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Abstract. The fractal properties of the spruce branch structure were studied using numerical Fourier 
analysis. Images of spruce branches from a mature 26-year-old spruce tree, about 13 m in length, were 
studied at various tree heights. For different branches photographed in various projections, a power-
law dependence of spectral intensity ( ) = NI q Aq- is observed, where N = 2 in the momentum range q 
from 0.07 to 2 cm−1. Such power law defines the characteristic structure of a spruce branch, described 
by a logarithmic fractal in twodimensional space in the size range from 5 to 100 cm. The discovered 
structure represents the distribution of needles on the spruce branch and is related to its photosynthesis 
function. The transport functions of the branch are provided by the branching structure of twigs, which 
is described by a classical fractal with dimension 1 < < 2fD  in the same momentum range from 0.07  
to 2 cm−1.
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1. INTRODUCTION

Many objects found in nature are so highly 
fragmented and fractured that it is impossible to 
accurately describe them within the framework 
of classical geometry. To precisely describe such 
objects, in the second half of the twentieth century, 
Benoit Mandelbrot introduced the term "fractal" 
and constructed a new, unusual "fractal geometry 
of nature" [1]. His proposed concept very quickly 
gained widespread use and began to be applied in 
various fields of science and technology (from radio 
electronics to medicine) [2–11]. Fractal objects, 
in addition to fragmentation, are characterized 
by another property: self-similarity. The main 
characteristic of fractal objects is the fractal 
dimension, which is used to classify these objects 
when describing nontrivial properties of their 
structure. The relevance of tasks both in studying 
fractals through experimental methods and in 
developing fractal theory is due to the prevalence of 
objects with fractal properties, as well as the wide 
field of application of the fractal concept. There are 
many examples where the structure of biological 
systems or processes within them can be described 
using fractal dimension. Fractal patterns within 

living organisms are used for disease diagnosis 
and prediction of potentially dangerous conditions 
[11–14].

One of the most illustrative, yet controversial 
examples of fractal geometry in nature is a tree 
[15– 21]. The modern basis for describing the 
structure of trees is the metabolic scaling theory, 
which was proposed in the works of West and co-
authors [22, 23]. The theory, as applied to plants, 
is based on the premise that water transport is a 
concomitant limiting factor for photosynthesis. Since 
water transport is largely a physical process, partially 
dependent on the structure of the transport network, 
its scaling can be predicted using relatively simple 
allometric models, leading to scaling predictions 
for all dependent metabolic processes. West's 
model [22, 23] is quite simple in its construction. 
The branching structure of a plant is divided into 
external and internal components. The external 
structure follows symmetrical and selfsimilar 
branching, which allows for easy scaling of the 
structure. The external structure also corresponds 
to biomechanical principles of area preservation 
and safety from gravitational buckling. The internal 
branching structure represents a network of xylem 
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channels within the branches. The number and sizes 
of xylem channels are connected by simple rules to 
the external network of branches. Thus, it is assumed 
that the fractal geometry of trees is a direct reflection 
of both internal and plastic, morphological and 
physiological characteristics that govern the growth 
and survival of trees. Therefore, fractal geometry 
provides a unique way to quantitatively describe 
the structural complexity of tree crowns — the 
assemblage of branches and foliage on them. In the 
model, one can assume that the vascular networks 
of trees represent "space-filling" fractal networks of 
their branches. That is, tree branches are fractallike 
or self-similar at different scales, with self-similarity 
in branching implying that any branching point 
looks the same regardless of whether we observe the 
first or last branching point of the tree.

An experimentally verified description of tree 
structure using the fractal concept has remained 
unattainable until recently, and only lately methods 
have emerged that clearly demonstrate the fractal 
characteristics of trees [24–27]. In the vast 
majority of works on the fractal properties of trees, 
researchers sought to propose a model (a theoretical 
model) of a tree-like object. Then an attempt was 
made to determine the fractal dimension of the 
resulting artificial construct – a 'golem' intended 
to qualitatively simulate a real tree. Naturally, such 
attempts lead to results that can only approximately 
be associated with trees.

In our opinion, conducting experiments with real 
trees is absolutely necessary not only to verify the 
proposed models but also, not least, for experimental 
guidance regarding the subject of research itself: 
which part of the tree should be considered 
fractal – the configuration of leaf placement or the 
branching structure without considering foliage? 
The experiment is also capable of directly indicating 
the presence of fractal patterns, including the spatial 
limits within which it is observed. Indeed, the self-
similarity of branches is not preserved at all levels 
of branching hierarchy in deciduous trees [25, 26], 
and old branches and young branches should be 
considered separately [27]. The criterion for division 
into young and old branches can be the presence/
absence of foliage on the branches. That is, young 
branches are direct participants in photosynthesis, 
while old branches carry the functions of the 
transport system in the whole tree organism. This 
noticeably changes their structural characteristics, 

which is reflected in the experiment [26, 27]. In 
other words, experimental methods for determining 
the fractal dimension of an object are key to solving 
the problem of describing fractal properties in the 
structure of botanical trees.

There are several methods for experimental 
assessment of the fractal dimension of trees, 
which, however, depend on the model describing 
certain aspects of the tree – leaf cover, branching 
system, etc. [15, 19]. Allometric models provide a 
quantitative description of the spatial structure of 
trees and associated metabolic processes through 
scaling relationships of significant tree parameters. 
For example, in works [22, 23] it was shown that the 
metabolic rate B scales with tree mass M  to the power 
of 3/4 (i.e., 3/4B M ). This scaling prediction can 
be broken down into two separate components that 
individually relate mass and water consumption 
to the easily measurable trunk diameter D. This 
concept relies on the image of a tree as a symmetrical 
self-similar object. However, the fractal dimension 
of such an object remains undetermined, apparently 
due to the complexity and multi-component nature 
of the entire problem. Developing this approach, 
work [28] proposed evaluating the "path ratio" metric, 
which quantitatively determines the extent to which 
the branch network of a "real" tree differs from an 
ideal self-similar network. The path ratio metric fP  
is defined as the ratio of the average path from the 
butt to the edge of the last branch to the maximum 
such path. The value fP  turns out to be equal to 1, 

= 1fP , for a symmetrical self-similar tree. Such a 
construction in nature is characteristic of some oak 
varieties or for spherical willow. The tree becomes 
asymmetrical if = 2/3fP  or = 1/2fP , at which 
point a trunk begins to form and the tree resembles a 
birch in shape. In the case of = 1/3fP B , the trunk 
dominates the tree shape and can be characterized 
as a spruce in form. It turned out that using such 
a metric, whose value ranges from 0 to 1, one can 
characterize the shape of a tree. However, this does 
not determine which part of the tree is fractal, and, 
of course, does not determine the fractal dimension 
of the tree. Moreover, such a network is constructed 
from linear (path) rather than volumetric elements, 
and therefore the "tree" constructed in this way turns 
out to be already a generalized tree, far from reality.

There is a method for estimating the fractal 
dimension of trees using the "two surfaces" 
method [29, 30], which assumes that the fractal 
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dimension of a tree crown can be obtained from 
the relationship between the total leaf area of the 
tree and the surface area covering the crown. This 
estimation method can be extended, and the crown 
volume can be considered as the volume jointly 
occupied by both leaves and branches [31]. In this 
estimation, the fractal dimension takes values from 
2 to 3, where a dimension equal to 2 means that 
the foliage is distributed along the periphery of the 
crown, and the crown surface represents a classical 
f lat Euclidean surface. As the fractal dimension 
increases (i.e., when the fractal dimension is greater 
than 2), the crown surface becomes more fractal 
until the fractal dimension becomes equal to 3, 
when the leaf surface is uniformly distributed in a 
given crown volume [29, 31] (analogous to the Peano 
curve in three-dimensional space). Typical values of 
fractal dimension in such measurement constitute  
D = 2.2–2.3, which indicates a tendency for the 
foliage cover to be located on the periphery of the 
tree crown [19]. It is obvious that this method rather 
speaks about the fractal dimension of the leaf mass 
on the tree and, possibly, indirectly about young 
branches covered with leaves, but does not provide 
information about the structure of the entire tree 
and its branching pattern.

The most well-known method of determining 
the structural complexity of trees based on fractal 
analysis is the volume coverage metric (in 3D space) 
occupied by tree branches, depending on the size 
of the ε covering element. Experimentally, such 
measurement can be conducted using laser scanning 
of the three-dimensional tree structure [24, 25], 
and the obtained fractal dimension in this case 
can vary from 1 to 3. Similar coverage technique 
is also applicable for two-dimensional tree images 
[32]. However, in the case of evergreen broadleaf 
trees, branches and trunk are hidden by foliage, and 
one has to reconstruct the fractal dimension of the 
object based on the fractal properties of the tree 
image boundary, i.e., based on the fractal properties 
of its surface. The disadvantages of this approach 
include the fact that it provides an estimate of the 
fractal dimension of the entire object based only 
on measurements of peripheral areas covered with 
foliage. This approach is not applicable for deciduous 
trees, which have a more complex structure with 
different fractal dimensions at different scales, as 
established in [25].

Nevertheless, fractal analysis is applicable to 
images of trees without foliage (in winter), when 
one can focus on tree branching patterns rather 
than its leaf cover [26, 27]). The fractal structure of 
an object in two-dimensional space can be studied 
from its image using numerical Fourier analysis, 
thus modeling an experiment of small-angle light 
scattering on a twodimensional object [33–38]. This 
method consists in finding and studying the spatial 
characteristics of the Fourier image of the studied 
image [39]. The use of numerical Fourier analysis 
has shown [26] that lateral projections of deciduous 
trees at scales corresponding to mature branches are 
logarithmic fractals, which are characterized by the 
law of surface area equality at all levels of mature 
branch ramifications. Moreover, it turned out that 
young branches differ in their fractal structure from 
mature ones [27]. It should be especially emphasized 
that the reason for the observed scaling laws of 
Fourier images of tree silhouettes (two-dimensional 
projections) is the quasi-two-dimensional structure 
of the wood layer, which provides water supply and 
nutrients to the tree.

Coniferous tree species with monopodial 
branching, which leads to the formation of a 
powerful trunk and numerous branches on it, have 
been much less frequently studied using fractal 
analysis. In this case, a single branch should be 
considered as an object of fractal geometry. Of 
particular interest is the question of how branches 
(identical in their structure and morphology) are 
distributed along the trunk. For a solitary spruce 
tree, it is assumed that its branches are distributed 
uniformly along the trunk in height and uniformly 
in azimuth around the trunk axis. In works [18, 
40, 41], a method was proposed for determining 
the fractal dimension of a spruce branch. The 
branch was considered as an object constructed 
from linear segments, and to determine the fractal 
dimension, the total length of branches at each 
branching level was evaluated. Formulas in the 
form of convergent power series were proposed 
for calculating the total length of spruce branches 
depending on the branching level, and sequential 
calculations of the total branch length were 
performed at different scales. The fractal dimension 
was determined as the tangent of the slope angle of 
the line approximating the relationship between the 
scale unit of measurement and the total length of 
branches in a double logarithmic scale. Calculations 
were performed taking into account the dynamics 
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of branching level was evaluated. Formulas in the 
form of convergent power series were proposed 
for calculating the total length of spruce branches 
depending on the branching level, and sequential 
calculations of the total branch length were 
performed at different scales. The fractal dimension 
was determined as the tangent of the slope angle of 
the line approximating the relationship between the 
scale unit of measurement and the total length of 
branches in a double logarithmic scale. Calculations 
were performed taking into account the dynamics of 
branch growth and shoot dieback, as well as various 
lighting levels. It was noted [40] that the analytical 
expression for estimating the fractal dimension of 
a branch considering its needles becomes difficult. 
On the one hand, needles do not increase the fractal 
dimension of the branch at all, and on the other 
hand, they significantly increase the surface area. 
The role of needles in the overall fractal structure of 
the branch remained unclear. In any case, the results 
of fractal analysis obtained in works [18, 40, 41] are 
based on a one-dimensional branch model and do 
not take into account the fact that the branch has a 
finite surface area and finite volumebranch growth 
and shoot dieback, as well as various lighting levels. 
It was noted [40] that the analytical expression 
for estimating the fractal dimension of a branch 
considering its needles becomes difficult. On the one 
hand, needles do not increase the fractal dimension 
of the branch at all, and on the other hand, they 
significantly increase the surface area. The role of 
needles in the overall fractal structure of the branch 
remained unclear. In any case, the results of fractal 
analysis obtained in works [18, 40, 41] are based on a 
one-dimensional branch model and do not take into 
account the fact that the branch has a finite surface 
area and finite volume.

In our work, we provide an experimental 
assessment of the fractal dimension of spruce  
branches based on their images. To measure the 
fractal dimension, we use the method of numerical 
Fourier analysis of images. This experimental 
approach takes into account the surface area of 
the spruce branch together with its needles when 
measuring. It has been established that spruce paws, 
framed by needles, are formed according to the law 
of logarithmic fractal in two-dimensional space, 
i.e., they follow the rule of conservation of the total 
branch area before and after branching.

It should be noted that until now, no connection 
has been established between the results of metabolic 
scaling theory and experimentally obtained values 
of the fractal dimension of trees. At the same time, 
our approach will apparently provide results that 
will establish such a connection in the near future.

The work is organized as follows. Section 2 
presents a study using numerical Fourier analysis 
of images of branches from a 26-year-old spruce 
at different trunk heights. Section 3 provides 
results of the analysis of the fractal dimension of 
branches framed by needles. Section 4 compares the 
obtained experimental results with the results of the 
theoretical model [18, 40, 41]. Section 5 presents the 
conclusions of the work.

2. RESEARCH METHODOLOGY

A spruce paw represents a quasi-two-dimensional 
object, based on a hierarchical monopodial 
branching system. Multiple secondary branches 
extend from the central branch, arranged in one 
plane. These secondary branches give rise to tertiary 
shoots in the same plane, which in turn produce 
their new ones – all in one plane. Such a quasi-two-
dimensional construction presents a convenient 
object for study through its two-dimensional 
image – a photograph. The information about the 
branch structure is not lost, as all elements of this 
structure, even the smallest ones, are clearly visible. 
Each shoot of the spruce branch is framed by dense 
rows of needles, also arranged in the plane of the 
branch. The optical image of a spruce branch is 
largely composed of the framing of branches by 
needles, therefore the spruce branch represents a 
combination of twigs and needles as a single whole.

Fig. 1 shows an image of a standard spruce 
branch with a small number (3–4) of branchings. 
We use numerical Fourier analysis technique to 
determine the fractal dimension of an object in two-
dimensional space from its image. A photograph 
of a typical spruce branch is shown in Fig. 1a. For 
Fourier analysis, the image should be as contrasting 
as possible, ideally binary. To achieve better image 
contrast, branches should be photographed on a 
white cover on a cloudy day, or in the shade with 
uniform lighting, so that shadows and sunlight do 
not introduce additional distortions to the colors 
in the photograph. The shot should be taken from 
a distance of about 3–4 m so that the entire branch 
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(a)

(b)

(c)

fits in the lens. The resulting images should be 
processed using a graphic editor to make them as 
contrasting and black-and-white as possible. In 
addition, all extraneous objects in the photograph 
(stones, needles, etc.) should be painted over with a 
soft brush.

The contrasting black-and-white image of the 
same branch is shown in Fig. 1b. Then, numerical 
Fourier transform of the two-dimensional black-
and-white picture is performed. The modulus of 
the obtained Fourier image is squared, azimuthally 
averaged, resulting in the dependence of spectral 
intensity I  on momentum q (Fourier dependence) 

(Fig. 1c). To implement these steps, we used the 
fractal program [42]. The curve obtained from 
studying the image using Fourier analysis methods 
simulates the dependence of small-angle coherent 
radiation (X-ray, neutron, light) scattering intensity 
on the transferred momentum in reciprocal space 
(Fourier space), which is inversely proportional 
to scale. Thus, the resulting curve characterizes 
the amount of matter depending on scale. A more 
detailed description of this method and examples of 
its application are presented in works [34, 39, 43].

As shown in Fig. 1c, when studying photographs 
of spruce branches using numerical Fourier analysis, 
the scattering curve can be divided into four sections, 
each demonstrating its own character of intensity 
decrease with momentum growth. In the region of 
small momenta, the intensity curve is described by 
the Guinier function 

	
2( )

( ) exp
3
gqR

I q
æ ö÷ç ÷ç ÷µ -ç ÷ç ÷ç ÷÷çè ø

	

with  = 64 3gR ±  cm in the range of transferred 
momenta from 0.01 to  0.07  сm 1- . In the second 
section, the scattering curve in double logarithmic 
scale is well approximated by a straight line with a 
slope close to 2, corresponding to the structure of 
a logarithmic fractal [39, 43]. This section of the 
curve is described by the dependence ( ) NI q q-µ  
with  = 1.90 0.03N ±  in the momentum range 
from 0.07 to 1.3 сm 1- , corresponding to scales in 
real space from 6.8 to 111 cm. The next section is 
characterized by accelerated intensity decrease. In 
double logarithmic scale, the intensity curve in this 
section is approximated by a straight line with a 
slope close to 3. In the momentum range from 1.3 
to 8.5 сm 1-  (from 1 to 6.8 cm in real space), the 
scattering curve is described by the law ( ) MI q q-µ  
with  = 2.95 0.01M ± . This section corresponds 
to scattering on the minimal fractal element, and 
the transition point from the second to the third 
section correlates with the size of the minimal 
fractal element. This dependence is essentially not 
fractal, both by the power index value M  close to 3, 
and by the small range in which it is observed. This 
dependence characterizes the lower limit of the truly 
fractal range with index N  in the region of small q.  
In the region of large transferred momenta, a 
characteristic feature of intensity "shoulder" with 
sharp cutoff at maximum q is observed. The curve 

Fig. 1. Typical spruce branch (a), contrasting black-and-white 
image (b), dependence of spectral intensity I on transferred 

momentum q (Fourier dependence) (c)
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in this section is well described by the Gaussian 
function. In the momentum range from 8.5 сm 1-  
(less than 1 cm in real space), the scattering curve is 
described by the law 

	
2

2
( )

( ) exp 2 cq q
I q

æ ö- ÷ç ÷ç ÷µ ç ÷ç ÷÷ç sè ø
	

with  = 10.3 0.1cq ±  сm 1- , corresponding to 0.86 cm  
in real space, and  ±= 13.1 1s  сm 1- , corresponding 
to 0.68 cm in real space. This feature is associated 
with scattering on individual needles or their pairs, 
triplets – i.e., on correlations of needles framing the 
spruce branch. Note immediately that the spectral 
intensity curve of numerical Fourier transform for 
any spruce branches looks exactly the same and is 
characterized by a logarithmic fractal section and a 
correlation bump of spruce needles.

3. INVESTIGATION OF BRANCH IMAGES 
OF A 26-YEAR-OLD SPRUCE  

USING NUMERICAL FOURIER  
ANALYSIS METHODS

To demonstrate the universality of power laws 
characterizing spruce branch images, the numerical 
Fourier analysis procedure was conducted for all 
branches of a single spruce tree that grew in the 

"Orlova Roshcha" park in Gatchina, Leningrad 
Region. The spruce, which grew in a dense spruce 
forest, was blown down by wind in May 2023, after 
which the study was conducted. The age of the 
spruce was determined by counting annual rings on 
the trunk cross-section of the fallen tree at 40 cm 
from the root, which was 26 years old. The tree 
height was 13 meters.

Using this tree as an example, we studied the 
structure of branches growing at different heights 
of the spruce. A living branch of the fallen spruce 
was separated from the trunk, recording the 
height at which the branch grew. Then, an image 
(photograph) of this branch was taken, following 
the method and criteria described in the previous 
section. These photographs were processed in a 
graphic editor to obtain black and white images, and 
numerical Fourier analysis was performed using the 
fractal program [42].

The obtained results indicate that the spectral 
curves of branches taken from different heights have 
the same structure. Examples of branch images and 

their spectral curves are shown in Figs. 2–4. The 
first 325 cm of the trunk had no branches.

Fig. 2 shows the intensity curve I  from the impulse 
q for a spruce branch from a height of 399 cm. The 
dependence ( )I q  was divided into two sections: the 
large-scale section at < 2.1q  сm 1-  and the small-
scale section at > 2.1q  сm 1- . The boundary impulse 

= 2.1q  сm 1-  corresponds to 4 cm in direct space. 
The spectral curve at large scales (small q) was  
described by the sum of the following two functions: 

	
2( )

( ) = exp .
3
g NqR

I q A Bq-
æ ö÷ç ÷ç ÷- +ç ÷ç ÷ç ÷÷çè ø

	 (1)

At < 0.05q  сm 1-  (177 сm  in direct space) the 
contribution from the Guinier function with 
radius of gyration = 86 3gR ±  сm predominates, 
while at > 0.05q  сm−1 the contribution from the 
power function with power index = 2.02 0.02N ±  
predominates. Such power dependence corresponds 
to a logarithmic fractal structure. At > 2.1q  сm 1-   
(small-scale region) the intensity curve was 
approximated by the sum of functions: 

	
2

2
( )

( ) = exp 2 .M cq q
I q Cq D-

æ ö- ÷ç ÷ç ÷+ ç ÷ç ÷÷ç sè ø
	 (2)

The best approximation convergence was achieved at 
= 3.2 0.02M ± , = 9.1 0.1cq ±  сm 1- , = 11.0 0.05.±s   

At a qualitative level, it is clear that in the curve 
section at < 6.2q  сm 1-  (1.4 сm in direct space) the 
power function dominates, while in the section at 

Fig. 2. Spectral curve of the spruce branch image from a height 
of 399 cm
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> 6.2q  сm 1-  the contribution from the Gaussian 
function predominates. This section of the 
scattering curve corresponds to pair correlations of 
needle elements.

Fig. 3 shows the small-angle scattering curve 
from a spruce branch at a height of 663 cm. 
As in the previous case, the dependence was 
divided into two sections. At < 1.5q  сm 1-  (6 сm  
in direct space) the spectral curve was described 
by function (1). The approximation parameters 

= 71 3gR ±  сm  and  = 2.05 0.02N ±  are close to 
the values obtained in the previous case. The curve 
section at > 1.5q  сm 1-  was described by expression 
(2) with characteristic parameters = 3.51 0.01M ± , 

= 9.0 0.1cq ±  сm 1- , = 12.4 0.2s ± .

Fig. 4 shows the spectral curve for a spruce 
branch from a height of 830 cm. For the largescale 
region (small q), i.e., at < 1.8q  сm 1- , the 
dependence ( )I q  was described by function (1) with 
parameters = 75 4gR ±  сm and  = 1.93 0.02N ± .  
The dependence section at > 1.8q  сm 1-  was 
described by expression (2) with characteristic 
parameters = 3.45 0.02M ± , = 6.7 0.1cq ±  сm 1- , 
 = 15.0 0.1±s .

Fourier analysis of branch images growing at 
different heights along the tree trunk demonstrates 
similarity of the obtained spectral curves. All of 
them are characterized by a Guinier range with a 
gyration radius 100gR   сm, a wide section where 
the dependence Nq-  with  2N »  is observed and 
maximum at 9cq   сm 1- . The value of the power 
exponent N  depending on the branch growth height 
is shown in Fig. 5. According to the monopodial 
branching model, several branches are located at 
a specific trunk height. For example, at heights of  
330 cm, 400 cm, and 480 cm, there were 3 branches 
each. The results of fractal dimension determination 
were averaged for each of these heights. The graph 
shows that along the entire length of the spruce 
trunk, the indicator N  is close to 2. Only for 
branches at the top of the spruce, the indicator 
decreases to 1.8 1.9- .

There is no doubt that all branches at certain 
scales are characterized by the same law – a power 
dependence with an exponent N  equal to 2, i.e., the 
distribution of matter in a spruce branch follows 
the law of logarithmic fractal. This dependence is 

Fig. 3. Small-angle scattering curve obtained by numerical Fourier 
analysis of a spruce branch from a height of 663 cm

Fig. 4. Small-angle scattering curve obtained by numerical Fourier 
analysis of a spruce branch from a height of 830 cm

Fig. 5. Dependence of the power function exponent N on the 
branch growth height h
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limited from above by the value gR . The range in 
which this power dependence is observed is limited 
from below by the value Rmin, separating the region 
of small and large scales – the transition point from 
dependence Nq-  ( 2N » ) to dependence Mq-  ( 3M » ).  
Fig. 6 shows the values gR  and Rmin, characterizing 
the range of scales where the logarithmic fractal 
with  2N »  is observed. This range is approximately 
the same for all branches along the trunk and is 
limited from below by 3–4  cm, and from above by 
a value of about 80–100 cm. No dependence of this 
range on the branch growth height along the spruce 
trunk is observed. In fractal theory, the logarithmic 
fractal is characterized by a test function of the  
following form: 

	 2 1( ) = log .
fD

r r
r

æ ö÷ç ÷ç ÷ç ÷çè ø
r 	 (3)

The dimension of this fractal equals 2, and the 
value fD  is called the subdimension and equals –1. 
For completeness, Fig. 6 shows the dependence 
of parameter = 2 2 /c cR qp , characterizing the 
distance between needles. It equals approximately 
0.7 cm for all branches whose images were included 
in the analysis.

Thus, all spruce branches are characterized by the 
same dependence, described by expressions (1) and 
(2) with the same characteristic parameter values gR ,  
Rmin and  cR .

It is interesting to compare the spectral curve 
for a branch with needles and for a branch without 

needles. Fig. 7 shows an example of a spectral 
curve of a spruce branch without needles. The 
part of the curve at < 2.02q  сm 1-  is described by 1, 
where = 52 2gR ±  сm, and the power exponent is 

= 1.37 0.02N ± . This fractal dependence, associated 
with the classical fractal, replaced the logarithmic 
fractal, thus demonstrating the qualitative difference 
between the structures of a branch with needles and 
a branch without needles. In the region of small 
scales, in the momentum range from 2 to 20 сm 1-  
(scale range from 0.3 to 3 cm), the spectral curve 
rapidly decreases, apparently characterizing the set 
of branch cross-sections. And the curve segment 
corresponding to the pair correlations of needles is 
completely absent.

It is important to note that this branch lacks a 
structure corresponding to the logarithmic fractal, 
i.e., an area where there would be a dependence 

2Q-  or close to it. There is also no spectral feature 
characterizing needle correlations at 10cQ »  сm 1- .  
Instead, we observe a fractal structure based on 
linear elements – segments of different lengths 
filling two-dimensional space. Overall, the object 
extends beyond dimension 1 and becomes an 
object with dimension 1 < < 2fD , i.e., falls under 
the classification of classical mass fractals in 
twodimensional space. Its test function in fractal 
theory is described by the power expression: 

	 ( ) = .fDr rr 	 (4)
Fig. 6. Dependencies of approximation parameters Rg, Rmin, Rs  

on the branch growth height h

Fig. 7. Spectral curve obtained through numerical Fourier analysis 
of a spruce branch without needles
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To reliably establish the fractal dimension of a 
branch without needles, it is necessary to conduct 
a separate, statistically reliable measurement of 
fractality on hundreds of dry branches without 
needles. This research has not yet been performed. 
Nevertheless, we can already conclude that needles 
play an important role for the tree (branch) not only 
by themselves, but they are an important part of the 
structure of a living, growing branch. In other words, 
a branch with needles at scales ranging from 3–4 cm 
to  80–100 cm is a logarithmic fractal structure 
(according to (3)) with a flat unit element 2r . And 
in the same scale range, a branch without needles 
is described by a classical fractal with a linear unit 
element r  (according to (4)). Looking at branch 
images, it is interesting to note the qualitative 
difference in the hierarchy of these two fractals: the 
hierarchy of branches by size is built from trunk to 
periphery, while the hierarchy of needles, conversely, 
is built from periphery to trunk.

4. DISCUSSION

Experimental study of the fractal properties of 
spruce branches using numerical Fourier analysis 
of their images demonstrated the presence of two 
fractal structures in a spruce branch at scales from 3 
to 100 cm: a logarithmic fractal for the arrangement 
of needles on the branch and a classical mass fractal 
for the distribution of twigs that actually form this 
branch.

Without dwelling on the eternal question of 
which of the two fractals is primary and which is 
secondary, we note that for evergreen coniferous 
trees, the branches are framed with needles as long 
as they participate in the tree's vital activities. It 
is the needles that play the main role in forming 
the branch as a logarithmic fractal structure. The 
distribution of living matter of needles in the space 
of a spruce branch is not at all random. It follows the 
law of quasi-twodimensional fractal construction – 
logarithmic fractal – as if the needles are the 
essential, defining part of this construction. It should 
be reminded that in the two-dimensional case, the 
logarithmic fractal is interpreted as the law of equal 
area at different levels of spatial scaling, which in 
the case of a spruce branch is only fulfilled when 
taking into account its covering needles. This is not 
surprising if we consider that it is the needles, these 

"spruce leaves," being the carriers of photosynthesis, 

that serve as a source of carbon as building material 
for the tree's branches and trunk.

On the other hand, the distribution of needles 
is determined by the branching system of the 
limb, which is so clearly visible for a spruce branch 
that has no needles. A branch without needles is 
characterized by the structure of a classical fractal 
on a plane with dimension 1 < < 2fD . This law 
is random in nature and is associated with the 
mechanism of formation of "diffusion limited 
aggregation" [8].

The combination of the random nature of the 
classical fractal for the branch with the rigid patterns 
of the logarithmic fractal for needles is literally 
camouflaged by the high symmetry of the spruce 
branch structure. High symmetry is the result 
of genetics. The branches and top of the spruce 
annually repeat the same action of monopodial 
branching, provided by the tree's genetic code. The 
fact of branching for spruce has high symmetry, but 
the growth of new shoots is limited by the availability 
of resources for growth, i.e., the amount of light 
for photosynthesis in the needles and the amount 
of water and other useful components coming 
through the trunk and branch from the roots. That 
is, the fact of branching is a genetic factor, while the 
location of the branch, as an agglomerate of needles, 
in space is the result of the life process. This result 
is described by the law of logarithmic fractal, which 
implies optimal distribution of vital resources along 
the branch.

Let us compare our experimental results with the 
results of the spruce model presented in [18]. The 
authors (Gurtsev and Tselniker) proposed a spruce 
branch model based on monopodial, i.e., highly 
symmetrical, branching, and determined its fractal 
dimension based on the relationship between the 
total branch length and the measurement scale. In 
the case of an unlimited number of branchings, 
their obtained fractal dimension was greater than 2,  
not being limited by the dimensionality of space, 
as it should be according to fractal theory. For 
example, with a branch elongation factor of 0.75 
and a branching coefficient of 9, they obtained a 
fractal dimension of 6.64. This result is explained 
by the fact that a branch with large branching and 
elongation coefficients would quickly begin to self-
intersect and would fill the entire three-dimensional 
space several times. Such a case is impossible in 
the real world, but the mathematical calculations 
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carried out in the article did not take into account 
the possibility of branch self-intersections. In the 
case of a model with a limited branching coefficient, 
the fractal dimension obtained in the article was 
less than 2, with the fractal dimension approaching 
2 as the branch grew older. Apparently, unlike the 
simulation model of the branch considered in article 
[18], a real spruce "selects" the number of branchings, 
elongation coefficient, and most importantly, the 
distribution of needles along the branch in such a 
way as to maintain the principle of equal matter 
(needles) at different branching levels. That is, the 
parameters of branch structure are determined by 
the law of logarithmic fractal distribution of needles 
in quasi-two-dimensional space, formed by the 
plane of the spruce paw.

As a result, the law of needle distribution in the 
branch plane is constructed to fulfill two rules of 
the logarithmic fractal. One of them is that the 
fractal has n generations, and the total areas of each 
generation occupied by needles in this object are 
equal [21] 
	 2 2

1= .n nd kd + 	 (5)

Here id   is the linear size of the element of i-th 
generation, k  is the number of branchings at each 
iteration. If the number of branchings at each 
iteration equals 4, then expression (5) can be 
rewritten as 2 2

1= (2 )n nd d + .
In fractal theory, the number of iterations is 

infinite, but in the real world it is limited. Therefore, 
the second condition establishes the relationship 
between the maximum and minimum sizes of the 
fractal: 

	 0= = 2 .nmax

min n

R nd
n

R d
	 (6)

Here Rmax  is the linear size of the entire fractal, 
Rmin  is the linear size of the minimum element. 
This rule can be reformulated in a simpler form: 
the average density of a logarithmic fractal of the 
n-th generation in two-dimensional space equals 

= 1/ .n nr  In the case of the studied spruce branches, 
one can estimate 3n » , i.e., the logarithmic fractal 
structure has 3 generations. For a model branch with 
a linear size of about 1 m, there are 64 spots of 3 cm 
size, 16 spots of 6 cm size, 4 spots of 12 cm size, and 
1 spot of 24 cm size on the branch. These spots, in 
turn, are formed by needle agglomerates – needles.

One can roughly estimate the density of needles 
in black and white drawings (Figs. 2–4) by the ratio 
of white pixels to the total area of the drawing. This 
ratio equals p = 0.33–0.4, which also gives a value 
of = 2.5n –3.

It can be concluded that such distribution of needles 
in the branch space (logarithmic fractal) apparently 
provides maximally efficient photosynthesis within 
the needles and emerges as a result of tree life 
processes. This is particularly important given 
that no connection has been established between 
the results of metabolic scaling theory [22, 23] and 
experimentally obtained values of fractal dimension 
of trees. Our approach provides direct measurement 
of the fractal dimension of needle agglomerates 
and thereby establishes a direct link between the 
volumes of photosynthesis products of one branch 
and its fractal structure. It can be assumed that the 
quantitative description of spruce branch structure 
established in our work will allow transition to 
mathematically justified derivation of allometric 
patterns and relationships, as well as understanding 
of the basic processes that create these patterns.

5. CONCLUSIONS

The fractal properties of spruce branch images 
from a 26-year-old spruce tree approximately 13 m  
in length were studied at different tree heights 
using numerical Fourier analysis. For spruce 
branches photographed in different projections, 
a power-law dependence of spectral intensity is 
observed, ( ) = ,NI q Aq-  where = 2N  in the range 
of transmitted impulses from 0.07 to 2 cm 1- ,  
which corresponds to a scale in real space from 3 to 
80 cm. Firstly, such a power law characterizes the 
scale invariance of the object's structure, i.e., the 
object is self-similar at different scales. Secondly, 
such a power law characterizes a branching 
structure described by a logarithmic fractal in two-
dimensional space. It is shown that the logarithmic 
fractal structure refers to the agglomerates of needles 
located on the branch. Meanwhile, the branch itself – 
the arrangement of twigs on the branch – is described 
by the law of classical fractal with 1 < < 2fD  in the 
same range of transmitted impulses from 0.07 to  
2 cm 1- . We suggested that the structure of twigs, 
which provides transport functions in the branch's 
vital activity, appears to be underlying and secondary 
to the distribution of needles in space, which follows 
the law of logarithmic fractal. The law of logarithmic 
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fractal in two-dimensional space is interpreted 
as the rule of preserving the area of needle 
agglomerates when changing scale: 2 2

1=i id kd + ,  
where id   — characteristic linear size of the 
agglomerate i-th generation, k   — number of 
agglomerates of the next generation.
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