFA9E9A<9 BEF46L<IES E<@6B?B6 (C, G, T) < QF<I FBK9> CDB<;6B-

8<FES <EIB8S <; 6O5D4AAB7B 54;<E4 (RY, MK <?< WS). � >4K9EF69 A4K4?PAB= FBK>< 6O5<D49FES

J9AFD >648D4F4 (0.5; 0.5) < E<AF9; BFB5D4:9A<S CDB<;6B8<FES 6 EBBF69FEF6<< E D4ECB?B:9A<9@

E<@6B?B6 6 CBE?98B64F9?PABEF< CB CD46<?G, KFB BK9D98A4S BFB5D4:4RM4S FBK>4 D4ECB?4749FES

A4 E9D98<A9 BFD9;>4, EB98<ASRM97B CD98L9EF6GRMGR FBK>G < FBK>G 54;<E4, EBBF69FEF6GRMGR

BFB5D4:49@B@G E<@6B?G. 1F4 D9>GDE<6A4S CDBJ98GD4 CDB8B?:49FES 6C?BFP 8B B>BAK4A<S E<@-

6B?PAB= CBE?98B64F9?PABEF<. %GM9EF6GRF BCD989?9AAO9 4A4?B7<< @9:8G 84AAO@ 4?7BD<F@B@

< 4?7BD<F@4@< E<AF9;4 86G@9DAOI HD4>F4?PAOI EFDG>FGD (A4CD<@9D, >B6D4 %9DC<AE>B7B [12]).

%GM9EF6B64A<9 BF@9K9AAOI 6OL9 >DGCAB@4ELF45AOI >BDD9?SJ<= 6 CB?B:9A<SI E<@6B?B6 6 CB-

E?98B64F9?PABEFSI CD< 8BEF4FBKAB 5B?PL<I <I 8?<A4I CD<6B8<F > HD4>F4?BCB8B5AO@ EFDG>FGD4@

E<AF9;<DG9@OI CGR BFB5D4:9A<= A9>BFBDOI 5<B?B7<K9E><I B5N9>FB6.

%GM9EF69AAO@ A98BEF4F>B@ 5<A4DAOI CGR->4DF CD< @4?OI 8?<A4I E<@6B?PAOI CBE?9-

8B64F9?PABEF9= (BF A9E>B?P><I EBF9A 8B A9E>B?P><I FOESK E<@6B?B6) S6?S9FES @4?4S ED98ASS

CB69DIABEFA4S C?BFABEFP BFB5D4:4RM<I FBK9>, A9 CB;6B?SRM4S A489:AB <89AF<H<J<DB64FP,

A4CD<@9D, HD4>F4?PAO= I4D4>F9D <I EFDG>FGDO. � E6S;< E QF<@ 6 CBE?98A<9 864 89ESF<?9F<S

5O?< CD98?B:9AO D4;?<KAO9 @B8<H<>4J<< 84AAB7B CB8IB84, 6 FB@ K<E?9 < FCGR-4?7BD<F@

(frequency chaos game representation, [13316]). "EAB6A4S <89S 84AAB= @B8<H<>4J<< ;4>?RK49FES

6 D4;89?9A<< CGR BFB5D4:9A<S A4 D46AB69?<><9 SK9=><, CB8EK9F9 K<E?4 BFB5D4:4RM<I FBK9>

6 CD989?4I >4:8B= SK9=>< < I4D4>F9D<;4J<< SK99> CB BFABE<F9?PAO@ K4EFBF4@ CBC484A<S 6 A<I

FBK9>. %BBF69FEF69AAB, BFABE<F9?PA4S K4EFBF4 >4> <AHBD@4F<6AO= C4D4@9FD @B:9F BFB5D4:4FPES

6 7D484J<SI E9DB7B J69F4 [17].

"K96<8AB, KFB <;@9A9A<S 6 EFDG>FGD9 BFB5D4:49@B= E<@6B?PAB= CBE?98B64F9?PABEF< CB

BFABL9A<R > D9H9D9AFAB= CBE?98B64F9?PABEF<, B5GE?B6?9AAO9 @GF4J<BAAO@< ;4@9M9A<S@<
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AG>?9BF<8B6 6 4A4?<;<DG9@B@ HD47@9AF9 �!�, CD<6B8SF > E@9M9A<S@ K4EF< BFB5D4:4RM<I FBK9>

6 E<AF9;<DB64AAB= CGR->4DF9 CB BFABL9A<R > BCBDAB= (D9H9D9AFAB=) >4DF9. �DG7<@< E?B64@<,

E<AF9;<DB64AA4S >4DF4 @B:9F D4EE@4FD<64FPES >4> GA<>4?PAO= <89AF<H<>4FBD E<@6B?PAB= CB-

E?98B64F9?PABEF< <, EBBF69FEF69AAB, 84AAB7B HD47@9AF4 �!�. 'DB69AP @GF4J<BAAOI <;@9A9A<=

@B:9F 5OFP >B?<K9EF69AAB BJ9A9A CGF9@ BJ9A>< EF9C9A< 6;4<@AB= >BDD9?SJ<< 4A4?<;<DG9@B=

< BCBDAB= 5<A4DAOI CGR EFDG>FGD.

� D45BF4I [17319] 5O? CD98?B:9A 4?PF9DA4F<6AO= CB8IB8 > E<AF9;G 86G@9DAOI 5<A4D-

AOI BFB5D4:9A<= AG>?9BF<8AOI CBE?98B64F9?PABEF9= A4 BEAB69 @B89?<DB64A<S QHH9>F4 CB-

?SD<;4J<BAAB= @B8G?SJ<< >B79D9AFAB7B E69FB6B7B CGK>4 �!�-4EEBJ<<DB64AAO@ 86G@9DAO@

H4;B6O@ Q>D4AB@. #B8B5A4S @B8G?SJ<S CD<6B8<F > HBD@<DB64A<R 6 84?PA9= ;BA9 8<HD4>J<<

D4ECD989?9A<S ?B>4?PAOI EBEFBSA<= CB?SD<;4J<< 8<HD47<DB646L97B CGK>4, BC<EO649@OI FD9@S

>B@CBA9AF4@< ABD@<DB64AAB7B 69>FBD4 %FB>E4. �O?B CB>4;4AB [18], KFB 86G@9DAO9 5<A4DAO9

BFB5D4:9A<S, HBD@<DG9@O9 CGF9@ 8<E>D<@<A4J<< CDBEFD4AEF69AAOI D4ECD989?9A<= ?B>4?PAOI

;A4K9A<= >B@CBA9AFB6 69>FBD4 %FB>E4, F4>:9 @B7GF D4EE@4FD<64FPES 6 >4K9EF69 <89AF<H<>4FBDB6

AG>?9BF<8AOI CBE?98B64F9?PABEF9=, B5?484RM<I 6OEB>B= KG6EF6<F9?PABEFPR > @GF4J<BAAO@

<;@9A9A<S@.

*9?PR 84AAB= D45BFO S6?S9FES ED46A<F9?PAO= 4A4?<; 86GI CB8IB8B6 > 86G@9DAB= 5<A4D-

AB= <89AF<H<>4J<< HD47@9AFB6 AG>?9BF<8AOI CBE?98B64F9?PABEF9=, B8<A <; >BFBDOI BEAB64A

A4 @9FB8<>9 E<AF9;4 CGR->4DF, 4 6FBDB= <ECB?P;G9F CD<AJ<C CB?SD<;4J<BAAB7B >B8<DB64A<S

AG>?9BF<8AOI CBE?98B64F9?PABEF9= < 6OS6?9A<S CD989?PAOI EBEFBSA<= CB?SD<;4J<< 8<HD4-

7<DB646L97B >B79D9AFAB7B E69FB6B7B CB?S. � >4K9EF69 4A4?<;<DG9@OI B5N9>FB6 D4EE@BFD9AO

HD47@9AFO E<@6B?PAOI CBE?98B64F9?PABEF9=, 4EEBJ<<DB64AAOI E FD9@S D4;?<KAO@< LF4@@4@<

6<DGE4 SARS-CoV-2 (>B6<84) 4 «'I4AP», «�9?PF4» < «"@<>DBA». �<DGE SARS-CoV-2 CDB8B?:49F

CD98EF46?SFP 6OEB>GR CBF9AJ<4?PAGR G7DB;G 8?S K9?B69K9EF64 [20] 6E?98EF6<9 E6B9= 6OEB>B=

4AF<79AAB= <;@9AK<6BEF< [21]. %D98< 79AB6, >B8<DGRM<I 59?>< SARS-CoV-2, ;A4K<F9?PAO=

<AF9D9E 8?S <EE?98B64A<= CD98EF46?S9F EC4=>-?<>BCDBF9<A, <?< S-59?B>, B>4;O64RM<= 6?<SA<9

A4 CDBA<>AB69A<9 6<DGE4 6 >?9F>< IB;S<A4 [22, 23]. �B?99 FB7B, S-59?B> @B:9F D4ECDBEFD4ASFPES

6 BD74A<;@9 < BF89?PAB BF 6<DGE4, 6OE6B5B:84SEP <; <AH<J<DB64AAOI 6<DGEAOI K4EF<J, BCD989-

?SSEP 6 D4;AOI BD74A4I < F>4ASI, CB6D9:84S >?9F>< @4>DBBD74A<;@4; HD47@9AFO QFB7B 59?>4 @B7GF

CDBA<>4FP E>6B;P 79@4FBQAJ9H4?<K9E><= 54DP9D [24]. %?98G9F F4>:9 BF@9F<FP 6OEB>GR K4EFBFG

@GF4J<= AG>?9BF<8AB= CBE?98B64F9?PABEF< >B8<DGRM97B 5<BE<AF9; S-59?>4 [25] CB ED46A9A<R

E 5B?99 >BAE9D64F<6AO@< 79A4@<, Q>ECD9EE<DGRM<@< E<AF9; 8DG7<I CB?<C9CF<8B6 SARS-CoV-2.

!G>?9BF<8A4S CBE?98B64F9?PABEFP 79A4 «S», >B8<DGRM97B EC4=>-59?B>, D4ECB?B:9A4 6 79AB@9

6<DGE4 6 CB;<J<SI 21563325384 < <@99F 8?<AG 3822 AG>?9BF<8B6 (1274 4@<AB><E?BFO) [26].

�O5BD LF4@@B6 «'I4AP», «�9?PF4» < «"@<>DBA» 6<DGE4 SARS-CoV-2 B5GE?B6?9A F9@, KFB LF4@@

«'I4AP» B5OKAB D4EE@4FD<649FES 6 >4K9EF69 D9H9D9AFAB7B, 4 LF4@@O «�9?PF4» < «"@<>DBA»,

D46AB >4> < <I EG5?<A<<, D4EE@4FD<64RFES >4> CD98EF46?SRM<9 5B?PLGR G7DB;G 6 ED46A9A<<

E 8DG7<@< LF4@@4@< 6 E<?G <I «A4<5B?PL9= ;4D4;ABEF<» [27].

1. "C<E4A<9 4A4?<;<DG9@OI E<@6B?PAOI CBE?98B64F9?PABEF9=

%<@6B?PAO9 CBE?98B64F9?PABEF< 6;SFO <; A4IB8SM9=ES 6 BF>DOFB@ 8BEFGC9 54;O 84AAOI

GISAID (Global Initiative on Sharing All Influenza Data, BF>DOFO= 8BEFGC CB CB8C<E>9), 6 >BFB-

DB= LF4@@G «'I4AP» EBBF69FEF6G9F EEO?>4 [28], «�9?PF4» 4 [29], < «"@<>DBA» 4 [30]. +<E?B

A, C, T, G E<@6B?B6 6B HD47@9AF4I CBE?98B64F9?PABEF9=, 4EEBJ<<DG9@OI E 79AB@ «S», D46AB 3822.
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%BBF69FEF69AAB, K<E?B FD<C?9FB6 (4@<AB><E?BF) 6 4A4?<;<DG9@OI HD47@9AF4I D46AB 1274. &45?. 1

BFB5D4:49F D4;?<K<S 6 CBE?98B64F9?PABEFSI FD<C?9FB6 @9:8G FD9@S D4EE@4FD<649@O@< LF4@@4-

@<; LF4@@ «'I4AP» B5OKAB D4EE@4FD<649FES 6 >4K9EF69 D9H9D9AFAB7B; D4;?<K4RM<9ES FD<C?9FO

BF@9K9AO E<@6B?B@ (!).

&4><@ B5D4;B@, E<@6B?PA4S CBE?98B64F9?PABEFP 8?S LF4@@4 «�9?PF4» BF?<K49FES BF D9H9-

D9AFAB= CBE?98B64F9?PABEF< 8?S LF4@@4 «'I4AP» 9 FD<C?9F4@<, 6 FB 6D9@S >4> 6 CBE?98B64F9?P-

ABEF< 8?S LF4@@4 «"@<>DBA» <@9RFES 30 D4;?<K4RM<IES FD<C?9FB6. "F@9F<@, KFB 6E9 D4;?<K<S

B5GE?B6?9AO @GF4J<BAAO@< ;4@9M9A<S@< 98<A<KAOI AG>?9BF<8B6 6 >4:8B@ <; D4;?<K4RM<IES

FD<C?9FB6.

&45?<J4 1. $4;?<K<S 6 CBE?98B64F9?PABEFSI FD<C?9FB6 8?S FD9I BFB5D4:49@OI LF4@@B6

Table 1. Differences in the triplet sequences for three displayed strains

#B?B:9A<9

FD<C?9FB6 6 CBE?9-

8B64F9?PABEFSI

«'I4AP» «�9?PF4» «"@<>DBA»

19 ACA AGA(!) ATA(!)

95 ACT ATT(!) ACT

142 GGT GAT(!) GAT(!)

213 GTG GTG GGG(!)

339 GGT GGT GAT(!)

371 TCC TCC TTC(!)

373 TCA TCA CCA(!)

375 TCC TCC TTC(!)

376 ACT ACT GCT(!)

405 GAT GAT AAT(!)

408 AGA AGA AGC(!)

410 ATC ATC ATT(!)

417 AAG AAT(!) AAT(!)

440 AAT AAT AAG(!)

452 CTG CGG(!) CTG

477 AGC AGC AAC(!)

478 ACA AAA(!) AAA(!)

484 GAA GAA GCA(!)

493 CAA CAA CGA(!)

498 CAA CAA CGA(!)

501 AAT AAT TAT(!)

505 TAC TAC CAC(!)

614 GAT GGT(!) GGT(!)

655 CAT CAT TAT(!)

679 AAT AAT AAG(!)

681 CCT CGT(!) CAT(!)

764 AAC AAC AAA(!)

796 GAT GAT TAT(!)

925 AAC AAC AAT(!)

950 GAT AAT(!) GAT

954 CAA CAA CAT(!)

969 AAT AAT AAA(!)

1146 GAC GAC GAT(!)
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2. #B?SD<;4J<BAAB9 >B8<DB64A<9

�!�-4EEBJ<<DB64AAOI E<@6B?PAOI CBE?98B64F9?PABEF9=

< E<AF9; 86G@9DAOI 5<A4DAOI <89AF<H<>4FBDB6

�4> BF@9K9AB 6OL9, @9FB8<>4 6<DFG4?PAB7B CB?SD<;4J<BAAB7B >B8<DB64A<S �!�-4EEBJ<<DB-

64AAOI E<@6B?PAOI CBE?98B64F9?PABEF9=, D4EE@BFD9AA4S 6 [18], ;4>?RK49FES 6 CD98EF46?9A<<

4A4?<;<DG9@B= CBE?98B64F9?PABEF< <?< 99 HD47@9AF4 86G@9DAB= H4;B@B8G?<DGRM9= EFDG>FG-

DB= (H4;B6O@ Q>D4AB@, EB89D:4M<@ 2Ñt × 2Ñt Q?9@9AFB6, 789 Ñt 4 >B?<K9EF6B FD<C?9FB6 6

4A4?<;<DG9@B= EFDG>FGD9). (4;B6O= Q>D4A EK<FO649FES >B??<@<DB64AAO@ >B79D9AFAO@ CGK-

>B@ E ?<A9=AO@ EBEFBSA<9@ CB?SD<;4J<<, < 6 84?PA9= ;BA9 8<HD4>J<< (HB>4?PAB= C?BE>BEF<

HGDP9-CD9B5D4;GRM9= ?<A;O) 4A4?<;<DGRFES CDBEFD4AEF69AAO9 D4ECD989?9A<S ?B>4?PAOI EBEFB-

SA<= CB?SD<;4J<< 8<HD47<DB646L97B CGK>4. !4 D<E. 1 CD98EF46?9A4 H<;<K9E>4S <AF9DCD9F4J<S

@B89?<DG9@B= CDBJ98GDO EK<FO64A<S �!�-4EEBJ<<DB64AAB7B H4;B6B7B Q>D4A4.

$<E. 1. (<;<K9E>4S <AF9DCD9F4J<S CDBJ98GDO CB?SD<;4-

J<BAAB7B >B8<DB64A<S �!�-4EEBJ<<DB64AAB= E<@6B?PAB=

CBE?98B64F9?PABEF< < E<AF9;4 86G@9DAB7B 5<A4DAB7B <89A-

F<H<>4FBD4. �!�-4EEBJ<<DB64AAO= H4;B6O= Q>D4A (2) BE69-

M49FES ?<A9=AB-CB?SD<;B64AAO@ >B??<@<DB64AAO@ ?4;9D-

AO@ CGK>B@ (1) E C?BE>BEFPR CB?SD<;4J<<, BD<9AF<DB64A-

AB= CB8 G7?B@ 45◦ > EFBDBA4@ Q>D4A4 (CGA>F<DAB= ?<A<-

9= CB>4;4A BE69M49@O= GK4EFB> Q>D4A4). #B?SD<;4J<BAAB-

;46<E<@4S 8<HD4>J<BAA4S EFDG>FGD4 (4) HBD@<DG9FES 6 HB-

>4?PAB= C?BE>BEF< HGDP9-CD9B5D4;GRM9= ?<A;O. !4 D<EGA-

>9 A9 CB>4;4A 5?B> CB?SD<;4J<BAAB7B 4A4?<;4, D4ECB?B:9A-

AO= @9:8G ?<A;B= (3) < HGDP9-C?BE>BEFPR (4) < <ECB?P;G9-

@O= 8?S HBD@<DB64A<S CDBEFD4AEF69AAOI D4ECD989?9A<=

(s0k,m ÷ s3k,m)

Fig. 1. Physical interpretation of the procedure for polarization

encoding of a DNA-associated symbol sequence and the

synthesis of a two-dimensional binary identifier. The DNA-

associated phase screen (2) is illuminated by a linearly polarized

collimated laser beam (1) with a plane of polarization oriented

at an angle of 45◦ to the sides of the screen (the dotted line

marks the illuminated area of the screen). The polarization-

dependent diffraction structure (4) is formed in the focal plane

of the Fourier-transforming lens. The figure does not show the

polarization-analyzing unit, located between the lens (3) and

the Fourier plane (4) and used to form spatial distributions

(s0k,m ÷ s3k,m)

�B>4?PAO9 EBEFBSA<S CB?SD<;4J<< BCD9-

89?SRFES ;A4K9A<S@< >B@CBA9AFB6 69>FBD4

%FB>E4 (s0k,m ÷ s3k,m). #D< E<AF9;9 5<A4DAB-

7B <89AF<H<>4FBD4 >B8<DB64AAB= E<@6B?PAB=

CBE?98B64F9?PABEF< BCD989?SRFES CDBEFD4A-

EF69AAO9 CB?B:9A<S 6 HGDP9-C?BE>BEF< CD9-

89?PAOI EBEFBSA<= K9F69DFB7B >B@CBA9AF4 69>-

FBD4 %FB>E4 s3k,m, I4D4>F9D<;GRM97B 6>?48

J<D>G?SDAB-CB?SD<;B64AAB= EBEF46?SRM9= 6

EBEFBSA<9 CB?SD<;4J<< 8<HD47<DB646L97B CGK-

>4 6 FBK>9 (k,m) HGDP9-C?BE>BEF<. "F@9F<@,

KFB 6 D4@>4I <ECB?P;G9@B7B HBD@4?<;@4 8<E-

>D9FAB@G A45BDG 2Ñt × 2Ñt ?B>4?PAOI H4;B-

6OI E86<7B6, 6ABE<@OI E<AF9;<DB64AAO@ H4-

;B6O@ Q>D4AB@ 6 EK<FO64RM<= >B79D9AFAO=

CGKB>, EBBF69FEF6GRF 4Ñt × 4Ñt FBK9> (C<>E9-

?9=) HGDP9-C?BE>BEF<, B8AB;A4KAB BCD989?S9-

@OI 86G@9DAO@ 8<E>D9FAO@ CD9B5D4;B64A<-

9@ (GDP9. � >4K9EF69 >D<F9D<S 6O5BD4 CD9-

89?PAOI EBEFBSA<= s3k,m <ECB?P;G9FES GE?B6<9

|s3
th
| ⩽ |s3k,m| < | ± 1|, 789 CBDB7B6B9 ;A4K9A<9

s3
th
6O5<D49FES 5?<;><@ > −1 (6 E?GK49 8<E>D<-

@<A4J<< ?96BJ<D>G?SDAOI EBEFBSA<= CB?SD<-

;4J<<), ?<5B > 1 (CD< 8<E>D<@<A4J<< CD46B-

J<D>G?SDAOI EBEFBSA<=). �O5BD s3k,m 6 >4K9-

EF69 <89AF<H<>4J<BAAB7B C4D4@9FD4 B5GE?B6-

?9A F9@, KFB 5?<;><9 > J<D>G?SDAB@G EBEFBS-

A<S CB?SD<;4J<< I4D4>F9D<;GRFES @4>E<@4?P-

AB= KG6EF6<F9?PABEFPR > ?B>4?PAO@ <;@9A9A<-

S@ EFDG>FGDO E<AF9;<DB64AAB7B H4;B6B7B Q>D4-

A4 CB ED46A9A<R E ?<A9=AB-CB?SD<;B64AAO@<

EBEF46?SRM<@< 8<HD47<DB646L97B CB?S, BCD9-

89?S9@O@< >B@CBA9AF4@< s1k,m < s
2
k,m [18].
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#D< E<AF9;9 �!�-4EEBJ<<DB64AAB7B H4;B6B7B Q>D4A4 BA 79A9D<DG9FES >4> 4AE4@5?P Ñt× Ñt

EG5@4FD<J D4;@9DB@ (2× 2), >4:84S <; >BFBDOI 4EEBJ<<DG9FES E BCD989?9AAO@ FD<C?9FB@ 6 BFB5-
D4:49@B= CBE?98B64F9?PABEF< A, C, T, G E<@6B?B6. "K96<8AB, KFB D4;@9D Ñt × Ñt BFB5D4:49@B7B

A45BD4 FD<C?9FB6 6 CBE?98B64F9?PABEF< BCD989?S9FES @4>E<@4?PAO@ ;A4K9A<9@ >648D4F4 J9?B7B

K<E?4, A9 CD96BEIB8SM<@ K<E?4 FD<C?9FB6 6 CBE?98B64F9?PABEF<. �?S <??REFD4J<< 84AAB7B

CB?B:9A<S D4EE@BFD<@ E<@6B?PAGR CBE?98B64F9?PABEFP, EBBF69FEF6GRMGR «S»-79AG LF4@@4

«'I4AP» 6<DGE4 SARS-CoV-2. � E9>69A<DB64AAB@ GK4EF>9 �!� CD<EGFEF6G9F 3822 AG>?9BF<8B6

(EBBF69FEF69AAB, 1274 FD<C?9F4, E@. D4;89? 1). %BBF69FEF69AAB, @4>E<@4?PAB 6B;@B:AB9 ;A4K9A<9

Ñt CD< E<AF9;9 �!�-4EEBJ<<DB64AAB7B H4;B6B7B Q>D4A4 D46AB 35. Ñ
2
t = 1225 < 49 FD<C?9FB6 A9

6>?RK9AO 6 E<AF9; H4;B6B7B Q>D4A4; B8A4>B, E?98GS 84AAO@, CD98EF46?9AAO@ 6 F45?. 1, @B:AB

;4>?RK<FP, KFB BF5D4EO649@O9 HD47@9AFO CBE?98B64F9?PABEF9= 8?S LF4@@B6 «'I4AP», «�9?PF4»

< «"@<>DBA» A9 EB89D:4F >4><I-?<5B D4;?<K<=.

�4:84S EG5@4FD<J4 6 Ñt × Ñt A45BD9 BFB5D4:49F E6B=EF64 A45BD4 54;B6OI AG>?9BF<8B6 6

EBBF69FEF6GRM9@ FD<C?9F9 6 EBBF69FEF6<< E 6O5D4AAO@ CD46<?B@ >B8<DB64A<S. � >4K9EF69 CD<-

@9D4 6B;@B:AB= 6;4<@BE6S;< @9:8G Q?9@9AF4@< EG5@4FD<J (b0,0÷ b2,2) < 54;B6O@< AG>?9BF<84@<
D4EE@BFD<@ E?98GRM99 CD46<?B:

b0,0 → A; b1,0 → C; b0,1 → T ; b1,1 → G. (1)

�A4K9A<9 Q?9@9AF4 BCD989?S9FES K<E?B@ AG>?9BF<8B6 84AAB7B F<C4 6 FD<C?9F9; EBBF69FEF69AAB,

GA<69DE4?PAB9 CD46<?B 8?S 6E9I EG5@4FD<J 6 A45BD9 ;4>?RK49FES 6 FB@, KFB EG@@4 <I Q?9@9AFB6

$<E. 2. %FDG>FGD4 �!�-4EEBJ<<DB64AAB7B H4;B6B7B Q>D4A4

8?S «S»-79A4 LF4@@4 «'I4AP»

Fig. 2. Structure of the DNA-associated phase screen for the

<S= gene of the <Wuhan= strain

6E9784 D46A4 3. � >4K9EF69 <??REFD4J<< D<E. 2

BFB5D4:49F 6 7D484J<SI E9DB7B EFDG>FGDG E<A-

F9;<DB64AAB7B H4;B6B7B Q>D4A4 8?S «S»-79A4

LF4@@4 «'I4AP», <ECB?P;G9@B7B 6 >4K9EF69 D9-

H9D9AFAB7B B5N9>F4.

 4FD<J4 H4;B6B7B Q>D4A4 (ai,j)2Ñt×2Ñt
,

EHBD@<DB64AA4S CGF9@ CBE?98B64F9?PAB= CB-

EFDBKAB= < CBEFB?5JB6B= >B@5<A4J<< EG5@4F-

D<J (bi′,j′)2×2, EBBF69FEF6GRM<I FD<C?9F4@,

<ECB?P;G9FES 8?S H4;B6B= @B8G?SJ<< EK<FO-

64RM97B ?<A9=AB-CB?SD<;B64AAB7B CGK>4. #B-

E>B?P>G 6 EK<FO64RM9@ CGK>9 CD<EGFEF6GRF

x- < y-CB?SD<;B64AAO9 EBEF46?SRM<9 E D46AO-
@< ;A4K9A<S@< 4@C?<FG8O < A4K4?PAB= H4;O

(C?BE>BEFP CB?SD<;4J<< EK<FO64RM97B CGK-

>4 B5D4;G9F G7?O 45◦ EB EFBDBA4@< H4;B6B7B
Q>D4A4), FB, CD<@9ASS ;4>BA @B8G?SJ<< H4;O

E?98GRM97B 6<84:

(∆3ij)
x

2Ñt×2Ñt
= À(ai,j)2Ñt×2Ñt

,

(∆3ij)
y

2Ñt×2Ñt
= 0.5À+ À(ai,j)2Ñt×2Ñt

,
(2)

CB?GK<@ ;4 A9CBED98EF69AAB Q>D4AB@ A45BD <; 2Ñt × 2Ñt ?B>4?PAOI EBEFBSA<= J<D>G?SDAB=

CB?SD<;4J<< 7D4A<KAB7B E69FB6B7B CB?S, D4;?<K<S @9:8G >BFBDO@< B5GE?B6?9AO 86G@S 6B;@B:-

AO@< E?GK4=AO@< ;A4K9A<S@< H4;O x-CB?SD<;B64AAB= EBEF46?SRM9= 4 0 (>B784 ai,j = 0 <?< 2)
< À (>B784 ai,j = 1 <?< 3). «#9D9@9L<64A<9» CDBL98L<I K9D9; D4;?<KAO9 Q?9@9AFO H4;B6B7B
Q>D4A4 C4DJ<4?PAOI EBEF46?SRM<I EK<FO64RM97B >B79D9AFAB7B CB?S 6 84?PA9= ;BA9 8<HD4>J<<
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@B:9F 5OFP BC<E4AB 86G@9DAO@ 8<E>D9FAO@ CD9B5D4;B64A<9@ (GDP9 x- < y-CB?SD<;B64AAOI
EBEF46?SRM<I 7D4A<KAB7B CB?S (E@., A4CD<@9D, [31]):

Ex,y
k,m =

1

4Ñ2
t

Ñt−1
∑

i=−Ñt

Ñt−1
∑

j=−Ñt

exp[−j̃ ·Ksc · {(À/Ñt)(k · i+m · j)− ∆3x,yij }], (3)

789 j̃ 4 @A<@4S 98<A<J4, <A89>EO k,m BCD989?SRF 8<E>D9FAO9 >BBD8<A4FO C<>E9?9= 6 HGDP9-
C?BE>BEF<, 4 >BQHH<J<9AF Ksc BCD989?S9F @4ELF45 BFB5D4:9A<S CDBEFD4AEF69AAB7B D4ECD989-

?9A<S 8<HD47<DB646L97B EK<FO64RM97B CGK>4 6 HGDP9-C?BE>BEF<.  4>E<@4?PAB9 8BCGEF<@B9

;A4K9A<9 Ksc D46AB 0.5 < EBBF69FEF6G9F A4<5B?99 >DGCAB@4ELF45AB@G («C4ABD4@AB@G») BFB5-

D4:9A<R HGDP9-EC9>FD4 H4;B6B7B Q>D4A4. �ECB?P;B64A<9 ;A4K9A<= @4ELF45AB7B >BQHH<J<9AF4

Ksc, CD96OL4RM<I 0.5, CD<6B8<F > <E>4:9A<R @B89?<DG9@OI CDBEFD4AEF69AAOI D4ECD989?9A<=

4@C?<FG8O x- < y-CB?SD<;B64AAOI EBEF46?SRM<I 8<HD4>J<BAAB7B CB?S 6E?98EF6<9 QHH9>F4
CB8@9AO K4EFBF [32]. '@9APL9A<9 Ksc EBBF69FEF6G9F 5B?PL9= 89F4?<;4J<< BFB5D4:9A<S J9AFD4?P-

AB= B5?4EF< 8<HD47<DB646L97B CB?S E B8AB6D9@9AAO@ G@9APL9A<9@ D4;@9DB6 BFB5D4:49@B7B

GK4EF>4. "F@9F<@, KFB CD< ;4C<E< 6OD4:9A<S (3) 5O?B CD<ASFB 8BCGM9A<9 B 98<A<KAOI ;A4K9A<SI

4@C?<FG8 x- < y-CB?SD<;B64AAOI EBEF46?SRM<I EK<FO64RM97B CGK>4, A9 A4DGL4RM99 B5MABEF<
CDB6B8<@B7B D4EE@BFD9A<S.

�?S CB?GK9AAOI CB8B5AO@ B5D4;B@ @B89?PAOI 8<E>D9FAOI D4ECD989?9A<= Ex,y
k,m ;4F9@ CDB-

<;6B8<FES 6OK<E?9A<9 >B@CBA9AFB6 69>FBD4 %FB>E4 6 EBBF69FEF6<< EB E?98GRM<@< 6OD4:9A<S@<

(E@., A4CD<@9D, [33]):






























s0k,m = (|Ex
k,m|2 + |Ey

k,m|2)/2,

s1k,m = (|Ex
k,m|2 − |Ey

k,m|2)/2s0k,m,

s2k,m = 2|Ex
k,m||Ey

k,m| cos(·k,m)/2s0k,m,

s3k,m = 2|Ex
k,m||Ey

k,m| sin(·k,m)/2s0k,m,

(4)

789 ·k,m 4 ;A4K9A<S D4;ABEF9= H4; x- < y-CB?SD<;B64AAOI EBEF46?SRM<I 6 EBBF69FEF6GRM<I
FBK>4I HGDP9-C?BE>BEF<. !BD@<DB64AAO9 ;A4K9A<S (s1k,m÷s3k,m) CD<A<@4RF ;A4K9A<S 6 <AF9D64?4I
BF −1 8B 1 < G8B6?9F6BDSRF HGA84@9AF4?PAB@G EBBFABL9A<R CB?SD<;4J<BAAB= BCF<><:

(s1k,m)2 + (s2k,m)2 + (s3k,m)2 = 1. (5)

&4><@ B5D4;B@, CD< ;A4K<F9?PAB@ 6>?489 CD46B= <?< ?96B= J<D>G?SDAB-CB?SD<;B64AAOI EB-

EF46?SRM<I 6 EBEFBSA<9 CB?SD<;4J<< 8<HD47<DB646L97B CGK>4 6 FBK>9 k,m HGDP9-C?BE>BEF<
<@9RF @9EFB E?98GRM<9 EBBFABL9A<S @9:8G ABD@<DB64AAO@< >B@CBA9AF4@< 69>FBD4 %FB>E4:

s3k,m → ±1; s1k,m, s2k,m → 0.

� >4K9EF69 CD<@9D4 A4 D<E. 3 CD98EF46?9AO BFB5D4:9A<S D4ECD989?9A<= ;A4K9A<= s3k,m 8?S
«S»-4EEBJ<<DB64AAOI E<@6B?PAOI CBE?98B64F9?PABEF9=, EBBF69FEF6GRM<I LF4@@4@ «'I4AP»,

«�9?PF4» < «"@<>DBA»; CD< <I CBEFDB9A<< <ECB?P;B64AB ;A4K9A<9 @4ELF45AB7B >BQHH<J<9AF4

Ksc, D46AB9 0.1 (89F4?<;<DB64AAB9 BFB5D4:9A<9). �?S <89AF<H<>4J<< D4;?<K<= @9:8G D4ECD989-

?9A<S@< s3k,m, B5GE?B6?9AAO@< ;4@9M9A<S@< K4EF< AG>?9BF<8B6 (<, EBBF69FEF69AAB, E<@6B?B6)
6 4A4?<;<DG9@OI CBE?98B64F9?PABEFSI, BA< @B7GF 5OFP 5<A4D<;B64AO 6 EBBF69FEF6<< EB E?98GR-

M<@< CD46<?4@<:






1 ⩾ s3k,m ⩾ s3
th

→ s̃3k,m = 1,

s3k,m < s3
th

→ s̃3k,m = 0,
(6)
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$<E. 3. �9F4?<;<DB64AAO9 (Ksc = 0.1) BFB5D4:9A<S ABD@<DB64AAOI ;A4K9A<= K9F69DFB7B >B@CBA9AF4 69>FBD4 %FB>E4
8?S LF4@@B6 «'I4AP» (a), «�9?PF4» (b) < «"@<>DBA» (c)

Fig. 3. Detailed (small-scale) (Ksc = 0.1) representations of normalized values of the fourth component of the Stokes vector
for the <Wuhan= (a), <Delta= (b) and <Omicron= (c) strains

6 E?GK49 6O89?9A<S CD989?PAOI EBEFBSA<=, 5?<;><I > CD46B= J<D>G?SDAB= CB?SD<;4J<<, <,

EBBF69FEF69AAB,
{

−1 ⩽ s3k,m ⩽ s3
th

→ s̃3k,m = 1,

s3k,m > s3
th

→ s̃3k,m = 0,
(7)

CD< 6O89?9A<< CD989?PAOI EBEFBSA<=, 5?<;><I > ?96B= J<D>G?SDAB= CB?SD<;4J<<. #BDB7B6B9

;A4K9A<9 s3
th
6O5<D49FES 5?<;><@ > 1 (8?S CD46B= J<D>G?SDAB= CB?SD<;4J<<) <?< > −1 (EBBF69F-

EF69AAB, 8?S ?96B= J<D>G?SDAB= CB?SD<;4J<<).

!4 D<E. 4 CD98EF46?9AO D9;G?PF4FO CD<@9A9A<S CB8B5AB= CDBJ98GDO > D4ECD989?9A<S@,

CD98EF46?9AAO@ A4 D<E. 3 E CBDB7B@ 8<E>D<@<A4J<<, D46AO@ −0.98. %BCBEF46?9A<9 5<A4D-
AOI D4ECD989?9A<= @B:9F 5OFP CDB<;6989AB CGF9@ CBC<>E9?PAB7B ?B7<K9E>B7B C9D9@AB:9A<S

D9H9D9AFAB7B (LF4@@ «'I4AP») < 4A4?<;<DG9@B7B D4ECD989?9A<S. $9;G?PF4FO QFB= CDBJ98GDO

CD98EF46?9AO A4 D<E. 5. �B?<K9EF69AAB EF9C9AP EBBF69FEF6<S 4A4?<;<DG9@B7B < D9H9D9AFAB7B

<89AF<H<>4FBDB6 @B:9F 5OFP 6OD4:9A4 E CB@BMPR >BQHH<J<9AF4 >BDD9?SJ<<

Ra,r =

4Ñt
∑

m=1

4Ñt
∑

k=1

am,k × rm,k

4Ñt
∑

m=1

4Ñt
∑

k=1

rm,k

, (8)

789 E<@6B?O am,k < rm,k BFABESFES EBBF69FEF69AAB > C<>E9?S@ 4A4?<;<DG9@B7B < D9H9D9AFAB7B

<89AF<H<>4FBDB6.
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$<E. 4. �<A4DAO9 <89AF<H<>4FBDO «S»-79AB6 LF4@@B6 «'I4AP» (a), «�9?PF4» (b) < «"@<>DBA» (c), CB?GK9AAO9 6

D9;G?PF4F9 CB?SD<;4J<BAAB7B >B8<DB64A<S. �O89?9AO ?B>4?PAO9 EBEFBSA<S, 5?<;><9 > ?96B= J<D>G?SDAB= CB?SD<;4J<<,

E CBDB7B@ 8<E>D<@<A4J<< s3th = −0.98

Fig. 4. Binary identifiers of <S= genes of strains <Wuhan= (a), <Delta= (b) and <Omicron= (c), obtained using polarization

encoding. Local polarization states close to the left circular polarization are shown for the discrimination threshold s3th = −0.98

$<E. 5. $9;G?PF4FO CBC<>E9?PAB7B ?B7<K9E>B7B C9D9@AB:9A<S 5<A4DAB7B <89AF<H<>4FBD4 8?S D9H9D9AFAB= CBE?98B64-

F9?PABEF< (LF4@@ «'I4AP», D<E. 4, a) < 5<A4DAOI <89AF<H<>4FBDB6 8?S LF4@@B6 «�9?PF4» (a) < «"@<>DBA» (b)

Fig. 5. Results of pixel-by-pixel logical multiplication of a binary identifier for the reference sequence (<Wuhan= strain,

Fig. 4, a) and binary identifiers for the <Delta= (a) and <Omicron= (b) strains
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3. CGR BFB5D4:9A<S �!�-4EEBJ<<DB64AAOI

E<@6B?PAOI CBE?98B64F9?PABEF9=

CGR->4DFO >4> 86G@9DAO9 8<E>D9FAO9 BFB5D4:9A<S E<@6B?PAOI CBE?98B64F9?PABEF9=,

D4EE@4FD<649@O9 6 >4K9EF69 4?PF9DA4F<6O BC<E4AAB@G 6OL9 @9FB8G CB?SD<;4J<BAAB7B 5<A4DAB7B

>B8<DB64A<S, E<AF9;<DGRFES 6 >648D4FAB= B5?4EF< E 98<A<KAB= EFBDBAB= 6 EBBF69FEF6<< EB

E?98GRM9= EI9@B=. � ;46<E<@BEF< BF <ECB?P;G9@B7B 54;<E4 (RY, MK <?< WS), 69DL<AO >648D4F4

E 89>4DFB6O@< >BBD8<A4F4@< (0, 0), (0, 1), (1, 1) < (1, 0) (A4CD46?9A<9 B5IB84 4 CB K4EB6B= EFD9?>9)

BCD989?9AAO@ B5D4;B@ 4EEBJ<<DGRFES E K9FODP@S 54;B6O@< AG>?9BF<84@<. �?S RY-54;<E4 <@9RF

@9EFB E?98GRM<9 4EEBJ<4J<<: A → (0,0), C → (0,1), G → (1,1), T → (1,0); 8?S MK-54;<E4 4

A → (0,0), G → (0,1), C → (1,1), T→ (1,0), < 8?S WS-54;<E4 4 A → (0,0), C → (0,1), T→ (1,1),

G → (1,1). �EIB8A4S FBK>4 8?S CBEFDB9A<S 6O5<D49FES 6 J9AFD9 >648D4F4 ((0.5, 0.5)). #9D6O=

E<@6B? 6 CBE?98B64F9?PABEF< BFB5D4:49FES FBK>B=, EBBF69FEF6GRM9= E9D98<A9 BFD9;>4 @9:8G

<EIB8AB= FBK>B= < 69DL<AB= >648D4F4, EBBF69FEF6GRM9= BFB5D4:49@B@G E<@6B?G.

%?98GRM<= E<@6B? BFB5D4:49FES FBK>B=, EBBF69FEF6GRM9= E9D98<A9 BFD9;>4 @9:8G CD98-

L9EF6GRM9= BFB5D4:4RM9= FBK>B= < 69DL<AB= >648D4F4, 4EEBJ<<DG9@B= E E<@6B?B@. 1F4

D9>GDE<6A4S CDBJ98GD4 CB6FBDS9FES 6C?BFP 8B ;469DL4RM97B E<@6B?4 CBE?98B64F9?PABEF<. � >4-

K9EF69 CD<@9D4 CB8B5AB= CDBJ98GDO D4EE@BFD<@ D9;G?PF4F 79A9D4J<< >BBD8<A4F BFB5D4:4RM<I

FBK9> 8?S C9D6OI 5 K?9AB6 «S»-4EEBJ<<DB64AAB= E<@6B?PAB= CBE?98B64F9?PABEF< 8?S LF4@@4

«'I4AP» (ATGTT. . . .) 6 RY-54;<E9: (0.5;0.5), (0.25;0.25), (0.625;0.125), (0.813;0.563), (0.906;0.281),

(0.953;0.141). (BD@4?PAB 4?7BD<F@ 79A9D4J<< BFB5D4:4RM<I FBK9> @B:9F 5OFP CD98EF46?9A

E?98GRM<@< 6OD4:9A<S@<:






















xn = 1

2n+1 +
n
∑

k=1

Ck
x

2n−k+1
,

yn = 1

2n+1 +
n
∑

k=1

Ck
y

2n−k+1
,

(9)

789 >BQHH<J<9AFO Ck
x < Ck

y BCD989?SRF >BBD8<A4FO 69DL<AO 54;<E4, EBBF69FEF6GRM9= k-@G
AG>?9BF<8G 6 CBE?98B64F9?PABEF<. "K96<8AB, KFB BFB5D4:4RM<9 FBK>< 6E9784 A4IB8SFES 6AGFD<

98<A<KAB7B >648D4F4 <?< CB >D4=A9= @9D9 A4 97B 7D4A<J4I.

!4 D<E. 6 6 >4K9EF69 CD<@9D4 CD98EF46?9A4 CGR->4DF4 E<@6B?PAB= CBE?98B64F9?PABEF<

8?S «S»-79A4 LF4@@4 «'I4AP» 6 RY-54;<E9. %?98G9F BF@9F<FP EGM9EF69AAGR A9B8ABDB8ABEFP

$<E. 6. CGR BFB5D4:9A<9 E<@6B?PAB= CBE?98B64F9?PABEF<

8?S «S»-79A4 LF4@@4 «'I4AP» 6 RY-54;<E9

Fig. 6. CGR map of the symbolic sequence for the <S= gene of

the <Wuhan= strain in the RY basis

CDBEFD4AEF69AAB7B D4ECD989?9A<S BFB5D4:4-

RM<I FBK9> (A4?<K<9 >4> ;BA E 6OEB>B= ?B-

>4?PAB= C?BFABEFPR ;4CB?A9A<S, F4> < ?4>GA).

�?S A9>BFBDOI AG>?9BF<8AOI CBE?98B64F9?P-

ABEF9= CB8B5A4S CDBEFD4AEF69AA4S A9B8ABDB8-

ABEFP CB;6B?S9F 7B6BD<FP B «HD4>F4?PABEF<»

CGR BFB5D4:9A<S, 6 BCD989?9AAB@ E@OE?9 4A4-

?B7<KAB=, A4CD<@9D, >?4EE<K9E>B@G >B6DG %9D-

C<AE>B7B. � >4K9EF69 CD<@9D4 @B:AB EBE?4FP-

ES A4 D45BFG [34], A47?S8AB <??REFD<DGRMGR

HD4>F4?PAO= I4D4>F9D CGR BFB5D4:9A<= 5B?P-

LB= 8?<AO (CBDS8>4 A9E>B?P><I EBF9A FOESK

AG>?9BF<8B6).

'K<FO64S >64;<A9CD9DO6AO= I4D4>-

F9D D4ECD989?9A<= x- < y->BBD8<A4F BFB5-
D4:4RM<I FBK9> 6 E<AF9;<DG9@OI CGR-

BFB5D4:9A<SI E<@6B?PAOI A45BDB6, 4A4?<;
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>BDD9?SJ<= BFB5D4:9A<= D9H9D9AFAB= < 4A4?<;<DG9@B= CBE?98B64F9?PABEF9= 6 84AAB@ E?GK49

BF?<K49FES BF D4EE@BFD9AAB7B 6OL9 4?7BD<F@4 ?B7<K9E>B7B C9D9@AB:9A<S 5<A4DAOI @4FD<J BFAB-

E<F9?PAB @4?B7B D4;@9D4, >4> 6 E?GK49 CB?SD<;4J<BAAB7B >B8<DB64A<S (6OD4:9A<9 (8)). %?98G9F BF-

@9F<FP, KFB >64;<A9CD9DO6AO= I4D4>F9D D4ECD989?9A<= >BBD8<A4F BFB5D4:4RM<I FBK9> 6 E?GK49

CGR-BFB5D4:9A<= A9 EB7?4EG9FES E >BAJ9CJ<9= E<AF9;4 86G@9DAOI 5<A4DAOI <89AF<H<>4FBDB6

BFABE<F9?PAB A95B?PL<I D4;@9DB6 8?S �!�-4EEBJ<<DG9@OI E<@6B?PAOI CBE?98B64F9?PABEF9=.

$9L9A<9 84AAB= CDB5?9@O E6B8<FES > HD47@9AF4J<< («B7DG5?9A<R») CGR->4DF, KFB 6 BCD989?9A-

AB= EF9C9A< 4A4?B7<KAB GCB@SAGFB@G 6OL9 FCGR-4?7BD<F@G, IBFS < EGM9EF69AAB BF?<K49FES

BF A97B. !4 >4K9EF69AAB@ GDB6A9 QFB D9L9A<9 HBD@G?<DG9FES E?98GRM<@ B5D4;B@: A9B5IB8<@B

BCD989?<FP @<A<@4?PAB 8BCGEF<@O= GDB69AP D4;5<9A<S CGR->4DFO A4 D46AB69?<><9 SK9=><, CD<

>BFBDB@ 69DBSFABEFP CBC484A<S 86GI < 5B?99 BFB5D4:4RM<I FBK9> 6 CDB<;6B?PAB 6O5D4AAO=

HD47@9AF @9APL9 ;484AAB7B CBDB7B6B7B ;A4K9A<S. �DG7<@< E?B64@<, 6AGFD< >4:8B7B HD47@9AF4

@B:9F ?<5B A4IB8<FPES 98<AEF69AA4S BFB5D4:4RM4S FBK>4, ?<5B A9F.

!4 D<E. 7 CD98EF46?9AO D9;G?PF4FO EF4F<EF<K9E>B7B 4A4?<;4 CDBJ9EE4 «B7DG5?9A<S» CGR-

>4DF 8?S LF4@@4 «'I4AP» 6 RY-, MK- < WS-54;<E4I 6 ;46<E<@BEF< BF C4D4@9FD4 N/Nn

(N 4 K<E?B D4;5<9A<= >BBD8<A4FAOI BE9=, EBBF69FEF69AAB, K<E?B HD47@9AFB6 CGR->4DFO D46-
AB N2; Nn 4 K<E?B E<@6B?B6 6 BFB5D4:49@B= CBE?98B64F9?PABEF<). �D<6O9 133 BFB5D4:4RF

;A4K9A<S 69DBSFABEF< A4IB:89A<S A9E>B?P><I (5B?PL9 K9@ 1) BFB5D4:4RM<I FBK9> Ps 6 SK9=-

>4I RY, MK < WS CGR->4DF, 6O89?S9@OI CGF9@ E?GK4=AB= 6O5BD><, 6 ;46<E<@BEF< BF N/Nn.

�?S ED46A9A<S F4>:9 CD<6989A4 4A4?B7<KA4S ;46<E<@BEFP (4) 8?S E?GK4S B8ABDB8AB7B D4ECD9-

89?9A<S BFB5D4:4RM<I FBK9> CB CGR->4DF9. "F@9F<@ ;A4K<F9?PAB 5B?PL<9 ;A4K9A<S W 8?S

4A4?<;<DG9@B= E<@6B?PAB= CBE?98B64F9?PABEF< 6 ED46A9A<< E D46AB@9DAO@ D4ECD989?9A<9@, B5G-

E?B6?9AAO9 EGM9EF69AAB A9B8ABDB8AO@< CDBEFD4AEF69AAO@< D4ECD989?9A<S@< BFB5D4:4RM<I

FBK9> 6 E<AF9;<DB64AAOI RY, MK < WS CGR->4DF4I (E@. D<E. 6 8?S RY-BFB5D4:9A<S).

!4 D<E. 8 CD98EF46?9AO D4EEK<F4AAO9 ;A4K9A<S >BQHH<J<9AF4 >BDD9?SJ<< Ra,r (E@. 6OD4-

:9A<9 (8)) @9:8G D9H9D9AFAB= (LF4@@ «'I4AP») < 4A4?<;<DG9@O@< (LF4@@O «�9?PF4» (1)

$<E. 7.  B89?PAO9 ;A4K9A<S 69DBSFABEF< B5A4DG:9A<S

SK9=>< CGR->4DFO, EB89D:4M9= 5B?99 B8AB= BFB5D4:4R-

M9= FBK><, 6 ;46<E<@BEF< BF GDB6AS HD47@9AF4J<< >4D-

FO N/Nn. 1 4 RY-54;<E; 2 4 MK-54;<E; 3 4 WS-54;<E;

4 4 B8ABDB8AB9 D4ECD989?9A<9 BFB5D4:4RM<I FBK9> CB

C?BM48< >4DFO (J69F BA?4=A)

Fig. 7. Model values of the probability of detecting a CGR

map cell containing more than one mapping point, depending

on the level of map fragmentation N/Nn. 1 4 RY basis;

2 4 MK basis; 3 4 WS basis; 4 4 uniform distribution of

mapping points over the map area (color online)

$<E. 8. �BQHH<J<9AFO >BDD9?SJ<< @9:8G 5<A4DAO@<

<89AF<H<>4FBD4@< «S»-4EEBJ<<DB64AAOI D9H9D9AFAB=

(LF4@@ «'I4AP») < 4A4?<;<DG9@OI CBE?98B64F9?PABEF9=

(LF4@@ «�9?PF4» (1); LF4@@ «"@<>DBA» (2)) 6 ;46<E<@B-

EF< BF N/Nn (RY-54;<E) (J69F BA?4=A)

Fig. 8. Correlation coefficients between binary identifiers

of <S=-associated reference (strain <Wuhan=) and analyzed

sequences (strain <Delta= (1); strain <Omicron= (2)) depending

on N/Nn (RY basis) (color online)

450

�<@AS>B6 �. �., �?BAB64  . �., %>D<C4?P �A. �., �A><A  . �., �4=J96 %. %., (98BDB64 �. �.

�;69EF<S 6G;B6. #!�, 2024, F. 32, № 4



< «"@<>DBA» (2)) HD47@9AF<DB64AAO@< CGR->4DF4@< 6 ;46<E<@BEF< BF BFABL9A<S N/Nn.

%?98G9F BF@9F<FP, KFB ;46<E<@BEF< Ra,r = f(N/Nn) CD< ;A4K9A<SI N/Nn, CD96OL4RM<I 0.3,

89@BAEFD<DGRF CD4>F<K9E>< CBEFBSAAO9 ;A4K9A<S >BQHH<J<9AF4 >BDD9?SJ<<, KFB CB;6B?S9F

CD98?B:<FP 84AAO= GDB69AP HD47@9AF4J<< >4> @<A<@4?PAO= CD< E<AF9;9 5<A4DAOI <89AF<H<-

>4FBDB6 A4 BEAB69 HD47@9AF<DB64AAOI CGR->4DF. �9DBSFABEFP B5A4DG:9A<S SK99> E 5B?99 K9@

B8AB= BFB5D4:4RM9= FBK>B=, >BFBDO@ CD< HD47@9AF4J<< CD<C<EO64RFES 98<A<KAO9 ;A4K9A<S,

A969?<>4 < EBEF46?S9F CD<5?<;<F9?PAB 2 × 10−5. % GK9FB@ K<E?4 E<@6B?B6 6 4A4?<;<DG9@OI

CBE?98B64F9?PABEFSI (3822), K<E?B D4;5<9A<= >4:8B= <; 2 >BBD8<A4FAOI BE9= CGR->4DFO EBEF46-

?S9F A9 @9A99 1147. %BBF69FEF69AAB, B5M99 K<E?B C<>E9?9= 6 E<AF9;<DB64AAB@ CB8B5AO@ B5D4;B@

5<A4DAB@ <89AF<H<>4FBD9 EBEF46?S9F A9 @9A99 1315609. "F@9F<@, KFB CD<@9A9A<9 8DG7<I 54;<EB6

(MK, WS) 8?S CBEFDB9A<S <EIB8AOI CGR->4DF CD<6B8<F > 4A4?B7<KAO@ D9;G?PF4F4@.

4. "5EG:89A<9 D9;G?PF4FB6

%D46A<F9?PAO= 4A4?<; 86GI D4EE@BFD9AAOI CB8IB8B6 CD<@9A<F9?PAB > E<AF9;G 86G@9DAOI

5<A4DAOI <89AF<H<>4FBDB6 �!�-4EEBJ<<DB64AAOI E<@6B?PAOI CBE?98B64F9?PABEF9= J9?9EB-

B5D4;AB CDB69EF< CGF9@ ED46A9A<S 86GI >?RK96OI C4D4@9FDB6: K<E?B Q?9@9AFB6 (C<>E9?9=)

6 <89AF<H<>4FBD9 < KG6EF6<F9?PABEFP 5<A4DAB= EFDG>FGDO <89AF<H<>4FBD4 > EFDG>FGDAO@

<;@9A9A<S@ 6 4A4?<;<DG9@B= E<@6B?PAB= CBE?98B64F9?PABEF< CB BFABL9A<R > D9H9D9AFAB=

CBE?98B64F9?PABEF<. � >4K9EF69 CBE?98A97B C4D4@9FD4 J9?9EBB5D4;AB D4EE@BFD9FP >BQHH<J<9AF

>BDD9?SJ<< Ra,r, BCD989?S9@O= 6OD4:9A<9@ (8). � E?GK49 CB?SD<;4J<BAAB7B >B8<DB64A<S E<@-

6B?PAOI CBE?98B64F9?PABEF9= K<E?B C<>E9?9= 6 E<AF9;<DG9@OI <89AF<H<>4FBD4I BCD989?S9FES

K<E?B@ <ECB?P;G9@OI FD<C?9FB6 Ñ2
t < D46AB 16Ñ2

t . � FB :9 6D9@S >BQHH<J<9AF >BDD9?SJ<<

Ra,r EGM9EF69AAO@ B5D4;B@ ;46<E<F BF <ECB?P;G9@B7B CBDB74 8<E>D<@<A4J<< s3
th
CD989?PAOI

EBEFBSA<= CB?SD<;4J<<.

� E?GK49 :9 E<AF9;4 5<A4DAOI <89AF<H<>4FBDB6 A4 BEAB69 HD47@9AF<DB64AAOI CGR->4DF

>4> K<E?B C<>E9?9=, F4> < >BQHH<J<9AFO >BDD9?SJ<< @9:8G D9H9D9AFAO@ < 4A4?<;<DG9@O@<

<89AF<H<>4FBD4@< ;46<ESF BF <ECB?P;G9@B7B GDB6AS HD47@9AF4J<<. 1F< BEB59AABEF< <??REFD<-

DGRFES 84AAO@<, CD98EF46?9AAO@< 6 F45?. 2 < 3.

%BCBEF46?9A<9 CD<6989AAOI A45BDB6 84AAOI CB;6B?S9F E89?4FP 6O6B8 B EGM9EF69AAOI

CD9<@GM9EF64I 5<A4DAOI <89AF<H<>4FBDB6, E<AF9;<DB64AAOI E <ECB?P;B64A<9@ CB?SD<;4J<BA-

AB7B >B8<DB64A<S, CB ED46A9A<R E <89AF<H<>4FBD4@<, CB?GK49@OI CGF9@ HD47@9AF4J<< CGR

BFB5D4:9A<=. �B;D4EF4A<9 CB 45EB?RFAB= 69?<K<A9 CBDB74 8<E>D<@<A4J<< 6 C9D6B@ E?GK49

CD<6B8<F A9 FB?P>B > CB6OL9A<R KG6EF6<F9?PABEF< >BQHH<J<9AF4 >BDD9?SJ<< > ;4@9M9A<S@

&45?<J4 2. #4D4@9FDO 5<A4DAOI <89AF<H<>4FBDB6, E<AF9;<DB64AAOI A4 BEAB69

CB?SD<;4J<BAAB7B >B8<DB64A<S

Table 2. Parameters of binary identifiers synthesized on the base of polarization encoding

#BDB7

8<E>D<@<A4J<< s3
th

+<E?B C<>E9?9=

6 5<A4DAB@

<89AF<H<>4FBD9

�BQHH<J<9AF

>BDD9?SJ<< Ra,r

8?S C4DO

«'I4AP 3�9?PF4»

�BQHH<J<9AF

>BDD9?SJ<< Ra,r

8?S C4DO

«'I4AP 3"@<>DBA»

−0.92 19600 ≈ 0.49 ≈ 0.41

−0.94 19600 ≈ 0.45 ≈ 0.36

−0.96 19600 ≈ 0.41 ≈ 0.31

−0.98 19600 ≈ 0.34 ≈ 0.25

−0.999 19600 ≈ 0.21 ≈ 0.13
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&45?<J4 3. #4D4@9FDO 5<A4DAOI <89AF<H<>4FBDB6, E<AF9;<DB64AAOI A4 BEAB69

HD47@9AF4J<< CGR->4DF

Table 3. Parameters of binary identifiers synthesized on the base of fragmentation

of the CGR maps

'DB69AP

HD47@9AF4J<<

N/Nn

+<E?B C<>E9?9=

6 5<A4DAB@

<89AF<H<>4FBD9

�BQHH<J<9AF

>BDD9?SJ<< Ra,r

8?S C4DO

«'I4AP 3�9?PF4»

�BQHH<J<9AF

>BDD9?SJ<< Ra,r

8?S C4DO

«'I4AP 3"@<>DBA»

0.05 36864 ≈ 0.982 ≈ 0.951

0.1 146689 ≈ 0.977 ≈ 0.935

0.2 585225 ≈ 0.973 ≈ 0.926

0.3 1315609 ≈ 0.972 ≈ 0.926

0.4 2337841 ≈ 0.972 ≈ 0.919

0.5 3651921 ≈ 0.972 ≈ 0.918

BF89?PAOI AG>?9BF<8B6 6 4A4?<;<DG9@B= CBE?98B64F9?PABEF< CB BFABL9A<R > D9H9D9AFAB=, AB

F4>:9 < > G@9APL9A<R K<E?4 C<>E9?9= E 98<A<KAO@< ;A4K9A<S@< 6 <89AF<H<>4FBD9. &4>, CD<

CBDB79 8<E>D<@<A4J<<, D46AB@ −0.92, K<E?B C<>E9?9= E 98<A<KAO@< ;A4K9A<S@< D46AB 2256, 6 FB
6D9@S >4> 8?S CBDB74 8<E>D<@<A4J<<, D46AB7B −0.999, QFB K<E?B D46AB 266. $4A99 [18] BF@9K4?BEP,
KFB @9FB8 CB?SD<;4J<BAAB7B >B8<DB64A<S E?98G9F CD<@9ASFP 8?S ED46A9A<S AG>?9BF<8AOI CBE?9-

8B64F9?PABEF9=, D4;?<K4RM<IES 6 BFABE<F9?PAB A95B?PL<I >B?<K9EF64I AG>?9BF<8B6 (BF 1 8B 10).

� K4EFABEF<, CD< <E>GEEF69AAOI E?GK4=AOI ;4@9M9A<SI B8AB7B <; E<@6B?B6 6 D4EE@4FD<649@B@

HD47@9AF9 CBE?98B64F9?PABEF< 8?S LF4@@4 «'I4AP» (3822 E<@6B?4) < CBDB79 8<E>D<@<A4J<<,

D46AB@ −0.99, ;A4K9A<9 >BQHH<J<9AF4 >BDD9?SJ<< Ra,r @9:8G 5<A4DAO@< CB?SD<;4J<BAAO@<

<89AF<H<>4FBD4@< <EIB8AB7B < @B8<H<J<DB64AAB7B HD47@9AFB6 D46AB ≈ 0.556 ± 0.036 [18].
%D98A99 ;A4K9A<9 Ra,r < 8B69D<F9?PAO= <AF9D64?, EBBF69FEF6GRM<= GDB6AR ;A4K<@BEF< 0.9,

5O?< CB?GK9AO 8?S 6O5BD>< <; 30 E?GK4=AO@ B5D4;B@ @B8<H<J<DB64AAOI HD47@9AFB6. "F@9F<@,

KFB CBKF< 86G>D4FAB9 G@9APL9A<9 >BQHH<J<9AF4 >BDD9?SJ<< (E 1.0 8B 0.556) CDB<EIB8<F CD<

;4@9A9 FB?P>B B8AB7B E<@6B?4, 4EEBJ<<DB64AAB7B E B8A<@ <; 4 54;B6OI AG>?9BF<8B6 (FB 9EFP CD<

D4;?<K<< 6 EFDG>FGD4I <EIB8AB= < @B8<H<J<DB64AAB= CBE?98B64F9?PABEF9= CBDS8>4 0.026%).

� EBBF69FEF6<< E 84AAO@< F45?. 2, CD< 6B;D4EF4A<< 45EB?RFAB= 69?<K<AO CBDB74 8<E>D<@<A4J<<

8B ;A4K9A<=, 5?<;><I > 1, KG6EF6<F9?PABEFP Ra,r > <;@9A9A<S@ 6 EFDG>FGD9 CBE?98B64F9?PABEF9=

EGM9EF69AAB G69?<K<649FES. % 8DG7B= EFBDBAO, D4EE@4FD<649@O= HD47@9AF CBE?98B64F9?PABEF<,

EBBF69FEF6GRM<= S-59?>G 6 79AB@9 SARS-CoV-2, I4D4>F9D<;G9FES BFABE<F9?PAB @4?B= 8?<AB=.

�BCDBE B CD989?PAB= KG6EF6<F9?PABEF< 5<A4DAOI CB?SD<;4J<BAAOI <89AF<H<>4FBDB6 > @4?O@

<;@9A9A<S@ 6 EFDG>FGD9 8?<AAOI CBE?98B64F9?PABEF9= (CBDS8>4 A9E>B?P><I 89ESF>B6 FOESK

Q?9@9AFB6 < 5B?99) 5G89F <EE?98B64A 6 84?PA9=L9@.

!4 BEAB69 D4;D45BF4AAOI 4?7BD<F@B6 E<AF9;4 5<A4DAOI CB?SD<;4J<BAAOI < CGR-<89AF<H<-

>4FBDB6 �!�-4EEBJ<<DB64AAOI E<@6B?PAOI CBE?98B64F9?PABEF9= 5O?< D94?<;B64AO CDB5AO9

F9>EFO CDB7D4@@ A4 S;O>9 C++. #DB7D4@@O B59EC9K<64?< EK<FO64A<9 <EIB8AOI E<@6B?PAOI

CBE?98B64F9?PABEF9= CDB<;6B?PAB= 8?<AO <; F9>EFB6B7B H4=?4 (∗.txt), >BA69DF4J<R E<@6B?PAOI

(char) 84AAOI 6 J9?BK<E?9AAO9 (integer) ;A4K9A<S, B5D45BF>G CB?GK9AAOI @4EE<6B6 J9?BK<E?9A-

AOI 84AAOI E B8AB6D9@9AAO@ CD9B5D4;B64A<9@ <I > HBD@4FG 86B=AB= FBKABEF< E C?464RM9=

FBK>B= (double) < 6O6B8 6 F9>EFB6O= H4=? (∗.dat) E<AF9;<DB64AAOI 5<A4DAOI <89AF<H<>4FB-

DB6, CD98EF46?SRM<I EB5B= 86G@9DAO9 @4EE<6O J9?BK<E?9AAOI (integer) 84AAOI. � EBBF69F-

EF6<< E BC<E4AAO@< 6OL9 @9FB84@< E<AF9;4 5<A4DAOI <89AF<H<>4FBDB6, D4;@9D HBD@<DG9@B=

>648D4FAB= @4FD<JO BCD989?S9FES 8?<AB= <EIB8AB= E<@6B?PAB= CBE?98B64F9?PABEF<, 4 Q?9@9A-

FO @4FD<JO S6?SRFES B8AB5<FB6O@< 69?<K<A4@<, CD<A<@4S ;A4K9A<S ?<5B 1, ?<5B 0. %<AF9;
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CB?SD<;4J<BAAOI <89AF<H<>4FBDB6 BEGM9EF6?S?ES 6 2 QF4C4: >BA69DF4J<S E<@6B?PAB= CBE?98B-

64F9?PABEF< 6 H4;B@B8G?<DGRMGR @4FD<JG (1, <EIB8A4S CDB7D4@@4 convert.cpp, <ECB?AS9@O=

H4=? convert.exe); E<AF9; EBBF69FEF6GRM97B 5<A4DAB7B D4ECD989?9A<S CD989?PAOI EBEFBSA<=

J<D>G?SDAB= CB?SD<;4J<< 6 HGDP9-C?BE>BEF< (2, <EIB8A4S CDB7D4@@4 pol_map.cpp, <ECB?AS9@O=

H4=? pol_map.exe). #D< E<AF9;9 CGR <89AF<H<>4FBDB6 <ECB?P;B64?ES 98<AO= <ECB?AS9@O=

H4=? cgr_map.exe (EBBF69FEF6GRM<= <EIB8AO= F9>EF cgr_map.cpp). "F@9F<@, KFB CDB7D4@@O

CD98EF46?SRF EB5B= C<?BFAO9 69DE<<, CD98A4;A4K9AAO9 FB?P>B 8?S 69D<H<>4J<< B5EG:849@OI

6 84AAB= D45BF9 @9FB8B6 5<A4DAB7B BFB5D4:9A<S AG>?9BF<8AOI CBE?98B64F9?PABEF9=. �B;@B:A4

<I BCF<@<;4J<S E J9?PR Q>BAB@<< 6OK<E?<F9?PAOI D9EGDEB6 (B5N9@4 <ECB?P;G9@B= BC9D4F<6AB=

C4@SF< < 6D9@9A< 6OK<E?9A<=), B8A4>B QF< 6BCDBEO 6OIB8SF ;4 CD989?O A4EFBSM97B <EE?98B64A<S

< C?4A<DGRFES > CDB6989A<R 6 5G8GM9@.

&9@ A9 @9A99 5O?< CDB6989AO BJ9A>< 6D9@9AAOI ;4FD4F A4 E<AF9; 5<A4DAOI CB?SD<;4J<BA-

AOI < CGR <89AF<H<>4FBDB6 E <ECB?P;B64A<9@ <ECB?AS9@OI H4=?B6 convert.exe, pol_map.exe <

cgr_map.exe. � >4K9EF69 <EIB8AOI 84AAOI 5O?< <ECB?P;B64AO HD47@9AFO E<@6B?PAOI CBE?98B64-

F9?PABEF9= D4;?<KAB= 8?<AO (6 <AF9D64?9 BF 3822 8B 492 E<@6B?B6), CB?GK49@O9 6 D9;G?PF4F9

CBL47B6B7B <E>?RK9A<S <; <EIB8AB= «S»-4EEBJ<<DB64AAB= CBE?98B64F9?PABEF< 8?S LF4@@4

«'I4AP» >BAJ96OI 7DGCC <; 333 E<@6B?B6 (111 FD<C?9FB6). &9EF<DB64A<9 <ECB?AS9@OI H4=-

?B6 CDB<;6B8<?BEP A4 C9DEBA4?PAB@ >B@CPRF9D9 E CDBJ9EEBDB@ AMD Ryzen 9 3900X (12 S89D,

3.79 ��J) < 32 �5 BC9D4F<6AB= C4@SF<. !4 D<E. 9 CD98EF46?9AO ;A4K9A<S 6D9@9A< 6OCB?A9A<S

H4=?B6 convert.exe, pol_map.exe, cgr_map.exe < D4;@9DO E<AF9;<DG9@OI CB?SD<;4J<BAAOI < CGR

<89AF<H<>4FBDB6 6 ;46<E<@BEF< BF 8?<AO E<@6B?PAB= CBE?98B64F9?PABEF<. %?98G9F BF@9F<FP,

KFB 8?S BFABE<F9?PAB >BDBF><I E<@6B?PAOI CBE?98B64F9?PABEF9= (E K<E?B@ Q?9@9AFB6 8B ≈ 1000)
;A4K9A<S 6D9@9A< 6OCB?A9A<S 8?S 6E9I CDB7D4@@ EBCBEF46<@O < BCD989?SRFES 7?46AO@ B5D4;B@

8?<F9?PABEFPR CDBJ98GD ;47DG;>< <EIB8AOI E<@6B?PAOI 84AAOI E :9EF>B7B 8<E>4 6 BC9D4F<6AGR

C4@SFP < 6O6B84 E<AF9;<DB64AAOI 5<A4DAOI <89AF<H<>4FBDB6 <; BC9D4F<6AB= C4@SF< A4 :9EF><=

$<E. 9. �D9@S 6OCB?A9A<S te H4=?B6 convert.exe (1),
pol_map.exe (2), cgr_map.exe (3) < D4;@9DO S 5<A4DAOI

CB?SD<;4J<BAAOI (4) < CGR (5) <89AF<H<>4FBDB6 6 ;46<E<-

@BEF< BF K<E?4 E<@6B?B6 6 B5D454FO649@B= CBE?98B64F9?P-

ABEF<. %FD9?>< CB>4;O64RF BFA9E9A<9 84AAOI > BES@ (J69F

BA?4=A)

Fig. 9. The execution time te for the files convert.exe (1),
pol_map.exe (2), cgr_map.exe (3) and the sizes S of binary

polarization (4) and CGR (5) identifiers depending on the

number of symbols in the processed sequence. Arrows show

the assignment of data to axes (color online)

8<E>. % G69?<K9A<9@ K<E?4 E<@6B?B6 6 CBE?9-

8B64F9?PABEFSI 6D9@S 6OCB?A9A<S CDB7D4@@O

pol_map.exe EGM9EF69AAB 6B;D4EF49F CB ED46A9-

A<R E 6D9@9A9@ 6OCB?A9A<S cgr_map.exe (CD<-

5?<;<F9?PAB CSF<>D4FAB9 D4;?<K<9 8?S 3822

E<@6B?B6). 1FB B5GE?B6?9AB <ECB?P;B64A<9@

8BEF4FBKAB 8?<F9?PAB= CDBJ98GDO 6OK<E?9A<S

86G@9DAB7B 8<E>D9FAB7B CD9B5D4;B64A<S (G-

DP9 CD< E<AF9;9 CB?SD<;4J<BAAOI <89AF<H<>4-

FBDB6 CB ED46A9A<R E EGM9EF69AAB 5B?99 5OEF-

DO@ D4ECD989?9A<9@ FBK9> CGR BFB5D4:9A<S

CB SK9=>4@ 5<A4DAOI CGR <89AF<H<>4FBDB6.

"8A4>B E?98G9F <@9FP 6 6<8G, KFB, A9E@BFDS

A4 5B?99 6D9@S;4FD4FAO= CDBJ9EE, 5<A4DAO9

CB?SD<;4J<BAAO9 <89AF<H<>4FBDO I4D4>F9D<-

;GRFES EGM9EF69AAB 5B?99 6OEB>B= KG6EF6<-

F9?PABEFPR > EFDG>FGDAO@ <;@9A9A<S@ 4A4?<-

;<DG9@OI CBE?98B64F9?PABEF9= (E@. F45?. 2, 3)

< EGM9EF69AAB @9APL<@< D4;@9D4@< (D<E. 9)

CB ED46A9A<R E 5<A4DAO@< CGR <89AF<H<>4-

FBD4@<. &4>:9 5O?< E<AF9;<DB64AO 5<A4DAO9

CB?SD<;4J<BAAO9 < CGR <89AF<H<>4FBDO 8?S

CB?AB7B 79AB@4 LF4@@4 «'I4AP», BC<EO649@B-
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7B 29891 E<@6B?B@ [28]. � C9D6B@ E?GK49 6D9@S E<AF9;4 EBEF46<?B 849 E CD< D4;@9D9 <89AF<-

H<>4FBD4 396 × 396 C<>E9?9=; 6 E?GK49 :9 CGR <89AF<H<>4FBD4 6D9@S E<AF9;4 D46AB 24.85 E
CD< D4;@9D9 14945× 14945 C<>E9?9=. "F@9F<@, KFB 6 F9EF<DG9@B@ H4=?9 pol_map.exe CD<@9A9A4
8BEF4FBKAB CDBEF4S «?<A9=A4S» CDBJ98GD4 B5D45BF>< EK<FO649@OI E<@6B?PAOI 84AAOI, >BFBD4S

@B:9F 5OFP BCF<@<;<DB64A4 E J9?PR G@9APL9A<S 6D9@9A< 6OK<E?9A<= (A4CD<@9D, 6 D9;G?PF4F9

<ECB?P;B64A<S 4?7BD<F@4 5OEFDB7B CD9B5D4;B64A<S (GDP9 (�#() 6@9EFB B5OKAB7B 8<E>D9FAB7B

CD9B5D4;B64A<S (GDP9, D4EC4D4??9?<64A<S 6OK<E?<F9?PAB7B CDBJ9EE4 < F. 8.).

"8AB= <; >?RK96OI CDB5?9@ CD<@9A9A<S D4EE@BFD9AAB7B 6 D45BF9 @9FB84 E<AF9;4 5<A4DAOI

CB?SD<;4J<BAAOI <89AF<H<>4FBDB6 S6?S9FES K4EF<KA4S CBF9DS <AHBD@4J<< B EFDG>FGD9 CBE?98B-

64F9?PABEF< CD< 99 CD9B5D4;B64A<< 6 >648D4FAGR H4;B@B8G?<DGRMGR @4FD<JG E @9APL<@ K<E?B@

Q?9@9AFB6, K9@ K<E?B FD<C?9FB6 4A4?<;<DG9@B= CBE?98B64F9?PABEF<. � D4EE@BFD9AAOI CD<@9D4I

E <ECB?P;B64A<9@ E<@6B?PAOI CBE?98B64F9?PABEF9= 8?S LF4@@B6 «'I4AP», «�9?PF4» < «"@<>DBA»

6<DGE4 SARS-CoV-2 QF4 CDB5?9@4 A9 <@99F ;A4K9A<S, CBE>B?P>G 6E9 D4;?<K<S 6 EFDG>FGD4I LF4@-

@B6 CDBS6?SRFES 6 CD989?4I 6O89?S9@B7B GK4EF>4, EB89D:4M97B 1225 FD<C?9FB6 (3675 E<@6B?B6).

"8A4>B 8?S 8DG7<I B5N9>FB6 @B:9F EGM9EF6B64FP BCD989?9AA4S 69DBSFABEFP CBC484A<S EFDG>-

FGDAOI A9EBBF69FEF6<= 6B HD47@9AFO CBE?98B64F9?PABEF9=, BF5D4EO649@O9 CD< CD9B5D4;B64A<<.

!4 A4L 6;7?S8, EGM9EF6GRF 864 6B;@B:AOI CGF< B5IB84 QFB= CDB5?9@O 6 84?PA9=L<I <EE?98B-

64A<SI, C9D6O= <; >BFBDOI ;4>?RK49FES 6 EBBFA9E9A<< E 4A4?<;<DG9@B= CBE?98B64F9?PABEFPR

A9 B8AB7B, 4 86GI 5<A4DAOI CB?SD<;4J<BAAOI <89AF<H<>4FBDB6 B8<A4>B6B7B D4;@9D4, B8<A <;

>BFBDOI E<AF9;<DG9FES CD< EK<FO64A<< HD47@9AF4 E<@6B?PAB= CBE?98B64F9?PABEF<, A4K<A4S

E C9D6B7B E<@6B?4 6 CDS@B@ A4CD46?9A<<, 4 6FBDB= 4 CD< EK<FO64A<< HD47@9AF4 F4>B= :9 8?<AO

6 B5D4FAB@ A4CD46?9A<<, A4K<A4S E CBE?98A97B E<@6B?4. &4><@ B5D4;B@, BEB59AABEF< EFDG>FGDO

CBE?98B64F9?PABEF< 5G8GF 6 CB?AB= @9D9 BFB5D4:4FPES QFB= C4DB= 5<A4DAOI <89AF<H<>4FBDB6.

�DG7B= CB8IB8 @B:9F 5OFP BEAB64A A4 CD98EF46?9A<< EFDG>FGDO CBE?98B64F9?PABEF< 6 HBD@9

A9 >648D4FAB=, 4 CDS@BG7B?PAB= H4;B@B8G?<DGRM9= @4FD<JO, D4;@9DO >BFBDB= BCD989?SRFES

6 D9;G?PF4F9 CD98EF46?9A<S K<E?4 FD<C?9FB6 6 CBE?98B64F9?PABEF< 6 6<89 CDB<;6989A<S 86GI

J9?OI K<E9?, 5?<;><I 8DG7 > 8DG7G CB 69?<K<A9. %BBF69FEF69AAB, E<AF9;<DB64AAO= CB8B5AO@

B5D4;B@ 5<A4DAO= <89AF<H<>4FBD 5G89F F4>:9 CD98EF46?SFP EB5B= CDS@BG7B?PAGR @4FD<JG.

� CD989?PAB@ E?GK49, >B784 K<E?B FD<C?9FB6 6 E<@6B?PAB= CBE?98B64F9?PABEF< S6?S9FES CDB-

EFO@, 6B;@B:AB CBEFDB9A<9 «6ODB:89AAB7B» CB?SD<;4J<BAAB7B <89AF<H<>4FBD4 6 6<89 @4FD<JO

D4;@9DB@ 4 × 4NT , 789 NT 4 CB?AB9 K<E?B FD<C?9FB6 6 CBE?98B64F9?PABEF<. �D9@S E<AF9;4

CB8B5AB7B <89AF<H<>4FBD4 5G89F EGM9EF69AAB @9APL9 6 ED46A9A<< E 6D9@9A9@ HBD@<DB64A<S

86G@9DAB7B <89AF<H<>4FBD4. �9D<H<>4J<S < ED46A<F9?PAO= 4A4?<; QF<I CB8IB8B6, D46AB >4>

< BCF<@<;4J<S 4?7BD<F@B6 < CDB7D4@@ E<AF9;4 5<A4DAOI CB?SD<;4J<BAAOI <89AF<H<>4FBDB6,

S6?SRFES B5N9>F4@< 84?PA9=L<I <EE?98B64A<=.

#DBJ98GD4 E<AF9;4 5<A4DAOI CB?SD<;4J<BAAOI <89AF<H<>4FBDB6 HD47@9AFB6 AG>?9BF<8-

AOI CBE?98B64F9?PABEF9= @B:9F 5OFP D94?<;B64A4 A9 FB?P>B E CD<@9A9A<9@ FB?P>B >B@CPRF9D-

AB= B5D45BF>< 84AAOI, AB < 6 D4@>4I 7<5D<8AB7B (<AEFDG@9AF4?PAB-CDB7D4@@AB7B CB8IB84).

#D< QFB@, 6 EBBF69FEF6<< E D<E. 1, EK<FO64A<9 �!�-4EEBJ<<DB64AAB= H4;B@B8G?<DGRM9= @4F-

D<JO BEGM9EF6?S9FES >B??<@<DB64AAO@ CGK>B@ ?<A9=AB-CB?SD<;B64AAB7B A9CD9DO6AB7B ?4-

;9DAB7B <;?GK9A<S, 6 >4K9EF69 <EFBKA<>4 >BFBDB7B @B:9F 5OFP <ECB?P;B64A, A4CD<@9D, B8AB-

@B8B6O= 79?<=-A9BAB6O= ?4;9D �!-5#. � >4K9EF69 H4;B@B8G?<DGRM97B Q>D4A4 2 @B:9F 5OFP

CD<@9A9A >B@CPRF9DAB-GCD46?S9@O= :<8>B>D<EF4??<K9E><= CDBEFD4AEF69AAO= @B8G?SFBD H4-

;O F<C4 LS2012 E D4;D9L9A<9@ 1024 × 768 C<>E9?9= < 8-5<FB6O@ CD98EF46?9A<9@ >B8<DG9-
@B= <AHBD@4J<< (CDB<;6B8EF6B >B@C4A<< Holoeye Photonics AG, �9D@4A<S). %K<FO64A<9 �!�-

4EEBJ<<DB64AAOI 8<HD4>J<BAAOI >4DF<A 6 HB>4?PAB= C?BE>BEF< HGDP9-CD9B5D4;GRM9= ?<A;O 3

@B:9F BEGM9EF6?SFPES E <ECB?P;B64A<9@ CB?SD<;4J<BAAB-KG6EF6<F9?PAB= � "# >4@9DO Kiralux

CS505MUP1 (D4;D9L9A<9 4 2448×2448 C<>E9?9=, 12-5<FB6B9 CD98EF46?9A<9 EK<FO649@OI 84AAOI,

454
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BH<J<4?PAO= 8<EFD<5PRFBD 4 >B@C4A<S Thorlabs, %,�). $4;@9D C<>E9?9= :<8>B>D<EF4??<K9-

E>B= @4FD<JO LS2012 D469A 36 @>@; >4@9D4 Kiralux CS505MUP1 <@99F D4;@9D C<>E9?9=, D46AO=

3.45 @>@. � E?GK49 8<E>D9FAB7B CD9B5D4;B64A<S (GDP9 EFDG>FGDO E D4;@9DB@ Q?9@9AFB6, D46AO@ ∆,

EBBF69FEF6GRM<= D4;@9D Q?9@9AFB6 6 HGDP9-B5D4;9 EFDG>FGDO ∆r, @4ELF45AO= >BQHH<J<9AF Ksc,

HB>GEAB9 D4EEFBSA<9 F ?<A;O 3 < 8?<A4 6B?AO ?4;9DAB7B E69F4 ¼ E6S;4AO @9:8G EB5B= EBBFAB-
L9A<9@ Ksc = ∆∆r/F¼. $4EE@BFD<@ E?GK4= <AEFDG@9AF4?PAB= D94?<;4J<< CB?SD<@9FD<K9E>B=
E<EF9@O D<E. 1 E <ECB?P;B64A<9@ :<8>B>D<EF4??<K9E>B7B @B8G?SFBD4 LS2012, >4@9DO Kiralux

CS505MUP1 < 79?<=-A9BAB6B7B ?4;9D4 ( ¼ = 0.63 @>@). #D< CB?SD<;4J<BAAB@ BFB5D4:9A<< E<@-
6B?PAOI CBE?98B64F9?PABEF9= 8?S LF4@@B6 «'I4AP», «�9?PF4» < «"@<>DBA» 6<DGE4 SARS-CoV-2

(K<E?B Q?9@9AFB6 H4;B@B8G?<DGRM9= @4FD<JO 70× 70) D45BK4S ;BA4 H4;B@B8G?<DGRM97B Q>D4A4
;4A<@49F 6 97B J9AFD4?PAB= K4EF< D4;@9DO 2.52 @@×2.52 @@. #D98CB?B:<@, KFB 4A4?<;<DG9@O9
CB?SD<;4J<BAAB-KG6EF6<F9?PAO9 8<HD4>J<BAAO9 C4FF9DAO, EB89D:4M<9 140× 140 Q?9@9AFB6 6
E?GK49 CD98EF46?9A<S 8<E>D9FAO@ CD9B5D4;B64A<9@ (GDP9, BFB5D4:4RFES A4 6ER D45BKGR ;BAG

>4@9DO D4;@9DB@ 8.45 @@×8.45 @@. #D< >BQHH<J<9AF9 @4ELF45<DB64A<S, D46AB@ Ksc = 0.1,
HB>GEAB9 D4EEFBSA<9 HGDP9-CD9B5D4;GRM9= ?<A;O 8B?:AB 5OFP D46AB ≈ 34 @@. "F@9F<@, KFB
B5?4EFP HGDP9-C?BE>BEF<, EBBF69FEF6GRM4S B8AB@G Q?9@9AFG 8<E>D9FAB7B HGDP9-B5D4;4, C9D9-

>DO649FES CD< QFB@ CD<5?<;<F9?PAB FD9@SEF4@< C<>E9?9= >4@9DO. �C9DFGD4 ?<A;O 3 8B?:A4

CD96OL4FP D4;@9DO D45BK9= ;BAO H4;B@B8G?<DGRM97B Q>D4A4; EBBF69FEF69AAB, B8A<@ <; 6B;-

@B:AOI D9L9A<= @B:9F S6?SFPES <ECB?P;B64A<9 >B@@9DK9E>< 8BEFGCAOI ?<A;, CBEF46?S9@OI

>B@C4A<9= Thorlabs (A4CD<@9D, LA1700 E 8<4@9FDB@ 6 @@ < HB>GEAO@ D4EEFBSA<9@ 30 @@)

<?< DBEE<=E><I 4A4?B7B6.  9APL99 HB>GEAB9 D4EEFBSA<9 CD<6989F > A95B?PLB@G 6B;D4EF4A<R

>BQHH<J<9AF4 @4ELF45<DB64A<S 8B ;A4K9A<S 1.13, KFB A9 B>4:9F EGM9EF69AAB7B 6?<SA<S A4

HGA>J<BA<DB64A<9 E<EF9@O. %?98G9F F4>:9 BF@9F<FP, KFB CD< <ECB?P;B64A<< 6 >4K9EF69 <EFBKA<-

>B6 EK<FO64RM97B <;?GK9A<S B8AB@B8B6OI 79?<=-A9BAB6OI ?4;9DB6, FD48<J<BAAB CD<@9AS9@OI

6 <AF9DH9DB@9FD<K9E><I, 8<HD4>FB@9FD<K9E><I < CB?SD<@9FD<K9E><I <;@9D9A<SI, >4><@-?<5B

6?<SA<9@ 4@C?<FG8AB-H4;B6OI LG@B6 EK<FO64RM97B CGK>4 A4 CB?SD<;4J<BAAB-;46<E<@B9 8<-
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Abstract. The purpose of this study is to develop and investigate a new short-term memory model based on an artificial

neural network without short-term memory effect and a dynamic short-term memory model with astrocytic modulation.

Methods. The artificial neural network is represented by a classical convolutional neural network that does not have short-term

memory. Short-term memory is modeled in our hybrid model using the Tsodyks-Markram model, which is a system of third-

order ordinary differential equations. Astrocyte dynamics is modeled by a mean field model of gliotransmitter concentration.

Results. A new hybrid short-term memory model was developed and investigated using a convolutional neural network and

a dynamic synapse model for an image recognition problem. Graphs of dependence of accuracy and error on the number

of epochs for the presented model are given. The sensitivity metric of image recognition d-prime has been introduced.

The developed model was compared with the recurrent neural network and the configuration of the new model without taking

into account astrocytic modulation. A comparative table has been constructed showing the best recognition accuracy for

the introduced model. Conclusion. As a result of the study, the possibility of combining an artificial neural network and

a dynamic model that expands its functionality is shown. Comparison of the proposed model with short-term memory using

a convolutional neural network and a dynamic synapse model with astrocytic modulation with a recurrent network showed the

effectiveness of the proposed approach in simulating short-term memory.
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ECBEB5ABEF< E?98<FP ;4 <AHBD@4J<9= 6 A4L9@ B>DG:9A<<, CDB6B8<FP D9L9A<S < E6S;O64FP

CDBL?O9 BCOFO E A4EFBSM<@< [1].

 AB:9EF6B <EE?98B64A<= 5O?B CDB6989AB E J9?PR B5NSEA9A<S @9I4A<;@B6 < B7D4A<K9-

A<= >D4F>B6D9@9AAB= C4@SF<.  AB7B>B@CBA9AFA4S @B89?P, CD98?B:9AA4S �Q88?< < )<K9@ [1],

CD98CB?4749F, KFB >D4F>B6D9@9AA4S C4@SFP EBEFB<F <; HBAB?B7<K9E>B= C9F?<, 6<;G4?PAB-CDBEFD4A-

EF69AAB7B QE><;4 < J9AFD4?PAB7B <ECB?A<F9?S. 1@C<D<K9E><9 <EE?98B64A<S, F4><9 >4> <EE?98B64-

A<9  <??9D4 [2], CB8F69D:84RF B7D4A<K9AAGR 9@>BEFP >D4F>B6D9@9AAB= C4@SF<, >BFBDGR @B:AB

CBA<@4FP 6 F9D@<A4I «K4EF9= D45BK9= C4@SF<» [3].
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<;@9A9AAO9 Q?9@9AFO. 1FBF CB8IB8 5O? <ECB?P;B64A 6B @AB:9EF69 <EE?98B64A<=, <;GK4RM<I
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>4;4AO FB?P>B 6B 6D9@S E94AEB6 6<;G4?<;4J<<, 4 A9 6B 6D9@S B5GK9A<S. #D46<?PAO9 BF69FO
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ABEF< @<74RM<I 9EF9EF69AAOI <;B5D4:9A<=. �;B5D4:9A<S CD98EF46?SRFES 6 F9K9A<9 250 @E, ;4 >BFBDO@< E?98G9F

E9DO= Q>D4A 6 F9K9A<9 500 @E

Fig. 1. The problem of image recognition. Task scheme. Mice are trained to detect changes in a sequence of flashing natural

images. Images are displayed for 250 ms followed by a gray screen for 500 ms

CB8EK9F E5D4EO64?ES. � <ECOF4A<SI «�8<» <;B5D4:9A<S @9AS?<EP @9EF4@<, < @OL< 8B?:AO
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!4 BEAB69 Q>EC9D<@9AF4?PAOI 84AAOI 5O?4 CD98?B:9A4 4DI<F9>FGD4 A9=DBAAB= E9F<

E CDS@B= E6S;PR (STPNet), >BFBD4S F4>:9 6>?RK4?4 >D4F>B6D9@9AAGR E<A4CF<K9E>GR 89CD9E-

E<R [14]. #BE?9 B5GK9A<S @B89?P STPNet 89@BAEFD<DB64?4 QHH9>F >D4F>B6D9@9AAB= C4@SF<,

A45?R849@O= 6 Q>EC9D<@9AF9 E @OL4@<. %?98G9F BF@9F<FP, KFB 4>F<6ABEFP BF89?PAOI Q?9@9AFB6

(«A9=DBAB6») @B89?< 5O?4 EBCBEF46<@4 E 84AAO@< in vivo, 4 D45BF4 @B89?< CBDB:84?4 BL<5><,

EBBF69FEF6GRM<9 A45?R849@O@ 6 Q>EC9D<@9AF4I E @OL4@<.

1.2. �DI<F9>FGD4 @B89?<. �DI<F9>FGD4 @B89?< SNASTPNet CD98EF46?9A4 6 F45?. 1.

"A4 CD98EF46?S9F EB5B= 864 E?BS E69DFBKAB= A9=DBAB= E9F<, 864 CB?ABE6S;AOI E?BS, E6S;4AAOI

@9:8G EB5B= @B89?PR 8<A4@<K9E>B7B E<A4CE4, < E?B= <; B8AB7B Q?9@9AF4 6 6<89 E<7@B<8O,

BCD989?SRM9= CD<A48?9:ABEFP > FB@G <?< <AB@G >?4EEG. �A4?B7<KAO@ B5D4;B@ CD98EF46?9A4

@B89?P STPNet (E@. F45?. 1), >DB@9 BFEGFEF6<S 6 @B89?< 8<A4@<K9E>B7B E<A4CE4 4EFDBJ<F4DAB=

@B8G?SJ<<. $9>GDD9AFA4S A9=DBAA4S E9FP (RNN), <ECB?P;B64AA4S 8?S ED46A9A<S >D4F>B6D9@9AAB=

C4@SF<, <@99F BF?<K<9 6 FB@, KFB CBE?98A<= E?B= CD98EF46?9A D9>GDD9AFAO@< E6S;S@< < BFEGF-

EF6G9F @B89?P 8<A4@<K9E>B7B E<A4CE4 (6OIB8O FC-64 E?BS A9 @B8<H<J<DGRFES E <ECB?P;B64A<9@

8<A4@<K9E>B= @B89?< E<A4CE4). � D4EE@4FD<649@OI @B89?SI 6 F45?. 1 E69DFBKAO9 E?B< B5B;A4-

K4RFES >4> «conv<D4;@9D D9J9CF<6AB7B CB?S>-<>B?<K9EF6B >4A4?B6> », «maxpool» G>4;O649F A4

CD<@9A9A<9 BC9D4J<< @4>E<@4?PAB7B B5N98<A9A<S E B>AB@ 2×2 < L47B@ 2, «FC» CD98EF46?S9F
EB5B= CB?ABE6S;AO9 E?B< E G>4;4AAO@ K<E?B@ 98<A<J, 4 «RC» B5B;A4K49F D9>GDD9AFAO9 E?B<

E G>4;4AAO@ K<E?B@ 98<A<J.  B89?P 8<A4@<K9E>B7B E<A4CE4 6>?RK49F 6 E95S E?B< E FC-64

CB sigmoid, >BFBDO= CD<@9AS9F E<7@B<8AGR HGA>J<R 4>F<64J<< > E6B9@G 6IB8G < 6B;6D4M49F

;A4K9A<S 6 <AF9D64?9 BF 0 8B 1.

&45?<J4 1. �DI<F9>FGDO @B89?9= A9=DBAAOI E9F9=

Table 1. Architectures of neural network models

Model Network architecture

SNASTPNet conv5-8 maxpool conv5-16 maxpool FC-128 FC-64 FC-16 FC-1 sigmoid

STPNet conv5-8 maxpool conv5-16 maxpool FC-128 FC-64 FC-16 FC-1 sigmoid

RNN conv5-8 maxpool conv5-16 maxpool FC-128 FC-64 RC-16 FC-1 sigmoid
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1.3.  B89?P 8<A4@<K9E>B7B E<A4CE4.  B89?P 8<A4@<K9E>B7B E<A4CE4 EFDB<FES E <E-

CB?P;B64A<9@ ED98A9CB?96B7B CB8IB84, BC<E4AAB7B 6 D45BF4I [16323], < 6>?RK49F A9=DBAAGR

4>F<6ABEFP, 8<A4@<>G A9=DB- < 7?<BFD4AE@<FF9DB6. �>F<64J<S A9=DBAB6 CD<6B8<F > 6OE6B5B:89-

A<R A9=DBFD4AE@<FF9D4 (7?GF4@4F4) X(t), 69DBSFABEFP 6OE6B5B:89A<S >BFBDB7B BCD989?S9FES u.

+4EFP A9=DBFD4AE@<FF9D4 8BEF<749F D9J9CFBDB6 A4 @9@5D4A9 4EFDBJ<FB6 < E6S;O649FES E A<@<,

;4CGE>4S >4E>48 5<BI<@<K9E><I D94>J<=, EBCDB6B:84RM<IES 6AGFD<>?9FBKAO@ G69?<K9A<9@

>BAJ9AFD4J<< >4?PJ<S < 6OE6B5B:89A<9@ <; 4EFDBJ<FB6 7?<BFD4AE@<FF9D4, 8<A4@<>4 >BFBDB7B

BC<EO649FES 6 A4L9= @B89?< C9D9@9AAB= Y (t). � D9;G?PF4F9 CD98?B:9AA4S @B89?P @B:9F 5OFP

6OD4:9A4 6 6<89 FD9I@9DAB= E<EF9@O B5O>AB69AAOI 8<HH9D9AJ<4?PAOI GD46A9A<= ("�'):



































dX

dt
=

1−X

τD
− uXτ(t),

dY

dt
=

−Y

τy
+ βHy(X),

du

dt
=

U(Y )− u

τF
+ U(Y )(1− u)τ(t).

(1)

� GD46A9A<< (1) τD CD98EF46?S9F EB5B= CBEFBSAAGR 6D9@9A<, D97G?<DGRMGR E<A4CF<K9-

E>GR 89CD9EE<R, 4 τF 4 E<A4CF<K9E>GR CBF9AJ<4J<R; τ(t) B5B;A4K49F A9=DBAAGR 4>F<6ABEFP

6 @B@9AF 6D9@9A< t; τy B5B;A4K49F 6D9@S D9?4>E4J<< 7?<BFD4AE@<FF9D4; Hy(X) CD98EF46?S9F

EB5B= HGA>J<R 4>F<64J<<, BCD989?9AAGR GD46A9A<9@ (2).

Hy(X) =
1

1 + e−20(X−Xthr)
. (2)

� GD46A9A<< (2) Xthr CD98EF46?S9F EB5B= CBDB7 4>F<64J<<.

� >4K9EF69 @B89?< 8<A4@<K9E>B7B E<A4CE4 (GD46A9A<9 (1)) @O <ECB?P;G9@ ED98A9CB?96GR

@B89?P, BEAB64AAGR A4 D45BF9 *B8O>E43 4D>D4@4 [24]. � QFB@ >BAF9>EF9 A9=DBAA4S 4>F<6ABEFP

τ(t) 6 D4@>4I A4L9= @B89?< @B:9F 5OFP BC<E4A4 E?98GRM<@ B5D4;B@:

τ(ti) = m× outLi . (3)

� GD46A9A<< (3) C9D9@9AAO9 <AF9DCD9F<DGRFES E?98GRM<@ B5D4;B@: τ(t) CD98EF46?S9F

EB5B= 69>FBD, B5B;A4K4RM<= A9=DBAAGR 4>F<6ABEFP 6 D4;?<KAO9 @B@9AFO 6D9@9A< ti. �4:8O=

Q?9@9AF 69>FBD4 EBBF69FEF6G9F >BA>D9FAB@G @B@9AFG 6D9@9A<. #9D9@9AA4S m B5B;A4K49F B5M99

>B?<K9EF6B CDB6989AAOI Q>EC9D<@9AFB6. outLi BFABE<FES > HGA>J<< 4>F<64J<< i-7B Q?9@9AF4

6 E?B9 FC-64 E69DFBKAB= A9=DBAAB= E9F<, <;B5D4:9AAB= A4 F45?. 1. 'D46A9A<9 (3) BC<EO649F,

>4> @9AS9FES τ(t) EB 6D9@9A9@ CB8 6?<SA<9@ >B?<K9EF64 CDB6989AAOI Q>EC9D<@9AFB6 (m) <

CD<;A4>B6, CB?GK9AAOI E 6OIB84 <; E?BS FC-64 E69DFBKAB= A9=DBAAB= E9F<, CD<@9A9AAOI

> CBE?98B64F9?PABEF< <;B5D4:9A<=, CB?GK9AAB= CB6FBD9A<9@ E?GK4=AB 6O5D4AAB7B AB@9D4

<;B5D4:9A<S CDB<;6B?PAB9 K<E?B D4; (outLi ) (D<E. 2). �<A4@<>4 τ(t) G>4;O649F A4 FB, >4> 8B?7B

EBID4AS9FES 4>F<6ABEFP A9=DBA4 6 D94>J<< A4 6A9LA<9 EF<@G?O.

�>F<6ABEFP 4EFDBJ<FB6 6O;O649F 6OE6B5B:89A<9 7?<BFD4AE@<FF9D4 (7?GF4@4F4), >BFB-

DO=, E6S;O64SEP E @9@5D4AAO@< D9J9CFBD4@< CD9E<A4CF<K9E>B7B A9=DBA4, @B8G?<DG9F 69DB-

SFABEFP 6OE6B5B:89A<S A9=DBFD4AE@<FF9D4 (4). � QFB@ >BAF9>EF9 U(Y ) CD98EF46?S9F EB5B=

6?<SA<9 4EFDBJ<F4 A4 69DBSFABEFP 6OE6B5B:89A<S A9=DBFD4AE@<FF9D4 (7?GF4@4F4) <; CD9E<-

A4CF<K9E>B7B A9=DBA4. �DB@9 FB7B, u0 B5B;A4K49F 69DBSFABEFP 6OE6B5B:89A<S A9=DB@98<4FBD4
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$<E. 2. %I9@4 @B89?<. �D4EAO@ >648D4FB@ B5B;A4K9A τ; CB8 H<B?9FB6O= CGA>F<D 6OA9E9A CDBJ9EE CB?GK9A<S

69>FBD4 τi, >BFBDO= CD98EF46?S9F <; E95S CD<;A4><, CB?GK9AAO9 E 6OIB84 E69DFBKAB= A9=DBAAB= E9F<, CD<@9A9AAO9

> CBE?98B64F9?PABEF< <;B5D4:9A<= <; 6O5BD>< (E@. CB8D4;89? 1.1) (J69F BA?4=A)

Fig. 2. Scheme of the model. The red square represents τ, and the purple dashed box outlines the process of obtaining the τi
vector. This vector represents features obtained from the output of the convolutional neural network applied to a sequence of

images from the dataset (see Subsection 1.1) (color online)

59; 6;4<@B89=EF6<S E 4EFDBJ<F4@<, ∆u0 CD98EF46?S9F EB5B= <;@9A9A<9 69DBSFABEF< 6OE6B5B:89-

A<S CB8 6?<SA<9@ 4EFDBJ<FB6, < Ythr B5B;A4K49F CBDB7 4>F<64J<<.

U(Y ) = u0 +
∆u0

1 + e−50(Y−Ythr)
. (4)

#4D4@9FDO @B89?< CD<A<@4?< E?98GRM<9 ;A4K9A<S: τD = 6, τF = 1, u0 = 0.23,

∆u0 = 0.305, τy = 1.8, β = 0.4375, Xthr = 0.5 < Ythr = 0.573.

2. $9;G?PF4FO

!45BD CD98B5D45BF4AAOI <;B5D4:9A<= CB8464?ES A4 A9=DBAAGR E9FP E CDS@B= E6S;PR 8?S

G@9APL9A<S D4;@9DABEF< CD<;A4>B6B7B BC<E4A<S 84AAOI (E@. F45?. 1). �;A4K4?PAB E69DFBKA4S

A9=DBAA4S E9FP E 86G@S E69DFBKAO@< E?BS@< < 86G@S CB?ABE6S;AO@< E?BS@< CDBIB8<?4 B5GK9A<9

A4 A45BD9 84AAOI CIFAR-10 [25] 6 D9:<@9 7D484J<< E9DB7B. #BE?9 ;469DL9A<S B5GK9A<S 69E4

A9=DBAAB= E9F< EBID4AS?<EP. �IB8AO9 84AAO9 8?S @B89?< CD98EF46?S?<EP 6 6<89 @4FD<JO,

B5B;A4K9AAB= >4> M :

M(k × n×m). (5)

#9D9@9AAO9 6 GD46A9A<< (5) <@9RF E?98GRM<9 ;A4K9A<S: k CD98EF46?S9F EB5B= >B?<K9EF6B

CDB6989AAOI Q>EC9D<@9AFB6; n CD98EF46?S9F EB5B= 6D9@S, ;4FD4K9AAB9 A4 ;469DL9A<9 B8AB7B

Q>EC9D<@9AF4, 89?9AAB9 A4 6D9@S BFB5D4:9A<S B8AB7B <;B5D4:9A<S (B8<A 6D9@9AAB= L47);

m B5B;A4K49F D4;@9D 6OIB8AB7B E?BS, CB?GK9AAB7B <; E69DFBKAB= A9=DBAAB= E9F<.
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$<E. 3. a 4 !4 D<EGA>9 CB>4;4A4 6IB8A4S 4>F<6ABEFP («A9=DBAA4S 4>F<6ABEFP») 6B 6D9@S ;484K< B5A4DG:9A<S <;@9A9A<=.

�4:8B9 <;B5D4:9A<9 5O?B CD98EF46?9AB 6 F9K9A<9 250 @E, ;4 >BFBDO@ E?98B64? E9DO= Q>D4A 8?<F9?PABEFPR 500 @E.

�96O= 5?B> CB>4;O649F E?45O9 BF69FO A4 B8AB <;B5D4:9A<9. *9AFD4?PAO= 5?B> D947<DG9F A4 864 <;B5D4:9A<S,

CD< QFB@ B8AB <;B5D4:9A<9 <@99F 5B?99 E<?PAO= BF69F, K9@ 8DG7B9. #D46O= 5?B> CBEF9C9AAB D947<DG9F A4 K9FOD9

<;B5D4:9A<S. �D9@S CD98EF46?9A<S <;B5D4:9A<S CD98EF46?9AB J69FB6O@< E97@9AF4@<, BFB5D4:9AAO@< A48 >4:8O@

7D4H<>B@. b 4 1HH9>F<6ABEFP E<A4CEB6 Q?9@9AFB6, <;B5D4:9AAOI A4 C4A9?< a, @9AS9FES 6 ;46<E<@BEF< BF CB?GK9AAB7B

6IB84. c 4 �IB8A4S 4>F<6ABEFP («A9=DBAA4S 4>F<6ABEFP») @B8G?<DG9FES ;4 EK9F >D4F>B6D9@9AAB= E<A4CF<K9E>B=

C?4EF<KABEF< < 4EFDBJ<F4DAB= D97G?SJ<< 8?S Q?9@9AFB6, CB>4;4AAOI A4 C4A9?< a. d 4 �<A4@<>4 7?<BFD4AE@<FF9D4.

e 4 �9DBSFABEFP 6OE6B5B:89A<S A9=DBFD4AE@<FF9D4 (J69F BA?4=A)

Fig. 3. a 4 The figure shows input activity (<neural activity=) during a change detection task. Each image was presented for

250 ms followed by a 500 ms gray screen. The left block shows weak responses to one image. The center block responds to

two images, with one image having a stronger response than the other. The right block gradually responds to four images.

The image presentation time is represented by the color segments displayed above each graph. b 4 The synapse efficiency of

the elements depicted in panel a varies depending on the input received. c 4 Input activity (<neuronal activity=) is modulated

by transient synaptic plasticity and astrocytic regulation for the elements shown in panel a. d 4 Gliotransmitter dynamics.

e 4 Probability of neurotransmitter release (color online)

�?S CB6OL9A<S 5<B?B7<K9E>B= CD468BCB8B5ABEF< @B89?< 5O? 66989A A9;46<E<@O= @G?P-

F<C?<>4F<6AO= 74GEEB6E><= LG@ E @4F9@4F<K9E><@ B:<84A<9@, D46AO@ 0, < EF4A84DFAO@ BF-

>?BA9A<9@, D46AO@ 0.5. 1FBF LG@ 8B546?S?ES >4> > 6OIB8G E9F<->B8<DB6M<>4, F4> < > E>DOFO@

Q?9@9AF4@, F9@ E4@O@ HBD@<DGS A989F9D@<A<DB64AAO9 BF69FO [26]. �OIB8 Q?9@9AFB6 E?BS FC-64

8B < CBE?9 CB84K< A4 8<A4@<K9E><= E<A4CE 6 ;46<E<@BEF< BF A45BD4 CB84649@OI <;B5D4:9A<=

CB>4;4A A4 D<E. 3.

� CDBJ9EE9 <EE?98B64A<S @B89?< SNASTPNet 5O?< D4EEK<F4AO ;46<E<@BEF< FBKABEF< <

BL<5>< BF K<E?4 QCBI (D<E. 4). �4> CB>4;4AB A4 D<E. 4, 6 D4@>4I <EE?98G9@B= ;484K< ?GKL<9

;A4K9A<S FBKABEF< < BL<5>< @B7GF 5OFP CB?GK9AO CD< B5GK9A<< 5B?99 K9@ A4 5000 QCBI.

�?S ED46A9A<S QHH9>F<6ABEF< A4L9= @B89?< SNASTPNet E 4DI<F9>FGDB= A9=DBAAB= E9F<,

6>?RK4RM9= FB?P>B >D4F>B6D9@9AAGR E<A4CF<K9E>GR 89CD9EE<R STPNet, < E D9>GDD9AFAB=

A9=DBAAB= E9FPR RNN @O <ECB?P;B64?< @9FD<>G d-prime. 1F4 @9FD<>4, 6C9D6O9 CD98EF46?9AA4S

6 D45BF9 [14], 5O?4 <ECB?P;B64A4 8?S BJ9A>< QHH9>F<6ABEF< ;4CB@<A4A<S CBE?98B64F9?PABEF<

<;B5D4:9A<=.
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QCBI

Fig. 4. a 4 Dependence of the model accuracy on the number of epochs and b 4 dependence of the model loss function (error)

on the number of epochs

 9FD<>4 KG6EF6<F9?PABEF< d-prime 5O?4 6OK<E?9A4 (F45?. 2) 8?S 84AAB7B F<C4 ;484K<. �B?99

6OEB>B9 ;A4K9A<9 QFB= @9FD<>< G>4;O649F A4 ?GKL99 D4ECB;A464A<9 E<7A4?4. d-prime EK<F4?ES

>4> D4;A<J4 ABD@ BF K4EFBFO CBC484A<= < ?B:AOI G748O64A<= CB E?98GRM9@G 4?7BD<F@G.

�OEK<FO64?<EP D4ECD989?9A<S 8?S Q>EC9D<@9AFB6 «�8<»/«#B=@4=», 789 «Go» BF69K49F

;4 «�8<», «Catch» 4 «#B=@4=».

µ(<Go=) =

∑

(prediction ∗ (labels ≡ 1))
∑

(labels ≡ 1)
, (6)

µ(<Catch=) =

∑

(prediction ∗ (labels ≡ −1))
∑

(labels ≡ −1)
, (7)

predictioni ∼ Bernoulli (p = outputi) (8)

prediction CB?GK49FES <; D4ECD989?9A<S �9DAG??<, >BFBDB9, 6 E6BR BK9D98P, CD<A<@49F A4 6IB8

&45?<J4 2. %D98A99 ;A4K9A<9 @9FD<>< d-prime

6@9EF9 E EBBF69FEF6GRM<@ EF4A84DFAO@

BF>?BA9A<9@ 8?S FD9I @B89?9=: RNN, STPNet

< SNASTPNet

Table 2. The mean value of the d-prime metric

along with the corresponding standard deviation

for the three models: RNN, STPNet and

SNASTPNet

model mean std

RNN 1.33 0.578

STPNet 1.47 0.127

SNASTPNet 1.52 0.13

E<7@B<84?PAGR HGA>J<R 4>F<64J<<, KFB5O

84AAO9 CD<A<@4?< ;A4K9A<S EFDB7B 6 8<4C4-

;BA9 BF 0 8B 1:

p(ω) =
1

1 + e−ω
, (9)

789 ω 4 @4EE<6 ;A4K9A<= 6O5BD>< «#B=@4=»

<?< «�8<».

% CB@BMPR 84AAB= @9FD<>< 5O?B CB>4-

;4AB, KFB A4L4 4DI<F9>FGD4 A9=DBAAB= E9F<

E 4EFDBJ<F4DAB= @B8G?SJ<9= 89@BAEFD<DG9F

?GKL<= CB>4;4F9?P CB FBKABEF< >?4EE<H<>4-

J<< D4A99 ;4CB@A9AAOI < AB6OI <;B5D4:9A<=.
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�4>?RK9A<9

�D4F>B6D9@9AA4S (<?< D45BK4S) C4@SFP S6?S9FES 64:AO@ >B7A<F<6AO@ CDBJ9EEB@, E6S;4A-
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Abstract. The purpose of this work is to apply a model of interaction between thalamocortical system modules to control

brain neuroplasticity. Methods. Psychophysiological experiments on neurofeedback are being carried out, which consist of

light stimulation of the eyes with monofrequency light pulses in the range of 4...20 Hz and recording the bioelectrical

activity of the brain. As a characteristic of maturity, brain rhythms use the combination of the presence or absence

in the bioelectrical activity of the brain of a dominant peak frequency in the alpha range of the EEG, the effect of

assimilation of the rhythms imposed by stimulation, and the presence of a multiplying effect from the rhythms imposed by

stimulation. Solutions to the model of an elementary thalamocortical cell, which is described by a system of differential

equations, corresponding to a psychophysiological experiment are considered. The model is implemented using the Python.

Results. The model parameters are selected in such a way as to achieve a qualitative correspondence of the spectral

characteristics of the obtained solutions with the bioelectrical activity of the subject’s brain. Rhythmic maturity is assessed

based on the parameters of the thalamocortical cell model. The brightness and frequency characteristics of light stimuli

are selected based on the prediction of the model, the input of which is supplied with various variants of pulse sequences.

Conclusion. A method has been developed for digital diagnostics of the level of brain rhythm maturity based on a comparison

of modeling results and data from a psychophysiological experiment on neurofeedback. The evolution of model solutions

depending on its parameters simulates the process of biocontrol of brain neuroplasticity, taking into account the initial level of

rhythmic maturity and stress-induced distortions of neurodynamics. Experiments on the model with different parameters of the

model and external signal can be used in the development of new neurofeedback protocols.

Keywords: thalamocortical cell model, neurofeedback, neuroplasticity, bioelectrical activity of the brain, assessment of brain

rhythm maturity.
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A<9 CDBFB>B?B6 CE<IBH<;<B?B7<K9E><I Q>EC9D<@9AFB6 CB 8<A4@<K9E>B= HBFBEF<@G?SJ<< CD<6B-

8<FES 6 D45BF4I [1, 5310,13318].

� IB89 Q>EC9D<@9AF4 CB 8<A4@<K9E>B= HBFBEF<@G?SJ<< @9DJ4RM4S <AHD4>D4EA4S ?4@C4

A4CD46?S9FES A4 ;4>DOFO9 7?4;4 <ECOFG9@B7B [1,17]. � >4K9EF69 E69FB6B= EF<@G?SJ<< <ECB?P;G9FES

CBE?98B64F9?PABEFP @BABK4EFBFAOI E69FB6OI <@CG?PEB6 6 8<4C4;BA9 4...20 �J. 11� <ECOFG9@B7B

EA<@49FES 8B 6B;89=EF6<S A4 A97B <@CG?PEAO@ <AHD4>D4EAO@ <;?GK9A<9@, 6 CDBJ9EE9 6B;89=EF6<S

< CBE?9 6B;89=EF6<S. !4 BEAB69 D97<EFD<DG9@OI K4EFBF 4?PH4-D<F@4 <ECOFG9@B7B (6 EBEFBSA<<

CB>BS CD< ;4>DOFOI 7?4;4I) HBD@<DG9FES 6A9LA<= E<7A4? E F9@< :9 K4EFBFAO@< I4D4>F9D<EF<>4@<

(K4EFBFO 4?PH4-C<>4 < 4?PH4-8<4C4;BA4).

#B D9;G?PF4F4@ HGA>J<BA4?PAB= CDB5O «8<A4@<K9E>4S HBFBEF<@G?SJ<S» @B:AB BCD989?<FP

I4D4>F9D D<F@<>< <ECOFG9@B7B: QF4?BAAGR D<F@<>G, <?< QF4?BAAO= GDB69AP ;D9?BEF< D<F@<><,

< A9E>B?P>B GDB6A9= D97D9EE<< D<F@<>< @B;74 (E?45GR, G@9D9AAGR, 7?G5B>GR). 'EF4AB6?9AB,

KFB CD< EFDG>FGDAB= < HGA>J<BA4?PAB= 89EFDG>J<< A9=DBAAOI E9F9= @B;74 CDBS6?SRFES B8-

A< < F9 :9 64D<4AFO A4DGL9A<= 8<A4@<K9E><I EFDG>FGD D<F@<>< @B;74. "8A< < F9 :9 <E>4:9A<S

8<A4@<K9E><I EFDG>FGD D<F@<>< @B;74 CDBS6?SRFES < G 89F9= E BD74A<K9E>B= ;489D:>B= D4;6<F<S

@B;74 <?< E<A8DB@B@ 89H<J<F4 6A<@4A<S < 7<C9D4>F<6ABEF<, < G 6;DBE?OI CD< 89CD9EE<<,

Q@BJ<BA4?PAB@ 6O7BD4A<<, EFD9EE4I D4;AB= CD<DB8O. %F9C9AP A4DGL9A<= BCD989?S9FES 7?G5<-

AB= D97D9EE<< GDB6AS ;D9?BEF< D<F@<><. �BEEF4AB6?9A<9 D<F@<>< CD< A9=DB5<BGCD46?9A<<

EBBF69FEF6G9F QF4C4@ EB;D964A<S. �4:8B@G C9D9IB8G CB L>4?9 ;D9?BEF< EBBF69FEF6G9F CDBFB>B?

CDBJ98GDO D9;BA4AEAB7B 5<BGCD46?9A<S. &4><@ B5D4;B@, CD<@9A9A<9 A9=DB5<BGCD46?9A<S (D9;B-

A4AEAB7B 5<BGCD46?9A<S) 8?S D945<?<F4J<< BEGM9EF6?S9FES K9D9; CBE?98B64F9?PABEFP CDBFB>B?B6

(CDBJ98GD), B59EC9K<64RM<I C9D9IB8 A4 BK9D98AB= QF4C ;D9?BEF<.

1F4?BAAO= GDB69AP ;D9?BEF< D<F@<>< @B;74, B59EC9K<64RM<= C9DEBA4?PAO= BCF<@G@

>B7A<F<6AOI HGA>J<=, HBD@<DG9FES > 7 7B84@. 1HH9>F<6ABEFP >B7A<F<6AOI HGA>J<= < EFD9EEB-

GEFB=K<6BEFP E6S;4AO E GEFB=K<6BEFPR QF4?BAAB= D<F@<><. 1F4?BAAO= GDB69AP ;D9?BEF< I4D4>F9-

D<;G9FES E?98GRM<@< CD<;A4>4@<: 6 HBA9 4 K9F>B 6OD4:9AAO= 4?PH4-D<F@ 6 8<4C4;BA9 8...14 �J;

CD< 8<A4@<K9E>B= HBFBEF<@G?SJ<< EB5EF69AAO= 4?PH4-D<F@ EBID4AS9FES; CDBS6?SRFES D<F@O

E K4EFBF4@< EF<@G?SJ<< (GE6B9A<9 D<F@4), FB 9EFP 484CF<6ABEFP < C?4EF<KABEFP @B;74 D94?<;GRF-

ES K9D9; 6BECDB<;6989A<9 6 11� >B?954A<= E69FB6B7B E<7A4?4; CDBS6?SRFES D<F@O E K4EFBF4@<,

>D4FAO@< K4EFBF9 EF<@G?SJ<< (@G?PF<C?<>4J<S), FB 9EFP 484CF<6ABEFP < C?4EF<KABEFP @B;74
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D94?<;GRFES K9D9; 79A9D4J<R AB6B7B D<F@4; CBE?9 EF<@G?SJ<< @BMABEFP 4?PH4-D<F@4 A9 6OL9,

K9@ 8B EF<@G?SJ<<. !4 D<E. 1, a CD<6989AO 4@C?<FG8AO= EC9>FD < 8<A4@<K9E><= EC9>FD 11� <E-

COFG9@B7B E S6AB 6OD4:9AAB= C<>B6B= K4EFBFB= 6 4?PH4-8<4C4;BA9 (CD<@9D QF4?BAAB= D<F@<><).

#B D9;G?PF4F4@ HGA>J<BA4?PAB= CDB5O «8<A4@<K9E>4S HBFBEF<@G?SJ<S» @B:AB 6O89-

?<FP 3 GDB6AS D97D9EE<< D<F@<>< @B;74: 7?G5B>4S, G@9D9AA4S, E?454S. �4@9F<@, KFB A4 84AAB@

QF4C9 <EE?98B64A<= 89F9>F<DB64A<9 CD<;A4>B6 D<F@<>< @B;74, 6 FB@ K<E?9 < EC9>FD4?PAB7B

C<>4 6 4?PH4-8<4C4;BA9, BEGM9EF6?S9FES Q>EC9DFB@. %?454S D97D9EE<S D<F@<>< @B;74 I4D4>F9-

D<;G9FES E?98GRM<@< CD<;A4>4@<: 6 HBA9 4 E?45O= K4EFBFAO= C<> 6 8<4C4;BA9 4?PH4-D<F@4

(8...14 �J); CD< 8<A4@<K9E>B= HBFBEF<@G?SJ<< BFEGFEF6G9F IBFS 5O B8<A CD<;A4> QF4?BAAB= D<F-

@<>< @B;74: G@9APL49FES <?< BFEGFEF6G9F 4?PH4-C<>, BFEGFEF6GRF <?< E?45B 6OD4:9AO QHH9>FO

GE6B9A<S D<F@4 < @G?PF<C?<>4J<<. '@9D9AA4S D97D9EE<S D<F@<>< @B;74 I4D4>F9D<;G9FES E?98G-

RM<@< CD<;A4>4@<: 6 HBA9 4 BFEGFEF6G9F K4EFBFAO= C<> 6 8<4C4;BA9 4?PH4-D<F@4 (8...14 �J);

CD< 8<A4@<K9E>B= HBFBEF<@G?SJ<< BFEGFEF6GRF <?< E?45B 6OD4:9AO QHH9>FO GE6B9A<S D<F@4

< @G?PF<C?<>4J<<. �?G5B>4S D97D9EE<S D<F@<>< @B;74 I4D4>F9D<;G9FES E?98GRM<@< CD<;A4>4-

@<: 6 HBA9 4 BFEGFEF6GRF K4EFBFAO9 C<>< 6 4?PH4- (8...14 �J) < F9F4- (3...8 �J) 8<4C4;BA4I;

a b

c d

$<E. 1. �<A4@<K9E><9 EC9>FDO 11� 6 IB89 Q>EC9D<@9AFB6 CB A9=DB5<BGCD46?9A<R. #B BE< 45EJ<EE 4 K4EFBF4

EC9>FD4, �J. #B BE< BD8<A4F 4 6D9@S Q>EC9D<@9AF4, E. #B BE< Z 4 EC9>FD4?PA4S C?BFABEFP, BFD4:9AA4S 6 SD>BEF<:

a 4 CD<@9D QF4?BAAB= D<F@<><, b 4 D97D9EE<S D<F@<><, c, d 4 8<A4@<K9E><9 EC9>FDO 11� <ECOFG9@B7B 6 IB89

Q>EC9D<@9AF4 (E?964) < 6A9LA97B E<7A4?4 (ECD464)

Fig. 1. Dynamic EEG spectra during neurofeedback experiments. On the abscissa axis 4 spectrum frequency, Hz. Along the

ordinate axis 4 experiment time, s. Along the Z axis 4 spectral density reflected in brightness: a 4 example of reference

rhythmics; b 4 regression of rhythmics; c, d 4 dynamic EEG spectra of the subject during the experiment (left) and external

signal (right)
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CD< 8<A4@<K9E>B= HBFBEF<@G?SJ<< BFEGFEF6GRF QHH9>FO GE6B9A<S D<F@4 < @G?PF<C?<>4J<<;

CBE?9 EF<@G?SJ<< @BMABEFP 4?PH4-D<F@4 6OL9, K9@ 8B EF<@G?SJ<<. !4 D<E. 1, b CD<6989A

8<A4@<K9E><= EC9>FD (EC9>FDB7D4@@4) 11� <ECOFG9@B7B, A4 >BFBDB@ BF@9K49FES BFEGFEF6<9 C<>B-

6B= K4EFBFO 6 4?PH4-8<4C4;BA9, FB 9EFP >4DF<A4 11�-EC9>FD4 EK<F49FES «D4;@OFB=» (D97D9EE<S

D<F@<><).

1HH9>F<6ABEFP D9;BA4AEAB7B A9=DB5<BGCD46?9A<S 8?S G?GKL9A<S >B7A<F<6AOI HGA>J<=

E6S;4A4 E HBD@<DB64A<9@ C<>4 6 4?PH4-8<4C4;BA9, CB6OL9A<9@ K4EFBFO 4?PH4-C<>4, E QHH9>F4@<

GE6B9A<S D<F@4 < QHH9>F4@< @G?PF<C?<>4J<< D<F@B6 EBBF69FEF69AAB [14, 19]. �<A4@<K9E><9

EC9>FDO 11� 6 IB89 Q>EC9D<@9AFB6 CB D9;BA4AEAB@G 5<BGCD46?9A<R CD<6989AO A4 D<E. 1, E, d.

� CE<IBH<;<B?B7<K9E><I <ECOF4A<SI CB 8<A4@<K9E>B= HBFBEF<@G?SJ<< G D4;AOI <ECOFG9@OI

CDBS6?SRFES E?98GRM<9 QHH9>FO: EHBD@<DB64A / A9 EHBD@<DB64A 4?PH4-C<> 6 EC9>FD9 11�;

GEFB=K<6O= / A9GEFB=K<6O= 4?PH4-8<4C4;BA 6 IB89 Q>EC9D<@9AF4; A45?R84RFES / A9 A45?R84RFES

D9;BA4AEAO9 EC9>FD4?PAO9 C<>< A4 K4EFBF9 EF<@G?SJ<<; A45?R84RFES / A9 A45?R84RFES D9;BA4AE-

AO9 EC9>FD4?PAO9 C<>< A4 >D4FAOI EF<@G?SJ<< K4EFBF4I (@G?PF<C?<>4J<S D<F@4).

!4CD<@9D, 6 EC9>FD4?PAB= 8<A4@<>9 <ECOFG9@B7B (E@. D<E. 1, E) 4?PH4-8<4C4;BA 11�

EHBD@<DB64A, 4?PH4-C<> D97<EFD<DG9FES; CD< CB84K9 6A9LA97B E<7A4?4 (E@. D<E. 1, E, ECD464, 6D9@S

200...450 E) D97<EFD<DG9FES GE6B9A<9 D<F@4, C<>B64S K4EFBF4 6 4?PH4-D<F@9 EBID4AS9FES. �<8AB,

KFB G:9 CD< C9D6OI E69FB6OI 6B;89=EF6<SI < CB @9D9 G69?<K9A<S <I K4EFBFO 6 EC9>FD4I 11�

A45?R84RFES D9;BA4AEAO9 EC9>FD4?PAO9 C<><, FBKAB EB6C484RM<9 CB K4EFBF9 E 89=EF6GRM9= 6

84AAO= @B@9AF K4EFBFB= EF<@G?SJ<<. 1F< EC9>FD4?PAO9 C<>< B5D4;GRF A4 8<A4@<K9E>B@ EC9>FD9

11� (E@. D<E. 1, E, E?964) A4>?BAAGR CDS@GR ?<A<R, BFD4:4RMGR D9;BA4AEAGR 4>F<64J<R

@B;7B6B= 4>F<6ABEF< A4 K4EFBF9 EF<@G?SJ<< (CD<@9D ;D9?B= D<F@<><).

� EC9>FD4?PAB= 8<A4@<>9 <ECOFG9@B7B (D<E. 1, d) 4?PH4-8<4C4;BA 11� A9 EHBD@<DB64A.

� BF69F A4 6A9LA<= E<7A4? (D<E. 1, d, ECD464) 6 EC9>FD9 11� A9 A45?R84RFES D9;BA4AEAO9

QHH9>FO, KFB 7B6BD<F B CB?AB@ BFEGFEF6<< GE6B9A<S D<F@4, @G?PF<C?<>4J<< < GEFB=K<6BEF<

4?PH4-8<4C4;BA4 (D97D9EE<S D<F@<><).

$4;ABB5D4;<9 QHH9>FB6 A9=DB5<BGCD46?9A<S 6 ;46<E<@BEF< BF 6<84 EF<@G?SJ<<, ;D9?B-

EF< < HGA>J<BA4?PAB7B EBEFBSA<S 7B?B6AB7B @B;74 EF46<F C9D98 <EE?98B64F9?S@< ;484KG CB

E<EF9@4F<;4J<< QHH9>FB6 < A4CD46?9AAB= EF<@G?SJ<< 8?S <I CBS6?9A<S.

� >4K9EF69 I4D4>F9D<EF<>< ;D9?BEF< D<F@B6 @B;74 A9=DBH<;<B?B7< <ECB?P;GRF EB6B>GC-

ABEFP A4?<K<S <?< BFEGFEF6<S 6 5<BQ?9>FD<K9E>B= 4>F<6ABEF< 7B?B6AB7B @B;74 8B@<A<DGRM9=

C<>B6B= K4EFBFO 6 4?PH4-8<4C4;BA9 11�, QHH9>F4 GE6B9A<S A46S;O649@OI EF<@G?SJ<9= D<F@B6 <

A4?<K<S @G?PF<C?<>4J<BAAB7B QHH9>F4 BF A46S;O649@OI EF<@G?SJ<9= D<F@B6. !9=DBC?4EF<K-

ABEFP @B;74 4 ECBEB5ABEFP K9?B69K9E>B7B @B;74 <;@9ASFPES CB8 89=EF6<9@ BCOF4 <?< 6 BF69F

A4 6A9LA99 6B;89=EF6<9, CB;6B?S9F <;@9A<FP GDB69AP ;D9?BEF< D<F@<>< @B;74 [15]. #9D9=F< BF

D97D9EE<6AB= D<F@<>< > 5B?99 ;D9?B= @B:AB GCD46?SS C4D4@9FD4@< 4>F<64J<< A9=DBAAOI E9F9=

@B;74 6 IB89 A9=DBH<;<B?B7<K9E>B7B Q>EC9D<@9AF4. �6FBD4@< CD98?4749FES E?98GRM4S BJ9A>4

;D9?BEF< D<F@4 E CB@BMPR D4A:<DB64A<S CB L>4?9 BF 0 8B 3 54??B6 QHH9>FB6 8B@<A<DGRM9=

C<>B6B= K4EFBFO 6 4?PH4-8<4C4;BA9 11� (A4?<K<9 4 1 54??, BFEGFEF6<9 4 0 54??B6), QHH9>F4

GE6B9A<S A46S;O649@OI EF<@G?SJ<9= D<F@B6 (A4?<K<9 4 1 54??, BFEGFEF6<9 4 0 54??B6) < A4?<K<S

@G?PF<C?<>4J<BAAB7B QHH9>F4 BF A46S;O649@OI EF<@G?SJ<9= D<F@B6 (A4?<K<9 4 1 54??, BFEGF-

EF6<9 4 0 54??B6). 1HH9>F<6ABEFP CD98?B:9AAB7B 4?7BD<F@4 BJ9A>< ;D9?BEF< D<F@4 CB L>4?9 BF

0 8B 3 54??B6 E CB@BMPR BJ9A>< FD9I QHH9>FB6 CDBS6<?4EP CD< 4A4?<;9 11�->BDD9?SFB6 CDB5?9@

6 B5GK9A<< G @?48L<I L>B?PA<>B6 [1]. $9;G?PF4FO <ECOF4A<= ;4ABESFES 6 F45?. 1. % CB@BMPR

CDBJ98GDO A9=DB5<BGCD46?9A<S E DBEFB@ >B?<K9EF64 E94AEB6 < 6 EB6B>GCABEF< E CD46<?PAB

CB8B5D4AAO@< EJ9A4D<S@< Q>EC9D<@9AF4 @B:AB 8B5<FPES C9D9IB84 > 5B?99 ;D9?B= D<F@<>9.

#DB5?9@4 EBID4A9A<S QHH9>FB6 CDBJ98GDO A9=DB5<BGCD46?9A<S A4 BCD989?9AAB9 6D9@S <?<

A4EB6E9@ CD98EF46?S9F EB5B= BF89?PAGR ;484KG.
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&45?<J4 1. "J9A>4 EF9C9A< ;D9?BEF< D<F@<><

Table 1. Assessment of the degree of rhythmic maturity

#<>B64S K4EFBF4

6 α-8<4C4;BA9

(0;1)

�84CF<6ABEFP:

GE6B9A<9

D<F@4 (0;1)

#?4EF<KABEFP:

@G?PF<C?<-

>4J<S (0;1)

"J9A>4

;D9?BEF<

D<F@<><

�D9?BEFP

D<F@<><

N CDBFB>B?B6

A9=DB5<BGC-

D46?9A<S
0 0 0 0 �?G5B>4S D97D9EE<S 3

1 0 0 1 '@9D9AA4S D97D9EE<S 2

1 1 0 2 %?454S D97D9EE<S 1

1 1 1 3 1F4?BAA4S D<F@<>4 0

#BE?98B64F9?PABEFP CDBFB>B?B6 CDBJ98GDO A9=DB5<BGCD46?9A<S CD<6B8<F > C9D9IB8G D<F-

@<>< @B;74 A4 BK9D98AB= GDB69AP ;D9?BEF< (D<E. 2). "F D97D9EE<< D<F@<>< @B;74 (D<E. 2, a) CBE?9

A9E>B?P><I E94AEB6 HBFBEF<@G?SJ<< CDB<EIB8<F C9D9IB8 > ;D9?B= D<F@<>9: CBS6?9A<9 C<>B6B7B

4?PH4-D<F@4 (D<E. 2, b), ;4F9@ GE6B9A<9 D<F@4 (D<E. 2, c) < CBS6?9A<9 @G?PF<C?<>4J<BAAB7B

QHH9>F4 BF A46S;O649@B7B EF<@G?SJ<9= D<F@4 (D<E. 2, d).

&4><@ B5D4;B@, CD<@9A9A<9 A9=DB5<BGCD46?9A<S 8?S D945<?<F4J<< BEGM9EF6?S9FES K9D9;

CBE?98B64F9?PABEFP CDBFB>B?B6, B59EC9K<64RM<I C9D9IB8 A4 BK9D98AB= QF4C ;D9?BEF< (E@. D<E. 2)

#9D9IB8 A4 QF4?BAAO= GDB69AP ;D9?BEF< EBCDB6B:849FES EG5N9>F<6AO@< BMGM9A<S@< G?GKL9A<S

EBEFBSA<S <ECOFG9@OI < G?GKL9A<9@ >B7A<F<6AOI ECBEB5ABEF9= [1, 5310,13316,18].

a b c d

$<E. 2. �<A4@<K9E><9 EC9>FDO 11� <ECOFG9@B7B 6 CDBJ9EE9 CDBJ98GDO A9=DB5<BGCD46?9A<S. #9D9IB8 BF A9;D9?B=

> ;D9?B= D<F@<>9

Fig. 2. Dynamic EEG spectra of a subject during the neurofeedback procedure. Transition from immature to mature rhythmicity

3.  B89?<DB64A<9 GCD46?9A<S A9=DBC?4EF<KABEFPR CD< 5<BGCD46?9A<<

3.1.  B89?P. �?S @B89?<DB64A<S 11�-BEJ<??SFBDAB= E<EF9@O K9?B69>4 CD98?4749FES H9-

AB@9AB?B7<K9E>4S @B89?P GCD46?9A<S A9=DBC?4EF<KABEFPR A4 BEAB69 6;4<@B89=EF6<S 4AE4@5?9=

6AGFD< B8AB7B F4?4@B>BDF<>4?PAB7B @B8G?S <?< A9E>B?P><I 6;4<@B89=EF6GRM<I @B8G?9=. 1F4

@B89?P 5O?4 D4;D45BF4A4 < 89F4?PAB <EE?98B64A4 D4A99 [20322].

#D< 6O5BD9 F4>B7B CB8IB84 > @B89?<DB64A<R QFB7B E?B:AB7B H9AB@9A4 E CB@BMPR CDBEFB=

@B89?< @O BC<D49@ES A4 84AAO9 Q>EC9D<@9AF4?PAOI A9=DBH<;<B?B7<K9E><I <EE?98B64A<= B FB@,

KFB 6;4<@BE6S;4AAO9 A9=DBA4?PAO9 @B8G?< 4 EC9J<H<K9E><= F4?4@GE, >BD4, D9F<>G?SDAO9
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S8D4 F4?4@GE4 4 <7D4RF 64:AGR DB?P 6 CDBJ9EE4I B5D45BF>< <AHBD@4J<<. �>F<6ABEFP @B;74

D97<EFD<DG9FES 6 E<7A4?4I 11�.

"8<A A9=DBAAO= @B8G?P EBEFB<F <; 4AE4@5?9= C<D4@<8AOI A9=DBAB6 < FBD@B;AOI <AF9D-

A9=DBAB6 >BDO (Cortex), A9=DBAB6 EC9J<H<K9E><I F4?4@<K9E><I S89D (Thalamus) < FBD@B;AOI

A9=DBAB6 D9F<>G?SDAB7B S8D4 F4?4@GE4 (NRT), E6S;4AAOI @9:8G EB5B= [11].

%I9@4 @9:@B8G?PAB7B 6;4<@B89=EF6<S CB>4;4A4 A4 D<E. 3, a [22]. &D9G7B?PA<>4@< A4 EI9@9

CB>4;4AO 6B;5G8<F9?PAO9, 4 >DG:>4@< 4 FBD@B;AO9 E6S;< @9:8G @B8G?S@<. �A9LA<= E9AEBDAO=

E<7A4? 6 E<EF9@G CBC4849F K9D9; F4?4@GE. %FD9?>4 6 A<:A9= K4EF< D<E. 3, a 4 E9AEBDAO= 6IB8

6 F4?4@GE.

 B89?P Q?9@9AF4DAB= F4?4@B>BDF<>4?PAB= SK9=><, EBBF69FEF6GRM4S EI9@9 A4 D<E. 3, a,

BC<EO649FES E<EF9@B= 8<HH9D9AJ<4?PAOI GD46A9A<= (1)3(3):

dU1

dt
= −U1

τ1

+ k1 · F1[−T1 + kexUex − k13U3], (1)

dU2

dt
= −U2

τ2

+ k2 · F2[−T2 + k21U1 + k22U2], (2)

dU3

dt
= −U3

τ3

+ k3 · F3[−T3 + k32U2], (3)

789 U1, U2, U3 4 GED98A9AA4S 4>F<6ABEFP A9=DBAB6 6O5D4AAOI GK4EF>B6 F4?4@GE4, >BDO <

D9F<>G?SDAOI S89D F4?4@GE4 EBBF69FEF69AAB; τi 4 I4D4>F9DAB9 6D9@S ;4FGI4A<S 4>F<6ABEF<

6 EBBF69FEF6GRM<I A9=DBAAOI 4AE4@5?SI; ki 4 4@C?<FG84 79A9D4J<< <@CG?PEAB= 4>F<6ABEF<

EBBF69FEF6GRM<@< A9=DBAAO@< 4AE4@5?S@<; Ti 4 GED98A9AAO9 69?<K<AO 8?S CBDB7B6 6B;-

5G:89A<S EBBF69FEF6GRM<I A9=DBAAOI 4AE4@5?9=; Uex 4 6IB8AB= E<7A4?, CBEFGC4RM<= A4

F4?4@GE; kij 4 >BQHH<J<9AFO 6;4<@AB= E6S;< @9:8G CB8E<EF9@4@< 6 F4?4@B>BDF<>4?PAB= SK9=>9;

Fi[f ] 4 EFGC9AK4FB-B5D4;AO9 HGA>J<<, >DGF<;A4 >BFBDOI I4D4>F9D<;G9F D4;5DBE 69?<K<A CBDB7B6

a b

$<E. 3. a 4 EI9@4 HGA>J<BA4?PAOI E6S;9= @9:8G CB8E<EF9@4@< 6 B8AB= F4?4@B>BDF<>4?PAB= SK9=>9; b 4 ;46<E<@BEFP

8?<F9?PABEF< C9D6B7B <@CG?PE4 (EC?BLA4S ?<A<S) < C9D<B84 E?98GRM<I ;4 A<@ 46FB>B?954A<= BF CBEFBSAAB= 69?<K<AO

6A9LA97B E<7A4?4 (CGA>F<D)

Fig. 3. a 4 diagram of functional connections between subsystems in one thalamocortical cell; b 4 dependence of the duration

of the first pulse (solid line) and the period of self-oscillations following it on the constant value of the external signal (dotted

line)
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B>B?B GED98A9AAOI ;A4K9A<= 6 D4EE@4FD<649@B@ 4AE4@5?9 (8DG7B9 A4;64A<9 4 HGA>J<< QA9D-

7BB59EC9K9A<S); 6 >648D4FAOI E>B5>4I 4 4A4?B7 CBEFE<A4CF<K9E>B7B CBF9AJ<4?4 A4 @9@5D4A4I

EBBF69FEF6GRM<I 4AE4@5?9= A9=DBAB6.

1FG @B89?P 5G89@ <ECB?P;B64FP 8?S <AF9DCD9F4J<< Q>EC9D<@9AFB6 CB 5<BGCD46?9A<R,

FB 9EFP GCD46?9A<R C4D4@9FD4@< 11�-BEJ<??SFBDAB= E<EF9@O K9?B69>4 6A9LA<@ E<7A4?B@

E C4D4@9FD4@< 11� 84AAB7B K9?B69>4.

% B8AB= EFBDBAO, 6 CE<IBH<;<B?B7<K9E>B@ Q>EC9D<@9AF9 ;D9?BEFP D<F@4, >4> 5O?B GCB-

@SAGFB 6OL9, BJ9A<64RF CB A4?<K<R / BFEGFEF6<R 6 11�-E<7A4?9 <ECOFG9@B7B FD9I QHH9>FB6:

QHH9>FB6 8B@<A<DGRM9= C<>B6B= K4EFBFO 6 4?PH4-8<4C4;BA9 11�; QHH9>F4 GE6B9A<S A46S;O649-

@OI EF<@G?SJ<9= D<F@B6 < A4?<K<S @G?PF<C?<>4J<BAAB7B QHH9>F4 BF A46S;O649@OI EF<@G?SJ<9=

D<F@B6.

% 8DG7B= EFBDBAO, 8<A4@<K9E><9 D9:<@O @B89?< BCD989?SRFES 99 C4D4@9FD4@< < C4D4@9F-

D4@< 6A9LA97B E<7A4?4.

#D98?4749FES BJ9A<64FP ;D9?BEFP D<F@4 CB BCD989?9AAO@ C4D4@9FD4@ @B89?< F4?4@B>BD-

F<>4?PAB= SK9=><, >BFBDO9 >BDD9>F<DGRFES F4><@ B5D4;B@, KFB5O EBBF69FEF6B64FP 8<A4@<>9

EC9>FD4?PAOI >B@CBA9AF 5<BQ?9>FD<K9E>B= 4>F<6ABEF< 7B?B6AB7B @B;74, B5E?98G9@B7B CD< HBAB-

6B= ;4C<E< < CD< EF<@G?SJ<< CBE?98B64F9?PABEFPR E69FB6OI <@CG?PEB6.

&4> >4> A4 @B89?< @B:AB <;@9A9A<9@ 99 C4D4@9FDB6 CB?GK<FP 8<A4@<>G, EBBF69FEF6GRMGR

«;D9?B= >BD9», FB 99 @B:AB EK<F4FP @B89?PR GCD46?9A<S A9=DBC?4EF<KABEFPR [17].

�?S 6O5BD4 C4D4@9FDB6 @B89?< 8?S BJ9A>< ;D9?BEF< >BDO 5O?4 <EE?98B64A4 64:A4S

;46<E<@BEFP BF 6A9LA97B E<7A4?4 8?<F9?PABEF< C9D6B7B <@CG?PE4 < C9D<B8 E?98GRM<I ;4 A<@

46FB>B?954A<=, 99 6<8 CD<6989A A4 D<E. 2, b [22]. �4:AO@ C4D4@9FDB@ S6?S9FES F4>:9 A4>?BA

EFGC9AK4FB-B5D4;AOI HGA>J<= Fi[f ] < CBDB7< ED454FO64A<S 8?S @B89?PAOI C9D9@9AAOI.
$4EE@BFD<@ 8<A4@<K9E><9 D9:<@O 6 @4F9@4F<K9E>B= @B89?< Q?9@9AF4DAB= F4?4@B>BDF<-

>4?PAB= SK9=>< E CBEFBSAAO@ 6A9LA<@ E<7A4?B@. 'D46A9A<S, CD<6989AAO9 A<:9, CD98EF46?SRF

EB5B= D98GJ<DB64AAGR @B89?P E B8<A4>B6O@< 6D9@9A4@< D9?4>E4J<< < BCD989?9AAO@< ;A4K9A<S-

@< >BQHH<J<9AFB6 6;4<@AB= E6S;< CB8E<EF9@:

dU1

dt
= −U1 + F [Uex(t)− U3], (4)

dU2

dt
= −U2 + F [−0.5 + U1], (5)

dU3

dt
= −U3 + F [−0.5 + U2]. (6)

Uex(t) 4 6A9LA<= E<7A4? ;484A (7) A4 B7D4A<K9AAB@ 6D9@9AAB@ <AF9D64?9 (D<E. 5, 4, g).

Uex = A(t)| sin (ωex(t)t)|, ωex(t) = ωt+ b. (7)

%FDG>FGD4 FD9I@9DAB7B H4;B6B7B CDBEFD4AEF64 (U1, U2, U3) CB>4;O649F, >4> CD< 6O5D4A-
AOI A4K4?PAOI GE?B6<SI 0 < Uex < 1 C9D9@9M49FES FBK>4 <; ;484AAB7B A4K4?PAB7B EBEFBSA<S.
#D< Uex = 1 <?< Uex = 0 J<>? E?<649FES E EBEFBSA<9@ D46AB69E<S E B5D4;B64A<9@ GEFB=K<-
6B7B EBEFBSA<S D46AB69E<S. � A946FBAB@AB= E<EF9@9 EBEFBSA<9 D46AB69E<S 6@9EF9 E J<>?B@

C9D9@9M49FES CB H4;B6B@G CDBEFD4AEF6G CD< <;@9A9A<< Uex. %>BDBEFP 86<:9A<S EBEFBSA<S

D46AB69E<S E F9K9A<9@ 6D9@9A< BCD989?S9FES E>BDBEFPR (K4EFBFB=) <;@9A9A<S 6A9LA97B E<7A4-

?4. %B5EF69AA4S :9 K4EFBF4 E<EF9@O BCD989?S9F E>BDBEFP 86<:9A<S <;B5D4:4RM9= FBK>< CB

FD49>FBD<< GEFB=K<6B7B CD989?PAB7B J<>?4. &B784 ;89EP @B:AB 6O89?<FP A9E>B?P>B D9:<@B6, >B-

FBDO9 6OS6?9AO <E>?RK<F9?PAB CD< K<E?9AAB@ 4A4?<;9 E<EF9@O 8<HH9D9AJ<4?PAOI GD46A9A<=,

BC<EO64RM<I @B89?P. �G89@ D4EE@4FD<64FP 74D@BA<K9E><= 6A9LA<= E<7A4? 6 6<89 E<AGEB<8O

E ?<A9=AB @9ASRM9=ES K4EFBFB= (7).
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3.2. $9;G?PF4FO D4EKёFB6. !4 @B89?< CDB6989AO D4EKёFO E<7A4?B6 < <I EC9>FDB6 6 E?G-

K49 K4EFBFAB= @B8G?SJ<< F4?4@<K9E>B7B E<7A4?4 6A9LA<@ E<7A4?B@ E ?<A9=AB 6B;D4EF4RM9=

K4EFBFB=. �;69EFAB, KFB 6A9LA<= E<7A4? CBEFGC49F A4 >BDG K9D9; F4?4@GE.

�IB8AB= E9AEBDAO= E<7A4? S6?S9FES K4EFBFAB-@B8G?<DB64AAO@ E<7A4?B@ (6 CE<IBH<;<K9-

E>B@ Q>EC9D<@9AF9 BA 4A4?B7<K9A <AHD4>D4EAB@G 6OEB>BK4EFBFAB@G @B8G?<DB64AAB@G E<7A4?G

CB BFABL9A<R > EB5EF69AAB= K4EFBF9 E<7A4?4 11�). %<7A4? BF C9D9@9AAB= >BDO 4A4?B7<K9A

<AF97D4?PAB@G 5<BQ?9>FD<K9E>B@G E<7A4?G 11�.

� 84AAB= D45BF9 <; 6E9I C4D4@9FDB6 @9AS?4EP FB?P>B 69?<K<A4 6A9LA97B E<7A4?4 Uex.

+<E?9AAO9 ;A4K9A<S C4D4@9FDB6: ki = 1, i = 1, 2, 3; τi = 1, i = 1, 2, 3; T1 = 0; T2 = 0.5; T3 = 0.5;
kex = 1; k13 = 1; k21 = 1; k22 = 0; k32 = 1. (GA>J<S QA9D7BB59EC9K9A<S ;46<E<F BF C4D4@9FD4 d:
K9@ 5B?PL9 d, F9@ 5B?99 CB?B74S HGA>J<S. �?S D4;?<KAOI C4D4@9FDB6 d CB?GK9AA4S 6 K<E?9AAOI

Q>EC9D<@9AF4I 8<A4@<>4 EBBF69FEF6G9F QF4?BAAB= D<F@<>9 < D4;?<KAO@ EF9C9AS@ D97D9EE<<

D<F@<>< 6 CE<IBH<;<B?B7<K9E><I Q>EC9D<@9AF4I CB A9=DB5<BGCD46?9A<R (D<E. 4).

Fi = 0.5 ·
(

1 + erf

(

t

d

))

= 0.5 ·






1 +

2√
π

t

d
∫

0

e−z2dz






. (8)

�?S Uex 5O? 6;SF E<7A4? (7), >BFBDO= 4A4?B7<K9A Q>EC9D<@9AF4?PAB@G: K4EFBF4 BEJ<??<DG-

RM9= K4EF< ?<A9=AB 6B;D4EF49F 6 A9>BFBDB@ <AF9D64?9 K4EFBF (D<E. 5, 4, g).

$4EK9FO HBD@<DGRF 5<5?<BF9>G D9:<@B6, EBBF69FEF6GRM<I 84AAO@ CE<IBH<;<B?B7<K9E><I

Q>EC9D<@9AFB6. !9>BFBDO9 <; QF<I D9:<@B6 E D4;AO@< C4D4@9FD4@< E<EF9@O < 6A9LA97B E<7A4?4

CD<6989AO A4 D<EGA>4I D<E. 5, 6, 7.

!4 6E9I D<E. 5, 6, 7 D4EKёFB6 A4 @B89?< 8?S E<7A4?B6 CB BE< BD8<A4F 4 4@C?<FG84 E<7A4?B6 6

<AF9D64?9 BF 0 8B 1, CB BE< 45EJ<EE 4 <AF9D64? 6D9@9A< BF 0 8B 100. �?S 8<A4@<K9E><I EC9>FDB6
CB BE< 45EJ<EE 3 K4EFBF4 6 BFABE<F9?PAOI 98<A<J4I < <AF9D64?9 BF 0.01 8B 0.05, CB BE< BD8<A4F 4
6D9@S 6 L474I EK9F4 BF 0 8B 10000 E GK9FB@ <AF9D64?4 L474 0.01.

!4 D<E. 5 6 69DF<>4?PAOI >B?BA>4I CD<6989AO BF>?<>< @B89?< A4 6A9LA<= E<7A4? E C?46AB

<;@9ASRM9=ES K4EFBFB= CD< D4;AOI ;A4K9A<SI C4D4@9FD4 d. #9D64S >B?BA>4 D<E. 5 d = 0.01
EBBF69FEF6G9F E<EF9@9 E QF4?BAAB= ;D9?BEFPR D<F@<><; 6FBD4S >B?BA>4 d = 0.1 EBBF69FEF6G9F E<-
EF9@9 E G@9D9AAB= D97D9EE<9= D<F@<><; FD9FPS >B?BA>4 d = 0.2 EBBF69FEF6G9F E<EF9@9 E 7?G5B>B=
D97D9EE<9= D<F@<><. #D<6989AO E69DIG 6A<; 6A9LA<= E<7A4?, BF>?<> E<EF9@O. #B BE< BD8<A4F 4

4@C?<FG84 E<7A4?B6 6 <AF9D64?9 BF 0 8B 1, CB BE< 45EJ<EE 4 <AF9D64? 6D9@9A< BF 0 8B 100.

a b c

$<E. 4. (GA>J<< QA9D7BB59EC9K9A<S CD< D4;?<KAOI ;A4K9A<SI C4D4@9FD4 d: a 4 EBBF69FEF6G9F E<EF9@9 E QF4?BAAB=

;D9?BEFPR D<F@<><, d = 0.01; b 4 EBBF69FEF6G9F E<EF9@9 E G@9D9AAB= D97D9EE<9= D<F@<><, d = 0.1; c 4 EBBF69FEF6G9F

E<EF9@9 E 7?G5B>B= D97D9EE<9= D<F@<><, d = 0.2

Fig. 4. Energy supply functions for different values of the parameter d: a 4 corresponds to a system with standard rhythmic

maturity, d = 0.01; b 4 corresponds to a system with moderate rhythmic regression, d = 0.1; c 4 corresponds to a system

with deep rhythmic regression, d = 0.2
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a b c

d e f

g h i j

$<E. 5. "F>?<>< @B89?< A4 6A9LA<= E<7A4? E C?46AB @9ASRM9=ES K4EFBFB= CD< D4;AOI ;A4K9A<SI C4D4@9FD4 d:

a 4 EBBF69FEF6G9F E<EF9@9 E QF4?BAAB= ;D9?BEFPR D<F@<><, d = 0.01; b 4 EBBF69FEF6G9F E<EF9@9 E G@9D9AAB= D97D9EE<9=

D<F@<><, d = 0.1; c 4 EBBF69FEF6G9F E<EF9@9 E 7?G5B>B= D97D9EE<9= D<F@<><, d = 0.2. d 4 (4;B6B9 CDBEFD4AEF6B

E<EF9@O CD< d = 0.01; e 4 H4;B6B9 CDBEFD4AEF6B E<EF9@O CD< d = 0.1; f 4 H4;B6B9 CDBEFD4AEF6B CD< d = 0.2.

g 4 �<A4@<K9E><= EC9>FD 6A9LA97B E<7A4?4; h 4 8<A4@<K9E><= EC9>FD, EBBF69FEF6GRM<= ;D9?B= D<F@<>9, d = 0.01;

i 4 8<A4@<K9E><= EC9>FD, EBBF69FEF6GRM<= D<F@<>9 E G@9D9AAB= D97D9EE<9=, d = 0.1; j 4 8<A4@<K9E><= EC9>FD,

EBBF69FEF6GRM<= D<F@<>9 E 7?G5B>B= D97D9EE<9=, d = 0.2

Fig. 5. Model responses to an external signal with a smoothly varying frequency for different values of the parameter d:

a 4 corresponds to a system with standard rhythmic maturity, d = 0.01; b 4 corresponds to a system with moderate rhythmic

regression, d = 0.1; c 4 corresponds to a system with deep rhythmic regression, d = 0.2. d 4 Phase space of the system for

d = 0.01, e 4 phase space of the system for d = 0.1, f 4 phase space of the system for d = 0.2. g 4 Dynamic spectrum of

the external signal; h 4 dynamic spectrum corresponding to mature rhythm, d = 0.01; i 4 dynamic spectrum corresponding to

rhythm with moderate regression, d = 0.1; j 4 dynamic spectrum corresponding to rhythm with deep regression, d = 0.2
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!4 D<E. 5, d, e, f 4 H4;B6O9 CBDFD9FO E<EF9@O CD< D4;AOI C4D4@9FD4I d. !4 D<E. 5, g, h, i, j 4

8<A4@<K9E><= EC9>FD 6A9LA97B E<7A4?4; 8<A4@<K9E><= EC9>FD, EBBF69FEF6GRM<= ;D9?B= D<F@<>9

d = 0.01; 8<A4@<K9E><= EC9>FD, EBBF69FEF6GRM<= D<F@<>9 E G@9D9AAB= D97D9EE<9= d = 0.1;
8<A4@<K9E><= EC9>FD, EBBF69FEF6GRM<= D<F@<>9 E 7?G5B>B= D97D9EE<9= d = 0.2. #B BE< 45EJ<EE 4
K4EFBF4 6 BFABE<F9?PAOI 98<A<J4I < <AF9D64?9 BF 0.01 8B 0.05, CB BE< BD8<A4F 4 6D9@S BF 0 8B 1,
CB BE< 45EJ<EE 4 6D9@S 6 L474I EK9F4 BF 0 8B 10000 E GK9FB@ L474 CB 6D9@9A< 0.01.

!4 D<E. 6 CD<6989AO BF>?<>< @B89?< c C4D4@9FDB@ d = 0.01 A4 6A9LA<= E<7A4? E A9CD4-
6<?PAB ;484AAO@< C4D4@9FD4@< 6A9LA97B E<7A4?4. !4 D<E. 6, a 6A9LA<= E<7A4? @4?B= 4@C?<FG8O

(A4 D<E. 6, b 4 8<A4@<K9E><= EC9>FD 6A9LA97B E<7A4?4) A9 6O;O649F BF>?<>4 A4 C9D9@9AAB=

>BDO (D<E. 6, c 8<A4@<K9E><= EC9>FD E<7A4?4 C9D9@9AAB= >BDO). !4 D<E. 6, d 6A9LA<= E<7A4?

a b c

d e f

$<E. 6. "F>?<>< @B89?< c C4D4@9FDB@ d = 0.01 A4 6A9LA<= E<7A4? E A9CD46<?PAB ;484AAO@< C4D4@9FD4@< 6A9LA97B

E<7A4?4: a 4 6A9LA<= E<7A4? @4?B= 4@C?<FG8O, BF>?<> C9D9@9AAB= >BDO; b 4 8<A4@<K9E><= EC9>FD 6A9LA97B E<7A4?4;

c 4 8<A4@<K9E><= EC9>FD E<7A4?4 C9D9@9AAB= >BDO; d 4 6A9LA<= E<7A4? 6OEB>B= K4EFBFO, BF>?<> C9D9@9AAB= >BDO;

e 4 8<A4@<K9E><= EC9>FD 6A9LA97B E<7A4?4; f 4 8<A4@<K9E><= EC9>FD E<7A4?4 C9D9@9AAB= >BDO

Fig. 6. Responses of a model with parameter d = 0.01 to an external signal with incorrectly specified parameters of the

external signal: a 4 external signal of small amplitude, call of variable cortex; b 4 dynamic spectrum of the external signal;

c 4 dynamic spectrum of the variable cortex signal; d 4 external high frequency signal, variable bark call; e 4 dynamic

spectrum of the external signal; f 4 dynamic spectrum of the variable cortex signal
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6OEB>B= K4EFBFO (A4 D<E. 6, e 8<A4@<K9E><= EC9>FD 6A9LA97B E<7A4?4) A9 6O;O649F BF>?<>4 A4

C9D9@9AAB= >BDO (D<E. 6, f 8<A4@<K9E><= EC9>FD E<7A4?4 C9D9@9AAB= >BDO).

!4 D<E. 7 CD<6989AO CD<@9DO @G?PF<C?<>4J<< D<F@4 D4;?<KAO@< 6A9LA<@< E<7A4?4@<:

6A9LA<@ E<7A4?B@ E @9ASRM<@<ES K4EFBFB= < 4@C?<FG8B=, 6A9LA<@ E<7A4?B@ E <AF9D64?PAO@

<;@9A9A<9@ K4EFBF 6 >4:8B= FD9F< 6D9@9AAB7B <AF9D64?4 CB84K< 6A9LA97B E<7A4?4. #D<6B-

8SFES BF>?<>< A4 6A9LA<= E<7A4? C9D9@9AAB= >BDO; 8<A4@<K9E><9 EC9>FDO 6A9LA97B E<7A4?4

< E<7A4?4 4 BF>?<>4 C9D9@9AAB= >BDO.

a b c

d e f

$<E. 7. #D<@9DO @G?PF<C?<>4J<< D<F@4 D4;?<KAO@< 6A9LA<@< E<7A4?4@<: a 4 6A9LA<= E<7A4? E @9ASRM<@<ES

K4EFBFB= < 4@C?<FG8B=, E<7A4? C9D9@9AAB= >BDO; b 4 8<A4@<K9E><= EC9>FD 6A9LA97B E<7A4?4; c 4 8<A4@<K9E><=

EC9>FD E<7A4?4 C9D9@9AAB= >BDO; d 4 6A9LA<= E<7A4? E C9D9@9AAB= K4EFBFB= (@9AS9FES K4EFBF4 E<7A4?4 BF D4;?<K-

AOI A4K4?PAOI K4EFBF 6 >4:8B= FD9F< 6D9@9AAB7B <AF9D64?4 CB84K< 6A9LA97B E<7A4?4), E<7A4? C9D9@9AAB= >BDO;

e 4 8<A4@<K9E><= EC9>FD 6A9LA97B E<7A4?4; f 4 8<A4@<K9E><= EC9>FD E<7A4?4 C9D9@9AAB= >BDO

Fig. 7. Examples of rhythm animation by various external signals: a 4 external signal with varying frequency and amplitude,

variable cortex signal; b 4 dynamic spectrum of the external signal; c 4 dynamic spectrum of the variable cortex signal;

d 4 external signal with variable frequency (the frequency of the signal changes from different initial frequencies in each third

of the time interval of the external signal), variable bark signal; e 4 dynamic spectrum of the external signal; f 4 dynamic

spectrum of the variable cortex signal
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D4;?<KAOI D9;BA4AEAOI D9:<@B6 F4?4@B>BDF<>4?PAB= E<EF9@O (F45?. 2). �EE?98B64A<9 @B89?<

CB>4;4?B, KFB 4@C?<FG84 6A9LA97B E<7A4?4 S6?S9FES B8A<@ <; 64:AOI GCD46?SRM<I C4D4@9FDB6

D4;?<KAOI D9;BA4AEAOI D9:<@B6 6 F4>B= E<EF9@9. #BQFB@G 6 EJ9A4D<SI 5<BGCD46?9A<S 64:AB

GK<FO64FP A9 FB?P>B K4EFBFAO9, AB < 4@C?<FG8AO9 I4D4>F9D<EF<>< 6A9LA97B E<7A4?4 (E@. D<E. 3, b).

 B:AB GE?B:ASFP @B89?P, D4EE@4FD<64S, A4CD<@9D, A9E>B?P>B 6;4<@B89=EF6GRM<I SK99>.

�EIB8S <; CDB7AB;4 @B89?<, 6 A9=DBH<;<B?B7<K9E>B@ Q>EC9D<@9AF9 8?S CB6OL9A<S QH-

H9>F<6ABEF< EF<@G?SJ<< E?98G9F GCD46?SFP 4@C?<FG8B= E<7A4?4 (SD>BEFPR E69FB6OI EF<@G?B6)

&45?<J4 2. 1>EC9D<@9AF < D9;G?PF4FO @B89?<DB64A<S

Table 2. Experiment and simulation results

№ �4AAO9 $9;G?PF4FO D4EK9FB6

1 #D< ;4>DOFOI 7?4;4I

D97<EFD<DG9FES 4?PH4-

4>F<6ABEFP. �D9?4S QF4-

?BAA4S D<F@<>4.

� BF69F A4 CBEFBSAAO= E<7A4? ;484AAB= 4@C?<FG8O Uex = 0.5 <?< A4
EG@@G A9E>B?P><I 74D@BA<K9E><I E<7A4?B6 D4;AB= K4EFBFO 6 ;484AAB@

<AF9D64?9 CB8CBDB7B6B= 4@C?<FG8O 6B;A<>49F <@CG?PEA4S 4>F<6ABEFP

c EB5EF69AAB= K4EFBFB= 46FB>B?954A<= 6 F4?4@B>BDF<>4?PAB= E<EF9@9.

2 %HBD@<DB64A 4?PH4-

C<> 6 EC9>FD9 11�.

#BS6?9A<9 BEAB6AB7B D<F@4 ;46<E<F, >DB@9 4@C?<FG8O 6A9LA97B E<7-

A4?4, < BF C4D4@9FD4 A4>?BA4 d HGA>J<< QA9D7BB59EC9K9A<S F [f ]. +9@
@9APL9 d (>DGF4S F [f ]), F9@ @98?9AA99 ;4FGI4RF >B?954A<S < CB8-
89D:<649FES BEAB6AB= D<F@, EBCBEF46<@O= 6 Q>EC9D<@9AF9 E 4?PH4-

D<F@B@ D<E. 4, a, b, D<E. 5, a, d, g, h GK4EF>< 6 BFEGFEF6<< 6A9LA97B

E<7A4?4.

3 !9 EHBD@<DB64A 4?PH4-

C<> 6 EC9>FD9 11�.

#D< 5B?PL<I d (CB?B74S F [f ]) BEAB6AB= D<F@ A9 HBD@<DG9FES.

4 !45?R84RFES D9;BA4AE-

AO9 EC9>FD4?PAO9 C<><

A4 K4EFBF9 EF<@G?SJ<<

CD< EBID4A9A<< 4?PH4-

D<F@4

%BID4AS9FES 54;B6O= D<F@, CDB<EIB8<F A46S;O64A<9 6A9LA9= K4EFBFO.

#D< @4?B= K4EFBF9 6A9LA97B E<7A4?4 CDB<EIB8<F D4;89?9A<9 >B?954-

A<= A4 864 K4EFBFAOI @4ELF454: K4EFBF4 B7<54RM9= BF>?<>B6 D46A4

K4EFBF9 6A9LA97B E<7A4?4; K4EFBF4 ;4CB?A9A<S 46FB>B?954A<S@< BCD9-

89?S9FES C4D4@9FD4@< E<EF9@O D<E. 4, a, b, D<E. 5, a, d, g, h

5 !9 A45?R84RFES D9;B-

A4AEAO9 EC9>FD4?PAO9

C<>< A4 K4EFBF9 EF<@G-

?SJ<< CD< EBID4A9A<<

4?PH4-D<F@4.

+4EFBF4 Q>EC9D<@9AF4?PAB7B E<7A4?4 6OL9 EB5EF69AAB= K4EFBFO F4?4-

@B>BDF<>4?PAB= E<EF9@O. �4;B6O= D<F@ EBID4AS9FES. $<F@ A9 A46S-

;O649FES, 4 BEAB6AB= D<F@ @B8G?<DG9FES 6OEB>BK4EFBFAO@ E<7A4?B@.

�@C?<FG84 Q>EC9D<@9AF4?PAB7B E<7A4?4 A<:9 CBDB7B6B= 8?S 6B;5G:-

89A<S >B?954A<= 6 F4?4@B>BDF<>4?PAB= E<EF9@O D<E. 4, a, D<E. 6.

6 !45?R84RFES D9;BA4AE-

AO9 EC9>FD4?PAO9 C<><

A4 K4EFBF9 EF<@G?SJ<<,

4?PH4-D<F@ A9 EBID4AS-

9FES.

'@9APL9A4 K4EFBF4 BEAB6AB7B D<F@4 66<8G CB?B7B= HGA>J<< F [f ]
(d EBBF69FEF6G9F A98BEF4FBKAB= ;D9?BEF< D<F@<>< >BDO), KFB EBCBEF4-

6<@B E C9D9IB8B@ 6 8DG7<9 A<;>BK4EFBFAO9 89?PF4- < F9F4-8<4C4;BAO.

%<EF9@4 D45BF49F 6 D9:<@9 6OAG:89AAOI >B?954A<= CD< CB84K9 6A9L-

A97B 6OEB>BK4EFBFAB7B E<7A4?4 D<E. 4, a, D<E. 5, b, c, e, f, g, i, j.

7  G?PF<C?<>4J<S D<F@4

CD< EBID4A9A<< 4?PH4-

D<F@4.

$9:<@ CB?GK49FES A4 @B89?< E 6A9LA<@ E<7A4?B@ E C?46AB EC484RM9=

4@C?<FG8B= D<E. 4, a, D<E. 7, a, b, c. � 8<A4@<K9E>B@ EC9>FD9 E<7A4-

?4 A45?R84RFES E?45O9 ?<A<< A4 >D4FAOI K4EFBF4I (CDBD<EB64AO).

%BID4AS9FES 54;B6O= D<F@, CDB<EIB8<F A46S;O64A<9 < @G?PF<C?<>4-

J<S D<F@4. $9:<@ CB?GK49FES A4 @B89?< E 6A9LA<@ E<7A4?B@ ?<A9=AB

@9ASRM9=ES K4EFBFB= 6 A9>BFBDB@ <AF9D64?9 (3 <AF9D64?4 <;@9A9A<S

K4EFBFO 6 IB89 CD98NS6?9A<S 6A9LA97B E<7A4?4) D<E. 4, a, D<E. 7, d, e, f.

� 8<A4@<K9E>B@ EC9>FD9 E<7A4?4 A45?R84RFES E?45O9 ?<A<< A4 >D4F-

AOI K4EFBF4I (CDBD<EB64AO). %BID4AS9FES 54;B6O= D<F@, CDB<EIB8<F

A46S;O64A<9 < @G?PF<C?<>4J<S D<F@4.
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a

b

$<E. 8. a 4 �46<E<@BEFP EF9C9A< ;D9?BEF< D<F@<>< 6 CDBJ9AF4I (BEP BD8<A4F) BF ;A4K9A<S C4D4@9FD4 @B89?< d

(BEP 45EJ<EE), 3 4 ;D9?4S D<F@<>4, 2 4 E?454S D97D9EE<S D<F@<><, 1; 0 4 G@9D9AA4S < 7?G5B>4S D97D9EE<S D<F@<><;

b 4 EI9@4 J<HDB6B= BJ9A>< EF9C9A< ;D9?BEF< D<F@<>< @B;74

Fig. 8. a 4 Dependence of the degree of rhythmic maturity as a percentage (ordinate axis) on the value of the model parameter d

(abscissa axis), 3 4 mature rhythmicity, 2 4 weak rhythmic regression, 1; 0 4 moderate and deep rhythmic regression;

b 4 scheme for digital assessment of the degree of maturity of brain rhythms
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Abstract. The purpose of this paper is to comparatively analyse the efficiency of using artificial neural networks with

different convolutional and recurrent architectures in the task of depression diagnosis based on electroencephalogram (EEG)

data. Open datasets were chosen as objects of the study and own EEG data of real patients with depression were collected.

Methods. To solve the problem of identifying biomarkers of depressive disorder from EEG data, we used convolutional neural

networks using two-dimensional or one-dimensional convolution operation, as well as hybrid models of convolutional and

recurrent neural networks. To test the developed models of artificial neural networks, we selected open data sets, performed

an experiment to collect our own data from real depressed patients, and merged the prepared data sets. The result of this

work is analysis and comparison of the performance of different classifiers based on convolutional and recurrent neural

network models. Conclusion. We show that the average accuracy of classification of depressive disorder in a test sample using

cross-validation was 0.68. The results are consistent with the known results from the literature for small patient-disaggregated

datasets. Although the accuracy obtained in this task is insufficient for practical application of the model, it can be argued

that further research to improve the efficiency of the model is promising, as well as the need to create a sufficiently large

representative dataset of depressed patients, which is an important scientific task for further construction of biophysical models

of depressive disorders.

Keywords: non-invasive electroencephalogram, depression diagnosis, deep learning, convolutional neural networks (CNN),

recurrent neural networks (RNN).
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1. MDD Patients and Healthy Controls EEG Data (New) [19].

2. EEG: Depression rest [20].

3. MODMA Dataset: a Multi-modal Open Dataset for Mental-disorder Analysis [21].
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�?S EASF<S 11� 19 Q?9>FDB8B6 ;4>D9C?S?BEP A4 EC9J<4?PAB= L4CBK>9 8?S EASF<S 11�,

EB7?4EAB E<EF9@9 10320, 6 CB?B:9A<SI Fp1, Fp2, F7, F3, Fz, F4, F8, T7, C3, Cz, C4, T8, P7, P3,

Pz, P4, P8, O1, O2. %I9@4 EASF<S 4 @BABCB?SDA4S BFABE<F9?PAB Q?9>FDB84 A4 @BK>9 ?96B7B GI4

(BF6989A<9 A1). �?S ;4;9@?9A<S <ECB?P;B64?BEP BF6989A<9 AFz. +4EFBF4 8<E>D9F<;4J<< 500 �J.

#4D4@9FDO H<?PFD4J<<: (�+ (0.5 �J), (!+ (70 �J), D9:9>FBDAO= H<?PFD (50 �J).

� D9;G?PF4F9 5O?< CB?GK9AO 84AAO9 BF 37 C4J<9AFB6 (9 @G:K<A, 28 :9AM<A, ED98A<=

6B;D4EF 39.8 ± 15.2).

1.3. "5N98<A9A<9 A45BDB6 84AAOI 6 98<AGR 54;G. �4> 6<8AB <; F45?. 2, I4D4>F9D<EF<><

A45BDB6 84AAOI ;A4K<F9?PAB D4;?<K4RFES < 8?S EB;84A<S <FB7B6B= 54;O 84AAOI 11� <I AG:AB

B5N98<A<FP. �?S QFB7B A9B5IB8<@B EB7?4EB64A<9 E?98GRM<I C4D4@9FDB6:

� K4EFBF4 8<E>D9F<;4J<<;

� >B?<K9EF6B >4A4?B6 < D4ECB?B:9A<9 Q?9>FDB8B6;

� C4D4@9FDO J<HDB6B= H<?PFD4J<<;

� D9H9D9AE;

� D4;@9F>4.

�?S EB7?4EB64A<S 84AAOI <ECB?P;B64?4EP E?98GRM4S CDBJ98GD4 E <ECB?P;B64A<9@ 5<5?<B-

F9>< MNE-Python [25].

1. %B7?4EB64A<9 K4EFBFO 8<E>D9F<;4J<< E CBA<:9A<9@ 8B 200 �J.

2. #D<@9A9A<9 J<HDB6OI H<?PFDB6, EB7?4EAB CD<ASFB= CD4>F<>9: (�+ (1 �J), (!+ (40 �J)

[24].

3. %B7?4EB64A<9 K<E?4 <ECB?P;G9@OI >4A4?B6 8B 19 BF6989A<=, <ECB?P;G9@OI 6 A4L9= A4-

EFDB=>9 E5BD4 84AAOI: Fp1, Fp2, F7, F3, Fz, F4, F8, T7, C3, Cz, C4, T8, P7, P3, Pz, P4, P8,

O1, O2).

4. �;@9A9A<9 D9H9D9AEAB7B Q?9>FDB84 A4 Cz 6B 6E9I A45BD4I 84AAOI.

5. #D<6989A<9 > 98<AB@G 6<8G < HBD@4FG D4;@9DABEF< 84AAOI, A4;64A<= < CBDS8>4 >4A4?B6,

CD9B5D4;B64A<9 H4=?4 8?S EBID4A9A<S D9;G?PF4FB6 6 HBD@4F CSV.

�4:8O= CB?GK9AAO= H4=? 84AAOI CB?GK<? @9F>G A4?<K<S <?< BFEGFEF6<S ��$. � E?GK49

9E?< 84AAO9 B A4?<K<< 8<47AB;4 BFEGFEF6B64?<, AB <@9?<EP D9;G?PF4FO BCDBE4 CB L>4?9 �9>4,

FB @9F>4 A4?<K<S ��$ A4;A4K4?4EP 8?S C4J<9AFB6 E D9;G?PF4FB@ 6OL9 13 54??B6 [23].

�?S >BAFDB?S >4K9EF64 CB?GK9AAOI 84AAOI >4:8O= H4=? 5O? CDBE@BFD9A Q>EC9DFB@

E BF5BDB@ A4<5B?PL97B A9CD9DO6AB7B GK4EF>4 84AAOI 59; EGM9EF69AAOI 4DF9H4>FB6. (4=?

&45?<J4 2. #4D4@9FDO A45BDB6 84AAOI 11�, E6S;4AAOI E 89CD9EE<9=

Table 2. Parameters of EEG datasets associated with depression

�EFBKA<> [19] [20] [21] �4AA4S D45BF4

�EFBKA<> 84AAOI  4?4=;<S %,� �<F4= $BEE<S

"5M99 K<E?B GK4EFA<>B6 64 121 53 37

+<E?B GK4EFA<>B6 E ��$ 34 46 24 27

�<47ABEF<>4 ��$ �<47AB;
�<47AB;, L>4?4

�9>4
�<47AB;

�<47AB;, L>4?4

�9>4

+<E?B @G:K<A/:9AM<A 38/26 47/74 33/20 9/28

%D98A<= 6B;D4EF, ?9F 39.4 ± 14.1 18.9 ± 1.2 31.2 ± 9.6 39.8 ± 15.2

+<E?B >4A4?B6 19 66 129 19

+4EFBF4 8<E>D9F<;4J<<, �J 256 500 250 500

#4D4@9FDO H<?PFD4J<<

((�+/ (!+/D9:9>J<S), �J
0.1/70/50 A9F 84AAOI A9F 84AAOI 0.5/70/50

$9H9D9AE Linked ear (LE)  9:8G Cz < CPz Cz A1
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BF5D4EO64?ES CB?ABEFPR, 9E?< F4>B= GK4EFB> 5O?B 6O5D4FP A96B;@B:AB. � D9;G?PF4F9 <; >4:8B7B

A45BD4 84AAOI 5O?B BF5DBL9AB 15, 0, 7 < 0 H4=?B6 EBBF69FEF69AAB. %D98ASS CDB8B?:<F9?PABEFP

;4C<E9= EBEF46<?4 113 ± 81 E9>GA8O.

�FB7B6O= B5N98<A9AAO= A45BD 84AAOI 11� ?R89= 6 D4EE?45?9AAB@ EBEFBSA<< E ;4>DOFO@<

7?4;4@<, D4;@9K9AAO= 6 EBBF69FEF6<< E A4?<K<9@ <?< BFEGFEF6<9@ ��$, EB89D:<F 84AAO9 122

C4J<9AFB6 E 8<47AB;B@ ��$ < 123 K9?B69> >BAFDB?PAB= 7DGCCO EG@@4DAB= CDB8B?:<F9?PABEFPR

13927 < 13841 E9>GA8 EBBF69FEF69AAB.

2. $9;G?PF4FO

2.1. �EE?98B64A<9 < 6O5BD BCF<@4?PAB= 4DI<F9>FGDO A9=DBAAB= E9F<. !9E@BFDS

A4 EGM9EF69AAO= CDB7D9EE 6 CD<@9A9A<< 7?G5B>B7B B5GK9A<S 6 @98<J<AE><I <EE?98B64A<SI,

A9 EGM9EF6G9F B5M9CD<ASFB=, A4<5B?99 QHH9>F<6AB= 4DI<F9>FGDO A9=DBAAB= E9F<, A4<?GKL<@

B5D4;B@ CB8IB8SM9= 8?S ;484K >?4EE<H<>4J<< 11� CD< 4A4?<;9 CE<I<K9E><I D4EEFDB=EF6 [26].

�@9RM<9ES 6 A4EFBSM<= @B@9AF 4DI<F9>FGDO BF?<K4RFES 6OD4:9AAB= «EC9J<4?<;4J<9=» CB8

>BA>D9FAO9 C4D4@9FDO 84AAOI < F<CO D4EEFDB=EF6. &4><@ B5D4;B@, ;484K4 CB85BD4 BCF<@4?PAB=

4DI<F9>FGDO S6?S9FES 4>FG4?PAB=, 6E?98EF6<9 K97B FD95G9FES 5B?99 CB8DB5AB9 ED46A<F9?PAB9 <E-

E?98B64A<9 CD<@9A<@BEF< D4;?<KAOI 54;B6OI 4DI<F9>FGD. %D46A<F9?PAO= 4A4?<; 5O? 6OCB?A9A

8?S ;484K< >?4EE<H<>4J<< A4?<K<S <?< BFEGFEF6<S 89CD9EE<6AB7B D4EEFDB=EF64 A4 BEAB69 84AAOI

E<7A4?B6 11�.

%D98< 6B;@B:AOI A9=DBAAOI E9F9=->4A8<84FB6 J9?9EBB5D4;AB D4EE@BFD9FP E69DFBKAO9

A9=DBAAO9 E9F< < D9>GDD9AFAO9 A9=DBAAO9 E9F< (6 K4EFABEF<, LSTM), L<DB>B D4ECDBEFD4A9AAO9

8?S D4;?<KAOI ;484K B5D45BF>< @98<J<AE><I 84AAOI [27]. �?S E69DFBKAOI A9=DBAAOI E9F9=

I4D4>F9DA4 6B;@B:ABEFP <;6?9>4FP CDBEFD4AEF69AAO9 CD<;A4>< <; 6IB8AOI 84AAOI, 4 D9>GDD9AF-

AO9 A9=DBAAO9 E9F< QHH9>F<6AO 8?S CBE?98B64F9?PABEF9= 84AAOI, F4><I >4> ;484K< B5D45BF><

6D9@9AAOI DS8B6 <?< 9EF9EF69AAB7B S;O>4.

�?S D9L9A<S ;484K< BCD989?9A<S 89CD9EE<6AB7B D4EEFDB=EF64 CB 84AAOI 11� A4<5B?99 D4E-

CDBEFD4A9AO E69DFBKAO9 A9=DBAAO9 E9F<, <ECB?P;GRM<9 86G@9DAGR <?< B8AB@9DAGR BC9D4J<R

E69DF>< < 7<5D<8AO9 @B89?< E69DFBKAOI < D9>GDD9AFAOI A9=DBAAOI E9F9= [28].

!4 BEAB69 4A4?<;4 ?<F9D4FGDO 5O?< BFB5D4AO 5 4DI<F9>FGD A9=DBAAOI E9F9=, CB>4;46L<I

6OEB>GR FBKABEFP CD< D9L9A<< ;484K< 8<47ABEF<>< 89CD9EE<< CB 84AAO@ 11� [29].

1. "8AB@9DA4S E69DFBKA4S A9=DBAA4S E9FP <; 9 E?B96 [30]. �BEF<7AGF4S FBKABEFP >?4EE<H<>4-

J<< 98.32.

2. �<5D<8A4S E9FP <; B8AB@9DAOI E69DFBKAOI E?B96 < E?B96 LSTM [31]. �BEF<7AGF4S FBKABEFP

>?4EE<H<>4J<< 95.97.

3. "8AB@9DA4S E69DFBKA4S A9=DBAA4S E9FP <; 15 E?B96 [32]. �BEF<7AGF4S FBKABEFP >?4EE<H<>4-

J<< 93.5.

4. �<5D<8A4S E9FP, EBEFBSM4S <; B8AB@9DAOI E69DFBKAOI E?B96 < E?BS LSTM [33]. �BEF<7AGF4S

FBKABEFP >?4EE<H<>4J<< 97.66.

5. "8AB@9DA4S E69DFBKA4S A9=DBAA4S E9FP <; 5 E?B96 [34]. �BEF<7AGF4S FBKABEFP >?4EE<H<>4-

J<< 96.3.

�BCB?A<F9?PAB 5O?< D4EE@BFD9AO 9M9 869 4DI<F9>FGDO, >BFBDO9 A4 @B@9AF <EE?98B64A<S

A9 <ECB?P;B64?<EP 8?S ;484K< >?4EE<H<>4J<< 89CD9EE<< CB 84AAO@ 11�.

6. �B@C4>FA4S E69DFBKA4S A9=DBAA4S E9FP EEGNet, <;A4K4?PAB CD98A4;A4K9AA4S 8?S CD<@9A9-

A<S 6 D4;?<KAOI ;484K4I @B;7->B@CPRF9DAOI <AF9DH9=EB6 [35].

7. �6G@9DA4S E69DFBKA4S A9=DBAA4S E9FP, EB;84AA4S CB CD<AJ<CG EEGNet, AB EB89D:4M4S

FB?P>B E69DFBKAO9 E?B<.

�DI<F9>FGD4 <ECB?P;B64AAOI 6 <EE?98B64A<< A9=DBAAOI E9F9= CD98EF46?9A4 6 F45?. 3.

,GL4D<A4 !.!.
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&45?<J4 3. %FDG>FGD4 E?B96 A9=DBAAOI E9F9=. &<C E9F< 6 ;46<E<@BEF< BF 9ё AB@9D4: 1 4 B8AB@9DA4S

E69DFBKA4S A9=DBAA4S E9FP; 2 4 7<5D<8A4S E9FP <; B8AB@9DAOI E69DFBKAOI E?B96 < E?B96 LSTM;

3 4 B8AB@9DA4S E69DFBKA4S A9=DBAA4S E9FP; 4 4 7<5D<8A4S E9FP, EBEFBSM4S <; B8AB@9DAOI

E69DFBKAOI E?B96 < E?BS LSTM; 5 4 B8AB@9DA4S E69DFBKA4S A9=DBAA4S E9FP;

6 4 EEGNet->B@C4>FA4S E69DFBKA4S A9=DBAA4S E9FP; 7 4 86G@9DA4S E69DFBKA4S A9=DBAA4S E9FP

Table 3. Structure of neural network layers. Network type depending on its number: 1 4 one-dimensional

convolutional neural network; 2 4 hybrid network consisting of one-dimensional convolutional layers and

LSTM layers; 3 4 one-dimensional convolutional neural network; 4 4 hybrid network consisting of one-

dimensional convolutional layers and LSTM layer; 5 4 one-dimensional convolutional neural network;

6 4 EEGNet-compact convolutional neural network; 7 4 two-dimensional convolutional neural network

%?B=

%9FP 1 2 3 4 5 6 7

1

%69DFBKAO=

(50 S89D

1I10)

%69DFBKAO=

(64 S89D 1I5)

%69DFBKAO=

(5 S89D 1I5)

%69DFBKAO=

(64 S8D4 1I5)

%69DFBKAO=

(32 S8D4 1I5)

%69DFBKAO=

(8 S89D

1I100)

%69DFBKAO=

(16 S89D

18I50, L47

1I4)

2

%69DFBKAO=

(50 S89D

1I10)

%G58<E>D9F<-

;4J<< (CB

@4>E<@G@G,

1I3)

%G58<E>D9F<-

;4J<< (CB

@4>E<@G@G,

1I2, L47 2)

%69DFBKAO=

(128 S89D

1I3)

%G58<E>D9F<-

;4J<< (CB

@4>E<@G@G,

1I2, L47 2)

!BD@4?<;4-

J<< CB 54FKG

!BD@4?<;4-

J<< CB 54FKG

3

%G58<E>D9-

F<;4J<<

(CB @4>E<-

@G@G, 1I3)

Dropout(0.5)
%69DFBKAO=

(5 S89D 1I5)

%G58<E>D9F<-

;4J<< (CB

@4>E<@G@G,

1I2, L47 2)

#B?ABE6S;-

AO= (1024)

%69DFBKAO=

CB 7?G5<A9

(18I1)

%G58<E>D9F<-

;4J<< (CB

ED98A9@G,

1I4)

4

%69DFBKAO=

(100 S89D

1I10)

%69DFBKAO=

(48 S89D 1I5)

%G58<E>D9F<-

;4J<< (CB

@4>E<@G@G,

1I2, L47 2)

Dropout(0.2)
#B?ABE6S;-

AO= (32)

!BD@4?<;4-

J<< CB 54FKG

%69DFBKAO=

(32 S8D4

1I25)

5

%G58<E>D9-

F<;4J<< (CB

@4>E<@G@G,

1I3)

%G58<E>D9F<-

;4J<< (CB

@4>E<@G@G,

1I3)

%69DFBKAO=

(10 S89D 1I5)

%69DFBKAO=

(128 S89D

1I13)

#B?ABE6S;-

AO= (2)

%G58<E>D9F<-

;4J<< (CB

ED98A9@G,

1I4)

!BD@4?<;4-

J<< CB 54FKG

6

%69DFBKAO=

(50 S89D

1I21)

Dropout(0.5)

%G58<E>D9F<-

;4J<< (CB

@4>E<@G@G,

1I2, L47 2)

%69DFBKAO=

(32 S8D4 1I7)
Dropout(0.5)

%G58<E>D9F<-

;4J<< (CB

ED98A9@G,

1I4)

7

%G58<E>D9-

F<;4J<<

(7?B54?PAO=

CB ED98-

A9@G)

%69DFBKAO=

(24 S8D4 1I5)

%69DFBKAO=

(10 S89D 1I5)
LSTM(32)

$4;89?<@O=

E69DFBKAO=

(16 S89D

1I16)

%69DFBKAO=

(2 S8D4 1I1)

8
Dropout

(0.5)

%G58<E>D9F<-

;4J<< (CB

@4>E<@G@G,

1I3)

%G58<E>D9F<-

;4J<< (CB

@4>E<@G@G,

1I2, L47 2)

#B?ABE6S;-

AO= (64)

!BD@4?<;4-

J<< CB 54FKG

%G58<E>D9F<-

;4J<< (7?B-

54?PAO= CB

@4>E<@G@G)

9
#B?ABE6S;-

AO= (2)
Dropout(0.5)

%69DFBKAO=

(15 S89D 1I5)
Dropout (0.2)

%G58<E>D9F<-

;4J<< (CB

ED98A9@G,

1I8)
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%?B=

%9FP 1 2 3 4 5 6 7

10 LSTM(128)

%G58<E>D9F<-

;4J<< (CB

@4>E<@G@G,

1I2, L47 2)

#B?ABE6S;-

AO= (2)
Dropout (0.5)

11 LSTM(64)
#B?ABE6S;-

AO= (80)

#B?ABE6S;-

AO= (2)

12
#B?ABE6S;-

AO= (64)
Dropout(0.1)

13
#B?ABE6S;-

AO= (2)

#B?ABE6S;-

AO= (40)

14 Dropout(0.1)

15
#B?ABE6S;-

AO= (2)

�?S ED46A9A<S 6OL9G>4;4AAOI 4DI<F9>FGD 5O?B 6OCB?A9AB B5GK9A<9 A4 CB?GK9AAB@ D4A99

B5N98<A9AAB@ A45BD9 84AAOI 11�.

#B87BFB6>4 84AAOI 8?S B5GK9A<S 5O?4 6OCB?A9A4 6 E?98GRM9= CBE?98B64F9?PABEF<.

1. �47DG;>4 CB87BFB6?9AAOI 84AAOI <; CSV-H4=?B6.

2. !4D9;>4 84AAOI A4 BFD9;>< CB 200/400/600/800/1000 BFEK9FB6 (EBBF69FEF6GRM<9 8?<F9?PAB-

EF< 1/2/3/4/5 E9>GA8), 59; C9D9>DOF<S.

3. �OCB?A9A<9 EF4A84DF<;4J<< 84AAOI 8?S CB6OL9A<S E>BDBEF< EIB8<@BEF< 4?7BD<F@4 B5GK9-

A<S A9=DBAAOI E9F9= [36].

� CDBJ9EE9 B5GK9A<S CD<@9AS?4EP CDBJ98GD4 C9D9>D9EFAB= CDB69D>< (>DBEE-64?<84J<S)

CGF9@ @AB7B>D4FAB= D4;5<6>< 84AAOI CB C4J<9AF4@ A4 B5GK4RMGR < F9EFB6GR 6O5BD>< 6 EBBF-

ABL9A<< 90/10, <ECB?P;GS HGA>J<R StratifiedKFold <; 5<5?<BF9>< @4L<AAB7B B5GK9A<S A4 S;O>9

Python-sklearn [37]. $94?<;4J<S E9F9= 6OCB?AS?4EP A4 S;O>9 CDB7D4@@<DB64A<S Python 3 E <E-

CB?P;B64A<9@ 5<5?<BF9>< TensorFlow 2 [38] A4 >B@CPRF9D9 E BC9D4J<BAAB= E<EF9@B= Ubuntu

Linux 20.04, B5BDG8B64AAB@ 7D4H<K9E><@ GE>BD<F9?9@ NVIDIA Quadro P1000 (CUDA 10.1).

�?S >4:8B7B D4;5<9A<S 6OCB?AS?BEP B5GK9A<9 @B89?< A9=DBAAB= E9F< < 6OK<E?9A<9 CB?GK9AAOI

;A4K9A<= FBKABEF< >?4EE<H<>4J<< < F1-@9DO A4 F9EFB6B= 6O5BD>9.

�?S B5GK9A<S A9=DBAAOI E9F9= 5O? <ECB?P;B64A @9FB8 484CF<6AB= <A9DJ<< (Adam) [39]

E C4D4@9FDB@ E>BDBEF< B5GK9A<S, D46AO@ 0.0001, < D4;@9DB@ @<A<54FK4 64. �4F97BD<4?PA4S

C9D9>D9EFA4S QAFDBC<S (>DBEE-QAFDBC<S) CD<@9AS?4EP 6 >4K9EF69 HGA>J<< CBF9DP. % CB@BMPR

HGA>J<< EarlyStopping <; 5<5?<BF9>< TensorFlow 6OCB?AS?BEP BFE?9:<64A<9 8<A4@<>< <;@9A9A<=

HGA>J<< BL<5>< A4 F9EFB6B= 6O5BD>9 < BEF4AB6>4 B5GK9A<S CD< BFEGFEF6<< EA<:9A<S HGA>J<<

BL<5>< 6 F9K9A<9 4 QCBI.

$9;G?PF<DGRM<9 ;A4K9A<S CD98EF46?9AO 6 F45?. 4 6 6<89 ED98A<I D9;G?PF4FB6 C9D9>D9EFAOI

CDB69DB> FBKABEF< >?4EE<H<>4J<< < F1-@9DO.

�OK<E?9A<9 @9FD<> @B89?< 54;<DG9FES A4 F4> A4;O649@B= @4FD<J9 BL<5B> (confusion

matrix) 4 >648D4FAB= @4FD<J9, D4;@9D >BFBDB= EB6C4849F E >B?<K9EF6B@ >?4EEB6 (2 A4 2 6 E?GK49

5<A4DAB= >?4EE<H<>4J<<), < G>4;O649FES >B?<K9EF6B B5N9>FB6, BFA9E9AAOI @B89?PR > >BA>D9F-

AB@G >?4EEG c BJ9A>B= 89=EF6<F9?PAB7B BFABL9A<S G>4;4AAB7B B5N9>F4. #D< QFB@ G>4;O649FES

>B?<K9EF6B B5N9>FB6, 69DAB BFA9E9AAOI > >BA>D9FAB@G >?4EEG < BFABESM<IES > A9@G (true positive,

TP), 69DAB A9 BFA9E9AAOI > >BA>D9FAB@G >?4EEG < A9 BFABESM<IES > A9@G (true negative, TN),
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&45?<J4 4. �EE?98B64A<9 4DI<F9>FGD A9=DBAAB= E9F< 8?S D9L9A<S ;484K< >?4EE<H<>4J<< 89CD9EE<6AB7B

D4EEFDB=EF64 CB 84AAO@ 11�

Table 4. Exploring neural network architectures for solving the problem of classifying depressive disorder from

EEG data

!9=DBAA4S E9FP

1 2 3 4 5 6 7

�DI<F9>-

FGD4
CNN 1D

CNN 1D +

LSTM
CNN 1D

CNN 1D +

LSTM
CNN 1D

CNN

(EEGNet)
CNN 2D

+<E?B

E?B96
9 13 15 10 5 11 8

+<E?B C4-

D4@9FDB6

(8?S 1/2/3

/4/5 c)

189352 159050

12722/ 19922/

27122/ 35522/

42722

485666/

690466/

895266/

1100066/

1304866

3313602/

6590402/

9867202/

13144002/

16420802

1954/ 2146/

2338/ 2562/

2754

27506

&BKABEFP

< F1 (1 E)

0.62 ± 0.08

0.63 ± 0.10

0.61 ± 0.07

0.62 ± 0.11

0.63 ± 0.09

0.63 ± 0.09

0.60 ± 0.09

0.59 ± 0.12

0.59 ± 0.06

0.57 ± 0.09

0.66 ± 0.10

0.66 ± 0.11

0.63 ± 0.07

0.62 ± 0.11

&BKABEFP

< F1 (2 E)

0.64 ± 0.08

0.63 ± 0.10

0.60 ± 0.07

0.63 ± 0.09

0.67 ± 0.09

0.63 ± 0.13

0.62 ± 0.08

0.61 ± 0.12

0.62 ± 0.08

0.61 ± 0.12

0.66 ± 0.10

0.61 ± 0.16

0.64 ± 0.07

0.63 ± 0.11

&BKABEFP

< F1 (3 E)

0.64 ± 0.08

0.63 ± 0.12

0.63 ± 0.08

0.62 ± 0.08

0.63 ± 0.09

0.63 ± 0.10

0.61 ± 0.09

0.59 ± 0.08

0.61 ± 0.07

0.61 ± 0.07

0.67 ± 0.11

0.67 ± 0.11

0.65 ± 0.09

0.65 ± 0.09

&BKABEFP

< F1 (4 E)

0.63 ± 0.11

0.62 ± 0.14

0.57 ± 0.11

0.65 ± 0.10

0.67 ± 0.08

0.65 ± 0.09

0.60 ± 0.09

0.58 ± 0.14

0.61 ± 0.07

0.59 ± 0.11

0.67 ± 0.10

0.66 ± 0.11

0.64 ± 0.08

0.63 ± 0.09

&BKABEFP

< F1 (5 E)

0.63 ± 0.12

0.60 ± 0.16

0.57 ± 0.12

0.66 ± 0.11

0.63 ± 0.09

0.61 ± 0.13

0.61 ± 0.07

0.59 ± 0.12

0.59 ± 0.05

0.59 ± 0.08

0.66 ± 0.10

0.61 ± 0.16

0.65 ± 0.10

0.60 ± 0.17

BFA9E9AAOI > >BA>D9FAB@G >?4EEG < A9 BFABESM<IES > A9@G (false positive, FP), A9 BFA9E9AAOI

> >BA>D9FAB@G >?4EEG < BFABESM<IES > A9@G (false negative, FN). "5M99 >B?<K9EF6B BF69FB6

@B89?< CD98EF46?S9F EB5B= EG@@G TP+TN+FP+FN. !4<5B?99 BK96<8AB= >4:9FES 6OK<E?9A<9 8B?<

69DAOI BF69FB6 CB BFABL9A<R > B5M9@G >B?<K9EF6G BF69FB6 (accuracy):

accuracy =
TP + TN

TP + TN + FP + FN
. (1)

"8A4>B ;A4K9A<9 6OD4:9A<S (1) 5G89F ;46<E9FP BF E54?4AE<DB64AABEF< >?4EE4 < 8?S A9E54-

?4AE<DB64AAOI A45BDB6 84AAOI 5G89F @9ASFPES CD< E@9A9 >?4EE4. #BQFB@G <ECB?P;GRFES 869

@9FD<><, I4D4>F9D<;GRM<9 QHH9>F<6ABEFP @B89?< 6 BFABL9A<< > >BA>D9FAB@G >?4EEG.

&BKABEFP (precision) CB>4;O649F 8B?R BF69FB6, 69DAB BFA9E9AAOI @B89?PR > >BA>D9FAB@G

>?4EEG, > B5M9@G >B?<K9EF6G BFA9E9AAOI > >?4EEG B5N9>FB6:

precision =
TP

TP + FP
. (2)
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&BKABEFP CD<@9AS9FES 6 C4D9 E CB?ABFB= (recall) 4 8B?9= B5N9>FB6, BFA9E9AAOI @B89?PR

> >BA>D9FAB@G >?4EEG, > B5M9@G >B?<K9EF6G B5N9>FB6 84AAB7B >?4EE4:

recall =
TP

TP + FN
. (3)

!4 BEAB64A<< @9FD<> (2) < (3) 6OK<E?S9FES F1-@9D4, B8A4 <; E4@OI CBCG?SDAOI @9FD<>

QHH9>F<6ABEF< @4L<AAB7B B5GK9A<S, >BFBD4S CD98EF46?S9F EB5B= 74D@BA<K9E>B9 ED98A99 FBKABEF<

< CB?ABFO @B89?< CB >BA>D9FAB@G >?4EEG:

F1 =
2 ∗ presicion ∗ recall

presicion+ recall
. (4)

�; F45?. 4 E?98G9F, KFB A4<?GKLGR FBKABEFP >?4EE<H<>4J<< 89@BAEFD<DGRF @B89?< 6 < 7

CD< 8?<F9?PABEF< E<7A4?4 A4 6IB89 3 E9>GA8O.

"5D4M49F A4 E95S 6A<@4A<9 BK96<8A4S D4;A<J4 @9:8G ;4S6?9AAB= FBKABEFPR >?4EE<H<>4J<<

@B89?9=, CD96OL4RM9= 90%, < CB?GK9AAO@< D9;G?PF4F4@< >?4EE<H<>4J<< A4 <ECB?P;G9@OI

84AAOI. 1FB 6O;64AB, CD9:89 6E97B, D4;A<J9= 6 B5N9@9 < >4K9EF69 <EIB8AOI 84AAOI, CD<@9AS9@OI

8?S B5GK9A<S. � 84AAB= D45BF9 EFD4F<H<J<DB64AAB9 D4;5<9A<9 84AAOI CB C4J<9AF4@ A9B5IB8<@B

8?S CD98BF6D4M9A<S A9S6AB= GF9K>< B5GK4RM<I 84AAOI 6 F9EFB6B9 CB8@AB:9EF6B. #B8B5A4S

GF9K>4 6O;O649F A9 FB?P>B ;46OL9A<9 CB>4;4F9?9= FBKABEF<, AB < CD<6B8<F > C9D9B5GK9A<R

@B89?<, EA<:4S ECBEB5ABEFP > B5B5M9A<R. �DB@9 FB7B, 8?S >?4EE<H<>4FBD4 5G89F A45?R84FPES

D4;5DBE FBKABEF< 6 ;46<E<@BEF< BF >B?<K9EF64 E>B@CDB@9F<DB64AAOI A45?R89A<= 8?S C4J<9AFB6,

CBC46L<I < 6 B5GK4RMGR, < 6 F9EFB6GR 6O5BD><, >4> CB>4;4AB 6 F45?. 5.

&45?<J4 5. &BKABEFP (1) < F1-@9D4 (4) D4;?<KAOI 4DI<F9>FGD A9=DBAAB= E9F< CD< D9L9A<< ;484K<

>?4EE<H<>4J<< 89CD9EE<6AB7B D4EEFDB=EF64 A4 D4;?<KAOI <EFBKA<>4I 84AAOI 11�

59; GK9F4 D4;5<9A<S 84AAOI CB C4J<9AF4@

Table 5. Accuracy (1) and F1-score (4) of different neural network architectures in solving the depressive disorder

classification task on different EEG data sources without considering patient data partitioning

�EFBKA<>

84AAOI

!9=DBAA4S E9FP (&BKABEFP/F1-@9D4)

1 2 3 4 5 6 7

1

0.99 ± 0.01

0.99 ± 0.01

0.70 ± 0.06

0.70 ± 0.03

0.91 ± 0.03

0.92 ± 0.03

0.97 ± 0.01

0.97 ± 0.01

0.78 ± 0.02

0.78 ± 0.02

0.95 ± 0.02

0.95 ± 0.02

0.98 ± 0.01

0.98 ± 0.01

2

0.84 ± 0.02

0.84 ± 0.05

0.60 ± 0.04

0.60 ± 0.04

0.69 ± 0.02

0.69 ± 0.18

0.71 ± 0.04

0.71 ± 0.08

0.59 ± 0.04

0.59 ± 0.04

0.71 ± 0.02

0.71 ± 0.06

0.69 ± 0.03

0.69 ± 0.08

3

0.96 ± 0.01

0.95 ± 0.02

0.77 ± 0.09

0.77 ± 0.09

0.70 ± 0.06

0.70 ± 0.06

0.87 ± 0.06

0.86 ± 0.04

0.55 ± 0.02

0.54 ± 0.04

0.76 ± 0.03

0.76 ± 0.03

0.83 ± 0.04

0.79 ± 0.05

4

0.95 ± 0.03

0.95 ± 0.02

0.92 ± 0.03

0.92 ± 0.02

0.80 ± 0.04

0.80 ± 0.03

0.89 ± 0.06

0.89 ± 0.06

0.63 ± 0.03

0.63 ± 0.03

0.87 ± 0.02

0.87 ± 0.02

0.89 ± 0.09

0.89 ± 0.09

"5N98<A9A-

A4S 54;4

0.89 ± 0.01

0.89 ± 0.01

0.78 ± 0.08

0.80 ± 0.06

0.74 ± 0.02

0.73 ± 0.02

0.84 ± 0.02

0.84 ± 0.02

0.67 ± 0.03

0.67 ± 0.02

0.79 ± 0.02

0.78 ± 0.02

0.82 ± 0.02

0.82 ± 0.02
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&45?<J4 6. &BKABEFP (1) < F1-@9D4 (4) 8?S D4;?<KAOI 4DI<F9>FGD A9=DBAAB= E9F< A4 D4;?<KAOI <EFBKA<>4I

84AAOI 11� CD< <ECB?P;B64A<< D4;5<9A<S 84AAOI CB C4J<9AF4@

Table 6. Accuracy (1) and F1-score (4) for different neural network architectures on different EEG data

sources when using patient data partitioning

�EFBKA<>

84AAOI

!9=DBAA4S E9FP (&BKABEFP/F1-@9D4)

1 2 3 4 5 6 7

1

0.82 ± 0.11

0.80 ± 0.14

0.69 ± 0.16

0.62 ± 0.20

0.81 ± 0.13

0.82 ± 0.10

0.81 ± 0.10

0.80 ± 0.12

0.74 ± 0.09

0.75 ± 0.12

0.80 ± 0.20

0.78 ± 0.26

0.84 ± 0.10

0.86 ± 0.08

2

0.58 ± 0.09

0.57 ± 0.09

0.50 ± 0.15

0.50 ± 0.09

0.56 ± 0.09

0.57 ± 0.09

0.58 ± 0.07

0.55 ± 0.14

0.55 ± 0.06

0.55 ± 0.06

0.58 ± 0.10

0.59 ± 0.10

0.56 ± 0.09

0.55 ± 0.10

3

0.35 ± 0.14

0.34 ± 0.13

0.38 ± 0.12

0.34 ± 0.12

0.48 ± 0.14

0.48 ± 0.14

0.39 ± 0.12

0.37 ± 0.12

0.51 ± 0.05

0.51 ± 0.07

0.53 ± 0.11

0.53 ± 0.11

0.47 ± 0.09

0.45 ± 0.10

4

0.65 ± 0.22

0.64 ± 0.21

0.61 ± 0.16

0.61 ± 0.16

0.51 ± 0.17

0.51 ± 0.16

0.73 ± 0.14

0.72 ± 0.14

0.56 ± 0.10

0.56 ± 0.09

0.67 ± 0.14

0.67 ± 0.13

0.54 ± 0.19

0.54 ± 0.20

"5N98<A9A-

A4S 54;4

0.64 ± 0.08

0.63 ± 0.12

0.59 ± 0.10

0.59 ± 0.10

0.63 ± 0.09

0.59 ± 0.16

0.61 ± 0.09

0.58 ± 0.15

0.61 ± 0.07

0.59 ± 0.09

0.67 ± 0.10

0.66 ± 0.11

0.65 ± 0.08

0.64 ± 0.09

� F45?. 6 CD98EF46?9AO D9;G?PF4FO B5GK9A<S E GK9FB@ D4;5<9A<S 84AAOI CB C4J<9AF4@ 8?S

CD98BF6D4M9A<S GF9K9> 84AAOI <; B5GK4RM9= 6O5BD>< 6 F9EFB6GR.

!4 BEAB69 CB?GK9AAOI D9;G?PF4FB6 E?98G9F, KFB A4<?GKL<@< >4A8<84F4@< 8?S ;484K<

CB85BD4 BCF<@4?PAOI C4D4@9FDB6 S6?SRFES @B89?< A4 BEAB69 4DI<F9>FGD 6 < 7.

2.2. #B85BD BCF<@4?PAOI C4D4@9FDB6 8?S ?GKL<I @B89?9=. #4D4@9FDO @B89?<, ;484-

649@O9 8B CDBJ9EE4 B5GK9A<S, A4;O64RFES 7<C9DC4D4@9FD4@<. 1FB BF?<K49F <I BF C4D4@9FDB6

@B89?<, >BFBDO9 A4EFD4<64RFES 6 CDBJ9EE9 B5GK9A<S.

%F4A84DFAO@ ECBEB5B@ CB85BD4 BCF<@4?PAOI 7<C9DC4D4@9FDB6 S6?S9FES CB<E> CB E9F>9

(4A7?. 4 grid search) [40] E CB?AO@ C9D95BDB@ 6E9I 6B;@B:AOI >B@5<A4J<= <; ;484AAB7B CB8@AB-

:9EF64 ;A4K9A<=. �?46AO@ A98BEF4F>B@ CB<E>4 CB E9F>9 S6?S9FES Q>ECBA9AJ<4?PAB9 G69?<K9A<9

>B?<K9EF64 >B@5<A4J<= < B5N9@4 6OK<E?9A<= CD< G69?<K9A<< >B?<K9EF64 < 8<4C4;BAB6 ;A4K9A<=

7<C9DC4D4@9FDB6.

�?PF9DA4F<6B= CB<E>G CB E9F>9 @B7GF E?G:<FP D4;?<KAO9 4?7BD<F@O E?GK4=AB7B CB<E>4,

CD< >BFBDB@ >B@5<A4J<< 7<C9DC4D4@9FDB6 <; ;484AAB7B CB8@AB:9EF64 C9D95<D4RFES E?GK4=AO@

B5D4;B@. #BE>B?P>G CD< 5B?PLB@ K<E?9 CBCOFB> 6E9 CDBEFD4AEF6B 7<C9DC4D4@9FDB6 CB>DO649FES

CD<5?<;<F9?PAB D46AB@9DAB, FB ?GKL<= A45BD 7<C9DC4D4@9FDB6 @B:9F 5OFP A4=89A ;4 @9APL99

6D9@S CB ED46A9A<R E CB<E>B@ CB E9F>9 [41].

�GKL<= D9;G?PF4F, CB ED46A9A<R E CB<E>B@ CB E9F>9 < E?GK4=AO@ CB<E>B@, CB>4;O649F

@9FB8 54=9EB6E>B= BCF<@<;4J<<. #D< 97B <ECB?P;B64A<< EFDB<FES @B89?P BFB5D4:9A<S ;A4K9-

A<= 7<C9DC4D4@9FDB6 6 J9?96GR HGA>J<R, CB >BFBDB= <F9D4F<6AB B5AB6?S9FES >BAH<7GD4J<S

7<C9DC4D4@9FDB6 @B89?< @4L<AAB7B B5GK9A<S [40].

�?S 8BEF<:9A<S @4>E<@4?PAB= FBKABEF< A4 F9EFB6B= 6O5BD>9 CB85BD 7<C9DC4D4@9FDB6

8?S 86GI ?GKL<I @B89?9= CDB6B8<?ES @9FB8B@ 54=9EB6E>B= BCF<@<;4J<< E <ECB?P;B64A<9@

C9D9>D9EFAB= CDB69D>< (E GK9FB@ D4;5<9A<S 84AAOI CB C4J<9AF4@) A4 10 A9C9D9E9>4RM<IES

K4EFSI. � >4K9EF69 BCF<@<;<DG9@OI 7<C9DC4D4@9FDB6 5O?< 6O5D4AO C4D4@9FDO E69DFBKAOI
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&45?<J4 7. #B8B5D4AAO9 BCF<@4?PAO9 7<C9DC4D4@9FDO 8?S @B89?< № 6 (EEGNet) < № 7 (CNN 2D)

Table 7. Selected optimal hyperparameters for model № 6 (EEGNet) and № 7 (CNN 2D)

%?B= EEGNet CNN 2D

1 %69DFBKAO= (16 S89D 1I100) %69DFBKAO= (32 S8D4 1I50, L47 1I8)

2 !BD@4?<;4J<< CB 54FKG !BD@4?<;4J<< CB 54FKG

3 %69DFBKAO= CB 7?G5<A9 (18I1) %G58<E>D9F<;4J<< (CB ED98A9@G, 1I2)

4 !BD@4?<;4J<< CB 54FKG %69DFBKAO= (8 S89D 1I5)

5 %G58<E>D9F<;4J<< (CB ED98A9@G, 1I8) !BD@4?<;4J<< CB 54FKG

6 Dropout(0.5) %G58<E>D9F<;4J<< (CB ED98A9@G, 1I8)

7 $4;89?<@O= E69DFBKAO= (16 S89D 1I5) %69DFBKAO= (2 S8D4 1I1)

8 !BD@4?<;4J<< CB 54FKG %G58<E>D9F<;4J<< (7?B54?PAO= CB @4>E<@G@G)

9 %G58<E>D9F<;4J<< (CB ED98A9@G, 1I8)

10 Dropout(0.5)

11 #B?ABE6S;AO= (2)

E?B96 (K<E?B < D4;@9D S89D) < C4D4@9FDO E?B96 EG58<E>D9F<;4J<< (L47). �?S CB85BD4 BCF<-

@4?PAOI 7<C9DC4D4@9FDB6 6O5D4AAOI @B89?9= A9=DBAAOI E9F9= <ECB?P;B64?4EP 5<5?<BF9>4

KerasTuner [42]. �ECB?P;G9@4S HGA>J<S 4>F<64J<< 4 Q>ECBA9AJ<4?PA4S ?<A9=A4S HGA>J<S (ELU).

!4=89AAO9 BCF<@4?PAO9 ;A4K9A<S 7<C9DC4D4@9FDB6 CD<6989AO 6 F45?. 7.

2.3. "5GK9A<9 @B89?9= A4 CB87BFB6?9AAOI A45BD4I 84AAOI.  B89?< № 6 < № 7 E CB-

8B5D4AAO@< BCF<@4?PAO@< 7<C9DC4D4@9FD4@< 5O?< B5GK9AO A4 >4:8B@ <; K9FOD9I A45BDB6

84AAOI, BC<E4AAOI 6OL9, 4 F4>:9 A4 B5N98<A9AAB@ A45BD9 84AAOI 8?S <;GK9A<S 6?<SA<S EFDG>-

FGDO < D9CD9;9AF4F<6ABEF< 84AAOI A4 QHH9>F<6ABEFP >?4EE<H<>4J<<. $9;G?PF4FO FBKABEF<

>?4EE<H<>4J<< < F1-@9DO CD98EF46?9AO 6 F45?. 8.

&45?<J4 8. &BKABEFP (1) < F1-@9D4 (4) @B89?9= № 6 < № 7 E CB8B5D4AAO@< BCF<@4?PAO@<

C4D4@9FD4@<, B5GK9AAOI A4 >4:8B@ A45BD9 84AAOI 6 BF89?PABEF< < A4 6E9@ B5N9@9 84AAOI,

B5N98<A9AAB@ 6 B8<A A45BD

Table 8. Accuracy (1) and F1-score (4) of models № 6 and № 7 with selected optimal parameters

trained on each dataset separately and on the whole data set combined into one dataset

�EFBKA<>

84AAOI

!9=DBAA4S E9FP (&BKABEFP/F1-@9D4)

№ 6 (EEGNet) № 7 (CNN 2D)

1 0.86 ± 0.10 / 0.87 ± 0.09 0.84 ± 0.18 / 0.83 ± 0.20

2 0.67 ± 0.07 / 0.67 ± 0.10 0.68 ± 0.09 / 0.68 ± 0.13

3 0.50 ± 0.07 / 0.48 ± 0.10 0.49 ± 0.12 / 0.48 ± 0.18

4 0.57 ± 0.19 / 0.56 ± 0.20 0.69 ± 0.14 / 0.68 ± 0.11

"5N98<A9AA4S

54;4
0.68 ± 0.10 / 0.68 ± 0.10 0.68 ± 0.10 / 0.67 ± 0.10

#B?GK9AAO9 D9;G?PF4FO 89@BAEFD<DGRF G?GKL9A<9 FBKABEF< >?4EE<H<>4J<< A4 B5N98<-

A9AAB= 54;9 84AAOI 11� CBE?9 BCF<@<;4J<< 7<C9DC4D4@9FDB6 @B89?9=. �DB@9 FB7B, BFK9F?<6B

6<8A4 D4;A<J4 6 FBKABEF< >?4EE<H<>4J<< 8?S D4;AOI A45BDB6 84AAOI >4> @9:8G 86G@S @B89?S@<,

F4> < 8?S B8AB= < FB= :9 @B89?< (F45?. 4, 5, 6 < 8). !4CD<@9D, FBKABEFP >?4EE<H<>4J<< 8?S

A45BD4 84AAOI AB@9D 1 (8) B>4;4?4EP 6OL9, K9@ 8?S B5M9= 54;O 84AAOI, A9E@BFDS A4 BK96<8AB

@9APL<= D4;@9D 6O5BD><. 1FB K4EF<KAB @B:9F B5NSEASFPES 8<E54?4AEB@ >?4EEB6 < 6B;@B:AO@

A9CD46<?PAO@ A4;A4K9A<9@ @9FB>, 6?<SRM<I A4 D9CD9;9AF4F<6ABEFP B5GK4RM9= 6O5BD><.
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#BCOF>< G?GKL9A<S D9;G?PF4F4 ;4 EK9F 84?PA9=L97B G69?<K9A<S >B?<K9EF64 84AAOI CGF9@

8B546?9A<S AB6OI GK4EF>B6, E97@9AF<DB64AAOI E>B?P;SM<@ B>AB@ E C9D9>DOF<9@ (0.25/0.5 E),

< E<AF9F<K9E><I 84AAOI E CB8@9L4AAO@ 74GEEB6E><@ LG@B@ [43] ;A4K<@OI D9;G?PF4FB6 A9 CD<-

A9E?<. 1FB CB;6B?S9F E89?4FP 6O6B8 B A9B5IB8<@BEF< CB?GK9A<S 5B?PL97B >B?<K9EF64 D94?PAOI

84AAOI 8?S 6O89?9A<S AB6OI CD<;A4>B6 < 84?PA9=L97B CB6OL9A<S FBKABEF< >?4EE<H<>4J<<.

�?S @B89?9= 7?G5B>B7B B5GK9A<S I4D4>F9DAO D4;?<KAO9 BEB59AABEF<, B5GE?B6?9AAO9

4DI<F9>FGDB= E9F< < EC9J<H<>B= A45BD4 84AAOI. &4>, A4 A95B?PL<I < A9E54?4AE<DB64AAOI

A45BD4I 84AAOI 6OCB?A9A<9 @AB7B>D4FAB7B EFD4F<H<J<DB64AAB7B D4;5<9A<S A4 B5GK4RMGR

< F9EFB6GR 6O5BD>< EGM9EF69AAB ;4FDG8A9AB, CBE>B?P>G B8A< < F9 :9 A45?R89A<S, BFABESM<9ES

> E?45B CD98EF46?9AAB@G >?4EEG, CBC484RF 6 5B?PL<AEF6B D4;5<9A<=, KFB @B:9F 6O;64FP >4>

CBF9DR FBKABEF<, F4> < 8<E54?4AE D9;G?PF<DGRM9= @4FD<JO BL<5B>. �DB@9 FB7B, <FB7B64S

QHH9>F<6ABEFP B5GK9A<S K4EFB ;46<E<F BF ECBEB54 D4;@9F><, A45BD4 CD<;A4>B6 < >BAF9>EF4

;484K<. "FK4EF< QF<@ B5NSEASRFES B7D4A<K9A<S BF89?PAOI @9FB8B6 FD4AEH9DAB7B B5GK9A<S, 9E?<

E9FP-8BABD 5O?4 B5GK9A4 A4 84AAOI, ?<LP >BE69AAB E6S;4AAOI E J9?96B= ;484K9= [44].

�4>?RK9A<9

� IB89 CB87BFB6<F9?PAB7B QF4C4 CDB69D>< QHH9>F<6ABEF< D4;?<KAOI 4DI<F9>FGD A9=DBAAOI

E9F9= 6 ;484K9 BCD989?9A<S A4?<K<S <?< BFEGFEF6<S 89CD9EE<< 5O?< CB8B5D4AO BF>DOFO9 A45BDO

84AAOI 8?S B5GK9A<S, CDB6989A E5BD EB5EF69AAOI >?<A<K9E><I 84AAOI, CB87BFB6?9A B5N98<-

A9AAO= A45BD 84AAOI 5B?PLB7B B5N9@4. !4 BEAB6AB@ QF4C9 5O?< CB8B5D4AO E9@P D4;?<KAOI

4DI<F9>FGD < BCF<@4?PAO9 C4D4@9FDO B5GK9A<S 8?S A<I. !4 BEAB69 CB?GK9AAOI D9;G?PF4FB6 >?4E-

E<H<>4J<< A4?<K<S <?< BFEGFEF6<S 89CD9EE<6AB7B D4EEFDB=EF64 5O?< 6O5D4AO 869 4DI<F9>FGDO 4

EEGNet < 86G@9DA4S E69DFBKA4S A9=DBAA4S E9FP, EBEFBSM4S FB?P>B <; E69DFBKAOI E?B96.

%D98ASS FBKABEFP >?4EE<H<>4J<< 89CD9EE<6AB7B D4EEFDB=EF64 A4 F9EFB6B= 6O5BD>9 E <E-

CB?P;B64A<9@ C9D9>D9EFAB= CDB69D>< EBEF46<?4 0.68.

#B?GK9AAO9 84AAO9 6 J9?B@ EB7?4EGRFES E D9;G?PF4F4@<, CD<6989AAO@< 6 ?<F9D4FGD9 8?S

A95B?PL<I A45BDB6 84AAOI c D4;5<6>B= CB C4J<9AF4@. )BFS CB?GK9AA4S 6 84AAB= ;484K9 FBKABEFP

A98BEF4FBKA4 8?S CD4>F<K9E>B7B CD<@9A9A<S @B89?<, A4 BEAB64A<< CD<6989AAOI 6 ?<F9D4FGD9

D9;G?PF4FB6 6B;@B:AB GF69D:84FP >4> B C9DEC9>F<6ABEF< 84?PA9=L<I <EE?98B64A<= 6 A4CD46?9-

A<< CB6OL9A<S QHH9>F<6ABEF< @B89?<, F4> < B A9B5IB8<@BEF< EB;84A<S 8BEF4FBKAB 5B?PLB7B

D9CD9;9AF4F<6AB7B A45BD4 84AAOI C4J<9AFB6 [44, 45].

�A98D9A<R 4?7BD<F@B6 7?G5B>B7B B5GK9A<S 6 >?<A<K9E>GR CD4>F<>G CD9CSFEF6GRF BFEGF-

EF6<9 8BEF4FBKAB 5B?PL<I A45BDB6 84AAOI C4J<9AFB6, 98<ABB5D4;AB7B CB8IB84 > <AF9DCD9F4J<<

8<47ABEF<K9E><I CD<;A4>B6 CE<I<K9E><I D4EEFDB=EF6, A98B69D<9 6D4K95AB7B EBB5M9EF64 < A9D9-

L9AAO9 QF<K9E><9 6BCDBEO CD<@9A9A<S <E>GEEF69AAB7B <AF9??9>F4 6 @98<J<A9 [45].

#9DEC9>F<6G ;A4K<F9?PAB7B G?GKL9A<S D9;G?PF4FB6 6 ;484K4I 8<47ABEF<>< CE<I<K9E><I

;45B?964A<= < Q@BJ<BA4?PAOI D4EEFDB=EF6 E6S;O64RF E 5GDAO@ D4;6<F<9@ AB6OI 4DI<F9>FGD

E9F9=, F4><I >4> FD4AEHBD@9DO < 46FBQA>B89DO, CB 4A4?B7<< E 5OEFDO@ CDB7D9EEB@ 6 ;484K4I

B5D45BF>< 9EF9EF69AAB7B S;O>4, <;B5D4:9A<= < ;6G>4. �DB@9 FB7B, @AB7B 6A<@4A<S G89?S9FES

EB;84A<R @G?PF<@B84?PAOI @B89?9=, ECBEB5AOI D45BF4FP E A9E>B?P><@< <EFBKA<>4@< 84AAOI,

D4;?<K4RM<IES CB EFDG>FGD9 < I4D4>F9D<EF<>4@ [46].

#BE>B?P>G >4K9EF6B B5GK9A<S @B89?< 6 ;A4K<F9?PAB= EF9C9A< BCD989?S9FES >4K9EF6B@

CD98BEF46?9AAOI 84AAOI, B59 ;484K< S6?SRFES 4>FG4?PAO@< 8?S EB;84A<S A489:AOI E<EF9@

CB889D:>< CD<ASF<S D9L9A<= < C9DEBA<H<J<DB64AAB= @98<J<AO.

%C<EB> ?<F9D4FGDO
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Abstract. Purpose of this work is to study the effects of one-day sleep deprivation using the concept of coordination between

brain rhythms as a complex network. The research method is the cross-correlation analysis of non-stationary processes, which

is an extension of fluctuation analysis to the case of two signals. Recordings of electrocorticograms of mice in two states

are considered: before and after sleep deprivation. As a result of the studies carried out, differences have been established

between functional states, the diagnosis and quantitative description of which can be carried out using local scaling exponent.

Conclusion. Additional possibilities for analyzing the complex dynamics of electrical activity of the brain within the framework

of the concept of rhythm coordination are illustrated.
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BJ9A>4 6;4<@B89=EF6<= CD98EF46?SRF EB5B= 4>FG4?PAGR CDB5?9@G 6 E6S;< EB E?B:AB= 8<A4@<>B=

E<EF9@ BD74A<;@4 [7,8], < EB69DL9AEF6B64A<9 EBBF69FEF6GRM97B <AEFDG@9AF4D<S S6?S9FES 64:AB=

;484K9= [9, 10].

$4;6<F<9 E9F96B= H<;<B?B7<< CB;6B?<?B E 8DG7<I CB;<J<= 6;7?SAGFP A4 @AB7<9 CDB5?9@O,

6 K4EFABEF<, A4 <EE?98B64A<S 8<A4@<>< D<F@B6 @B;74. $<F@O <;69EFAO 6 A9D6AB= E<EF9@9 846AB,

AB 8B E<I CBD BEF49FES ;4748>B=, >4><9 5<BH<;<K9E><9 @9I4A<;@O <I CDB<;6B8SF < >4><@ HGA>J<-

S@ BA< E?G:4F. � CBE?98A99 89ESF<?9F<9 CBS6<?BEP @AB7B D45BF, E6S;O64RM<I D<F@O A4 D4;AOI

K4EFBF4I E 6A<@4A<9@ [11], 6BECD<SF<9@ [12], B5GK9A<9@ < C4@SFPR [13, 14], 4 F4>:9 E @BFBDAO@

CB6989A<9@ [15]. �EE?98B64A<S 6 B5?4EF< A9=DBA4G>< FD48<J<BAAB EBED98BFBK9AO A4 <;GK9A<<
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K4EFBFO 79A9D4J<< CBF9AJ<4?B6 89=EF6<S A9=DBA4@< A4 @<>DBGDB6A9, FB784 >4> A4 @4>DBGDB6A9

CDB6B8<FES <;GK9A<9 B5?4EF9= @B;74, GK4EF6GRM<I 6 D9L9A<< D4;?<KAOI ;484K. #D< QFB@ A4@AB7B

@9A99 CBASFAO CD<AJ<CO BD74A<;4J<< E<7A4?B6 5B?99 A<;>B7B GDB6AS 8?S CB?GK9A<S QHH9>FB6,

A45?R849@OI 6 @4>DB8<A4@<>9. $S8 <EE?98B64A<= A4 @<>DBGDB6A9 EBED98BFBK9A A4 CBF9AJ<4?4I

?B>4?PAOI CB?9= < EBBF69FEF6GRM<I 6;4<@B89=EF6<SI @9:8G A9=DBAAO@< >B?954A<S@< [16].

!4 @4>DBE>BC<K9E>B@ GDB6A9 <EE?98B64A<S FD48<J<BAAB D4EE@4FD<64RF >B79D9AFABEFP B8AB7B

< FB7B :9 D<F@4 6 D4;AOI B5?4EFSI @B;74 [17] E B7D4A<K9AAO@< <EE?98B64A<S@< E<AIDBAAB7B

CBS6?9A<S BCD989?9AAOI C4D >BDF<>4?PAOI D<F@B6 [18320].

!9846AB 5O?4 CD98?B:9A4 C4D48<7@4 E9F96OI 6;4<@B89=EF6<= H<;<B?B7<K9E>< ;A4K<@OI

D<F@B6 < B5A4DG:9AO D4;?<KAO9 >?4EEO HBD@ E6S;9=, >BFBDO9 EBEGM9EF6GRF 6B 6D9@S BCD989-

?9AAB7B H<;<B?B7<K9E>B7B EBEFBSA<S < D9BD74A<;GRFES CD< C9D9IB84I @9:8G H<;<B?B7<K9E><@<

EBEFBSA<S@< [21, 22]. � QF<I D45BF4I 5O?B CDB89@BAEFD<DB64AB A4?<K<9 8<A4@<K9E><I E9F9= 6;4-

<@B89=EF6<= @9:8G D<F@4@< @B;74 < CB>4;4AB, KFB H<;<B?B7<K9E><9 EBEFBSA<S A9?P;S CB?ABEFPR

BC<E4FP, EBED98BF4K<64SEP FB?P>B A4 BF89?PAOI D<F@4I < A4 BCD989?9AAOI C4DAOI 6;4<@B-

89=EF6<SI. %B7?4EAB 6O6B84@ 84AAOI <EE?98B64A<=, <@9AAB A9CD9DO6A4S >BBD8<A4J<S @9:8G

6E9@< D<F@4@< @B;74 >4> E?B:AB= E9F< ?9:<F 6 BEAB69 H<;<B?B7<K9E>B= HGA>J<<. #D< QFB@

@<>DB4DI<F9>FGD4 @B8G?SJ<< 6B?AB6OI CDBJ9EEB6 A4 >BDBF><I CDB@9:GF>4I 6D9@9A< A9E9F

64:AGR <AHBD@4J<R B I4D4>F9D9 6;4<@B89=EF6<= D<F@B6. �6FBDO D45BF [21, 22] B5BEAB64?<, KFB

6;4<@B89=EF6<9 @9:8G >4:8B= C4DB= D<F@B6 @B;74 I4D4>F9D<;G9FES BCD989?9AAO@ CDBH<?9@

< 6 EB6B>GCABEF< QF< 6;4<@B89=EF6<S CD98EF46?9AO 4AE4@5?9@ CDBH<?9=, >BFBDO= S6?S9FES

F<C<KAO@ 8?S >BA>D9FAB7B H<;<B?B7<K9E>B7B EBEFBSA<S.

"EAB6O64SEP A4 <89SI, B;6GK9AAOI 6 D45BF4I [21, 22], 6 84AAB= EF4FP9 CDB6B8<FES <E-

E?98B64A<9 QHH9>FB6 >BBD8<A4J<< D<F@B6 @B;74 6 Q>EC9D<@9AF4I A4 @OL4I, CB869D:9AAOI

B8AB8A96AB= 89CD<64J<< EA4. !9E@BFDS A4 FB, KFB >D4F>B6D9@9AAO9 QHH9>FO 89CD<64J<< EA4

A98BEF4FBKAB <;GK9AO CB ED46A9A<R E 8?<F9?PAB= 89CD<64J<9=, BA< F4>:9 CD<6B8SF > <;@9A9A<-

S@ Q?9>FD<K9E>B= 4>F<6ABEF< @B;74 [23]. � EF4FP9 <;GK49FES 6B;@B:ABEFP 6OS6?9A<= <;@9A9A<=

6 >BBD8<A4J<< D<F@B6 A4 BEAB69 6;4<@AB7B >BDD9?SJ<BAAB7B 4A4?<;4, 484CF<DB64AAB7B A4 E?GK4=

A9EF4J<BA4DAB= 8<A4@<>< [24, 25].

1.  9FB8O

1.1. DCCA. 'K<FO64S B7D4A<K9A<S >?4EE<K9E><I 69DBSFABEFAOI @9FB8B6 4A4?<;4 E<7A4?B6

CD< D4EE@BFD9A<< 8<A4@<>< E<EF9@ E @9ASRM<@<ES 6B 6D9@9A< I4D4>F9D<EF<>4@<, 8BEF4FBKAB

CBCG?SDAO@< S6?SRFES CB8IB8O, CD<@9ASRM<9 D4;?<KAO9 64D<4AFO H?G>FG4J<BAAB7B 4A4?<-

;4 [26328]. �I BEAB6A4S BEB59AABEFP ;4>?RK49FES 6 G84?9A<< @98?9AAB= A9EF4J<BA4DABEF<

(FD9A84) <; CDBH<?S E<7A4?4, KFB HBD@4?PAB @B:9F <AF9DCD9F<DB64FPES >4> CDBJ98GD4 E6989A<S

> EF4J<BA4DABEF<. &9@ A9 @9A99 F4>4S CDBJ98GD4 84?9>B A9 6E9784 QHH9>F<6A4, < CD<@9ASFP 99

J9?9EBB5D4;AB CBE?9 CD9864D<F9?PAB= B5D45BF>< 84AAOI, KFB E?98G9F, 6 K4EFABEF<, <; D45BFO [27].

�DG7B= BEB59AABEFPR @9FB8B6 H?G>FG4J<BAAB7B 4A4?<;4 S6?S9FES CBEFDB9A<9 6B;D4EF4RM9=

HGA>J<< 6 ;46<E<@BEF< BF C4D4@9FD4 @4ELF454 6 BF?<K<9 BF EC484RM9= 46FB>BDD9?SJ<BAAB=

HGA>J<<, < QFB B5EFBSF9?PEF6B GCDBM49F 4A4?<; 84?PAB89=EF6GRM<I >BDD9?SJ<=, EA<:4S CB7D9L-

ABEFP CDB6B8<@OI BJ9AB> CB>4;4F9?S E>9=?<A74 [26]. #D< <;GK9A<< 8<A4@<>< H<;<B?B7<K9E><I

E<EF9@ @9FB8O H?G>FG4J<BAAB7B 4A4?<;4 CD<@9ASRFES 8BEF4FBKAB K4EFB, BEB59AAB detrended

fluctuation analysis (DFA) [26], CB;6B?SS CB?GK4FP 8<47ABEF<K9E>< ;A4K<@O9 D9;G?PF4FO.

� D45BF4I [24, 25] 5O?B CD98?B:9AB B5B5M9A<9 H?G>FG4J<BAAB7B 4A4?<;4 A4 E?GK4= 86GI

B8AB6D9@9AAB D97<EFD<DG9@OI E<7A4?B6 8<A4@<K9E>B= E<EF9@O < CD98?B:9A @9FB8 >B?<K9EF69A-

AB7B BC<E4A<S 84?PAB89=EF6GRM<I 6;4<@AOI >BDD9?SJ<= 6 A9EF4J<BA4DAB= 8<A4@<>9 3 @9FB8
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DCCA (detrended cross-correlation analysis). 1FBF @9FB8 CD98GE@4FD<649F CBEFDB9A<9 CDBH<?9= [26]

4A4?<;<DG9@OI E<7A4?B6 xi < x̃i, i = 1, . . . , N :

yk =

k∑

i=1

xi, ỹk =

k∑

i=1

x̃i. (1)

�AB784 CD9864D<F9?PAB BEGM9EF6?S9FES E6989A<9 E<7A4?B6 xi < x̃i > AG?96B@G ED98A9@G
;A4K9A<R [26], AB QFB A9 S6?S9FES B5S;4F9?PAB= CDBJ98GDB= < A9 6?<S9F A4 D9;G?PF4FO 6OK<E?9A<=

6 E6S;< E CBE?98GRM9= 4CCDB>E<@4J<9= < G84?9A<9@ ?B>4?PAB7B FD9A84. #DBH<?< yk < ỹk
D4;5<64RFES A4 E97@9AFO 8?<AO n, >BFBDO9 @B7GF A9 C9D9>DO64FPES, < 6 QFB@ E?GK49 <I K<E?B
M = [N/n], <?< C9D9>DO64FPES, KFB G69?<K<649F >B?<K9EF6B E97@9AFB6 8B M = [(N − n)/∆] + 1,
< FB784 M BCD989?S9FES EF9C9APR C9D9>DOF<S ∆ EBBF69FEF6GRM<I GK4EF>B6. � CD989?4I >4:8B7B

E97@9AF4 BEGM9EF6?S9FES 4CCDB>E<@4J<S ?B>4?PAB7B FD9A84 zk < z̃k, 8?S K97B B5OKAB CDB6B8<FES
?<A9=A4S 4CCDB>E<@4J<S, < D9;G?PF<DGRM<9 ;46<E<@BEF< zk < z̃k CD98EF46?SRF EB5B= >GEBKAB-
?<A9=AO9 HGA>J<<. #B 4A4?B7<< E DFA F4>:9 @B7GF 5OFP D4EE@BFD9AO 64D<4AFO 4CCDB>E<@4J<<

A9?<A9=AO@< HGA>J<S@<.

�;4<@AO9 >BDD9?SJ<< CDBH<?9= yk < ỹk CBE?9 G84?9A<S FD9A84 6OK<E?SRFES EA4K4?4 8?S
<A8<6<8G4?PAOI E97@9AFB6 j

f2
DCCA(n, j) =

1

n

(j−1)∆+n∑

k=1+(j−1)∆

(yk − zk)(ỹk − z̃k), (2)

4 ;4F9@ CDB6B8<FES CDBJ98GD4 GED98A9A<S

F 2
DCCA(n) =

1

M

M∑

j=1

f2
DCCA(n, j). (3)

#D98CB?4749FES, KFB CD< A4?<K<< 84?PAB89=EF6GRM<I 6;4<@AOI >BDD9?SJ<= <EIB8AOI

E<7A4?B6 xi < x̃i, ABESM<I EF9C9AAB= I4D4>F9D, ;46<E<@BEFP FDCCA(n) <@99F 6<8

FDCCA(n) ∼ nλ (4)

< I4D4>F9D<;G9FES CB>4;4F9?9@ E>9=?<A74 λ. �7B 6OK<E?SRF CGF9@ ?<A9=AB= 4CCDB>E<@4J<<

lgFDCCA (lg n). �9?<K<A4 λ CB;6B?S9F H<>E<DB64FP CB?B:<F9?PAO9 EF9C9AAO9 >BDD9?SJ<<
(0.5 < λ < 1), 4AF<>BDD9?SJ<< (0 < λ < 0.5), A9>BDD9?<DB64AAB9 CB6989A<9 (λ = 0.5) < F. 8.
� E?GK49 9E?< 6 >4K9EF69 xi < x̃i 6O5D4FP B8<A < FBF :9 E<7A4?, @9FB8 DCCA CD9B5D4;G9FES
6 5B?99 CDBEFB= CB8IB8 3 DFA. "F@9F<@, KFB 6OK<E?9AAO= CD< QFB@ CB>4;4F9?P E>9=?<A74 λ

E6S;4A E CB>4;4F9?S@<, BC<EO64RM<@< K4EFBFAGR ;46<E<@BEFP HGA>J<< EC9>FD4?PAB= C?BFABEF<

<?< EC48 46FB>BDD9?SJ<BAAB= HGA>J<<. � D45BF9 [24] CD<6B8SFES CD<@9DO CD<@9A9A<S DCCA

> 4A4?<;G E<7A4?B6 Q?9>FD<K9E>B= 4>F<6ABEF< 7B?B6AB7B @B;74 3 Q?9>FDBQAJ9H4?B7D4@@4@, 8?S

>BFBDOI GEF4AB6?9AB A4?<K<9 EF9C9AAOI ;4>BAB@9DABEF9= 6<84 (4).

1.2. 1>EC9D<@9AF4?PAO9 84AAO9. �ECB?P;G9@4S 6 D45BF9 54;4 84AAOI Q>EC9D<@9AFB6,

6OCB?AS6L<IES A4 @OL4I, EB89D:4?4 86GI>4A4?PAO9 ;4C<E< Q?9>FDB>BDF<>B7D4@@ (1�B�), ;4C<-

E4AAOI E ?96B7B < CD46B7B CB?GL4D<= E CB@BMPR 6:<6?9AAOI A4 7?G5<AG 150 @>@ E9D95DSAOI

@<>DBQ?9>FDB8B6 E 8<4@9FDB@ A4>BA9KA<>4 233 @>@. 1>EC9D<@9AFO CDB6B8<?<EP K9D9; 10 8A9=

CBE?9 6:<6?9A<S Q?9>FDB8B6 < 6>?RK4?< ;4C<E< 1�B� 6 EBEFBSA<< B5OKAB7B 5B8DEF6B64A<S <

ED4;G CBE?9 EGFBKAB= 89CD<64J<< EA4, >BFBD4S BEGM9EF6?S?4EP E 20:00 8B 8:00 CB @9FB8G [29, 30].
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%<7A4?O ;4C<EO64?<EP 6 F9K9A<9 2-I K4EB6 E K4EFBFB= 8<E>D9F<;4J<< 2 >�J. !4 QF4C9 CD9864-

D<F9?PAB= B5D45BF>< G84?S?<EP 4DF9H4>FO E CB@BMPR H<?PFD4J<< <?< <E>?RK4?<EP E5B=AO9

GK4EF>< 8?S CB?GK9A<S ED46A<F9?PAB «K<EFOI» ;4C<E9= 1�B�.

�4?99 6O89?S?4EP Q?9>FD<K9E>4S 4>F<6ABEFP, EBBF69FEF6GRM4S BEAB6AO@ K4EFBFAO@ 8<4C4-

;BA4@: 6B?AB6O@ CDBJ9EE4@ 6 8<4C4;BA4I 6B?A 89?PF4 (0.25...4 �J), F9F4 (4...8 �J), 4?PH4 (8...13 �J),

59F4 (13...20 �J) < A<;>B= 74@@4-4>F<6ABEF< (20...30 �J) [31]. % QFB= J9?PR CDB6B8<?4EP CB?BEB-

64S H<?PFD4J<S 6 G>4;4AAOI 8<4C4;BA4I, < CB?GK9AAO9 E<7A4?O <ECB?P;B64?<EP CD< <;GK9A<<

>BBD8<A4J<< D<F@B6 @B;74.

1.3. $9;G?PF4FO. � EBBF69FEF6<< E F9BD9F<K9E><@< BEAB64@< @9FB84 DCCA [24,25] <?<

DFA [26], BJ9A>4 CB>4;4F9?S E>9=?<A74 CDB6B8<FES CD< A4?<K<< EF9C9AAOI ;46<E<@BEF9= 6<84 (4).

&4><9 EF9C9AAO9 ;4>BAB@9DABEF< 8BEF4FBKAB K4EFB 6EFD9K4RFES A4 CD4>F<>9, 6 FB@ K<E?9 CD< 4A4-

?<;9 8<A4@<>< H<;<B?B7<K9E><I E<EF9@. &9@ A9 @9A99 CDBEFB= 6<8 ;46<E<@BEF< lgFDCCA (lg n),
>BFBDO= I4D4>F9D<;G9FES 99 B8<A4>B6O@ A4>?BAB@ A9;46<E<@B BF 8<4C4;BA4 n, A45?R849FES
A9 6E9784, < QFB @B:9F 5OFP E6S;4AB A9 FB?P>B E 8<A4@<>B= E<EF9@O, AB < c 8DG7<@< H4>FBD4@<.

!4CD<@9D, D97<EFD<DG9@O= E Q?9>FDBQAJ9H4?B7D4H4 E<7A4? B5OKAB CDBIB8<F CDBJ98GDG H<?P-

FD4J<< E CB@BMPR H<?PFD4 69DIA<I K4EFBF E K4EFBFB= ED9;4 8B 1 �J. � QFB@ E?GK49 8<4C4;BA

@4ELF45B6 8?S D4EK9F4 ;46<E<@BEF9= (4) 5G89F B7D4A<K9A. �?S <??REFD4J<< D4EE@BFD<@ E?GK4=

4A4?<;4 B8AB7B E<7A4?4 (@9FB8 DFA 6@9EFB DCCA) < EBCBEF46<@ D9;G?PF4FO 8?S <EIB8AB7B E<7A4-

?4 1�B� < 8<A4@<>< BF89?PAOI D<F@B6 (D<E. 1). � C9D6B@ E?GK49 ;46<E<@BEFP lgFDFA (lg n) 5?<;>4
> ?<A9=AB= 6 D4EE@4FD<649@B@ 8<4C4;BA9 @4ELF45B6, 4 8?S 8<A4@<>< BF89?PAOI D<F@B6 69DIASS

7D4A<J4 ?<A9=AB7B GK4EF>4 EA<:49FES E DBEFB@ K4EFBFO D<F@4. %?98G9F B5D4F<FP 6A<@4A<9 A4

64:AB9 B5EFBSF9?PEF6B. % B8AB= EFBDBAO, E>9=?<A7B6O= CB>4;4F9?P DFA E6S;4A E CB>4;4F9?9@

E>9=?<A74 46FB>BDD9?SJ<BAAB= HGA>J<<, >BFBDO=, 6 E6BR BK9D98P, E6S;4A E CB>4;4F9?9@ )ёDEF4 <

HD4>F4?PAB= D4;@9DABEFPR [32]. !B 9E?< ;46<E<@BEFP lgFDFA (lg n) A9 S6?S9FES EFDB7B ?<A9=AB=,
FB 6BCDBE B A4?<K<< F4>B= E6S;< EF4AB6<FES A9BK96<8AO@, 6OS6?SS B7D4A<K9A<S CD<@9AS9@B7B

@9FB84 4A4?<;4. % 8DG7B= EFBDBAO, 9E?< G>4;4AA4S ;46<E<@BEFP BF>?BAS9FES BF ?<A9=AB=, AB

@B:9F 5OFP CD<5?<:9AAB BC<E4A4 (4CCDB>E<@<DB64A4) ?<A9=AB= HGA>J<9= 6 D4EE@4FD<649@B@

8<4C4;BA9 @4ELF45B6, FB 6OK<E?S9@O= ?B>4?PAO= CB>4;4F9?P E>9=?<A74 K4EFB B>4;O649FES CB?9;-

AB= >B?<K9EF69AAB= @9DB=, CB;6B?SRM9= D9L4FP D4;?<KAO9 ;484K< 8<47ABEF<><, 6 FB@ K<E?9

6 A9=DB8<A4@<>9 [33, 34].

1.0 1.5 2.0 2.5
lg n
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0.5
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lg
 F
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ECoG

δ
θ
α
β

$<E. 1. �46<E<@BEF< lgFDFA(lg n) 8?S <EIB8AB7B E<7A4?4
1�B� < BF89?PAOI D<F@B6 (J69F BA?4=A)

Fig. 1. Dependencies lgFDFA(lg n) for original ECoG signal
and individual rhythms (color online)

�4DF<A4, 4A4?B7<KA4S D<E. 1, A45?R84-

9FES < CD< CD<@9A9A<< @9FB84 DCCA > D4;-

?<KAO@ C4D4@ D<F@B6 B8AB= 1�B� (D<E. 2).

� E?GK49 @98?9AAOI D<F@B6 (A4CD<@9D, >BBD-

8<A4J<< 89?PF4-6B?A E 8DG7<@< D<F@<K9E><-

@< CDBJ9EE4@<, D<E. 2, 4) BF>?BA9A<S BF 5?<;-

>B= > ?<A9=AB= ;46<E<@BEF< lgFDCCA (lg n)
A45?R84RFES CD< 5B?99 6OEB><I ;A4K9A<SI

lg n, 4 8?S 5B?99 5OEFDOI D<F@B6 8<4C4;BA
lg n, >BFBDO= @B:9F 5OFP D4EE@BFD9A, EB>D4-
M49FES. 1FB B5EFBSF9?PEF6B E?98G9F GK<FO-

64FP CD< CDB6989A<< D4EK9FB6.

#DB698S CD9864D<F9?PAGR BJ9A>G GK4EF-

>B6 ;46<E<@BEF9= FDCCA(n), >BFBDO9 J9?9-
EBB5D4;AB D4EE@4FD<64FP 8?S >4:8B= C4DO
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δ 3 γ, θ 3α; b 4 pairs θ 3 β, θ 3 γ, α 3 β, α 3 γ, β 3 γ (color online)
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Abstract. The aim of the paper is to obtain a system of nonlinear evolution equations for two coaxial cylindrical shells

containing viscous fluid between them and in the inner shell, as well as numerical modeling of the propagation processes

for nonlinear solitary longitudinal strain waves in these shells. The case when the stress-strain coupling law for the shell

material has a hardening combined nonlinearity in the form of a function with fractional exponent and a quadratic function

is considered. Methods. To formulate the problem of shell hydroelasticity, the Lagrangian3Eulerian approach for recording

the equations of dynamics and boundary conditions is used. The multiscale perturbation method is applied to analyze the

formulated problem. As a result of asymptotic analysis, a system of two evolution equations, which are generalized Schamel3

Korteweg3de Vries equations, is obtained, and it is shown that, in general, the system requires numerical investigation.

The new difference scheme obtained using the Gröbner basis technique is proposed to discretize the system of evolution

equations. Results. The exact solution of the system of evolution equations for the special case of no fluid in the inner shell is

found. Numerical modeling has shown that in the absence of fluid in the inner shell, the solitary deformation waves have

supersonic velocity. In addition, for the above case, it was found that the strain waves in the shells retain their velocity and

amplitude after interaction, i.e., they are solitons. On the other hand, calculations have shown that in the presence of a viscous

fluid in the inner shell, attenuation of strain solitons is observed, and their propagation velocity becomes subsonic.
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Introduction

The studies of the deformation waves’ propagation in elastic structures involve the formulation

and solution of wave dynamics problems for such models of elastic elements as a rod, a plate, and a

shell. Now, such problems in the linear formulation are well enough studied [1]. However, modern

elastic structures can be made of materials with nonlinear physical properties, and work beyond the

linear theory of elasticity, as well. Therefore, the problems of studying the evolution of deformation

waves for nonlinear computational models of elastic elements and, in particular, the possibility of

522

 B7<?96<K �.�., �?<A>B6 2.�., #BCB64 �. �., #BCB6 �. %.

�;69EF<S 6G;B6. #!�, 2024, F. 32, № 4

https://doi.org/10.18500/0869-6632-003115
https://elibrary.ru/ERSUZY
https://doi.org/10.18500/0869-6632-003115
https://elibrary.ru/ERSUZY


the formation of solitary nonlinear waves (solitons) in them that retain their velocity and shape are

relevant [2]. In [3], the Korteweg3de Vries equation for a nonlinear-elastic rod was derived and the

possibility of a solitary longitudinal strain wave (a strain soliton) in it was first substantiated. Later, the

Korteweg3de Vries3Burgers equation for a viscoelastic rod and a plate describing the evolution of strain

solitons in these elastic elements was obtained in [4]. The reviews of the main papers on theoretical and

experimental studies of the evolution of solitary strain waves in nonlinear rods are given in [5,6], and in

the review [7], where, in addition, the studies of solitary strain waves in plates and shells are presented.

Note that the studies on nonlinear wave dynamics of shells are much less than for rods and plates, and

we present below a number of studies for shells that were not included in these reviews. The evolution

equation describing the propagation of nonlinear longitudinal strain waves in a cylindrical Kirchhoff3

Love type shell made of a linear viscoelastic material and operating under the condition of neglecting

rotational inertia was obtained in [8]. It is shown that that equation is the Kadomtsev3Petviashvili3

Burgers equation. In [9], the results of full-scale experiments on excitation, detection, and the study of

the propagation of a volumetric strain soliton in a shell made of polymethyl methacrylate are presented.

The authors also proposed an axisymmetric model of the evolution of volume longitudinal waves in a

nonlinear-elastic cylindrical shell made of Murnaghan material. As a simplification in that model, torsion

and bending are neglected. The numerical simulation of the strain soliton evolution in a nonlinearly

elastic cylindrical shell with varying cross-section and physical properties of the material on the bases

of the development of this model was carried out in [10]. In [11, 12] the evolution of axisymmetric

longitudinal strain waves in a Kirchhoff3Love cylindrical shell surrounded by a generalized nonlinear-

elastic medium, which in particular cases reduces to the Winkler, Pasternak, and Hetenyi models, is

investigated. A nonlinear evolution equation of the sixth order modeling the propagation of these

waves is obtained, and the physical realizability of its partial exact solutions in the form of periodic

and solitary waves is discussed. The study of solitary strain waves in ribbed cylindrical shells made

of incompressible material with physical softening nonlinearity, when the relationship between stress

intensity and strain intensity is given in the form of a power law with a fractional exponent, is presented

in [13,14]. In [13], the authors use the structural anisotropy method to describe the presence of a system

of orthogonal stiffeners rids at the ribreinforced shell, while in [14] they consider a shell with stiffeners

ribs in the form of internal stringers, which are described as beams in contact with its skin. In the first

of these papers [13], the evolutionary equation of longitudinal deformation waves was obtained for the

shell, which is the generalized Schamel equation, and in the second one [14], an evolutionary equation

generalizing the Schamel3Ostrovsky equation was derived. It is shown that these equations have partial

exact solutions in the form of nonlinear solitary longitudinal deformation waves.

Cylindrical shells are used in various engineering structures, and in particular, in pipeline systems

for transportation of fluids. Therefore, the problems of studying the interaction of shells with the

liquid filling them are relevant and associated with the consideration of hydroelasticity problems.

The first studies of wave processes in elastic shell-fluid systems were carried out in a linear formulation.

The papers [15, 16] should be noted among such investigations. Reference [15], the axisymmetric wave

motion of incompressible fluid in a thin elastic cylindrical tube was investigated and the propagation

velocity of the fluid pressure wave was determined for the case of considering the inertia of wall

motion and the forces of viscous friction of the fluid. In [16] the wave pulsating motion of viscous

incompressible fluid in a thin-walled elastic tube of circular cross-section was investigated in relation

to the study of blood motion in vessels. The current state of the research in the field of hydroelasticity

of cylindrical shells is given in [17319]. It should be noted that most of the studies consider an ideal

fluid and discuss problems of linear wave processes in shells. Below we present a number of works

in which the nonlinear questions have been studied. In [20, 21] the propagation of nonlinear solitary

waves in a geometrically nonlinear cylindrical shell filled with an ideal incompressible fluid was studied.

The axisymmetric problem of hydroelasticity was formulated, and using its asymptotic analysis

the Korteweg3de Vries equation for the shell deflection was obtained. The numerical examples
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of calculations of the evolution of solitary waves in a shell are presented for the following cases: absence

of fluid in it, its complete filling with fluid, and the motion in it of a stationary fluid flow with constant

velocity. In [22], an axisymmetric hydroelastic problem is formulated for a geometrically nonlinear

cylindrical shell with structural damping, filled with a viscous incompressible fluid and surrounded by a

generalized Vlasov3Leontiev medium, in which linear and cubic reactions to longitudinal displacement

are presented. Using the perturbation method and considering the creeping motion of the fluid in the

framework of the hydrodynamic theory of lubrication, an evolutionary integro-differential equation for

longitudinal deformation waves in the shell generalizing the Korteweg3de Vries equation is obtained.

The numerical solution of this equation was carried out, which allowed to evaluate the effects of fluid,

structural damping and surrounding elastic medium on the evolution of nonlinear solitary strain waves.

In [23,24], longitudinal solitary strain waves in two coaxial shells with a viscous fluid between them are

investigated. In [23], the inertia of viscous fluid motion in an annular gap is taken into account, and a

system of two generalized modified Korteweg3de Vries3Burgers equations is obtained and numerically

investigated for the shells with structural damping, whose material has a physical law with cubic

nonlinearity and is surrounded by a Winkler elastic medium. In [24], the motion of a viscous fluid in an

annular gap is considered as creeping. The authors obtained and numerically investigated the system of

two generalized Schamel equations for cylindrical shells, the material of which has a law of dependence

of stress on strain and strain intensity with a nonlinear term having a fractional exponent. This study is

further developed in [25] by the case of filling the inner shell with viscous fluid and considering the inertia

of fluid motion in the annular gap between the shells and the circular channel formed by the inner shell.

The proposed study is aimed at studying the evolution of solitary strain waves in two coaxial

cylindrical shells, which material has a combined nonlinear physical law of stress-strain coupling,

forming annular and circular channels filled with viscous incompressible fluid.

1. Derivation of the shell dynamics equations,

the hydroelasticity problem formulation

Let us consider two cylindrical shells made of the same material and having a common longitudinal

axis of symmetry. It is assumed that the entire space in the inner shell and between the shells is filled

with viscous fluid (see Fig. 1). While studying the wave process in the shells, we will accept that they

are infinitely long, i. e., exclude from consideration the reflection of waves from the shells’ ends.

Fig. 1

Along the symmetry axis, we direct the

x-axis of the Cartesian coordinate system xyz,
the center of which is located at the point O
of an arbitrary (initial) cross-section. The center

of the cylindrical coordinate system rθx is at
the same point. Let us study an axisymmetric

wave process the evolution of which occurs in the

positive direction of the x-axis. The radius of the
inner surface of the outer shell is R1, and R2 is

the radius of the outer surface of the inner shell,

then in the unperturbed state the gap between the

shells is · = R1 −R2. The notation of thickness

for the i-th shell as h
(i)
0 , and R

(i) for the radius

of its middle surface is introduced, where i = 1
corresponds to the outer and i = 2 to the inner
shell. Next, we will designate as the upper index

i the parameters corresponding to the i-th shell.
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Let us assume that the shells satisfy the Kirghoff3Love hypotheses and write the equations of

their dynamics according to [26] considering the load on the shells from the side of the viscous fluid

∂N
(i)
x

∂x
= ρ0h

(i)
0

∂2U (i)

∂t2
−

(

q(i)x +U (i)∂q
(i)
x

∂x
−W (i)∂q

(i)
x

∂r
+(i−1)

(

qcirx +U (i)∂q
cir
x

∂x
−W (i)∂q

cir
x

∂r

)

)∣

∣

∣

∣

∣

R(i)

,

∂2M
(i)
x

∂x2
+

∂

∂x

(

∂W (i)

∂x
N (i)

x

)

+
1

R(i)
N

(i)
θ = ρ0h

(i)
0

∂2W (i)

∂t2
− (1)

−
(

(−1)i−1

(

qn + U (i)∂qn
∂x

−W (i)∂qn
∂r

)

+ (i− 1)

(

qcirn + U (i)∂q
cir
n

∂x
−W (i)∂q

cir
n

∂r

))∣

∣

∣

∣

R(i)

, i = 1, 2.

The following notations are adopted in equations (1): M
(i)
x is the bending moment in the middle

surface element of the i-th shell, N
(i)
x , N

(i)
θ are the normal forces, along the corresponding axes x and θ,

of the middle surface element of the i-th shell, W (i) is the displacement of the middle surface element

along the normal (deflection) of the i-th shell, the positive direction of which is taken to the center of
curvature of the shell, U (i) 4 longitudinal displacement of the middle surface element of the i-th shell,

q
(i)
x , qn are the tangential and normal stresses of the viscous fluid between the shells, q

cir
x , q

cir
n are the

tangential and normal stresses of the viscous fluid filling the inner shell, t is the time, ρ0 is the density
of the shell material.

Moment M
(i)
x and normal forces N

(i)
x , N

(θ)
x are defined as [26]

M (i)
x =

∫ h
(i)
0 /2

−h
(i)
0 /2
Ã(i)x zdz,N (i)

x =

∫ h
(i)
0 /2

−h
(i)
0 /2
Ã(i)x dz,N

(i)
θ =

∫ h
(i)
0 /2

−h
(i)
0 /2
Ã
(i)
θ dz, (2)

where Ã
(i)
x , Ã

(i)
θ are the normal stresses, along the corresponding x and θ axes, in the element of the i-th

shell, z is the local coordinate normal to the middle surface of the i-th shell.
To represent equations (1) in displacements, it is necessary to specify the physical law relating

stresses and deformations in the shell material. In the case of physically nonlinear material, to

approximate experimentally determined diagrams of its deformation, nonlinear power dependences

are used: quadratic, cubic or fraction exponents, as well as their combinations [27]. For example,

the case of the physical law with softening fractional exponent or combined softening quadratic and

fractional exponent nonlinearity was studied in [13, 14] for synthetic incompressible materials based

on epoxy resins. Such an approximation allows to reflect the fact of limitation of stress growth with

strain growth. In the proposed study, we use an approximation of a physical law with the hardening

combined nonlinearity in the form of sum quadratic and fractional exponent function. This allows us to

reflect the effect of material hardening, i.e. the presence of nonlinear stress growth with strain growth in

stress-strain diagrams. For example, such behavior is characteristic of biotissues such as skin and blood

vessels of animals and human circulatory systems [28]. According to the above, let us write down the

relationship between the components of the stress tensor Ãx, Ãθ and the components of the strain tensor

εx, εθ and strain intensity εu according to [29] as follows

Ã(i)x =
E

1− µ20

[(

ε(i)x + µ0ε
(i)
θ

){

1 +
m

E
ε(i)

1/2

u +
m2

E
ε(i)u

}]

,

Ã
(i)
θ =

E

1− µ20

[(

µ0ε
(i)
x + ε

(i)
θ

){

1 +
m

E
ε(i)

1/2

u +
m2

E
ε(i)u

}]

,

ε(i)u =

√
3

1 + µ0

[

µ1

(

ε(i)
2

x + ε
(i)2

θ

)

− µ2ε(i)x ε
(i)
θ

]1/2
,

µ1 =
1

3

[

1 +
µ0

(1− µ0)
2

]

, µ2 =
1

3

[

1−
2µ0

(1− µ0)
2

]

.

(3)
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In expressions (3) E is Young’s modulus, µ0 is Poisson’s ratio of the shell material; m, m2

are considered as positive material constants having the dimension of stresses and determined from

tensile-compression experiments of nonlinear-elastic shell material [30]. The coefficients µ1, µ2 reflect

the fact of compressibility of the material, which is characteristic for biotissues [28]. If we consider

incompressible material, for example, synthetic materials based on epoxy resins, we can put µ0 = 1/2
(in this case µ1 = −µ2 = 1) and m < 0, m2 = 0 or m < 0, m2 < 0 similarly [13, 14].

We assume that the deformations and elastic displacements of the i-th shell are related to each
other as [25]

ε(i)x =
∂U (i)

∂x
− z

∂2W (i)

∂x2
, ε

(i)
θ = −

W (i)

R(i)
− z

W (i)

R(i)2
, −h

(i)
0 /2 ⩽ z ⩽ h

(i)
0 /2. (4)

Let us substitute (3), (4) into (2), and after that into (1), bearing in mind [25], where the validity

of considering the intensity of deformations on the shell’s middle surface, i. e. z = 0, was shown.
As a result, we obtain the equations of dynamics of the considered coaxial shells, which material has a

physical law with combined fractional-quadratic nonlinearity, written in displacements

Eh
(i)
0

1−µ20

∂

∂x

〈

∂U (i)

∂x
− µ0

W (i)

R(i)
+

[

∂U (i)

∂x
− µ0

W (i)

R(i)

]







m

E

( √
3

1+µ0

)1/2


µ1





(

∂U (i)

∂x

)2

+

(

W (i)

R(i)

)2


+

+ µ2
∂U (i)

∂x

W (i)

R(i)

]1/4

+
m2

E

√
3

1 + µ0



µ1





(

∂U (i)

∂x

)2

+

(

W (i)

R(i)

)2


+ µ2
∂U (i)

∂x

W (i)

R(i)





1/2










〉

=

= ρ0h
(i)
0

∂2U (i)

∂t2
−

(

q(i)x + U (i)∂q
(i)
x

∂x
−W (i)∂q

(i)
x

∂r
+ (i− 1)

(

qcirx + U (i)∂q
cir
x

∂x
−W (i)∂q

cir
x

∂r

)

)∣

∣

∣

∣

∣

R(i)

,

Eh
(i)
0

12
(

1− µ20
)

∂2

∂x2

〈

−
h
(i)2
0

12

(

∂2W (i)

∂x2
+ µ0

W (i)

R(i)2

)〉

+
Eh0
1− µ20

∂

∂x

〈

∂W (i)

∂x

[

∂U (i)

∂x
− µ0

W (i)

R(i)
+

+

[

∂U (i)

∂x
− µ0

W (i)

R(i)

]











m

E

( √
3

1 + µ0

)1/2


µ1





(

∂U (i)

∂x

)2

+

(

W (i)

R(i)

)2


+ µ2
∂U (i)

∂x

W (i)

R(i)





1/4

+

+
m2

E

√
3

1+µ0



µ1





(

∂U (i)

∂x

)2

+

(

W (i)

R(i)

)2


+µ2
∂U (i)

∂x

W (i)

R(i)





1/2
















〉

+
Eh

(i)
0

1−µ20

1

R(i)

〈

µ0
∂U (i)

∂x
−

W (i)

R(i)
+

+

[

µ0
∂U (i)

∂x
−

W (i)

R(i)

]











m

E

( √
3

1 + µ0

)1/2


µ1





(

∂U (i)

∂x

)2

+

(

W (i)

R

)2


+ µ2
∂U (i)

∂x

W (i)

R





1/4

+

+
m2

√
3

E(1 + µ0)



µ1





(

∂U (i)

∂x

)2

+

(

W (i)

R(i)

)2


 +µ2
∂U (i)

∂x

W (i)

R(i)

]1/2






〉

= ρ0h
(i)
0

∂2W (i)

∂t2
−

−
(

(−1)i−1

(

qn + U (i)∂qn
∂x

−W (i)∂qn
∂r

)

+ (i− 1)

(

qcirn + U (i)∂q
cir
n

∂x
−W (i)∂q

cir
n

∂r

)∣

∣

∣

∣

R(i)

, i = 1, 2.

(5)

Note that in (1), (5) the right-hand sides, i. e., the load on the shells, represent the tangential and

normal stresses of a viscous incompressible fluid written in the Lagrangian3Eulerian approach [31].

The load is carried on the undisturbed middle surfaces of the shells, as is common in hydroelasticity
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problems [32]. The expressions for q
(i)
x , qn and qcirx , q

cir
n on the unperturbed middle surfaces of the

shells are written in the Euler approach as [25]

q(i)x = −ρν
(

∂Vx

∂r
+

∂Vr

∂x

)

at r = R
(i)
ν , q(i)n = −p+ 2ρν

∂Vr

∂r
at r = R

(i)
ν . (6)

Here we have in mind that that expressions for qcirx , q
cir
n coincide with (6) at i = 2. In the case the

physical properties of the fluid in the annular gap and the inner shell are different, then assuming in (6)

i = 2, we also denote the density and kinematic viscosity of the fluid in the inner shell as ρc and νc.
To determine (6) together with (5) it is necessary to consider the equations of dynamics of a

viscous incompressible fluid between the shells and in the inner shell, which for the axisymmetric case

have the form [33]

∂Vr

∂t
+ Vr

∂Vr

∂r
+ Vx

∂Vr

∂x
+

1

ρ

∂p

∂r
= ν

(

∂2Vr

∂r2
+

1

r

∂Vr

∂r
+

∂2Vr

∂x2
−

Vr

r2

)

∂Vx

∂t
+ Vr

∂Vx

∂r
+ Vx

∂Vx

∂x
+

1

ρ

∂p

∂x
= ν

(

∂2Vx

∂r2
+

1

r

∂Vx

∂r
+

∂2Vx

∂x2

)

,
1

r

∂

∂r
(rVr) +

∂Vx

∂x
= 0.

(7)

where Vx, Vr are the projections of the fluid velocity on the axes of the cylindrical coordinate system, p
is the pressure in the fluid, ρ is the fluid density, ν is the kinematic viscosity coefficient.

Let us supplement (7) with boundary no-slip conditions at the shell’s surfaces for the fluid

between the shells (annular cross-section channel) and in the inner shell (circular cross-section channel).

For the channel of annular cross-section, these conditions have the following form

Vx + U (i)∂Vx

∂x
−W (i)∂Vx

∂r
=

∂U (i)

∂t
,

Vr + U (i)∂Vr

∂x
−W (i)∂Vr

∂r
= −

∂W (i)

∂t
at r = Ri −W (i), i = 1, 2.

(8)

For the channel of circular cross-section, we use (8) at r =
(

Ri − h
(i)
0

)

− W (i) and i = 2.

In addition, we use the conditions for the velocity components at the symmetry axis of the viscous fluid

in the inner shell, which are justified and formulated in [25] by Mogilevich L. I. in the following form

rVr = 0, r
∂Vx

∂r
= 0 at r = 0. (9)

2. Asymptotic analysis of the hydroelasticity problem,

system of evolution equations

Considering the wave process in shells, we assume that the following relations take place

h
(i)
0

R(i)
= ε � 1,

R(i)2

l2
= O

(

ε1/2
)

,
wm

h
(i)
0

= O(1),

um
l

R(i)

h
(i)
0

= O(1),
m

E
= O(1),

m2

E
= O

(

ε−1/2
)

,

(10)

and use dimensionless variables

W (i) = wmu
(i)
3 , U (i) = umu

(i)
1 , x∗ = x/l, t∗ = tc0/l, r∗ = r/R(i), (11)
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where c0 =
√

E
/

(ρ0(1− µ20)) is the sound speed in the shell material, l is the wavelength taken as
a characteristic linear scale, um, wm are characteristic scales of elastic displacements of shells, ε is a
small parameter of the problem.

Let us analyze equations (5) by perturbation method [34] considering asymptotic expansions of

elastic displacement functions of shells

u
(i)
1 = u

(i)
10 + ε1/2u

(i)
11 + . . . , u

(i)
3 = u

(i)
30 + ε1/2u

(i)
31 + . . . (12)

and introducing new independent variables ξ and Ä

ξ = x∗ −
√

1− µ20t
∗, Ä = ε1/2t∗. (13)

Writing (5) in dimensionless form taking into account (10)3(13) and restricting to the first term

in (12) we have the system (zero approximation by ε)

∂

∂ξ

〈

∂u
(i)
10

∂ξ
− µ0u30

〉

=
(

1− µ20
) ∂2u

(i)
10

∂ξ2
, µ0

∂u
(i)
10

∂ξ
= u

(i)
30 , i = 1, 2 (14)

and restricting by the first two terms in (12) and bearing in mind the second equation (14), we obtain

the system (first approximation by ε)

∂

∂ξ

〈

µ0

(

µ0
∂u

(i)
11

∂ξ
− u

(i)
31

)

+
m

E

( √
3

1 + µ0

)1/2
(

1− µ20
) (

µ1 + µ2µ0 + µ1µ
2
0

)1/4

(

∂u
(i)
10

∂ξ

)3/2

+

+
m2

E
ε1/2

√
3

1 + µ0

(

1− µ20
) (

µ1 + µ2µ0 + µ1µ
2
0

)1/2

(

∂u
(i)
10

∂ξ

)2〉

+ 2
√

1− µ20
∂2u

(i)
10

∂ξ∂Ä
=

= −
l

ε3/2ρ0h
(i)
0 c20

(

q(i)x + (i− 1)qcirx

)

∣

∣

∣

∣

∣

R(i)

, (15)

µ0
∂u

(i)
11

∂ξ
− u

(i)
31 − µ0

(

1− µ20
) 1

ε1/2

(

R(i)

l

)2
∂3u

(i)
10

∂ξ3
=

= −
R(i)

ε3/2ρ0h
(i)
0 c20

(

(−1)i−1q(i)n + (i− 1)qcirn

)

∣

∣

∣

∣

∣

R(i)

, i = 1, 2.

Let us consider the system (14) and substitute the deflection from the second equation into

the first one, resulting in the identity. Hence, the longitudinal displacement is an arbitrary function.

In addition, we note that the first term of the expansion (12) corresponds to a linear wave process

evolving at the sound speed in the shell material. The consideration of the second term allows to obtain

the additive due to a nonlinear wave process.
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Considering the system (15) we exclude from it u11, u31 as a result we obtain

∂2u
(i)
10

∂ξ∂Ä
+

m

E

( √
3

1 + µ0

)1/2
3

4

√

1− µ20
(

µ1 + µ2µ0 + µ1µ
2
0

)1/4

∣

∣

∣

∣

∣

∂u
(i)
10

∂ξ

∣

∣

∣

∣

∣

1/2
∂2u

(i)
10

∂ξ2
+

+
m2

E
ε1/2

√
3

1 + µ0

√

1− µ20
(

µ1 + µ2µ0 + µ1µ
2
0

)1/2 ∂u
(i)
10

∂ξ

∂2u
(i)
10

∂ξ2
+
µ20
√

1− µ20
2

∂4u
(i)
10

∂ξ4
=

= −
1

2
√

1−µ20

l

ε3/2ρ0h
(i)
0 c20

[

q(i)x + (i−1)qcirx − µ0ε1/4
∂
(

(−1)i−1qn + (i−1)qcirn

)

∂ξ

]

R(i)

, i = 1, 2.

(16)

The equations of system (16) are the generalizations of the Schamel3Korteweg3de Vries equation

for longitudinal deformation ∂u
(i)
10/∂ξ. Note that the exclusion of the fluid between the shells and in

the inner shell is equivalent to assuming q
(i)
x = qn = qcirx = qcirn = 0. In this case, the system (16)

decomposes into two independent Schamel3Korteweg3de Vries equations for the outer and inner shells.

To determine qix, qn, q
cir
x , q

cir
n , we analyze asymptotically the equations of fluid dynamics (7)3(9)

between the shells and in the inner shell similarly [25]. For this purpose, for the fluid between the shells

(annular channel) we introduce dimensionless variables of the following form

Vr = h
(i)
0

c0
l
vr, Vx = h

(i)
0

c0
·
vx, r∗ =

r −R(2)

·
, t∗ =

c0
l
t, x∗ =

x

l
, p =

ρνc0lh
(i)
0

·3
P, (17)

and for the fluid in the inner shell (circular channel) we use the following dimensionless variables

Vr = h
(i)
0

c0
l
vr, Vx = h

(i)
0

c0

R(2)
vx, r∗ =

r

R(2)
, t∗ =

c0
l
t, x∗ =

1

l
x, p =

ρcνcc0lh
(i)
0

R(2)3
P. (18)

We assume that in the considered formulation for the annular channel the following relations take

place

ψ =
·

R(2)
= ε1/2, ¼ =

h
(i)
0

·
= ε1/2,

h
(i)
0

R(i)
= ε,

h
(i)
0

l
= ε5/4,

·

l
= ε3/4, (19)

and for the channel of circular cross-section we suppose

R(2)

l
= ψc = O

(

ε1/4
)

, ¼c =
h
(i)
0

R(2)
= ε. (20)

Then passing in (6)3(9) to dimensionless variables (17) or (18) taking into account (19) or (20),

for channels of the corresponding cross-section, we consider the following asymptotic expansions

P = P 0 + ε1/2P 1 + ..., vr = v0r + ε1/2v1r + ..., vx = v0x + ε1/2v1x + .... (21)

Restricting in (21) by the first term, we obtain linearized problems of viscous fluid dynamics in

the corresponding channel.

For the channel of annular cross-section, the hydrodynamic equations will take the form of

∂P 0

∂r∗
= 0,

·

l

·c0
ν

∂v0x
∂t∗

+
∂P 0

∂x∗
=

∂2v0x
∂r∗2

,
∂v0r
∂r∗

+
∂v0x
∂x∗

= 0, (22)

with boundary conditions

v0r = −
∂u

(1)
3

∂t∗
, v0x = 0 at r∗ = 1, v0r = −

∂u
(2)
3

∂t∗
, v0x = 0 at r∗ = 0. (23)
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For the channel of circular cross-section the hydrodynamic equations will be written as

∂P 0

∂r∗
= 0, ψc

R3c0
νc

∂v0x
∂t∗

+
∂P 0

∂x∗
=

1

r∗
∂

∂r∗

(

r∗
∂v0x
∂r∗

)

,
1

r∗
∂

∂r∗
(

r∗v0r
)

+
∂v0x
∂x∗

= 0, (24)

with boundary conditions

r∗v0r = r∗
∂v0x
∂r∗

= 0 at r∗ = 0, v0r = −
∂u

(2)
3

∂t∗
, v0x =

∂u
(2)
1

∂t∗
at r∗ = 1. (25)

The expressions for q
(i)
x , qn, q

cir
x , q

cir
n will be written as

q(i)x = −ρν
h
(i)
0 c0
·2

∂v0x
∂r∗

,

qn = −
ρνc0lh

(i)
0

·3
P 0 at r∗ = 1 (for i = 1 ) or (for i = 2 ) at r∗ = 0,

(26)

qcirx = −¼c
νc

R(2)c0
ρcc

2
0

∂v0x
∂r∗

, qcirn = −
¼c

ψc

νc

R(2)c0
ρcc

2
0P

0 at r∗ = 1. (27)

The solution of problems (22)3(25) by the iteration method was carried out in [25] and the

pressure P 0 and velocity gradients ∂v0x/∂r
∗ were determined. The expressions for these quantities in

the annular channel are as follows

P 0 =

∫

[

12
√

1− µ20
(

u
(1)
30 − u

(2)
30

)

−
6

5
Re
(

1− µ20
)

(

∂u
(1)
30

∂ξ
−

∂u
(2)
30

∂ξ

)]

dξ,

∂v0x
∂r∗

= (2r∗ − 1)

[

6
√

1− µ20
(

u
(1)
30 − u

(2)
30

)

−
Re

10

(

1− µ20
)

(

∂u
(1)
30

∂ξ
−

∂u
(2)
30

∂ξ

)]

, Re =
·

l

·c0
ν

(28)

consequently

∂P 0

∂ξ
=

[

12
√

1− µ20
(

u
(1)
30 − u

(2)
30

)

−
6

5
Re
(

1− µ20
)

(

∂u
(1)
30

∂ξ
−

∂u
(2)
30

∂ξ

)]

,

∂v0x
∂r∗

∣

∣

∣

∣

r∗=1

= 6
√

1− µ20
(

u
(1)
30 − u

(2)
30

)

−
Re

10

(

1− µ20
)

(

∂u
(1)
30

∂ξ
−

∂u
(2)
30

∂ξ

)

,

∂v0x
∂r∗

∣

∣

∣

∣

r∗=0

= −
∂v0x
∂r∗

∣

∣

∣

∣

r∗=1

.

(29)

For a channel of circular cross-section in [25] it is defined that

∂P 0

∂ξ
=
√

1− µ20

[

8

(

2u
(2)
30 −

∂u
(2)
10

∂ξ

)

−
1

3
ψc

R(2)c0
νc

(

8
∂u

(2)
30

∂ξ
−

∂2u
(2)
10

∂ξ2

)

√

1− µ20

]

,

∂vx
∂r∗

∣

∣

∣

∣

r∗=1

=
√

1− µ20

[

4

(

2u
(2)
30 −

∂u
(2)
10

∂ξ

)

−
1

6
ψc

R(2)c0
νc

(

2
∂u

(2)
30

∂ξ
−

∂2u
(2)
10

∂ξ2

)

√

1− µ20

]

.

(30)

Then, using u
(i)
30 = µ0∂u

(i)
10/∂ξ (the second equation of (14)), (26)3(30), considering the smallness

of parameters ψ, ¼, ψE, ¼E and assuming R
(1) = R(2) ≈ R, h

(1)
0 = h

(2)
0 ≈ h0, we determine the right
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parts of the equations system (16) and obtain the system of evolutionary equations of the following form

∂2u
(1)
10

∂ξ∂Ä
+

m

E

3

4

√

1− µ20

( √
3

1 + µ0

)1/2
(

µ1 + µ2µ0 + µ1µ
2
0

)1/4

∣

∣

∣

∣

∣

∂u
(1)
10

∂ξ

∣

∣

∣

∣

∣

1/2
∂2u

(1)
10

∂ξ2
+

+
m2

√
3

E(1 + µ0)
ε1/2

√

1− µ20
(

µ1 + µ2µ0 + µ1µ
2
0

)1/2 ∂u
(1)
10

∂ξ

∂2u
(1)
10

∂ξ2
+
µ20
√

1− µ20
2

∂4u
(1)
10

∂ξ4
=

= −6µ20
ρl

ρ0h0

ν

Rc0ε1/2

(

R

·

)3
[(

∂u
(1)
10

∂ξ
−

∂u
(2)
10

∂ξ

)

(

1−
1

2

·

µ0R

)

−

−
1

10
Re
√

1− µ20

(

∂2u
(1)
10

∂ξ2
−

∂2u
(2)
10

∂ξ2

)

(

1−
1

12

·

µ0R

)

]

.

(31)

∂2u
(2)
10

∂ξ∂Ä
+

m

E

3

4

√

1− µ20

( √
3

1 + µ0

)1/2
(

µ1 + µ2µ0 + µ1µ
2
0

)1/4

∣

∣

∣

∣

∣

∂u
(2)
10

∂ξ

∣

∣

∣

∣

∣

1/2
∂2u

(2)
10

∂ξ2
+

+
m2

√
3

E(1 + µ0)
ε1/2

√

1− µ20
(

µ1 + µ2µ0 + µ1µ
2
0

)1/2 ∂u
(2)
10

∂ξ

∂2u
(2)
10

∂ξ2
+
µ20
√

1− µ20
2

∂4u
(2)
10

∂ξ4
=

= −6µ20
ρl

ρ0h0

ν

Rc0ε1/2

(

R

·

)3
[(

∂u
(2)
10

∂ξ
−

∂u
(1)
10

∂ξ

)

(

1−
1

2

·

µ0R

)

−

−
1

10
Re
√

1− µ20

(

∂2u
(2)
10

∂ξ2
−

∂2u
(1)
10

∂ξ2

)

(

1−
1

12

·

µ0R

)

]

−

−
1

2
√

1− µ20

l

ε1/2ρ0h0c20

{

νc

Rc0
ρcc

2
04
√

1− µ20 [1− 2µ0]
2 ∂u

(2)
10

∂ξ
−

−
R

l
ρcc

2
0

1

6

(

1− µ20
)

[

(1− 2µ0)
2 + 12µ20

] ∂2u
(2)
10

∂ξ2

}

.

Note that the obtained system, in the case of exclusion of the fluid from consideration, i. e., when

the right-hand sides are equal to zero, and when m2 = 0, decomposes into two independent Schamel
equations. These equations for the case of incompressible material, when µ0 = 1/2, 4 µ1 = −µ2 = 1,
and m < 0 coincide with the equation obtained in [14], for the shell with internal stringers and skin
made of incompressible material with softening fractional physical nonlinearity, with the height of

stringers equal to zero.

3. Numerical modeling of the solitary strain waves evolution in coaxial shells

Let us represent the system of evolution equations (31) in the form of

3
(1)
t + 6³0

∣

∣

∣
3(1)

∣

∣

∣

1/2
3
(1)
η + 6³13

(1)3
(1)
η + 3

(1)
ηηη + Ã0

(

3(1) − 3(2)
)

− Ã1
(

3
(1)
η − 3(2)η

)

= 0,

3
(2)
t + 6³0

∣

∣

∣3(2)
∣

∣

∣

1/2
3
(2)
η + 6³13

(2)32η + 3
(2)
ηηη + (32)

+Ã0

(

3(2) − 3(1)
)

− Ã1
(

3
(2)
η − 3(1)η

)

+ Ã23
(2) − Ã33

(2)
η = 0
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by introducing the following notations

∂u
(1)
10

∂ξ
= c33

(1),
∂u

(2)
10

∂ξ
= c33

(2), η = c1ξ, t = c2Ä, Ã0 = 6µ20
ρl

ρ0h0

(

R

·

)2
ν

·c0

1

ε1/2

(

1−
·

2µ0R

)

1

c2
,

Ã1 = 6µ20
ρ·

ρ0h0

(

R

·

)2 1

ε1/2

√

1− µ20
10

(

1−
·

12µ0R

)

c1
c2
, Ã2 =

ρcl

ρ0h0

νc

ε1/2Rc0
2 (1− 2µ0)

2 1

c2
,

Ã3 =
ρcR

ρ0h0

1

ε1/2

√

1− µ20
12

[

(1− 2µ0)
2 + 12µ20

] c1
c2

(33)

where

c3 =

[

3

4

m

m2ε1/2
1

(√
3/(1 + µ0)

)1/2 (
µ1 + µ2µ0 + µ1µ20

)1/4

]2

,

c1 =

[

c3
3µ20

m2

E
ε1/2

√
3

1 + µ0

(

µ1 + µ2µ0 + µ1µ
2
0

)1/2

]1/2

,

c2 =

[

c3c1
6

m2

E
ε1/2

√

1− µ20

√
3

1 + µ0

(

µ1 + µ2µ0 + µ1µ
2
0

)1/2

]

.

The subscript letters in the system (32) denotes the corresponding partial derivative, and the

system describes the evolution of longitudinal nonlinear deformation waves in the considered shells.

If we put ³0 = 0, we pass to the system of generalized Korteweg3de Vries equations, at ³1 = 0 we
obtain the system of generalized Schamel equations, and at ³0 = ³1 = 1 we obtain the system of
generalized Schamel3Korteweg3de Vries equations.

In the general case, system (32) has no exact solution and requires numerical solution. However,

we note that in the special case when the fluid in the inner shell is excluded from consideration, i. e.,

when Ã2 = Ã3 = 0, the system of equations (32) has an exact solution in the form of a solitary wave

3(1)(t, η) = 3(2)(t, η) =
25

4
k4

(

³0 +

√

³20 +
25

8
k2³1ch(k(η− 4k2t))

)

−2

. (34)

In this solution, k is the wave number, which is arbitrary. The above exact solution can be used

as an initial condition in the numerical solution of the system of evolution equations (32) by assuming

t = 0 in (34) and taking ³0 = ³1 = 1. In this approach, the following options can be considered:

3 at the initial moment of time, the solitary wave with the same wave number is excited in each of

the shells

3(1)(0, η) = 3(2)(0, η) =
25

4
k4

(

1 +

√

1 +
25

8
k2ch(kη)

)

−2

; (35)

3 at the initial moment of time the solitary wave is excited only in the outer shell

3(1)(0, η) =
25

4
k4

(

1 +

√

1 +
25

8
k2ch(kη)

)

−2

, 3(2)(0, η) = 0. (36)
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In addition, we can consider the excitation at the initial time moment of two waves with different

wave numbers, i.e., with different velocities and amplitudes, in each of the shells. In this case, the initial

conditions for the first solitary wave in the outer and inner shells are given as

3(1)(0, η) = 3(2)(0, η) =
25

4
k41

(

1 +

√

1 +
25

8
k21ch(k1η)

)

−2

, (37)

and for the second wave in the outer and inner shells we set in the form

3(1)(0, η) = 3(2)(0, η) =
25

4
k42

(

1 +

√

1 +
25

8
k22ch(k2η)

)

−2

. (38)

Here k1, k2 are the wave numbers corresponding to the first and second solitary waves excited in each

of the shells.

To realize the numerical solution for the system of nonlinear evolution equations (32), we used

the approach of generating new difference schemes for discretization of partial derivative equations

using the Gröbner basis technique [35, 36]. The sequence of obtaining the difference scheme, checking

its adequacy and stability is similar to [25], and the obtained new difference scheme for the system of

generalized Schamel3Korteweg3de Vries equations (32), i. e., when ³0 = ³1 = 1, has the following

form

u
(1)n+1

j − u
(1)n

j

Ä
+ 4

(u
(1)3/2

n+1

j+1 − u
(1)3/2

n+1

j−1 ) + (u
(1)3/2

n

j+1 − u
(1)3/2

n

j−1 )

4h
+

+ 3
(u

(1)2
n+1

j+1 − u
(1)2

n+1

j−1 ) + (u
(1)2

n

j+1 − u
(1)2

n

j−1)

4h
+

(u
(1)n+1

j+2 − 2u
(1)n+1

j+1 + 2u
(1)n+1

j−1 − u
(1)n+1

j−2)

4h3
+

+
(u

(1)n

j+2 − 2u
(1)n

j+1 + 2u
(1)n

j−1 − u
(1)n

j−2)

4h3
+ Ã0





u
(1)n+1

j + u
(1)n

j

2
−

u
(2)n+1

j + u
(2)n

j

2



−

− Ã1





(u
(1)n+1

j+1− u
(1)n+1

j−1) + (u
(1)n

j+1− u
(1)n

j−1)

4h
−

(u
(2)n+1

j+1− u
(2)n+1

j−1) + (u
(2)n

j+1− u
(2)n

j−1)

4h



= 0,

(39)

u
(2)n+1

j − u
(2)n

j

Ä
+ 4

(u
(2)3/2

n+1

j+1 − u
(2)3/2

n+1

j−1 ) + (u
(2)3/2

n

j+1 − u
(2)3/2

n

j−1 )

4h
+

+ 3
(u

(2)2
n+1

j+1 − u
(2)2

n+1

j−1 ) + (u
(2)2

n

j+1 − u
(2)2

n

j−1)

4h
+

(u
(2)n+1

j+2 − 2u
(2)n+1

j+1 + 2u
(2)n+1

j−1 − u
(2)n+1

j−2)

4h3
+

+
(u

(2)n

j+2 − 2u
(2)n

j+1 + 2u
(2)n

j−1 − u
(2)n

j−2)

4h3
+ Ã0





u
(2)n+1

j + u
(2)n

j

2
−

u
(1)n+1

j + u
(1)n

j

2



−

− Ã1





(u
(2)n+1

j+1 − u
(2)n+1

j−1) + (u
(2)n

j+1 − u
(2)n

j−1)

4h
−

(u
(1)n+1

j+1 − u
(1)n+1

j−1) + (u
(1)n

j+1 − u
(1)n

j−1)

4h



+

+ Ã2
u
(2)n+1

j + u
(2)n

j

2
− Ã3

(u
(2)n+1

j+1 − u
(2)n+1

j−1) + (u
(2)n

j+1 − u
(2)n

j−1)

4h
= 0.
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Here we denote the grid mesh steps by Ä = tn+1 − tn, h = ηj+1 − ηj and introduce the grid functions

u
(1)n

j = 3(1) (tn, ηj) , u
(2)n

j = 3(2) (tn, ηj), where 3
(1) (tn, ηj) ,3

(2) (tn, ηj) are the grid values of the

functions 3(1)(t, η),3(2)(t, η).

The software implementation of the difference scheme (39) requires linearization of the nonlinear

grid power functions with exponent 3/2 and 2 for the next time layer. To implement this procedure, the

following computational relations are proposed

ν
3/2
k+1 = ν

3/2
k+1 − ν

3/2
k + ν

3/2
k =

(

ν
1/2
k+1 − ν

1/2
k

)(

νk+1 + ν
1/2
k+1ν

1/2
k + νk

)

+ ν
3/2
k =

=
(

ν
1/2
k+1 − ν

1/2
k

)(

ν
1/2
k+1 + ν

1/2
k

)

(

νk+1 + ν
1/2
k+1ν

1/2
k + νk

)

ν
1/2
k+1 + ν

1/2
k

+ ν
3/2
k ≈

≈ (νk+1 − νk)
3

2
ν
1/2
k + ν

3/2
k =

3

2
ν
1/2
k νk+1 −

1

2
ν
3/2
k ,

ν2k+1 = ν
2
k+1−ν

2
k+ν

2
k = (νk+1 − νk) (νk+1 + νk)+ν

2
k ≈ (νk+1 − νk) 2νk+ν

2
k = 2νkνk+1−ν

2
k. (40)

Using the difference scheme (39) with linearization by (40) the algorithm of numerical solution

in Python programming language with the help of SciPy package (htt://scipy.org) has been implemented.

The computational experiments on modeling the processes of propagation of solitary waves in the

considered shells under the initial conditions of the form (35)3(38) was carried out. In the course of

modeling, the following cases were considered: filling with fluid only the annular channel between the

shells (equivalent to assuming Ã2 = Ã3 = 0); filling with viscous fluid the annular channel between the

shells and the inner shell. In addition, we considered the case of incompressible shells material when the

inner shell and the annular channel between the shells are filled with viscous fluid. To do this, in (33)

we took µ0 = 1/2 and obtained, Ã2 = 0, and also assumed that Ã3 = 0.4.

The results of the calculations are shown in Figs. 237, namely:

3 the evolution of solitary strain waves in the shells for the case Ã0 = 1, Ã1 = 0.2, Ã2 = Ã3 = 0

(absence of fluid in the inner shell) when a wave of the form (35) with k = 0.2 is excited at the

initial moment of time in each of the shells (see Fig. 2);

3 the evolution of solitary strain waves in the shells for the case Ã0 = 1, Ã1 = 0.2, Ã2 = Ã3 = 0

(absence of fluid in the inner shell) when a wave of the form (36) with k = 0.2 is excited at the

initial moment of time in the outer shell (see Fig. 3);
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Fig. 2. The results of numerical solution of the system (32) at Ã0 = 1, Ã1 = 0.2, Ã2 = Ã3 = 0 with initial conditions (35)

with wave number k = 0.2 (color online)
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Fig. 3. The results of numerical solution of the system (32) at Ã0 = 1, Ã1 = 0.2, Ã2 = Ã3 = 0 with initial conditions (36)

with wave number k = 0.2 (color online)
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Fig. 4. The results of numerical solution of the system (32) at Ã0 = 1, Ã1 = 0.2, Ã2 = Ã3 = 0 with initial conditions of the

form (37), (38): condition (37) with wave number k = 0.225 and initial value η = −50, condition (38) with wave number

k = 0.2 and initial value η = 0 (color online)

Fig. 5. The results of numerical solution of the system (32) at Ã0 = 1, Ã1 = 0.2, Ã2 = 0.2, Ã3 = 0.4 with initial conditions

(35) with wave number k = 0.2 (color online)

3 the evolution of solitary deformation waves with different amplitudes and velocities in each shell

for the case Ã0 = 1, Ã1 = 0.2, Ã2 = Ã3 = 0 (no fluid in the inner shell) when two waves of the

form (37), (38) are excited at the initial moment of time in each shell, (the first wave (37) with

k1 = 0.225 and initial value of the spatial variable η = −50, and the second wave (38) with

k2 = 0.2 and initial η = 0) (see Fig. 4);

3 the evolution of solitary strain waves in the shells for the case Ã0 = 1, Ã1 = 0.2, Ã2 = 0.2,

Ã3 = 0.4 (presence of viscous fluid in the annular gap and in the inner shell) when a wave of the

form (35) with k = 0.2 is excited at the initial moment of time in each of the shells (see Fig. 5);
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Fig. 6. The results of numerical solution of the system (32) at Ã0 = 1, Ã1 = 0.2, Ã2 = 0.2, Ã3 = 0.4 with initial conditions

(36) with wave number k = 0.2 (color online)

Fig. 7. The results of numerical solution of the system (32) at Ã0 = 1, Ã1 = 0.2, Ã2 = 0, Ã3 = 0.4 with initial conditions (35)

with wave number k = 0.2 (color online)

3 the evolution of solitary deformation waves in the shells for the case Ã0 = 1, Ã1 = 0.2, Ã2 = 0.2,

Ã3 = 0.4 (presence of viscous fluid in the annular gap and in the inner shell), when a wave of the

form (36) with k = 0.2 is excited at the initial moment of time in the outer shell (see Fig. 6);

3 the evolution of solitary strain waves in the shells for the case Ã0 = 1, Ã1 = 0.2, Ã2 = 0, Ã3 = 0.4

(shells of incompressible material, presence of viscous fluid in the annular gap and in the inner

shell) when a wave of the form (35) with k = 0.2 is excited at the initial moment of time in each

of the shells (see Fig. 7).

Summary and Conclusion

The calculations presented in Fig. 23Fig. 4 show that for the cases when there is no fluid in the

inner shell, the waves move to the right, i. e., the next term in (12), corresponding to the nonlinear

wave process, is positive. Consequently, the propagation of solitary waves occurs at supersonic speed.

The analysis of the curves in Fig. 2 indicates that the evolution of solitary strain waves in the shells

occurs with constant velocity and amplitude. The calculations presented in Fig. 3 demonstrate that when

a solitary strain wave is excited at the initial moment of time only in the outer shell, the wave is excited

in the inner shell with the passage of time. At the initial stage, this process is accompanied by the drop

in the amplitude of the solitary wave in the outer shell and the increase in the amplitude of the excited

solitary wave in the inner shell. In the course of time, two waves of practically the same amplitude and

velocity are observed in the shells. This indicates the energy transfer from the outer shell to the inner
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one through the viscous fluid filling the annular channel. The results of calculations in Fig. 4 allow us

to conclude that two solitary waves with different speed and amplitude excited at the initial moment of

time in each of the shells interact with each other during evolution. After the interaction, the waves

keep their shape and speed, i.e., they interact as particles. This behavior indicates that in the considered

cases, the solitary strain waves in the shells are supersonic solitons.

The calculations presented in Fig. 5 and Fig. 6 show that the presence of fluid in the inner shell

significantly changes the evolution of the wave process, namely, there is a change in the direction of

motion of solitary strain waves 4 they move to the left. This direction of motion indicates that the

propagation of nonlinear strain waves occurs with subsonic velocity. In addition, in the considered cases,

the drop in amplitude and velocity of solitary strain waves in the shells within a short time interval

is observed compared to the calculations presented in Fig. 234. The evolution of the wave process at

initial excitation of the solitary strain wave with the same wave number in each of the shells (Fig. 5) is

accompanied by the intense drop in the amplitude and velocity of the waves and, eventually, by a rapid

collapse of the strain solitons. For the case when at the initial time instant a solitary wave is excited

only in the outer shell (Fig. 6), at the initial time step the excitation of a solitary wave in the inner shell

is observed. This process is accompanied by the drop in the amplitude of the wave in the outer shell

and the increase in the amplitude of the wave in the inner shell.If the shell material is incompressible

(Fig. 7), then the movement of deformation waves to the left is observed. Consequently, the propagation

of solitary waves occurs at subsonic speed. However, the attenuation of the deformation solitons persists,

since the amplitude of the solitons in the shells decreases over time. This indicates energy transfer from

the outer shell to the inner one through the viscous fluid in the annular channel. However, then, there

is an intense drop in the amplitude of the deformation wave in both the outer and inner shells with

subsequent collapse of the strain solitons in them. The results obtained suggest that the presence of

viscous fluid in the inner shell leads to attenuation of strain solitons in the shells.

Summarizing the presented study, we note that in this paper we formulated the problem of

hydroelasticity of two coaxial cylindrical shells made of material with the hardening combined quadratic-

fractional nonlinearity. The system of evolution equations including two generalized Schamel3Korteweg3

de Vries equations describing the nonlinear wave process in the shells is obtained on the bases on

the asymptotic analysis of this issue. The new difference scheme using the Gröbner basis technique

is derived to discretize the obtained system. The computational experiments allowed to evaluate the

influence of viscous incompressible fluid between the shells and in the inner one on the evolution

of nonlinear solitary strain waves in the shells. The results obtained in this work can be used as a

fundamental basis for further development of methods of wave diagnostics of the state of pipelines

filled with viscous fluid or vessels of the blood system of animals and humans.
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Abstract. Purpose of this study is to formulate a working definition of information to meet the needs of computer science.

There is currently no strict definition of this term. There is a methodological contradiction: the development and application of

information technologies requires accuracy and rigor, but at the same time the development is based on a vague, intuitive

concept. Materials and methods. The materials for the study are existing classical approaches to understanding information,

and the main method is the analysis of these approaches. The proposed definition is constructed taking into account two

mathematical transformations: the selection of a certain subset and the mapping between sets. To formalize the allocation

procedure, it is used apparatus of fuzzy sets. Results. A definition of information is proposed as the result of a mapping in

which the selection of a subset from a set of prototypes leads to the selection of a corresponding subset from a set of images.

The selected subset can be understood as fuzzy, then an equivalent definition of information is acceptable as a result of

mapping, in which an increase in the heterogeneity of the distribution of the presence indicator on the set of prototypes leads to

an increase in the heterogeneity of the distribution of the corresponding indicator on the set of images. The essence of the new

definition is demonstrated using models of population dynamics in discrete time. The significance of the proposed approach

for information technology is revealed using the example of the numerical method of multi-extremal optimization. It is shown

that the proposed definition makes it possible to formulate effective stopping conditions for the numerical method of stochastic

optimization, which guarantees the receipt of a given amount of information. Conclusion. The proposed understanding of

information allows us to overcome the shortcomings of previous approaches to understanding the essence of information,

retains all the advantages of the classical approach and is consistent with other well-known approaches in the field of computer

science. This definition can be used to improve numerical optimization methods, as well as other information technology tools.
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K9EF6B <AHBD@4J<< BCD989?S?BEP >4> D4;ABEFP ;A4K9A<= QFB= HGA>J<< [3]. �4@9F<@, KFB CD<

F4>B@ CB8IB89 <AHBD@4J<S A9D4;DO6AB E6S;O64?4EP E 69DBSFABEFPR, 6 D9;G?PF4F9 K97B F9BD<S
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@4J<< [24, 25]. � E<?G FDG8ABEF9=, E6S;4AAOI E GA<69DE4?PAO@ BCD989?9A<9@ <AHBD@4J<<,

CD98CD<A<@4RFES CBCOF>< 84FP FBKAGR HBD@4?<;4J<R QFB7B F9D@<A4 8?S BF89?PAOI BFD4E?9=

;A4A<S. � K4EFABEF<, G7?G5?S9FES CBA<@4A<9 <AHBD@4J<< < E6S;4AAOI E A9= 6BCDBEB6 6 H<;<>9,

>64AFB6B= F9BD<<, 5<B?B7<< < F. 8. [26329].

"EB5B9 E<EF9@BB5D4;GRM99 ;A4K9A<9 CBASF<9 <AHBD@4J<< <@99F 8?S EH9DO J<HDB6B=

>G?PFGDO, >B@CPRF9DAOI A4G>, ><59DA9F<><. �?4EE<K9E><= L9AABAB6E><= CB8IB8 CB;6B?S9F

QHH9>F<6AB D45BF4FP E CDBJ9EE4@< C9D984K< <AHBD@4J<< 6 QFB= B5?4EF<. !B 6 DS89 64:A9=L<I

CD<?B:9A<=, F4><I >4> B5D45BF>4 9EF9EF69AAB7B S;O>4, <A:9A9D<S ;A4A<=, @98<J<AE>4S 8<47AB-

EF<>4, D4ECB;A464A<9 B5D4;B6 < F. C., >?RK96GR DB?P <7D49F A9 C9D984K4 <AHBD@4J<< BF B8AB7B
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6 <EE?98B64A<SI, AB CD< QFB@ 6 BEAB69 F9BD9F<K9E><I D4;D45BFB> ?9:<F D4;@OFB9, 6AGFD9AA9
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@4FAB= 8BE>9, FB, EB7?4EAB HBD@G?9 )4DF?<, QFB EBBF69FEF6G9F CB?GK9A<R log2 64 = 6 5<F

<AHBD@4J<<. "5D4F<@ 6A<@4A<9, KFB >B?<K9EF6B <AHBD@4J<< 5G89F B8A<@ < F9@ :9, A9;46<E<@B

BF FB7B, EFB<F ?< H<7GD4 6 >?9F>9 e2 <?< 6 >?9F>9 c4. !B <AHBD@4J<S B CB?B:9A<< H<7GDO

6 QF<I E?GK4SI 5G89F D4;AB=. �A4?B7<KAB QFB@G >B?<K9EF6B <AHBD@4J<<, C9D984649@B= HD4;B=

«>4;A<FP A9?P;S CB@<?B64FP», A9 ;46<E<F BF FB7B, 6 >4>B@ @9EF9 D4ECB?B:9A4 ;4CSF4S, AB E@OE?

<AHBD@4J<< CD< <;@9A9A<< 99 CB?B:9A<S @9AS9FES A4 CDBF<6BCB?B:AO=. "FER84 6<8AB, KFB

E@OE? <AHBD@4J<< CB EGM9EF6G 4EEBJ<<DG9FES E D94?<;4J<9= B8AB= 4?PF9DA4F<6O <; <EIB8AB7B

@AB:9EF64. &4>B9 CBA<@4A<9 E@OE?4 <AHBD@4J<< BFD4:9AB 6 BCD989?9A<< �.%. +9DA46E>B7B:

«�AHBD@4J<S 9EFP ;4CB@A9AAO= 6O5BD B8AB7B 64D<4AF4 <; A9E>B?P><I 6B;@B:AOI < D46AB-

CD46AOI» [13]. �4@9F<@, KFB F4>4S HBD@4?<;4J<S CB?ABEFPR EBBF69FEF6G9F FD48<J<BAAB@G
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CD98EF46?9A<R B5 <AHBD@4J<< >4> EA<:9A<9 A9BCD989?9AABEF<, FB?P>B >BA>D9F<;<DG9F 97B.

�89EP 849FES K9F>B9 CBA<@4A<9 A9BCD989?9AABEF<, B >BFBDB= <89F D9KP, 4 A9BCD989?9AABEFP

BFABE<F9?PAB FB7B, >4>B= <@9AAB Q?9@9AF 6O89?S9FES.

(BD@4?<;4J<S 6O89?9A<S. �?S FB7B KFB5O 84FP EFDB7B9 BCD989?9A<9 <AHBD@4J<<, A9B5-

IB8<@B FBKAB BCD989?<FP BC9D4J<R 6O89?9A<S CB8@AB:9EF64. �?S HBD@4?<;4J<< 6O89?9AAB7B

CB8@AB:9EF64 A <; Y <ECB?P;G9FES I4D4>F9D<EF<K9E>4S HGA>J<S χA, <@9RM4S E?98GRM<= E@OE?:

χA(y) = 1, 9E?< y CD<A48?9:<F A;

χA(y) = 0, 9E?< y A9 CD<A48?9:<F A.

+<E?B64S 69?<K<A4 χA S6?S9FES <A8<>4FBDB@ CD<A48?9:ABEF<, CB>4;4F9?9@ CD<EGFEF6<S

Q?9@9AF4 6 6O89?S9@B@ CB8@AB:9EF69, CB>4;4F9?9@ 6O89?9A<S.

"8A4>B 6 D94?PABEF< A9 6E9784 G849FES FBKAB G;A4FP 7D4A<JO 6O89?S9@B7B CB8@AB:9-

EF64. !4CD<@9D, <;B5D4:9A<9 CDS@BG7B?PAB7B B5N9>F4 A4 HBFB7D4H<< @B:9F 5OFP A98BEF4FBKAB

>BAFD4EFAO@ <;-;4 A9CD46<?PAB= HB>GE<DB6><, 6 E<?G K97B 7D4A<JO <;B5D4:9A<S EF4AB6SFES

D4;@OFO@< < A9 CB;6B?SRF FBKAB ;A4FP CDBEFD4AEF69AAO9 >BBD8<A4FO < D4;@9DO B5N9>F4. � QFB@

E?GK49 J9?9EBB5D4;AB D4EE@4FD<64FP 6O89?S9@B9 CB8@AB:9EF6B >4> A9K9F>B9 @AB:9EF6B, CBA<@4-

9@B9 6 E@OE?9 >?4EE<K9E>B7B BCD989?9A<S �. �489 [35]. �89EP I4D4>F9D<EF<K9E>4S HGA>J<S χA
@B:9F CD<A<@4FP CDB@9:GFBKAO9 ;A4K9A<S BF 0 8B 1. �?S @4F9@4F<K9E>B7B G8B5EF64 6E9784 @B:AB

C9D9=F< > I4D4>F9D<EF<K9E>B= HGA>J<<, EG@@4 ;A4K9A<= >BFBDB= D46A4 98<A<J9:
∑

y∈Y χA(y) = 1.

!4CD<@9D, 9E?< <;69EF9A 69DF<>4?PAO= DS8 «e» 8?S CB?B:9A<S L4I@4FAB= H<7GDO, FB F4>4S

I4D4>F9D<EF<K9E>4S HGA>J<S, BCD989?9AA4S A4 @AB:9EF69 >?9FB> L4I@4FAB= 8BE><, <@99F E?98GR-

M<9 ;A4K9A<S: χA(e1) = χA(e2) = . . . = χA(e8) = 1/8 < χA = 0 8?S BEF4?PAOI >?9FB> 8BE><. �E?<

<AHBD@4J<S B CB?B:9A<< H<7GDO A9 5O?4 CB?GK9A4 < @AB:9EF6B 8BCGEF<@OI EBEFBSA<= EB89D-

:<F 6E9 >?9F><, FB I4D4>F9D<EF<K9E>4S HGA>J<S D46A4 1/64 8?S >4:8B= >?9F><. $4EE@4FD<649@4S

;89EP I4D4>F9D<EF<K9E>4S HGA>J<S CB?ABEFPR EBBF69FEF6G9F >?4EE<K9E>B= >BAEFDG>J<< �. �489.

!B 6 BF?<K<9 BF A4<5B?99 D4ECDBEFD4A9AAB7B 6 F9BD<< A9K9F><I @AB:9EF6 ABD@<DB64AAB7B E?GK4S

;89EP FBKA4S 69DIASS 7D4AP I4D4>F9D<EF<K9E>B= HGA>J<< @B:9F 5OFP @9APL9 98<A<JO (FB 9EFP

HGA>J<S A9 B5S;4F9?PAB 5G89F ABD@<DB64AAB= 6 >?4EE<K9E>B@ CBA<@4A<<). �4@9F<@ F4>:9, KFB

8?S 66989A<S F4>B= HGA>J<< A9 FD95G9FES 84:9 A4?<K<S K4EF<KAB7B CBDS8>4 ED98< Q?9@9AFB6

@AB:9EF64 Y .

� >4K9EF69 CB>4;4F9?S CD<EGFEF6<S Q?9@9AF4 6 CB8@AB:9EF69 @B:AB <ECB?P;B64FP 69DB-

SFABEFP D94?<;4J<< FB= <?< <AB= 4?PF9DA4F<6O, FB784 6E9 D4EEG:89A<S 5G8GF EBBF69FEF6B64FP

>?4EE<K9E>B= EI9@9 @4F9@4F<K9E>B= F9BD<< <AHBD@4J<<. !B 6B;@B:AO < 8DG7<9 ECBEB5O BCD989-

?9A<S CB>4;4F9?S CD<EGFEF6<S. !4CD<@9D, 6 5<B?B7<K9E><I E<EF9@4I F4><@ CB>4;4F9?9@ @B:9F

E?G:<FP K<E?9AABEFP <?< G89?PA4S K<E?9AABEFP 6<84, 5<B@4EE4 <?< G89?PA4S 5<B@4EE4 CBCG?S-

J<<; 6 Q>BAB@<K9E><I E<EF9@4I 6 >4K9EF69 F4>B7B CB>4;4F9?S @B:AB 6;SFP G89?PAO= ECDBE A4

FB64D < F. C. [36]. � CD<@9D9 E HBFB7D4H<9= K9DAB7B CDS@BG7B?PA<>4 ;A4K9A<9@ I4D4>F9D<EF<K9-

E>B= HGA>J<< @B:9F 5OFP <AF9AE<6ABEFP K9DAB7B J69F4 (<?< BFF9AB> E9DB7B) 6 >4:8B@ C<>E9?9

<;B5D4:9A<S. �BCGEF<@4 F4>:9 <AF9DCD9F4J<S <AHBD@4J<< >4> 6B;@B:ABEF< FB7B <?< <AB7B

EBEFBSA<S <; C9D6BA4K4?PAB7B @AB:9EF64. #D< F4>B= <AF9DCD9F4J<< D45BF4 E <AHBD@4J<9= @B:9F

BEGM9EF6?SFPES A4 BEAB69 <;69EFAB= F9BD<< 6B;@B:ABEF9= [37].

 4F9@4F<K9E>< 6O89?9A<9 A9K9F>B7B CB8@AB:9EF64 Q>6<64?9AFAB ;484A<R D4ECD989?9A<S

CB>4;4F9?S CD<A48?9:ABEF< CB <EIB8AB@G @AB:9EF6G Y . �AHBD@4J<R @O EAB64 5G89@ CBA<-

@4FP >4> 6O89?9A<9 CB8@AB:9EF64 (6B;@B:AB A9K9F>B7B) <; <EIB8AB7B @AB:9EF64.  B:AB 84FP

Q>6<64?9AFAGR @4F9@4F<K9E>GR HBD@G?<DB6>G QFB= CDBJ98GDO. �O89?9A<9 CB8@AB:9EF64 <@99F

@9EFB FB784, >B784 CDB<EIB8<F >BAJ9AFD4J<S D4ECD989?9A<S CB>4;4F9?S CD<A48?9:ABEF< A4 A9>B-

FBDB@ CB8@AB:9EF69 <?< 6 5B?99 B5M9@ E?GK49 CB6OL49FES A9B8ABDB8ABEFP D4ECD989?9A<S QFB7B

CB>4;4F9?S CB <EIB8AB@G @AB:9EF6G Q?9@9AFB6.
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1AFDBC<S. �?S I4D4>F9D<EF<>< EF9C9A< K9F>BEF< 6O89?S9@B7B CB8@AB:9EF64 5G89@ <ECB?P-

;B64FP HGA>J<R QAFDBC<< 6 EBBF69FEF6<< E >?4EE<K9E>B= HBD@G?B= ,9AABA4

H = −
∑

y∈Y

χA(y) log2 χA(y).

1AFDBC<S >B?<K9EF69AAB 6OD4:49F EF9C9AP D46AB@9DABEF< D4ECD989?9A<S CB>4;4F9?S CD<-

EGFEF6<S; 99 G@9APL9A<9 EBBF69FEF6G9F >BAJ9AFD4J<< D4ECD989?9A<S, G69?<K9A<R EF9C9A< 6O-

89?9A<S A9>BFBDB7B CB8@AB:9EF64, CB6OL9A<R 97B K9F>BEF<. �O89?9A<9 CB8@AB:9EF64 4 QFB

C9D9IB8 BF A4K4?PAB7B D4ECD989?9A<S CB>4;4F9?S CD<EGFEF6<S > AB6B@G E G69?<K9A<9@ EF9C9-

A< >BAJ9AFD4J<< (K9F>BEF<). (4>F<K9E>< F4>B9 <FB7B6B9 D4ECD989?9A<9 5G89F HBD@4?<;4J<9=

<AHBD@4J<<.

1FB 849F 6B;@B:ABEFP EB89D:4F9?PAB7B CBA<@4A<S <AHBD@4J<<. %?98G9F BF@9F<FP, KFB

CD< F4>B@ CB8IB89 <AHBD@4J<S @B:9F D4EE@4FD<64FPES >4> D9;G?PF4F CDBJ9EE4 BF5BD4, 8?S

BC<E4A<S >BFBDB7B EGM9EF6G9F D4;D45BF4AAO= @4F9@4F<K9E><= 4CC4D4F A4 BEAB69 8<A4@<>< @9DO

(D4ECD989?9A<S) [38340].

�4AAO= CB8IB8 EBBF69FEF6G9F CB8IB8G �. �B?PJ@4A4 6 H<;<>9, 789 QAFDBC<S BCD989?S9FES

K<E?B@ 6B;@B:AOI @<>DBEBEFBSA<=, 4 99 EA<:9A<9, FB 9EFP CD<B5D9F9A<9 <AHBD@4J<< 4 EB>D4-

M9A<9@ K<E?4 F4><I @<>DBEBEFBSA<= [41]. "5D4F<@ 6A<@4A<9, KFB 6 BF?<K<9 BF BCD989?9A<S,

84AAB7B 6 [6], 66989AAB9 CBA<@4A<9 <AHBD@4J<< A9 <E>?RK49F <; EH9DO CD<@9A9A<S H<;<K9E>GR

@<>DB<AHBD@4J<R. )BFS <AHBD@4J<R B >BA>D9FAB@ @<>DBEBEFBSA<< A96B;@B:AB CB?GK<FP <

EBID4A<FP, AB 6O89?9AAB9 CB8@AB:9EF6B @<>DBEBEFBSA<=, EBBF69FEF6GRM99 A9>BFBDB@G @4>DBEB-

EFBSA<R, 6CB?A9 6B;@B:AB 8?S 6BECD<SF<S < ;4CB@<A4A<S K9D9; QFB @4>DBEBEFBSA<9. �. �B?PJ@4A

GEF4AB6<? E6S;P @9:8G EB>D4M9A<9@ K<E?4 @<>DBEBEFBSA<= < CB6OL9A<9@ GCBDS8BK9AABEF< F9?4.

&9@ E4@O@ CBA<@4A<9 <AHBD@4J<< >4> 6O89?9A<S A9>BFBDB7B CB8@AB:9EF64 6AB6P E6S;O649FES

E <E>BAAO@ ;A4K9A<9@ QFB7B F9D@<A4 4 «CD<84A<9 HBD@O», GEF4AB6?9A<9 CBDS8>4 <?< EFDG>FGDO.

&4>GR <AHBD@4J<R <AB784 A4;O64RF 6AGFD9AA9= EFDG>FGDAB= <AHBD@4J<9=, CBE>B?P>G BA4

I4D4>F9D<;G9F EF9C9AP BD74A<;B64AABEF< E<EF9@O.

"FB5D4:9A<9. �FBDO@ CD<AJ<C<4?PAO@ @B@9AFB@ 6 CD98?4749@B@ CB8IB89 > CBA<@4A<R

<AHBD@4J<< S6?S9FES <ECB?P;B64A<9 CBASF<S BFB5D4:9A<S. #D< D4E>DOF<< E@OE?4 >BAJ9CJ<< <A-

HBD@4J<< 5G89@ <EIB8<FP <; FB7B, KFB <AHBD@4J<S S6?S9FES D9;G?PF4FB@ BFB5D4:9A<S A9>BFBDB7B

@AB:9EF64 Q?9@9AFB6 (4?PF9DA4F<6, <EIB8B6, EBEFBSA<= < F. C.) 6 8DG7B9 @AB:9EF6B, >BFBDB9 @B:9F

5OFP >4> A4FGDAO@, F4> < ;A4>B6O@ (6<DFG4?PAO@). !4CD<@9D, F4><@ @AB:9EF6B@ @B7GF 5OFP

E<@6B?O 4?H46<F4 <?< 86B<KAO9 K<E?4. #D< QFB@ 6O89?9A<9 A9>BFBDB7B Q?9@9AF4 <; C9D6B7B

@AB:9EF64 (D94?<;4J<S <EIB84 <?< EBEFBSA<S) CD<6B8<F > 6O89?9A<R EBBF69FEF6GRM97B Q?9@9AF4

<; 6FBDB7B @AB:9EF64, >BFBDO= < CD98EF46?S9F <AHBD@4J<R B5 QFB@ EBEFBSA<<.

 B:AB GEF4AB6<FP EBBF69FEF6<9 @9:8G Q?9@9AF4@< y B8AB7B @AB:9EF64 Y < Q?9@9AF4@< z
8DG7B7B @AB:9EF64 Z : Y → Z, FB 9EFP BCD989?<FP BFB5D4:9A<9 f <; Y 6 Z : f(y) = z.
� K4EFABEF<, F4>B9 EBBF69FEF6<9 GEF4A46?<649FES CD< >B8<DB6>9. !4CD<@9D, @B:AB CD98EF46<FP

>?9F>< L4I@4FAB= 8BE>< 86B<KAO@ >B8B@, FB 9EFP GEF4AB6<FP EBBF69FEF6<9 @9:8G @AB:9EF6B@

>?9FB> < @AB:9EF6B@ L9EF<D4;DS8AOI 86B<KAOI K<E9?: e5 → 101101. � QFB@ K4EFAB@ E?GK49
CBEFDB9AAB9 BFB5D4:9A<9 5G89F 6;4<@AB B8AB;A4KAO@.

�O89?9A<9 A9>BFBDB7B Q?9@9AF4 <; @AB:9EF64 CDBB5D4;B6 (D94?<;4J<S <EIB84 <?< EB-

EFBSA<S) CD<6B8<F > 6O89?9A<R EBBF69FEF6GRM97B Q?9@9AF4 <; @AB:9EF64 B5D4;B6. %B7?4EAB

CD<AJ<CG B5B5M9A<S �. �489 [37], 66989AAB9 BFB5D4:9A<9 f @AB:9EF64 Y 6 Z BCD989?S9F BFB5D4-
:9A<9 A9K9F>B7B CB8@AB:9EF64 A, ;484AAB7B I4D4>F9D<EF<K9E>B= HGA>J<9= χA(y) A4 Y , 6 A9K9F>B9
CB8@AB:9EF6B B <; Z E I4D4>F9D<EF<K9E>B= HGA>J<9= χB(z) E?98GRM<@ B5D4;B@:

χB(z) = sup
y

{χA(y)|z = f(y)} .
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'69?<K9A<9 A9B8ABDB8ABEF< 6 B8AB@ D4ECD989?9A<< CD<6B8<F > G69?<K9A<R A9B8ABDB8AB-

EF< 8DG7B7B D4ECD989?9A<S (>BAJ9AFD4J<< D4ECD989?9A<S A4 A9>BFBDB@ CB8@AB:9EF69).

!4DS8G E >?4EE<K9E><@ BFB5D4:9A<9@ Y 6 Z @B:AB F4>:9 D4EE@4FD<64FP A9K9F>B9 BFB5-
D4:9A<9 fH , >BFBDB9 BCD989?S9FES >4> A9K9F>B9 CB8@AB:9EF6B, ;484AAB9 A4 EB6B>GCABEF< C4D
(89>4DFB6B@ CDB<;6989A<<) Y × Z EBBF69FEF6GRM9= I4D4>F9D<EF<K9E>B= HGA>J<9= χfH(y, z).
�7B @B:AB CBA<@4FP >4> BFB5D4:9A<9, CD< >BFBDB@ >4:8B@G Q?9@9AFG y <; Y EF46<FES 6 EBBF69F-
EF6<9 A9 >BA>D9FAO= Q?9@9AF z, 4 A9K9F>B9 CB8@AB:9EF6B B 6 Z. � QFB@ E?GK49, EB7?4EAB CD<AJ<CG
B5B5M9A<S �489, fH BCD989?S9F BFB5D4:9A<9 A9K9F>B7B CB8@AB:9EF64 A <; Y 6 A9K9F>B9 CB8-
@AB:9EF6B B <; Z E?98GRM9= HBD@G?B=, E6S;O64RM9= EBBF69FEF6GRM<9 I4D4>F9D<EF<K9E><9
HGA>J<< χA(y) < χB(z):

χB(z) = sup
y∈Y

min{χA(y), χfH(y, z)}.

#B?GK9AA4S <AHBD@4J<S 4 QFB D9;G?PF4F BFB5D4:9A<S, CD<6B8SM97B > 6O89?9A<R A9>B-

FBDB7B CB8@AB:9EF64 <; EB6B>GCABEF< B5D4;B6 (G69?<K9A<R A9B8ABDB8ABEF< D4ECD989?9A<S

CB>4;4F9?S CD<EGFEF6<S). &4>GR <AHBD@4J<R F4>:9 A4;O64RF 6A9LA9= <AHBD@4J<9=, BFD4:4R-

M9= CDB<EIB8SM99 <;@9A9A<9 6B 6A9LA9@ B5N9>F9, EBEFBSA<9 >BFBDB7B BC<EO649FES @AB:9EF6B@

CDBB5D4;B6 Y . � D4@>4I 66989AAB7B BCD989?9A<S <AHBD@4J<S EF4AB6<FES EFDB7<@ @4F9@4F<K9-
E><@ CBASF<9@. %89?4AA4S HBD@4?<;4J<S CB;6B?S9F CB?GK<FP 8BCB?A<F9?PAO9 CD9<@GM9EF64

CD< <EE?98B64A<< DS84 CD<>?48AOI @B89?9=, 6 FB@ K<E?9 < E A9?<A9=AB= 8<A4@<>B=.

�??REFD4J<<. #BCG?SJ<BAA4S 8<A4@<>4. $4EE@BFD<@ E?98GRMGR @B89?P CBCG?SJ<-

BAAB= 8<A4@<><. #GEFP 6 B5M9= ED989 B5<F4A<S EBEGM9EF6GRF BEB5< n D4;?<KAOI 5<B?B7<K9-
E><I 6<8B6. $4EE@4FD<649FES 8<E>D9FA4S CBE?98B64F9?PABEFP D46ABBFEFBSM<I @B@9AFB6 6D9@9A<

tk = t0 + k∆t, 789 ∆t > 0 4 A9>BFBDO= H<>E<DB64AAO= <AF9D64? 6D9@9A<. #GEFP xi(tk) 4 K<E-
?9AABEFP i-7B 6<84 6 EBB5M9EF69 6 @B@9AF 6D9@9A< tk. #GEFP ai 4 >B?<K9EF6B CBFB@>B6, >BFBDB9
6 5?47BCD<SFAOI GE?B6<SI @B:9F CDB<;69EF< B8A4 BEB5P 6<84 i 6 98<A<JG 6D9@9A<. &B784 ai∆t 4
@4>E<@4?PAB9 6B;@B:AB9 >B?<K9EF6B CBFB@>B6 B8AB= BEB5< ;4 6D9@S ∆t. !9 G@9APL4S B5MABEF<,
@B:AB EK<F4FP, KFB >BAEF4AFO ai D4;?<KAO 8?S D4;AOI 6<8B6. #D98CB?4749FES, KFB A4?<K<9
6 B5M9= ED989 B5<F4A<S 8DG7<I BEB59= EA<:49F DB:849@BEFP >4:8B= BEB5< («QHH9>F F9EABFO»),

CD<K9@ >BQHH<J<9AF F4>B7B EA<:9A<S ;46<E<F BF B5M97B K<E?4 6B;@B:AOI CBFB@>B6 6B 6E9=

CBCG?SJ<< < 6OD4:49FES E?98GRM<@ B5D4;B@:

bk =
1

∑n
j=1 ajxj(tk)∆t+ 1

.

#D98CB?4749FES F4>:9, KFB E@9DFABEFP 6 EBB5M9EF69 G 6E9I 6<8B6 CDBCBDJ<BA4?PA4 B5-

M9@G CD<DBEFG K<E?9AABEF< EBB5M9EF64. &B784 D4;ABEFAO9 GD46A9A<S 8<A4@<>< K<E?9AABEF<

CBCG?SJ<< CD<A<@4RF E?98GRM<= 6<8:

∆xi(tk) = xi(tk+1)− xi(tk) = bkaixi(tk)∆t− xi(tk)
n
∑

j=1

bkajxj(tk)∆t. (1)

%K<F49FES, KFB 6 A4K4?PAO= @B@9AF 6D9@9A< t0 K<E?9AABEFP i-7B 6<84 D46A4 xi(t0), CD<K9@

n
∑

j=1

xj(t0) = 1.

�89EP CB8 98<A<J9= CBA<@49FES A9 B8A4 BEB5P, 4 A9>BFBDB9 EF4A84DFAB9 >B?<K9EF6B BEB59=,

6O5D4AAB9 ;4 98<A<JG K<E?9AABEF< (A4CD<@9D, FOESK4).
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�97>B CB>4;4FP, KFB CD< E89?4AAOI CD98CB?B:9A<SI K<E?9AABEFP EBB5M9EF64 5G89F CBEFB-

SAAB= < D46AB= 98<A<J9 6B 6E9 CBE?98GRM<9 @B@9AFO 6D9@9A<. �?S QFB7B @B:AB D4EE@BFD9FP

6ECB@B74F9?PAGR E<EF9@G D4;ABEFAOI GD46A9A<=  4?PFGE4

∆zi(tk) = aizi(tk)∆t

E F9@< :9 E4@O@< A4K4?PAO@< GE?B6<S@< zi(t0) = xi(t0). �4:8B9 D9>GDD9AFAB9 GD46A9A<9
E<EF9@O ?97>B D9L49FES 4A4?<F<K9E><, < D9L9A<9 <@99F 6<8 79B@9FD<K9E>B= CDB7D9EE<<

zi(tk) = xi(t0)(1 + ai∆t)
k.

�6989@ B5B;A4K9A<9

Sn(tk) =

n
∑

j=1

zj(tk).

#GEFP

xi(tk) =
zi(tk)

Sn(tk)
. (2)

&B784

xi(tk+1)− xi(tk) =
zi(tk+1)Sn(tk)− zi(tk)Sn(tk+1)

Sn(tk)Sn(tk+1)
=

=
∆zi(tk)

∑n
j=1(∆zj(tk) + zj(tk))

− zi(tk)

Sn(tk)

n
∑

l=1

∆zl(tk)
∑n

j=1(∆zj(tk) + zj(tk))
=

= bkaixi(tk)∆t− xi(tk)

n
∑

j=1

bkajxj(tk)∆t.

"FER84 6<8AB, KFB HGA>J<<, BCD989?9AAO9 HBD@G?B= (2), G8B6?9F6BDSRF E<EF9@9 GD46-

A9A<= (1). !B EG@@4 6E9I QF<I n HGA>J<= 6 >4:8O= @B@9AF 6D9@9A< D46A4 98<A<J9. "FER84
E?98G9F, KFB B5M4S K<E?9AABEFP EBB5M9EF64 CD< E89?4AAOI CD98CB?B:9A<SI BEF49FES CBEFBSAAB=

< D46AB= 98<A<J9, KFB < FD95B64?BEP CB>4;4FP. �B?99 FB7B, <; QFB7B F4>:9 E?98G9F, KFB D9L9A<9

E<EF9@O (2) <@99F 6<8

xi(tk) =
xi(t0)(1 + ai∆t)

k

∑n
j=1 xj(t0)(1 + aj∆t)k

. (3)

(<>E<DB64AAO9 GE?B6<S B5<F4A<S EBB5M9EF64 BCD989?SRF D4ECD989?9A<9 >BAEF4AF (>B-

QHH<J<9AFB6 6B;@B:AB= DB:849@BEF<) ai A4 @AB:9EF69 1,2,...,n AB@9DB6 5<B?B7<K9E><I 6<8B6,
B5D4;GRM<I 97B. #GEFP m 4 AB@9D 6<84 E A4<5B?PL<@ ;A4K9A<9@ >BQHH<J<9AF4 D4;@AB:9A<S
am. � QFB@ E?GK49 <; (3) 6OF9>4RF EBBFABL9A<S

xm(tk) → 1, xi(tk) → 0; i 6= m, k → ∞. (4)

�AHBD@4J<S B A4<?GKL9@ 6<89 EBB5M9EF64 CD98EF46?S9F EB5B= AB@9D m ED98< n 6B;-
@B:AOI AB@9DB6; CB?GK9A<9 <AHBD@4J<< B A4<?GKL9@ 6<89 EBBF69FEF6G9F 6O89?9A<R B8AB7B

Q?9@9AF4 m <; @AB:9EF64 CBF9AJ<4?PAOI 4?PF9DA4F<6. 1FG <AHBD@4J<R @B:AB CB?GK<FP, 9E?<
;A4FP D4ECD989?9A<9 >BQHH<J<9AFB6 ai. "8A4>B, >4> CD46<?B, Q@C<D<K9E>< ;4@9D<FP QF< >BA-
EF4AFO 8B6B?PAB E?B:AB. !B F9@ A9 @9A99 @B:AB CB?GK<FP <AHBD@4J<R B A4<?GKL9@ Q?9@9AF9

59; ;A4A<S 69?<K<A ai 8DG7<@ ECBEB5B@ 4 CGF9@ A45?R89A<S ;4 K<E?9AABEFS@< D4;AOI 6<8B6
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6 EBB5M9EF69, FB 9EFP ;4 D4ECD989?9A<9@ K<E?9AABEF9= D4;AOI 6<8B6 xi CB @AB:9EF6G AB@9DB6
6<8B6. $4ECD989?9A<9 >BQHH<J<9AFB6 ai 79A9D<DG9F D4ECD989?9A<9 K<E?9AABEF9= xi 6 >4:8O=
@B@9AF 6D9@9A<, FB 9EFP ;89EP <@99F @9EFB BFB5D4:9A<9 B8AB7B D4ECD989?9A<S 6 8DG7B9.

(BD@4?PAB @B:AB D4EE@BFD9FP @AB:9EF6B AB@9DB6 Y = {1, 2, ..., n}, D4ECD989?9A<9 >BQH-
H<J<9AFB6 ai A4 A9@ < A9K9F>B9 BFB5D4:9A<9 Y E4@B7B 6 E95S, ;484AAB9 E?98GRM<@ CD46<?B@.
1?9@9AF m <; Y , EBBF69FEF6GRM<= AB@9DG E A4<5B?PL<@ ;A4K9A<9@ ai, BFB5D4:49FES 6 A9K9F>B9
@AB:9EF6B B E I4D4>F9D<EF<K9E>B= HGA>J<9= χB(i), BCD989?9AAB= ;A4K9A<S@< xi(tk); BEF4?PAO9
AB@9D4 C9D9IB8SF E4@< 6 E95S 59; <;@9A9A<=. � H<>E<DB64AAO= @B@9AF 6D9@9A< tk D4ECD989?9A<9
K<E?9AABEF9= xi(tk) CB @AB:9EF6G AB@9DB6 @B:AB D4EE@4FD<64FP >4> ;484A<9 A9K9F>B7B @AB:9-
EF64, BFB5D4:4RM97B A4<?GKL<= AB@9D. �89EP xi(tk) 5G89F <@9FP E@OE? CB>4;4F9?S 6B;@B:ABEF<
D94?<;4J<< A4 AB@9D9 i A4<?GKL97B 6<84. % F9K9A<9@ 6D9@9A< EF9C9AP F4>B= D94?<;4J<< 8?S 6<84
m EFD9@<FES > 98<A<J9, 8?S BEF4?PAOI 6<8B6 4 > AG?R, FB 9EFP CB6OL49FES GDB69AP K9F>BEF<
6O89?S9@B7B CB8@AB:9EF64.  B:AB F4>:9 D4EEK<F4FP ;A4K9A<9 QAFDBC<< ,9AABA4 CB HBD@G?9

H(tk) = −
n
∑

j=1

xj(tk) log2 xj(tk).

�?S 5<B?B7<K9E><I CBCG?SJ<= HGA>J<S QAFDBC<< B5OKAB <ECB?P;G9FES >4> I4D4>F9D<EF<>4

5<B?B7<K9E>B7B D4;ABB5D4;<S. � 84AAB@ CD<@9D9 99 @B:AB D4EE@4FD<64FP >4> EF9C9AP B8ABDB8-

ABEF< D4ECD989?9A<S K<E?9AABEF9= CB @AB:9EF6G 5<B?B7<K9E><I 6<8B6 EBB5M9EF64, EF9C9AP

«A9K9F>BEF<» 6O89?9A<S CB8@AB:9EF64 A4<?GKL<I 6<8B6. %A<:9A<9 QAFDBC<< E6<89F9?PEF6G9F

B CB6OL9A<< A9B8ABDB8ABEF< D4ECD989?9A<S, 97B >BAJ9AFD4J<< A4 6O89?S9@B@ CB8@AB:9EF69.

�4> E?98G9F <; (4), 6 84AAB@ E?GK49 QAFDBC<S E F9K9A<9@ 6D9@9A< EFD9@<FES > AG?R, FB 9EFP

8<A4@<>4 K<E?9AABEF9= CB;6B?S9F CB?GK<FP <AHBD@4J<R B A4<?GKL9@ 6<89 E ?R5B= EF9C9APR

FBKABEF<.

 GF479A9;. $4EE@BFD<@ 5B?99 E?B:AGR @B89?P. #GEFP 6 5<B?B7<K9E>B@ EBB5M9EF69 CDB<E-

IB8<F CDBJ9EE @GF479A9;4. � >4:8O= 8<E>D9FAO= @B@9AF 6D9@9A< tk EGM9EF6G9F k 6<8B6 BEB59=,
AB CD< <I D4;@AB:9A<< ?<LP A9>BFBD4S 8B?S CBFB@>B6 qk(0 < qk < 1) 6 FBKABEF< CB6FBDS9F E6B<I
DB8<F9?9=, 4 8DG74S 8B?S (1− qk) CD98EF46?S9F EB5B= @GF4J<R, BFABESMGRES > AB6B@G k + 1-@G
6<8G. &4><@ B5D4;B@, 6 >4:8O= @B@9AF 6D9@9A< 6 EBB5M9EF69 CBS6?SRFES BEB5< AB6B7B 6<84,

< K<E?B 6<8B6 G69?<K<649FES A4 98<A<JG. $4;ABEFAO9 GD46A9A<S QFB= @B89?< <@9RF E?98GRMGR

HBD@G:

∆xi(tk) = qkbkaixi(tk)∆t− xi(tk)





k
∑

j=1

qkbkajxj(tk)∆t+ (1− qk)



 , i = 1, 2, ..., k;

∆xk+1(tk) = xk+1(tk+1) = 1− qk; xl(tk) = 0, l = k + 2, ...

(5)

!4K4?PAO9 GE?B6<S 59DGFES 6 6<89

x1(t0) = 1, x2(t0) = x3(t0) = x4(t0) = ... = 0. (6)

�89EP, >4> < 6 CD98O8GM9= @B89?<, B5M4S EG@@4 K<E?9AABEF9= 6E9I 6<8B6 6 >4:8O=

@B@9AF 6D9@9A< D46A4 98<A<J9. �?S FB7B KFB5O A4=F< D9L9A<9 E<EF9@O (5), EAB64 66989@

6ECB@B74F9?PAGR E<EF9@G D4;ABEFAOI GD46A9A<=

∆zi(tk) = aizi(tk)∆t, i = 1, 2, ..., k; z1(t0) = 1, zi(t0) = 0, i = 2, 3, ...;

∆zk+1(tk) = zk+1(tk+1) =
1− qk
qk

Sk(tk+1); ∆zi(tl) = 0, l = k + 2, ...
(7)
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�4@9F<@, KFB CD< QFB@ 6OCB?AS9FES D469AEF6B

qk =
Sk(tk+1)

Sk+1(tk+1)
.

�4> < 6 CD98O8GM9@ E?GK49, D4EE@BFD<@ HGA>J<< 6<84

xi(tk) =
zi(tk)

Sk(tk)
. (8)

&B784 8?S A<I 5G8GF 6OCB?ASFPES E?98GRM<9 D469AEF64:

∆xi(tk) =
zi(tk+1)Sk(tk)− zi(tk)Sk+1(tk+1)

Sk(tk)Sk+1(tk+1)
=

=
∆zi(tk)Sk(tk+1)

Sk(tk+1)Sk+1(tk+1)
− zi(tk)

Sn(tk)

(

k
∑

l=1

∆zl(tk)Sk(tk+1)

Sk(tk+1)Sk+1(tk+1)
+

zk+1(tk+1)

Sk+1(tk+1)

)

=

= qkbkaixi(tk)∆t− xi(tk)





k
∑

j=1

qkbkajxj(tk)∆t+ (1− qk)



 , i = 1, 2, ..., k.

"FER84 6<8AB, KFB HGA>J<<, BCD989?9AAO9 D469AEF64@< (8), G8B6?9F6BDSRF E<EF9@9 (5),

4 F4>:9 A4K4?PAO@ GE?B6<S@ (6). #D< QFB@ 6ECB@B74F9?PAO9 GD46A9A<S (7) ?97>B D9L4RFES CB

D9>GDD9AFAB= HBD@G?9

zi+1(tk) =
1− qk
qk

Si(ti+1)(1 + ai+1∆t)
k−i−1, k > i; zi+1(tk) = 0, k < i.

� E?GK49 9E?<

qi =
Si(ti+1)(1 + ai+1∆t)

−i−1

1 + Si(ti+1)(1 + ai+1∆t)−i−1
, (9)

FB

zi+1 = (1 + ai+1∆t)
k, k > i;

xi(tk) =
(1 + ai∆t)

k

∑k
j=1(1 + aj∆t)k

. (10)

#GEFP EAB64 m 4 AB@9D 6<84 E A4<5B?PL<@ ;A4K9A<9@ >BQHH<J<9AF4 D4;@AB:9A<S am.

�EIB8S <; CB?GK9AAB7B 4A4?<F<K9E>B7B D9L9A<S (10), @B:AB 6<89FP, KFB xm(tk) → 1, xi(tk) → 0

CD< i 6= m, k → ∞. �89EP EAB64 A45?R849FES QHH9>F CBEF9C9AAB7B CB?GK9A<S <AHBD@4J<<
B A4<?GKL9@ 6<89. &BKA4S <AHBD@4J<S EBBF69FEF6G9F B8AB@G 6O89?9AAB@G Q?9@9AFG m <; 59E>B-

A9KAB7B @AB:9EF64 A4FGD4?PAOI AB@9DB6 1,2,... !B 6 >4:8O= >BA9KAO= @B@9AF 6D9@9A< tk @B:AB

<@9FP ?<LP 99 CD<5?<:9A<9 6 6<89 A9K9F>B7B @AB:9EF64, >BFBDB9 BCD989?S9FES D4ECD989?9A<9@

EBBF69FEF6GRM<I K<E?9AABEF9= xi(tk) A4 @AB:9EF69 A4FGD4?PAOI K<E9?. "F@9F<@, KFB ;89EP

F4>:9 @B:AB A4=F< QAFDBC<R (<?< D4;ABB5D4;<9) E<EF9@O 6 >4:8O= @B@9AF 6D9@9A< CB HBD@G?9

,9AABA4

H(tk) = −
∞
∑

j=1

xj(tk) log2 xj(tk) ≡ −
k
∑

j=1

xj(tk) log2 xj(tk).
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'@9APL9A<9 QAFDBC<< 5G89F EBBF69FEF6B64FP CB6OL9A<R EF9C9A< A9B8ABDB8ABEF< D4ECD989?9A<S

< EF9C9A< 6O89?9AABEF< CB8@AB:9EF64 A4<?GKL<I 6<8B6. �89EP EAB64 QAFDBC<S D4ECD989?9A<S

G5O649F 8B AG?S, KFB EBBF69FEF6G9F CB?GK9A<R <AHBD@4J<< B A4<?GKL9@ 6<89 E ?R5B= EF9C9APR

FBKABEF<.

�9A9F<K9E><9 >B8O. #GEFP G >4:8B7B i-7B 5<B?B7<K9E>B7B 6<84 9EFP 79A9F<K9E><= >B8 wi,

>BFBDO= @O 5G89@ CD98EF46?SFP FBK>B= A4 BFD9;>9 [0,1]. 1FB CD98EF46?9A<9 8BEF4FBKAB CDB;D4KAB,

CBE>B?P>G 79A9F<K9E><= >B8 S6?S9FES CBE?98B64F9?PABEFPR <; K9FOD9I 4@<AB><E?BFAOI BEAB64-

A<=, >BFBDGR @B:AB <;B5D4;<FP >4> CBE?98B64F9?PABEFP J<HD CBE?9 ;4CSFB= A9>BFBDB7B K<E?4

A4 G>4;4AAB@ BFD9;>9 6 K9F69D<KAB= E<EF9@9 EK<E?9A<S [42]. #GEFP A4 BFD9;>9 [0, 1] BCD989?9A4

A9CD9DO6A4S A9BFD<J4F9?PA4S HGA>J<S a(w), ;A4K9A<9 >BFBDB= EBBF69FEF6G9F >BQHH<J<9AFG

D4;@AB:9A<S 6<84 E 79A9F<K9E><@ >B8B@ w. #D98CB?B:<@, KFB A4<5B?PL99 ;A4K9A<9 a∗ QFB=

HGA>J<< 8BEF<749FES 6 98<AEF69AAB= FBK>9 w∗. #GEFP >B8O EK9FAB7B A45BD4 D4EE@BFD9AAOI

6 CD98O8GM9@ CD<@9D9 6<8B6 B5D4;GRF 6ER8G C?BFAB9 @AB:9EF6B A4 BFD9;>9 [0, 1]. 1FB B;A4K49F,

KFB A4 ?R5B= <AF9D64? BFD9;>4 CBC4849F IBFS 5O B8A4 FBK>4 <; 84AAB7B @AB:9EF64. !4CD<@9D,

F4><@ 6ER8G C?BFAO@ EK9FAO@ @AB:9EF6B@ S6?SRFES D4J<BA4?PAO9 K<E?4 BFD9;>4. #GEFP 8<A4@<-

>4 K<E?9AABEF< EBB5M9EF64 6<8B6 G8B6?9F6BDS9F E<EF9@9 (5) E GE?B6<S@< (6), (9), 789 ai = a(wi).

$4EE@BFD<@ E>B?P G7B8AB @4?GR δ-B>D9EFABEFP Oδ(w
∗) = (w∗−δ, w∗+δ) FBK>< w∗. "5B;A4-

K<@D 4 8BCB?A9A<9 Oδ(w
∗) 8B BFD9;>4 [0,1],D = [0, 1]\ (w∗−δ, w∗+δ); I(k) 4 CB8@AB:9EF6B <;

k C9D6OI 6<8B6, 79A9F<K9E><9 >B8O >BFBDOI CD<A48?9:4F Oδ(w
∗), J(k) 4 CB8@AB:9EF6B <; k C9D-

6OI 6<8B6, 79A9F<K9E><9 >B8O >BFBDOI CD<A48?9:4F D, I(k) = {i : w(i) ∈ Oδ(w
∗), i = 1, 2, ..., k} ,

J(k) = {i : w(i) ∈ D, i = 1, 2, ..., k}.
� >4:8O= k-= @B@9AF 6D9@9A< <AHBD@4J<R B D4ECB?B:9A<< FBK>< @4>E<@G@4 HGA>J<< a(w)

6 B>D9EFABEF< Oδ(w
∗) @B:AB CB?GK4FP CB K<E?9AABEF< BEB59= 6<8B6, G >BFBDOI 79A9F<K9E><=

>B8 CD<A48?9:<F 84AAB= B>D9EFABEF<, FB 9EFP CB 69?<K<A9

∑

i∈I(k)

xi(tk).

�A4?B7<KAGR BJ9A>G @B:AB E89?4FP 8?S ?R5B7B 8DG7B7B <AF9D64?4 <; BFD9;>4 [0,1]. #B>4-

:9@, KFB E F9K9A<9@ 6D9@9A< K<E?9AABEFP BEB59= E 79A9F<K9E><@ >B8B@ <; B>D9EFABEF< Oδ(w
∗)

5G89F EFD9@<FPES > 98<A<J9.

#GEFP a
′

= supD a(w). "K96<8AB, a
′

< a∗. "5B;A4K<@ ε = a∗ − a
′

. � E<?G A9CD9DO6ABEF<

HGA>J<< a(w) EGM9EF6G9F θ-B>D9EFABEFP Oθ(w
∗) FBK>< w∗ F4>4S, KFB 8?S ?R5B7B w <; QFB=

B>D9EFABEF< 6OCB?AS9FES A9D469AEF6B a(w) > a∗ − ε/2. #BE>B?P>G CBE?98B64F9?PABEFP w(i)

6ER8G C?BFA4S 6 BFD9;>9 [0,1], EGM9EF6G9F AB@9D m F4>B=, KFB w(m) ∈ Oθ(w
∗). #D< k > m

ECD4698?<6O E?98GRM<9 BJ9A><:

∑

i∈J(k)

xi(tk) =

∑

i∈J(k)(1 + ai∆t)
k

∑k
j=1(1 + aj∆t)k

<
k(1 + a

′

∆t)k

(1 + (a∗ − ε/2)∆t)k →k→∞ 0.

&B784

∑

i∈I(k)

xi(tk) =



1−
∑

i∈J(k)

xi(tk)



→k→∞ 1, (11)

KFB < FD95B64?BEP CB>4;4FP.

"CF<@<;4J<S. !4 BEAB69 D4EE@BFD9AAB= 8<A4@<>< @B:AB CBEFDB<FP K<E?9AAO= @9FB8

7?B54?PAB= BCF<@<;4J<<. �484K9= 4?7BD<F@4 S6?S9FES A4IB:89A<9 FBK>< A4<5B?PL97B ;A4K9A<S

A9CD9DO6AB= A9BFD<J4F9?PAB= HGA>J<< a(w), ;484AAB= A4 BFD9;>9 [0,1] < <@9RM9= 98<AEF69AAGR

�G;9A>B6 ". �.
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FBK>G 7?B54?PAB7B @4>E<@G@4. !4 C9D6B@ L479 E?GK4=AB 6O5<D49FES FBK>4 w1 A4 BFD9;>9 [0,1]

< 6OK<E?S9FES ;A4K9A<9 HGA>J<< a(w1). !4 >4:8B@ E?98GRM9@ L479 BCD989?9AAO@ B5D4;B@ 8B-

546?S9FES 9M9 B8A4 FBK>4, 6 >BFBDB= F4>:9 6OK<E?S9FES ;A4K9A<9 HGA>J<< a. #D46<?B 8B546?9A<S

AB6B= FBK>< CBE?9 E89?4AAOI k L47B6 CD98CB?4749F 6OCB?A9A<9 E?98GRM<I BC9D4J<=.

1. �O5BD BCBDAB= FBK>< (5BDP54 ;4 CDB<;6B8EF6B CBFB@EF64). �; <@9RM<IES > k + 1-@G L47G

FBK9> CD98O8GM<I <ECOF4A<= w1, . . . , wk 6O5<D49FES BCBDA4S FBK>4 w
′

k+1 E EBBF69FEF6GR-

M<@< 69DBSFABEFS@<, 6OK<E?S9@O@< CB HBD@G?9 (10) CD< ∆t = 1.

2.  GF4J<S (CDB<;6B8EF6B CBFB@EF64). !4 BEAB69 BCBDAB= FBK>< w
′

k+1 E?GK4=AB 6O5<D49FES

FBK>4 E?98GRM97B <ECOF4A<S wk+1 <; BFD9;>4 [0, 1] E C?BFABEFPR 69DBSFABEF<

Ak+1 exp
−(wk+1 − w

′

k+1)
2

σk+1
.

�89EP σk+1 4 G86B9AA4S 8<EC9DE<S ABD@4?PAB7B D4ECD989?9A<S; >BAEF4AF4 Ak+1 6O5<D49FES

F4>, KFB5O 6OCB?AS?BEP GE?B6<9 ABD@<DB6>< 69DBSFABEF<, FB 9EFP

Ak+1 =
1

∫ 1
0 exp(−(wk+1 − w

′

k+1)
2/σk+1)dwk+1

.

3. �OK<E?9A<9 J9?96B= HGA>J<< (A4IB:89A<9 >BQHH<J<9AF4 DB:849@BEF<). � 6O5D4AAB=

FBK>9 wk+1 6OK<E?S9FES ;A4K9A<9 J9?96B= HGA>J<< a(wk+1).

�4?99 CDBJ9EE CB6FBDS9FES. 'E?B6<9@ BEF4AB6>< @9FB84 6 CDBEF9=L9@ E?GK49 S6?S9FES <EK9DC4A<9

;484AAB7B K<E?4 L47B6. �?S CBEFDB9AAB7B @9FB84 ECD4698?<64 E?98GRM4S F9BD9@4.

&9BD9@4 1. #GEFP σk = 2/ ln k. &B784 CBE?98B64F9?PABEFP FBK9> <ECOF4A<= wk S6?S9FES 6ER8G

C?BFAB= A4 BFD9;>9 [0, 1] E 69DBSFABEFPR 1. �AO@< E?B64@<, 8?S ?R5B= FBK>< w <; [0,1] < ?R5B7B

K<E?4 θ > 0 69DBSFABEFP CBC484A<S IBFS 5O B8AB= FBK>< <ECOF4A<S wk 6 θ-B>D9EFABEFP Oθ(w)

FBK>< w EFD9@<FES > 98<A<J9 CD< k, EFD9@SM9@ES > 59E>BA9KABEF<.

�B>4;4F9?PEF6B. �B;P@9@ CDB<;6B?PAB9 CB?B:<F9?PAB9 K<E?B θ < 0.5 < CDB<;6B?PAGR FBK>G

w ∈ [0, 1]. $4EE@BFD<@ 99 θ-B>D9EFABEFP Oθ(w). �9DBSFABEFP Pk 8?S FBK>< wk CBC4EFP 6 Oθ(w)

CD< ;484AAB= w
′

k 6OD4:49FES E?98GRM<@ B5D4;B@:

Pk = Ak

w+θ
∫

w−θ

exp(−(wk − w
′

k)
2/σk)dwk.

#D<A<@4S 6B 6A<@4A<9 D469AEF6B σk = 2/ ln k, @B:AB E89?4FP E?98GRM<9 BJ9A><:

Ak >
1√
πσk

=

√
ln k√
2π

; 1 > exp(−(wk − w
′

k)
2/σk) > exp

(

− ln k

2

)

=
1√
k
.

&B784 69DBSFABEFP Pk @B:AB BJ9A<FP EA<;G

Pk > Ak

2θ√
k
>
θ
√
2 ln k√
πk

.

�9DBSFABEFP QN A9CBC484A<S ;4 N <F9D4J<= @9FB84 A< B8AB= FBK>< <ECOF4A<S 6 <;5D4AAGR

B>D9EFABEFP BJ9A<649FES E?98GRM<@ B5D4;B@:

QN <

(

1− θ
√
2 lnN√
πN

)N

.
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#BE>B?P>G

lim
N→∞

(

1− θ
√
2 lnN√
πN

)N

= 0,

FB QN → 0 CD< N → ∞. !B QFB F4>:9 B;A4K49F, KFB 69DBSFABEFP CBC484A<S IBFS 5O B8AB=
FBK>< <ECOF4A<S 6 Oθ(w) EFD9@<FES > 98<A<J9, KFB < FD95B64?BEP 8B>4;4FP. �; CD98O8GM97B

CD<@9D4 E?98G9F, KFB 6 QFB@ E?GK49 8?S ?R5B= B>D9EFABEF< FBK>< w∗ @4>E<@G@4 HGA>J<< a(w)

6OCB?AS9FES CD989?PAB9 EBBFABL9A<9 (11). □

#B>4:9@, KFB 69DBSFABEFP 6O5BD4 FBK>< wk A4 k-@ L479 @9FB84 <; ?R5B= B>D9EFABEF<

FBK>< w∗ EFD9@<FES > 98<A<J9 CD< k, EFD9@SM9@ES > 59E>BA9KABEF<.

#GEFP δ > 0 4 E>B?P G7B8AB @4?B9 CB?B:<F9?PAB9 K<E?B. �B;P@9@ K<E?B θ = δ/2. $4E-

E@BFD<@ 869 B>D9EFABEF< FBK>< w∗: Oθ(w
∗) ⊂ Oδ(w

∗). �4> E?98G9F <; (10), 69DBSFABEFP 6O5BD4

BCBDAB= FBK>< w
′

k <; B>D9EFABEF< Oθ(w
∗) EFD9@<FES > 98<A<J9 CD< k → ∞. �E?< w′

k ∈ Oθ(w
∗),

FB 69DBSFABEFP 6O5BD4 FBK>< E?98GRM97B <ECOF4A<S wk <; B>D9EFABEF< Oδ(w
∗) @B:AB BJ9A<FP

EA<;G E?98GRM<@ B5D4;B@:

P ∗
k = Ak

w∗+δ
∫

w∗−δ

exp
(

−(wk − w
′

k)
2/σk

)

dwk >

√
ln k√
2π

w∗+δ
∫

w∗−δ

exp
(

−(wk − w
′

k)
2 ln k/2

)

dwk =

=
1√
2π

(w∗−w
′

k
+δ)

√
ln k

∫

(w∗−w
′

k
−δ)

√
ln k

exp
(

− y2/2
)

dy.

(12)

#BE>B?P>G w∗ − δ < w∗ − θ < w
′

k < w∗ + θ < w∗ + δ, FB

(w∗ − w
′

k − δ)
√
ln k → −∞, (w∗ − w

′

k + δ)
√
ln k → +∞

CD< k → +∞. � QFB B;A4K49F, KFB CD464S K4EFP BJ9A>< (12) G69?<K<649FES 8B 98<A<JO, E?98B-
64F9?PAB, 69DBSFABEFP 6O5BD4 FBK>< BK9D98AB7B <ECOF4A<S <; E>B?P G7B8AB @4?B= B>D9EFABEF<

Oδ(w
∗) FBK>< w∗ EFD9@<FES > 98<A<J9 CB @9D9 G69?<K9A<S K<E?4 L47B6.

#BEFDB9AAO= @9FB8 7?B54?PAB= BCF<@<;4J<< BFABE<FES > >?4EEG EFBI4EF<K9E><I 5<B<A-

EC<D<DB64AAOI Q6B?RJ<BAAOI 4?7BD<F@B6, CBE>B?P>G <ECB?P;G9F B5M<9 <89< 5<B?B7<K9E>B=

Q6B?RJ<<. !B 6 BF?<K<9 BF 8DG7<I CB8B5AOI 4?7BD<F@B6, >BFBDO9 S6?SRFES Q6D<EF<K9E><@<, 8?S

A97B, >4> 5O?B CB>4;4AB 6OL9, <@99F @9EFB EIB8<@BEFP CB 69DBSFABEF< CBE?98B64F9?PABEF< FBK9>

<ECOF4A<= > FBK>9 7?B54?PAB7B @4>E<@G@4 J9?96B= HGA>J<<. 1FBF 4?7BD<F@ ?97>B B5B5M49FES

8?S D9L9A<S ;484K< BCF<@<;4J<< HGA>J<< CDB<;6B?PAB7B K<E?4 C9D9@9AAOI, ;484AAB= 6 CDB-

<;6B?PAB@ @AB7B@9DAB@ C4D4??9?9C<C989 < 84:9 6 7<?P59DFB6B@ CDBEFD4AEF69 [43]. !4 D<E. 1

CD98EF46?9A 7D4H<> <;@9A9A<S D4ECD989?9A<S 69DBSFABEF< 6O5BD4 BK9D98AB= FBK>< <ECOF4A<S

CB @9D9 G69?<K9A<S K<E?4 L47B6. �; 7D4H<>4 6<8AB, KFB E F9K9A<9@ 6D9@9A< CDB<EIB8<F >BA-

J9AFD4J<S D4ECD989?9A<S 69DBSFABEF< 6 E>B?P G7B8AB @4?B= B>D9EFABEF< FBK>< 7?B54?PAB7B

@4>E<@G@4.

�4@9F<@, KFB CBEF46?9AAGR ;484KG BCF<@<;4J<< @B:AB CBA<@4FP >4> ;484KG CB?GK9A<S

<AHBD@4J<< B D4ECB?B:9A<< FBK>< 7?B54?PAB7B @4>E<@G@4 J9?96B= HGA>J<<. � EBBF69FEF6<< E

66989AAO@ BCD989?9A<9@, <AHBD@4J<S CD98EF46?S9F EB5B= 6O89?9AAB9 CB8@AB:9EF6B <; 8BCG-

EF<@B7B E97@9AF4. #D< QFB@ FBKAGR <AHBD@4J<R <?< 98<AEF69AAGR 4?PF9DA4F<6G, D94?<;GRMGR

@4>E<@G@, CD98EF46?S9F E4@4 FBK>4 w∗. !B 6 89=EF6<F9?PABEF< K<E?9AAO@< @9FB84@< CB?GK<FP

QFG FBK>G A96B;@B:AB.  B:AB CB?GK<FP ?<LP CB8@AB:9EF6B E97@9AF4, EB89D:4M99 QFG FBK>G

E 5B?PL9= <?< @9APL9= EF9C9APR G69D9AABEF<. #D< QFB@ 6O89?S9@B9 CB8@AB:9EF6B A4<5B?99

�G;9A>B6 ". �.
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$<E. 1. �;@9A9A<9 D4ECD989?9A<S 69DBSFABEF< Pk(w) 6O5BD4 FBK>< BK9D98AB7B <ECOF4A<S CD< A4IB:89A<< @4>E<@G@4
HGA>J<< f(w), ;484AAB= A4 BFD9;>9 [−1, 1], 6 ;46<E<@BEF< BF AB@9D4 k L474 @9FB84

Fig. 1. Change in the probability distribution Pk(w) of choosing the point of the next test when finding the maximum of the
function f(w) specified on the segment [−1, 1] depending on the method step number k

J9?9EBB5D4;AB D4EE@4FD<64FP >4> A9K9F>B9, 789 69DBSFABEFP 6O5BD4 BK9D98AB= FBK>< <ECOF4A<S

;4849F D4ECD989?9A<9 CB>4;4F9?S CD<A48?9:ABEF< > QFB@G CB8@AB:9EF6G. 1FB 6O89?S9@B9 CB8-

@AB:9EF6B < S6?S9FES <AHBD@4J<9= B @4>E<@G@9 HGA>J<<, >BFBD4S CD<B5D9F49FES 6 D9;G?PF4F9

D45BFO 4?7BD<F@4. %?98G9F BF@9F<FP, KFB D4EE@BFD9AAO= @9FB8 S6?S9FES A47?S8AB= <??REFD4J<-

9= <;?B:9AAB7B 6OL9 B5M97B CDBJ9EE4 CB?GK9A<S <AHBD@4J<<. �89EP <EIB8AB9 A9B8ABDB8AB9

D4ECD989?9A<9, ;484649@B9 ;A4K9A<S@< J9?96B= HGA>J<<, 6 IB89 D45BFO @9FB84 79A9D<DG9F AB6B9

D4ECD989?9A<9 CB>4;4F9?S CD<A48?9:ABEF<, 5?47B84DS K9@G BCD989?S9FES 6O89?9AAB9 A4 84AAB@

L479 A9K9F>B9 CB8@AB:9EF6B, CD98EF46?SRM99 CB?GK9AAGR > QFB@G @B@9AFG <AHBD@4J<R B 6B;-

@B:AB@ D4ECB?B:9A<< FBK>< @4>E<@G@4. #B @9D9 G69?<K9A<S K<E?4 L47B6 6E9 5B?99 6B;D4EF49F

EF9C9AP 6O89?9AABEF< CB8@AB:9EF64, KFB ?97>B @B:AB CDB69D<FP, D4EEK<F46 QAFDBC<R EBBF69F-

EF6GRM97B D4ECD989?9A<S. &9@ E4@O@ BF L474 > L47G 6B;D4EF49F <AHBD@4J<S B D4ECB?B:9A<<

FBK>< @4>E<@G@4.

&4>B9 CBA<@4A<9 <AHBD@4J<< < @9FB84 BCF<@<;4J<< >4> CDBJ9EE4 CBEF9C9AAB7B CB?GK9-

A<S 6E9 5B?PL9= <AHBD@4J<< CB;6B?S9F EHBD@G?<DB64FP AB6B9 GE?B6<9 BEF4AB6>< 4?7BD<F@4.

�?S <F9D4J<BAAB7B 4?7BD<F@4 D9L9A<S ;484K< BCF<@<;4J<< 5B?PLB9 ;A4K9A<9 <@99F GE?B6<9

BEF4AB6><. !4<5B?99 CDBEFO@ GE?B6<9@ S6?S9FES B7D4A<K9A<9 A4 K<E?B L47B6. 1FB GE?B6<9

BK9AP CBCG?SDAB 6 K<E?9AAOI @9FB84I 7?B54?PAB= BCF<@<;4J<<. "8A4>B BK96<8AB, KFB CD< QFB@

A9F A<>4>B= 74D4AF<<, KFB CB?GK9AAB9 ;4 H<>E<DB64AAB9 K<E?B L47B6 4?7BD<F@4 D9L9A<9 5G89F

IBDBL9= 4CCDB>E<@4J<9= <E>B@B7B BCF<@G@4. �DG7<@ 6B;@B:AO@ GE?B6<9@ BEF4AB6>< S6?S9F-

ES CD9>D4M9A<9 G?GKL9A<S ;A4K9A<S J9?96B= HGA>J<<. �E?<, A4K<A4S E A9>BFBDB7B @B@9AF4,

CB?GK49@B9 D9L9A<9 CD4>F<K9E>< A9 @9AS9FES, FB CDBJ9EE BCF<@<;4J<< ;4>4AK<649FES. !B 8?S

Q6D<EF<K9E><I @9FB8B6 9EFP BC4EABEFP CD9>D4M9A<S G?GKL9A<= <;-;4 CBC484A<S 6 ?B>4?PAO=

Q>EFD9@G@. � D9;G?PF4F9 @B:9F <@9FP @9EFB E<FG4J<S, KFB D4;AO9 4?7BD<F@O 6 B8AB= < FB=

:9 ;484K9 84RF BF?<K4RM<9ES D9;G?PF4FO D9L9A<S BCF<@<;4J<BAAB= ;484K< (E@. A4CD<@9D,

D9;G?PF4FO, CD<6989AAO9 6 [44]).

�A4K<F9?PAB 5B?99 QHH9>F<6AO@ GE?B6<9@ BEF4AB6>< S6?S9FES GE?B6<9 8BEF<:9A<S ;484A-

AB= FBKABEF< CD<5?<:9A<S FBK>< BCF<@G@4. &4>B9 GE?B6<9 <ECB?P;G9FES 6 A9>BFBDOI EIB8SM<IES
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4?7BD<F@4I 89F9D@<A<DB64AAB7B CB<E>4: 6 @9FB89 «;B?BFB7B E9K9A<S», 6 @9FB89 #<S6E>B7B < F. C.

"8A4>B <ECB?P;B64A<9 QFB7B GE?B6<S 6 EFBI4EF<K9E><I 4?7BD<F@4I EF4?><649FES E E9DP9;AO@<

;4FDG8A9A<S@<. �89EP B5OKAB A96B;@B:AB BJ9A<FP CB?GK9AAGR FBKABEFP CD<5?<:9A<S. !B QF<

;4FDG8A9A<S @B:AB D9L<FP, 9E?< CBA<@4FP CB?GK9AAGR 6 D9;G?PF4F9 K<E?9AAB7B EK9F4 <AHBD@4-

J<R A9 >4> BF89?PAGR FBK>G A4<?GKL97B CD<5?<:9A<S, 4 >4> 6O89?9AAB9 A9K9F>B9 CB8@AB:9EF6B

6B;@B:AB7B D4ECB?B:9A<S FBK>< 7?B54?PAB7B BCF<@G@4. 1FB @AB:9EF6B BCD989?S9FES D4ECD989?9-

A<9@ CB>4;4F9?S CD<A48?9:ABEF< CB B5?4EF< CB<E>4. � D4EE@BFD9AAB@ @9FB89 BCF<@<;4J<< DB?P

F4>B7B CB>4;4F9?S 6OCB?AS?4 69DBSFABEFP 6O5BD4 FBK>< BK9D98AB7B <ECOF4A<S. &B784 8?S ?R5OI

;4D4A99 ;484AAOI @4?OI CB?B:<F9?PAOI K<E9? ε < δ @B:AB CDB8B?:4FP CDBJ98GDG CB<E>4 8B F9I

CBD, CB>4 CB>4;4F9?P CD<A48?9:ABEF< 8?S A9>BFBDB7B <AF9D64?4 8?<AO δ A9 CD96OE<F GDB69AP 1−ε.
&4>B9 GE?B6<9 5G89F 74D4AF<DB64FP, KFB CBEFDB9AAB9 CD<5?<:9A<9 5G89F BF?<K4FPES BF A4EFBSM9=

FBK>< @4>E<@G@4 A4 5B?99 K9@ A4 δ E 8BEFB69DABEFPR (69DBSFABEFPR) A9 A<:9 K9@ (1− ε).
�DG7<@ G8B5AO@ GE?B6<9@ BEF4AB6>< @B:9F E?G:<FP 8BEF<:9A<9 ;484AAB7B GDB6AS >BA-

J9AFD4J<< CB>4;4F9?S CD<A48?9:ABEF<. 'DB69AP >BAJ9AFD4J<<, >4> G:9 BF@9K4?BEP, @B:AB

BCD989?<FP CB ;A4K9A<R QAFDBC<<. &B784 @B:AB ;484FP ;A4K9A<9 ε < CDB8B?:4FP D45BFG @9FB84

8B F9I CBD, CB>4 QAFDBC<S D4ECD989?9A<S CB>4;4F9?S CD<A48?9:ABEF< A9 EA<;<FES A<:9 QFB7B

ε. &4>B9 GE?B6<9 BEF4AB6>< H4>F<K9E>< B;A4K49F CB?GK9A<9 ;484AAB7B >B?<K9EF64 <AHBD@4J<<

BFABE<F9?PAB D4ECB?B:9A<S FBK>< BCF<@G@4.

#D<6989AAO= CD<@9D CB>4;O649F, KFB AB6B9 CBA<@4A<9 <AHBD@4J<< @B:9F 5OFP CB?9;AB

8?S EB69DL9AEF6B64A<S K<E?9AAOI @9FB8B6 BCF<@<;4J<<. #B?B:<F9?PAO= QHH9>F BF AB6B7B BCD9-

89?9A<S <AHBD@4J<< A9 <EK9DCO649FES FB?P>B B5?4EFPR BCF<@<;4J<<. �98P @AB7<9 EB6D9@9AAO9

<AHBD@4J<BAAO9 F9IAB?B7<< EFDBSFES A4 BEAB69 CD<@9A9A<S BCF<@<;4J<BAAOI CDBJ98GD, A4CD<-

@9D, B5GK9A<9 A9=DBAAOI E9F9=, D9L9A<9 ;484K< D4A:<DB64A<S, 6BEEF4AB6?9A<9 HGA>J<< ED46A9-

A<S < F. C. �89EP AB6B9 CBA<@4A<9 <AHBD@4J<< F4>:9 @B:9F 5OFP CB?9;AO@. !4CD<@9D, D9L9A<9

;484K< >?4EE<H<>4J<< A9=DBAAB= E9FPR @B:AB CBA<@4FP >4> CDBJ9EE BFB5D4:9A<S 6O89?9AAB7B

>?4EE4 Q?9@9AFB6 <; B5GK4RM9= 6O5BD>< 6 6O89?S9@B9 CB8@AB:9EF6B 69EB6 A9=DBAAB= E9F< [45].

� IB89 B5GK9A<S E9F< CDB<EIB8<F CBEF9C9AAB9 EG:9A<9 6O89?S9@B7B CB8@AB:9EF64 69EB6, KFB5O

B59EC9K<64FP 6E9 5B?99 FBKAGR D94>J<R A9=DBAAB= E9F< A4 CD98NS6?S9@O9 8?S D4ECB;A464A<S

Q?9@9AFO. �4> <;69EFAB, QF4 ;484K4 D9L49FES A4 BEAB69 @9FB8B6 BCF<@<;4J<<, 789, >4> 5O?B CB-

>4;4AB, AB6O= CB8IB8 CB;6B?S9F EHBD@G?<DB64FP AB6O9 >D<F9D<< BEF4AB6><. %BBF69FEF69AAB, 8?S

E9F< QFB @B:9F 5OFP CD98EF46?9AB 6 6<89 GE?B6<S ;469DL9A<S CDBJ9EE4 B5GK9A<S. �A4?B7<KAGR

E<FG4J<R @B:AB 6<89FP CD< D9L9A<< ;484K< D4A:<DB64A<S [46]. #D< <89AF<H<>4J<< HGA>J<<

ED46A9A<S 6 ;484K9 D4A:<DB64A<S BCSFP-F4>< H4>F<K9E>< BEGM9EF6?S9FES CBEF9C9AAB9 EG:9A<9
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