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Í‡ÙÂ‰˚ ‚˚˜ËÒÎËÚÂÎ¸ÌÓÈ ÒËÒÚÂÏÌÓÈ ·ËÓÎÓ„ËË ‚ ÷ÂÌÚÂ ·ËÓÏÂ‰ËˆËÌÒÍËı ÚÂıÌÓÎÓ„ËÈ Ã‡‰Ë‰ÒÍÓ„Ó
ÔÓÎËÚÂıÌË˜ÂÒÍÓ„Ó ÛÌË‚ÂÒËÚÂÚ‡, ÍÓÚÓÓÈ Ë ÛÍÓ‚Ó‰ËÚ Ì‡ ÔÓÚˇÊÂÌËË ÏÌÓ„Ëı ÎÂÚ. — ˝ÚÓ„Ó ÏÓÏÂÌÚ‡
Â„Ó Ì‡Û˜Ì˚Â ËÌÚÂÂÒ˚ ‚ÒÂ ·ÓÎ¸¯Â ÎÂÊ‡Ú ‚ Ó·Î‡ÒÚË ËÁÛ˜ÂÌËˇ ÊË‚˚ı ÒËÒÚÂÏ Ë Ì‡Ë·ÓÎ¸¯ËÈ
ËÌÚÂÂÒ ‚˚Á˚‚‡˛Ú Á‡„‡‰ÍË ÏÓÁ„‡, ÔÓ˝ÚÓÏÛ ÓÌ ÔÂËÏÛ˘ÂÒÚ‚ÂÌÌÓ Ì‡˜ËÌ‡ÂÚ ‡·ÓÚ‡Ú¸ Ì‡‰ Á‡‰‡˜‡ÏË
ÍÓ„ÌËÚË‚ÌÓÈ ÌÂÈÓÌ‡ÛÍË.

¬ Ì‡ÒÚÓˇ˘ÂÂ ‚ÂÏˇ ¿. Õ. œËÒ‡˜ËÍ ˇ‚ÎˇÂÚÒˇ Á‡ÒÎÛÊÂÌÌ˚Ï ËÒÒÎÂ‰Ó‚‡ÚÂÎÂÏ ‚ ÷ÂÌÚÂ ·ËÓ-
ÏÂ‰ËˆËÌÒÍËı ÚÂıÌÓÎÓ„ËÈ Ã‡‰Ë‰ÒÍÓ„Ó ÚÂıÌË˜ÂÒÍÓ„Ó ÛÌË‚ÂÒËÚÂÚ‡. ŒÚÏÂÚËÏ, ˜ÚÓ ¿ÎÂÍÒ‡Ì‰
ÕËÍÓÎ‡Â‚Ë˜ ÌËÍÓ„‰‡ ÌÂ ÔÂ˚‚‡Î ÚÂÒÌ˚ı ÔÎÓ‰ÓÚ‚ÓÌ˚ı Ì‡Û˜Ì˚ı Ë ‰ÛÊÂÒÍËı Ò‚ˇÁÂÈ Ò ÓÒÒËÈÒÍÓÈ
Ì‡ÛÍÓÈ. “‡Í, ‚ 2016–2019 „„. ÓÌ ‡·ÓÚ‡Î ‚ ÕŒ÷ «—ËÒÚÂÏ˚ ËÒÍÛÒÒÚ‚ÂÌÌÓ„Ó ËÌÚÂÎÎÂÍÚ‡ Ë ÌÂÈ-
ÓÚÂıÌÓÎÓ„ËË» —‡‡ÚÓ‚ÒÍÓ„Ó „ÓÒÛ‰‡ÒÚ‚ÂÌÌÓ„Ó ÚÂıÌË˜ÂÒÍÓ„Ó ÛÌË‚ÂÒËÚÂÚ‡ ËÏ. √‡„‡ËÌ‡ fi. ¿.,

—Ó‚ÏÂÒÚÌ˚È ‚ËÁËÚ ÒÓÚÛ‰ÌËÍÓ‚ ”ÌË‚ÂÒËÚÂÚ‡ »ÌÌÓÔÓÎËÒ Ë
¿. Õ. œËÒ‡˜ËÍ‡ Ì‡ ÍÓÌÙÂÂÌˆË˛ NOLTA’2019: ÏÂÊ‰Û Á‡ÒÂ-
‰‡ÌËˇÏË ÒÂÍˆËÈ (‰ÂÍ‡·¸ 2019,  Û‡Î‡-ÀÛÏÔÛ, Ã‡Î‡ÈÁËˇ).
—ÎÂ‚‡ Ì‡Ô‡‚Ó: ¿. ¬. ¿Ì‰ÂÂ‚, ¬. ¿. Ã‡ÍÒËÏÂÌÍÓ, ¿. Õ. œË-
Ò‡˜ËÍ, ¿. ≈. ’‡ÏÓ‚, —. ¿.  ÛÍËÌ

‚ 2019–2021 „„. — ‚ À‡·Ó‡ÚÓËË ÌÂÈÓÌ‡ÛÍË
Ë ÍÓ„ÌËÚË‚Ì˚ı ÚÂıÌÓÎÓ„ËÈ ”ÌË‚ÂÒËÚÂÚ‡ »Ì-
ÌÓÔÓÎËÒ, Ò 2021 „Ó‰‡ ‡ÍÚË‚ÌÓ ÒÓÚÛ‰ÌË˜‡ÂÚ ‚
‡ÏÍ‡ı ÔÓ„‡ÏÏ˚ œËÓËÚÂÚ-2030 Ë „‡ÌÚÓ‚
–ÓÒÒËÈÒÍÓ„Ó Ì‡Û˜ÌÓ„Ó ÙÓÌ‰‡ Ò ¡‡ÎÚËÈÒÍËÏ ˆÂÌ-
ÚÓÏ ÌÂÈÓÚÂıÌÓÎÓ„ËÈ Ë ËÒÍÛÒÒÚ‚ÂÌÌÓ„Ó ËÌÚÂÎ-
ÎÂÍÚ‡ ¡‡ÎÚËÈÒÍÓ„Ó ÙÂ‰Â‡Î¸ÌÓ„Ó ÛÌË‚ÂÒËÚÂÚ‡
ËÏ. ».  ‡ÌÚ‡.

¿ÎÂÍÒ‡Ì‰ ÕËÍÓÎ‡Â‚Ë˜ ˇ‚ÎˇÂÚÒˇ „Î‡‚-
Ì˚Ï Â‰‡ÍÚÓÓÏ ÏÂÊ‰ÛÌ‡Ó‰ÌÓ„Ó Ì‡Û˜ÌÓ„Ó
ÊÛÌ‡Î‡ Advances in Biology, Biotechnology
and Genetics, Á‡ÏÂÒÚËÚÂÎÂÏ „Î‡‚ÌÓ„Ó Â‰‡Í-
ÚÓ‡ ÊÛÌ‡ÎÓ‚ Applied Science, Discontinuity,
Nonlinearity and Complexity, Frontiers in Net-
work Physiology, Biophysical Review and Letters,
‡ Ú‡ÍÊÂ ˜ÎÂÌÓÏ Â‰ÍÓÎÎÂ„ËË ÊÛÌ‡ÎÓ‚ PLoS
One, Artificial Intelligence in Health (AIH),
Scholarly Journal of Psychology and Behavioral
Sciences, Open Life Sciences, Open Electrical and
Electronic Engineering Journal, «»Á‚ÂÒÚËˇ ‚Û-
ÁÓ‚. œËÍÎ‡‰Ì‡ˇ ÌÂÎËÌÂÈÌ‡ˇ ‰ËÌ‡ÏËÍ‡», «¬‡˜
Ë ËÌÙÓÏ‡ˆËÓÌÌ˚Â ÚÂıÌÓÎÓ„ËË».

¿ÎÂÍÒ‡Ì‰ ÕËÍÓÎ‡Â‚Ë˜ ÓÔÛ·ÎËÍÓ‚‡Î
4 ÍÓÎÎÂÍÚË‚Ì˚Â ÏÓÌÓ„‡ÙËË [1–4] Ë 17 „Î‡‚
ÍÌË„, ˇ‚ÎˇÎÒˇ ÔË„Î‡¯ÂÌÌ˚Ï Â‰‡ÍÚÓÓÏ ·ÓÎ¸-
¯Ó„Ó ˜ËÒÎ‡ ÒÔÂˆË‡Î¸Ì˚ı ‚˚ÔÛÒÍÓ‚ ÊÛÌ‡ÎÓ‚
Ë Ï‡ÚÂË‡ÎÓ‚ Ì‡Û˜Ì˚ı ÍÓÌÙÂÂÌˆËÈ. »Ï ÓÔÛ·-
ÎËÍÓ‚‡ÌÓ ·ÓÎÂÂ 300 Ì‡Û˜Ì˚ı ÂˆÂÌÁËÛÂÏ˚ı
ÒÚ‡ÚÂÈ, Ì‡Ë·ÓÎÂÂ ˆËÚËÛÂÏ˚Â ËÁ ÍÓÚÓ˚ı (ÔÓ
‚ÂÒËË Google Scholar) ÔÂ‰ÒÚ‡‚ÎÂÌ˚ ‚ ·Ë·ÎËÓ-
„‡ÙËË Í ‰‡ÌÌÓÈ ÒÚ‡Ú¸Â Ë ÓÚ‡Ê‡˛Ú ¯ËÓÍËÂ
Ì‡Û˜Ì˚Â ËÌÚÂÂÒ˚ ˛·ËÎˇ‡ [5–16]. œÓ‰ Â„Ó Û-
ÍÓ‚Ó‰ÒÚ‚ÓÏ Á‡˘Ë˘ÂÌ˚ 11 ‰ÓÍÚÓÒÍËı (Ph.D.)
‰ËÒÒÂÚ‡ˆËÈ.
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¿. Õ. œËÒ‡˜ËÍ Ò ‚ËÁËÚÓÏ ‚ À‡·Ó‡ÚÓË˛ ÌÂÈÓÌ‡ÛÍË Ë ÍÓ„ÌËÚË‚Ì˚ı ÚÂıÌÓÎÓ„ËÈ ”ÌË‚ÂÒËÚÂÚ‡ »ÌÌÓÔÓÎËÒ
(‡ÔÂÎ¸ 2019, »ÌÌÓÔÓÎËÒ, –ÓÒÒËˇ). —ÎÂ‚‡ Ì‡Ô‡‚Ó: —. ¿.  ÛÍËÌ, ¿. ¿. ¡‡‰‡ËÌ, ¿. ¬. ¿Ì‰ÂÂ‚, ¿. Õ. œËÒ‡˜ËÍ,
¿. ≈. ’‡ÏÓ‚, ¬. ¿. Ã‡ÍÒËÏÂÌÍÓ, ¬. ¬. √Û·Ó‚., ≈. Õ. œËˆËÍ Ë Õ. —. ‘ÓÎÓ‚

œÓÙÂÒÒÓ œËÒ‡˜ËÍ ˇ‚ÎˇÂÚÒˇ ˜ÎÂÌÓÏ Ô‡‚ÎÂÌËˇ ÃÂÊ‰ÛÌ‡Ó‰ÌÓ„Ó Ó·˘ÂÒÚ‚‡ ÙËÁËÍË Ë ÍÓÌ-
ÚÓÎˇ (IPACS), œÓ˜ÂÚÌ˚Ï ˜ÎÂÌÓÏ –ÓÁ‡ÎËÌ‰˚ London Journals Press, ‡ Ú‡ÍÊÂ ˜ÎÂÌÓÏ ≈‚ÓÔÂÈÒÍÓ„Ó
ÙËÁË˜ÂÒÍÓ„Ó Ó·˘ÂÒÚ‚‡, ÃÂÍÒËÍ‡ÌÒÍÓ„Ó ÙËÁË˜ÂÒÍÓ„Ó Ó·˘ÂÒÚ‚‡, ÃÂÍÒËÍ‡ÌÒÍÓÈ ‡Í‡‰ÂÏËË ÓÔÚËÍË,
Õ‡ˆËÓÌ‡Î¸ÌÓÈ ÒËÒÚÂÏ˚ ˝ÍÒÔÂÚÓ‚ ‚ Ó·Î‡ÒÚË Ì‡ÛÍË Ë ÚÂıÌËÍË ÃÂÍÒËÍË, Œ·˘ÂÒÚ‚‡ ÔÓÏ˚¯ÎÂÌ-
ÌÓÈ Ë ÔËÍÎ‡‰ÌÓÈ Ï‡ÚÂÏ‡ÚËÍË (SIAM), ¿ÏÂËÍ‡ÌÒÍÓÈ ‡ÒÒÓˆË‡ˆËË ÒÓ‰ÂÈÒÚ‚Ëˇ ‡Á‚ËÚË˛ Ì‡ÛÍË,
Õ¸˛-…ÓÍÒÍÓÈ ‡Í‡‰ÂÏËË Ì‡ÛÍ, ÃÂÊ‰ÛÌ‡Ó‰ÌÓ„Ó Ó·˘ÂÒÚ‚‡ ÓÔÚËÍË Ë ÙÓÚÓÌËÍË (SPIE), »ÌÒÚËÚÛ-
Ú‡ ËÌÊÂÌÂÓ‚ ˝ÎÂÍÚÓÚÂıÌËÍË Ë ˝ÎÂÍÚÓÌËÍË (IEEE), ÷ÂÌÚ‡ ËÒÔ‡ÌÒÍÓÈ ÒÂÚË ·ËÓÏÂ‰ËˆËÌÒÍËı
ËÒÒÎÂ‰Ó‚‡ÌËÈ (CIBER), »Ú‡Î¸ˇÌÒÍÓ„Ó Ó·˘ÂÒÚ‚‡ ı‡ÓÒ‡ Ë ÒÎÓÊÌÓÒÚË (SICC). ŒÌ ÔÓÎÛ˜ËÎ ‡Á-
ÎË˜Ì˚Â Ì‡Û˜Ì˚Â Ì‡„‡‰˚, ‚ ÚÓÏ ˜ËÒÎÂ ÔÂ‚Û˛ ÔÂÏË˛ Õ‡ˆËÓÌ‡Î¸ÌÓÈ ‡Í‡‰ÂÏËË Ì‡ÛÍ ¡ÂÎ‡ÛÒË
Á‡ ËÒÒÎÂ‰Ó‚‡ÌËˇ ‚ Ó·Î‡ÒÚË ÌÂÎËÌÂÈÌÓÈ ‰ËÌ‡ÏËÍË ÒÎÓÊÌ˚ı ÒËÒÚÂÏ (1999).

«‡ ˝ÚËÏ ÙÓÏ‡Î¸Ì˚Ï ÔÂÂ˜ËÒÎÂÌËÂÏ ˝Ú‡ÔÓ‚ Ì‡Û˜ÌÓÈ Í‡¸Â˚ Ë Ì‡Û˜ÌÓ„Ó ÔËÁÌ‡ÌËˇ ¿ÎÂÍ-
Ò‡Ì‰‡ ÕËÍÓÎ‡Â‚Ë˜‡ ÒÍ˚‚‡ÂÚÒˇ ÌÂ ÚÓÎ¸ÍÓ ‚˚‰‡˛˘ËÈÒˇ ÒÔÂˆË‡ÎËÒÚ ‚ Ò‚ÓÂÈ Ó·Î‡ÒÚË, ÌÓ Ë ÔÂÍ‡Ò-
Ì˚È Ì‡ÒÚ‡‚ÌËÍ, ‚‰ÓıÌÓ‚ËÚÂÎ¸, ÍÓÎÎÂ„‡ Ë ‰Û„ ‰Îˇ ÏÌÓ„Ëı ËÒÒÎÂ‰Ó‚‡ÚÂÎÂÈ, ‡·ÓÚ‡˛˘Ëı ‚ Ó·Î‡ÒÚË
ÌÂÎËÌÂÈÌÓÈ ‰ËÌ‡ÏËÍË ÔÓ ‚ÒÂÏÛ ÏËÛ. —‚ÓËÏË ÏÛ‰˚ÏË ÒÓ‚ÂÚ‡ÏË, „ÎÛ·ÓÍËÏË ÁÌ‡ÌËˇÏË Ë ·ÂÒ-
ÍÓÌÂ˜Ì˚Ï ˝ÌÚÛÁË‡ÁÏÓÏ ÓÌ ‚‰ÓıÌÓ‚ÎˇÂÚ Ë ÏÓÚË‚ËÛÂÚ ÍÓÎÎÂ„ Ë Û˜ÂÌËÍÓ‚ Ì‡ ÔÓÒÚËÊÂÌËÂ ÌÓ‚˚ı
Ì‡Û˜Ì˚ı ‚˚ÒÓÚ.

¿ÎÂÍÒ‡Ì‰ ÕËÍÓÎ‡Â‚Ë˜ ÌÂ ·ÓËÚÒˇ ÒÚ‡‚ËÚ¸ ‡Ï·ËˆËÓÁÌ˚Â ˆÂÎË ‚ ÌÓ‚˚ı ‰Îˇ ÌÂ„Ó Ì‡Ô‡‚ÎÂÌË-
ˇı. “‡Í, ‚ 2014 „Ó‰Û ÓÌ Ì‡˜ËÌ‡ÂÚ ËÒÒÎÂ‰Ó‚‡ÌËˇ ÏÛÎ¸ÚËÒÚ‡·ËÎ¸ÌÓ„Ó ‚ÓÒÔËˇÚËˇ ÌÂÓ‰ÌÓÁÌ‡˜Ì˚ı
ÁËÚÂÎ¸Ì˚ı ÒÚËÏÛÎÓ‚ (ËÎÎ˛ÁËÈ) Û ˜ÂÎÓ‚ÂÍ‡, ˜ÚÓ ·˚ÎÓ ÒÓ‚Â¯ÂÌÌÓ ÌÓ‚ÓÈ ÒÙÂÓÈ ‰ÂˇÚÂÎ¸ÌÓÒÚË
‚ Ì‡ÛÍÂ. «‡ ÌÂÒÍÓÎ¸ÍÓ ÔÓÒÎÂ‰Û˛˘Ëı ÎÂÚ ËÏ ·˚ÎË ÔÓÎÛ˜ÂÌ˚ Ë ÓÔÛ·ÎËÍÓ‚‡Ì˚ ÔËÓÌÂÒÍËÂ ÂÁÛÎ¸Ú‡-
Ú˚ ‚ ˝ÚÓÈ Ó·Î‡ÒÚË, ÍÓÚÓ˚Â ÔÓÁ‚ÓÎËÎË Ò‚ˇÁ‡Ú¸ ¯ÛÏÓ‚˚Â ÔÓˆÂÒÒ˚ ‚ ÌÂÈÓÌÌ˚ı ‡ÌÒ‡Ï·Îˇı ÏÓÁ„‡
Ò ÏÂı‡ÌËÁÏ‡ÏË ÔËÌˇÚËˇ Â¯ÂÌËÈ ˜ÂÎÓ‚ÂÍÓÏ, ·ÓÎÂÂ „ÎÛ·ÓÍÓ ÔÓÌˇÚ¸ ÓÒÓ·ÂÌÌÓÒÚË ËÌÙÓÏ‡ˆËÓÌÌ˚ı
ÔÓˆÂÒÒÓ‚ ‚ ÏÓÁ„Â ÔË ÒÂÌÒÓÏÓÚÓÌÓÈ ËÌÚÂ„‡ˆËË, Ì‡Û˜ËÚ¸Òˇ ÍÎ‡ÒÒËÙËˆËÓ‚‡Ú¸ ÒÓÒÚÓˇÌËˇ ÏÓÁ„‡
ÔÓ ‰‡ÌÌ˚Ï ÌÂÈÓ‚ËÁÛ‡ÎËÁ‡ˆËˇÏ Ë Ú. ‰.
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ƒÎˇ ÏÂÌˇ Ó„ÓÏÌ‡ˇ ˜ÂÒÚ¸, ˜ÚÓ ÏÌÂ ÔÓÒ˜‡ÒÚÎË‚ËÎÓÒ¸ ‚ÏÂÒÚÂ Ò ¿ÎÂÍÒ‡Ì‰ÓÏ ÕËÍÓÎ‡Â‚Ë-
˜ÂÏ ÔËÌˇÚ¸ Û˜‡ÒÚËÂ ‚Ó ÏÌÓ„Ëı ËÒÒÎÂ‰Ó‚‡ÌËˇı ‚ ˝ÚÓÏ Ì‡Ô‡‚ÎÂÌËË. fl Ò ·ÓÎ¸¯ÓÈ ÚÂÔÎÓÚÓÈ
‚ÒÔÓÏËÌ‡˛ Ò‚ÓË ‚ËÁËÚ˚ ‚ ÷ÂÌÚ ·ËÓÏÂ‰ËˆËÌÒÍËı ËÒÒÎÂ‰Ó‚‡ÌËÈ Ã‡‰Ë‰ÒÍÓ„Ó ÚÂıÌË˜ÂÒÍÓ„Ó
ÛÌË‚ÂÒËÚÂÚ‡, „‰Â Ï˚ ÔÓ‚Ó‰ËÎË ÒÓ‚ÏÂÒÚÌ˚Â ˝ÍÒÔÂËÏÂÌÚ˚ ÔÓ ·ËÒÚ‡·ËÎ¸ÌÓÏÛ ‚ÓÒÔËˇÚË˛
Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ Ã›√-Ï‡¯ËÌ˚, ‚ËÁËÚ˚ ¿ÎÂÍÒ‡Ì‰‡ ÕËÍÓÎ‡Â‚Ë˜‡ ‚ —‡‡ÚÓ‚ÒÍËÈ ÚÂıÌË˜Â-
ÒÍËÈ ÛÌË‚ÂÒËÚÂÚ Ë ‚ ”ÌË‚ÂÒËÚÂÚ »ÌÌÓÔÓÎËÒ ( ‡Á‡Ì¸) Ë Ì‡¯Ë ‚Â˜ÂÌËÂ ÔÓÒË‰ÂÎÍË Û ÏÂÌˇ
Ì‡ ÍÛıÌÂ, „‰Â Ï˚ ‰Ó „ÎÛ·ÓÍÓÈ ÌÓ˜Ë Ó·‰ÛÏ˚‚‡ÎË ÌÓ‚˚Â ˝ÍÒÔÂËÏÂÌÚ˚ Ë Ï‡ÚÂÏ‡ÚË˜ÂÒÍËÂ ÔÓ‰ıÓ‰˚.

«‡ „Ó‰˚ ‡ÍÚË‚ÌÓÈ Ì‡Û˜ÌÓÈ ‰ÂˇÚÂÎ¸ÌÓÒÚË ÔÓÙÂÒÒÓ œËÒ‡˜ËÍ ‚ÌÂÒ Ó„ÓÏÌ˚È ‚ÍÎ‡‰ ‚ ‡Á-
ÎË˜Ì˚Â ‡ÒÔÂÍÚ˚ ÌÂÎËÌÂÈÌÓÈ ‰ËÌ‡ÏËÍË, ÓÚÍ˚‚‡ˇ ÌÓ‚˚Â „ÓËÁÓÌÚ˚ Ë ‡Ò¯Ëˇˇ Ì‡¯Â ÔÓÌËÏ‡ÌËÂ
ÒÎÓÊÌÓÒÚË Ë ÌÂÓ‰ÌÓÁÌ‡˜ÌÓÒÚË ÏË‡. Õ‡Ë·ÓÎ¸¯ËÈ ‚ÍÎ‡‰ ¿ÎÂÍÒ‡Ì‰ ÕËÍÓÎ‡Â‚Ë˜ ‚ÌÂÒ ‚ ÔÓÒÚËÊÂÌËÂ
Ú‡ÍÓ„Ó ‚‡ÊÌÓ„Ó ˇ‚ÎÂÌËˇ, Í‡Í ÏÛÎ¸ÚËÒÚ‡·ËÎ¸ÌÓÒÚ¸ ‚ ÙËÁË˜ÂÒÍËı Ë ÊË‚˚ı ÒËÒÚÂÏ‡ı. ≈„Ó ËÒÒÎÂ-
‰Ó‚‡ÌËˇ ‚ ˝ÚÓÈ Ó·Î‡ÒÚË ÔÓÁ‚ÓÎËÎË Ò‚ˇÁ‡Ú¸ ˝ÙÙÂÍÚ˚ ‚ ÙËÁË˜ÂÒÍËı ÒËÒÚÂÏ‡ı, ‚ ÔÂ‚Û˛ Ó˜ÂÂ‰¸,
‚ Î‡ÁÂ‡ı, Ò ˇ‚ÎÂÌËˇÏË, ÍÓÚÓ˚Â Ï˚ Ì‡·Î˛‰‡ÂÏ ‚ ÊË‚˚ı ÒËÒÚÂÏ‡ı Ë ‰‡ÊÂ ‚ ÔÓ‚Â‰ÂÌËË ˜ÂÎÓ‚ÂÍ‡.
 ‡Í ËÒÚËÌÌ˚È ÙËÁËÍ ¿ÎÂÍÒ‡Ì‰ ÕËÍÓÎ‡Â‚Ë˜ ÌËÍÓ„‰‡ ÌÂ Ó„‡ÌË˜Ë‚‡ÂÚÒˇ ÚÓÎ¸ÍÓ ˝ÏÔËË˜ÂÒÍËÏË
ÔÓ‰ıÓ‰‡ÏË Ë ˝ÍÒÔÂËÏÂÌÚ‡ÏË, ÓÌ ‚ÒÂ„‰‡ ÒÚ‡‡ÂÚÒˇ ‰ÓÍÓÔ‡Ú¸Òˇ ‰Ó ÒÛÚË ˇ‚ÎÂÌËˇ, ÒÚÓËÚ ˝ÎÂ„‡ÌÚÌ˚Â
Ï‡ÚÂÏ‡ÚË˜ÂÒÍËÂ ÏÓ‰ÂÎË, ÍÓÚÓ˚Â ÔÓÁ‚ÓÎˇ˛Ú ÓÔËÒ‡Ú¸ Ë Ó·˙ˇÒÌËÚ¸ Ì‡·Î˛‰‡ÂÏ˚Â ÙËÁË˜ÂÒÍËÂ ˇ‚ÎÂ-
ÌËˇ. ¬ ˜‡ÒÚÌÓÒÚË, ÂÁÛÎ¸Ú‡Ú˚ Â„Ó ÔËÓÌÂÒÍËı ËÒÒÎÂ‰Ó‚‡ÌËÈ ÔÓ ÛÔ‡‚ÎÂÌË˛ ÏÛÎ¸ÚËÒÚ‡·ËÎ¸ÌÓÒÚ¸˛
Ë ˝ÙÙÂÍÚÛ ÍÓ„ÂÂÌÚÌÓ„Ó ÂÁÓÌ‡ÌÒ‡ ‚ ÙËÁË˜ÂÒÍËı Ë ÊË‚˚ı ÒËÒÚÂÏ‡ı, ÒÓ‚ÏÂÒÚÌÓ Ò ‡·ÓÚ‡ÏË ‰Û„Ëı
‡‚ÚÓÓ‚, Ó·Ó·˘ÂÌ˚ ‚ Ó·ÁÓÌ˚ı ÒÚ‡Ú¸ˇı, ÓÔÛ·ÎËÍÓ‚‡ÌÌ˚ı ‚ Ó‰ÌÓÏ ËÁ Ò‡Ï˚ı ÔÂÒÚËÊÌ˚ı ÙËÁË˜Â-
ÒÍËı ÊÛÌ‡ÎÓ‚ [5,15]. ›ÚË ËÒÒÎÂ‰Ó‚‡ÌËˇ ÔË‚ÂÎË Í ÔÓÌËÏ‡ÌË˛ ‚‡ÊÌÓÒÚË ËÁÛ˜ÂÌËˇ ÒÚÓı‡ÒÚË˜ÂÒÍËı
ÔÓˆÂÒÒÓ‚ ‚ ÌÂÈÓÌÌÓÈ ÒÂÚË „ÓÎÓ‚ÌÓ„Ó ÏÓÁ„‡ [16].

Õ‡Û˜Ì˚Â ‰ÓÒÚËÊÂÌËˇ ¿ÎÂÍÒ‡Ì‰‡ ÕËÍÓÎ‡Â‚Ë˜‡ ÌÂ ÚÓÎ¸ÍÓ ÔÓ‚ÎËˇÎË Ì‡ ‡Á‚ËÚËÂ ÍÓÌÍÂÚÌ˚ı
Ì‡Û˜Ì˚ı Ì‡Ô‡‚ÎÂÌËÈ, ÌÓ Ë ÔÓÎÓÊËÎË ÔÛÚ¸ Í ËÌÌÓ‚‡ˆËˇÏ. ¬ ˜‡ÒÚÌÓÒÚË, Á‰ÂÒ¸ ÏÓÊÌÓ ÓÚÏÂÚËÚ¸
ÒÂË˛ ‡·ÓÚ ¿. Õ. œËÒ‡˜ËÍ‡ ÔÓ ÔËÏÂÌÂÌË˛ ı‡ÓÚË˜ÂÒÍÓÈ ÒËÌıÓÌËÁ‡ˆËË ‰Îˇ ÒÍ˚ÚÓÈ ÔÂÂ‰‡˜Ë
ËÌÙÓÏ‡ˆËË, ‚ ÚÓÏ ˜ËÒÎÂ Ë Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ Î‡ÁÂÌ˚ı ÒËÒÚÂÏ [7, 8].

ÕÓ Í‡ÍËÂ ·˚ Á‡‰‡˜Ë ÌÂ ÒÚ‡‚ËÎ ÔÂÂ‰ ÒÓ·ÓÈ ¿ÎÂÍÒ‡Ì‰ ÕËÍÓÎ‡Â‚Ë˜, ÓÌ ‚ÒÂ„‰‡ ‰ÂÏÓÌÒÚËÛÂÚ
‚˚ÒÓÍËÈ ÛÓ‚ÂÌ¸ ÔÓÙÂÒÒËÓÌ‡ÎËÁÏ‡, ÒÚ‡ÒÚ¸ Í Ì‡ÛÍÂ Ë ÒÚÂÏÎÂÌËÂ Í ÔÓÒÚÓˇÌÌÓÏÛ ÒÓ‚Â¯ÂÌÒÚ‚Ó-
‚‡ÌË˛. ŒÌ ÔË‰ÂÊË‚‡ÂÚÒˇ Û·ÂÊ‰ÂÌËˇ, ˜ÚÓ «ËÒÚËÌÌ˚È Û˜ÂÌ˚È ‰ÓÎÊÂÌ ‡·ÓÚ‡Ú¸ ÍÛ„ÎÓÒÛÚÓ˜ÌÓ,
ÌÂ Á‡ÒÚÂ‚‡Ú¸ Ì‡‰ÓÎ„Ó Ì‡ Ó‰ÌÓÏ Ì‡Ô‡‚ÎÂÌËË, ‡ ‚ÂÏˇ ÓÚ ‚ÂÏÂÌË ÏÂÌˇÚ¸ ÚÂÏÛ ËÒÒÎÂ‰Ó‚‡ÌËÈ,
‡ Ú‡ÍÊÂ ËÌÓ„‰‡ ÔËÒ‡Ú¸ ÏÓÌÓ„‡ÙËË».

 ÓÎÎÂ„Ë Ë ‰ÛÁ¸ˇ ÔÓÁ‰‡‚Îˇ˛Ú ¿ÎÂÍÒ‡Ì‰‡ ÕËÍÓÎ‡Â‚Ë˜‡ Ò 70-ÎÂÚËÂÏ Ë ‚˚‡Ê‡˛Ú „ÎÛ·ÓÍÛ˛
·Î‡„Ó‰‡ÌÓÒÚ¸ Á‡ Â„Ó ÏÌÓ„Ó„‡ÌÌ˚È Ë ˆÂÌÌ˚È ‚ÍÎ‡‰ ‚ ÏËÓ‚Û˛ Ì‡ÛÍÛ. Ã˚ ÊÂÎ‡ÂÏ ÂÏÛ

ÍÂÔÍÓ„Ó Á‰ÓÓ‚¸ˇ, ÌÓ‚˚ı Ì‡Û˜Ì˚ı Ë‰ÂÈ Ë ‚˚‰‡˛˘ËıÒˇ ÂÁÛÎ¸Ú‡ÚÓ‚!
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¿ÌÌÓÚ‡ˆËˇ. ÷ÂÎ¸ Ì‡ÒÚÓˇ˘ÂÈ ‡·ÓÚ˚ — ÔÓÒÚÓÂÌËÂ ÍÓÏÔ‡ÍÚÌÓÈ ÒıÂÏ˚ ÏÂÚÓ‰‡ ÍÓÌÂ˜Ì˚ı ‡ÁÌÓÒÚÂÈ ‰Îˇ ÏÓ‰ÂÎËÓ‚‡ÌËˇ
‰ËÌ‡ÏËÍË ıË˘ÌËÍ‡ Ë ÊÂÚ‚˚ Ì‡ ÓÒÌÓ‚Â Û‡‚ÌÂÌËÈ Â‡ÍˆËË–‰ËÙÙÛÁËË–‡‰‚ÂÍˆËË Ò ÔÂÂÏÂÌÌ˚ÏË ÍÓ˝ÙÙËˆËÂÌÚ‡ÏË.
ÃÂÚÓ‰˚. ƒÎˇ ‰ËÒÍÂÚËÁ‡ˆËË ÔÓÒÚ‡ÌÒÚ‚ÂÌÌÓ-ÌÂÓ‰ÌÓÓ‰ÌÓÈ Á‡‰‡˜Ë Ò ÌÂÎËÌÂÈÌ˚ÏË ˜ÎÂÌ‡ÏË Ú‡ÍÒËÒÌÓ„Ó Ë ÎÓÍ‡Î¸ÌÓ„Ó
‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëˇ ÔËÏÂÌˇÂÚÒˇ ËÌÚÂ„Ó-ËÌÚÂÔÓÎˇˆËÓÌÌ˚È ÏÂÚÓ‰. œÎÓÚÌÓÒÚË ‚Ë‰Ó‚ ÓÔÂ‰ÂÎˇ˛ÚÒˇ Ì‡ ÓÒÌÓ‚ÌÓÈ ÒÂÚÍÂ,
‡ Ëı ÔÓÚÓÍË ‚˚˜ËÒÎˇ˛ÚÒˇ ‚ ÛÁÎ‡ı ÒÏÂ˘ÂÌÌÓÈ ÒÂÚÍË. »ÌÚÂ„ËÓ‚‡ÌËÂ ÔÓ ‚ÂÏÂÌË ÔÓ‚Ó‰ËÚÒˇ ÏÂÚÓ‰ÓÏ –ÛÌ„Â– ÛÚÚ˚
‚˚ÒÓÍÓ„Ó ÔÓˇ‰Í‡. –ÂÁÛÎ¸Ú‡Ú˚. ƒÎˇ ÒÎÛ˜‡ˇ Ó‰ÌÓÏÂÌÓ„Ó ÍÓÎ¸ˆÂ‚Ó„Ó ‡Â‡Î‡ Ì‡ ÚÂıÚÓ˜Â˜ÌÓÏ ¯‡·ÎÓÌÂ ÔÓÒÚÓÂÌ‡
‡ÁÌÓÒÚÌ‡ˇ ÒıÂÏ‡, ÔÓÁ‚ÓÎˇ˛˘‡ˇ ÔÓ‚˚ÒËÚ¸ ÔÓˇ‰ÓÍ ÚÓ˜ÌÓÒÚË ÔÓ Ò‡‚ÌÂÌË˛ ÒÓ ÒÚ‡Ì‰‡ÚÌÓÈ ÒıÂÏÓÈ ‚ÚÓÓ„Ó ÔÓˇ‰Í‡
‡ÔÔÓÍÒËÏ‡ˆËË. œÂ‰ÒÚ‡‚ÎÂÌ˚ ÂÁÛÎ¸Ú‡Ú˚ ‚˚˜ËÒÎËÚÂÎ¸ÌÓ„Ó ˝ÍÒÔÂËÏÂÌÚ‡ Ë ÔÓ‚Â‰ÂÌÓ Ò‡‚ÌÂÌËÂ ÒıÂÏ ‰Îˇ ÒÚ‡ˆËÓ-
Ì‡Ì˚ı Ë ÌÂÒÚ‡ˆËÓÌ‡Ì˚ı Â¯ÂÌËÈ. Õ‡ ÓÒÌÓ‚Â ÔÓˆÂÒÒ‡ ›ÈÚÍÂÌ‡ ‰Îˇ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚÂÈ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌ˚ı ÒÂÚÓÍ
Â‡ÎËÁÓ‚‡Ì˚ ‚˚˜ËÒÎÂÌËˇ ˝ÙÙÂÍÚË‚ÌÓ„Ó ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË. –‡ÒÒ˜ËÚ‡ÌÌ˚Â ÁÌ‡˜ÂÌËˇ ‰Îˇ ÔÂ‰ÎÓÊÂÌÌÓÈ ÒıÂÏ˚ ·˚ÎË
·ÓÎ¸¯Â ÒÚ‡Ì‰‡ÚÌ˚ı ‰‚Ûı: ‰Îˇ ‰ËÙÙÛÁËÓÌÌÓÈ Á‡‰‡˜Ë ÔÓÎÛ˜‡ÎËÒ¸ ÁÌ‡˜ÂÌËˇ ÌÂ ÏÂÌ¸¯Â ˜ÂÚ˚Âı, ÛÏÂÌ¸¯ÂÌËÂ ‰Ó ÚÂı
·˚ÎÓ ÓÚÏÂ˜ÂÌÓ ÔË Û˜ÂÚÂ Ì‡Ô‡‚ÎÂÌÌÓÈ ÏË„‡ˆËË. ›ÚË ‚˚‚Ó‰˚ ·˚ÎË ÔÓ‰Ú‚ÂÊ‰ÂÌ˚ Ë ÔË ‡Ò˜ÂÚÂ ÌÂÒÚ‡ˆËÓÌ‡Ì˚ı
ÂÊËÏÓ‚ ÍÓÎÂ·‡ÌËÈ. «‡ÍÎ˛˜ÂÌËÂ. œÓÎÛ˜ÂÌÌ˚Â ÂÁÛÎ¸Ú‡Ú˚ ‰ÂÏÓÌÒÚËÛ˛Ú ˝ÙÙÂÍÚË‚ÌÓÒÚ¸ ÔÓÒÚÓÂÌÌÓÈ ÒıÂÏ˚ ‡Ò˜ÂÚ‡
‰ËÌ‡ÏËÍË ÒËÒÚÂÏ˚ ıË˘ÌËÍ‡ Ë ÊÂÚ‚˚ Ì‡ ÌÂÓ‰ÌÓÓ‰ÌÓÏ ‡Â‡ÎÂ Ó·ËÚ‡ÌËˇ.
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Abstract. The aim of this work is to develop a compact finite-difference approach for modeling the dynamics of predator
and prey based on reaction-diffusion-advection equations with variable coefficients. Methods. To discretize a spatially
inhomogeneous problem with nonlinear terms of taxis and local interaction, the balance method is used. Species densities are
determined on the main grid whereas fluxes are computed at the nodes of the staggered grid. Integration over time is carried
out using the high-order Runge-Kutta method. Results. For the case of one-dimensional annular interval, the finite-difference
scheme on the three-point stencil has been constructed that makes it possible to increase the order of accuracy compared to
the standard second-order approximation scheme. The results of computational experiment are presented and comparison of
schemes for stationary and non-stationary solutions is carried out. We conduct the calculation of accuracy order basing on the
Aitken process for sequences of spatial grids. The calculated values of the effective order accuracy for the proposed scheme
were greater than the standard two: for the diffusion problem, values of at least four were obtained. Decrease was obtained
when directional migration was taken into account. This conclusion was also confirmed for non-stationary oscillatory regimes.
Conclusion. The results demonstrate the effectiveness of the derived scheme for dynamics of predator and prey system in a
heterogeneous environment.
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¬‚Â‰ÂÌËÂ

 ÓÏÔ‡ÍÚÌ˚Â ÒıÂÏ˚ ÔÓÁ‚ÓÎˇ˛Ú ÔÓ‚˚ÒËÚ¸ ÔÓˇ‰ÓÍ ‡ÁÌÓÒÚÌ˚ı ‡ÔÔÓÍÒËÏ‡ˆËÈ Ë Ó·ÂÒÔÂ˜ËÚ¸
ÊÂÎ‡ÂÏÛ˛ ÚÓ˜ÌÓÒÚ¸ Ò ÏËÌËÏ‡Î¸Ì˚ÏË ‚˚˜ËÒÎËÚÂÎ¸Ì˚ÏË Á‡Ú‡Ú‡ÏË [1, 2]. »ı ‡Á‚ËÚËÂ Ë ÔËÏÂÌÂ-
ÌËÂ ‚ Á‡‰‡˜‡ı ‡ÍÛÒÚËÍË, „Ë‰Ó- Ë ‡˝Ó‰ËÌ‡ÏËÍË ÓÔËÒ‡ÌÓ ‚ ÒÚ‡Ú¸ˇı, Ó·ÁÓ˚ ÍÓÚÓ˚ı ÔË‚Â‰ÂÌ˚
‚ [3–7]. ƒÎˇ ÎËÌÂÈÌ˚ı Á‡‰‡˜ ÔÓˇ‰ÓÍ ‡ÔÔÓÍÒËÏ‡ˆËË ÛÒÚ‡Ì‡‚ÎË‚‡ÂÚÒˇ ÔÓ‰ÒÚ‡ÌÓ‚ÍÓÈ ÚÓ˜ÌÓ„Ó
Â¯ÂÌËˇ ‚ ‡ÁÌÓÒÚÌ˚Â ‡Ì‡ÎÓ„Ë Û‡‚ÌÂÌËÈ Ë ÔˇÏ˚Ï ‡ÁÎÓÊÂÌËÂÏ ‚ ˇ‰ “ÂÈÎÓ‡ [8]. ¬ ÒÎÛ˜‡Â
ÌÂÎËÌÂÈÌ˚ı Á‡‰‡˜ ÔËÏÂÌˇ˛ÚÒˇ ‚˚˜ËÒÎËÚÂÎ¸Ì˚Â ÔÓˆÂ‰Û˚ Ì‡ Ò„Û˘‡˛˘ËıÒˇ ÒÂÚÍ‡ı ÚËÔ‡ –Ë˜‡‰-
ÒÓÌ‡, –ÛÌ„Â, ›ÈÚÍÂÌ‡ [9]. —Û˘ÂÒÚ‚Û˛Ú ÔÓ‰ıÓ‰˚, ÓÒÌÓ‚‡ÌÌ˚Â Ì‡ ‡ÁÌÓÒÚÌ˚ı ‡ÔÔÓÍÒËÏ‡ˆËˇı ÔÓ
ÔÓÒÚ‡ÌÒÚ‚Û Ë ÔÓ ‚ÂÏÂÌË, ‡ Ú‡ÍÊÂ ‚‡Ë‡ÌÚ˚ ÏÂÚÓ‰‡ ÔˇÏ˚ı, ‚ ÍÓÚÓ˚ı ‡ÁÌÓÒÚÌ‡ˇ ‡ÔÔÓÍÒË-
Ï‡ˆËˇ ÔÓ‚Ó‰ËÚÒˇ ÔÓ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌ˚Ï ÔÂÂÏÂÌÌ˚Ï, ‡ ÔÓ ‚ÂÏÂÌË ËÒÔÓÎ¸ÁÛ˛ÚÒˇ ÏÂÚÓ‰˚ ÚËÔ‡
–ÛÌ„Â– ÛÚÚ˚. ¬˚ÒÓÍËÂ ÔÓˇ‰ÍË ËÌÚÂ„‡ÚÓÓ‚ ÔÓ ‚ÂÏÂÌË [10] ÔÓÁ‚ÓÎˇ˛Ú ÒÓÒÂ‰ÓÚÓ˜ËÚ¸Òˇ ÚÓÎ¸ÍÓ
Ì‡ ‡ÔÔÓÍÒËÏ‡ˆËˇı ÔÓ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌ˚Ï ÍÓÓ‰ËÌ‡Ú‡Ï.

œË ËÒÒÎÂ‰Ó‚‡ÌËË ÏÓ‰ÂÎÂÈ ÔÓÔÛÎˇˆËÓÌÌÓÈ ‰ËÌ‡ÏËÍË, ÓÒÌÓ‚‡ÌÌ˚ı Ì‡ Û‡‚ÌÂÌËˇı Â‡Í-
ˆËË–‰ËÙÙÛÁËË–‡‰‚ÂÍˆËË, ÚÂ·ÛÂÚÒˇ ‚˚˜ËÒÎˇÚ¸ Ë ‡Ì‡ÎËÁËÓ‚‡Ú¸ ÒÚ‡ˆËÓÌ‡Ì˚Â Â¯ÂÌËˇ, ‡ Ú‡Í-
ÊÂ ÍÓÎÂ·‡ÚÂÎ¸Ì˚Â ÂÊËÏ˚, ÓÒÓ·ÂÌÌÓ ‰Îˇ ÒËÒÚÂÏ, ÓÔËÒ˚‚‡˛˘Ëı ‚Á‡ËÏÓ‰ÂÈÒÚ‚ËÂ ıË˘ÌËÍÓ‚
Ë ÊÂÚ‚ [11–14]. œËÏÂÌÂÌËÂ ÒıÂÏ ÔÓ‚˚¯ÂÌÌÓ„Ó ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË ‰Îˇ ÔÓ·ÎÂÏ Ï‡ÚÂÏ‡ÚË˜ÂÒÍÓÈ
·ËÓÎÓ„ËË ‚ÒÚÂ˜‡ÂÚÒˇ ‰ÓÒÚ‡ÚÓ˜ÌÓ Â‰ÍÓ. ¬ [3] ÍÓÏÔ‡ÍÚÌ‡ˇ ‡ÁÌÓÒÚÌ‡ˇ ÒıÂÏ‡ ‚˚ÒÓÍÓ„Ó ÔÓˇ‰Í‡
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Â‡ÎËÁÓ‚‡Ì‡ ‰Îˇ Â¯ÂÌËˇ Ó‰ÌÓÏÂÌÓÈ ÔÓ ÔÓÒÚ‡ÌÒÚ‚Û Á‡‰‡˜Ë Â‡ÍˆËË–‡‰‚ÂÍˆËË–‰ËÙÙÛÁËË,
‡ ‚ [4] ÔÂ‰ÎÓÊÂÌ‡ ‡ÔÔÓÍÒËÏ‡ˆËˇ ÚÂıÏÂÌÓ„Ó Û‡‚ÌÂÌËˇ ÍÓÌ‚ÂÍˆËË–‰ËÙÙÛÁËË ‰Îˇ ÒÎÛ˜‡ˇ
ÌÂ‡‚ÌÓÏÂÌÓÈ ÒÂÚÍË. ¬ [5] ËÒÔÓÎ¸ÁÓ‚‡ÎËÒ¸ ÍÓÌÂ˜ÌÓ-‡ÁÌÓÒÚÌ˚Â ‡ÔÔÓÍÒËÏ‡ˆËË ÔÓ ‚ÂÏÂÌÌÓÈ Ë
ÔÓÒÚ‡ÌÒÚ‚ÂÌÌÓÈ ÍÓÓ‰ËÌ‡Ú‡Ï ‰Îˇ Û‡‚ÌÂÌËˇ  ÓÎÏÓ„ÓÓ‚‡–œÂÚÓ‚ÒÍÓ„Ó–œËÒÍÛÌÓ‚‡–‘Ë¯Â‡.
ƒÎˇ Â¯ÂÌËˇ Û‡‚ÌÂÌËÈ Â‡ÍˆËË-‰ËÙÙÛÁËË Ò ÔÂÂÏÂÌÌ˚ÏË ÍÓ˝ÙÙËˆËÂÌÚ‡ÏË Ë ÌÂÎËÌÂÈÌ˚Ï ËÒÚÓ˜-
ÌËÍÓ‚˚Ï ˜ÎÂÌÓÏ ‚ [6] ‡Á‡·ÓÚ‡Ì‡ ÍÓÏÔ‡ÍÚÌ‡ˇ ÍÓÌÂ˜ÌÓ-‡ÁÌÓÒÚÌ‡ˇ ÒıÂÏ‡ ˜ÂÚ‚ÂÚÓ„Ó ÔÓˇ‰Í‡. ¬ [7]
‡ÒÒÏÓÚÂÌ‡ ÏÓ‰ÂÎ¸ ıÂÏÓÚ‡ÍÒËÒ‡ ‰Îˇ ÒËÒÚÂÏ˚ Ò ÍÓÒÒ-‰ËÙÙÛÁËÂÈ Ë ÎÓ„ËÒÚË˜ÂÒÍËÏ ËÒÚÓ˜ÌËÍÓÏ.

¬ ‰‡ÌÌÓÈ ‡·ÓÚÂ ‰Îˇ Â¯ÂÌËˇ ÌÂÎËÌÂÈÌ˚ı Û‡‚ÌÂÌËÈ ÒËÒÚÂÏ˚ ıË˘ÌËÍ‡ Ë ÊÂÚ‚˚ ËÒ-
ÔÓÎ¸ÁÛÂÚÒˇ ÏÂÚÓ‰ ÔˇÏ˚ı ‡Ì‡ÎÓ„Ë˜ÌÓ ÒıÂÏÂ ÒÓ ÒÏÂ˘ÂÌÌ˚ÏË ÒÂÚÍ‡ÏË, ‡Á‡·ÓÚ‡ÌÌÓÈ ‚ [15,16].
œÎÓÚÌÓÒÚË ‚Ë‰Ó‚ ÓÔÂ‰ÂÎˇ˛ÚÒˇ Ì‡ ÓÒÌÓ‚ÌÓÈ ÒÂÚÍÂ, ‡ Ëı ÔÓÚÓÍË ‚˚˜ËÒÎˇ˛ÚÒˇ ‚ ÛÁÎ‡ı ÒÏÂ˘ÂÌÌÓÈ
ÒÂÚÍË. ƒËÒÍÂÚËÁ‡ˆËˇ Á‡‰‡˜Ë ‰Îˇ ÍÓÎ¸ˆÂ‚Ó„Ó ‡Â‡Î‡ ÔÓ‚Ó‰ËÚÒˇ Ì‡ ÚÂıÚÓ˜Â˜ÌÓÏ ¯‡·ÎÓÌÂ. ƒÎˇ
ËÌÚÂ„ËÓ‚‡ÌËˇ ÔÓ ‚ÂÏÂÌË ÔËÏÂÌˇÂÚÒˇ ÏÂÚÓ‰ –ÛÌ„Â– ÛÚÚ˚ ‚˚ÒÓÍÓ„Ó ÔÓˇ‰Í‡.

1. Ã‡ÚÂÏ‡ÚË˜ÂÒÍ‡ˇ ÏÓ‰ÂÎ¸ ıË˘ÌËÍ‡ Ë ÊÂÚ‚˚ Ì‡ ÌÂÓ‰ÌÓÓ‰ÌÓÏ ‡Â‡ÎÂ

ƒÎˇ ÓÔËÒ‡ÌËˇ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌÓ-‚ÂÏÂÌÌÓ„Ó ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëˇ ıË˘ÌËÍ‡ Ë ÊÂÚ‚˚ ËÒÔÓÎ¸ÁÛ˛Ú-
Òˇ Û‡‚ÌÂÌËˇ Â‡ÍˆËË–‰ËÙÙÛÁËË–‡‰‚ÂÍˆËË [11, 13]. ¬ ÒÎÛ˜‡Â Ó‰ÌÓÏÂÌÓ„Ó ‡Â‡Î‡ Ï‡ÚÂÏ‡ÚË˜ÂÒÍ‡ˇ
ÏÓ‰ÂÎ¸ ÏÓÊÂÚ ·˚Ú¸ Á‡ÔËÒ‡Ì‡ ‚ ‚Ë‰Â ÒËÒÚÂÏ˚ Û‡‚ÌÂÌËÈ ÓÚÌÓÒËÚÂÎ¸ÌÓ ÔÎÓÚÌÓÒÚÂÈ ÊÂÚ‚˚ u(x, t)
Ë ıË˘ÌËÍ‡ v(x, t) [15, 16]

u̇ = �q01 + F1, q1 = �k1u
0 + u301, (1)

v̇ = �q02 + F2, q2 = �k2v
0 + v302, (2)

„‰Â ÚÓ˜ÍÓÈ Ó·ÓÁÌ‡˜ÂÌÓ ‰ËÙÙÂÂÌˆËÓ‚‡ÌËÂ ÔÓ ‚ÂÏÂÌË t, ‡ ¯ÚËıÓÏ — ÔÓËÁ‚Ó‰Ì‡ˇ ÔÓ x. ◊ÎÂÌ˚
Fi (i = 1, 2) ÓÔËÒ˚‚‡˛Ú ÎÓÍ‡Î¸ÌÓÂ ‚Á‡ËÏÓ‰ÂÈÒÚ‚ËÂ ‚Ë‰Ó‚ Ì‡ ÓÒÌÓ‚Â ÙÛÌÍˆËÓÌ‡Î¸ÌÓ„Ó ÓÚÍÎËÍ‡
’ÓÎÎËÌ„‡ ‚ÚÓÓ„Ó Ó‰‡, ÏÓ‰ÂÎË ÓÒÚ‡ „ËÔÂ·ÓÎË˜ÂÒÍÓ„Ó ÚËÔ‡ ‰Îˇ ÊÂÚ‚˚ Ë ÎËÌÂÈÌÓ„Ó Á‡ÍÓÌ‡
Û·˚ÎË ıË˘ÌËÍ‡ [17]

F1(u, v) = u


u

✓
1�

u

p

◆
�

v

1 + Cu

�
, F2(u, v) = v


�l+

Bu

1 + Cu

�
. (3)

«‰ÂÒ¸ p = p(x) — ÂÒÛÒ, l — ÍÓ˝ÙÙËˆËÂÌÚ ÒÏÂÚÌÓÒÚË, B — ÔËÓÒÚ ıË˘ÌËÍ‡ ‚ ÂÁÛÎ¸Ú‡ÚÂ
ÍÓÌÚ‡ÍÚ‡ Ò ÊÂÚ‚ÓÈ, ‡ C ÔÓÁ‚ÓÎˇÂÚ Û˜ÂÒÚ¸ ËÌÂÚÌÓÒÚ¸ ıË˘ÌËÍ‡ ÔË ÔÓËÒÍÂ, ÔÓ„ÎÓ˘ÂÌËË Ë
ÔÂÂ‡·ÓÚÍÂ ÊÂÚ‚˚.

¬ ‚˚‡ÊÂÌËˇı ‰Îˇ ÔÓÚÓÍÓ‚ qi (ÙÓÏÛÎ˚ (1)–(2)) ÔÂ‚ÓÂ ÒÎ‡„‡ÂÏÓÂ ı‡‡ÍÚÂËÁÛÂÚ ‰ËÙÙÛÁË˛,
‡ ‚ÚÓÓÂ ÓÚ‚Â˜‡ÂÚ Á‡ Ì‡Ô‡‚ÎÂÌÌÛ˛ ÏË„‡ˆË˛ (Ú‡ÍÒËÒ) [13, 16]. ‘ÛÌÍˆËˇ 31 ‚ÍÎ˛˜‡ÂÚ Ú‡ÍÒËÒ
ÊÂÚ‚˚ Ì‡ ÌÂ‡‚ÌÓÏÂÌÓ ‡ÒÔÂ‰ÂÎÂÌÌ˚È ‚‰ÓÎ¸ ‡Â‡Î‡ ÂÒÛÒ p(x), ÏË„‡ˆË˛ ÓÚ ÓÒÓ·ÂÈ Ò‚ÓÂ„Ó
‚Ë‰‡ (�b11u) Ë ÓÚ ıË˘ÌËÍ‡ (�b12v). ‘ÛÌÍˆËˇ 32 ÓÔËÒ˚‚‡ÂÚ Ú‡ÍÒËÒ ıË˘ÌËÍ‡ Ì‡ ÊÂÚ‚Û (b21u)
Ë Ú‡ÍÒËÒ (�b22v) ÓÚ Ò„Û˘ÂÌËˇ ıË˘ÌËÍÓ‚ [16]:

31 = ap� b11u� b12v, 32 = b21u� b22v. (4)

 Ó˝ÙÙËˆËÂÌÚ˚ ‰ËÙÙÛÁËË ki Ë Ì‡Ô‡‚ÎÂÌÌÓÈ ÏË„‡ˆËË a, bij (i, j = 1, 2) ˇ‚Îˇ˛ÚÒˇ ÌÂÓÚËˆ‡ÚÂÎ¸-
Ì˚ÏË ‚ÂÎË˜ËÌ‡ÏË.

—ËÒÚÂÏ‡ (1)–(4) ‰ÓÔÓÎÌˇÂÚÒˇ ÛÒÎÓ‚ËˇÏË ÔÂËÓ‰Ë˜ÌÓÒÚË ÔË x = 0 (x = a):

u(0, t) = u(a, t), q1(0, t) = q1(a, t),

v(0, t) = v(a, t), q2(0, t) = q2(a, t). (5)

Õ‡˜‡Î¸Ì˚Â ÛÒÎÓ‚Ëˇ Á‡‰‡˛ÚÒˇ ‰Îˇ ÔÎÓÚÌÓÒÚÂÈ ‚Ë‰Ó‚

u(x, 0) = u0(x), v(x, 0) = v0(x). (6)
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2. –‡ÁÌÓÒÚÌ‡ˇ ÒıÂÏ‡ ÔÓ‚˚¯ÂÌÌÓ„Ó ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË

¬ ‡·ÓÚ‡ı [15,16] ÓÔËÒ‡Ì‡ ÍÓÌÂ˜ÌÓ-‡ÁÌÓÒÚÌ‡ˇ ÒıÂÏ‡ Â¯ÂÌËˇ Á‡‰‡˜ ‰ËÌ‡ÏËÍË ÔÓÔÛÎˇˆËÈ Ì‡
ÓÒÌÓ‚Â ÏÂÚÓ‰‡ ÍÓÌÂ˜Ì˚ı ‡ÁÌÓÒÚÂÈ Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ÒÏÂ˘ÂÌÌ˚ı ÒÂÚÓÍ ‰Îˇ ‚˚˜ËÒÎÂÌËˇ ÔÓÚÓÍÓ‚.
ƒÎˇ ‰ËÒÍÂÚËÁ‡ˆËË Û‡‚ÌÂÌËÈ (1)–(6) ÔÓ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌÓÈ ÍÓÓ‰ËÌ‡ÚÂ Ì‡ ÓÚÂÁÍÂ [0, a] ‚‚Ó‰ËÏ
‡‚ÌÓÏÂÌÛ˛ ÒÂÚÍÛ xr = rh, r = 0, . . . , n, h = a/n, ‚ ÛÁÎ‡ı ÍÓÚÓÓÈ ‚˚˜ËÒÎˇ˛ÚÒˇ ÔÎÓÚÌÓÒÚË
‚Ë‰Ó‚ u, v Ë ˜ÎÂÌ˚ ÎÓÍ‡Î¸ÌÓ„Ó ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëˇ Fi, i = 1, 2. ƒÎˇ ‚˚˜ËÒÎÂÌËˇ ÔÓÚÓÍÓ‚ ËÒÔÓÎ¸ÁÛÂÏ
ÒÏÂ˘ÂÌÌÛ˛ ÒÂÚÍÛ xr� 1

2
= rh � h/2, r = 1, . . . , n. ƒ‡ÎÂÂ ÓÔÂ‰ÂÎˇÂÏ ÓÔÂ‡ÚÓ˚ ‡ÁÌÓÒÚÌÓÈ

ÔÓËÁ‚Ó‰ÌÓÈ Ë ‚˚˜ËÒÎÂÌËˇ ÒÂ‰ÌÂ„Ó

(dy)r =
yr+ 1

2
� yr� 1

2

h
, (dy)r =

yr+ 1
2
+ yr� 1

2

2
, (7)

(dy)r� 1
2
=

yr � yr�1

h
, (dy)r� 1

2
=

yr + yr�1

2
. (8)

œËÏÂÌËÏ ÔÓ‰ıÓ‰ [1, 8] ‰Îˇ ‡ÔÔÓÍÒËÏ‡ˆËË Û‡‚ÌÂÌËÈ (1)–(4). »ÒÔÓÎ¸ÁÛÂÏ ËÌÚÂ„Ó-ËÌÚÂ-
ÔÓÎˇˆËÓÌÌ˚È ÏÂÚÓ‰ (ÏÂÚÓ‰ ·‡Î‡ÌÒ‡) [8] Ë ÙÓÏÛÎÛ —ËÏÔÒÓÌ‡. œÓËÌÚÂ„ËÛÂÏ (1) ÔÓ ÓÚÂÁÍÛ
[xr� 1

2
, xr+ 1

2
], ‚ ÛÁÎ‡ı ÒÏÂ˘ÂÌÌÓÈ ÒÂÚÍË xr� 1

2
Á‡ÏÂÌˇÂÏ ÔÓËÁ‚Ó‰ÌÛ˛ ÔÓ ‚ÂÏÂÌË Ë F1 ÔÓÎÛÒÛÏÏÓÈ

ÁÌ‡˜ÂÌËÈ ‚ ÒÓÒÂ‰ÌËı ÛÁÎ‡ı ÓÒÌÓ‚ÌÓÈ ÒÂÚÍË. ¬ ÂÁÛÎ¸Ú‡ÚÂ ËÏÂÂÏ

0 =

x
r+1

2Z

x
r� 1

2

(�q01 � u̇+ F1)dx ⇡ �q1(xr+ 1
2
) + q1(xr� 1

2
) + (xr+ 1

2
� xr� 1

2
) [� u̇+ F1]r , (9)

„‰Â ÒÂÚÓ˜Ì˚È ÓÔÂ‡ÚÓ  ÓÔÂ‰ÂÎˇÂÚÒˇ ÒÎÂ‰Û˛˘ÂÈ ÙÓÏÛÎÓÈ:

 yr =
1

12
(yr�1 + 10yr + yr+1) .

“Ó„‰‡ ËÁ (9) ÔÓÎÛ˜‡ÂÏ

 u̇r = �dq1,r + F1,r, F1,r = F1(ur, vr), r = 1, . . . , n. (10)

— ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ‚ÚÓÓÈ ‡ÁÌÓÒÚÌÓÈ ÔÓËÁ‚Ó‰ÌÓÈ

Lyr =
yr+1 � 2yr + yr�1

h2
, r = 1, . . . , n, (11)

Û‡‚ÌÂÌËÂ (10) ÔÂÂÔËÒ˚‚‡ÂÚÒˇ ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ:
✓
1 +

h2

12
L
◆
u̇r = �dq1,r +

✓
1 +

h2

12
L
◆
F1,r, (12)

Ë F1,r ‚˚˜ËÒÎˇÂÚÒˇ ÔÓ ÙÓÏÛÎÂ:

F1,r = ur


ur

✓
1�

ur
Pr

◆
�

vr
1 + Cur

�
, Pr =

2

664
1

h

x
r+1

2Z

x
r� 1

2

dx

p(x)

3

775

�1

. (13)

¬ ÂÁÛÎ¸Ú‡ÚÂ ËÌÚÂ„ËÓ‚‡ÌËˇ ‚ÚÓÓ„Ó Û‡‚ÌÂÌËˇ (1) ÔÓ ÓÚÂÁÍÛ [xr�1 xr] ‰Îˇ ÔÓÚÓÍ‡ qi
ÔÓÎÛ˜‡ÂÏ

q
1,r� 1

2
= (�k1du+ dud31)r� 1

2
. (14)
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— Û˜ÂÚÓÏ (4), (7) Ë (8) ËÏÂÂÏ

q
1,r� 1

2
= [�k1du+ adpdu� b11dudu� b12dvdu]r� 1

2
. (15)

¿Ì‡ÎÓ„Ë˜ÌÓ ËÁ (2) ‚˚‚Ó‰ˇÚÒˇ Û‡‚ÌÂÌËˇ ‰Îˇ ÔÎÓÚÌÓÒÚË ıË˘ÌËÍ‡ v

✓
1 +

h2

12
L
◆
v̇r = �dq2,r +

✓
1 +

h2

12
L
◆
F2,r, F2,r = vr


�lr +

Bur
1 + Cur

�
, (16)

Ë ‚˚‡ÊÂÌËÂ ‰Îˇ ÔÓÚÓÍ‡ q2 ‚ ÛÁÎ‡ı ÒÏÂ˘ÂÌÌÓÈ ÒÂÚÍË ‰‡ÂÚÒˇ ÙÓÏÛÎÓÈ

q
2,r� 1

2
= [�k2dv + b21dvdu� b22dvdv]r� 1

2
. (17)

¬ ÂÁÛÎ¸Ú‡ÚÂ ‰ËÒÍÂÚËÁ‡ˆËË ÔÓ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌÓÈ ÔÂÂÏÂÌÌÓÈ ÔÓÎÛ˜‡ÂÚÒˇ ÒËÒÚÂÏ‡ Û‡‚-
ÌÂÌËÈ Ò ÌÂËÁ‚ÂÒÚÌ˚ÏË ur(t), vr(t), r = 1, . . . , n, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÏË ÔÎÓÚÌÓÒÚˇÏ ‡ÒÔÂ‰ÂÎÂÌËÈ
ÔÓÔÛÎˇˆËË u, v ‚ ÛÁÎ‡ı xr. —ËÒÚÂÏ‡ (12), (13), (16), r = 1, . . . , n Ë (15), (17), r = 1, . . . , n ÏÓÊÂÚ
·˚Ú¸ Á‡ÔËÒ‡Ì‡ ‚ ‚ÂÍÚÓÌÓÏ ‚Ë‰Â

U̇ = �M�1D1 +G1, V̇ = �M�1D2 +G2, (18)

Á‰ÂÒ¸
U = (u1, ..., un), V = (v1, ..., vn),

Di = [dqi,1, ..., dqi,n], Gi = [Fi,1, ..., Fi,n], i = 1, 2,

ÔË˜ÂÏ ‚ ÒËÎÛ ÛÒÎÓ‚ËÈ ÔÂËÓ‰Ë˜ÌÓÒÚË u0 ⌘ un, un+1 ⌘ u1, v0 ⌘ vn, vn+1 ⌘ v1, qi,n+ 1
2
⌘ qi, 12

.

Ã‡ÚËˆ‡ M ‡ÁÏÂ‡ n2 ËÏÂÂÚ ‚Ë‰

M =
1

12

2

666664

10 1 · · · 0 1
1 10 · · · 0 0
...

...
. . .

...
...

0 0 · · · 10 1
1 0 · · · 1 10

3

777775
. (19)

œÓÒÚÓÂÌÌ‡ˇ ÍÓÌÂ˜ÌÓÏÂÌ‡ˇ ÏÓ‰ÂÎ¸ ÏÓÊÂÚ ·˚Ú¸ Á‡ÔËÒ‡Ì‡ ‚ ‚Ë‰Â

Ẇ = F (W ) , W (0) = W0, (20)

Á‰ÂÒ¸ W = (U, V ) — ‚ÂÍÚÓ ÁÌ‡˜ÂÌËÈ ÔÂÂÏÂÌÌ˚ı ‚ ÛÁÎ‡ı ÒÂÚÍË. Õ‡˜‡Î¸Ì˚Â ‰‡ÌÌ˚Â ‰Îˇ ÒËÒÚÂ-
Ï˚ (20) ÒÎÂ‰Û˛Ú ËÁ (6):

W0 = (U0, V0) = (u01, ..., u
0

n, v
0

1, ..., v
0

n). (21)

ƒÎˇ ËÌÚÂ„ËÓ‚‡ÌËˇ ÒËÒÚÂÏ˚ (20) ÔÓ ‚ÂÏÂÌË ËÒÔÓÎ¸ÁÛÂÚÒˇ ÏÂÚÓ‰ PÛÌ„Â– ÛÚÚ˚ ‚˚ÒÓÍÓ„Ó
ÔÓˇ‰Í‡ (ËÌÚÂ„‡ÚÓ ÔÓ ‚ÂÏÂÌË ode89 ËÁ MATLAB). ƒËÒÍÂÚËÁ‡ˆËˇ ‚ÚÓÓ„Ó ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË
ÔÓ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌÓÈ ‰ËÒÍÂÚËÁ‡ˆËË ÔÓÎÛ˜‡ÂÚÒˇ ËÁ (18) ÔË Á‡ÏÂÌÂ M Ì‡ Â‰ËÌË˜ÌÛ˛ Ï‡ÚËˆÛ:

U̇ = �D1 +G1, V̇ = �D2 +G2. (22)
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3. –ÂÁÛÎ¸Ú‡Ú˚ ‚˚˜ËÒÎËÚÂÎ¸Ì˚ı ˝ÍÒÔÂËÏÂÌÚÓ‚

ƒÎˇ ÓˆÂÌÍË ÚÓ˜ÌÓÒÚË ÒıÂÏ (18) Ë (22) ÔÓ‚Â‰ÂÌ˚ ‚˚˜ËÒÎÂÌËˇ ÒÚ‡ˆËÓÌ‡Ì˚ı Ë ÍÓÎÂ·‡ÚÂÎ¸-
Ì˚ı ÂÊËÏÓ‚ ÒËÒÚÂÏ˚ (1)–(6) ÔË ÙËÍÒËÓ‚‡ÌÌ˚ı ÁÌ‡˜ÂÌËˇı ÒÎÂ‰Û˛˘Ëı Ô‡‡ÏÂÚÓ‚: k1 = 0.02,
k2 = 0.01, B = 4, b12 = b11 = b22 = 0. ¬‡¸ËÓ‚‡ÎËÒ¸ ˜ËÒÎÓ ÛÁÎÓ‚ ÔÓ ‡Â‡ÎÛ n, Ô‡‡ÏÂÚ ÒÏÂÚ-
ÌÓÒÚË l, ‚ÂÎË˜ËÌ‡ C, ÏË„‡ˆËÓÌÌ˚Â ÍÓ˝ÙÙËˆËÂÌÚ˚ a Ë b21. –‡ÒÔÂ‰ÂÎÂÌËÂ ÂÒÛÒ‡ Á‡‰‡‚‡ÎÓÒ¸ Ì‡
ËÌÚÂ‚‡ÎÂ [0, 1] ‚ ‚Ë‰Â

p(x) = 1� 0.2 sin 2px+ 0.2 sin 4px. (23)

›ÍÒÔÂËÏÂÌÚ ÔÓ‚Ó‰ËÎÒˇ Ì‡ ÒÂÚÍ‡ı ni, ni+1 = 2ni, ni+2 = 4ni, Ë Wi ÂÒÚ¸ ˜ËÒÎÂÌÌÓÂ
Â¯ÂÌËÂ Ì‡ ÒÂÚÍÂ ni. ›ÙÙÂÍÚË‚Ì˚È ÔÓˇ‰ÓÍ ÚÓ˜ÌÓÒÚË h Ì‡ ÓÒÌÓ‚Â ÔÓˆÂÒÒ‡ ›ÈÚÍÂÌ‡ (hi = 1/ni)
‚˚˜ËÒÎˇÎÒˇ ÔÓ ÙÓÏÛÎÂ

hi = log2
Si

Si+1

, Si = kWi �Wi�1k ,

„‰Â Si — ÌÓÏ˚ ‡ÁÌËˆ˚ ÏÂÊ‰Û ˜ËÒÎÂÌÌ˚ÏË Â¯ÂÌËˇÏË W Ì‡ ÒÂÚÍ‡ı ni Ë ni�1.
¬ “‡·ÎËˆÂ Ë Ì‡ ËÒ. 1, 2 ÔË‚Â‰ÂÌ˚ ÂÁÛÎ¸Ú‡Ú˚ ‡Ò˜ÂÚÓ‚ Ì‡ ÛÒÚ‡ÌÓ‚ÎÂÌËÂ ÒÚ‡ˆËÓÌ‡Ì˚ı

Â¯ÂÌËÈ ÒÓÒÛ˘ÂÒÚ‚Û˛˘Ëı ıË˘ÌËÍ‡ Ë ÊÂÚ‚˚ ÔË l = 1.1, C = 2.5 ‰Îˇ ˇ‰‡ ÁÌ‡˜ÂÌËÈ ÏË„‡-
ˆËÓÌÌ˚ı Ô‡‡ÏÂÚÓ‚ a Ë b21. Õ‡ ËÒ. 1 ÔÂ‰ÒÚ‡‚ÎÂÌÓ ËÁÏÂÌÂÌËÂ ‚Ó ‚ÂÏÂÌË ÔÓÒÚ‡ÌÒÚ‚ÂÌÌ˚ı
‡ÒÔÂ‰ÂÎÂÌËÈ ÔË a = 0.005, b21 = 0.01. ƒÎˇ ÚÂı Ì‡·ÓÓ‚ ÏË„‡ˆËÓÌÌ˚ı Ô‡‡ÏÂÚÓ‚ a Ë b21

“‡·ÎËˆ‡. ›ÙÙÂÍÚË‚Ì˚È ÔÓˇ‰ÓÍ ÒÚ‡Ì‰‡ÚÌÓÈ ÒıÂÏ˚
(PC2) Ë ÒıÂÏ˚ ÔÓ‚˚¯ÂÌÌÓ„Ó ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË

(PC4); l = 1.1, C = 2.5, n1 = 10, n2 = 20,
n3 = 40 (ÔÓˆÂÒÒ ›ÈÚÍÂÌ‡)

Table. Efficient order of standard scheme (PC2) and
high order scheme (PC4); l = 1.1, C = 2.5,
n1 = 10, n2 = 20, n3 = 40 (Aitken process)

a b21 PC2 PC4

0.001 0.005 2.054 3.9745

0.005 0.005 2.0588 3.209

0.005 0.01 2.0589 2.9398

Ì‡ ËÒ. 2 ‰‡Ì˚ ÒÚ‡ˆËÓÌ‡Ì˚Â ‡ÒÔÂ‰ÂÎÂÌËˇ
(a) Ë ‚˚˜ËÒÎÂÌÌ˚Â ÁÌ‡˜ÂÌËˇ ˝ÙÙÂÍÚË‚ÌÓ„Ó ÔÓ-
ˇ‰Í‡ ÚÓ˜ÌÓÒÚË ‚ ‡ÁÎË˜Ì˚Â ÏÓÏÂÌÚ˚ ‚ÂÏÂÌË
(b). ¬Ë‰ÌÓ, ˜ÚÓ ‚ Á‡‚ËÒËÏÓÒÚË ÓÚ ÁÌ‡˜ÂÌËÈ Ô‡-
‡ÏÂÚÓ‚ Â‡ÎËÁÛ˛ÚÒˇ ‡ÁÎË˜‡˛˘ËÂÒˇ ‡ÒÔÂ-
‰ÂÎÂÌËˇ ıË˘ÌËÍ‡ Ë ÊÂÚ‚˚. ¬ “‡·ÎËˆÂ ÒÚÓÎ-
·Âˆ PC2 ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ‡Ò˜ÂÚÛ ÔÓˇ‰Í‡ h ÔÓ
ÒÚ‡Ì‰‡ÚÌÓÈ ÒıÂÏÂ ‚ÚÓÓ„Ó ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË,
‡ PC4 — ‚˚˜ËÒÎÂÌËˇÏ ÔÓ ÒıÂÏÂ ÔÓ‚˚¯ÂÌÌÓ„Ó
ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË. œË a = 0.001, b21 = 0.005
ÁÌ‡˜ÂÌËÂ h ÔÓ˜ÚË ‡‚ÌÓ ˜ÂÚ˚ÂÏ. ŒÚÏÂÚËÏ, ˜ÚÓ
Ò Û‚ÂÎË˜ÂÌËÂÏ ÏË„‡ˆËÓÌÌ˚ı Ô‡‡ÏÂÚÓ‚ ‚Â-
ÎË˜ËÌ‡ h ÒÌËÊ‡ÂÚÒˇ.

–ËÒ. 1. œÓÒÚ‡ÌÒÚ‚ÂÌÌÓ-‚ÂÏÂÌÌÓÂ ‡ÒÔÂ‰ÂÎÂÌËÂ ÊÂÚ‚˚ u (ÒÎÂ‚‡) Ë ıË˘ÌËÍ‡ v (ÒÔ‡‚‡) ‰Îˇ a = 0.005, b21 = 0.01,
l = 1.1, C = 2.5, n = 20

Fig. 1. Spatial-temporal distribution of prey u (left) and predator v (right) for a = 0.005, b21 = 0.01, l = 1.1, C = 2.5,
n = 20
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–ËÒ. 2. a — —Ú‡ˆËÓÌ‡Ì˚Â ‡ÒÔÂ‰ÂÎÂÌËˇ ÊÂÚ‚˚ u(x) (ÒËÌËÂ ÍË‚˚Â), ıË˘ÌËÍ‡ v(x) (Í‡ÒÌ˚Â), ÂÒÛÒ p(x) (ÁÂÎÂÌ‡ˇ);
b — ÁÌ‡˜ÂÌËˇ ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË ‚ ‡ÁÎË˜Ì˚Â ÏÓÏÂÌÚ˚ ‚ÂÏÂÌË ‰Îˇ PC2 (˜ÂÌ˚Â), PC4 (ÒËÌËÂ): a = 0.001, b21 = 0.005
(ÒÔÎÓ¯Ì˚Â ÍË‚˚Â), a = 0.005, b21 = 0.005 (ÔÛÌÍÚË) Ë a = 0.005, b21 = 0.01 (ÚÓ˜ÍË); l = 1.1, C = 2.5 (ˆ‚ÂÚ ÓÌÎ‡ÈÌ)

Fig. 2. a — Stationary distributions of prey u(x) (blue curves), predator v(x) (red), resource p(x) (green); b — order of accuracy
values at various times for PC2 (black), PC4 (blue): a = 0.001, b21 = 0.005 (solid curves), a = 0.005, b21 = 0.005
(dashed line) and a = 0.005, b21 = 0.01 (dots); l = 1.1, C = 2.5 (color online)

œË ÛÏÂÌ¸¯ÂÌËË ÍÓ˝ÙÙËˆËÂÌÚ‡ ÒÏÂÚÌÓÒÚË (l = 0.95) ÒÚ‡ˆËÓÌ‡ÌÓÂ Â¯ÂÌËÂ ÒÓÒÛ˘ÂÒÚ‚Û-
˛˘Ëı ıË˘ÌËÍ‡ Ë ÊÂÚ‚˚ ÒÚ‡ÌÓ‚ËÚÒˇ ÌÂÛÒÚÓÈ˜Ë‚˚Ï Ë ‚ÓÁÌËÍ‡˛Ú ÔÂËÓ‰Ë˜ÂÒÍËÂ ÍÓÎÂ·‡ÌËˇ ‚Ë‰Ó‚
(ÒÏ. ËÒ. 3), ÚÓ ÂÒÚ¸ Ì‡ ‡Â‡ÎÂ Â‡ÎËÁÛ˛ÚÒˇ ·Â„Û˘ËÂ ‚ÓÎÌ˚ ÔÎÓÚÌÓÒÚÂÈ ÔÓÔÛÎˇˆËÈ. Õ‡ ËÒ. 4–7
ÔË‚Â‰ÂÌ˚ ÂÁÛÎ¸Ú‡Ú˚ ‡Ò˜ÂÚÓ‚ ÍÓÎÂ·‡ÚÂÎ¸Ì˚ı ÂÊËÏÓ‚ Ë ‚˚˜ËÒÎÂÌËˇ ˝ÙÙÂÍÚË‚Ì˚ı ÔÓˇ‰ÍÓ‚
ÚÓ˜ÌÓÒÚË Ì‡ ÒÂÚÍ‡ı n = 12, 24, 48 ÔË l = 0.95. Õ‡ ËÒ. 4, 5 ÔÂ‰ÒÚ‡‚ÎÂÌ˚ ‚˚˜ËÒÎÂÌËˇ ÌÓÏ˚ S
Ë ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË h ‚ ‡ÁÎË˜Ì˚Â ÏÓÏÂÌÚ˚ ‚ÂÏÂÌË ‰Îˇ ÚÂı ÁÌ‡˜ÂÌËÈ a ‚ ÒÎÛ˜‡Â ÓÚÒÛÚÒÚ‚Ëˇ
Ú‡ÍÒËÒ‡ (b21 = 0). ¬Ë‰ÌÓ, ˜ÚÓ ÌÓÏ‡ ‡ÁÌÓÒÚË ‰Îˇ n = 12, 24 ‚ ÒÎÛ˜‡Â ÔÂ‰ÎÓÊÂÌÌÓÈ ÒıÂÏ˚
‚ÒÂ„‰‡ ÏÂÌ¸¯Â ÌÓÏ˚ ‡ÁÌÓÒÚË ‰Îˇ ÒıÂÏ˚ ‚ÚÓÓ„Ó ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË ÔË n = 24, 48, ‡ Ò‡‚ÌËÏ˚Â
ÂÁÛÎ¸Ú‡Ú˚ ÔÓÎÛ˜‡˛ÚÒˇ ÚÓÎ¸ÍÓ ÔË ËÒÔÓÎ¸ÁÓ‚‡ÌËË ÒÂÚÓÍ n = 48, 96. ƒÎˇ ÒıÂÏ˚ ‚ÚÓÓ„Ó ÔÓˇ‰Í‡
ÚÓ˜ÌÓÒÚË Ì‡ ·ÓÎ¸¯ÓÏ ‚ÂÏÂÌÌÓÏ ÔÓÏÂÊÛÚÍÂ [0...1000] ‚ÂÎË˜ËÌ‡ S Û‚ÂÎË˜Ë‚‡ÂÚÒˇ, Ë ‚Ë‰Ì˚

–ËÒ. 3. œÓÒÚ‡ÌÒÚ‚ÂÌÌÓ-‚ÂÏÂÌÌÓÂ ‡ÒÔÂ‰ÂÎÂÌËÂ u (Ì‡‚ÂıÛ) Ë v (‚ÌËÁÛ) ‰Îˇ C = 2.5, a = 0.01, b21 = 0, l = 0.95,
n = 24

Fig. 3. Spatial-temporal distribution of u (top) and v (bottom) for C = 2.5, a = 0.01, b21 = 0, l = 0.95, n = 24
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–ËÒ. 4. √‡ÙËÍË ËÁÏÂÌÂÌËˇ ‚Ó ‚ÂÏÂÌË ‚˚˜ËÒÎˇÂÏ˚ı ÌÓÏ Si ‰Îˇ a = 0.001 (ÒÎÂ‚‡), a = 0.005 (ˆÂÌÚ), a = 0.01
(ÒÔ‡‚‡): ÒıÂÏ‡ ÔÓ‚˚¯ÂÌÌÓÈ ÚÓ˜ÌÓÒÚË (ÒËÌËÈ ˆ‚ÂÚ), ÒıÂÏ‡ ‚ÚÓÓ„Ó ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË (˜ÂÌ˚È), ni = 24 (ÍË‚˚Â 1 Ë 3),
ni = 48 (2 Ë 4); b21 = 0, l = 0.95, C = 2.5 (ˆ‚ÂÚ ÓÌÎ‡ÈÌ)

Fig. 4 Graphs of changes Si over time for a = 0.001 (left), a = 0.005 (center), a = 0.01 (right): high-order accuracy scheme
(blue color), second order accuracy scheme (black), ni = 24 (curves 1 and 3), ni = 48 (2 and 4); b21 = 0, l = 0.95, C = 2.5
(color online)
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–ËÒ. 5. √‡ÙËÍË ËÁÏÂÌÂÌËˇ ‚Ó ‚ÂÏÂÌË ‚˚˜ËÒÎˇÂÏÓ„Ó ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË h ‰Îˇ a = 0.001 (ÒÎÂ‚‡), a = 0.005 (ˆÂÌÚ),
a = 0.01 (ÒÔ‡‚‡): ÒıÂÏ‡ ÔÓ‚˚¯ÂÌÌÓÈ ÚÓ˜ÌÓÒÚË (ÒËÌËÈ ˆ‚ÂÚ), ÒıÂÏ‡ ‚ÚÓÓ„Ó ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË (˜ÂÌ˚È); b21 = 0,
l = 0.95, C = 2.5 (ˆ‚ÂÚ ÓÌÎ‡ÈÌ)

Fig. 5. Graphs of changes h over time for a = 0.001 (left), a = 0.005 (center), a = 0.01 (right): high-order accuracy scheme
(blue color), second order accuracy scheme (black); b21 = 0, l = 0.95, C = 2.5 (color online)

ÓÒˆËÎÎˇˆËË ‡ÒÒ˜ËÚ˚‚‡ÂÏÓ„Ó ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË. ›ÚÓ ˇ‚ÎˇÂÚÒˇ ÂÁÛÎ¸Ú‡ÚÓÏ Ì‡Í‡ÔÎË‚‡˛˘ÂÈÒˇ
Ó¯Ë·ÍË ÔË ‡Ò˜ÂÚÂ ˆËÍÎ‡ Ì‡ „Û·ÓÈ ÒÂÚÍÂ. ÃÓÊÌÓ Ú‡ÍÊÂ ÓÚÏÂÚËÚ¸, ˜ÚÓ ‰Îˇ ÒıÂÏ˚ ‚˚ÒÓÍÓ„Ó ÔÓ-
ˇ‰Í‡ ÔË Û‚ÂÎË˜ÂÌËË ÏË„‡ˆËÓÌÌÓ„Ó Ô‡‡ÏÂÚ‡ a ÚÂ·ÛÂÚÒˇ ÌÂÍÓÚÓÓÂ ‚ÂÏˇ ‰Îˇ ÛÒÚ‡ÌÓ‚ÎÂÌËˇ h.
ƒÎˇ Á‡‰‡˜Ë Ò Û˜ÂÚÓÏ Ú‡ÍÒËÒ‡ (b21 = 0.005, 0.01) ÂÁÛÎ¸Ú‡Ú˚ ‚˚˜ËÒÎÂÌËˇ ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË ÔË‚Â‰Â-
Ì˚ Ì‡ ËÒ. 6. œË Û‚ÂÎË˜ÂÌËË b21 ‚ ‰‚‡ ‡Á‡ ‚ÂÎË˜ËÌ‡ ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË ÏÂÌˇÂÚÒˇ ÌÂÁÌ‡˜ËÚÂÎ¸ÌÓ.

–ËÒ. 6. »ÁÏÂÌÂÌËÂ ‚Ó ‚ÂÏÂÌË ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË h ‰Îˇ b21 = 0.005 (ÒÎÂ‚‡), b21 = 0.01 (ÒÔ‡‚‡): ÒıÂÏ‡ ÔÓ‚˚¯ÂÌÌÓÈ
ÚÓ˜ÌÓÒÚË (ÒËÌËÈ ˆ‚ÂÚ), ÒıÂÏ‡ ‚ÚÓÓ„Ó ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË (˜ÂÌ˚È); a = 0.005, l = 0.95, C = 2.5 (ˆ‚ÂÚ ÓÌÎ‡ÈÌ)

Fig. 6. Change in time of the order accuracy h for b21 = 0.005 (left), b21 = 0.01 (right): high-order accuracy scheme (blue),
second order accuracy scheme (black); a = 0.005, l = 0.95, C = 2.5 (color online)
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–ËÒ. 7. œÓÒÚ‡ÌÒÚ‚ÂÌÌÓ-‚ÂÏÂÌÌÓÂ ‡ÒÔÂ‰ÂÎÂÌËÂ u (Ì‡‚ÂıÛ) Ë v (‚ÌËÁÛ) ‰Îˇ C = 2, a = 0.01, b21 = 0, l = 0.95,
n = 24

Fig. 7. Spatial-temporal distribution of u (top) and v (bottom) for C = 2, a = 0.01, b21 = 0, l = 0.95, n = 24

¬ÎËˇÌËÂ Ô‡‡ÏÂÚ‡ C Ì‡ ı‡‡ÍÚÂ ÔÂËÓ‰Ë˜ÂÒÍËı ÍÓÎÂ·‡ÌËÈ ËÎÎ˛ÒÚËÛ˛Ú ËÒ. 3 Ë 7.
¬Ë‰ÌÓ, ˜ÚÓ ‰Îˇ ·ÎËÁÍËı ÁÌ‡˜ÂÌËÈ Ô‡‡ÏÂÚ‡ ËÌÂÚÌÓÒÚË ıË˘ÌËÍ‡ C = 2, 2.5 Â‡ÎËÁÛ˛ÚÒˇ ÍÓÎÂ·‡-
ÚÂÎ¸Ì˚Â ÂÊËÏ˚ Ò ‡ÁÌ˚ÏË ‡ÏÔÎËÚÛ‰‡ÏË Ë ÔÂËÓ‰‡ÏË. —ıÂÏ‡ ÔÓ‚˚¯ÂÌÌÓ„Ó ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË
ÔÓÁ‚ÓÎˇÂÚ Ì‡ ‰ÓÒÚ‡ÚÓ˜ÌÓ „Û·˚ı ÒÂÚÍ‡ı (n = 24) ÔÓËÁ‚Ó‰ËÚ¸ ‡Ò˜ÂÚ˚ ÂÎ‡ÍÒ‡ˆËÓÌÌ˚ı ÍÓÎÂ·‡ÌËÈ,
ÍÓ„‰‡ ÁÌ‡˜ËÚÂÎ¸Ì˚Â ÔÂËÓ‰˚ ‚ÂÏÂÌË ıË˘ÌËÍ Ô‡ÍÚË˜ÂÒÍË ÓÚÒÛÚÒÚ‚ÛÂÚ (ÒÏ. ËÒ. 7).

«‡ÍÎ˛˜ÂÌËÂ

¬ ‡·ÓÚÂ ÔÂ‰ÎÓÊÂÌ‡ ÔÓÒÚ‡ˇ ‰Îˇ Â‡ÎËÁ‡ˆËË ÍÓÏÔ‡ÍÚÌ‡ˇ ˜ËÒÎÂÌÌ‡ˇ ÒıÂÏ‡ Â¯ÂÌËˇ ÒËÒÚÂÏ˚
Û‡‚ÌÂÌËÈ Ô‡‡·ÓÎË˜ÂÒÍÓ„Ó ÚËÔ‡ Ò ÌÂÎËÌÂÈÌ˚ÏË ‡‰‚ÂÍÚË‚Ì˚ÏË Ë ËÒÚÓ˜ÌËÍÓ‚˚ÏË ˜ÎÂÌ‡ÏË.
–‡ÒÒÏÓÚÂÌ‡ Á‡‰‡˜‡ Ó ‰ËÌ‡ÏËÍÂ ÔÓÔÛÎˇˆËÈ ıË˘ÌËÍ‡ Ë ÊÂÚ‚˚ Ì‡ ÌÂÓ‰ÌÓÓ‰ÌÓÏ ÍÓÎ¸ˆÂ‚ÓÏ ‡Â‡ÎÂ.
œÂ‰ÒÚ‡‚ÎÂÌ˚ ÂÁÛÎ¸Ú‡Ú˚ ‡Ò˜ÂÚÓ‚ ÒÚ‡ˆËÓÌ‡Ì˚ı ‡ÒÔÂ‰ÂÎÂÌËÈ ‚Ë‰Ó‚ Ë ÍÓÎÂ·‡ÚÂÎ¸Ì˚ı ÂÊËÏÓ‚.
–‡ÒÒ˜ËÚ‡ÌÌ˚Â ÁÌ‡˜ÂÌËˇ ˝ÙÙÂÍÚË‚ÌÓ„Ó ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË ÔÓÍ‡Á‡ÎË ÔÂËÏÛ˘ÂÒÚ‚‡ ÔÂ‰ÎÓÊÂÌÌÓÈ
ÒıÂÏ˚ ÔÓ Ò‡‚ÌÂÌË˛ Ò ÍÎ‡ÒÒË˜ÂÒÍÓÈ ‡ÔÔÓÍÒËÏ‡ˆËÂÈ ‚ÚÓÓ„Ó ÔÓˇ‰Í‡ ÔË ‡Ò˜ÂÚÂ ÒÚ‡ˆËÓÌ‡Ì˚ı
Ë ÌÂÒÚ‡ˆËÓÌ‡Ì˚ı Â¯ÂÌËÈ. —ıÂÏ‡ ÔÓ‚˚¯ÂÌÌÓ„Ó ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË ÔÓÁ‚ÓÎˇÂÚ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ÒÂÚÍË
ÏÂÌ¸¯Â„Ó ‡ÁÏÂ‡, ˜ÚÓ ‰‡ÂÚ ‚˚Ë„˚¯ ÔË ‚˚˜ËÒÎÂÌËË ÒÚ‡ˆËÓÌ‡Ì˚ı ‡ÒÔÂ‰ÂÎÂÌËÈ ÏÂÚÓ‰ÓÏ
ÛÒÚ‡ÌÓ‚ÎÂÌËˇ Ë ÔË ‡Ò˜ÂÚ‡ı ÌÂÒÚ‡ˆËÓÌ‡Ì˚ı ÔÓˆÂÒÒÓ‚ ÚËÔ‡ ·Â„Û˘Ëı ‚ÓÎÌ. ›ÚÓ ÓÒÓ·ÂÌÌÓ ‚‡ÊÌÓ
ÔË ‡Ì‡ÎËÁÂ Á‡‰‡˜ ÔÓÔÛÎˇˆËÓÌÌÓÈ ‰ËÌ‡ÏËÍË Ò ÒËÎ¸ÌÓ ÌÂÓ‰ÌÓÓ‰Ì˚ÏË ‡ÒÔÂ‰ÂÎÂÌËˇÏË ÂÒÛÒ‡
Ì‡ ‡Â‡ÎÂ Ë ‚ ÒÎÛ˜‡Â ÌÂÒÍÓÎ¸ÍËı ÔÓÒÚ‡ÌÒÚ‚ÂÌÌ˚ı ÔÂÂÏÂÌÌ˚ı.
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¿ÌÌÓÚ‡ˆËˇ. ÷ÂÎ¸. ¬ ÒÚ‡Ú¸Â ÔÂ‰ÒÚ‡‚ÎÂÌ ÌÓ‚˚È ÏÂÚÓ‰ ˜ËÒÎÂÌÌÓ„Ó ÏÓ‰ÂÎËÓ‚‡ÌËˇ Í‚‡ÁËÒÓ·ÒÚ‚ÂÌÌ˚ı ÍÓÎÂ·‡ÌËÈ
‚ ÓÚÍ˚Ú˚ı ÂÁÓÌ‡ÚÓ‡ı „ËÓÚÓÌÓ‚ — ÏÓ˘Ì˚ı ‚‡ÍÛÛÏÌ˚ı „ÂÌÂ‡ÚÓ‡ı ˝ÎÂÍÚÓÏ‡„ÌËÚÌ˚ı ‚ÓÎÌ ÏËÎÎËÏÂÚÓ‚Ó„Ó Ë ÒÛ·-
ÏËÎÎËÏÂÚÓ‚Ó„Ó ‰Ë‡Ô‡ÁÓÌÓ‚. –ÂÁÓÌ‡ÚÓ „ËÓÚÓÌ‡ ËÏÂÂÚ ÙÓÏÛ ÒÎ‡·Ó ÌÂÓ‰ÌÓÓ‰ÌÓ„Ó ÔÓÎÓ„Ó ÍÛ„ÎÓ„Ó ÏÂÚ‡ÎÎË˜ÂÒÍÓ„Ó
‚ÓÎÌÓ‚Ó‰‡. ÃÂÚÓ‰˚. œÂ‰Î‡„‡ÂÏ˚È ÔÓ‰ıÓ‰ ËÒÔÓÎ¸ÁÛÂÚ Û‡‚ÌÂÌËÂ ÌÂÓ‰ÌÓÓ‰ÌÓÈ ÒÚÛÌ˚ Ò „‡ÌË˜Ì˚ÏË ÛÒÎÓ‚ËˇÏË
ËÁÎÛ˜ÂÌËˇ ‰Îˇ ÙÓÏÛÎËÓ‚ÍË ÌÂÎËÌÂÈÌÓÈ ÒÔÂÍÚ‡Î¸ÌÓÈ Í‡Â‚ÓÈ Á‡‰‡˜Ë, ÓÔËÒ˚‚‡˛˘ÂÈ ÍÓÎÂ·‡ÌËˇ ‚ ÂÁÓÌ‡ÚÓÂ ‚ ÔÂÌÂ-
·ÂÊÂÌËË Ò‚ˇÁˇÏË ‚ÓÎÌ Ò ‡ÁÌ˚ÏË ‡‰Ë‡Î¸Ì˚ÏË ËÌ‰ÂÍÒ‡ÏË. — ÔÓÏÓ˘¸˛ ÎËÌÂ‡ËÁ‡ˆËË ÔÓ ˜‡ÒÚÓÚÂ „‡ÌË˜Ì˚ı ÛÒÎÓ‚ËÈ
ËÁÎÛ˜ÂÌËˇ ÌÂÎËÌÂÈÌ‡ˇ Í‡Â‚‡ˇ Á‡‰‡˜‡ Ò‚Ó‰ËÚÒˇ Í ÎËÌÂÈÌÓÈ. ƒÎˇ ÂÂ ‰ËÒÍÂÚËÁ‡ˆËË ËÒÔÓÎ¸ÁÛÂÚÒˇ ÏÂÚÓ‰ ÍÓÌÂ˜Ì˚ı
‡ÁÌÓÒÚÂÈ Ë ÙÓÏÛÎËÛÂÚÒˇ ÎËÌÂÈÌ‡ˇ Ó·Ó·˘ÂÌÌ‡ˇ Ï‡ÚË˜Ì‡ˇ ÔÓ·ÎÂÏ‡ ÒÓ·ÒÚ‚ÂÌÌ˚ı ÁÌ‡˜ÂÌËÈ, ÍÓÚÓ‡ˇ Â¯‡ÂÚÒˇ
ÏÂÚÓ‰ÓÏ ¿ÌÓÎ¸‰Ë ‚ ÒÓ˜ÂÚ‡ÌËË Ò Ó·‡ÚÌ˚Ï Ò‰‚Ë„ÓÏ ÒÓ·ÒÚ‚ÂÌÌ˚ı ÁÌ‡˜ÂÌËÈ. œÂ‰ÎÓÊÂÌ ËÚÂ‡ˆËÓÌÌ˚È ‡Î„ÓËÚÏ,
ÔÓÁ‚ÓÎˇ˛˘ËÈ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ ‡ÒÒ˜ËÚ˚‚‡Ú¸ Á‡‰‡ÌÌÓÂ ˜ËÒÎÓ ˜‡ÒÚÓÚ Ë ‰Ó·ÓÚÌÓÒÚÂÈ Í‚‡ÁËÒÓ·ÒÚ‚ÂÌÌ˚ı ÏÓ‰ ÍÓÎÂ·‡ÌËÈ.
–ÂÁÛÎ¸Ú‡Ú˚. –‡Á‡·ÓÚ‡Ì‡ ÔÓ„‡ÏÏ‡ ‰Îˇ ›¬Ã, Ì‡ÔËÒ‡ÌÌ‡ˇ Ì‡ ˇÁ˚Í‡ı Wolfram Language Ë Fortran, Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ
ÔÂ‰ÎÓÊÂÌÌ˚ı ‚ ‡·ÓÚÂ ‡Î„ÓËÚÏÓ‚. œÂ‰ÒÚ‡‚ÎÂÌ˚ ÂÁÛÎ¸Ú‡Ú˚ ÚÂÒÚÓ‚˚ı ‡Ò˜ÂÚÓ‚ ‰Îˇ Â‡Î¸Ì˚ı ÂÁÓÌ‡ÚÓÓ‚ „ËÓÚÓ-
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Í‚‡ÁËÒÓ·ÒÚ‚ÂÌÌ˚ı ÍÓÎÂ·‡ÌËÈ ‚ ËÒÒÎÂ‰Ó‚‡ÌÌ˚ı ÂÁÓÌ‡ÚÓ‡ı. «‡ÍÎ˛˜ÂÌËÂ. œÂ‰ÎÓÊÂÌÌ˚Â ‚ ÒÚ‡Ú¸Â ÏÂÚÓ‰˚, ‡Î„ÓËÚÏ˚
Ë ÒÓÁ‰‡ÌÌ‡ˇ ÔÓ„‡ÏÏ‡ ÏÓ„ÛÚ ÒÛ˘ÂÒÚ‚ÂÌÌÓ Ó·ÎÂ„˜ËÚ¸ ÔÓˆÂÒÒ ‡Á‡·ÓÚÍË „ËÓÚÓÌÓ‚, ÔÂ‰Ì‡ÁÌ‡˜ÂÌÌ˚ı ‰Îˇ ‡ÁÎË˜Ì˚ı
Ô‡ÍÚË˜ÂÒÍËı ÔËÏÂÌÂÌËÈ Ë ‡·ÓÚ‡˛˘Ëı ‚ ÌÓ‚˚ı ‰Ë‡Ô‡ÁÓÌ‡ı ˜‡ÒÚÓÚ. ÃÂÚÓ‰ ËÚÂ‡ˆËÓÌÌÓ„Ó ÛÚÓ˜ÌÂÌËˇ „‡ÌË˜Ì˚ı
ÛÒÎÓ‚ËÈ ÏÓÊÂÚ ·˚Ú¸ Ó·Ó·˘ÂÌ Ì‡ ÒÎÛ˜‡È Û‡‚ÌÂÌËÈ ÎËÌÂÈÌÓÈ ÚÂÓËË „ËÓÚÓÌ‡ Ë ËÒÔÓÎ¸ÁÓ‚‡Ì ‰Îˇ ‡Á‡·ÓÚÍË ÌÓ‚˚ı
ÏÂÚÓ‰Ó‚ ‡Ì‡ÎËÁ‡ ÒÚ‡ÚÓ‚˚ı ÛÒÎÓ‚ËÈ Ïˇ„ÍÓ„Ó Ò‡ÏÓ‚ÓÁ·ÛÊ‰ÂÌËˇ ‚ „ËÓÚÓÌ‡ı-„ÂÌÂ‡ÚÓ‡ı.
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Abstract. Purpose. The article presents a new method for numerical simulation of quasi-eigenmode oscillations in open
resonators of gyrotrons — powerful vacuum generators of electromagnetic waves in the millimeter and submillimeter ranges.
The gyrotron cavity has the shape of a weakly inhomogeneous hollow circular metal waveguide. Methods. The proposed
approach uses the inhomogeneous string equation with radiation boundary conditions to formulate a nonlinear spectral
boundary value problem describing oscillations in a resonator, neglecting the couplings of waves with different radial indices.
By linearizing with respect to frequency the radiation boundary conditions, the boundary value problem is reduced to a
linear boundary value problem. To discretize this boundary value problem, the finite difference method is used and a linear
generalized matrix eigenvalue problem is formulated. This problem is solved by the Arnoldi method with eigenvalues
calculation in a shift-invert mode. An iterative algorithm is proposed that makes it possible to sequentially calculate a given
number of frequencies and quality factors of quasi-eigenmodes of oscillations. Results. The computer program was developed
written in the Wolfram Language and Fortran using the algorithms proposed in the work. The results of test calculations for
real gyrotron resonators are presented, which demonstrate the high accuracy of the obtained values of frequencies, quality
factors and field distributions of quasi-eigenmode oscillations in the studied resonators. Conclusion. The methods, algorithms
and created program proposed in the article can significantly facilitate the process of developing gyrotrons intended for various
practical applications and operating in new frequency ranges. The method of iterative refinement of boundary conditions can
be generalized to the case of equations of the linear theory of a gyrotron and used to develop new methods for analyzing the
starting conditions for the soft self-excitation in gyrotrons — generators.

Keywords: gyrotron, open cavity, high order axial modes, radiation boundary condition, finite difference method, generalized
matrix eigenvalue problem, Arnoldi method.
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¬‚Â‰ÂÌËÂ

√ËÓÚÓÌ ÔÂ‰ÒÚ‡‚ÎˇÂÚ ÒÓ·ÓÈ ËÒÚÓ˜ÌËÍ ÏÓ˘ÌÓ„Ó ˝ÎÂÍÚÓÏ‡„ÌËÚÌÓ„Ó ËÁÎÛ˜ÂÌËˇ ‚ —¬◊,
ÒÛ·ÚÂ‡„ÂˆÂ‚ÓÏ Ë ÚÂ‡„ÂˆÂ‚ÓÏ ‰Ë‡Ô‡ÁÓÌ‡ı ˜‡ÒÚÓÚ [1–3]. ŒÌ Ì‡ıÓ‰ËÚ ¯ËÓÍÓÂ ÔËÏÂÌÂÌËÂ
‚ ‡ÁÎË˜Ì˚ı Ó·Î‡ÒÚˇı Ì‡ÛÍË Ë ÚÂıÌËÍË, Ú‡ÍËı Í‡Í Ì‡„Â‚ Ë ‰Ë‡„ÌÓÒÚËÍ‡ ÔÎ‡ÁÏ˚ ‚ ÛÒÚ‡ÌÓ‚Í‡ı
ÚÂÏÓˇ‰ÂÌÓ„Ó ÒËÌÚÂÁ‡ [4, 5], ‡‰ËÓÒÔÂÍÚÓÒÍÓÔËˇ [6–11], ÏÂ‰ËˆËÌ‡ [12–15], ÚÂıÌÓÎÓ„Ë˜ÂÒÍËÂ
ÔÓˆÂÒÒ˚ [16–19], ÒËÒÚÂÏ˚ Ò‚ˇÁË [20] Ë ‰Û„ËÂ ÔËÎÓÊÂÌËˇ.

¬ ÔÓÒÎÂ‰ÌÂÂ ‚ÂÏˇ ÓÒÓ·˚È ËÌÚÂÂÒ ‚˚Á˚‚‡˛Ú ‡ÁÎË˜Ì˚Â ÔËÏÂÌÂÌËˇ „ËÓÚÓÌÓ‚, ‰Îˇ
ÍÓÚÓ˚ı ÌÂÓ·ıÓ‰ËÏÓ ÒÓ·Î˛‰ÂÌËÂ ÒÔÂˆË‡Î¸Ì˚ı ÚÂ·Ó‚‡ÌËÈ, Ì‡ÍÎ‡‰˚‚‡ÂÏ˚ı Ì‡ ‡ÒÔÂ‰ÂÎÂÌËÂ
ÔÓÎˇ ‡·Ó˜ÂÈ ÏÓ‰˚ ‚‰ÓÎ¸ ÔÓÒÚ‡ÌÒÚ‚‡ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëˇ, ÍÓÚÓÓÂ ÓÔÂ‰ÂÎˇÂÚÒˇ ÙÓÏÓÈ ÂÁÓÌ‡ÚÓ‡.
Õ‡ÔËÏÂ, ‚ „ËÓÚÓÌ‡ı ‰Îˇ ÚÂÏÓˇ‰ÂÌ˚ı Â‡ÍÚÓÓ‚ Ò ÏÂ„‡‚‡ÚÚÌ˚Ï ÛÓ‚ÌÂÏ ‚˚ıÓ‰ÌÓÈ ÏÓ˘ÌÓÒÚË
ÌÂÓ·ıÓ‰ËÏ˚ ÂÁÓÌ‡ÚÓ˚ c Ï‡Î˚Ï ÓÚÌÓ¯ÂÌËÂÏ ‰ÎËÌ˚ Í Â„Ó ‡‰ËÛÒÛ, ‡ Ú‡ÍÊÂ ÒÓ Ò‚ÂıÏ‡Î˚ÏË
ÓÚ‡ÊÂÌËˇÏË ‚˚ıÓ‰ÌÓ„Ó ÒË„Ì‡Î‡ ÓÚ ÛÒÚÓÈÒÚ‚‡ ‚˚‚Ó‰‡ Ì‡Á‡‰ ‚ Ó·Î‡ÒÚ¸ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëˇ. ¬˚ÔÓÎÌÂ-
ÌËÂ ˝ÚËı ÛÒÎÓ‚ËÈ ‰ÓÒÚË„‡ÂÚÒˇ Á‡ Ò˜∏Ú ÏÌÓ„ÓÒÚÛÔÂÌ˜‡ÚÓ„Ó ËÎË Ò‚ÂıÔÎ‡‚ÌÓ„Ó ÔÂÂıÓ‰‡ ÓÚ Ó·Î‡ÒÚË
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‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëˇ ‚ ‚˚ıÓ‰ÌÓÈ ÛÔÓ Ò ÍÓÌÚÓÎËÛÂÏ˚Ï Á‡ÍÓÌÓÏ ËÁÏÂÌÂÌËˇ ‡‰ËÛÒ‡ ÂÁÓÌ‡ÚÓ‡
‚‰ÓÎ¸ Â„Ó ÓÒË.

¬ „ËÓÚÓÌ‡ı, ‡Á‡·‡Ú˚‚‡ÂÏ˚ı ‰Îˇ ÒÔÂÍÚÓÒÍÓÔË˜ÂÒÍËı ÛÒÚ‡ÌÓ‚ÓÍ, ‡·ÓÚ‡˛˘Ëı Ì‡ ˝ÙÙÂÍ-
ÚÂ ˇ‰ÂÌÓ„Ó Ï‡„ÌËÚÌÓ„Ó ÂÁÓÌ‡ÌÒ‡ Ò ‰ËÌ‡ÏË˜ÂÒÍÓÈ ÔÓÎˇËÁ‡ˆËÂÈ ˇ‰Â, ‰ÓÎÊÌ‡ ·˚Ú¸ Ó·ÂÒÔÂ˜ÂÌ‡
‚ÓÁÏÓÊÌÓÒÚ¸ ÓÔÂ‡ÚË‚ÌÓÈ ÔÂÂÒÚÓÈÍË ˜‡ÒÚÓÚ˚ „ÂÌÂ‡ˆËË ‚ ‰Ë‡Ô‡ÁÓÌÂ 1–2 √√ˆ [11] Ë ‚˚ÒÓÍ‡ˇ
ÒÚ‡·ËÎ¸ÌÓÒÚ¸ ˜‡ÒÚÓÚ˚ ‚ ÚÂ˜ÂÌËÂ ‰ÂÒˇÚÍÓ‚ ˜‡ÒÓ‚ ÌÂÔÂ˚‚ÌÓÈ ‡·ÓÚ˚. Œ‰ÌËÏ ËÁ ÒÔÓÒÓ·Ó‚ ÔÂÂ-
ÒÚÓÈÍË ˜‡ÒÚÓÚ˚ ˇ‚ÎˇÂÚÒˇ ËÁÏÂÌÂÌËÂ Ï‡„ÌËÚÌÓ„Ó ÔÓÎˇ. œË ˝ÚÓÏ ÏÂÌˇ˛ÚÒˇ ÛÒÎÓ‚Ëˇ ÒËÌıÓÌËÁÏ‡
‚ÒÚÂ˜ÌÓÈ ‚ÓÎÌ˚ ‚ ÂÁÓÌ‡ÚÓÂ Ò ˆËÍÎÓÚÓÌÌÓÈ ‚ÓÎÌÓÈ ‚ ˝ÎÂÍÚÓÌÌÓÏ ÔÛ˜ÍÂ, Ë, Í‡Í ÒÎÂ‰ÒÚ‚ËÂ,
ÏÂÌˇÂÚÒˇ ˜‡ÒÚÓÚ‡ „ÂÌÂ‡ˆËË. –‡ÒÔÂ‰ÂÎÂÌËÂ ÔÓÎˇ ‚‰ÓÎ¸ ÒËÒÚÂÏ˚ ÔÂÂÒÚ‡Ë‚‡ÂÚÒˇ ÔË ˝ÚÓÏ Ú‡ÍËÏ
Ó·‡ÁÓÏ, ˜ÚÓ ‚Á‡ËÏÓ‰ÂÈÒÚ‚ËÂ ÔÂËÏÛ˘ÂÒÚ‚ÂÌÌÓ ÔÓËÒıÓ‰ËÚ Ò ‡ÁÎË˜Ì˚ÏË ÔÓ‰ÓÎ¸Ì˚ÏË ÏÓ‰‡-
ÏË ÂÁÓÌ‡ÚÓ‡. ¬ÓÁÏÓÊÌÓÒÚ¸ ‚ÓÁ·ÛÊ‰ÂÌËˇ ÔÓ‰ÓÎ¸Ì˚ı ÏÓ‰ ‚˚ÒÓÍÓ„Ó ÔÓˇ‰Í‡ Ó·ÂÒÔÂ˜Ë‚‡ÂÚÒˇ
‚˚·ÓÓÏ ÔÓ‰ıÓ‰ˇ˘Â„Ó ÔÓÙËÎˇ ÂÁÓÌ‡ÚÓ‡.

Õ‡ÍÓÌÂˆ, Â˘∏ Ó‰ÌËÏ ‚‡ÊÌ˚Ï Ì‡Ô‡‚ÎÂÌËÂÏ ‡Á‡·ÓÚÍË „ËÓÚÓÌÓ‚ ˇ‚ÎˇÂÚÒˇ ÒÓÁ‰‡ÌËÂ
ËÒÚÓ˜ÌËÍÓ‚ ÏÓ˘ÌÓ„Ó ËÁÎÛ˜ÂÌËˇ ‚ ÚÂ‡„ÂˆÂ‚ÓÏ ‰Ë‡Ô‡ÁÓÌÂ Ì‡ ˜‡ÒÚÓÚ‡ı ÓÚ ÌÂÒÍÓÎ¸ÍËı ÒÓÚÂÌ
√√ˆ ‰Ó 1.2–1.5 “√ˆ [21–25]. ƒÎˇ ˝ÚÓ„Ó ËÒÔÓÎ¸ÁÛÂÚÒˇ ‚Á‡ËÏÓ‰ÂÈÒÚ‚ËÂ Ì‡ ‚˚Ò¯Ëı „‡ÏÓÌËÍ‡ı
ˆËÍÎÓÚÓÌÌÓÈ ˜‡ÒÚÓÚ˚ (‚ÚÓÓÈ Ë ÚÂÚ¸ÂÈ). ŒÒÌÓ‚ÌÓÈ ÔÓ·ÎÂÏÓÈ ‚ ˝ÚÓÏ ÒÎÛ˜‡Â ˇ‚ÎˇÂÚÒˇ ÔÓ‰‡‚ÎÂÌËÂ
Ô‡‡ÁËÚÌÓÈ „ÂÌÂ‡ˆËË Ì‡ ÓÒÌÓ‚ÌÓÈ „‡ÏÓÌËÍÂ ˆËÍÎÓÚÓÌÌÓÈ ˜‡ÒÚÓÚ˚. ÕÂÓ·ıÓ‰ËÏ‡ˇ ÒÂÎÂÍˆËˇ ÏÓ‰
ÔË ˝ÚÓÏ Ú‡ÍÊÂ ‰ÓÒÚË„‡ÂÚÒˇ ‚˚·ÓÓÏ ÔÓÙËÎˇ ÂÁÓÌ‡ÚÓ‡.

œË ËÒÒÎÂ‰Ó‚‡ÌËË Ë ‡Á‡·ÓÚÍÂ ÒÓ‚ÂÏÂÌÌ˚ı „ËÓÚÓÌÓ‚ ‚‡ÊÌÂÈ¯ËÏ ËÌÒÚÛÏÂÌÚÓÏ ˇ‚Îˇ-
ÂÚÒˇ ÍÓÏÔ¸˛ÚÂÌÓÂ ÏÓ‰ÂÎËÓ‚‡ÌËÂ, ‚ ÓÒÌÓ‚Â ÍÓÚÓÓ„Ó ÎÂÊËÚ Ì‡·Ó ÚÂÓÂÚË˜ÂÒÍËı ÔÓ‰ıÓ‰Ó‚ Ë
ÏÓ‰ÂÎÂÈ ‡ÁÎË˜ÌÓ„Ó ÛÓ‚Ìˇ ÒÎÓÊÌÓÒÚË — ÓÚ ÔÓÒÚ˚ı Ó‰ÌÓÏÂÌ˚ı ÏÓ‰ÂÎÂÈ ‰Îˇ ‡Ò˜∏Ú‡ Ò‚ÓÈÒÚ‚
ÍÓÎÂ·‡ÌËÈ ‚ ÂÁÓÌ‡ÚÓÂ „ËÓÚÓÌ‡ ·ÂÁ ÔÛ˜Í‡ ‰Ó ÔˇÏÓ„Ó ˜ËÒÎÂÌÌÓ„Ó ÏÓ‰ÂÎËÓ‚‡ÌËˇ ‚Á‡ËÏÓ‰ÂÈ-
ÒÚ‚Ëˇ ÔÛ˜Í‡ Ò ˝ÎÂÍÚÓÏ‡„ÌËÚÌ˚Ï ÔÓÎÂÏ ÂÁÓÌ‡ÚÓ‡ Ò ÔÓÏÓ˘¸˛ Ò‡ÏÓÒÓ„Î‡ÒÓ‚‡ÌÌÓ„Ó Â¯ÂÌËˇ
Û‡‚ÌÂÌËÈ Ã‡ÍÒ‚ÂÎÎ‡ Ë Û‡‚ÌÂÌËÈ ‰‚ËÊÂÌËˇ ˝ÎÂÍÚÓÌÓ‚ ‚ 2.5D ËÎË ÔÓÎÌÓÈ Ú∏ıÏÂÌÓÈ ÔÓÒÚ‡ÌÓ‚-
ÍÂ [26–29]. ¬ ÎËÚÂ‡ÚÛÂ ÔÂ‰ÒÚ‡‚ÎÂÌ˚ Í‡Í ÍÓÏÔ¸˛ÚÂÌ˚Â ÍÓ‰˚, ÔÂ‰Ì‡ÁÌ‡˜ÂÌÌ˚Â ‰Îˇ Â¯ÂÌËˇ
Í‡Ê‰ÓÈ ËÁ ˝ÚËı ˜‡ÒÚÌ˚ı Á‡‰‡˜, Ú‡Í Ë ÍÓÏÔÎÂÍÒ˚ ÔÓ„‡ÏÏ, ÒÓÒÚÓˇ˘ËÂ ËÁ ÏÓ‰ÛÎÂÈ, ‚ ÍÓÚÓ˚ı
Â‡ÎËÁÓ‚‡Ì˚ ‚ÒÂ ËÎË ·ÓÎ¸¯ËÌÒÚ‚Ó ËÁ ÏÂÚÓ‰ËÍ, ÔËÏÂÌˇÂÏ˚ı Ì‡ ‡ÁÌ˚ı ˝Ú‡Ô‡ı ÍÓÌÒÚÛËÓ‚‡ÌËˇ
„ËÓÚÓÌÓ‚ [30–38].

Œ‰ÌÓÈ ËÁ ‚‡ÊÌÂÈ¯Ëı ÒÓÒÚ‡‚Îˇ˛˘Ëı Ú‡ÍÓ„Ó ÏÓ‰ÂÎËÓ‚‡ÌËˇ ˇ‚ÎˇÂÚÒˇ ‡Ò˜∏Ú Ò‚ÓÈÒÚ‚ Â-
ÁÓÌ‡ÚÓ‡ „ËÓÚÓÌ‡ ·ÂÁ ˝ÎÂÍÚÓÌÌÓ„Ó ÔÛ˜Í‡.   ˝ÚËÏ Ò‚ÓÈÒÚ‚‡Ï ÓÚÌÓÒˇÚÒˇ ˜‡ÒÚÓÚ˚ ÍÓÎÂ·‡ÌËÈ
‚ ÂÁÓÌ‡ÚÓÂ, Ëı ÓÏË˜ÂÒÍËÂ Ë ‰ËÙ‡ÍˆËÓÌÌ˚Â ‰Ó·ÓÚÌÓÒÚË, ‡ Ú‡ÍÊÂ ‡ÒÔÂ‰ÂÎÂÌËˇ ÍÓÏÔÓÌÂÌÚ
˝ÎÂÍÚÓÏ‡„ÌËÚÌÓ„Ó ÔÓÎˇ ‚‰ÓÎ¸ ÂÁÓÌ‡ÚÓ‡. –ÂÁÓÌ‡ÚÓ, ËÒÔÓÎ¸ÁÛÂÏ˚È ‚ ÍÎ‡ÒÒË˜ÂÒÍÓÈ ÍÓÌÒÚÛÍˆËË
„ËÓÚÓÌ‡, ÔÂ‰ÒÚ‡‚ÎˇÂÚ ÒÓ·ÓÈ ÒÎ‡·ÓÌÂÓ‰ÌÓÓ‰Ì˚È ÔÓÎ˚È ÍÛ„Î˚È ÏÂÚ‡ÎÎË˜ÂÒÍËÈ ‚ÓÎÌÓ‚Ó‰,
‡‰ËÛÒ ÍÓÚÓÓ„Ó ÒÎ‡·Ó ÏÂÌˇÂÚÒˇ ‚‰ÓÎ¸ ÔÓ‰ÓÎ¸ÌÓÈ ÓÒË. — ‰‚Ûı ÒÚÓÓÌ ÓÚÂÁÓÍ ÌÂÓ‰ÌÓÓ‰ÌÓ„Ó ‚ÓÎ-
ÌÓ‚Ó‰‡ Ì‡„ÛÊÂÌ Ì‡ ÛÔÓ˚, Ó‰ËÌ ËÁ ÍÓÚÓ˚ı ÒÛÊ‡ÂÚÒˇ Ì‡ ÔÛ¯Â˜ÌÓÏ ÍÓÌˆÂ, ‡ ‰Û„ÓÈ ‡Ò¯ËˇÂÚÒˇ
Ì‡ ÍÓÎÎÂÍÚÓÌÓÏ ÍÓÌˆÂ ÒËÒÚÂÏ˚ (ÒÏ. ËÒ. 1). ¬ ˆÂÎÓÏ Ú‡Í‡ˇ ÒÚÛÍÚÛ‡ ÔÂ‰ÒÚ‡‚ÎˇÂÚ ÒÓ·ÓÈ ÓÚÍ˚-
Ú˚È ˝ÎÂÍÚÓ‰ËÌ‡ÏË˜ÂÒÍËÈ ÂÁÓÌ‡ÚÓ [2, 39–41], ‚ ÍÓÚÓÓÏ ÏÓ„ÛÚ ÒÛ˘ÂÒÚ‚Ó‚‡Ú¸ ‚˚ÒÓÍÓ‰Ó·ÓÚÌ˚Â

zz in z out

R(z)

–ËÒ. 1. ŒÚÍ˚Ú˚È ÂÁÓÌ‡ÚÓ „ËÓÚÓÌ‡ ‚ ‚Ë‰Â ÒÎ‡·ÓÌÂÓ‰ÌÓÓ‰ÌÓ„Ó ÔÓÎÓ„Ó ÏÂÚ‡ÎÎË˜ÂÒÍÓ„Ó ‚ÓÎÌÓ‚Ó‰‡

Fig. 1. Gyrotron cavity as weakly irregular hollow metallic waveguide
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˝ÎÂÍÚÓÏ‡„ÌËÚÌ˚Â ÍÓÎÂ·‡ÌËˇ, ‚ÓÁÌËÍ‡˛˘ËÂ Á‡ Ò˜∏Ú ÓÚ‡ÊÂÌËÈ ‚ÓÎÌ ÓÚ ÔÂÂıÓ‰Ó‚ Ó‰ÌÓÓ‰ÌÓ„Ó
Û˜‡ÒÚÍ‡ ‚ÓÎÌÓ‚Ó‰‡ ‚ ÛÔÓ˚. ›ÚË ÍÓÎÂ·‡ÌËˇ ‚ ÓÚÍ˚Ú˚ı ˝ÎÂÍÚÓ‰ËÌ‡ÏË˜ÂÒÍËı ÒÚÛÍÚÛ‡ı Ì‡Á˚‚‡-
˛ÚÒˇ Í‚‡ÁËÒÓ·ÒÚ‚ÂÌÌ˚ÏË, ËÎË ÍÓÏÔÎÂÍÒÌ˚ÏË [39], Ú‡Í Í‡Í ÓÌË ÔÓ ÌÂÍÓÚÓ˚Ï Ò‚ÓËÏ Ò‚ÓÈÒÚ‚‡Ï
ÓÚÎË˜‡˛ÚÒˇ ÓÚ ÒÓ·ÒÚ‚ÂÌÌ˚ı ÚËÔÓ‚ ÍÓÎÂ·‡ÌËÈ ‚ Á‡Í˚Ú˚ı ÔÓÎ˚ı ÏÂÚ‡ÎÎË˜ÂÒÍËı ÂÁÓÌ‡ÚÓ‡ı.

œË ‡Á‡·ÓÚÍÂ „ËÓÚÓÌÓ‚ ‰Îˇ ÓÔÂ‰ÂÎÂÌËˇ ÓÔÚËÏ‡Î¸ÌÓÈ ÙÓÏ˚ ÂÁÓÌ‡ÚÓ‡ ÔËıÓ‰ËÚÒˇ
ÏÌÓ„ÓÍ‡ÚÌÓ Â¯‡Ú¸ Á‡‰‡˜Û ‡Ò˜∏Ú‡ Ò‚ÓÈÒÚ‚ ÍÓÎÂ·‡ÌËÈ, Á‡‰‡‚‡ˇ ‡ÁÎË˜Ì˚Â Á‡‚ËÒËÏÓÒÚË ‡‰ËÛÒ‡
ÌÂÓ‰ÌÓÓ‰ÌÓ„Ó ‚ÓÎÌÓ‚Ó‰‡ ÓÚ ÔÓ‰ÓÎ¸ÌÓÈ ÍÓÓ‰ËÌ‡Ú˚. —‡Ï‡ˇ ÔÓÒÚ‡ˇ Ë Ó‰ÌÓ‚ÂÏÂÌÌÓ ˝ÙÙÂÍÚË‚Ì‡ˇ
ÏÓ‰ÂÎ¸ ‰Îˇ ‡Ò˜∏Ú‡ ÍÓÎÂ·‡ÌËÈ ‚ ÓÚÍ˚ÚÓÏ ÂÁÓÌ‡ÚÓÂ „ËÓÚÓÌ‡ ÓÒÌÓ‚‡Ì‡ Ì‡ ËÒÔÓÎ¸ÁÓ‚‡ÌËË Ó‰ÌÓ-
ÏÂÌÓ„Ó Û‡‚ÌÂÌËˇ ÌÂÓ‰ÌÓÓ‰ÌÓÈ ÒÚÛÌ˚ ÒÓ‚ÏÂÒÚÌÓ Ò „‡ÌË˜Ì˚ÏË ÛÒÎÓ‚ËˇÏË ËÁÎÛ˜ÂÌËˇ (√”»)
Ì‡ Â„Ó ÍÓÌˆ‡ı [40]. ¬ ˝ÚÓÏ ÒÎÛ˜‡Â ÙÛÌÍˆËˇ F (z), ÓÚÌÓÒËÚÂÎ¸ÌÓ ÍÓÚÓÓÈ ÙÓÏÛÎËÛÂÚÒˇ Í‡Â-
‚‡ˇ Á‡‰‡˜‡, ÓÔËÒ˚‚‡ÂÚ ‡ÒÔÂ‰ÂÎÂÌËÂ ÍÓÏÔÎÂÍÒÌÓÈ ‡ÏÔÎËÚÛ‰˚ ÔÓÎˇ ‚‰ÓÎ¸ ÓÒË ÂÁÓÌ‡ÚÓ‡. ƒÎˇ
TEmn-ÏÓ‰˚ ÓÌ‡ ˇ‚ÎˇÂÚÒˇ ÍÓÏÔÎÂÍÒÌÓÈ ‡ÏÔÎËÚÛ‰ÓÈ Hz-ÍÓÏÔÓÌÂÌÚ˚ ˝ÎÂÍÚÓÏ‡„ÌËÚÌÓ„Ó ÔÓÎˇ,
‡ ‰Îˇ TMmn-ÏÓ‰˚ — ÍÓÏÔÎÂÍÒÌÓÈ ‡ÏÔÎËÚÛ‰ÓÈ Ez-ÍÓÏÔÓÌÂÌÚ˚ ÔÓÎˇ. «‰ÂÒ¸ m Ë n — ÔÓÔÂÂ˜Ì˚Â
‡ÁËÏÛÚ‡Î¸Ì˚È Ë ‡‰Ë‡Î¸Ì˚È ËÌ‰ÂÍÒ˚ ÏÓ‰˚. ¬ ÍÎ‡ÒÒË˜ÂÒÍËı „ËÓÚÓÌ‡ı ËÒÔÓÎ¸ÁÛ˛ÚÒˇ TEmn-
ÚËÔ˚ ÍÓÎÂ·‡ÌËÈ, ÔÓ˝ÚÓÏÛ ‰‡ÎÂÂ ·Û‰ÛÚ ‡ÒÒÏ‡ÚË‚‡Ú¸Òˇ ÚÓÎ¸ÍÓ ÓÌË. œÓÒÚÓÚ‡ ÏÓ‰ÂÎË, ÓÒÌÓ‚‡ÌÌÓÈ
Ì‡ Û‡‚ÌÂÌËË ÌÂÓ‰ÌÓÓ‰ÌÓÈ ÒÚÛÌ˚, Ó·˙ˇÒÌˇÂÚÒˇ ÚÂÏ, ˜ÚÓ ‚ ÌÂÈ ÌÂ Û˜ËÚ˚‚‡˛ÚÒˇ Ï‡Î˚Â Ò‚ˇÁË
ÏÂÊ‰Û ÓÒÌÓ‚ÌÓÈ ÏÓ‰ÓÈ Ë ÏÓ‰‡ÏË Ò ‰Û„ËÏË ÁÌ‡˜ÂÌËˇÏË ‡‰Ë‡Î¸ÌÓ„Ó ËÌ‰ÂÍÒ‡ n.

–‡ÒÔÂ‰ÂÎÂÌËÂ ÔÓÎˇ F (z) ‚ ÓÒÌÓ‚ÌÓÈ ˜‡ÒÚË ÂÁÓÌ‡ÚÓ‡ ËÏÂÂÚ ı‡‡ÍÚÂÌ˚È ‚Ë‰ ÒÚÓˇ˜ÂÈ
‚ÓÎÌ˚ Ò ‡ÁÌ˚Ï ˜ËÒÎÓÏ ‚‡Ë‡ˆËÈ ÔÓÎˇ ‚‰ÓÎ¸ ÒËÒÚÂÏ˚. ¬ Á‡‚ËÒËÏÓÒÚË ÓÚ ÍÓÎË˜ÂÒÚ‚‡ ‚‡Ë‡ˆËÈ
ÍÓÎÂ·‡ÌËˇ ÔÓËÒıÓ‰ˇÚ Ò ‡ÁÎË˜Ì˚ÏË ˜‡ÒÚÓÚ‡ÏË Ë ‰Ó·ÓÚÌÓÒÚˇÏË. ◊ËÒÎÓ ‚‡Ë‡ˆËÈ Ó·ÓÁÌ‡˜‡ÂÚ-
Òˇ ˆÂÎ˚Ï ˜ËÒÎÓÏ q, ‡ ÍÓÎÂ·‡ÌËˇ Ò ‡ÁÌ˚ÏË q Ì‡Á˚‚‡˛ÚÒˇ ‡ÁÎË˜Ì˚ÏË ÔÓ‰ÓÎ¸Ì˚ÏË ÏÓ‰‡ÏË
ÓÚÍ˚ÚÓ„Ó ÂÁÓÌ‡ÚÓ‡. ¬ ˆÂÎÓÏ ˝ÚË ÏÓ‰˚ Ó·ÓÁÌ‡˜‡˛ÚÒˇ Í‡Í TEmnq.

¬ Ó·Î‡ÒÚË ‚˚ıÓ‰ÌÓ„Ó ÛÔÓ‡ ÔÓÎÂ ËÏÂÂÚ ‚Ë‰ Û·Â„‡˛˘ÂÈ ÓÚ ÂÁÓÌ‡ÚÓ‡ ‚ÓÎÌ˚, ÍÓÚÓ‡ˇ ÛÌÓ-
ÒËÚ ˜‡ÒÚ¸ ˝ÌÂ„ËË ˝ÎÂÍÚÓÏ‡„ÌËÚÌÓ„Ó ÔÓÎˇ ‚ ‚˚ıÓ‰ÌÓÈ Ú‡ÍÚ. «‡ Ò˜ÂÚ ˝ÚÓ„Ó ÍÓÎÂ·‡ÌËˇ ‚ ÂÁÓÌ‡ÚÓÂ
ËÏÂ˛Ú ÍÓÌÂ˜ÌÛ˛ ‰Ó·ÓÚÌÓÒÚ¸ ‰‡ÊÂ ‚ ÛÒÎÓ‚Ëˇı, ÍÓ„‰‡ ÒÚÂÌÍË ÂÁÓÌ‡ÚÓ‡ ËÁ„ÓÚÓ‚ÎÂÌ˚ ËÁ Ë‰Â‡Î¸ÌÓ
ÔÓ‚Ó‰ˇ˘Â„Ó Ï‡ÚÂË‡Î‡. ¬ Ú‡ÍÓÏ ÒÎÛ˜‡Â ˝Ú‡ ‰Ó·ÓÚÌÓÒÚ¸ Ì‡Á˚‚‡ÂÚÒˇ ‰ËÙ‡ÍˆËÓÌÌÓÈ Ë Ó·ÓÁÌ‡-
˜‡ÂÚÒˇ Qd. ≈ÒÎË ‰ÓÔÓÎÌËÚÂÎ¸ÌÓ Û˜ËÚ˚‚‡Ú¸ ÔÓÚÂË Á‡ Ò˜ÂÚ ÍÓÌÂ˜ÌÓÈ ÔÓ‚Ó‰ËÏÓÒÚË Ï‡ÚÂË‡Î‡
ÒÚÂÌÓÍ, Í ‰ËÙ‡ÍˆËÓÌÌ˚Ï ÔÓÚÂˇÏ ‰Ó·‡‚Îˇ˛ÚÒˇ ÓÏË˜ÂÒÍËÂ, Ë ÔË ÛÒÎÓ‚ËË Ï‡ÎÓÒÚË Ó·ÓËı ÚËÔÓ‚
ÔÓÚÂ¸ Ó·˘‡ˇ ‰Ó·ÓÚÌÓÒÚ¸ ÓÔÂ‰ÂÎˇÂÚÒˇ Ò ÔÓÏÓ˘¸˛ ÙÓÏÛÎ˚ Qt = (QdQo)/(Qd +Qo), „‰Â Qt

Ë Qo — ÔÓÎÌ‡ˇ Ë ÓÏË˜ÂÒÍ‡ˇ ‰Ó·ÓÚÌÓÒÚË ÍÓÎÂ·‡ÌËÈ ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ.
ÕÂÒÏÓÚˇ Ì‡ Í‡ÊÛ˘Û˛Òˇ ÔÓÒÚÓÚÛ ÔÓ‰ıÓ‰‡, ÓÒÌÓ‚‡ÌÌÓ„Ó Ì‡ Â¯ÂÌËË Û‡‚ÌÂÌËˇ ÌÂÓ‰ÌÓ-

Ó‰ÌÓÈ ÒÚÛÌ˚, ÔË Â„Ó ˜ËÒÎÂÌÌÓÈ Â‡ÎËÁ‡ˆËË ‚ÓÁÌËÍ‡ÂÚ ˇ‰ ÔÓ·ÎÂÏ. ’ÓÚˇ Ò‡ÏÓ Û‡‚ÌÂÌËÂ
ˇ‚ÎˇÂÚÒˇ ÎËÌÂÈÌ˚Ï, ˜ËÒÎÂÌÌÓÂ Â¯ÂÌËÂ ÔÓÎÌÓÈ Í‡Â‚ÓÈ Á‡‰‡˜Ë, ÓÔËÒ˚‚‡˛˘ÂÈ Ò‚Ó·Ó‰Ì˚Â ÍÓ-
ÎÂ·‡ÌËˇ ‚ ÂÁÓÌ‡ÚÓÂ, ÚÂ·ÛÂÚ ËÒÔÓÎ¸ÁÓ‚‡ÌËˇ ËÚÂ‡ˆËÓÌÌ˚ı ÏÂÚÓ‰Ó‚, ÔÓÒÍÓÎ¸ÍÛ ÍÓÏÔÎÂÍÒÌ‡ˇ
˜‡ÒÚÓÚ‡ ÍÓÎÂ·‡ÌËÈ, ‚˚ÒÚÛÔ‡˛˘‡ˇ ‚ ‰‡ÌÌÓÏ ÒÎÛ˜‡Â ‚ Í‡˜ÂÒÚ‚Â ÒÔÂÍÚ‡Î¸ÌÓ„Ó Ô‡‡ÏÂÚ‡, ‚ıÓ‰ËÚ
ÌÂÎËÌÂÈÌ˚Ï Ó·‡ÁÓÏ ‚ √”». ƒÎˇ Ì‡ıÓÊ‰ÂÌËˇ ‚ÒÂı Â¯ÂÌËÈ ‚ Á‡‰‡ÌÌÓÈ Ó·Î‡ÒÚË ÍÓÏÔÎÂÍÒÌÓÈ
ÔÎÓÒÍÓÒÚË ˜‡ÒÚÓÚ ÔËıÓ‰ËÚÒˇ ÔË‚ÎÂÍ‡Ú¸ ‰ÓÔÓÎÌËÚÂÎ¸Ì˚Â ÚÂÓÂÚË˜ÂÒÍËÂ ËÎË ˝ÏÔËË˜ÂÒÍËÂ ÒÓ-
Ó·‡ÊÂÌËˇ ‰Îˇ ÓÔÂ‰ÂÎÂÌËˇ ˜ËÒÎ‡ ÏÓ‰ Ë Á‡‰‡ÌËˇ Ì‡˜‡Î¸Ì˚ı ÔË·ÎËÊÂÌËÈ, ÌÂÓ·ıÓ‰ËÏ˚ı ‰Îˇ
Á‡ÔÛÒÍ‡ ÔÓˆÂÒÒ‡ ËÚÂ‡ˆËÈ.

ŒÒÓ·ÂÌÌÓ ÓÒÚÓ ˝Ú‡ ÔÓ·ÎÂÏ‡ ‚ÓÁÌËÍ‡ÂÚ ÔË ‡Ì‡ÎËÁÂ ÂÁÓÌ‡ÚÓÓ‚ ÒÓ Ò‚ÂıÌËÁÍÓÈ ‰ËÙ‡Í-
ˆËÓÌÌÓÈ ‰Ó·ÓÚÌÓÒÚ¸˛, ËÒÔÓÎ¸ÁÛÂÏ˚ı ‚ ÏÓ˘Ì˚ı „ËÓÚÓÌ‡ı ÒÛ·ÚÂ‡„ÂˆÂ‚Ó„Ó Ë ÚÂ‡„ÂˆÂ‚Ó„Ó
‰Ë‡Ô‡ÁÓÌÓ‚, ÔÓÒÍÓÎ¸ÍÛ ‚ ˝ÚÓÏ ÒÎÛ˜‡Â Â„ÛÎˇÌÓÒÚ¸ ‡ÒÔÓÎÓÊÂÌËˇ ˜‡ÒÚÓÚ ‡ÁÌ˚ı ÏÓ‰ Ì‡ ÍÓÏÔÎÂÍÒ-
ÌÓÈ ÔÎÓÒÍÓÒÚË Ì‡Û¯‡ÂÚÒˇ. œË ‡Ò˜∏ÚÂ ·ÓÎ¸¯Ó„Ó ˜ËÒÎ‡ ÔÓ‰ÓÎ¸Ì˚ı ÏÓ‰ ‚ ËÒÒÎÂ‰ÛÂÏÓÈ ˜‡ÒÚË
ÒÔÂÍÚ‡ ÏÓ„ÛÚ ÔÓˇ‚ÎˇÚ¸Òˇ ‰ÓÔÓÎÌËÚÂÎ¸Ì˚Â ÌÂÙËÁË˜ÂÒÍËÂ Â¯ÂÌËˇ (Ò Ï‡Î˚ÏË ‰Ó·ÓÚÌÓÒÚˇÏË),
Û ÍÓÚÓ˚ı ‡ÏÔÎËÚÛ‰‡ ÔÓÎˇ ÂÁÍÓ ‚ÓÁ‡ÒÚ‡ÂÚ ‚ Ó·Î‡ÒÚË ‚˚ıÓ‰ÌÓ„Ó ÛÔÓ‡. ◊‡ÒÚÓÚ˚ Ë ‰Ó·ÓÚÌÓÒÚË
˝ÚËı ÏÓ‰ ÓÍ‡Á˚‚‡˛ÚÒˇ ·ÎËÁÍËÏË Í ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÏ ‚ÂÎË˜ËÌ‡Ï ‰Îˇ ‚˚Ò¯Ëı ÔÓ‰ÓÎ¸Ì˚ı ÏÓ‰,
ÎÓÍ‡ÎËÁÓ‚‡ÌÌ˚ı ‚ ˆÂÌÚ‡Î¸ÌÓÈ ˜‡ÒÚË ÂÁÓÌ‡ÚÓ‡. œË Ì‡ÎË˜ËË ÌÂÙËÁË˜ÂÒÍËı ÏÓ‰ ÒÎÓÊÌÓ Á‡-
‰‡Ú¸ ‡ÁÛÏÌ˚Â Ì‡˜‡Î¸Ì˚Â ÔË·ÎËÊÂÌËˇ ËÁ ‡ÔËÓÌ˚ı ÒÓÓ·‡ÊÂÌËÈ Ë Ëı ÔËıÓ‰ËÚÒˇ Ì‡ıÓ‰ËÚ¸
Ô‡ÍÚË˜ÂÒÍË «‚Û˜ÌÛ˛».
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◊‡˘Â ‚ÒÂ„Ó ‰Îˇ Â¯ÂÌËˇ ÛÍ‡Á‡ÌÌÓÈ ‚˚¯Â Í‡Â‚ÓÈ Á‡‰‡˜Ë ËÒÔÓÎ¸ÁÛÂÚÒˇ ÏÂÚÓ‰ ÔËÒÚÂÎ-
ÍË [30–38]. ¬ ‰Û„Ëı ÒÎÛ˜‡ˇı ‚ÏÂÒÚÓ ÔÓËÒÍ‡ ÒÓ·ÒÚ‚ÂÌÌ˚ı ÁÌ‡˜ÂÌËÈ (—«) Â¯‡ÂÚÒˇ Á‡‰‡˜‡ Ó
‚ÓÁ·ÛÊ‰ÂÌËË ÂÁÓÌ‡ÚÓ‡ ‚ÌÂ¯ÌËÏ „‡ÏÓÌË˜ÂÒÍËÏ ÒË„Ì‡ÎÓÏ, ÔÓÒÎÂ ˜Â„Ó ÁÌ‡˜ÂÌËˇ ˜‡ÒÚÓÚ Ë ‰Ó·ÓÚ-
ÌÓÒÚÂÈ Ì‡ıÓ‰ˇÚÒˇ ËÁ ‡Ì‡ÎËÁ‡ ‡ÒÒ˜ËÚ‡ÌÌÓÈ ÂÁÓÌ‡ÌÒÌÓÈ ÍË‚ÓÈ [42–45].

¬ ‡·ÓÚÂ [46] ·˚Î ÔÂ‰ÎÓÊÂÌ ÌÓ‚˚È ÔÓ‰ıÓ‰ Í ÔÓËÒÍÛ ÍÓÏÔÎÂÍÒÌ˚ı ˜‡ÒÚÓÚ ÍÓÎÂ·‡ÌËÈ ‚ ÂÁÓ-
Ì‡ÚÓÂ „ËÓÚÓÌ‡, Ì‡Á‚‡ÌÌ˚È ÒÔÂÍÚ‡Î¸Ì˚Ï. ≈„Ó ÒÛÚ¸ Á‡ÍÎ˛˜‡ÂÚÒˇ ‚ ÚÓÏ, ˜ÚÓ ‰ËÙÙÂÂÌˆË‡Î¸Ì˚Â
Û‡‚ÌÂÌËˇ ‚ÏÂÒÚÂ Ò „‡ÌË˜Ì˚ÏË ÛÒÎÓ‚ËˇÏË Ò‚Ó‰ˇÚÒˇ Ó‰ÌËÏ ËÁ ‡ÁÌÓÒÚÌ˚ı ÏÂÚÓ‰Ó‚ (ÍÓÌÂ˜Ì˚ı
‡ÁÌÓÒÚÂÈ ËÎË ÍÓÌÂ˜Ì˚ı ˝ÎÂÏÂÌÚÓ‚) Í Ó·Ó·˘∏ÌÌÓÈ Ï‡ÚË˜ÌÓÈ Á‡‰‡˜Â ÒÓ·ÒÚ‚ÂÌÌ˚ı ÁÌ‡˜ÂÌËÈ,
‚ ÍÓÚÓÓÈ ‚ Í‡˜ÂÒÚ‚Â ÒÔÂÍÚ‡Î¸ÌÓ„Ó Ô‡‡ÏÂÚ‡ ‚˚ÒÚÛÔ‡ÂÚ ÌÓÏËÓ‚‡ÌÌ‡ˇ ÓÚÒÚÓÈÍ‡ ˜‡ÒÚÓÚ˚
ÍÓÎÂ·‡ÌËÈ ÓÚ ÍËÚË˜ÂÒÍÓÈ ˜‡ÒÚÓÚ˚ ‡·Ó˜ÂÈ ÏÓ‰˚. ¬ [46] ˝Ú‡ ÏÂÚÓ‰ËÍ‡ ËÒÔÓÎ¸ÁÛÂÚÒˇ ‰Îˇ ‡Ò˜∏Ú‡
ÛÒÎÓ‚ËÈ Ò‡ÏÓ‚ÓÁ·ÛÊ‰ÂÌËˇ ‚ ÎËÌÂÈÌÓÏ ÂÊËÏÂ ‡·ÓÚ˚ „ËÓÚÓÌ‡, ÌÓ Ó˜Â‚Ë‰ÌÓ, ˜ÚÓ Ú‡ÍÓÈ ÊÂ ÔÓ‰-
ıÓ‰ ‚ ·ÓÎÂÂ ÔÓÒÚÓÏ ‚‡Ë‡ÌÚÂ ÏÓÊÂÚ ·˚Ú¸ ËÒÔÓÎ¸ÁÓ‚‡Ì ‰Îˇ ÔÓËÒÍ‡ ÍÓÏÔÎÂÍÒÌ˚ı ˜‡ÒÚÓÚ ÍÓÎÂ·‡ÌËÈ
‚ ÂÁÓÌ‡ÚÓÂ „ËÓÚÓÌ‡ ·ÂÁ ÔÛ˜Í‡. Œ‰Ì‡ÍÓ ÔË ËÒÔÓÎ¸ÁÓ‚‡ÌËË ÒÔÂÍÚ‡Î¸ÌÓ„Ó ÔÓ‰ıÓ‰‡ ‚ ÙÓÏÂ,
ÔÂ‰ÎÓÊÂÌÌÓÈ ‚ [46], ÓÍ‡Á˚‚‡ÂÚÒˇ, ˜ÚÓ ÌÂÍÓÚÓ˚Â ˝ÎÂÏÂÌÚ˚ Ï‡ÚËˆ Ó·Ó·˘∏ÌÌÓÈ Ï‡ÚË˜ÌÓÈ ÔÓ-
·ÎÂÏ˚ Ò‡ÏË Á‡‚ËÒˇÚ ÓÚ ÒÔÂÍÚ‡Î¸ÌÓ„Ó Ô‡‡ÏÂÚ‡, ÔÓ˝ÚÓÏÛ ‚ ˆÂÎÓÏ ÓÌ‡ ÓÍ‡Á˚‚‡ÂÚÒˇ ÌÂÎËÌÂÈÌÓÈ
Ë ÔË ÂÂ Â¯ÂÌËË ‚ÓÁÌËÍ‡˛Ú ÚÂ ÊÂ ÒÎÓÊÌÓÒÚË, ˜ÚÓ Ë ‚ ÏÂÚÓ‰Â ÔËÒÚÂÎÍË — ÌÂÓ·ıÓ‰ËÏÓÒÚ¸ Á‡‰‡-
ÌËˇ Ì‡˜‡Î¸Ì˚ı ÔË·ÎËÊÂÌËÈ ‰Îˇ Í‡Ê‰Ó„Ó ËÁ ÒÓ·ÒÚ‚ÂÌÌ˚ı ÁÌ‡˜ÂÌËÈ, ËÒÔÓÎ¸ÁÓ‚‡ÌËÂ ËÚÂ‡ˆËÓÌÌÓÈ
ÔÓˆÂ‰Û˚, ‡ Ú‡ÍÊÂ Á‡‰‡˜‡ „‡‡ÌÚËÓ‚‡ÌÌÓ„Ó ÔÓËÒÍ‡ ‚ÒÂı ÏÓ‰, ˜‡ÒÚÓÚ˚ ÍÓÚÓ˚ı ÔËÌ‡‰ÎÂÊ‡Ú
Á‡‰‡ÌÌÓÈ Ó·Î‡ÒÚË Ì‡ ÍÓÏÔÎÂÍÒÌÓÈ ÔÎÓÒÍÓÒÚË ˜‡ÒÚÓÚ.

¬ Ì‡ÒÚÓˇ˘ÂÈ ‡·ÓÚÂ ÔÂ‰Î‡„‡ÂÚÒˇ ÏÓ‰ËÙËˆËÓ‚‡ÌÌ˚È ÒÔÂÍÚ‡Î¸Ì˚È ÔÓ‰ıÓ‰ ‰Îˇ ‡Ò˜∏Ú‡
ÍÓÏÔÎÂÍÒÌ˚ı ˜‡ÒÚÓÚ ÏÓ‰ Ë ‡ÒÔÂ‰ÂÎÂÌËÈ Ëı ÔÓÎÂÈ ‚ ÓÚÍ˚ÚÓÏ ÂÁÓÌ‡ÚÓÂ „ËÓÚÓÌ‡. ›ÚÓÚ ÔÓ‰ıÓ‰
ˇ‚ÎˇÂÚÒˇ Ó·Ó·˘ÂÌËÂÏ ÏÂÚÓ‰ËÍË ËÁ [46] Ë ÓÒÌÓ‚‡Ì Ì‡ ÎËÌÂ‡ËÁ‡ˆËË √”» ÔÓ ÒÔÂÍÚ‡Î¸ÌÓÏÛ Ô‡‡-
ÏÂÚÛ. ¡Î‡„Ó‰‡ˇ ÓÒÓ·ÂÌÌÓÒÚˇÏ „ÂÓÏÂÚËË ÓÚÍ˚ÚÓ„Ó ÂÁÓÌ‡ÚÓ‡ „ËÓÚÓÌ‡, ‡Á‚Ë‚‡ÂÏ˚È ÔÓ‰ıÓ‰
ÔÓÁ‚ÓÎˇÂÚ ‡ÒÒ˜ËÚ‡Ú¸ ÍÓÏÔÎÂÍÒÌÛ˛ ˜‡ÒÚÓÚÛ Ë ‡ÒÔÂ‰ÂÎÂÌËÂ ÔÓÎˇ ÓÒÌÓ‚ÌÓ„Ó ÔÓ‰ÓÎ¸ÌÓ„Ó ÚËÔ‡
ÍÓÎÂ·‡ÌËÈ Ò ÚÓ˜ÌÓÒÚ¸˛, ‰ÓÒÚ‡ÚÓ˜ÌÓÈ ‰Îˇ Ô‡ÍÚË˜ÂÒÍËı ÔËÏÂÌÂÌËÈ, ÔÛÚÂÏ Ó‰ÌÓÍ‡ÚÌÓ„Ó Â¯ÂÌËˇ
ÎËÌÂÈÌÓÈ Ï‡ÚË˜ÌÓÈ ÔÓ·ÎÂÏ˚ ÒÓ·ÒÚ‚ÂÌÌ˚ı ÁÌ‡˜ÂÌËÈ ·ÂÁ Á‡‰‡ÌËˇ Ì‡˜‡Î¸ÌÓ„Ó ÔË·ÎËÊÂÌËˇ.
œÓÏËÏÓ ˝ÚÓ„Ó, ‰Îˇ ‡Ò˜ÂÚ‡ Í‡Ê‰Ó„Ó ÒÎÂ‰Û˛˘Â„Ó ‚˚Ò¯Â„Ó ÚËÔ‡ ÍÓÎÂ·‡ÌËÈ ‚ ·ÓÎ¸¯ËÌÒÚ‚Â ÒÎÛ˜‡Â‚
ÚÂ·ÛÂÚÒˇ Ó‰ÌÓ ËÎË ‰‚‡ ‰ÓÔÓÎÌËÚÂÎ¸Ì˚ı Â¯ÂÌËˇ ÎËÌÂÈÌÓÈ Ï‡ÚË˜ÌÓÈ ÔÓ·ÎÂÏ˚ ÒÓ·ÒÚ‚ÂÌÌ˚ı
ÁÌ‡˜ÂÌËÈ.

—Ó‰ÂÊ‡ÌËÂ ÒÚ‡Ú¸Ë Ó„‡ÌËÁÓ‚‡ÌÓ ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ. ¬ ‡Á‰ÂÎÂ 1 ÔË‚Â‰ÂÌ˚ ÓÒÌÓ‚Ì˚Â
Û‡‚ÌÂÌËˇ Í‡Â‚ÓÈ Á‡‰‡˜Ë, ÓÔËÒ˚‚‡˛˘ÂÈ ÍÓÎÂ·‡ÌËˇ ‚ ÓÚÍ˚ÚÓÏ ÂÁÓÌ‡ÚÓÂ „ËÓÚÓÌ‡. «‰ÂÒ¸ ÊÂ
ËÁÎ‡„‡ÂÚÒˇ ÏÂÚÓ‰ËÍ‡ ÎËÌÂ‡ËÁ‡ˆËË „‡ÌË˜Ì˚ı ÛÒÎÓ‚ËÈ ËÁÎÛ˜ÂÌËˇ, ÔÓÁ‚ÓÎˇ˛˘‡ˇ Ò‚ÂÒÚË Â¯ÂÌËÂ
ÌÂÎËÌÂÈÌÓÈ ÒÔÂÍÚ‡Î¸ÌÓÈ ÔÓ·ÎÂÏ˚ Í ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË Â¯ÂÌËÈ ÎËÌÂÈÌ˚ı ÒÔÂÍÚ‡Î¸Ì˚ı
Á‡‰‡˜. ¬ ‡Á‰ÂÎÂ 2 ËÁÎ‡„‡ÂÚÒˇ ÏÂÚÓ‰ ÔË‚Â‰ÂÌËˇ Í‡Â‚ÓÈ Á‡‰‡˜Ë ‚ ‰ËÙÙÂÂÌˆË‡Î¸ÌÓÈ ÙÓÏÂ
Í ÎËÌÂÈÌÓÈ Ó·Ó·˘ÂÌÌÓÈ Ï‡ÚË˜ÌÓÈ ÔÓ·ÎÂÏÂ ÒÓ·ÒÚ‚ÂÌÌ˚ı ÁÌ‡˜ÂÌËÈ (ŒÃœ—«), ËÒÔÓÎ¸ÁÛ˛˘ËÈ
ÏÂÚÓ‰ ÍÓÌÂ˜Ì˚ı ‡ÁÌÓÒÚÂÈ. ¬ ‡Á‰ÂÎÂ 3 ÔË‚Â‰ÂÌÓ ÓÔËÒ‡ÌËÂ ËÚÂ‡ˆËÓÌÌÓ„Ó ‡Î„ÓËÚÏ‡, ÔÓÁ‚ÓÎˇ˛-
˘Â„Ó ‡ÒÒ˜ËÚ˚‚‡Ú¸ Á‡‰‡ÌÌÓÂ ˜ËÒÎÓ ÍÓÏÔÎÂÍÒÌ˚ı ˜‡ÒÚÓÚ Ë ‡ÒÔÂ‰ÂÎÂÌËÈ ÔÓÎÂÈ Í‚‡ÁËÒÓ·ÒÚ‚ÂÌÌ˚ı
ÚËÔÓ‚ ÍÓÎÂ·‡ÌËÈ ‚ ÓÚÍ˚ÚÓÏ ÂÁÓÌ‡ÚÓÂ. ¬ ‡Á‰ÂÎ 4 ‚ÍÎ˛˜ÂÌ˚ ÔËÏÂ˚ ‡Ò˜∏Ú‡ ÔÓ‰ÓÎ¸Ì˚ı
ÚËÔÓ‚ ÍÓÎÂ·‡ÌËÈ ‚ ÓÚÍ˚Ú˚ı ÂÁÓÌ‡ÚÓ‡ı „ËÓÚÓÌÓ‚ ‡ÁÎË˜Ì˚ı ‰Ë‡Ô‡ÁÓÌÓ‚ ˜‡ÒÚÓÚ, Ô‡‡ÏÂÚ-
˚ ÍÓÚÓ˚ı ‰ÓÒÚÛÔÌ˚ ËÁ ÎËÚÂ‡ÚÛ˚. ¬ «‡ÍÎ˛˜ÂÌËË ÒÙÓÏÛÎËÓ‚‡Ì˚ ÔÓÎÛ˜ÂÌÌ˚Â ÂÁÛÎ¸Ú‡Ú˚
Ë ÓÒÌÓ‚Ì˚Â ‚˚‚Ó‰˚.

1. ŒÒÌÓ‚Ì˚Â Û‡‚ÌÂÌËˇ
Ë ÎËÌÂ‡ËÁ‡ˆËˇ „‡ÌË˜Ì˚ı ÛÒÎÓ‚ËÈ ËÁÎÛ˜ÂÌËˇ

√ÂÓÏÂÚËˇ ÂÁÓÌ‡ÚÓ‡ „ËÓÚÓÌ‡ ‚ ‚Ë‰Â ÒÎ‡·Ó ÌÂÓ‰ÌÓÓ‰ÌÓ„Ó ÔÓÎÓ„Ó ÏÂÚ‡ÎÎË˜ÂÒÍÓ„Ó ‚ÓÎ-
ÌÓ‚Ó‰‡ ÔÓÍ‡Á‡Ì‡ Ì‡ ËÒ. 1. œÂ‰ÔÓÎ‡„‡ÂÚÒˇ, ˜ÚÓ ‡‰ËÛÒ ‚ÓÎÌÓ‚Ó‰‡ ÏÂ‰ÎÂÌÌÓ ÏÂÌˇÂÚÒˇ ‚‰ÓÎ¸ Â„Ó
ÓÒË. ¬ ÔÂÌÂ·ÂÊÂÌËË Ò‚ˇÁ¸˛ ÏÂÊ‰Û ÏÓ‰‡ÏË ‚ÓÎÌÓ‚Ó‰‡ Ò ‡ÁÎË˜Ì˚ÏË ‡‰Ë‡Î¸Ì˚ÏË ËÌ‰ÂÍÒ‡ÏË
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Í‡Â‚‡ˇ Á‡‰‡˜‡, ÓÔËÒ˚‚‡˛˘‡ˇ ÍÓÎÂ·‡ÌËˇ ˝ÎÂÍÚÓÏ‡„ÌËÚÌÓ„Ó ÔÓÎˇ ‚ ÂÁÓÌ‡ÚÓÂ [40], ÒÓÒÚÓËÚ ËÁ
Û‡‚ÌÂÌËˇ ÌÂÓ‰ÌÓÓ‰ÌÓÈ ÒÚÛÌ˚

d2F (z)

dz2
+ h2(w, z)F (z) = 0, (1)

Ë „‡ÌË˜Ì˚ı ÛÒÎÓ‚ËÈ ËÁÎÛ˜ÂÌËˇ, ÍÓÚÓ˚Â ÒÚ‡‚ˇÚÒˇ ‚ ÔÎÓÒÍÓÒÚˇı, ÔÂÔÂÌ‰ËÍÛÎˇÌ˚ı ÓÒË ÂÁÓ-
Ì‡ÚÓ‡ Ë ‡ÒÔÓÎÓÊÂÌÌ˚ı ‚ Ó‰ÌÓÓ‰Ì˚ı ˜‡ÒÚˇı ‚ÓÎÌÓ‚Ó‰Ó‚ ÒÎÂ‚‡ Ë ÒÔ‡‚‡ ÓÚ ÓÒÌÓ‚ÌÓ„Ó Ó·˙∏Ï‡
ÂÁÓÌ‡ÚÓ‡:


dF (z)

dz
� jh(w, z)F (z)

�

z=zin

= 0 ,


dF (z)

dz
+ jh(w, z)F (z)

�

z=zout

= 0 .

(2)

¬ Û‡‚ÌÂÌËˇı (1)–(2) ÔÂ‰ÔÓÎ‡„‡ÂÚÒˇ Á‡‚ËÒËÏÓÒÚ¸ ÔÓÎˇ ÓÚ ‚ÂÏÂÌË ‚Ë‰‡ F (z) ⇠ exp(jwt)
Ë ‚‚Â‰ÂÌ˚ ÒÎÂ‰Û˛˘ËÂ Ó·ÓÁÌ‡˜ÂÌËˇ: F (z) — ·ÂÁ‡ÁÏÂÌ‡ˇ ÍÓÏÔÎÂÍÒÌ‡ˇ ‡ÏÔÎËÚÛ‰‡ Hz-ÍÓÏÔÓÌÂÌÚ˚
˝ÎÂÍÚÓÏ‡„ÌËÚÌÓ„Ó ÔÓÎˇ ‚ ÂÁÓÌ‡ÚÓÂ; h(w, z) — ÎÓÍ‡Î¸ÌÓÂ ÁÌ‡˜ÂÌËÂ ÔÓ‰ÓÎ¸ÌÓ„Ó ‚ÓÎÌÓ‚Ó„Ó ˜ËÒÎ‡
TEmn- ÏÓ‰˚; ‚ÂÎË˜ËÌ‡ h(w, z) Á‡‚ËÒËÚ ÓÚ ÍÓÓ‰ËÌ‡Ú˚ z ËÁ-Á‡ ËÁÏÂÌÂÌËˇ ‡‰ËÛÒ‡ ÂÁÓÌ‡ÚÓ‡ R(z)
ÔË ÒÏÂ˘ÂÌËË ‚‰ÓÎ¸ Â„Ó ÓÒË.

¬ „‡ÌË˜Ì˚ı ÛÒÎÓ‚Ëˇı (2) ÒÓ‰ÂÊ‡ÚÒˇ ÍÓÌË ËÁ ÍÓÏÔÎÂÍÒÌÓÈ ÙÛÌÍˆËË ˜‡ÒÚÓÚ˚ h2(w, z),
ÔÓ˝ÚÓÏÛ ÌÂÓ·ıÓ‰ËÏÓ ÓÔÂ‰ÂÎËÚ¸ Ô‡‚ËÎ‡ ‚˚·Ó‡ ‚ÂÚ‚ÂÈ ˝ÚÓÈ ÙÛÌÍˆËË [40]:

Re [h(w, zin,out)] > 0, ÂÒÎË Re
⇥
h2(w, zin,out)

⇤
> 0 ,

Im [h(w, zin,out)] < 0, ÂÒÎË Re
⇥
h2(w, zin,out)

⇤
< 0 .

›ÚË ÛÒÎÓ‚Ëˇ ÓÒÌÓ‚‡Ì˚ Ì‡ ÚÂ·Ó‚‡ÌËË: ‰Îˇ Î˛·˚ı ˜‡ÒÚÓÚ Â¯ÂÌËˇ Û‡‚ÌÂÌËˇ (1) ‚ Ó‰ÌÓÓ‰Ì˚ı
Û˜‡ÒÚÍ‡ı ‚ÓÎÌÓ‚Ó‰Ó‚, ÎÂÊ‡˘Ëı ÒÎÂ‚‡ Ë ÒÔ‡‚‡ ÓÚ Ó·Î‡ÒÚË zin 6 z 6 zout, ‰ÓÎÊÌ˚ ÔÂ‰ÒÚ‡‚ÎˇÚ¸
ÒÓ·ÓÈ ‚ÓÎÌ˚, ÔÂÂÌÓÒˇ˘ËÂ ˝ÌÂ„Ë˛ ‚ Ì‡Ô‡‚ÎÂÌËË ÓÚ ˆÂÌÚ‡Î¸ÌÓÈ ˜‡ÒÚË ÂÁÓÌ‡ÚÓ‡.

œËÌËÏ‡ˇ ‚Ó ‚ÌËÏ‡ÌËÂ Ï‡Î˚Â ÓÏË˜ÂÒÍËÂ ÔÓÚÂË ‚ ÒÚÂÌÍ‡ı ÂÁÓÌ‡ÚÓ‡, ÏÓÊÌÓ Á‡ÔËÒ‡Ú¸, ˜ÚÓ
h2(w, z) = h2r(w, z)� jh2i (w, z), „‰Â

h2r(w, z) = w
2/c2 � n2mn/R

2(z) ,

h2i (w, z) = (1� j)ds
n2mn

R3(z)

✓
1 +

m2

n2mn �m2

w2R2(z)

c2n2mn

◆
.

(3)

¬ ˝ÚÓÈ ÙÓÏÛÎÂ h2r(w, z) — Í‚‡‰‡Ú ‚ÓÎÌÓ‚Ó„Ó ˜ËÒÎ‡ ‡·Ó˜ÂÈ ÏÓ‰˚ TEmn ‚ ÒÎÛ˜‡Â Ë‰Â‡Î¸ÌÓ
ÔÓ‚Ó‰ˇ˘Ëı ÒÚÂÌÓÍ ÂÁÓÌ‡ÚÓ‡, �jh2i (w, z) — ‰Ó·‡‚Í‡ Í Í‚‡‰‡ÚÛ ‚ÓÎÌÓ‚Ó„Ó ˜ËÒÎ‡ Á‡ Ò˜ÂÚ ÍÓÌÂ˜ÌÓÈ
ÔÓ‚Ó‰ËÏÓÒÚË ÒÚÂÌÓÍ, J 0

m(x) — ÔÓËÁ‚Ó‰Ì‡ˇ ÙÛÌÍˆËË ¡ÂÒÒÂÎˇ ÔÓˇ‰Í‡ m, nmn — n-È ÍÓÂÌ¸
Û‡‚ÌÂÌËˇ J 0

m(nmn) = 0, c — ÒÍÓÓÒÚ¸ Ò‚ÂÚ‡, ds =
p
2/(µ0ws) — ÚÓÎ˘ËÌ‡ ÒÍËÌ-ÒÎÓˇ, s — Û‰ÂÎ¸Ì‡ˇ

ÔÓ‚Ó‰ËÏÓÒÚ¸ Ï‡ÚÂË‡Î‡ ÒÚÂÌÓÍ ÂÁÓÌ‡ÚÓ‡, µ0 — Ï‡„ÌËÚÌ‡ˇ ÔÓÒÚÓˇÌÌ‡ˇ. ¬˚‡ÊÂÌËÂ ‰Îˇ h2i (w, z)
‚˚‚Ó‰ËÚÒˇ ÏÂÚÓ‰ÓÏ, ‡Á‚ËÚ˚Ï ‚ [47], ÓÌÓ ÒÓ‚Ô‡‰‡ÂÚ Ò ÙÓÏÛÎ‡ÏË, ÔË‚Â‰ÂÌÌ˚ÏË ‚ [48, 49].

«‡ÔË¯ÂÏ h2r(w, z) ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ:

h2r(w, z) = (w2 � w20)/c
2 + n2mn/R

2

0

⇥
1�R2

0/R
2(z)

⇤
,

„‰Â R0 — ‡‰ËÛÒ ‚ÓÎÌÓ‚Ó‰‡ ‚ ÌÂÍÓÚÓÓÏ ı‡‡ÍÚÂÌÓÏ ÒÂ˜ÂÌËË, w0 = nmnc/R0 — ÍËÚË˜ÂÒÍ‡ˇ
˜‡ÒÚÓÚ‡ ‡·Ó˜ÂÈ ÏÓ‰˚ ‚ ˝ÚÓÏ ÒÂ˜ÂÌËË. «‡ ‚ÂÎË˜ËÌÛ R0 ÏÓÊÂÚ ·˚Ú¸ ÔËÌˇÚ, Ì‡ÔËÏÂ, ‡‰ËÛÒ
Ó‰ÌÓÓ‰ÌÓÈ ˜‡ÒÚË ÂÁÓÌ‡ÚÓ‡ ËÎË ‡‰ËÛÒ ‚ ÔÎÓÒÍÓÒÚË ÔÂÂıÓ‰‡ ËÁ Ó·Î‡ÒÚË ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëˇ
‚ ‡Ò¯Ëˇ˛˘ËÈÒˇ ÛÔÓ, ÂÒÎË Ó‰ÌÓÓ‰Ì˚È Û˜‡ÒÚÓÍ ÂÁÓÌ‡ÚÓ‡ ÓÚÒÛÚÒÚ‚ÛÂÚ.
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œÛÒÚ¸ L0 — ı‡‡ÍÚÂÌ˚È ‡ÁÏÂ ÂÁÓÌ‡ÚÓ‡, Á‡ ÍÓÚÓ˚È ÏÓÊÌÓ ÔËÌˇÚ¸ ‰ÎËÌÛ Ó‰ÌÓ-
Ó‰ÌÓÈ ˜‡ÒÚË ËÎË ‚Ò˛ Â„Ó ‰ÎËÌÛ. œÓÎ‡„‡ˇ w ⇡ w0, ‚‚Â‰ÂÏ ·ÂÁ‡ÁÏÂÌ˚È Ô‡‡ÏÂÚ ˜‡ÒÚÓÚ˚
W = (w2 � w2

0
)L2

0
/c2 ⇡ 2(nmnL0/R0)2(w � w0)/w0, ·ÂÁ‡ÁÏÂÌ˚Â ÍÓÓ‰ËÌ‡ÚÛ z = z/L0

Ë ÙÛÌÍˆËË

d(z) = (nmnL0/R0)
2

✓
1�

R2

0

R2(z)

◆
,

d(z) = (1� j)(nmnL0/R0)
2
dsR2

0

R3(z)

✓
1 +

m2

n2mn �m2

w2R2(z)
c2n2mn

◆
.

ŒÚÏÂÚËÏ, ˜ÚÓ d(z) ÌÂ Á‡‚ËÒËÚ ÓÚ ˜‡ÒÚÓÚ˚ w, ‡ d(z) ÏÂÌˇÂÚÒˇ Ò ËÁÏÂÌÂÌËÂÏ ˜‡ÒÚÓÚ˚ Ó˜ÂÌ¸ Ï‡ÎÓ,
Ú‡Í Í‡Í ˝ÚÓ ËÁÏÂÌÂÌËÂ ÓÔÂ‰ÂÎˇÂÚÒˇ ‚ ÓÒÌÓ‚ÌÓÏ Á‡‚ËÒËÏÓÒÚ¸˛ ÚÓÎ˘ËÌ˚ ÒÍËÌ-ÒÎÓˇ ds ÓÚ ˜‡ÒÚÓÚ˚.
¬ ÓÊË‰‡ÂÏÓÏ ‰Ë‡Ô‡ÁÓÌÂ ÁÌ‡˜ÂÌËÈ ˜‡ÒÚÓÚ ÔÓ‰ÓÎ¸Ì˚ı ÏÓ‰ ˝ÚÓÈ Á‡‚ËÒËÏÓÒÚ¸˛ ÏÓÊÌÓ ÔÂÌÂ·Â˜¸.
œÓ˝ÚÓÏÛ ‚ ÙÓÏÛÎÂ ‰Îˇ d(z) ÏÓÊÌÓ ÔÓÎÓÊËÚ¸ w = w0 Ë Ò˜ËÚ‡Ú¸, ˜ÚÓ ˝Ú‡ ÙÛÌÍˆËˇ Ú‡ÍÊÂ ÌÂ Á‡‚ËÒËÚ
ÓÚ ˜‡ÒÚÓÚ˚.

œÓÒÎÂ ‚ÒÂı ÔÂÂÓ·ÓÁÌ‡˜ÂÌËÈ Û‡‚ÌÂÌËˇ (1)–(2) ÔËÓ·ÂÚ‡˛Ú ‚Ë‰

d2F (z)
dz2

+ [W+ d(z)� jd(z)]F (z) = 0 (4)

Ë

dF (z)
dz

� j
p
W+ d(z)� jd(z)F (z)

�

z=zin

= 0,


dF (z)
dz

+ j
p
W+ d(z)� jd(z)F (z)

�

z=zout

= 0.

(5)

”‡‚ÌÂÌËˇ (4)–(5) ÔÂ‰ÒÚ‡‚Îˇ˛Ú ÒÓ·ÓÈ Í‡Â‚Û˛ Á‡‰‡˜Û ÚËÔ‡ Á‡‰‡˜Ë ÿÚÛÏ‡–ÀËÛ‚ËÎÎˇ Ì‡
ÒÓ·ÒÚ‚ÂÌÌ˚Â ÁÌ‡˜ÂÌËˇ, Â¯ÂÌËˇ ÍÓÚÓÓÈ ÓÔÂ‰ÂÎˇ˛Ú ÍÓÏÔÎÂÍÒÌ˚Â ÏÓ‰˚ ÍÓÎÂ·‡ÌËÈ ‚ ÓÚÍ˚ÚÓÈ
˝ÎÂÍÚÓ‰ËÌ‡ÏË˜ÂÒÍÓÈ ÒÚÛÍÚÛÂ — ÂÁÓÌ‡ÚÓÂ „ËÓÚÓÌ‡. ¬ Í‡˜ÂÒÚ‚Â ÒÔÂÍÚ‡Î¸ÌÓ„Ó Ô‡‡ÏÂÚ‡
Á‰ÂÒ¸ ‚˚ÒÚÛÔ‡ÂÚ ·ÂÁ‡ÁÏÂÌ˚È Ô‡‡ÏÂÚ ˜‡ÒÚÓÚ˚ W. ŒÚÏÂÚËÏ, ‚ÂÎË˜ËÌ‡ W ÌÂÎËÌÂÈÌ˚Ï Ó·‡ÁÓÏ
‚ıÓ‰ËÚ ‚ „‡ÌË˜Ì˚Â ÛÒÎÓ‚Ëˇ (5), ÔÓ˝ÚÓÏÛ, Í‡Í ·˚ÎÓ ÓÚÏÂ˜ÂÌÓ ‚Ó ¬‚Â‰ÂÌËË, ‰Îˇ ÂÂ Â¯ÂÌËˇ
ÔËıÓ‰ËÚÒˇ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ËÚÂ‡ˆËÓÌÌ˚È ÔÓ‰ıÓ‰.

ÕËÊÂ ËÁÎ‡„‡ÂÚÒˇ ÏÂÚÓ‰ Â¯ÂÌËˇ Í‡Â‚ÓÈ Á‡‰‡˜Ë (4)–(5). œÓÎÓÊËÏ ‚ Û‡‚ÌÂÌËˇı (4)–(5)
W = W0 + W̃, „‰Â W0 — Á‡‰‡ÌÌ‡ˇ ÍÓÌÒÚ‡ÌÚ‡, a W̃ — Ï‡Î‡ˇ ‚ÂÎË˜ËÌ‡ ‚ ÒÏ˚ÒÎÂ, ÍÓÚÓ˚È ·Û‰ÂÚ ‡Á˙ˇÒ-
Ì∏Ì ÌËÊÂ. “Ó„‰‡ Í‚‡‰‡ÚÌ˚Â ÍÓÌË ‚ ÙÓÏÛÎ‡ı (5) ÏÓÊÌÓ ‡ÁÎÓÊËÚ¸ ‚ ˇ‰ “ÂÈÎÓ‡ ÔÓ ÒÚÂÔÂÌˇÏ W̃
Ë ÓÒÚ‡‚ËÚ¸ ‚ ‡ÁÎÓÊÂÌËË ÚÓÎ¸ÍÓ ‰‚‡ ÔÂ‚˚ı ÒÎ‡„‡ÂÏ˚ı:

q
W0 + W̃+ d(zin,out)� jd(zin,out) ⇡

q
W0 + d(zin,out)� jd(zin,out)+

+
W̃

2
p
W0 + d(zin,out)� jd(zin,out)

. (6)

«‡ÚÛı‡ÌËÂ ‚ ÒÚÂÌÍ‡ı ÂÁÓÌ‡ÚÓ‡ Ó·˚˜ÌÓ Ó˜ÂÌ¸ Ï‡ÎÓ, Ú‡Í ˜ÚÓ ‚˚ÔÓÎÌˇÂÚÒˇ ÛÒÎÓ‚ËÂ
|d(zin,out)| � |d(zin,out)|. ”˜ËÚ˚‚‡ˇ, ˜ÚÓ ‡‰ËÛÒ˚ Ó‰ÌÓÓ‰Ì˚ı ˜‡ÒÚÂÈ ‚ÓÎÌÓ‚Ó‰Ó‚, ‚ ÍÓÚÓ˚ı
‡ÒÔÓÎÓÊÂÌ˚ ÒÂ˜ÂÌËˇ zin,out, ÁÌ‡˜ËÚÂÎ¸ÌÓ (Ì‡ ‰ÂÒˇÚÍË ÔÓˆÂÌÚÓ‚ Ë ·ÓÎÂÂ) ÓÚÎË˜‡˛ÚÒˇ ÓÚ ‡‰ËÛÒ‡
ˆÂÌÚ‡Î¸ÌÓÈ ˜‡ÒÚË ÂÁÓÌ‡ÚÓ‡, ÏÓÊÌÓ Ò˜ËÚ‡Ú¸, ˜ÚÓ |d(zin,out)| ⇠ (nmnL0/R0)2.

ƒÎˇ ÒÓ‚ÂÏÂÌÌ˚ı „ËÓÚÓÌÓ‚ ı‡‡ÍÚÂÌ˚Â ‡ÁÏÂ˚ ÂÁÓÌ‡ÚÓ‡ R0 Ë L0, ‡ Ú‡ÍÊÂ ËÌ‰ÂÍÒ˚
‡·Ó˜Ëı ÏÓ‰ m Ë n Ú‡ÍÓ‚˚, ˜ÚÓ ÓÚÌÓÒËÚÂÎ¸Ì‡ˇ ÓÚÒÚÓÈÍ‡ ˜‡ÒÚÓÚ˚ ÓÚ ÍËÚË˜ÂÒÍÓÈ ‰Îˇ ÔÓ‰ÓÎ¸Ì˚ı
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ÏÓ‰ |w � w0|/w0 6 0.1, ‡ Ô‡‡ÏÂÚ (nmnL0/R0)2 ÔËÌËÏ‡ÂÚ ÁÌ‡˜ÂÌËˇ ÓÚ 102 ‰Ó 104. “Ó„‰‡
Ò ·ÓÎ¸¯ËÏ Á‡Ô‡ÒÓÏ ÒÔ‡‚Â‰ÎË‚Ó ÌÂ‡‚ÂÌÒÚ‚Ó |d(zin,out)| � |W|. ¬ ˝ÚÓÏ ÒÎÛ˜‡Â ‚ÒÂ„‰‡ ÏÓÊÌÓ
ÔÓ‰Ó·‡Ú¸ Ô‡‡ÏÂÚ W0 Ú‡Í, ˜ÚÓ·˚ ‚˚ÔÓÎÌˇÎÓÒ¸ ÒÓÓÚÌÓ¯ÂÌËÂ |d(zin,out) +W0| � |W̃|. ›ÚÓ Ë ÂÒÚ¸
ÛÒÎÓ‚ËÂ Ï‡ÎÓÒÚË Ô‡‡ÏÂÚ‡ W̃, ÔË ÍÓÚÓÓÏ ‚ ‡ÁÎÓÊÂÌËË (6) ÏÓÊÌÓ ÌÂ Û˜ËÚ˚‚‡Ú¸ ÒÎ‡„‡ÂÏ˚Â
ÔÓˇ‰Í‡ W̃2 Ë ‚˚¯Â. ¬ ˜‡ÒÚÌÓÒÚË, ‰Îˇ ‡Ò˜∏Ú‡ ÌÂÒÍÓÎ¸ÍËı ÔÂ‚˚ı ÔÓ‰ÓÎ¸Ì˚ı ÏÓ‰ ‰ÓÒÚ‡ÚÓ˜ÌÓ
ÔÓÎÓÊËÚ¸ W0 = 0.

¬‚Â‰ÂÏ Ó·ÓÁÌ‡˜ÂÌËˇ kin,out =
p
W0 + d(zin,out)� jd(zin,out) Ë ÔÓ‰ÒÚ‡‚ËÏ ‡ÁÎÓÊÂÌËÂ (6)

‚ (4) Ë (5), ‚ ÂÁÛÎ¸Ú‡ÚÂ ˜Â„Ó ÔÓÎÛ˜ËÏ ‰ËÙÙÂÂÌˆË‡Î¸ÌÓÂ Û‡‚ÌÂÌËÂ Í‡Â‚ÓÈ Á‡‰‡˜Ë ‚ ‚Ë‰Â

d2F (z)
dz2

+ [W0 + d(z)� jd(z)]F (z) = �W̃F (z) . (7)

Ë √”», ÎËÌÂ‡ËÁÓ‚‡ÌÌ˚Â ÔÓ ÒÔÂÍÚ‡Î¸ÌÓÏÛ Ô‡‡ÏÂÚÛ W, ‚ ‚Ë‰Â

dF (z)
dz

����
z=zin

� jkinF (zin) = W̃
j

2kin
F (zin) ,

dF (z)
dz

����
z=zout

+ jkoutF (zout) = �W̃
j

2kout
F (zout) .

(8)

¬ Û‡‚ÌÂÌËˇ (7), (8) ÌÓ‚˚È ·ÂÁ‡ÁÏÂÌ˚È Ô‡‡ÏÂÚ ˜‡ÒÚÓÚ˚ W̃ ‚ıÓ‰ËÚ ÎËÌÂÈÌ˚Ï Ó·‡-
ÁÓÏ, ÔÓ˝ÚÓÏÛ ÔË Ëı ‰ËÒÍÂÚËÁ‡ˆËË ·Û‰ÂÚ ÔÓÎÛ˜ÂÌ‡ ÎËÌÂÈÌ‡ˇ ŒÃœ—«, ‚ ÍÓÚÓÓÈ ‚ Í‡˜ÂÒÚ‚Â
ÒÔÂÍÚ‡Î¸ÌÓ„Ó Ô‡‡ÏÂÚ‡ ‚˚ÒÚÛÔ‡ÂÚ W̃.

2. ƒËÒÍÂÚËÁ‡ˆËˇ Û‡‚ÌÂÌËÈ Í‡Â‚ÓÈ Á‡‰‡˜Ë

ƒÎˇ ÔÓÎÛ˜ÂÌËˇ ‡Î„Â·‡Ë˜ÂÒÍËı Û‡‚ÌÂÌËÈ ËÁ Û‡‚ÌÂÌËÈ Í‡Â‚ÓÈ Á‡‰‡˜Ë, Á‡ÔËÒ‡ÌÌÓÈ ‚ ‰ËÙ-
ÙÂÂÌˆË‡Î¸ÌÓÈ ÙÓÏÂ, ÏÓÊÌÓ ‚ÓÒÔÓÎ¸ÁÓ‚‡Ú¸Òˇ ÏÂÚÓ‰‡ÏË ÍÓÌÂ˜Ì˚ı ˝ÎÂÏÂÌÚÓ‚ ËÎË ÍÓÌÂ˜Ì˚ı
‡ÁÌÓÒÚÂÈ. œÂ‚˚È ËÁ ÌËı ËÏÂÂÚ ÔÂËÏÛ˘ÂÒÚ‚‡, ÒÓÒÚÓˇ˘ËÂ ‚ ÚÓÏ, ˜ÚÓ ÓÌ ÏÓÊÂÚ ·˚Ú¸ ÔËÏÂÌÂÌ
‰Îˇ ÌÂ‡‚ÌÓÏÂÌÓÈ ÒÂÚÍË, ˜ÚÓ ÔÓÁ‚ÓÎˇÂÚ ÒÛ˘ÂÒÚ‚ÂÌÌÓ ÛÏÂÌ¸¯ËÚ¸ ÚÂ·Ó‚‡ÌËˇ Í Ô‡ÏˇÚË, ‡ Ú‡ÍÊÂ
‰ÓÔÛÒÍ‡ÂÚ ÔÓÒÚÓÂ Ó·Ó·˘ÂÌËÂ Ì‡ ÒÎÛ˜‡È ÍÓÌÂ˜Ì˚ı ˝ÎÂÏÂÌÚÓ‚ ‚˚ÒÓÍÓ„Ó ÔÓˇ‰Í‡, ˜ÚÓ ÔÓÁ‚ÓÎˇÂÚ
ÔÓ‚˚ÒËÚ¸ ÚÓ˜ÌÓÒÚ¸ ÔÓÎÛ˜‡ÂÏ˚ı ÂÁÛÎ¸Ú‡ÚÓ‚.

— ‰Û„ÓÈ ÒÚÓÓÌ˚, ÏÂÚÓ‰ ÍÓÌÂ˜Ì˚ı ‡ÁÌÓÒÚÂÈ Ì‡ ‡‚ÌÓÏÂÌÓÈ ÒÂÚÍÂ ‚ ÒÎÛ˜‡Â Ó‰ÌÓÈ ÔÓ-
ÒÚ‡ÌÒÚ‚ÂÌÌÓÈ ÍÓÓ‰ËÌ‡Ú˚ ÔÂ‰ÂÎ¸ÌÓ ÔÓÒÚ ‰Îˇ ÔÓÌËÏ‡ÌËˇ Ë ÔÓ„‡ÏÏÌÓÈ Â‡ÎËÁ‡ˆËË. œÓ˝ÚÓÏÛ
Á‰ÂÒ¸ ·Û‰ÂÚ ÓÔËÒ‡Ì ÏÂÚÓ‰ ‰ËÒÍÂÚËÁ‡ˆËË, ·‡ÁËÛ˛˘ËÈÒˇ ËÏÂÌÌÓ Ì‡ ‚ÚÓÓÏ ÔÓ‰ıÓ‰Â.

œÓ‚Â‰ÂÏ ‰ËÒÍÂÚËÁ‡ˆË˛ Í‡Â‚ÓÈ Á‡‰‡˜Ë (7)–(8) ÏÂÚÓ‰ÓÏ ÍÓÌÂ˜Ì˚ı ‡ÁÌÓÒÚÂÈ. ƒÎˇ ˝ÚÓ„Ó
‚‚Â‰ÂÏ ‡‚ÌÓÏÂÌÛ˛ ÒÂÚÍÛ Ì‡ ÓÚÂÁÍÂ zin 6 z 6 zout Ò ¯‡„ÓÏ Dz Ë ·ÂÁ‡ÁÏÂÌ˚Ï ¯‡„ÓÏ Dz =
= Dz/L0. ◊ËÒÎÓ ÛÁÎÓ‚ ÒÂÚÍË N = (zout � zin)/Dz + 1, ÓÌË ÌÛÏÂÛ˛ÚÒˇ ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ:
z1 = zin, zi = z1 + (i � 1)·Dz, i = 2, . . . , N � 1, zN = zout. «‡ÏÂÌˇˇ ‚ÚÓÛ˛ ÔÓËÁ‚Ó‰ÌÛ˛ ‚ (7)
Â∏ ÒËÏÏÂÚË˜ÌÓÈ ‰ËÒÍÂÚÌÓÈ ‡ÔÔÓÍÒËÏ‡ˆËÂÈ ‚Ó ‚ÌÛÚÂÌÌËı ÛÁÎ‡ı ÒÂÚÍË, ÔÓÎÛ˜‡ÂÏ ÒÓÓÚÌÓ¯ÂÌËˇ

1

Dz2
(�Fi�1 + 2Fi � Fi+1)� (W0 + di � jdi)Fi = W̃Fi, i = 2, . . . , N � 1. (9)

¬ ÔÂ‚ÓÏ Ë ÔÓÒÎÂ‰ÌÂÏ ÛÁÎ‡ı ÌÂÓ·ıÓ‰ËÏÓ ‰ÓÔÓÎÌËÚÂÎ¸ÌÓ Û˜ÂÒÚ¸ „‡ÌË˜Ì˚Â ÛÒÎÓ‚Ëˇ (8). ƒÎˇ
ÔÂ‚Ó„Ó ÛÁÎ‡ ËÏÂÂÏ Û‡‚ÌÂÌËÂ, ÔÓ‰Ó·ÌÓÂ (9), c i = 1, ‡ Ú‡ÍÊÂ ÍÓÌÂ˜ÌÓ-‡ÁÌÓÒÚÌÛ˛ ÙÓÏÛ ÔÂ‚Ó„Ó
ËÁ „‡ÌË˜Ì˚ı ÛÒÎÓ‚ËÈ (8)

1

Dz2
(�F2 + 2F1 � F0)� k2inF1 = W̃F1,

1

2Dz
(F2 � F0)� j

⇣
kin + W̃/(2kin)

⌘
F1 = 0 .
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»ÒÍÎ˛˜‡ˇ ËÁ ˝ÚËı ÙÓÏÛÎ ÔÓÎÂ F0 ‚ ÙËÍÚË‚ÌÓÏ ÛÁÎÂ Ò ÌÓÏÂÓÏ 0, ÔÓÎÛ˜‡ÂÏ Û‡‚ÌÂÌËÂ
✓

1

Dz2
+
k2
in

2
+ j
kin
Dz

◆
F1 �

1

Dz2
F2 = W̃

✓
1

2
�

j

2kin Dz

◆
F1. (10)

¿Ì‡ÎÓ„Ë˜ÌÓ ÔÂ‰ÒÚ‡‚ÎˇÂÚÒˇ ‡ÁÌÓÒÚÌÓÂ Û‡‚ÌÂÌËÂ ‰Îˇ ÔÓÒÎÂ‰ÌÂ„Ó ÛÁÎ‡ Ò ÌÓÏÂÓÏ N :

�
1

Dz2
FN�1 +

✓
1

Dz2
+
k2out
2

+ j
kout
Dz

◆
FN = W̃

✓
1

2
�

j

2kout Dz

◆
FN . (11)

—Ó·Ë‡ˇ ‚ ÌÛÊÌÓÏ ÔÓˇ‰ÍÂ ÙÓÏÛÎ˚ (9)–(11), ÔÓÎÛ˜‡ÂÏ ÒËÒÚÂÏÛ ÎËÌÂÈÌ˚ı ‡Î„Â·‡Ë˜ÂÒÍËı
Û‡‚ÌÂÌËÈ ÓÚÌÓÒËÚÂÎ¸ÌÓ ÁÌ‡˜ÂÌËÈ ÔÓÎˇ ‚ ÛÁÎ‡ı ÒÂÚÍË, ÍÓÚÓ‡ˇ ‚ Ï‡ÚË˜ÌÓÈ ÙÓÏÂ Á‡ÔËÒ˚‚‡ÂÚÒˇ
‚ ‚Ë‰Â

[Â(W0)]{F} = W̃[B̂(W0)]{F}. (12)

«‰ÂÒ¸ [Â(W0)] — ÚÂı‰Ë‡„ÓÌ‡Î¸Ì‡ˇ ÒËÏÏÂÚË˜Ì‡ˇ ÍÓÏÔÎÂÍÒÌ‡ˇ Ï‡ÚËˆ‡ ÔÓˇ‰Í‡ N ⇥N , [B̂(W0)] —
‰Ë‡„ÓÌ‡Î¸Ì‡ˇ ÍÓÏÔÎÂÍÒÌ‡ˇ Ï‡ÚËˆ‡ ÔÓˇ‰Í‡ N ⇥N , {F} = [F1, F2, . . . , FN ]T — ‚ÂÍÚÓ-ÒÚÓÎ·Âˆ
‰ÎËÌÓÈ N , ÒËÏ‚ÓÎ T — ÁÌ‡Í ÓÔÂ‡ˆËË Ú‡ÌÒÔÓÌËÓ‚‡ÌËˇ. ¬˚‡ÊÂÌËˇ ‰Îˇ ˝ÎÂÏÂÌÚÓ‚ Ï‡ÚËˆ [Â]
Ë [B̂]1 ÎÂ„ÍÓ ÔÓÎÛ˜‡˛ÚÒˇ ËÁ ÙÓÏÛÎ (9)–(11).

3. ÃÂÚÓ‰ËÍ‡ ‡Ò˜ÂÚ‡ ÒÓ·ÒÚ‚ÂÌÌ˚ı ˜ËÒÂÎ
Ò ËÚÂ‡ˆËÓÌÌ˚Ï ÛÚÓ˜ÌÂÌËÂÏ „‡ÌË˜Ì˚ı ÛÒÎÓ‚ËÈ ËÁÎÛ˜ÂÌËˇ

”‡‚ÌÂÌËÂ (12) ÔÂ‰ÒÚ‡‚ÎˇÂÚ ÒÓ·ÓÈ ŒÃœ—« ‰Îˇ Ô‡˚ Ï‡ÚËˆ ([Â], [B̂]) [50–52], ‡ W̃ ˇ‚ÎˇÂÚÒˇ
ÒÓ·ÒÚ‚ÂÌÌ˚Ï ÁÌ‡˜ÂÌËÂÏ (ÒÓ·ÒÚ‚ÂÌÌ˚Ï ˜ËÒÎÓÏ) ‰Îˇ ˝ÚÓÈ Á‡‰‡˜Ë. ŒÚÏÂÚËÏ, ˜ÚÓ ˝ÎÂÏÂÌÚ˚ Ï‡ÚËˆ
[Â] Ë [B̂] ÌÂ Á‡‚ËÒˇÚ ÓÚ W̃, ÔÓ˝ÚÓÏÛ ˝Ú‡ ÒÔÂÍÚ‡Î¸Ì‡ˇ ÔÓ·ÎÂÏ‡ ˇ‚ÎˇÂÚÒˇ ÎËÌÂÈÌÓÈ Ë ‰Îˇ Â∏
Â¯ÂÌËˇ ÏÓ„ÛÚ ·˚Ú¸ ËÒÔÓÎ¸ÁÓ‚‡Ì˚ ÒÚ‡Ì‰‡ÚÌ˚Â ÏÂÚÓ‰˚ ‚˚˜ËÒÎËÚÂÎ¸ÌÓÈ ÎËÌÂÈÌÓÈ ‡Î„Â·˚.
¬ ˜‡ÒÚÌÓÒÚË, ‰Îˇ Á‡ÔÛÒÍ‡ ‡Î„ÓËÚÏ‡ ÔÓËÒÍ‡ ÒÓ·ÒÚ‚ÂÌÌ˚ı ˜ËÒÂÎ Ë ÒÓ·ÒÚ‚ÂÌÌ˚ı ‚ÂÍÚÓÓ‚ ˝ÚÓÈ
Á‡‰‡˜Ë ÌÂ ÚÂ·ÛÂÚÒˇ ÒÔÂˆË‡Î¸ÌÓ„Ó ‚˚·Ó‡ Í‡ÍËı-ÎË·Ó Ì‡˜‡Î¸Ì˚ı ÔË·ÎËÊÂÌËÈ. ¬ ·ÓÎ¸¯ËÌÒÚ‚Â
ÔÓ„‡ÏÏ, ÔËÏÂÌˇÂÏ˚ı ‰Îˇ ˜ËÒÎÂÌÌÓ„Ó Â¯ÂÌËˇ ÎËÌÂÈÌ˚ı ŒÃœ—«, ‚ Í‡˜ÂÒÚ‚Â Ì‡˜‡Î¸Ì˚ı
‚˚ÒÚÛÔ‡˛Ú ÌÂ ÔË·ÎËÊÂÌËˇ ‰Îˇ —«, ‡ ÔË·ÎËÊÂÌËˇ ‰Îˇ ÒÓ·ÒÚ‚ÂÌÌ˚ı ‚ÂÍÚÓÓ‚, ÍÓÏÔÓÌÂÌÚ˚
ÍÓÚÓ˚ı ‚˚·Ë‡˛ÚÒˇ ÒÎÛ˜‡ÈÌ˚Ï Ó·‡ÁÓÏ.

œÓˇ‰ÓÍ Ï‡ÚË˜ÌÓÈ Á‡‰‡˜Ë (12) ‚ ÒÎÛ˜‡Â ·ÓÎ¸¯Ó„Ó N ÏÓÊÂÚ ‰ÓÒÚË„‡Ú¸ ÌÂÒÍÓÎ¸ÍËı Ú˚Òˇ˜,
ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ÓÌ‡ ËÏÂÂÚ ÒÚÓÎ¸ÍÓ ÊÂ —«, Ó‰Ì‡ÍÓ ËÁ ÌËı Ô‡ÍÚË˜ÂÒÍËÈ ËÌÚÂÂÒ ÔÂ‰ÒÚ‡‚ÎˇÂÚ
ÚÓÎ¸ÍÓ ÌÂ·ÓÎ¸¯ÓÂ ˜ËÒÎÓ Ì‡ËÏÂÌ¸¯Ëı ÔÓ ÏÓ‰ÛÎ˛ —«, ÓÚ‚Â˜‡˛˘Ëı ÌËÁ¯ËÏ ÔÓ‰ÓÎ¸Ì˚Ï ÏÓ‰‡Ï.
œË ‡Ò˜∏ÚÂ ÍÓÏÔÎÂÍÒÌ˚ı ÚËÔÓ‚ ÍÓÎÂ·‡ÌËÈ ‚ ÂÁÓÌ‡ÚÓÂ „ËÓÚÓÌ‡ Ëı ÍÓÎË˜ÂÒÚ‚Ó ˜‡˘Â ‚ÒÂ-
„Ó ÌÂ ÔÂ‚˚¯‡ÂÚ ‰ÂÒˇÚË ËÎË, ‚ Â‰ÍËı ÒÎÛ˜‡ˇı, ‰‚‡‰ˆ‡ÚË. ¬ ˝ÚÓÏ ÒÎÛ˜‡Â Â¯ÂÌËÂ Á‡‰‡˜Ë (12)
ÏÓÊÂÚ ·˚Ú¸ ˝ÙÙÂÍÚË‚ÌÓ ÔÓ‚Â‰ÂÌÓ ÏÂÚÓ‰ÓÏ ¿ÌÓÎ¸‰Ë [51, 52], Â‡ÎËÁÓ‚‡ÌÌ˚Ï ‚ ·Ë·ÎËÓÚÂÍÂ
ARPACK [53]. œÓˆÂ‰Û˚ ‰Îˇ Â¯ÂÌËˇ ÎËÌÂÈÌ˚ı ŒÃœ—«, ‚ıÓ‰ˇ˘ËÂ ‚ ˝ÚÛ ·Ë·ÎËÓÚÂÍÛ, ÔÓÁ‚ÓÎˇ˛Ú
‡ÒÒ˜ËÚ˚‚‡Ú¸ ÌÛÊÌÓÂ ÍÓÎË˜ÂÒÚ‚Ó ÒÓ·ÒÚ‚ÂÌÌ˚ı ˜ËÒÂÎ, ÎÂÊ‡˘Ëı ‚ Á‡‰‡ÌÌÓÈ ˜‡ÒÚË ÒÔÂÍÚ‡, Ì‡ÔË-
ÏÂ, ·ÎËÊ‡È¯Ëı Í ÌÛÎ˛ Ì‡ ÍÓÏÔÎÂÍÒÌÓÈ ÔÎÓÒÍÓÒÚË ËÎË ËÏÂ˛˘Ëı Ì‡ËÏÂÌ¸¯ËÂ ÔÓÎÓÊËÚÂÎ¸Ì˚Â
ÁÌ‡˜ÂÌËˇ ‰ÂÈÒÚ‚ËÚÂÎ¸ÌÓÈ ˜‡ÒÚË Ë Ú. ‰. »ÒÔÓÎ¸ÁÓ‚‡ÌËÂ ˝ÚÓ„Ó Ò‚ÓÈÒÚ‚‡, ‡ Ú‡ÍÊÂ ÔÓˆÂ‰Û˚ Ó·‡ÚÌÓ„Ó
Ò‰‚Ë„‡ ÒÓ·ÒÚ‚ÂÌÌ˚ı ˜ËÒÂÎ, ÔÓÁ‚ÓÎˇÂÚ ÔÓÒÚÓËÚ¸ ËÚÂ‡ˆËÓÌÌ˚È ‡Î„ÓËÚÏ ‚˚˜ËÒÎÂÌËˇ Á‡‰‡ÌÌÓ„Ó
ÍÓÎË˜ÂÒÚ‚‡ ÒÓ·ÒÚ‚ÂÌÌ˚ı ÁÌ‡˜ÂÌËÈ ÌÂÎËÌÂÈÌÓÈ ÔÓ·ÎÂÏ˚ (4)–(5).

œÓˆÂ‰Û‡ Ó·‡ÚÌÓ„Ó Ò‰‚Ë„‡ —« ‰Îˇ Û‡‚ÌÂÌËˇ (12) ÒÓÒÚÓËÚ ‚ ÒÎÂ‰Û˛˘ÂÏ. œÓÎÓÊËÏ ‚ ÌÂÏ
W̃ = Ws + 1/l, ÔÂÂÌÂÒÂÏ ÒÎ‡„‡ÂÏÓÂ, ÔÓÔÓˆËÓÌ‡Î¸ÌÓÂ Ws, ‚ ÎÂ‚Û˛ ÒÚÓÓÌÛ Ë ÛÏÌÓÊËÏ ÔÓÎÛ˜ÂÌ-
ÌÓÂ Û‡‚ÌÂÌËÂ ÒÎÂ‚‡ Ì‡ ([Â]�Ws[B̂])�1. ¬ ÂÁÛÎ¸Ú‡ÚÂ ‚ÏÂÒÚÓ (12) ÔÓÎÛ˜ËÏ

⇣
[Â]�Ws[B̂]

⌘�1

[B̂]{F} = l{F}, (13)

1ƒ‡ÎÂÂ ‰Îˇ Í‡ÚÍÓÒÚË ·Û‰ÂÏ ÓÔÛÒÍ‡Ú¸ Ó·ÓÁÌ‡˜ÂÌËˇ Á‡‚ËÒËÏÓÒÚÂÈ ˝ÚËı Ï‡ÚËˆ ÓÚ W0.
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„‰Â l = 1/(W̃�Ws). —ÓÓÚÌÓ¯ÂÌËÂ (13) ÔÂ‰ÒÚ‡‚ÎˇÂÚ ÒÓ·ÓÈ ÛÊÂ ÌÂ Ó·Ó·˘∏ÌÌÛ˛, ‡ ÒÚ‡Ì‰‡ÚÌÛ˛
ÔÓ·ÎÂÏÛ ÒÓ·ÒÚ‚ÂÌÌ˚ı ÁÌ‡˜ÂÌËÈ ‰Îˇ Ï‡ÚËˆ˚ ([Â]�Ws[B̂])�1[B̂], ÒÚÓˇ˘ÂÈ ‚ ÎÂ‚ÓÈ ˜‡ÒÚË ˝ÚÓ„Ó
Û‡‚ÌÂÌËˇ. ≈ÒÎË li, i = 1, 2, . . . , n — ÒÓ·ÒÚ‚ÂÌÌ˚Â ˜ËÒÎ‡ Á‡‰‡˜Ë (13), ËÏÂ˛˘ËÂ Ï‡ÍÒËÏ‡Î¸Ì˚Â
ÔÓ ‚ÂÎË˜ËÌÂ ÔÓÎÓÊËÚÂÎ¸Ì˚Â ‰ÂÈÒÚ‚ËÚÂÎ¸Ì˚Â ˜‡ÒÚË Ë ‡ÒÔÓÎÓÊÂÌÌ˚Â ‚ ÔÓˇ‰ÍÂ Ëı ÛÏÂÌ¸¯ÂÌËˇ,
ÚÓ W̃i = Ws + 1/li, i = 1, 2, . . . , n ·Û‰ÛÚ ÔÂ‰ÒÚ‡‚ÎˇÚ¸ ÒÓ·ÓÈ n ÒÓ·ÒÚ‚ÂÌÌ˚ı ˜ËÒÂÎ ŒÃœ—« (12),
Û‰Ó‚ÎÂÚ‚Óˇ˛˘Ëı ÛÒÎÓ‚Ë˛ Re W̃i > ReWs Ë ÛÔÓˇ‰Ó˜ÂÌÌ˚ı ÔÓ ÏÂÂ ‚ÓÁ‡ÒÚ‡ÌËˇ ‚ÂÎË˜ËÌ Re W̃i.

ŒÚÏÂÚËÏ, ˜ÚÓ ‚ ‡Î„ÓËÚÏÂ, Â‡ÎËÁÓ‚‡ÌÌÓÏ ‚ Ô‡ÍÂÚÂ ARPACK ‰Îˇ Â¯ÂÌËˇ ÒÚ‡Ì‰‡ÚÌÓÈ
Ï‡ÚË˜ÌÓÈ ÔÓ·ÎÂÏ˚ ‚ ‚Ë‰Â (13), ÌÂ ÚÂ·ÛÂÚÒˇ ‚˚˜ËÒÎˇÚ¸ ‚ ˇ‚ÌÓÏ ‚Ë‰Â Ï‡ÚËˆÛ, Ì‡ıÓ‰ˇ˘Û˛Òˇ
ÒÎÂ‚‡ ‚ ˝ÚÓÏ Û‡‚ÌÂÌËË. ¬ÏÂÒÚÓ ˝ÚÓ„Ó ‰ÓÒÚ‡ÚÓ˜ÌÓ ËÏÂÚ¸ ‰‚Â ÔÓˆÂ‰Û˚, Ó‰Ì‡ ËÁ ÍÓÚÓ˚ı ‚˚˜ËÒÎˇÂÚ
ÂÁÛÎ¸Ú‡Ú ÛÏÌÓÊÂÌËˇ ÔÓËÁ‚ÓÎ¸ÌÓ„Ó ‚ÂÍÚÓ‡ ‰ÎËÌ˚ N Ì‡ Ï‡ÚËˆÛ [B̂], ‡ ‚ÚÓ‡ˇ ‚ÓÁ‚‡˘‡ÂÚ ‚ÂÍÚÓ
{X} — ÂÁÛÎ¸Ú‡Ú Â¯ÂÌËˇ ÎËÌÂÈÌÓ„Ó Û‡‚ÌÂÌËˇ ([Â] � Ws[B̂]){X} = {Y } ‰Îˇ ÔÓËÁ‚ÓÎ¸ÌÓ„Ó
‚ÂÍÚÓ‡ {Y } ‰ÎËÌ˚ N .

“‡ÍËÏ Ó·‡ÁÓÏ, ‚˚·Ë‡ˇ ‚ÂÎË˜ËÌÛ Ò‰‚Ë„‡ Ws, ÏÓÊÌÓ ‡ÒÒ˜ËÚ˚‚‡Ú¸ ÚÂ·ÛÂÏÓÂ ÍÓÎË˜ÂÒÚ‚Ó
ÒÓ·ÒÚ‚ÂÌÌ˚ı ÁÌ‡˜ÂÌËÈ ŒÃœ—« (12) ‚ ÌÛÊÌÓÈ ˜‡ÒÚË ÒÔÂÍÚ‡. ŒÚÏÂÚËÏ, ˜ÚÓ ‚˚·Ó Ws ÌÂ ‚ÎËˇÂÚ
Ì‡ ÁÌ‡˜ÂÌËˇ ÔÓÎÛ˜‡ÂÏ˚ı —«, ‡ ÓÔÂ‰ÂÎˇÂÚ ÚÓÎ¸ÍÓ ÚÓ, Í‡ÍËÂ ËÏÂÌÌÓ —« ‰Îˇ Ô‡˚ Ï‡ÚËˆ ([Â], [B̂])
·Û‰ÛÚ ‚˚˜ËÒÎÂÌ˚.

Õ‡ Ô‡ÍÚËÍÂ ÔË ÏÓ‰ÂÎËÓ‚‡ÌËË ÍÓÎÂ·‡ÌËÈ ‚ ÂÁÓÌ‡ÚÓÂ „ËÓÚÓÌ‡, ‚ Á‡‚ËÒËÏÓÒÚË ÓÚ ÍÓÌ-
ÍÂÚÌ˚ı ÔËÎÓÊÂÌËÈ, ‚ÓÁÌËÍ‡˛Ú ‰‚Â ÔÓÒÚ‡ÌÓ‚ÍË Á‡‰‡˜Ë. ¬ ÔÂ‚ÓÏ ÒÎÛ˜‡Â ˝ÚÓ ‡Ò˜∏Ú ÍÓÏÔÎÂÍÒÌÓÈ
˜‡ÒÚÓÚ˚ Ë ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Â„Ó ‡ÒÔÂ‰ÂÎÂÌËˇ ÔÓÎˇ ‚ ÂÁÓÌ‡ÚÓÂ ÚÓÎ¸ÍÓ ‰Îˇ ÓÒÌÓ‚ÌÓÈ ÔÓ‰ÓÎ¸ÌÓÈ
ÏÓ‰˚ ÍÓÎÂ·‡ÌËÈ. «Ì‡ÌËÂ ˝ÚËı Ô‡‡ÏÂÚÓ‚ ÔÓÁ‚ÓÎˇÂÚ, ËÒÔÓÎ¸ÁÛˇ ÙÓÏÛÎ˚ ÎËÌÂÈÌÓÈ ÚÂÓËË „ËÓ-
ÚÓÌ‡ ‚ ÔË·ÎËÊÂÌËË ÙËÍÒËÓ‚‡ÌÌÓÈ ÒÚÛÍÚÛ˚ ÔÓÎˇ [2,54–56], ÓÔÂ‡ÚË‚ÌÓ ‡ÒÒ˜ËÚ‡Ú¸ ÔÓÎÓÊÂÌËÂ
ÁÓÌ˚ ÍÓÎÂ·‡ÌËÈ ‰Îˇ ÓÒÌÓ‚ÌÓÈ ÏÓ‰˚ Ì‡ ÔÎÓÒÍÓÒÚË Ô‡‡ÏÂÚÓ‚ B0, Ist (Á‰ÂÒ¸ B0 — Ï‡„ÌËÚÌÓÂ
ÔÓÎÂ, Ist — ÒÚ‡ÚÓ‚˚È ÚÓÍ Ïˇ„ÍÓ„Ó ‚ÓÁÌËÍÌÓ‚ÂÌËˇ ÍÓÎÂ·‡ÌËÈ), ‡ Ú‡ÍÊÂ ÏËÌËÏ‡Î¸ÌÓÂ ÁÌ‡˜ÂÌËÂ
ÒÚ‡ÚÓ‚Ó„Ó ÚÓÍ‡. ¬Ó ‚ÚÓÓÏ ÒÎÛ˜‡Â ÌÂÓ·ıÓ‰ËÏÓ ‰ÓÒÚ‡ÚÓ˜ÌÓ ÚÓ˜ÌÓ ‡ÒÒ˜ËÚ‡Ú¸ ÍÓÏÔÎÂÍÒÌ˚Â ˜‡ÒÚÓÚ˚
Ë ‡ÒÔÂ‰ÂÎÂÌËˇ ÔÓÎÂÈ ‰Îˇ ÌÂÒÍÓÎ¸ÍËı ÌËÁ¯Ëı ÔÓ‰ÓÎ¸Ì˚ı ÏÓ‰. “‡Í‡ˇ ÌÂÓ·ıÓ‰ËÏÓÒÚ¸ ‚ÓÁÌËÍ‡ÂÚ,
Ì‡ÔËÏÂ, ÔË ‡Á‡·ÓÚÍÂ „ËÓÚÓÌÓ‚ Ò ÔÂÂÒÚÓÈÍÓÈ ˜‡ÒÚÓÚ˚ Á‡ Ò˜∏Ú ËÁÏÂÌÂÌËˇ Ï‡„ÌËÚÌÓ„Ó ÔÓÎˇ
(ÒÏ, Ì‡ÔËÏÂ, [6–8]).

ƒÎˇ Í‡Ê‰Ó„Ó ËÁ ˝ÚËı ÒÎÛ˜‡Â‚ ÏÓÊÌÓ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ‰‚‡ ‡ÁÎË˜Ì˚ı ‡Î„ÓËÚÏ‡ Â¯ÂÌËˇ
ŒÃœ—« Ò ÎËÌÂ‡ËÁ‡ˆËÂÈ √”» ÔÓ ÒÔÂÍÚ‡Î¸ÌÓÏÛ Ô‡‡ÏÂÚÛ. ¬ ÔÂ‚ÓÏ ‚‡Ë‡ÌÚÂ ‰ÓÒÚ‡ÚÓ˜ÌÓ
ÔÓÒÚÓ ÔÓÎÓÊËÚ¸ ‚ Û‡‚ÌÂÌËË (12) Ô‡‡ÏÂÚ W0 = 0 Ë Ì‡ÈÚË Ó‰ÌÓ ÒÓ·ÒÚ‚ÂÌÌÓÂ ˜ËÒÎÓ ˝ÚÓÈ Á‡‰‡˜Ë
Ò Ì‡ËÏÂÌ¸¯ÂÈ ‰ÂÈÒÚ‚ËÚÂÎ¸ÌÓÈ ˜‡ÒÚ¸˛.  ‡Í ÔÓÍ‡Á˚‚‡˛Ú ÚÂÒÚ˚, ÔÓ‚Â‰∏ÌÌ˚Â ‰Îˇ ·ÓÎ¸¯Ó„Ó ˜ËÒÎ‡
ÂÁÓÌ‡ÚÓÓ‚, ‡ÒÒ˜ËÚ‡ÌÌ˚Â ÔË ˝ÚÓÏ Ô‡‡ÏÂÚ˚ ÍÓÎÂ·‡ÌËÈ Ò ·ÓÎ¸¯ÓÈ ÚÓ˜ÌÓÒÚ¸˛ (ÔÓˇ‰Í‡ 6–8
ÁÌ‡˜‡˘Ëı ˆËÙ ‰Îˇ ˜‡ÒÚÓÚ˚ Ë 4–6 ÁÌ‡˜‡˘Ëı ˆËÙ ‰Îˇ ‰Ó·ÓÚÌÓÒÚË) ÒÓ‚Ô‡‰‡˛Ú Ò ÂÁÛÎ¸Ú‡Ú‡ÏË
Â¯ÂÌËˇ Í‡Â‚ÓÈ Á‡‰‡˜Ë ‰Û„ËÏË ÏÂÚÓ‰‡ÏË, ‚ ˜‡ÒÚÌÓÒÚË, ÏÂÚÓ‰ÓÏ ÔËÒÚÂÎÍË. œËÏÂ˚ Ú‡ÍËı
‡Ò˜∏ÚÓ‚ ÔË‚Â‰ÂÌ˚ ‚ ÒÎÂ‰Û˛˘ÂÏ ‡Á‰ÂÎÂ.

¬Ó ‚ÚÓÓÏ ‚‡Ë‡ÌÚÂ ‰Îˇ Ì‡ıÓÊ‰ÂÌËˇ ÌÂÒÍÓÎ¸ÍËı ÔÓ‰ÓÎ¸Ì˚ı ÏÓ‰ ÏÓÊÌÓ ‚ÓÒÔÓÎ¸ÁÓ‚‡Ú¸Òˇ
ËÚÂ‡ˆËÓÌÌÓÈ ÔÓˆÂ‰ÛÓÈ, ÍÓÚÓ‡ˇ ÔÓÁ‚ÓÎˇÂÚ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ ‚˚˜ËÒÎˇÚ¸ Á‡‰‡ÌÌÓÂ ˜ËÒÎÓ —«,
Ì‡˜ËÌ‡ˇ Ò ÓÒÌÓ‚ÌÓÈ ÏÓ‰˚. œË ˝ÚÓÏ ÍÓÏÔÎÂÍÒÌ‡ˇ ˜‡ÒÚÓÚ‡ ÔÂ‚ÓÈ ÏÓ‰˚ Ì‡ıÓ‰ËÚÒˇ Ò ÔÓÏÓ˘¸˛
‡Î„ÓËÚÏ‡ ËÁ ÔÂ‰˚‰Û˘Â„Ó ‡·Á‡ˆ‡, ‡ Ì‡˜‡Î¸Ì˚Â ÔË·ÎËÊÂÌËˇ ‰Îˇ ÍÓÏÔÎÂÍÒÌ˚ı ˜‡ÒÚÓÚ ÏÓ‰˚
Ò ÌÓÏÂÓÏ i > 1 ·Û‰ÛÚ ‡ÒÒ˜ËÚ˚‚‡Ú¸Òˇ ‡‚ÚÓÏ‡ÚË˜ÂÒÍË ‚ ÔÓˆÂÒÒÂ ËÚÂ‡ˆËÈ, ÔÓËÁ‚Ó‰ËÏ˚ı ÔË
‡Ò˜∏ÚÂ ÏÓ‰˚ Ò ÌÓÏÂÓÏ i� 1.

œÒÂ‚‰ÓÍÓ‰ ‡Î„ÓËÚÏ‡ ÔÓËÒÍ‡ ÌÂÒÍÓÎ¸ÍËı ÒÓ·ÒÚ‚ÂÌÌ˚ı ÁÌ‡˜ÂÌËÈ ÔÓÍ‡Á‡Ì Ì‡ ËÒ. 2 Ë ÒÓÒÚÓËÚ
‚ ÒÎÂ‰Û˛˘ÂÏ. œÛÒÚ¸ ÒÓ·ÒÚ‚ÂÌÌ˚Â ˜ËÒÎ‡ Ï‡ÚË˜ÌÓÈ ÔÓ·ÎÂÏ˚ (12) ‚˚ÒÚÓÂÌ˚ ‚ ÔÓˇ‰ÍÂ ‚ÓÁ‡ÒÚ‡-
ÌËˇ Ëı ‰ÂÈÒÚ‚ËÚÂÎ¸Ì˚ı ˜‡ÒÚÂÈ, Ì‡È‰ÂÌÓ i� 1 ÔÂ‚˚ı —« Ë ËÏÂÂÚÒˇ Ì‡˜‡Î¸ÌÓÂ ÔË·ÎËÊÂÌËÂ Wi0

‰Îˇ —« Ò ÌÓÏÂÓÏ i. ≈ÒÎË ÒÙÓÏËÓ‚‡Ú¸ Ï‡ÚËˆ˚ [Â(Wi0)] Ë [B̂(Wi0)] Ë Ò‰‚Ë„ Ws Á‡‰‡Ú¸ Ú‡Í, ˜ÚÓ·˚
‚˚ÔÓÎÌˇÎÓÒ¸ ÛÒÎÓ‚ËÂ Re (Wi�1) < Re (Ws) < Re (Wi0), ÚÓ ËÒÔÓÎ¸ÁÓ‚‡ÌËÂ ÔÓˆÂ‰Û˚ Ó·‡ÚÌÓ„Ó
Ò‰‚Ë„‡ ‰Îˇ Â¯ÂÌËˇ Ï‡ÚË˜ÌÓÈ Á‡‰‡˜Ë ‚ Í‡˜ÂÒÚ‚Â ÔÂ‚Ó„Ó ‡ÒÒ˜ËÚ‡ÌÌÓ„Ó —« ‰‡ÒÚ ÛÎÛ˜¯ÂÌÌÓÂ
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function OmegaResult = GyrCavIteration[n, Omega0, tol, alpha]

% Input parameter:

%

% Omega0 - lower bound for searching eigenvalues;

% n - number of eigenvalues;

% tol - convergence criterion;

% alpha - parameter for settings the shift for the matrix

% eigenvalue problem, 0 < alpha < 1;

%

% Result:

% Complex eigenvalues in array OmegaResult(i), i=1,...n

% initial settings

OmegaNew = Omega0;

i = 0;

% cycle for eigenvalues searching

while i<= n

% cycle for iterative clarification of the eigenvalue

while true

% Calculation of matrices A and B for a given value OmegaNew

...............................................

OmegaShift = OmegaNew - (1-alpha)*real(OmegaNew);
% Solving the generalized matrix eigenvalue problem (13)

% and finding two eigenvalues lambda(k), k = 1,2 with

% the largest real(lambda), such that real(lambda(1)) >

% real(lambda(2);

..............................................

OmegaPrev = OmegaNew;

OmegaNew = OmegaNew + OmegaShift + 1/lambda(1);

OmegaNext = OmegaNew + OmegaShift + 1/lambda(2);

% convergence test

if abs(OmegaNew-OmegaPrev) < tol*max(abs(OmegaNew), ...

abs(OmegaPrev))
break;

end
%

end % end internal while

% convergence achieved

OmegaResult(i) = OmegaNew;

% initial value for the next eigenvalue

OmegaNew = OmegaNext;

i = i + 1;

end % end external while

end % end module

–ËÒ. 2. œÒÂ‚‰ÓÍÓ‰ ÙÛÌÍˆËË ÔÓËÒÍ‡ ÒÓ·ÒÚ‚ÂÌÌ˚ı ˜ËÒÂÎ ÏÂÚÓ‰ÓÏ ËÚÂ‡ˆËÓÌÌÓ„Ó ÛÚÓ˜ÌÂÌËˇ ÎËÌÂ‡ËÁÓ‚‡ÌÌ˚ı √”».
—ÚÓÍË ËÁ ÚÓ˜ÂÍ ‰ÓÎÊÌ˚ ÒÓ‰ÂÊ‡Ú¸ ÍÓ‰, Â‡ÎËÁÛ˛˘ËÈ ÓÔÂ‡ˆËË, ÓÔËÒ‡ÌÌ˚Â ‚ ÔÂ‰¯ÂÒÚ‚Û˛˘ÂÏ ÍÓÏÏÂÌÚ‡ËË

Fig. 2. Pseudocode of the function for eigenvalues searching by iterative clarification of the linearized radiation boundary
conditions. The dot lines must contain code that implements the operations described in the previous comment
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ÔË·ÎËÊÂÌËÂ ‰Îˇ i-„Ó —«. œË ÔÓ‚ÚÓÂÌËË ˝ÚÓ„Ó ÔÓˆÂÒÒ‡ ÔÓËÒıÓ‰ËÚ ÒıÓ‰ËÏÓÒÚ¸ ‚ÂÎË˜ËÌ˚ Wi0

Í ËÒÍÓÏÓÏÛ ÒÓ·ÒÚ‚ÂÌÌÓÏÛ ÁÌ‡˜ÂÌË˛ Wi, ÔË ˝ÚÓÏ Ì‡ Í‡Ê‰ÓÈ ËÚÂ‡ˆËË ‚ÂÎË˜ËÌ‡ |Wi0 �Wi| ÒÚ‡ÌÓ-
‚ËÚÒˇ ‚ÒÂ ÏÂÌ¸¯Â Ë ÏÂÌ¸¯Â, ·˚ÒÚÓ ÒÚÂÏˇÒ¸ Í ÌÛÎ˛. œÓ˝ÚÓÏÛ Â¯ÂÌËÂ ‰Îˇ ÏÓ‰˚ Ò ÌÓÏÂÓÏ i
ÎËÌÂÈÌÓÈ ŒÃœ—« (12), ÔÓÎÛ˜ÂÌÌÓÈ ÔÛÚÂÏ ‰ËÒÍÂÚËÁ‡ˆËË Í‡Â‚ÓÈ Á‡‰‡˜Ë Ò ÎËÌÂ‡ËÁÓ‚‡ÌÌ˚ÏË
√”» (7)–(8), ÒÚÂÏËÚÒˇ Í Â¯ÂÌË˛ ÌÂÎËÌÂÈÌÓÈ ÒÔÂÍÚ‡Î¸ÌÓÈ Í‡Â‚ÓÈ Á‡‰‡˜Ë (4)–(5).

ŒÒÚ‡ÎÓÒ¸ ÓÔÂ‰ÂÎËÚ¸, Í‡Í ÔÓÒÎÂ ‡Ò˜ÂÚ‡ —« Ò ÌÓÏÂÓÏ i Á‡‰‡Ú¸ Ì‡˜‡Î¸ÌÓÂ ÔË·ÎËÊÂÌËÂ ‰Îˇ
ÔÓËÒÍ‡ ÒÎÂ‰Û˛˘Â„Ó —«. «‰ÂÒ¸ ÏÓÊÌÓ ÔËÌˇÚ¸ ‚Ó ‚ÌËÏ‡ÌËÂ, ˜ÚÓ ÔË Â¯ÂÌËË ŒÃœ—« ÏÂÚÓ‰ÓÏ
¿ÌÓÎ¸‰Ë, ‰‡ÊÂ ÂÒÎË Á‡‰‡Ì ‡Ò˜ÂÚ ÚÓÎ¸ÍÓ Ó‰ÌÓ„Ó —«, ‚ÒÂ„‰‡ ‡ÒÒ˜ËÚ˚‚‡ÂÚÒˇ Ëı ÌÂÒÍÓÎ¸ÍÓ, ÔÓ˝ÚÓÏÛ
Ì‡ Í‡Ê‰ÓÈ ËÚÂ‡ˆËË ÔÓˆÂÒÒ‡, ÓÔËÒ‡ÌÌÓ„Ó ‚ ÔÂ‰˚‰Û˘ÂÏ ‡·Á‡ˆÂ, ÍÓÏÂ ÚÓ˜ÌÓ„Ó ÁÌ‡˜ÂÌËˇ i-„Ó
ÒÓ·ÒÚ‚ÂÌÌÓ„Ó ˜ËÒÎ‡2, ÂÒÚÂÒÚ‚ÂÌÌ˚Ï Ó·‡ÁÓÏ Ì‡ıÓ‰ËÚÒˇ ‰ÓÒÚ‡ÚÓ˜ÌÓ ıÓÓ¯ÂÂ ÔË·ÎËÊÂÌËÂ ‰Îˇ
Á‡ÔÛÒÍ‡ ËÚÂ‡ˆËÈ ÔÓËÒÍ‡ ÒÎÂ‰Û˛˘Â„Ó —«.

«‡ÏÂÚËÏ, ˜ÚÓ ‚ ‡ÒÒÏÓÚÂÌÌÓÈ ÔÓˆÂ‰ÛÂ Ì‡ Í‡Ê‰ÓÈ ËÚÂ‡ˆËË ‚ÌÛÚÂÌÌÂ„Ó ˆËÍÎ‡ ‡Î„Ó-
ËÚÏ‡ (ÒÏ. ËÒ. 2) ‚˚˜ËÒÎˇÂÚÒˇ ÌÓ‚ÓÂ, ·ÓÎÂÂ ÔÓ‰ıÓ‰ˇ˘ÂÂ ÁÌ‡˜ÂÌËÂ ‰Îˇ ‚ÂÎË˜ËÌ˚ W0, ‚·ÎËÁË
ÍÓÚÓÓÈ ÔÓËÒıÓ‰ËÚ ÎËÌÂ‡ËÁ‡ˆËˇ √”» ÔË ‚˚‚Ó‰Â Û‡‚ÌÂÌËÈ (7)–(8). œË ˝ÚÓÏ ÎËÌÂ‡ËÁÓ‚‡ÌÌ˚Â
√”» ‚ÒÂ ·ÓÎÂÂ Ë ·ÓÎÂÂ ÚÓ˜ÌÓ ÏÓ‰ÂÎËÛ˛Ú ÔÓˆÂÒÒ˚ ËÁÎÛ˜ÂÌËˇ ËÏÂÌÌÓ ‰Îˇ ÚÓÈ ÏÓ‰˚, ÍÓÚÓ‡ˇ
‡ÒÒ˜ËÚ˚‚‡ÂÚÒˇ Ì‡ ‰‡ÌÌÓÏ ¯‡„Â ‚ÌÂ¯ÌÂ„Ó ˆËÍÎ‡ ÔÓˆÂ‰Û˚ ÔÓËÒÍ‡ ÒÔÂÍÚ‡ ÒÓ·ÒÚ‚ÂÌÌ˚ı ÏÓ‰.
œÓ˝ÚÓÏÛ ÔÂ‰Î‡„‡ÂÏ˚È ÔÓ‰ıÓ‰ ÏÓÊÂÚ ·˚Ú¸ Ì‡Á‚‡Ì ÏÂÚÓ‰ÓÏ ‡Ò˜ÂÚ‡ ÏÓ‰ ÂÁÓÌ‡ÚÓ‡ Ò ËÚÂ‡ˆËÓÌ-
Ì˚Ï ÛÚÓ˜ÌÂÌËÂÏ „‡ÌË˜Ì˚ı ÛÒÎÓ‚ËÈ ËÁÎÛ˜ÂÌËˇ.

œÓ‰‡‚Îˇ˛˘‡ˇ ˜‡ÒÚ¸ ‚ÂÏÂÌË Â¯ÂÌËˇ ŒÃœ—« ‚ ÍÓ‰Â ARPACK ‡ÒıÓ‰ÛÂÚÒˇ Ì‡ ‚˚˜ËÒÎÂÌËÂ
ÒÓ·ÒÚ‚ÂÌÌ˚ı ˜ËÒÂÎ; ‰Îˇ ‡Ò˜ÂÚ‡ ÒÓ·ÒÚ‚ÂÌÌ˚ı ‚ÂÍÚÓÓ‚ ÚÂ·ÛÂÚÒˇ ÁÌ‡˜ËÚÂÎ¸ÌÓ ÏÂÌ¸¯ÂÂ ‚ÂÏˇ,
ÔÓ˝ÚÓÏÛ ÔË Í‡Ê‰ÓÏ ‚˚ÁÓ‚Â ÔÓˆÂ‰Û˚ ËÁ ·Ë·ÎËÓÚÂÍË ARPACK ÛÒÚ‡Ì‡‚ÎË‚‡ÂÚÒˇ ÌÂÓ·ıÓ‰ËÏÓÒÚ¸
Ó‰ÌÓ‚ÂÏÂÌÌÓ„Ó ‚˚˜ËÒÎÂÌËˇ Ë ÒÓ·ÒÚ‚ÂÌÌ˚ı ˜ËÒÂÎ, Ë ÒÓ·ÒÚ‚ÂÌÌ˚ı ‚ÂÍÚÓÓ‚ Á‡‰‡˜Ë. ¬ ÂÁÛÎ¸Ú‡ÚÂ Ì‡
‚˚ıÓ‰Â ‚ÒÂ„Ó ËÚÂ‡ˆËÓÌÌÓ„Ó ÔÓˆÂÒÒ‡ ÔÓÎÛ˜‡ÂÏ Á‡‰‡ÌÌÓÂ ÍÓÎË˜ÂÒÚ‚Ó —« Ë ÒÓ·ÒÚ‚ÂÌÌ˚ı ‚ÂÍÚÓÓ‚.
 ÓÏÔÓÌÂÌÚ‡ÏË ÔÓÒÎÂ‰ÌËı ˇ‚Îˇ˛ÚÒˇ ÁÌ‡˜ÂÌËˇ ÍÓÏÔÎÂÍÒÌÓÈ ‡ÏÔÎËÚÛ‰˚ ÔÓÎˇ ‚˚˜ËÒÎÂÌÌ˚ı ÏÓ‰
‚ ÛÁÎ‡ı ÒÂÚÍË.

œ‡ÍÚË˜ÂÒÍËÂ ‡Ò˜ÂÚ˚ ÔÓÍ‡Á˚‚‡˛Ú, ˜ÚÓ ‰Îˇ ‚ÌÛÚÂÌÌÂÈ ÒıÓ‰ËÏÓÒÚË Â¯ÂÌËˇ ‰Îˇ ÓÒÌÓ‚ÌÓÈ
ÏÓ‰˚ ÚÂ·ÛÂÚÒˇ 3 ËÚÂ‡ˆËË ‚ÌÛÚÂÌÌÂ„Ó ˆËÍÎ‡ ‡Î„ÓËÚÏ‡ (ÒÏ. ËÒ. 2), ‡ ‰Îˇ Í‡Ê‰ÓÈ ÒÎÂ‰Û˛˘ÂÈ
ÏÓ‰˚ 2 ËÚÂ‡ˆËË, ÔË ˝ÚÓÏ ‚ Í‡Ê‰ÓÏ ÒÎÛ˜‡Â ÔÓÒÎÂ‰Ìˇˇ ËÚÂ‡ˆËˇ ÌÛÊÌ‡ ‰Îˇ ÔÓ‚ÂÍË ÒıÓ‰ËÏÓÒÚË.
¬ ˆÂÎÓÏ ‰Îˇ ‡Ò˜ÂÚ‡ n ÒÓ·ÒÚ‚ÂÌÌ˚ı ÏÓ‰ ÌÂÓ·ıÓ‰ËÏÓ ÔËÏÂÌÓÈ 2n + 1 ‡Á Â¯ËÚ¸ ŒÃœ—«.
ƒÎˇ n < 10 ˝Ú‡ ‚ÂÎË˜ËÌ‡ ÌÂÒÓËÁÏÂËÏÓ ÏÂÌ¸¯Â ÚÂ·ÛÂÏÓ„Ó ÍÓÎË˜ÂÒÚ‚‡ Â¯ÂÌËÈ Á‡‰‡˜Ë  Ó¯Ë
‰Îˇ ‰ËÙÙÂÂÌˆË‡Î¸ÌÓ„Ó Û‡‚ÌÂÌËˇ (1) ‚ ÏÂÚÓ‰Â ÔËÒÚÂÎÍË.

Õ‡ ÔÓ„‡ÏÏÛ, ‚ ÍÓÚÓÓÈ Â‡ÎËÁÓ‚‡Ì‡ ‰‡ÌÌ‡ˇ ÏÂÚÓ‰ËÍ‡, ÔÓÎÛ˜ÂÌÓ —‚Ë‰ÂÚÂÎ¸ÒÚ‚Ó Ó „ÓÒÛ-
‰‡ÒÚ‚ÂÌÌÓÈ Â„ËÒÚ‡ˆËË ÔÓ„‡ÏÏ˚ ‰Îˇ ›¬Ã [57]. œÓ„‡ÏÏ‡ Ì‡ÔËÒ‡Ì‡ Ì‡ ˇÁ˚Í‡ı ÔÓ„‡Ï-
ÏËÓ‚‡ÌËˇ Wolfram Mathematica (ËÌÚÂÙÂÈÒ) Ë ‘ÓÚ‡Ì (‡Ò˜ÂÚÌ˚È ÏÓ‰ÛÎ¸) Ë ‡·ÓÚ‡ÂÚ ÔÓ‰
ÛÔ‡‚ÎÂÌËÂÏ OC Windows 10 ËÎË Windows 11. ¡ÂÁ Í‡ÍËı-ÎË·Ó ËÁÏÂÌÂÌËÈ ÔÓ„‡ÏÏ‡ ÏÓÊÂÚ ·˚Ú¸
ÔÂÂÍÓÏÔËÎËÓ‚‡Ì‡ ‰Îˇ Œ— Linux.

4. “ÂÒÚÓ‚˚Â ÔËÏÂ˚ ‡Ò˜∏Ú‡ ÂÁÓÌ‡ÚÓÓ‚

¬ ‰‡ÌÌÓÏ ‡Á‰ÂÎÂ ÒÓ‰ÂÊ‡ÚÒˇ ÂÁÛÎ¸Ú‡Ú˚ ÚÂÒÚÓ‚˚ı ‡Ò˜∏ÚÓ‚ ÂÁÓÌ‡ÚÓÓ‚ ÌÂÒÍÓÎ¸ÍËı „Ë-
ÓÚÓÌÓ‚, ‡·ÓÚ‡˛˘Ëı ‚ ‡ÁÎË˜Ì˚ı ‰Ë‡Ô‡ÁÓÌ‡ı — ÓÚ ‰ÎËÌÌÓ‚ÓÎÌÓ‚ÓÈ ˜‡ÒÚË ÏËÎÎËÏÂÚÓ‚Ó„Ó
‰Ó ÒÛ·ÏËÎÎËÏÂÚÓ‚Ó„Ó ‰Ë‡Ô‡ÁÓÌ‡ ‰ÎËÌ ‚ÓÎÌ. ƒÎˇ Û‰Ó·ÒÚ‚‡ ÒÒ˚ÎÓÍ ÂÁÓÌ‡ÚÓ˚ ‰Îˇ ‡ÁÎË˜Ì˚ı
ÚÂÒÚÓ‚˚ı ÔËÏÂÓ‚ Ó·ÓÁÌ‡˜ÂÌ˚ ÌÓÏÂÓÏ ‚ Ú‡·Î. 1 Ë ‰Îˇ Í‡Ê‰Ó„Ó ËÁ ÌËı ÔË‚Â‰ÂÌ˚ ÒÎÂ‰Û˛˘ËÂ
‰‡ÌÌ˚Â: ‰Ë‡Ô‡ÁÓÌ, ÚËÔ ‡·Ó˜ÂÈ ÏÓ‰˚, ÔÓ‚Ó‰ËÏÓÒÚ¸ ÒÚÂÌÓÍ ÂÁÓÌ‡ÚÓ‡, ËÒÔÓÎ¸ÁÛÂÏ‡ˇ ‚ ‡Ò˜∏Ú‡ı,

2“ÂÏËÌ «ÚÓ˜ÌÓÂ ÁÌ‡˜ÂÌËÂ —«» ÛÔÓÚÂ·ÎˇÂÚÒˇ Á‰ÂÒ¸ ‚ ÚÓÏ ÒÏ˚ÒÎÂ, ˜ÚÓ ˝ÚÓ ‚ÂÎË˜ËÌ‡ —« ÌÂÎËÌÂÈÌÓÈ Í‡Â‚ÓÈ
Á‡‰‡˜Ë, Ì‡È‰ÂÌÌ‡ˇ Ò Û˜ÂÚÓÏ ÔÓ„Â¯ÌÓÒÚË ÂÂ ‰ËÒÍÂÚËÁ‡ˆËË, ÍËÚÂËˇ ÒıÓ‰ËÏÓÒÚË ËÚÂ‡ˆËÓÌÌÓÈ ÔÓˆÂ‰Û˚ Ë ÍËÚÂËˇ
ÒıÓ‰ËÏÓÒÚË ÏÂÚÓ‰‡ ¿ÌÓÎ¸‰Ë ‚ ·Ë·ÎËÓÚÂÍÂ ARPACK.

316
–ÓÊÌÂ‚ ¿. √., ÃÂÎ¸ÌËÍÓ‚‡ Ã. Ã., –˚ÒÍËÌ Õ. Ã.

»Á‚ÂÒÚËˇ ‚ÛÁÓ‚. œÕƒ, 2024, Ú. 32, π 3



“‡·ÎËˆ‡ 1. –ÂÁÓÌ‡ÚÓ˚ „ËÓÚÓÌÓ‚ ‰Îˇ ÚÂÒÚÓ‚˚ı ‡Ò˜ÂÚÓ‚

Table 1. Gyrotron cavities for test calculations

ÕÓÏÂ
ÚÂÒÚ‡ ◊‡ÒÚÓÚ‡, √√ˆ –‡·Ó˜‡ˇ ÏÓ‰‡ œÓ‚Ó‰ËÏÓÒÚ¸

ÒÚÂÌÓÍ, —Ï/Ï
—Ò˚ÎÍ‡ Ì‡
ËÒÚÓ˜ÌËÍ

1 391 TE85 3·107 [58]

2 140 TE03 1 [37]

3 42 TE03 1 [37]

4 140 TE10,4 1 [37]

5 170 TE34,10 3·107 [59]

ÒÒ˚ÎÍ‡ Ì‡ ËÒÚÓ˜ÌËÍ. ¬ ˝ÚËı ÒÒ˚ÎÍ‡ı ÏÓÊÌÓ Ì‡ÈÚË ÔÓÎÌ˚Â ‰‡ÌÌ˚Â Ó „ÂÓÏÂÚËË ÂÁÓÌ‡ÚÓÓ‚ Ë
‰Û„Ëı ÌÂÓ·ıÓ‰ËÏ˚ı Ô‡‡ÏÂÚ‡ı. ƒÎˇ ‚ÒÂı ÔËÏÂÓ‚ ÔË‚Â‰ÂÌ˚ Ú‡ÍÊÂ ÂÁÛÎ¸Ú‡Ú˚ ÏÓ‰ÂÎËÓ‚‡ÌËˇ
ÓÒÌÓ‚ÌÓÈ ËÎË ÌÂÒÍÓÎ¸ÍËı ÔÓ‰ÓÎ¸Ì˚ı ÏÓ‰ ‰Û„ËÏË ÒÔÓÒÓ·‡ÏË, ˜ÚÓ ÔÓÁ‚ÓÎˇÂÚ Ò‰ÂÎ‡Ú¸ ‚˚‚Ó‰˚ Ó
ÚÓ˜ÌÓÒÚË ÔÂ‰Î‡„‡ÂÏÓ„Ó ÏÂÚÓ‰‡.

—ıÂÏ‡ÚË˜ÂÒÍËÂ ËÁÓ·‡ÊÂÌËˇ ÏÓ‰ÂÎËÛÂÏ˚ı ‚ ÚÂÒÚ‡ı ÂÁÓÌ‡ÚÓÓ‚, ‡ Ú‡ÍÊÂ ÁÌ‡˜ÂÌËˇ ËÎË
Ó·ÓÁÌ‡˜ÂÌËˇ Ëı „ÂÓÏÂÚË˜ÂÒÍËı ‡ÁÏÂÓ‚ ÔË‚Â‰ÂÌ˚ Ì‡ ËÒ. 3. ƒÎˇ ÂÁÓÌ‡ÚÓÓ‚ ËÁ ÚÂÒÚÓ‚ 2–5
‡ÁÏÂ˚ ÔË‚Â‰ÂÌ˚ ‚ Ú‡·Î. 2.
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–ËÒ. 3. œÓÙËÎË ÂÁÓÌ‡ÚÓÓ‚ ‰Îˇ ÚÂÒÚÓ‚: a — ÂÁÓÌ‡ÚÓ „ËÓÚÓÌ‡ Ò ÌÂÔÂ˚‚ÌÓÈ ÔÂÂÒÚÓÈÍÓÈ ˜‡ÒÚÓÚ˚ ‰Îˇ ÒÔÂÍÚÓÒÍÓ-
ÔË˜ÂÒÍËı ËÒÒÎÂ‰Ó‚‡ÌËÈ [58]; b — ÔÓÙËÎ¸ ÂÁÓÌ‡ÚÓÓ‚ ‰Îˇ ÚÂÒÚÓ‚ ËÁ [37, 59]. ¬ÒÂ ‡ÁÏÂ˚ Ì‡ ËÒ. 3, ‡ ÔË‚Â‰ÂÌ˚ ‚ ÏÏ

Fig. 3. Cavities profiles considered in the tests: a — cavity for continuous frequency tunable gyrotron for spectroscopy
studies [58]; b — profile of the cavities for tests from [37,59]. All dimensions on the figure 3, ‡ are given in mm
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“‡·ÎËˆ‡ 2. √ÂÓÏÂÚË˜ÂÒÍËÂ Ô‡‡ÏÂÚ˚ ÂÁÓÌ‡ÚÓÓ‚ 2–5 Ò ÔÓÙËÎÂÏ, ÔÓÍ‡Á‡ÌÌ˚Ï Ì‡ ËÒ. 1, b

Table 2. Geometry parameters of the cavities 2–5 with profile shown in fig. 1, b

–‡·Ó˜‡ˇ ˜‡ÒÚÓÚ‡, ‡·Ó˜‡ˇ ÏÓ‰‡
œ‡‡ÏÂÚ

140 √√ˆ, TE03 42 √√ˆ, TE03 42 √√ˆ, TE10,4 170 √√ˆ, TE34,10

L1, ÏÏ 18.9 30.0 10.0 8
L2, ÏÏ 10.0 44.0 11.0 13
L3, ÏÏ 10.1 46.0 12.0 16
j1, „‡‰ 0.5 2.0 5.0 2.8
j2, „‡‰ 3.0 3.0 3.0 3.5
R0, ÏÏ 3.47 11.57 8.11 20.95

4.1. ÃÓ‰ÂÎËÓ‚‡ÌËÂ ÓÒÌÓ‚Ì˚ı ÏÓ‰ ÍÓÎÂ·‡ÌËÈ ‚ ÂÁÓÌ‡ÚÓ‡ı ËÁ ÚÂÒÚÓ‚ 1–5. —Ì‡˜‡Î‡
‡ÒÒÏÓÚËÏ ÂÁÛÎ¸Ú‡Ú˚ ‡Ò˜ÂÚÓ‚ ÓÒÌÓ‚Ì˚ı ÚËÔÓ‚ ÍÓÎÂ·‡ÌËÈ ‰Îˇ Í‡Ê‰Ó„Ó ÂÁÓÌ‡ÚÓ‡, ÔÂ‰ÒÚ‡‚ÎÂÌ-
ÌÓ„Ó ‚ Ú‡·Î. 1. ¬ ‰‡ÌÌÓÏ ÔÓ‰‡Á‰ÂÎÂ ‡Ò˜ÂÚ ÓÒÌÓ‚ÌÓÈ ÏÓ‰˚ ÔÓËÁ‚Ó‰ËÎÒˇ ÔÓ ÛÔÓ˘ÂÌÌÓÈ ÏÂÚÓ‰ËÍÂ,
ÍÓ„‰‡ ‚˚˜ËÒÎˇÎÓÒ¸ Â‰ËÌÒÚ‚ÂÌÌÓÂ —« ÎËÌÂÈÌÓÈ ŒÃœ—« (12) Ò Ì‡ËÏÂÌ¸¯ÂÈ ‚ÂÎË˜ËÌÓÈ Re (W̃),
ÔË ˝ÚÓÏ ÔÓÎ‡„‡ÎÓÒ¸ W0 = 0.0. “‡ÍËÏ Ó·‡ÁÓÏ, ‰Îˇ Í‡Ê‰Ó„Ó ËÁ ÂÁÓÌ‡ÚÓÓ‚ 1–5 Ï‡ÚË˜Ì‡ˇ ÔÓ-
·ÎÂÏ‡ Â¯‡Î‡Ò¸ ÚÓÎ¸ÍÓ Ó‰ËÌ ‡Á. ¬˚˜ËÒÎÂÌÌ˚Â Ú‡ÍËÏ ÒÔÓÒÓ·ÓÏ ÁÌ‡˜ÂÌËˇ ˜‡ÒÚÓÚ Ë ‰Ó·ÓÚÌÓÒÚÂÈ
ÓÒÌÓ‚Ì˚ı ÏÓ‰ ÔË‚Â‰ÂÌ˚ ‚ Ú‡·Î. 3. ƒÎˇ Ò‡‚ÌÂÌËˇ ‚ ˝ÚÓÈ ÊÂ Ú‡·ÎËˆÂ ‚ ‰‚Ûı ÔÓÒÎÂ‰ÌËı ÍÓÎÓÌÍ‡ı
ÔÓÍ‡Á‡Ì˚ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ ‚ÂÎË˜ËÌ˚, ‡ÒÒ˜ËÚ‡ÌÌ˚Â ÏÂÚÓ‰ÓÏ ÔËÒÚÂÎÍË Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ÔÓ-
„‡ÏÏ˚ [34]. ¬Ë‰ÌÓ, ˜ÚÓ ‰Îˇ ‚ÒÂı ÂÁÓÌ‡ÚÓÓ‚ ÁÌ‡˜ÂÌËˇ ˜‡ÒÚÓÚ˚, ‚˚˜ËÒÎÂÌÌ˚Â ‰‚ÛÏˇ ÒÔÓÒÓ·‡ÏË,
ÓÚÎË˜‡˛ÚÒˇ ÌÂ ·ÓÎÂÂ ˜ÂÏ Ì‡ 2 Â‰ËÌËˆ˚ ‚ ‚ÓÒ¸ÏÓÏ ÁÌ‡ÍÂ, ‡ ‚ÂÎË˜ËÌ˚ ‰Ó·ÓÚÌÓÒÚÂÈ — ÌÂ ·ÓÎÂÂ
˜ÂÏ Ì‡ 3 Â‰ËÌËˆ˚ ‚ ˜ÂÚ‚ÂÚÓÏ ÁÌ‡ÍÂ. ›ÚË ÂÁÛÎ¸Ú‡Ú˚ ÔÓ‰Ú‚ÂÊ‰‡˛Ú Á‡ÏÂ˜‡ÌËÂ ËÁ ‡Á‰ÂÎ‡ 3,
˜ÚÓ ‚ ÒÎÛ˜‡Â ‡Ò˜ÂÚ‡ ÚÓÎ¸ÍÓ ÓÒÌÓ‚ÌÓÈ ÏÓ‰˚ ‰ÓÒÚ‡ÚÓ˜ÌÓ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ÛÔÓ˘ÂÌÌÛ˛ ÏÂÚÓ‰ËÍÛ, ÔË
˝ÚÓÏ ÔÓÎÛ˜‡ÂÏ˚Â ÂÁÛÎ¸Ú‡Ú˚ ‰Îˇ Ô‡‡ÏÂÚÓ‚ ÏÓ‰ ‰ÂÏÓÌÒÚËÛ˛Ú Ó˜ÂÌ¸ ‚˚ÒÓÍÛ˛ ÚÓ˜ÌÓÒÚ¸.

–‡ÒÒ˜ËÚ‡ÌÌ˚Â Ú‡ÍËÏ ÒÔÓÒÓ·ÓÏ ‡ÒÔÂ‰ÂÎÂÌËˇ ÔÓÎÂÈ ÓÒÌÓ‚Ì˚ı ÏÓ‰ ‚Ó ‚ÒÂı ÒÎÛ˜‡ˇı Ò „‡-
ÙË˜ÂÒÍÓÈ ÚÓ˜ÌÓÒÚ¸˛ ÒÓ‚Ô‡‰‡˛Ú Ò Í‡ÚËÌÍ‡ÏË ÔÓÎÂÈ, ÔÓÎÛ˜ÂÌÌ˚ı ÔË Â¯ÂÌËË ÌÂÎËÌÂÈÌÓÈ
ÒÔÂÍÚ‡Î¸ÌÓÈ ÔÓ·ÎÂÏ˚ Ò ÔÓÏÓ˘¸˛ ËÚÂ‡ˆËÓÌÌÓÈ ÏÂÚÓ‰ËÍË. ƒÎˇ ÌÂÍÓÚÓ˚ı ÂÁÓÌ‡ÚÓÓ‚ ÔËÏÂ-
˚ ˝ÚËı ‡ÒÔÂ‰ÂÎÂÌËÈ ·Û‰ÛÚ ÔË‚Â‰ÂÌ˚ ‰‡ÎÂÂ.

“‡·ÎËˆ‡ 3. ◊‡ÒÚÓÚ˚ Ë ‰ËÙ‡ÍˆËÓÌÌ˚Â ‰Ó·ÓÚÌÓÒÚË ÓÒÌÓ‚Ì˚ı ÚËÔÓ‚ ÍÓÎÂ·‡ÌËÈ ‰Îˇ ÂÁÓÌ‡ÚÓÓ‚
„ËÓÚÓÌÓ‚ ËÁ ÚÂÒÚÓ‚ 1–5

Table 3. Frequencies and quality factors of the fundamental modes for the gyrotron cavities from
tests 1–5

ÕÓÏÂ ÂÁÓÌ‡ÚÓ‡

—ÔÂÍÚ‡Î¸Ì˚È ÔÓ‰ıÓ‰
Ò ÎËÌÂ‡ËÁ‡ˆËÂÈ √”»

ÃÂÚÓ‰ ÔËÒÚÂÎÍË

◊‡ÒÚÓÚ‡, √√ˆ ƒËÙ‡ÍˆËÓÌÌ‡ˇ
‰o·ÓÚÌÓÒÚ¸

◊‡ÒÚÓÚ‡, √√ˆ ƒËÙ‡ÍˆËÓÌÌ‡ˇ
‰o·ÓÚÌÓÒÚ¸

1 391.47013 16631.3 391.47013 16630.8

2 140.22593 849.3 140.22592 849.0

3 42.03745 1115.2 42.03745 1115.2

4 140.12867 585.5 140.12869 585.7

5 170.00732 1394.2 170.00731 1394.09
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4.2. √ËÓÚÓÌ Ì‡ ÏÓ‰Â TE85 c ‡·Ó˜ÂÈ ˜‡ÒÚÓÚÓÈ 391 √√ˆ. ¬ Í‡˜ÂÒÚ‚Â ÒÎÂ‰Û˛˘Â„Ó ÔËÏÂ-
‡ ‡ÒÒÏÓÚÂÌ ÂÁÓÌ‡ÚÓ „ËÓÚÓÌ‡ ËÁ [58], ÍÓÚÓ˚È ‡·ÓÚ‡ÂÚ Ì‡ ‚ÚÓÓÈ ˆËÍÎÓÚÓÌÌÓÈ „‡ÏÓÌËÍÂ
Ò ‡·Ó˜ÂÈ ˜‡ÒÚÓÚÓÈ 391 √√ˆ Ë Ò ÌÂÔÂ˚‚ÌÓÈ ÔÂÂÒÚÓÈÍÓÈ ˜‡ÒÚÓÚ˚ ‚ ‰Ë‡Ô‡ÁÓÌÂ ÓÍÓÎÓ 2 √√ˆ.
–‡·Ó˜‡ˇ ÏÓ‰‡ „ËÓÚÓÌ‡ TE8,5. œË·Ó ÔÂ‰Ì‡ÁÌ‡˜ÂÌ ‰Îˇ ËÒÔÓÎ¸ÁÓ‚‡ÌËˇ ‚ ÒÔÂÍÚÓÒÍÓÔË˜ÂÒÍËı
ÛÒÚ‡ÌÓ‚Í‡ı Ì‡ ˇ‰ÂÌÓÏ Ï‡„ÌËÚÌÓÏ ÂÁÓÌ‡ÌÒÂ, ËÒÔÓÎ¸ÁÛ˛˘Ëı ˝ÙÙÂÍÚ ‰ËÌ‡ÏË˜ÂÒÍÓÈ ÔÓÎˇËÁ‡ˆËË
ˇ‰Â. ÕÂÓ·ıÓ‰ËÏ‡ˇ ÔÂÂÒÚÓÈÍ‡ ˜‡ÒÚÓÚ˚ Ó·ÂÒÔÂ˜Ë‚‡ÂÚÒˇ ‚Á‡ËÏÓ‰ÂÈÒÚ‚ËÂÏ ˝ÎÂÍÚÓÌÌÓ„Ó ÔÛ˜Í‡
Ò ÔÓÎˇÏË ‚ÒÚÂ˜Ì˚ı ÍÓÏÔÓÌÂÌÚ ÏÓ‰ ÚËÔ‡ TE85q ÔË ËÁÏÂÌÂÌËË Ï‡„ÌËÚÌÓ„Ó ÔÓÎˇ. «‰ÂÒ¸ ÔÓ-
‰ÓÎ¸Ì˚È ËÌ‰ÂÍÒ ÏÓ‰˚ q ÏÂÌˇÂÚÒˇ ‚ ‰Ë‡Ô‡ÁÓÌÂ q = 1...6. «‡‚ËÒËÏÓÒÚ¸ ‡‰ËÛÒ‡ ÂÁÓÌ‡ÚÓ‡ ÓÚ
ÔÓ‰ÓÎ¸ÌÓÈ ÍÓÓ‰ËÌ‡Ú˚, ÔÓÍ‡Á‡ÌÌ‡ˇ Ì‡ ËÒ. 3, a, ‚ÁˇÚ‡ ËÁ [58]. –‡‰ËÛÒ Ë ‰ÎËÌ‡ Ó‰ÌÓÓ‰ÌÓÈ ˜‡ÒÚË
ÂÁÓÌ‡ÚÓ‡ ‡‚Ì˚ R0 = 2.997 ÏÏ Ë L0 = 35 ÏÏ. œËÌˇÚ‡ˇ ‚ ‡Ò˜∏Ú‡ı ÔÓ‚Ó‰ËÏÓÒÚ¸ ÒÚÂÌÓÍ
ÂÁÓÌ‡ÚÓ‡ s = 3⇥ 107 CÏ/Ï.

ŒÚÏÂÚËÏ, ˜ÚÓ ‰Îˇ Ó·ÂÒÔÂ˜ÂÌËˇ ÔÂÂÒÚÓÈÍË ˜‡ÒÚÓÚ˚ Á‡ Ò˜∏Ú ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëˇ ÔÛ˜Í‡ Ò ‡ÁÎË˜-
Ì˚ÏË ÔÓ‰ÓÎ¸Ì˚ÏË ÚËÔ‡ÏË ÍÓÎÂ·‡ÌËÈ ÏÓ‰˚ ‚˚ÒÓÍÓ„Ó ÔÓˇ‰Í‡ ‰ÓÎÊÌ˚ Ó·Î‡‰‡Ú¸ Ò‡‚ÌËÚÂÎ¸ÌÓ
·ÓÎ¸¯ÓÈ ‰Ó·ÓÚÌÓÒÚ¸˛, ˜ÚÓ·˚ ÒÌËÁËÚ¸ ‰Îˇ ÌËı ÔÛÒÍÓ‚ÓÈ ÚÓÍ. œÓ˝ÚÓÏÛ ÂÁÓÌ‡ÚÓ Ì‡ ËÒ. 3, a
ËÏÂÂÚ ·ÓÎ¸¯ÓÂ ÓÚÌÓ¯ÂÌËÂ L0/R0 ⇡ 11.7 Ë Ò‡‚ÌËÚÂÎ¸ÌÓ ·ÓÎ¸¯ÓÈ Û„ÓÎ ‡ÒÍ˚‚‡ ‡Ò¯Ëˇ˛-
˘Â„ÓÒˇ ÛÔÓ‡ Ì‡ Ô‡‚ÓÏ ÍÓÌˆÂ ÂÁÓÌ‡ÚÓ‡. ›ÚÓ Ó·ÂÒÔÂ˜Ë‚‡ÂÚ ÁÌ‡˜ËÚÂÎ¸Ì˚Â ÓÚ‡ÊÂÌËˇ ‚ÓÎÌ˚
‚ ‚ÓÎÌÓ‚Ó‰Â ÓÚ ÔÂÂıÓ‰‡ Ó‰ÌÓÓ‰ÌÓÈ ˜‡ÒÚË ÂÁÓÌ‡ÚÓ‡ ‚ ‡Ò¯Ëˇ˛˘ËÈÒˇ ÛÔÓ.

–‡ÒÒ˜ËÚ‡ÌÌ˚Â ‰Îˇ ˝ÚÓ„Ó ÂÁÓÌ‡ÚÓ‡ ÁÌ‡˜ÂÌËˇ ˜‡ÒÚÓÚ Ë ‰Ó·ÓÚÌÓÒÚÂÈ ÔÓ‰ÓÎ¸Ì˚ı ÏÓ‰
‰Îˇ q = 1...6 ÔË‚Â‰ÂÌ˚ ‚ Ú‡·Î. 4. ¬Ó ‚ÚÓÓÈ Ë ÚÂÚ¸ÂÈ ÍÓÎÓÌÍ‡ı Ú‡·ÎËˆ˚ ‰‡Ì˚ ˜‡ÒÚÓÚ˚ Ë
‰Ó·ÓÚÌÓÒÚË, ÔÓÎÛ˜ÂÌÌ˚Â Ò ÔÓÏÓ˘¸˛ ‡Á‚ËÚÓ„Ó ‚ Ì‡ÒÚÓˇ˘ÂÈ ÒÚ‡Ú¸Â ÏÂÚÓ‰‡; ‚ ‰‚Ûı ÔÓÒÎÂ‰ÌËı
ÍÓÎÓÌÍ‡ı ÒÓ‰ÂÊ‡ÚÒˇ ˝ÚË ÊÂ ‚ÂÎË˜ËÌ˚, ‡ÒÒ˜ËÚ‡ÌÌ˚Â ÏÂÚÓ‰ÓÏ ÔËÒÚÂÎÍË Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ÚÓÈ
ÊÂ ÔÓ„‡ÏÏ˚, ˜ÚÓ Ë ‚ ÔÂ‰˚‰Û˘ÂÏ ÔËÏÂÂ. –‡ÒÒ˜ËÚ‡ÌÌ˚Â ‰‚ÛÏˇ ÏÂÚÓ‰‡ÏË ˜‡ÒÚÓÚ˚ ÓÚÎË˜‡˛ÚÒˇ
ÌÂ ·ÓÎÂÂ ˜ÂÏ Ì‡ 2 Â‰ËÌËˆ˚ ‚ 8-È ÁÌ‡˜‡˘ÂÈ ˆËÙÂ, ‡ ‰Ó·ÓÚÌÓÒÚË — Ì‡ 1–2 Â‰ËÌËˆ˚ ‚ ˜ÂÚ‚ÂÚÓÈ
ÁÌ‡˜‡˘ÂÈ ˆËÙÂ. — Û˜ÂÚÓÏ ‡ÁÌ˚ı ˜ËÒÎÂÌÌ˚ı ÔÓ‰ıÓ‰Ó‚, ËÒÔÓÎ¸ÁÓ‚‡ÌÌ˚ı ‚ ˝ÚËı ÏÂÚÓ‰ËÍ‡ı, ÏÓÊÌÓ
Ò˜ËÚ‡Ú¸, ˜ÚÓ ÔÓÎÛ˜ÂÌÌ˚Â Ò Ëı ÔÓÏÓ˘¸˛ ÂÁÛÎ¸Ú‡Ú˚ Ô‡ÍÚË˜ÂÒÍË ÒÓ‚Ô‡‰‡˛Ú.

“‡·ÎËˆ‡ 4. ◊‡ÒÚÓÚ˚ Ë ‰Ó·ÓÚÌÓÒÚË ÔÓ‰ÓÎ¸Ì˚ı ÏÓ‰ ÂÁÓÌ‡ÚÓ‡ „ËÓÚÓÌ‡ Ì‡ ‡·Ó˜ÂÈ
ÏÓ‰Â TE85 [58]

Table 4. FrequÂncies and quality factors of the axial modes of the gyrotron cavity with
operating mode TE85 [58]

q
—ÔÂÍÚ‡Î¸Ì˚È ÔÓ‰ıÓ‰
Ò ÎËÌÂ‡ËÁ‡ˆËÂÈ √”»

ÃÂÚÓ‰ ÔËÒÚÂÎÍË

◊‡ÒÚÓÚ‡, √√ˆ ƒÓ·ÓÚÌÓÒÚ¸ ◊‡ÒÚÓÚ‡, √√ˆ ƒÓ·ÓÚÌÓÒÚ¸

1 391.47013 16631.3 391.47013 16630.8

2 391.53397 13143.0 391.53397 13141.6

3 391.64034 9742.4 391.64034 9740.3

4 391.78919 7156.4 391.78919 7154.2

5 391.98044 5340.3 391.98045 5338.5

6 392.21399 4080.6 392.21401 4079.5

Õ‡ ËÒ. 4 ÔÓÍ‡Á‡Ì˚ ‡ÒÔÂ‰ÂÎÂÌËˇ ÔÓÎÂÈ ÍÓÏÔÎÂÍÒÌ˚ı ÏÓ‰ ‚ ˝ÚÓÏ ÂÁÓÌ‡ÚÓÂ. —ÔÎÓ¯Ì˚ÏË
˜ÂÌ˚ÏË ÎËÌËˇÏË ÓÚÓ·‡Ê‡˛ÚÒˇ ÏÓ‰ÛÎË ÍÓÏÔÎÂÍÒÌ˚ı ‡ÏÔÎËÚÛ‰ ÔÓÎÂÈ, Ó‡ÌÊÂ‚˚ÏË ÎËÌËˇÏË —
Ëı ‡„ÛÏÂÌÚ˚. œÛÌÍÚË ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ÔÓÙËÎ˛ ÂÁÓÌ‡ÚÓ‡ ‚ ÔÓËÁ‚ÓÎ¸Ì˚ı Â‰ËÌËˆ‡ı. œÓÎˇ, ‡Ò-
Ò˜ËÚ‡ÌÌ˚Â Ó·ÓËÏË ÏÂÚÓ‰‡ÏË (ÒÔÂÍÚ‡Î¸Ì˚È ÔÓ‰ıÓ‰ Ë ÏÂÚÓ‰ ÔËÒÚÂÎÍË) ‰Îˇ ‚ÒÂı ÏÓ‰ ÒÓ‚Ô‡‰‡˛Ú
Ò „‡ÙË˜ÂÒÍÓÈ ÚÓ˜ÌÓÒÚ¸˛.

–ÓÊÌÂ‚ ¿. √., ÃÂÎ¸ÌËÍÓ‚‡ Ã. Ã., –˚ÒÍËÌ Õ. Ã.
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–ËÒ. 4. –‡ÒÔÂ‰ÂÎÂÌËˇ ÔÓÎÂÈ ÔÂ‚˚ı 6 ÔÓ‰ÓÎ¸Ì˚ı ÏÓ‰ ÂÁÓÌ‡ÚÓ‡ „ËÓÚÓÌ‡ Ò ‡·Ó˜ÂÈ ÏÓ‰ÓÈ TE85 Ë ˜‡ÒÚÓÚÓÈ
‰Ë‡Ô‡ÁÓÌ‡ 391 √√ˆ. –ËÒ. ‡–f ÓÚ‚Â˜‡˛Ú ÏÓ‰‡Ï Ò ÔÓ‰ÓÎ¸Ì˚ÏË ËÌ‰ÂÍÒ‡ÏË q = 1...6. —ÔÎÓ¯Ì˚Â ˜ÂÌ˚Â ÎËÌËË — ÏÓ‰ÛÎË
ÍÓÏÔÎÂÍÒÌÓÈ ‡ÏÔÎËÚÛ‰˚ ÔÓÎˇ ‚ ÔÓËÁ‚ÓÎ¸Ì˚ı Â‰ËÌËˆ‡ı; Ó‡ÌÊÂ‚˚Â ÎËÌËË — Ù‡Á˚ ÍÓÏÔÎÂÍÒÌÓÈ ‡ÏÔÎËÚÛ‰˚; ÒËÌËÈ
ÔÛÌÍÚË — ÔÓÙËÎ¸ ÂÁÓÌ‡ÚÓ‡ (ˆ‚ÂÚ ÓÌÎ‡ÈÌ)

Fig. 4. Field distributions of the first six hight order axial modes of a gyrotron cavity with an operating mode of TE85 and
a frequency 391 GHz. Fig. a–f correspond to modes with axial indices q = 1...6. Solid black lines are the modules of the
complex amplitude of the field in arbitrary units, orange lines — phases of the complex amplitude, blue dotted line — cavities
profile (color online)

4.3. –ÂÁÓÌ‡ÚÓ˚ „ËÓÚÓÌÓ‚ Ò ˜‡ÒÚÓÚ‡ÏË 42 √√ˆ Ë 140 √√ˆ [37]. ¬ ‡·ÓÚÂ [37] ÓÔË-
Ò‡Ì ÍÓÏÔÎÂÍÒ ÔÓ„‡ÏÏ GYROCOMPU ‰Îˇ ÍÓÏÔ¸˛ÚÂÌÓ„Ó ÏÓ‰ÂÎËÓ‚‡ÌËˇ ‡·ÓÚ˚ „ËÓÚÓÌ‡
‚ ‡ÁÌ˚ı ÂÊËÏ‡ı, ‚ ÚÓÏ ˜ËÒÎÂ ‰Îˇ ‡Ò˜ÂÚ‡ Ô‡‡ÏÂÚÓ‚ ÔÓÎÓ„Ó ÂÁÓÌ‡ÚÓ‡ ·ÂÁ ÔÛ˜Í‡. ¬ Í‡˜ÂÒÚ‚Â
ÚÂÒÚÓ‚˚ı ÔËÏÂÓ‚ ‚ÁˇÚ˚ ÚË „ËÓÚÓÌ‡, ÛÍ‡Á‡ÌÌ˚Â ‚ Ú‡·Î. 1 ÔÓ‰ ÌÓÏÂ‡ÏË 2–4. ¡˚ÎË ÔÓ‚Â-
‰ÂÌ˚ ‡Ò˜ÂÚ˚ ˝ÚËı ÂÁÓÌ‡ÚÓÓ‚ Ë Ò‡‚ÌÂÌËÂ ÔÓÎÛ˜ÂÌÌ˚ı ÂÁÛÎ¸Ú‡ÚÓ‚ Ò ‰‡ÌÌ˚ÏË ËÁ ÒÚ‡Ú¸Ë [37].
–ÂÁÛÎ¸Ú‡Ú˚ Ò‡‚ÌÂÌËˇ Ò‚Â‰ÂÌ˚ ‚ Ú‡·Î. 5. ¬ ÌÂÈ ÒÓ‰ÂÊ‡ÚÒˇ ÁÌ‡˜ÂÌËˇ ˜‡ÒÚÓÚ Ë ‰Ó·ÓÚÌÓÒÚÂÈ
ÓÒÌÓ‚ÌÓÈ ÔÓ‰ÓÎ¸ÌÓÈ ÏÓ‰˚ ‰Îˇ ÚÂı ÂÁÓÌ‡ÚÓÓ‚, ÔÓÎÛ˜ÂÌÌ˚Â ‰‚ÛÏˇ ÒÔÓÒÓ·‡ÏË: Ò ÔÓÏÓ˘¸˛
ÍÓ‰‡ COAXIAL, ‡Á‡·ÓÚ‡ÌÌÓ„Ó ‡ÌÂÂ Œ. ƒÛÏ·‡ÈÒÓÏ, Ë Ò ÔÓÏÓ˘¸˛ ÍÓ‰‡ GYROCOMPU, ‡ Ú‡ÍÊÂ
ÁÌ‡˜ÂÌËˇ ˝ÚËı ÊÂ ‚ÂÎË˜ËÌ, ‡ÒÒ˜ËÚ‡ÌÌ˚ı Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ‡Á‚ËÚÓÈ ‚ ‰‡ÌÌÓÈ ÒÚ‡Ú¸Â ÏÂÚÓ‰ËÍË.

 ‡Í ÒÎÂ‰ÛÂÚ ËÁ Ú‡·Î. 5, ÁÌ‡˜ÂÌËˇ ˜‡ÒÚÓÚ ÓÒÌÓ‚Ì˚ı ÏÓ‰, ÔÓÎÛ˜ÂÌÌ˚ı Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ
‚ÒÂı ÚÂı ÍÓ‰Ó‚ Ô‡ÍÚË˜ÂÒÍË ÒÓ‚Ô‡‰‡˛Ú. ƒËÙ‡ÍˆËÓÌÌ˚Â ‰Ó·ÓÚÌÓÒÚË, ‡ÒÒ˜ËÚ‡ÌÌ˚Â Ò ÔÓÏÓ-
˘¸˛ ÍÓ‰‡ COAXIAL Ë ÔÂ‰Î‡„‡ÂÏ˚Ï ÏÂÚÓ‰ÓÏ, Ú‡ÍÊÂ ÒÓ‚Ô‡‰‡˛Ú, ‡ ÔÓ„‡ÏÏ‡ GYROCOMPU
‰‡ÂÚ ‰Îˇ ‰Ó·ÓÚÌÓÒÚÂÈ ÁÌ‡˜ÂÌËˇ, ÔÂ‚˚¯‡˛˘ËÂ ÂÁÛÎ¸Ú‡Ú˚ ‰‚Ûı ‰Û„Ëı ÔÓ„‡ÏÏ Ì‡ 5–10%.
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“‡·ÎËˆ‡ 5. —‡‚ÌÂÌËÂ ˜‡ÒÚÓÚ Ë ‰ËÙ‡ÍˆËÓÌÌ˚ı ‰Ó·ÓÚÌÓÒÚÂÈ ÓÒÌÓ‚Ì˚ı ÚËÔÓ‚ ÍÓÎÂ·‡ÌËÈ
ÂÁÓÌ‡ÚÓÓ‚ Ò ‰‡ÌÌ˚ÏË ËÁ [37]

Table 5. Comparison of frequencies and diffraction quality factors of the fundamental axial modes
of the cavities with data from [37]

GYROCOMPU COAXIAL —ÔÂÍÚ‡Î¸Ì˚È ÔÓ‰ıÓ‰
Ò ÎËÌÂ‡ËÁ‡ˆËÂÈ √”»“ËÔ

ÍÓÎÂ·‡ÌËÈ ◊‡ÒÚÓÚ‡,
√√ˆ

ƒËÙ.
‰Ó·ÓÚÌÓÒÚ¸

◊‡ÒÚÓÚ‡,
√√ˆ

ƒËÙ.
‰Ó·ÓÚÌÓÒÚ¸

◊‡ÒÚÓÚ‡,
√√ˆ

ƒËÙ.
‰Ó·ÓÚÌÓÒÚ¸

TE031 140.223 857.1 140.226 849.0 140.226 849.3

TE031 42.037 1136.6 42.037 1115.0 42.037 1115.2

TE10,4,1 140.129 588.0 140.129 586.0 140.129 585.7

¬ ÒÚ‡Ú¸Â [37] ˝ÚÓ ‡ÁÎË˜ËÂ Ó·˙ˇÒÌˇÂÚÒˇ ‡ÁÎË˜ËÂÏ ˜ËÒÎÂÌÌ˚ı ÏÂÚÓ‰ËÍ, ËÒÔÓÎ¸ÁÓ‚‡ÌÌ˚ı ‚ ÔÓ-
„‡ÏÏ‡ı COAXIAL Ë GYROCOMPU, ‡ ÌÂ ‰ÂÙÂÍÚÓÏ Í‡ÍÓ„Ó-ÎË·Ó ËÁ ÌËı.

—ÔÂÍÚ‡Î¸Ì˚Ï ÔÓ‰ıÓ‰ÓÏ Ò ËÚÂ‡ˆËÓÌÌ˚Ï ÛÚÓ˜ÌÂÌËÂÏ √”» Ú‡ÍÊÂ ·˚ÎË ÔÓ‚Â‰ÂÌ˚ ‡Ò˜ÂÚ˚
˜‡ÒÚÓÚ, ‰Ó·ÓÚÌÓÒÚÂÈ Ë ÔÓÒÚ‡ÌÒÚ‚ÂÌÌ˚ı ‡ÒÔÂ‰ÂÎÂÌËÈ ‰Îˇ ‚˚Ò¯Ëı ÔÓ‰ÓÎ¸Ì˚ı ÏÓ‰ ‚ ÂÁÓÌ‡ÚÓ-
‡ı ËÁ ÚÂÒÚÓ‚ 2–4, Ë ÔÓÎÛ˜ÂÌÌ˚Â ÂÁÛÎ¸Ú‡Ú˚ Ò‡‚ÌË‚‡ÎËÒ¸ Ò ÂÁÛÎ¸Ú‡Ú‡ÏË ÏÂÚÓ‰‡ ÔËÒÚÂÎÍË [34].
ƒÎˇ ‚ÒÂı ÂÁÓÌ‡ÚÓÓ‚ Ë ‰Îˇ ‚ÒÂı ‡ÒÒ˜ËÚ‡ÌÌ˚ı ÔÓ‰ÓÎ¸Ì˚ı ÏÓ‰ Ì‡·Î˛‰‡ÂÚÒˇ Ú‡ÍÓÂ ÊÂ ÔÓÎÌÓÂ
ÒÓ„Î‡ÒËÂ ˝ÚËı ÂÁÛÎ¸Ú‡ÚÓ‚ ‰Û„ Ò ‰Û„ÓÏ, Í‡Í Ë ‰Îˇ ÂÁÓÌ‡ÚÓ‡ ËÁ ÚÂÒÚ‡ 1. ƒÎˇ ÔËÏÂ‡ Ì‡ ËÒ. 5
ÔË‚Â‰ÂÌ˚ Í‡ÚËÌ˚ ÔÓÎÂÈ ÔÂ‚˚ı ˜ÂÚ˚Âı ÏÓ‰ ‚ ÂÁÓÌ‡ÚÓÂ ËÁ ÚÂÒÚ‡ 3. ÷‚ÂÚ‡ Ë Ì‡˜ÂÚ‡ÌËˇ
‡ÁÎË˜Ì˚ı ÍË‚˚ı Ì‡ ˝ÚÓÏ ËÒÛÌÍÂ ‡Ì‡ÎÓ„Ë˜Ì˚ Ô‡‡ÏÂÚ‡Ï ÍË‚˚ı, ÔËÌˇÚ˚Ï Ì‡ ËÒ. 4.

–ËÒ. 5. –‡ÒÔÂ‰ÂÎÂÌËˇ ÔÓÎÂÈ 4 ÔÓ‰ÓÎ¸Ì˚ı ÏÓ‰ ÂÁÓÌ‡ÚÓ‡ „ËÓÚÓÌ‡ Ò ‡·Ó˜ËÏË ÏÓ‰‡ÏË TE03q Ë ˜‡ÒÚÓÚÓÈ 42 √√ˆ.
–ËÒ. a–d ÒÓÓÚ‚ÂÚÒÚ‚Û˛Ú ÏÓ‰‡Ï Ò ÔÓ‰ÓÎ¸Ì˚ÏË ËÌ‰ÂÍÒ‡ÏË q = 1...4. —ÔÎÓ¯Ì˚Â ˜ÂÌ˚Â ÎËÌËË — ÏÓ‰ÛÎË ÍÓÏÔÎÂÍÒÌÓÈ
‡ÏÔÎËÚÛ‰˚ ÔÓÎˇ ‚ ÔÓËÁ‚ÓÎ¸Ì˚ı Â‰ËÌËˆ‡ı, Ó‡ÌÊÂ‚˚Â ÎËÌËË — Ù‡Á˚ ÍÓÏÔÎÂÍÒÌÓÈ ‡ÏÔÎËÚÛ‰˚; ÒËÌËÈ ÔÛÌÍÚË —
ÔÓÙËÎ¸ ÂÁÓÌ‡ÚÓ‡ (ˆ‚ÂÚ ÓÌÎ‡ÈÌ)

Fig. 5. Fields distributions of four cavity axial modes for gyrotron with operating mode TE03q and frequency 42 GHz.
Figures a–d correspond to modes with axial indexes q = 1...4. Solid curves — modules of the complex field amplitude
(arbitrary units), orange curves — phases of the complex field amplitude, blue dashed line — cavities profile (color online)
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4.4. “ÂÒÚÓ‚˚È ÔËÏÂ 5. –ÂÁÓÌ‡ÚÓ „ËÓÚÓÌ‡ ‰Îˇ Ì‡„Â‚‡ ÔÎ‡ÁÏ˚ [59]. √ËÓÚÓÌ,
ÓÔËÒ‡ÌÌ˚È ‚ [59], ‡Á‡·ÓÚ‡Ì Í‡Í ÔÓÚÓÚËÔ „ËÓÚÓÌ‡ ‰Îˇ Ì‡„Â‚‡ ÔÎ‡ÁÏ˚. —Ó„Î‡ÒÌÓ Á‡ˇ‚ÎÂÌÌ˚Ï
‚ ˝ÚÓÈ ÒÚ‡Ú¸Â ÔÓÂÍÚËÛÂÏ˚Ï ‚˚ıÓ‰Ì˚Ï Ô‡‡ÏÂÚ‡Ï, ÓÌ ‰ÓÎÊÂÌ „ÂÌÂËÓ‚‡Ú¸ ÏÓ˘ÌÓÒÚ¸ Ò‚˚¯Â
1 Ã¬Ú Ì‡ ˜‡ÒÚÓÚÂ 170 √√ˆ Ò ˝ÎÂÍÚÓÌÌ˚Ï  œƒ, ÔÂ‚˚¯‡˛˘ËÏ 35%. Õ‡ÔˇÊÂÌËÂ Ë ÚÓÍ ‡‚Ì˚
78...82 Í¬ Ë 40 A ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. –‡·Ó˜‡ˇ ÏÓ‰‡ ÂÁÓÌ‡ÚÓ‡ TE34,10,1.

›ÍÒÚÂÏ‡Î¸Ì˚Â Ô‡‡ÏÂÚ˚ ‰‡ÌÌÓ„Ó „ËÓÚÓÌ‡ ÚÂ·Û˛Ú Ú˘‡ÚÂÎ¸ÌÓ„Ó ÔÓÂÍÚËÓ‚‡ÌËˇ ÂÁÓÌ‡-
ÚÓ‡. ¬˚ÒÓÍËÂ ÚÂÔÎÓ‚˚Â Ì‡„ÛÁÍË ÔË‚Ó‰ˇÚ Í ÌÂÓ·ıÓ‰ËÏÓÒÚË Ï‡ÍÒËÏ‡Î¸ÌÓ„Ó ÒÌËÊÂÌËˇ ‰ËÙ‡ÍˆË-
ÓÌÌÓÈ ‰Ó·ÓÚÌÓÒÚË ‡·Ó˜ÂÈ ÏÓ‰˚ ÍÓÎÂ·‡ÌËÈ ÔË Ó‰ÌÓ‚ÂÏÂÌÌÓÏ ÒÓı‡ÌÂÌËË ‚˚ÒÓÍÓ„Ó ÁÌ‡˜ÂÌËˇ
ÓÏË˜ÂÒÍÓÈ ‰Ó·ÓÚÌÓÒÚË. ›ÙÙÂÍÚË‚Ì‡ˇ ‰ÎËÌ‡ ‡·Ó˜ÂÈ ÏÓ‰˚, ÓÔÂ‰ÂÎÂÌÌ‡ˇ ‚ [60] ÙÓÏÛÎÓÈ

Le↵ =
pp

(2pf/c)2 � (nmn/R0)2
,

ÔË ˜‡ÒÚÓÚÂ „ÂÌÂ‡ˆËË f=170 √√ˆ ÒÓÒÚ‡‚ÎˇÂÚ Le↵⇡18.8 ÏÏ, ÔË ˝ÚÓÏ ÓÚÌÓ¯ÂÌËÂ Le↵/R0⇡0.9
ÔÂ‰ÂÎ¸ÌÓ Ï‡ÎÓ. ¬˚ÒÓÍËÂ ‡ÁËÏÛÚ‡Î¸Ì˚È Ë ‡‰Ë‡Î¸Ì˚È ËÌ‰ÂÍÒ˚ ‡·Ó˜ÂÈ ÏÓ‰˚ Ë ·ÓÎ¸¯ÓÈ ‡‰ËÛÒ
ÂÁÓÌ‡ÚÓ‡ Ó·ÛÒÎ‡‚ÎË‚‡˛Ú ·ÓÎ¸¯ÓÂ ÁÌ‡˜ÂÌËÂ ÓÏË˜ÂÒÍÓÈ ‰Ó·ÓÚÌÓÒÚË, ÍÓÚÓ‡ˇ, ÂÒÎË ÓˆÂÌË‚‡Ú¸
ÂÂ ÔÓ ËÁ‚ÂÒÚÌÓÈ ÙÓÏÛÎÂ [2], ÒÓÒÚ‡‚ÎˇÂÚ Qohm ⇡ 74420.

œË Ú‡ÍËı Ô‡‡ÏÂÚ‡ı ÂÁÓÌ‡ÚÓ‡ ÍÓÏÔÎÂÍÒÌ‡ˇ ˜‡ÒÚÓÚ‡ ÓÒÌÓ‚ÌÓÈ ÏÓ‰˚ TE34,10,1 ÓÍ‡Á˚-
‚‡ÂÚÒˇ Ì‡ ÍÓÏÔÎÂÍÒÌÓÈ ÔÎÓÒÍÓÒÚË ÁÌ‡˜ËÚÂÎ¸ÌÓ ÓÚ‰ÂÎÂÌÌÓÈ ÓÚ ˜‡ÒÚÓÚ ÏÓ‰ Ò ·ÓÎÂÂ ‚˚ÒÓÍËÏË
ÔÓ‰ÓÎ¸Ì˚ÏË ËÌ‰ÂÍÒ‡ÏË. ›ÚÓ ·Î‡„ÓÔËˇÚÌÓ ÒÍ‡Á˚‚‡ÂÚÒˇ Ì‡ ÔÓ‚˚¯ÂÌËË ÒÚ‡ÚÓ‚˚ı ÚÓÍÓ‚ ‰Îˇ ˝ÚËı
ÏÓ‰ Ë, ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, Ì‡ ÛÒÚÓÈ˜Ë‚ÓÒÚ¸ ÍÓÎÂ·‡ÌËÈ Ì‡ ÓÒÌÓ‚ÌÓÈ ÏÓ‰Â.

≈ÒÎË ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ÏÂÚÓ‰ ÔËÒÚÂÎÍË ‰Îˇ ‡Ò˜ÂÚ‡ ÒÔÂÍÚ‡ ÍÓÎÂ·‡ÌËÈ, Ú‡ÍÓÂ ‡Á‰ÂÎÂÌËÂ
ÍÓÏÔÎÂÍÒÌ˚ı ˜‡ÒÚÓÚ ÔË‚Ó‰ËÚ Í ÒÎÓÊÌÓÒÚË ÔÓËÒÍ‡ Ì‡˜‡Î¸Ì˚ı ÔË·ÎËÊÂÌËÈ ‰Îˇ Í‡Ê‰ÓÈ ËÁ
˝ÚËı ÏÓ‰. ¬ ÚÓ ÊÂ ‚ÂÏˇ, Í‡Í ÔÓÍ‡Á˚‚‡˛Ú ‡Ò˜ÂÚ˚, ÔÂ‰Î‡„‡ÂÏ˚È Á‰ÂÒ¸ ÏÓ‰ËÙËˆËÓ‚‡ÌÌ˚È
ÒÔÂÍÚ‡Î¸Ì˚È ÔÓ‰ıÓ‰ ÎÂ„ÍÓ ÒÔ‡‚ÎˇÂÚÒˇ Ò ˝ÚÓÈ Á‡‰‡˜ÂÈ Ë ‚˚˜ËÒÎˇÂÚ ÚÂ·ÛÂÏÓÂ ÍÓÎË˜ÂÒÚ‚Ó
ÍÓÏÔÎÂÍÒÌ˚ı ˜‡ÒÚÓÚ Ó‰ÌÛ Á‡ ‰Û„ÓÈ, ËÒÔÓÎ¸ÁÛˇ ËÚÂ‡ˆËÓÌÌ˚È ‡Î„ÓËÚÏ, ÓÔËÒ‡ÌÌ˚È ‚ ‡Á‰ÂÎÂ 3.

¬ Ú‡·Î. 6 ÔË‚Â‰ÂÌ˚ ÂÁÛÎ¸Ú‡Ú˚ ‡Ò˜ÂÚÓ‚ ˜‡ÒÚÓÚ Ë ‰Ó·ÓÚÌÓÒÚÂÈ ÍÓÎÂ·‡ÌËÈ ÔÂ‚˚ı ˜ÂÚ˚Âı
ÔÓ‰ÓÎ¸Ì˚ı ÏÓ‰ ‡ÒÒÏ‡ÚË‚‡ÂÏÓ„Ó ÂÁÓÌ‡ÚÓ‡. —Ó‚Ô‡‰ÂÌËÂ ÂÁÛÎ¸Ú‡ÚÓ‚ ‰Îˇ ‰‚Ûı ÌËÁ¯Ëı ÏÓ‰,
ÔÓÎÛ˜ÂÌÌ˚ı ÔÂ‰Î‡„‡ÂÏ˚Ï ÏÂÚÓ‰ÓÏ Ë ÏÂÚÓ‰ÓÏ ÔÓ„ÓÌÍË, ÏÓÊÌÓ Ò˜ËÚ‡Ú¸ ıÓÓ¯ËÏ, ÌÓ Ò ÓÒÚÓÏ
ÌÓÏÂ‡ ÏÓ‰˚ ˝ÚÓ ÒÓ‚Ô‡‰ÂÌËÂ ÛıÛ‰¯‡ÂÚÒˇ. ÃÓÊÌÓ ÔÂ‰ÔÓÎÓÊËÚ¸, ˜ÚÓ ˝ÚÓ ÛıÛ‰¯ÂÌËÂ Ó·˙ˇÒÌˇÂÚÒˇ
ÚÂÏ, ˜ÚÓ Û ‰‡ÌÌÓ„Ó ÂÁÓÌ‡ÚÓ‡ ËÏÂÂÚÒˇ ÁÌ‡˜ËÚÂÎ¸ÌÓÂ ÒÛÊÂÌËÂ ‚ÓÎÌÓ‚Ó‰‡ Ì‡ ÔÛ¯Â˜ÌÓÏ ÍÓÌˆÂ
ÂÁÓÌ‡ÚÓ‡ Ë Ì‡ ˝ÚÓÏ Û˜‡ÒÚÍÂ ‚ÓÎÌ‡ ‚ ‚ÓÎÌÓ‚Ó‰Â ÒÚ‡ÌÓ‚ËÚÒˇ ÒËÎ¸ÌÓ Á‡ÍËÚË˜ÂÒÍÓÈ. ¬ ˝ÚËı ÛÒÎÓ‚Ëˇı
Û‡‚ÌÂÌËÂ (4) ÔËÓ·ÂÚ‡ÂÚ Ò‚ÓÈÒÚ‚‡ ÊÂÒÚÍÓ„Ó ‰ËÙÙÂÂÌˆË‡Î¸ÌÓ„Ó Û‡‚ÌÂÌËˇ [61], ‚ ÂÁÛÎ¸Ú‡ÚÂ
˜Â„Ó ÚÓ˜ÌÓÒÚ¸ Â¯ÂÌËˇ Á‡‰‡˜Ë  Ó¯Ë ‚ ÏÂÚÓ‰Â ÔÓ„ÓÌÍË ÒÌËÊ‡ÂÚÒˇ. Œ‰Ì‡ÍÓ ˝ÚÓ ÔÂ‰ÔÓÎÓÊÂÌËÂ
ÌÛÊ‰‡ÂÚÒˇ ‚ ‰ÓÔÓÎÌËÚÂÎ¸ÌÓÈ ÔÓ‚ÂÍÂ. –‡ÒÔÂ‰ÂÎÂÌËˇ ÔÓÎÂÈ ‡ÒÒ˜ËÚ˚‚‡ÂÏ˚ı ÏÓ‰ ‚˚„Îˇ‰ˇÚ
‡Ì‡ÎÓ„Ë˜ÌÓ ÔÓÎˇÏ Ì‡ ËÒ. 5 Ë Á‰ÂÒ¸ ÌÂ ÔË‚Ó‰ˇÚÒˇ.

“‡·ÎËˆ‡ 6. ◊‡ÒÚÓÚ˚ Ë ‰ËÙ‡ÍˆËÓÌÌ˚Â ‰Ó·ÓÚÌÓÒÚË ÔÓ‰ÓÎ¸Ì˚ı ÏÓ‰ ÂÁÓÌ‡ÚÓ‡
„ËÓÚÓÌ‡ Ò ‡·Ó˜ÂÈ ˜‡ÒÚÓÚÓÈ 170 GHz [59]

Table 6. Frequencies and diffraction quality factors of HOAM for gyrotron cavity with
operating frequency 170 GHz [59]

q

—ÔÂÍÚ‡Î¸Ì˚È ÔÓ‰ıÓ‰
Ò ÎËÌÂ‡ËÁ‡ˆËÂÈ √”» ÃÂÚÓ‰ ÔËÒÚÂÎÍË

◊‡ÒÚÓÚ‡, √√ˆ ƒËÙ‡ÍˆËÓÌÌ‡ˇ
‰Ó·ÓÚÌÓÒÚ¸

◊‡ÒÚÓÚ‡, √√ˆ ƒËÙ‡ÍˆËÓÌÌ‡ˇ
‰Ó·ÓÚÌÓÒÚ¸

1 170.00732 1393.5 170.00731 1394.1
2 170.56715 356.5 170.56692 356.0
3 171.46104 210.9 170.46182 211.6
4 172.41215 154.3 172.40427 152.8
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«‡ÍÎ˛˜ÂÌËÂ

¬ ÒÚ‡Ú¸Â ËÁÎÓÊÂÌ ÒÔÂÍÚ‡Î¸Ì˚È ÔÓ‰ıÓ‰ Ò ËÚÂ‡ˆËÓÌÌ˚Ï ÛÚÓ˜ÌÂÌËÂÏ „‡ÌË˜Ì˚ı ÛÒÎÓ‚ËÈ
ËÁÎÛ˜ÂÌËˇ ‰Îˇ Â¯ÂÌËˇ Í‡Â‚ÓÈ Á‡‰‡˜Ë, ÓÔËÒ˚‚‡˛˘ÂÈ Í‚‡ÁËÒÓ·ÒÚ‚ÂÌÌ˚Â ÍÓÎÂ·‡ÌËˇ ‚ ÓÚÍ˚ÚÓÏ
ÂÁÓÌ‡ÚÓÂ „ËÓÚÓÌ‡. ÃÂÚÓ‰ ÔÓÁ‚ÓÎˇÂÚ ‡ÒÒ˜ËÚ˚‚‡Ú¸ ÒÔÂÍÚ ÔÓ‰ÓÎ¸Ì˚ı Í‚‡ÁËÒÓ·ÒÚ‚ÂÌÌ˚ı ÏÓ‰,
˜ÚÓ ÔÓ‰‡ÁÛÏÂ‚‡ÂÚ ‡Ò˜ÂÚ Ëı ˜‡ÒÚÓÚ, ‰Ó·ÓÚÌÓÒÚÂÈ (‰ËÙ‡ÍˆËÓÌÌÓÈ, ÓÏË˜ÂÒÍÓÈ Ë ÔÓÎÌÓÈ), ‡ Ú‡ÍÊÂ
‡ÒÔÂ‰ÂÎÂÌËÈ ÍÓÏÔÎÂÍÒÌ˚ı ‡ÏÔÎËÚÛ‰ ÔÓÎÂÈ ÏÓ‰.

√Î‡‚ÌÓÈ ÓÒÓ·ÂÌÌÓÒÚ¸˛ ÏÂÚÓ‰‡ ˇ‚ÎˇÂÚÒˇ ÚÓ, ˜ÚÓ ÔË Â„Ó ËÒÔÓÎ¸ÁÓ‚‡ÌËË ÓÚÔ‡‰‡ÂÚ ÌÂÓ·ıÓ-
‰ËÏÓÒÚ¸ Á‡‰‡ÌËˇ Ì‡˜‡Î¸Ì˚ı ÔË·ÎËÊÂÌËÈ ‰Îˇ ÔÓËÒÍ‡ ÍÓÏÔÎÂÍÒÌ˚ı ˜‡ÒÚÓÚ ÏÓ‰, ˜ÚÓ ˇ‚ÎˇÂÚÒˇ
ÓÒÌÓ‚ÌÓÈ ÔÓ·ÎÂÏÓÈ ÔË ËÒÔÓÎ¸ÁÓ‚‡ÌËË ‰Û„Ëı ËÚÂ‡ˆËÓÌÌ˚ı ÒÔÓÒÓ·Ó‚ Â¯ÂÌËˇ ˝ÚÓÈ Á‡‰‡˜Ë, Ì‡-
ÔËÏÂ, ÏÂÚÓ‰‡ ÔËÒÚÂÎÍË. ¡ÓÎÂÂ ÚÓ„Ó, ÂÒÎË ÚÂ·ÛÂÚÒˇ ‚˚˜ËÒÎÂÌËÂ Ô‡‡ÏÂÚÓ‚ ÚÓÎ¸ÍÓ ÓÒÌÓ‚ÌÓÈ
ÏÓ‰˚ ÍÓÎÂ·‡ÌËÈ ÓÚÍ˚ÚÓ„Ó ÂÁÓÌ‡ÚÓ‡, ÚÓ ‰‡ÌÌ‡ˇ ÏÂÚÓ‰ËÍ‡ ÔÓÁ‚ÓÎˇÂÚ ÔÓÎÛ˜ËÚ¸ Ëı ÔÓÒÎÂ Ó‰ÌÓ-
Í‡ÚÌÓ„Ó Â¯ÂÌËˇ Ó·Ó·˘ÂÌÌÓÈ Ï‡ÚË˜ÌÓÈ ÔÓ·ÎÂÏ˚ ÒÓ·ÒÚ‚ÂÌÌ˚ı ÁÌ‡˜ÂÌËÈ, ·ÂÁ ‰ÓÔÓÎÌËÚÂÎ¸Ì˚ı
ËÚÂ‡ˆËÈ.

–‡Á‚ËÚ‡ˇ ÏÂÚÓ‰ËÍ‡ ÏÓÊÂÚ ·˚Ú¸ Ó·Ó·˘ÂÌ‡ Ì‡ ÒÎÛ˜‡È Û‡‚ÌÂÌËÈ ÎËÌÂÈÌÓÈ ÚÂÓËË „ËÓÚÓ-
Ì‡ Ë ËÒÔÓÎ¸ÁÓ‚‡Ì‡ ‰Îˇ ‡Á‡·ÓÚÍË ÌÓ‚˚ı ÏÂÚÓ‰Ó‚ ‡Ì‡ÎËÁ‡ ÛÒÎÓ‚ËÈ Ïˇ„ÍÓ„Ó Ò‡ÏÓ‚ÓÁ·ÛÊ‰ÂÌËˇ
‚ „ËÓÚÓÌ‡ı-„ÂÌÂ‡ÚÓ‡ı.
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Abstract. The resazurin test is one of the most widespread approaches for studying the growth and metabolic activity
of microorganisms. It is based on the colour change of the blue indicator, resazurin, to its pink reduced form, resorufin
due to the reduction process catalyzed by the metabolic activity. At the same time, the quantitative characterization of
the process needs to take into account the fact that one registers the results of the chemical transformation, which can
differ from the underlying kinetics of the population growth. Purpose. The principal goal of this work is a sequential
modelling of both coupled nonlinear growth processes aimed at obtaining the closed-form solution depending on the
specificity and parameters of biological and chemical counterparts and its comparison with the curves obtained experimentally.
Methods. The indicator concentration change is derived under the assumption of the logistic bacterial growth catalyzing the
unidirectional chemical reaction considered and compared with the photometrically registered growth curve for a population
of lactobacteria. Results. It is revealed that the biochemical growth curve will be logistic too only in the case of specially
coordinated kinetic parameters and the systems’ carrying capacity. Otherwise, another functional form should be used to
approximate the observable dynamics. Conclusion. Thus, the main conclusion consists of drawing attention to the importance
of distinguishing between the underlying microbial and observable chemical growth curves. Their difference affects the value
of the population growth rate, which is the target of such tests, and, therefore, the proper functional form should be used for
the experimental data regression.
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¬‚Â‰ÂÌËÂ

 ÓÎÓËÏÂÚË˜ÂÒÍËÂ Ë ÒÔÂÍÚÓÙÓÚÓÏÂÚË˜ÂÒÍËÂ ÏÂÚÓ‰˚, ÓÒÌÓ‚‡ÌÌ˚Â Ì‡ Â„ËÒÚ‡ˆËË ËÁÏÂ-
ÌÂÌËˇ ˆ‚ÂÚ‡ (ËÎË ÙÎÛÓÂÒˆÂÌˆËË) ËÌ‰ËÍ‡ÚÓ‡, ‰Ó·‡‚ÎÂÌÌÓ„Ó ‚ ÊË‰ÍÛ˛ ÒÂ‰Û, Ò ÍÛÎ¸ÚË‚ËÛÂÏ˚ÏË
‚ ÌÂÈ ÏËÍÓÓ„‡ÌËÁÏ‡ÏË, ‚ Ì‡ÒÚÓˇ˘ÂÂ ‚ÂÏˇ Á‡ÌËÏ‡˛Ú ÏÂÒÚÓ ÒÂ‰Ë ÓÒÌÓ‚Ì˚ı ÒÔÓÒÓ·Ó‚ ı‡‡ÍÚÂË-
Á‡ˆËË ÔÓÔÛÎˇˆËÓÌÌÓ„Ó ÓÒÚ‡ ‚ ÙÛÌ‰‡ÏÂÌÚ‡Î¸ÌÓÈ Ë ÔËÍÎ‡‰ÌÓÈ ÏËÍÓ·ËÓÎÓ„ËË [1, 2]. ›ÚÓ Ò‚ˇÁ‡ÌÓ
ÔÂÊ‰Â ‚ÒÂ„Ó Ò ÚÂÏ, ˜ÚÓ Ú‡ÍÓÈ ÔÓ‰ıÓ‰ ÒÛ˘ÂÒÚ‚ÂÌÌÓ ÔÓ˘Â, ˜ÂÏ ‚ËÁÛ‡Î¸Ì˚È ÏËÍÓÒÍÓÔË˜ÂÒÍËÈ
ÔÓ‰Ò˜ÂÚ ËÌ‰Ë‚Ë‰Û‡Î¸Ì˚ı ÏËÍÓÓ„‡ÌËÁÏÓ‚ ËÎË ÍÓÎÓÌËÂÓ·‡ÁÛ˛˘Ëı Â‰ËÌËˆ ( Œ≈), Ë ˇ‚ÎˇÂÚÒˇ
·ÓÎÂÂ Ì‡‰ÂÊÌ˚Ï, ˜ÂÏ Â„ËÒÚ‡ˆËˇ ÏÛÚÌÓÒÚË ÒÂ‰˚ ÔÓ ÂÂ ÒÛÏÏ‡ÌÓÈ ÓÔÚË˜ÂÒÍÓÈ ÔÎÓÚÌÓÒÚË (Œœ),
Ú‡Í Í‡Í ÔÓÒÎÂ‰ÌËÈ ÔÓ‰ıÓ‰ ÌÂ ‡ÁÎË˜‡ÂÚ ‡ÍÚË‚ÌÓ ‰ÂÎˇ˘ËÂÒˇ, ÊËÁÌÂÒÔÓÒÓ·Ì˚Â Ë ÌÂÊËÁÌÂÒÔÓÒÓ·Ì˚Â
Ó„‡ÌËÁÏ˚. Õ‡ÔÓÚË‚, ÒÔÂˆË‡Î¸ÌÓ ÔÓ‰Ó·‡ÌÌ˚Â ËÌ‰ËÍ‡ÚÓ˚ Â‡„ËÛ˛Ú Ì‡ ÙÂÏÂÌÚ-ÒÛ·ÒÚ‡ÚÌ˚Â
Â‡ÍˆËË ‚ÌÛÚË ÊË‚Û˘ÂÈ ÍÎÂÚÍË, ‰˚ı‡ÚÂÎ¸ÌÛ˛ ‡ÍÚË‚ÌÓÒÚ¸ Ë/ËÎË ‰Û„ËÂ ÚËÔ˚ ÏÂÚ‡·ÓÎË˜ÂÒÍÓÈ
‡ÍÚË‚ÌÓÒÚË, ÔÓÁ‚ÓÎˇˇ Â¯‡Ú¸ ÚÂ·ÛÂÏ˚Â Á‡‰‡˜Ë ÔÓ ÓÔÂ‰ÂÎÂÌË˛ ÔÓÔÛÎˇˆËÓÌÌÓÈ ‰ËÌ‡ÏËÍË ÏËÍÓ-
Ó„‡ÌËÁÏÓ‚ [3]. —Â„Ó‰Ìˇ ÓÒÓ·ÓÂ ‚ÌËÏ‡ÌËÂ ‰‡ÌÌ˚Â ÏÂÚÓ‰˚ ÔË‚ÎÂÍ‡˛Ú ‚ ÍÓÌÚÂÍÒÚÂ ‡Á‡·ÓÚÍË
ÒËÒÚÂÏ ‰ËÒÚ‡ÌˆËÓÌÌÓ„Ó ÏÓÌËÚÓËÌ„‡ [4], ÔÓÁ‚ÓÎˇ˛˘Ëı ÔÓ‚Ó‰ËÚ¸ ‡‚ÚÓÏ‡ÚËÁËÓ‚‡ÌÌÛ˛ Á‡ÔËÒ¸
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Ë ÔÂÂ‰‡˜Û ‰‡ÌÌ˚ı Ó ·‡ÍÚÂË‡Î¸ÌÓÈ ÍÓÌÚ‡ÏËÌ‡ˆËË, ÒÍËÌËÌ„Â ÓÚÍÎËÍ‡ Ì‡ ‡ÌÚË·‡ÍÚÂË‡Î¸Ì˚Â
ÒÂ‰ÒÚ‚‡ Ë Ú. Ô.

Œ‰Ì‡ÍÓ ÔË ˝ÚÓÏ ÒÎÂ‰ÛÂÚ ÓÚÏÂÚËÚ¸ ÙÛÌ‰‡ÏÂÌÚ‡Î¸ÌÛ˛ ‡ÁÌËˆÛ ÏÂÊ‰Û ÓÔÂ‰ÂÎÂÌÌ˚Ï Ó-
ÒÚÓÏ ÔÓÔÛÎˇˆËË ÏËÍÓÓ„‡ÌËÁÏÓ‚, ÏÓ‰ÂÎ¸ÌÓÂ ÓÔËÒ‡ÌËÂ ÍÓÚÓÓ„Ó ÒÚÓËÚÒˇ Ì‡ ÓÒÌÓ‚Â ıÓÓ¯Ó
‡Á‡·ÓÚ‡ÌÌ˚ı ÌÂÎËÌÂÈÌ˚ı ‰ËÙÙÂÂÌˆË‡Î¸Ì˚ı Û‡‚ÌÂÌËÈ (‘Âı˛Î¸ÒÚ‡, √ÓÏÔÂˆ‡ Ë ‰Û„Ëı),
‚ÂËÙËˆËÓ‚‡ÌÌ˚ı Ì‡ ÓÒÌÓ‚Â ÏÂÚÓ‰Ó‚ ÔˇÏÓ„Ó ÔÓ‰Ò˜ÂÚ‡  Œ≈ [5–7], Ë Ì‡·Î˛‰‡ÂÏÓÈ ‰ËÌ‡ÏËÍÓÈ, ÍÓ-
ÚÓ‡ˇ Ó·ÛÒÎÓ‚ÎÂÌ‡ Í‡Í ·ËÓıËÏË˜ÂÒÍËÏË Â‡ÍˆËˇÏË, Ú‡Í Ë Á‡‚ËÒËÏÓÒÚ¸˛ ÏÂÊ‰Û ÍÓÎË˜ÂÒÚ‚ÂÌÌ˚ÏË
Ô‡‡ÏÂÚ‡ÏË ‚˚·‡ÌÌÓÈ ˆ‚ÂÚÓ‚ÓÈ ¯Í‡Î˚ Ë ÍÓÌˆÂÌÚ‡ˆËˇÏË ÙÓÏ ËÌ‰ËÍ‡ÚÓÌÓ„Ó ‚Â˘ÂÒÚ‚‡.

»Á‚ÂÒÚÌ˚Â ÏÂÚÓ‰˚, ÛÒÚ‡Ì‡‚ÎË‚‡˛˘ËÂ ÔÓ‰Ó·ÌÓÂ ÒÓÓÚ‚ÂÚÒÚ‚ËÂ, ‚ ÓÒÌÓ‚ÌÓÏ ÓÔÂËÛ˛Ú ˝Ï-
ÔËË˜ÂÒÍËÏË Á‡‚ËÒËÏÓÒÚˇÏË, Í‡Í Ô‡‚ËÎÓ, ·‡ÁËÛ˛˘ËÏËÒˇ Ì‡ ÔÓ‰·ÓÂ ÍÓÌˆÂÌÚ‡ˆËÈ Â‡„ÂÌÚÓ‚
Ú‡ÍËÏ Ó·‡ÁÓÏ, ˜ÚÓ·˚ Ì‡·Î˛‰‡Î‡Ò¸ ÎËÌÂÈÌ‡ˇ ÍÓÂÎˇˆËˇ ÏÂÊ‰Û ÏËÍÓÒÍÓÔË˜ÂÒÍËÏ Ò˜ÂÚÓÏ  Œ≈
ËÎË ÊÂ ÓÔÂ‰ÂÎÂÌËÂÏ Œœ Ë ÙÓÚÓÏÂÚË˜ÂÒÍÓÈ ÍË‚ÓÈ ÔË ÙËÎ¸Ú‡ˆËË ËÁÓ·‡ÊÂÌËˇ ‚ ‚˚·‡ÌÌÓÏ
ÛÁÍÓÏ ËÌÚÂ‚‡ÎÂ ‰ÎËÌ ‚ÓÎÌ, ÔË·ÎËÁËÚÂÎ¸ÌÓ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı ËÌÚÂÂÒÛ˛˘ÂÏÛ ˆ‚ÂÚÛ ËÌ‰ËÍ‡-
ÚÓ‡ [8]. ÃÓÊÂÚ ·˚Ú¸ Ú‡ÍÊÂ ËÒÔÓÎ¸ÁÓ‚‡ÌÓ ÒÓÓÚ‚ÂÚÒÚ‚ËÂ ËÁÏÂÌÂÌËˇ ˆ‚ÂÚ‡ ËÌ‰ËÍ‡ÚÓ‡ ‚ÂÏÂÌË
ÔÓÓ„‡ ‰ÂÚÂÍÚËÓ‚‡ÌËˇ ÔËÒÛÚÒÚ‚Ëˇ ÏËÍÓÓ„‡ÌËÁÏÓ‚, ÒÚ‡ÚÛ˛˘Ëı ÓÒÚ Ë ‡ÁÏÌÓÊÂÌËÂ Ò ‡Á-
ÎË˜ÌÓÈ Ì‡˜‡Î¸ÌÓÈ ÍÓÌˆÂÌÚ‡ˆËÂÈ [9], ËÁÏÂÌÂÌËÂ ‚ÂÎË˜ËÌ˚ „Î‡‚Ì˚ı ÍÓÏÔÓÌÂÌÚÓ‚ ‚ Á‡‰‡ÌÌÓÏ
ˆ‚ÂÚÓ‚ÓÏ ÔÓÒÚ‡ÌÒÚ‚Â [10] ËÎË ÍÓÂÎˇˆËˇ, ÛÒÚ‡ÌÓ‚ÎÂÌÌ‡ˇ ÔÛÚÂÏ Ï‡¯ËÌÌÓ„Ó Ó·Û˜ÂÌËˇ [11, 12].
◊ËÒÎÓ ÊÂ ‡·ÓÚ, ÔÓÒ‚ˇ˘ÂÌÌ˚ı ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÏÛ ‡Ì‡ÎËÁÛ Ì‡ ÓÒÌÓ‚Â Ï‡ÚÂÏ‡ÚË˜ÂÒÍËı ÏÓ‰ÂÎÂÈ,
ÓÔÂËÛ˛˘Ëı Ò‚ˇÁ‡ÌÌ˚ÏË ‰ËÌ‡ÏË˜ÂÒÍËÏË ÒËÒÚÂÏ‡ÏË, ‚ÂÒ¸Ï‡ Ó„‡ÌË˜ÂÌÓ.

œÓÒÚ‡ˇ ÍËÌÂÚË˜ÂÒÍ‡ˇ ÏÓ‰ÂÎ¸, ÍÓÏ·ËÌËÛ˛˘‡ˇ ÎËÌÂÈÌ˚Â ÍËÌÂÚË˜ÂÒÍËÂ Û‡‚ÌÂÌËˇ ÒÓ Ò‚ˇ-
Á‡ÌÌ˚ÏË Ô‡‡ÏÂÚ‡ÏË ‰Îˇ ÓÒÚ‡ ÔÓÔÛÎˇˆËË Ë ËÁÏÂÌÂÌËˇ ÓÔÚË˜ÂÒÍÓÈ ÔÎÓÚÌÓÒÚË, ·˚Î‡ ‡ÒÒÏÓÚÂÌ‡
‚ ‡·ÓÚÂ [13]. —Û˘ÂÒÚ‚ÂÌÌÓ ·ÓÎÂÂ ÒÎÓÊÌ‡ˇ ÒËÒÚÂÏ‡, Û˜ËÚ˚‚‡˛˘‡ˇ Â‰ÛÍˆË˛ ÔËÚ‡ÚÂÎ¸ÌÓÈ ÒÂ‰˚,
‚˚ˇ‚ÎˇÂÏÛ˛ ÍÓÎÓËÏÂÚË˜ÂÒÍËÏ ‡Ì‡ÎËÁÓÏ, Ë ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÈ ÓÒÚ ·ËÓÏ‡ÒÒ˚ Ì‡ ÓÒÌÓ‚Â ˝ÏÔËË-
˜ÂÒÍË ÔÓ‰Ó·‡ÌÌ˚ı Û‡‚ÌÂÌËÈ Ë Ô‡‡ÏÂÚÓ‚, ËÒÔÓÎ¸ÁÓ‚‡Î‡Ò¸ ‚ ˜ËÒÎÂÌÌÓÈ ÏÓ‰ÂÎË ·ËÓÂ‡ÍÚÓ‡
‚ ‡·ÓÚÂ [14]. ¬ ‡·ÓÚÂ [15] ·˚ÎÓ ÔÓÍ‡Á‡ÌÓ Ì‡ ÓÒÌÓ‚Â ˝ÍÒÔÂËÏÂÌÚ‡, ˜ÚÓ ‡ÁÎË˜ÌÓÂ Ì‡˜‡Î¸ÌÓÂ
‡Á‚Â‰ÂÌËÂ ÏËÍÓ·‡ÍÚÂË‡Î¸ÌÓÈ ÍÛÎ¸ÚÛ˚ ÏÓÊÂÚ ÔË‚Ó‰ËÚ Í ËÁÏÂÌÂÌË˛ ÚËÔ‡ ‰ËÙÙÂÂÌˆË‡Î¸ÌÓ„Ó
Û‡‚ÌÂÌËˇ, ÓÔËÒ˚‚‡˛˘Â„Ó ‰ËÌ‡ÏËÍÛ ÙÎÛÓÂÒˆÂÌˆËË ËÌ‰ËÍ‡ÚÓÌÓÈ ÒÂ‰˚ ‚ ıÓ‰Â ÔÓÔÛÎˇˆËÓÌÌÓ„Ó
ÓÒÚ‡, Ò ÏÓ‰ÂÎË ‘Âı˛Î¸ÒÚ‡ Ì‡ ÏÓ‰ÂÎ¸ √ÓÏÔÂˆ‡, Ë ÔÂ‰ÎÓÊÂÌÓ Í‡˜ÂÒÚ‚ÂÌÌÓÂ Ó·˙ˇÒÌÂÌËÂ Á‡ Ò˜ÂÚ
‡ÁÎË˜ÌÓ„Ó ÒÓÓÚÌÓ¯ÂÌËˇ ÍËÌÂÚË˜ÂÒÍËı ÍÓÌÒÚ‡ÌÚ ÔÓÔÛÎˇˆËÓÌÌÓÈ ‰ËÌ‡ÏËÍË Ë ÙÓÚÓıËÏË˜ÂÒÍÓÈ
ÍËÌÂÚËÍË. –ˇ‰ ÍËÌÂÚË˜ÂÒÍËı ÏÓ‰ÂÎÂÈ, Ò‚ˇÁ˚‚‡˛˘Ëı ‰ÓÒÚÛÔÌ˚È ‰Îˇ Â„ËÒÚ‡ˆËË ˆ‚ÂÚÓ‚ÓÈ ÓÚÍÎËÍ
ËÌ‰ËÍ‡ÚÓ‡ ÂÁ‡ÁÛËÌ‡ Ò ÔÓˆÂÒÒ‡ÏË ·ËÓıËÏË˜ÂÒÍÓÈ ÍËÌÂÚËÍË, ÔË‚Â‰ÂÌ ‚ Ó·ÁÓÂ [16].

“‡ÍËÏ Ó·‡ÁÓÏ, ÓÒÌÓ‚ÌÓÈ ˆÂÎ¸˛ ‰‡ÌÌÓÈ ‡·ÓÚ˚ ˇ‚ÎˇÂÚÒˇ ÔÓÒÚÓÂÌËÂ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË
ÏÓ‰ÂÎÂÈ ÓÚ ÔÓÔÛÎˇˆËÓÌÌÓ„Ó ÓÒÚ‡ ·‡ÍÚÂË‡Î¸ÌÓÈ ÍÛÎ¸ÚÛ˚ ‰Ó Â„ËÒÚËÛÂÏÓÈ ‰ËÌ‡ÏËÍË ˆ‚ÂÚ‡
ËÌ‰ËÍ‡ÚÓ‡, ‚ Í‡˜ÂÒÚ‚Â ÍÓÚÓÓ„Ó ‚˚ÒÚÛÔ‡ÂÚ ÂÁ‡ÁÛËÌ (7-„Ë‰ÓÍÒË-3Õ-ÙÂÌÓÍÒ‡ÁËÌ-3-ÓÌ-10-ÓÍÒË‰,
ËÁ‚ÂÒÚÌ˚È Ú‡ÍÊÂ ÔÓ‰ ÍÓÏÏÂ˜ÂÒÍËÏ Ì‡Á‚‡ÌËÂÏ Alamar Blue), ÍÓÚÓ˚È ÔË ‚Á‡ËÏÓ‰ÂÈÒÚ‚ËË Ò ÏËÚÓ-
ıÓ‰Ë‡Î¸Ì˚ÏË Ë ˆËÚÓÔÎ‡ÁÏ‡ÚË˜ÂÒÍËÏË Â‰ÛÍÚ‡Á‡ÏË ÊË‚ÓÈ ÍÎÂÚÍË ‚ÓÒÒÚ‡Ì‡‚ÎË‚‡ÂÚÒˇ ‚ ÓÁÓ‚˚È
ÂÁÓÛÙËÌ (7-„Ë‰ÓÍÒË-3H-ÙÂÌÓÍÒ‡ÁËÌ-3-ÓÌ) Ò ‰‡Î¸ÌÂÈ¯ÂÈ ‚ÓÁÏÓÊÌÓÈ Ú‡ÌÒÙÓÏ‡ˆËÂÈ ‚ ·ÂÒ-
ˆ‚ÂÚÌ˚È ‰Ë„Ë‰ÓÂÁÓÛÙËÌ (7-„Ë‰ÓÍÒË-1,2-‰Ë„Ë‰Ó-3H-ÙÂÌÓÍÒ‡ÁËÌ-3-ÓÌ). ƒ‡ÌÌ˚È ËÌ‰ËÍ‡ÚÓ
ˇ‚ÎˇÂÚÒˇ Ó‰ÌËÏ ËÁ ÓÒÌÓ‚Ì˚ı Â‡„ÂÌÚÓ‚ ‚ ÒÓ‚ÂÏÂÌÌ˚ı ÏËÍÓ·ËÓÎÓ„Ë˜ÂÒÍËı ËÒÒÎÂ‰Ó‚‡ÌËˇı ÊËÁÌÂ-
ÒÔÓÒÓ·ÌÓÒÚË ÍÎÂÚÓ˜Ì˚ı ÍÛÎ¸ÚÛ [2, 17]. ƒÎˇ Â„Ó ‚ÓÒÒÚ‡ÌÓ‚ËÚÂÎ¸ÌÓÈ Â‡ÍˆËË ıÓÓ¯Ó ËÒÒÎÂ‰Ó‚‡Ì‡
ıËÏË˜ÂÒÍ‡ˇ ÍËÌÂÚËÍ‡ [18,19].  ÓÏÂ ÚÓ„Ó, ‰Îˇ ‰‡ÌÌÓÈ Â‡ÍˆËË ‚ Ì‡ÒÚÓˇ˘ÂÂ ‚ÂÏˇ ÛÒÚ‡ÌÓ‚ÎÂÌÓ
ÒÓÓÚ‚ÂÚÒÚ‚ËÂ ÍÓÌˆÂÌÚ‡ˆËÓÌÌ˚ı Á‡‚ËÒËÏÓÒÚÂÈ, ÔÓÎÛ˜ÂÌÌ˚ı ÔÛÚÂÏ ÒÔÂÍÚ‡Î¸ÌÓ„Ó ‡Ì‡ÎËÁ‡, ÍÓÎÓË-
ÏÂÚË˜ÂÒÍËÏ Ë ÙÓÚÓÏÂÚË˜ÂÒÍËÏ ı‡‡ÍÚÂËÒÚËÍ‡Ï [20]. »ÒÔÓÎ¸ÁÓ‚‡ÌËÂ Î‡ÍÚÓ·‡ÍÚÂËÈ ‚ Í‡˜ÂÒÚ‚Â
ÏÓ‰ÂÎ¸ÌÓÈ ÍÛÎ¸ÚÛ˚ ÓÒÌÓ‚˚‚‡ÂÚÒˇ Ì‡ ‰ÂÚ‡Î¸ÌÓÏ ËÒÒÎÂ‰Ó‚‡ÌËË ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÈ ‰ËÌ‡ÏËÍË ÔÓÔÛ-
ÎˇˆËÓÌÌÓ„Ó ÓÒÚ‡ Ò ÔÓÏÓ˘¸˛ ¯ËÓÍÓ„Ó Ì‡·Ó‡ ÍÎ‡ÒÒË˜ÂÒÍËı ÌÂÎËÌÂÈÌ˚ı ‰ËÙÙÂÂÌˆË‡Î¸Ì˚ı
Û‡‚ÌÂÌËÈ Ì‡ ÓÒÌÓ‚Â ÏÂÚÓ‰‡ ÔÓ‰Ò˜ÂÚ‡  Œ› [6].
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1. ÃÓ‰ÂÎ¸ Ò‚ˇÁ‡ÌÌÓÈ ÔÓÔÛÎˇˆËÓÌÌÓÈ Ë ıËÏË˜ÂÒÍÓÈ ÍËÌÂÚËÍË

 ËÌÂÚËÍ‡ Â‡ÍˆËË ‚ÓÒÒÚ‡ÌÓ‚ÎÂÌËˇ ÂÁ‡ÁÛËÌ‡, Í‡Ú‡ÎËÁËÛÂÏÓÈ Â‡„ÂÌÚÓÏ R, Ë‰ÂÚ ÒÓ„Î‡ÒÌÓ
ÒıÂÏÂ [18, 19]

X
kR
! Y

k0+R
����*)����
k0�1

� R
Z, (1)

„‰Â X — ÂÁ‡ÁÛËÌ, Y — ÂÁÓÛÙËÌ, Z — ‰Ë„Ë‰ÓÂÁÓÛÙËÌ, ˇ‚Îˇ˛˘ËÈÒˇ ÌÂÙÎÛÓÂÒˆÂÌÚÌ˚Ï
ÔÓÁ‡˜Ì˚Ï ‚Â˘ÂÒÚ‚ÓÏ. ›ÚÓÚ ‚ÚÓÓÈ Ó·‡ÚËÏ˚È ˝Ú‡Ô, Í‡Í Ô‡‚ËÎÓ, ÌÂ ËÒÔÓÎ¸ÁÛÂÚÒˇ ‰Îˇ ÚÂÒÚ‡
ÊËÁÌÂ‰ÂˇÚÂÎ¸ÌÓÒÚË ÏËÍÓÓ„‡ÌËÁÏÓ‚, ÔÓ˝ÚÓÏÛ ÂÒÎË ÔÂÌÂ·Â˜¸ ÔÂÂıÓ‰ÓÏ ÂÁÓÛÙËÌ‡ ‚ ‰Ë-
„Ë‰ÓÂÁÓÛÙËÌ Ë ‡ÒÒÏ‡ÚË‚‡Ú¸ ÚÓÎ¸ÍÓ Â‡ÍˆË˛ ÔÂ‚Ó„Ó ÔÓˇ‰Í‡, Í‡Ú‡ÎËÁËÛÂÏÛ˛ ˜ËÒÎÓÏ
ÏËÍÓÓ„‡ÌËÁÏÓ‚ N(t) Ò ÍÓ˝ÙÙËˆËÂÌÚÓÏ ÔÓÔÓˆËÓÌ‡Î¸ÌÓÒÚË (ÒÍÓÓÒÚ¸˛ ÌÂÓ·‡ÚËÏÓÈ ıËÏË˜Â-
ÒÍÓÈ Â‡ÍˆËË) k,

X
kN(t)

! Y,

ÚÓ ‰Îˇ ÍÓÌˆÂÌÚ‡ˆËÈ (x Ë y ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ) ËÏÂÂÏ

dx

dt
= �kN(t)x, (2)

dy

dt
= kN(t)x, (3)

Ò Ì‡˜‡Î¸Ì˚ÏË ÛÒÎÓ‚ËˇÏË x(0) = x0, y(0) = 0 Ë Á‡ÍÓÌÓÏ ÒÓı‡ÌÂÌËˇ x + y = x0, „‰Â x0 —
Ì‡˜‡Î¸Ì‡ˇ ÍÓÌˆÂÌÚ‡ˆËˇ ÂÁ‡ÁÛËÌ‡; Ì‡˜‡Î¸Ì‡ˇ ÍÓÌˆÂÌÚ‡ˆËˇ ÂÁÓÛÙËÌ‡ ‚ ‡ÒÒÏ‡ÚË‚‡ÂÏÓÏ
ÒÎÛ˜‡Â ‡‚Ì‡ ÌÛÎ˛.

»Á ËÌÚÂ„ËÓ‚‡ÌËˇ (2) ÔÓ ÏÂÚÓ‰Û ‡Á‰ÂÎÂÌËˇ ÔÂÂÏÂÌÌ˚ı ÒÎÂ‰ÛÂÚ, ˜ÚÓ

ln

✓
x

x0

◆
= �k

tZ

0

N(t)dt. (4)

“‡ÍËÏ Ó·‡ÁÓÏ, ËÒÍÓÏÓÂ Â¯ÂÌËˇ — ÍËÌÂÚË˜ÂÒÍ‡ˇ ÍË‚‡ˇ ÓÒÚ‡ ÍÓÌˆÂÌÚ‡ˆËË ËÌ‰ËÍ‡ÚÓ‡ — ÏÓÊÂÚ
ˇ‚ÎˇÚ¸Òˇ ÌÂÚË‚Ë‡Î¸ÌÓÈ ÙÛÌÍˆËÂÈ ‚ÂÏÂÌË ‚ Á‡‚ËÒËÏÓÒÚË ÓÚ ‚ÂÏÂÌÌÓÈ ˝‚ÓÎ˛ˆËË ˜ËÒÎÂÌÌÓÒÚË
ÏËÍÓÓ„‡ÌËÁÏÓ‚ Ë ËÏÂÂÚ ‚Ë‰

y(t) = x0

0

@1� e
�k

tR

0
N(t)dt

1

A . (5)

«‡ÏÂÚËÏ, ˜ÚÓ Â¯ÂÌËÂ (5) Á‡‚ËÒËÚ ÓÚ ‚ÂÏÂÌË ‰‡ÊÂ ‚ ÚÓÏ ÒÎÛ˜‡Â, ÍÓ„‰‡ ÔÓÔÛÎˇˆËˇ ˇ‚ÎˇÂÚÒˇ
ÔÓÒÚÓˇÌÌÓÈ ÔÓ ˜ËÒÎÂÌÌÓÒÚË, ÌÓ ÊËÁÌÂÒÔÓÒÓ·ÌÓÈ, ÚÓ ÂÒÚ¸ N = Ns = const, Ë ÍÓÌˆÂÌÚ‡ˆËˇ
Â„ËÒÚËÛÂÏÓ„Ó ÂÁÓÛÙËÌ‡ ‡ÒÚÂÚ, ˝ÍÒÔÓÌÂÌˆË‡Î¸ÌÓ ÔË·ÎËÊ‡ˇÒ¸ Í ÒÚ‡ˆËÓÌ‡Û Í‡Í

y(t) = x0
⇣
1� e�kNst

⌘
. (6)

“‡ÍËÏ Ó·‡ÁÓÏ, ÚË‚Ë‡Î¸Ì˚È Ù‡ÍÚ Ì‡ÎË˜Ëˇ ‚ÂÏÂÌÌÓÈ Á‡‚ËÒËÏÓÒÚË ËÁÏÂÌÂÌËˇ ÍÓÌˆÂÌÚ‡ˆËË
ËÌ‰ËÍ‡ÚÓ‡ ÓÚ ‚ÂÏÂÌË ÌÂ Ò‚Ë‰ÂÚÂÎ¸ÒÚ‚ÛÂÚ Ó Ì‡ÎË˜ËË ÓÒÚ‡ ÏËÍÓ·ËÓÎÓ„Ë˜ÂÒÍÓÈ ÍÛÎ¸ÚÛ˚
Ë „Ó‚ÓËÚ ÎË¯¸ Ó ÂÂ ÊËÁÌÂÒÔÓÒÓ·ÌÓÒÚË. œË ˝ÚÓÏ ËÁ‚ÂÒÚÌÓ ÒÛ˘ÂÒÚ‚ÂÌÌÓÂ ‰Îˇ Ô‡ÍÚË˜ÂÒÍËı
Ù‡Ï‡ÍÓÎÓ„Ë˜ÂÒÍËı ÔËÎÓÊÂÌËÈ Ì‡·Î˛‰ÂÌËÂ [21] Ó ‡ÁÎË˜ËË ÏËÌËÏ‡Î¸ÌÓÈ ËÌ„Ë·ËÛ˛˘ÂÈ ÍÓÌ-
ˆÂÌÚ‡ˆËË ÎÂÍ‡ÒÚ‚‡ (Ã» ) (ÍÓÌˆÂÌÚ‡ˆËË, ÔË‚Ó‰ˇ˘ÂÈ Í „Ë·ÂÎË Ô‡ÚÓ„ÂÌÌ˚ı ÏËÍÓÓ„‡ÌËÁÏÓ‚)
Ë ÒÚ‡ˆËÓÌ‡ÌÓÈ ÍÓÌˆÂÌÚ‡ˆËË, ÔË ÍÓÚÓÓÈ ÒÍÓÓÒÚË ÓÒÚ‡ „Ë·ÂÎË Ó„‡ÌËÁÏÓ‚ Ò‡‚ÌË‚‡˛ÚÒˇ,
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˜ÚÓ ÔË‚Ó‰ËÚ Í ‚ÓÁÌËÍÌÓ‚ÂÌË˛ ÒÚ‡ˆËÓÌ‡ÌÓÈ, ÌÓ ÊËÁÌÂÒÔÓÒÓ·ÌÓÈ ÔÓÔÛÎˇˆËË. ¬ÂÏÂÌÌ‡ˇ Á‡‚Ë-
ÒËÏÓÒÚ¸, ÓÚ‡ÊÂÌÌ‡ˇ ‚ Â¯ÂÌËË (6), „Ó‚ÓËÚ Ó ÚÓÏ, ˜ÚÓ Ó·‡ ÒÎÛ˜‡ˇ (ÒÚ‡ˆËÓÌ‡Ì‡ˇ ÍÓÌˆÂÌÚ‡ˆËˇ
ÎÂÍ‡ÒÚ‚‡ Ë ÍÓÌˆÂÌÚ‡ˆËˇ, ÒÛ˘ÂÒÚ‚ÂÌÌÓ ÌÂ ‰ÓÒÚË„‡˛˘‡ˇ Ã» ) ‚Â‰ÛÚ Í ËÁÏÂÌÂÌË˛ ÔÓÍ‡Á‡ÌËÈ
ËÌ‰ËÍ‡ÚÓ‡ Ë ·ÓÎÂÂ ÚÓ˜Ì˚È ‚˚‚Ó‰ ‰ÓÎÊÂÌ ·‡ÁËÓ‚‡Ú¸Òˇ ÌÂ Ì‡ Ù‡ÍÚÂ Ëı ÓÒÚ‡, ‡ Ì‡ ·ÓÎÂÂ ÚÓ˜ÌÓÏ
‡Ì‡ÎËÁÂ ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓÈ ÙÛÌÍˆËÓÌ‡Î¸ÌÓÈ Á‡‚ËÒËÏÓÒÚË (ÒÏ. ‰‡ÎÂÂ). —ÔÂˆËÙË˜ÂÒÍËÈ ‚‡Ë‡ÌÚ
Ú‡ÍÓ„Ó ÔÓ‚Â‰ÂÌËˇ ·˚Î Ú‡ÍÊÂ ÓÚÏÂ˜ÂÌ ‚ ‡·ÓÚÂ [15], „‰Â ÍË‚‡ˇ ÓÒÚ‡ ÏËÍÓ·‡ÍÚÂËÈ ÚÛ·ÂÍÛÎÂÁ‡
Ì‡ ÓÔÂ‰ÂÎÂÌÌÓÏ ‚ÂÏÂÌÌÓÏ ËÌÚÂ‚‡ÎÂ ÒÍÎ‡‰˚‚‡Î‡Ò¸ ËÁ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË Û˜‡ÒÚÍÓ‚ ÍË‚˚ı
‚Ë‰‡ (6), ÔË˜ÂÏ ÚÓÎ¸ÍÓ Ëı Ì‡˜‡Î¸Ì˚Â Ë ÍÓÌÂ˜Ì˚Â ÚÓ˜ÍË ÛÍÎ‡‰˚‚‡˛ÚÒˇ Ì‡ ÍÎ‡ÒÒË˜ÂÒÍÛ˛ ÍË‚Û˛
ÓÒÚ‡ ÏËÍÓÓ„‡ÌËÁÏÓ‚ ‘Âı˛Î¸ÒÚ‡. “‡ÍÓÂ ÔÓ‚Â‰ÂÌËÂ ÔË‚ÂÎÓ Í ËÌÚÂÔÂÚ‡ˆËË ÓÒÚ‡ ÏËÍÓ·‡ÍÚÂ-
Ë‡Î¸ÌÓÈ ÍÛÎ¸ÚÛ˚ Í‡Í ÒËÌıÓÌËÁËÓ‚‡ÌÌ˚ı ÏÓÏÂÌÚÓ‚ ‰ÂÎÂÌËÈ, ÏÂÊ‰Û ÍÓÚÓ˚ÏË ˜ËÒÎÂÌÌÓÒÚ¸
ÍÓÎÓÌËÈ ÌÂ ÏÂÌˇÂÚÒˇ, Í‡Í Ë ÒÎÂ‰ÛÂÚ ËÁ (6).

¬ÚÓÓÈ Ù‡ÍÚÓ, ÍÓÚÓ˚È ÌÂÓ·ıÓ‰ËÏÓ ÔËÌˇÚ¸ ‚Ó ‚ÌËÏ‡ÌËÂ: ‚˚ıÓ‰ ÍË‚ÓÈ ÓÒÚ‡ ËÌ‰ËÍ‡ÚÓÌÓ-
„Ó ‚Â˘ÂÒÚ‚‡ Ì‡ ÒÚ‡ˆËÓÌ‡ ÌÂ Ó·ˇÁ‡ÚÂÎ¸ÌÓ ÓÁÌ‡˜‡ÂÚ ‚˚ıÓ‰ Ì‡ ÒÚ‡ˆËÓÌ‡ ÓÒÚ‡ ÏËÍÓ·ËÓÎÓ„Ë˜ÂÒÍÓÈ
ÍÛÎ¸ÚÛ˚, Ú‡Í Í‡Í ˝ÚÓ ÏÓÊÂÚ ÔÓËÒıÓ‰ËÚ¸ ÔÓÒÚÓ ‚ÒÎÂ‰ÒÚ‚ËÂ ËÒ˜ÂÔ‡ÌËˇ ÍÓÎË˜ÂÒÚ‚‡ ËÌ‰ËÍ‡ÚÓ‡.
¬ ˜‡ÒÚÌÓÒÚË, ˝ÚÓ ÏÓÊÌÓ Ì‡„Îˇ‰ÌÓ ÔÓ‰ÂÏÓÌÒÚËÓ‚‡Ú¸, ÔÓ‰ÒÚ‡‚Ë‚ ‚ Û‡‚ÌÂÌËÂ (5) ÙÛÌÍˆË˛
ÌÂÓ„‡ÌË˜ÂÌÌÓ„Ó ÓÒÚ‡ ÔÓÔÛÎˇˆËË N(t) = N0 exp(rt) Ò Ì‡˜‡Î¸Ì˚Ï ÁÌ‡˜ÂÌËÂÏ N0 Ë ÍÓÌÒÚ‡ÌÚÓÈ
‡ÁÏÌÓÊÂÌËˇ r, ˜ÚÓ ‰‡ÂÚ ËÒÍÎ˛˜ËÚÂÎ¸ÌÓ ·˚ÒÚÓ (‰‚ÓÈÌ‡ˇ ˝ÍÒÔÓÌÂÌÚ‡) ‚˚ıÓ‰ˇ˘Û˛ Ì‡ ÒÚ‡ˆËÓÌ‡
ÍË‚Û˛ ÓÒÚ‡ ËÌ‰ËÍ‡ÚÓ‡

y(t) = x0
⇣
1� e�kN0[ert�1]

⌘
. (7)

œÓ˝ÚÓÏÛ ‡ÒÒÏÓÚËÏ ÚÂÔÂ¸ ‚ ‰ÂÚ‡Îˇı ·ÓÎÂÂ Â‡ÎËÒÚË˜Ì˚È ÒÎÛ˜‡È ÓÒÚ‡ ˜ËÒÎÂÌÌÓÒÚË
ÏËÍÓÓ„‡ÌËÁÏÓ‚, ÍÓÚÓ˚È Û‰Ó‚ÎÂÚ‚ÓˇÂÚ ÍÎ‡ÒÒË˜ÂÒÍÓÏÛ Û‡‚ÌÂÌË˛ ÎÓ„ËÒÚË˜ÂÒÍÓ„Ó ÓÒÚ‡ —
Û‡‚ÌÂÌË˛ ‘Âı˛Î¸ÒÚ‡

dN

dt
= rN

✓
1�

N

K

◆
(8)

Ò Ì‡˜‡Î¸ÌÓÈ ˜ËÒÎÂÌÌÓÒÚ¸˛ N(0) = N0, ÍÓÌÒÚ‡ÌÚÓÈ ÔÓÔÛÎˇˆËÓÌÌÓ„Ó ÓÒÚ‡ r, ÂÏÍÓÒÚ¸˛ ÒÂ‰˚ K,
Ë ËÏÂÂÚ Â¯ÂÌËÂ

N(t) =
N0ert

N0
K (ert � 1) + 1

⌘
Kert

ert + (K/N0 � 1)
. (9)

œÓ‰ÒÚ‡‚Îˇˇ ÎÓ„ËÒÚË˜ÂÒÍÛ˛ ÙÛÌÍˆË˛ (9) ‚ Â¯ÂÌËÂ ‰Îˇ ÍÓÌˆÂÌÚ‡ˆËË ÒÛ·ÒÚ‡Ú‡ (4), ÔËıÓ-
‰ËÏ Í ËÌÚÂ„‡ÎÛ

tZ

0

N(t)dt =

tZ

0

N0ert

N0
K (ert � 1) + 1

dt,

ÍÓÚÓ˚È ·ÂÂÚÒˇ ‚ ‡Ì‡ÎËÚË˜ÂÒÍÓÈ ÙÓÏÂ, Ë ÔÓÎÛ˜‡ÂÏ

ln

✓
x

x0

◆
= �

kK

r
ln


ert + (K/N0 � 1)

K/N0

�
.

¬ ÂÁÛÎ¸Ú‡ÚÂ Â¯ÂÌËˇ ‰Îˇ ‚ÂÏÂÌÌÓÈ ˝‚ÓÎ˛ˆËË ÍÓÌˆÂÌÚ‡ˆËÈ ÂÁ‡ÁÛËÌ‡ Ë ÂÁÓÛÙËÌ‡
ËÏÂ˛Ú ‚Ë‰

x = x0


K/N0

ert + (K/N0 � 1)

� kK
r

(10)

Ë

y = x0

 
1�


K/N0

ert + (K/N0 � 1)

� kK
r

!
(11)

ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ.
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Œ˜Â‚Ë‰ÌÓ, ˜ÚÓ ÌË Ó‰ÌÓ ËÁ ÌËı ÌÂ ˇ‚ÎˇÂÚÒˇ ÎÓ„ËÒÚË˜ÂÒÍÓÈ ÙÛÌÍˆËÂÈ, ıÓÚˇ ‚˚‡ÊÂÌËÂ (10)
ÏÓÊÌÓ ‡ÒÒÏ‡ÚË‚‡Ú¸ Í‡Í Â¯ÂÌËÂ ÌÂÎËÌÂÈÌÓ„Ó Û‡‚ÌÂÌËˇ –Ë˜‡‰Ò‡ [22] ‰Îˇ Ó·‡ÚÌÓ„Ó ‚ÂÏÂÌË,

dx

dt
= �x0kK

✓
x

x0

◆ 
1�

✓
x

x0

◆ r
kK

1�

N0

K

�!
, (12)

ËÁ‚ÂÒÚÌÓÂ Ú‡ÍÊÂ Í‡Í Û‡‚ÌÂÌËÂ Ó·Ó·˘ÂÌÌÓ„Ó ÎÓ„ËÒÚË˜ÂÒÍÓ„Ó ÓÒÚ‡.
—ÓÏÌÓÊËÚÂÎ¸ ‚ Í‚‡‰‡ÚÌ˚ı ÒÍÓ·Í‡ı ÏÓÊÌÓ ‚˚‡ÁËÚ¸ ˜ÂÂÁ x ËÒıÓ‰ˇ ËÁ (10):

dx

dt
= �x0kN0

✓
x

x0

◆ kK
r +1
kK
r ert ⌘ �x0kN0

✓
x

x0

◆ r
kK+1

ert.

ŒÒÚ‡‚¯ËÈÒˇ ˝ÍÒÔÓÌÂÌˆË‡Î¸Ì˚È ÏÌÓÊËÚÂÎ¸ ÓÔˇÚ¸ ÏÓÊÌÓ ‚˚‡ÁËÚ¸ ËÁ (10), Ë, ‚ ÒËÎÛ Á‡ÍÓÌ‡
ÒÓı‡ÌÂÌËˇ x+ y = x0, Â¯ÂÌËÂ (11), ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÂ ÍË‚ÓÈ ÓÒÚ‡ ÍÓÌˆÂÌÚ‡ˆËË ÂÁÓÛÙËÌ‡,
Û‰Ó‚ÎÂÚ‚ÓˇÂÚ Û‡‚ÌÂÌË˛

dy

dt
= x0kK

✓
1�

y

x0

◆ 
1�

✓
1�

y

x0

◆ r
kK

1�

N0

K

�!
. (13)

Œ‰Ì‡ÍÓ ÍË‚‡ˇ ÓÒÚ‡ ÍÓÌˆÂÌÚ‡ˆËË ËÌ‰ËÍ‡ÚÓ‡ (11) ‰ÓÔÛÒÍ‡ÂÚ ˜‡ÒÚÌ˚È ÒÎÛ˜‡È ‰Îˇ ÍÓÏ·Ë-
Ì‡ˆËË Ô‡‡ÏÂÚÓ‚ kK/r = 1, ÔË ÍÓÚÓÓÏ ‡ÒÒÏ‡ÚË‚‡ÂÏ‡ˇ ÙÛÌÍˆËˇ ÔËÌËÏ‡ÂÚ ‚Ë‰

yV = x0

⇥
ert � 1

⇤

[ert � 1] + [(K/N0 + 1)� 1]
. (14)

—‡‚ÌÂÌËÂ ÙÓÏÛÎ (9) Ë (14) ÔÓÍ‡Á˚‚‡ÂÚ, ˜ÚÓ ÓÌË ËÏÂ˛Ú ‡Ì‡ÎÓ„Ë˜ÌÛ˛ ‰Ó·ÌÓ-‡ˆËÓÌ‡Î¸ÌÛ˛
ÒÚÛÍÚÛÛ Ò Á‡ÏÂÌÓÈ ˝ÍÒÔÓÌÂÌˆË‡Î¸ÌÓÈ ÙÛÌÍˆËË ‚ÂÏÂÌË ‚ (9) Ì‡ Ò‰‚ËÌÛÚÛ˛ ˝ÍÒÔÓÌÂÌˆË‡Î¸ÌÛ˛
‚ (14), ‡ Ú‡ÍÊÂ Ò‰‚ËÌÛÚ˚ÏË Ì‡ ÚÛ ÊÂ Â‰ËÌËˆÛ ÓÚÌÓ¯ÂÌËˇÏË ÍÓÌÂ˜ÌÓÈ Ë Ì‡˜‡Î¸ÌÓÈ ˜ËÒÎÂÌÌÓÒÚË
ÔÓÔÛÎˇˆËÈ. œÂ‚˚È Ò‰‚Ë„ ÂÒÚÂÒÚ‚ÂÌÌ˚Ï Ó·‡ÁÓÏ ÒÎÂ‰ÛÂÚ ËÁ ÚÓ„Ó, ˜ÚÓ ‚ Ì‡˜‡Î¸Ì˚È ÏÓÏÂÌÚ ÂÁÓÛ-
ÙËÌ‡, ‚ ÓÚÎË˜ËÂ ÓÚ ÏËÍÓÓ„‡ÌËÁÏÓ‚, ‚ ÒËÒÚÂÏÂ ÌÂÚ, Ë Â¯ÂÌËÂ ‰Îˇ Â„Ó ÍÓÌˆÂÌÚ‡ˆËË Ó·ˇÁ‡ÌÓ
·˚Ú¸ Ò‰‚ËÌÛÚÓ ‚ ÌÓÎ¸. —‰‚Ë„ ‡ÒËÏÔÚÓÚË˜ÂÒÍÓ„Ó ÒÚ‡ˆËÓÌ‡‡, ÔÓ ÒÛÚË, ÒÎÂ‰ÒÚ‚ËÂ ÚÓ„Ó ÊÂ ‡ÁÎË˜Ëˇ.
  ‰‡ÌÌÓÏÛ ‚˚‚Ó‰Û Ó Â‰ÛÍˆËË Ó·Ó·˘ÂÌÌÓ„Ó ÎÓ„ËÒÚË˜ÂÒÍÓ„Ó ÓÒÚ‡ Í ÒÚ‡Ì‰‡ÚÌÓÏÛ ÏÓÊÌÓ ÔËÈÚË
Ë ÌÂÔÓÒÂ‰ÒÚ‚ÂÌÌÓ ÔÓ‰ÒÚ‡‚Ë‚ kK/r = 1 ‚ Û‡‚ÌÂÌËÂ (13), ÍÓÚÓÓÂ ‰ÂÈÒÚ‚ËÚÂÎ¸ÌÓ ÔËÌËÏ‡ÂÚ
ÙÓÏÛ Û‡‚ÌÂÌËˇ ‘Âı˛Î¸ÒÚ‡ ‰Îˇ ÔÂÂÏÂÌÌÓÈ 1� y, Á‡ÔËÒ‡ÌÌÓ„Ó ‰Îˇ Ó·‡ÚÌÓ„Ó ‚ÂÏÂÌË (‚ ÒËÎÛ
ÒËÏÏÂÚË˜ÌÓÒÚË ÎÓ„ËÒÚË˜ÂÒÍÓÈ ÍË‚ÓÈ ÓÚÌÓÒËÚÂÎ¸ÌÓ ÚÓ˜ÍË ÔÂÂ„Ë·‡ Ë ‡ÒËÏÔÚÓÚËÍ ÔÓ ‚ÂÏÂÌË
ÙÓÏ‡Î¸ÌÓÂ Ì‡Ô‡‚ÎÂÌËÂ ‚ÂÏÂÌË ÌÂ ‚ÎËˇÂÚ Ì‡ ı‡‡ÍÚÂÌÛ˛ ÙÓÏÛ ÎÓ„ËÒÚË˜ÂÒÍÓÈ ÍË‚ÓÈ).

“‡Í Í‡Í ˝ÍÒÔÓÌÂÌˆË‡Î¸Ì‡ˇ ÙÛÌÍˆËˇ ˇ‚ÎˇÂÚÒˇ ‰ÓÒÚ‡ÚÓ˜ÌÓ ·˚ÒÚÓ ‡ÒÚÛ˘ÂÈ, ÚÓ ‰Îˇ ‚ÂÏÂÌ,
Á‡ÏÂÚÌÓ ÔÂ‚˚¯‡˛˘Ëı Ó·‡ÚÌÛ˛ ‚ÂÎË˜ËÌÛ ı‡‡ÍÚÂÌÓÈ ÍÓÌÒÚ‡ÌÚ˚ ÓÒÚ‡ ÏËÍÓÓ„‡ÌËÁÏÓ‚
(t � r�1), ‚˚˜ËÚ‡ÂÏÓÈ Â‰ËÌËˆÂÈ ÏÓÊÌÓ ÔÂÌÂ·Â˜¸, ÚÓ ÂÒÚ¸ ÔÓÎÛ˜ËÚ¸ ËÏÂÌÌÓ ÎÓ„ËÒÚË˜ÂÒÍÛ˛
ÙÛÌÍˆË˛ ‘Âı˛Î¸ÒÚ‡

ỹV = x0
ert

ert + [(K/N0 + 1)� 1]
, (15)

‡ÒÚÛ˘Û˛ Ò ÚÓÈ ÊÂ ÍÓÌÒÚ‡ÌÚÓÈ ‡ÁÏÌÓÊÂÌËˇ, ˜ÚÓ ËÒÒÎÂ‰ÛÂÏ‡ˇ ÔÓÔÛÎˇˆËˇ, ÌÓ ‚˚ıÓ‰ˇ˘Û˛ Ì‡
ÁÌ‡˜ÂÌËÂ Ì‡Ò˚˘ÂÌËˇ, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÂ Ï‡ÍÒËÏ‡Î¸ÌÓÈ ÍÓÌˆÂÌÚ‡ˆËË ËÌ‰ËÍ‡ÚÓ‡, ÂÁÓÛÙËÌ‡,
ÔË Â„Ó ÔÓÎÌÓÈ ÍÓÌ‚ÂÒËË ËÁ ÂÁ‡ÁÛËÌ‡. ”˜ËÚ˚‚‡ˇ Ò‚ˇÁ¸ ÏÂÊ‰Û ÍÓÌÒÚ‡ÌÚÓÈ ÓÒÚ‡ r Ë ‚ÂÏÂÌÂÏ
Û‰‚ÓÂÌËˇ ÔÓÔÛÎˇˆËË Td = ln(2)r�1, ‚Ë‰ÌÓ, ˜ÚÓ Â„ÂÒÒËˇ ÔË ÔÓÏÓ˘Ë ÙÛÌÍˆËË ÎÓ„ËÒÚË˜ÂÒÍÓ„Ó
ÓÒÚ‡ ÔËÏÂÌËÏ‡ Í‡Í ÏËÌËÏÛÏ ÔÓÒÎÂ ÌÂÒÍÓÎ¸ÍËı ı‡‡ÍÚÂÌ˚ı ‚ÂÏÂÌ ‰ÂÎÂÌËˇ.

–ËÒ. 1 ËÎÎ˛ÒÚËÛÂÚ ‰‡ÌÌ˚Â ‚˚‚Ó‰˚, ÔÓÍ‡Á˚‚‡ˇ, ˜ÚÓ ‚ ÒÔÂˆË‡Î¸ÌÓÏ ÒÎÛ˜‡Â kK/r = 1
ÍË‚‡ˇ ÓÒÚ‡ ÍÓÌˆÂÌÚ‡ˆËË ÂÁÓÛÙËÌ‡ Ô‡ÍÚË˜ÂÒÍË ÌÂÓÚÎË˜ËÏ‡ ÓÚ ÍË‚ÓÈ ÔÓÔÛÎˇˆËÓÌÌÓ„Ó ÓÒÚ‡
ÔÓÒÎÂ ÔËÏÂÌÓ ÔˇÚË ˆËÍÎÓ‚ ÍÎÂÚÓ˜ÌÓ„Ó ‰ÂÎÂÌËˇ Ë ÏÓÊÂÚ ·˚Ú¸ ‡‰ÂÍ‚‡ÚÌÓ ËÒÔÓÎ¸ÁÓ‚‡Ì‡ ‰Îˇ
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–ËÒ. 1. »ÎÎ˛ÒÚ‡ˆËˇ Ò‡‚ÌÂÌËˇ ıÓ‰‡ ÍËÌÂÚË˜ÂÒÍËı ÍË‚˚ı ÔÓÔÛÎˇˆËÓÌÌÓ„Ó ÓÒÚ‡ Ë ÓÒÚ‡ Â„ËÒÚËÛÂÏÓÈ ÍÓÌˆÂÌÚ‡-
ˆËË ÂÁ‡ÁÛËÌ‡ ÔË ‡ÁÎË˜Ì˚ı ÁÌ‡˜ÂÌËˇı ÍÓÌÚÓÎËÛ˛˘Â„Ó Ô‡‡ÏÂÚ‡ kK/r. Õ‡˜‡Î¸Ì˚Â ÛÒÎÓ‚Ëˇ N0 = 2, y(0) = 0;
‡ÒËÏÔÚÓÚË˜ÂÒÍËÂ ÒÚ‡ˆËÓÌ‡Ì˚Â ÁÌ‡˜ÂÌËˇ ÒÓ„Î‡ÒÓ‚‡Ì˚ ÔÓ ‚ÂÎË˜ËÌÂ ‰Îˇ Ì‡„Îˇ‰ÌÓÒÚË: K = x0 = 128, ÍÓÌÒÚ‡ÌÚ‡ ÓÒÚ‡
r = ln(2) ‚˚·‡Ì‡ Ú‡ÍËÏ Ó·‡ÁÓÏ, ˜ÚÓ ı‡‡ÍÚÂÌÓÂ ‚ÂÏˇ Û‰‚ÓÂÌËˇ ÔÓÔÛÎˇˆËË ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ Â‰ËÌËˆÂ ‚ÂÏÂÌË Td = 1

Fig. 1. An illustration comparing the kinetic curves for population growth and the growth of the recorded resazurin concentration
at different values of the control parameter kK/r. Initial conditions are N0 = 2, y(0) = 0; the asymptotic stationary values
are matched in magnitude for clarity: K = x0 = 128, the growth constant r = ln(2) is chosen in such a way that the
characteristic time of population doubling corresponds to the time unit Td = 1

ı‡‡ÍÚÂËÁ‡ˆËË ÔÓˆÂÒÒ‡ (‚ ÔËÌˆËÔÂ, Û˜ËÚ˚‚‡ˇ ‰ÓÒÚ‡ÚÓ˜ÌÓ Ï‡ÎÓÂ ‡ÒıÓÊ‰ÂÌËÂ ÍË‚˚ı Ë ÚÓ, ˜ÚÓ
Â‡Î¸Ì˚Â ˝ÍÒÔÂËÏÂÌÚ‡Î¸Ì˚Â ‰‡ÌÌ˚Â ËÏÂ˛Ú ÓÔÂ‰ÂÎÂÌÌÛ˛ ÔÓ„Â¯ÌÓÒÚ¸, ‰Îˇ Ëı Â„ÂÒÒËË ÏÓÊÂÚ
·˚Ú¸ ËÒÔÓÎ¸ÁÓ‚‡Ì‡ ÎÓ„ËÒÚË˜ÂÒÍ‡ˇ ÍË‚‡ˇ Ë ÔÓÒÎÂ ÔËÏÂÌÓ ÚÂı ˆËÍÎÓ‚ ‰ÂÎÂÌËˇ). Õ‡ Ô‡ÍÚËÍÂ
‰‡ÌÌÓÂ ÒÓÓÚ‚ÂÚÒÚ‚ËÂ ÍË‚ÓÈ ÍÓÌ‚ÂÒËË ÂÁ‡ÁÛËÌ‡ ÔÓÔÛÎˇˆËÓÌÌÓÈ ÍË‚ÓÈ, ÓÔÂ‰ÂÎÂÌÌÓÈ ÌÂÔÓ-
ÒÂ‰ÒÚ‚ÂÌÌ˚Ï ÔÓ‰Ò˜ÂÚÓÏ ˜ËÒÎ‡ ·‡ÍÚÂË‡Î¸Ì˚ı ÍÓÎÓÌËÈ, ·˚ÎÓ ‚˚ˇ‚ÎÂÌÓ ‰Îˇ ÂÁ‡ÁÛËÌÓ‚Ó„Ó ÚÂÒÚ‡
‰Îˇ ÒÚ‡Ì‰‡ÚÌ˚ı ÍÎÂÚÓ˜Ì˚ı ÍÛÎ¸ÚÛ [23] Ë ‚ Ò‡‚ÌÂÌËË Ò ‡Î¸ÚÂÌ‡ÚË‚Ì˚ÏË ÏÂÚÓ‰‡ÏË ÍÓÌÚÓÎˇ
ÏÂÚ‡·ÓÎË˜ÂÒÍÓÈ ‡ÍÚË‚ÌÓÒÚË ÊËÁÌÂÒÔÓÒÓ·Ì˚ı ¯Ú‡ÏÏÓ‚ M. tuberculosis [24]. Œ‰Ì‡ÍÓ ÓÚÏÂ˜‡ÂÚÒˇ,
˜ÚÓ ‰‡ÌÌÓÂ Ì‡·Î˛‰ÂÌËÂ ÚÂ·ÛÂÚ ÒÓ·Î˛‰ÂÌËˇ ÓÔÂ‰ÂÎÂÌÌ˚ı ÛÒÎÓ‚ËÈ ‰Îˇ ÍÓÌˆÂÌÚ‡ˆËÈ ÍÛÎ¸ÚÛ˚
Ë Â‡„ÂÌÚÓ‚, ˜ÚÓ ÔÓ‰Ú‚ÂÊ‰‡ÂÚ Ò‰ÂÎ‡ÌÌ˚È ‚˚‚Ó‰ Ó ÌÂÓ·ıÓ‰ËÏÓÒÚË ÒÓ„Î‡ÒÓ‚‡ÌËˇ Ô‡‡ÏÂÚÓ‚.

œË kK/r > 1 ·˚ÒÚ‡ˇ ÍÓÌ‚ÂÒËˇ ÂÁ‡ÛËÌ‡ ‚ ÂÁÓÛÙËÌ ÔË‚Ó‰ËÚ Í ‚˚ıÓ‰Û Â„ËÒÚË-
ÛÂÏÓÈ ÍË‚ÓÈ Ì‡ Ì‡Ò˚˘ÂÌËÂ „Ó‡Á‰Ó ‡Ì¸¯Â, ˜ÂÏ ÔÓËÒıÓ‰ËÚ ÒÚ‡·ËÎËÁ‡ˆËˇ ÔÓÔÛÎˇˆËÓÌÌÓ„Ó
ÓÒÚ‡, Ú‡Í Í‡Í Ù‡ÍÚË˜ÂÒÍË ‚ ÒËÒÚÂÏÂ ÌÂ ÓÒÚ‡ÂÚÒˇ Â‡„ÂÌÚ‡. Õ‡ÔÓÚË‚, ÔË kK/r < 1 Ì‡·Î˛‰‡ÂÚÒˇ
ÛÔÓÏˇÌÛÚ˚È ‚˚¯Â (ÒÏ. Û‡‚ÌÂÌËÂ (6)) ˝ÙÙÂÍÚ ÚÓ„Ó, ˜ÚÓ ÒÚ‡·ËÎËÁËÓ‚‡ÌÌ‡ˇ ÊËÁÌÂÒÔÓÒÓ·Ì‡ˇ
ÔÓÔÛÎˇˆËˇ ÔÓ‰ÓÎÊ‡ÂÚ ÓÒÛ˘ÂÒÚ‚ÎˇÚ¸ ‰˚ı‡ÚÂÎ¸ÌÛ˛ ‡ÍÚË‚ÌÓÒÚ¸, ˜ÚÓ ÔË‚Ó‰ËÚ Í ‚ÓÒÒÚ‡ÌÓ‚ÎÂÌË˛
Â˘Â ÓÒÚ‡˛˘Â„ÓÒˇ ‚ ÒËÒÚÂÏÂ ÂÁ‡ÁÛËÌ‡ ‚ ÂÁÓÛÙËÌ, ÍÓÌˆÂÌÚ‡ˆËˇ ÍÓÚÓÓ„Ó ‡ÒÚÂÚ Ò ÚÂ˜ÂÌËÂÏ
‚ÂÏÂÌË.

2. ¿Ì‡ÎËÁ ˝ÍÒÔÂËÏÂÌÚ‡Î¸Ì˚ı ‰‡ÌÌ˚ı
Ì‡ ÓÒÌÓ‚Â ÔÓÔÛÎˇˆËÓÌÌÓ-ıËÏË˜ÂÒÍÓÈ ÏÓ‰ÂÎË

2.1. Ã‡ÚÂË‡Î˚ Ë ÏÂÚÓ‰˚ ˝ÍÒÔÂËÏÂÌÚ‡. ¬ Í‡˜ÂÒÚ‚Â ÏËÍÓ·ËÓÎÓ„Ë˜ÂÒÍËı Ó·˙ÂÍÚÓ‚
·˚Î‡ ‚˚·‡Ì‡ ÏËÍÓ·Ì‡ˇ Ï‡ÒÒ‡ ÊË‚Ó„Ó ‡ÌÚ‡„ÓÌËÒÚË˜ÂÒÍË ‡ÍÚË‚ÌÓ„Ó ¯Ú‡ÏÏ‡ Î‡ÍÚÓ·‡ÍÚÂËÈ
(Lactobacillus plantarum 8–-¿3 ËÎË Lactobacillus fermentum 90“-—4) Ò ‰Ó·‡‚ÎÂÌËÂÏ ÍÓÏÔÓÌÂÌÚÓ‚
Á‡˘ËÚÌÓÈ ÒÂ‰˚ ‚˚ÒÛ¯Ë‚‡ÌËˇ (ÊÂÎ‡ÚËÌ, Ò‡ı‡ÓÁ‡, ÏÓÎÓÍÓ) (¿Œ ÕœŒ «ÃËÍÓ„ÂÌ», ÃÓÒÍ‚‡, –ÓÒ-
ÒËˇ). ƒ‡ÌÌ˚Â ÍÓÏÔÓÌÂÌÚ˚ Ú‡ÍÊÂ Ó·ÂÒÔÂ˜Ë‚‡˛Ú ‡ÒÚÛ˘Û˛ ÍÛÎ¸ÚÛÛ ÔËÚ‡ÚÂÎ¸Ì˚ÏË ‚Â˘ÂÒÚ‚‡ÏË
ÔË ‡Á‚Â‰ÂÌËË ÒÛÒÔÂÌÁËË ‚Ó‰ÓÈ. ¬ÒÎÂ‰ÒÚ‚ËÂ ˝ÚÓ„Ó ‰ÓÔÓÎÌËÚÂÎ¸ÌÓÈ ÔËÚ‡ÚÂÎ¸ÌÓÈ ÒÂ‰˚ ÌÂ ÔË-
ÏÂÌˇÎÓÒ¸. —ÛıËÂ Î‡ÍÚÓ·‡ÍÚÂËË ( Œ≈ ÌÂ ÏÂÌÂÂ 1 · 1010 ‚ 15 „ ÎËÓÙËÎËÁ‡Ú‡) ‡Á‚Ó‰ËÎË ‚ 250 ÏÎ
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‰ËÒÚËÎÎËÓ‚‡ÌÌÓÈ ‚Ó‰˚, ÔÓÒÎÂ ˜Â„Ó ‚˚‰ÂÊË‚‡ÎË ÔË ÌÂÔÂ˚‚ÌÓÏ ÔÂÂÏÂ¯Ë‚‡ÌËË ‚ ÚÂ˜ÂÌËÂ
30 ÏËÌÛÚ ‰Îˇ ‡‚ÌÓÏÂÌÓ„Ó ‡ÒÔÂ‰ÂÎÂÌËˇ ÏËÍÓÓ„‡ÌËÁÏÓ‚ ‚Ó ‚ÒÂÏ Ó·˙ÂÏÂ. «‡ÚÂÏ ·˚Î‡ ÔË„Ó-
ÚÓ‚ÎÂÌ‡ ÒÂËˇ ËÁ 11 Ó·‡ÁˆÓ‚ ÒÛÒÔÂÌÁËÈ Î‡ÍÚÓ·‡ÍÚÂËÈ, Í‡Ê‰˚È Ó·˙ÂÏÓÏ ÔÓ 10 ÏÎ ÓÚ ËÒıÓ‰ÌÓÈ
ÍÓÌˆÂÌÚ‡ˆËË ‰Ó ‡Á·‡‚ÎÂÌËˇ ‚ 11 ‡Á.   Í‡Ê‰ÓÏÛ ËÁ ‡ÒÚ‚ÓÓ‚ ‰Ó·‡‚ÎˇÎË ÔÓ 1 ÏÎ ‡Á·‡‚ÎÂÌÌÓ„Ó
‡ÒÚ‚Ó‡ ÂÁ‡ÁÛËÌ‡. ¬ Í‡˜ÂÒÚ‚Â ÍÓÌÚÓÎˇ ËÒÔÓÎ¸ÁÓ‚‡ÎË 10 ÏÎ ÔÓÍËÔˇ˜ÂÌÌÓÈ ‰ËÒÚËÎÎËÓ‚‡ÌÌÓÈ
‚Ó‰˚ Ò ˝Í‚Ë‚‡ÎÂÌÚÌ˚Ï ÍÓÎË˜ÂÒÚ‚ÓÏ Í‡ÒËÚÂÎˇ.

œË„ÓÚÓ‚ÎÂÌËÂ ÓÒÌÓ‚ÌÓ„Ó ‡ÒÚ‚Ó‡ ËÌ‰ËÍ‡ÚÓ‡ (Ì‡ÚËÂ‚ÓÈ ÒÓÎË ÂÁ‡ÁÛËÌ‡): ‰ËÒÚËÎÎËÓ-
‚‡ÌÌÛ˛ ‚Ó‰Û ÍËÔˇÚËÎË ‚ ÚÂ˜ÂÌËÂ 5 ÏËÌÛÚ Ë Á‡ÚÂÏ ÓıÎ‡Ê‰‡ÎË ‰Ó (25± 2)�C, ÔÓÒÎÂ ˜Â„Ó ‰Ó·‡‚ÎˇÎË
(0.055± 0.001) „ Ì‡ÚËÂ‚ÓÈ ÒÓÎË ÂÁ‡ÁÛËÌ‡ (Sigma-Aldrich (Burlington, MA, USA), ÒÓ‰ÂÊ‡ÌËÂ
Í‡ÒËÚÂÎˇ ·ÓÎÂÂ 75%. —ÏÂÒ¸ Ú˘‡ÚÂÎ¸ÌÓ ÔÂÂÏÂ¯Ë‚‡ÎË ‰Ó ÔÓÎÌÓ„Ó ‡ÒÚ‚ÓÂÌËˇ Í‡ÒËÚÂÎˇ. –‡ÒÚ‚Ó
ÂÁ‡ÁÛËÌ‡ ‡Á·‡‚ÎˇÎË 1 : 3 Ò ‰ËÒÚËÎÎËÓ‚‡ÌÌÓÈ ‚Ó‰ÓÈ.  ÓÌˆÂÌÚ‡ˆËˇ ÂÁ‡ÁÛËÌ‡ ‚ ‡·Ó˜ÂÏ
‡ÒÚ‚ÓÂ ÒÓÒÚ‡‚ÎˇÎ‡ 0.00067 ÏÓÎ¸/Î.

ƒÎˇ ÔÓÎÛ˜ÂÌËˇ ÙÓÚÓÏÂÚË˜ÂÒÍËı ÍË‚˚ı ‚ ÚÂ˜ÂÌËÂ 72 ˜‡ÒÓ‚ ËÒÔÓÎ¸ÁÓ‚‡ÎË ÔÓÚ‡ÚË‚Ì˚È
ÏËÍÓ·ËÓÎÓ„Ë˜ÂÒÍËÈ ‡Ì‡ÎËÁ‡ÚÓ (œÃ¿) [25] (œ‡ÚÂÌÚ RU 2 779 840 C1) Ò ÔÂËÓ‰Ë˜ÌÓÒÚ¸˛ Â-
„ËÒÚ‡ˆËË ‰‡ÌÌ˚ı — Í‡Ê‰˚Â 15 ÏËÌ. ¿Ì‡ÎËÁ, ÔÂ‰ÒÚ‡‚ÎÂÌÌ˚È ‚ ‡·ÓÚÂ [20], Ò‚Ë‰ÂÚÂÎ¸ÒÚ‚ÛÂÚ
Ó ÒÛ˘ÂÒÚ‚Ó‚‡ÌËË ÎËÌÂÈÌÓÈ Á‡‚ËÒËÏÓÒÚË ÏÂÊ‰Û ÍÓÌˆÂÌÚ‡ˆËÂÈ ÂÁÓÛÙËÌ‡ Ë Â„ËÒÚËÛÂÏÓÈ
ÓÒ‚Â˘ÂÌÌÓÒÚ¸˛ ÙÓÚÓ˝ÎÂÏÂÌÚÓ‚ ‚ ÂÊËÏÂ ‰Ó ÔÂÂıÓ‰‡ Ì‡ ˝Ú‡Ô ÍÓÌ‚ÂÒËË ÂÁÓÛÙËÌ‡ ‚ ‰Ë„Ë‰ÓÂÁ-
ÓÛÙËÌ. “‡ÍËÏ Ó·‡ÁÓÏ, ÔÓÍ‡Á‡ÌËˇ ÔË·Ó‡ ÓÚ‡Ê‡˛Ú ËÁÏÂÌÂÌËÂ ÍÓÎË˜ÂÒÚ‚‡ ÔÓ‰ÛÍÚ‡ ıËÏË˜ÂÒÍÓÈ
Â‡ÍˆËË y.

2.2. –ÂÁÛÎ¸Ú‡Ú˚ Ë Ëı Ó·ÒÛÊ‰ÂÌËÂ. –ËÒ. 2, a ÔÓÍ‡Á˚‚‡ÂÚ ÔËÏÂ ËÁÏÂÌÂÌËˇ ˆ‚ÂÚ‡ ËÌ‰Ë-
Í‡ÚÓ‡ ‚ ˇ‰Û ÎÛÌÓÍ ÏËÍÓ·ËÓÎÓ„Ë˜ÂÒÍÓ„Ó ÔÎ‡Ì¯ÂÚ‡ ‰Îˇ Ó‰ÌÓ„Ó ÏÓÏÂÌÚ‡ ‚ÂÏÂÌË ÔÓÒÎÂ Ì‡˜‡Î‡
ËÁÏÂÂÌËÈ ÔË ÛÒÎÓ‚ËË ‡ÁÎË˜ÌÓÈ Ì‡˜‡Î¸ÌÓÈ ÍÓÌˆÂÌÚ‡ˆËË Î‡ÍÚÓ·‡ÍÚÂËÈ. ¬Ë‰ÌÓ, ˜ÚÓ ‰‡ÌÌ˚È
ËÌÚÂ‚‡Î Ì‡˜‡Î¸Ì˚ı ‡Á‚Â‰ÂÌËÈ Á‡ 72 ˜‡Ò‡ ıÓ‰‡ ÔÓˆÂÒÒ‡ ÔË‚Ó‰ËÚ Í ÔÓÎÌÓÏÛ ‚‡Ë‡ÌÚÛ ÍÓÎÓËÏÂÚ-
Ë˜ÂÒÍËı Â‡ÍˆËÈ (1): ÓÚ Ô‡ÍÚË˜ÂÒÍË ÌÂËÁÏÂÌÌÓ„Ó ÒËÌÂ„Ó ˆ‚ÂÚ‡ ÍÓÌÚÓÎˇ ˜ÂÂÁ ÔÓÓÁÓ‚ÂÌËÂ ‰Ó
ÔÓÎÌÓÒÚ¸˛ ÔÓÁ‡˜ÌÓ„Ó ‡ÒÚ‚Ó‡, Ò‚Ë‰ÂÚÂÎ¸ÒÚ‚Û˛˘Â„Ó Ó ÔÓÎÌÓÈ ÍÓÌ‚ÂÒËË ‚ ‰Ë„Ë‰ÓÂÁÓÛÙËÌ.
¬ Ò‚ˇÁË Ò ˝ÚËÏ ÓÚÏÂÚËÏ, ˜ÚÓ ‚ ‡ÏÍ‡ı ÏÓ‰ÂÎË, Ó„‡ÌË˜ÂÌÌÓÈ ÌÂÓ·‡ÚËÏ˚Ï ÔÂÂıÓ‰ÓÏ ÂÁ‡ÁÛËÌ‡
‚ ÂÁÓÛÙËÌ, ‚‡Ë‡ÌÚ˚ ÍËÌÂÚËÍË ·˚ÒÚÓ„Ó Ó·ÂÒˆ‚Â˜Ë‚‡ÌËˇ (‡Á‚Â‰ÂÌËˇ ·ÓÎÂÂ ˜ÂÏ (1/7)) ‰ÂÚ‡Î¸ÌÓ
ÌÂ ‡Ì‡ÎËÁËÛ˛ÚÒˇ.

Õ‡ ËÒ. 2, b ‰Îˇ Í‡Ê‰ÓÈ ËÁ ˇ˜ÂÂÍ ÔÎ‡Ì¯ÂÚ‡ ÁÂÎÂÌ˚Â Ë Ï‡ÎËÌÓ‚˚Â Ï‡ÍÂ˚ ÓÚÓ·‡Ê‡˛Ú
ÔÓÍ‡Á‡ÌËˇ œÃ¿, ÌÓÏËÓ‚‡ÌÌ˚Â Ì‡ ‚ÂÎË˜ËÌÛ ÓÒ‚Â˘ÂÌÌÓÒÚË ‚ Ì‡˜‡Î¸Ì˚È ÏÓÏÂÌÚ ‚ÂÏÂÌË
‰Îˇ ÍÓÂÍˆËË ÂÂ ‚‡Ë‡·ÂÎ¸ÌÓÒÚË ÔÓ ÔÎÓ˘‡‰Ë ÔÎ‡Ì¯ÂÚ‡. ¬ ÒËÎÛ ÔËÏÂÌÂÌÌÓÈ ÌÓÏËÓ‚ÍË
y(0)/y0 = 1, ‚ ÚÓ ‚ÂÏˇ Í‡Í ÓÚÒÛÚÒÚ‚ËÂ ÂÁÓÛÙËÌ‡ ‚ ÒËÒÚÂÏÂ ÔÂ‰ÒÚ‡‚ÎˇÂÚ ÒÓ·ÓÈ Â„Ó ÌÛÎÂ‚Û˛
ÍÓÌˆÂÌÚ‡ˆË˛, ÙËÚËÓ‚‡ÌËÂ ‰‡ÌÌ˚ı Â¯ÂÌËÂÏ Û‡‚ÌÂÌËˇ ‘Âı˛Î¸ÒÚ‡ ‰ÓÎÊÌÓ ÓÒÛ˘ÂÒÚ‚ÎˇÚ¸Òˇ
ÒÓ Ò‰‚Ë„ÓÏ Ì‡ ÍÓÌÒÚ‡ÌÚÛ d, ÚÓ ÂÒÚ¸

y

y0
=

K � d

1 + e�r0(t�tm)
+ d, (16)

„‰Â tm — ÏÓÏÂÌÚ ‚ÂÏÂÌË, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÈ ÔÓÎÓ‚ËÌÌÓÏÛ ÓÒÚÛ.
«‡ÏÂÚËÏ, ˜ÚÓ ÏÓ‰ÂÎ¸ ÎÓ„ËÒÚË˜ÂÒÍÓ„Ó ÓÒÚ‡ (16) ÔÓ ÓÔÂ‰ÂÎÂÌË˛ ÚÂ·ÛÂÚ ÌÂÌÛÎÂ‚Ó„Ó (‰Îˇ

y/y0� d) Ì‡˜‡Î¸ÌÓ„Ó ÁÌ‡˜ÂÌËˇ, Ú‡Í Í‡Í ÍËÌÂÚËÍ‡ ‘Âı˛Î¸ÒÚ‡ ˇ‚ÎˇÂÚÒˇ ‡‚ÚÓÍ‡Ú‡ÎËÚË˜ÂÒÍÓÈ.  ÓÏÂ
ÚÓ„Ó, ËÁ ËÒ. 2, b ‚Ë‰ÌÓ, ˜ÚÓ ‰Îˇ ˇ‰‡ ˇ˜ÂÂÍ ÔÎ‡Ì¯ÂÚ‡ ‰ÂÚÂÍÚËÛÂÚÒˇ ÓÔÂ‰ÂÎÂÌÌÓÂ Ô‡‰ÂÌËÂ ÓÒ‚Â-
˘ÂÌÌÓÒÚË ‚ ÚÂ˜ÂÌËÂ ÔÂ‚˚ı ˜‡ÒÓ‚ ÔÓÒÎÂ Ì‡˜‡Î‡ ˝ÍÒÔÂËÏÂÌÚ‡, Ò‚ˇÁ‡ÌÌÓÂ Ò ËÒÔ‡ÂÌËÂÏ ÊË‰ÍÓÒÚË,
ÍÓÌ‰ÂÌÒËÛ˛˘ÂÈÒˇ Ì‡ ‚ÂıÌÂÈ Í˚¯ÍÂ ÔÎ‡Ì¯ÂÚ‡, ˜ÚÓ ÒÌËÊ‡ÂÚ ÔÓÁ‡˜ÌÓÒÚ¸ ÔÓÒÎÂ‰ÌÂÈ. ¬ÒÎÂ‰-
ÒÚ‚ËÂ ˝ÚÓ„Ó, ÔË ÔÓ‚Â‰ÂÌËË ÌÂÎËÌÂÈÌÓÈ Â„ÂÒÒËË Ò ˆÂÎÂ‚ÓÈ ÙÛÌÍˆËÂÈ (16), Ô‡‡ÏÂÚ d Ú‡ÍÊÂ
ÔÓ‰ÎÂÊËÚ ÓÔÂ‰ÂÎÂÌË˛, ˜ÚÓ·˚ ÔËÌˇÚ¸ ‚Ó ‚ÌËÏ‡ÌËÂ ˝ÙÙÂÍÚ ÌÓÏËÓ‚ÍË Ò Û˜ÂÚÓÏ ÍÓÌ‰ÂÌÒ‡Ú‡.
ÕÂÎËÌÂÈÌ‡ˇ Â„ÂÒÒËˇ Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ÙÛÌÍˆËË (11) Ú‡ÍÊÂ ÔÓ‚Ó‰ËÚÒˇ Ò ‡‰‰ËÚË‚Ì˚Ï ‚‚Â‰ÂÌËÂÏ
Ò‰‚Ë„‡ ÍË‚ÓÈ Ì‡ ÔÓÒÚÓˇÌÌÛ˛ ‚ÂÎË˜ËÌÛ.

 ÓÏÂ ÚÓ„Ó, ‚Ë‰ÌÓ, ˜ÚÓ, Ì‡˜ËÌ‡ˇ Ò ‡Á‚Â‰ÂÌËˇ (1/10), ı‡‡ÍÚÂ ÓÒÚ‡ ÒË„Ì‡Î‡ ÔÂÚÂÔÂ‚‡ÂÚ
ËÁÏÂÌÂÌËˇ, ˜ÚÓ Ò‚ˇÁ‡ÌÓ ÒÓ ‚ÚÓ˚Ï ¯‡„ÓÏ Â‡ÍˆËË (1). œÓ˝ÚÓÏÛ ‰Îˇ ÔÓÒÎÂ‰Û˛˘ÂÈ Â„ÂÒÒËË
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–ËÒ. 2. a — ‘ÓÚÓ„‡ÙËˇ ÎÛÌÓÍ ÏËÍÓ·ËÓÎÓ„Ë˜ÂÒÍÓ„Ó ÔÎ‡Ì¯ÂÚ‡, Ò‰ÂÎ‡ÌÌ‡ˇ ˜ÂÂÁ 72 ˜‡Ò‡ ÔÓÒÎÂ Ì‡˜‡Î‡ ˝ÍÒÔÂËÏÂÌÚ‡; Ì‡‰
Í‡Ê‰ÓÈ ËÁ ÎÛÌÓÍ ÔÓ‰ÔËÒ‡ÌÓ ÓÚÌÓÒËÚÂÎ¸ÌÓÂ Ì‡˜‡Î¸ÌÓÂ ‡Á‚Â‰ÂÌËÂ ‚ ‰ÓÎˇı ÓÚ 4 · 108  Œ≈; Ó·ÓÁÌ‡˜ÂÌËÂ (0) ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ
ÂÁ‡ÁÛËÌÓ‚ÓÏÛ ÍÓÌÚÓÎ˛ ·ÂÁ ‰Ó·‡‚ÎÂÌËˇ ÍÛÎ¸ÚÛ˚. b — ‘ÓÚÓÏÂÚË˜ÂÒÍËÂ ‰‡ÌÌ˚Â, ÔÓÎÛ˜ÂÌÌ˚Â Ò ÔÓÏÓ˘¸˛ œÃ¿,
ÌÓÏËÓ‚‡ÌÌ˚Â Ì‡ Ì‡˜‡Î¸ÌÛ˛ ÓÒ‚Â˘ÂÌÌÓÒÚ¸ (Ï‡ÎËÌÓ‚˚Â (ËÒÔÓÎ¸ÁÓ‚‡ÌÌ˚Â ‰Îˇ ÔÓÒÎÂ‰Û˛˘Â„Ó ÙËÚËÓ‚‡ÌËˇ) Ë ÁÂÎÂÌ˚Â
Ï‡ÍÂ˚); ÙËÚ˚ ‰‡ÌÌ˚ı ÎÓ„ËÒÚË˜ÂÒÍÓÈ ÍË‚ÓÈ (˜ÂÌ‡ˇ ¯ÚËıÓ‚‡ˇ ÎËÌËˇ) Ë Â¯ÂÌËÂÏ Û‡‚ÌÂÌËˇ ÔÓÔÛÎˇˆËÓÌÌÓ-
ıËÏË˜ÂÒÍÓÈ ÏÓ‰ÂÎË (ÒÔÎÓ¯Ì‡ˇ Í‡ÒÌ‡ˇ ÎËÌËˇ) (ˆ‚ÂÚ ÓÌÎ‡ÈÌ)

Fig. 2. a — A photo of microbiology plate wells taken 72 h after the start of the experiment; the relative initial dilutions in
fractions of 4 · 108 COU are designated above each well; designation (0) corresponds to the resazurin control without culture
addition. b — Photometric data obtained with PMA normalized to the initial illumination (magenta (used for the subsequent
fitting) and green markers); data fitted by a logistic curve (black dashed line) and by solving the population-chemistry model
equation (solid red line) (color online)
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ËÒÔÓÎ¸ÁÓ‚‡Ì‡ ÚÓÎ¸ÍÓ ˜‡ÒÚ¸ ‰‡ÌÌ˚ı, ÓÚ‚Â˜‡˛˘‡ˇ ‡ÍÚË‚ÌÓÏÛ ÔÂÂıÓ‰ÌÓÏÛ ÔÓˆÂÒÒÛ (ÒÓÓÚ‚ÂÚÒÚ‚Û˛-
˘ËÂ ËÏ Ï‡ÍÂ˚ ‚˚‰ÂÎÂÌ˚ Ï‡ÎËÌÓ‚˚Ï ˆ‚ÂÚÓÏ).

»Á ÔÓÎÛ˜ÂÌÌ˚ı ˝ÍÒÔÂËÏÂÌÚ‡Î¸Ì˚ı ‰‡ÌÌ˚ı (ÒÏ. ËÒ. 2, b ‰Îˇ ÒÛ·Ô‡ÌÂÎË (0)) ÏÓÊÌÓ Á‡ÏÂÚËÚ¸,
˜ÚÓ ÍÓÌÚÓÎ¸Ì˚È ‡ÒÚ‚Ó ÔÓÍ‡Á˚‚‡ÂÚ ÌÂ·ÓÎ¸¯ÓÈ ÓÒÚ. ›ÚÓ ÏÓÊÌÓ Ó·˙ˇÒÌËÚ¸ Ï‡ÒÒÓÔÂÂÌÓÒÓÏ ÏÂ-
Ú‡·ÓÎËÚÓ‚ Î‡ÍÚÓ·‡ÍÚÂËÈ ËÎË ÎËÓÙËÎËÁËÛ˛˘Ëı ‚Â˘ÂÒÚ‚ ‡ÒÚ‚Ó‡, ˜‡ÒÚ¸ ÍÓÚÓ˚ı ÏÓ„Î‡ ÔÓÔ‡ÒÚ¸
‚ ÎÛÌÍÛ Ò ˜ËÒÚ˚Ï ÂÁ‡ÁÛËÌÓÏ ˜ÂÂÁ ÍÓÌ‰ÂÌÒ‡Ú, Ó·‡ÁÓ‚‡‚¯ËÈÒˇ Ì‡ ÔÓ‚ÂıÌÓÒÚË Í˚¯ÍË ÔÎ‡Ì¯Â-
Ú‡. »ı ÒÎÂ‰Ó‚˚Â ÍÓÎË˜ÂÒÚ‚‡ ÏÓ„ÛÚ ÔË‚Ó‰ËÚ¸ Í Â‡ÍˆËË ‚ÓÒÒÚ‡ÌÓ‚ÎÂÌËˇ ÂÁ‡ÁÛËÌ‡, ‚ ÓÒÓ·ÂÌÌÓÒÚË
ÔË ÛÒÎÓ‚ËË ‚ÓÁ‰ÂÈÒÚ‚Ëˇ Ò‚ÂÚ‡, Â„ÛÎˇÌÓ ÓÒ‚Â˘‡˛˘Â„Ó ÔÎ‡Ì¯ÂÚ ‚Ó ‚ÂÏˇ Â„ËÒÚ‡ˆËË ÙÓÚÓÏÂÚ-
Ë˜ÂÒÍËı ‰‡ÌÌ˚ı [26, 27]. Œ‰Ì‡ÍÓ ˝ÚÓÚ ÓÒÚ ÍÓÌˆÂÌÚ‡ˆËË ÂÁÓÛÙËÌ‡ ‰ÓÒÚ‡ÚÓ˜ÌÓ ÌÂÁÌ‡˜ËÚÂÎÂÌ,
Ë ‰‡ÊÂ ˜ÂÂÁ ‰ÎËÚÂÎ¸ÌÓÂ ‚ÂÏˇ ÔÓÒÎÂ Ì‡˜‡Î‡ ˝ÍÒÔÂËÏÂÌÚ‡ ÍÓÎÓËÏÂÚË˜ÂÒÍËÂ ı‡‡ÍÚÂËÒÚËÍË
‡ÒÚ‚Ó‡ ÌÂ ËÏÂ˛Ú ÒÛ˘ÂÒÚ‚ÂÌÌÓ„Ó ËÁÏÂÌÂÌËˇ, Ë ÓÌ ÓÒÚ‡ÂÚÒˇ ÒËÌËÏ. “‡Í‡ˇ ËÌÚÂÔÂÚ‡ˆËˇ ÔÓ‰-
‰ÂÊË‚‡ÂÚÒˇ Ì‡·Î˛‰ÂÌËÂÏ Á‡ ‰ËÌ‡ÏËÍÓÈ ÓÚÍÎËÍ‡ Ò‡ÏÓ„Ó ‡Á·‡‚ÎÂÌÌÓ„Ó ‡ÒÚ‚Ó‡ Î‡ÍÚÓ·‡ÍÚÂËÈ
(1/11), ÍÓÚÓ˚È ‰ÂÏÓÌÒÚËÛÂÚ Ô‡ÍÚË˜ÂÒÍË ˝Í‚Ë‚‡ÎÂÌÚÌ˚È ÓÒÚ ‰Ó ÏÓÏÂÌÚ‡, ÍÓ„‰‡ ·‡ÍÚÂËË
‚ÒÚÛÔ‡˛Ú ‚ ‡ÍÚË‚ÌÛ˛ Ù‡ÁÛ ÓÒÚ‡ (ÔËÏÂÌÓ ˜ÂÂÁ 65 ˜‡ÒÓ‚) Ë Ëı ÍÓÎË˜ÂÒÚ‚‡ ‰ÓÒÚ‡ÚÓ˜ÌÓ ‰Îˇ
Û‚ÂÎË˜ÂÌËˇ Á‡ÏÂÚÌÓÈ ‰ËÌ‡ÏËÍË ÊËÁÌÂ‰ÂˇÚÂÎ¸ÌÓÒÚË. ƒ‡ÌÌÓÂ Ò‡‚ÌÂÌËÂ ·Û‰ÂÚ Ó·ÒÛÊ‰ÂÌÓ ÌËÊÂ.

–‡Á‚Â‰ÂÌËˇ (1/10) Ë (1/9) ÔÓÍ‡Á˚‚‡˛Ú Ô‡ÍÚË˜ÂÒÍË Ë‰Â‡Î¸ÌÓÂ Ì‡ÎÓÊÂÌËÂ ˝ÍÒÔÂËÏÂÌÚ‡Î¸-
Ì˚ı ÁÌ‡˜ÂÌËÈ Ì‡ ÍË‚Û˛ ıËÏË˜ÂÒÍÓÈ ÍËÌÂÚËÍË ‚ÓÒÒÚ‡ÌÓ‚ÎÂÌËˇ ÂÁ‡ÁÛËÌ‡ Ë ÍË‚Û˛ ÓÒÚ‡,
ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Û˛ Â¯ÂÌË˛ Û‡‚ÌÂÌËˇ ‘Âı˛Î¸ÒÚ‡ ‚ ÔÂ‰ÂÎ‡ı ‡ÁÂ¯ÂÌËˇ „‡ÙËÍ‡, Ë ‚˚ıÓ‰ Ì‡
ÒÚ‡ˆËÓÌ‡ÌÓÂ ÁÌ‡˜ÂÌËÂ Í ÏÓÏÂÌÚÛ ÓÍÓÌ˜‡ÌËˇ ˝ÍÒÔÂËÏÂÌÚ‡. œÂÂıÓ‰ ÂÁ‡ÁÛËÌ‡ ‚ ÂÁÓÛÙËÌ ‚ ‰‡Ì-
Ì˚ı ÒÎÛ˜‡ˇı Ì‡„Îˇ‰ÌÓ ‚Ë‰ÂÌ ÔÓ Ì‡Ò˚˘ÂÌÌÓÏÛ ÓÁÓ‚ÓÏÛ ˆ‚ÂÚÛ Ì‡ ÙÓÚÓ„‡ÙËˇı ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı
ˇ˜ÂÂÍ (ÒÏ. ËÒ. 2, a) Ì‡ ÏÓÏÂÌÚ ‚˚ıÓ‰‡ ÍË‚˚ı Ì‡ Ì‡Ò˚˘ÂÌËÂ (ÒÏ. ËÒ. 2, b).

— ‰Û„ÓÈ ÒÚÓÓÌ˚, (1/8), (1/7) Ë (1/6) ÎÓÊ‡ÚÒˇ Ì‡ ÎÓ„ËÒÚË˜ÂÒÍÛ˛ ÍË‚Û˛ ÚÓÎ¸ÍÓ ‰Ó ÓÔÂ‰Â-
ÎÂÌÌÓ„Ó ÏÓÏÂÌÚ‡. œÓÒÎÂ‰Ìˇˇ (‡‚ÌÓ Í‡Í Ë ÙÛÌÍˆËˇ (11)) ‰ÂÏÓÌÒÚËÛÂÚ Ì‡Ò˚˘ÂÌËÂ, ‚ ÚÓ ‚ÂÏˇ Í‡Í
ÙÓÚÓÏÂÚË˜ÂÒÍËÂ ‰‡ÌÌ˚Â ÔÓÍ‡Á˚‚‡˛Ú ‚ÓÁÌËÍÌÓ‚ÂÌËÂ ÌÓ‚ÓÈ Ù‡Á˚ ·ÓÎÂÂ ·˚ÒÚÓ„Ó ÓÒÚ‡. ŒÌ ÒÓÓÚ-
‚ÂÚÒÚ‚ÛÂÚ ·˚ÒÚÓÏÛ ÔÓÒ‚ÂÚÎÂÌË˛ ÒÂ‰˚ ‚ ˇ˜ÂÈÍ‡ı Á‡ Ò˜ÂÚ Â‡ÍˆËË ‚ÓÒÒÚ‡ÌÓ‚ÎÂÌËˇ ÂÁÓÛÙËÌ‡
‰Ó ‰Ë„Ë‰ÓÂÁÓÛÙËÌ‡, ˜ÚÓ ÔË‚Ó‰ËÚ Í ÁÌ‡˜ËÚÂÎ¸ÌÓÏÛ ‡Á·‡‚ÎÂÌË˛ ÒÂ‰˚ ÔÓÁ‡˜Ì˚Ï ÔÓ‰ÛÍÚÓÏ.
›ÚÓ Ú‡ÍÊÂ Ì‡„Îˇ‰ÌÓ Á‡ÏÂÚÌÓ Ì‡ ËÒ. 2, a.

Õ‡ÍÓÌÂˆ, ‚ ÎÛÌÍ‡ı (1/5)–(1/1) ‚˚ıÓ‰ Ì‡ Ì‡Ò˚˘ÂÌËÂ ÙÓÚÓÏÂÚË˜ÂÒÍÓ„Ó ÒË„Ì‡Î‡ ÔÓıÓ‰ËÚ
Ì‡ÒÚÓÎ¸ÍÓ ·˚ÒÚÓ, ˜ÚÓ ‰‚Ûı˝Ú‡ÔÌÓÒÚ¸ ÔÓˆÂÒÒ‡ ÌÂ ÔÓÒÏ‡ÚË‚‡ÂÚÒˇ. ‘‡ÍÚË˜ÂÒÍË ÔË Ú‡ÍËı ÍÓÎË-
˜ÂÒÚ‚‡ı Í‡Ú‡ÎËÁ‡ÚÓÓ‚ (ÏÂÚ‡·ÓÎËÚÓ‚ ÊËÁÌÂ‰ÂˇÚÂÎ¸ÌÓÒÚË Î‡ÍÚÓ·‡ÍÚÂËÈ) Â‡ÍˆËË ‚ÓÒÒÚ‡ÌÓ‚ÎÂÌËˇ
Ë‰ÛÚ Ô‡‡ÎÎÂÎ¸ÌÓ, Ë ÔÓËÒıÓ‰ËÚ ·˚ÒÚÓÂ ÔÓÒ‚ÂÚÎÂÌËÂ ‡ÒÚ‚Ó‡. ¡ÓÎÂÂ ÚÓ„Ó, ÔË Ì‡˜‡Î¸Ì˚ı
‡Á‚Â‰ÂÌËˇı (1/4)–(1/2) ‚Ë‰ÌÓ ÛÏÂÌ¸¯ÂÌËÂ ÙÓÚÓÏÂÚË˜ÂÒÍÓ„Ó ÒË„Ì‡Î‡ ‚ÏÂÒÚÓ Â„Ó ÒÚ‡ˆËÓÌ‡ÌÓÒÚË.
›ÚÓ Ò‚ˇÁ‡ÌÓ Ò ÔÓÏÛÚÌÂÌËÂÏ ÒÂ‰˚ Ë ÛÏÂÌ¸¯ÂÌËÂÏ ËÌÚÂÌÒË‚ÌÓÒÚË Ò‚ÂÚÓÔÓÔÛÒÍ‡ÌËˇ ‡ÒÚ‚Ó‡ ËÁ-Á‡
ÔÓˇ‚ÎÂÌËˇ ·ÓÎ¸¯Ó„Ó ÍÓÎË˜ÂÒÚ‚‡ Î‡ÍÚÓ·‡ÍÚÂËÈ, ÚÓ ÂÒÚ¸ Ò ÔˇÏ˚Ï ËÁÏÂÌÂÌËÂÏ ÓÔÚË˜ÂÒÍÓÈ ÔÎÓÚÌÓ-
ÒÚË, ÌÂ Ò‚ˇÁ‡ÌÌ˚Ï ÛÊÂ Ò ıËÏË˜ÂÒÍËÏË ËÌ‰ËÍ‡ÚÓÌ˚ÏË ÔÓˆÂÒÒ‡ÏË (ÒÂ‰‡ ÓÒÚ‡ÂÚÒˇ ÔÓÁ‡˜ÌÓÈ).

¬ ÔÂ‰ÂÎ‡ı ‡ÁÂ¯ÂÌËˇ „‡ÙËÍÓ‚ ËÒ. 2, b ÍË‚‡ˇ (16) Ë Ò‰‚ËÌÛÚ‡ˇ ÍË‚‡ˇ (11) ıÓÓ¯Ó
ÙËÚÛ˛Ú ‰‡ÌÌ˚Â, ÌÓ ÔË ˝ÚÓÏ ‚Ë‰ÌÓ, ˜ÚÓ ÁÌ‡˜ÂÌËˇ Ì‡Ò˚˘ÂÌËˇ ÒÛ˘ÂÒÚ‚ÂÌÌÓ (ÔËÏÂÌÓ ‚ ÔÓÎÚÓ‡
‡Á‡) ‚˚¯Â, ˜ÂÏ ‰Îˇ ÒÎÛ˜‡ˇ ÔÓÓÁÓ‚Â‚¯Ëı ˇ˜ÂÂÍ. Œ‰Ì‡ÍÓ ‰‡ÌÌ˚Â ÒÎÛ˜‡Ë Ì‡ıÓ‰ˇÚÒˇ Á‡ ÔÂ‰ÂÎ‡ÏË
Ó·Î‡ÒÚË ÔËÏÂÌÂÌËˇ ÏÓ‰ÂÎË, ÓÔÂËÛ˛˘ÂÈ ÚÓÎ¸ÍÓ Ò Ó‰ÌÓÈ ÌÂÓ·‡ÚËÏÓÈ Â‡ÍˆËÂÈ, Ë ‰‡ÎÂÂ
ÌÂ ·Û‰ÛÚ ‡ÒÒÏ‡ÚË‚‡Ú¸Òˇ.

—ÎÂ‰ÛÂÚ ÓÚÏÂÚËÚ¸, ˜ÚÓ ‚Ë‰ËÏÓÂ ‡ÁÂ¯ÂÌËÂ Ì‡ „‡ÙËÍ‡ı ËÒ. 2, b ‰ÓÒÚ‡ÚÓ˜ÌÓ „Û·ÓÂ Ë ‰Â-
Ú‡Î¸ÌÓÂ Ó·ÒÛÊ‰ÂÌËÂ ‚ÓÔÓÒ‡ Ó ‚ÓÒÔÓËÁ‚Â‰ÂÌËÂ ÒË„ÏÓË‰‡Î¸Ì˚ı ÍË‚˚ı ÓÒÚ‡ ÙÓÚÓÏÂÚË˜ÂÒÍËı
ÍË‚˚ı Â¯ÂÌËÂÏ ÏÓ‰ÂÎ¸Ì˚ı Û‡‚ÌÂÌËÈ ÚÂ·ÛÂÚ ÔÂ‰ÒÚ‡‚ÎÂÌËˇ ‰‡ÌÌ˚ı ·ÓÎÂÂ ˜Û‚ÒÚ‚ËÚÂÎ¸Ì˚ı
Í ÚËÔÛ ÍËÌÂÚË˜ÂÒÍËı ÍË‚˚ı. ƒ‡ÌÌ˚È ‡Ì‡ÎËÁ ÔÂ‰ÒÚ‡‚ÎÂÌ Ì‡ ËÒ. 3. ŒÌ ÓÒÌÓ‚‡Ì Ì‡ ÎËÌÂ‡ËÁ‡ˆËË
ÍË‚ÓÈ, Á‡‰‡ÌÌÓÈ ÙÛÌÍˆËÂÈ (16) ‚ ÔÓÎÛÎÓ„‡ËÙÏË˜ÂÒÍÓÏ ÔÂ‰ÒÚ‡‚ÎÂÌËË

� ln
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◆
= r0tm � r0t, (17)

„‰Â Ò‰‚Ë„ ÔÓÎÛ˜Ë‚¯ÂÈÒˇ ÔˇÏÓÈ r0tm ÓÔÂ‰ÂÎˇÂÚÒˇ Ì‡˜‡Î¸Ì˚ÏË ÛÒÎÓ‚ËˇÏË, ‡ Ì‡ÍÎÓÌ r0 Á‡‰‡ÂÚ
ÒÍÓÓÒÚ¸ ÓÒÚ‡, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Û˛ ÎÓ„ËÒÚË˜ÂÒÍÓÏÛ Û‡‚ÌÂÌË˛.
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–ËÒ. 3 ‰ÂÏÓÌÒÚËÛÂÚ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÈ ‚Ë‰ ‰‡ÌÌ˚ı Ë Ëı ‡ÔÔÓÍÒËÏ‡ˆËÈ (Ì‡ ËÌÚÂ‚‡ÎÂ
Â„ÂÒÒËË) ‰Îˇ ÚÂı ÎÛÌÓÍ, ‰Îˇ ÍÓÚÓ˚ı ÌÂ Ì‡·Î˛‰‡ÂÚÒˇ ·˚ÒÚÓ„Ó Ó·ÂÒˆ‚Â˜Ë‚‡ÌËˇ Á‡ Ò˜ÂÚ ‚ÚÓÓ„Ó
˝Ú‡Ô‡ Â‡ÍˆËË. ¬ ‰‡ÌÌÓÏ ÔÂ‰ÒÚ‡‚ÎÂÌËË ÒÛ˘ÂÒÚ‚ÂÌÌ‡ˇ ÔË·ÎËÊÂÌÌÓÒÚ¸ Â„ÂÒÒËË ÎÓ„ËÒÚË˜ÂÒÍÓÈ
ÙÛÌÍˆËÂÈ (16) ÒÚ‡ÌÓ‚ËÚÒˇ ˇ‚ÌÓ Á‡ÏÂÚÌÓÈ: ‰‡ÊÂ ‚ ˆÂÌÚ‡Î¸ÌÓÈ Ó·Î‡ÒÚË Ì‡ËÎÛ˜¯Â„Ó ÔË·ÎËÊÂÌËˇ
Ï‡ÍÂ˚, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ ˝ÍÒÔÂËÏÂÌÚ‡Î¸Ì˚Ï ‰‡ÌÌ˚Ï, ‡ÒÔÓÎÓÊÂÌ˚ ‚ÓÎÌÓÓ·‡ÁÌÓ ‚ÓÍÛ„ ÙËÚÛ-
˛˘ÂÈ ÔˇÏÓÈ. Õ‡ Ì‡˜‡Î¸ÌÓÏ ÊÂ Ë ÍÓÌÂ˜ÌÓÏ Û˜‡ÒÚÍ‡ı ËÌÚÂ‚‡Î‡ ÓÚÍÎÓÌÂÌËˇ ÔÛÚË ‡ÒÔÓÎÓÊÂÌËˇ
Ï‡ÍÂÓ‚ ÓÚ ÔˇÏÓÈ ÒÚ‡ÌÓ‚ˇÚÒˇ ‚ÂÒ¸Ï‡ ÒÛ˘ÂÒÚ‚ÂÌÌ˚ÏË. œË ˝ÚÓÏ ÒÔÎÓ¯Ì˚Â ÎËÌËË, ÓÚ‚Â˜‡˛˘ËÂ
Â¯ÂÌË˛ (11), ÔËÌËÏ‡˛˘ÂÏÛ ‚Ó ‚ÌËÏ‡ÌËÂ Ó·‡ ÔÓˆÂÒÒ‡ — ÔÓÔÛÎˇˆËÓÌÌÓ„Ó ÓÒÚ‡ Ë ıËÏË˜ÂÒÍÓÈ
Â‡ÍˆËË ËÌ‰ËÍ‡ÚÓ‡ — ‡ÍÍÛ‡ÚÌÓ ÔÓıÓ‰ˇÚ ÔÓ ÒÛ˘ÂÒÚ‚ÂÌÌÓ ÌÂÎËÌÂÈÌÓÈ ÍË‚ÓÈ ‡ÒÔÓÎÓÊÂÌËˇ
˝ÍÒÔÂËÏÂÌÚ‡Î¸Ì˚ı ‰‡ÌÌ˚ı.

—ÎÂ‰ÛÂÚ ÓÚÏÂÚËÚ¸, ˜ÚÓ ‰‡ÊÂ ÒıÓ‰Ì˚È Ó‰ËÌ‡ÍÓ‚˚È ÒÂ‰ÌËÈ Ì‡ÍÎÓÌ ‡ÔÔÓÍÒËÏËÛ˛˘Ëı ÎËÌÂÈ-
Ì˚ı Û˜‡ÒÚÍÓ‚ ÌÂ Ò‚Ë‰ÂÚÂÎ¸ÒÚ‚ÛÂÚ Ó· Ó‰ËÌ‡ÍÓ‚ÓÈ ÒÍÓÓÒÚË ÔÓÔÛÎˇˆËÓÌÌÓ„Ó ÓÒÚ‡, ÓÔÂ‰ÂÎÂÌÌÓ„Ó
‰‚ÛÏˇ ÏÂÚÓ‰‡ÏË, ıÓÚˇ Ë ÔË‚Ó‰ËÚ Í Ó‰ËÌ‡ÍÓ‚˚Ï Í‡˜ÂÒÚ‚ÂÌÌ˚Ï Á‡ÍÎ˛˜ÂÌËˇÏ. œÂÊ‰Â ‚ÒÂ„Ó, ÒÎÂ‰Û-
ÂÚ Ó·‡ÚËÚ¸ ‚ÌËÏ‡ÌËÂ Ì‡ ÍË‚˚Â (0) Ë (1/11), ‰Îˇ ÍÓÚÓ˚ı ‚ÂÎË˜ËÌ‡ Ì‡ÍÎÓÌÓ‚, ‚Ó-ÔÂ‚˚ı, ÏÂÌ¸¯Â,
˜ÂÏ ‰Îˇ ÔÓ˜Ëı, ‡ ‚Ó-‚ÚÓ˚ı, ÓÌ‡ Ô‡ÍÚË˜ÂÒÍË ÒÓ‚Ô‡‰‡ÂÚ ‰Îˇ ÍÓÌÚÓÎˇ Ë Ì‡Ë·ÓÎ¸¯Â„Ó ‡Á‚Â‰ÂÌËˇ.
›ÚÓ Ò‚Ë‰ÂÚÂÎ¸ÒÚ‚ÛÂÚ Ó ÚÓÏ, ˜ÚÓ ‚˚‰‚ËÌÛÚÓÂ ‚˚¯Â ÔÂ‰ÔÓÎÓÊÂÌËÂ, ˜ÚÓ ÔÓ‚˚¯ÂÌËÂ ÙÓÚÓÏÂÚË˜Â-
ÒÍÓ„Ó ÒË„Ì‡Î‡ ‰Îˇ ˝ÚËı ˇ˜ÂÂÍ Ò‚ˇÁ‡ÌÓ ÌÂ Ò ‡ÁÏÌÓÊÂÌËÂÏ Î‡ÍÚÓ·‡ÍÚÂËÈ, ‡ Ò ‚ÓÁÏÓÊÌ˚ÏË ÔÓ·Ó˜-
Ì˚ÏË ıËÏË˜ÂÒÍËÏË Â‡ÍˆËˇÏË. ƒÓÔÓÎÌËÚÂÎ¸Ì˚È ‡„ÛÏÂÌÚ ÒÓÒÚÓËÚ ‚ ÚÓÏ, ˜ÚÓ ‰Îˇ ÒÎÛ˜‡ˇ (1/11)
‚ ÍÓÌÂ˜Ì˚Â ÏÓÏÂÌÚ˚ ‚ÂÏÂÌË (t > 65 ˜) Ì‡˜ËÌ‡ÂÚÒˇ ÓÚÍÎÓÌÂÌËÂ ÓÚ ÔˇÏÓÈ ‚‚Âı, Ò‚ˇÁ‡ÌÌÓÂ
Ò ÔÂ‚˚¯ÂÌËÂÏ ˜ËÒÎÂÌÌÓÒÚ¸˛ Î‡ÍÚÓ·‡ÍÚÂËÈ ÔÓÓ„‡ ÌÂ˜Û‚ÒÚ‚ËÚÂÎ¸ÌÓÒÚË Ë ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌ˚Ï
‚ÎËˇÌËÂÏ Ì‡ ÍÓÌ‚ÂÒË˛ ÂÁ‡ÁÛËÌ‡ ÏÂÚ‡·ÓÎË˜ÂÒÍËı ÔÓˆÂÒÒÓ‚ ‚ ÊËÁÌÂÒÔÓÒÓ·Ì˚ı ÍÎÂÚÍ‡ı. ƒ‡Î¸-
ÌÂÈ¯ËÂ Á‡‚ËÒËÏÓÒÚË ÒÓÓÚ‚ÂÚÒÚ‚Û˛Ú ÒËÚÛ‡ˆËË, ÍÓ„‰‡ ËÌ‰ËÍ‡ÚÓÌÛ˛ Â‡ÍˆË˛ Í‡Ú‡ÎËÁËÛ˛Ú ËÏÂÌÌÓ
ÏÂÚ‡·ÓÎË˜ÂÒÍËÂ ÔÓˆÂÒÒ˚ ÔË ÓÒÚÂ ÔÓÔÛÎˇˆËË ÏËÍÓÓ„‡ÌËÁÏÓ‚, ‡ ÌÂ ÒÓÔÛÚÒÚ‚Û˛˘ËÂ ‚Â˘Â-
ÒÚ‚‡ ‚ ‡ÒÚ‚ÓÂ, ˜ÚÓ ‚Ë‰ÌÓ ÔÓ ÚÓÏÛ, ˜ÚÓ ÚË Á‡‚ËÒËÏÓÒÚË — ‰Îˇ Ì‡˜‡Î¸Ì˚ı ‡Á‚Â‰ÂÌËÈ (1/10),
(1/8), (1/7) — ÔÓˇ‚Îˇ˛Ú ÔË·ÎËÁËÚÂÎ¸ÌÓ Ó‰ËÌ‡ÍÓ‚Û˛ ı‡‡ÍÚÂÌÛ˛ ÒÍÓÓÒÚ¸ ÓÒÚ‡, ÓÔÂ‰ÂÎˇÂÏÛ˛
·ÎËÁÍËÏ Ì‡ÍÎÓÌÓÏ ÔˇÏÓÎËÌÂÈÌ˚ı Û˜‡ÒÚÍÓ‚ ‚ ÔÓÎÛÎÓ„‡ËÙÏË˜ÂÒÍËı ÍÓÓ‰ËÌ‡Ú‡ı. œ‡‡ÎÎÂÎ¸Ì˚È
ÊÂ Ò‰‚Ë„ ÏÂÊ‰Û ÌËÏË ÓÚ‚Â˜‡ÂÚ ‡ÁÎË˜Ì˚Ï Ì‡˜‡Î¸Ì˚Ï ÛÒÎÓ‚ËˇÏ, ˜ÚÓ ÔÓÎÌÓÒÚ¸˛ ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ
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–ËÒ. 3. ›ÍÒÔÂËÏÂÌÚ‡Î¸Ì˚Â ‰‡ÌÌ˚Â (ÚÓ˜ÍË); ıËÏË˜ÂÒÍ‡ˇ ÍËÌÂÚËÍ‡ ÂÁ‡ÁÛËÌ‡ (ÒÔÎÓ¯Ì‡ˇ ÎËÌËˇ); Û‡‚ÌÂÌËÂ ‘Âı˛Î¸ÒÚ‡
(ÔÂ˚‚ËÒÚ‡ˇ ÎËÌËˇ) (ˆ‚ÂÚ ÓÌÎ‡ÈÌ)

Fig. 3. Experimental data (circles); chemical kinetics of resazurin (solid line); Verhulst equation (dashed line) (color online)
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Ó·ÒÛÊ‰‡ÂÏ˚Ï ÍËÌÂÚË˜ÂÒÍËÏ ÏÓ‰ÂÎˇÏ. ÃÂÌ¸¯ËÈ Ì‡ÍÎÓÌ ‰Îˇ ‡Á‚Â‰ÂÌËˇ (1/10) ÏÓÊÂÚ ·˚Ú¸ Ò‚ˇ-
Á‡Ì Ò ËÌ‰Ë‚Ë‰Û‡Î¸Ì˚ÏË ÓÒÓ·ÂÌÌÓÒÚˇÏË ÚÓÈ ˜‡ÒÚË ÍÛÎ¸ÚÛ˚, ÍÓÚÓ‡ˇ ÔÓÔ‡Î‡ ‚ ‰‡ÌÌÛ˛ ˇ˜ÂÈÍÛ
(ÔÓ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÏÛ „‡ÙËÍÛ Ì‡ ËÒ. 2, b Ú‡ÍÊÂ ‚Ë‰Ì‡ ÒÔÂˆËÙËÍ‡ ·ÓÎÂÂ ÏÂ‰ÎÂÌÌÓ„Ó ÓÒÚ‡, ‚ÒÂ
Â˘Â ÌÂ ÔË‚Ó‰ˇ˘Â„Ó Á‡ 72 ˜ Í Ì‡˜‡ÎÛ ÔÂÂıÓ‰‡ Í ‰Ë„Ë‰ÓÂÁÓÛÙËÌÓ‚ÓÏÛ ˝Ú‡ÔÛ Â‡ÍˆËË).

Œ‰Ì‡ÍÓ ‚ÂÎË˜ËÌ‡ ÒÍÓÓÒÚË ÔÓÔÛÎˇˆËÓÌÌÓ„Ó ÓÒÚ‡ Ò‡Ï‡ ÔÓ ÒÂ·Â ‡ÁÎË˜Ì‡ ÔÓ ‰‡ÌÌ˚Ï ÏÓ-
‰ÂÎË ‘Âı˛Î¸ÒÚ‡ Ë ·ÓÎÂÂ ÔÓÎÌÓÈ ÔÓÔÛÎˇˆËÓÌÌÓ-ıËÏË˜ÂÒÍÓÈ ÏÓ‰ÂÎË. ÃÓ‰ÂÎ¸ ‘Âı˛Î¸ÒÚ‡ ‰‡ÂÚ
r0 = (0.15 ± 0.018) ˜�1, ‚ ÚÓ ‚ÂÏˇ Í‡Í ÏÓ‰ÂÎ¸ (11) ‰‡ÂÚ ÁÌ‡˜ÂÌËˇ r(1/10) = 0.21 ˜�1, r(1/8) =
= 0.33 ˜�1, r(1/7) = 0.67 ˜�1 ÔË ÒÚÂÔÂÌÌ˚ı ÔÓÍ‡Á‡ÚÂÎˇı (kK/r)(1/10) = 0.52, (kK/r)(1/8) = 0.13
Ë (kK/r)(1/7) = 0.11. “‡ÍËÏ Ó·‡ÁÓÏ, ÏÓÊÌÓ ‚Ë‰ÂÚ¸, ˜ÚÓ ˝ÚË ÔÓÍ‡Á‡ÚÂÎË ÒÛ˘ÂÒÚ‚ÂÌÌÓ ÓÚÎË˜‡˛ÚÒˇ
ÓÚ Â‰ËÌËˆ˚, ÚÓ ÂÒÚ¸ ÏÓ‰ÂÎ¸, Û˜ËÚ˚‚‡˛˘‡ˇ Ù‡ÍÚ Â„ËÒÚ‡ˆËË ıËÏË˜ÂÒÍÓ„Ó ÔÓˆÂÒÒ‡, ‡ ÌÂ ‡Á-
ÏÌÓÊÂÌËˇ ÏËÍÓÓ„‡ÌËÁÏÓ‚ ÌÂÔÓÒÂ‰ÒÚ‚ÂÌÌÓ, ÌÂ˝Í‚Ë‚‡ÎÂÌÚÌ‡ Â¯ÂÌË˛ Û‡‚ÌÂÌËˇ ‘Âı˛Î¸ÒÚ‡,
ÌÂÒÏÓÚˇ Ì‡ ÒıÓ‰ÒÚ‚Ó ‰ËÌ‡ÏËÍË ‚ Ó·Î‡ÒÚË ÚÓ˜ÍË ÔÂÂ„Ë·‡ ÙËÍÒËÛÂÏÓÈ ÍË‚ÓÈ ÓÒÚ‡ (ÌÓ ÒÛ˘Â-
ÒÚ‚ÂÌÌÓÂ ‡ÁÎË˜ËÂ Ì‡ ˝Ú‡Ô‡ı Ì‡˜‡Î‡ Ë ÍÓÌˆ‡ ÓÒÚ‡ ËÌ‰ËÍ‡ÚÓÌÓÈ ÍË‚ÓÈ ÍÓÌ‚ÂÒËË ÂÁ‡ÁÛËÌ‡
‚ ÂÁÓÛÙËÌ).

–‡ÁÎË˜ËÂ ‚ ÒÍÓÓÒÚˇı ÔÓÔÛÎˇˆËÓÌÌÓ„Ó ÓÒÚ‡ ‰Îˇ ‡ÁÎË˜Ì˚ı Ì‡˜‡Î¸Ì˚ı ‡Á‚Â‰ÂÌËÈ ÏÓÊÂÚ
·˚Ú¸ Ó·ÛÒÎÓ‚ÎÂÌÓ ˇ‰ÓÏ Ù‡ÍÚÓÓ‚. Œ‰ÌËÏ ËÁ ÌËı ˇ‚ÎˇÂÚÒˇ ‡ÁÎË˜Ì‡ˇ ÍÓÌˆÂÌÚ‡ˆËˇ ÔËÚ‡ÚÂÎ¸ÌÓÈ
ÒÂ‰˚, ÍÓÚÓ‡ˇ ‰Ó·‡‚ÎˇÎ‡Ò¸ ‚ÏÂÒÚÂ Ò ÍÛÎ¸ÚÛÓÈ Ë ‡Á‚Ó‰ËÎ‡Ò¸ ‚ ÚÓÈ ÊÂ ÔÓÔÓˆËË, ÚÓ ÂÒÚ¸ ÍÓÌ-
ˆÂÌÚ‡ˆËˇ ‚ ‡Ò˜ÂÚÂ Ì‡ Ó·˙ÂÏ ˇ˜ÂÈÍË ÔÎ‡Ì¯ÂÚ‡ ‡ÁÎË˜‡Î‡Ò¸, ‚ÓÁ‡ÒÚ‡ˇ ÓÚ ˇ˜ÂÈÍË (1/10) ‰Ó (1/7).
¡ÓÎÂÂ ÒÛ˘ÂÒÚ‚ÂÌÌ˚Ï Ù‡ÍÚÓÓÏ ˇ‚ÎˇÂÚÒˇ ‚ÓÁÏÓÊÌ‡ˇ Á‡‚ËÒËÏÓÒÚ¸ ÓÚ Ì‡˜‡Î¸ÌÓÈ ÍÓÌˆÂÌÚ‡ˆËË
Î‡ÍÚÓ·‡ÍÚÂËÈ ‚ ÒËÎÛ ‚ÎËˇÌËˇ ÔÓÒÎÂ‰ÌÂÈ Ì‡ ÔÓ‰ÓÎÊËÚÂÎ¸ÌÓÒÚ¸ Î‡„-Ù‡Á˚ ‰ËÌ‡ÏËÍË ÓÒÚ‡ [28].
—Ó‚ÂÏÂÌÌ˚Â ËÒÒÎÂ‰Ó‚‡ÌËˇ [29, 30] ‡„ÛÏÂÌÚËÛ˛Ú ÒÛ˘ÂÒÚ‚Ó‚‡ÌËÂ ÌÂÓ·ıÓ‰ËÏÓÒÚË Û˜ÂÚ‡ ˝ÙÙÂÍÚ‡
Í‚ÓÛÏ‡, ÒÎÂ‰ÒÚ‚ËÂÏ ÍÓÚÓÓ„Ó ˇ‚ÎˇÂÚÒˇ ÏÂÌ¸¯‡ˇ ı‡‡ÍÚÂÌ‡ˇ ÒÍÓÓÒÚ¸ ÓÒÚ‡ ÍÛÎ¸ÚÛ˚ Á‡ Ò˜ÂÚ
ÔÓ‰ÎÂÌËˇ Î‡„-Ù‡Á˚ ÔË Ï‡Î˚ı ÍÓÌˆÂÌÚ‡ˆËˇı ÍÓÎÓÌËÂÓ·‡ÁÛ˛˘Ëı Â‰ËÌËˆ, ˜ÚÓ ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ
Û‚ÂÎË˜ÂÌË˛ ÍÓÌÒÚ‡ÌÚ ÓÚ r(1/10) ‰Ó r(1/7).

¬ÏÂÒÚÂ Ò ÚÂÏ ÁÌ‡˜ÂÌËˇ ˝ÚËı ÍÓÌÒÚ‡ÌÚ ÒÓÓÚ‚ÂÚÒÚ‚Û˛Ú ËÌÚÂ‚‡ÎÛ ‚ÂÎË˜ËÌ, Ì‡È‰ÂÌÌ˚ı ‚ ˇ‰Â
ËÁ‚ÂÒÚÌ˚ı ‡·ÓÚ, Ó·‡˘‡‚¯ËıÒˇ Í ÌÂÔÓÒÂ‰ÒÚ‚ÂÌÌÓÏÛ ÔÓ‰Ò˜ÂÚÛ ÍÓÎÓÌËÂÓ·‡ÁÛ˛˘Ëı Â‰ËÌËˆ
Î‡ÍÚÓ·‡ÍÚÂËÈ ËÎË ÊÂ ÓÔÚË˜ÂÒÍÓÈ ÔÎÓÚÌÓÒÚË Ëı ‚Á‚ÂÒË, ÔÂ‰‚‡ËÚÂÎ¸ÌÓ ÓÚÍ‡ÎË·Ó‚‡ÌÌÓÈ Ì‡
ÁÌ‡˜ÂÌËˇ ÔË ÔˇÏÓÏ ÔÓ‰Ò˜ÂÚÂ. ƒÎˇ ÚÂÏÔÂ‡ÚÛÌÓ„Ó ËÌÚÂ‚‡Î‡ 20...30�C, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Â„Ó Ì‡¯Â-
ÏÛ ˝ÍÒÔÂËÏÂÌÚÛ, Ô‡‡ÏÂÚ ÓÒÚ‡ ‚‡¸ËÛÂÚÒˇ ‚ ËÌÚÂ‚‡ÎÂ 0.30...0.65 ˜�1 [31, 32] ‚ Á‡‚ËÒËÏÓÒÚË
ÓÚ ÛÒÎÓ‚ËÈ ÒÂ‰˚ ÓÒÚ‡, ˜ÚÓ ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ r(1/8) Ë r(1/7) = 0.67 Ò Û˜ÂÚÓÏ ˝ÍÒÔÂËÏÂÌÚ‡Î¸ÌÓÈ
ÔÓ„Â¯ÌÓÒÚË. ¬ÂÎË˜ËÌ‡ r(1/10) Ì‡ıÓ‰ËÚÒˇ ÌËÊÂ ˝ÚÓ„Ó ËÌÚÂ‚‡Î‡, ÌÓ Ò Û˜ÂÚÓÏ ÓÚÏÂ˜ÂÌÌÓ„Ó ‚˚¯Â
˝ÙÙÂÍÚ‡ ÒÌËÊÂÌËˇ ÒÍÓÓÒÚË ÓÒÚ‡ ÔË ·ÓÎ¸¯Ëı Ì‡˜‡Î¸Ì˚ı ‡Á‚Â‰ÂÌËˇı Ë ‚‡Ë‡·ÂÎ¸ÌÓÒÚË ÓÒÚ‡
‚ ˆÂÎÓÏ ‡ÒÒÓ„Î‡ÒÓ‚‡ÌËÂ ÌÂ ˇ‚ÎˇÂÚÒˇ ÍËÚË˜Ì˚Ï. ¬ÏÂÒÚÂ Ò ÚÂÏ ÔËÏÂÌÂÌËÂ ÏÓ‰ÂÎË ‘Âı˛Î¸ÒÚ‡
‰‡ÂÚ ÒÛ˘ÂÒÚ‚ÂÌÌÓ Á‡ÌËÊÂÌÌÓÂ ÁÌ‡˜ÂÌËÂ, ˜ÚÓ Ò‚Ë‰ÂÚÂÎ¸ÒÚ‚ÛÂÚ ‚ ÔÓÎ¸ÁÛ ÂÎÂ‚‡ÌÚÌÓÒÚË ËÏÂÌÌÓ
ÏÓ‰ËÙËˆËÓ‚‡ÌÌÓ„Ó ÔÓ‰ıÓ‰‡.

“‡ÍËÏ Ó·‡ÁÓÏ, ‡Á‡·ÓÚÍ‡ ·ÓÎÂÂ ‰ÂÚ‡Î¸Ì˚ı ÏÓ‰ÂÎÂÈ, Û˜ËÚ˚‚‡˛˘Ëı ÏÌÓ„ÓÓ·‡ÁËÂ ÔÓÔÛ-
ÎˇˆËÓÌÌ˚ı, ·ËÓÙËÁË˜ÂÒÍËı Ë ıËÏË˜ÂÒÍËı ÔÓˆÂÒÒÓ‚, ÓÚÍ˚‚‡ÂÚ ÔÂÒÔÂÍÚË‚˚ ‰Îˇ ·ÓÎÂÂ ˇÒÌÓ„Ó
ÔÓÌËÏ‡ÌËˇ ‚ÒÂ„Ó ÍÓÏÔÎÂÍÒ‡ ‚Á‡ËÏÓÒ‚ˇÁ‡ÌÌ˚ı ÔÓˆÂÒÒÓ‚, Ó·ÛÒÎ‡‚ÎË‚‡˛˘Ëı ‚Ë‰ËÏ˚È ËÌ‰ËÍ‡ÚÓ-
Ì˚È ÓÚÍÎËÍ Ì‡ ÓÒÚ ÍÛÎ¸ÚÛ˚ ÏËÍÓÓ„‡ÌËÁÏÓ‚.

«‡ÍÎ˛˜ÂÌËÂ

“‡ÍËÏ Ó·‡ÁÓÏ, ÓÒÌÓ‚ÌÓÈ ‚˚‚Ó‰ ‰‡ÌÌÓÈ ‡·ÓÚ˚ Á‡ÍÎ˛˜‡ÂÚÒˇ ‚ ÔË‚ÎÂ˜ÂÌËË ‚ÌËÏ‡ÌËˇ
Í ÌÂÓ·ıÓ‰ËÏÓÒÚË ÔË ËÒÔÓÎ¸ÁÓ‚‡ÌËË ËÌ‰ËÍ‡ÚÓÌ˚ı ÒÂ‰ ˜ÂÚÍÓ ‡Á‰ÂÎˇÚ¸ Ì‡·Î˛‰‡ÂÏÛ˛ ÍËÌÂÚËÍÛ
ËÁÏÂÂÌËˇ Â„ËÒÚËÛÂÏÓ„Ó ÒË„Ì‡Î‡ Ë ËÒÚËÌÌÛ˛ ÍËÌÂÚËÍÛ ÔÓÔÛÎˇˆËÓÌÌÓ„Ó ÓÒÚ‡. ÕÂÒÏÓÚˇ
Ì‡ ÚÓ, ˜ÚÓ ÔÓÎÛ˜‡ÂÏ˚Â ‰‡ÌÌ˚Â ÏÓ„ÛÚ ·˚Ú¸ ‡ÔÔÓÍÒËÏËÓ‚‡Ì˚ ÍÎ‡ÒÒË˜ÂÒÍËÏË ÒË„ÏÓË‰‡Î¸Ì˚ÏË
ÍË‚˚ÏË (Ú‡ÍËÏË Í‡Í Á‡‚ËÒËÏÓÒÚË ‘Âı˛Î¸ÒÚ‡, √ÓÏÔÂˆ‡ Ë Ú. Ô.), Í‡Í ÏËÌËÏÛÏ ˜‡ÒÚ¸ Ô‡‡ÏÂÚÓ‚
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‰‡ÌÌ˚ı ÍË‚˚ı, ‚ ÓÒÓ·ÂÌÌÓÒÚË ı‡‡ÍÚÂÌ‡ˇ ÍÓÌÒÚ‡ÌÚ‡ ÓÒÚ‡, ÏÓÊÂÚ ÌÂ ÒÓÓÚ‚ÂÚÒÚ‚Ó‚‡Ú¸ Â‡Î¸ÌÓÈ
ÒÍÓÓÒÚË ÓÒÚ‡ ÏËÍÓÓ„‡ÌËÁÏÓ‚ ‚ ÒËÎÛ ÚÓ„Ó, ˜ÚÓ ÔÓˆÂÒÒ ‚ÍÎ˛˜‡ÂÚ ‚ ÒÂ·ˇ ÌÂ ÚÓÎ¸ÍÓ Û‚ÂÎË˜ÂÌËÂ
ÍÓÌˆÂÌÚ‡ˆËË ÔÓÒÎÂ‰ÌËı, ÌÓ Ë ÌÂÔÓÒÂ‰ÒÚ‚ÂÌÌÓ ıËÏË˜ÂÒÍÛ˛ Â‡ÍˆË˛ Ú‡ÌÒÙÓÏ‡ˆËË Â‡„ÂÌÚ‡.
¬ ÓÒÓ·ÂÌÌÓÒÚË ˝ÚÓ ÒÛ˘ÂÒÚ‚ÂÌÌÓ ‰Îˇ ÒÎÛ˜‡ˇ ·˚ÒÚÓ‡ÒÚÛ˘Ëı ÍÛÎ¸ÚÛ, ‰Îˇ ÍÓÚÓ˚ı ÒÍÓÓÒÚË
Ó·ÓËı ÔÓˆÂÒÒÓ‚ ÒÓÔÓÒÚ‡‚ËÏ˚. –ÂÁÛÎ¸Ú‡ÚÓÏ ˝ÚÓ„Ó ˇ‚ÎˇÂÚÒˇ ÌÂÓ·ıÓ‰ËÏÓÒÚ¸ ÓÔÂËÓ‚‡Ú¸ ÏÓ‰ÂÎ¸˛,
‚ÍÎ˛˜‡˛˘ÂÈ Ó‰ÌÓ‚ÂÏÂÌÌÓ ‚ ÒÂ·ˇ ÌÂÎËÌÂÈÌÓÒÚ¸ ÒËÒÚÂÏ˚ Ë ÌÂÒÚ‡ˆËÓÌ‡ÌÓÒÚ¸ ÂÂ Ô‡‡ÏÂÚÓ‚.

¬ ‰‡ÌÌÓÈ ‡·ÓÚÂ ÔÛÚÂÏ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ„Ó ÔËÏÂÌÂÌËˇ ÓÔËÒ‡ÌÌÓÈ ÏÂÚÓ‰ÓÎÓ„ËË ÔÓÎÛ˜ÂÌ˚
Á‡‚ËÒËÏÓÒÚË Â¯ÂÌËÈ ÚËÔ‡ √ÓÏÔÂˆ‡ (‰‚ÓÈÌ‡ˇ ˝ÍÒÔÓÌÂÌˆË‡Î¸Ì‡ˇ Á‡‚ËÒËÏÓÒÚ¸) Ë –Ë˜‡‰Ò‡ (Ó·Ó·-
˘ÂÌÌ˚È ÎÓ„ËÒÚË˜ÂÒÍËÈ ÓÒÚ) Í‡Í ÍËÌÂÚË˜ÂÒÍËÂ ÍË‚˚ı, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı ˝ÍÒÔÓÌÂÌˆË‡Î¸ÌÓÏÛ
Ë ÔÓÒÚÓÏÛ ÎÓ„ËÒÚË˜ÂÒÍÓÏÛ ÓÒÚ‡Ï ÔÓÔÛÎˇˆËË ‚ ËÌ‰ËÍ‡ÚÓÌÓÈ ÒÂ‰Â. œË ˝ÚÓÏ Á‡‚ËÒËÏÓÒÚ¸
Ó·Ó·˘ÂÌÌÓ„Ó ÎÓ„ËÒÚË˜ÂÒÍÓ„Ó ÓÒÚ‡ ÏÓÊÂÚ ·˚Ú¸ Ì‡ ‰ÓÒÚ‡ÚÓ˜ÌÓ ÔÓÚˇÊÂÌÌÓÏ ËÌÚÂ‚‡ÎÂ ‚ÂÏÂÌË
Â‰ÛˆËÓ‚‡Ì‡ Í ÎÓ„ËÒÚË˜ÂÒÍÓÏÛ ÓÒÚÛ ÔË Ì‡‰ÎÂÊ‡˘ÂÏ ‚˚·ÓÂ ÒÓÓÚÌÓ¯ÂÌËˇ ÏÂÊ‰Û ÍËÌÂÚË˜ÂÒÍË-
ÏË ÍÓÌÒÚ‡ÌÚ‡ÏË ‡ÁÏÌÓÊÂÌËˇ ÔÓÔÛÎˇˆËË, ıËÏË˜ÂÒÍÓÈ Â‡ÍˆËÂÈ ËÌ‰ËÍ‡ÚÓ‡ Ë ÂÏÍÓÒÚ¸˛ ÒÂ‰˚.
¬ÓÁÏÓÊÌÓÒÚ¸ ÔÓ‰Ó·ÌÓ„Ó ÒÓ„Î‡ÒÓ‚‡ÌËˇ Ó·˙ˇÒÌˇÂÚ ËÁ‚ÂÒÚÌÛ˛ ˝ÏÔËË˜ÂÒÍË ÔˇÏÛ˛ ÔÓÔÓˆËÓ-
Ì‡Î¸ÌÓÒÚ¸ ÏÂÊ‰Û ÍÓÌˆÂÌÚ‡ˆËÂÈ ÂÁÓÛÙËÌ‡ Ë ÍÓÎË˜ÂÒÚ‚ÓÏ ÍÓÎÓÌËÂÓ·‡ÁÛ˛˘Ëı Â‰ËÌËˆ ÔË
ÂÁ‡ÁÛËÌÓ‚ÓÏ ÚÂÒÚÂ ÏËÍÓ·‡ÍÚÂË‡Î¸Ì˚ı ÍÛÎ¸ÚÛ Ë Ó·ÓÒÌÓ‚˚‚‡ÂÚ ÂÍÓÏÂÌ‰‡ˆËË ÔÓ ÒÚÓ„ÓÏÛ
ÒÓ·Î˛‰ÂÌË˛ ÛÒÎÓ‚ËÈ ÔÓ‚Â‰ÂÌËˇ ‰‡ÌÌÓ„Ó ÚÂÒÚ‡ ÒÔÂˆËÙË˜Ì˚ı ‰Îˇ ‡ÁÎË˜Ì˚ı ‚Ë‰Ó‚ Ë ¯Ú‡ÏÏÓ‚
ÏËÍÓ·‡ÍÚÂËÈ. ŒÚÍÎÓÌÂÌËÂ ÊÂ ÓÚ ÔÓÎÛ˜ÂÌÌÓ„Ó ·ÂÁ‡ÁÏÂÌÓ„Ó ÍËÚÂËˇ ÔË‚Ó‰ËÚ Í ÌÂÓ·ıÓ‰Ë-
ÏÓÒÚË ËÒÔÓÎ¸ÁÓ‚‡ÌËˇ ·ÓÎÂÂ Ó·˘ÂÈ ÙÛÌÍˆËÓÌ‡Î¸ÌÓÈ Á‡‚ËÒËÏÓÒÚË, ˜ÚÓ ÔÓ‰ÂÏÓÌÒÚËÓ‚‡ÌÓ Ì‡
Ô‡ÍÚË˜ÂÒÍÓÏ ÔËÏÂÂ Ó·‡·ÓÚÍË ‰‡ÌÌ˚ı ÔÓ ÚÂÒÚËÓ‚‡ÌË˛ ÓÒÚ‡ ·˚ÒÚÓ‡ÒÚÛ˘ÂÈ ÍÛÎ¸ÚÛ˚
Î‡ÍÚÓ·‡ÍÚÂËÈ.
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Abstract. The purpose of this research is to develop an electrodynamic method for calculating the plasmon spectrum in a three-
dimensional structure with a two-dimensional electron gas excited by an incident electromagnetic wave. Methods. The developed
method is based on solving integral equations formed with respect to induced currents in the conducting parts of a three-
dimensional structure. Results. The convergence of the method and the calculation time were studied. The conditions for the
convergence of calculations of higher plasmon resonances in a rectangular structure with a two-dimensional electron gas are
determined. The normal incidence of an arbitrarily polarized electromagnetic wave on a rectangle with a two-dimensional
gas is studied. The spectra of the absorption, extinction, forward and back scattering cross sections of the incident wave are
calculated. Conclusion. It is found that in a rectangular structure containing a two-dimensional electron gas, the spectrum of
plasmon resonances is modified in comparison with established by two-dimensional models of problem formulation, in which
the structure is assumed to be infinite and homogeneous in one of the directions. It has been established that the incident wave
most effectively excites fundamental plasmon modes. Plasmonic modes exhibit strong charge accumulation at the edges of the
rectangle, which significantly affects the resonant excitation frequencies of plasmonic modes.
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¬‚Â‰ÂÌËÂ

¬ ÔÓÒÎÂ‰ÌÂÂ ‚ÂÏˇ ÔÓˇ‚ËÎÒˇ ¯ËÓÍËÈ ËÌÚÂÂÒ Í ÒÓÁ‰‡ÌË˛ ÚÂ‡„ÂˆÂ‚˚ı (“√ˆ) ÛÒÚÓÈÒÚ‚
Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ‰‚ÛÏÂÌ˚ı ÔÎ‡ÁÏÓÌÓ‚ Í‡Í ‰Îˇ ÎÓÍ‡ÎËÁ‡ˆËË Ë ÛÒËÎÂÌËˇ ˝ÎÂÍÚÓÏ‡„ÌËÚÌ˚ı ÔÓÎÂÈ,
Ú‡Í Ë ‰Îˇ ËÒÔÓÎ¸ÁÓ‚‡ÌËˇ ÌÂÎËÌÂÈÌ˚ı Ò‚ÓÈÒÚ‚ ÔÎ‡ÁÏÓÌÓ‚ [1]. “‡‰ËˆËÓÌÌÓ ‰‚ÛÏÂÌ˚È ˝ÎÂÍÚÓÌ-
Ì˚È „‡Á Ó·‡ÁÛÂÚÒˇ ÔË ÙÓÏËÓ‚‡ÌËË Í‚‡ÌÚÓ‚ÓÈ ˇÏ˚ ‚ ÁÓÌÂ ÔÓ‚Ó‰ËÏÓÒÚË ÔÓÎÛÔÓ‚Ó‰ÌËÍÓ‚˚ı
„ÂÚÂÓÒÚÛÍÚÛ. »Á‚ÂÒÚÌÓ, ˜ÚÓ ‚ ÔÓÎÂ‚˚ı Ú‡ÌÁËÒÚÓ‡ı ÏËÍÓÌÌ˚ı Ë ÒÛ·ÏËÍÓÌÌ˚ı ‡ÁÏÂÓ‚
Ò ‰‚ÛÏÂÌ˚Ï ˝ÎÂÍÚÓÌÌ˚Ï Í‡Ì‡ÎÓÏ ‚ÓÁÏÓÊÌÓ ‚ÓÁ·ÛÊ‰ÂÌËÂ ‰‚ÛÏÂÌ˚ı ÔÎ‡ÁÏÓÌÓ‚ ÚÂ‡„ÂˆÂ‚Ó„Ó
‰Ë‡Ô‡ÁÓÌ‡ [2]. ŒÒÌÓ‚˚‚‡ˇÒ¸ Ì‡ Ò‚ÓÈÒÚ‚‡ı ‰‚ÛÏÂÌ˚ı ÔÎ‡ÁÏÂÌÌ˚ı ‚ÓÎÌ, ÚÂÓÂÚË˜ÂÒÍËÂ ËÒÒÎÂ‰Ó‚‡-
ÌËˇ “√ˆ ÔÎ‡ÁÏÓÌÌ˚ı ˝ÙÙÂÍÚÓ‚ Â¯‡˛ÚÒˇ ‚ ‰‚ÛÏÂÌÓÈ ÔÓÒÚ‡ÌÓ‚ÍÂ Á‡‰‡˜Ë, ‚ ÍÓÚÓÓÈ Ë Ò˜ËÚ‡˛Ú
Ì‡Ô‡‚ÎÂÌËÂ, ÔÂÔÂÌ‰ËÍÛÎˇÌÓÂ ‡ÒÔÓÒÚ‡ÌÂÌË˛ ÔÎ‡ÁÏÓÌ‡, ·ÂÒÍÓÌÂ˜Ì˚Ï Ë Ó‰ÌÓÓ‰Ì˚Ï [3, 4].
“‡Í‡ˇ ÔÓÒÚ‡ÌÓ‚Í‡ Á‡‰‡˜Ë ÁÌ‡˜ËÚÂÎ¸ÌÓ ÛÔÓ˘‡ÂÚ Â¯ÂÌËÂ Í‡Í ‰ËÒÔÂÒËÓÌÌ˚ı Á‡‰‡˜, Ú‡Í Ë Á‡‰‡˜
Ó ‚ÓÁ·ÛÊ‰ÂÌËË ÔÎ‡ÁÏÓÌÓ‚ ‚ÌÂ¯ÌÂÈ ˝ÎÂÍÚÓÏ‡„ÌËÚÌÓÈ ‚ÓÎÌÓÈ. ”ÔÓ˘ÂÌÌ˚È ‰‚ÛÏÂÌ˚È ÔÓ‰ıÓ‰
ÏÓÊÂÚ ·˚Ú¸ ÔËÏÂÌËÏ Í ÔÎ‡ÁÏÓÌÌ˚Ï ÒÚÛÍÚÛ‡Ï, ‡ÁÏÂ ÍÓÚÓ˚ı ‚ Ì‡Ô‡‚ÎÂÌËË, ÔÓÔÂÂ˜ÌÓÏ Ì‡-
Ô‡‚ÎÂÌË˛ ‡ÒÔÓÒÚ‡ÌÂÌËˇ ÔÎ‡ÁÏÓÌ‡, Ì‡ ÔÓˇ‰ÓÍ Ë ·ÓÎÂÂ ÔÂ‚˚¯‡ÂÚ ‰ÎËÌÛ ‚ÓÎÌ˚ ÚÂ‡„ÂˆÂ‚Ó„Ó
ÔÎ‡ÁÏÓÌ‡. œËÌˆËÔË‡Î¸ÌÓ ÏËÎÎËÏÂÚÓ‚˚Â ‡ÁÏÂ˚ ˝ÍÒÔÂËÏÂÌÚ‡Î¸ÌÓ ‰ÓÒÚËÊËÏ˚ ‚ ÔÎ‡ÁÏÓÌÌ˚ı
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ÒÚÛÍÚÛ‡ı, ÒÓÁ‰‡ÌÌ˚ı Ì‡ ÓÒÌÓ‚Â ÔÓÎÛÔÓ‚Ó‰ÌËÍÓ‚˚ı „ÂÚÂÓÒÚÛÍÚÛ. œË ÚËÔË˜ÌÓÈ ÏËÍÓÌ-
ÌÓÈ ‰ÎËÌÂ ‚ÓÎÌ˚ ÚÂ‡„ÂˆÂ‚Ó„Ó ÔÎ‡ÁÏÓÌ‡ ‡ÁÏÂ˚ ÔÓÎÛÔÓ‚Ó‰ÌËÍÓ‚˚ı „ÂÚÂÓÒÚÛÍÚÛ ÏÓ„ÛÚ
‰ÓÒÚË„‡Ú¸ ÌÂÒÍÓÎ¸ÍËı ÏËÎÎËÏÂÚÓ‚ [5]. Œ‰Ì‡ÍÓ ‡ÁÏÂ˚ ÒÓÁ‰‡‚‡ÂÏ˚ı ÔÎ‡ÁÏÓÌÌ˚ı ÒÚÛÍÚÛ ˜‡ÒÚÓ
Ò‡‚ÌËÏ˚ Ò ‡ÁÏÂ‡ÏË ÍÓÓÚÍÓ‚ÓÎÌÓ‚˚ı ÔÎ‡ÁÏÓÌÓ‚, ‡ Ò‚ˇÁ¸ Ò ‰ÎËÌÌÓÈ ˝ÎÂÍÚÓÏ‡„ÌËÚÌÓÈ ‚ÓÎÌÓÈ
ÓÒÛ˘ÂÒÚ‚ÎˇÂÚÒˇ Ò ÔÓÏÓ˘¸˛ ‰ÓÔÓÎÌËÚÂÎ¸Ì˚ı ‡ÌÚÂÌÌ. ¬ ÒÚÛÍÚÛ‡ı Ú‡ÍËı ‡ÁÏÂÓ‚ ‚ÎËˇÌËÂ Í‡Â-
‚˚ı ˝ÙÙÂÍÚÓ‚ Ì‡‚Â‰ÂÌÌ˚ı ÔÓÎÂÈ Ì‡ ÓÚÍÎËÍ ÒÚ‡ÌÓ‚ËÚÒˇ ÁÌ‡˜ËÚÂÎ¸Ì˚Ï, ‡ ËÌÓ„‰‡ Ë ‰ÓÏËÌËÛ˛˘ËÏ.
ÕÂÒÏÓÚˇ Ì‡ ÌÂ‚ÓÁÏÓÊÌÓÒÚ¸ ÓÔËÒ‡ÌËˇ Í‡Â‚˚ı ˝ÙÙÂÍÚÓ‚ ‚ ‰‚ÛÏÂÌÓÏ ÔÓ‰ıÓ‰Â, Ò Â„Ó ÔÓÏÓ˘¸˛
·˚ÎË ÓÔËÒ‡Ì˚ ÌÓ‚˚Â ÔÎ‡ÁÏÓÌÌ˚Â ÙËÁË˜ÂÒÍËÂ ˝ÙÙÂÍÚ˚, Ú‡ÍËÂ Í‡Í ÔÎ‡ÁÏÓÌ-ÔÎ‡ÁÏÓÌÌÓÂ ‡ÒÒÂ-
ˇÌËÂ [3, 6], Û‚ÂÎË˜ÂÌËÂ ˝ÙÙÂÍÚË‚ÌÓÈ ‰ÎËÌ˚ ‚ÓÎÌ˚ ‚ ÔÎ‡ÁÏÓÌÌ˚ı ÂÁÓÌ‡ÚÓ‡ı Ë ‡‰Ë‡ˆËÓÌÌÓÂ
Á‡ÚÛı‡ÌËÂ ÔÎ‡ÁÏÓÌÓ‚. ¬ ˝ÚÓÏ ÒÎÛ˜‡Â ‰Îˇ Â¯ÂÌËˇ ÔÓ·ÎÂÏ˚ ‚ÓÁ·ÛÊ‰ÂÌËˇ ÔÎ‡ÁÏÓÌÌ˚ı ÏÓ‰ ‚
ÂÁÓÌ‡ÚÓÂ ‰‚ÛÏÂÌ˚ı ˝ÎÂÍÚÓÌÌ˚ı ÒËÒÚÂÏ ÌÂÓ·ıÓ‰ËÏ Û˜ÂÚ ˝ÎÂÍÚÓÏ‡„ÌËÚÌÓ„Ó Á‡Ô‡Á‰˚‚‡ÌËˇ.
Õ‡Ë·ÓÎÂÂ ËÒÒÎÂ‰Ó‚‡ÌÌ˚ÏË ÚÂıÏÂÌ˚ÏË ÒÚÛÍÚÛ‡ÏË ˇ‚Îˇ˛ÚÒˇ ÔÎ‡ÁÏÓÌÌ˚Â ÒÚÛÍÚÛ˚ Ò ÒËÏ-
ÏÂÚË˜ÌÓÈ ÙÓÏÓÈ ÂÁÓÌ‡ÚÓ‡ ‰‚ÛÏÂÌÓÈ ÒËÒÚÂÏ˚ ‚ ‚Ë‰Â ÍÛ„ÎÓ„Ó ‰ËÒÍ‡ (ËÎË ÍÓÎ¸ˆ‡) [7–12].
«Ì‡˜ËÚÂÎ¸ÌÓ ÏÂÌ¸¯Â ‡·ÓÚ ÔÓÒ‚ˇ˘ÂÌÓ ‚ÓÁ·ÛÊ‰ÂÌË˛ ÔÎ‡ÁÏÓÌÓ‚ ‚ ÔˇÏÓÛ„ÓÎ¸ÌÓÏ ‰‚ÛÏÂÌÓÏ
˝ÎÂÍÚÓÌÌÓÏ ÂÁÓÌ‡ÚÓÂ [13–15]. œˇÏÓÛ„ÓÎ¸Ì˚È ÂÁÓÌ‡ÚÓ ËÏÂÂÚ ÔÓÌËÊÂÌÌÛ˛ ÒËÏÏÂÚË˛ ÔÓ
Ò‡‚ÌÂÌË˛ Ò „ÂÓÏÂÚËÂÈ ‰ËÒÍ‡ (ËÎË ÍÓÎ¸ˆ‡), ÔÓ˝ÚÓÏÛ ÚÂÓÂÚË˜ÂÒÍÓÂ ‡ÒÒÏÓÚÂÌËÂ ÒÚ‡ÌÓ‚ËÚÒˇ
·ÓÎÂÂ ÒÎÓÊÌ˚Ï. “ÂÓÂÚË˜ÂÒÍËÂ ÔÓ‰ıÓ‰˚, ÔËÏÂÌˇÂÏ˚Â ‰Îˇ ËÁÛ˜ÂÌËˇ ÔÎ‡ÁÏÓÌÌ˚ı ‚ÓÁ·ÛÊ‰ÂÌËÈ
‚ ÔˇÏÓÛ„ÓÎ¸Ì˚ı ÔÎ‡ÁÏÓÌÌ˚ı ÂÁÓÌ‡ÚÓ‡ı, ËÒÔÓÎ¸ÁÛ˛Ú ÎË·Ó ÍÓÏÏÂ˜ÂÒÍËÂ ˜ËÒÎÂÌÌ˚Â Â¯‡ÚÂ-
ÎË [14–16], ÎË·Ó ÛÔÓ˘‡˛˘ËÂ ‡ÔÔÓÍÒËÏ‡ˆËË [13].   ÒÓÊ‡ÎÂÌË˛, ÏÂÚÓ‰˚ ÍÓÌÂ˜Ì˚ı ˝ÎÂÏÂÌÚÓ‚
ÒÚ‡ÎÍË‚‡˛ÚÒˇ Ò ÒÂ¸ÂÁÌ˚ÏË ÚÛ‰ÌÓÒÚˇÏË ÔË ÔËÏÂÌÂÌËË Í Á‡‰‡˜‡Ï, ‚ ÍÓÚÓ˚ı Á‡‰ÂÈÒÚ‚Ó‚‡Ì˚
˝ÎÂÍÚÓÏ‡„ÌËÚÌ˚Â ÔÓˆÂÒÒ˚ ÒËÎ¸ÌÓ ‡ÁÌ˚ı Ï‡Ò¯Ú‡·Ó‚. »ÏÂÌÌÓ Ú‡ÍËÂ ÚÛ‰ÌÓÒÚË ‚ÓÁÌËÍ‡˛Ú ÔË
ËÒÒÎÂ‰Ó‚‡ÌËË ÔÎ‡ÁÏÓÌÌ˚ı ÒÚÛÍÚÛ, ‚ ÍÓÚÓ˚ı ‰ÎËÌ‡ ÚÂ‡„ÂˆÂ‚ÓÈ ˝ÎÂÍÚÓÏ‡„ÌËÚÌÓÈ ‚ÓÎÌ˚ Ë
‰ÎËÌ‡ ‚ÓÎÌ˚ ÔÎ‡ÁÏÓÌ‡ ÓÚÎË˜‡˛ÚÒˇ Ì‡ ‰‚‡ ÔÓˇ‰Í‡ ‚ÂÎË˜ËÌ˚.

¬ ‰‡ÌÌÓÈ ‡·ÓÚÂ ‡Á‡·ÓÚ‡Ì ‡Î„ÓËÚÏ ‡Ò˜ÂÚ‡ Ë ËÒÒÎÂ‰Ó‚‡Ì˚ ÓÒÓ·ÂÌÌÓÒÚË ÒÔÂÍÚÓ‚ ÔÎ‡Á-
ÏÓÌÓ‚, ‚ÓÁ·ÛÊ‰ÂÌÌ˚ı ÌÓÏ‡Î¸ÌÓ Ô‡‰‡˛˘ÂÈ ˝ÎÂÍÚÓÏ‡„ÌËÚÌÓÈ ‚ÓÎÌÓÈ, ‚ ÔˇÏÓÛ„ÓÎ¸ÌËÍÂ Ò
‰‚ÛÏÂÌ˚Ï ˝ÎÂÍÚÓÌÌ˚Ï „‡ÁÓÏ.

1. ÃÂÚÓ‰

»ÒÒÎÂ‰Ó‚‡ÌÓ ‚ÓÁ·ÛÊ‰ÂÌËÂ ‰‚ÛÏÂÌ˚ı ÚÓÍÓ‚ ‚ ÔˇÏÓÛ„ÓÎ¸ÌËÍÂ Ò ‰‚ÛÏÂÌ˚Ï ˝ÎÂÍÚÓÌÌ˚Ï
„‡ÁÓÏ, Ì‡ ÔÎÓÒÍÓÒÚ¸ ÍÓÚÓÓ„Ó ÌÓÏ‡Î¸ÌÓ Ô‡‰‡ÂÚ ˝ÎÂÍÚÓÏ‡„ÌËÚÌ‡ˇ ‚ÓÎÌ‡ ÔÓËÁ‚ÓÎ¸ÌÓÈ ÔÓÎˇË-
Á‡ˆËË. ƒÎËÌ‡ ÔˇÏÓÛ„ÓÎ¸ÌËÍ‡ ‚ Ì‡Ô‡‚ÎÂÌËË OX Ó·ÓÁÌ‡˜‡ÂÚÒˇ Í‡Í w, ¯ËËÌ‡ ‚ Ì‡Ô‡‚ÎÂÌËË
OY — l, ‡ ‚ÓÎÌ‡ Ô‡‰‡ÂÚ Ì‡ ÔˇÏÓÛ„ÓÎ¸ÌËÍ ‚ Ì‡Ô‡‚ÎÂÌËË OZ ÔÓ Ì‡Ô‡‚ÎÂÌË˛ ËÁ ÒÂ‰˚ 1 ‚ ÒÂ‰Û 2.
œÎÓÒÍÓÒÚ¸ OXY ‡Á‰ÂÎˇÂÚ ‰‚‡ ÔÓÎÛÔÓÒÚ‡ÌÒÚ‚‡ Ò ‡ÁÌ˚ÏË ‰Ë˝ÎÂÍÚË˜ÂÒÍËÏË ÔÓÌËˆ‡ÂÏÓÒÚˇÏË.

–‡Á‡·ÓÚ‡ÌÌ˚È ÏÂÚÓ‰ ÒÓÒÚÓËÚ ËÁ ÒÎÂ‰Û˛˘Ëı ˝Ú‡ÔÓ‚. Õ‡ ÔÂ‚ÓÏ ˝Ú‡ÔÂ ˝ÎÂÍÚË˜ÂÒÍËÂ Ë
Ï‡„ÌËÚÌ˚Â ÔÓÎˇ ‡ÒÒÂˇÌÌ˚ı ‚ÓÎÌ ‡ÒÍÎ‡‰˚‚‡˛ÚÒˇ ‚ ‰‚ÓÈÌÓÈ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌ˚È ËÌÚÂ„‡Î ‘Û-
¸Â ‚ Ì‡Ô‡‚ÎÂÌËˇı OX Ë OY , ‡ Á‡‚ËÒËÏÓÒÚ¸ ‘Û¸Â-ÍÓÏÔÓÌÂÌÚ ÓÚ ÍÓÓ‰ËÌ‡Ú˚ z Ò˜ËÚ‡ÂÚÒˇ
˝ÍÒÔÓÌÂÌˆË‡Î¸ÌÓÈ. ƒÎˇ ÔËÏÂ‡ ÔÓÍ‡Á‡Ì‡ Ex-ÍÓÏÔÓÌÂÌÚ‡ ˝ÎÂÍÚË˜ÂÒÍÓ„Ó ÔÓÎˇ

E(1,2)
x (x, y, z, t) = exp (�iwt)

+1Z

�1

+1Z

�1

E(1,2)
x,qx,qy exp

⇣
ik(1,2)z,qx,qyz

⌘
exp (iqyy) exp (iqxx) dqxdqy, (1)

„‰Â qx Ë qy — ÍÓÏÔÓÌÂÌÚ˚ ‚ÓÎÌÓ‚˚ı ‚ÂÍÚÓÓ‚ ‘Û¸Â-„‡ÏÓÌËÍ ‚ ÔÎÓÒÍÓÒÚË ÔˇÏÓÛ„ÓÎ¸ÌËÍ‡,
k(1,2)z,qx,qy — ÔÓÔÂÂ˜Ì˚Â ÍÓÏÔÓÌÂÌÚ˚ ‚ÓÎÌÓ‚˚ı ‚ÂÍÚÓÓ‚ ‘Û¸Â-„‡ÏÓÌËÍ ‚ ÒÂ‰‡ı Ë w — ÍÛ„Ó‚‡ˇ
˜‡ÒÚÓÚ‡ ‚ÓÎÌ˚. ”‡‚ÌÂÌËˇ Ã‡ÍÒ‚ÂÎÎ‡ Â¯‡˛ÚÒˇ ‚ ÔÓÎÛ·ÂÒÍÓÌÂ˜Ì˚ı ‰Ë˝ÎÂÍÚË˜ÂÒÍËı ÒÂ‰‡ı,
ÓÍÛÊ‡˛˘Ëı ÔˇÏÓÛ„ÓÎ¸ÌËÍ Ò ‰‚ÛÏÂÌ˚Ï ˝ÎÂÍÚÓÌÌ˚Ï „‡ÁÓÏ. ƒÎˇ Ò¯Ë‚‡ÌËˇ Â¯ÂÌËÈ ‚ ‰Ë˝ÎÂÍ-
ÚË˜ÂÒÍËı ÒÂ‰‡ı ËÒÔÓÎ¸ÁÛ˛ÚÒˇ „‡ÌË˜Ì˚Â ÛÒÎÓ‚Ëˇ ‰Îˇ ÍÓÏÔÓÌÂÌÚ ˝ÎÂÍÚË˜ÂÒÍÓ„Ó Ë Ï‡„ÌËÚÌÓ„Ó
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ÔÓÎÂÈ ‚ ÔÎÓÒÍÓÒÚË ‰‚ÛÏÂÌÓ„Ó „‡Á‡. — ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ Á‡ÍÓÌ‡ ŒÏ‡, ‚ ÍÓÚÓÓÏ ‰‚ÛÏÂÌ˚È ˝ÎÂÍ-
ÚÓÌÌ˚È „‡Á ÓÔËÒ˚‚‡ÂÚÒˇ ÔÓ‚Ó‰ËÏÓÒÚ¸˛ ƒÛ‰Â s [3], ÒÙÓÏËÓ‚‡Ì˚ ËÌÚÂ„‡Î¸Ì˚Â Û‡‚ÌÂÌËˇ
‰Îˇ ÚÓÍÓ‚ jx Ë jy ‚ ‰‚ÛÏÂÌÓÏ „‡ÁÂ:

jx(x, y) = s

l/2Z

�l/2

w/2Z

�w/2

jx
�
x0, y0

�
Gxx

qx,qy(x, x
0, y, y0)dx0dy0 +

+ s

l/2Z

�l/2

w/2Z

�w/2

jy
�
x0, y0

�
Gxy

qx,qy(x, x
0, y, y0)dx0dy0 + sZ0xEin,x,

(2)

jy(x, y) = s

l/2Z

�l/2

w/2Z

�w/2

jx
�
x0, y0

�
Gyx

qx,qy(x, x
0, y, y0)dx0dy0 +

+ s

l/2Z

�l/2

w/2Z

�w/2

jy
�
x0, y0

�
Gyy

qx,qy(x, x
0, y, y0)dx0dy0 + sZ0yEin,y,

„‰Â Gmn
qx,qy(x, x

0, y, y0) — ˇ‰‡ ËÌÚÂ„‡Î¸Ì˚ı Û‡‚ÌÂÌËÈ, m,n = x, y , Z0x Ë Z0y — ÍÓ˝ÙÙËˆËÂÌÚ˚
Ò‚ˇÁË Ò Ô‡‰‡˛˘ÂÈ ‚ÓÎÌÓÈ, Ein,x Ë Ein,y — ÍÓÏÔÓÌÂÌÚ˚ ‡ÏÔÎËÚÛ‰˚ ˝ÎÂÍÚË˜ÂÒÍÓ„Ó ÔÓÎˇ Ô‡‰‡˛˘ÂÈ
‚ÓÎÌ˚. —ËÒÚÂÏ‡ ËÌÚÂ„‡Î¸Ì˚ı Û‡‚ÌÂÌËÈ (2) Â¯‡ÂÚÒˇ ÏÂÚÓ‰ÓÏ √‡ÎÂÍËÌ‡ ÔÛÚÂÏ ‡ÁÎÓÊÂÌËˇ
ËÒÍÓÏ˚ı ÚÓÍÓ‚ jx Ë jy ‚ ˇ‰˚ ÔÓ ÔÓÎËÌÓÏ‡Ï ÀÂÊ‡Ì‰‡ ÔÓ Ì‡Ô‡‚ÎÂÌËˇÏ x Ë y. ›ÚÓ ÔÓÁ‚ÓÎˇÂÚ ÔÂ-
Ó·‡ÁÓ‚‡Ú¸ ÒËÒÚÂÏÛ ËÌÚÂ„‡Î¸Ì˚ı Û‡‚ÌÂÌËÈ ‚ ·ÂÒÍÓÌÂ˜ÌÛ˛ ÒËÒÚÂÏÛ ‡Î„Â·‡Ë˜ÂÒÍËı Û‡‚ÌÂÌËÈ
ÓÚÌÓÒËÚÂÎ¸ÌÓ ÍÓ˝ÙÙËˆËÂÌÚÓ‚ ‡ÁÎÓÊÂÌËˇ ÚÓÍÓ‚. — Û˜ÂÚÓÏ ÒıÓ‰ËÏÓÒÚË, ‡ÁÎÓÊÂÌËÂ ÌÂËÁ‚ÂÒÚÌ˚ı
ÚÓÍÓ‚ ‚ ‰‚ÓÈÌÓÈ ˇ‰ ÔÓ ÔÓÎËÌÓÏ‡Ï ÀÂÊ‡Ì‰‡ Ó·ÂÁ‡ÂÚÒˇ ‰Ó ÔÓÎËÌÓÏ‡ ÔÓˇ‰Í‡ N

jx
�
q0x, x0y

�
=

NX

n,n1=0

b(x)n,n1
Pn1

�
x0y
�
Pn
�
q0x
�
,

jy
�
q0x, x0y

�
=

NX

n,n1=0

b(y)n,n1
Pn1

�
x0y
�
Pn
�
q0x
�
,

(3)

„‰Â Pn (q0x) — ÔÓÎËÌÓÏ˚ ÀÂÊ‡Ì‰‡, b(x,y)n,n1 — ÍÓ˝ÙÙËˆËÂÌÚ˚ ‡ÁÎÓÊÂÌËˇ ÚÓÍÓ‚, (q0x, x0y) — ÔÓ-
ÒÚ‡ÌÒÚ‚ÂÌÌ˚Â ÍÓÓ‰ËÌ‡Ú˚ (x, y), ÔË‚Â‰ÂÌÌ˚Â Í ÓÚÂÁÍÛ [�1, 1].  ‡Ê‰ÓÂ ÒÎ‡„‡ÂÏÓÂ ‚ Ô‡‚ÓÈ
˜‡ÒÚË Û‡‚ÌÂÌËˇ Ò ÌÂËÁ‚ÂÒÚÌ˚Ï ÚÓÍÓÏ (2) ÒÓÁ‰‡ÂÚ N2 ‡Î„Â·‡Ë˜ÂÒÍËı Û‡‚ÌÂÌËÈ Ë, ÒÓÓÚ‚ÂÚÒÚ‚ÂÌ-
ÌÓ, N2 ÌÂËÁ‚ÂÒÚÌ˚ı ÍÓ˝ÙÙËˆËÂÌÚÓ‚ ‡ÁÎÓÊÂÌËˇ. Ã‡ÚËˆ‡ ‡Î„Â·‡Ë˜ÂÒÍÓÈ ÒËÒÚÂÏ˚ ÒÓÒÚÓËÚ ËÁ
˝ÎÂÏÂÌÚÓ‚ ‚Ë‰‡

Mn1,r1,n,r = s
lw

4p2
ir1+rin+n1(�1)n+n1Wn1,r1,n,r �

dnr
2r + 1

dn1r1

2r1 + 1
, (4)

„‰Â

Wn1,r1,n,r =

+1Z

�1

J (s)

n1

⇣
qy

a

2

⌘
J (s)

r1

⇣
qy

a

2

⌘ +1Z

�1

Z(qx, qy)J
(s)

n

⇣
qx

w

2

⌘
J (s)

r

⇣
qx

w

2

⌘
dqxdqy, (5)

„‰Â Z(qx, qy) — ‡‰ÏËÚÚ‡ÌÒ˚ ÒËÒÚÂÏ˚, ‚˚˜ËÒÎÂÌÌ˚Â ËÁ Û‡‚ÌÂÌËÈ Ã‡ÍÒ‚ÂÎÎ‡; J (s)

n
�
qx

w
2

�
— ÒÙÂË-

˜ÂÒÍËÂ ÙÛÌÍˆËË ¡ÂÒÒÂÎˇ; (qx, qy) — ‚ÓÎÌÓ‚˚Â ‚ÂÍÚÓ˚ ‚ ‘Û¸Â-ÔÂ‰ÒÚ‡‚ÎÂÌËË; n, n1 — ËÌ‰ÂÍÒ˚
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ÒÚÓÍ Ï‡ÚË˜Ì˚ı ˝ÎÂÏÂÌÚÓ‚, r, r1 — ËÌ‰ÂÍÒ˚ ÒÚÓÎ·ˆÓ‚ ˝ÎÂÏÂÌÚÓ‚ Ï‡ÚËˆ˚ (ËÌ‰ÂÍÒ˚ n, n1, r, r1
ÔËÌËÏ‡˛Ú ÁÌ‡˜ÂÌËˇ ÓÚ 0 ‰Ó N ). œÓÎÌ˚È ‡ÁÏÂ Í‚‡‰‡ÚÌÓÈ Ï‡ÚËˆ˚ M ÒËÒÚÂÏ˚ Û‡‚ÌÂÌËÈ
ÒÓÒÚ‡‚ÎˇÂÚ 2N2.

œÓÎÛ˜ÂÌÌ‡ˇ ÒËÒÚÂÏ‡ ‡Î„Â·‡Ë˜ÂÒÍËı Û‡‚ÌÂÌËÈ ÓÚÌÓÒËÚÂÎ¸ÌÓ ÌÂËÁ‚ÂÒÚÌ˚ı ÍÓ˝ÙÙËˆËÂÌÚÓ‚
‡ÁÎÓÊÂÌËˇ ÚÓÍÓ‚ b(x,y)n,n1 Â¯‡ÂÚÒˇ ÏÂÚÓ‰ÓÏ ËÒÍÎ˛˜ÂÌËˇ √‡ÛÒÒ‡ ÔÛÚÂÏ ÔË‚Â‰ÂÌËˇ Ï‡ÚËˆ˚ ÒËÒÚÂÏ˚
Í ÚÂÛ„ÓÎ¸ÌÓÏÛ ‚Ë‰Û. –‡ÒÒ˜ËÚ‡ÌÌ˚Â ËÌ‰ÛˆËÓ‚‡ÌÌ˚Â ÚÓÍË (3) ÔÓÁ‚ÓÎˇ˛Ú ÓÔÂ‰ÂÎËÚ¸ ÂÁÓÌ‡ÌÒÌ˚Â
˝ÎÂÍÚÓ‰ËÌ‡ÏË˜ÂÒÍËÂ Ò‚ÓÈÒÚ‚‡ ÔˇÏÓÛ„ÓÎ¸ÌËÍ‡ Ò ‰‚ÛÏÂÌ˚Ï ˝ÎÂÍÚÓÌÌ˚Ï „‡ÁÓÏ.

ƒÎˇ ‚˚˜ËÒÎÂÌËˇ ˝ÌÂ„ÂÚË˜ÂÒÍËı ı‡‡ÍÚÂËÒÚËÍ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëˇ ˝ÎÂÍÚÓÏ‡„ÌËÚÌÓÈ ‚ÓÎÌ˚ Ë
ÔˇÏÓÛ„ÓÎ¸ÌËÍ‡ ‰‚ÛÏÂÌÓ„Ó „‡Á‡ ÌÂÓ·ıÓ‰ËÏÓ ÔÂ‰ÒÚ‡‚ËÚ¸ ÔÓÎˇ ‡ÒÒÂˇÌÌ˚ı ‚ÓÎÌ ‚ÔÂÂ‰ Ë Ì‡Á‡‰
Í‡Í ÒÛÏÏÛ ÔÓÎÂÈ ÓÚ‡ÊÂÌÌÓ„Ó ÓÚ Ó‰ÌÓÓ‰ÌÓÈ „‡ÌËˆ˚ ‡Á‰ÂÎ‡ ÒÂ‰ Ë ‡ÒÒÂˇÌÌÓ„Ó ÔÓÎˇ. ƒÎˇ
ÔËÏÂ‡ Á‡ÔËÒ‡Ì‡ ÍÓÏÔÓÌÂÌÚ‡ ˝ÎÂÍÚË˜ÂÒÍÓ„Ó ÔÓÎˇ ‚ 1-ÓÈ ÒÂ‰Â

Ex (x, y, z) = Ex,R exp
⇣
ik(1)z,0,0z

⌘
+

+1Z

�1

+1Z

�1

Ẽx,qx,qy exp
⇣
ik(1)z,qx,qyz

⌘
exp (iqyy) dqy exp (iqxx) dqx,

(6)
„‰Â Ex,R — ˝ÎÂÍÚË˜ÂÒÍÓÂ ÔÓÎÂ ‚ÓÎÌ˚, ÓÚ‡ÊÂÌÌÓÈ ÓÚ Ó‰ÌÓÓ‰ÌÓÈ „‡ÌËˆ˚ ‡Á‰ÂÎ‡ ÒÂ‰,
‡ Ẽx,qx,qy — ‡ÏÔÎËÚÛ‰˚ ‘Û¸Â-ÍÓÏÔÓÌÂÌÚ ˝ÎÂÍÚË˜ÂÒÍÓ„Ó ÔÓÎˇ ‡ÒÒÂˇÌÌÓÈ ‚ÓÎÌ˚ Ì‡Á‡‰. —Â‰ÌËÈ
ÔÓÚÓÍ ÏÓ˘ÌÓÒÚË ”ÏÓ‚‡–œÓÈÌÚËÌ„‡ ·Û‰ÂÚ ÓÔËÒ˚‚‡Ú¸ ÛıÓ‰ˇ˘ËÂ ‡ÒÒÂˇÌÌ˚Â ÔˇÏÓÛ„ÓÎ¸ÌËÍÓÏ
‚ÓÎÌ˚

PzR,T = 2p2
ZZ

±wp"1"0µ0

⇣
Ẽx,qx,qyH̃

⇤
y,qx,qy � Ẽy,qx,qyH̃

⇤
x,qx,qy

⌘
dqydqx. (7)

»ÒÍÎ˛˜‡ˇ ÔÓÚÓÍË ‚ÓÎÌ ÓÚ‡ÊÂÌÌ˚ı Ë ÔÓ¯Â‰¯Ëı ˜ÂÂÁ „‡ÌËˆÛ ‡Á‰ÂÎ‡ ÒÂ‰ Ë ËÒÔÓÎ¸ÁÛˇ
Û‡‚ÌÂÌËˇ Ã‡ÍÒ‚ÂÎÎ‡, ÔÓÚÓÍË ‡ÒÒÂˇÌÌÓ„Ó ËÁÎÛ˜ÂÌËˇ ÔˇÏÓÛ„ÓÎ¸ÌËÍÓÏ Ì‡Á‡‰ PzR Ë PzT ‚ÔÂÂ‰
Á‡ÔË¯ÂÏ Í‡Í

PzR,T = 2p2
ZZ

±wp"1"0µ0

���Ẽx,qx,qy

���
2 �

"0"1,2µ0w2 � qy2
�
+
���Ẽy,qx,qy

���
2 �

"0"1,2µ0w2 � qx2
�

k⇤z1,2µ0w
dqydqx+

+2p2
ZZ

±wp"1"0µ0

2Re
⇣
Ẽx,qx,qy Ẽ

⇤
y,qx,qy

⌘
qyqx

k⇤z1,2µ0w
dqydqx.

(8)

œÓ„ÎÓ˘ÂÌÌ‡ˇ ˝ÎÂÍÚÓÏ‡„ÌËÚÌ‡ˇ ÏÓ˘ÌÓÒÚ¸ ‚ ÔˇÏÓÛ„ÓÎ¸ÌËÍÂ ÓÒˆËÎÎËÛ˛˘ËÏË ÚÓÍ‡ÏË ÏÓÊÂÚ
·˚Ú¸ ‚˚˜ËÒÎÂÌ‡ Í‡Í

A = Re

✓
1

s(w)

◆ w/2Z

�w/2

l/2Z

�l/2

⇣
|jx(x, y)|

2 +
��jy(x, y)

��2
⌘
dxdy, (9)

‡ ÔÎÓÚÌÓÒÚ¸ ÔÓÚÓÍ‡ ÏÓ˘ÌÓÒÚË Ô‡‰‡˛˘ÂÈ ‚ÓÎÌ˚ ÓÔÂ‰ÂÎˇÂÚÒˇ ‚˚‡ÊÂÌËÂÏ

Pin =

r
"0"1
µ0

⇣
|Ein,x|

2 + |Ein,y|
2

⌘
. (10)

œÓÎÛ˜ÂÌÌ˚Â ˝ÌÂ„ÂÚË˜ÂÒÍËÂ ı‡‡ÍÚÂËÒÚËÍË ÔÓÁ‚ÓÎˇ˛Ú ‚˚˜ËÒÎËÚ¸ ÒÂ˜ÂÌËÂ ÔÓ„ÎÓ˘ÂÌËˇ aCS =
= A/Pin, ÒÂ˜ÂÌËÂ ‡ÒÒÂˇÌËˇ ‚ÔÂÂ‰ aT = PzT /Pin, ÒÂ˜ÂÌËÂ ‡ÒÒÂˇÌËˇ Ì‡Á‡‰ aR = PzR/Pin

Ë ÒÂ˜ÂÌËÂ ˝ÍÒÚËÌÍˆËË aCS = (A+ |PzT |+ |PzR|) /Pin.
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–ËÒ. 1. «‡‚ËÒËÏÓÒÚ¸ ÒÔÂÍÚ‡ ÔÎÓ˘‡‰Ë ÒÂ˜ÂÌËˇ ˝ÍÒÚËÌÍˆËË
ÓÚ Û„Î‡ ÔÓÎˇËÁ‡ˆËË ˝ÎÂÍÚË˜ÂÒÍÓ„Ó ÔÓÎˇ ÌÓÏ‡Î¸ÌÓ Ô‡‰‡-
˛˘ÂÈ ‚ÓÎÌ˚ ‚ ÔˇÏÓÛ„ÓÎ¸ÌËÍÂ Ò ‡ÁÏÂ‡ÏË w = 1 ÏÍÏ,
l = 2 ÏÍÏ. ƒ‚ÛÏÂÌ˚È „‡Á ÓÔËÒ˚‚‡ÂÚÒˇ ÔÓ‚Ó‰ËÏÓÒÚ¸˛ ƒÛ-
‰Â ÒÓ ÒÎÂ‰Û˛˘ËÏË Ô‡‡ÏÂÚ‡ÏË: ‚ÂÏˇ ÂÎ‡ÍÒ‡ˆËË ËÏÔÛÎ¸-
Ò‡ ˝ÎÂÍÚÓÌ‡ 1 ÔÒ, ÍÓÌˆÂÌÚ‡ˆËˇ ˝ÎÂÍÚÓÌÓ‚ 2 · 1011 ÒÏ�2

Ë ˝ÙÙÂÍÚË‚Ì‡ˇ Ï‡ÒÒ‡ ˝ÎÂÍÚÓÌ‡ 0.067me (ˆ‚ÂÚ ÓÌÎ‡ÈÌ)

Fig. 1. Dependence of the extinction cross-sectional area
spectrum on the polarization angle of the electric field of
a normally incident wave in a rectangle with dimensions
w = 1 µm, l = 2 µm. A two-dimensional gas is described
by Drude conductivity with the following parameters: electron
momentum relaxation time 1 ps, electron density 2 · 1011 cm�2

and effective electron mass 0.067me (color online)

—ıÓ‰ËÏÓÒÚ¸ ÂÁÛÎ¸Ú‡ÚÓ‚ ‚˚˜ËÒÎÂÌËˇ Â-
ÁÓÌ‡ÌÒÌ˚ı ı‡‡ÍÚÂËÒÚËÍ ÓÔÂ‰ÂÎˇÂÚÒˇ Ò‡‚-
ÌÂÌËÂÏ ‡ÒÒ˜ËÚ‡ÌÌ˚ı ËÌ‰ÛÍÚË‚Ì˚ı ÚÓÍÓ‚, ÔÓ-
ÎÛ˜ÂÌÌ˚ı ÔË ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÏ Û‚ÂÎË˜ÂÌËË
‡ÁÏÂ‡ Ï‡ÚËˆ˚ ÒËÒÚÂÏ˚. ŒÚ‰ÂÎ¸Ì˚Ï ÌÂÓ·ıÓ-
‰ËÏ˚Ï ÛÒÎÓ‚ËÂÏ ˇ‚ÎˇÂÚÒˇ ÒıÓ‰ËÏÓÒÚ¸ ‡Ò˜Â-
Ú‡ Ï‡ÚË˜Ì˚ı ˝ÎÂÏÂÌÚÓ‚, Í‡Ê‰˚È ËÁ ÍÓÚÓ˚ı
ÔÂ‰ÒÚ‡‚ÎˇÂÚ ÒÓ·ÓÈ ‰‚ÓÈÌÓÂ ËÌÚÂ„ËÓ‚‡ÌËÂ ‚
ÔÓÒÚ‡ÌÒÚ‚Â ‚ÓÎÌÓ‚˚ı ‚ÂÍÚÓÓ‚ ÔÓ Ì‡Ô‡‚ÎÂ-
ÌËˇÏ qx Ë qy. ◊ËÒÎÂÌÌÓÂ ËÌÚÂ„ËÓ‚‡ÌËÂ Í‡Ê-
‰Ó„Ó ÍÓ˝ÙÙËˆËÂÌÚ‡ ÔÓËÁ‚Ó‰ËÚÒˇ Ò Û˜ÂÚÓÏ ÒıÓ-
‰ËÏÓÒÚË Ë Ò ‡Á·ËÂÌËÂÏ ËÌÚÂ„‡Î‡ ‚ ‚ÓÎÌÓ‚ÓÏ
ÔÓÒÚ‡ÌÒÚ‚Â Ì‡ ‰‚‡ — ‚ÌÛÚË Ò‚ÂÚÓ‚Ó„Ó ÍÓÌÛÒ‡
ÔË qx, qy 6 w

c

p
" Ë ‚ÌÂ Ò‚ÂÚÓ‚Ó„Ó ÍÓÌÛÒ‡ ÔË

qx, qy > w
c

p
", „‰Â " — Ì‡Ë·ÓÎ¸¯‡ˇ ‰Ë˝ÎÂÍÚË˜Â-

ÒÍ‡ˇ ÔÓÌËˆ‡ÂÏÓÒÚ¸ ÓÍÛÊ‡˛˘Ëı ÒÂ‰. “‡ÍÓÂ
‡Á·ËÂÌËÂ ÌÂÓ·ıÓ‰ËÏÓ, Ú‡Í Í‡Í ‚ ÒÛ·‚ÓÎÌÓ‚˚ı
ÒÚÛÍÚÛ‡ı ËÁÎÛ˜‡˛˘ËÂÒˇ Ë Á‡ÚÛı‡˛˘ËÂ ËÌ-
‰ÛˆËÓ‚‡ÌÌ˚Â ÔÓÎˇ ËÏÂ˛Ú ÔÓÒÚ‡ÌÒÚ‚ÂÌÌ˚Â
Ï‡Ò¯Ú‡·˚, ‡ÁÎË˜‡˛˘ËÂÒˇ Ì‡ ÔÓˇ‰ÓÍ Ë ·ÓÎÂÂ.
ŒÒÌÓ‚Ì˚Ï ÓÚÎË˜ËÂÏ ‡Á‡·ÓÚ‡ÌÌÓ„Ó ÏÂÚÓ‰‡ ÓÚ
ËÒÔÓÎ¸ÁÛÂÏÓ„Ó ‚ ‰‚ÛÏÂÌ˚ı Á‡‰‡˜‡ı ˇ‚ÎˇÂÚÒˇ
ÒÛ˘ÂÒÚ‚ÂÌÌÓÂ Á‡ÏÂ‰ÎÂÌËÂ ‚˚˜ËÒÎÂÌËÈ ËÁ-Á‡
Û‚ÂÎË˜ÂÌËˇ ‡ÁÏÂ‡ Ï‡ÚËˆ˚ N2 ÔË Û‚ÂÎË˜Â-
ÌËË ˜ËÒÎ‡ ÔÓÎËÌÓÏÓ‚ ÀÂÊ‡Ì‰‡ ÔÓ Ò‡‚ÌÂÌË˛
Ò ‡ÁÏÂÓÏ Ï‡ÚËˆ˚ N ‚ ‰‚ÛÏÂÌ˚ı Á‡‰‡˜‡ı.
ƒ‚ÓÈÌÓÂ ËÌÚÂ„ËÓ‚‡ÌËÂ ‚ ÔÓÒÚ‡ÌÒÚ‚Â ËÏ-
ÔÛÎ¸ÒÓ‚ ÔË ‚˚˜ËÒÎÂÌËË Ï‡ÚË˜Ì˚ı ˝ÎÂÏÂÌÚÓ‚

Ú‡ÍÊÂ ÔË‚Ó‰ËÚ Í ÁÌ‡˜ËÚÂÎ¸ÌÓÏÛ Á‡ÏÂ‰ÎÂÌË˛ ‚˚˜ËÒÎÂÌËÈ ÔÓ Ò‡‚ÌÂÌË˛ Ò Ó‰ÌÓÏÂÌ˚Ï ËÌÚÂ„ËÓ-
‚‡ÌËÂÏ ÔË Â¯ÂÌËË ‰‚ÛÏÂÌ˚ı Á‡‰‡˜. ¬ Ò‚ˇÁË Ò ˝ÚËÏ ‚ÂÏˇ ‡Ò˜ÂÚ‡ Í‡Ê‰Ó„Ó Ï‡ÚË˜ÌÓ„Ó ˝ÎÂÏÂÌÚ‡
ÚÂıÏÂÌÓÈ Á‡‰‡˜Ë Ú‡ÍÊÂ ‡ÒÚÂÚ Í‚‡‰‡ÚË˜ÌÓ ÔÓ Ò‡‚ÌÂÌË˛ Ò ‰‚ÛÏÂÌÓÈ Á‡‰‡˜ÂÈ. ¬˚˜ËÒÎÂÌÌ‡ˇ
ÔÎÓ˘‡‰¸ ˝ÍÒÚËÌÍˆËË ÔˇÏÓÛ„ÓÎ¸ÌËÍ‡ Ò ‰‚ÛÏÂÌ˚Ï „‡ÁÓÏ (ËÒ. 1) ÔÓÎÛ˜ÂÌ‡ ÔË ‚˚ÔÓÎÌÂÌËË
ÓÔÚË˜ÂÒÍÓÈ ÚÂÓÂÏ˚ Ò ÔÓ„Â¯ÌÓÒÚ¸˛ ‚ 0.1%. œÓËÒÍ ÒıÓ‰ËÏÓÒÚË Â¯ÂÌËˇ ÔÓÍ‡Á‡Î ÌÂÓ·ıÓ‰Ë-
ÏÓÒÚ¸ Û˜ÂÚ‡ 12 ÔÓÎËÌÓÏÓ‚ ÀÂÊ‡Ì‰‡ ‚ ‡ÁÎÓÊÂÌËË ÚÓÍÓ‚ ‰Îˇ ËÒÒÎÂ‰Ó‚‡ÌËˇ ÔÂ‚˚ı ˜ÂÚ˚Âı
ÔÎ‡ÁÏÓÌÌ˚ı ÂÁÓÌ‡ÌÒÓ‚ ‰Îˇ ‰ÓÒÚËÊÂÌËˇ ÔÓ„Â¯ÌÓÒÚË 0.1%. ƒÎˇ ‚˚ÔÓÎÌÂÌËˇ ‡Ò˜ÂÚÓ‚ ÒÓÁ‰‡Ì‡
ÔÓ„‡ÏÏ‡ Ì‡ ˇÁ˚ÍÂ ÔÓ„‡ÏÏËÓ‚‡ÌËˇ ‘ÓÚ‡Ì. –‡Ò˜ÂÚ˚ ÔÓ‚Â‰ÂÌ˚ Ì‡ ÔÂÒÓÌ‡Î¸ÌÓÏ ÍÓÏÔ¸˛ÚÂÂ
Ò 10-ˇ‰ÂÌ˚Ï ÔÓˆÂÒÒÓÓÏ, ˜ÚÓ ÔÓÁ‚ÓÎËÎÓ ‡ÒÒ˜ËÚ‡Ú¸ Ò‚ÓÈÒÚ‚‡ ÒËÒÚÂÏ˚ Ì‡ Á‡‰‡ÌÌÓÈ ˜‡ÒÚÓÚÂ
Á‡ 15 ÒÂÍÛÌ‰.

2. –ÂÁÛÎ¸Ú‡Ú˚ Ë Ó·ÒÛÊ‰ÂÌËÂ

— ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ‡Á‡·ÓÚ‡ÌÌÓ„Ó ˝ÎÂÍÚÓ‰ËÌ‡ÏË˜ÂÒÍÓ„Ó ÔÓ‰ıÓ‰‡ ·˚ÎË ‚˚˜ËÒÎÂÌ˚ ËÌ‰ÛˆË-
Ó‚‡ÌÌ˚Â ÔÓÎˇ Ë ÚÓÍË ‚ ÒÚÛÍÚÛÂ, ‡ÒÒ˜ËÚ‡Ì˚ ÒÔÂÍÚ˚ ÒÂ˜ÂÌËˇ ÔˇÏÓ„Ó Ë Ó·‡ÚÌÓ„Ó ‡ÒÒÂˇÌËˇ
(ËÒ. 2), ÒÂ˜ÂÌËÂ ÔÓ„ÎÓ˘ÂÌËˇ Ë ÒÂ˜ÂÌËÂ ˝ÍÒÚËÌÍˆËË (ÒÏ. ËÒ. 2) ‰Îˇ ÔˇÏÓÛ„ÓÎ¸ÌËÍ‡ ‰‚ÛÏÂ-
ÌÓ„Ó „‡Á‡ Ì‡ ÓÒÌÓ‚Â „ÂÚÂÓÒÚÛÍÚÛ˚ AlGaAs Ò ‡ÁÏÂ‡ÏË w = 1 ÏÍÏ, l = 2 ÏÍÏ (ÚËÔË˜Ì˚Â
˝ÍÒÔÂËÏÂÌÚ‡Î¸Ì˚Â ÒÚÛÍÚÛ˚ ÔÓ‰ÂÏÓÌÒÚËÓ‚‡Ì˚ ‚ ‡·ÓÚ‡ı [5, 17]).

–‡ÒÒ˜ËÚ‡ÌÌÓÂ ÒÂ˜ÂÌËÂ ÔÓ„ÎÓ˘ÂÌËˇ ËÏÂÂÚ ÂÁÓÌ‡ÌÒÌ˚È ı‡‡ÍÚÂ, ˜ÚÓ ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ‚ÓÁ·ÛÊ-
‰ÂÌË˛ ‚ ÒÚÛÍÚÛÂ ‡ÁÎË˜Ì˚ı ÔÎ‡ÁÏÓÌÌ˚ı ÏÓ‰. ƒÎˇ Ë‰ÂÌÚËÙËÍ‡ˆËË ‚ÓÁ·ÛÊ‰ÂÌÌ˚ı ÔÎ‡ÁÏÓÌÌ˚ı
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–ËÒ. 2. —ÔÂÍÚ˚ ÒÂ˜ÂÌËˇ ÔÓ„ÎÓ˘ÂÌËˇ (Í‡ÒÌ‡ˇ ÍË‚‡ˇ), ÒÂ˜ÂÌËˇ ˝ÍÒÚËÌÍˆËË (ÒËÌËÂ ÚÓ˜ÍË), ÒÂ˜ÂÌËˇ Ó·‡ÚÌÓ„Ó ‡ÒÒÂˇÌËˇ
(˜ÂÌ‡ˇ ÍË‚‡ˇ) Ë ÒÂ˜ÂÌËˇ ÔˇÏÓ„Ó ‡ÒÒÂˇÌËˇ (ÁÂÎÂÌ‡ˇ ÍË‚‡ˇ) ‰Îˇ ÔˇÏÓÛ„ÓÎ¸ÌËÍ‡ Ò ‡ÁÏÂ‡ÏË w = 1 ÏÍÏ, l = 2 ÏÍÏ.
ƒ‚ÛÏÂÌ˚È „‡Á ÓÔËÒ˚‚‡ÂÚÒˇ ÔÓ‚Ó‰ËÏÓÒÚ¸˛ ƒÛ‰Â ÒÓ ÒÎÂ‰Û˛˘ËÏË Ô‡‡ÏÂÚ‡ÏË: ‚ÂÏˇ ÂÎ‡ÍÒ‡ˆËË ËÏÔÛÎ¸Ò‡ ˝ÎÂÍÚÓÌ‡
1 ÔÒ, ÍÓÌˆÂÌÚ‡ˆËˇ ˝ÎÂÍÚÓÌÓ‚ 2 · 1011 ÒÏ�2 Ë ˝ÙÙÂÍÚË‚Ì‡ˇ Ï‡ÒÒ‡ ˝ÎÂÍÚÓÌ‡ 0.067. ¬ÂÍÚÓ ˝ÎÂÍÚË˜ÂÒÍÓ„Ó ÔÓÎˇ
Ô‡‰‡˛˘ÂÈ ‚ÓÎÌ˚ Ì‡Ô‡‚ÎÂÌ ÔÓ‰ Û„ÎÓÏ 45 „‡‰ÛÒÓ‚ ÓÚÌÓÒËÚÂÎ¸ÌÓ ÓÒË Œ’ (ˆ‚ÂÚ ÓÌÎ‡ÈÌ)

Fig. 2. Spectra of the absorption cross section (red curve), extinction cross section (blue dots), backscattering cross section
(black curve) and forward scattering cross section (green curve) for a rectangle with dimensions w = 1 µm, l = 2 µm.
A two-dimensional gas is described by Drude conductivity with the following parameters: electron momentum relaxation time
1 ps, electron concentration 2 · 1011 cm�2 and effective electron mass 0.067. The electric field vector of the incident wave is
directed at an angle of 45 degrees relative to the OX axis (color online)

ÏÓ‰ ÏÓÊÌÓ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ÏÓ‰ÂÎ¸ ÂÁÓÌ‡ÚÓ‡ Ò Ë‰Â‡Î¸ÌÓ ÓÚ‡Ê‡˛˘ËÏË „‡ÌËˆ‡ÏË. ¬ Ú‡ÍÓÈ ÏÓ‰ÂÎË

‚ÓÎÌÓ‚ÓÈ ‚ÂÍÚÓ ÔÎ‡ÁÏÓÌÌÓÈ ÏÓ‰˚ ·Û‰ÂÚ ËÏÂÚ¸ ‰ËÒÍÂÚÌ˚Â ÁÌ‡˜ÂÌËˇ q =
q

q2x + q2y , „‰Â qx = p
wp —

ÔÓ Ì‡Ô‡‚ÎÂÌË˛ x Ë qy = p
l p1 — ÔÓ Ì‡Ô‡‚ÎÂÌË˛ y, p Ë p1 — ˆÂÎ˚Â ˜ËÒÎ‡. —ÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, Í‡Ê‰ÓÈ

ÔÎ‡ÁÏÓÌÌÓÈ ÏÓ‰Â ‚ ÔˇÏÓÛ„ÓÎ¸ÌËÍÂ ÏÓÊÌÓ ÔËÔËÒ‡Ú¸ ‰‚‡ ËÌ‰ÂÍÒ‡ (p, p1).
ƒÎˇ Ë‰ÂÌÚËÙËÍ‡ˆËË ÏÓ‰ ÔÓÒÚÓÂÌ˚ Ï„ÌÓ‚ÂÌÌ˚Â ‡ÒÔÂ‰ÂÎÂÌËˇ ÔÎÓÚÌÓÒÚË Á‡ˇ‰‡, ÓÒ-

ˆËÎÎËÛ˛˘Â„Ó ‚ ÔˇÏÓÛ„ÓÎ¸ÌËÍÂ Ò ‰‚ÛÏÂÌ˚Ï „‡ÁÓÏ. ƒÎˇ ˝ÚÓ„Ó Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ Û‡‚ÌÂÌËˇ
ÌÂÔÂ˚‚ÌÓÒÚË ‚˚˜ËÒÎÂÌÓ ‡ÒÔÂ‰ÂÎÂÌËÂ ÎËÌÂÈÌÓÈ ÔÎÓÚÌÓÒÚË Á‡ˇ‰‡ ‰Îˇ ÔÎ‡ÁÏÓÌÌÓ„Ó ÂÁÓÌ‡ÌÒ‡
‚ ÔˇÏÓÛ„ÓÎ¸ÌËÍÂ Ò ‰‚ÛÏÂÌ˚Ï „‡ÁÓÏ:

r = �
i

w

✓
@jx
@x

+
@jy
@y

◆
. (11)

œÓÒÚÓÂÌ˚ ‡ÒÔÂ‰ÂÎÂÌËˇ ÔÎÓÚÌÓÒÚË Á‡ˇ‰‡ Ì‡ ˜‡ÒÚÓÚ‡ı ÔÎ‡ÁÏÓÌÌÓ„Ó ÂÁÓÌ‡ÌÒ‡ 0.4009 “√ˆ,
0.7342 “√ˆ, 0.9675 “√ˆ Ë 1.551 “√ˆ (ËÒ. 3), ÍÓÚÓ˚Â ÔÓÁ‚ÓÎˇ˛Ú Ò‰ÂÎ‡Ú¸ ‚˚‚Ó‰˚ Ó ÒÚÛÍÚÛÂ
ÔÎ‡ÁÏÓÌÌ˚ı ÏÓ‰ Ë Ë‰ÂÌÚËÙËˆËÓ‚‡Ú¸ Ëı Ò ÔÓÏÓ˘¸˛ ÏÓ‰ÂÎË ‰ËÒÍÂÚËÁ‡ˆËË ‚ÓÎÌÓ‚Ó„Ó ˜ËÒÎ‡.
œÎ‡ÁÏÓÌÛ Ì‡ ˜‡ÒÚÓÚÂ 0.4009 “√ˆ ÒÓÓÚ‚ÂÚÒÚ‚Û˛Ú ËÌ‰ÂÍÒ˚ (0,1), Ì‡ ˜‡ÒÚÓÚÂ 0.7342 “√ˆ — (1,0),
Ì‡ ˜‡ÒÚÓÚÂ 0.9675 “√ˆ — (2,1), ‡ Ì‡ ˜‡ÒÚÓÚÂ 1.551 “√ˆ — (1,2). ÀÓ„‡ËÙÏË˜ÂÒÍËÈ „‡ÙËÍ ÒÔÂÍÚÓ‚
˝ÍÒÚËÌÍˆËË Ë ÔÓ„ÎÓ˘ÂÌËˇ ÔÓÍ‡Á˚‚‡ÂÚ, ˜ÚÓ ‚ ÔˇÏÓÛ„ÓÎ¸ÌËÍÂ Ì‡Ë·ÓÎÂÂ ˝ÙÙÂÍÚË‚ÌÓ ‚ÓÁ·ÛÊ‰‡˛ÚÒˇ
ÙÛÌ‰‡ÏÂÌÚ‡Î¸Ì˚Â ÔÎ‡ÁÏÓÌÌ˚Â ÏÓ‰˚ Ò ËÌ‰ÂÍÒ‡ÏË (0,1) Ë (1,0), ÚÓ„‰‡ Í‡Í ‰Îˇ ‚˚Ò¯Ëı ÔÎ‡ÁÏÓÌÌ˚ı
ÂÁÓÌ‡ÌÒÓ‚ ÒÂ˜ÂÌËÂ ˝ÍÒÚËÌÍˆËË Ô‡‰‡ÂÚ Ì‡ ÔÓˇ‰ÓÍ Ë ·ÓÎÂÂ. Õ‡ ËÒ. 3 ‚Ë‰ÌÓ ÒËÎ¸ÌÓÂ Ì‡ÍÓÔÎÂÌËÂ Á‡-
ˇ‰‡ Ì‡ Í‡ˇı ÔˇÏÓÛ„ÓÎ¸ÌËÍ‡, ˜ÚÓ ÒÛ˘ÂÒÚ‚ÂÌÌÓ ‚ÎËˇÂÚ Ì‡ ÂÁÓÌ‡ÌÒÌ˚Â ˜‡ÒÚÓÚ˚ ÔÎ‡ÁÏÓÌÌ˚ı ÏÓ‰
ÔÓ Ò‡‚ÌÂÌË˛ Ò ˜‡ÒÚÓÚ‡ÏË, ÔÂ‰ÒÍ‡Á˚‚‡ÂÏ˚ÏË ÛÔÓ˘ÂÌÌ˚ÏË ÏÓ‰ÂÎˇÏË. “‡ÍÓÂ Ì‡ÍÓÔÎÂÌËÂ Á‡ˇ‰‡
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–ËÒ. 3. –‡ÒÔÂ‰ÂÎÂÌËÂ ÔÎÓÚÌÓÒÚË Á‡ˇ‰‡ ‚ ÔÎÓÒÍÓÒÚË ÔˇÏÓÛ„ÓÎ¸ÌËÍ‡ Ò ‰‚ÛÏÂÌ˚Ï ˝ÎÂÍÚÓÌÌ˚Ï „‡ÁÓÏ ‚ ÔÎ‡ÁÏÓÌÌ˚ı
ÂÁÓÌ‡ÌÒ‡ı, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı ÂÁÓÌ‡ÌÒ‡Ï Ì‡ ËÒ. 1 Ì‡ ˜‡ÒÚÓÚ‡ı 0.4009 “√ˆ (‡), 0.7342 “√ˆ (b), 0.9675 “√ˆ (c)
Ë 1.551 “√ˆ (d) (ˆ‚ÂÚ ÓÌÎ‡ÈÌ)

Fig. 3. Charge density distribution in the plane of a rectangle with a two-dimensional electron gas in plasmon resonances
corresponding to resonances in Fig. 1 at frequencies of 0.4009 THz (a), 0.7342 THz (b), 0.9675 THz (c) and 1.551 THz (d)
(color online)

Ò‚ˇÁ‡ÌÓ Ò Û‚ÂÎË˜ÂÌËÂÏ ˝ÎÂÍÚË˜ÂÒÍÓ„Ó ÔÓÎˇ Ì‡ „‡ÌËˆ‡ı ÔˇÏÓÛ„ÓÎ¸ÌËÍ‡ Ò ‰‚ÛÏÂÌ˚Ï ˝ÎÂÍÚÓÌ-
Ì˚Ï „‡ÁÓÏ Ë ÔË‚Ó‰ËÚ Í ÁÌ‡˜ËÚÂÎ¸ÌÓÏÛ ‚˚ıÓ‰Û ÔÓÎˇ Á‡ „‡ÌËˆ˚ ÔˇÏÓÛ„ÓÎ¸ÌËÍ‡, ˜ÚÓ ÛÏÂÌ¸¯‡ÂÚ
ÂÁÓÌ‡ÌÒÌ˚Â ˜‡ÒÚÓÚ˚ ‚ÓÁ·ÛÊ‰ÂÌËˇ ÔÎ‡ÁÏÓÌÌ˚ı ÏÓ‰. –‡Á‡·ÓÚ‡ÌÌ˚È ‡Î„ÓËÚÏ ÔÓÁ‚ÓÎˇÂÚ ·ÓÎÂÂ
ÚÓ˜ÌÓ ÔÂ‰ÒÍ‡Á˚‚‡Ú¸ ˝ÎÂÍÚÓÏ‡„ÌËÚÌ˚Â Ò‚ÓÈÒÚ‚‡ ÔˇÏÓÛ„ÓÎ¸ÌËÍ‡ Ò ‰‚ÛÏÂÌ˚Ï ˝ÎÂÍÚÓÌÌ˚Ï
„‡ÁÓÏ ÔÓ Ò‡‚ÌÂÌË˛ Ò ÍÓÏÏÂ˜ÂÒÍËÏË ÔÓ„‡ÏÏ‡ÏË, ÓÒÌÓ‚‡ÌÌ˚ÏË Ì‡ ÏÂÚÓ‰Â ÍÓÌÂ˜Ì˚ı ˝ÎÂÏÂÌÚÓ‚,
ÔÓÒÍÓÎ¸ÍÛ ÌÂ ÚÂ·ÛÂÚ ÔÓÏÂ˘ÂÌËˇ ËÒÒÎÂ‰ÛÂÏÓÈ ÒËÒÚÂÏ˚ ‚ Ó·Î‡ÒÚ¸ Â¯ÂÌËˇ. », ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ,
ÏÓ‰˚ Ó·Î‡ÒÚË Â¯ÂÌËˇ ÌÂ ÔÓ‰ÏÂ¯Ë‚‡˛ÚÒˇ Í ËÒÚËÌÌ˚Ï Â¯ÂÌËˇÏ ‡ÒÒÏ‡ÚË‚‡ÂÏÓÈ ÒËÒÚÂÏ˚.
œÂ‰ÎÓÊÂÌÌ˚È ‡Î„ÓËÚÏ ÔÓÁ‚ÓÎˇÂÚ ËÒÒÎÂ‰Ó‚‡Ú¸ ÏÌÓ„ÓÒÎÓÈÌ˚Â ÚÂıÏÂÌ˚Â ÒÚÛÍÚÛ˚ Ë Â¯‡Ú¸
Á‡‰‡˜Ë Ò ÔÓÒÚ‡ÌÒÚ‚ÂÌÌÓÈ ‰ËÒÔÂÒËÂÈ ‚ ‰‚ÛÏÂÌÓÏ ˝ÎÂÍÚÓÌÌÓÏ „‡ÁÂ, ÌÂ Â¯‡ÂÏ˚Â ÏÂÚÓ‰‡ÏË
ÍÓÌÂ˜Ì˚ı ˝ÎÂÏÂÌÚÓ‚.
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«‡ÍÎ˛˜ÂÌËÂ

“‡ÍËÏ Ó·‡ÁÓÏ, ‚ ‰‡ÌÌÓÈ ‡·ÓÚÂ ‡Á‡·ÓÚ‡Ì ‡Î„ÓËÚÏ ‡Ò˜ÂÚ‡ ÚÓÍÓ‚, Ì‡‚Â‰ÂÌÌ˚ı ˝ÎÂÍ-
ÚÓÏ‡„ÌËÚÌÓÈ ‚ÓÎÌÓÈ ‚ ÔˇÏÓÛ„ÓÎ¸ÌËÍÂ Ò ‰‚ÛÏÂÌ˚Ï ˝ÎÂÍÚÓÌÌ˚Ï „‡ÁÓÏ. Õ‡È‰ÂÌ˚ ÛÒÎÓ‚Ëˇ
ÒıÓ‰ËÏÓÒÚË ‡Î„ÓËÚÏ‡ Ë ÔÓ‚Â‰ÂÌÓ Ò‡‚ÌÂÌËÂ Â„Ó ·˚ÒÚÓ‰ÂÈÒÚ‚Ëˇ ‚ Ò‡‚ÌÂÌËË Ò ‡Ì‡ÎÓ„Ë˜Ì˚Ï
‡Î„ÓËÚÏÓÏ ‰Îˇ ‚˚˜ËÒÎÂÌËˇ ÔÎ‡ÁÏÓÌÌ˚ı Ò‚ÓÈÒÚ‚ ‚ ‰‚ÛÏÂÌÓÈ ÔÓÒÚ‡ÌÓ‚ÍÂ Á‡‰‡˜Ë. –‡ÒÒ˜ËÚ‡Ì˚
ÒÂ˜ÂÌËˇ ÔÓ„ÎÓ˘ÂÌËˇ Ë ˝ÍÒÚËÌÍˆËË, ‡ Ú‡ÍÊÂ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌ˚Â ‡ÒÔÂ‰ÂÎÂÌËˇ ÔÎÓÚÌÓÒÚË Á‡ˇ‰‡
‚ ÔÎ‡ÁÏÓÌÌ˚ı ÂÁÓÌ‡ÌÒ‡ı. ”ÒÚ‡ÌÓ‚ÎÂÌÓ, ˜ÚÓ Ô‡‰‡˛˘‡ˇ ‚ÓÎÌ‡ Ì‡Ë·ÓÎÂÂ ˝ÙÙÂÍÚË‚ÌÓ ‚ÓÁ·ÛÊ‰‡ÂÚ
ÙÛÌ‰‡ÏÂÌÚ‡Î¸Ì˚Â ÔÎ‡ÁÏÓÌÌ˚Â ÏÓ‰˚ Ò ËÌ‰ÂÍÒ‡ÏË (0,1) Ë (1,0). œÎ‡ÁÏÓÌÌ˚Â ÏÓ‰˚ ‰ÂÏÓÌÒÚËÛ˛Ú
ÒËÎ¸ÌÓÂ Ì‡ÍÓÔÎÂÌËÂ Á‡ˇ‰‡ Ì‡ Í‡ˇı ÔˇÏÓÛ„ÓÎ¸ÌËÍ‡, ˜ÚÓ ÒÛ˘ÂÒÚ‚ÂÌÌÓ ‚ÎËˇÂÚ Ì‡ ÂÁÓÌ‡ÌÒÌ˚Â
˜‡ÒÚÓÚ˚ ‚ÓÁ·ÛÊ‰ÂÌËˇ ÔÎ‡ÁÏÓÌÌ˚ı ÏÓ‰.
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–ÂÁÛÎ¸Ú‡Ú˚. ¬ ÏÓ‰ÂÎË ÓÚ‰ÂÎ¸ÌÓ„Ó ÌÂÈÓÌ‡ Ó·Ì‡ÛÊÂÌ‡ Ó·Î‡ÒÚ¸ ·ËÒÚ‡·ËÎ¸ÌÓÒÚË, ÔË ÍÓÚÓÓÈ ÛÒÚÓÈ˜Ë‚˚È ÙÓÍÛÒ
ÒÓÒÛ˘ÂÒÚ‚ÛÂÚ Ò ˆËÍÎÓÏ. ¬ ÍÓÎ¸ˆÂ Ó·Ì‡ÛÊÂÌ˚ ‰‚‡ ÓÒÌÓ‚Ì˚ı ÂÊËÏ‡ ÒËÌıÓÌËÁ‡ˆËË. Œ‰ËÌ ËÁ ÌËı Ì‡ÒÎÂ‰ÛÂÚ ˜‡ÒÚÓÚÛ
ËÌ‰Ë‚Ë‰Û‡Î¸Ì˚ı ÍÓÎÂ·‡ÌËÈ ÔË Ï‡ÎÓÏ ÓÚÌÓÒËÚÂÎ¸ÌÓ ÔÂËÓ‰‡ Ù‡ÁÓ‚ÓÏ Ò‰‚Ë„Â ÏÂÊ‰Û ÓÚ‰ÂÎ¸Ì˚ÏË ÌÂÈÓÌ‡ÏË. ¬Ó ‚ÚÓ-
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ÏÂÚÓ‚ ÓÚ‰ÂÎ¸ÌÓ„Ó ÌÂÈÓÌ‡, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı ·ËÒÚ‡·ËÎ¸ÌÓÏÛ ÂÊËÏÛ, Ú‡Í Ë ‰Îˇ Ô‡‡ÏÂÚÓ‚, ÍÓ„‰‡ ‰Îˇ ÓÚ‰ÂÎ¸ÌÓ„Ó
ÌÂÈÓÌ‡ ÒÛ˘ÂÒÚ‚ÛÂÚ ÚÓÎ¸ÍÓ ÛÒÚÓÈ˜Ë‚˚È ÙÓÍÛÒ. œË Ï‡ÎÓÈ ‡ÒÒÚÓÈÍÂ (ÔÓˇ‰Í‡ 2% ÔÓ ‡·ÒÓÎ˛ÚÌÓÈ ‚ÂÎË˜ËÌÂ) ÔÓ
Ô‡‡ÏÂÚ‡Ï ‚ÚÓÓÈ ÒËÌıÓÌÌ˚È ÂÊËÏ ÒÓı‡ÌˇÂÚÒˇ. «‡ÍÎ˛˜ÂÌËÂ. œÓÍ‡Á‡ÌÓ, ˜ÚÓ ‚ Ï‡ÚÂÏ‡ÚË˜ÂÒÍÓÈ ÏÓ‰ÂÎË ÍÓÎ¸ˆ‡
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Abstract. This study aims to consider an ensemble of hippocampal neurons coupled in a ring, which may be responsible
for generation of the primary rhythm at limbic epilepsy. Methods. Model equations were solved numerically. To determine
the areas of oscillatory and excitable regime existance for a single neuron, the bifurcation analysis for the leakadge
conductivity parameter was performed. The coupling delays was not implemented directly, instead, inertia in the synapse was
introduced. To determine the stability of generation some couplings were removed and parameter detunig was introduced.
Results. In the single neuron model the bistability region was detected, in which a stable focus coexhists with a limit cycle. Two
main synchronous regimes were detected. The first regime inherits frequency of individual oscillator, with a relatively small
phase shift between oscillators in the ring. The frequency of the second regime depends on the number of neurons in the ring,
with the phase shift between neighbor oscillators being equal to ratio of oscillation period and number of neurons. This second
regime can occur both for the parameters corresponding to bistabler regime in the individual neuron and for the parameters at
which the only existing attractor is stable focus. The second synchronous regime is preserved for parameter detuning of 2%
from their absolute values. Conclusion. It was shown that in the mathematical model of the ring of hippocampal neurons,
where all the main significant currents are taken into account for individual neurons, and their parameters can vary, there is an
oscillatory mode, the frequency of which is determined by the length of the ring and synaptic conductivity, rather than by the
parameters individual neuron. In this case, a small change in synaptic conductivity can lead to a sharp (2–7 times) change in
the generation frequency.
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¬‚Â‰ÂÌËÂ

›ÔËÎÂÔÒËˇ — ÍÓÏÔÎÂÍÒ ‡ÁÎË˜ÌÓÈ ÔËÓ‰˚ ÙÛÌÍˆËÓÌ‡Î¸Ì˚ı Ì‡Û¯ÂÌËÈ, ÔË‚Ó‰ˇ˘Ëı
Í Ò·ÓˇÏ ‚ ÌÓÏ‡Î¸ÌÓÈ ‡·ÓÚÂ ÏÓÁ„‡. Œ·˘ËÏ ÏÂÒÚÓÏ ‚ÒÂı ÙÓÏ ˝ÔËÎÂÔÒËË ˇ‚ÎˇÂÚÒˇ „ÂÌÂ‡ˆËˇ
ÓÚÌÓÒËÚÂÎ¸ÌÓ ÒËÌıÓÌÌÓÈ, ‚˚ÒÓÍÓ‡ÏÔÎËÚÛ‰ÌÓÈ Ô‡ÚÓÎÓ„Ë˜ÂÒÍÓÈ ˝ÎÂÍÚÓÏ‡„ÌËÚÌÓÈ ‡ÍÚË‚ÌÓÒÚË
ÌÂÈÓÌ‡ÏË Ó‰ÌÓÈ ËÎË ÌÂÒÍÓÎ¸ÍËı ÒËÒÚÂÏ ÏÓÁ„‡, Ì‡ÔËÏÂ, Ú‡Î‡ÏÓÍÓÚËÍ‡Î¸ÌÓÈ ËÎË ÎËÏ·Ë˜ÂÒÍÓÈ.
–‡ÁÎË˜Ì˚Â ÙÓÏ˚ ˝ÔËÎÂÔÒËË ËÏÂ˛Ú ‡ÁÌÛ˛ ˝ÚËÓÎÓ„Ë˛ (ÔÓËÒıÓÊ‰ÂÌËÂ) Ë ‡ÁÎË˜‡˛ÚÒˇ Í‡Í ÔÓ
Á‡‰ÂÈÒÚ‚Ó‚‡ÌÌ˚Ï ‚ „ÂÌÂ‡ˆËË Ô‡ÚÓÎÓ„Ë˜ÂÒÍÓÈ ‡ÍÚË‚ÌÓÒÚË Ó·Î‡ÒÚˇÏ, Ú‡Í Ë ÔÓ ÒˆÂÌ‡Ë˛ ‚ÓÁÌËÍ-
ÌÓ‚ÂÌËˇ Ë ‡Á‚ËÚËˇ ˝ÔËÎÂÔÚË˜ÂÒÍÓÈ ‡ÍÚË‚ÌÓÒÚË [1]. ¬ Ò‚ˇÁË Ò ˝ÚËÏ ÏÓ‰ÂÎËÓ‚‡ÌËÂ ‡ÁÎË˜Ì˚ı
ÚËÔÓ‚ ˝ÔËÎÂÔÒËË Ò ÚÓ˜ÍË ÁÂÌËˇ ÚÂÓËË ‰ËÌ‡ÏË˜ÂÒÍËı ÒËÒÚÂÏ — ˝ÚÓ ‡ÁÌ˚Â Á‡‰‡˜Ë, Ë ÓÔËÒ‡ÌËÂ
˝ÔËÎÂÔÚË˜ÂÒÍÓÈ ‡ÍÚË‚ÌÓÒÚË ÔË ÍÓÌÍÂÚÌÓÈ ÙÓÏÂ ÏÓÊÂÚ ·˚Ú¸ ‰ÓÒÚË„ÌÛÚÓ Á‡ Ò˜∏Ú ÔË‚ÎÂ˜ÂÌËˇ
ÒÔÂˆËÙË˜Ì˚ı ÔÓÌˇÚËÈ. “‡Í, ‰Îˇ ÏÓ‰ÂÎËÓ‚‡ÌËˇ ‡·Ò‡ÌÒÌÓÈ ˝ÔËÎÂÔÒËË ‚‡ÊÌ‡ ÒÚÛÍÚÛ‡ Ò‚ˇÁÂÈ
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‚ Ú‡Î‡ÏÓÍÓÚËÍ‡Î¸ÌÓÈ ÒÂÚË, ÔË ˝ÚÓÏ Ú‡Î‡ÏÛÒ Ë ÍÓÛ ÌÂÎ¸Áˇ ‡ÒÒÏ‡ÚË‚‡Ú¸ ËÁÓÎËÓ‚‡ÌÓ: ÍÓÎÂ·‡-
ÌËˇ ‚ÓÁÌËÍ‡˛Ú Ò‡ÁÛ ‚Ó ‚ÒÂÈ ÒËÒÚÂÏÂ. œËÍ-‚ÓÎÌÓ‚˚Â ‡Áˇ‰˚ ÔË ‡·Ò‡ÌÒÌÓÈ ˝ÔËÎÂÔÒËË ˇ‚Îˇ˛ÚÒˇ
ÒËÎ¸ÌÓ ÌÂÎËÌÂÈÌ˚ÏË ÍÓÎÂ·‡ÌËˇÏË ÒÓ ÒÔÂˆËÙË˜ÂÒÍËÏË ÙÓÏÓ˛ Ë ÒÔÂÍÚÓÏ, ÒÓı‡Ìˇ˛˘ËÏËÒˇ
Ì‡ ÔÓÚˇÊÂÌËË ‚ÒÂ„Ó ‡Áˇ‰‡. œÓ˝ÚÓÏÛ ·ÓÎ¸¯ÓÂ ˜ËÒÎÓ ‡·ÓÚ ÔÓÒ‚ˇ˘ÂÌÓ „Î‡‚Ì˚Ï Ó·‡ÁÓÏ ‚ÓÒ-
ÔÓËÁ‚Â‰ÂÌË˛ ˝ÚËı ÓÒÓ·ÂÌÌÓÒÚÂÈ [2]. œË ˝ÚÓÏ ‚‡ÊÌÓ, ˜ÚÓ ÔÓˆÂÒÒ˚ ‚ ÏÓÁ„Â, ÓÚ‚ÂÚÒÚ‚ÂÌÌ˚Â Á‡
ÔÂÍ‡˘ÂÌËÂ Ô‡ÚÓÎÓ„Ë˜ÂÒÍÓÈ ‡ÍÚË‚ÌÓÒÚË, ‰Ó ÒËı ÔÓ ÌÂ Ó·Ì‡ÛÊÂÌ˚, ˜ÚÓ ÔË‚ÂÎÓ Í ÒÓÁ‰‡ÌË˛
ˇ‰‡ ÏÓ‰ÂÎÂÈ ÔËÍ-‚ÓÎÌÓ‚˚ı ‡Áˇ‰Ó‚ Ì‡ ÓÒÌÓ‚Â ÔÓÌˇÚËˇ Ó ÔÂÂıÓ‰Ì˚ı ÔÓˆÂÒÒ‡ı [3, 4] ‚ ÓÚÎË˜ËÂ
ÓÚ ·ÓÎÂÂ ‡ÌÌËı ÏÓ‰ÂÎÂÈ, ÔÓÒÚÓÂÌÌ˚ı Ì‡ ÔÂÂÍÎ˛˜ÂÌËË ÏÂÊ‰Û ‡ÚÚ‡ÍÚÓ‡ÏË, Ó‰ËÌ ËÁ ÍÓÚÓ˚ı
ÓÚ‚Â˜‡ÂÚ Á‡ ÌÓÏ‡Î¸ÌÛ˛, ‡ ‚ÚÓÓÈ — Á‡ ˝ÔËÎÂÔÚËÙÓÏÌÛ˛ ‡ÍÚË‚ÌÓÒÚ¸ [2, 5]. ¬ ÚÓ ÊÂ ‚ÂÏˇ ÔË
ÎËÏ·Ë˜ÂÒÍÓÈ ˝ÔËÎÂÔÒËË Ô‡ÚÓÎÓ„Ë˜ÂÒÍ‡ˇ ‡ÍÚË‚ÌÓÒÚ¸ ÔÂ‚ÓÌ‡˜‡Î¸ÌÓ Ë ‰ÓÎ„ÓÂ ‚ÂÏˇ ÒÓÒÂ‰ÓÚÓ˜ÂÌ‡
‚ÌÛÚË „ËÔÔÓÍ‡ÏÔ‡, Ë ‚‡ÊÌ˚Ï ˇ‚ÎˇÂÚÒˇ ‚ÓÔÓÒ Ó ÚÓÏ, Í‡Í ÙÓÏËÛÂÚÒˇ Ë ˝‚ÓÎ˛ˆËÓÌËÛÂÚ ÓÒÌÓ‚-
ÌÓÈ ËÚÏ, ÔÓÒÍÓÎ¸ÍÛ ˜‡ÒÚÓÚ‡ Ë ÙÓÏ‡ ÍÓÎÂ·‡ÌËÈ ÒËÎ¸ÌÓ ÏÂÌˇ˛ÚÒˇ ‚ ÔÓˆÂÒÒÂ ‡Áˇ‰‡ Ë ÏÓ„ÛÚ
‰‡ÊÂ Í‡˜ÂÒÚ‚ÂÌÌÓ ÓÚÎË˜‡Ú¸Òˇ Û ‡ÁÌ˚ı ÒÛ·˙ÂÍÚÓ‚ [6]. œË ˝ÚÓÏ ‡ÒÔÓÒÚ‡ÌÂÌËÂ Ô‡ÚÓÎÓ„Ë˜ÂÒÍÓÈ
‡ÍÚË‚ÌÓÒÚË Á‡ ÔÂ‰ÂÎ˚ ÔÂ‚Ë˜ÌÓÈ ÒÂÚË „ËÔÔÓÍ‡ÏÔ‡ (‚ÚÓË˜Ì‡ˇ „ÂÌÂ‡ÎËÁ‡ˆËˇ) — ˝ÚÓ ÓÚ‰ÂÎ¸Ì˚È
ÔÓˆÂÒÒ, ÍÓÚÓ˚È ÏÓÊÂÚ ÔÓËÒıÓ‰ËÚ¸ ˜ÂÂÁ ÏÂÒˇˆ˚ Ë „Ó‰˚ ÔÓÒÎÂ ÙÓÏËÓ‚‡ÌËˇ ÔÂ‚Ë˜ÌÓ„Ó
„ÂÌÂ‡ÚÓ‡ Ô‡ÚÓÎÓ„Ë˜ÂÒÍÓÈ ‡ÍÚË‚ÌÓÒÚË Ë ËÏÂÂÚ Ò‚ÓË ÏÂı‡ÌËÁÏ˚ [7].

¬ ‡·ÓÚÂ [8] ·˚ÎÓ ÔÓÍ‡Á‡ÌÓ, ˜ÚÓ „ÂÌÂ‡ÚÓ ˝ÔËÎÂÔÚËÙÓÏÌÓÈ ‡ÍÚË‚ÌÓÒÚË ÏÓÊÂÚ ·˚Ú¸ Â‡ÎË-
ÁÓ‚‡Ì ‚ ‚Ë‰Â ÍÓÎ¸ˆ‡ ÌÂÈÓÌÓ‚, Í‡Ê‰˚È ËÁ ÍÓÚÓ˚ı Ì‡ıÓ‰ËÚÒˇ ‚ ÔÓ‰ÔÓÓ„Ó‚ÓÏ ÌÂÍÓÎÂ·‡ÚÂÎ¸ÌÓÏ
ÂÊËÏÂ, ‡ ËÚÓ„Ó‚‡ˇ ‡ÍÚË‚ÌÓÒÚ¸ ÂÒÚ¸ ÙÛÌÍˆËˇ Ò‚ˇÁÂÈ Ë ‚ÂÏÂÌË Á‡Ô‡Á‰˚‚‡ÌËˇ ‚ ÒËÌ‡ÔÒÂ: ‚ÓÁ-
·ÛÊ‰∏ÌÌ˚È ‚ÌÂ¯ÌËÏ ‚ıÓ‰ÓÏ (‰Û„ËÏ ÌÂÈÓÌÓÏ, ÌÂ ‚ıÓ‰ˇ˘ËÏ ‚ ÍÓÎÂ·‡ÚÂÎ¸ÌÓÂ ÍÓÎ¸ˆÓ) ËÏÔÛÎ¸Ò
ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ ÔÓ·Â„‡ÂÚ ÔÓ ‚ÒÂÏ ÍÎÂÚÍ‡Ï ÍÓÎ¸ˆ‡ Ë ÒÌÓ‚‡ ‚ÓÁ·ÛÊ‰‡ÂÚ ÔÂ‚˚È ÌÂÈÓÌ Ë Ú. ‰.
œÂ‰ÎÓÊÂÌÌ‡ˇ ‚ [8] ÏÓ‰ÂÎ¸ ËÏÂÎ‡ ˇ‰ ÌÂ‰ÓÒÚ‡ÚÍÓ‚, ‡ ËÏÂÌÌÓ:

‰Îˇ ÓÔËÒ‡ÌËˇ ÓÚ‰ÂÎ¸ÌÓ„Ó ÌÂÈÓÌ‡ ·˚ÎË ËÒÔÓÎ¸ÁÓ‚‡Ì˚ Û‡‚ÌÂÌËˇ ’Ó‰ÊÍËÌ‡–’‡ÍÒÎË ‚ Ëı
ËÒıÓ‰ÌÓÈ ÙÓÏÂ, ‚ ÚÓ ‚ÂÏˇ Í‡Í ÍÎÂÚÍË „ËÔÔÓÍ‡ÏÔ‡ ËÏÂ˛Ú ÁÌ‡˜ËÚÂÎ¸ÌÛ˛ ÒÔÂˆËÙËÍÛ Ë
ÓÔËÒ˚‚‡˛ÚÒˇ ·ÓÎÂÂ ÒÎÓÊÌ˚ÏË ÏÓ‰ÂÎˇÏË Ò ·ÓÎ¸¯ËÏ ˜ËÒÎÓÏ Û‡‚ÌÂÌËÈ, ‰Û„ËÏË ÁÌ‡˜ÂÌËˇÏË
Ô‡‡ÏÂÚÓ‚ Ë ÓÚÎË˜Ì˚ÏË ÌÂÎËÌÂÈÌ˚ÏË ÙÛÌÍˆËˇÏË [9];
Á‡Ô‡Á‰˚‚‡ÌËÂ ·˚ÎÓ ‰Ó·‡‚ÎÂÌÓ ‚ ÙÛÌÍˆË˛ Ò‚ˇÁË Ì‡ÔˇÏÛ˛ ‰Îˇ ÔÓÒÚÓÚ˚, ‚ ÚÓ ‚ÂÏˇ Í‡Í
‚ ‰ÂÈÒÚ‚ËÚÂÎ¸ÌÓÒÚË Á‡Ô‡Á‰˚‚‡ÌËÂ — ˝ÚÓ ÙÛÌÍˆËˇ ËÌÂˆËÓÌÌÓÒÚË ÒËÌ‡ÔÒ‡;
‚ÒÂ ÌÂÈÓÌ˚ ‚ ÍÓÎ¸ˆÂ ·˚ÎË Ë‰ÂÌÚË˜Ì˚ ÔÓ Ô‡‡ÏÂÚ‡Ï.

–‡ÒÒÏÓÚÂÌËÂ Á‡Ô‡Á‰˚‚‡ÌËˇ Í‡Í ÎËÌËË Á‡‰ÂÊÍË ‚ ‡‰ËÓÚÂıÌË˜ÂÒÍÓÏ „ÂÌÂ‡ÚÓÂ ÔÓÁ‚ÓÎËÎÓ ‚ ‡·Ó-
Ú‡ı [8, 10] ËÒÒÎÂ‰Ó‚‡Ú¸ ·ÓÎ¸¯ÓÈ Ì‡·Ó ÂÊËÏÓ‚ Ë ÔÓÎÛ˜ËÚ¸ ‡Ì‡ÎËÚË˜ÂÒÍÛ˛ Á‡‚ËÒËÏÓÒÚ¸ ˜‡ÒÚÓÚ˚
„ÂÌÂ‡ˆËË ÓÚ Á‡‰ÂÊÍË Ë ‚ÂÏÂÌË Á‡Ô‡Á‰˚‚‡ÌËˇ. ÕÓ ÂÒÎË „Ó‚ÓËÚ¸ Ó· ËÒıÓ‰ÌÓÈ ·ËÓÎÓ„Ë˜ÂÒÍÓÈ
ÒËÒÚÂÏÂ, ÚÓ ‚‡ÊÌÓ ÔÓÌˇÚ¸, ‚ Í‡ÍËı ÔÂ‰ÂÎ‡ı ÏÓÊÂÚ ÏÂÌˇÚ¸Òˇ Á‡Ô‡Á‰˚‚‡ÌËÂ — ˝ÚË ÔÂ‰ÂÎ˚ ‚‡ÊÌ˚
‰Îˇ ÔÓÌËÏ‡ÌËˇ ÚÓ„Ó, Í‡ÍËÂ ˜‡ÒÚÓÚ˚ ÏÓ„ÛÚ ·˚Ú¸ ‰ÓÒÚË„ÌÛÚ˚. »‰ÂÌÚË˜ÌÓÒÚ¸ ÌÂÈÓÌÓ‚ ‚ ÍÓÎ¸ˆÂ
Ó˜Â‚Ë‰ÌÓ ÒÔÓÒÓ·ÒÚ‚ÛÂÚ ÒËÌıÓÌËÁ‡ˆËË ÍÓÎÂ·‡ÌËÈ Ò Î‡„ÓÏ, ‡‚Ì˚Ï ‚ ‡ÒÒÏÓÚÂÌÌ˚ı ÒÎÛ˜‡ˇı
T/D, „‰Â T — ÔÂËÓ‰ ÍÓÎÂ·‡ÌËÈ, ‡ D — ˜ËÒÎÓ ÓÒˆËÎÎˇÚÓÓ‚ ‚ ÍÓÎ¸ˆÂ. ÕÓ ‚ Â‡Î¸ÌÓÈ ÒËÒÚÂÏÂ ‚ÒÂ
ÌÂÈÓÌ˚ ·Û‰ÛÚ ‡ÁÌ˚ÏË, Ë ‚‡ÊÌÓ ÁÌ‡Ú¸, Ì‡ÒÍÓÎ¸ÍÓ ÛÒÚÓÈ˜Ë‚˚Ï ÓÍ‡ÊÂÚÒˇ ËÒÒÎÂ‰Ó‚‡ÌÌ˚È ÂÊËÏ.
“‡ÍËÏ Ó·‡ÁÓÏ, Â¯ÂÌËÂ ‚ÒÂı ˝ÚËı ‚ÓÔÓÒÓ‚ ÌÂÓ·ıÓ‰ËÏÓ ‰Îˇ ÔÓ‰Ú‚ÂÊ‰ÂÌËˇ ÔËÌˆËÔË‡Î¸ÌÓÈ ‚ÓÁ-
ÏÓÊÌÓÒÚË ÒÛ˘ÂÒÚ‚Ó‚‡ÌËˇ Ó·Ì‡ÛÊÂÌÌ˚ı ‚ [8, 10] ÂÊËÏÓ‚ ‚ ÒÂÚˇı „ËÔÔÓÍ‡ÏÔ‡, ˜ÂÏÛ Ë ÔÓÒ‚ˇ˘ÂÌ‡
‰‡ÌÌ‡ˇ ‡·ÓÚ‡.

1. ÃÓ‰ÂÎ¸

1.1. ÃÓ‰ÂÎ¸ ÛÁÎ‡. ¬ Í‡˜ÂÒÚ‚Â ÛÁÎ‡ ÒÂÚË ËÒÔÓÎ¸ÁÓ‚‡Î‡Ò¸ Ó‰ÌÓÍÓÏÔ‡ÚÏÂÌÚÌ‡ˇ (Ó‰ÌÓÍ‡ÏÂ-
Ì‡ˇ) ÏÓ‰ÂÎ¸ ’Ó‰ÊÍËÌ‡–’‡ÍÒÎË [11], Ì‡ÔËÒ‡ÌÌ‡ˇ ‚ ÒÓÓÚ‚ÂÚÒÚ‚ËË Ò [12, 13] ‰Îˇ ÔË‡ÏË‰Ì˚ı ÍÎÂÚÓÍ
ÔÓÎˇ CA3 „ËÔÔÓÍ‡ÏÔ‡ (1). —ÎÂ‰ÛÂÚ ÓÚÏÂÚËÚ¸, ˜ÚÓ ÔË Á‡ÔËÒË Û‡‚ÌÂÌËÈ ÒÛ˘ÂÒÚ‚Û˛Ú ‰‚‡ ÓÒÌÓ‚Ì˚ı
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ÔÓ‰ıÓ‰‡ Í ‡ÁÏÂÌÓÒÚË Ô‡‡ÏÂÚÓ‚ ∏ÏÍÓÒÚË Ë ÔÓ‚Ó‰ËÏÓÒÚË. œÂ‚˚È ÔÓ‰ıÓ‰: ÁÌ‡˜ÂÌËˇ ÔË¯ÛÚÒˇ
‰Îˇ ‚ÒÂ„Ó ÌÂÈÓÌ‡ ˆÂÎËÍÓÏ, Í‡Í ·Û‰ÚÓ ÓÌ ˇ‚ÎˇÂÚÒˇ ÒÓÒÂ‰ÓÚÓ˜ÂÌÌ˚Ï ˝ÎÂÏÂÌÚÓÏ (ÏÓÊÌÓ Ú‡ÍÊÂ
Ò˜ËÚ‡Ú¸, ˜ÚÓ Ô‡‡ÏÂÚ˚ ÒÓÓÚ‚ÂÚÒÚ‚Û˛Ú ÂÁÛÎ¸Ú‡ÚÛ ËÌÚÂ„ËÓ‚‡ÌËˇ ÔÓ ÔÎÓ˘‡‰Ë ‚ÒÂ„Ó ÌÂÈÓÌ‡).
¬ÚÓÓÈ ÔÓ‰ıÓ‰: Á‡ÔËÒ˚‚‡˛ÚÒˇ Û‰ÂÎ¸Ì˚Â ÔÓ‚Ó‰ËÏÓÒÚË Ë ∏ÏÍÓÒÚË Ì‡ Â‰ËÌËˆÛ ÔÎÓ˘‡‰Ë [9], ˜ÚÓ
ÏÓÊÂÚ ·˚Ú¸ ÔÓÎÂÁÌÓ, Ì‡ÔËÏÂ, ÔË ÔÂÂıÓ‰Â ÓÚ Ó‰ÌÓÍÓÏÔ‡ÚÏÂÌÚÌ˚ı Í ÏÌÓ„ÓÍÓÏÔ‡ÚÏÂÌÚÌ˚Ï
ÏÓ‰ÂÎˇÏ. ¬ ‰‡ÌÌÓÈ ‡·ÓÚÂ Ï˚ ËÒÔÓÎ¸ÁÛÂÏ ËÌÚÂ„ËÓ‚‡ÌÌ˚Â ‚ÂÎË˜ËÌ˚, ÔÓÒÍÓÎ¸ÍÛ ÁÌ‡˜ÂÌËˇ ‚ÁˇÚ˚
Ì‡ÏË ËÁ ‡·ÓÚ˚ [13].

C
dVi

dt
= �INai � ICai � ICa(low)i

� IK(DR)i
� IK(A)i

� IK(AHP)i
� IK(C)i

� ILi � Isyni , (1)

„‰Â Vi — ÔÓÚÂÌˆË‡Î Ì‡ ÏÂÏ·‡ÌÂ i-„Ó ÌÂÈÓÌ‡, t — ‡ÁÏÂÌÓÂ ‚ÂÏˇ, C — ∏ÏÍÓÒÚ¸ ÏÂÏ·‡Ì˚
(‚ ‰‡ÌÌÓÈ ‡·ÓÚÂ C = 0.1 ÏÍ‘). “ÓÍË ËÓÌÌ˚ı Í‡Ì‡ÎÓ‚ ‡ÒÔËÒ‡Ì˚ ÌËÊÂ.

INa — Ì‡ÚËÂ‚˚È ÚÓÍ:

INai = gNaim
2

ihi(Vi � VNai),

dmi

dt
= am(Vi)(1�mi)� bm(Vi)mi,

dhi
dt

= ah(Vi)(1� hi)� bh(Vi)hi,

„‰Â Ï‡ÍÒËÏ‡Î¸Ì‡ˇ ˝ÎÂÍÚË˜ÂÒÍ‡ˇ ÔÓ‚Ó‰ËÏÓÒÚ¸ Ì‡ÚËÂ‚Ó„Ó Í‡Ì‡Î‡ gNa = 1.0 ÏÍ—Ï, ‡‚ÌÓ‚ÂÒÌ˚È
ÔÓÚÂÌˆË‡Î (ÔÓÚÂÌˆË‡Î Â‚ÂÒËË) Ì‡ÚËÂ‚Ó„Ó Í‡Ì‡Î‡ V Na = 50.0 Ï¬. ƒÎˇ gNa Ë V Na ÛÍ‡Á‡Ì˚
ÒÂ‰ÌËÂ ‚ÂÎË˜ËÌ˚, Ú‡Í Í‡Í ‰‡ÎÂÂ ‚ ‡·ÓÚÂ ‚ ÚÓÏ ˜ËÒÎÂ ·Û‰ÂÚ ÓÔËÒ‡Ì ˝ÍÒÔÂËÏÂÌÚ Ò ‡ÒÒÚÓÈÍÓÈ
ÔÓ ˝ÚËÏ Ô‡‡ÏÂÚ‡Ï. m,h — ‚ÓÓÚÌ˚Â ÔÂÂÏÂÌÌ˚Â Ì‡ÚËÂ‚Ó„Ó Í‡Ì‡Î‡, a Ë b — ÙÛÌÍˆËË ÓÚÍ˚ÚËˇ
Ë Á‡Í˚ÚËˇ ‚ÓÓÚÌ˚ı ÔÂÂÏÂÌÌ˚ı (ÔÂÂıÓ‰Ó‚):

am(Vi) =
�0.32(Vi + 51.9)

exp(�(Vi + 51.9)/4)� 1
, bm(Vi) =

0.28(Vi + 24.9)

exp((Vi + 24.9)/5)� 1
,

ah(Vi) = 0.128exp(�(Vi + 48)/18), bh(Vi) =
4

1 + exp(�(Vi + 25)/5)
.

ICa — Í‡Î¸ˆËÂ‚˚È ÚÓÍ:

ICai = gCais
2

i ri(Vi � VCai),

dsi
dt

= as(Vi)(1� si)� bs(Vi)si,

dri
dt

= ar(Vi)(1� ri)� br(Vi)ri,

„‰Â gCa = 0.13 ÏÍ—Ï, V Ca = 75.0 Ï¬, s, r — ‚ÓÓÚÌ˚Â ÔÂÂÏÂÌÌ˚Â Ì‡ÚËÂ‚Ó„Ó Í‡Ì‡Î‡, ÙÛÌÍˆËË
ÔÂÂıÓ‰Ó‚:

as(Vi) =
0.2

1 + exp(�0.072Vi)
, bs(Vi) =

0.0025(Vi + 13.9)

exp((Vi + 13.9)/5)� 1
,

ar(Vi) =

8
<

:

exp(�(Vi + 65)/20)

1600
(Vi > �65),

0.000625 (Vi 6 �65),

br(Vi) =

8
<

:

0.005� 8ar(Vi)

8
(Vi > �65),

0 (Vi 6 �65),
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ICa(low) — ÌËÁÍÓÔÓÓ„Ó‚˚È Í‡Î¸ˆËÂ‚˚È ÚÓÍ:

ICa(low)i
= gCa(low)i

s2
Ca(low)i

rCa(low)i
(Vi � VCai),

dsCa(low)i

dt
= asCa(low)

(Vi)
⇣
1� sCa(low)i

⌘
� bsCa(low)

(Vi)sCa(low)i
,

drCa(low)i

dt
= arCa(low)

(Vi)
⇣
1� rCa(low)i

⌘
� brCa(low)

(Vi)rCa(low)i
,

„‰Â gCa(low) = 0.03 ÏÍ—Ï, V Ca = 75.0 Ï¬, sCa(low), rCa(low) — ‚ÓÓÚÌ˚Â ÔÂÂÏÂÌÌ˚Â, ÙÛÌÍˆËË
ÔÂÂıÓ‰Ó‚:

asCa(low)
(Vi) =

1.6

1 + exp(�0.072(Vi + 40))
, bsCa(low)

(Vi) =
0.02(Vi + 53.9)

exp((Vi + 53.9)/5)� 1
,

arCa(low)
(Vi) =

8
<

:

exp(�(Vi + 105)/20)

200
, (Vi > �105)

0.005, (Vi 6 �105)

brCa(low)
(Vi) =

8
<

:
0.005� arCa(low)

(Vi), (Vi > �105)

0, (Vi 6 �105)

IK(DR) — ·˚ÒÚ˚È Í‡ÎËÂ‚˚È ÚÓÍ Á‡‰ÂÊ‡ÌÌÓ„Ó ‚˚ÔˇÏÎÂÌËˇ:

IK(DR)i
= gK(DR)i

ni(Vi � VKi),

dni

dt
= an(Vi)(1� ni)� bn(Vi)ni,

„‰Â gK(DR) = 0.08 ÏÍ—Ï, V K = �80 Ï¬, n — ‚ÓÓÚÌ‡ˇ ÔÂÂÏÂÌÌ‡ˇ, ÍÓÌÒÚ‡ÌÚ˚ ÔÂÂıÓ‰Ó‚:

an(Vi) =
�0.016(Vi + 29.9)

exp(�(Vi + 29.9)/5)� 1
, bn(Vi) = 0.25exp(�(Vi + 45)/40).

IK(A) — Í‡ÎËÂ‚˚È ÚÓÍ ¿-ÚËÔ‡:

IK(A)i
= gK(A)i

aibi(Vi � VKi),

dai
dt

= aa(Vi)(1� ai)� ba(Vi)ai,

dbi
dt

= ab(Vi)(1� bi)� bb(Vi)bi,

„‰Â gK(A) = 0.17 ÏÍ—Ï, V K = �80 Ï¬, a, b — ‚ÓÓÚÌ˚Â ÔÂÂÏÂÌÌ˚Â, ÍÓÌÒÚ‡ÌÚ˚ ÔÂÂıÓ‰Ó‚:

aa(Vi) =
�0.02(Vi + 51.9)

exp(�(Vi + 51.9)/10)� 1
, ba(Vi) =

0.0175(Vi + 24.9)

exp((Vi + 24.9)/10)� 1
,

ab(Vi) = 0.0016exp(�(Vi + 78)/18), bb(Vi) =
0.05

1 + exp(�(Vi + 54.9)/5)
.
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IK(AHP) — ÏÂ‰ÎÂÌÌ˚È Í‡Î¸ˆËÈ-Á‡‚ËÒËÏ˚È Í‡ÎËÂ‚˚È ÚÓÍ ÔÓÒÎÂ „ËÔÂÔÓÎˇËÁ‡ˆËË:

IK(AHP)i
= gK(AHP)i

qi(Vi � VKi),

dqi
dt

= aq(Vi)(1� qi)� bq(Vi)qi,

„‰Â gK(AHP) = 0.07 ÏÍ—Ï, V K = �80 Ï¬, q — ‚ÓÓÚÌ‡ˇ ÔÂÂÏÂÌÌ‡ˇ, ÙÛÌÍˆËË ÔÂÂıÓ‰Ó‚:

aq(Vi) =

8
>>><

>>>:

0, ((qi � 140) < 0)

0.00002(qi � 140), (0 6 (qi � 140) < 500)

0.01, (500 6 (qi � 140))

bq(Vi) = 0.001.

IK(C) — ·˚ÒÚ˚È Í‡Î¸ˆËÈ-Á‡‚ËÒËÏ˚È Í‡ÎËÂ‚˚È ÚÓÍ:

IK(C)i = gK(C)i
min (1, qi/250)ci(Vi � VKi),

dci
dt

= ac(Vi)(1� ci)� bc(Vi)ci,

dqi
dt

= �fICai � bqqi,

„‰Â gK(C) = 0.366 ÏÍ—Ï, V K = �80 Ï¬, f = 50 ÏÒ�1, bq = 0.075 ÏÒ�1, c, q — ‚ÓÓÚÌ˚Â
ÔÂÂÏÂÌÌ˚Â, ÍÓÌÒÚ‡ÌÚ˚ ÔÂÂıÓ‰Ó‚:

ac(Vi) =

8
<

:

1

18.975
exp(((Vi + 55)/11)� ((Vi + 58.5)/27)) (Vi 6 �15),

2exp(�(Vi + 58.5)/27) (Vi > �15),

bc(Vi) =

8
<

:
2exp(�(Vi + 58.5)/27)� ac(Vi) (Vi 6 �15),

0 (Vi > �15),

IL — ÚÓÍ ÛÚÂ˜ÍË:
ILi = gLi(Vi � VLi),

„‰Â ÔÓ‚Ó‰ËÏÓÒÚ¸ ÛÚÂ˜ÍË gL ÏÂÌˇÎ‡Ò¸ ‚ Á‡‚ËÒËÏÓÒÚË ÓÚ ÔÓÎÓÊÂÌËˇ ÌÂÈÓÌ‡ ‚ ÒÂÚË, ‡‚ÌÓ‚ÂÒÌ˚È
ÔÓÚÂÌˆË‡Î ÛÚÂ˜ÍË VL = �65 Ï¬.

Isyn — ÒËÌ‡ÔÚË˜ÂÒÍËÈ ÚÓÍ:
Isyni = gsyni(Vi � Vsyni)

X
pj , (2)

„‰Â ÔÓ‚Ó‰ËÏÓÒÚ¸ ‚ÓÁ·ÛÊ‰‡˛˘Â„Ó ÒËÌ‡ÔÒ‡ gsyn ËÁÏÂÌˇÎ‡Ò¸ ‚ ıÓ‰Â ˝ÍÒÔÂËÏÂÌÚÓ‚, ‡‚ÌÓ‚ÂÒÌ˚È
ÔÓÚÂÌˆË‡Î ‚ÓÁ·ÛÊ‰‡˛˘Â„Ó ÒËÌ‡ÔÒ‡ V syn = 0 Ï¬, pj — ‚ÓÓÚÌ˚Â ÔÂÂÏÂÌÌ˚Â, ÓÚÌÓÒˇ˘ËÂÒˇ Í
ÔÂÒËÌ‡ÔÚË˜ÂÒÍËÏ ÌÂÈÓÌ‡Ï:

dpj
dt

= ap
(1� pj)

1 + exp(�(Vj � 2)/5)
� bppj , (3)

ÍÓÌÒÚ‡ÌÚ˚ ÔÂÂıÓ‰Ó‚ ap = 1.1 ÏÒ�1 Ë bp = 0.19 ÏÒ�1, Vj — ÔÓÚÂÌˆË‡Î ÔÂÒËÌ‡ÔÚË˜ÂÒÍÓ„Ó
ÌÂÈÓÌ‡.
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1.2. ÃÓ‰ÂÎ¸ ÒÂÚË. ÕÂÈÓÌ˚ ·˚ÎË Á‡ÏÍÌÛÚ˚ ‚ ÍÓÎ¸ˆÓ, Ò‚ˇÁ‡Ì˚ Ó‰ÌÓÌ‡Ô‡‚ÎÂÌÌÓÈ ‚ÓÁ-
·ÛÊ‰‡˛˘ÂÈ Ò‚ˇÁ¸˛ (ËÒ. 1).  ÓÎË˜ÂÒÚ‚Ó ˝ÎÂÏÂÌÚÓ‚ ÏÂÌˇÎÓÒ¸ ÓÚ 2 ‰Ó 35. œ‡‡ÏÂÚ˚ ÌÂÈÓÌÓ‚
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–ËÒ. 1. —ÚÛÍÚÛ‡ ‡ÒÒÏ‡ÚË‚‡ÂÏÓÈ ÒÂÚË ËÁ ÌÂÈÓÌÓ‚ „ËÔÔÓ-
Í‡ÏÔ‡. ÕÂÈÓÌ π 0 ËÒÔÓÎ¸ÁÛÂÚÒˇ ÚÓÎ¸ÍÓ ‰Îˇ Á‡ÔÛÒÍ‡ ÍÓÎÂ·‡-
ÚÂÎ¸ÌÓÈ ‡ÍÚË‚ÌÓÒÚË Ë ‚ „ÂÌÂ‡ˆËË ËÚÏ‡ ÌÂÔÓÒÂ‰ÒÚ‚ÂÌÌÓ
ÌÂ Û˜‡ÒÚ‚ÛÂÚ

Fig. 1. The structure of the considered network of hippocampal
neurons. Neuron No. 0 is used only to trigger oscillatory activity
and is not directly involved in rhythm generation
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–ËÒ. 2. »ÌÂˆËÓÌÌÓÒÚ¸ ÒËÌ‡ÔÒ‡. —ËÌÂÈ ÎËÌËÂÈ ÔÓÍ‡Á‡ÌÓ
ËÁÏÂÌÂÌËÂ ÁÌ‡˜ÂÌËˇ ÔÓÚÂÌˆË‡Î‡ Ì‡ ÏÂÏ·‡ÌÂ ÔÂÒËÌ‡ÔÚË-
˜ÂÒÍÓ„Ó ÌÂÈÓÌ‡ ÓÚ ‚ÂÏÂÌË V1(t), ÁÂÎ∏ÌÓÈ ÎËÌËÂÈ — Á‡‚Ë-
ÒËÏÓÒÚ¸ ‚ÓÓÚÌÓÈ ÔÂÂÏÂÌÌÓÈ ÔÂÒËÌ‡ÔÚË˜ÂÒÍÓ„Ó ÌÂÈÓÌ‡
ÓÚ ‚ÂÏÂÌË p(t), Ó‡ÌÊÂ‚ÓÈ ÎËÌËÂÈ — ËÁÏÂÌÂÌËÂ ÁÌ‡˜ÂÌËˇ
ÔÓÚÂÌˆË‡Î‡ Ì‡ ÏÂÏ·‡ÌÂ ÔÓÒÚÒËÌ‡ÔÚË˜ÂÒÍÓ„Ó ÌÂÈÓÌ‡ ÓÚ
‚ÂÏÂÌË V2(t), gsyn = 2.5 · 10�3 ÏÍ—Ï, w = 100 ÏÒ (ˆ‚ÂÚ
ÓÌÎ‡ÈÌ)

Fig. 2. Synapse inertia. The blue line shows the change in
the value of the potential on the presynaptic neuron membrane
on time V1(t). The green line shows the dependence of the
gate variable of the presynaptic neuron on time p(t). The
orange line shows the change in the value of the potential
on the postsynaptic neuron membrane on time V2(t), gsyn =
= 2.5 · 10�3 µS, w = 100 ms (color online)

ÍÓÎ¸ˆ‡ ·˚ÎË ÛÒÚ‡ÌÓ‚ÎÂÌ˚ Ú‡ÍËÏ Ó·‡ÁÓÏ, ˜ÚÓ
Ó‰ËÌÓ˜Ì˚È ˝ÎÂÏÂÌÚ Ì‡ıÓ‰ËÎÒˇ ‚ ÌÂÍÓÎÂ·‡ÚÂÎ¸-
ÌÓÏ ÔÓ‰ÔÓÓ„Ó‚ÓÏ ÂÊËÏÂ. —Ú‡ÚÛ˛˘ËÈ ÌÂÈ-
ÓÌ π0 Ì‡ıÓ‰ËÎÒˇ ‚ ÍÓÎÂ·‡ÚÂÎ¸ÌÓÏ ÂÊËÏÂ.
—Ó ÒÚ‡ÚÛ˛˘Â„Ó ÌÂÈÓÌ‡ π0 Ì‡ ÌÂÈÓÌ ÍÓÎ¸ˆ‡
π1 ÔÓ‰‡‚‡ÎÓÒ¸ Í‡ÚÍÓ‚ÂÏÂÌÌÓÂ ‚ÓÁ‰ÂÈÒÚ‚ËÂ
(‰ÎËÚÂÎ¸ÌÓÒÚ¸ ‚ÓÁ‰ÂÈÒÚ‚Ëˇ w ÏÂÌˇÎ‡Ò¸ ‚ ‰Ë‡-
Ô‡ÁÓÌÂ [100; 500] ÏÒ).

Ã‡ÚÂÏ‡ÚË˜ÂÒÍ‡ˇ ÏÓ‰ÂÎ¸ ÒËÌ‡ÔÒ‡ (2, 3)
·˚Î‡ ‚ÁˇÚ‡ ËÁ [9]. ¬ ÓÚÎË˜ËÂ ÓÚ ‡ÌÂÂ ÓÔÛ·ÎË-
ÍÓ‚‡ÌÌ˚ı ‡·ÓÚ [8, 10] ‰ÓÔÓÎÌËÚÂÎ¸ÌÓ„Ó ‚Â-
ÏÂÌÌÓ„Ó Á‡Ô‡Á‰˚‚‡ÌËˇ ‚ ÙÓÏÛÎÛ ÒËÌ‡ÔÒ‡ ÌÂ
‚ÌÓÒËÎÓÒ¸. ¬ÏÂÒÚÓ ˝ÚÓ„Ó ËÒÔÓÎ¸ÁÓ‚‡Î‡Ò¸ ÒÓ·-
ÒÚ‚ÂÌÌ‡ˇ ËÌÂˆËÓÌÌÓÒÚ¸ ÏÓ‰ÂÎË. Õ‡ ËÒ. 2
ÔÓÍ‡Á‡Ì˚ ‚ÂÏÂÌÌ˚Â Â‡ÎËÁ‡ˆËË ÔÓÚÂÌˆË‡Î‡
Ì‡ ÏÂÏ·‡ÌÂ Ó‰ÌÓ„Ó ËÁ ÌÂÈÓÌÓ‚ ÍÓÎ¸ˆ‡ V1

Ë ÁÌ‡˜ÂÌËÈ ‚ÓÓÚÌÓÈ ÔÂÂÏÂÌÌÓÈ p ÚÓ„Ó ÊÂ
ÌÂÈÓÌ‡ (ÓÌ‡ ÔÓÔÓˆËÓÌ‡Î¸Ì‡ ÔÓÚÂÌˆË‡ÎÛ Ì‡
‡ÍÒÓÌÂ ˝ÚÓ„Ó ÌÂÈÓÌ‡), ‡ Ú‡ÍÊÂ ÔÓÚÂÌˆË‡Î Ì‡
ÏÂÏ·‡ÌÂ ÒÎÂ‰Û˛˘Â„Ó ÌÂÈÓÌ‡ ‚ ÍÓÎ¸ˆÂ V2.
œÓÍ‡Á‡ÌÓ Ó‰ÌÓ ÍÓÎÂ·‡ÌËÂ ÔÓÒÎÂ ÔÓÔÛÒÍ‡ 6 Ò
ÓÚ Ì‡˜‡Î‡ ˝ÍÒÔÂËÏÂÌÚ‡, ÚÓ ÂÒÚ¸ ÔÓÒÎÂ ÔÓÔÛÒ-
Í‡ ‚ÒÂı ÔÂÂıÓ‰Ì˚ı ÔÓˆÂÒÒÓ‚ Ë ÛÒÚ‡ÌÓ‚ÎÂÌËˇ
ÍÓÎÂ·‡ÚÂÎ¸ÌÓ„Ó ÂÊËÏ‡ ‚ ÍÓÎ¸ˆÂ. –ÂÁÛÎ¸Ú‡Ú˚
ÔË‚Â‰ÂÌ˚ ÔË ÁÌ‡˜ÂÌËË ÒËÌ‡ÔÚË˜ÂÒÍÓÈ ÔÓ‚Ó-
‰ËÏÓÒÚË gsyn = 2.5 · 10�3 ÏÍ—Ï. »ÒÒÎÂ‰Ó‚‡ÌËÂ
ÔÓıÓÊ‰ÂÌËˇ ÒË„Ì‡Î‡ ˜ÂÂÁ ÒËÌ‡ÔÒ ÔË ‰Û„Ëı
ÁÌ‡˜ÂÌËˇı gsyn ÔÓÁ‚ÓÎËÎÓ ÓÔÂ‰ÂÎËÚ¸, ˜ÚÓ ˜ÂÏ
·ÓÎ¸¯Â ÁÌ‡˜ÂÌËÂ ÒËÌ‡ÔÚË˜ÂÒÍÓÈ ÔÓ‚Ó‰ËÏÓÒÚË,
ÚÂÏ ÏÂÌ¸¯Â Á‡Ô‡Á‰˚‚‡ÌËÂ ÏÂÊ‰Û ‚ÂÏÂÌÌ˚ÏË
Â‡ÎËÁ‡ˆËˇÏË ‰‚Ûı ÒÓÒÂ‰ÌËı ÌÂÈÓÌÓ‚.

«‰ÂÒ¸ Ë ‰‡ÎÂÂ ÒËÒÚÂÏ‡ Û‡‚ÌÂÌËÈ Í‡Í ‰Îˇ
ÓÚ‰ÂÎ¸ÌÓ„Ó ÌÂÈÓÌ‡, Ú‡Í Ë ‰Îˇ ÍÓÎ¸ˆ‡ Â¯‡Î‡Ò¸
ÏÂÚÓ‰ÓÏ –ÛÌ„Â– ÛÚÚ˚ ÔÓˇ‰Í‡ 5(4), ÔË ÍÓÚÓ-
ÓÏ ¯‡„Ë ‰ÂÎ‡˛ÚÒˇ ‚ ÒÓÓÚ‚ÂÚÒÚ‚ËË Ò ÙÓÏÛÎÓ˛
5-„Ó ÔÓˇ‰Í‡, ÌÓ Ó¯Ë·Í‡ ÍÓÌÚÓÎËÛÂÚÒˇ ÔÓ
4-ÓÏÛ ÔÓˇ‰ÍÛ ÚÓ˜ÌÓÒÚË. ƒÎˇ ˝ÚÓ„Ó ËÒÔÓÎ¸ÁÓ‚‡-
Î‡Ò¸ Â‡ÎËÁ‡ˆËˇ ËÁ Ô‡ÍÂÚ‡ scipy.integrate
[14]. —ÓÔÓÒÚ‡‚ÎÂÌËÂ Ò ÂÁÛÎ¸Ú‡Ú‡ÏË ËÌÚÂ„Ë-
Ó‚‡ÌËˇ ÒËÒÚÂÏ˚ Û‡‚ÌÂÌËÈ ÏÂÚÓ‰ÓÏ ¿‰‡ÏÒ‡
8-„Ó ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË ÔÓÍ‡Á‡ÎÓ ÌÂÁÌ‡˜ËÚÂÎ¸-
Ì˚Â ‡ÒıÓÊ‰ÂÌËˇ ‚ ‰ÎËÌÂ ÔÂÂıÓ‰ÌÓ„Ó ÔÓˆÂÒ-
Ò‡, ÌÂ ‚ÎËˇ˛˘ËÂ Ì‡ ı‡‡ÍÚÂËÒÚËÍË ÛÒÚ‡ÌÓ‚Ë‚-
¯Â„ÓÒˇ ÂÊËÏ‡.
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2. –ÂÁÛÎ¸Ú‡Ú˚

2.1. ƒËÌ‡ÏËÍ‡ ËÁÓÎËÓ‚‡ÌÌÓ„Ó ÌÂÈÓÌ‡. ƒÎˇ ‰Ë‡„ÌÓÒÚËÍË ÔÂ‰ÂÎÓ‚ ÒÛ˘ÂÒÚ‚Ó‚‡ÌËˇ
ÍÓÎÂ·‡ÚÂÎ¸ÌÓ„Ó Ë ‚ÓÁ·Û‰ËÏÓ„Ó ÂÊËÏÓ‚ ·˚Î ÔÓ‚Â‰∏Ì ˜‡ÒÚË˜Ì˚È ·ËÙÛÍ‡ˆËÓÌÌ˚È ‡Ì‡ÎËÁ ÏÓ-
‰ÂÎË ÔÓ Ô‡‡ÏÂÚÛ ÔÓ‚Ó‰ËÏÓÒÚË ÛÚÂ˜ÍË gL, ÔÓÒÍÓÎ¸ÍÛ ˝ÚÓÚ Ô‡‡ÏÂÚ Ì‡Ë·ÓÎÂÂ ˇ‚ÌÓ ÓÚ‚Â˜‡ÂÚ
Á‡ ÔÓÚÂË ‚ ÒËÒÚÂÏÂ. ƒÎˇ ˝ÚÓ„Ó ·˚Î‡ ÔÓÒÚÓÂÌ‡ Á‡‚ËÒËÏÓÒÚ¸ ˜‡ÒÚÓÚ˚ Ë ‡ÏÔÎËÚÛ‰˚ ÍÓÎÂ·‡ÌËÈ
ÓÚ ÔÓ‚Ó‰ËÏÓÒÚË ÛÚÂ˜ÍË gL ‰Îˇ Ó‰ÌÓ„Ó ËÁÓÎËÓ‚‡ÌÌÓ„Ó ÌÂÈÓÌ‡ (ËÒ. 3) ‰Îˇ ‰‚Ûı ‡ÁÎË˜Ì˚ı
Ì‡˜‡Î¸Ì˚ı ÛÒÎÓ‚ËÈ ÔÓ ÔÂÂÏÂÌÌÓÈ V : ·ÎËÁÍÓ„Ó Í ‡‚ÌÓ‚ÂÒÌÓÏÛ ÔÓÚÂÌˆË‡ÎÛ V (t = 0) = �62 Ï¬
Ë ‚˚Á‚‡ÌÌÓ„Ó ‚ÌÂ¯ÌËÏ ËÏÔÛÎ¸ÒÓÏ V (t = 0) = 20 Ï¬. Õ‡˜‡Î¸Ì˚Â ÛÒÎÓ‚Ëˇ ‰Îˇ ‚ÒÂı ÓÒÚ‡Î¸Ì˚ı
ÔÂÂÏÂÌÌ˚ı ·˚ÎË ‚˚ÒÚ‡‚ÎÂÌ˚ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÏË ÛÒÚÓÈ˜Ë‚ÓÏÛ ÔÓÎÓÊÂÌË˛ ‡‚ÌÓ‚ÂÒËˇ, Ì‡·Î˛-
‰‡ÂÏÓÏÛ ÔË gL = 0.040 ÏÍ—Ï. »Á ËÒ. 3, b ‚Ë‰ÌÓ, ˜ÚÓ Ì‡ ÓÚÂÁÍÂ gL 2 [0.0376; 0.0404] ÏÍ—Ï
ËÏÂÂÚÒˇ ·ËÒÚ‡·ËÎ¸ÌÓÒÚ¸: ÛÒÚÓÈ˜Ë‚‡ˇ ÚÓ˜Í‡, ‰ÓÒÚË„‡ÂÏ‡ˇ ÔË V (t = 0) = �62 Ï¬, ÒÓÒÛ˘ÂÒÚ‚ÛÂÚ
Ò ÍÓÎÂ·‡ÚÂÎ¸Ì˚Ï ÂÊËÏÓÏ, ÍÓÚÓ˚È ÏÓÊÂÚ ·˚Ú¸ ÔÓÎÛ˜ÂÌ ÔË V (t = 0) = 20 Ï¬. œË ˝ÚÓÏ

–ËÒ. 3. «‡‚ËÒËÏÓÒÚ¸ ÓÒÌÓ‚ÌÓÈ ˜‡ÒÚÓÚ˚ Ë ‡ÏÔÎËÚÛ‰˚ ÍÓÎÂ-
·‡ÌËÈ ÔË ËÁÏÂÌÂÌËË ÔÓ‚Ó‰ËÏÓÒÚË ÛÚÂ˜ÍË gL ‰Îˇ Ó‰ÌÓ„Ó
ËÁÓÎËÓ‚‡ÌÌÓ„Ó ÌÂÈÓÌ‡ (ˆ‚ÂÚ ÓÌÎ‡ÈÌ)

Fig. 3. The dependence of the main oscillation frequency and
amplitude with a change in the leakage conductance gL for one
uncoupled node (color online)

Ò‡Ï ÍÓÎÂ·‡ÚÂÎ¸Ì˚È ÂÊËÏ ˇ‚ÎˇÂÚÒˇ Ì‡ÒÎÂ‰ÌË-
ÍÓÏ (‡ÏÔÎËÚÛ‰‡ Ë ˜‡ÒÚÓÚ‡ ÏÂÌˇ˛ÚÒˇ ÌÂÔÂ˚‚-
ÌÓ ÔË ÛÏÂÌ¸¯ÂÌËË gL) ÍÓÎÂ·‡ÚÂÎ¸ÌÓ„Ó ÂÊË-
Ï‡, ÒÛ˘ÂÒÚ‚Û˛˘Â„Ó ÔË ÏÂÌ¸¯Ëı ÁÌ‡˜ÂÌËˇı gL.
“‡Í‡ˇ ÒËÚÛ‡ˆËˇ ÏÓÊÂÚ ·˚Ú¸ Ó·˙ˇÒÌÂÌ‡ ÚÂÏ, ˜ÚÓ
ÔË 0.0374 < gL < 0.0376 ÔÓËÒıÓ‰ËÚ ÒÛ·ÍË-
ÚË˜ÂÒÍ‡ˇ ·ËÙÛÍ‡ˆËˇ ¿Ì‰ÓÌÓ‚‡–’ÓÔÙ‡, ‚ Â-
ÁÛÎ¸Ú‡ÚÂ ˜Â„Ó ËÁ ÌÂÛÒÚÓÈ˜Ë‚Ó„Ó ÙÓÍÛÒ‡ ÓÊ‰‡-
ÂÚÒˇ ÌÂÛÒÚÓÈ˜Ë‚˚È ˆËÍÎ, ‡ ÙÓÍÛÒ ÔËÓ·ÂÚ‡ÂÚ
ÛÒÚÓÈ˜Ë‚ÓÒÚ¸. ƒ‡ÎÂÂ ÔË gL ⇡ 0.0406 ÛÒÚÓÈ-
˜Ë‚˚È ˆËÍÎ ËÒ˜ÂÁ‡ÂÚ, ÔË˜∏Ï Â„Ó ‡ÏÔÎËÚÛ‰‡
ÔÂÂ‰ ˝ÚËÏ ÍÓÌÂ˜Ì‡, ˜ÚÓ ÏÓÊÂÚ ·˚Ú¸ Ó·˙ˇÒÌÂÌÓ
Â„Ó ÒÎËˇÌËÂÏ Ò ÌÂÛÒÚÓÈ˜Ë‚˚Ï ˆËÍÎÓÏ.

¬ ‡ÌÂÂ ÓÔÛ·ÎËÍÓ‚‡ÌÌ˚ı ‡·ÓÚ‡ı [8, 10]
„ÂÌÂ‡ˆËˇ ‚ ÍÓÎ¸ˆÂ ‚ÒÂ„‰‡ ‡ÒÒÏ‡ÚË‚‡Î‡Ò¸ ÔË
Ô‡‡ÏÂÚ‡ı ÓÚ‰ÂÎ¸ÌÓ„Ó ÌÂÈÓÌ‡, ÒÓÓÚ‚ÂÚÒÚ‚Û-
˛˘Ëı ‚ÓÁ·Û‰ËÏÓÏÛ ÂÊËÏÛ (ÛÒÚÓÈ˜Ë‚ÓÏÛ ÙÓ-
ÍÛÒÛ). ÕÓ Ì‡ÎË˜ËÂ ·ËÒÚ‡·ËÎ¸ÌÓÒÚË Ì‡ ÓÚÂÁÍÂ
gL 2 [0.0376; 0.0404] ÏÍ—Ï ÔÓ‰ÚÓÎÍÌÛÎÓ Ì‡Ò
Í ÚÓÏÛ, ˜ÚÓ·˚ ‡ÒÒÏ‡ÚË‚‡Ú¸ ÒËÒÚÂÏÛ ÔË ‰‚Ûı
‡ÁÌ˚ı gL: 0.040 ÏÍ—Ï Ë 0.043 ÏÍ—Ï, ˜ÚÓ-
·˚ ÓÔÂ‰ÂÎËÚ¸, Ì‡ÒÍÓÎ¸ÍÓ ÒÓÒÛ˘ÂÒÚ‚Û˛˘ËÈ
Ò ÛÒÚÓÈ˜Ë‚˚Ï ÙÓÍÛÒÓÏ ÔÂ‰ÂÎ¸Ì˚È ˆËÍÎ ÏÓ-
ÊÂÚ ËÒÍ‡ÁËÚ¸ ‰ËÌ‡ÏËÍÛ ‚ ÍÓÎ¸ˆÂ.

2.2. —ÂÚ¸ ËÁ Ó‰ÌÓÓ‰Ì˚ı ˝ÎÂÏÂÌÚÓ‚. —Ì‡˜‡Î‡ ‡ÒÒÏ‡ÚË‚‡Î‡Ò¸ ÒÂÚ¸, ÒÓÒÚÓˇ˘‡ˇ ËÁ Ë‰ÂÌ-
ÚË˜Ì˚ı ÌÂÈÓÌÓ‚, ÚÓ ÂÒÚ¸ ·ÂÁ ‡ÒÒÚÓÈÍË ÔÓ Ô‡‡ÏÂÚ‡Ï. ”‡‚ÌÂÌËˇ ÏÓ‰ÂÎË Â¯‡ÎËÒ¸ ÔË
‡ÁÌ˚ı ÁÌ‡˜ÂÌËˇı ÔÓ‚Ó‰ËÏÓÒÚË ÒËÌ‡ÔÒ‡ gsyn, ˜ÚÓ ‚ ÌÂÍÓÚÓÓÏ Ó‰Â ÏÓÊÌÓ Ò˜ËÚ‡Ú¸ ‡Ì‡ÎÓ„ÓÏ
ÍÓ˝ÙÙËˆËÂÌÚ‡ Ò‚ˇÁË ÏÂÊ‰Û ˝ÎÂÏÂÌÚ‡ÏË ÒÂÚË k ËÁ ‡·ÓÚ˚ [8]. œ‡‡ÏÂÚ gsyn ÏÂÌˇÎÒˇ ‚ ‰Ë‡Ô‡ÁÓÌÂ
[2 · 10�3; 4 · 10�3] ÏÍ—Ï.

Õ‡ ËÒ. 4, a ÔÓÍ‡Á‡Ì‡ Á‡‚ËÒËÏÓÒÚ¸ ˜‡ÒÚÓÚ˚ ÍÓÎÂ·‡ÌËÈ ‚ ÍÓÎ¸ˆÂ f ÓÚ ÍÓÎË˜ÂÒÚ‚‡ ÌÂÈÓÌÓ‚
‚ ÒÂÚË D ÔË ‡ÁÌ˚ı ÁÌ‡˜ÂÌËˇı ÒËÌ‡ÔÚË˜ÂÒÍÓÈ ÔÓ‚Ó‰ËÏÓÒÚË gsyn ‰Îˇ ÔÓ‚Ó‰ËÏÓÒÚË ÛÚÂ˜ÍË
gL = 0.040 ÏÍ—Ï. œË Ï‡ÎÓÏ D Ì‡·Î˛‰‡ÂÚÒˇ Í‚‡ÁËÒËÌıÓÌÌ˚È ÂÊËÏ (ÒÏ. ËÒ. 5, a), ˜‡ÒÚÓÚ‡
ÍÓÚÓÓ„Ó ÌÂ Á‡‚ËÒËÚ ÓÚ ÍÓÎË˜ÂÒÚ‚‡ ÌÂÈÓÌÓ‚ ‚ ÒÂÚË Ë ÒËÎ˚ Ò‚ˇÁË. ›ÚÓÚ ÂÊËÏ — ÔˇÏÓÈ Ì‡ÒÎÂ‰ÌËÍ
ˆËÍÎ‡ ‚ ÓÚ‰ÂÎ¸ÌÓÏ ÌÂÈÓÌÂ, ÒÓÒÛ˘ÂÒÚ‚Û˛˘Â„Ó Ò ÛÒÚÓÈ˜Ë‚˚Ï ÙÓÍÛÒÓÏ, ÓÌ ËÏÂÂÚ ÚÛ ÊÂ ˜‡ÒÚÓÚÛ
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–ËÒ. 4. «‡‚ËÒËÏÓÒÚ¸ ˜‡ÒÚÓÚ˚ ÍÓÎÂ·‡ÌËÈ ‚ ÍÓÎ¸ˆÂ f ÓÚ ÍÓÎË˜ÂÒÚ‚‡ ÌÂÈÓÌÓ‚ ‚ ÒÂÚË D ÔË ‡ÁÌ˚ı ÁÌ‡˜ÂÌËˇı ÒËÌ‡Ô-
ÚË˜ÂÒÍÓÈ ÔÓ‚Ó‰ËÏÓÒÚË gsyn. w = 100 ÏÒ. œÓ‚Ó‰ËÏÓÒÚ¸ ÛÚÂ˜ÍË: a — gL = 0.040 ÏÍ—Ï, b — gL = 0.043 ÏÍ—Ï
(ˆ‚ÂÚ ÓÌÎ‡ÈÌ)

Fig. 4. The dependence of the oscillation frequency in the ring f on the number of neurons in the network D at different
values of synaptic conductance gsyn. w = 100 ms. Leakage conductance: a — gL = 0.040 µS, b — gL = 0.043 µS
(color online)
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–ËÒ. 5. ¬ÂÏÂÌÌ˚Â Â‡ÎËÁ‡ˆËË ÔË gsyn = 4.0 · 10�3 ÏÍ—Ï, w = 100 ÏÒ. a — ÍÓÎË˜ÂÒÚ‚Ó ÌÂÈÓÌÓ‚ ‚ ÍÓÎ¸ˆÂ D = 8.
b — ÍÓÎË˜ÂÒÚ‚Ó ÌÂÈÓÌÓ‚ ‚ ÍÓÎ¸ˆÂ D = 9 (ˆ‚ÂÚ ÓÌÎ‡ÈÌ)

Fig. 5. Time series at gsyn = 4.0 · 10�3 µS, w = 100 ms. a — the number of neurons in the ring D = 8. b — the number
of neurons in the ring D = 9 (color online)

Ë ‡ÏÔÎËÚÛ‰Û. Õ‡·Î˛‰‡ÂÏ˚È ÔË ˝ÚÓÏ ‚ÂÏÂÌÌÓÈ Î‡„ ÏÂÊ‰Û ÌÂÈÓÌ‡ÏË ‚ ÍÓÎ¸ˆÂ Ó·ÛÒÎÓ‚ÎÂÌ
ÍÓÌÂ˜ÌÓ˛ ËÌÂˆËÓÌÌÓÒÚ¸˛ ÒËÌ‡ÔÒ‡. ÕÂÈÓÌ˚ ‚ ÙÓÏËÛÂÏÓÈ Ô‡˜ÍÂ Í‡Í ·˚ ‚˚ÒÚ‡Ë‚‡˛ÚÒˇ Ó‰ËÌ Á‡
‰Û„ËÏ, ÔË˜∏Ï ‚ÔÂÂ‰Ë ÔÓ ‚ÂÏÂÌË Ë‰∏Ú ÚÓÚ ÌÂÈÓÌ, Ì‡ ÍÓÚÓ˚È ÔË¯∏Î ‚ÓÁ·ÛÊ‰‡˛˘ËÈ ËÏÔÛÎ¸Ò,
‡ Á‡ÚÂÏ ‚ÒÂ ÔÓ˜ËÂ ÔÓ ÔÓˇ‰ÍÛ ÒÎÂ‰Ó‚‡ÌËˇ ‚ ÍÓÎ¸ˆÂ Ò Ï‡Î˚Ï ‚ÂÏÂÌÌ˚Ï Î‡„ÓÏ.  ‚‡ÁËÒËÌıÓÌÌ˚È
ÂÊËÏ, ·ÎËÁÍËÈ Í ÂÊËÏÛ ÔÓÎÌÓÈ ÒËÌıÓÌËÁ‡ˆËË, ‡ÁÛ¯‡ÂÚÒˇ Ò Û‚ÂÎË˜ÂÌËÂÏ D. ◊ÂÏ ÏÂÌ¸¯Â
ÒËÌ‡ÔÚË˜ÂÒÍ‡ˇ ÔÓ‚Ó‰ËÏÓÒÚ¸ gsyn, ÚÂÏ ÏÂÌ¸¯Â Ó·Î‡ÒÚ¸ Â„Ó ÒÛ˘ÂÒÚ‚Ó‚‡ÌËˇ: ‰Îˇ gsyn = 2 ÓÌ
ËÒ˜ÂÁ‡ÂÚ ÛÊÂ ÔË D = 6, ‚ ÚÓ ‚ÂÏˇ Í‡Í ‰Îˇ gsyn = 4 — ÚÓÎ¸ÍÓ ÔË D = 9. ›ÚÓ Ì‡·Î˛‰ÂÌËÂ
ÂÒÚÂÒÚ‚ÂÌÌ˚Ï Ó·‡ÁÓÏ ÒÓ„Î‡ÒÛÂÚÒˇ Ò Ó·˘Â˛ ÚÂÓËÂÈ [15], ÔÓÒÍÓÎ¸ÍÛ ÒËÌ‡ÔÚË˜ÂÒÍ‡ˇ ÔÓ‚Ó‰ËÏÓÒÚ¸
Û ‡ÒÒÏ‡ÚË‚‡ÂÏÓÈ ÏÓ‰ÂÎË Ë„‡ÂÚ ÓÎ¸ ÒËÎ˚ Ò‚ˇÁË.
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œË ·ÓÎ¸¯Ëı ÁÌ‡˜ÂÌËˇı D Ì‡·Î˛‰‡ÂÚÒˇ ÒÂÏÂÈÒÚ‚Ó ÂÊËÏÓ‚, Í‡˜ÂÒÚ‚ÂÌÌÓ ÒıÓ‰Ì˚ı Ò ÂÊË-
Ï‡ÏË, Ì‡·Î˛‰‡‚¯ËÏËÒˇ ‚ ‡·ÓÚ‡ı [8, 10] (ÒÏ. ËÒ. 5, b). ¬ ÌËı ‚ÒÂ ÓÒˆËÎÎˇÚÓ˚ Ò‰‚ËÌÛÚ˚ ÔÓ Ù‡ÁÂ
Ó‰ËÌ ÓÚÌÓÒËÚÂÎ¸ÌÓ ‰Û„Ó„Ó Ì‡ ‡‚Ì˚Â ÔÓÏÂÊÛÚÍË Ú‡ÍËÏ Ó·‡ÁÓÏ, ˜ÚÓ ÒÛÏÏ‡Ì˚È Ò‰‚Ë„ ÔÓ ÍÓÎ¸ˆÛ
ÒÓÒÚ‡‚ÎˇÂÚ 2p, ÚÓ ÂÒÚ¸ ÒÛÏÏ‡ Ò‰‚Ë„Ó‚ ÔÓ ‚ÂÏÂÌË ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ÔÂËÓ‰Û ÍÓÎÂ·‡ÌËÈ. ◊‡ÒÚÓÚ‡
ÍÓÎÂ·‡ÌËÈ Ô‡‰‡ÂÚ Ò ÓÒÚÓÏ ˜ËÒÎ‡ ÓÒˆËÎÎˇÚÓÓ‚. Œ‰Ì‡ÍÓ Ú‡ÍËÂ ÂÊËÏ˚ ÓÍ‡Á˚‚‡˛ÚÒˇ ÛÒÚÓÈ˜Ë‚˚
ÚÓÎ¸ÍÓ ‚ ÛÁÍÓÏ ‰Ë‡Ô‡ÁÓÌÂ ˜‡ÒÚÓÚ. ¬Ë‰ÌÓ, ˜ÚÓ Ò ÓÒÚÓÏ ÍÓÎË˜ÂÒÚ‚‡ ÌÂÈÓÌÓ‚ ˜‡ÒÚÓÚ‡ ‚Ì‡˜‡ÎÂ ÌÂÎË-
ÌÂÈÌÓ Ô‡‰‡ÂÚ (ÍË‚‡ˇ ‰Îˇ gsyn = 4 ·ÎËÁÍ‡ Í „ËÔÂ·ÓÎÂ), Á‡ÚÂÏ ÂÁÍÓ ÒÍ‡˜ÍÓÏ ‚ÓÁ‡ÒÚ‡ÂÚ Ë ÓÔˇÚ¸
Ì‡˜ËÌ‡ÂÚ Ô‡‰‡Ú¸. œË˜∏Ï ˜ÂÏ ÏÂÌ¸¯Â gsyn, ÚÓ ÂÒÚ¸ ˜ÂÏ ·ÎËÊÂ ÌÂÈÓÌ˚ Í ÍÓÎÂ·‡ÚÂÎ¸ÌÓÏÛ ÂÊËÏÛ,
ÚÂÏ ˜‡˘Â (ÔÓ ÓÒË ‡·ÒˆËÒÒ) ÔÓËÒıÓ‰ˇÚ ÒÍ‡˜ÍË. –‡ÌÂÂ ÒÍ‡˜ÍË ‚ Á‡‚ËÒËÏÓÒÚË f(D) Ì‡·Î˛‰‡ÎËÒ¸
‚ ÍÓÎ¸ˆÂ ËÁ ÌÂÈÓÌÓ‚ ‘ËÚˆ’¸˛–Õ‡„ÛÏÓ ‚ ‡·ÓÚÂ [10], ÌÓ Ú‡Ï ‚ÓÁ‡ÒÚ‡ÌËÂ ˜‡ÒÚÓÚ˚ ·˚ÎÓ ·ÓÎÂÂ
ÁÌ‡˜ËÚÂÎ¸Ì˚Ï: ÔË ÔÂ‚ÓÏ ÒÍ‡˜ÍÂ ÓÌ‡ ÔÓ‰ÌËÏ‡Î‡Ò¸ ÔËÏÂÌÓ ‚‰‚ÓÂ, ˜ÚÓ ÒÓÓÚ‚ÂÚÒÚ‚Ó‚‡ÎÓ ÂÊËÏÛ,
ÍÓ„‰‡ ÔÓ ÍÓÎ¸ˆÛ Ó‰ÌÓ‚ÂÏÂÌÌÓ ‡ÒÔÓÒÚ‡Ìˇ˛ÚÒˇ ‰‚‡ ËÏÔÛÎ¸Ò‡ ‚ ÔÓÚË‚ÓÙ‡ÁÂ. ¬ ‰‡ÌÌÓÈ ÒËÒÚÂÏÂ
ËÏÔÛÎ¸Ò ÓÒÚ‡∏ÚÒˇ Ó‰ËÌ.

ƒÎˇ ÔÓ‚Ó‰ËÏÓÒÚË ÛÚÂ˜ÍË gL = 0.043 ÏÍ—Ï, ÔË ÍÓÚÓÓÈ ˆËÍÎ ‰Îˇ ÓÚ‰ÂÎ¸ÌÓ„Ó ÌÂÈÓÌ‡
ÛÊÂ ‡ÁÛ¯ËÎÒˇ, Á‡‚ËÒËÏÓÒÚË f(D) ËÏÂ˛Ú ÒÛ˘ÂÒÚ‚ÂÌÌ˚Â ÓÚÎË˜Ëˇ. ƒÎˇ gsyn = 2 ÍÓÎÂ·‡ÌËˇ
‚ÓÓ·˘Â ÌÂ ‚ÓÁ·ÛÊ‰‡˛ÚÒˇ. ¬ÂÓˇÚÌÓ, ÒËÎ‡ Ò‚ˇÁÂÈ ‚ ÍÓÎ¸ˆÂ ÌÂ‰ÓÒÚ‡ÚÓ˜Ì‡, ˜ÚÓ·˚ ÍÓÏÔÂÌÒËÓ‚‡Ú¸
Á‡ÚÛı‡ÌËÂ. œË gsyn > 3 Ì‡·Î˛‰‡˛ÚÒˇ ÂÊËÏ˚, Í‡˜ÂÒÚ‚ÂÌÌÓ ÔÓıÓÊËÂ Ì‡ ÚÓ, ˜ÚÓ ËÏÂÎÓ ÏÂÒÚÓ
ÔË gL = 0.04 ÏÍ—Ï, ËÏÂ˛ÚÒˇ Ë ÒÍ‡˜ÍË ˜‡ÒÚÓÚ˚. Õ‡Ë·ÓÎÂÂ ËÌÚÂÂÒÌ‡ˇ ‰ËÌ‡ÏËÍ‡ Ì‡·Î˛‰‡ÂÚÒˇ
ÔË gsyn = 2.5, Ì‡˜ËÌ‡ˇ Ò D > 11. œË ÔÂÂıÓ‰Â ÓÚ D = 10 Í D = 11 ˜‡ÒÚÓÚ‡ ÂÁÍÓ Ô‡‰‡ÂÚ
Ò 12.5 ‰Ó 6.5 √ˆ Ë ÔÓ‰ÓÎÊ‡ÂÚ ‰‡ÎÂÂ ÒÌËÊ‡Ú¸Òˇ Ò ÓÒÚÓÏ D ‰Ó ÏÂÌÂÂ ˜ÂÏ 2 √ˆ ÔË D > 25.
¿Ì‡ÎÓ„Ë˜Ì˚Â ËÁÏÂÌÂÌËˇ f(D) Ì‡·Î˛‰‡˛ÚÒˇ Ë ‰Îˇ gsyn = 3, ÌÓ ÔË Ó˜ÂÌ¸ ·ÓÎ¸¯ÓÏ ˜ËÒÎÂ ÌÂÈÓÌÓ‚
‚ ÍÓÎ¸ˆÂ: Ì‡˜ËÌ‡ˇ Ò D = 33. “‡ÍËÏ Ó·‡ÁÓÏ, ÓÚÌÓÒËÚÂÎ¸ÌÓ ÌÂ·ÓÎ¸¯ÓÂ ÛÏÂÌ¸¯ÂÌËÂ ÒËÌ‡ÔÚË˜ÂÒÍÓÈ
ÔÓ‚Ó‰ËÏÓÒÚË ÏÂÊ‰Û ÁÌ‡˜ÂÌËˇÏË 3 Ë 2 ÏÍ—Ï ÏÓ„ÛÚ ÔË‚Ó‰ËÚ¸ ÒÌ‡˜‡Î‡ Í ÂÁÍÓÏÛ Ô‡‰ÂÌË˛
˜‡ÒÚÓÚ˚ „ÂÌÂ‡ˆËË, ‡ ÔÓÚÓÏ Ë Í „Ë·ÂÎË ÍÓÎÂ·‡ÌËÈ. »ÏÂÌÌÓ Ú‡ÍÓÂ ÔÓ‚Â‰ÂÌËÂ ÙËÍÒËÓ‚‡ÎÓÒ¸ ‡ÌÂÂ
‚ ÌÂÍÓÚÓ˚ı ÌÂÈÓÙËÁËÓÎÓ„Ë˜ÂÒÍËı ˝ÍÒÔÂËÏÂÌÚ‡ı [16, 17].

2.3. ”ÒÚÓÈ˜Ë‚ÓÒÚ¸ ÒËÒÚÂÏ˚ Í ËÁÏÂÌÂÌËˇÏ ‡ıËÚÂÍÚÛ˚ Ò‚ˇÁÂÈ. ¬ÓÔÓÒ Ó ÔËÓ‰Â
ÂÊËÏÓ‚, ‚ÓÁÌËÍ‡˛˘Ëı ‚ ÍÓÎ¸ˆÂ, ÌÂÎ¸Áˇ Ò˜ËÚ‡Ú¸ Â¯∏ÌÌ˚Ï ·ÂÁ ËÒÒÎÂ‰Ó‚‡ÌËˇ ÚÓ„Ó, Í‡Í Ì‡
‚ÓÁ·ÛÊ‰ÂÌËÂ ‚ÎËˇÂÚ ËÁÏÂÌÂÌËÂ ÒÚÛÍÚÛ˚ Ò‚ˇÁÂÈ, ‚ ÔÂ‚Û˛ Ó˜ÂÂ‰¸ ÓÚÍÎ˛˜ÂÌËÂ Ë ÔÂ˚‚‡ÌËÂ
ÌÂÍÓÚÓ˚ı ËÁ ÌËı.

œÂ‚˚È ‚ÓÔÓÒ, ÍÓÚÓ˚È ·˚Î ÔÓÒÚ‡‚ÎÂÌ: ˜ÚÓ ·Û‰ÂÚ, ÂÒÎË ÔÓÒÎÂ ‚ÓÁ‰ÂÈÒÚ‚Ëˇ ‚ÒÂ Ò‚ˇÁË
‡ÁÓ‚‡Ú¸ (Á‡ÌÛÎËÚ¸ gsyn)? ŒÒÓ·ÂÌÌÓ ‚‡ÊÌÓ ÔÓÌËÏ‡Ú¸ ˝ÚÓ ‚ ·ËÒÚ‡·ËÎ¸ÌÓÏ ÂÊËÏÂ, Ì‡ÔËÏÂ,
ÔË gL = 0.04. ¬ ÔË‚Â‰∏ÌÌÓÏ Ì‡ ËÒ. 6, a ÔËÏÂÂ Ò‚ÂıÛ ÔÓÍ‡Á‡ÌÓ (‚ÂÏÂÌÌÓÈ ˇ‰ Ò‡ÁÛ
ÔÓÒÎÂ ‚ÓÁ‰ÂÈÒÚ‚Ëˇ), ˜ÚÓ Á‡ ‚ÂÏˇ ‚ 100 ÏÒ ‚ÓÁ‰ÂÈÒÚ‚Ëˇ ÛÒÔÂ‚‡˛Ú ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ ‚ÓÁ·Û‰ËÚ¸Òˇ
7 ÌÂÈÓÌÓ‚, ÔÓÒÎÂ ˜Â„Ó ‚ÓÁ‰ÂÈÒÚ‚ËÂ ÓÚÍÎ˛˜‡ÂÚÒˇ, Í‡Í Ë Ò‚ˇÁË ÏÂÊ‰Û ÌËÏË. ¬Ë‰ÌÓ, ˜ÚÓ ÔË
˝ÚÓÏ ÓÒÚ‡‚¯ËÂÒˇ ÚË ÌÂÈÓÌ‡ ÌÂ ‚ÓÁ·ÛÊ‰‡˛ÚÒˇ, ‡ ‚ÓÁ·Û‰Ë‚¯ËÂÒˇ ÌÂÈÓÌ˚ ÔÂÂÒÚ‡Ë‚‡˛ÚÒˇ
‚ ÂÊËÏ ÒÓ·ÒÚ‚ÂÌÌ˚ı ÍÓÎÂ·‡ÌËÈ, ÍÓÚÓ˚È ËÁ-Á‡ ÓÚÎË˜Ëˇ ÔÓ Ô‡‡ÏÂÚÛ gL ÓÚ ÒÚ‡ÚÛ˛˘Â„Ó ÌÂÈÓÌ‡
(Ó·ÓÁÌ‡˜ÂÌ ˜∏Ì˚Ï) ËÏÂÂÚ ‰Û„Û˛, ·ÓÎÂÂ ÌËÁÍÛ˛ ˜‡ÒÚÓÚÛ (ÒÏ. ËÒ. 3, b), ˜ÚÓ ıÓÓ¯Ó ‚Ë‰ÌÓ Ì‡
ËÒ. 6, a ÒÌËÁÛ (ˇ‰ ÔÓÒÎÂ ‰ÎËÌÌÓ„Ó ÔÂÂıÓ‰ÌÓ„Ó ÔÓˆÂÒÒ‡), „‰Â ˜∏Ì˚È ËÏÔÛÎ¸Ò ÌÛÎÂ‚Ó„Ó ÌÂÈÓÌ‡
(gL = 0.35) ÒÌ‡˜‡Î‡ ÒÎÂ‰ÛÂÚ Á‡ ÒËÂÌÂ‚˚Ï ËÏÔÛÎ¸ÒÓÏ ÒÂ‰¸ÏÓ„Ó ÌÂÈÓÌ‡, ‡ ÔÓÚÓÏ ÛÊÂ Ó·„ÓÌˇÂÚ Â„Ó
(‚ ÒÂÂ‰ËÌÂ „‡ÙËÍ‡ ÔË t ⇡ 9.9 ms).

≈ÒÎË ÔË ÔÂ˚‚‡ÌËË ‚ÓÁ‰ÂÈÒÚ‚Ëˇ ‡ÁÓ‚‡Ú¸ ÌÂ ‚ÒÂ Ò‚ˇÁË, ‡ ÚÓÎ¸ÍÓ Ó‰ÌÛ (ÏÂÊ‰Û 4-˚Ï
Ë 5-˚Ï ÌÂÈÓÌ‡ÏË Ì‡ ËÒ. 6, b), ÍÓÎ¸ˆÓ ÔÂ‚‡˘‡ÂÚÒˇ ‚ ˆÂÔÓ˜ÍÛ. œÓÒÍÓÎ¸ÍÛ ‚ÓÁ·ÛÊ‰∏ÌÌ˚Â
‚ÌÂ¯ÌËÏ ‚ÓÁ‰ÂÈÒÚ‚ËÂÏ ÌÂÈÓÌ˚ ÛÒÔÂ‚‡˛Ú ÔË‚ÂÒÚË ‚ ÍÓÎÂ·‡ÚÂÎ¸Ì˚È ÂÊËÏ ÓÒÚ‡‚¯ËÂÒˇ, ‚ Â-
ÁÛÎ¸Ú‡ÚÂ ÙÓÏËÛÂÚÒˇ Ô‡˜Í‡ ËÏÔÛÎ¸ÒÓ‚, „‰Â ÔÂ‚˚Ï Ë‰∏Ú ÌÂÈÓÌ, ÔÂÂ‰ ÍÓÚÓ˚Ï ‡ÁÓ‚‡Ì‡ Ò‚ˇÁ¸,
‡ ÔÓÒÎÂ‰ÌËÏ — Â„Ó ÒÓÒÂ‰, ÔÓÒÎÂ ÍÓÚÓÓ„Ó Ò‚ˇÁ¸ ‡ÁÓ‚‡Ì‡. œË ˝ÚÓÏ Ò‡Ï‡ ˜‡ÒÚÓÚ‡ ÍÓÎÂ·‡ÌËÈ
ÔÓ-ÔÂÊÌÂÏÛ Ì‡ÒÎÂ‰ÛÂÚÒˇ ÓÚ ÔÂ‰ÂÎ¸ÌÓ„Ó ˆËÍÎ‡ ÓÚ‰ÂÎ¸ÌÓ„Ó ÌÂÈÓÌ‡, ÌÓ Ò‚ˇÁ¸ ‚ ˆÂÔÓ˜ÍÂ ÔË‚Ó‰ËÚ
Í ÒËÌıÓÌËÁ‡ˆËË ÔÓ Ù‡ÁÂ Ò ÙËÍÒËÓ‚‡ÌÌ˚Ï Ò‰‚Ë„ÓÏ, Ó·ÛÒÎÓ‚ÎÂÌÌ˚Ï ËÌÂˆËÓÌÌÓÒÚ¸˛ ‚ ÒËÌ‡ÔÒÂ.
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–ËÒ. 6. ¬ÂÏÂÌÌ˚Â Â‡ÎËÁ‡ˆËË ÍÓÎÂ·‡ÌËÈ ‚ ÍÓÎ¸ˆÂ ËÁ 10 ÌÂÈÓÌÓ‚ Ò‡ÁÛ ÔÓÒÎÂ ‚ÓÁ·ÛÊ‰ÂÌËˇ ÍÓÎÂ·‡ÌËÈ (‚ÂıÌËÈ
ËÒÛÌÓÍ ‚ Í‡Ê‰ÓÏ Ù‡„ÏÂÌÚÂ) Ë ˜ÂÂÁ 10 Ò (ÛÒÚ‡ÌÓ‚Ë‚¯ËÈÒˇ ÂÊËÏ — ÌËÊÌËÈ ËÒÛÌÓÍ) (ˆ‚ÂÚ ÓÌÎ‡ÈÌ)

Fig. 6. Time series of oscillations in a ring of 10 neurons immediately after the excitation of oscillations (upper figure in each
fragment) and after 10 seconds (steady-state mode — lower figure in each fragment) (color online)

≈ÒÎË ÊÂ Ò‚ˇÁ¸ ÏÂÊ‰Û ÌÂÈÓÌ‡ÏË ·˚Î‡ ‡ÁÓ‚‡Ì‡ ËÁÌ‡˜‡Î¸ÌÓ (ÒÏ. ËÒ. 6, c), ‚ÓÁ·Û‰ËÚÒˇ ÚÓÎ¸ÍÓ
˜‡ÒÚ¸ ˆÂÔÓ˜ÍË ‰Ó ‡Á˚‚‡, ÌÓ ‚ÒÂ ‚ÓÁ·ÛÊ‰∏ÌÌ˚Â ÌÂÈÓÌ˚ ÔÓ-ÔÂÊÌÂÏÛ Ò„ÛÔÔËÛ˛ÚÒˇ Ó‚ÌÓ
Ò ÚÂÏ ÊÂ Á‡Ô‡Á‰˚‚‡ÌËÂÏ, ˜ÚÓ Ë Ì‡ ËÒ. 6, b.

Õ‡ÍÓÌÂˆ, ÂÒÎË ‚ÒÂ Ò‚ˇÁË ‚ ÍÓÎ¸ˆÂ ÒÓı‡Ìˇ˛ÚÒˇ, ‚ Ì∏Ï ‚˚ÒÚ‡Ë‚‡ÂÚÒˇ ÂÊËÏ, ˜‡ÒÚÓÚ‡
ÍÓÚÓÓ„Ó Á‡‚ËÒËÚ Í‡Í ÓÚ ÒÓ·ÒÚ‚ÂÌÌ˚ı Ô‡‡ÏÂÚÓ‚ ÓÚ‰ÂÎ¸ÌÓ„Ó ÌÂÈÓÌ‡, Ú‡Í Ë ÓÚ ÍÓÎË˜ÂÒÚ‚‡
ÌÂÈÓÌÓ‚ ‚ ÍÓÎ¸ˆÂ. ›ÚÓ ıÓÓ¯Ó ‚Ë‰ÌÓ Ì‡ ËÒ. 6, d, ˜ÚÓ ‚Ì‡˜‡ÎÂ, Ò‡ÁÛ ÔÓÒÎÂ ‚ÓÁ·ÛÊ‰ÂÌËˇ,
‡ÒÒÚÓˇÌËÂ ÔÓ ‚ÂÏÂÌË ÏÂÊ‰Û ÒÔ‡ÈÍ‡ÏË ÒÓÒÂ‰ÌËı ÌÂÈÓÌÓ‚ ·ÓÎ¸¯Â, ˜ÂÏ ‚ ÛÒÚ‡ÌÓ‚Ë‚¯ÂÏÒˇ
ÂÊËÏÂ. œË ˝ÚÓÏ ‚ÂÏÂÌÌÓÈ Ò‰‚Ë„ ÏÂÊ‰Û ‰ÂÒˇÚ˚Ï Ë ÔÂ‚˚Ï ÌÂÈÓÌ‡ÏË ÓÍ‡Á˚‚‡ÂÚÒˇ ÒÎË¯ÍÓÏ
Ï‡Î˚Ï, ˜ÚÓ Ë ÔË‚Ó‰ËÚ Í ‰‡Î¸ÌÂÈ¯ÂÈ ÔÓ‰ÒÚÓÈÍÂ ÍÓÎÂ·‡ÌËÈ.

2.4. —ÂÚ¸ Ò ‡ÒÒÚÓÈÍÓÈ ÔÓ Ô‡‡ÏÂÚ‡Ï. ◊ÚÓ·˚ ÔÓÌˇÚ¸ ÔÂ‰ÂÎ˚ ÛÒÚÓÈ˜Ë‚ÓÒÚË Ó·Ì‡ÛÊÂÌ-
Ì˚ı ‚ ÍÓÎ¸ˆÂ ÍÓÎÂ·‡ÚÂÎ¸Ì˚ı ÂÊËÏÓ‚, ·˚Î‡ ‚‚Â‰ÂÌ‡ ÌÂ·ÓÎ¸¯‡ˇ ‡ÒÒÚÓÈÍ‡ ÔÓ ‚ÒÂÏ Ô‡‡ÏÂÚ‡Ï,
ÍÓÏÂ C (ÔÓËÁ‚ÓÎ¸ÌÓÂ ËÁÏÂÌÂÌËÂ ˝ÚÓ„Ó Ô‡‡ÏÂÚ‡ ÌÂ‚ÓÁÏÓÊÌÓ, ÔÓÒÍÓÎ¸ÍÛ Ù‡ÍÚË˜ÂÒÍË ‚Â‰∏Ú
Í ÔÂÂÌÓÏËÓ‚ÍÂ ‚ÂÏÂÌË ‚ ÔÂ‚ÓÏ Û‡‚ÌÂÌËË ÒËÒÚÂÏ˚ (1)), gL (‚ÒÂ„‰‡ ËÒÔÓÎ¸ÁÓ‚‡ÎÓÒ¸ ÁÌ‡˜ÂÌËÂ
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gL = 0.043 ÏÍ—Ï) Ë V0 = 0 — ÔÓˇ‰Í‡ 2% ÔÓ ‡·ÒÓÎ˛ÚÌÓÈ ‚ÂÎË˜ËÌÂ. –‡ÒÒÚÓÈÍ‡ ‚‚Ó‰ËÎ‡Ò¸
ÒÎÛ˜‡ÈÌÓ. ¬ ‰ÂÈÒÚ‚ËÚÂÎ¸ÌÓÒÚË ÌÂ ˇÒÌÓ, Ì‡ÒÍÓÎ¸ÍÓ Ú‡Í‡ˇ ‡ÒÒÚÓÈÍ‡ ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ‡ÒÔÂ‰ÂÎÂÌË˛
Û Â‡Î¸Ì˚ı ÍÎÂÚÓÍ ÏÓÁ„‡. ŒÒÌÓ‚Ì˚Â ÂÁÛÎ¸Ú‡Ú˚ ÔÓ ËÁÛ˜ÂÌË˛ ‡Á·ÓÒ‡ ÁÌ‡˜ÂÌËÈ Ô‡‡ÏÂÚÓ‚ ‰Îˇ
ÌÂÈÓÌÓ‚ „ËÔÔÓÍ‡ÏÔ‡, ‚ ÚÓÏ ˜ËÒÎÂ ÔÓÎˇ CA3, ËÁ‚ÂÒÚÌ˚ ‚ ÔÂ‚Û˛ Ó˜ÂÂ‰¸ ‰Îˇ ÏÓÙÓÎÓ„Ë˜ÂÒÍËı,
‡ ÌÂ ˝ÎÂÍÚÓÙËÁËÓÎÓ„Ë˜ÂÒÍËı Ô‡‡ÏÂÚÓ‚ [18]. “ÂÏ ÌÂ ÏÂÌÂÂ ‚‚Â‰ÂÌËÂ ‡ÒÒÚÓÈÍË ‚‡ÊÌÓ ‰Îˇ
ÔÓÌËÏ‡ÌËˇ ÚÓ„Ó, ÌÂ ˇ‚Îˇ˛ÚÒˇ ÎË Ì‡·Î˛‰‡ÂÏ˚Â ÂÊËÏ˚ ‚˚ÓÊ‰ÂÌÌ˚ÏË.

«Ì‡˜ÂÌËˇ Ô‡‡ÏÂÚÓ‚ ‰Îˇ ÌÂÈÓÌÓ‚ Ò ‡ÒÒÚÓÈÍ‡ÏË „ÂÌÂËÓ‚‡ÎËÒ¸ ÒÎÛ˜‡ÈÌÓ ‚ Á‡‰‡ÌÌÓÏ
‰Ë‡Ô‡ÁÓÌÂ ±2% ÔÓ Í‡Ê‰ÓÏÛ ËÁ Ô‡‡ÏÂÚÓ‚ gNa, gCa, gCa(low), gK(DR), gK(A), gK(AHP), gK(C),
VNa, VCa, VK, Vsyn, VL, f Ë bq. ¬ÒÂ„Ó ·˚ÎÓ Ò„ÂÌÂËÓ‚‡ÌÓ 600 Ì‡·ÓÓ‚ Ô‡‡ÏÂÚÓ‚. »Á ÌËı
·˚ÎË ÓÚÓ·‡Ì˚ 35 ÌÂÈÓÌÓ‚, ‰ÂÏÓÌÒÚËÓ‚‡‚¯Ëı ·ËÒÚ‡·ËÎ¸Ì˚È ÂÊËÏ (ÌÂÒÏÓÚˇ Ì‡ ÚÓ, ˜ÚÓ
ËÒıÓ‰ÌÓ ÁÌ‡˜ÂÌËÂ gL = 0.043 ÏÍ—Ï ÒÓÓÚ‚ÂÚÒÚ‚Ó‚‡ÎÓ ÂÊËÏÛ Ò Ó‰ÌËÏ ‡ÚÚ‡ÍÚÓÓÏ), Ë 35 ÌÂÈÓÌÓ‚,
‰ÂÏÓÌÒÚËÓ‚‡‚¯Ëı ‚ÓÁ·Û‰ËÏ˚È ÂÊËÏ Ò Â‰ËÌÒÚ‚ÂÌÌ˚Ï ‡ÚÚ‡ÍÚÓÓÏ ‚ ‚Ë‰Â ÛÒÚÓÈ˜Ë‚Ó„Ó ÙÓÍÛÒ‡.
ƒÎˇ ÚÂı Ë ‰Û„Ëı ·˚ÎË ÔÓÒÚÓÂÌ˚ Á‡‚ËÒËÏÓÒÚË ˜‡ÒÚÓÚ˚ „ÂÌÂ‡ˆËË f ÓÚ ˜ËÒÎ‡ ÌÂÈÓÌÓ‚ ‚ ÍÓÎ¸ˆÂ
D ÔË ‡ÁÎË˜Ì˚ı ÁÌ‡˜ÂÌËˇı ÒËÌ‡ÔÚË˜ÂÒÍÓÈ ÔÓ‚Ó‰ËÏÓÒÚË gsyn ÔÓ ‡Ì‡ÎÓ„ËË Ò ËÒ. 4 — ÒÏ. ËÒ. 7.

—ÓÔÓÒÚ‡‚ÎÂÌËÂ ËÒ. 4, a Ë ËÒ. 7, a ÔÓÁ‚ÓÎˇÂÚ Ò‰ÂÎ‡Ú¸ ‚˚‚Ó‰, ˜ÚÓ ‰Îˇ ÒÎÛ˜‡ˇ ÌÂÈÓÌÓ‚,
Ì‡ıÓ‰Ë‚¯ËıÒˇ ‚ ·ËÒÚ‡·ËÎ¸ÌÓÏ ÂÊËÏÂ, ‚‚Â‰ÂÌËÂ ‡ÒÒÚÓÈÍË ÔÓ Ô‡‡ÏÂÚ‡Ï Í‡˜ÂÒÚ‚ÂÌÌÓ ÌË Ì‡
˜ÚÓ ÌÂ ‚ÎËˇÂÚ: ÔÓ-ÔÂÊÌÂÏÛ ËÏÂÂÚÒˇ ÏËÌËÏ‡Î¸ÌÓÂ ÁÌ‡˜ÂÌËÂ ˜ËÒÎ‡ ÌÂÈÓÌÓ‚, ‚ ‰‡ÌÌÓÏ ÒÎÛ˜‡Â
D = 8, ÔË ÍÓÚÓÓÏ ÂÊËÏ Í‚‡ÁËÒËÌıÓÌÌ˚ı ÍÓÎÂ·‡ÌËÈ ‡ÁÛ¯‡ÂÚÒˇ, ‡ ‰‡ÎÂÂ ˜‡ÒÚÓÚ‡ Á‡‚ËÒËÚ
ÓÚ ˜ËÒÎ‡ ˝ÎÂÏÂÌÚÓ‚ ‚ ÒÂÚË ÔËÏÂÌÓ ÔÓ „ËÔÂ·ÓÎÂ Ò ÔÂÂÒÍÓÍ‡ÏË, Ó·ÛÒÎÓ‚ÎÂÌÌ˚ÏË ÚÂÏ, ˜ÚÓ
Ó·˘ËÈ ˜‡ÒÚÓÚÌ˚È ‰Ë‡Ô‡ÁÓÌ ‰ÓÎÊÂÌ ·˚Ú¸ ‚ ÔÂ‰ÂÎ‡ı 13...14.7 √ˆ. ƒÎˇ ‚ÓÁ·Û‰ËÏ˚ı ÌÂÈÓÌÓ‚
(ÒÏ. ËÒ. 4, b) Á‡‚ËÒËÏÓÒÚ¸ ‚˚„Îˇ‰ËÚ ÒÎÓÊÌÂÂ. ÕËÍ‡ÍÓ„Ó ÂÁÍÓ„Ó Ô‡‰ÂÌËˇ ˜‡ÒÚÓÚ˚, Í‡Í Ì‡ ËÒ. 4, b
‰Îˇ gsyn = 2.5, Ì‡ ÌÂÈÓÌ‡ı Ò ‡ÒÒÚÓÈÍÓ˛ ÌÂ Ì‡·Î˛‰‡ÂÚÒˇ. ¬ÏÂÒÚÂ Ò ÚÂÏ, ÂÒÎË ÔÓÌËÁËÚ¸ gsyn,
ÚÓ ÔË ÁÌ‡˜ÂÌËˇı 2.2 6 gsyn 6 2.4 ÏÍ—Ï ÔË ÓÚÌÓÒËÚÂÎ¸ÌÓ ·ÓÎ¸¯Ëı D (ÓÚ 24 ‰Îˇ gsyn =
= 2.2 ÏÍ—Ï ‰Ó 27 ‰Îˇ gsyn = 2.4 ÏÍ—Ï) Ì‡·Î˛‰‡ÂÚÒˇ ÂÁÍÓÂ Ô‡‰ÂÌËÂ ˜‡ÒÚÓÚ˚ ‰Ó 2 √ˆ Ë ÏÂÌÂÂ,
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–ËÒ. 7. «‡‚ËÒËÏÓÒÚ¸ ˜‡ÒÚÓÚ˚ ÍÓÎÂ·‡ÌËÈ ‚ ÍÓÎ¸ˆÂ f ÓÚ ÍÓÎË˜ÂÒÚ‚‡ ÌÂÈÓÌÓ‚ ‚ ÒÂÚË D ÔË ‡ÁÌ˚ı ÁÌ‡˜ÂÌËˇı ÒË-
Ì‡ÔÚË˜ÂÒÍÓÈ ÔÓ‚Ó‰ËÏÓÒÚË gsyn ‰Îˇ ÌÂÈÓÌÓ‚, ‡ÒÒÚÓÂÌÌ˚ı ÔÓ Ô‡‡ÏÂÚ‡Ï. w = 100 ÏÒ. œÓ‚Ó‰ËÏÓÒÚ¸ ÛÚÂ˜ÍË:
gL = 0.043 ÏÍ—Ï. ‘‡„ÏÂÌÚ (a) ÔÓÒÚÓÂÌ ‰Îˇ ÌÂÈÓÌÓ‚, Ì‡ıÓ‰Ë‚¯ËıÒˇ ‚ ·ËÒÚ‡·ËÎ¸ÌÓÏ ÂÊËÏÂ, Ù‡„ÏÂÌÚ (b) ÔÓÒÚÓÂÌ
‰Îˇ ÌÂÈÓÌÓ‚, Ì‡ıÓ‰Ë‚¯ËıÒˇ ‚ ˜ËÒÚÓ ‚ÓÁ·Û‰ËÏÓÏ ÂÊËÏÂ Ò Â‰ËÌÒÚ‚ÂÌÌ˚Ï ‡ÚÚ‡ÍÚÓÓÏ ‚ ‚Ë‰Â ÛÒÚÓÈ˜Ë‚Ó„Ó ÙÓÍÛÒ‡
(ˆ‚ÂÚ ÓÌÎ‡ÈÌ)

Fig. 7. The dependence of the oscillation frequency in the ring f on the number of neurons in the network D at different
values of synaptic conductance gsyn. w = 100 ms. Leakage conductance: gL = 0.043 µS. Subplot (a) was constructed for the
ring composed from bistabkle neurons, subplot (b) was constructed for the ring of excitable neurons (the only attractor in the
form of stable fucus was available) (color online)
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Í‡Í Ë ‰Îˇ ÒÎÛ˜‡ˇ Ë‰ÂÌÚË˜Ì˚ı ÌÂÈÓÌÓ‚, ÌÓ ÔË ·ÓÎ¸¯ÂÈ ÒËÌ‡ÔÚË˜ÂÒÍÓÈ ÔÓ‚Ó‰ËÏÓÒÚË. “‡ÍÓÂ
ÔÓ‚Â‰ÂÌËÂ Á‡‚ËÒËÏÓÒÚË f(D) ÔË ‡ÁÎË˜Ì˚ı gsyn ÛÍ‡Á˚‚‡ÂÚ Ì‡ ÚÓ, ˜ÚÓ ÌÂË‰ÂÌÚË˜ÌÓÒÚ¸ ÌÂÈÓÌÓ‚
ÔË‚Ó‰ËÚ Í ÛÏÂÌ¸¯ÂÌË˛ Ó·Î‡ÒÚË ÒÛ˘ÂÒÚ‚Ó‚‡ÌËˇ ËÒÍÓÏÓ„Ó ÂÊËÏ‡ Ë ÌÂÓ·ıÓ‰ËÏÓÒÚË ‰Îˇ Â„Ó
‰ÓÒÚËÊÂÌËˇ ÛÏÂÌ¸¯‡Ú¸ ÒËÌ‡ÔÚË˜ÂÒÍÛ˛ ÔÓ‚Ó‰ËÏÓÒÚ¸, ÚÓ ÂÒÚ¸ ‚ ËÌ˚ı ÚÂÏËÌ‡ı ÒËÎÛ Ò‚ˇÁË.
“ÂÏ ÌÂ ÏÂÌÂÂ ÂÊËÏ ÏÂ‰ÎÂÌÌ˚ı ÍÓÎÂ·‡ÌËÈ, ˜‡ÒÚÓÚ‡ ÍÓÚÓ˚ı ÓÔÂ‰ÂÎˇÂÚÒˇ ËÒÍÎ˛˜ËÚÂÎ¸ÌÓ ˜ËÒÎÓÏ
ÓÒˆËÎÎˇÚÓÓ‚ ‚ ÒÂÚË Ë ÔÓ‚Ó‰ËÏÓÒÚ¸˛ Ò‚ˇÁË Ë ÌÂ ËÏÂÂÚ ÓÚÌÓ¯ÂÌËˇ Í ˜‡ÒÚÓÚ‡Ï ‡‚ÚÓÌÓÏÌ˚ı
ÍÓÎÂ·‡ÌËÈ ÌÂÈÓÌ‡, ÓÍ‡Á˚‚‡ÂÚÒˇ ÒÚÛÍÚÛÌÓ ÛÒÚÓÈ˜Ë‚ ‰‡ÊÂ ÔË ‚‡Ë‡ˆËË 14 Ô‡‡ÏÂÚÓ‚. ›ÚÓ
ÔÓÁ‚ÓÎˇÂÚ Ì‡‰ÂˇÚ¸Òˇ, ˜ÚÓ ÂÁÍÓÂ ÔÂÂÍÎ˛˜ÂÌËÂ ˜‡ÒÚÓÚ˚ ÍÓÎÂ·‡ÌËÈ ‚ ÍÓÎ¸ˆÂ ÌÂÈÓÌÓ‚ „ËÔÔÓÍ‡ÏÔ‡,
‚ÓÁÌËÍ‡˛˘ÂÂ ÔË ÓÚÌÓÒËÚÂÎ¸ÌÓ ÌÂ·ÓÎ¸¯ÓÏ ËÁÏÂÌÂÌËË ÒËÌ‡ÔÚË˜ÂÒÍÓÈ ÔÓ‚Ó‰ËÏÓÒÚË (‚ Ì‡¯ÂÏ
ÒÎÛ˜‡Â ÏÂÊ‰Û ÁÌ‡˜ÂÌËˇÏË 2.4 ÏÍ—Ï Ë 2.5 ÏÍ—Ï) ˇ‚ÎˇÂÚÒˇ ÙËÁËÓÎÓ„Ë˜Ì˚Ï Ë ‰ÂÈÒÚ‚ËÚÂÎ¸ÌÓ ÏÓÊÂÚ
ÓÔÂ‰ÂÎˇÚ¸ ÔÂÂıÓ‰˚ ÏÂÊ‰Û ‡ÁÎË˜Ì˚ÏË ÒÚ‡‰ËˇÏË ÎËÏ·Ë˜ÂÒÍÓ„Ó ˝ÔËÎÂÔÚË˜ÂÒÍÓ„Ó ‡Áˇ‰‡.

«‡ÍÎ˛˜ÂÌËÂ

Ã‡ÚÂÏ‡ÚË˜ÂÒÍÓÂ ÏÓ‰ÂÎËÓ‚‡ÌËÂ ÒË„Ì‡ÎÓ‚ ÏÓÁ„‡ ÔË ÎËÏ·Ë˜ÂÒÍÓÈ (‚ËÒÓ˜ÌÓÈ) ˝ÔËÎÂÔÒËË —
ÒÎÓÊÌ‡ˇ Á‡‰‡˜‡ ‚ ÔÂ‚Û˛ Ó˜ÂÂ‰¸ ÔÓÚÓÏÛ, ˜ÚÓ Ò‡ÏË ÔÓ ÒÂ·Â ˝ÚË ÒË„Ì‡Î˚ ÏÓ„ÛÚ ·˚Ú¸ Ó˜ÂÌ¸
‡ÁÎË˜Ì˚. Õ‡Ë·ÓÎÂÂ ËÁ‚ÂÒÚÌ˚ ÂÁÛÎ¸Ú‡Ú˚ ÔËÏÂÌÂÌËˇ Ï‡ÍÓÒÍÓÔË˜ÂÒÍÓ„Ó ÔÓ‰ıÓ‰‡, ÍÓ„‰‡ ˝ÔË-
ÎÂÔÚË˜ÂÒÍ‡ˇ ‡ÍÚË‚ÌÓÒÚ¸ ÓÔËÒ˚‚‡ÂÚÒˇ ‚ ˆÂÎÓÏ, ‡ ÓÚ‰ÂÎ¸Ì˚Â ÌÂÈÓÌ˚ ÌÂ ÏÓ‰ÂÎËÛ˛ÚÒˇ [19].
œË ÚÓÏ, ˜ÚÓ ÔÓÎÛ˜ÂÌÌ˚Â ‚ ‡·ÓÚÂ [19] ‚ÂÏÂÌÌ˚Â ˇ‰˚ ‚ÂÒ¸Ï‡ ÌÂÔÎÓıÓ ÒÓÓÚ‚ÂÚÒÚ‚Û˛Ú ‡ÁÎË˜-
Ì˚Ï ÚËÔ‡Ï ˝ÔËÎÂÔÚËÙÓÏÌÓÈ ‡ÍÚË‚ÌÓÒÚË ÔË ÙÓÍ‡Î¸Ì˚ı ÔËÒÚÛÔ‡ı, ‚Ò∏ ÊÂ Ú‡ÍÓÈ ÔÓ‰ıÓ‰ ˇ‚ÎˇÂÚÒˇ
ÒÍÓÂÂ ÙÂÌÓÏÂÌÓÎÓ„Ë˜ÂÒÍËÏ, ÔÓÒÍÓÎ¸ÍÛ Ë„ÌÓËÛÂÚ „Î‡‚ÌÛ˛ ÔË˜ËÌÛ ‚ÓÁÌËÍÌÓ‚ÂÌËˇ ÙÓÍ‡Î¸ÌÓÈ
˝ÔËÎÂÔÒËË — Ì‡ÎË˜ËÂ Ï‡Î˚ı ÌÂÈÓÌÌ˚ı ‡ÌÒ‡Ï·ÎÂÈ (ÍÓÌÚÛÓ‚), ËÏÂ˛˘Ëı ÒÔÂˆËÙË˜ÂÒÍÛ˛ Ô‡ÚÓÎÓ-
„Ë˜ÂÒÍÛ˛ ÒÚÛÍÚÛÛ [20]. —Û˘ÂÒÚ‚Û˛Ú ÓÚ‰ÂÎ¸Ì˚Â ÔÓÔ˚ÚÍË ‡ÒÒÏÓÚÂÌËˇ ÎËÏ·Ë˜ÂÒÍÓÈ ˝ÔËÎÂÔÒËË
Ò ÚÓ˜ÍË ÁÂÌËˇ ÏÂÁÓÏ‡Ò¯Ú‡·Ì˚ı ÏÓ‰ÂÎÂÈ [21], ‚ ÚÓÏ ˜ËÒÎÂ Ò ÚÓ˜ÍË ÁÂÌËˇ ‚ÓÁÏÓÊÌÓ„Ó ÍÓÌÚÓÎˇ
ÔÓ‚Â‰ÂÌËˇ (ÔÂ‰ÓÚ‚‡˘ÂÌËÂ ËÎË ÍÛÔËÓ‚‡ÌËˇ ‡Áˇ‰Ó‚) [22]. Œ‰Ì‡ÍÓ ‰ÓÒÚË„ÌÛÚ˚Â Í Ì‡ÒÚÓˇ˘ÂÏÛ
ÏÓÏÂÌÚÛ ÂÁÛÎ¸Ú‡Ú˚ ÌÓÒˇÚ ÒËÎ¸ÌÓ ÔÂ‰‚‡ËÚÂÎ¸Ì˚È ı‡‡ÍÚÂ ‚ ÔÂ‚Û˛ Ó˜ÂÂ‰¸ ËÁ-Á‡ ÒÎÓÊÌÓÒÚË
ÏÓ‰ÂÎËÛÂÏÓ„Ó ˇ‚ÎÂÌËˇ Ë ÏÌÓ„ÓÓ·‡ÁËˇ ÚËÔÓ‚ ‡ÍÚË‚ÌÓÒÚË ÔË ÎËÏ·Ë˜ÂÒÍÓÈ ˝ÔËÎÂÔÒËË.

¬ ‰‡ÌÌÓÈ ‡·ÓÚÂ Ï˚ ÒÎÂ‰ÛÂÏ ‡ÌÂÂ ÔÂ‰ÎÓÊÂÌÌÓÏÛ Ì‡ÏË ÔÓ‰ıÓ‰Û [8, 10] — ‡Á·ËÚ¸ ‚ÂÒ¸
ÔÓˆÂÒÒ ÏÓ‰ÂÎËÓ‚‡ÌËˇ Ì‡ ˜‡ÒÚË. ¬ ÔÂ‚Û˛ Ó˜ÂÂ‰¸ ÌÛÊÌÓ ÒÏÓ‰ÂÎËÓ‚‡Ú¸ ˝ÔËÎÂÔÚË˜ÂÒÍËÈ ÙÓÍÛÒ,
ÍÓÚÓ˚È ‚ ·ÓÎ¸¯ËÌÒÚ‚Â ÒÎÛ˜‡Â‚ Ì‡ıÓ‰ËÚÒˇ ‚ „ËÔÔÓÍ‡ÏÔÂ [23]. ›ÚÓ ÏÓÊÂÚ ·˚Ú¸ Ó˜ÂÌ¸ Ï‡Î‡ˇ
ÒÂÚ¸ ·ÛÍ‚‡Î¸ÌÓ ËÁ ÌÂÒÍÓÎ¸ÍËı ËÎË ÌÂÒÍÓÎ¸ÍËı ‰ÂÒˇÚÍÓ‚ ÌÂÈÓÌÓ‚. ≈„Ó Â‰ËÌÒÚ‚ÂÌÌ‡ˇ ÙÛÌÍˆËˇ —
Á‡‰‡‚‡Ú¸ ÓÒÌÓ‚ÌÓÈ ËÚÏ Ô‡ÚÓÎÓ„Ë˜ÂÒÍÓÈ ‡ÍÚË‚ÌÓÒÚË. œË ˝ÚÓÏ Ì‡ÎË˜ËÂ Ë ‡ÒÔÓÒÚ‡Ì∏ÌÌÓÒÚ¸
‰‡Î¸ÌËı Ò‚ˇÁÂÈ ‚ „ËÔÔÓÍ‡ÏÔÂ, ‚ ÚÓÏ ˜ËÒÎÂ ‚ Â„Ó ÙÓÏ‡ˆËË CA3 [24], ÔÂ‰ÔÓÎ‡„‡ÂÚ, ˜ÚÓ Ú‡ÍÓÈ
ÍÓÌÚÛ ÏÓÊÂÚ ÒÙÓÏËÓ‚‡Ú¸Òˇ ÌÂ ‚ Í‡ÍÓÏ-ÚÓ ÍÓÌÍÂÚÌÓÏ ÏÂÒÚÂ, ‡ ·˚Ú¸ ˜‡ÒÚË˜ÌÓ ‡ÒÔÂ‰ÂÎ∏Ì ÔÓ
‚ÒÂÏÛ „ËÔÔÓÍ‡ÏÔÛ, ˜ÚÓ ÓÚ‚Â˜‡ÂÚ ÔÂ‰ÒÚ‡‚ÎÂÌËˇÏ Ó ÔÓ‚ÚÓÌÓÏ ‚ÓÁÌËÍÌÓ‚ÂÌËË ˝ÔËÎÂÔÒËË ÔÓÒÎÂ
Û‰‡ÎÂÌËˇ ˝ÔËÎÂÔÚË˜ÂÒÍÓ„Ó ÙÓÍÛÒ‡ [25].

–‡ÌÂÂ ‚ ‡·ÓÚ‡ı [8,10] Ì‡ÏË ·˚Î‡ ÔÂ‰ÎÓÊÂÌ‡ ÓÚÌÓÒËÚÂÎ¸ÌÓ ÔÓÒÚ‡ˇ Ï‡ÚÂÏ‡ÚË˜ÂÒÍ‡ˇ ÏÓ‰ÂÎ¸
„ÂÌÂ‡ÚÓ‡ ÓÒÌÓ‚ÌÓÈ ˜‡ÒÚÓÚ˚ ˝ÔËÎÂÔÚËÙÓÏÌÓÈ ‡ÍÚË‚ÌÓÒÚË, ÔÂ‰ÒÚ‡‚Îˇ˛˘Â„Ó ÒÓ·Ó˛ ÍÓÎ¸ˆÓ
ÌÂÈÓÌÓ‚ Ò Ó‰ÌÓÒÚÓÓÌÌËÏË Ò‚ˇÁˇÏË. ◊ËÒÎÂÌÌÓÂ Ë ‡‰ËÓÚÂıÌË˜ÂÒÍÓÂ ÏÓ‰ÂÎËÓ‚‡ÌËÂ ÔÓÍ‡Á‡ÎÓ, ˜ÚÓ
Ú‡ÍÓÈ „ÂÌÂ‡ÚÓ ÏÓÊÂÚ ˝ÙÙÂÍÚË‚ÌÓ ÔÂÂÒÚ‡Ë‚‡Ú¸ Ò‚Ó˛ ˜‡ÒÚÓÚÛ ‚ Á‡‚ËÒËÏÓÒÚË ÓÚ ˜ËÒÎ‡ ˝ÎÂÏÂÌÚÓ‚
‚ ÍÓÎ¸ˆÂ Ë ‚ÂÏÂÌË Á‡Ô‡Á‰˚‚‡ÌËˇ ‚ Ò‚ˇÁˇı. œË ˝ÚÓÏ ‚ Í‡˜ÂÒÚ‚Â ÏÓ‰ÂÎÂÈ ÓÚ‰ÂÎ¸Ì˚ı ÌÂÈÓÌÓ‚ ·˚ÎË
ËÒÔÓÎ¸ÁÓ‚‡Ì˚ ÓÚÌÓÒËÚÂÎ¸ÌÓ ÔÓÒÚ˚Â Û‡‚ÌÂÌËˇ ‘ËÚˆ’¸˛–Õ‡„ÛÏÓ ‚ [10] ËÎË ’Ó‰ÊÍËÌ‡–’‡ÍÒÎË
‚ ÓË„ËÌ‡Î¸ÌÓÏ ‚Ë‰Â ‚ [8], ÚÓ ÂÒÚ¸ ÏÓ‰ÂÎË, ÌÂ ÓÚ‡Ê‡˛˘ËÂ ÒÔÂˆËÙËÍÛ ÌÂÈÓÌÓ‚ „ËÔÔÓÍ‡ÏÔ‡. œË
ÏÂÁÓÏ‡Ò¯Ú‡·ÌÓÏ ÏÓ‰ÂÎËÓ‚‡ÌËË Ò‚ÓÈÒÚ‚‡ ÓÚ‰ÂÎ¸Ì˚ı ÌÂÈÓÌÓ‚ ÌÂ Ú‡Í ‚‡ÊÌ˚ Ë ÓÔÂ‰ÂÎˇ˛˘ËÏ
Ù‡ÍÚÓÓÏ ˇ‚ÎˇÂÚÒˇ ÒÂÚÂ‚‡ˇ ÒÚÛÍÚÛ‡, ÔÓÒÍÓÎ¸ÍÛ Í‡Ê‰˚È ÛÁÂÎ ‚ ÒÂÚË ‚ Â‡Î¸ÌÓÒÚË ÔÂ‰ÒÚ‡‚ÎˇÂÚ
·ÓÎ¸¯ÓÂ ˜ËÒÎÓ ÒıÓ‰Ì˚ı ÔÓ Ô‡‡ÏÂÚ‡Ï ÛÁÎÓ‚ [26, 27]. Õ‡ÔÓÚË‚, ‚ ÒÎÛ˜‡Â ÏÓ‰ÂÎËÓ‚‡ÌËˇ ˝ÔËÎÂÔ-
ÚË˜ÂÒÍÓ„Ó ÙÓÍÛÒ‡ ‚ „ËÔÔÓÍ‡ÏÔÂ Ï˚ Â‡Î¸ÌÓ ËÏÂÂÏ ‰ÂÎÓ Ò ÏËÍÓÏ‡Ò¯Ú‡·Ì˚Ï ÏÓ‰ÂÎËÓ‚‡ÌËÂÏ,
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ÚÓ ÂÒÚ¸ Ò ÒÓÓÚÌÓ¯ÂÌËÂÏ ˜ËÒÎ‡ ÏÓ‰ÂÎ¸Ì˚ı Ë Â‡Î¸Ì˚ı ÌÂÈÓÌÓ‚, ·ÎËÁÍËÏ Í 1:1. œË Ú‡ÍÓÏ
ÒÓÓÚÌÓ¯ÂÌËË ‚˚·Ó ÏÓ‰ÂÎË ‰Îˇ ÓÚ‰ÂÎ¸ÌÓ„Ó ÌÂÈÓÌ‡ ÒÚ‡ÌÓ‚ËÚÒˇ ÍÎ˛˜Â‚˚Ï Ù‡ÍÚÓÓÏ. œÓ˝ÚÓÏÛ
‚ ‰‡ÌÌÓÈ ‡·ÓÚÂ ·˚Î‡ ÔÓÒÚ‡‚ÎÂÌ‡ ˆÂÎ¸ ÓÔÂ‰ÂÎËÚ¸, Í‡ÍËÂ Ò‚ÓÈÒÚ‚‡ ÔÂ‰ÎÓÊÂÌÌÓÈ ‡ÌÂÂ ÍÓÎ¸ˆÂ‚ÓÈ
ÒÚÛÍÚÛ˚ ÏÓ„ÛÚ ·˚Ú¸ ˝ÙÙÂÍÚË‚ÌÓ ÔÓ‚ÚÓÂÌ˚ Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ÏÓ‰ÂÎÂÈ, ‚ÓÒÔÓËÁ‚Ó‰ˇ˘Ëı ‚ÒÂ
ÓÒÌÓ‚Ì˚Â ÚÓÍË ‚ ÔË‡ÏË‰‡ı ÔÓÎˇ CA3 „ËÔÔÓÍ‡ÏÔ‡. Œ‰Ì‡ ËÁ ÍÎ˛˜Â‚˚ı ÓÒÓ·ÂÌÌÓÒÚÂÈ Ú‡ÍÓ„Ó
ÏÓ‰ÂÎËÓ‚‡ÌËˇ — ÓÚÍ‡Á ÓÚ ˇ‚ÌÓ„Ó Û˜∏Ú‡ Á‡Ô‡Á‰˚‚‡ÌËˇ ‚ ÒËÌ‡ÔÒÂ Ë ÔÂÂıÓ‰ Í Û‡‚ÌÂÌËˇÏ ‰Îˇ
ÒËÌ‡ÔÚË˜ÂÒÍÓÈ ÔÂÂÏÂÌÌÓÈ, „‰Â ÓÎ¸ Á‡Ô‡Á‰˚‚‡ÌËˇ ‚˚ÔÓÎÌˇÂÚ ËÌÂˆËÓÌÌÓÒÚ¸.

◊ÚÓ·˚ ‰ËÌ‡ÏËÍ‡ ÒÂÚË ÓÔÂ‰ÂÎˇÎ‡Ò¸ „Î‡‚Ì˚Ï Ó·‡ÁÓÏ ˜ËÒÎÓÏ ˝ÎÂÏÂÌÚÓ‚ ‚ ÍÓÎ¸ˆÂ Ë Ô‡-
‡ÏÂÚ‡ÏË Ò‚ˇÁË, ÌÛÊÌÓ, ˜ÚÓ·˚ ÓÚ‰ÂÎ¸Ì˚Â ÌÂÈÓÌ˚ Ì‡ıÓ‰ËÎËÒ¸ ‚ ‚ÓÁ·Û‰ËÏÓÏ ÂÊËÏÂ. »Ì‡˜Â
ÒÓ·ÒÚ‚ÂÌÌ‡ˇ ˜‡ÒÚÓÚ‡ „ÂÌÂ‡ˆËË ÓÚ‰ÂÎ¸ÌÓ„Ó ÌÂÈÓÌ‡ ·Û‰ÂÚ ÒËÎ¸ÌÓ Ó„‡ÌË˜Ë‚‡Ú¸ ‚ÓÁÏÓÊÌÓÒÚË
ÔÂÂÒÚÓÈÍË ÔÓ ˜‡ÒÚÓÚÂ ‚ ÍÓÎ¸ˆÂ‚ÓÏ „ÂÌÂ‡ÚÓÂ. œÓ˝ÚÓÏÛ ·˚Î ÔÓ‚Â‰∏Ì ·ËÙÛÍ‡ˆËÓÌÌ˚È ‡Ì‡ÎËÁ
‰Îˇ ÓÚ‰ÂÎ¸ÌÓ„Ó ÌÂÈÓÌ‡ ÔÓ Ô‡‡ÏÂÚÛ ÔÓ‚Ó‰ËÏÓÒÚË ÛÚÂ˜ÍË gL, ÍÓÚÓ˚È ÔÓÍ‡Á‡Î, ˜ÚÓ ÔË ÔÂÂıÓ‰Â
ÓÚ ÍÓÎÂ·‡ÚÂÎ¸ÌÓ„Ó ÂÊËÏ‡ Í ‚ÓÁ·Û‰ËÏÓÏÛ ÔÓËÒıÓ‰ˇÚ ‰‚Â ·ËÙÛÍ‡ˆËË: ÒÌ‡˜‡Î‡ ÒÛ·ÍËÚË˜ÂÒÍ‡ˇ
·ËÙÛÍ‡ˆËˇ ¿Ì‰ÓÌÓ‚‡–’ÓÔÙ‡, ‚ ÂÁÛÎ¸Ú‡ÚÂ ÍÓÚÓÓÈ ËÁ ÌÂÛÒÚÓÈ˜Ë‚Ó„Ó ÙÓÍÛÒ‡ ÓÊ‰‡ÂÚÒˇ ˆËÍÎ,
‡ Ò‡Ï ÙÓÍÛÒ ÒÚ‡ÌÓ‚ËÚÒˇ ÛÒÚÓÈ˜Ë‚˚Ï (‚ ÒËÒÚÂÏÂ Ì‡·Î˛‰‡˛ÚÒˇ ·ËÒÚ‡·ËÎ¸ÌÓÒÚ¸ Ë Ê∏ÒÚÍÓÂ ‚ÓÁ·ÛÊ‰Â-
ÌËÂ ÍÓÎÂ·‡ÌËÈ), ‡ Á‡ÚÂÏ — ·ËÙÛÍ‡ˆËˇ ÒÎËˇÌËˇ ÛÒÚÓÈ˜Ë‚Ó„Ó Ë ÌÂÛÒÚÓÈ˜Ë‚Ó„Ó ˆËÍÎÓ‚, ‚ ÂÁÛÎ¸Ú‡ÚÂ
˜Â„Ó ÛÒÚÓÈ˜Ë‚˚È ÙÓÍÛÒ ÓÒÚ‡∏ÚÒˇ Â‰ËÌÒÚ‚ÂÌÌ˚Ï ‡ÚÚ‡ÍÚÓÓÏ.

◊ËÒÎÂÌÌÓÂ ËÒÒÎÂ‰Ó‚‡ÌËÂ Á‡‚ËÒËÏÓÒÚË ˜‡ÒÚÓÚ˚ ÍÓÎÂ·‡ÌËÈ ‚ ÍÓÎ¸ˆÂ ÓÚ ÍÓÎË˜ÂÒÚ‚‡ ÌÂÈÓÌÓ‚
‚ ÌÂÈ ‚ ·ËÒÚ‡·ËÎ¸ÌÓÏ ÂÊËÏÂ ÔÓÍ‡Á‡ÎÓ, ˜ÚÓ ˜‡ÒÚÓÚ‡ ÏÓÊÂÚ ÏÂÌˇÚ¸Òˇ ‚ ÓÚÌÓÒËÚÂÎ¸ÌÓ ÛÁÍÓÏ
‰Ë‡Ô‡ÁÓÌÂ 12.7...14.8 √ˆ. ›ÚÓ Ò‚ˇÁ‡ÌÓ Ò ÒÛ˘ÂÒÚ‚Ó‚‡ÌËÂÏ ÍÓÎÂ·‡ÚÂÎ¸ÌÓ„Ó ‡ÚÚ‡ÍÚÓ‡ ‰Îˇ ÓÚ‰ÂÎ¸ÌÓ„Ó
ÌÂÈÓÌ‡. ›ÚÓÚ ÂÊËÏ ÓÒÚ‡∏ÚÒˇ ÒÚ‡·ËÎÂÌ Ë ÔË ‡ÒÒÚÓÈÍÂ ÌÂÈÓÌÓ‚ ÍÓÎ¸ˆ‡ ÔÓ Ô‡‡ÏÂÚ‡Ï Ì‡
‚ÂÎË˜ËÌÛ ÔÓˇ‰Í‡ 2% ÓÚ Ëı ‡·ÒÓÎ˛ÚÌÓ„Ó ÁÌ‡˜ÂÌËˇ. Œ‰Ì‡ÍÓ Ú‡ÍÓÂ ÔÓ‚Â‰ÂÌËÂ ÏÓÊÂÚ ·˚Ú¸ ËÌÚÂÂÒ-
ÌÓ ÚÓÎ¸ÍÓ ‰Îˇ ÏÓ‰ÂÎËÓ‚‡ÌËˇ ÓÚÌÓÒËÚÂÎ¸ÌÓ ÔÎ‡‚ÌÓ„Ó ËÁÏÂÌÂÌËˇ ˜‡ÒÚÓÚ˚ Ì‡ ÌÂÍÓÚÓ˚ı ÒÚ‡‰Ëˇı
˝ÔËÎÂÔÚË˜ÂÒÍÓ„Ó ÔËÒÚÛÔ‡. ¡ÓÎÂÂ ËÌÚÂÂÒÌ˚Ï ˇ‚ÎˇÂÚÒˇ ÂÊËÏ, ‰ÓÒÚË„‡ÂÏ˚È ÔË ÌÂÍÓÚÓ˚ı ÁÌ‡-
˜ÂÌËˇı ÒËÌ‡ÔÚË˜ÂÒÍÓÈ ÔÓ‚Ó‰ËÏÓÒÚË ‰Îˇ ÏÓ‰ÂÎÂÈ, ÍÓ„‰‡ ÓÚ‰ÂÎ¸Ì˚È ÌÂÈÓÌ ËÏÂÂÚ Â‰ËÌÒÚ‚ÂÌÌ˚È
‡ÚÚ‡ÍÚÓ. ŒÌ ı‡‡ÍÚÂËÁÛÂÚÒˇ ÂÁÍËÏ Ô‡‰ÂÌËÂÏ ˜‡ÒÚÓÚ˚ Ò Û‚ÂÎË˜ÂÌËÂÏ ˜ËÒÎ‡ ˝ÎÂÏÂÌÚÓ‚ ‚ ÍÓÎ¸ˆÂ
‚˚¯Â ÓÔÂ‰ÂÎ∏ÌÌÓ„Ó ÛÓ‚Ìˇ Ú‡Í, ˜ÚÓ ÏÓÊÌÓ ‰ÓÒÚË„ÌÛÚ¸ ˜‡ÒÚÓÚ ‚ 2 √ˆ Ë ÌËÊÂ, ı‡‡ÍÚÂÌ˚ı ‰Îˇ
Ù‡Á˚ ‰ÂÔÂÒÒËË ÔÓÒÎÂ ‡Áˇ‰‡. ¬ Ú‡ÍÓÏ ÂÊËÏÂ ÍÓÎÂ·‡ÌËÈ ÔÂËÓ‰ ‰ÂÈÒÚ‚ËÚÂÎ¸ÌÓ ÔÓ˜ÚË ÎËÌÂÈÌÓ
Á‡‚ËÒËÚ ÓÚ ˜ËÒÎ‡ ÌÂÈÓÌÓ‚, Í‡Í ˝ÚÓ ·˚ÎÓ ‚ ÏÓ‰ÂÎˇı, ÔÂ‰ÎÓÊÂÌÌ˚ı ‡ÌÂÂ ‚ [8, 10]. œË ˝ÚÓÏ
ÒÚ‡ÌÓ‚ËÚÒˇ ˇÒÌÓ, ˜ÚÓ Ì‡Ë·ÓÎÂÂ ÔÂÒÔÂÍÚË‚Ì˚È Ò ÚÓ˜ÍË ÁÂÌËˇ ÙËÁËÓÎÓ„ËË ÏÂı‡ÌËÁÏ ‚‡Ë‡ˆËË
˜‡ÒÚÓÚ˚ ÍÓÎÂ·‡ÌËÈ Á‡ÍÎ˛˜‡ÂÚÒˇ ÌÂ ‚ ËÁÏÂÌÂÌËË ˜ËÒÎ‡ ÌÂÈÓÌÓ‚ ‚ ÍÓÎ¸ˆÂ ËÎË ‚ÂÏÂÌË Á‡Ô‡Á‰˚‚‡-
ÌËˇ ‚ ÒËÌ‡ÔÒÂ, ‡ ‚ ËÁÏÂÌÂÌËË ÒËÌ‡ÔÚË˜ÂÒÍÓÈ ÔÓ‚Ó‰ËÏÓÒÚË gsyn, ÍÓÚÓÓÂ ÏÓÊÂÚ ÔË‚Ó‰ËÚ¸ Í‡Í
Í ÂÁÍÓÏÛ Ô‡‰ÂÌË˛ ËÎË ÓÒÚÛ ˜‡ÒÚÓÚ˚ „ÂÌÂ‡ˆËË ‚ ÌÂÒÍÓÎ¸ÍÓ ‡Á (Ì‡ÔËÏÂ, Ò 14 √ˆ ‰Ó 2 √ˆ),
Ú‡Í Ë Í „Ë·ÂÎË ÍÓÎÂ·‡ÌËÈ (˜ÚÓ ÏÓÊÂÚ ÒÓÓÚ‚ÂÚÒÚ‚Ó‚‡Ú¸ ÔÂÍ‡˘ÂÌË˛ ‡Áˇ‰‡) ÔË ‰‡Î¸ÌÂÈ¯ÂÏ
Ô‡‰ÂÌËË gsyn.
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Abstract. The purpose of this work is to study a new mathematical model of a ring neural network with unidirectional chemical
connections, which is a singularly perturbed system of differential-difference equations with delay. Methods. A combination of
analytical and numerical methods is used to study the existence and stability of special periodic solutions in this system, the
so-called traveling waves. Results. The proposed methods make it possible to show that the ring system under study allows
the number of stable traveling waves to increase with the number of oscillators in the network. Conclusion. In this article,
we rethink and refine the previously proposed method of mathematical modeling of chemical synapses. On the one hand, it
was possible to fully take into account the requirement of the Volterra structure of the corresponding equations and, on the
other hand, the hypothesis of saturating conductivity. This makes it possible to observe the principle of uniformity: the new
mathematical model is based on the same principles as the previously proposed model of electrical synapses.
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1. ŒÔËÒ‡ÌËÂ Ó·˙ÂÍÚ‡ ËÒÒÎÂ‰Ó‚‡ÌËˇ

Œ‰ÌËÏ ËÁ ÓÒÌÓ‚ÓÔÓÎ‡„‡˛˘Ëı ÔËÌˆËÔÓ‚ ÔÓÒÚÓÂÌËˇ Ï‡ÚÂÏ‡ÚË˜ÂÒÍËı ÏÓ‰ÂÎÂÈ ÌÂÈÓÌÌ˚ı
ÒËÒÚÂÏ ˇ‚ÎˇÂÚÒˇ Ú‡Í Ì‡Á˚‚‡ÂÏ‡ˇ „ËÔÓÚÂÁ‡ Ó· ˝Í‚Ë‚‡ÎÂÌÚÌÓÒÚË. —ÛÚ¸ ˝ÚÓÈ „ËÔÓÚÂÁ˚ ‚ ÚÓÏ, ˜ÚÓ
Ï˚ ‡ÔËÓË ÔÂ‰ÔÓÎ‡„‡ÂÏ ˝Í‚Ë‚‡ÎÂÌÚÌÓÒÚ¸ ·ËÓÎÓ„Ë˜ÂÒÍÓ„Ó ÌÂÈÓÌ‡ ÌÂÍÓÚÓÓÏÛ ÙËÁË˜ÂÒÍÓÏÛ
„ÂÌÂ‡ÚÓÛ Ò ÒÓÒÂ‰ÓÚÓ˜ÂÌÌ˚ÏË Ô‡‡ÏÂÚ‡ÏË. ¬ Ò‚Ó˛ Ó˜ÂÂ‰¸, ÛÔÓÏˇÌÛÚ˚È „ÂÌÂ‡ÚÓ ÏÓ‰ÂÎË-
ÛÂÚÒˇ ÌÂÎËÌÂÈÌÓÈ ÒËÒÚÂÏÓÈ Ó·˚ÍÌÓ‚ÂÌÌ˚ı ‰ËÙÙÂÂÌˆË‡Î¸Ì˚ı Û‡‚ÌÂÌËÈ ËÎË ‡Ì‡ÎÓ„Ë˜ÌÓÈ
ÒËÒÚÂÏÓÈ Ò Á‡Ô‡Á‰˚‚‡ÌËÂÏ. ¿ ÔÓÒÍÓÎ¸ÍÛ ÍÓÎÂ·‡ÌËˇ ÏÂÏ·‡ÌÌÓ„Ó ÔÓÚÂÌˆË‡Î‡ ÌÓÒˇÚ Á‡‚Â‰ÓÏÓ
ÂÎ‡ÍÒ‡ˆËÓÌÌ˚È ı‡‡ÍÚÂ, ÚÓ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘‡ˇ ÒËÒÚÂÏ‡, Í‡Í Ô‡‚ËÎÓ, ÓÍ‡Á˚‚‡ÂÚÒˇ ÒËÌ„ÛÎˇÌÓ
‚ÓÁÏÛ˘ÂÌÌÓÈ.

”ÔÓÏˇÌÛÚ˚È ‚˚¯Â ÔËÌˆËÔ ÎÂÊËÚ ‚ ÓÒÌÓ‚Â ËÁ‚ÂÒÚÌÓÈ ÏÓ‰ÂÎË ’Ó‰ÊÍËÌ‡–’‡ÍÒÎË [1] Ë ÏÌÓ-
„Ëı ‰Û„Ëı Ï‡ÚÂÏ‡ÚË˜ÂÒÍËı ÏÓ‰ÂÎÂÈ ËÁÓÎËÓ‚‡ÌÌÓ„Ó ÌÂÈÓÌ‡ (ÒÏ. ÏÓÌÓ„‡ÙË˛ [2] Ë ÒÓ‰ÂÊ‡-
˘Û˛Òˇ ‚ ÌÂÈ ÔÓ‰Ó·ÌÛ˛ ·Ë·ÎËÓ„‡ÙË˛). ¬ Ì‡ÒÚÓˇ˘ÂÈ ‡·ÓÚÂ, ÔË‰ÂÊË‚‡ˇÒ¸ „ËÔÓÚÂÁ˚ Ó· ˝Í-
‚Ë‚‡ÎÂÌÚÌÓÒÚË, ‚ Í‡˜ÂÒÚ‚Â ÏÓ‰ÂÎË ÓÚ‰ÂÎ¸ÌÓ„Ó ÌÂÈÓÌ‡ Ï˚ ËÒÔÓÎ¸ÁÛÂÏ ÒÍ‡ÎˇÌÓÂ ÌÂÎËÌÂÈÌÓÂ
‰ËÙÙÂÂÌˆË‡Î¸ÌÓÂ Û‡‚ÌÂÌËÂ Ò Á‡Ô‡Á‰˚‚‡ÌËÂÏ ‚Ë‰‡

u̇ = lf(u(t� 1))u (1)

‰Îˇ ÏÂÏ·‡ÌÌÓ„Ó ÔÓÚÂÌˆË‡Î‡ u = u(t) > 0. «‰ÂÒ¸ Ô‡‡ÏÂÚ l > 0, ı‡‡ÍÚÂËÁÛ˛˘ËÈ ÒÍÓÓÒÚ¸
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ÔÓÚÂÍ‡ÌËˇ ˝ÎÂÍÚË˜ÂÒÍËı ÔÓˆÂÒÒÓ‚ ‚ ÌÂÈÓÌÂ, ÔÂ‰ÔÓÎ‡„‡ÂÚÒˇ ·ÓÎ¸¯ËÏ, ÚÓ˜Í‡ — ‰ËÙÙÂÂÌˆË-
Ó‚‡ÌËÂ ÔÓ t, ‡ ÙÛÌÍˆËˇ f(u) 2 C2(R+), R+ = {u 2 R : u > 0}, Ó·Î‡‰‡ÂÚ Ò‚ÓÈÒÚ‚‡ÏË:

f(0) = 1, f(u) = �a+O

✓
1

u

◆
, uf 0(u) = O

✓
1

u

◆
, u2f 00(u) = O

✓
1

u

◆
(2)

ÔË u ! +1, „‰Â a = const > 0. œËÏÂÓÏ Ú‡ÍÓÈ ÙÛÌÍˆËË ÒÎÛÊËÚ

f(u) =
1� u

1 + u/a
. (3)

œÓÒÍÓÎ¸ÍÛ ‚ ÔÂ‰Î‡„‡ÂÏÓÏ ÌËÊÂ ÒÔÓÒÓ·Â ÏÓ‰ÂÎËÓ‚‡ÌËˇ ıËÏË˜ÂÒÍËı ÒËÌ‡ÔÒÓ‚ Û‡‚ÌÂ-
ÌËÂ (1) ·ÂÂÚÒˇ Á‡ ÓÒÌÓ‚Û, ÚÓ ËÏÂÂÚ ÒÏ˚ÒÎ ÓÒÚ‡ÌÓ‚ËÚ¸Òˇ ‚Í‡ÚˆÂ Ì‡ ËÒÚÓËË Â„Ó ‚ÓÁÌËÍÌÓ‚ÂÌËˇ
Ë Ò‚ÓÈÒÚ‚‡ı. ¬ Ò‚ˇÁË Ò ˝ÚËÏ Ó·‡ÚËÏ ‚ÌËÏ‡ÌËÂ Ì‡ ÚÓ Ó·ÒÚÓˇÚÂÎ¸ÒÚ‚Ó, ˜ÚÓ Ì‡¯ ÔÓ‰ıÓ‰ Í ÏÓ-
‰ÂÎËÓ‚‡ÌË˛ ÌÂÈÓÌÌÓÈ ‡ÍÚË‚ÌÓÒÚË ÓÔË‡ÂÚÒˇ Ì‡ Ë‰ÂË, ÔËÌ‡‰ÎÂÊ‡˘ËÂ fi. —.  ÓÎÂÒÓ‚Û [3]
Ë ¬. ¬. Ã‡ÈÓÓ‚Û [4], ‡ ËÏÂÌÌÓ, ‚ ÏÓÌÓ„‡ÙËË [3] ÓÔËÒ‡Ì Ó·˘ËÈ ÔËÌˆËÔ Ï‡ÚÂÏ‡ÚË˜ÂÒÍÓ„Ó
ÏÓ‰ÂÎËÓ‚‡ÌËˇ ·ËÓÎÓ„Ë˜ÂÒÍËı ÔÓˆÂÒÒÓ‚ Ò ÔÓÏÓ˘¸˛ ÒÔÂˆË‡Î¸Ì˚ı ÒËÒÚÂÏ Ò Á‡Ô‡Á‰˚‚‡ÌËÂÏ ‚ÓÎ¸-
ÚÂÓ‚ÒÍÓ„Ó ÚËÔ‡, ‡Ì‡ÎÓ„Ë˜Ì˚ı ËÁ‚ÂÒÚÌÓÏÛ Û‡‚ÌÂÌË˛ ’‡Ú˜ËÌÒÓÌ‡ [5]. ƒ‡ÎÂÂ, ‚ ‡·ÓÚÂ [4] Ì‡
ÓÒÌÓ‚Â ˝ÚÓ„Ó ÔËÌˆËÔ‡ Ë Ë‰ÂË Á‡Ô‡Á‰˚‚‡˛˘ÂÈ ÔÓ‚Ó‰ËÏÓÒÚË Ò Ì‡Ò˚˘ÂÌËÂÏ ‚ Í‡˜ÂÒÚ‚Â ÏÓ‰ÂÎË
ÓÚ‰ÂÎ¸ÌÓ„Ó ÌÂÈÓÌ‡ ·˚ÎÓ ÔÂ‰ÎÓÊÂÌÓ ÌÂÍÓÚÓÓÂ Û‡‚ÌÂÌËÂ Ò Á‡Ô‡Á‰˚‚‡ÌËÂÏ, ‡Ì‡ÎÓ„Ë˜ÌÓÂ (1).
» Ì‡ÍÓÌÂˆ, ‚ ÒÚ‡Ú¸Â [6] ÔÓÒÎÂ Ì‡‰ÎÂÊ‡˘ÂÈ ‰Ó‡·ÓÚÍË ÛÔÓÏˇÌÛÚÓÂ Û‡‚ÌÂÌËÂ ÔËÓ·ÂÎÓ ÚÂ·ÛÂÏ˚È
‚Ë‰ (1), (2).

—ÎÂ‰ÛÂÚ Ú‡ÍÊÂ ÓÚÏÂÚËÚ¸, ˜ÚÓ ‡ÌÂÂ ·ÂÁÓÚÌÓÒËÚÂÎ¸ÌÓ Í ÌÂÈÓ‰ËÌ‡ÏË˜ÂÒÍËÏ ÔËÎÓÊÂÌËˇÏ
Û‡‚ÌÂÌËÂ (1) ‡ÒÒÏ‡ÚË‚‡ÎÓÒ¸ ‚ ‡·ÓÚÂ [7] Í‡Í Ó‰ÌÓ ËÁ ‚ÓÁÏÓÊÌ˚ı Ó·Ó·˘ÂÌËÈ Û‡‚ÌÂÌËˇ
’‡Ú˜ËÌÒÓÌ‡. ¬ ÛÍ‡Á‡ÌÌÓÈ ‡·ÓÚÂ ÛÒÚ‡ÌÓ‚ÎÂÌÓ, ˜ÚÓ ÔË ‚ÒÂı l� 1 ÓÌÓ ‰ÓÔÛÒÍ‡ÂÚ ˝ÍÒÔÓÌÂÌˆË‡Î¸ÌÓ
Ó·ËÚ‡Î¸ÌÓ ÛÒÚÓÈ˜Ë‚˚È ˆËÍÎ u(t, l) > 0, u(0, l) ⌘ 1 ÔÂËÓ‰‡ T (l), Û‰Ó‚ÎÂÚ‚Óˇ˛˘ËÈ ÔÂ‰ÂÎ¸Ì˚Ï
ÒÓÓÚÌÓ¯ÂÌËˇÏ:

lim
l!+1

T (l) = T0, max
06t6T (l)

|x(t, l)� x0(t)| = O

✓
1

l

◆
, l! +1, (4)

„‰Â T0 = (1 + a)t0, t0 = 1 + 1/a, x(t, l) = (1/l) ln(u(t, l)), ‡ T0-ÔÂËÓ‰Ë˜ÂÒÍ‡ˇ ÙÛÌÍˆËˇ x0(t)
Á‡‰‡ÂÚÒˇ ‡‚ÂÌÒÚ‚‡ÏË

x0(t) =

8
><

>:

t ÔË 0 6 t 6 1,

1� a(t� 1) ÔË 1 6 t 6 t0 + 1,

t� T0 ÔË t0 + 1 6 t 6 T0,

x0(t+ T0) ⌘ x0(t). (5)

Õ‡„Îˇ‰ÌÓÂ ÔÂ‰ÒÚ‡‚ÎÂÌËÂ Ó ÂÎ‡ÍÒ‡ˆËÓÌÌ˚ı Ò‚ÓÈÒÚ‚‡ı (4) ˝ÚÓ„Ó ˆËÍÎ‡ ‰‡ÂÚ Â„Ó „‡ÙËÍ Ì‡ ÔÎÓÒÍÓ-
ÒÚË (t, u), ÔÓÒÚÓÂÌÌ˚È ˜ËÒÎÂÌÌÓ ‰Îˇ ÒÎÛ˜‡ˇ (1), (3) ÔË l = 5, a = 2 (ËÒ. 1), ‡ Ú‡ÍÊÂ „‡ÙËÍ
ÙÛÌÍˆËË (5) (ËÒ. 2).

Œ·‡ÚËÏÒˇ ÚÂÔÂ¸ Í ËÌÚÂÂÒÛ˛˘ÂÏÛ Ì‡Ò ‚ÓÔÓÒÛ Ó ÏÓ‰ÂÎËÓ‚‡ÌËË ıËÏË˜ÂÒÍËı ÒËÌ‡ÔÒÓ‚
Ë Ì‡ÔÓÏÌËÏ, ˜ÚÓ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘‡ˇ ÔÓÔ˚ÚÍ‡ ÛÊÂ ÔÂ‰ÔËÌËÏ‡Î‡Ò¸ ‡ÌÂÂ ‚ ÒÚ‡Ú¸Â [8]. “Ó˜ÌÂÂ
„Ó‚Óˇ, ‚ [8] ·˚Î ÔÂ‰ÎÓÊÂÌ ÌÂÍÓÚÓ˚È ÔÓ‰ıÓ‰ Í ÛÍ‡Á‡ÌÌÓÈ ÔÓ·ÎÂÏÂ, ‚ ÓÒÌÓ‚Â ÍÓÚÓÓ„Ó ÎÂÊ‡Î‡
ÔÓ‰ıÓ‰ˇ˘ËÏ Ó·‡ÁÓÏ ÏÓ‰ËÙËˆËÓ‚‡ÌÌ‡ˇ Ë‰Âˇ ·˚ÒÚÓÈ ÔÓÓ„Ó‚ÓÈ ÏÓ‰ÛÎˇˆËË.

‘ÂÌÓÏÂÌ ·˚ÒÚÓÈ ÔÓÓ„Ó‚ÓÈ ÏÓ‰ÛÎˇˆËË (fast threshold modulation ËÎË FTM), ‚ÔÂ‚˚Â
ÓÔËÒ‡ÌÌ˚È ‚ ‡·ÓÚ‡ı [9,10], ÔÂ‰ÒÚ‡‚ÎˇÂÚ ÒÓ·ÓÈ ÒÔÂˆË‡Î¸Ì˚È ÒÔÓÒÓ· Ò‚ˇÁË ‰ËÌ‡ÏË˜ÂÒÍËı ÒËÒÚÂÏ.
’‡‡ÍÚÂÌ‡ˇ ÓÒÓ·ÂÌÌÓÒÚ¸ ˝ÚÓ„Ó ÒÔÓÒÓ·‡ ÒÓÒÚÓËÚ ‚ ÚÓÏ, ˜ÚÓ Ô‡‚˚Â ˜‡ÒÚË ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı
‰ËÙÙÂÂÌˆË‡Î¸Ì˚ı Û‡‚ÌÂÌËÈ ÏÂÌˇ˛ÚÒˇ ÒÍ‡˜ÍÓÓ·‡ÁÌÓ ÔË ÔÂÂıÓ‰Â ÌÂÍÓÚÓ˚ı ÛÔ‡‚Îˇ˛˘Ëı
ÔÂÂÏÂÌÌ˚ı ˜ÂÂÁ Ò‚ÓË ÍËÚË˜ÂÒÍËÂ ÁÌ‡˜ÂÌËˇ. ¬ ÌÂÈÓÌÌ˚ı ÒËÒÚÂÏ‡ı Ë‰Âˇ FTM Â‡ÎËÁÛÂÚÒˇ, Í‡Í
Ô‡‚ËÎÓ, ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ.
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–ËÒ. 1. √‡ÙËÍ Â¯ÂÌËˇ x(t) Û‡‚ÌÂÌËˇ (1) Ò ÙÛÌÍˆËÂÈ (3)
ÔË l = 5, a = 2

Fig. 1. Graph of the solution x(t) of the equation (1) with the
function f(u) satisfying the formula (3) for l = 5, a = 2

0

x

t0 t0 + 1 T0

t

�a

–ËÒ. 2. √‡ÙËÍ ÙÛÌÍˆËË x0(t) ÔË a = 2

Fig. 2. Graph of the function x0(t) for a = 2

œÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ Ì‡ÔˇÊÂÌËÂ u = u(t) Ë ÒËÎ‡ ÚÓÍ‡ v = v(t) ‚ ÓÚ‰ÂÎ¸ÌÓÈ ÌÂÈÓÌÌÓÈ ÍÎÂÚÍÂ
Û‰Ó‚ÎÂÚ‚Óˇ˛Ú ÒËÒÚÂÏÂ ‰ËÙÙÂÂÌˆË‡Î¸Ì˚ı Û‡‚ÌÂÌËÈ

"u̇ = f(u, v), v̇ = g(u, v). (6)

«‰ÂÒ¸ " > 0 — Ï‡Î˚È Ô‡‡ÏÂÚ, ‡ Ì‡ Ô‡‚˚Â ˜‡ÒÚË f, g 2 C1 Ì‡ÎÓÊÂÌ˚ ÒÚ‡Ì‰‡ÚÌ˚Â Ó„‡ÌË˜Â-
ÌËˇ [11, Ò. 45–55], Ó·ÂÒÔÂ˜Ë‚‡˛˘ËÂ ÒÛ˘ÂÒÚ‚Ó‚‡ÌËÂ ÛÒÚÓÈ˜Ë‚Ó„Ó ÂÎ‡ÍÒ‡ˆËÓÌÌÓ„Ó ˆËÍÎ‡. “ËÔÓ‚˚Ï
ÔËÏÂÓÏ ÏÓ‰ÂÎË (6) ÒÎÛÊËÚ ËÁ‚ÂÒÚÌ‡ˇ ÒËÒÚÂÏ‡ ‘ËÚˆ’¸˛–Õ‡„ÛÏÓ [12].

–‡ÒÒÏÓÚËÏ ‰‡ÎÂÂ ÔÓÒÚÂÈ¯Û˛ ÒÂÚ¸, ÒÓÒÚÓˇ˘Û˛ ËÁ ‰‚Ûı ÒËÌ‡ÔÚË˜ÂÒÍË Ò‚ˇÁ‡ÌÌ˚ı ÌÂÈÓÌÓ‚.
¬ ˝ÚÓÏ ÒÎÛ˜‡Â ÒÓ„Î‡ÒÌÓ ‚˚‡·ÓÚ‡ÌÌ˚Ï Í Ì‡ÒÚÓˇ˘ÂÏÛ ‚ÂÏÂÌË ÔÂ‰ÒÚ‡‚ÎÂÌËˇÏ (ÒÏ., Ì‡ÔË-
ÏÂ, [13]) ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ ËÏ ˝ÎÂÍÚË˜ÂÒÍËÂ ÔÂÂÏÂÌÌ˚Â (uj , vj), j = 1, 2 Û‰Ó‚ÎÂÚ‚Óˇ˛Ú
ÒËÒÚÂÏÂ Û‡‚ÌÂÌËÈ

"u̇1 = f(u1, v1) + b s2(u2)(u⇤ � u1), v̇1 = g(u1, v1),

"u̇2 = f(u2, v2) + b s1(u1)(u⇤ � u2), v̇2 = g(u2, v2).
(7)

«‰ÂÒ¸ b — ÔÓÎÓÊËÚÂÎ¸Ì˚È Ô‡‡ÏÂÚ, ı‡‡ÍÚÂËÁÛ˛˘ËÈ Ï‡ÍÒËÏ‡Î¸ÌÛ˛ ÔÓ‚Ó‰ËÏÓÒÚ¸ ÒËÌ‡ÔÒ‡,
u⇤ — ÔÓÚÂÌˆË‡Î ÔÓÍÓˇ (ËÎË ÔÓÚÂÌˆË‡Î ÕÂÌÒÚ‡), ‡ ÙÛÌÍˆËË sj(uj), j = 1, 2 — ÔÓÒÚÒËÌ‡ÔÚË˜ÂÒÍËÂ
ÔÓ‚Ó‰ËÏÓÒÚË, Á‡‚ËÒˇ˘ËÂ ÓÚ ÔÂÒËÌ‡ÔÚË˜ÂÒÍËı ÔÓÚÂÌˆË‡ÎÓ‚ uj .

—ÎÂ‰ÛÂÚ ÓÚÏÂÚËÚ¸, ˜ÚÓ ÒÛ˘ÂÒÚ‚ÛÂÚ ÌÂÒÍÓÎ¸ÍÓ ‡ÁÎË˜Ì˚ı ÒÔÓÒÓ·Ó‚ ‚˚·Ó‡ ÙÛÌÍˆËÈ sj(uj),
ÓÔËÒ‡ÌËÂ ÍÓÚÓ˚ı ÏÓÊÌÓ Ì‡ÈÚË ‚ [13]. Ã˚ ÊÂ, ÛÍÓ‚Ó‰ÒÚ‚ÛˇÒ¸ Ë‰ÂÂÈ FTM, ÓÒÚ‡ÌÓ‚ËÏÒˇ Ì‡ ÔÓ-
ÒÚÂÈ¯ÂÏ ËÁ ÌËı, ‡ ËÏÂÌÌÓ, ·Û‰ÂÏ Ò˜ËÚ‡Ú¸, ˜ÚÓ

sj(uj) = H(uj � u⇤⇤), H(x) =

8
<

:
0 ÔË x < 0,

1 ÔË x > 0,
(8)

„‰Â u⇤⇤ — ÔÓÓ„, Ì‡˜ËÌ‡ˇ Ò ÍÓÚÓÓ„Ó Ó‰Ì‡ ÍÎÂÚÍ‡ ‚ÎËˇÂÚ Ì‡ ‰Û„Û˛. Õ‡ÔËÏÂ, ÂÒÎË u1 < u⇤⇤,
ÚÓ ÔÂ‚˚È ÌÂÈÓÌ ÌÂ ‰ÂÈÒÚ‚ÛÂÚ Ì‡ ‚ÚÓÓÈ, ‡ ÂÒÎË u1 > u⇤⇤, ÚÓ ‰ÂÈÒÚ‚ÛÂÚ.

œÂ‰ÔÓÎÓÊËÏ ÚÂÔÂ¸, ˜ÚÓ ËÏÂÂÚ ÏÂÒÚÓ Ó‰ÌÓÌ‡Ô‡‚ÎÂÌÌÓÂ ÒËÌ‡ÔÚË˜ÂÒÍÓÂ ‚Á‡ËÏÓ‰ÂÈÒÚ‚ËÂ
‚ ÒÂÚË ËÁ m, m > 2 ÌÂÈÓÌÓ‚, Ó·˙Â‰ËÌÂÌÌ˚ı ‚ ÍÓÎ¸ˆÓ. ≈ÒÎË ‰ÓÔÛÒÚËÚ¸, ˜ÚÓ Í‡Ê‰˚È ÓÚ‰ÂÎ¸ÌÓ
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‚ÁˇÚ˚È ÌÂÈÓÌ ÏÓ‰ÂÎËÛÂÚÒˇ Û‡‚ÌÂÌËÂÏ (1), ÚÓ Ï˚ ÏÓÊÂÏ, ÛÍÓ‚Ó‰ÒÚ‚ÛˇÒ¸ ÓÔËÒ‡ÌÌÓÈ ‚˚¯Â
ÏÂÚÓ‰ËÍÓÈ, ÔÂÂÈÚË ÓÚ (1) Í ‡Ì‡ÎÓ„Ë˜ÌÓÈ (7) ÒËÒÚÂÏÂ

u̇j = lf(uj(t� 1))uj + b sj�1(uj�1)(u⇤ � uj), j = 1, 2, . . . ,m, (9)

„‰Â u0 = um, s0 = sm, ‡ ÙÛÌÍˆËË sj Á‡‰‡Ì˚ ‡‚ÂÌÒÚ‚‡ÏË (8).
œË‚Â‰ÂÌÌ‡ˇ ÏÓ‰ÂÎ¸ (9) ËÏÂÂÚ Ô‡‚Ó Ì‡ ÒÛ˘ÂÒÚ‚Ó‚‡ÌËÂ. Œ‰Ì‡ÍÓ, Ì‡ Ì‡¯ ‚Á„Îˇ‰, ‚ ‰‡ÌÌÓÈ

ÒËÚÛ‡ˆËË ÒÎÂ‰ÛÂÚ ÓÚÍ‡Á‡Ú¸Òˇ ÓÚ Ó·˘ÂÔËÌˇÚ˚ı ÔÂ‰ÒÚ‡‚ÎÂÌËÈ. œÂ‚˚È ¯‡„ ‚ ˝ÚÓÏ Ì‡Ô‡‚ÎÂÌËË
·˚Î Ò‰ÂÎ‡Ì ‚ ÒÚ‡Ú¸Â [8], „‰Â ‚ÏÂÒÚÓ (9) ‡ÒÒÏ‡ÚË‚‡Î‡Ò¸ ÒËÒÚÂÏ‡

u̇j = [lf(uj(t� 1)) + b g(uj�1) ln(u⇤/uj)]uj , j = 1, 2, . . . ,m, u0 = um, (10)

‚ ÍÓÚÓÓÈ b = const > 0, u⇤ = exp(s l), s = const 2 R, ‡ ÙÛÌÍˆËˇ g(u) 2 C2(R+) Ú‡ÍÓ‚‡, ˜ÚÓ

g(u) > 0 8u > 0, g(0) = 0; g(u) = 1 +O

✓
1

u

◆
, ug0(u) = O

✓
1

u

◆
,

u2g00(u) = O

✓
1

u

◆
ÔË u ! +1.

(11)

ÃÓÚË‚˚, ÔÓ ÍÓÚÓ˚Ï ‚ [8] Ï˚ ÓÒÚ‡ÌÓ‚ËÎË Ò‚ÓÈ ‚˚·Ó Ì‡ ÒËÒÚÂÏÂ (10), ÒÓÒÚÓˇÎË ‚ ÒÎÂ-
‰Û˛˘ÂÏ. ¬Ó-ÔÂ‚˚ı, ÔË ÔÂÂıÓ‰Â ÓÚ (9) Í (10) Ó·˘ËÈ Í‡˜ÂÒÚ‚ÂÌÌ˚È ı‡‡ÍÚÂ ÒËÌ‡ÔÚË˜Â-
ÒÍÓÈ Ò‚ˇÁË ÒÓı‡ÌˇÂÚÒˇ, ÔÓÒÍÓÎ¸ÍÛ ‚ Ó·ÓËı ÒÎÛ˜‡ˇı ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ Ò‚ˇÁÛ˛˘ËÂ ÒÎ‡„‡ÂÏ˚Â
b sj�1(uj�1)(u⇤ � uj) Ë b g(uj�1)uj ln(u⇤/uj) ÏÂÌˇ˛Ú ÁÌ‡Í Ò «+» Ì‡ «�» ÔË Û‚ÂÎË˜ÂÌËË ÔÓÚÂÌ-
ˆË‡ÎÓ‚ uj Ë ÔË ÔÓıÓÊ‰ÂÌËË Ëı ˜ÂÂÁ ÍËÚË˜ÂÒÍÓÂ ÁÌ‡˜ÂÌËÂ u⇤. ¬Ó-‚ÚÓ˚ı, ‚ ÒÓÓÚ‚ÂÚÒÚ‚ËË
Ò ÏÂÚÓ‰ËÍÓÈ ‡·ÓÚ [3, 4] ÒËÒÚÂÏ‡ (10) ËÏÂÂÚ ÚÂ·ÛÂÏÛ˛ ‚ÓÎ¸ÚÂÓ‚ÒÍÛ˛ ÒÚÛÍÚÛÛ.

Œ‰Ì‡ÍÓ ÒÓ ‚ÂÏÂÌÂÏ ÒÚ‡ÎÓ ÔÓÌˇÚÌÓ, ˜ÚÓ Ë ÒËÒÚÂÏ‡ (10) ÌÛÊ‰‡ÂÚÒˇ ‚ ÌÂÍÓÚÓÓÈ ‰Ó‡·ÓÚÍÂ.
—‚ˇÁ‡ÌÓ ˝ÚÓ Ò ÚÂÏ, ˜ÚÓ ÙË„ÛËÛ˛˘‡ˇ ‚ (10) ÙÛÌÍˆËˇ ln(u⇤/u) ÌÂ Û‰Ó‚ÎÂÚ‚ÓˇÂÚ „ËÔÓÚÂÁÂ
Ó Ì‡Ò˚˘‡˛˘ÂÈ ÔÓ‚Ó‰ËÏÓÒÚË, ÒÓ„Î‡ÒÌÓ ÍÓÚÓÓÈ ‚ÒÂ ‚ıÓ‰ˇ˘ËÂ ‚ ÏÓ‰ÂÎ¸ ÌÂÎËÌÂÈÌÓÒÚË ‰ÓÎÊÌ˚
ÒÚÂÏËÚ¸Òˇ ÔË u ! +1 Í ÍÓÌÂ˜Ì˚Ï ÔÂ‰ÂÎ‡Ï.

ƒÎˇ ÚÓ„Ó ˜ÚÓ·˚ ËÒÔ‡‚ËÚ¸ ÔÓÎÓÊÂÌËÂ, ÔÂÂÈ‰ÂÏ ÓÚ (10) Í ÒËÒÚÂÏÂ

u̇j = l[f(uj(t� 1)) + b g(uj�1)h(uj/u⇤)]uj , j = 1, 2, . . . ,m, u0 = um. (12)

«‰ÂÒ¸ ÙÛÌÍˆËˇ h(u) 2 C2(R+) Ó·Î‡‰‡ÂÚ ‡Ì‡ÎÓ„Ë˜Ì˚ÏË (2), (11) Ò‚ÓÈÒÚ‚‡ÏË:

h(u) > 0 ÔË 0 6 u < 1, h(u) < 0 ÔË u > 1, h(1) = 0, h0(1) < 1,

h(0) = 1, h(u) = �c+O

✓
1

u

◆
, uh0(u) = O

✓
1

u

◆
, u2h00(u) = O

✓
1

u

◆
(13)

ÔË u ! +1, „‰Â c = const > 0.
—‚ÓÈÒÚ‚‡ (13) „‡‡ÌÚËÛ˛Ú, ˜ÚÓ signh(u) = sign (ln(1/u)) ÔË ‚ÒÂı u > 0, ‡ ÁÌ‡˜ËÚ, Í‡˜Â-

ÒÚ‚ÂÌÌ˚È ı‡‡ÍÚÂ Ò‚ˇÁÂÈ ‚ ÏÓ‰ÂÎˇı (10) Ë (12) Ë‰ÂÌÚË˜ÂÌ. »ÏÂÂÚ ÏÂÒÚÓ ‰Îˇ h(u) Ë ÚÂ·ÛÂÏÓÂ
Ò‚ÓÈÒÚ‚Ó Ì‡Ò˚˘ÂÌËˇ. Œ‰Ì‡ÍÓ ÛÏÂÒÚÌÓ Ò‰ÂÎ‡Ú¸ Â˘Â Ó‰ÌÓ ÌÂÚË‚Ë‡Î¸ÌÓÂ ‰ÓÔÛ˘ÂÌËÂ, ‡ ËÏÂÌÌÓ,
·Û‰ÂÏ Ò˜ËÚ‡Ú¸, ˜ÚÓ ‰Îˇ Í‡Ê‰Ó„Ó Û‡‚ÌÂÌËˇ ËÁ (12) ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÈ ÔÓÚÂÌˆË‡Î ÔÓÍÓˇ u⇤, ÔÂ‰ÔÓ-
Î‡„‡‚¯ËÈÒˇ ÔÓÒÚÓˇÌÌ˚Ï, ÚÂÔÂ¸ Á‡‚ËÒËÚ ÓÚ ‚ÂÏÂÌË Ë ÒÓ‚Ô‡‰‡ÂÚ Ò uj�1(t). “ÂÏ Ò‡Ï˚Ï ÔËıÓ‰ËÏ
Í ÒËÒÚÂÏÂ

u̇j = l[f(uj(t� 1)) + b g(uj�1)h(uj/uj�1)]uj , j = 1, 2, . . . ,m, u0 = um, (14)

„‰Â, Ì‡ÔÓÏÌËÏ, ÙÛÌÍˆËË f , g, h Ó·Î‡‰‡˛Ú Ò‚ÓÈÒÚ‚‡ÏË (2), (11), (13) ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, b = const > 0,
l � 1. ƒ‡ÌÌ‡ˇ ÒËÒÚÂÏ‡ Ë ÂÒÚ¸ ËÌÚÂÂÒÛ˛˘‡ˇ Ì‡Ò ÌÓ‚‡ˇ Ï‡ÚÂÏ‡ÚË˜ÂÒÍ‡ˇ ÏÓ‰ÂÎ¸ ıËÏË˜ÂÒÍËı
ÒËÌ‡ÔÒÓ‚.
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«‡‚Â¯‡ˇ ÓÔËÒ‡ÌËÂ Ó·˙ÂÍÚ‡ ËÒÒÎÂ‰Ó‚‡ÌËˇ, Á‡ÏÂÚËÏ, ˜ÚÓ ÔÂ‰ÎÓÊÂÌÌ‡ˇ ‚ ‰‡ÌÌÓÈ ÒÚ‡Ú¸Â
ÏÓ‰ÂÎ¸ (14) ‚ÔÓÎÌÂ ‡Ì‡ÎÓ„Ë˜Ì‡ ‡ÒÒÏÓÚÂÌÌÓÈ ‚ [14] Ï‡ÚÂÏ‡ÚË˜ÂÒÍÓÈ ÏÓ‰ÂÎË ˝ÎÂÍÚË˜ÂÒÍËı
ÒËÌ‡ÔÒÓ‚, ÚÓ ÂÒÚ¸ ÒÓ·Î˛‰ÂÌ Ú‡Í Ì‡Á˚‚‡ÂÏ˚È ÔËÌˆËÔ Â‰ËÌÓÓ·‡ÁËˇ. »ÏÂÌÌÓ ‡‰Ë ˝ÚÓ„Ó ÔËÌˆËÔ‡
Ë ·˚Î‡ ÓÒÛ˘ÂÒÚ‚ÎÂÌ‡ ‚ (12) Á‡ÏÂÌ‡ u⇤ Ì‡ uj�1.

2. ¡Â„Û˘ËÂ ‚ÓÎÌ˚ ÂÎÂÈÌÓÈ ÒËÒÚÂÏ˚

’‡‡ÍÚÂÌÓÈ ÓÒÓ·ÂÌÌÓÒÚ¸˛ ÒËÒÚÂÏ˚ (14) ˇ‚ÎˇÂÚÒˇ ÚÓ Ó·ÒÚÓˇÚÂÎ¸ÒÚ‚Ó, ˜ÚÓ ÔÓÒÎÂ Á‡ÏÂÌ
xj = " lnuj , j = 1, 2, . . . ,m, " = 1/l ⌧ 1 Ë ÔÓÒÎÂ‰Û˛˘Â„Ó ÒÚÂÏÎÂÌËˇ Ô‡‡ÏÂÚ‡ " Í ÌÛÎ˛
ÓÌ‡ ‰ÓÔÛÒÍ‡ÂÚ ÌÂÍÓÚÓ˚È ÔÂ‰ÂÎ¸Ì˚È Ó·˙ÂÍÚ. ƒÂÈÒÚ‚ËÚÂÎ¸ÌÓ, ÛÍ‡Á‡ÌÌ˚Â Á‡ÏÂÌ˚ ÔÂÓ·‡ÁÛ˛Ú ÂÂ
Í ‚Ë‰Û

ẋj = F(xj(t� 1), ") + bG(xj�1, ")H(xj � xj�1, "), j = 1, 2, . . . ,m, (15)

„‰Â x0 = xm,

F(x, ") = f
⇣
exp

⇣x
"

⌘⌘
, G(x, ") = g

⇣
exp

⇣x
"

⌘⌘
, H(x, ") = h

⇣
exp

⇣x
"

⌘⌘
. (16)

«‡ÏÂÚËÏ ‰‡ÎÂÂ, ˜ÚÓ ‚ ÒËÎÛ Ò‚ÓÈÒÚ‚ (2), (11), (13) ‰Îˇ ÙÛÌÍˆËÈ (16) ÔË Î˛·ÓÏ ÙËÍÒËÓ‚‡ÌÌÓÏ
x 2 R, x 6= 0 ‚˚ÔÓÎÌˇ˛ÚÒˇ ÔÂ‰ÂÎ¸Ì˚Â ‡‚ÂÌÒÚ‚‡

lim
"!0

F(x, ") = 1� (a+ 1)H(x), lim
"!0

G(x, ") = H(x),

lim
"!0

H(x, ") = 1� (c+ 1)H(x),
(17)

„‰Â H(x) — ÙÛÌÍˆËˇ ËÁ (8).
—ÓÓÚÌÓ¯ÂÌËˇ (17) Ò‚Ë‰ÂÚÂÎ¸ÒÚ‚Û˛Ú Ó ÚÓÏ, ˜ÚÓ ÔË " ! 0 ËÒıÓ‰Ì‡ˇ ÒËÒÚÂÏ‡ (15) ÔÂÂıÓ‰ËÚ

‚ ÂÎÂÈÌÛ˛ ÒËÒÚÂÏÛ

ẋj = 1� (a+ 1)H(xj(t� 1)) + bH(xj�1)[1� (c+ 1)H(xj � xj�1)], 1 6 j 6 m, (18)

„‰Â x0 = xm. ¬ Ò‚Ó˛ Ó˜ÂÂ‰¸, Ì‡ÎË˜ËÂ ÔÂ‰ÂÎ¸ÌÓ„Ó Ó·˙ÂÍÚ‡ (18) ÒÛ˘ÂÒÚ‚ÂÌÌÓ Ó·ÎÂ„˜‡ÂÚ ÔÓ·ÎÂÏÛ
ÓÚ˚ÒÍ‡ÌËˇ ‡ÚÚ‡ÍÚÓÓ‚ ÒËÒÚÂÏ˚ (15) Ë ÔÓÁ‚ÓÎˇÂÚ, ‚ ˜‡ÒÚÌÓÒÚË, ÔËÏÂÌËÚ¸ Í ÌÂÈ Ó·˘ËÂ ÂÁÛÎ¸Ú‡Ú˚
ËÁ [15] Ó ÒÓÓÚ‚ÂÚÒÚ‚ËË ÏÂÊ‰Û „Û·˚ÏË ˆËÍÎ‡ÏË ÂÎÂÈÌÓÈ Ë ÂÎ‡ÍÒ‡ˆËÓÌÌÓÈ ÒËÒÚÂÏ. ÕËÊÂ
ÛÔÓÏˇÌÛÚ˚Â ÂÁÛÎ¸Ú‡Ú˚ ËÒÔÓÎ¸ÁÛ˛ÚÒˇ ‰Îˇ Ì‡ıÓÊ‰ÂÌËˇ ÒÔÂˆË‡Î¸Ì˚ı ÔÂËÓ‰Ë˜ÂÒÍËı ‰‚ËÊÂÌËÈ —
Ú‡Í Ì‡Á˚‚‡ÂÏ˚ı ·Â„Û˘Ëı ‚ÓÎÌ.

—Ó„Î‡ÒÌÓ Ó·˘ÂÔËÌˇÚÓÈ ÚÂÏËÌÓÎÓ„ËË ·Â„Û˘ÂÈ ‚ÓÎÌÓÈ Ò ÌÓÏÂÓÏ k 2 N, 1 6 k 6 m� 1
·Û‰ÂÏ Ì‡Á˚‚‡Ú¸ ÒÔÂˆË‡Î¸ÌÓÂ ÔÂËÓ‰Ë˜ÂÒÍÓÂ Â¯ÂÌËÂ ÒËÒÚÂÏ˚ (15), ‰ÓÔÛÒÍ‡˛˘ÂÂ ÔÂ‰ÒÚ‡‚ÎÂÌËÂ

xj = x(t+ (j � 1)D), j = 1, 2, . . . ,m. (19)

«‰ÂÒ¸ D = const > 0 — ÌÂÍÓÚÓ˚È Ù‡ÁÓ‚˚È Ò‰‚Ë„, ‡ ÙÛÌÍˆËˇ x(t) — ÔÂËÓ‰Ë˜ÂÒÍÓÂ Â¯ÂÌËÂ
‚ÒÔÓÏÓ„‡ÚÂÎ¸ÌÓ„Ó Û‡‚ÌÂÌËˇ

ẋ = F(x(t� 1), ") + bG(x(t� D), ")H(x� x(t� D), ") (20)

ÔÂËÓ‰‡ T = mD/k. ¿Ì‡ÎÓ„Ë˜ÌÓÂ ÓÔÂ‰ÂÎÂÌËÂ ·Â„Û˘ÂÈ ‚ÓÎÌ˚ ÒÓı‡ÌˇÂÚÒˇ Ë ‰Îˇ ÂÎÂÈÌÓÈ ÒËÒÚÂ-
Ï˚ (18), ÌÓ ‚ ˝ÚÓÏ ÒÎÛ˜‡Â x(t) — ÔÂËÓ‰Ë˜ÂÒÍÓÂ Â¯ÂÌËÂ ÔÂËÓ‰‡ T = mD/k ‚ÒÔÓÏÓ„‡ÚÂÎ¸ÌÓ„Ó
Û‡‚ÌÂÌËˇ

ẋ = 1� (a+ 1)H(x(t� 1)) + bH(x(t� D))[1� (c+ 1)H(x� x(t� D))]. (21)
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 ‡Í ÓÍ‡Á˚‚‡ÂÚÒˇ, ‰Îˇ ÂÎÂÈÌÓÈ ÒËÒÚÂÏ˚ (18) ·Â„Û˘ËÂ ‚ÓÎÌ˚ (19) ÔË Ì‡‰ÎÂÊ‡˘ÂÏ ‚˚·ÓÂ
Ô‡‡ÏÂÚÓ‚ a, b, c, k, m ÏÓ„ÛÚ ·˚Ú¸ Ì‡È‰ÂÌ˚ ˇ‚ÌÓ. ƒÎˇ ÚÓ„Ó ˜ÚÓ·˚ Û·Â‰ËÚ¸Òˇ ‚ ˝ÚÓÏ, ÔÓ‡Ì‡ÎËÁË-
ÛÂÏ Û‡‚ÌÂÌËÂ (21), ‡ ËÏÂÌÌÓ, ÛÒÚ‡ÌÓ‚ËÏ Ù‡ÍÚ ÒÛ˘ÂÒÚ‚Ó‚‡ÌËˇ Û ÌÂ„Ó ‚ ÔÓ‰ıÓ‰ˇ˘ÂÏ ‰Ë‡Ô‡ÁÓÌÂ
Ô‡‡ÏÂÚÓ‚ a, b, c, D ÌÂÍÓÚÓÓ„Ó ÔÂËÓ‰Ë˜ÂÒÍÓ„Ó Â¯ÂÌËˇ x = x⇤(t,D) ÔÂËÓ‰‡ T⇤ = T⇤(D).

œÂ‰ÔÓÎ‡„‡ˇ ‚˚ÔÓÎÌÂÌÌ˚Ï ÛÒÎÓ‚ËÂ D > 1, ‚ Ù‡ÁÓ‚ÓÏ ÔÓÒÚ‡ÌÒÚ‚Â C[�D, 0] ÌÂÔÂ˚‚Ì˚ı
ÔË �D 6 t 6 0 ÒÍ‡ÎˇÌ˚ı ÙÛÌÍˆËÈ 3(t) ‚‚Â‰ÂÏ ‚ ‡ÒÒÏÓÚÂÌËÂ ÒÔÂˆË‡Î¸ÌÓÂ ÒÂÏÂÈÒÚ‚Ó
3t1,t2(t) Ì‡˜‡Î¸Ì˚ı ÛÒÎÓ‚ËÈ ‰Îˇ Û‡‚ÌÂÌËˇ (21). ›ÚÓ ÒÂÏÂÈÒÚ‚Ó Á‡‚ËÒËÚ ÓÚ ‰‚Ûı ‚ÒÔÓÏÓ„‡ÚÂÎ¸Ì˚ı
Ô‡‡ÏÂÚÓ‚ t1, t2, Û‰Ó‚ÎÂÚ‚Óˇ˛˘Ëı ÌÂ‡‚ÂÌÒÚ‚‡Ï

0 < t1 <
a

a+ b+ 1
t2, t2 < 1,

a

b+ 1
+ t2 + 1 < D < t2 + 1 + a. (22)

—‡ÏË ÊÂ ÙÛÌÍˆËË 3t1,t2(t) Á‡‰‡˛ÚÒˇ ÙÓÏÛÎÓÈ

3t1,t2(t) =

8
>>>><

>>>>:

t+ D� t1 + a(t2 � t1) ÔË �D 6 t 6 �D+ t1,

�a(t+ D� t2) ÔË �D+ t1 6 t 6 �D+ t2 + 1,

�a+ t+ D� t2 � 1 ÔË �D+ t2 + 1 6 t 6 �D+ t3,

(b+ 1)t ÔË �D+ t3 6 t 6 0,

(23)

„‰Â

t3 = D+
1

b
(D� t2 � 1� a). (24)

Œ·‡ÚËÏ ‚ÌËÏ‡ÌËÂ, ˜ÚÓ ‚ ÒËÎÛ ÒÓÓÚÌÓ¯ÂÌËÈ (22)–(24) ÒÔ‡‚Â‰ÎË‚˚ ÌÂ‡‚ÂÌÒÚ‚‡

�D < �D+ t1 < �D+ t2 < �D+ t2 + 1 < �D+ t3 < 0,

3t1,t2(t) > 0 ÔË � D 6 t < �D+ t2, 3t1,t2(t) < 0 ÔË � D+ t2 < t < 0,
(25)

‡ ÁÌ‡˜ËÚ, „‡ÙËÍ Î˛·ÓÈ ÙÛÌÍˆËË 3t1,t2(t) ËÁ Ì‡¯Â„Ó ÒÂÏÂÈÒÚ‚‡ ËÏÂÂÚ ‚Ë‰, ÔÓÍ‡Á‡ÌÌ˚È Ì‡ ËÒ. 3.
Œ·ÓÁÌ‡˜ËÏ ˜ÂÂÁ x = xt1,t2(t), t > 0 Â¯ÂÌËÂ Û‡‚ÌÂÌËˇ (21) Ò Ì‡˜‡Î¸Ì˚Ï ÛÒÎÓ‚ËÂÏ

3t1,t2(t), �D 6 t 6 0, ‡ ˜ÂÂÁ t = T > 0 — ‚ÚÓÓÈ ÔÓÎÓÊËÚÂÎ¸Ì˚È ÍÓÂÌ¸ Û‡‚ÌÂÌËˇ xt1,t2(t) = 0
(ÂÒÎË ÓÌ ÒÛ˘ÂÒÚ‚ÛÂÚ).  ‡Í ·Û‰ÂÚ ÔÓÍ‡Á‡ÌÓ ÌËÊÂ, ÔË ÌÂÍÓÚÓ˚ı ‰ÓÔÓÎÌËÚÂÎ¸Ì˚ı Ó„‡ÌË˜ÂÌËˇı

–ËÒ. 3. √‡ÙËÍ ÙÛÌÍˆËË 3t1,t2(t) ËÁ ÒÂÏÂÈÒÚ‚‡ (23) ÔË
ÛÒÎÓ‚Ëˇı (22), (24), (25)

Fig. 3. Graph of function 3t1,t2(t) from the family (23) under
conditions (22), (24), (25)

Ì‡ a, b, c, D Ë Ì‡ Ô‡‡ÏÂÚ˚ t1, t2 ÙÛÌÍˆËˇ
xt1,t2(t+ T ), �D 6 t 6 0 ÒÓ‚Ô‡‰‡ÂÚ Ò 3t1,t2(t),
„‰Â ÌÓ‚˚Â Ô‡‡ÏÂÚ˚ t1, t2 ÎËÌÂÈÌÓ Á‡‚ËÒˇÚ
ÓÚ t1, t2. ¡ÓÎÂÂ ÚÓ„Ó, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÂ ÓÚÓ·-
‡ÊÂÌËÂ (t1, t2) 7! (t1, t2) ËÏÂÂÚ Â‰ËÌÒÚ‚ÂÌ-
ÌÛ˛ ÌÂÔÓ‰‚ËÊÌÛ˛ ÚÓ˜ÍÛ (t⇤

1
(D), t⇤

2
(D)). ◊ÚÓ

ÊÂ Í‡Ò‡ÂÚÒˇ ËÒÍÓÏÓ„Ó ÔÂËÓ‰Ë˜ÂÒÍÓ„Ó Â¯Â-
ÌËˇ x⇤(t,D) Û‡‚ÌÂÌËˇ (21), ÚÓ Ò‡ÏÓ ÓÌÓ Ë Â„Ó
ÔÂËÓ‰ T⇤(D) Á‡‰‡˛ÚÒˇ ÒÓÓÚÌÓ¯ÂÌËˇÏË

x⇤(t,D) = xt1,t2(t)|t1=t⇤1(D),t2=t⇤2(D),

T⇤(D) = T |t1=t⇤1(D),t2=t⇤2(D).
(26)

ƒÎˇ ÚÓ„Ó ˜ÚÓ·˚ Â‡ÎËÁÓ‚‡Ú¸ ÓÔËÒ‡ÌÌÛ˛
‚˚¯Â ÔÓ„‡ÏÏÛ ‰ÂÈÒÚ‚ËÈ, ÔÓËÌÚÂ„ËÛÂÏ
Û‡‚ÌÂÌËÂ (21) ÏÂÚÓ‰ÓÏ ¯‡„Ó‚, ‡ ËÏÂÌÌÓ, ·Û-
‰ÂÏ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ ‡ÒÒÏ‡ÚË‚‡Ú¸ ‡ÁÎË˜Ì˚Â
ÔÓÏÂÊÛÚÍË ‚ÂÏÂÌË Ë ÔÓÎÛ˜‡Ú¸ ‰Îˇ ËÌÚÂÂ-
ÒÛ˛˘Â„Ó Ì‡Ò Â¯ÂÌËˇ xt1,t2(t) Ì‡ ˝ÚËı ÔÓÏÂ-
ÊÛÚÍ‡ı ÌÂÍÓÚÓ˚Â ˇ‚Ì˚Â ÙÓÏÛÎ˚.
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Õ‡ ÔÂ‚ÓÏ ¯‡„Â Ó·‡ÚËÏÒˇ Í ÔÓÏÂÊÛÚÍÛ

0 6 t < t⇤, t⇤ =
a

a+ b+ 1
t2. (27)

¬ ˝ÚÓÏ ÒÎÛ˜‡Â ‚ ÒËÎÛ ÌÂ‡‚ÂÌÒÚ‚ (22), (25) ËÏÂÂÏ

t� 1 2 [�1, t⇤ � 1) ⇢ (�D+ t2, 0), x(t� 1) = 3t1,t2(t� 1) < 0,

‡ ÁÌ‡˜ËÚ, H(x(t � 1)) ⌘ 0. ƒ‡ÎÂÂ, Û˜ËÚ˚‚‡ˇ ‚˚ÚÂÍ‡˛˘ÂÂ ËÁ (22), (27) ÌÂ‡‚ÂÌÒÚ‚Ó t1 < t⇤,
ÔËıÓ‰ËÏ Í ÙÓÏÛÎÂ

x(t� D) = 3t1,t2(t� D) =

(
t� t1 + a(t2 � t1) ÔË 0 6 t 6 t1,
�a(t� t2) ÔË t1 6 t 6 t⇤.

(28)

¿ ÓÚÒ˛‰‡ Ë ËÁ (25) ‡‚ÚÓÏ‡ÚË˜ÂÒÍË ÒÎÂ‰ÛÂÚ, ˜ÚÓ x(t�D) > 0, H(x(t�D)) ⌘ 1. », Ì‡ÍÓÌÂˆ, ‚ ÒÎÛ˜‡Â
ÙÛÌÍˆËË x(t)� x(t� D) Ï˚ ‡ÔËÓË Ò˜ËÚ‡ÂÏ ‚˚ÔÓÎÌÂÌÌ˚Ï ÌÂ‡‚ÂÌÒÚ‚Ó

x(t)� x(t� D) < 0 8 t 2 [0, t⇤). (29)

œËÌËÏ‡ˇ ‚Ó ‚ÌËÏ‡ÌËÂ ÔÂÂ˜ËÒÎÂÌÌ˚Â Ù‡ÍÚ˚, ÔËıÓ‰ËÏ Í ‚˚‚Ó‰Û, ˜ÚÓ Ì‡ ÔÂ‚ÓÏ ¯‡„Â
‡ÒÒÏÓÚÂÌË˛ ÔÓ‰ÎÂÊËÚ Á‡‰‡˜‡  Ó¯Ë

ẋ = b+ 1, x|t=0 = 3t1,t2(0) = 0.

“ÂÏ Ò‡Ï˚Ï Ì‡ ÔÓÏÂÊÛÚÍÂ (27) Â¯ÂÌËÂ x = xt1,t2(t) Á‡‰‡ÂÚÒˇ ‡‚ÂÌÒÚ‚ÓÏ

x = (b+ 1)t. (30)

—ÎÂ‰ÛÂÚ, Ó‰Ì‡ÍÓ, Ì‡ÔÓÏÌËÚ¸, ˜ÚÓ ˝ÚÓ ‡‚ÂÌÒÚ‚Ó ‚˚‚Â‰ÂÌÓ ‚ ÔÂ‰ÔÓÎÓÊÂÌËË (29). ÕÓ ËÁ ÙÓÏÛÎ
(28), (30) ÌÂÚÛ‰ÌÓ ‚˚‚ÂÒÚË, ˜ÚÓ ÛÔÓÏˇÌÛÚÓÂ ‡ÔËÓÌÓÂ ÛÒÎÓ‚ËÂ ‰ÂÈÒÚ‚ËÚÂÎ¸ÌÓ ‚˚ÔÓÎÌˇÂÚÒˇ.

¬ÚÓÓÈ ¯‡„ Ò‚ˇÁ‡Ì Ò ‡ÒÒÏÓÚÂÌËÂÏ ËÌÚÂ‚‡Î‡

t⇤ < t < t⇤⇤, t⇤⇤ = t2. (31)

ŒÚÏÂÚËÏ Ò‡ÁÛ, ˜ÚÓ ‚ ÚÓ˜ÍÂ t = t⇤ Â¯ÂÌËÂ xt1,t2(t) ‰ÓÓÔÂ‰ÂÎˇÂÚÒˇ ÔÓ ÌÂÔÂ˚‚ÌÓÒÚË, ÚÓ ÂÒÚ¸
xt1,t2(t⇤) = (b+ 1)t⇤. ”˜ËÚ˚‚‡ˇ ˝ÚÓ Ó·ÒÚÓˇÚÂÎ¸ÒÚ‚Ó, ÔËıÓ‰ËÏ Í ‚˚‚Ó‰Û, ˜ÚÓ ÔË t = t⇤ ÒÓÓÚ‚ÂÚ-
ÒÚ‚Û˛˘ÂÂ ÌÂ‡‚ÂÌÒÚ‚Ó ËÁ (29) Ó·‡˘‡ÂÚÒˇ ‚ ÒÚÓ„ÓÂ ‡‚ÂÌÒÚ‚Ó. œÓ˝ÚÓÏÛ ÛÏÂÒÚÌÓ ÔÂ‰ÔÓÎÓÊËÚ¸,
˜ÚÓ ‚ ÚÓ˜ÍÂ t = t⇤ ÔÓËÒıÓ‰ËÚ ÔÂÂÍÎ˛˜ÂÌËÂ Ë

x(t)� x(t� D) > 0 8 t 2 (t⇤, t⇤⇤). (32)

œÓ‡Ì‡ÎËÁËÛÂÏ ‰‡ÎÂÂ ÁÌ‡ÍË ÙÛÌÍˆËÈ x(t� 1), x(t� D).  ‡Í Ë ‚ ÔÂ‰˚‰Û˘ÂÏ ÒÎÛ˜‡Â, ‰Îˇ
ÔÂ‚ÓÈ ËÁ ÌËı ËÏÂÂÏ

t� 1 2 (t⇤ � 1, t⇤⇤ � 1) ⇢ (�D+ t2, 0), x(t� 1) = 3t1,t2(t� 1) < 0, H(x(t� 1)) ⌘ 0.

¬ÚÓ‡ˇ ÊÂ Ì‡ ÔÓÏÂÊÛÚÍÂ (31) Á‡‰‡ÂÚÒˇ ÙÓÏÛÎÓÈ

x(t� D) = 3t1,t2(t� D) = �a(t� t⇤⇤), (33)

ËÁ ÍÓÚÓÓÈ, ‚ Ò‚Ó˛ Ó˜ÂÂ‰¸, ÒÎÂ‰ÛÂÚ, ˜ÚÓ x(t� D) > 0, H(x(t� D)) ⌘ 1.
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œË‚Â‰ÂÌÌ˚Â Ù‡ÍÚ˚ Ò‚Ë‰ÂÚÂÎ¸ÒÚ‚Û˛Ú Ó ÚÓÏ, ˜ÚÓ Ì‡ ËÌÚÂ‚‡ÎÂ (31) ËÏÂÂÏ ‰ÂÎÓ Ò Á‡‰‡˜ÂÈ
 Ó¯Ë

ẋ = 1� bc, x|t=t⇤ = (b+ 1)t⇤,

‡ ÁÌ‡˜ËÚ, ‚ ˝ÚÓÏ ÒÎÛ˜‡Â ‰Îˇ Â¯ÂÌËˇ x = xt1,t2(t) ÒÔ‡‚Â‰ÎË‚Ó ‡‚ÂÌÒÚ‚Ó

x = (b+ 1)t⇤ � (bc� 1)(t� t⇤). (34)

Œ·˙Â‰ËÌˇˇ Â„Ó Ò (33), ÔËıÓ‰ËÏ Í ‚˚‚Ó‰Û, ˜ÚÓ

x(t)� x(t� D) = (a+ 1� bc)(t� t⇤) 8 t 2 [t⇤, t⇤⇤).

“ÂÏ Ò‡Ï˚Ï ‡ÔËÓÌÓÂ ÚÂ·Ó‚‡ÌËÂ (32), ÔË ÍÓÚÓÓÏ ·˚Î‡ ÔÓÎÛ˜ÂÌ‡ ÙÓÏÛÎ‡ (34), Á‡‚Â‰ÓÏÓ
ÒÔ‡‚Â‰ÎË‚Ó ÔË ÛÒÎÓ‚ËË (ÍÓÚÓÓÂ ‚Ò˛‰Û ÌËÊÂ Ò˜ËÚ‡ÂÏ ‚˚ÔÓÎÌÂÌÌ˚Ï)

bc < a+ 1. (35)

ƒÓ·‡‚ËÏ Â˘Â, ˜ÚÓ, Í‡Í Ó·˚˜ÌÓ, ‚ ÚÓ˜ÍÂ t = t⇤⇤ Â¯ÂÌËÂ xt1,t2(t) ‰ÓÓÔÂ‰ÂÎˇÂÚÒˇ ÔÓ ÌÂÔÂ˚‚ÌÓÒÚË,
‡ ÛÒÎÓ‚ËÂ (35) „‡‡ÌÚËÛÂÚ, ˜ÚÓ

xt1,t2(t⇤⇤) =
(b+ 1)(a+ 1� bc)

a+ b+ 1
t⇤⇤ > 0. (36)

œÂÊ‰Â ˜ÂÏ ÔÂÂÈÚË Í ÔÓÒÎÂ‰Û˛˘ÂÏÛ ÔÓÒÚÓÂÌË˛ Â¯ÂÌËˇ xt1,t2(t), Ò‰ÂÎ‡ÂÏ Ó‰ÌÓ ÔÓÎÂÁÌÓÂ
Ì‡·Î˛‰ÂÌËÂ. œÓÒÍÓÎ¸ÍÛ ‚ ÒËÎÛ (25) ÒÔ‡‚Â‰ÎË‚Ó ÌÂ‡‚ÂÌÒÚ‚Ó x(t � D) < 0 ÔË t 2 (t⇤⇤,D), ÚÓ
‡‚ÚÓÏ‡ÚË˜ÂÒÍË H(x(t � D)) ⌘ 0. “ÂÏ Ò‡Ï˚Ï Ì‡ ÔÓÏÂÊÛÚÍÂ (t⇤⇤,D) ‚ÏÂÒÚÓ (21) ‡ÒÒÏÓÚÂÌË˛
ÔÓ‰ÎÂÊËÚ ·ÓÎÂÂ ÔÓÒÚÓÂ Û‡‚ÌÂÌËÂ

ẋ = 1� (a+ 1)H(x(t� 1)). (37)

Õ‡ ÚÂÚ¸ÂÏ ¯‡„Â Ó·‡ÚËÏÒˇ Í ËÌÚÂ‚‡ÎÛ

t⇤⇤ < t < 1 (38)

Ë Á‡ÏÂÚËÏ, ˜ÚÓ ÒÓ„Î‡ÒÌÓ (25) ÔË ÛÍ‡Á‡ÌÌ˚ı t ÒÔ‡‚Â‰ÎË‚˚ ÒÓÓÚÌÓ¯ÂÌËˇ x(t�1)<0, H(x(t�1))⌘0.
¿ ÓÚÒ˛‰‡ Ë ËÁ (36), (37) Á‡ÍÎ˛˜‡ÂÏ, ˜ÚÓ Ì‡ ÔÓÏÂÊÛÚÍÂ ‚ÂÏÂÌË (38) Â¯ÂÌËÂ xt1,t2(t) Á‡‰‡ÂÚÒˇ
ÙÓÏÛÎÓÈ

x = t� t⇤⇤ +
(b+ 1)(a+ 1� bc)

a+ b+ 1
t⇤⇤, (39)

‡ ‚ ÚÓ˜ÍÂ t = 1 ‰ÓÓÔÂ‰ÂÎˇÂÚÒˇ ÔÓ ÌÂÔÂ˚‚ÌÓÒÚË.
œÂÂ‰ ‡ÒÒÏÓÚÂÌËÂÏ Ó˜ÂÂ‰ÌÓ„Ó ÔÓÏÂÊÛÚÍ‡ ‚ÂÏÂÌË ÔÓÎÓÊËÏ

t⇤⇤⇤ = 1 +
1

a

✓
1� t⇤⇤ +

(b+ 1)(a+ 1� bc)

a+ b+ 1
t⇤⇤

◆
> 1 (40)

Ë ·Û‰ÂÏ Ò˜ËÚ‡Ú¸ ‚˚ÔÓÎÌÂÌÌ˚Ï Ó˜ÂÂ‰ÌÓÂ ÛÒÎÓ‚ËÂ

t⇤⇤⇤ + 1 < D. (41)

◊ÂÚ‚ÂÚ˚È ¯‡„ Ò‚ˇÁ‡Ì Ò ËÌÚÂ‚‡ÎÓÏ

1 < t < t⇤⇤⇤ + 1, (42)
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Ì‡ ÍÓÚÓÓÏ ‚ ÒËÎÛ (41) ÔÓ-ÔÂÊÌÂÏÛ ËÏÂÂÏ ‰ÂÎÓ Ò Û‡‚ÌÂÌËÂÏ (37). ¡ÓÎÂÂ ÚÓ„Ó, ÔÂ‰ÔÓÎ‡„‡ÂÏ
‡ÔËÓË, ˜ÚÓ ÔË ÛÍ‡Á‡ÌÌ˚ı ÁÌ‡˜ÂÌËˇı ‚ÂÏÂÌË

x(t� 1) > 0. (43)

œËÌËÏ‡ˇ ‚Ó ‚ÌËÏ‡ÌËÂ ÛÒÎÓ‚ËÂ (43), ËÁ (37), (39), (40) Á‡ÍÎ˛˜‡ÂÏ, ˜ÚÓ Á‰ÂÒ¸ ‰Îˇ Â¯ÂÌËˇ
xt1,t2(t) ËÏÂÂÚ ÏÂÒÚÓ ‡‚ÂÌÒÚ‚Ó

x = �a(t� t⇤⇤⇤). (44)

ƒ‡ÎÂÂ, Ó·˙Â‰ËÌˇˇ ÙÓÏÛÎÛ (44) Ò ÛÊÂ ÔÓÎÛ˜ÂÌÌ˚ÏË ‡ÌÂÂ ÙÓÏÛÎ‡ÏË ‰Îˇ xt1,t2(t) Ì‡ ÔÂ‚˚ı ÚÂı
¯‡„‡ı (ÒÏ. (30), (34), (39)), ÔËıÓ‰ËÏ Í ‚˚‚Ó‰Û Ó ÒÔ‡‚Â‰ÎË‚ÓÒÚË Ì‡ ÔÓÏÂÊÛÚÍÂ ‚ÂÏÂÌË (42)
ÚÂ·ÛÂÏÓ„Ó ÛÒÎÓ‚Ëˇ (43). “ÂÏ Ò‡Ï˚Ï ‡‚ÂÌÒÚ‚Ó (44) Ó·ÂÚ‡ÂÚ Á‡ÍÓÌÌÛ˛ ÒËÎÛ, ‡ ‚ ÚÓ˜ÍÂ t = t⇤⇤⇤ +1
ÔÓ ÌÂÔÂ˚‚ÌÓÒÚË ÔÓÎÛ˜‡ÂÏ

xt1,t2(t⇤⇤⇤ + 1) = �a. (45)

Õ‡ ÔˇÚÓÏ ¯‡„Â Ó·‡ÚËÏÒˇ Í ËÌÚÂ‚‡ÎÛ

t⇤⇤⇤ + 1 < t < D, (46)

Ò˜ËÚ‡ˇ, ˜ÚÓ ÔË ÛÍ‡Á‡ÌÌ˚ı t ÒÔ‡‚Â‰ÎË‚Ó ÌÂ‡‚ÂÌÒÚ‚Ó

x(t� 1) < 0. (47)

ƒ‡ÎÂÂ, Û˜ËÚ˚‚‡ˇ ‚ (37) ‚˚ÚÂÍ‡˛˘ÂÂ ËÁ (47) ÚÓÊ‰ÂÒÚ‚Ó H(x(t� 1)) ⌘ 0 Ë ‰ÓÔÓÎÌˇˇ ÔÓÎÛ˜Ë‚¯ÂÂÒˇ
Û‡‚ÌÂÌËÂ Ì‡˜‡Î¸Ì˚Ï ÛÒÎÓ‚ËÂÏ (45), ‰Îˇ xt1,t2(t) ÔËıÓ‰ËÏ Í Ó˜ÂÂ‰ÌÓÈ ÙÓÏÛÎÂ

x = t� t⇤⇤⇤ � a� 1. (48)

œÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ ‚˚ÔÓÎÌÂÌÓ ÛÒÎÓ‚ËÂ

D < t⇤⇤⇤ + a+ 1. (49)

“Ó„‰‡ ‚ ÒËÎÛ ÙÓÏÛÎ (44), (48) ‡‚ÚÓÏ‡ÚË˜ÂÒÍË ‚˚ÔÓÎÌˇÂÚÒˇ Ë ‡ÔËÓÌÓÂ ÚÂ·Ó‚‡ÌËÂ (47). “ÂÏ Ò‡-
Ï˚Ï Ì‡ ËÌÚÂ‚‡ÎÂ (46) ‡‚ÂÌÒÚ‚Ó (48) ‰ÂÈÒÚ‚ËÚÂÎ¸ÌÓ ËÏÂÂÚ ÏÂÒÚÓ Ë ÔÓ ÌÂÔÂ˚‚ÌÓÒÚË

xt1,t2(D) = D� t⇤⇤⇤ � a� 1 < 0. (50)

œÂÊ‰Â ˜ÂÏ ÔÂÂÈÚË Í Á‡ÍÎ˛˜ËÚÂÎ¸ÌÓÏÛ ˝Ú‡ÔÛ ÔÓÒÚÓÂÌËˇ Â¯ÂÌËˇ xt1,t2(t), ‚‚Â‰ÂÏ ‚ ‡Ò-
ÒÏÓÚÂÌËÂ ‚ÂÎË˜ËÌÛ

T = D+
1

b+ 1
(t⇤⇤⇤ + a+ 1� D), (51)

ÔÂ‰ÔÓÎ‡„‡ˇ ‰ÓÔÓÎÌËÚÂÎ¸ÌÓ, ˜ÚÓ
D+ t⇤⇤ < T < D+ 1. (52)

œÓ‰˜ÂÍÌÂÏ, ˜ÚÓ ÒÓ„Î‡ÒÌÓ (51) ÛÒÎÓ‚ËÂ (49) ÓÁÌ‡˜‡ÂÚ, ˜ÚÓ T > D. “‡ÍËÏ Ó·‡ÁÓÏ, ÚÂ·Ó‚‡ÌËˇ (52)
·ÓÎÂÂ ÒËÎ¸Ì˚Â, ˜ÂÏ Ó„‡ÌË˜ÂÌËÂ (49).

Õ‡ ¯ÂÒÚÓÏ ¯‡„Â ‡ÒÒÏÓÚËÏ ÔÓÏÂÊÛÚÓÍ

D < t 6 T (53)

‚ ÔÂ‰ÔÓÎÓÊÂÌËË Ó ‚˚ÔÓÎÌÂÌËË ÌÂ‡‚ÂÌÒÚ‚

x(t) 6 0, x(t� 1) < 0, x(t� D) > 0. (54)
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–ËÒ. 4. √‡ÙËÍ xt1,t2(t) Ì‡ ÓÚÂÁÍÂ 0 6 t 6 T

Fig. 4. Graph of function xt1,t2(t) for t 2 [0, T ]

ƒ‡ÎÂÂ, Û˜ËÚ˚‚‡ˇ ËÌÙÓÏ‡ˆË˛ (54) ‚ Ô‡-
‚ÓÈ ˜‡ÒÚË Û‡‚ÌÂÌËˇ (21) Ë ÓÔË‡ˇÒ¸ Ì‡ ÙÓÏÛ-
Î˚ (50), (51), ‰Îˇ ÓÚ˚ÒÍ‡ÌËˇ xt1,t2(t) ÔËıÓ‰ËÏ
Í Á‡‰‡˜Â  Ó¯Ë

ẋ = b+ 1, x|t=D = (b+ 1)(D� T ).

“‡ÍËÏ Ó·‡ÁÓÏ, ‚ ÒÎÛ˜‡Â (53) Â¯ÂÌËÂ xt1,t2(t)
ËÏÂÂÚ ‚Ë‰

x = (b+ 1)(t� T ). (55)

◊ÚÓ ÊÂ Í‡Ò‡ÂÚÒˇ ‡ÔËÓÌ˚ı ÛÒÎÓ‚ËÈ (54), ÚÓ Ëı
ÒÔ‡‚Â‰ÎË‚ÓÒÚ¸ „‡‡ÌÚËÛ˛Ú ÌÂ‡‚ÂÌÒÚ‚‡ (52),
ÙÓÏÛÎ‡ (55) Ë ÛÊÂ ÔÓÎÛ˜ÂÌÌ˚Â ‡ÌÂÂ ˇ‚Ì˚Â
‚˚‡ÊÂÌËˇ ‰Îˇ xt1,t2(t) Ì‡ ÔÂ‰˚‰Û˘Ëı ÔˇÚË
¯‡„‡ı (ÒÏ. (30), (34), (39), (44), (48)).

Õ‡„Îˇ‰ÌÓÂ ÔÂ‰ÒÚ‡‚ÎÂÌËÂ Ó ÔÓˆÂÒÒÂ ÔÓ-
ÒÚÓÂÌËˇ Â¯ÂÌËˇ xt1,t2(t) Û‡‚ÌÂÌËˇ (21) ‰‡ÂÚ
ËÒ. 4, „‰Â ÔÓÍ‡Á‡Ì „‡ÙËÍ xt1,t2(t) Ì‡ ÓÚÂÁÍÂ
0 6 t 6 T . »Á ˝ÚÓ„Ó „‡ÙËÍ‡ Ë ËÁ ÛÒÎÓ‚ËÈ (52),

‚ ˜‡ÒÚÌÓÒÚË, ÒÎÂ‰ÛÂÚ, ˜ÚÓ ÙÛÌÍˆËˇ xt1,t2(t+ T ) ËÏÂÂÚ Ì‡ ÓÚÂÁÍÂ �D 6 t 6 0 Ó‚ÌÓ ÚË ËÁÎÓÏ‡
(Í‡Í Ë ËÒıÓ‰ÌÓÂ Ì‡˜‡Î¸ÌÓÂ ÛÒÎÓ‚ËÂ 3t1,t2(t)). ¡ÓÎÂÂ ÚÓ„Ó, ÓÔË‡ˇÒ¸ Ì‡ ÒÓÓÚÌÓ¯ÂÌËˇ (39), (44), (48),
(55), ÌÂÚÛ‰ÌÓ Á‡ÏÂÚËÚ¸, ˜ÚÓ xt1,t2(t+ T ) = 3t1,t2(t), �D 6 t 6 0, „‰Â

t1 = 1 + D� T, t2 = D+ t⇤⇤⇤ � T. (56)

œÓÍ‡ÊÂÏ ÚÂÔÂ¸, ˜ÚÓ ÓÚÓ·‡ÊÂÌËÂ (t1, t2) 7! (t1, t2), ÔÓÓÊ‰ÂÌÌÓÂ ÒÓÓÚÌÓ¯ÂÌËˇÏË (56),
ËÏÂÂÚ Â‰ËÌÒÚ‚ÂÌÌÛ˛ ÌÂÔÓ‰‚ËÊÌÛ˛ ÚÓ˜ÍÛ (t⇤

1
(D), t⇤

2
(D)). — ˝ÚÓÈ ˆÂÎ¸˛ ÔÓ‰ÒÚ‡‚ËÏ ‚ (56) ˇ‚Ì˚Â

ÙÓÏÛÎ˚ ‰Îˇ t⇤⇤⇤ Ë T (ÒÏ. (40), (51)). ¬ ÂÁÛÎ¸Ú‡ÚÂ ÔÓÒÎÂ ÌÂÍÓÚÓ˚ı ÔÂÓ·‡ÁÓ‚‡ÌËÈ ÔËıÓ‰ËÏ Í
‚˚‚Ó‰Û, ˜ÚÓ ÍÓÏÔÓÌÂÌÚ˚ ËÌÚÂÂÒÛ˛˘ÂÈ Ì‡Ò ÌÂÔÓ‰‚ËÊÌÓÈ ÚÓ˜ÍË Á‡‰‡˛ÚÒˇ ‡‚ÂÌÒÚ‚‡ÏË

t⇤1(D) =
1

b+ 1

✓
D+ b� a�

1

a
� 1

◆
+

b(a� c(b+ 1))

a(b+ 1)(a+ b+ 1)
t⇤2(D), (57)

t⇤2(D) =
a+ b+ 1

a(a+ 1)(b+ 1) + b(a+ cb(b+ 1))
(aD� (a+ 1)(a� b)). (58)

œÓ‰‚Â‰ÂÏ ÌÂÍÓÚÓ˚È ËÚÓ„. Œ·ÓÁÌ‡˜ËÏ ˜ÂÂÁ W1 ÒÓ‚ÓÍÛÔÌÓÒÚ¸ ‚ÒÂ‚ÓÁÏÓÊÌ˚ı Ì‡·ÓÓ‚ Ô‡-
‡ÏÂÚÓ‚ (a, b, c,D), Û‰Ó‚ÎÂÚ‚Óˇ˛˘Ëı ÛÒÎÓ‚ËˇÏ (22), (35), (41), (52), ‚ ÍÓÚÓ˚ı t1, t2 Á‡‰‡Ì˚
‡‚ÂÌÒÚ‚‡ÏË (57), (58). »Á ÔÓ‰ÂÎ‡ÌÌ˚ı ‚˚¯Â ÔÓÒÚÓÂÌËÈ ‚˚ÚÂÍ‡ÂÚ ÒÎÂ‰Û˛˘‡ˇ

“ÂÓÂÏ‡ 1. œË Î˛·ÓÏ Ì‡·ÓÂ (a, b, c,D) 2 W1 Û‡‚ÌÂÌËÂ (21) ËÏÂÂÚ ÔÂËÓ‰Ë˜ÂÒÍÓÂ Â¯ÂÌËÂ
x = x⇤(t,D) ÔÂËÓ‰‡ T⇤(D), Á‡‰‡˛˘ÂÂÒˇ ÙÓÏÛÎ‡ÏË (26), (57), (58). ¡ÓÎÂÂ ÚÓ„Ó, ‰Îˇ T⇤(D)
ÒÔ‡‚Â‰ÎË‚˚ ÒÓÓÚÌÓ¯ÂÌËˇ

T⇤(D) = j1D+ j2, j1 =
b

b+ 1

✓
1 +

a� c(b+ 1)

a(a+ 1)(b+ 1) + b(a+ cb(b+ 1))

◆
,

j2 =
a+ 1

a(b+ 1)

✓
a+ 1�

(a� b)b(a� c(b+ 1))

a(a+ 1)(b+ 1) + b(a+ cb(b+ 1))

◆
.

(59)
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”ÒÚ‡ÌÓ‚ÎÂÌÌ‡ˇ ÚÂÓÂÏ‡ ÔÓÁ‚ÓÎˇÂÚ ÔÓÎÛ˜ËÚ¸ ‚ ˇ‚ÌÓÏ ‚Ë‰Â ÌÂÍÓÚÓ˚Â ·Â„Û˘ËÂ ‚ÓÎÌ˚
ÂÎÂÈÌÓÈ ÒËÒÚÂÏ˚ (18). ƒÎˇ ÚÓ„Ó ˜ÚÓ·˚ Ò‰ÂÎ‡Ú¸ ˝ÚÓ, ÙËÍÒËÛÂÏ ÔÓËÁ‚ÓÎ¸ÌÓ Ì‡ÚÛ‡Î¸ÌÓÂ
k : 1 6 k 6 m� 1 Ë, ÓÔË‡ˇÒ¸ Ì‡ ÙÓÏÛÎ˚ (59), ËÁ Û‡‚ÌÂÌËˇ T⇤(D) = mD/k Ì‡È‰ÂÏ

D(m,k)
⇤ =

j2
m/k � j1

. (60)

ƒ‡ÎÂÂ, ˜ÂÂÁ W2 Ó·ÓÁÌ‡˜ËÏ ÏÌÓÊÂÒÚ‚Ó Ì‡·ÓÓ‚ (a, b, c,m, k), ‰Îˇ ÍÓÚÓ˚ı

m/k � j1 6= 0, D(m,k)
⇤ > 0, (a, b, c,D)|

D=D(m,k)
⇤

2 W1, (61)

„‰Â D(m,k)
⇤ — ‚ÂÎË˜ËÌ‡ (60). ÕÂÚÛ‰ÌÓ Á‡ÏÂÚËÚ¸, ˜ÚÓ ÔË ÛÒÎÓ‚Ëˇı (61) ÒËÒÚÂÏ‡ (18) ‰ÓÔÛÒÍ‡ÂÚ

·Â„Û˘Û˛ ‚ÓÎÌÛ ‚Ë‰‡ (19) Ò ÌÓÏÂÓÏ k. ›Ú‡ ‚ÓÎÌ‡ Á‡‰‡ÂÚÒˇ ‡‚ÂÌÒÚ‚‡ÏË

xj = x(m,k)
⇤ (t+ (j � 1)D(m,k)

⇤ ), j = 1, 2, . . . ,m, (62)

„‰Â x(m,k)
⇤ (t) = x⇤(t,D)|D=D(m,k)

⇤
, Ë ËÏÂÂÚ ÔÂËÓ‰ T (m,k)

⇤ = mD(m,k)
⇤ /k.

3. ¡Â„Û˘ËÂ ‚ÓÎÌ˚ ÂÎ‡ÍÒ‡ˆËÓÌÌÓÈ ÒËÒÚÂÏ˚

œÂÂÈ‰ÂÏ ÚÂÔÂ¸ Í ‚ÓÔÓÒÛ Ó ÒÛ˘ÂÒÚ‚Ó‚‡ÌËË ‡Ì‡ÎÓ„Ë˜ÌÓÈ (62) ·Â„Û˘ÂÈ ‚ÓÎÌ˚ Û ËÒıÓ‰ÌÓÈ
ÂÎ‡ÍÒ‡ˆËÓÌÌÓÈ ÒËÒÚÂÏ˚ (15). ƒÎˇ ˝ÚÓ„Ó ÒÌ‡˜‡Î‡ Ó·‡ÚËÏÒˇ Í ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÏÛ ‚ÒÔÓÏÓ„‡ÚÂÎ¸ÌÓ-
ÏÛ Û‡‚ÌÂÌË˛ (20). ¿Ì‡ÎÓ„ÓÏ ÚÂÓÂÏ˚ 1 Á‰ÂÒ¸ ˇ‚ÎˇÂÚÒˇ ÒÎÂ‰Û˛˘ÂÂ ÛÚ‚ÂÊ‰ÂÌËÂ.

“ÂÓÂÏ‡ 2. œÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ ÙË„ÛËÛ˛˘ËÂ ‚ (16) ÙÛÌÍˆËË f(u), g(u), h(u) Û‰Ó‚ÎÂÚ‚Óˇ˛Ú
ÛÒÎÓ‚ËˇÏ ÏÓÌÓÚÓÌÌÓÒÚË

f 0(u) < 0, g0(u) > 0, h0(u) < 0 8u > 0. (63)

“Ó„‰‡ ÔÓ Î˛·ÓÏÛ Ì‡·ÓÛ Ô‡‡ÏÂÚÓ‚ (a, b, c,D) 2 W1 ÏÓÊÌÓ ÛÍ‡Á‡Ú¸ Ú‡ÍÓÂ ‰ÓÒÚ‡ÚÓ˜ÌÓ Ï‡ÎÓÂ
"0 > 0, ˜ÚÓ ÔË ÛÍ‡Á‡ÌÌ˚ı a, b, c, D Ë ÔË ‚ÒÂı 0 < " 6 "0 Û‡‚ÌÂÌËÂ (20) ‰ÓÔÛÒÍ‡ÂÚ ÔÂËÓ‰Ë˜ÂÒÍÓÂ
Â¯ÂÌËÂ x⇤(t, ",D), x⇤(0, ",D) ⌘ 0 ÔÂËÓ‰‡ T⇤(",D) Ò ‡ÒËÏÔÚÓÚËÍÓÈ

T⇤(",D) = T⇤(D) +O("), max
t2[0,T⇤(",D)]

|x⇤(t, ",D)� x⇤(t,D)| = O("), " ! 0. (64)

«‰ÂÒ¸ x⇤(t,D) — ÔÂËÓ‰Ë˜ÂÒÍÓÂ Â¯ÂÌËÂ Û‡‚ÌÂÌËˇ (21) ÔÂËÓ‰‡ T⇤(D), ‰ÓÒÚ‡‚ÎˇÂÏÓÂ ÚÂÓÂÏÓÈ 1.

œÓÒÍÓÎ¸ÍÛ ‰ÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó ÒÙÓÏÛÎËÓ‚‡ÌÌÓÈ ÚÂÓÂÏ˚ ·‡ÁËÛÂÚÒˇ Ì‡ Ó·˘Ëı ÂÁÛÎ¸Ú‡Ú‡ı
ËÁ [15], ÚÓ Ó„‡ÌË˜ËÏÒˇ ÎË¯¸ ÓÔËÒ‡ÌËÂÏ Ó·˘ÂÈ Â„Ó ÒıÂÏ˚, ÒÓÒÚÓˇ˘ÂÈ ËÁ ÚÂı ˝Ú‡ÔÓ‚.

Õ‡ ÔÂ‚ÓÏ ˝Ú‡ÔÂ Á‡ÙËÍÒËÛÂÏ ‰ÓÒÚ‡ÚÓ˜ÌÓ Ï‡Î˚Â s0, s1 > 0 Ë ‚‚Â‰ÂÏ ‚ ‡ÒÒÏÓÚÂÌËÂ
ÏÌÓÊÂÒÚ‚Ó S Ì‡˜‡Î¸Ì˚ı ÙÛÌÍˆËÈ 3(t) 2 C[�D� s0,�s0], Û‰Ó‚ÎÂÚ‚Óˇ˛˘Ëı ÛÒÎÓ‚ËˇÏ

|3(t)� x⇤(t,D)| 6 s1 ÔË � D� s0 6 t 6 �s0, 3(�s0) = �(b+ 1)s0.

ƒ‡ÎÂÂ, Ó·ÓÁÌ‡˜ËÏ ˜ÂÂÁ x3(t, ",D), t > �s0 — Â¯ÂÌËÂ Û‡‚ÌÂÌËˇ (20) Ò ÔÓËÁ‚ÓÎ¸ÌÓÈ Ì‡-
˜‡Î¸ÌÓÈ ÙÛÌÍˆËÂÈ 3 2 S. ŒÔË‡ˇÒ¸ Ì‡ ÛÒÎÓ‚Ëˇ ÏÓÌÓÚÓÌÌÓÒÚË (63) Ë ‡ÔÔ‡‡Ú ‰ËÙÙÂÂÌˆË‡Î¸-
Ì˚ı ÌÂ‡‚ÂÌÒÚ‚, Û‰‡ÂÚÒˇ ÔÓÍ‡Á‡Ú¸, ˜ÚÓ ‚ÚÓÓÈ ÔÓÎÓÊËÚÂÎ¸Ì˚È ÍÓÂÌ¸ t = T3(",D) Û‡‚ÌÂÌËˇ
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x3(t�s0, ",D) = �(b+1)s0 ÒÛ˘ÂÒÚ‚ÛÂÚ Ë ˇ‚ÎˇÂÚÒˇ ÔÓÒÚ˚Ï. “ÂÏ Ò‡Ï˚Ï Ì‡ S ÍÓÂÍÚÌÓ ÓÔÂ‰ÂÎÂÌ
ÓÔÂ‡ÚÓ ÔÓÒÎÂ‰Ó‚‡ÌËˇ œÛ‡ÌÍ‡Â

P"(3) = x3(t+ T3(",D), ",D), �D� s0 6 t 6 �s0 (65)

ÒÓ ÁÌ‡˜ÂÌËˇÏË ‚ C[�D � s0,�s0]. œÓÎÌÓÂ ‰ÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó Ù‡ÍÚ‡ ÒÛ˘ÂÒÚ‚Ó‚‡ÌËˇ Ë ÔÓÒÚÓÚ˚
‚ÚÓÓ„Ó ÔÓÎÓÊËÚÂÎ¸ÌÓ„Ó ÍÓÌˇ Û‡‚ÌÂÌËˇ ‰Îˇ ÓÔÂ‰ÂÎÂÌËˇ ÓÔÂ‡ÚÓ‡ œÛ‡ÌÍ‡Â P"(3) ÔË‚Â‰ÂÌÓ,
Ì‡ÔËÏÂ, ‚ ÒÚ‡Ú¸ˇı [14] Ë [16]. ›ÚÓ ‰ÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó Ò ÌÂÁÌ‡˜ËÚÂÎ¸Ì˚ÏË ËÁÏÂÌÂÌËˇÏË ÚÂıÌË˜ÂÒÍÓ„Ó
ı‡‡ÍÚÂ‡ ÔÂÂÌÓÒËÚÒˇ Ë Ì‡ ‡ÒÒÏ‡ÚË‚‡ÂÏ˚È ÒÎÛ˜‡È. ”˜ËÚ˚‚‡ˇ, ˜ÚÓ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ ‚˚ÍÎ‡‰ÍË
‰Ó‚ÓÎ¸ÌÓ „ÓÏÓÁ‰ÍË, ÓÌË Á‰ÂÒ¸ ÌÂ ÔË‚Ó‰ˇÚÒˇ.

Õ‡ ‚ÚÓÓÏ ˝Ú‡ÔÂ ‚‚Â‰ÂÏ ‚ ‡ÒÒÏÓÚÂÌËÂ Â¯ÂÌËÂ x(t, ",D) Û‡‚ÌÂÌËˇ (20) Ò Ì‡˜‡Î¸ÌÓÈ
ÙÛÌÍˆËÂÈ x⇤(t,D), �D � s0 6 t 6 �s0. ¿ÒËÏÔÚÓÚË˜ÂÒÍÓÂ ËÌÚÂ„ËÓ‚‡ÌËÂ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÈ
Á‡‰‡˜Ë  Ó¯Ë ÔË‚Ó‰ËÚ Í ‚˚‚Ó‰Û, ˜ÚÓ ÔË " ! 0 ËÏÂ˛Ú ÏÂÒÚÓ ‡ÒËÏÔÚÓÚË˜ÂÒÍËÂ ‡‚ÂÌÒÚ‚‡

T3(",D)|3=x⇤(t,D) = T⇤(D) +O("), max
t2[0,T3(",D)]

|x(t, ",D)� x⇤(t,D)| = O("). (66)

—ÓÓÚÌÓ¯ÂÌËˇ (66) ÓÁÌ‡˜‡˛Ú, ˜ÚÓ ÙÛÌÍˆËˇ x = x(t, ",D) ˇ‚ÎˇÂÚÒˇ ÔË·ÎËÊÂÌÌ˚Ï (Ò ÚÓ˜ÌÓÒÚ¸˛ ‰Ó
O(")) ÔÂËÓ‰Ë˜ÂÒÍËÏ Â¯ÂÌËÂÏ Û‡‚ÌÂÌËˇ (20).

Õ‡ ÚÂÚ¸ÂÏ ˝Ú‡ÔÂ ‡ÒÒÏÓÚËÏ ÎËÌÂÈÌ˚È ÓÔÂ‡ÚÓ

A(",D) = @3P"(3)|3=x⇤(t,D) : C0[�D� s0,�s0] ! C0[�D� s0,�s0], (67)

„‰Â @3P"(3) — ÔÓËÁ‚Ó‰Ì‡ˇ ‘Â¯Â ÓÔÂ‡ÚÓ‡ (65),

C0[�D� s0,�s0] = {3(t) 2 C[�D� s0,�s0] : 3(�s0) = 0}.

¿ÒËÏÔÚÓÚË˜ÂÒÍËÈ ‡Ì‡ÎËÁ ÓÚ‚Â˜‡˛˘Â„Ó Û‡‚ÌÂÌË˛ (20) ÎËÌÂÈÌÓ„Ó Û‡‚ÌÂÌËˇ ‚ ‚‡Ë‡ˆËˇı Ì‡
Â¯ÂÌËË x = x(t, ",D) ÔÓÁ‚ÓÎˇÂÚ Á‡ÍÎ˛˜ËÚ¸, ˜ÚÓ ÓÔÂ‡ÚÓ (67) ‰ÓÔÛÒÍ‡ÂÚ ÔÓÒÚÓÂ ‚Â˘ÂÒÚ‚ÂÌÌÓÂ
ÒÓ·ÒÚ‚ÂÌÌÓÂ ÁÌ‡˜ÂÌËÂ l = l0("):

lim
"!0

l0(") =
b2(a� c(b+ 1))

a(b+ 1)(a+ b+ 1)
< 1. (68)

ŒÒÚ‡Î¸ÌÓÈ ÊÂ ÒÔÂÍÚ ˝ÚÓ„Ó ÓÔÂ‡ÚÓ‡ ÎÂÊËÚ ‚ ¯‡Â {l 2 C : |l| 6 r(")}, „‰Â r(") ! 0 ÔË " ! 0.
œÓ‰‚Ó‰ˇ ËÚÓ„, ÓÚÏÂÚËÏ, ˜ÚÓ ÒÓÓÚÌÓ¯ÂÌËˇ (66)–(68) „‡‡ÌÚËÛ˛Ú ÔËÏÂÌËÏÓÒÚ¸ Í Û‡‚ÌÂÌË˛

P"(3)�3 = 0 ‚ ÚÓ˜ÍÂ (",3) = (0, x⇤(t,D)) ÚÂÓÂÏ˚ Ó ÌÂˇ‚ÌÓÏ ÓÚÓ·‡ÊÂÌËË. “ÂÏ Ò‡Ï˚Ï ÓÔÂ‡ÚÓ
(65) ‰ÓÔÛÒÍ‡ÂÚ ÌÂÔÓ‰‚ËÊÌÛ˛ ÚÓ˜ÍÛ 3⇤(t, ",D) 2 S, ‡ÒËÏÔÚÓÚË˜ÂÒÍË ·ÎËÁÍÛ˛ Í x⇤(t,D). flÒÌÓ
Ú‡ÍÊÂ, ˜ÚÓ ‚ ËÒıÓ‰ÌÓÏ Û‡‚ÌÂÌËË (20) ˝ÚÓÈ ÌÂÔÓ‰‚ËÊÌÓÈ ÚÓ˜ÍÂ ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ÔÂËÓ‰Ë˜ÂÒÍÓÂ
Â¯ÂÌËÂ, ÍÓÚÓÓÂ ÔÓÒÎÂ Ì‡‰ÎÂÊ‡˘Â„Ó Ò‰‚Ë„‡ ÔÓ ‚ÂÏÂÌË ÔÂÂÈ‰ÂÚ ‚ ËÒÍÓÏÓÂ ÔÂËÓ‰Ë˜ÂÒÍÓÂ
Â¯ÂÌËÂ x⇤(t, ",D) Ò ‡ÒËÏÔÚÓÚËÍÓÈ (64).

»Á ÔÂ‚Ó„Ó ‡‚ÂÌÒÚ‚‡ (64) Ó˜Â‚Ë‰Ì˚Ï Ó·‡ÁÓÏ ÒÎÂ‰ÛÂÚ, ˜ÚÓ ‚ ÒÎÛ˜‡Â

(a, b, c,m, k) 2 W2 (69)

ÔË ‚ÒÂı ‰ÓÒÚ‡ÚÓ˜ÌÓ Ï‡Î˚ı " > 0 Û‡‚ÌÂÌËÂ T⇤(",D) = mD/k ‰ÓÔÛÒÍ‡ÂÚ Â¯ÂÌËÂ

D(m,k)
⇤ (") = D(m,k)

⇤ +O("), " ! 0. (70)
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¬ Ò‚Ó˛ Ó˜ÂÂ‰¸, ÔÓ‰ÒÚ‡‚Îˇˇ ÒÓÓÚÌÓ¯ÂÌËÂ (70) ‚ x⇤(t, ",D), ÔÓÎÛ˜‡ÂÏ ÙÛÌÍˆË˛ x(m,k)
⇤ (t, "), ÔÂ-

ËÓ‰Ë˜ÂÒÍÛ˛ Ò ÔÂËÓ‰ÓÏ T (m,k)
⇤ (") = mD(m,k)

⇤ (")/k. ¿ ˝ÚÓ ÁÌ‡˜ËÚ, ˜ÚÓ Ì‡ÏË ÔÓÒÚÓÂÌ‡ ·Â„Û˘‡ˇ
‚ÓÎÌ‡ ÒËÒÚÂÏ˚ (15) ‚Ë‰‡

xj = x(m,k)
⇤ (t+ (j � 1)D(m,k)

⇤ ("), "), j = 1, 2, . . . ,m. (71)

¬ ÔËÌˆËÔÂ, ‚ÓÔÓÒ Ó· ÛÒÚÓÈ˜Ë‚ÓÒÚË ˆËÍÎ‡ (71) ÏÓÊÂÚ ·˚Ú¸ Â¯ÂÌ ÚÂÓÂÚË˜ÂÒÍË (ÒÏ., Ì‡-
ÔËÏÂ, [8, 17]). Œ‰Ì‡ÍÓ ÔÓÎÛ˜‡˛˘ËÂÒˇ Ì‡ ˝ÚÓÏ ÔÛÚË ÙÓÏÛÎ˚ ÌÂ Û‰‡ÂÚÒˇ ÔÓ‡Ì‡ÎËÁËÓ‚‡Ú¸
‡Ì‡ÎËÚË˜ÂÒÍËÏË ÏÂÚÓ‰‡ÏË. ¬ Ò‚ˇÁË Ò ˝ÚËÏ Ì‡ÏË ÔÂ‰ÔËÌˇÚ‡ ÒÂËˇ ˜ËÒÎÂÌÌ˚ı ˝ÍÒÔÂËÏÂÌÚÓ‚,
ÒÓÒÚÓˇ˘‡ˇ ËÁ ‰‚Ûı ˝Ú‡ÔÓ‚.

Õ‡ ÔÂ‚ÓÏ ˝Ú‡ÔÂ ÙËÍÒËÛ˛ÚÒˇ Ô‡‡ÏÂÚ˚ a = 2, b = 1, c = 2 Ë ÔË ËÁÏÂÌÂÌËË ˜ËÒÎ‡ ÓÒˆËÎ-
ÎˇÚÓÓ‚ m ÓÚ 10 ‰Ó 50 ‚˚ˇÒÌˇÂÚÒˇ, ÔË Í‡ÍËı ÁÌ‡˜ÂÌËˇı k ‰Îˇ Ì‡·Ó‡ Ô‡‡ÏÂÚÓ‚ (a, b, c,m, k)
ÒÔ‡‚Â‰ÎË‚Ó ‚ÍÎ˛˜ÂÌËÂ (69). ¬˚·Ó ‚ÂÎË˜ËÌ a, b, c ‚ ÁÌ‡˜ËÚÂÎ¸ÌÓÈ ÒÚÂÔÂÌË ÒÎÛ˜‡ÂÌ, Â‰ËÌÒÚ‚ÂÌÌÓÂ
ÚÂ·Ó‚‡ÌËÂ ÒÓÒÚÓËÚ ‚ ÚÓÏ, ˜ÚÓ·˚ ÔË ‡ÁÎË˜Ì˚ı ÁÌ‡˜ÂÌËˇı ÍÓÎË˜ÂÒÚ‚‡ ÓÒˆËÎÎˇÚÓÓ‚ m, ˜ËÒÎÓ
ÛÒÚÓÈ˜Ë‚˚ı ·Â„Û˘Ëı ‚ÓÎÌ ·˚ÎÓ ÔÓ ‚ÓÁÏÓÊÌÓÒÚË ·ÓÎ¸¯ËÏ.

Õ‡ ËÒ. 5 ËÁÓ·‡ÊÂÌ‡ Á‡‚ËÒËÏÓÒÚ¸ ‚ÂÎË˜ËÌ˚ N(m), ÓÔÂ‰ÂÎˇÂÏÓÈ ˜ËÒÎÓÏ ÔÓ‰ıÓ‰ˇ˘Ëı
ÁÌ‡˜ÂÌËÈ k, ÓÚ Ô‡‡ÏÂÚ‡ 10 6 m 6 50. ŒÍ‡Á‡ÎÓÒ¸, ˜ÚÓ N(m) ‡ÒÚÂÚ Ò ÓÒÚÓÏ m ÔÓ ·ÎËÁÍÓÏÛ
Í ÎËÌÂÈÌÓÏÛ Á‡ÍÓÌÛ.

Õ‡ ‚ÚÓÓÏ ˝Ú‡ÔÂ ‰Îˇ Ì‡·ÓÓ‚ Ô‡‡ÏÂÚÓ‚, ÍÓÚÓ˚Ï ÒÓÓÚ‚ÂÚÒÚ‚Û˛Ú ·Â„Û˘ËÂ ‚ÓÎÌ˚, ˜ËÒÎÂÌÌÓ
ËÌÚÂ„ËÛÂÚÒˇ ÂÎÂÈÌ‡ˇ ÒËÒÚÂÏ‡ Û‡‚ÌÂÌËÈ Ò Á‡Ô‡Á‰˚‚‡ÌËÂÏ (18). Õ‡ÏË ËÒÔÓÎ¸ÁÛÂÚÒˇ ÏÂÚÓ‰ VODE,
ÍÓÚÓ˚È ÔÓ‚ÂˇÂÚ Á‡‰‡˜Û Ì‡ ÊÂÒÚÍÓÒÚ¸ Ë ‰Îˇ ÌÂÊÂÒÚÍËı Á‡‰‡˜ ÔÂ‰ÒÚ‡‚ÎˇÂÚ ÒÓ·ÓÈ ÌÂˇ‚Ì˚È ÏÂÚÓ‰
¿‰‡ÏÒ‡, ‡ ‰Îˇ ÊÂÒÚÍËı — ÏÂÚÓ‰ ËÁ ÍÎ‡ÒÒ‡ BDF (backward differentiation formulas) (ÒÏ., [18]).
¬ Í‡˜ÂÒÚ‚Â Ì‡˜‡Î¸Ì˚ı ÛÒÎÓ‚ËÈ ‰Îˇ ˝ÚÓÈ ÒËÒÚÂÏ˚ ‚˚·Ë‡˛ÚÒˇ ÙÛÌÍˆËË (62) ÔË �1 6 t 6 0
Ò ‰Ó·‡‚ÎÂÌËÂÏ Ï‡ÎÓ„Ó ÒÎÛ˜‡ÈÌÓ„Ó ‚ÓÁÏÛ˘ÂÌËˇ. Õ‡ÔÓÏÌËÏ, ˜ÚÓ ˝ÚË ÙÛÌÍˆËË ËÁ‚ÂÒÚÌ˚ Ì‡Ï ‚
ˇ‚ÌÓÏ ‚Ë‰Â. Õ‡ ÓÒÌÓ‚‡ÌËË ÂÁÛÎ¸Ú‡ÚÓ‚ ˝ÚÓ„Ó ËÌÚÂ„ËÓ‚‡ÌËˇ ‰ÂÎ‡ÂÚÒˇ ‚˚‚Ó‰ Ó· ÛÒÚÓÈ˜Ë‚ÓÒÚË
ËÎË ÌÂÛÒÚÓÈ˜Ë‚ÓÒÚË ·Â„Û˘ÂÈ ‚ÓÎÌ˚ Ò ÌÓÏÂÓÏ k.

¬˚˜ËÒÎÂÌËˇ ÔÓÍ‡Á‡ÎË, ˜ÚÓ ‰Îˇ ˜ËÒÎ‡ ÓÒˆËÎÎˇÚÓÓ‚ m ÓÚ 5 ‰Ó 20 ÓÍ‡Á˚‚‡ÂÚÒˇ ÛÒÚÓÈ˜Ë‚ÓÈ
ÎË¯¸ Ó‰Ì‡ ËÁ ËÏÂ˛˘ËıÒˇ ·Â„Û˘Ëı ‚ÓÎÌ. œË m > 21 Û‰‡ÂÚÒˇ ÔÓÎÛ˜ËÚ¸ ‰‚Â ÛÒÚÓÈ˜Ë‚˚Â ‚ÓÎÌ˚.
¡ÓÎ¸¯Â„Ó ˜ËÒÎ‡ ÒÓÒÛ˘ÂÒÚ‚Û˛˘Ëı ÛÒÚÓÈ˜Ë‚˚ı ‚ÓÎÌ ‚ ‡ÏÍ‡ı ‰‡ÌÌÓ„Ó ˝ÍÒÔÂËÏÂÌÚ‡ ÔÓÎÛ˜ËÚ¸

����������������������������������������������������������������������������

�

�

�

�

m

N

–ËÒ. 5. ◊ËÒÎÓ N(m) ÛÒÚÓÈ˜Ë‚˚ı ·Â„Û˘Ëı ‚ÓÎÌ (71) (ÔÓ‰ıÓ‰ˇ˘Ëı ÁÌ‡˜ÂÌËÈ k) ÔË 10 6 m 6 50

Fig. 5. Number N(m) of stable traveling waves (71) (suitable values of k) at 10 6 m 6 50
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–ËÒ. 6. «‡‚ËÒËÏÓÒÚ¸ ÓÚ t ÔÂ‚ÓÈ ÍÓÏÔÓÌÂÌÚ˚ x1(t) ÛÒÚÓÈ˜Ë‚ÓÈ ·Â„Û˘ÂÈ ‚ÓÎÌ˚ ÒËÒÚÂÏ˚ (18) ÔË m = 19 Ë k = 16

Fig. 6. Dependence on t of the first component x1(t) of a stable traveling wave of the system (18) for m = 19 and k = 16

ÌÂ Û‰‡ÎÓÒ¸. ¬ ÚÓ ÊÂ ‚ÂÏˇ ˜ËÒÎÂÌÌ˚È Ò˜ÂÚ ÔÓÍ‡Á‡Î, ˜ÚÓ ÂÎÂÈÌ‡ˇ ÒËÒÚÂÏ‡ (18), ‡ ÁÌ‡˜ËÚ, Ë
ÂÎ‡ÍÒ‡ˆËÓÌÌ‡ˇ ÒËÒÚÂÏ‡ (15), ËÏÂ˛Ú Ë ‰Û„ËÂ ÛÒÚÓÈ˜Ë‚˚Â ÔÂËÓ‰Ë˜ÂÒÍËÂ ÂÊËÏ˚.

Õ‡ ËÒ. 6 ËÁÓ·‡ÊÂÌ‡ Á‡‚ËÒËÏÓÒÚ¸ ÓÚ t ÔÂ‚ÓÈ ÍÓÏÔÓÌÂÌÚ˚ x1(t) ÛÒÚÓÈ˜Ë‚ÓÈ ·Â„Û˘ÂÈ
‚ÓÎÌ˚ ÒËÒÚÂÏ˚ (18) ÔË m = 19 Ë k = 16, ‚ÒÂ ÓÒÚ‡Î¸Ì˚Â ÍÓÏÔÓÌÂÌÚ˚ Â¯ÂÌËˇ ˝ÚÓÈ ÒËÒÚÂÏ˚
ÔÂ‰ÒÚ‡‚Îˇ˛Ú ÒÓ·ÓÈ ÚÛ ÊÂ Ò‡ÏÛ˛ ÙÛÌÍˆË˛ x1(t) Ò ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÏ ÌÓÏÂÛ ‚ÓÎÌ˚ Ò‰‚Ë„ÓÏ
(ÒÏ. ÙÓÏÛÎÛ (71)).

«‡ÍÎ˛˜ÂÌËÂ

¬ Ì‡ÒÚÓˇ˘ÂÈ ÒÚ‡Ú¸Â Ï˚ ÔÂÂÓÒÏ˚ÒÎËÎË Ë ÛÚÓ˜ÌËÎË ÔÂ‰ÎÓÊÂÌÌ˚È ‚ [8] ÒÔÓÒÓ· Ï‡ÚÂÏ‡ÚË-
˜ÂÒÍÓ„Ó ÏÓ‰ÂÎËÓ‚‡ÌËˇ ıËÏË˜ÂÒÍËı ÒËÌ‡ÔÒÓ‚. ¬ ÓÚÎË˜ËÂ ÓÚ ÏÓ‰ÂÎË (10), ‚ ÌÓ‚ÓÈ ÂÂ ‚ÂÒËË (14)
‚ ÔÓÎÌÓÏ Ó·˙ÂÏÂ Û˜ÚÂÌ˚ ÚÂ·Ó‚‡ÌËˇ ‚ÓÎ¸ÚÂÓ‚ÒÍÓÈ ÒÚÛÍÚÛ˚ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı Û‡‚ÌÂÌËÈ Ë
„ËÔÓÚÂÁ‡ Ó Ì‡Ò˚˘‡˛˘ÂÈ ÔÓ‚Ó‰ËÏÓÒÚË.  ÓÏÂ ÚÓ„Ó, Í‡Í ÛÊÂ ÓÚÏÂ˜‡ÎÓÒ¸ ‚˚¯Â, ÒÓ·Î˛‰ÂÌ Ë Ú‡Í
Ì‡Á˚‚‡ÂÏ˚È ÔËÌˆËÔ Â‰ËÌÓÓ·‡ÁËˇ: ÌÓ‚‡ˇ Ï‡ÚÂÏ‡ÚË˜ÂÒÍ‡ˇ ÏÓ‰ÂÎ¸ (14) ‡Ì‡ÎÓ„Ë˜Ì‡ ÔÂ‰ÎÓÊÂÌÌÓÈ
‚ [14] ÏÓ‰ÂÎË ˝ÎÂÍÚË˜ÂÒÍËı ÒËÌ‡ÔÒÓ‚.

«‡‚Â¯‡ˇ ‡ÒÒÏÓÚÂÌËÂ ÏÓ‰ÂÎË (14), ÓÚÏÂÚËÏ ‰‚Â ÌÂÂ¯ÂÌÌ˚Â Á‡‰‡˜Ë. œÂ‚‡ˇ ËÁ ÌËı Ò‚ˇÁ‡Ì‡
Ò ÔÓÓ„Ó‚˚Ï ÁÌ‡˜ÂÌËÂÏ u = u⇤⇤ ËÁ (8). ¬ ÒÎÛ˜‡Â ÒËÒÚÂÏ˚ (14) Ï˚ ËÁÌ‡˜‡Î¸ÌÓ Ò˜ËÚ‡ÎË, ˜ÚÓ ‡Ì‡ÎÓ„
˝ÚÓ„Ó ÁÌ‡˜ÂÌËˇ ‡‚ÂÌ Â‰ËÌËˆÂ. ≈ÒÎË ÊÂ ˝ÚÓ ÌÂ Ú‡Í, ÚÓ ‚ÏÂÒÚÓ (14) ÔËıÓ‰ËÏ Í ÒËÒÚÂÏÂ

u̇j = l[f(uj(t� 1)) + b g(uj�1/u⇤⇤)h(uj/uj�1)]uj , j = 1, 2, . . . ,m, (72)

„‰Â u0 = um, u⇤⇤ = exp(l d), d = const 2 R.
 ‡Í Ë ‚ ÒÎÛ˜‡Â (14), ÒËÒÚÂÏÂ (72) ÓÚ‚Â˜‡ÂÚ ‡Ì‡ÎÓ„Ë˜Ì‡ˇ (18) ÂÎÂÈÌ‡ˇ ÒËÒÚÂÏ‡

ẋj = 1� (a+ 1)H(xj(t� 1)) + bH(xj�1 � d)[1� (c+ 1)H(xj � xj�1)], 1 6 j 6 m, (73)

„‰Â x0 = xm. œÂ‰ÒÚ‡‚ÎˇÂÚ ËÌÚÂÂÒ ÔÓ·ÎÂÏ‡ ÓÚ˚ÒÍ‡ÌËˇ ÛÒÚÓÈ˜Ë‚˚ı ·Â„Û˘Ëı ‚ÓÎÌ ÒÌ‡˜‡Î‡ Û ÔÂ-
‰ÂÎ¸ÌÓ„Ó Ó·˙ÂÍÚ‡ (73), ‡ Á‡ÚÂÏ Ë Û ËÒıÓ‰ÌÓÈ ÒËÒÚÂÏ˚ (72). flÒÌÓ, ˜ÚÓ ÔÓ ‡Ì‡ÎÓ„ËË Ò ÔÓ‰ÂÎ‡ÌÌ˚Ï
‚ ‰‡ÌÌÓÈ ‡·ÓÚÂ ‡Ì‡ÎËÁÓÏ, ÒÙÓÏÛÎËÓ‚‡ÌÌ‡ˇ ÔÓ·ÎÂÏ‡ ‚ÔÓÎÌÂ ÏÓÊÂÚ ·˚Ú¸ Â¯ÂÌ‡ ÔÓÒÂ‰ÒÚ‚ÓÏ
Ì‡‰ÎÂÊ‡˘Â„Ó ÒÓ˜ÂÚ‡ÌËˇ ‡Ì‡ÎËÚË˜ÂÒÍËı Ë ˜ËÒÎÂÌÌ˚ı ÏÂÚÓ‰Ó‚.

ƒÛ„‡ˇ ÌÂÂ¯ÂÌÌ‡ˇ Á‡‰‡˜‡ ÒÓÒÚÓËÚ ‚ ËÒÒÎÂ‰Ó‚‡ÌËË ‡ÚÚ‡ÍÚÓÓ‚ ‡Ì‡ÎÓ„Ë˜ÌÓÈ (14) ÔÓÎÌÓ-
Ò‚ˇÁÌÓÈ ÒÂÚË ‚Á‡ËÏÓ‰ÂÈÒÚ‚Û˛˘Ëı ÌÂÈÓÌÓ‚. —ÓÓÚ‚ÂÚÒÚ‚Û˛˘‡ˇ Ï‡ÚÂÏ‡ÚË˜ÂÒÍ‡ˇ ÏÓ‰ÂÎ¸ ËÏÂÂÚ
‚Ë‰

u̇j = l

f(uj(t� 1)) + b

mX

s=1
s 6=j

g(us)h(uj/us)

�
uj , j = 1, 2, . . . ,m, (74)
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„‰Â ÙÛÌÍˆËË f , g, h ÚÂ ÊÂ Ò‡Ï˚Â, ˜ÚÓ Ë ‚ (14), b = const > 0, l� 1. —Ó„Î‡ÒÌÓ Ó·˘ËÏ ÂÁÛÎ¸Ú‡Ú‡Ï
ËÁ [16, 19] ‚ ÒËÒÚÂÏÂ (74) ÏÓ„ÛÚ ÒÛ˘ÂÒÚ‚Ó‚‡Ú¸ Í‡Í ÔÂËÓ‰Ë˜ÂÒÍËÂ ÂÊËÏ˚ ‰‚ÛıÍÎ‡ÒÚÂÌÓÈ ÒËÌıÓ-
ÌËÁ‡ˆËË, Ú‡Í Ë ·Â„Û˘ËÂ ‚ÓÎÌ˚. œÓ·ÎÂÏ˚ ÓÚ˚ÒÍ‡ÌËˇ ÛÍ‡Á‡ÌÌ˚ı ÔÂËÓ‰Ë˜ÂÒÍËı ‰‚ËÊÂÌËÈ ÔÓÍ‡
ÌÂ Â¯ÂÌ˚.
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Using machine learning algorithms to determine
the emotional maladjustment of a person by his rhythmogram⇤
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Abstract. The purpose of this study is to explore the feasibility of identifying emotional maladjustment using machine learning
algorithms. Methods. Electrocardiogram data were gathered using an event-telemetry approach, employing a software and
hardware setup comprising a compact wireless ECG sensor (HxM; Zephyr Technology, USA) and a smartphone equipped with
specialized software.For constructing the classifier, the following algorithms were employed: logistic regression, easy ensemble,
and gradient boosting. The performance of these algorithms was assessed using the f1 metric. Results. It is demonstrated that
employing dynamic spectra of the original signals enhances the classification accuracy of the model compared to using the
original rhythmograms. Conclusion. A method is proposed for automatically determining the level of emotional maladaptation
based on an individual’s cardiorhythmogram. Information from a portable heart sensor, worn by an individual, is transmitted
via Bluetooth to a mobile device. Here, the level of emotional maladaptation is assessed through a pre-trained neural network
algorithm. When considering a neural network algorithm, it is recommended to employ a classifier trained on spectrograms.
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Introduction

The COVID-19 pandemic has highlighted the connection between pathological conditions and the
increased risk of cognitive impairment, which includes SARS, chronic stress, inflammatory syndromes,
and coagulation disorders [1]. Subsequently, it was discovered that the SARS-CoV-2 virus can induce
significant systemic health alterations in patients, resulting in a post-COVID syndrome characterized by
a broad spectrum of symptoms and varying durations [2,3]. Frequently reported long COVID symptoms
include fatigue, memory issues, breathlessness, sleep disturbances, headaches, loss of taste or smell,
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muscle weakness, fever, cognitive dysfunction, and mental health challenges [4–7]. The development
of new methods and approaches to the rapid diagnosis of chronic stress is an urgent task, considering
the current epidemiological (Covid-19) situation [8–10]. Psychological stress plays a pivotal role in the
development of numerous physical and neurological diseases. The term “stress” is commonly used to
refer to both a potent adverse physical and/or psychogenic external environmental impact, and to a state
of psychophysiological stress that emerges under such influences, initially aiding a person in adapting to
new environmental conditions. Chronic stress, as a long-term psychophysiological burden, can trigger
the manifestation or exacerbation of disease symptoms, act as a risk factor, or worsen the severity of the
disease. Emotional overstrain reduces an individual’s productivity and the quality of work performed.
The clinical implications of chronic emotional stress intersect with neuropsychic anxiety and depressive
disorders, significantly diminishing the quality of life for individuals [11]. Primarily, chronic emotional
stress has adverse effects on health, and indirectly induces unfavorable endocrine, neuromuscular, and
autonomic changes [12]. Daily mental stress underlies many prevalent and serious illnesses, including
hypertension, strokes, heart attacks, cancer, and more.

While the cause of acute mental stress is primarily linked to unexpected negative external
influences and life changes, the development of chronic stress is largely influenced by a person’s
personal characteristics and the inadequate functioning of their psychological adaptation mechanisms.
The initial step to overcoming chronic emotional stress involves an individual acknowledging that they
are in a state of mental overstrain. Emotions are subjective, and diagnosing them depends on a person’s
ability to accurately comprehend and articulate them. However, this ability isn’t equally developed in
all individuals [13]. Therefore, establishing a system for swiftly assessing emotional disadaptation in
everyday life holds significance in promptly diagnosing emotional overstrain and exhaustion. Providing
individuals with information about their current biological state enables timely feedback, indicating the
level of their mental stress. This feedback allows them to temporarily alleviate this stress by engaging
in physical activity or other pursuits. Special attention is required for individuals who have limited
awareness of their emotional state’s nuances.

1. Methods

The task of diagnosing a person’s psychophysiological state and the extent of emotional
disadaptation, based on the user’s physiological data, is addressed through the method of recording
emotional disadaptation using the cardiorhythmogram. This method involves employing a mobile ECG
sensor, with the sensor’s data transmitted to a mobile application. The application utilizes a neural
network algorithm that was previously trained during the calibration phase to automatically classify
cardiorhythmogram data based on the level of disadaptation (refer to Figure 1). In this developed system,
the markers for emotional disadaptation are versatile and don’t necessitate individual calibration for each
user. This holds true as long as the algorithm for classifying RR intervals according to disadaptation
levels has been pre-trained using a database containing an ample number of distinct user records.

Fig. 1. Diagram of the System for Recording Emotional Disadaptation Levels through Cardiorhythmogram
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During the calibration phase, a database is compiled, encompassing sequences of RR intervals
derived from ECG data of distinct users. This data is concurrently collected alongside the completion
of a questionnaire containing four sets of verbal descriptors delineating emotions based on valence
(positive/negative) and activity level (tension/relaxation). These descriptors correspond to four fundamental
personal needs:

Security,
Independence,
Achievement,
Unity.

1.1. Methodology for measuring the level of emotional disadaptation. The dynamics of the
psychophysiological system are assessed using a parallel monitoring scheme that involves tracking
parameters of autonomic regulation through electrocardiogram data and conducting tests based on a
methodology for determining the level of emotional disadaptation (UED) [14,15]. Next, we will describe
the methodology in greater detail.

The method for assessing an individual’s emotional disadaptation is based on presenting the
patient with four groups of verbal characteristics that reflect various emotional states and the degree
of their expression. The analysis involves the verbal characteristics chosen by the individual and their
assessment using a point scale. This method includes the presentation of four groups of adjectives
that reflect the degree of satisfaction of four fundamental personal needs: security, independence,
achievement, and unity-closeness. To evaluate the degree of satisfaction of the basic personal need for
security, the following system of adjectives and points is employed:

“calm, peaceful, serene” — 0 points;
“wary, worried, excited” — 1 point;
“anxious, frightened, frightened” — 2 points;
“tortured, tormented, despairing” — 3 points.
To assess the degree of satisfaction of the basic personal need for independence, the following

system of adjectives and points is used:
“lightened, liberated, liberated” — 0 points;
“hot, indignant, angry” — 1 point;
“preoccupied, overloaded, overstressed” — 2 points;
“depressed, oppressed, constrained” — 3 points.
For the basic personal need of achievement, the following system of adjectives and points

is applied:
“satisfied, joyful, proud” — 0 points;
“motivated, inspired, inspired” — 1 point;
“overexcited, frantic, inflated” — 2 points;
“exhausted, devastated, indifferent” — 3 points.
To assess the degree of satisfaction of the basic personal need for unity, the following system of

adjectives and points is used:
“delighted, pleased, prosperous” — 0 points;
“interested, enthusiastic, admiring” — 1 point;
“upset, hurt, disappointed” — 2 points;
“abandoned, lonely, sad” — 3 points.
Each basic personal need is evaluated using a circular scale divided into four equal quadrants

intersected by two perpendicular lines at a 45� angle to the horizontal. At each intersection of these
lines with the circle, three adjectives are placed, reflecting different degrees of satisfaction of the basic
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personal need under examination. When the individual selects words that correspond to their condition,
a mark is made on the circular scale. The mark may either align with the group of words chosen or,
when two different groups of words are selected, fall on a circle or segment between those groups.

Based on the location of this mark, the number of points scored by the individual for each of the
four basic personal needs is determined as follows: 1) If the mark is on the border between quadrants,
the higher of the two values is assigned; 2) If the mark is in the center of the circle, it is excluded from
the analysis.

Then, the average score for all four basic personal needs is calculated. The degree of emotional
maladjustment is judged based on this average score:

0 points: No emotional disadaptation, physiological relaxation;
1 point: Mild emotional disadaptation, physiological stress;
2 points: Moderately expressed emotional disadaptation, pathological tension;
3 points: Pronounced emotional disadaptation, pathological relaxation.

Telemetric measurements of the electrocardiogram were conducted using a software and hardware
complex comprising a compact wireless ECG sensor (HxM; Zephyr Technology, USA) along with a
smartphone equipped with specialized software (refer to Figure 1).

Based on the gathered data from different users or an individual user, the algorithm for classifying
the sequence of RR intervals was trained, incorporating labels denoting the user’s degree of emotional
disadaptation.

The pre-trained classification algorithm is subsequently applied to novel RR interval sequence
data to autonomously ascertain the level of disadaptation, eliminating the need for a questionnaire.

1.2. Data for constructing a classifier. In constructing the classifier, data obtained from users’
heart rhythmograms were utilized (refer to Figure 2). Each data entry corresponded to the level of
emotional disadaptation, as determined through a questionnaire. The compiled database encompasses a
total of 2222 distinct records.

Each entry consists of a collection of files with the following content:

rr_filter.csv — Depicts the correlation between the RR-interval value (RR_filter) and time
(in milliseconds) within the 5-minute period before the test for emotional disadaptation level
determination. This file also includes the time of test completion,
info.csv — Contains data such as the start time of recording (time), post ID (session_id), subject
identifier (person_id), age (old) and the gender of the subject (gender),
uad.csv — encompasses time stamps for the test’s initiation (ms_begin) and conclusion (ms_end)
measured in milliseconds from the recording’s start time), the test result indicating varying degrees
of satisfaction regarding the four fundamental personal needs—safety, independence, achievement,
unity-closeness (U1; U2; U3; U4), the subjective emotional disadaptation level, and the average
satisfaction level of the four fundamental personal needs (medium).

The time required for subjects to complete the test varied, leading to differing durations of the
recorded data. This variability could be inconvenient for the algorithms used in classifier construction.
To address this, all records were segmented into sections of 100 samples, commencing from the end
of each record. This approach was chosen as the segments coinciding with the time of questionnaire
completion were deemed the most informative. Fragments of records containing fewer than 100 samples
were disregarded.

All data were standardized and classified into two categories: records featuring an emotional
disadaptation level of 0 or 1, as determined by questionnaire results, were categorized as class 0,
signifying an absence of disadaptation. Conversely, the remaining records belonged to class 1, indicating
the presence of emotional disadaptation.
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Fig. 2. Examples of cardiograms are provided. The yellow markers signify the interval during which the test is conducted.
The graph indicates the classification belonging to a specific class (class_name) (color online)

1.3. Machine-learning algorithms. The subsequent algorithms were employed for constructing
the classifiers.

1. Logistic regression [16] — is a method for constructing a classifier based on linear models of
the following type: ŷ(w, x) = w0 + w1x1 + ... + wpxp, where ŷ(w, x) is the predicted value.
The task of training a linear classifier is to adjust the weight vector w based on the sample Xm.
In logistic regression, for this, the problem of empirical risk minimization is solved with a special
type of loss function: minw,c

1

2
wTw + C

Pn
i=1

log(exp(�yi(XT
i w + c)) + 1). To address the

optimization problem, the Broyden–Fletcher–Goldfarb–Shanno algorithm is employed.
2. Easy ensemble [17] — the concept involves training an ensemble of classifiers, each independently

determining the classification of an object into a specific class. The ultimate decision is reached
through a voting process. This algorithm is particularly applicable to unbalanced data. Training
the classifiers involves the entire minority class along with a subset of the majority class. The
key parameters of the ensemble include the number of learners (set to 10 in our case) and the
algorithm used for training each classifier within the ensemble (we use AdaBoost [19]).

3. Gradient boosting [18] — the concept involves amalgamating multiple weak classifiers that rely
on decision trees to form a robust classifier.

These algorithms are implemented in the Scikit-learn library [20] and the Imbalanced-learn
library [21].
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Fig. 3. Classification results based on ROC curves for three
classification algorithms: logistic regression, gradient boosting,
and EasyEnsembleClassifier (color online)

80% of the generated database was utilized
for training the classifiers. The remaining 20%
constituted the test sample. During the testing
phase, the records requiring classification were
segmented into segments of 100 samples each. For
each segment, the classifier rendered a decision,
and the ultimate decision was established as the
arithmetic mean of the class label values for each
segment. Rounding was conducted according to
conventional mathematical rounding rules.

The outcomes of the classifiers constructed
using the aforementioned algorithms are presented
in (refer to Figure 3).

As evident from the graph above, the
classifier based on gradient boosting exhibited the
most favorable performance (refer to Figure 4).

Fig. 4. Precision-Recall Table for Gradient Boosting Classification

2.1. Utilizing dynamic spectra for classifier construction. The drawback of employing the
original rhythmogram recordings is the challenge of achieving temporal synchronization, particularly
when segmenting records. Thus, transitioning to a feature space capable of mitigating this limitation
appeared logical.

For constructing a classifier rooted in dynamic spectra, the initial signal was partitioned into
segments comprising 300 samples each. The spectrum was computed within a window of 100 samples.
By incrementing the window by 1 count and computing the spectrum anew within the adjusted window,
a spectrogram was generated (refer to Figures 5 and 6).
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Fig. 7. Classification results based on the ROC curve for
the classification algorithm built on spectrograms — gradient
boosting

Fig. 8. Precision-Recall Table for Gradient Boosting Classification built on spectrograms

To construct a classifier based on spectrograms, each spectrogram is transformed into a row vector.
As our chosen classification algorithm, we opt for the well-established GradientBoostingClassifier.

The performance outcome of the constructed classifier surpasses that of the classifier utilizing the
original rhythmograms (refer to Figures 7 and 8).

Conclusion

In this paper, we propose a novel method for assessing the level of emotional disadaptation
through an individual’s cardiorhythmogram. This determination occurs automatically. Information from
a portable heart sensor, affixed to an individual, is transmitted via Bluetooth to a mobile device, where
the level of emotional disadaptation is ascertained using a pre-trained neural network algorithm. When
employing a neural network algorithm, it is recommended to utilize a classifier trained on spectrograms
rather than the raw cardiorhythmogram data.
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ËÏ. ¿. ¿. ¡Ó„ÓÏÓÎ¸ˆ‡ ¿Õ ”——– ( ËÂ‚, 1986) Ë ‰ÓÍÚÓ‡ ·ËÓÎÓ„Ë˜ÂÒÍËı Ì‡ÛÍ ‚ Ã√” (2011) ‚
Ó·Î‡ÒÚË ÙËÁËÓÎÓ„ËË. ŒÔÛ·ÎËÍÓ‚‡Î ·ÓÎÂÂ 150 Ì‡Û˜Ì˚ı ÒÚ‡ÚÂÈ ÔÓ ÙËÁËÓÎÓ„ËË ˝ÍÒÚÂÏ‡Î¸Ì˚ı
ÒÓÒÚÓˇÌËÈ, ÌÂÈÓ·ËÓÎÓ„ËË, ÍÓ„ÌËÚË‚ÌÓÈ ÔÒËıÓÙËÁËÓÎÓ„ËË, Ï‡ÚÂÏ‡ÚË˜ÂÒÍÓÏÛ ÏÓ‰ÂÎËÓ‚‡-
ÌË˛ ÍÓ„ÌËÚË‚Ì˚ı ÔÓˆÂÒÒÓ‚. ¿‚ÚÓ ÓË„ËÌ‡Î¸ÌÓÈ ÍÓÌˆÂÔˆËË ÌÂÈÓıËÏË˜ÂÒÍËı ÏÂı‡ÌËÁÏÓ‚
˝ÍÒÚÂÏ‡Î¸Ì˚ı ÒÓÒÚÓˇÌËÈ.
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œÓÎÂ‚‡ˇ —ÓÙ¸ˇ ¿ÎÂÍÒ‡Ì‰Ó‚Ì‡ — Ó‰ËÎ‡Ò¸ ‚ √Ó¸ÍÓÏ (1964). ŒÍÓÌ˜ËÎ‡ ·ËÓÎÓ„Ë˜ÂÒÍËÈ
Ù‡ÍÛÎ¸ÚÂÚ √Ó¸ÍÓ‚ÒÍÓ„Ó „ÓÒÛ‰‡ÒÚ‚ÂÌÌÓ„Ó ÛÌË‚ÂÒËÚÂÚ‡ (1986). «‡˘ËÚËÎ‡ ‰ËÒÒÂÚ‡ˆËË Ì‡
ÒÓËÒÍ‡ÌËÂ Û˜ÂÌÓÈ ÒÚÂÔÂÌË Í‡Ì‰Ë‰‡Ú‡ ·ËÓÎÓ„Ë˜ÂÒÍËı Ì‡ÛÍ (ÕÕ√”, 1997) Ë ‰ÓÍÚÓ‡ ·ËÓ-
ÎÓ„Ë˜ÂÒÍËı Ì‡ÛÍ (»“›¡, 2009). ¬ Ì‡ÒÚÓˇ˘ÂÂ ‚ÂÏˇ Á‡‚Â‰ÛÂÚ Í‡ÙÂ‰ÓÈ ÔÒËıÓÙËÁËÓÎÓ„ËË
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ÒËÒÚÂÏ, ‡Î„ÓËÚÏ˚ ÍÓ‰ËÓ‚‡ÌËˇ Ë ‡ÒÔÓÁÌ‡‚‡ÌËˇ ÒÂÌÒÓÌÓÈ ËÌÙÓÏ‡ˆËË, ‰ËÌ‡ÏËÍ‡ ÙÛÌÍ-
ˆËÓÌ‡Î¸Ì˚ı ÒÓÒÚÓˇÌËÈ, ‡Á‡·ÓÚÍ‡ ËÌÙÓÏ‡ˆËÓÌÌ˚ı ÚÂıÌÓÎÓ„ËÈ ‰Îˇ ÔÂÒÓÌ‡ÎËÁËÓ‚‡ÌÌÓÈ
‰Ë‡„ÌÓÒÚËÍË Ë ÓÔÚËÏËÁ‡ˆËÈ ÍÓ„ÌËÚË‚ÌÓ„Ó ÔÓÚÂÌˆË‡Î‡ Ë ‡‰‡ÔÚ‡ˆËÓÌÌ˚ı ÔÓˆÂÒÒÓ‚. ¿‚ÚÓ
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¿ÌÌÓÚ‡ˆËˇ. ÷ÂÎ¸ ‡·ÓÚ˚ — Ò ÔÓÏÓ˘¸˛ Ó·‡ÚÌÓ„Ó ÒÔËÌÓ‚Ó„Ó ˝ÙÙÂÍÚ‡ ’ÓÎÎ‡ ˝ÍÒÔÂËÏÂÌÚ‡Î¸ÌÓ ËÒÒÎÂ‰Ó‚‡Ú¸ ‰ÂÚÂÍÚË-
Ó‚‡ÌËÂ ÒÙÓÍÛÒËÓ‚‡ÌÌ˚ı ÔÛ˜ÍÓ‚ ÔÓ‚ÂıÌÓÒÚÌ˚ı Ï‡„ÌËÚÓÒÚ‡ÚË˜ÂÒÍËı ‚ÓÎÌ (œÃ—¬) ‚ ËÌÚÂ„‡Î¸Ì˚ı ÚÓÌÍÓÔÎÂÌÓ˜Ì˚ı
ÏËÍÓÒÚÛÍÚÛ‡ı YIG(3.9 ÏÍÏ)/Pt(4 ÌÏ), „‰Â ÙÓÍÛÒËÓ‚Í‡ Ó·ÂÒÔÂ˜Ë‚‡Î‡Ò¸ Á‡ Ò˜ÂÚ ÍË‚ÓÎËÌÂÈÌÓÈ ÙÓÏ˚ ‚ÓÁ·ÛÊ‰‡-
˛˘ÂÈ ‡ÌÚÂÌÌ˚. œÓ‚ÂÒÚË Ò‡‚ÌÂÌËÂ ÒÓ ÒÎÛ˜‡ÂÏ ‰ÂÚÂÍÚËÓ‚‡ÌËˇ œÃ—¬, ‚ÓÁ·ÛÊ‰‡ÂÏ˚ı ÔˇÏÓÎËÌÂÈÌÓÈ ‡ÌÚÂÌÌÓÈ.
ÃÂÚÓ‰˚. ›ÍÒÔÂËÏÂÌÚ˚ ‚˚ÔÓÎÌˇÎËÒ¸ Ò Ï‡ÍÂÚÓÏ ÚËÔ‡ ÎËÌËË Á‡‰ÂÊÍË Ì‡ ÓÒÌÓ‚Â ÒÚÛÍÚÛ˚ YIG/Pt. »ÒÒÎÂ‰Ó‚‡ÎËÒ¸
‡ÏÔÎËÚÛ‰ÌÓ-˜‡ÒÚÓÚÌ˚Â ı‡‡ÍÚÂËÒÚËÍË Ï‡ÍÂÚ‡ YIG/Pt Ë ˜‡ÒÚÓÚÌ‡ˇ Á‡‚ËÒËÏÓÒÚ¸ ›ƒ— (V (f )), Ì‡‚Ó‰ËÏ‡ˇ ‚ ÔÎ‡ÚËÌÂ.
–ÂÁÛÎ¸Ú‡Ú˚. œÓÍ‡Á‡ÌÓ, ˜ÚÓ Ì‡ ˜‡ÒÚÓÚ‡ı f ‚·ÎËÁË ‰ÎËÌÌÓ‚ÓÎÌÓ‚ÓÈ „‡ÌËˆ˚ ÒÔÂÍÚ‡ œÃ—¬ ‚ÂÎË˜ËÌ‡ ›ƒ— V (f )
„ÂÌÂËÛÂÏÓÈ ÒÙÓÍÛÒËÓ‚‡ÌÌÓÈ œÃ—¬, ÏÓÊÂÚ ‚ ‡Á˚ ÔÂ‚˚¯‡Ú¸ ÁÌ‡˜ÂÌËˇ V (f ) ‚ ÒÎÛ˜‡Â ‚ÓÁ·ÛÊ‰ÂÌËˇ œÃ—¬
Ó·˚˜ÌÓÈ (ÔˇÏÓÈ) ‡ÌÚÂÌÌÓÈ. œË ˝ÚÓÏ ‚ ÍÓÓÚÍÓ‚ÓÎÌÓ‚ÓÈ ˜‡ÒÚË ÒÔÂÍÚ‡, Ì‡Ó·ÓÓÚ, ‚ÂÎË˜ËÌ‡ ›ƒ—, „ÂÌÂËÛÂÏ‡ˇ
ÒÙÓÍÛÒËÓ‚‡ÌÌ˚Ï ÔÛ˜ÍÓÏ œÃ—¬, ÓÍ‡Á˚‚‡ÂÚÒˇ Á‡ÏÂÚÌÓ ÏÂÌ¸¯Â. “‡ÍÓÂ ÔÓ‚Â‰ÂÌËÂ Ò‚ˇÁ‡ÌÓ Ò ıÓÏ‡ÚË˜ÂÒÍÓÈ ‡·Â-
‡ˆËÂÈ ÙÓÍÛÒËÛ˛˘Ëı ‡ÌÚÂÌÌ œÃ—¬, ÔÓˇ‚Îˇ˛˘ÂÈÒˇ ‚ ˜‡ÒÚÓÚÌÓÈ Á‡‚ËÒËÏÓÒÚË ÙÓÍÛÒÌÓ„Ó ‡ÒÒÚÓˇÌËˇ ‡ÌÚÂÌÌ˚,
˜ÚÓ ÔÓ‰Ú‚ÂÊ‰‡ÂÚÒˇ ÂÁÛÎ¸Ú‡Ú‡ÏË ÔÓ‚Â‰ÂÌÌÓ„Ó ÏËÍÓÏ‡„ÌËÚÌÓ„Ó ÏÓ‰ÂÎËÓ‚‡ÌËˇ. œÓÍ‡Á‡ÌÓ, ˜ÚÓ Ô‡‰ÂÌËÂ ÒË„Ì‡-
Î‡ ›ƒ—, „ÂÌÂËÛÂÏÓ„Ó ÒÙÓÍÛÒËÓ‚‡ÌÌ˚Ï ÔÛ˜ÍÓÏ œÃ—¬, ‚ ÍÓÓÚÍÓ‚ÓÎÌÓ‚ÓÈ ˜‡ÒÚË ÒÔÂÍÚ‡ Ò‚ˇÁ‡ÌÓ Ò ‚˚ıÓ‰ÓÏ
ÙÓÍÛÒ‡ Ì‡ Û˜‡ÒÚÓÍ ÒÚÛÍÚÛ˚, ÌÂ ÔÓÍ˚ÚÓÈ ÔÎÂÌÍÓÈ Pt. œË ˝ÚÓÏ ÓÒÚ V (f ) ‚ ‰ÎËÌÌÓ‚ÓÎÌÓ‚ÓÈ Ó·Î‡ÒÚË ÒÔÂÍÚ‡
œÃ—¬ Ó·˙ˇÒÌˇÂÚÒˇ Û‚ÂÎË˜ÂÌËÂÏ ÔÓ„ÓÌÌÓÈ ÔÎÓÚÌÓÒÚË ÏÓ˘ÌÓÒÚË œÃ—¬ Ë ÙÓÏËÓ‚‡ÌËÂÏ Í‡ÛÒÚËÍ ÔÓ‰ ÔÎÂÌÍÓÈ Pt.
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Detection of focused beams of surface magnetostatic waves in YIG / Pt structures
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Abstract. The purpose of this work is to experimentally study, using the inverse spin Hall effect (ISHE), the detection of
focused beams of magnetostatic surface waves (MSSW) in integrated YIG (3.9 µm) / Pt (4 nm) thin-film microstructures,
where the focusing effect was ensured by the curvilinear shape of the exciting antenna. Make a comparison with the case of
detecting MSSWs excited by a rectilinear antenna. Methods. Experiments were carried out using the delay line structures
based on the YIG/Pt. The amplitude-frequency characteristics of the YIG/Pt structure and the frequency dependence of the
EMF (V (f)) induced in platinum were studied. Results. It was shown that at frequencies f near the long-wavelength limit of
the MSSW spectrum, the magnitude of the EMF V (f) generated by a focused MSSW can be several times higher than the
values of V (f) in the case of MSSW excitation by a common (straight) antenna. In this case, in the short-wavelength part of
the spectrum, on the contrary, the magnitude of the EMF generated by the focused MSSW beam turns out to be noticeably
smaller. This behavior is associated with chromatic aberration of the focusing antenna for the MSSW, which manifests itself in
the frequency dependence of the focal length of the antenna, which is confirmed by the results of micromagnetic modeling.
It is shown that the drop in the EMF signal generated by a focused MSSW beam in the short-wavelength part of the spectrum
is associated with the focus reaching the area of the YIG not covered with the Pt film. In this case, the increase in V (f) in the
long-wavelength region of the MSSW spectrum is explained by an increase in the linear power density of the MSSW and the
formation of caustics under the Pt film. Conclusion. Obtained results can be used for the development of highly sensitive spin
wave detectors and the creation of spin logic devices.

Keywords: YIG / Pt structures, focusing antennas, magnetostatic surface waves, inverse spin Hall effect, micromagnetic
modeling.
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¬‚Â‰ÂÌËÂ

«‡‰‡˜Ë „ÂÌÂ‡ˆËË, ÔÂÂÌÓÒ‡ Ë ‰ÂÚÂÍÚËÓ‚‡ÌËˇ ÒÔËÌÓ‚˚ı ÚÓÍÓ‚ (ÚÓÍÓ‚ Û„ÎÓ‚Ó„Ó ÏÓÏÂÌÚ‡
˝ÎÂÍÚÓÌ‡) ˇ‚Îˇ˛ÚÒˇ ÍÎ˛˜Â‚˚ÏË ‰Îˇ ÒÔËÌÚÓÌËÍË [1–7]. œË ˝ÚÓÏ ÓÒÓ·˚È ËÌÚÂÂÒ Ò ÚÓ˜ÍË ÁÂÌËˇ
‡Á‡·ÓÚÍË ˝ÌÂ„Ó˝ÙÙÂÍÚË‚ÌÓÈ ˝ÎÂÏÂÌÚÌÓÈ ·‡Á˚ ÔÂ‰ÒÚ‡‚Îˇ˛Ú ÒÚÛÍÚÛ˚ Ì‡ ÓÒÌÓ‚Â ÔÎÂÌÓÍ
ÊÂÎÂÁÓËÚÚËÂ‚Ó„Ó „‡Ì‡Ú‡ (YIG) Ë ÔÎ‡ÚËÌ˚ (Pt), „‰Â ÔÂÂÌÓÒ ÒÔËÌÓ‚Ó„Ó ÚÓÍ‡ ÏÓÊÂÚ ÓÒÛ˘ÂÒÚ‚-
ÎˇÚ¸Òˇ ÒÔËÌÓ‚˚ÏË ‚ÓÎÌ‡ÏË (—¬) ·ÂÁ Û˜‡ÒÚËˇ ‰‚ËÊÂÌËˇ Á‡ˇ‰Ó‚. ›ÙÙÂÍÚ˚ ‡ÒÔÓÒÚ‡ÌÂÌËˇ Ë
ËÌÚÂÙÂÂÌˆËË —¬ ‚ Ï‡„ÌËÚÌ˚ı ÏËÍÓÒÚÛÍÚÛ‡ı ÏÓ„ÛÚ ·˚Ú¸ ËÒÔÓÎ¸ÁÓ‚‡Ì˚ ‰Îˇ ÔÓÒÚÓÂÌËˇ
˝ÌÂ„Ó˝ÙÙÂÍÚË‚Ì˚ı ÎÓ„Ë˜ÂÒÍËı ÛÒÚÓÈÒÚ‚ [8, 9], ‡ Ú‡ÍÊÂ ‰Îˇ ÒÔÂˆË‡Î¸ÌÓÈ Ó·‡·ÓÚÍË ‰‡ÌÌ˚ı,
Ú‡ÍÓÈ Í‡Í ‡ÒÔÓÁÌ‡‚‡ÌËÂ Ó·‡ÁÓ‚ [10,11], ÔÓÒÚ‡ˇ Ù‡ÍÚÓËÁ‡ˆËˇ [12], ‚ËÁÛ‡ÎËÁ‡ˆËˇ Ï‡„ÌËÚÌ˚ı
˜‡ÒÚËˆ [13], ÒÔÂÍÚ‡Î¸Ì˚È ‡Ì‡ÎËÁ [14]. –‡Á‡·‡Ú˚‚‡˛ÚÒˇ Ú‡ÍÊÂ ‚˚˜ËÒÎËÚÂÎ¸Ì˚Â ‡Î„ÓËÚÏ˚, ÍÓÚÓ-
˚Â ËÒÔÓÎ¸ÁÛ˛Ú ÙÓÏËÓ‚‡ÌËÂ ËÌÚÂÙÂÂÌˆËÓÌÌÓÈ Í‡ÚËÌ˚ ÏÂÊ‰Û ÍÓ„ÂÂÌÚÌ˚ÏË ‚ÓÎÌÓ‚˚ÏË
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ÙÓÌÚ‡ÏË ‰Îˇ Â‡ÎËÁ‡ˆËË ÌÂ·ÛÎÂ‚˚ı ‚˚˜ËÒÎÂÌËÈ [10,11, 15–18] Ë ÏÂÚÓ‰˚ Ó·‡·ÓÚÍË Ï‡„ÌËÚÌ˚ı
ËÁÓ·‡ÊÂÌËÈ Ì‡ ÔËÌˆËÔ‡ı ÒÔËÌ-‚ÓÎÌÓ‚ÓÈ ‘Û¸Â-ÓÔÚËÍË [19].

–Â‡ÎËÁ‡ˆËˇ Ú‡ÍËı ÙÛÌÍˆËÓÌ‡Î¸Ì˚ı ÒÔËÌ-‚ÓÎÌÓ‚˚ı ÛÒÚÓÈÒÚ‚ Ó·‡·ÓÚÍË ËÌÙÓÏ‡ˆËË ÏÓÊÂÚ
·˚Ú¸ ÓÒÌÓ‚‡Ì‡ Ì‡ ÔËÌˆËÔ‡ı ÒÔËÌ-‚ÓÎÌÓ‚ÓÈ ÓÔÚËÍË, ˜ÚÓ ÔÂ‰ÔÓÎ‡„‡ÂÚ ËÌÚÂ„‡ˆË˛ ˝ÎÂÏÂÌÚÓ‚ ÒÔËÌ-
‚ÓÎÌÓ‚ÓÈ ÓÔÚËÍË (ÔËÁÏ, ÎËÌÁ, ÁÂÍ‡Î, ÒÔÎËÚÚÂÓ‚) Ò Ï‡„ÌËÚÌ˚ÏË ÔÎÂÌÍ‡ÏË [17–22]. œË ˝ÚÓÏ
ÒÚ‡ÌÓ‚ËÚÒˇ ‡ÍÚÛ‡Î¸ÌÓÈ Á‡‰‡˜‡ ËÌÚÂ„‡ˆËË Ò Ï‡„ÌËÚÌ˚ÏË ÔÎÂÌÍ‡ÏË ËÁÎÛ˜‡ÚÂÎÂÈ Ë ÔËÂÏÌËÍÓ‚ —¬,
ÒÔÓÒÓ·Ì˚ı ˝ÙÙÂÍÚË‚ÌÓ „ÂÌÂËÓ‚‡Ú¸ Ë ‰ÂÚÂÍÚËÓ‚‡Ú¸ Ì‡Ô‡‚ÎÂÌÌ˚Â ÔÛ˜ÍË —¬, ÒÙÓÏËÓ‚‡ÌÌ˚Â
·ÂÁ „ÂÓÏÂÚË˜ÂÒÍËı Ó„‡ÌË˜ÂÌËÈ Ì‡ ‚ÓÎÌÓ‚Â‰Û˘Û˛ ÒÂ‰Û. ƒÎˇ ˝ÚÓÈ ˆÂÎË ÏÓ„ÛÚ ·˚Ú¸ ËÒÔÓÎ¸ÁÓ‚‡Ì˚
Í‡Í ÚÓ˜Â˜Ì˚Â ËÒÚÓ˜ÌËÍË —¬ [17, 23–28], Ú‡Í Ë ÒÔÂˆË‡Î¸ÌÓ ÒÍÓÌÒÚÛËÓ‚‡ÌÌ˚Â ÙÓÍÛÒËÛ˛˘ËÂ
‡ÌÚÂÌÌ˚ —¬ [21, 29–32].

¬ ÒÚÛÍÚÛ‡ı ÒÔËÌÚÓÌËÍË ÚËÔ‡ YIG/Pt ‰Îˇ ‚ÓÁ·ÛÊ‰ÂÌËˇ Ë ‰ÂÚÂÍÚËÓ‚‡ÌËˇ —¬ ÏÓ„ÛÚ ÔË-
ÏÂÌˇÚ¸Òˇ ÏÂÚÓ‰˚, ÓÒÌÓ‚‡ÌÌ˚Â Ì‡ „ÂÌÂ‡ˆËË Ë ‰ÂÚÂÍÚËÓ‚‡ÌËË ÒÔËÌÓ‚Ó„Ó ÚÓÍ‡ [3–7]. ¬ Ú‡ÍËı
ÒÚÛÍÚÛ‡ı ÏÓÊÂÚ ÓÒÛ˘ÂÒÚ‚ÎˇÚ¸Òˇ ‚Á‡ËÏÌÓÂ ÔÂÓ·‡ÁÓ‚‡ÌËÂ ÒÔËÌÓ‚Ó„Ó Ë ˝ÎÂÍÚË˜ÂÒÍÓ„Ó ÚÓÍÓ‚
Á‡ Ò˜ÂÚ ˝ÙÙÂÍÚÓ‚ ˝ÎÂÍÚÓÌ-Ï‡„ÌÓÌÌÓ„Ó ‡ÒÒÂˇÌËˇ Ì‡ „‡ÌËˆÂ YIG/Pt [33]. œË ˝ÚÓÏ ÔÓÒÚÓˇÌÌ˚È
˝ÎÂÍÚË˜ÂÒÍËÈ ÚÓÍ ‚ ÔÎÂÌÍÂ ÔÎ‡ÚËÌ˚ Á‡ Ò˜ÂÚ ÒÔËÌÓ‚Ó„Ó ˝ÙÙÂÍÚ‡ ’ÓÎÎ‡ ÏÓÊÂÚ ÔË‚Ó‰ËÚ¸ Í „ÂÌÂ-
‡ˆËË —¬ [33, 34], ‡ Á‡ Ò˜ÂÚ Ó·‡ÚÌÓ„Ó ÒÔËÌÓ‚Ó„Ó ˝ÙÙÂÍÚ‡ ’ÓÎÎ‡ (Œ—›’) ÏÓÊÌÓ ÓÒÛ˘ÂÒÚ‚ÎˇÚ¸
Ó·‡ÚÌÓÂ ÔÂÓ·‡ÁÓ‚‡ÌËÂ ÒÔËÌÓ‚Ó„Ó ÚÓÍ‡ ‚ ˝ÎÂÍÚË˜ÂÒÍËÈ [33, 35]. ƒÓ ÒËı ÔÓ ‰ÂÚÂÍÚËÓ‚‡ÌËÂ
—¬ Ò ÔÓÏÓ˘¸˛ Œ—›’ ËÒÒÎÂ‰Ó‚‡ÎÓÒ¸ ÔË ‚ÓÁ·ÛÊ‰ÂÌËË —¬ ÔˇÏÓÎËÌÂÈÌ˚ÏË ÏËÍÓÔÓÎÓÒÍÓ‚˚ÏË
‡ÌÚÂÌÌ‡ÏË, ÍÓ„‰‡ ˝ÙÙÂÍÚ˚ ÙÓÍÛÒËÓ‚ÍË —¬ ÓÚÒÛÚÒÚ‚Ó‚‡ÎË [36–43]. ÷ÂÎ¸˛ ‰‡ÌÌÓÈ ‡·ÓÚ˚ ˇ‚ÎˇÂÚÒˇ
ËÒÒÎÂ‰Ó‚‡ÌËÂ ‰ÂÚÂÍÚËÓ‚‡ÌËˇ ÒÙÓÍÛÒËÓ‚‡ÌÌ˚ı ÔÛ˜ÍÓ‚ ÔÓ‚ÂıÌÓÒÚÌ˚ı Ï‡„ÌËÚÓÒÚ‡ÚË˜ÂÒÍËı ‚ÓÎÌ
(œÃ—¬) ‚ ÒÚÛÍÚÛ‡ı YIG/Pt.

ŒÚÏÂÚËÏ, ˜ÚÓ ÍÓÌÒÚÛÍˆËˇ ÙÓÍÛÒËÛ˛˘Ëı ‡ÌÚÂÌÌ —¬ Á‡‚ËÒËÚ ÓÚ ı‡‡ÍÚÂ‡ ‰ËÒÔÂÒËË —¬.
‘ÓÍÛÒËÛ˛˘ËÂ ˝ÎÂÏÂÌÚ˚ ‰Îˇ C¬ Ò ËÁÓÚÓÔÌÓÈ ‰ËÒÔÂÒËÂÈ, Ú‡ÍËÂ Í‡Í ÔˇÏ˚Â Ó·˙ÂÏÌ˚Â —¬
‚ ÌÓÏ‡Î¸ÌÓ Ì‡Ï‡„ÌË˜ÂÌÌÓÈ ÔÎÂÌÍÂ ÙÂËÚ‡, ËÏÂ˛Ú ‚Ó„ÌÛÚÛ˛ ÙÓÏÛ ÓÚÌÓÒËÚÂÎ¸ÌÓ ÙÓÍÛÒ‡ [21]
ÔÓ ‡Ì‡ÎÓ„ËË Ò Ú‡‰ËˆËÓÌÌÓÈ ÓÔÚËÍÓÈ. Õ‡ÔÓÚË‚, ‰Îˇ ‚ÓÎÌ Ò ‡ÌËÁÓÚÓÔÌÓÈ ‰ËÒÔÂÒËÂÈ, Ú‡ÍËı Í‡Í
œÃ—¬ ËÎË Ó·‡ÚÌ˚Â Ó·˙ÂÏÌ˚Â Ï‡„ÌËÚÓÒÚ‡ÚË˜ÂÒÍËÂ ‚ÓÎÌ˚ (ŒŒÃ—¬) ‚ Í‡Ò‡ÚÂÎ¸ÌÓ Ì‡Ï‡„ÌË˜ÂÌÌ˚ı
ÔÎÂÌÍ‡ı, ÙÓÏ‡ ÙÓÍÛÒËÛ˛˘Ëı ˝ÎÂÏÂÌÚÓ‚ ‚˚ÔÛÍÎ‡ˇ [21, 32]. ¬ ‰‡ÌÌÓÈ ‡·ÓÚÂ ·Û‰ÂÚ ËÒÒÎÂ‰Ó‚‡ÌÓ
‰ÂÚÂÍÚËÓ‚‡ÌËÂ ‚ ÒÚÛÍÚÛÂ YIG/Pt ÔÛ˜ÍÓ‚ œÃ—¬, ÒÙÓÍÛÒËÓ‚‡ÌÌ˚ı Ò ÔÓÏÓ˘¸˛ ÍË‚ÓÎËÌÂÈÌÓÈ
ÏËÍÓÔÓÎÓÒÍÓ‚ÓÈ ‡ÌÚÂÌÌ˚.  ÓÏÂ ÚÓ„Ó, Ï˚ ÒÓÔÓÒÚ‡‚ËÏ ˝ÙÙÂÍÚË‚ÌÓÒÚ¸ ‰ÂÚÂÍÚËÓ‚‡ÌËˇ œÃ—¬
ÔË ‚ÓÁ·ÛÊ‰ÂÌËË ÍË‚ÓÎËÌÂÈÌÓÈ Ë ÔˇÏÓÎËÌÂÈÌÓÈ ‡ÌÚÂÌÌ‡ÏË.

1. »ÒÒÎÂ‰ÛÂÏ‡ˇ ÒÚÛÍÚÛ‡ Ë ÏÂÚÓ‰ËÍ‡ ˝ÍÒÔÂËÏÂÌÚ‡

›ÍÒÔÂËÏÂÌÚ˚ ‚˚ÔÓÎÌˇÎËÒ¸ ÒÓ ÒÚÛÍÚÛ‡ÏË YIG/Pt ÚËÔ‡ ÎËÌËË Á‡‰ÂÊÍË œÃ—¬, ÏËÍÓ-
ÙÓÚÓ„‡ÙËˇ ÍÓÚÓ˚ı ÔË‚Â‰ÂÌ‡ Ì‡ ËÒ. 1, a. —ÚÛÍÚÛ˚ ÙÓÏËÓ‚‡ÎËÒ¸ Ì‡ ÔÓ‚ÂıÌÓÒÚË ÔÎÂÌÍË
YIG ÚÓÎ˘ËÌÓÈ dY IG ⇡ 3.9 ÏÍÏ, Ì‡Ï‡„ÌË˜ÂÌÌÓÒÚ¸˛ Ì‡Ò˚˘ÂÌËˇ 4pM0 ⇡ 1750 √Ò, ˝ÔËÚ‡ÍÒË‡Î¸ÌÓ
‚˚‡˘ÂÌÌÓÈ Ì‡ ÔÓ‰ÎÓÊÍÂ „‡‰ÓÎËÌËÈ-„‡ÎÎËÂ‚Ó„Ó „‡Ì‡Ú‡ Ò ÍËÒÚ‡ÎÎÓ„‡ÙË˜ÂÒÍÓÈ ÓËÂÌÚ‡ˆËÂÈ
(111). Õ‡ ÔÓ‚ÂıÌÓÒÚË ÔÎÂÌÍË YIG ÏÂÚÓ‰‡ÏË Ï‡„ÌÂÚÓÌÌÓ„Ó ‡ÒÔ˚ÎÂÌËˇ, ÙÓÚÓÎËÚÓ„‡ÙËË Ë ËÓÌ-
ÌÓ„Ó Ú‡‚ÎÂÌËˇ ÙÓÏËÓ‚‡ÎËÒ¸ Ô‡˚ ‡ÌÚÂÌÌ (1 Ë 2) Ò ÍÓÌÚ‡ÍÚÌ˚ÏË ÔÎÓ˘‡‰Í‡ÏË ‰Îˇ ÔÓ‰ÍÎ˛˜ÂÌËˇ
—¬◊ ÏËÍÓÁÓÌ‰Ó‚, ÏÂÊ‰Û ÍÓÚÓ˚ÏË Ì‡ıÓ‰ËÎ‡Ò¸ Ó·Î‡ÒÚ¸, ÔÓÍ˚Ú‡ˇ ÔÎÂÌÍÓÈ Pt. Œ‰Ì‡ ËÁ ‡ÌÚÂÌÌ
ËÏÂÎ‡ ÙÓÏÛ ÔˇÏÓÈ ÏËÍÓÔÓÎÓÒÍË ‰ÎËÌÓÈ a = 300 ÏÍÏ, ‡ÔÂÚÛÓÈ b = 250 ÏÍÏ Ë ¯ËËÌÓÈ
c = 4 ÏÍÏ (ËÒ. 1, b). ƒÛ„‡ˇ ‡ÌÚÂÌÌ‡ ·˚Î‡ ÙÓÍÛÒËÛ˛˘ÂÈ Ë ËÏÂÎ‡ ‚˚ÔÛÍÎÛ˛ ‚ ÒÚÓÓÌÛ ÔÎÂÌÍË Pt
ÍË‚ÓÎËÌÂÈÌÛ˛ ÙÓÏÛ Ò ‡‰ËÛÒÓÏ Á‡ÍÛ„ÎÂÌËˇ R = 300 ÏÍÏ, ‡ÔÂÚÛÓÈ b = 250 ÏÍÏ Ë ¯ËËÌÓÈ
c = 4 ÏÍÏ (ËÒ. 1, c). ‘ÓÏ‡ ÙÓÍÛÒËÛ˛˘ÂÈ ‡ÌÚÂÌÌ˚ ‡ÒÒ˜ËÚ˚‚‡Î‡Ò¸ ÏÂÚÓ‰ÓÏ, ÛÍ‡Á‡ÌÌ˚Ï ‚ ‡·Ó-
ÚÂ [44]. œÎÂÌÍ‡ ÔÎ‡ÚËÌ˚ ËÏÂÎ‡ ‰ÎËÌÛ L = 620 ÏÍÏ, ¯ËËÌÛ w = 200 ÏÍÏ Ë ÚÓÎ˘ËÌÛ dPt = 4 ÌÏ.
  ÔÎÂÌÍÂ ÔÎ‡ÚËÌ˚ ËÁ„ÓÚ‡‚ÎË‚‡ÎËÒ¸ ÏÂ‰Ì˚Â ÍÓÌÚ‡ÍÚ˚ (3 Ë 4) ‰Îˇ ËÁÏÂÂÌËˇ ˝ÎÂÍÚÓ‰‚ËÊÛ˘ÂÈ ÒËÎ˚
(›ƒ—) V , „ÂÌÂËÛÂÏÓÈ ‚ ÔÎ‡ÚËÌÂ Á‡ Ò˜ÂÚ Œ—›’. Ã‡ÍÂÚ ÔÓÏÂ˘‡ÎÒˇ ‚ Á‡ÁÓ ˝ÎÂÍÚÓÏ‡„ÌËÚ‡ Ú‡Í,
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–ËÒ. 1. a — ÀËÌËˇ Á‡‰ÂÊÍË œÃ—¬ Ì‡ ÓÒÌÓ‚Â ÒÚÛÍÚÛ˚ YIG/Pt, „‰Â 1 Ë 2 — Ô‡‡ ‡ÌÚÂÌÌ ‰Îˇ ‚ÓÁ·ÛÊ‰ÂÌËˇ Ë ÔËÂÏ‡
œÃ—¬, 3 Ë 4 — ÍÓÌÚ‡ÍÚ˚ ‰Îˇ ËÁÏÂÂÌËˇ ›ƒ— ‚ Pt ÔÎÂÌÍÂ ‰ÎËÌÓÈ L = 620 ÏÍÏ Ë ¯ËËÌÓÈ w = 200 ÏÍÏ; b — ÙÓÏ‡
ÔˇÏÓÎËÌÂÈÌÓÈ ‡ÌÚÂÌÌ˚ ‡ÔÂÚÛÓÈ b = 250 ÏÍÏ Ë ¯ËËÌÓÈ c = 4 ÏÍÏ, ‰ÎËÌ‡ ÍÓÌÚ‡ÍÚÌÓÈ ÔÎÓ˘‡‰ÍË a = 300 ÏÍÏ;
c — ÙÓÏ‡ ÍË‚ÓÎËÌÂÈÌÓÈ ‡ÌÚÂÌÌ˚ ‡ÔÂÚÛÓÈ b = 250 ÏÍÏ, ¯ËËÌÓÈ c = 4 ÏÍÏ Ë ‡‰ËÛÒÓÏ ÍË‚ËÁÌ˚ R = 300 ÏÍÏ,
‰ÎËÌ‡ ÍÓÌÚ‡ÍÚÌÓÈ ÔÎÓ˘‡‰ÍË a = 300 ÏÍÏ

Fig. 1. a — The delay line structure for MSSW on the base of YIG/Pt sample where 1 and 2 — a pair of antennas for MSSW
excitation and reception, 3 and 4 — contacts for EMF measurement in Pt film with the length L = 620 µm and width
w = 200 µm; b — the form of straight-line antenna with the aperture b = 250 µm and width c = 4 µm, the length of the
contact pad a = 300 µm; c — the form of curvilinear antenna with the aperture b = 250 µm, width c = 4 µm and radius of
curvature R = 300 µm, the length of the contact pad a = 300 µm

˜ÚÓ Ï‡„ÌËÚÌÓÂ ÔÓÎÂ ~H ·˚ÎÓ Ì‡Ô‡‚ÎÂÌÓ Í‡Ò‡ÚÂÎ¸ÌÓ Í ÔÎÂÌÍÂ YIG Ë Ô‡‡ÎÎÂÎ¸ÌÓ ÔˇÏÓÎËÌÂÈÌÓÈ
ÏËÍÓÔÓÎÓÒÍÂ, ˜ÚÓ ÓÚ‚Â˜‡ÎÓ „ÂÓÏÂÚËË ‚ÓÁ·ÛÊ‰ÂÌËˇ œÃ—¬ [45].

»ÁÏÂÂÌËˇ ÔÓ‚Ó‰ËÎËÒ¸ ÔÓ ÏÂÚÓ‰ËÍÂ, ËÁÎÓÊÂÌÌÓÈ ‚ ‡·ÓÚ‡ı [40–43]. œÓ‚Ó‰ËÎÓÒ¸ Ò‡‚ÌÂ-
ÌËÂ ˜‡ÒÚÓÚÌ˚ı Á‡‚ËÒËÏÓÒÚÂÈ ›ƒ— V (f), ÔÓÎÛ˜ÂÌÌ˚ı ÔË ‚ÓÁ·ÛÊ‰ÂÌËË œÃ—¬ ÙÓÍÛÒËÛ˛˘ËÏ
(ÒÏ. ËÒ. 1, c) Ë ÔˇÏÓÎËÌÂÈÌ˚Ï (ÒÏ. ËÒ. 1, b) ÔÂÓ·‡ÁÓ‚‡ÚÂÎˇÏË. œË ˝ÚÓÏ Û˜ËÚ˚‚‡ÎÓÒ¸, ˜ÚÓ
ËÁ-Á‡ ÌÂ‚Á‡ËÏÌÓÒÚË ‡ÒÔÓÒÚ‡ÌÂÌËˇ œÃ—¬ ·˚ÎÓ ÌÂÓ·ıÓ‰ËÏÓ ‚ÏÂÒÚÂ ÒÓ ÒÏÂÌÓÈ ‚ıÓ‰ÌÓÈ ‡ÌÚÂÌÌ˚
ËÁÏÂÌËÚ¸ Ì‡Ô‡‚ÎÂÌËÂ Ï‡„ÌËÚÌÓ„Ó ÔÓÎˇ ~H Ì‡ ÔÓÚË‚ÓÔÓÎÓÊÌÓÂ, ˜ÚÓ·˚ ‚ Ó·ÓËı ÒÎÛ˜‡ˇı œÃ—¬
‡ÒÔÓÒÚ‡ÌˇÎ‡Ò¸ ‚‰ÓÎ¸ „‡ÌËˆ˚ YIG/Pt.

2. –ÂÁÛÎ¸Ú‡Ú˚ Ë Ó·ÒÛÊ‰ÂÌËÂ

Õ‡ ËÒ. 2, a ÔÂ‰ÒÚ‡‚ÎÂÌ˚ ˜‡ÒÚÓÚÌ˚Â Á‡‚ËÒËÏÓÒÚË ÍÓ˝ÙÙËˆËÂÌÚ‡ ÔÂÂ‰‡˜Ë S12, ËÁÏÂÂÌÌ˚Â
ÔË Pin = �20 ‰¡Ï Ë H = 939 › ‚ ÒÚÛÍÚÛ‡ı YIG/Pt, „‰Â Ó‰Ì‡ ËÁ ‡ÌÚÂÌÌ ËÏÂÂÚ ÍË‚ÓÎË-
ÌÂÈÌÛ˛ ÙÓÏÛ Ë ÙÓÍÛÒËÛÂÚ œÃ—¬ (ÍË‚‡ˇ 1) Ë „‰Â Ó·Â ‡ÌÚÂÌÌ˚ ÔˇÏÓÎËÌÂÈÌ˚Â (ÍË‚‡ˇ 2).
»Á ËÒÛÌÍ‡ ÏÓÊÌÓ ‚Ë‰ÂÚ¸, ˜ÚÓ ‡ÏÔÎËÚÛ‰‡ ÒË„Ì‡Î‡ œÃ—¬, ÔÓ¯Â‰¯Â„Ó ˜ÂÂÁ Ï‡ÍÂÚ, Ì‡ ˜‡ÒÚÓÚ‡ı
f < f⇤

⇡ 4.9 √√ˆ ‚ ÒÎÛ˜‡Â ‚ÓÁ·ÛÊ‰ÂÌËˇ ÙÓÍÛÒËÛ˛˘ÂÈ ‡ÌÚÂÌÌÓÈ ÓÍ‡Á˚‚‡ÂÚÒˇ ‚˚¯Â Ì‡ ‚ÂÎË˜Ë-
ÌÛ ⇡ 8 ‰¡, ˜ÂÏ ‚ Ï‡ÍÂÚÂ Ò ÔˇÏÓÎËÌÂÈÌ˚ÏË ‡ÌÚÂÌÌ‡ÏË. ›ÚÓ Ò‚ˇÁ‡ÌÓ Ò ÚÂÏ, ˜ÚÓ ÙÓÍÛÒËÛ˛˘ËÂ
‡ÌÚÂÌÌ˚ œÃ—¬ ı‡‡ÍÚÂËÁÛ˛ÚÒˇ ıÓÏ‡ÚË˜ÂÒÍÓÈ ‡·Â‡ˆËÂÈ, ÔÓˇ‚Îˇ˛˘ÂÈÒˇ ‚ Á‡‚ËÒËÏÓÒÚË ÙÓ-
ÍÛÒÌÓ„Ó ‡ÒÒÚÓˇÌËˇ ‡ÌÚÂÌÌ˚ ÓÚ ˜‡ÒÚÓÚ˚ [21]. ¬ ‰Ë‡Ô‡ÁÓÌÂ ˜‡ÒÚÓÚ f < f⇤

⇡ 4.9 √√ˆ ÙÓÍÛÒËÓ‚Í‡
ÔÂÔˇÚÒÚ‚ÛÂÚ ‡ÒÔÎ˚‚‡ÌË˛ ÔÛ˜Í‡ œÃ—¬ Ë ·ÓÎ¸¯‡ˇ ˜‡ÒÚ¸ ÂÂ ÏÓ˘ÌÓÒÚË ‰ÓÒÚË„‡ÂÚ ‚˚ıÓ‰ÌÓÈ
‡ÌÚÂÌÌ˚. Õ‡ ˜‡ÒÚÓÚ‡ı f > f⇤ ÔÓËÒıÓ‰ËÚ Ó·‡ÚÌ‡ˇ ÒËÚÛ‡ˆËˇ — Ì‡·Î˛‰‡ÂÚÒˇ ÎÛ˜¯ÂÂ ÔÓıÓÊ‰ÂÌËÂ
œÃ—¬ ‰Îˇ ÒÎÛ˜‡ˇ ÔˇÏÓÎËÌÂÈÌÓÈ ‡ÌÚÂÌÌ˚. ›ÚÓ Ò‚ˇÁ‡ÌÓ Ò ÚÂÏ, ˜ÚÓ ÔÓ ÏÂÂ ÓÒÚ‡ ˜‡ÒÚÓÚ˚ f
ÔÓÎÓÊÂÌËÂ ÙÓÍÛÒ‡ ÒÏÂ˘‡ÂÚÒˇ Í ‚ÓÁ·ÛÊ‰‡˛˘ÂÈ ‡ÌÚÂÌÌÂ Ë Í‡ÛÒÚËÍË, ÍÓÚÓ˚Â Á‡ ÚÓ˜ÍÓÈ ÙÓÍÛÒ‡
ÔÂÂÌÓÒˇÚ ÁÌ‡˜ËÚÂÎ¸ÌÛ˛ ˜‡ÒÚ¸ ÏÓ˘ÌÓÒÚË œÃ—¬, Ó„Ë·‡˛Ú ‚˚ıÓ‰ÌÛ˛ ‡ÌÚÂÌÌÛ (ÒÏ. Ú‡ÍÊÂ ËÒ. 3).

Õ‡ ËÒ. 2, b ÔË‚Â‰ÂÌ˚ ˜‡ÒÚÓÚÌ˚Â Á‡‚ËÒËÏÓÒÚË ›ƒ— V , ËÁÏÂÂÌÌ˚Â ÔË Pin = �10 ‰¡Ï
‚ ÒÚÛÍÚÛÂ YIG/Pt, „‰Â ‚ÓÁ·ÛÊ‰ÂÌËÂ œÃ—¬ ÓÒÛ˘ÂÒÚ‚ÎˇÎÓÒ¸ ÙÓÍÛÒËÛ˛˘ÂÈ (ÍË‚‡ˇ 1) ËÎË
ÔˇÏÓÎËÌÂÈÌÓÈ (ÍË‚‡ˇ 2) ‡ÌÚÂÌÌ‡ÏË. ŒÚÏÂÚËÏ ÓÒˆËÎÎËÛ˛˘ËÈ ı‡‡ÍÚÂ ÍË‚˚ı 1 Ë 2, ˜ÚÓ
Ò‚ˇÁ‡ÌÓ Ò ÒËÌ„ÛÎˇÌÓÒÚˇÏË ‚‡Ì ’Ó‚‡ ‚ ÔÎÓÚÌÓÒÚË ÒÓÒÚÓˇÌËÈ h(f) ‚ ÒÔÂÍÚÂ œÃ—¬ Ì‡ ˜‡ÒÚÓÚ‡ı
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–ËÒ. 2. –ÂÁÛÎ¸Ú‡Ú˚ ËÁÏÂÂÌËÈ ˜‡ÒÚÓÚÌ˚ı Á‡‚ËÒËÏÓÒÚÂÈ ÍÓ˝ÙÙËˆËÂÌÚ‡ ÔÂÂ‰‡˜Ë S12 (a) Ë ›ƒ— V (b) ÔË Pin = �20
Ë �10 ‰¡Ï ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, „‰Â ÍË‚˚Â 1 Ë 2 ÓÚ‚Â˜‡˛Ú ÒÎÛ˜‡ˇÏ ‚ÓÁ·ÛÊ‰ÂÌËˇ œÃ—¬ ÙÓÍÛÒËÛ˛˘ÂÈ Ë ÔˇÏÓÎËÌÂÈÌÓÈ
‡ÌÚÂÌÌ‡ÏË; ÔÓÎÓÊÂÌËˇ ˜‡ÒÚÓÚ f⇤ Ì‡ ËÒ. a Ë f⇤⇤ Ì‡ ËÒ. b, Ì‡ ÍÓÚÓ˚ı ÔÓËÒıÓ‰ËÚ «‚˚‡‚ÌË‚‡ÌËÂ» ÁÌ‡˜ÂÌËÈ ÍË‚˚ı 1
Ë 2, ÔÓÍ‡Á‡Ì˚ ÔÛÌÍÚËÌ˚ÏË ÎËÌËˇÏË

Fig. 2. Results of the measurements of frequency dependencies of the transmission coefficient S12 (a) and EMF V (b) at
Pin = �20 and �10 dBm respectively, where curves 1 and 2 correspond to the cases of MSSW excitation by focusing and
straight antennas; frequency positions f⇤ in fig. a and f⇤⇤ in fig. b, at which “equalization” of curves 1 and 2 happens, are
shown by dash lines

‰ËÔÓÎ¸ÌÓ-Ó·ÏÂÌÌ˚ı ÂÁÓÌ‡ÌÒÓ‚ Ë ÔÓ‰Ó·ÌÂÂ Ó·ÒÛÊ‰‡ÎÓÒ¸ ‚ ‡·ÓÚÂ [42]. »Á ËÒÛÌÍ‡ ÏÓÊÌÓ ‚Ë‰ÂÚ¸,
˜ÚÓ Ì‡ ˜‡ÒÚÓÚ‡ı f < f⇤⇤

⇡ 5.05 √√ˆ ‚ ÒÎÛ˜‡Â ÙÓÍÛÒËÛ˛˘ÂÈ ‡ÌÚÂÌÌ˚ ‚ÂÎË˜ËÌ‡ ÒË„Ì‡Î‡ V ·˚Î‡
·ÓÎ¸¯Â Ì‡ 10–20 % ÓÚÌÓÒËÚÂÎ¸ÌÓ ÒÎÛ˜‡ˇ ÔˇÏÓÎËÌÂÈÌÓÈ ‡ÌÚÂÌÌ˚. Õ‡ ˜‡ÒÚÓÚÂ f⇤⇤ ÔÓËÒıÓ‰ËÎÓ
‚˚‡‚ÌË‚‡ÌËÂ ÁÌ‡˜ÂÌËÈ V ÍË‚˚ı 1 Ë 2, ‡ Ì‡ ˜‡ÒÚÓÚ‡ı f > f⇤⇤ ›ƒ— ÓÍ‡Á˚‚‡Î‡Ò¸ ·ÓÎ¸¯Â
‚ ÒÎÛ˜‡Â ÔˇÏÓÎËÌÂÈÌÓÈ ‡ÌÚÂÌÌ˚. ƒÎˇ ÚÓ„Ó ˜ÚÓ·˚ Ó·˙ˇÒÌËÚ¸ Ú‡ÍÓÂ ÔÓ‚Â‰ÂÌËÂ Á‡‚ËÒËÏÓÒÚË V (f),
Ó·‡ÚËÏÒˇ Í ËÒ. 3.

Õ‡ ËÒ. 3 ÔË‚Â‰ÂÌ˚ ÂÁÛÎ¸Ú‡Ú˚ ÏËÍÓÏ‡„ÌËÚÌÓ„Ó ÏÓ‰ÂÎËÓ‚‡ÌËˇ ‰‚ÛÏÂÌ˚ı Í‡Ú ‡ÒÔÂ-
‰ÂÎÂÌËˇ ‘Û¸Â-‡ÏÔÎËÚÛ‰˚ ‚ÓÎÌÓ‚Ó„Ó ÔÓÎˇ œÃ—¬ ‚ ÔÎÓÒÍÓÒÚË XY ‚ ÓÍÂÒÚÌÓÒÚË ÙÓÍÛÒËÛ˛˘ÂÈ
‡ÌÚÂÌÌ˚ (ÓÚÏÂ˜ÂÌ‡ Í‡Í 1) Ì‡ ˜‡ÒÚÓÚ‡ı f = 4.65...4.9 √√ˆ Ë ÔË H = 960 ›, ÔÓÎÛ˜ÂÌÌ˚Â Ò ÔÓÏÓ˘¸˛
OOMMF [46]. ÃÓ‰ÂÎËÓ‚‡ÌËÂ ÔÓ‚Ó‰ËÎÓÒ¸ ÒÓ„Î‡ÒÌÓ ÔÓ‰ıÓ‰Û ‡·ÓÚ˚ [32] ÔË Ô‡‡ÏÂÚ‡ı, ÓÚ‚Â˜‡-
˛˘Ëı ˝ÍÒÔÂËÏÂÌÚÛ. »Á ËÒ. 3 ÏÓÊÌÓ ‚Ë‰ÂÚ¸, ˜ÚÓ ‚ÓÁ·ÛÊ‰ÂÌËÂ œÃ—¬ ÍË‚ÓÎËÌÂÈÌÓÈ ‡ÌÚÂÌÌÓÈ

–ËÒ. 3. –‡ÒÔÂ‰ÂÎÂÌËÂ ‘Û¸Â-‡ÏÔÎËÚÛ‰˚ ÔÓÎˇ œÃ—¬, ‚ÓÁ·ÛÊ‰‡ÂÏÓÈ ÙÓÍÛÒËÛ˛˘ÂÈ (1) ‡ÌÚÂÌÌÓÈ ‚ ÔÎÓÒÍÓÒÚË XY Ì‡
˜‡ÒÚÓÚ‡ı f = 4.65...4.9 √√ˆ, „‰Â 2 — ÙÓÏËÛÂÏ˚Â Í‡ÛÒÚËÍË, 3 — ÔÓÎÓÊÂÌËÂ ÙÓÍÛÒ‡ œÃ—¬ (ˆ‚ÂÚ ÓÌÎ‡ÈÌ)

Fig. 3. Distribution of Fourier-amplitude of MSSW field excited by focusing antenna (1) in XY plane at frequencies
f = 4.65...4.9 GHz where 2 — formed caustics, 3 — position of MSSW focus (color online)
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–ËÒ. 4. –‡ÒÔÂ‰ÂÎÂÌËÂ ‘Û¸Â-‡ÏÔÎËÚÛ‰˚ ÔÓÎˇ œÃ—¬ (a) Ë ŒŒÃ—¬ (b), ‚ÓÁ·ÛÊ‰‡ÂÏ˚ı ÙÓÍÛÒËÛ˛˘ÂÈ ‡ÌÚÂÌÌÓÈ
‚ ÔÎÓÒÍÓÒÚË XZ (ˆ‚ÂÚ ÓÌÎ‡ÈÌ)

Fig. 4. Distribution of Fourier-amplitude of MSSW (a) and BVMSW (b) field excited by focusing antenna in XZ plane (color
online)

ÔË‚Ó‰ËÚ Í ÙÓÍÛÒËÓ‚ÍÂ œÃ—¬, ÔË ˝ÚÓÏ Ò ÓÒÚÓÏ ˜‡ÒÚÓÚ˚ f ÔÓÎÓÊÂÌËÂ ÙÓÍÛÒ‡ (ÓÚÏÂ˜ÂÌÓ Í‡Í
3 Ì‡ ËÒ. 3) ÒÏÂ˘‡ÂÚÒˇ ·ÎËÊÂ Í ÙÓÍÛÒËÛ˛˘ÂÈ ‡ÌÚÂÌÌÂ, ÌÓ ÓÒÚ‡ÂÚÒˇ Ì‡ Û˜‡ÒÚÍÂ ÔÎÂÌÍË YIG,
ÔÓÍ˚ÚÓÏ Pt. Õ‡ ˜‡ÒÚÓÚ‡ı f > 4.9 √√ˆ ÔÓÎÓÊÂÌËÂ ÙÓÍÛÒ‡ Ì‡ıÓ‰ËÚÒˇ ÏÂÊ‰Û ‡ÌÚÂÌÌÓÈ Ë Ó·Î‡ÒÚ¸˛
ÔÎÂÌÍË YIG, ÔÓÍ˚ÚÓÈ Pt. — ÓÒÚÓÏ ˜‡ÒÚÓÚ˚ œÃ—¬ Û‚ÂÎË˜Ë‚‡ÂÚÒˇ Û„ÓÎ ÏÂÊ‰Û Ì‡Ô‡‚ÎÂÌËˇÏË
ÓÒË y Ë Í‡ÛÒÚËÍ‡ÏË (ÓÚÏÂ˜ÂÌ˚ Í‡Í 2 Ì‡ ËÒ. 3), ÙÓÏËÛÂÏ˚ÏË ÔË ÙÓÍÛÒËÓ‚ÍÂ.

ŒÚÏÂÚËÏ, ˜ÚÓ ‡ÒÔÓÒÚ‡ÌÂÌËÂ Í‡ÛÒÚËÍ œÃ—¬, ÙÓÏËÛÂÏ˚ı Ì‡ Í‡ˇı ‡ÌÚÂÌÌ˚, ‚Á‡ËÏÌÓ
ÓÚÌÓÒËÚÂÎ¸ÌÓ ÓÔÚË˜ÂÒÍÓÈ ÓÒË ‡ÌÚÂÌÌ˚. ›ÚÓ ÒÎÂ‰ÛÂÚ ËÁ ÂÁÛÎ¸Ú‡ÚÓ‚ ÏËÍÓÏ‡„ÌËÚÌÓ„Ó ÏÓ‰ÂÎË-
Ó‚‡ÌËˇ ‡ÒÔÓÒÚ‡ÌÂÌËˇ œÃ—¬, ‡ÏÔÎËÚÛ‰‡ ÍÓÚÓÓÈ Ì‡ ÌÂÒÍÓÎ¸ÍËı ˜‡ÒÚÓÚ‡ı ‚ ÔÎÓÒÍÓÒÚË XZ
ÒÂ˜ÂÌËˇ ÔÎÂÌÍË YIG ÔÓÍ‡Á‡Ì‡ Ì‡ ËÒ. 4, a. ¬ ÒÎÛ˜‡Â Ó·‡ÚÌ˚ı Ó·˙ÂÏÌ˚ı Ï‡„ÌËÚÓÒÚ‡ÚË˜ÂÒÍËı
‚ÓÎÌ (ŒŒÃ—¬) ı‡‡ÍÚÂ ‡ÒÔÓÒÚ‡ÌÂÌËˇ Í‡ÛÒÚËÍ Í‡‰ËÌ‡Î¸ÌÓ ÓÚÎË˜‡ÂÚÒˇ. ›ÚÓ ÏÓÊÌÓ ‚Ë‰ÂÚ¸
ËÁ ËÒ. 4, b. ŒÒÓ·ÂÌÌÓ ˇÍÓ ÌÂ‚Á‡ËÏÌÓÒÚ¸ ÔÓˇ‚ÎˇÂÚÒˇ ‰Îˇ ˜‡ÒÚÓÚ˚ f = 4.5 √√ˆ. –‡ÒÔÂ‰ÂÎÂÌËÂ
‡ÏÔÎËÚÛ‰ «ÎÂ‚ÓÈ» Ë «Ô‡‚ÓÈ» Í‡ÛÒÚËÍ ÓÚÌÓÒËÚÂÎ¸ÌÓ ÓÔÚË˜ÂÒÍÓÈ ÓÒË ÌÂ‚Á‡ËÏÌÓ — Ï‡ÍÒËÏÛÏ˚ Ëı
‡ÏÔÎËÚÛ‰ Ì‡ıÓ‰ˇÚÒˇ ‚·ÎËÁË ‡ÁÌ˚ı ÔÓ‚ÂıÌÓÒÚÂÈ ÔÎ∏ÌÍË YIG.

“‡ÍËÏ Ó·‡ÁÓÏ, ÓÚÏÂ˜ÂÌÌ˚È ‡ÌÂÂ ÓÒÚ ‚ÂÎË˜ËÌ˚ ÒË„Ì‡Î‡ ›ƒ— Ì‡ ˜‡ÒÚÓÚ‡ı f < f⇤⇤

ÏÓÊÂÚ ·˚Ú¸ Ò‚ˇÁ‡Ì Ò ‰‚ÛÏˇ ÔË˜ËÌ‡ÏË: 1) Ò ÙÓÏËÛÂÏ˚ÏË Í‡ÛÒÚËÍ‡ÏË, ÍÓÚÓ˚Â ÓÚ‡Ê‡˛Ú
ÓÒÚ ÔÎÓÚÌÓÒÚË ÒÓÒÚÓˇÌËÈ h(f) ‚ ÒÔÂÍÚÂ œÃ—¬, ˜ÚÓ ÒıÓÊÂ ÒÓ ÒÎÛ˜‡ÂÏ ‰ËÔÓÎ¸ÌÓ-Ó·ÏÂÌÌ˚ı
ÂÁÓÌ‡ÌÒÓ‚; 2) ÙÓÍÛÒËÓ‚Í‡ œÃ—¬ ÔË‚Ó‰ËÚ Í ÓÒÚÛ ÔÎÓÚÌÓÒÚË ÔÓ„ÓÌÌÓÈ ÏÓ˘ÌÓÒÚË œÃ—¬, ˜ÚÓ
˝Í‚Ë‚‡ÎÂÌÚÌÓ ÒÎÛ˜‡˛ Û‚ÂÎË˜ÂÌËˇ ÛÓ‚Ìˇ ‚ıÓ‰ÌÓÈ ÏÓ˘ÌÓÒÚË Pin.

«‡ÍÎ˛˜ÂÌËÂ

“‡ÍËÏ Ó·‡ÁÓÏ, Ì‡ ÔËÏÂÂ ÒÚÛÍÚÛ YIG/Pt ÔÓÍ‡Á‡Ì‡ ‚ÓÁÏÓÊÌÓÒÚ¸ ‰ÂÚÂÍÚËÓ‚‡ÌËˇ Ò ÔÓ-
ÏÓ˘¸˛ Œ—›’ ÒÙÓÍÛÒËÓ‚‡ÌÌ˚ı ÔÛ˜ÍÓ‚ œÃ—¬, ‚ÓÁ·ÛÊ‰‡ÂÏ˚ı ÙÓÍÛÒËÛ˛˘ËÏ ÍË‚ÓÎËÌÂÈÌ˚Ï
ÔÂÓ·‡ÁÓ‚‡ÚÂÎÂÏ. œÓ‚Â‰ÂÌÓ ÒÓÔÓÒÚ‡‚ÎÂÌËÂ ˜‡ÒÚÓÚÌ˚ı Á‡‚ËÒËÏÓÒÚÂÈ ›ƒ— V (f), Ì‡‚Ó‰ËÏ˚ı Ì‡
ÍÓÌÚ‡ÍÚ‡ı Í Pt, ‚ ÛÒÎÓ‚Ëˇı ÙÓÍÛÒËÓ‚ÍË œÃ—¬ Ë ÔË ‚ÓÁ·ÛÊ‰ÂÌËË ÔˇÏÓÎËÌÂÈÌ˚Ï ÔÂÓ·‡ÁÓ‚‡-
ÚÂÎÂÏ. ŒÚÏÂ˜ÂÌÓ, ˜ÚÓ Ì‡ ‚ÂÎË˜ËÌÛ V (f), „ÂÌÂËÛÂÏÛ˛ ÒÙÓÍÛÒËÓ‚‡ÌÌ˚ÏË œÃ—¬, ÒÛ˘ÂÒÚ‚ÂÌÌÓ
‚ÎËˇÂÚ ıÓÏ‡ÚË˜ÂÒÍ‡ˇ ‡·Â‡ˆËˇ ÙÓÍÛÒËÛ˛˘ÂÈ ‡ÌÚÂÌÌ˚. œÓÍ‡Á‡ÌÓ, ˜ÚÓ ÙÓÍÛÒËÓ‚Í‡ œÃ—¬
ÔË‚Ó‰ËÚ Í ÓÒÚÛ ÒË„Ì‡Î‡ ›ƒ— ÓÚÌÓÒËÚÂÎ¸ÌÓ ÒÎÛ˜‡ˇ ÔˇÏÓÎËÌÂÈÌÓÈ ‡ÌÚÂÌÌ˚ Ì‡ ÚÂı ˜‡ÒÚÓÚ‡ı
f < f⇤⇤, ÔË ÍÓÚÓ˚ı ÔÓÎÓÊÂÌËÂ ÙÓÍÛÒ‡ œÃ—¬ Ì‡ıÓ‰ËÚÒˇ Ì‡ Û˜‡ÒÚÍÂ ÒÚÛÍÚÛ˚, ÔÓÍ˚ÚÓÏ Pt.
Õ‡ ˜‡ÒÚÓÚ‡ı f > f⇤⇤, ÔË ÍÓÚÓ˚ı ÔÓÎÓÊÂÌËÂ ÙÓÍÛÒ‡ Ì‡ıÓ‰ËÚÒˇ ÏÂÊ‰Û ‡ÌÚÂÌÌÓÈ Ë Ó·Î‡ÒÚ¸˛ YIG,
ÔÓÍ˚ÚÓÈ Pt, ÒË„Ì‡Î ›ƒ—, Ì‡Ó·ÓÓÚ, Ô‡‰‡ÂÚ. ”Í‡Á‡ÌÌ˚È ÓÒÚ ›ƒ— Ì‡ ˜‡ÒÚÓÚ‡ı f < f⇤⇤ ÏÓÊÂÚ
·˚Ú¸ Ò‚ˇÁ‡Ì Ò Û‚ÂÎË˜ÂÌËÂÏ ÔÓ„ÓÌÌÓÈ ÔÎÓÚÌÓÒÚË ÏÓ˘ÌÓÒÚË œÃ—¬ Ë Í‡ÛÒÚËÍ‡ÏË, ÙÓÏËÛÂÏ˚ÏË
ÔË ÙÓÍÛÒËÓ‚ÍÂ, ÍÓÚÓ˚Â ÓÚ‡Ê‡˛Ú ÓÒÚ ÔÎÓÚÌÓÒÚË ÒÓÒÚÓˇÌËÈ h(f) ‚ ÒÔÂÍÚÂ œÃ—¬, ˜ÚÓ ‰ÓÎÊÌÓ
ÔË‚Ó‰ËÚ¸ Í ÛÒËÎÂÌË˛ ÔÓˆÂÒÒÓ‚ ˝ÎÂÍÚÓÌ-Ï‡„ÌÓÌÌÓ„Ó ‡ÒÒÂˇÌËˇ.
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