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BBEAEHUE

OIMH 13 MOAXOIOB K PEIICHMIO 3a1auu ((x) — min, x € X < E", rae X BIIYKJIO U KOMITAKTHO U

1,1
¢(x) € C” (X), cOCTOUT B ITIOCTPOEHNU UTEPALIMOHHOTIO IIPOLIECCA 10 IPABUILY
xOEX, xk+1=xk+()(k(z(xk)—xk), k:0, 1,...,
rae z(x,) — ONHO U3 pelleHN I BCTIOMOraTeIbHOY 3a1a4u
(pk(x) = <(p'('xk)’x - xk> — mins X e X’

auucna o, € (0; 1], £ =0, 1, ..., MOTYT BEIOMpPAThCSl Pa3IMYHBIMU criocobamu. B cuily KOMIaKTHOCTU
MHOXecTBa X, 3a1aua MUHUMM3AIIH JITHEMHOM (DYHKIIMN Ha HEM BCETIIa MMeeT XOTSI OBl OTHO pellleHHeE.
Ecu X uMeeT mpocTyio reoMeTprIecKyIo CTPYKTYpY U IIPEACTaBIsIeT COO0M, HAaIIpuMep, Iap MU BBITYK-
JIBIFI MHOTOTpaHHMK, 3aJJaHHbII1 KOOPIMHATAMU CBOMX BEPILIVH WU C TOMOIIBIO TMHEMHBIX HEPABEHCTB,
TO HaXOXIEHWE 3TOTO PEIIeHUsI OCYIIIECTBIISETCST TOCTATOYHO MPOCTO, M JAaHHBIN METOM peIlIeHUs UCXOI-
HO 3a/1a4u, Ha3bIBaeMbIif METOJIOM YCJIIOBHOTO I'paieHTa, MOXKET 0Ka3aThCs BITOJTHE 3 (HEKTUBHBIM.

OrnucaHHbI MOAXOM K PEIIEHUIO 3a1a4u O(x) — min, x € X < E", BrepBbie ObUI IPETOXKeH B [ 1]
JUIS1 IOMCKA TOYKWM MUHUMYMa BBINYKJI0I KBaapatuuHoi pyHkuuu @(x). [TozgHee 6bu10 pazpadboraHo
000011IeHVe METO/Ia YCIOBHOTO rpaiveHTa Ha ciy4ail, Korna (o(x) — Mpou3BoIbHas DIaakas GyHKUWS
(Ipu M3yd4eHUM HEKOTOPBhIX BAPMAHTOB METOAAa OHa MPEAIIoaraeTcs BBIIYKJIO), TpadueHT KOTOPOM
YIOBIETBOPSET ycaoBuio JIMMImmiia, v moaydeHbl pa3IudaHbie ero moaudukanuu. B [2—4] u B psioe opy-
I'MX paboT IJIs1 HEKOTOPBIX CITIOCOO0B BbIOOpa uucen o, kK = 0, 1, ..., XapakTepu3yoluX BEJIUIYNHY UTE-
PALIMOHHOTO Ll1ara, JOKa3aHbl YTBEPXKICHUS O CXOLUMOCTH {X, } KO MHOXKECTBY TOYEK, YIOBJIETBOPSIIO-
XX HEOOXOAMMOMY YCIOBHUIO JIOKAJIBHOIO MUHUMYyMa (O(x) Ha X. g ciy4ast, korga ((x) BbIIIyKJIa Ha
X, noKa3aHbI TAKKE YTBEPXKACHHSI O CKOPOCTH CXOAMMOCTH { X, } K TOUKe IT06aIbHOTO MMHUMyMa (x)
Ha X, a JJ151 c1yvasi CWIbHO BBIITYKJION (DYHKIIMU ((X) WJIM CUJIBHO BBIMYKJIOTO MHOXECTBA X ITOJTyUYEHbI
JOITOJTHUTEIBbHBIC OLICHKM CKOPOCTU CXOANMOCTHU, IPECACTABIAIOLINE HpaKTl/I‘{eCKI/lﬁ UHTEPEC. KpOMC
TOTO, B [3] MpemiokeH BapuaHT METOAa IS 3aJa4l MUHUMM3ALIMKY Ha BHIITYKJIOM 3aMKHYTOM MHOXE-
CTB€, HE SIBJISIIOIIEMCS OTPaHUYSCHHBIM.
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Cpenn paboT, ITOCBIIIEHHBIX MOAN(PUKALIMSIM METOIA YCIOBHOTO IpaaleHTa, MOKHO OTMETUTH CTa-
TBIO [5], rAe paCCMOTPEH YacTO BCTPEYAIOLIUIICS Ha PAKTUKE cllydyaii, Koraa ueiaesas GyHKuus @¢(x) u
JIONYCTUMOE MHOXECTBO X, IIPEACTABUMOE C IIOMOIIBIO (DYHKIIMOHAJIBHBIX OTpaHWYEHUIT, 3a1aI0TCS C IO~
rpemrHocTsIMU. M3 paGoT, onmyOJIMKOBAaHHBIX B MOCAEIHNE TOObI, OTMETUM [6], LOe mpemiokKeH BapyuaHT
MEeToZAa, KOTOPBIA He TpeOyeT M HaxoxneHus uucen o, € (0;1], £ =0, 1, ..., pelmueHus1 BCnoMoraTesib-
HBIX 337124 OMHOMEPHOI OIITUMM3AaIIN, HO IIPY 3TOM B IIPOLIECCE CBOSH peaTn3allii YIUTHIBAET Pe3yiib-
TaThl PEIbITYIINX BEIYMCICHUI 11 TApAaHTUPYEeT MOHOTOHHOE YObIBaHNE {(p(xk )}. IpenyioxkeHHBIN B [6]
aJITOPUTM II03BOJISIET YMEHBIIUTh OOBEM BBIYMCICHUIT Ha UTEepallMM 1 B TO K€ BpeMsI JOOUThCs Ooiee

OBICTPOI CXOIVMOCTH {X, } , 4YeM IIPY alipUOPHOM 3aIaHHIHU O, U3 YCIOBUIl /11;130 o, =0, z/c:@ O = oo.

K HacTostinemy BpeMeHU pa3paboTaHbl pa3IMUHbIe 0000IIEHUS METOAA YCIIOBHOTO IpagleHTa IJIsT
pelnieHus 0oJiee CIOXKHBIX 3adad onTuMu3aunu. Hanpumep, B [7] U3ydyeH ciiyyaii, Korma JIOITyCTUMOE
MHOXECTBO X B KOHEYHOMEPHOM €BKJIMIOBOM IIPOCTPAHCTBE UMEET HEITYCTYI0 BHYTPEHHOCTD U IIpe-
CTaBJIsIeT cO00il TEOPETUKO-MHOXECTBEHHYIO PA3HOCTh IBYX BBINYKJIBIX MHOXECTB. Mest mipenarae-
Moro B [7] aaropurMa cCOCTOUT B TOM, UTO BCIIOMOTraTeabHas 3a7aya MUHUMHU3ALMKY JIUHEMHOMN (hyHK-
LU @y (X) HA KaXIOM UTEepalluy PELIaeTCcs HE Ha CaMOM JOITyCTUMOM MHOXKECTBE X, a HA HEKOTOPOM
€ro BBIITYKJIOM [IOJMHOXECTBE, COAEpXKaLIeM TOUKY X, . B [8] nzyuaercs npumeHeHrne Meroaa 1jis pu-
OJIVDKEHHOTO HaXOXIEHUSI TOYeK MUHUMMYMa (PyHKIIMOHAJIOB, OMpeAeeHHbIX Ha OrpaHUYEHHBIX 3a-
MKHYTBIX ITOAMHOXeCTBaX peIeKCUBHOIO MPOCTPAHCTBA: YCTAHABIMBAIOTCS JOCTATOYHBIC YCIOBUS
CXOOUMOCTU METOooAa U pa3pa6aTbIBa10Tcg NPUJIOXKECHUA TIOJIYYCHHBIX PE3YJIbTAaTOB K 3adadyaM OIITH-
MajibHOTO yripaBieHusi. B [9] paccMoTpeH BONpoc 0 CXOMUMOCTH METOoNa ISl 3aJa4yM ONTUMU3ALUU
¢yHKIIMOHAaNA, 3aBUCSIIETO OT PEIICHUI HEJIMHEMHOTO yIpaBJIsieMoTro (OyHKIIMOHAJIBHO-0IIEpaTOPHO-
ro yrpaBjieHUsI B 6aHAXOBOM MPOCTPAHCTBE.

Cpenu padoT, onyO0JIMKOBAaHHBIX B IOCASAHUE IOIbI, CISAYET OTMETUTH cTaThio [10], roe n3ydyaercs
KOHEUYHOMEPHOE €BKJIMIOBO IPOCTPAHCTBO U IIpemIaraeTcss 0000IIeHe MEeTOIa YCIOBHOIO IpagueHTa
Ha CiIy4aii, Korjga JOITyCTMMOE MHOXKECTBO X HEBBIITYKJIO M MPEACTABISIET COOOI rpaHUIly CHUIBHO BBI-
IMYKJIOTO MHOXECTBa A, KOTopasi B 00ILeM clIydae He SIBJIsIeTCS IJTadKuM MHorooo6pasuem. Ilpu peanu-
3auuu apropurMma u3 [10] Ha Kaxkmoil UTepallyi OCYIIECTBIISISTCS IOUCK pPellIeHWsI BCIIOMOTraTeIbHOM
3a7a4¥ MUHUMU3aLWK JIMHEHHON GyHKINH @, (X) HAa MHOXeCTBE A. DTO pelieHre eAMHCTBEHHO, COB-
MajaeT C pellleHNeM 3a1a4v MUHUMM3ALUUN @, (x) Ha X 1 IPUHUMAETCS B KAYECTBE CIIENYIOIIETO TTPU-
OJIVKEHUS X, ; TIPY BBITIOJIHEHNU Psia JOMOJIHUTEIBHBIX YCIOBHIA TOKA3bIBACTCSI CXOMUMOCTb {X; | K
TOYKE CTPOroro nobajabHOro MMHUMYMa ((x) Ha X.

B HacTosimeii craTtbe npenjaraeTcs 0000IIeHre MeToAa YCJIOBHOIO IpaieHTa Ha ClTydaii MHOXKECTB
OrpaHUYEHUM, TIPEACTaBUMBIX B BUAE MepeceuyeHrs BhIITYKION MIaAKOK MMOBEPXHOCTHU S U BBIITYKJIOIO
KOMITAaKTHOTO MHOXeCTBa F. DTa 3amaya IpeIcTaBisieT CO00I BaXKHbBII YaCTHBINA cydaii 3agadu, U3y-
yeHHOi1 B [11], rie BMECTO BBIITYKJION IJIaIKOI IIOBEPXHOCTH paccMaTpUBaEeTCs IIagKasi IIOBEPXHOCTD S
o0111ero B1/1a, a BEIIYKIJIOe 3aMKHYTOE MHOXKECTBO F He mpeanojaraeTcs orpaHnueHHbIM. [1pu ucmosib-
30BaHUM aJITOPUTMA METOJA MPOSKILIMU I'pagreHTa 13 [11] Ha Kaxmoii utepauuu TpedyeTcs pelieHue
JIBYX BCIIOMOTATENbHBIX 3ama4 IIPOSKTUPOBAHUS: CHavYajla UIETCS ITPOSKIIMS TOYKM Ha IlepecedcHUe
MHOXecTBa F ¢ KacaTeJlbHOI TMIIEPIUIOCKOCTBIO K TTOBEPXHOCTH .S, a 3aTeM — IIPOEeKIIMs Ha epeceye-
Hue F ¢ camoii moBepXHOCThIO S. BTopast 3 3Tux 3amay, BOOOIE TOBOpSI, SIBISICTCS CIOXHOI Jaxe B
cilydae, KOIma IIOBEPXHOCTD S SBIISIETCS BBIITYKJION: IJIsl €€ pelleHUs IIPUXOIUTCS JIUO0 IIPUBJIEKaTh
TPYIOEMKHE UTePAlMOHHBIE IIPOIIeIyPHl, 0 KOTOPHIX yHoMuHaeTcs B [11], mubo pa3pabdaThiBaTh CIIeIIN -
duyeckue alropuTMEbl, YYUTHIBAIOIINE OCOOEHHOCTH TIOBEPXHOCTHU S U MHOXKeCcTBa F, paccMaTpuBae-
MBIX B KOHKPETHOI 3amaye.

AJropuTM, mpemjiaraeMblii B HaCcTOsIIeil paboTe, BMECTO pellleHHs IBYX BCIIOMOTAaTEIbHBIX 3ada4
MMPOSKTUPOBAHUS BKJIIOUAET B ceOs1 pellleHWe BCIIOMOTaTeIbHON 3a1a4M MUHUMM3ALWU JTUHEHOM
¢GYHKILMM Ha IepecedeHN MHOXeCTBa F ¢ KacaTeaIbHOI TMIIEPIIIIOCKOCTBIO K IIOBEPXHOCTHU .S ¥ 3a1a4n
HAXOXIEHUS TOUYKH TIepecedeHUsI OTPe3Ka, KOHIIBI KOTOPOTO PACIIOIOKEHEBI IO pPa3HbIe CTOPOHEI OT MO-
BEPXHOCTH .S, C 3TOM MOBEPXHOCTHIO. 3a7a4ya MUHUMMU3AIUHY JIMHEWHON (DYHKIINY Ha TIepeCceYeHN U BbI-
MMYKJIOTO KOMITaKTa F ¢ TMIepIUIOCKOCThbIO HEPENKO OKa3bIBAeTCsI MPOIIIE 3a1a4u IToMcKa MPOeKIMU Ha
5TO MepecedyeHne, a 3aJadya HaxXoKASHUS TOYKY TIepecedeH st OTpe3Ka ¢ MOBEPXHOCTHIO S — Mpollle 3a-
JIayM TTOMICKa MPOEKIINY Ha iepeceyeHmre F 1 .S. JlaHHOe 00CTOSTEIILCTBO ITO3BOISIET CHU3ZUTD TPYIOEM-
KOCTb BBIYKCJICHUN IIPU PaCCMOTPEHMU HEKOTOPBIX KJIACCOB KOMITAKTHBIX MHOXECTB U BBIITYKJIBIX
DIagKUX IIOBEPXHOCTEM, IIO3TOMY ISl COOTBETCTBYIOIINX 3adad MUHUMMU3alMKU Ha F N S mpemiarae-
MBI AJITOPUTM CTAaHOBUTCS O0Jiee 3(pPEKTUBHBIM I10 CPaBHEHUIO C M3Y4EeHHBIM B [11].
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Eciu, Hanipumep, F mpencTaBisieT co60ii MHOTOTpaHHUK, 3aJaHHbBI KOOpAWHATAMM CBOUX Bep-
IIIMH, TO IIepBasi U3 IBYX BCIIOMOTaTeIbHbIX 3a1a4 CBOJUTCS K HAXOXJIEHWIO TOYEK ITepecedeHnsI ero pe-
Gep C r’UIepIIoCKOCThIO (Korga F mMeeT HeOOJbIIOE YMCIIO BEPIINH, ITOUCK TAKUX TOUEK OCYIIECTBIIs-
€Tcsl TPOCTO) ¥ CPaBHEHUIO 3HAYEHU U JIMHEeHOU DyHKUMU B HaliieHHbIX TouKax. Eciu xe F3amaHo ¢
IMOMOIIIBIO IMHEMHBIX HEPABEHCTB, TO COOTBETCTBYIONIAS 3aa4a IPEACTaBISIET COOO0I 3amady JMHEIHO-
ro NporpaMMUPOBAHUSI, PELIAEMYIO C TIOMOIIbIO KOHEYHOIIIATOBBIX aJITOPUTMOB CUMITJIEKC-METO/A.

B cuny BBIITYKJIOCTH MOBEPXHOCTH S, TOUKA IepecedeHus C Hell 11000ro oTpe3Ka, KOHIIBI KOTOPOIo
pAacIioJIOXKEHBI 10 pa3HbIe CTOPOHBI OT .S, eIMHCTBEHHA, U 3ajJada €€ HaXOXIEeHUs CBOIUTCS K IOUCKY
OIHOTO M3 KOPHEil HEKOTOPOIO YpaBHEHUS C OMHUM HEU3BECTHLIM. ECIM ypaBHEeHNE C # HEU3BECTHbI-

MU, 3a1al011ee TIOBEPXHOCTD S B IPOCTpaHCTBE £, MMEET JOCTATOYHO ITPOCTOM BUJI, TO U BUJL ypaBHE-
HUS U1 HAXOXIAEHUST TOYKU MepeceyeHus] TakK>Ke CTaHOBUTCSI MIPOCTBIM U HE 3aBUCUT OT CTPYKTYPhI
MHoxecTBa F. HauboJee jierko aTta BcrioMoraTenbHas 3afadya peliaeTcs B ciiydyae, Koraa S 3ajaHa ypas-
HeHueM BToporo nopsiaka. Hanpumep, eciiu §' B TpexMepHOM IPOCTPAHCTBE TIPENCTaBsIeT COOOM 2J1-
JIMTICOW, SJUTUNITUYECKU I Mapaboon 1 WX OAHY U3 TTOJIOBUH ABYIOJIOCTHOTO TUIlepOoonaa, TO 3aa-
ya HaxoXJEHUS TOUKU TepeceuyeHms oTpe3Ka C TaKOi MOBEPXHOCTHIO CBOJAUTCS K MOUCKY OJHOTO U3
KOpPHEM KBaJgpaTHOIO YpaBHEHMSI, PEIIIAEMOI0 3JIEMEHTAPHO.

CremyeT OTMETUTD, UYTO IIOIX0, OCHOBAHHbBIN Ha ITOMCKE TOUKU ITepeCcedeHUSI IIOBEPXHOCTHU C OTPE3-
KOM, KOHIIBI KOTOPOIO 3aBEI0OMO JIeXKaT 110 pa3Hble CTOPOHBI OT Hee, MCITOIb3yeTCs TaKxKe IIPU peaju-
3alli1 OJHOTO U3 aITOPUTMOB, paccMoTpeHHoro B [10]. B ykazaHHoIi1 paboTe pacCMOTpeHa, B YaCTHO-
CTH, 3alaya MUHUMH3aLHH ((x) Ha TOBEPXHOCTH S, 3a1aBaeMoii paBeHCTBOM Buaa g(x) = 0, rae ¢(x) u
g(x) ABASIOTCS MIaIKUMU, U UX TPAAUEHTbl YIOBJIETBOPSIOT yciaoBuio Jlummuua. s pelieHus mo-
CTaBJICHHOI 3aa4y IIpeliaraeTcs UCIoIb30BaTh 0000IIIEHHBII METO IIPOEKIIMY IpagirueHTa, IIpyu pea-
JIU3alMM KOTOPOro Ha KaXIoil utepaly MPpUXOAUTCSI OCYILIECTBISITh TOMCK TOYKU MepecedeHusl Mo-
BEPXHOCTH S ¢ HEKOTOPBIM OTPE3KOM. DTOT OTPE30K NePHEeHANKYJISIPEH KacaTeIbHOM! TMITEPIIOCKOCTU
K HOBEPXHOCTH .S, TOCTPOEHHOM B TOUKE X, , W JIEXKUT HA MPSIMOiA, TPOXOASLIEH yepe3 TOUKY, MOJyYeH-
HYIO B pe3yJIbTaTe MEPEMEILECHUS U3 X; B HaNpaBleHUU aHTUrpanueHta GyHKuuu @(x). CooTBETCTBY-
o1t anroput™ u3 [10] s cBoeit peanu3anuu TpedyeT, OAHAKO, 3HAHUS psiia KOHCTAaHT WJIM UX Olie-
HOK (IaHHO€ OOCTOSITEJILCTBO CYILIECTBEHHO OTpaHWYMBAET BO3MOXHOCTb €r0 HCIIOJb30BaHUSI Ha
MIpakTUKe) M, KpOME TOrO, OH He IpemHa3Ha4YeH IJIsd 3aday, Ie B Ka4eCTBe JOIMYCTUMOTO MHOXECTBA
paccMaTpMBaeTCsl He BCSI IOBEPXHOCTD, a Kakasi-In0o ee 4acTh. JIOCTOMHCTBO METOa, TIpeaiaraéMoro
B HacTOsIIIel paboTe, COCTOUT B TOM, UTO MPU €ro UCMOJIb30BaHUM He TpeOyeTcsl 3HaHWe KaKUX-1100
KOHCTAHT WJIM MX OLIEHOK, a TAK:KEe B BO3MOXKHOCTH €T0 MCITOJIb30BaHUS ST JOITYCTUMBIX MHOXKECTB,
MPEeNCTaBISAIOIINX cOO0i epeceyeHre noBepxHoctu g(x) = 0 (mpearnosiaraercs, YTo g(x) sABISIETCS Bbl-
MyKJIOM U TIaJKO, U ee TpaAueHT YIOBJIETBOPSIET YCIOBUIO JIUMIIIUIIA) C BBIMYKIJIBIM KOMITAKTOM.

1. TIOCTAHOBKA 3AJAYU 11 AITOPUTM METOIA

Paccmorpum 3amady Buzma @(x) — min, x € X < E”, B KoTOpoii X mpencTapisieT co60ii TeOpeTHKo-
MHOXECTBEHHOE MepeceyeHre BbIIMYKJIOro KOMIIAaKTHOTO MHOXeCTBa F, MMEIOIIIero HEMyCcTyl0 BHYT-

PEHHOCTb, U MHOXECTBa § = {x e E": g(x)= 0}, rae g(x) sBIsETCS BBIMYKJION M maakoilt Ha E" u

L1
g(x) < 0 mpu HekotopoM x € E". TIpennonaraercst, uro ¢(x) € C~ (X). B cuity HaoXeHHBIX Ha g(x)
YCIIOBUI, MHOXECTBO S IIPEICTaBIsAeT COOO0I BRITYKIIYIO TIaIKYIO TIOBEPXHOCTD.

' ' -1 o
Bgenem crenyiomme o6o3nadeHns: n(x) = g'(x)||g'(x)| — opr Hopmanu KacaTenbHOI rumepIoc-
KOCTH K IMTOBEPXHOCTU SBTOUKE X € §; G = {x e E":g(x)< 0} — BbIIYKJIas1 000JI04Ka NOBEPXHOCTU S

A(x) = { ye E": (n(x), y— x) = O} — KacareJpHasi TUIIEPIUIOCKOCTh K S U G B Touke x € §. B cuity man-

KOCTHU g (x), TUIIEPIUIOCKOCTh A(X) CYLLIECTBYET IJ151 TIOOOTO X € S ¥ BeKTOP-DYHKUUS 1(X) HEMMPEPBIB-
Ha Ha S.

B cuny xommakTHocTH F M 3aMKHYTOCTU S, BBbITEKawlleil M3 MMagkocTu g(x), MHOXECTBO
X = F NS kKommnakTtHo. Cyurtas x € X, 0603HauUUM uyepe3 z(x) MPOU3BOJIbLHOE U3 PEILICHUI 3aaauu
((p'(x), y - x> — min, y € F N A(x). B cuny 3amkayTOCTH A (X), KOMIIAKTHOCTUA F U HETIPEPBIBHOCTHU

JIMHEeHOM (DYHKIIMY 3Ta 3a1a4a UMEET XOTsI Obl OMHO pellIeHUE, IPU 3TOM ((p'(x), z(x) — x> < 0, TaK KaK
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xe FnA(x). Eciu <(p'(x),z(x)—x> =0, To 00e TOYKH X W Z(x) SBISIOTCSI pEIICHWEM 3aaadyu
<(p'(x),y - x> — min, ye F N A(x).

,H)'IH PECIICHUA TMOCTaBJIEHHOM 3a1a4u npenjaaracTcsda ncCrojib30BaTb CJ'IC,Z[YIOH_[I/Iﬁ AJITOPUTM ITOCTPOC-
HMA ITOCJICI0BATCIbHBIX HpI/I6JII/DKCHI/II7L

Tar 0. 3agaerca Touka c € F N intG v monaraetcsa k = 0.

ITar 1. ITycts X, € X ecTb k-e IpUOIVIKEHUE.

ITar 2. CrposTcsi rUIepIuiocKOCTb A(X;) U ompenessieTcss Touka z(x,) — pELIeHuEe 3anadu
@ (x) = (@'(x;),x — x;) > min, x € F N A(x;).

HTar 3. Eciu @, (z(x,)) = 0, TO BEIUUCIAEHUS] 3aKAHYMBAIOTCSI, MHAYE OCYLUECTBIISIETCS IIEPEX0ol K
miary 4.

ITar 4. 3anaercsa o, € (0;1].
ITar 5. ITycTts X, — TOYKa IIepecedeHnst OTpe3Ka [c, x; + 0, (z(x;) — X, )] C TOBEPXHOCTHIO 5.
Iar 6. [Tonaraercs k .= k + 1 1 ocyllIeCTBIsIETCS epexon K mary 1.

MHoxecTBO G B CWIY BBIIYKJIOCTU g(X) SBJISIETCS BBIMYKJIBIM, MO3TOMY TOYKa X, + 0z(x;) — X;)
[IPU JIIOOOM O, HE JIEXKUT B int G, a 3HAUUT, TOUKA [IEpeECEUEeH s OTPe3Ka [c, X, + o((Z(x,) — x; )] c moBepx-
HOCTBIO .S 00513aT€JIbHO CYILIECTBYET.

B cuity KomnakTHocTH FcylecTByer d, = ma>§||x — | < o0, amockoBKY X, z(x) € F , TO PN TIOGOM
X, ye

x € X nmeeM ||x — z(x)|| < d,. Iycts D(x) = {y € E":|x—)| < do} — 11ap paamyca d, ¢ IIEHTPOM B TOY-
Ke X, a ¥ — Takoe BBIMYKJIO€ KOMIIAKTHOE MHOXECTBO, UTO ¢ € Y M Julsl 1I060Oro x € X CIpaBeIMBO

BKJIIoueHue D(x) < Y. B cuily HaJlOXKeHHBIX Ha g (x) YCIOBUI UMeeM ||g'(x)|| # 0 npu mobom x € S. B
CHJTY KOMITAKTHOCTH Y ¥ 3AMKHYTOCTH, TepeceYeHUE STUX MHOXKECTB SIBJISIETCS KOMITAKTHBIM, [IO3TOMY

cymectsyer K = min lg'()]| > 0. Kpome atoro, B cuiy Bemykioctn Y nipu o€ (0;1] Touka nepeceue-
HUS oTpe3Ka [c, x + 0(z(x) — x)] ¢ TOBEpXHOCTHIO S JIeXXKUT B Y, Tak Kak x, z(x),c€ Y.

bynem nonarate, 4yro g(x) € C 1’I(Y ), T.€. CYLLIECTBYET TaKasl MOJOXHUTEIbHASA KOHCTaHTa M, 4yTO s
BCEX X,y € ¥ CHIpaBe/IBO HepaBeHCTBO ||g'(x) — g'(y)| < M ||x — y||. Torna us nokasanHoro B [12] cre-
ayer, yro ipu N = M /K s Beex x,y € S MY umeer mecto [[n(x) — n(y)| < N |x — 3.

W3 HenpepbIBHOCTY 71(X) BBITEKAET HETIPEPLIBHOCTD Y(X) = (n(x) ,C— x) Ha S, TT03TOMY, B CWJTY 3aMKHY-
TOCTHU S ¥ KOMITAKTHOCTH Y, CYILIECTBYET € = xg}i{{ly |\|/(x)| pu 3ToM € > 0, TaK Kak G'BBINYKJIO U ¢ € intG'.

OO0Oo03HaUMB 4epe3 ¢, NPOEKLUI0 TOYKU ¢ Ha TUIEPIUIOCKOCTb A(x), X € .S, IOoIy4yum
(n(x),c = x) = (n(x),c — c,) + (n(x),c, — x), TIe BTOpOE CI1araeMoe PaBHO HYIIIO, TaK Kak X, ¢, € A(X) 1
n(x) oproroHasieH A(x), a IEPBOE CJIAraéMoOe € TOYHOCTBIO 10 3HaKa PaBHO PACCTOAHMIO OT ¢, 10 A(X),
TaK KaK BEKTODPBI #(X) U ¢ — ¢, KOJUIMHEAPHBI U ||n(x)|| =1. DTO 03HayaeT, UTO pacCTOSIHUE OT TOUKU

c € E" 1o runepruiockocti A(X), x € S, paBHO [y(x)|.

2. BCTIOMOTATEJIbHBIE YTBEPXKJIEHUA

B cunty kommaktHocTH Y cymecTsyeT d = max |x — ¢f < eo. Cunrast x € X, BBeieM 0603HAUCHNS:
xeY

y(x)=x+2"(z(x)—x), s =0, 1, ...; u,(x) — IPOEKIMsI TOUKH y,(x) HA BBIIYKIOE 3aMKHYTOE MHOXE-
¢TBO G; p,(x) — npoekuus ToYKM y,(x) Ha MHOXecTBO X. [Tockoneky x, z(x) € F M A(x), ipu 3ToM F'u
A(X) BBIIYKJIBL, TO y((X), s =1, 2, ..., TOXe nexar B F M A(x).

ITycTh x4+ — MpOU3BOIBHAS TOUKA MHOXECTBA X, IJ1s1 KOTOPOit <(p'(x*), 2(xx) — x*> < 0. Beenem 060-

3HaYeHUST: L (Xx) — MpsaMast, MPOXOAsIast 4epe3 TOUKY Y, (Xx) MepneHANKYISIpHO A(u,(x+)) (B cuiy To-
KAa3aHHOTO B [12] oHa MPOXOOUT U YePe3 TOUKY U (Xx)); L(xx) — JIyd, HAUMHAIOLIUIACS B TOUKE Y, (Xx) U
MPOXOISAIIUA yepe3 TouKy c¢. C 1eNIblo COKpallleHUs 3alUCU B HaJbHEUIINX PacCyXKIEHUSIX BMECTO

Vo(xx), u(xx), L(xx), L~S(x*) npy (PUKCUPOBAHHOM S GyIeM 3aIMChIBATh V, U, L, [ COOTBETCTBEHHO.
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OTMeTUM, YTO BBEIEHHBIE 3[1eCh U paHee 0003HAUYEHUSI, KPOME ¢, d, d;), € U I:S(x*), COBITAAAIOT C TE-
MU, 4TO OBLIU BBeAeHH! B [11]. Paznmuuune B HEKOTOPBIX 0003HAYESHHUSIX CBSI3aHO C TEM, UTO IIPU MCCIIe-
JOBAaHUM 3ada4yM, IIOCTABJICHHOII B HACTOSIIEH paboTe, CYyIIIEeCTBEHHO YUMTHIBAIOTCS BBIMYKJIOCTD IO~
BEPXHOCTU S M OrpaHMYEHHOCTh MHOXecTBa F. KpoMe 3Toro, B HacTosIIei cTaThe BMECTO MHOXKECTBA

M(x,) = {x e X :0p(x) < (p(xo)}, BBedeHHOro B [11] u mpenmosaraeMoro Tam OrpaHUYEHHBIM, BCIOMY
paccMaTpUBaeTCs OrpaHUYEHHOE MHOXECTBO X.

Jlemma 1. Ilycmo x4 € X, s € {0, 1, }, v — npou36oabHas mouxa muoxcecmea Y, a d u & — paccmosHus
om mouku v coomeemcmeeHnHo 00 eunepnaockocmu A(u,(x«)) u do npamoii L(x+). Toeoa, ecau v nexcum Ha

noeepxrocmu S, mo npu 0 < & < 2K /M umeem mecmo & > JO(2K/M - 39).

Jloka3aTejqbCTBO TAHHOTO YTBEPXKICHUS MPUBOAUTCS B [ 11], Tne u3ydeH ciaydaid miagkou MOBEPXHO-
cTH S 6e3 MPenIooKeHNST 00 ¢ BBIITYKIIOCTH.

3ameuanue. Eciiv y 1 v jexar 1o ogHy CTOpoHY OT A(u), TO B CWIIy BBINYKJIOCTU G 3HaueHus g(y) u
g(v) umeroT oauH 3Hak. Ecinu e y u v iexar 1o pa3Hble CTOpOHbI OT A(u), TO U3 MoKa3aHHOTO B [11]

cienyert, yTo ipu 0 < & < % ud < §(2K/M — §) snauenus g(y) v g(v) MMEIOT pa3Hble 3HAKMU.

Jlemma 2. Ecau x« € X ue > K/ M, mo npu écex yeavix s ='s;, e0e s, — HEKOMOPblil HOMEP U3 MHOICe-
cmea {0, 1, ...}, cnpasedauso ymeepowcoenue: ecau mouxa y(X«) He aexcum Ha noeepxHocmu S, mo Ha om-

peske [y,(x«); c] cywecmeyem mouka, 6 komopoii g(x) umeem 3HaK, nNPOMUEONON0NCHbLU 3HAKY Z(V(Xx)).

Joka3arenbcTBO. [Iycth € > K/ M, xs. € X U s € {O, 1, } B cuny BeimykiocTy MHOXecTBa G, BEK-
TOPBI Y (Xx) — U(xx) 1 n(u,(x+)) OIMHAKOBO HampasiaeHbl. O003HAYMM Yepe3 ¢ MPOEKLNIO TOYKH ¢ Ha
npsmyto L. IIpsimas L nepneHauKyJsipHa TUNepIuiockocTu A(u), a MOCKOJIbKY ¢ — IpOeKus ¢ Ha L,
TO PacCTOSIHUSI OT TOYEK ¢ U ¢ O0 A(u) coBHamaloT W MO BEJUYMHE HE MEHbIIe €. 3aMEeTUM, 4TO
le—c]| <|c-y|<d, Tak kak ye F NY 1 ¢ — npoekuust TOUKM ¢ Ha mpsiMylo L, conepxaiiyio y. U3
omnpenesieHus1 MHOXeCTBa Y ciienyert, uto [y;c] C Y.

IIycte 5; — HauMmeHbIIMI U3 HOMepoB s =0,1,..., yIOBJIETBOPSIOIIMI HEPABEHCTBY § =

23Ndd,
> log, ———. Torna, yyuThIBasi CIpaBeLJIMBOCTb YTBEPXKIEHUS JIEMMBI 1 1 MOBTOPSISI pacCyXIeHUs,
€

IIPOBECHHBIE B JOKA3aTEILCTBE COOTBETCTBYIOLIEH JIeMMBbI U3 [11], moay4uM, 4TO MPU LEJBIX § = §; Ha
oTpe3Ke [y,(xx);c] cylllecTByeT TOUKa, B KOTOPOM g(x) UMEET 3HAK, IPOTUBOIIOJIOXKHBIN 3HAKY g(V,(Xx)).
B cuny npousBonbHOCTU yncna € > K/M v TOYKU X« € M (X,), YTBEPXKACHUE JIEMMBI 10Ka3aHO.

Jemma 3. Ecau x« € X ue < K/M , mo npu écex yeawvix s > max{s,,s,}, e0e’s, u’s, — Hexomopuie Homepa
U3 MHOMICECMEA {O, L. } , CNpagedauso ymeepicoerue: ecau mouka y(Xs) He Aedcum Ha NO8epPXHOCMU S, Mo

Ha ompeske [y, (x«);c] cyuecmeyem mouka, 6 Komopoi 3nauenue g (x) umeem 3HaK, NPOMUBONONONCHbLLL

3HaKy g(y,(X«))-

JokasarenberBo. ITyctb € < K/M , x« € X nse {0, 1,...}. B cuy Bbinmyk1ocTi MHOXeCTBa G, BEK-
TOPBI Y, (X+) — U,(xx) U n(u,(x+)) ONMHAKOBO HampasieHsbl. ITycTb §; M 5, — HAMMEHBILINE U3 HOMEPOB
s =0, 1, ..., yIOBIETBOPSIOIINE COOTBETCTBEHHO HEPAaBEHCTBAM

s 2 log2M u s=log, 2d0‘/@.
€ €

Torma, moBTOpPSIST pacCy:KIeHUsI, IIPOBEACHHEIC B JOKA3aTeJILCTBE COOTBETCTBYIONIEH leMMBI u3 [11],
MOJIYYMM, YTO IPH LIEJIBIX § = max {E,Ez} Ha OTpe3Ke [y (X« ); c] cyluecTByeT TOUKa, B KOTOPOH g(x) ume-

€T 3HaK, NMPOTUBOMNOJIOXKHBIN 3HaKy g(y,(xx)). B cuiy nmpousBonbHOCTH umucia € < K/M 1 Toyku
X« € X, YTBEPKIECHUE JIEMMBbI TOKa3aHO.

O003HauYuM yepe3s v, (xx) (MM COKPAILEHHO V) TOUKY NepeceyeHust oTpe3Ka [y,(xx);c] ¢ moBepxHo-

creio S. Ipu Beex s € {0, 1, ...} Touka v (xx) JeXuT B X, Tak KaK v, (xx) € S 1 v (xx) € [y,(x«);c], e
Y(x«), c € F n FBBIIYKIIO.
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Jlemma 4. Ecau x. € X u <(p'(x*), Z(xx) — x*> < 0, mo cywecmeyem makas noAOHCUMENbHASL KOHCIAH-
ma M, umo npu écex yeavix s 25, ede S — Hekomopblii Homep u3 muodxcecmea {0, 1, ...}, umeem mecmo

ys(x*) - Vs(x*) < MO ys(x*) - us(x*)

Hoka3zarenbcTBo. [1ycTh X € X u <(p'(x*),z(x*) - x*> < 0, T.€. BEKTOp M = Z(Xxx) — X4 SIBJISIETCSI Ha-
TIpaBJIeHUEM YObIBaHUS ((X) B TOUKE X, . ECIM TPU HEKOTOPOM s TOYKA y JIEKUT Ha TOBEPXHOCTH S, TO TOU-
KM U U v, OYEBUIIHO, COBMAAAIOT C Y, ¥ TOTa 00€ YacTu TpeOyeMOTro HECTPOTOTO HEPABEHCTBA PaBHbI HYJIIO,
T.€. OHO CIIPaBEUIMBO Npu JtoooM M|,. ITyctk Teneps y He nexut Ha S. [lonoxum s = 5, ecmu e = K/M ,
U'S = max {El,iz}, ecnu € < K/M . B cuny yTBepxKaeHuii JieMM 2 U 3, Ipy § = § Ha oTpe3Ke [y;c] cyle-
CTBYET TOUYKA Vv, B KOTOpoW g(v,) < 0. [TockonbKy B crily HaJTOXXEHHBIX Ha g(Xx) YCIOBUI M ONIPEAEIICHUS
TOYKM y uMeeT MecTo g(y) > 0, To Touka v JIEXUT Ha OTpeE3KeE [, v, ]. B cuiy BeITyKiiocTr g(x), TOYKU vV U
y JIexar 10 pa3Hble CTOPOHBI OT TUIEPIIIIOCKOCTH A(u) WM (B YACTHOM cllydyae) v JIEXUT B A(u).

IToBTOPSIST paccy:XlIeHUs, IPOBeACHHBIE B JOKa3aTeIbCTBE COOTBETCTBYIOIICH JIeMMBI 13 [11], moiy-

9MM, 9YTO TPM BCEX LEJIBIX § >3 CIOPaBEMIMBO HepaBeHCTBO |y —v| < M|y —u|, tme M, =
2 2
_3 |K@E +dY) . .
S v B cumly IpOM3BOJIBHOCTM PACCMOTPEHHOM TOYKM Xy € X, IUISI KOTOPOI
€

<(p'(x*), Z(xx) — x*> < 0, yTBepKIeHHe JeMMBbI T0Ka3aHO.

3. IOKA3ATEJBCTBO CXOOAMMOCTHU AJITOPUTMA

B aTOoM pasnerne 6ymyT moxydeHbl HEeOOXOMUMBIE YCIIOBHS JIOKATLHOTO MUHIMYMa TIaaKOM (GyHKITN
¢(x) Ha MHOXeCTBe X paccMaTpUBaeMOTO BUIA M OKa3aHO YTBEPXKISHNE O CXOMUMOCTHU aJITOPUTMA.

Jlemma 5. Ecau xx € X — mouka a0KaavHo20 MuHumyma Gynkuuu O(x) Ha mHoxcecmee X, mo
(@), 2000) = x) = 0.
Joka3zarenbcTBO. [Ipenmnosiokum, 4To 1yl HEKOTOPOU TOYKU X, € X, JOCTABJISIONIEH JTOKaJIbHBIN

MUHUMYM @(x) Ha X, UMEET MECTO <(p'(x*),z(x*) — x*> < 0, T.e. BEKTOp Ay = 7(Xx) — Xx SBISIETCS Ha-

NpaBJieHUEM yObIBaHUS ((X) B TOUKE Xx. Torna, mpoBels pacCyXAeHUsI, aHAJIOTUYHBIE JOKA3aTEIbCTBY
COOTBETCTBYIOLLIEH JIeMMBI U3 [11] ¢ 3amMeHO p,(x+) Ha v (X+) U C y4ETOM CIIPABEIJIUBOCTU YTBEPXKIE-

HUSI JIEMMBI 4 11 TOTO, 4TO v (X:) pu Beex s € {0, 1, ...} iexuT B X, HOTydnM, 9TO BBIIBUHYTOE MIPE/IIIO-
JIOKeHMe HeBEPHO, OTKY/a BEITEKAeT CIIPaBEIMBOCTb TaHHOM JIEMMEL.

CrenyeT OTMETUTD, YTO PAaBEHCTBO <(p'(x*), Z(x%) — x*> = (0 BbrIpaXkaeT JIMIIb HEOOXOAUMOE YCIOBUE

JIOKaJIbHOTO MMHUMYMA, T.€. €rO BBIIIOJHEHUE [JIs1 IPOU3BOJIBHOM TOUYKM Xx € X B OOLIEM Cilydyae He
03HAYyaerT, YTO Xix JOCTABJISIET JIOKAJIBHBIH (a TeM OoJiee, NIOOAIbHBII) MUHUMYM ((x) Ha X.

M3 yTBepXaeHUs JIeMMBbI 5 CJIeIyeT, YTO MPU BHITTOJTHEHUN paBeHCTBA <(p'(xk), z2(x) — xk> = 0 mpu He-

KOTOPOM k TOYKa X, € X yIOBJIETBOPSET HEOOXOAMMOMY YCIOBUIO JIOKATbHOTO MUHMMYyMa ((x) Ha X.
DTO paBEeHCTBO MOXKET HE BBIITOJIHITHCS HU IIPU KaKOM K, TOTA aJITOPUTM CTAHOBUTCS UTEPALIMOHHBIM.

3aMeTUM, 9TO MHOXECTBO F MOXeT OBITh 3aMaHO C TTOMOIIBIO (PYHKITMOHATBHBIX OTpaHUYEHU B
dopme F = {x eR':fi(x)<0,i=1, 2,...,1}, rne u fi(x),i =1,2,...,/, ABISI0OTCS BBITYKJIBIMU U DJIAJKN-

mu Ha E”.

Jlemma 6. Ecau x. € X, npu smom <(p'(x*),z(x*) - x*> =0 uau int F N A(x«) nycmo, mo x,. cmayuo-
HapHa 6 cmoicae Jlaepanica.
Joka3arenbcTBo. M3 onpeneneHust TOUKU Z(Xx) WM BBINYKJIOCTH F M A(x4) ciaemyeT, 4yTo JJisl BCex

F N A(xx) IMeeT MeCTO <(p'(x*),x - x*> > 0. YunTbeIiBas 3TOT (paKT 1 IIOBTOPSIST PACCYXACHUS, IIPOBE-

JIEHHBIE B 0KA3aTeJIbCTBE COOTBETCTBYIOLIEH JJeMMbI 13 [13], rme B KauecTBe MOBEPXHOCTH S paccMar-
puBaeTcs cdepa, MOJIyIrUM CIIPaBeIJIUBOCTb YTBEPKIACHUS JaHHOM JIEMMBL.
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Bynem cuutath, uto @(x) € C"'(Y), Torna cyliecTByeT KOHCTaHTa L = max |0 (x0)|| < e=. Otcrona cre-
Xe
JIYET, qTo TSI JTIOOBIX x,yevY npu HEKOTOPOM 0 € [0;1] NMEET MECTO
|(p(x) - (p(y)| = ||(p'(x +0(y — x))||||x - y|| < L||x - y||, T.€. O(x) SIBJISIETCS JIMIIIIULIEBON Ha Y.
BeeneM obo3HaueHus: 7, = 7(x;), Qp(x) = ((p'(xk), X - xk>, Vis = Vs(X1)» Vies = vg(x;). bynem cum-
TaTh, YTO BEJIMYMHA O, TIPY KaXKIOM K IToJIaraeTcst paBHoii 2, e s, — nepBbiii u3 HomepoB s = 0, 1, ...,

IIPY KOTOPOM CIIPABEIMBO HEPABEHCTBO O(x;) — (v, ;) = 0.25X 27 |(pk(zk )|. IToBTOpSIS paccyxneHusl,

TIPOBENEHHBIE TP U3YYEHNM BBIOOpA O, B 3anave u3 [11], ¢ 3ameHoit p (x) Ha v (x), MOJTYIUM, 4YTO BBI-
MOJIHEHUSI JAHHOTO HEpaBeHCTBAa yAaeTcsd JOOUTbCS TPU  KOHEYHOM S, TIpU  ITOM

32M,LNd; 23Ndd, _ . 4\3Ndd,
|(Pk(Zk )| € 2 €

2V3Ndd, 2d,N(K — Me)| _ | 4V3Ndd, 4dyN(K — Me)
; = log, max ;
€ VKe € VKe

npu € < K/M . DTo 03HaYaeT, 9TO TIPU KakKIOM k UMEET MECTO

Sk Smax{?, log, },k:O, L..toes <1+log, lo npu e > K/ M n

5 <1+log, max{

8|(pk(zk )| . |(Pk(Zk )|2
43Ndd,” 32M,LNd’

(p(xk) - (p(xk+1) 2 0.25 X I‘nll’l

eciie > K/M,u

. | € vKe 2
(p(xk) _ (P(xk+1) > 0.25 %X min |(pk(zk)| : |(pk(zk)| ; |(pk(zk)| =t
4«/§Ndd0 4a’0\/N (K —Me) 32M,LNd;
eciiv € < K/M . TIocKoJIbKY BCe KOHCTaHTBI B ITPaBbIX YaCTSIX MOJYYEHHBIX HEPABEHCTB MOJOXHUTENb-
HBI, TO TIPY OTJIMYHBIX OT HYJISI 3HAUCHUSIX O (2;), k = 0, 1, ..., TIOCTIe10BaTeIbHOCTD { (X, )} MOHOTOH-
HO yOBbIBaeT.
Jlemma 7. Ilpu ewibope uucea o,,k =0,1,..., coeracHo ykazaHHomy cnocoby umeem Mmecmo

O (%) === 0.

Jloka3aTeqbCTBO TPOBOAMTCSI AaHAJIOTUYHO 10Ka3aTebCTBY COOTBETCTBYIOIIEl JeMMbl u3 [11] ¢ 3a-
MEHOH p (x) Ha v (Xx).

W3 yrBepKaeHNs JeMMBI 7 ¥ IPUBEICHHBIX BhIIIIe HEPABEHCTB BHITEKACT

Teopema 1. Ecau nocaedosamenvrocmos {x,} nocmpoena no usi0iceHHOMY aneopummy npu 6vloope
oy, k =0,1, ..., coeracro ykazannomy cnocoby, mo npu écex ueavix k > k , 20e k — nexomoputii Homep u3

MHOJICECMBA {0, 1, } , UMeem mMecmo HepaseHCcmeo

2
|(Pk (zk )|
128 M,LNd;
CHpaBCI[J'II/IBO CJIEAYIOIICEC YTBEPKACHUEC O CXOAMMOCTHU aJiropuTMa.

O(xy) — (X 4y) 2

Teopema 2. Ecau nocnedogamenvHOCMb {X,} NOCHMPOEHA HO U3N0NCEHHOMY AAOPUMMY NpU 8blOope
k
oy, k=0,1,..., coenacho ykazauHomy cnocoby, mo ai00as ee npedeabHAs MOYKA X,, 04 KOMOPOIl

int F N A(x«) Henycmo, ydoearemeopsaem ycao8uio <(p'(x*), 2(xx) — x*> =0.
HokasareabctBo. [Tockonbky {x,} € X u X orpanudeHo, 1o {x,} MMeeT XOTs ObI OIHY NPEIEIbHYIO

Touky. IlycThb Xy — NpoOuM3BOJIbHAS MpelnelbHas TOYKa {xk}, U1 KOoTopoii int F M A(xx) HemycTo, a

{ka} — COOTBETCTBYIOLLIAs €if MOAINOCIEN0BATEIbHOCTb.
I1penmonoxum, 4TO <(p'(x*), Z(xx) — x*> = —21 < 0. Torna cymecTByIOT Takue OKpecTHOCTU Us(xx) U

U (z(x«)), uyTo mist mobbIX x € Ug(xs) 1 y € U (z(x+)) UMeEET MECTO <(p'(x),y — x) <-m<0. Ilyctp X —
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MPOM3BOJIbHAs ToUKa U3 int £ M A(xx), Toraa [X, z(x«)) < int F N A(x«), Tak Kak MHOXecTBa F'u A(xx)
BBIMYKJIBI W IO  IocTpoeHuto  z(xx)e€ F M A(xy). Bo3bMeM  TIPOM3BOJIBHYIO  TOYKY

he [X,2(xx)) N Ug(2(xx)), Totma he int F N A(xx) 1 (@'(x),h—x) <1< 0 wist mo6oro x € Us(xx).

O003HauUB uepes A, MPOEKIUIO TOUKU A Ha TUIEPIIOCKOCTh A (X, ), MOIy4YUM

<n(ka),h - ka> = <”(ka)=h - hkm> + <n(ka)>hkm - ka> ,
Ie BTOPOE claraeMoe CrpaBa paBHO HYJIIO, Tak Kak /€ A(X ), @ MOIYJIb TIEPBOTO CJIAraéMoro eCTh
paccTOsIHUE OT TOYKH /1 1O TUTIEPIUIOCKOCTH A(X, ), TaK KaK BEKTOPBI 7(X; ) U h — X, MMEIOT OAMHAKO-

BO€ WJIA TIPOTUBOIIOJIOXKHOE HAIPaBJICHUSA U ||n(ka)|| =1. ITockonbky <n(x*),h—x*> =0, TaKk Kaxk
he A(xx), n {ka} — Xx, 4 n(x) sIBJsIETCS HETIPEePbIBHOM BeKTOP-(MYHKIIMEN Ha S, TO oTclola clie-
IYET, 4TO ||h - hkm” — 0. Kpome TOro, CyiiecTByeT OKpPEeCTHOCTHb Uy(h), LEJUKOM JIexKalllasi B
U.(z(xx)) N F, Tak KaK h € intU.(z(xx)) 1 h € int F. OTO 03HavaeT, yTo Hainercs Takoe m; € N, 4TO
npu Beex m > m; umeer Mecto k€ U (h) C F. TlocKOmbKy {x, } ——— x«, TO Haiizercsi Takoe

m, € N, 9TO IIPU BCEX m 2 m, UMeeT MeCTO x; € Us(xx). CrenoBaresibHO, Ipu m > max {m,, m,} Touxkn

h, € F N A(x,) yrosersopsior yenosmio (¢'(x, ),k —x, )<-N<0. Ho u3 nemmbr 7 nmeem
0 (2¢) /== 0, e g, — pelieHne 3ana4n <(p'(xk),x - xk> — min, x € F N A(x;). A3 nonyyeHHOTO

NPOTUBOPEYUS CIEAYET, YTO <(p'(x*),z(x*) — x*> = 0. B cuty npou3BOJILHOCTU PaCCMOTPEHHOI mpe-

NeJIbHOUM TOUKM X,,, YTBEPXKIEHUE TEOPEMbI I0Ka3aHo.
M3 teopeMnbl 2 1 JIeMMBI 6 CJIEAYET, UTO eCJIU X 3a1aHO C TOMOILLIBIO GYHKIIMOHAIBHBIX OTPAHUYEHUA,
TO J1106as1 peeIbHast TOUKA X, [TOCJIeI0BATEIbHOCTH { X, } , TOCTPOCHHOIA [0 N3JI0KEHHOMY aJITOPUTMY

MpU YKa3aHHBIX criocodax Beibopa o, k£ = 0, 1, ..., cTauMoHapHa B cMbIciie JlarpaHxka.
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