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¿ÌÌÓÚ‡ˆËˇ. ÷ÂÎ¸ Ì‡ÒÚÓˇ˘ÂÈ ‡·ÓÚ˚ — ÔÓÒÚÓÂÌËÂ ÍÓÏÔ‡ÍÚÌÓÈ ÒıÂÏ˚ ÏÂÚÓ‰‡ ÍÓÌÂ˜Ì˚ı ‡ÁÌÓÒÚÂÈ ‰Îˇ ÏÓ‰ÂÎËÓ‚‡ÌËˇ
‰ËÌ‡ÏËÍË ıË˘ÌËÍ‡ Ë ÊÂÚ‚˚ Ì‡ ÓÒÌÓ‚Â Û‡‚ÌÂÌËÈ Â‡ÍˆËË–‰ËÙÙÛÁËË–‡‰‚ÂÍˆËË Ò ÔÂÂÏÂÌÌ˚ÏË ÍÓ˝ÙÙËˆËÂÌÚ‡ÏË.
ÃÂÚÓ‰˚. ƒÎˇ ‰ËÒÍÂÚËÁ‡ˆËË ÔÓÒÚ‡ÌÒÚ‚ÂÌÌÓ-ÌÂÓ‰ÌÓÓ‰ÌÓÈ Á‡‰‡˜Ë Ò ÌÂÎËÌÂÈÌ˚ÏË ˜ÎÂÌ‡ÏË Ú‡ÍÒËÒÌÓ„Ó Ë ÎÓÍ‡Î¸ÌÓ„Ó
‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëˇ ÔËÏÂÌˇÂÚÒˇ ËÌÚÂ„Ó-ËÌÚÂÔÓÎˇˆËÓÌÌ˚È ÏÂÚÓ‰. œÎÓÚÌÓÒÚË ‚Ë‰Ó‚ ÓÔÂ‰ÂÎˇ˛ÚÒˇ Ì‡ ÓÒÌÓ‚ÌÓÈ ÒÂÚÍÂ,
‡ Ëı ÔÓÚÓÍË ‚˚˜ËÒÎˇ˛ÚÒˇ ‚ ÛÁÎ‡ı ÒÏÂ˘ÂÌÌÓÈ ÒÂÚÍË. »ÌÚÂ„ËÓ‚‡ÌËÂ ÔÓ ‚ÂÏÂÌË ÔÓ‚Ó‰ËÚÒˇ ÏÂÚÓ‰ÓÏ –ÛÌ„Â– ÛÚÚ˚
‚˚ÒÓÍÓ„Ó ÔÓˇ‰Í‡. –ÂÁÛÎ¸Ú‡Ú˚. ƒÎˇ ÒÎÛ˜‡ˇ Ó‰ÌÓÏÂÌÓ„Ó ÍÓÎ¸ˆÂ‚Ó„Ó ‡Â‡Î‡ Ì‡ ÚÂıÚÓ˜Â˜ÌÓÏ ¯‡·ÎÓÌÂ ÔÓÒÚÓÂÌ‡
‡ÁÌÓÒÚÌ‡ˇ ÒıÂÏ‡, ÔÓÁ‚ÓÎˇ˛˘‡ˇ ÔÓ‚˚ÒËÚ¸ ÔÓˇ‰ÓÍ ÚÓ˜ÌÓÒÚË ÔÓ Ò‡‚ÌÂÌË˛ ÒÓ ÒÚ‡Ì‰‡ÚÌÓÈ ÒıÂÏÓÈ ‚ÚÓÓ„Ó ÔÓˇ‰Í‡
‡ÔÔÓÍÒËÏ‡ˆËË. œÂ‰ÒÚ‡‚ÎÂÌ˚ ÂÁÛÎ¸Ú‡Ú˚ ‚˚˜ËÒÎËÚÂÎ¸ÌÓ„Ó ˝ÍÒÔÂËÏÂÌÚ‡ Ë ÔÓ‚Â‰ÂÌÓ Ò‡‚ÌÂÌËÂ ÒıÂÏ ‰Îˇ ÒÚ‡ˆËÓ-
Ì‡Ì˚ı Ë ÌÂÒÚ‡ˆËÓÌ‡Ì˚ı Â¯ÂÌËÈ. Õ‡ ÓÒÌÓ‚Â ÔÓˆÂÒÒ‡ ›ÈÚÍÂÌ‡ ‰Îˇ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚÂÈ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌ˚ı ÒÂÚÓÍ
Â‡ÎËÁÓ‚‡Ì˚ ‚˚˜ËÒÎÂÌËˇ ˝ÙÙÂÍÚË‚ÌÓ„Ó ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË. –‡ÒÒ˜ËÚ‡ÌÌ˚Â ÁÌ‡˜ÂÌËˇ ‰Îˇ ÔÂ‰ÎÓÊÂÌÌÓÈ ÒıÂÏ˚ ·˚ÎË
·ÓÎ¸¯Â ÒÚ‡Ì‰‡ÚÌ˚ı ‰‚Ûı: ‰Îˇ ‰ËÙÙÛÁËÓÌÌÓÈ Á‡‰‡˜Ë ÔÓÎÛ˜‡ÎËÒ¸ ÁÌ‡˜ÂÌËˇ ÌÂ ÏÂÌ¸¯Â ˜ÂÚ˚Âı, ÛÏÂÌ¸¯ÂÌËÂ ‰Ó ÚÂı
·˚ÎÓ ÓÚÏÂ˜ÂÌÓ ÔË Û˜ÂÚÂ Ì‡Ô‡‚ÎÂÌÌÓÈ ÏË„‡ˆËË. ›ÚË ‚˚‚Ó‰˚ ·˚ÎË ÔÓ‰Ú‚ÂÊ‰ÂÌ˚ Ë ÔË ‡Ò˜ÂÚÂ ÌÂÒÚ‡ˆËÓÌ‡Ì˚ı
ÂÊËÏÓ‚ ÍÓÎÂ·‡ÌËÈ. «‡ÍÎ˛˜ÂÌËÂ. œÓÎÛ˜ÂÌÌ˚Â ÂÁÛÎ¸Ú‡Ú˚ ‰ÂÏÓÌÒÚËÛ˛Ú ˝ÙÙÂÍÚË‚ÌÓÒÚ¸ ÔÓÒÚÓÂÌÌÓÈ ÒıÂÏ˚ ‡Ò˜ÂÚ‡
‰ËÌ‡ÏËÍË ÒËÒÚÂÏ˚ ıË˘ÌËÍ‡ Ë ÊÂÚ‚˚ Ì‡ ÌÂÓ‰ÌÓÓ‰ÌÓÏ ‡Â‡ÎÂ Ó·ËÚ‡ÌËˇ.
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Abstract. The aim of this work is to develop a compact finite-difference approach for modeling the dynamics of predator
and prey based on reaction-diffusion-advection equations with variable coefficients. Methods. To discretize a spatially
inhomogeneous problem with nonlinear terms of taxis and local interaction, the balance method is used. Species densities are
determined on the main grid whereas fluxes are computed at the nodes of the staggered grid. Integration over time is carried
out using the high-order Runge-Kutta method. Results. For the case of one-dimensional annular interval, the finite-difference
scheme on the three-point stencil has been constructed that makes it possible to increase the order of accuracy compared to
the standard second-order approximation scheme. The results of computational experiment are presented and comparison of
schemes for stationary and non-stationary solutions is carried out. We conduct the calculation of accuracy order basing on the
Aitken process for sequences of spatial grids. The calculated values of the effective order accuracy for the proposed scheme
were greater than the standard two: for the diffusion problem, values of at least four were obtained. Decrease was obtained
when directional migration was taken into account. This conclusion was also confirmed for non-stationary oscillatory regimes.
Conclusion. The results demonstrate the effectiveness of the derived scheme for dynamics of predator and prey system in a
heterogeneous environment.
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¬‚Â‰ÂÌËÂ

 ÓÏÔ‡ÍÚÌ˚Â ÒıÂÏ˚ ÔÓÁ‚ÓÎˇ˛Ú ÔÓ‚˚ÒËÚ¸ ÔÓˇ‰ÓÍ ‡ÁÌÓÒÚÌ˚ı ‡ÔÔÓÍÒËÏ‡ˆËÈ Ë Ó·ÂÒÔÂ˜ËÚ¸
ÊÂÎ‡ÂÏÛ˛ ÚÓ˜ÌÓÒÚ¸ Ò ÏËÌËÏ‡Î¸Ì˚ÏË ‚˚˜ËÒÎËÚÂÎ¸Ì˚ÏË Á‡Ú‡Ú‡ÏË [1, 2]. »ı ‡Á‚ËÚËÂ Ë ÔËÏÂÌÂ-
ÌËÂ ‚ Á‡‰‡˜‡ı ‡ÍÛÒÚËÍË, „Ë‰Ó- Ë ‡˝Ó‰ËÌ‡ÏËÍË ÓÔËÒ‡ÌÓ ‚ ÒÚ‡Ú¸ˇı, Ó·ÁÓ˚ ÍÓÚÓ˚ı ÔË‚Â‰ÂÌ˚
‚ [3–7]. ƒÎˇ ÎËÌÂÈÌ˚ı Á‡‰‡˜ ÔÓˇ‰ÓÍ ‡ÔÔÓÍÒËÏ‡ˆËË ÛÒÚ‡Ì‡‚ÎË‚‡ÂÚÒˇ ÔÓ‰ÒÚ‡ÌÓ‚ÍÓÈ ÚÓ˜ÌÓ„Ó
Â¯ÂÌËˇ ‚ ‡ÁÌÓÒÚÌ˚Â ‡Ì‡ÎÓ„Ë Û‡‚ÌÂÌËÈ Ë ÔˇÏ˚Ï ‡ÁÎÓÊÂÌËÂÏ ‚ ˇ‰ “ÂÈÎÓ‡ [8]. ¬ ÒÎÛ˜‡Â
ÌÂÎËÌÂÈÌ˚ı Á‡‰‡˜ ÔËÏÂÌˇ˛ÚÒˇ ‚˚˜ËÒÎËÚÂÎ¸Ì˚Â ÔÓˆÂ‰Û˚ Ì‡ Ò„Û˘‡˛˘ËıÒˇ ÒÂÚÍ‡ı ÚËÔ‡ –Ë˜‡‰-
ÒÓÌ‡, –ÛÌ„Â, ›ÈÚÍÂÌ‡ [9]. —Û˘ÂÒÚ‚Û˛Ú ÔÓ‰ıÓ‰˚, ÓÒÌÓ‚‡ÌÌ˚Â Ì‡ ‡ÁÌÓÒÚÌ˚ı ‡ÔÔÓÍÒËÏ‡ˆËˇı ÔÓ
ÔÓÒÚ‡ÌÒÚ‚Û Ë ÔÓ ‚ÂÏÂÌË, ‡ Ú‡ÍÊÂ ‚‡Ë‡ÌÚ˚ ÏÂÚÓ‰‡ ÔˇÏ˚ı, ‚ ÍÓÚÓ˚ı ‡ÁÌÓÒÚÌ‡ˇ ‡ÔÔÓÍÒË-
Ï‡ˆËˇ ÔÓ‚Ó‰ËÚÒˇ ÔÓ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌ˚Ï ÔÂÂÏÂÌÌ˚Ï, ‡ ÔÓ ‚ÂÏÂÌË ËÒÔÓÎ¸ÁÛ˛ÚÒˇ ÏÂÚÓ‰˚ ÚËÔ‡
–ÛÌ„Â– ÛÚÚ˚. ¬˚ÒÓÍËÂ ÔÓˇ‰ÍË ËÌÚÂ„‡ÚÓÓ‚ ÔÓ ‚ÂÏÂÌË [10] ÔÓÁ‚ÓÎˇ˛Ú ÒÓÒÂ‰ÓÚÓ˜ËÚ¸Òˇ ÚÓÎ¸ÍÓ
Ì‡ ‡ÔÔÓÍÒËÏ‡ˆËˇı ÔÓ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌ˚Ï ÍÓÓ‰ËÌ‡Ú‡Ï.

œË ËÒÒÎÂ‰Ó‚‡ÌËË ÏÓ‰ÂÎÂÈ ÔÓÔÛÎˇˆËÓÌÌÓÈ ‰ËÌ‡ÏËÍË, ÓÒÌÓ‚‡ÌÌ˚ı Ì‡ Û‡‚ÌÂÌËˇı Â‡Í-
ˆËË–‰ËÙÙÛÁËË–‡‰‚ÂÍˆËË, ÚÂ·ÛÂÚÒˇ ‚˚˜ËÒÎˇÚ¸ Ë ‡Ì‡ÎËÁËÓ‚‡Ú¸ ÒÚ‡ˆËÓÌ‡Ì˚Â Â¯ÂÌËˇ, ‡ Ú‡Í-
ÊÂ ÍÓÎÂ·‡ÚÂÎ¸Ì˚Â ÂÊËÏ˚, ÓÒÓ·ÂÌÌÓ ‰Îˇ ÒËÒÚÂÏ, ÓÔËÒ˚‚‡˛˘Ëı ‚Á‡ËÏÓ‰ÂÈÒÚ‚ËÂ ıË˘ÌËÍÓ‚
Ë ÊÂÚ‚ [11–14]. œËÏÂÌÂÌËÂ ÒıÂÏ ÔÓ‚˚¯ÂÌÌÓ„Ó ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË ‰Îˇ ÔÓ·ÎÂÏ Ï‡ÚÂÏ‡ÚË˜ÂÒÍÓÈ
·ËÓÎÓ„ËË ‚ÒÚÂ˜‡ÂÚÒˇ ‰ÓÒÚ‡ÚÓ˜ÌÓ Â‰ÍÓ. ¬ [3] ÍÓÏÔ‡ÍÚÌ‡ˇ ‡ÁÌÓÒÚÌ‡ˇ ÒıÂÏ‡ ‚˚ÒÓÍÓ„Ó ÔÓˇ‰Í‡
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Â‡ÎËÁÓ‚‡Ì‡ ‰Îˇ Â¯ÂÌËˇ Ó‰ÌÓÏÂÌÓÈ ÔÓ ÔÓÒÚ‡ÌÒÚ‚Û Á‡‰‡˜Ë Â‡ÍˆËË–‡‰‚ÂÍˆËË–‰ËÙÙÛÁËË,
‡ ‚ [4] ÔÂ‰ÎÓÊÂÌ‡ ‡ÔÔÓÍÒËÏ‡ˆËˇ ÚÂıÏÂÌÓ„Ó Û‡‚ÌÂÌËˇ ÍÓÌ‚ÂÍˆËË–‰ËÙÙÛÁËË ‰Îˇ ÒÎÛ˜‡ˇ
ÌÂ‡‚ÌÓÏÂÌÓÈ ÒÂÚÍË. ¬ [5] ËÒÔÓÎ¸ÁÓ‚‡ÎËÒ¸ ÍÓÌÂ˜ÌÓ-‡ÁÌÓÒÚÌ˚Â ‡ÔÔÓÍÒËÏ‡ˆËË ÔÓ ‚ÂÏÂÌÌÓÈ Ë
ÔÓÒÚ‡ÌÒÚ‚ÂÌÌÓÈ ÍÓÓ‰ËÌ‡Ú‡Ï ‰Îˇ Û‡‚ÌÂÌËˇ  ÓÎÏÓ„ÓÓ‚‡–œÂÚÓ‚ÒÍÓ„Ó–œËÒÍÛÌÓ‚‡–‘Ë¯Â‡.
ƒÎˇ Â¯ÂÌËˇ Û‡‚ÌÂÌËÈ Â‡ÍˆËË-‰ËÙÙÛÁËË Ò ÔÂÂÏÂÌÌ˚ÏË ÍÓ˝ÙÙËˆËÂÌÚ‡ÏË Ë ÌÂÎËÌÂÈÌ˚Ï ËÒÚÓ˜-
ÌËÍÓ‚˚Ï ˜ÎÂÌÓÏ ‚ [6] ‡Á‡·ÓÚ‡Ì‡ ÍÓÏÔ‡ÍÚÌ‡ˇ ÍÓÌÂ˜ÌÓ-‡ÁÌÓÒÚÌ‡ˇ ÒıÂÏ‡ ˜ÂÚ‚ÂÚÓ„Ó ÔÓˇ‰Í‡. ¬ [7]
‡ÒÒÏÓÚÂÌ‡ ÏÓ‰ÂÎ¸ ıÂÏÓÚ‡ÍÒËÒ‡ ‰Îˇ ÒËÒÚÂÏ˚ Ò ÍÓÒÒ-‰ËÙÙÛÁËÂÈ Ë ÎÓ„ËÒÚË˜ÂÒÍËÏ ËÒÚÓ˜ÌËÍÓÏ.

¬ ‰‡ÌÌÓÈ ‡·ÓÚÂ ‰Îˇ Â¯ÂÌËˇ ÌÂÎËÌÂÈÌ˚ı Û‡‚ÌÂÌËÈ ÒËÒÚÂÏ˚ ıË˘ÌËÍ‡ Ë ÊÂÚ‚˚ ËÒ-
ÔÓÎ¸ÁÛÂÚÒˇ ÏÂÚÓ‰ ÔˇÏ˚ı ‡Ì‡ÎÓ„Ë˜ÌÓ ÒıÂÏÂ ÒÓ ÒÏÂ˘ÂÌÌ˚ÏË ÒÂÚÍ‡ÏË, ‡Á‡·ÓÚ‡ÌÌÓÈ ‚ [15,16].
œÎÓÚÌÓÒÚË ‚Ë‰Ó‚ ÓÔÂ‰ÂÎˇ˛ÚÒˇ Ì‡ ÓÒÌÓ‚ÌÓÈ ÒÂÚÍÂ, ‡ Ëı ÔÓÚÓÍË ‚˚˜ËÒÎˇ˛ÚÒˇ ‚ ÛÁÎ‡ı ÒÏÂ˘ÂÌÌÓÈ
ÒÂÚÍË. ƒËÒÍÂÚËÁ‡ˆËˇ Á‡‰‡˜Ë ‰Îˇ ÍÓÎ¸ˆÂ‚Ó„Ó ‡Â‡Î‡ ÔÓ‚Ó‰ËÚÒˇ Ì‡ ÚÂıÚÓ˜Â˜ÌÓÏ ¯‡·ÎÓÌÂ. ƒÎˇ
ËÌÚÂ„ËÓ‚‡ÌËˇ ÔÓ ‚ÂÏÂÌË ÔËÏÂÌˇÂÚÒˇ ÏÂÚÓ‰ –ÛÌ„Â– ÛÚÚ˚ ‚˚ÒÓÍÓ„Ó ÔÓˇ‰Í‡.

1. Ã‡ÚÂÏ‡ÚË˜ÂÒÍ‡ˇ ÏÓ‰ÂÎ¸ ıË˘ÌËÍ‡ Ë ÊÂÚ‚˚ Ì‡ ÌÂÓ‰ÌÓÓ‰ÌÓÏ ‡Â‡ÎÂ

ƒÎˇ ÓÔËÒ‡ÌËˇ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌÓ-‚ÂÏÂÌÌÓ„Ó ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëˇ ıË˘ÌËÍ‡ Ë ÊÂÚ‚˚ ËÒÔÓÎ¸ÁÛ˛Ú-
Òˇ Û‡‚ÌÂÌËˇ Â‡ÍˆËË–‰ËÙÙÛÁËË–‡‰‚ÂÍˆËË [11, 13]. ¬ ÒÎÛ˜‡Â Ó‰ÌÓÏÂÌÓ„Ó ‡Â‡Î‡ Ï‡ÚÂÏ‡ÚË˜ÂÒÍ‡ˇ
ÏÓ‰ÂÎ¸ ÏÓÊÂÚ ·˚Ú¸ Á‡ÔËÒ‡Ì‡ ‚ ‚Ë‰Â ÒËÒÚÂÏ˚ Û‡‚ÌÂÌËÈ ÓÚÌÓÒËÚÂÎ¸ÌÓ ÔÎÓÚÌÓÒÚÂÈ ÊÂÚ‚˚ u(x, t)
Ë ıË˘ÌËÍ‡ v(x, t) [15, 16]

u̇ = �q01 + F1, q1 = �k1u
0 + u301, (1)

v̇ = �q02 + F2, q2 = �k2v
0 + v302, (2)

„‰Â ÚÓ˜ÍÓÈ Ó·ÓÁÌ‡˜ÂÌÓ ‰ËÙÙÂÂÌˆËÓ‚‡ÌËÂ ÔÓ ‚ÂÏÂÌË t, ‡ ¯ÚËıÓÏ — ÔÓËÁ‚Ó‰Ì‡ˇ ÔÓ x. ◊ÎÂÌ˚
Fi (i = 1, 2) ÓÔËÒ˚‚‡˛Ú ÎÓÍ‡Î¸ÌÓÂ ‚Á‡ËÏÓ‰ÂÈÒÚ‚ËÂ ‚Ë‰Ó‚ Ì‡ ÓÒÌÓ‚Â ÙÛÌÍˆËÓÌ‡Î¸ÌÓ„Ó ÓÚÍÎËÍ‡
’ÓÎÎËÌ„‡ ‚ÚÓÓ„Ó Ó‰‡, ÏÓ‰ÂÎË ÓÒÚ‡ „ËÔÂ·ÓÎË˜ÂÒÍÓ„Ó ÚËÔ‡ ‰Îˇ ÊÂÚ‚˚ Ë ÎËÌÂÈÌÓ„Ó Á‡ÍÓÌ‡
Û·˚ÎË ıË˘ÌËÍ‡ [17]

F1(u, v) = u


u

✓
1�

u

p

◆
�

v

1 + Cu

�
, F2(u, v) = v


�l+

Bu

1 + Cu

�
. (3)

«‰ÂÒ¸ p = p(x) — ÂÒÛÒ, l — ÍÓ˝ÙÙËˆËÂÌÚ ÒÏÂÚÌÓÒÚË, B — ÔËÓÒÚ ıË˘ÌËÍ‡ ‚ ÂÁÛÎ¸Ú‡ÚÂ
ÍÓÌÚ‡ÍÚ‡ Ò ÊÂÚ‚ÓÈ, ‡ C ÔÓÁ‚ÓÎˇÂÚ Û˜ÂÒÚ¸ ËÌÂÚÌÓÒÚ¸ ıË˘ÌËÍ‡ ÔË ÔÓËÒÍÂ, ÔÓ„ÎÓ˘ÂÌËË Ë
ÔÂÂ‡·ÓÚÍÂ ÊÂÚ‚˚.

¬ ‚˚‡ÊÂÌËˇı ‰Îˇ ÔÓÚÓÍÓ‚ qi (ÙÓÏÛÎ˚ (1)–(2)) ÔÂ‚ÓÂ ÒÎ‡„‡ÂÏÓÂ ı‡‡ÍÚÂËÁÛÂÚ ‰ËÙÙÛÁË˛,
‡ ‚ÚÓÓÂ ÓÚ‚Â˜‡ÂÚ Á‡ Ì‡Ô‡‚ÎÂÌÌÛ˛ ÏË„‡ˆË˛ (Ú‡ÍÒËÒ) [13, 16]. ‘ÛÌÍˆËˇ 31 ‚ÍÎ˛˜‡ÂÚ Ú‡ÍÒËÒ
ÊÂÚ‚˚ Ì‡ ÌÂ‡‚ÌÓÏÂÌÓ ‡ÒÔÂ‰ÂÎÂÌÌ˚È ‚‰ÓÎ¸ ‡Â‡Î‡ ÂÒÛÒ p(x), ÏË„‡ˆË˛ ÓÚ ÓÒÓ·ÂÈ Ò‚ÓÂ„Ó
‚Ë‰‡ (�b11u) Ë ÓÚ ıË˘ÌËÍ‡ (�b12v). ‘ÛÌÍˆËˇ 32 ÓÔËÒ˚‚‡ÂÚ Ú‡ÍÒËÒ ıË˘ÌËÍ‡ Ì‡ ÊÂÚ‚Û (b21u)
Ë Ú‡ÍÒËÒ (�b22v) ÓÚ Ò„Û˘ÂÌËˇ ıË˘ÌËÍÓ‚ [16]:

31 = ap� b11u� b12v, 32 = b21u� b22v. (4)

 Ó˝ÙÙËˆËÂÌÚ˚ ‰ËÙÙÛÁËË ki Ë Ì‡Ô‡‚ÎÂÌÌÓÈ ÏË„‡ˆËË a, bij (i, j = 1, 2) ˇ‚Îˇ˛ÚÒˇ ÌÂÓÚËˆ‡ÚÂÎ¸-
Ì˚ÏË ‚ÂÎË˜ËÌ‡ÏË.

—ËÒÚÂÏ‡ (1)–(4) ‰ÓÔÓÎÌˇÂÚÒˇ ÛÒÎÓ‚ËˇÏË ÔÂËÓ‰Ë˜ÌÓÒÚË ÔË x = 0 (x = a):

u(0, t) = u(a, t), q1(0, t) = q1(a, t),

v(0, t) = v(a, t), q2(0, t) = q2(a, t). (5)

Õ‡˜‡Î¸Ì˚Â ÛÒÎÓ‚Ëˇ Á‡‰‡˛ÚÒˇ ‰Îˇ ÔÎÓÚÌÓÒÚÂÈ ‚Ë‰Ó‚

u(x, 0) = u0(x), v(x, 0) = v0(x). (6)
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2. –‡ÁÌÓÒÚÌ‡ˇ ÒıÂÏ‡ ÔÓ‚˚¯ÂÌÌÓ„Ó ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË

¬ ‡·ÓÚ‡ı [15,16] ÓÔËÒ‡Ì‡ ÍÓÌÂ˜ÌÓ-‡ÁÌÓÒÚÌ‡ˇ ÒıÂÏ‡ Â¯ÂÌËˇ Á‡‰‡˜ ‰ËÌ‡ÏËÍË ÔÓÔÛÎˇˆËÈ Ì‡
ÓÒÌÓ‚Â ÏÂÚÓ‰‡ ÍÓÌÂ˜Ì˚ı ‡ÁÌÓÒÚÂÈ Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ÒÏÂ˘ÂÌÌ˚ı ÒÂÚÓÍ ‰Îˇ ‚˚˜ËÒÎÂÌËˇ ÔÓÚÓÍÓ‚.
ƒÎˇ ‰ËÒÍÂÚËÁ‡ˆËË Û‡‚ÌÂÌËÈ (1)–(6) ÔÓ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌÓÈ ÍÓÓ‰ËÌ‡ÚÂ Ì‡ ÓÚÂÁÍÂ [0, a] ‚‚Ó‰ËÏ
‡‚ÌÓÏÂÌÛ˛ ÒÂÚÍÛ xr = rh, r = 0, . . . , n, h = a/n, ‚ ÛÁÎ‡ı ÍÓÚÓÓÈ ‚˚˜ËÒÎˇ˛ÚÒˇ ÔÎÓÚÌÓÒÚË
‚Ë‰Ó‚ u, v Ë ˜ÎÂÌ˚ ÎÓÍ‡Î¸ÌÓ„Ó ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëˇ Fi, i = 1, 2. ƒÎˇ ‚˚˜ËÒÎÂÌËˇ ÔÓÚÓÍÓ‚ ËÒÔÓÎ¸ÁÛÂÏ
ÒÏÂ˘ÂÌÌÛ˛ ÒÂÚÍÛ xr� 1

2
= rh � h/2, r = 1, . . . , n. ƒ‡ÎÂÂ ÓÔÂ‰ÂÎˇÂÏ ÓÔÂ‡ÚÓ˚ ‡ÁÌÓÒÚÌÓÈ

ÔÓËÁ‚Ó‰ÌÓÈ Ë ‚˚˜ËÒÎÂÌËˇ ÒÂ‰ÌÂ„Ó

(dy)r =
yr+ 1

2
� yr� 1

2

h
, (dy)r =

yr+ 1
2
+ yr� 1

2

2
, (7)

(dy)r� 1
2
=

yr � yr�1

h
, (dy)r� 1

2
=

yr + yr�1

2
. (8)

œËÏÂÌËÏ ÔÓ‰ıÓ‰ [1, 8] ‰Îˇ ‡ÔÔÓÍÒËÏ‡ˆËË Û‡‚ÌÂÌËÈ (1)–(4). »ÒÔÓÎ¸ÁÛÂÏ ËÌÚÂ„Ó-ËÌÚÂ-
ÔÓÎˇˆËÓÌÌ˚È ÏÂÚÓ‰ (ÏÂÚÓ‰ ·‡Î‡ÌÒ‡) [8] Ë ÙÓÏÛÎÛ —ËÏÔÒÓÌ‡. œÓËÌÚÂ„ËÛÂÏ (1) ÔÓ ÓÚÂÁÍÛ
[xr� 1

2
, xr+ 1

2
], ‚ ÛÁÎ‡ı ÒÏÂ˘ÂÌÌÓÈ ÒÂÚÍË xr� 1

2
Á‡ÏÂÌˇÂÏ ÔÓËÁ‚Ó‰ÌÛ˛ ÔÓ ‚ÂÏÂÌË Ë F1 ÔÓÎÛÒÛÏÏÓÈ

ÁÌ‡˜ÂÌËÈ ‚ ÒÓÒÂ‰ÌËı ÛÁÎ‡ı ÓÒÌÓ‚ÌÓÈ ÒÂÚÍË. ¬ ÂÁÛÎ¸Ú‡ÚÂ ËÏÂÂÏ

0 =

x
r+1

2Z

x
r� 1

2

(�q01 � u̇+ F1)dx ⇡ �q1(xr+ 1
2
) + q1(xr� 1

2
) + (xr+ 1

2
� xr� 1

2
) [� u̇+ F1]r , (9)

„‰Â ÒÂÚÓ˜Ì˚È ÓÔÂ‡ÚÓ  ÓÔÂ‰ÂÎˇÂÚÒˇ ÒÎÂ‰Û˛˘ÂÈ ÙÓÏÛÎÓÈ:

 yr =
1

12
(yr�1 + 10yr + yr+1) .

“Ó„‰‡ ËÁ (9) ÔÓÎÛ˜‡ÂÏ

 u̇r = �dq1,r + F1,r, F1,r = F1(ur, vr), r = 1, . . . , n. (10)

— ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ‚ÚÓÓÈ ‡ÁÌÓÒÚÌÓÈ ÔÓËÁ‚Ó‰ÌÓÈ

Lyr =
yr+1 � 2yr + yr�1

h2
, r = 1, . . . , n, (11)

Û‡‚ÌÂÌËÂ (10) ÔÂÂÔËÒ˚‚‡ÂÚÒˇ ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ:
✓
1 +

h2

12
L
◆
u̇r = �dq1,r +

✓
1 +

h2

12
L
◆
F1,r, (12)

Ë F1,r ‚˚˜ËÒÎˇÂÚÒˇ ÔÓ ÙÓÏÛÎÂ:

F1,r = ur


ur

✓
1�

ur
Pr

◆
�

vr
1 + Cur

�
, Pr =

2

664
1

h

x
r+1

2Z

x
r� 1

2

dx

p(x)

3

775

�1

. (13)

¬ ÂÁÛÎ¸Ú‡ÚÂ ËÌÚÂ„ËÓ‚‡ÌËˇ ‚ÚÓÓ„Ó Û‡‚ÌÂÌËˇ (1) ÔÓ ÓÚÂÁÍÛ [xr�1 xr] ‰Îˇ ÔÓÚÓÍ‡ qi
ÔÓÎÛ˜‡ÂÏ

q
1,r� 1

2
= (�k1du+ dud31)r� 1

2
. (14)
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— Û˜ÂÚÓÏ (4), (7) Ë (8) ËÏÂÂÏ

q
1,r� 1

2
= [�k1du+ adpdu� b11dudu� b12dvdu]r� 1

2
. (15)

¿Ì‡ÎÓ„Ë˜ÌÓ ËÁ (2) ‚˚‚Ó‰ˇÚÒˇ Û‡‚ÌÂÌËˇ ‰Îˇ ÔÎÓÚÌÓÒÚË ıË˘ÌËÍ‡ v

✓
1 +

h2

12
L
◆
v̇r = �dq2,r +

✓
1 +

h2

12
L
◆
F2,r, F2,r = vr


�lr +

Bur
1 + Cur

�
, (16)

Ë ‚˚‡ÊÂÌËÂ ‰Îˇ ÔÓÚÓÍ‡ q2 ‚ ÛÁÎ‡ı ÒÏÂ˘ÂÌÌÓÈ ÒÂÚÍË ‰‡ÂÚÒˇ ÙÓÏÛÎÓÈ

q
2,r� 1

2
= [�k2dv + b21dvdu� b22dvdv]r� 1

2
. (17)

¬ ÂÁÛÎ¸Ú‡ÚÂ ‰ËÒÍÂÚËÁ‡ˆËË ÔÓ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌÓÈ ÔÂÂÏÂÌÌÓÈ ÔÓÎÛ˜‡ÂÚÒˇ ÒËÒÚÂÏ‡ Û‡‚-
ÌÂÌËÈ Ò ÌÂËÁ‚ÂÒÚÌ˚ÏË ur(t), vr(t), r = 1, . . . , n, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÏË ÔÎÓÚÌÓÒÚˇÏ ‡ÒÔÂ‰ÂÎÂÌËÈ
ÔÓÔÛÎˇˆËË u, v ‚ ÛÁÎ‡ı xr. —ËÒÚÂÏ‡ (12), (13), (16), r = 1, . . . , n Ë (15), (17), r = 1, . . . , n ÏÓÊÂÚ
·˚Ú¸ Á‡ÔËÒ‡Ì‡ ‚ ‚ÂÍÚÓÌÓÏ ‚Ë‰Â

U̇ = �M�1D1 +G1, V̇ = �M�1D2 +G2, (18)

Á‰ÂÒ¸
U = (u1, ..., un), V = (v1, ..., vn),

Di = [dqi,1, ..., dqi,n], Gi = [Fi,1, ..., Fi,n], i = 1, 2,

ÔË˜ÂÏ ‚ ÒËÎÛ ÛÒÎÓ‚ËÈ ÔÂËÓ‰Ë˜ÌÓÒÚË u0 ⌘ un, un+1 ⌘ u1, v0 ⌘ vn, vn+1 ⌘ v1, qi,n+ 1
2
⌘ qi, 12

.

Ã‡ÚËˆ‡ M ‡ÁÏÂ‡ n2 ËÏÂÂÚ ‚Ë‰

M =
1

12

2

666664

10 1 · · · 0 1
1 10 · · · 0 0
...

...
. . .

...
...

0 0 · · · 10 1
1 0 · · · 1 10

3

777775
. (19)

œÓÒÚÓÂÌÌ‡ˇ ÍÓÌÂ˜ÌÓÏÂÌ‡ˇ ÏÓ‰ÂÎ¸ ÏÓÊÂÚ ·˚Ú¸ Á‡ÔËÒ‡Ì‡ ‚ ‚Ë‰Â

Ẇ = F (W ) , W (0) = W0, (20)

Á‰ÂÒ¸ W = (U, V ) — ‚ÂÍÚÓ ÁÌ‡˜ÂÌËÈ ÔÂÂÏÂÌÌ˚ı ‚ ÛÁÎ‡ı ÒÂÚÍË. Õ‡˜‡Î¸Ì˚Â ‰‡ÌÌ˚Â ‰Îˇ ÒËÒÚÂ-
Ï˚ (20) ÒÎÂ‰Û˛Ú ËÁ (6):

W0 = (U0, V0) = (u01, ..., u
0

n, v
0

1, ..., v
0

n). (21)

ƒÎˇ ËÌÚÂ„ËÓ‚‡ÌËˇ ÒËÒÚÂÏ˚ (20) ÔÓ ‚ÂÏÂÌË ËÒÔÓÎ¸ÁÛÂÚÒˇ ÏÂÚÓ‰ PÛÌ„Â– ÛÚÚ˚ ‚˚ÒÓÍÓ„Ó
ÔÓˇ‰Í‡ (ËÌÚÂ„‡ÚÓ ÔÓ ‚ÂÏÂÌË ode89 ËÁ MATLAB). ƒËÒÍÂÚËÁ‡ˆËˇ ‚ÚÓÓ„Ó ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË
ÔÓ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌÓÈ ‰ËÒÍÂÚËÁ‡ˆËË ÔÓÎÛ˜‡ÂÚÒˇ ËÁ (18) ÔË Á‡ÏÂÌÂ M Ì‡ Â‰ËÌË˜ÌÛ˛ Ï‡ÚËˆÛ:

U̇ = �D1 +G1, V̇ = �D2 +G2. (22)
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3. –ÂÁÛÎ¸Ú‡Ú˚ ‚˚˜ËÒÎËÚÂÎ¸Ì˚ı ˝ÍÒÔÂËÏÂÌÚÓ‚

ƒÎˇ ÓˆÂÌÍË ÚÓ˜ÌÓÒÚË ÒıÂÏ (18) Ë (22) ÔÓ‚Â‰ÂÌ˚ ‚˚˜ËÒÎÂÌËˇ ÒÚ‡ˆËÓÌ‡Ì˚ı Ë ÍÓÎÂ·‡ÚÂÎ¸-
Ì˚ı ÂÊËÏÓ‚ ÒËÒÚÂÏ˚ (1)–(6) ÔË ÙËÍÒËÓ‚‡ÌÌ˚ı ÁÌ‡˜ÂÌËˇı ÒÎÂ‰Û˛˘Ëı Ô‡‡ÏÂÚÓ‚: k1 = 0.02,
k2 = 0.01, B = 4, b12 = b11 = b22 = 0. ¬‡¸ËÓ‚‡ÎËÒ¸ ˜ËÒÎÓ ÛÁÎÓ‚ ÔÓ ‡Â‡ÎÛ n, Ô‡‡ÏÂÚ ÒÏÂÚ-
ÌÓÒÚË l, ‚ÂÎË˜ËÌ‡ C, ÏË„‡ˆËÓÌÌ˚Â ÍÓ˝ÙÙËˆËÂÌÚ˚ a Ë b21. –‡ÒÔÂ‰ÂÎÂÌËÂ ÂÒÛÒ‡ Á‡‰‡‚‡ÎÓÒ¸ Ì‡
ËÌÚÂ‚‡ÎÂ [0, 1] ‚ ‚Ë‰Â

p(x) = 1� 0.2 sin 2px+ 0.2 sin 4px. (23)

›ÍÒÔÂËÏÂÌÚ ÔÓ‚Ó‰ËÎÒˇ Ì‡ ÒÂÚÍ‡ı ni, ni+1 = 2ni, ni+2 = 4ni, Ë Wi ÂÒÚ¸ ˜ËÒÎÂÌÌÓÂ
Â¯ÂÌËÂ Ì‡ ÒÂÚÍÂ ni. ›ÙÙÂÍÚË‚Ì˚È ÔÓˇ‰ÓÍ ÚÓ˜ÌÓÒÚË h Ì‡ ÓÒÌÓ‚Â ÔÓˆÂÒÒ‡ ›ÈÚÍÂÌ‡ (hi = 1/ni)
‚˚˜ËÒÎˇÎÒˇ ÔÓ ÙÓÏÛÎÂ

hi = log2
Si

Si+1

, Si = kWi �Wi�1k ,

„‰Â Si — ÌÓÏ˚ ‡ÁÌËˆ˚ ÏÂÊ‰Û ˜ËÒÎÂÌÌ˚ÏË Â¯ÂÌËˇÏË W Ì‡ ÒÂÚÍ‡ı ni Ë ni�1.
¬ “‡·ÎËˆÂ Ë Ì‡ ËÒ. 1, 2 ÔË‚Â‰ÂÌ˚ ÂÁÛÎ¸Ú‡Ú˚ ‡Ò˜ÂÚÓ‚ Ì‡ ÛÒÚ‡ÌÓ‚ÎÂÌËÂ ÒÚ‡ˆËÓÌ‡Ì˚ı

Â¯ÂÌËÈ ÒÓÒÛ˘ÂÒÚ‚Û˛˘Ëı ıË˘ÌËÍ‡ Ë ÊÂÚ‚˚ ÔË l = 1.1, C = 2.5 ‰Îˇ ˇ‰‡ ÁÌ‡˜ÂÌËÈ ÏË„‡-
ˆËÓÌÌ˚ı Ô‡‡ÏÂÚÓ‚ a Ë b21. Õ‡ ËÒ. 1 ÔÂ‰ÒÚ‡‚ÎÂÌÓ ËÁÏÂÌÂÌËÂ ‚Ó ‚ÂÏÂÌË ÔÓÒÚ‡ÌÒÚ‚ÂÌÌ˚ı
‡ÒÔÂ‰ÂÎÂÌËÈ ÔË a = 0.005, b21 = 0.01. ƒÎˇ ÚÂı Ì‡·ÓÓ‚ ÏË„‡ˆËÓÌÌ˚ı Ô‡‡ÏÂÚÓ‚ a Ë b21

“‡·ÎËˆ‡. ›ÙÙÂÍÚË‚Ì˚È ÔÓˇ‰ÓÍ ÒÚ‡Ì‰‡ÚÌÓÈ ÒıÂÏ˚
(PC2) Ë ÒıÂÏ˚ ÔÓ‚˚¯ÂÌÌÓ„Ó ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË

(PC4); l = 1.1, C = 2.5, n1 = 10, n2 = 20,
n3 = 40 (ÔÓˆÂÒÒ ›ÈÚÍÂÌ‡)

Table. Efficient order of standard scheme (PC2) and
high order scheme (PC4); l = 1.1, C = 2.5,
n1 = 10, n2 = 20, n3 = 40 (Aitken process)

a b21 PC2 PC4

0.001 0.005 2.054 3.9745

0.005 0.005 2.0588 3.209

0.005 0.01 2.0589 2.9398

Ì‡ ËÒ. 2 ‰‡Ì˚ ÒÚ‡ˆËÓÌ‡Ì˚Â ‡ÒÔÂ‰ÂÎÂÌËˇ
(a) Ë ‚˚˜ËÒÎÂÌÌ˚Â ÁÌ‡˜ÂÌËˇ ˝ÙÙÂÍÚË‚ÌÓ„Ó ÔÓ-
ˇ‰Í‡ ÚÓ˜ÌÓÒÚË ‚ ‡ÁÎË˜Ì˚Â ÏÓÏÂÌÚ˚ ‚ÂÏÂÌË
(b). ¬Ë‰ÌÓ, ˜ÚÓ ‚ Á‡‚ËÒËÏÓÒÚË ÓÚ ÁÌ‡˜ÂÌËÈ Ô‡-
‡ÏÂÚÓ‚ Â‡ÎËÁÛ˛ÚÒˇ ‡ÁÎË˜‡˛˘ËÂÒˇ ‡ÒÔÂ-
‰ÂÎÂÌËˇ ıË˘ÌËÍ‡ Ë ÊÂÚ‚˚. ¬ “‡·ÎËˆÂ ÒÚÓÎ-
·Âˆ PC2 ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ‡Ò˜ÂÚÛ ÔÓˇ‰Í‡ h ÔÓ
ÒÚ‡Ì‰‡ÚÌÓÈ ÒıÂÏÂ ‚ÚÓÓ„Ó ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË,
‡ PC4 — ‚˚˜ËÒÎÂÌËˇÏ ÔÓ ÒıÂÏÂ ÔÓ‚˚¯ÂÌÌÓ„Ó
ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË. œË a = 0.001, b21 = 0.005
ÁÌ‡˜ÂÌËÂ h ÔÓ˜ÚË ‡‚ÌÓ ˜ÂÚ˚ÂÏ. ŒÚÏÂÚËÏ, ˜ÚÓ
Ò Û‚ÂÎË˜ÂÌËÂÏ ÏË„‡ˆËÓÌÌ˚ı Ô‡‡ÏÂÚÓ‚ ‚Â-
ÎË˜ËÌ‡ h ÒÌËÊ‡ÂÚÒˇ.

–ËÒ. 1. œÓÒÚ‡ÌÒÚ‚ÂÌÌÓ-‚ÂÏÂÌÌÓÂ ‡ÒÔÂ‰ÂÎÂÌËÂ ÊÂÚ‚˚ u (ÒÎÂ‚‡) Ë ıË˘ÌËÍ‡ v (ÒÔ‡‚‡) ‰Îˇ a = 0.005, b21 = 0.01,
l = 1.1, C = 2.5, n = 20

Fig. 1. Spatial-temporal distribution of prey u (left) and predator v (right) for a = 0.005, b21 = 0.01, l = 1.1, C = 2.5,
n = 20

Õ„ÛÂÌ ¡. ’., ÷Ë·ÛÎËÌ ¬. √.
»Á‚ÂÒÚËˇ ‚ÛÁÓ‚. œÕƒ, 2024, Ú. 32, π 3 299



���

���

���

�

�

�

�
��������������������������������� x

�

t������������������������������������������
a b

–ËÒ. 2. a — —Ú‡ˆËÓÌ‡Ì˚Â ‡ÒÔÂ‰ÂÎÂÌËˇ ÊÂÚ‚˚ u(x) (ÒËÌËÂ ÍË‚˚Â), ıË˘ÌËÍ‡ v(x) (Í‡ÒÌ˚Â), ÂÒÛÒ p(x) (ÁÂÎÂÌ‡ˇ);
b — ÁÌ‡˜ÂÌËˇ ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË ‚ ‡ÁÎË˜Ì˚Â ÏÓÏÂÌÚ˚ ‚ÂÏÂÌË ‰Îˇ PC2 (˜ÂÌ˚Â), PC4 (ÒËÌËÂ): a = 0.001, b21 = 0.005
(ÒÔÎÓ¯Ì˚Â ÍË‚˚Â), a = 0.005, b21 = 0.005 (ÔÛÌÍÚË) Ë a = 0.005, b21 = 0.01 (ÚÓ˜ÍË); l = 1.1, C = 2.5 (ˆ‚ÂÚ ÓÌÎ‡ÈÌ)

Fig. 2. a — Stationary distributions of prey u(x) (blue curves), predator v(x) (red), resource p(x) (green); b — order of accuracy
values at various times for PC2 (black), PC4 (blue): a = 0.001, b21 = 0.005 (solid curves), a = 0.005, b21 = 0.005
(dashed line) and a = 0.005, b21 = 0.01 (dots); l = 1.1, C = 2.5 (color online)

œË ÛÏÂÌ¸¯ÂÌËË ÍÓ˝ÙÙËˆËÂÌÚ‡ ÒÏÂÚÌÓÒÚË (l = 0.95) ÒÚ‡ˆËÓÌ‡ÌÓÂ Â¯ÂÌËÂ ÒÓÒÛ˘ÂÒÚ‚Û-
˛˘Ëı ıË˘ÌËÍ‡ Ë ÊÂÚ‚˚ ÒÚ‡ÌÓ‚ËÚÒˇ ÌÂÛÒÚÓÈ˜Ë‚˚Ï Ë ‚ÓÁÌËÍ‡˛Ú ÔÂËÓ‰Ë˜ÂÒÍËÂ ÍÓÎÂ·‡ÌËˇ ‚Ë‰Ó‚
(ÒÏ. ËÒ. 3), ÚÓ ÂÒÚ¸ Ì‡ ‡Â‡ÎÂ Â‡ÎËÁÛ˛ÚÒˇ ·Â„Û˘ËÂ ‚ÓÎÌ˚ ÔÎÓÚÌÓÒÚÂÈ ÔÓÔÛÎˇˆËÈ. Õ‡ ËÒ. 4–7
ÔË‚Â‰ÂÌ˚ ÂÁÛÎ¸Ú‡Ú˚ ‡Ò˜ÂÚÓ‚ ÍÓÎÂ·‡ÚÂÎ¸Ì˚ı ÂÊËÏÓ‚ Ë ‚˚˜ËÒÎÂÌËˇ ˝ÙÙÂÍÚË‚Ì˚ı ÔÓˇ‰ÍÓ‚
ÚÓ˜ÌÓÒÚË Ì‡ ÒÂÚÍ‡ı n = 12, 24, 48 ÔË l = 0.95. Õ‡ ËÒ. 4, 5 ÔÂ‰ÒÚ‡‚ÎÂÌ˚ ‚˚˜ËÒÎÂÌËˇ ÌÓÏ˚ S
Ë ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË h ‚ ‡ÁÎË˜Ì˚Â ÏÓÏÂÌÚ˚ ‚ÂÏÂÌË ‰Îˇ ÚÂı ÁÌ‡˜ÂÌËÈ a ‚ ÒÎÛ˜‡Â ÓÚÒÛÚÒÚ‚Ëˇ
Ú‡ÍÒËÒ‡ (b21 = 0). ¬Ë‰ÌÓ, ˜ÚÓ ÌÓÏ‡ ‡ÁÌÓÒÚË ‰Îˇ n = 12, 24 ‚ ÒÎÛ˜‡Â ÔÂ‰ÎÓÊÂÌÌÓÈ ÒıÂÏ˚
‚ÒÂ„‰‡ ÏÂÌ¸¯Â ÌÓÏ˚ ‡ÁÌÓÒÚË ‰Îˇ ÒıÂÏ˚ ‚ÚÓÓ„Ó ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË ÔË n = 24, 48, ‡ Ò‡‚ÌËÏ˚Â
ÂÁÛÎ¸Ú‡Ú˚ ÔÓÎÛ˜‡˛ÚÒˇ ÚÓÎ¸ÍÓ ÔË ËÒÔÓÎ¸ÁÓ‚‡ÌËË ÒÂÚÓÍ n = 48, 96. ƒÎˇ ÒıÂÏ˚ ‚ÚÓÓ„Ó ÔÓˇ‰Í‡
ÚÓ˜ÌÓÒÚË Ì‡ ·ÓÎ¸¯ÓÏ ‚ÂÏÂÌÌÓÏ ÔÓÏÂÊÛÚÍÂ [0...1000] ‚ÂÎË˜ËÌ‡ S Û‚ÂÎË˜Ë‚‡ÂÚÒˇ, Ë ‚Ë‰Ì˚

–ËÒ. 3. œÓÒÚ‡ÌÒÚ‚ÂÌÌÓ-‚ÂÏÂÌÌÓÂ ‡ÒÔÂ‰ÂÎÂÌËÂ u (Ì‡‚ÂıÛ) Ë v (‚ÌËÁÛ) ‰Îˇ C = 2.5, a = 0.01, b21 = 0, l = 0.95,
n = 24

Fig. 3. Spatial-temporal distribution of u (top) and v (bottom) for C = 2.5, a = 0.01, b21 = 0, l = 0.95, n = 24
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–ËÒ. 4. √‡ÙËÍË ËÁÏÂÌÂÌËˇ ‚Ó ‚ÂÏÂÌË ‚˚˜ËÒÎˇÂÏ˚ı ÌÓÏ Si ‰Îˇ a = 0.001 (ÒÎÂ‚‡), a = 0.005 (ˆÂÌÚ), a = 0.01
(ÒÔ‡‚‡): ÒıÂÏ‡ ÔÓ‚˚¯ÂÌÌÓÈ ÚÓ˜ÌÓÒÚË (ÒËÌËÈ ˆ‚ÂÚ), ÒıÂÏ‡ ‚ÚÓÓ„Ó ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË (˜ÂÌ˚È), ni = 24 (ÍË‚˚Â 1 Ë 3),
ni = 48 (2 Ë 4); b21 = 0, l = 0.95, C = 2.5 (ˆ‚ÂÚ ÓÌÎ‡ÈÌ)

Fig. 4 Graphs of changes Si over time for a = 0.001 (left), a = 0.005 (center), a = 0.01 (right): high-order accuracy scheme
(blue color), second order accuracy scheme (black), ni = 24 (curves 1 and 3), ni = 48 (2 and 4); b21 = 0, l = 0.95, C = 2.5
(color online)
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–ËÒ. 5. √‡ÙËÍË ËÁÏÂÌÂÌËˇ ‚Ó ‚ÂÏÂÌË ‚˚˜ËÒÎˇÂÏÓ„Ó ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË h ‰Îˇ a = 0.001 (ÒÎÂ‚‡), a = 0.005 (ˆÂÌÚ),
a = 0.01 (ÒÔ‡‚‡): ÒıÂÏ‡ ÔÓ‚˚¯ÂÌÌÓÈ ÚÓ˜ÌÓÒÚË (ÒËÌËÈ ˆ‚ÂÚ), ÒıÂÏ‡ ‚ÚÓÓ„Ó ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË (˜ÂÌ˚È); b21 = 0,
l = 0.95, C = 2.5 (ˆ‚ÂÚ ÓÌÎ‡ÈÌ)

Fig. 5. Graphs of changes h over time for a = 0.001 (left), a = 0.005 (center), a = 0.01 (right): high-order accuracy scheme
(blue color), second order accuracy scheme (black); b21 = 0, l = 0.95, C = 2.5 (color online)

ÓÒˆËÎÎˇˆËË ‡ÒÒ˜ËÚ˚‚‡ÂÏÓ„Ó ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË. ›ÚÓ ˇ‚ÎˇÂÚÒˇ ÂÁÛÎ¸Ú‡ÚÓÏ Ì‡Í‡ÔÎË‚‡˛˘ÂÈÒˇ
Ó¯Ë·ÍË ÔË ‡Ò˜ÂÚÂ ˆËÍÎ‡ Ì‡ „Û·ÓÈ ÒÂÚÍÂ. ÃÓÊÌÓ Ú‡ÍÊÂ ÓÚÏÂÚËÚ¸, ˜ÚÓ ‰Îˇ ÒıÂÏ˚ ‚˚ÒÓÍÓ„Ó ÔÓ-
ˇ‰Í‡ ÔË Û‚ÂÎË˜ÂÌËË ÏË„‡ˆËÓÌÌÓ„Ó Ô‡‡ÏÂÚ‡ a ÚÂ·ÛÂÚÒˇ ÌÂÍÓÚÓÓÂ ‚ÂÏˇ ‰Îˇ ÛÒÚ‡ÌÓ‚ÎÂÌËˇ h.
ƒÎˇ Á‡‰‡˜Ë Ò Û˜ÂÚÓÏ Ú‡ÍÒËÒ‡ (b21 = 0.005, 0.01) ÂÁÛÎ¸Ú‡Ú˚ ‚˚˜ËÒÎÂÌËˇ ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË ÔË‚Â‰Â-
Ì˚ Ì‡ ËÒ. 6. œË Û‚ÂÎË˜ÂÌËË b21 ‚ ‰‚‡ ‡Á‡ ‚ÂÎË˜ËÌ‡ ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË ÏÂÌˇÂÚÒˇ ÌÂÁÌ‡˜ËÚÂÎ¸ÌÓ.

–ËÒ. 6. »ÁÏÂÌÂÌËÂ ‚Ó ‚ÂÏÂÌË ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË h ‰Îˇ b21 = 0.005 (ÒÎÂ‚‡), b21 = 0.01 (ÒÔ‡‚‡): ÒıÂÏ‡ ÔÓ‚˚¯ÂÌÌÓÈ
ÚÓ˜ÌÓÒÚË (ÒËÌËÈ ˆ‚ÂÚ), ÒıÂÏ‡ ‚ÚÓÓ„Ó ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË (˜ÂÌ˚È); a = 0.005, l = 0.95, C = 2.5 (ˆ‚ÂÚ ÓÌÎ‡ÈÌ)

Fig. 6. Change in time of the order accuracy h for b21 = 0.005 (left), b21 = 0.01 (right): high-order accuracy scheme (blue),
second order accuracy scheme (black); a = 0.005, l = 0.95, C = 2.5 (color online)
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–ËÒ. 7. œÓÒÚ‡ÌÒÚ‚ÂÌÌÓ-‚ÂÏÂÌÌÓÂ ‡ÒÔÂ‰ÂÎÂÌËÂ u (Ì‡‚ÂıÛ) Ë v (‚ÌËÁÛ) ‰Îˇ C = 2, a = 0.01, b21 = 0, l = 0.95,
n = 24

Fig. 7. Spatial-temporal distribution of u (top) and v (bottom) for C = 2, a = 0.01, b21 = 0, l = 0.95, n = 24

¬ÎËˇÌËÂ Ô‡‡ÏÂÚ‡ C Ì‡ ı‡‡ÍÚÂ ÔÂËÓ‰Ë˜ÂÒÍËı ÍÓÎÂ·‡ÌËÈ ËÎÎ˛ÒÚËÛ˛Ú ËÒ. 3 Ë 7.
¬Ë‰ÌÓ, ˜ÚÓ ‰Îˇ ·ÎËÁÍËı ÁÌ‡˜ÂÌËÈ Ô‡‡ÏÂÚ‡ ËÌÂÚÌÓÒÚË ıË˘ÌËÍ‡ C = 2, 2.5 Â‡ÎËÁÛ˛ÚÒˇ ÍÓÎÂ·‡-
ÚÂÎ¸Ì˚Â ÂÊËÏ˚ Ò ‡ÁÌ˚ÏË ‡ÏÔÎËÚÛ‰‡ÏË Ë ÔÂËÓ‰‡ÏË. —ıÂÏ‡ ÔÓ‚˚¯ÂÌÌÓ„Ó ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË
ÔÓÁ‚ÓÎˇÂÚ Ì‡ ‰ÓÒÚ‡ÚÓ˜ÌÓ „Û·˚ı ÒÂÚÍ‡ı (n = 24) ÔÓËÁ‚Ó‰ËÚ¸ ‡Ò˜ÂÚ˚ ÂÎ‡ÍÒ‡ˆËÓÌÌ˚ı ÍÓÎÂ·‡ÌËÈ,
ÍÓ„‰‡ ÁÌ‡˜ËÚÂÎ¸Ì˚Â ÔÂËÓ‰˚ ‚ÂÏÂÌË ıË˘ÌËÍ Ô‡ÍÚË˜ÂÒÍË ÓÚÒÛÚÒÚ‚ÛÂÚ (ÒÏ. ËÒ. 7).

«‡ÍÎ˛˜ÂÌËÂ

¬ ‡·ÓÚÂ ÔÂ‰ÎÓÊÂÌ‡ ÔÓÒÚ‡ˇ ‰Îˇ Â‡ÎËÁ‡ˆËË ÍÓÏÔ‡ÍÚÌ‡ˇ ˜ËÒÎÂÌÌ‡ˇ ÒıÂÏ‡ Â¯ÂÌËˇ ÒËÒÚÂÏ˚
Û‡‚ÌÂÌËÈ Ô‡‡·ÓÎË˜ÂÒÍÓ„Ó ÚËÔ‡ Ò ÌÂÎËÌÂÈÌ˚ÏË ‡‰‚ÂÍÚË‚Ì˚ÏË Ë ËÒÚÓ˜ÌËÍÓ‚˚ÏË ˜ÎÂÌ‡ÏË.
–‡ÒÒÏÓÚÂÌ‡ Á‡‰‡˜‡ Ó ‰ËÌ‡ÏËÍÂ ÔÓÔÛÎˇˆËÈ ıË˘ÌËÍ‡ Ë ÊÂÚ‚˚ Ì‡ ÌÂÓ‰ÌÓÓ‰ÌÓÏ ÍÓÎ¸ˆÂ‚ÓÏ ‡Â‡ÎÂ.
œÂ‰ÒÚ‡‚ÎÂÌ˚ ÂÁÛÎ¸Ú‡Ú˚ ‡Ò˜ÂÚÓ‚ ÒÚ‡ˆËÓÌ‡Ì˚ı ‡ÒÔÂ‰ÂÎÂÌËÈ ‚Ë‰Ó‚ Ë ÍÓÎÂ·‡ÚÂÎ¸Ì˚ı ÂÊËÏÓ‚.
–‡ÒÒ˜ËÚ‡ÌÌ˚Â ÁÌ‡˜ÂÌËˇ ˝ÙÙÂÍÚË‚ÌÓ„Ó ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË ÔÓÍ‡Á‡ÎË ÔÂËÏÛ˘ÂÒÚ‚‡ ÔÂ‰ÎÓÊÂÌÌÓÈ
ÒıÂÏ˚ ÔÓ Ò‡‚ÌÂÌË˛ Ò ÍÎ‡ÒÒË˜ÂÒÍÓÈ ‡ÔÔÓÍÒËÏ‡ˆËÂÈ ‚ÚÓÓ„Ó ÔÓˇ‰Í‡ ÔË ‡Ò˜ÂÚÂ ÒÚ‡ˆËÓÌ‡Ì˚ı
Ë ÌÂÒÚ‡ˆËÓÌ‡Ì˚ı Â¯ÂÌËÈ. —ıÂÏ‡ ÔÓ‚˚¯ÂÌÌÓ„Ó ÔÓˇ‰Í‡ ÚÓ˜ÌÓÒÚË ÔÓÁ‚ÓÎˇÂÚ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ÒÂÚÍË
ÏÂÌ¸¯Â„Ó ‡ÁÏÂ‡, ˜ÚÓ ‰‡ÂÚ ‚˚Ë„˚¯ ÔË ‚˚˜ËÒÎÂÌËË ÒÚ‡ˆËÓÌ‡Ì˚ı ‡ÒÔÂ‰ÂÎÂÌËÈ ÏÂÚÓ‰ÓÏ
ÛÒÚ‡ÌÓ‚ÎÂÌËˇ Ë ÔË ‡Ò˜ÂÚ‡ı ÌÂÒÚ‡ˆËÓÌ‡Ì˚ı ÔÓˆÂÒÒÓ‚ ÚËÔ‡ ·Â„Û˘Ëı ‚ÓÎÌ. ›ÚÓ ÓÒÓ·ÂÌÌÓ ‚‡ÊÌÓ
ÔË ‡Ì‡ÎËÁÂ Á‡‰‡˜ ÔÓÔÛÎˇˆËÓÌÌÓÈ ‰ËÌ‡ÏËÍË Ò ÒËÎ¸ÌÓ ÌÂÓ‰ÌÓÓ‰Ì˚ÏË ‡ÒÔÂ‰ÂÎÂÌËˇÏË ÂÒÛÒ‡
Ì‡ ‡Â‡ÎÂ Ë ‚ ÒÎÛ˜‡Â ÌÂÒÍÓÎ¸ÍËı ÔÓÒÚ‡ÌÒÚ‚ÂÌÌ˚ı ÔÂÂÏÂÌÌ˚ı.
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