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1. INTRODUCTION

Undulator radiation (UR) is the radiation of 
relativistic electrons in a spatially periodic magnetic 
field. It was predicted by Ginzburg [1] in the 
mid‑20th century and shortly thereafter obtained by 
Motz [2]. UR from electron bunches is incoherent 
when the bunch length is significantly larger than 
the wavelength; this occurs in most cases, but not 
always. Coherent UR from electrons in bunches 
whose length is comparable to or smaller than the 
wavelength was also predicted by Ginzburg and 
obtained by Madey [3] in a free electron laser (FEL) 
in the millimeter range. In the 21st century, with the 
emergence of new technical capabilities and high-
quality beams, FELs have advanced into the X-ray 
range and are actively used as radiation sources 
in many fields. FELs represent fourth-generation 
radiation sources and are a logical development 
of synchrotron radiation (SR) sources in the 20th 
century [4–7]; FEL theory and practical applications 

are presented in extensive literature (see, for example, 
[8–14]). Without dwelling on details, we can say that 
coherent radiation in FEL undulators occurs from 
electron microbunches spaced apart by the radiation 
wavelength, and the microbunches themselves are 
smaller than the radiation wavelength [1]. The main 
instruments in a modern FEL are the accelerator 
and undulator; the first accelerates electrons to high 
energy while maintaining low energy spread and 
emittance, the second represents the generation and 
radiation system in the FEL. Electron grouping into 
microbunches occurs under the action of the Lorentz 
force of the electromagnetic radiation wave in the 
undulator; it accelerates electrons located behind the 
wave nodes of UR and decelerates electrons located 
ahead of the wave nodes of UR. Electrons in the 
undulator group not only at the radiation wavelength; 
grouping also occurs at harmonic wavelengths, but 
weaker than at the fundamental wavelength. The 
most common type of undulator is planar. On the 
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axis of a planar undulator, radiation from adjacent 
periods arrives in phase for odd harmonics and in 
antiphase for even ones. Thus, in a planar undulator, 
ideally only odd harmonics are radiated on the 
axis, while even ones are suppressed. In reality, the 
electron beam has a finite cross-section, and both 
odd and even harmonics are radiated on the axis. 
In undulators with a double-periodic field, a weak 
harmonic of the main undulator field allows, within 
certain limits, to regulate the radiation of UR 
harmonics. Additionally, in real undulators, a field 
harmonic is always present, if only because an ideal 
monoharmonic field throughout the undulator gap 
does not satisfy Maxwell’s equations.

FEL radiation harmonics can be useful when 
higher frequency radiation is required from 
electrons of a given energy. However, the presence 
of harmonics does not always play a positive role. 
For example, the second FEL harmonic masks 
and complicates the study of the nonlinear second 
harmonic generation (SHG) response [15] of the 
medium when studying material properties [16–18], 
films and surfaces [19] in physics [20] and chemistry 
[21], organic compounds [22, 23] and others. In 
the XUV range [24], even harmonics generation 
was observed during irradiation TiM2,3, in the 
visible range [25, 26] nonlinear generation of even 
harmonics of the fundamental tone occurs when 
studying physicochemical properties of molecules, 
films and surfaces and may indicate a violation of 
internal symmetry of the studied samples [21, 23]; 
nonlinear response in the X-ray range is used in 
studies using nuclear resonance. Since the power 
of the SHG response is naturally significantly lower 
than the source power, the second harmonic content 
of the FEL should be minimal.

FEL harmonic powers can be calculated 
analytically using the Bessel coefficient formalism 
taking into account all major factors in generalized 
Bessel functions: undulator parameters, beam 
parameters and its deviation from the axis, emittance, 
focusing, etc. Analytical expressions for various 
undulators taking into account field harmonics are 
given in many works (see, for example, [27–33]). 
Using these, one can calculate the spontaneous 
radiation power taking into account major losses, 
but in FEL it is impossible to calculate exactly the 
evolution of harmonic power along the undulator 
length due to the complexity of the equations 
system for charges and fields and the enormous 

number of electrons. Calculation in FEL models is 
performed numerically using special programs (see, 
for example, [34–36] and others). The results of 
numerical solution of electron motion and radiation 
equations in the undulator magnetic field, taking 
into account field harmonics and interaction with 
the SR wave field, agree with experimental power 
values measured along the undulator length within 
an order of magnitude for fundamental tone power; 
for harmonics, the spread of values is larger [37–41]. 
The disadvantage of numerical models is that they 
do not allow to isolate and analyze separately the 
influence of factors on FEL harmonic generation.

We use an approximate analytical description of 
the exponential growth of harmonic power in FEL, 
which includes precisely calculated Bessel coefficients. 
The latter determine the Pierce parameters of 
harmonics, their generation, and make it possible 
to identify the role of various factors in harmonic 
radiation. Using analytical expressions, we investigate 
the influence of undulator and beam parameters on 
FEL radiation to possibly reduce the radiation power 
of the second harmonic while maintaining the power 
of the fundamental tone. Below, we examine the 
influence of the beam cross-section, emittance, and 
energy spread on FEL radiation.

2. APPROXIMATE ANALYTICAL 
DESCRIPTION OF FEL HARMONIC POWER

The basic power formulas for calculating FEL 
harmonic radiation have been published repeatedly 
before, for example, in [27–33]; the results are 
consistent with numerical models [34, 35, 42–45] 
and data from all major FELs worldwide in the 
range from visible to hard X-ray [37–41]. Below 
we will present only the basic expressions for FEL 
harmonic power at saturation. The harmonic n SR 
at an effective angle Q to the undulator axis has the 
following wavelength:
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•	 is the undulator parameter, e is the electron 
charge, lu is the undulator period, H0 is its field 
amplitude. For a planar undulator, the Bessel 
coefficients of f n x y; ,  x- ​and y-polarizations of the 
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n-th harmonic, considering its betatron splitting, 
have the form [46]
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where y0 is the electron beam cross-section, p is the 
betatron harmonic in the spectrum line n, j is the 
polar angle, q is the azimuthal angle from the axis, 
Jn

m  and Jp  are generalized Bessel-type functions:
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The Bessel coefficients (2) and the generalized 
Bessel functions (3) included in them determine 
harmonic generation and depend on beam and 
undulator parameters  in a complex way, both 
explicitly and implicitly. The undulator parameter k 

together with the angle q enters the factor  2
k
γθ  for 

the even harmonics Bessel function Jn
n ;  the beam 

cross-section enters as a factor y0 in the betatron 
contribution of even harmonics
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the angular contribution  2
k
γθ  is also present in 

the Bessel function argument Jn
m ,  and the beam 

cross-section enters the arguments of betatron Bessel 
functions Jp  both independently and jointly with 
the angle dependence q. Considering the electron-
photon interaction angle θ σ» x y gL, /  we estimated 

that for all major FELs with beam cross-sections of 
s x y, 25 250≈ −  μm, the argument
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Thus, the Bessel coefficients fn have a complex 
dependence on many undulator and beam parameters. 
Below we will analyze their influence on the LEUTL 
FEL radiation.

It is important that in the Bessel coefficients for FEL, 
the effective angle θ σ» x y gL, /  should be taken into 
account in the angular dependence, at which electrons 
on average “see” the radiation at the FEL gain length 
and interact with it [27, 46]. The angular contribution 
from q  is determining, as this angle is usually 
significantly larger than the divergence angle. This is 
different from the Bessel coefficients for spontaneous 
UR, where the beam divergence qx,y and the angle 
between the observer’s direction and the undulator 
axis are determining. Thus, in the Bessel coefficients 
for FEL, the beam cross-section sx,y plays a role not 
only in betatron contributions, which have the order 
of 1/g and are small in the relativistic case, but also in 
angular contributions that determine the generation 
of even FEL harmonics. In a long undulator of X-ray 
FELs, beam deviation from the axis comparable to the 
beam cross-section is also possible (see, for example, 
[37]). Let us emphasize the dependence of values not 
on the emittance ex,y, but on the cross-section
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is secondary in this context. Betatron oscillations in 
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harmonic radiation spectrum line n into betatron 
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see [47], at g  1 .



	 ON THE INFLUENCE OF ELECTRON BEAM CHARACTERISTICS� 571

JETP,  Vol. 166,  No. 5(11),  2024

In the theory of stimulated emission, the 
dimensionless Pierce parameter plays an important 
role. It is introduced during the process of converting 
electron motion equations and wave amplification to 
dimensionless form in such a way that the longitudinal 
coordinate is normalized to the wave number of the 
emitted wave k c= ω/ .  In the linear approximation, 
the wave is amplified according to the following law: 
A z C kz( ) ( )µ exp ,  where C is the Pierce parameter. 
Initially, the Pierce parameter C was introduced for 
Cherenkov-type radiation and klystron-type devices 
and only later for FEL and cyclotron masers [48]. 
In FEL theory, the longitudinal coordinate along 
the device axis is normalized to the undulator wave 
number ku u= 2π λ/ .  Accordingly, in the linear 
approximation, the wave is amplified according to 
the law

A z k zu( ) ( ),µ exp r

where r is the Pierce parameter in FEL, which is 
sometimes called the FEL-parameter in English-
language articles. The Pierce parameter r in FEL 
differs from the Pierce parameter C in normalization. 
For example, the FEL Pierce parameter r determines 
the gain length:
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and the FEL electron efficiency in saturation mode 
simply coincides with r within a factor of square root 
of two [8–11], so that the maximum (though not 
necessarily achievable) power of the n-th harmonic 
is written as follows:

P PF n n beam, 2 ,» r

where P EIbeam = 0  is the electron beam power. 
There is a difference from the Pierce parameter C, in 
terms of which scientists define the device efficiency 
as Cg2, where g is the relativistic mass factor of the 
electron. The Pierce parameter r for FEL is written 
as follows (see [8–14]):
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where fn is the Bessel coefficient (2) of the n-th 
harmonic, J I= 0 /Σ  is the current density, I0 is 
the electron current in a beam of cross-section 
Σ = 2πσ σx y , i mc e[ ] = 4 1.7045 100

3 4A /πε ≈ ⋅  is the 
Alfven current constant. Losses due to finite beam 

cross-section, emittance, and energy spread increase 
the gain length Lg and decrease the harmonic power 
Pn,F, which, moreover, is not always achievable 
due to saturation of the entire FEL, which usually 
occurs before harmonic saturation. The gain length 
correction (and consequently, power correction) is 
best described by Ming Xie’s formula [49, 50]:

L Lg g= (1 ),0 + L

where L is a polynomial of fractional degree with 
nineteen coefficients. G. Dattoli’s formulas [51, 52] 
for correction of the Pierce parameter, gain length, 
and power agree well with this:
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The high sensitivity of electron-photon 
interaction at harmonic wavelengths n to electron 
energy spread and other losses is taken into account 
phenomenologically. Thus, in (6) the energy spread 
se and emittance ex,y are accounted for by coefficients 
F and h, which we previously calibrated using data 
from all major operating FELs in ranges from visible 
to X-ray [29–31]:
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The coefficient z approximately conveys the 
dependence on Twiss parameters and emittance and 
has a complex expression [52]; overall it is close to 
unity, z ≈ 1–1.05, for most modern facilities with low 
emittance, γε  10 6− ⋅m rad , and only for beams with 
large emittance, γε > 10 5− ⋅m rad,  we have z ≈ 1.1–1.4, 
which increases the gain length. The initial power in FEL 
is given from a seed radiation source or in self-amplified 
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spontaneous emission SASE FEL from the coherent 
component of electron bunch noise:

P e c P In n beam n0,
2

01.6 4 ,» ρ π λ/

see [53]. Harmonic power is usually limited by 
saturation of the fundamental tone and the entire 
FEL, which occurs before harmonic saturation and 
is accompanied by growth of induced electron energy 
spread. Therefore, in nonlinear growth mode, the 
saturation power of the n-th harmonic is usually less 
than PF,n; at the saturation length
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the harmonic power estimate is:
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see [51, 52]. It does not take into account the 
oscillations of power in saturation, as well as the 
continuing slow increase in harmonic power after 
the fundamental tone has saturated. These effects are 
accounted for phenomenologically in the formula we 
developed based on analysis of harmonic behavior in 
saturation mode at undulator length z Ls  in the 
world’s main operating FELs:

P P
z

L
n F n F

s

n

z Ls
�

, ,
2

|≈







 ×∼

	 × +
−








−0.77 0.23

( )
1.3 2.5

,,cos
n z L

L

Ps

g

n F


� (11)

where

	 





 

P Pn F n F
n n n n n

, ,
, , , ( , ), ( , )= | ,µε µε µε η µε® Φ � (12)





µ
σ

ρε,

2/32
.n

e

n

n
»

The theoretical expression for power (11) takes 
into account exact Bessel coefficients (2). The result 
agrees well with known data from all most famous 
FELs (see [27–33]); moreover, result (11) better 
conveys experimental data of FEL harmonic power 
than theoretical estimates in [54, 55], as shown in 
[30, 56, 57].

2.1. Influence of electron beam parameters 
on  FEL gain length

Let us consider the well-documented LEUTL FEL 
with radiation at wavelength l1 540»  nm. LEUTL 
undulator data: period lu = 3.3  cm, section length 
Lu = 2.4  m, undulator parameter k = 3.1, FEL beam 
parameters: current I0 = 210  A, electron energy 
E = 217  MeV, energy spread s e = 1 10 3⋅ − , average 
emittance γ εx y, »  6.2p ⋅ ⋅−10 6 mm mrad,  Twiss 
parameter bx y, = 1.5 m,  beam cross-section 
sx y, = 0.25 mm,  divergence qdiv »  0.17 mrad. We 
use formulas (2)–(11) to analyze the power of FEL 
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Fig. 1. Dependencies of LEUTL FEL gain length on energy spread se and cross-section sx,y ≡ s of electron beam with given Twiss 
parameter b = 1.5 m (a) and on beam emittance gex,y (b) in experiment with cross-section sx,y = 0.25 mm; electron energy spread 
se = 0.001; current I0 =210 A
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harmonics and evaluate the possibility of suppressing 
the second FEL harmonic.

Let us consider the dependence of the FEL gain 
length calculated by us on various electron beam 
parameters; the current is considered fixed in all 
cases. The gain length practically does not depend 
on the undulator field harmonics. The dependence 
of gain length on electron energy spread and beam 
cross-section is constructed using formulas (6), (10) 
and shown in Fig. 1a at a fixed value of the Twiss 
parameter bx y, = 1.5.  The gain length measured in 
the experiment was Lgain » 0.75  m, which coincides 
with our theoretical result for the given installation 
parameters (see Fig. 1 for s e = 0.1%). The effective 
angle of electron interaction with radiation in this 
case is θ σ» »x y gainL, 0.3/  mrad,  which gives a 
value of γ θ » 0.13,  twice as large as for divergence: 
θ γdiv » 0.07.

When varying the beam cross-section and fixed 
Twiss parameter bx,y, effective emittance change 
occurs only through change in cross-section. This 
case appears important since the cross-section and 
gain length determine the angle q,  which, in turn, 
mainly determines the generation of the second FEL 
harmonic. Note that the dependence of gain length on 
electron energy spread Lgain(se) at cross-section value 
sx,y = 0.25 mm practically repeats the dependence on 
cross-section Lgain(sx,y) at energy spread se = 0.001 
(see Fig. 1a). This appears to be a coincidence, but 
these parameter values are present in many LEUTL 
experiments [39, 40]. The dependence Lgain(sx,y) at 
constant current is mainly determined by the change 
in current density J and the corresponding change in 
Pierce parameter r (5), as well as the less significant 
change in parameter k (6), which describes the 
influence of emittance on beam diffraction; at the 
same time, the influence of energy spread se on the 
gain length is described independently by coefficient 
µε (10). With a small electron beam cross-section 
and correspondingly small emittance, the LEUTL 
FEL gain length changes little with energy spread 
variation within wide limits se  0.1 0 3- . %  (see 
Fig.  1a graph at sx,y  =  0.1  mm); at large beam 
cross-sections, sx,y ≈ 0.25 mm, the FEL gain length 
increases with increasing energy spread. At even 
larger cross-sections sx y, 0.3   mm and given 
value bx y, = 1.5   m, both the gain length and its 
dependence on energy spread increase significantly 
(see Fig. 1a at sx,y = 0.4 mm).

Let’s now consider the possible influence of beam 
emittance variation ex y,  assuming a fixed cross-
section sx,y. In this case, the change in emittance 
is inversely proportional to the change in the Twiss 
parameter bx y, , so that

σ ε βx y x y x y, , ,= = .const

This does not change the current density, 
parameter k (6), describing diffraction, and Pierce 
parameter (5), which determines the gain length and 
FEL power. We found that the variation of beam 
emittance at fixed cross-section (see Fig. 1b) changes 
the gain length somewhat less compared to how the 
variation of cross-section at a given Twiss parameter 
changes the gain length (compare with Fig. 1a).

Expressing the Twiss parameter as β σ εx y x y x y, ,
2

,= / , 
one can fix the emittance ex y,  and analyze in this 
case the influence of beam cross-section sx,y on the 
gain length. The result is presented in Fig. 2. It differs 
noticeably from the graphs in Fig. 1.

In the LEUTL FEL, emittance values varied 
and in different experiments were γεx y, 5.5≈ −
− ⋅ ⋅−9 10 6 mm mrad.  Fig.  2 shows approximately 
this range of variation and demonstrates how 
the gain length dependence on cross-section 
qualitatively changes with emittance variation. At 
large cross-sections, there is almost no dependence 
on emittance, while at small cross-sections, the gain 
length dependence on emittance is strong. Fig.  2 
shows that small emittance and small cross-section 
allow reducing the gain length to approximately 
0.6 m, while with large emittance, the cross-section 

Fig. 2. Dependence of LEUTL FEL gain length on emittance 
and beam cross-section with energy spread se = 0.001; current 
I0 = 210 A

Lgain[m]

γεx,y [π mm mrad] sx,y [mm]
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varies in a small interval of 1–1.2 m and shows a 
minimum at cross-section value sx,y  =  0.25  mm, 
which corresponds to experimental parameters of 
LEUTL FEL [39, 40]. Naturally, from a practical 
point of view, it is necessary to reduce the gain length 
as much as possible to decrease the size and cost of 
FEL. A shorter gain length is also accompanied by 
higher FEL power, which is valuable.

We studied the inf luence of emittance, cross-
section, and electron beam energy spread on the 
effective angle of electron-photon interaction in 
FEL: θ σ» x y gainL, ./  Note that changes in beam 
parameters lead to changes in FEL gain length, as 
shown in Fig.  1; this affects the angle q-  ≈  sx,y/
Lgain; furthermore, q

- is directly affected by the 
beam cross-section itself. The obtained analytical 
dependence q-(σx,y, εx,y) on beam cross-section 
and emittance in LEUTL is shown in Figs. 3a,b,c. 
When changing the beam cross-section due to 
emittance variation and the experimentally set 
Twiss parameter β = 1.5 m, angle q- changes within 

small limits, as shown in Fig. 3a. Interestingly, the 
dependence θ σ( ),x y  has a maximum (see Fig. 3a) 
and this maximum  corresponds approximately 
to the measured experimental values of LEUTL: 
cross-section sx,y  =  0.26  mm and emittance 
γεx,y  =  6.2π·10−6  mm ⋅ mrad with energy spread 
se  =  0.001. When changing the emittance with a 
fixed beam cross-section in the experiment, the angle 
q
- monotonically decreases with increase emittance 
(see Fig. 3b ). Thus, the dependence on emittance in 
Fig. 3b is quite different from the dependence on the 
beam cross section in Fig. 3а.

Furthermore, we studied the analytical dependence 
θ σ( ),x y  on beam cross-section at experimentally 
measured emittance γε πx y,

6= 6.2 10⋅ −  mm ⋅ mrad, 
shown in Fig.  3c .  For given emittance 
γε πx y,

6= 6.2 10⋅ −  mm ⋅ mrad, small cross-sections 
below experimental give small angles q : at cross-section 
s x y, < 0.2  mm angle q < 0.28  mrad, and at cross-
section s x y, = 0.1  mm angle q  can be three times 
less than its value at experimental beam parameters 

Fig. 3. Dependencies of the electron-photon interaction angle in LEUTL FEL on beam crosssection at given experimental Twiss 
parameter b = 1.5 m and energy spread se = 0.001 (a); on emittance at given experimental cross-section sx,y = 0.26 mm and energy 
spread se = 0.001 (b); on cross-section at given experimental emittance gex,y = 6.2p · 10−6 mm-mrad and energy spread se = 0.001 (c); 
on energy spread at given gex,y = 6.2p  · 10−6 mm · mrad, sx,y = 0.26 mm (d); b = 1.5 m; energy I0 = 210 A

θ-[mrad]

θ-[mrad]

θ-[mrad]

θ-[mrad]
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(see Fig. 3c). Increasing beam cross-section from 
s x y, = 0.1  mm to values s x y, 0.25»  mm measured 
in experiment leads to angle increase q ; with further 
cross-section increase above experimental values and 
fixed emittance, no increase in angle q  occurs (see 
Fig. 3c).

The dependence θ σ( )e  on electron energy 
spread is shown in Fig. 3d. With increasing beam 
energy spread, there is an almost linear decrease in 
electron-photon interaction angle q.  This affects 
Bessel coefficients of harmonics (2) both directly 
and indirectly through generalized Bessel functions 
(3), which also depend on angular contributions q.  
Accordingly, FEL Pierce parameters of harmonics 
rn also depend on electron energy spread; this 
dependence is shown and investigated by us in 
Section 3.

Note also that the maximum value q  remains 
approximately the same for all beam parameter 
variations we studied (see Figs. 3a, b, c). Angular effects 
are closely related to the emission of even harmonics 
of undulator radiation. In relativistic beams, even 
harmonics of radiation arise to a lesser extent due to 
betatron oscillations and to a greater extent due to 
angular effects; the effective angle q  significant in FEL 
exceeds all other angular contributions and changes 
insignificantly with variation in cross-section and 
emittance (see Figs. 3a, c). At a given fixed emittance, 
the change in the angle θ σ» x y gainL, /  of electron-
photon interaction occurs towards smaller values with 
deviation of the LEUTL beam cross-section from 
its nominal value of sx y, 0.25»  mm  (see Figs. 3a, 
c). This suggests that at a given emittance in LEUTL 
FEL, smaller beam cross-sections may weaken even 
harmonics of FEL.

3. INFLUENCE OF ELECTRON BEAM 
PARAMETERS ON FEL HARMONIC 

RADIATION

We calculated using formulas (2)–(11) and traced 
the influence of electron beam parameters on Bessel 
coefficients and harmonic radiation powers. The 
effective angle of electron-photon interaction in 
LEUTL FEL is taken into account: γθ » 0.14 , which 
strongly affects the power of even FEL harmonics. 
The dependence of Bessel coefficients on beam 
cross-section at the fixed Twiss parameter b = 1.5 m 
in the experiment is graphically presented in Fig. 4a; 
effectively, the emittance change in this case occurs 
due to cross-section variation. The dependence of 

Bessel coefficients on electron beam energy spread 
is shown in Fig. 4b for the given LEUTL beam 
emittance and cross-section in the experiment.

Note that the change in cross-section at fixed 
Twiss parameter (i.e., at given focusing) has little 
effect on Bessel coefficients: the value f1 = 0.75  
for the fundamental tone does not change and 
therefore is not shown in the figures; values f2 for 
the second harmonic change, although slightly (see 
Fig. 4a), following the change in angle q  in Fig. 3a 
(orange line in Fig. 4a follows the curve in Fig. 3a). 
An interesting observation is the decrease in Bessel 
coefficients of the second harmonic f2 compared 
to the Bessel coefficient of the third harmonic f3 
with increasing energy spread (see Fig. 4b). This 
allows to conclude (see Fig. 4b) that the second 
harmonic will apparently be more suppressed in 
the FEL spectrum at increased beam energy spread. 
At the same time, the change in cross-section (see 
Fig. 4a), apparently, will not have such a significant 
impact on the second harmonic power as the 
change in energy spread. For the energy spread 
dependence in Fig. 4b, we limited the upper range 
of studied values se by the Pierce parameter r (5) 
FEL based on the condition σ ρe < .  Regarding the 
dependence of the Bessel coefficient of the third 
harmonic f3 on energy spread, we note that a small 
increase f3 with growing electron energy spread 
is generally atypical and apparently related to the 
decrease in angular contributions in generalized 
Bessel functions (3) for the LEUTL FEL facility.

With real facility parameters in the LEUTL 
FEL experiment [40] (data provided above at the 
beginning of Section 2), we analytically obtained the 
second harmonic content in FEL radiation » 0.3%,  
which is within the measurement spread and in good 
agreement with the average value measured in all 
experiments: P P2 1 = 1 240/ /  [40]. The calculated 
third harmonic content was » 0.8 %, which also 
agrees with the experiment; the calculated gain 
length Lg = 0.77  m and saturation length Ls = 16  m 
exactly correspond to the measured values [40].

Taking into account the Bessel coefficients (see 
Fig. 4), we analytically calculated the dependencies 
of the Pierce parameter rn for harmonics, as well as 
harmonic radiation power Pn on beam cross-section 
and electron energy spread. The dependencies rn 
and Pn on beam cross-section at the experimentally 
specified energy spread se  =  0.001 are shown in 
Fig. 5; dependencies on energy spread at the specified 



576	 Zhukovsky

JETP,  Vol. 166,  No. 5(11),  2024

cross-section σx,y≈  0.26  mm are shown in Fig.  6. 
Let’s analyze in Figs. 5 and 6 the influence of beam 
parameters on FEL harmonic radiation.

With increasing beam cross-section sx,y, FEL 
radiation weakens due to a decrease in the Pierce 
parameter value, shown in Fig.  5a. As the cross-
section increases, the Pierce parameter decreases (see 
Fig. 5a if only because increasing the beam cross-
section sx,y reduces the electron current density in 
it (at fixed current I ); this directly affects the Pierce 
parameter (5):

ρ
σ

n
x y

n
I

f∝










,
2

2
3 | | .

Generally speaking, changes in the Pierce 
parameter r are usually followed by changes in 
power; this is clearly visible in Fig. 5b. From the 
graphs in Fig. 5, it follows, as we assumed from the 
analysis of the gain length dependence on the cross-
section (see Section 2), that the influence of the 
cross-section on radiation is approximately the same 
for all harmonics n = 1,2,3  (see Fig. 5). Note that 
the power of the second harmonic is slightly higher 
for cross-sections sx,y  ∼  0.1–0.15  mm and does 
not change when the beam cross-section increases 
to sx,y ≈ 0.02 mm (see orange dash-dotted line in 
Fig. 6a). This occurs because the second harmonic of 
FEL strongly depends on the effective angle q,  and 
its power follows the dependence q, on cross-section 
shown in Fig. 3a.

Changes in electron energy spread practically do 
not affect the Pierce parameter of odd harmonics (see 

Fig. 6a), but the increase in energy spread reduces the 
Pierce parameter feven of even harmonics. This occurs 
mainly because feven strongly depend on the angle q,  
which decreases with increasing energy spread (see 
Fig. 3d). At the same time, the increase in energy 
spread leads to a decrease in the power of all FEL 
harmonics due to deterioration of electron bunching 
(see Fig. 6b). This is more pronounced for the second 
harmonic than for the third and fundamental tone, 
which is not related to the Pierce parameter, the 
corresponding change of which is shown in Fig. 6a. 
For energy spread in a wide range of values, the Pierce 
parameter of first and third harmonics practically 
does not change, while the Pierce parameter of the 
second harmonic decreases with increasing energy 
spread (see Fig. 6a), but not strong enough to cause 
the reduction in FEL second harmonic power shown 
in Fig. 6b. At the experimental beam cross-section 
of sx,y ≈  0.26  mm, increasing the electron energy 
spread from 0.1% to 0.25% leads to a decrease in 
the fundamental tone and third harmonic radiation 
power by approximately three times, while the second 
harmonic power decreases by more than a hundred 
times. Comparing Fig. 5 and 6, one can see that if 
the Pierce parameter dependence in Fig. 5a causes 
power changes in Fig. 5b, then the changes in Fig. 6b 
are caused not only by the dependence in Fig. 6a, 
where the Pierce parameter r1,3 remains practically 
unchanged. Also, the weakening of the FEL second 
harmonic radiation by two orders of magnitude 
with an increase in energy spread from se = 0.1% 
to se = 0.25% (orange dash-dotted line in Fig. 6b) 

Fig. 4. Dependencies of Bessel coefficients fn of LEUTL FEL harmonics on beam cross-section at energy spread se = 0.001 (a) and 
energy spread at – beam cross-section sx,y ≈ 0.26 mm (b); current I0 =210 A, parameter bx,y = 1.5 m. Harmonics – n = 2 dash-dotted 
orange line, n = 3 dashed green line
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apparently is not caused only by the change in Pierce 
parameter r2 (orange dash-dotted line in Fig. 6a).

Comparison of the influence of changes in 
beam cross-section and electron energy spread 
on the power of first and second harmonics is 
shown in Fig. 7; comparison of the influence on 
the power of first and third harmonics is shown 
in Fig. 8. Dependencies on beam cross-section 
and electron energy spread are qualitatively 
similar to each other, especially for first and third 
harmonics in Fig. 8. However, identical changes 
in beam parameters lead to greater changes in 
FEL second harmonic power than in the first (see 
Fig. 7). Fig. 7 shows that when beam energy spread 
increases twofold from s e » 0.1%  to s e » 0.2%  
at given experimental values of emittance and 
cross-section sx,y  ≈  0.26  mm, the FEL second 

harmonic power will decrease more than tenfold. 
If the cross-section is slightly increased from 
sx,y  ≈  0.26  mm to sx,y  ≈  0.3  mm, the second 
harmonic will be further weakened. When energy 
spread increases to s e » 0.25%  and standard 
beam cross-section sx,y  ≈  0.26  mm, second 
harmonic power will decrease approximately 
hundredfold, and with simultaneous increase 
in cross-section to sx,y  ≈  0.3  mm, we get FEL 
second harmonic weakening approximately two 
hundredfold (see Fig.  7). The fundamental tone 
power changes but slightly. Note that with fixed 
Twiss parameter bx,y  =  1.5  m and cross-section 
increase from sx,y  ≈  0.25  mm to sx,y  ≈  0.3  mm, 
along with simultaneous energy spread increase 
from s e » 0.1%  to s e » 0.2%,  FEL power will 
decrease approximately threefold, second harmonic 

Fig. 6. Dependencies of Pierce parameter of LEUTL FEL harmonics (a) and power of LEUTL FEL harmonics (b) on energy spread. 
Cross-section sx,y ≈ 0.26 mm, current I0 = 210 A, Twiss parameter bx,y = 1.5 m, emittance gex,y = 6.2p  · 10−6 mm mrad. Harmonics: 
n = 1 – ​solid red line, n = 2 – ​dash-dotted orange line, n = 3 – ​dashed green

Fig. 5. Dependencies of Pierce parameter of LEUTL FEL harmonics (a) and power of LEUTL FEL harmonics (b) on beam cross-
section. Energy spread se = 0.001, current I0 = 210 A, Twiss parameter bx,y = 1.5 m; emittance changes with cross-section variation. 
Harmonics: n = 1 – ​solid red line, n = 2 – ​dash-dotted orange line, n = 3 – ​dashed green line
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power – ​by more than an order of magnitude 
(see Fig.  7), and gain length will increase from 
c ≈ 0.77 m to c ≈ 1.33 m (see Fig. 1a). The same 
FEL power decrease is expected with unchanged 
cross-section sx,y  ≈  0.26  mm and 2.5 times 
increased energy spread se ≈ 0.25%. In this case, 
gain length grows somewhat slower (see Fig. 1a) 
and reaches 1.2 m.

Thus, using increased electron energy spread with 
unchanged beam cross-section, we gain advantage 
in shorter gain length with the same FEL power 
decrease as in the case of increased cross-section 
with unchanged energy spread.

Note that the behavior of the FEL third harmonic 
when changing parameters is very similar to the behavior 
of the fundamental tone (compare green n = 3 and red 
n = 1 surfaces in Fig. 8). The content of the second 
harmonic in the LEUTL FEL radiation depending 
on the cross-section and energy spread of the beam is 
shown in Fig. 9. Note that changing the cross-section 
barely affects the second harmonic content, while 
increasing energy spread significantly reduces the 
second harmonic content. Thus, to suppress the FEL 
second harmonic, it is better to increase the energy 
spread rather than the beam cross-section or emittance. 
The dependence of the FEL radiation second harmonic 
content on energy spread is close to exponential with a 
negative exponent: in Fig. 9 on a logarithmic scale, the 
decrease 10 2 1( )log P P/  with increase se occurs almost 
linearly.

In conclusion, let’s compare the influence of 
increased electron energy spread with the effect of 
the undulator field second harmonic on FEL second 
harmonic radiation, recently studied in [57, 58]. 
These works demonstrated the possibility to reduce 
the FEL second harmonic using the undulator 
magnetic field second harmonic in antiphase with 
the main field. According to the results in [57, 58], 
the second field harmonic

H H d zd u2, 0= (4 )sin π λ/

with relative amplitude d ≈ −0.1  of the main 
undulator field

Fig. 7. Dependence of power of first and second LEUTL FEL 
harmonics on energy spread and electron beam cross-section at 
current I0 = 210 A; Twiss parameter bx,y = 1.5 m 

Fig. 8. Dependence of power of first and third harmonics of 
LEUTL FEL on energy spread and electron beam cross-section 
at current I0 = 210 A; Twiss parameter bx,y = 1.5 m

Fig. 9. Dependence of second harmonic content in LEUTL FEL 
radiation on electron energy spread and beam cross-section at 
current I0 = 210 A; Twiss parameter bx,y = 1.5 m
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H H z u= (2 )0 sin π λ/

allows reducing FEL second harmonic radiation by 
approximately an order of magnitude (the degree 
of field harmonic influence depends on installation 
parameters). Electron bunching occurs in the 
field of two waves excited at different undulator 
harmonics. If the waves or their harmonics arrive 
in phase, then bunching at this wavelength becomes 
stronger, and if in antiphase, then weaker. A similar 
two-frequency effect occurs in millimeter-range 
cyclotron amplifiers. Usually, efforts are made to 
improve electron bunch grouping; for example, 
in [59–61] it was shown that in cyclotron masers, 
using particle bunching in the field of two waves 
excited at the first and second cyclotron harmonics 
provides substantial improvement in electron 
bunching. The influence of energy spread was 
not considered in this case. Similarly, by varying 
the amplitude and phase of the field harmonic 
in undulators, one can change the content of the 
corresponding harmonic in radiation while barely 
affecting the fundamental tone power (see [42, 44, 
45, 62] and others).

We compared and analyzed the combined effect 
of the second harmonic of the undulator field and 
electron beam spread se on the FEL radiation 
power. Applying formulas (5)–(11) for analytical 
calculation of FEL harmonic power, we used 
Bessel coefficients for a two-frequency undulator 
taking into account the second field harmonic 
from [58]:
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where d is the amplitude of the undulator field 
harmonic with number h; in particular, in our case 
of interest h = 2. Bessel coefficients (13) have more 
complex form than (2) and account for the field 

harmonic influence explicitly in (13) and implicitly 
in the following arguments:
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As a result, in addition to the previously obtained 
dependence of gain length and harmonic power on 
beam cross-section, emittance, and energy spread, 
we obtained their dependencies on the amplitude 
H H dh d=2, 0=  of the second harmonic of the 
undulator field. The dependence of Bessel coefficients 
on the second field harmonic in the undulator is 
shown in Fig. 10a. The negative phase of the second 
field harmonic decreases the Bessel coefficient f2 
of the second FEL harmonic and thus reduces its 
radiation power in the FEL. The positive phase of the 
second field harmonic increases the Bessel coefficient 
f2 (orange dash-dotted line in Fig. 10a) and decreases 
the Bessel coefficient of the third harmonic f3 (green 
dashed line in Fig. 10a). This leads to corresponding 
changes in the power of these harmonics in radiation, 
as shown in Fig. 10b. The Bessel coefficient of the 
fundamental f1 (red solid line in Fig. 10a) does not 
change under the influence of the second harmonic 
of the undulator field; the FEL power also remains 
unchanged (red solid line in Fig. 10b), while the 
radiation powers of harmonics change, following the 
change in f2,3.

Thus, by varying the amplitude of the second 
field harmonic d, one can change the content of the 
second radiation harmonic without changing the FEL 
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power itself; the content of the third harmonic in the 
FEL spectrum changes little when the amplitude of 
the second field harmonic changes (see Fig. 10b).

The combined influence of the second harmonic 
of the undulator field and the beam energy spread on 
the content of the second harmonic in the LEUTL 
FEL radiation spectrum is shown in Fig. 11.

Note that the increase in electron energy spread 
and the amplitude of the second harmonic of the 
undulator field in antiphase to the main field mutually 
enhance the suppression of FEL second harmonic 
radiation (see Fig. 11). With energy spread s e = 0.001  
we have a relatively weak dependence of the d second 
harmonic radiation power on the amplitude of the 
second harmonic of the undulator field: at d = 0.1-  
there is a decrease in FEL second harmonic content 
by 5–7 times [58], and at d = 0 we have the results 
presented above in this work. In the remaining part 
of Fig. 11, we see that the second harmonic of the 
undulator field and electron energy spread effectively 

“help” each other in suppressing FEL second harmonic 
radiation: at σe = 0.0025, the second harmonic of the 
field with a relative amplitude d = −0.1 weakens the 
radiation of the second harmonic of the FEL by two 
orders of magnitude of power (see Fig. 11). Note that 
in the LEUTL experiments with a standard undulator 
and an energy spread of σe = 0.001, the content of the 
second harmonic of the FEL was about 0.1–0.5%; in 
Fig. 11 this corresponds to the far angle, where
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By doubling the energy spread to s e = 0.002  and 
adding to the undulator field in antiphase the second 
harmonic with amplitude 5% of the main field, 
d = –0.05, we get the FEL second harmonic content 
two orders of magnitude lower:
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With the second harmonic field amplitude 
d = –0.1 and with 2.5 times increased energy spread 
se  =  0.002 we get even lower second harmonic 
content in FEL radiation:

Fig. 10. Dependencies of Bessel coefficients fn(a) and radiation power of harmonics (b) of LEUTL FEL on the relative amplitude 
of the second harmonic of the undulator field d at I0 = 210 A, sx,y ≈ 0.26 mm, bx,y = 1.5 m and se = 0.001. Radiation harmonics: 
n = 2 – ​dash-dotted orange line, n = 3 – ​dashed green line

Fig. 11. Dependence of the second harmonic content in LEUTL 
FEL radiation on electron energy spread and amplitude of 
the second harmonic of the undulator field at the following 
parameter values: I0  =  210  A, bx,y  =  1.5  m, sx,y  =  0.26  mm, 
gex,y = 6.2p ⋅ 10–6 mm ⋅ mrad
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Thus, increasing the electron energy spread can 
significantly weaken the second harmonic radiation, 
but increases the FEL gain length. The second 
harmonic of the undulator field with reverse phase 
also weakens the FEL second harmonic radiation 
while not affecting the FEL gain length and 
fundamental tone power, which allows maintaining 
the FEL size without serious cost increase. The 
influence of the second harmonic field is somewhat 
more effective at large beam energy spreads.

Additional velocity spread of electrons can apparently 
be arranged already at the stage of bunch formation in 
the photoinjector. There, electron energies are small, 
and the spread is acquired, for example, due to the 
Coulomb fields of the bunch or due to time irregularities 
in the accelerating field (when different electrons are 
accelerated by different fields).

4. CONCLUSIONS

A theoretical analysis of the electron beam 
parameters’ influence on FEL radiation and harmonic 
generation has been conducted. An example of the well-
documented LEUTL FEL with radiation in the visible 
range at a wavelength of l1 540»  nm is considered. 
The formalism of generalized Bessel functions was 
used, where the main FEL parameters are analytically 
accounted for. The simulation results of LEUTL 
FEL harmonic powers fully agree with experimental 
data. Analysis of the influence of beam cross-section, 
emittance, and energy spread on the gain length and 
FEL radiation harmonic powers was performed.

It is analytically shown how increasing energy 
spread, cross-section, and beam emittance increases 
the gain length and decreases FEL radiation 
harmonic powers. In the case of fixed Twiss 
parameter, cross-section increase occurs due to 
emittance increase; this leads to a more significant 
growth in FEL gain length compared to the case 
of fixed emittance and cross-section change due to 
Twiss parameter variation b.

Approximately equal influence of beam cross-
section increase and electron energy spread on the 
first and third harmonic powers of LEUTL FEL 
radiation has been demonstrated.

It is shown how beam cross-section variation and 
the resulting change in FEL gain length alter the 

electron-photon interaction angle. The angle change 
is q  greater with fixed emittance than with fixed 
Twiss parameter for the same cross-section variation. 
Angular effects associated with q,  in turn, determine 
the generation of even FEL harmonics.

It is analytically shown that increasing electron 
energy spread increases FEL gain length and 
weakens the generation of all radiation harmonics; 
even harmonics are particularly strongly suppressed 
(compare with Figs. 7 and 8). Beam cross-section 
variation has less influence on second harmonic 
power than electron energy spread variation. Thus, 
suppression of FEL second harmonic requires an 
increase in energy spread rather than beam cross-
section or emittance.

Analysis of harmonic powers of LEUTL FEL 
depending on energy spread se and beam cross-
section sx,y leads to the following estimation: 
regardless of the beam cross-section, the change in 
the second harmonic radiation content follows a law 
close to exponential with a negative exponent:

10
2

1
,log

P
P e -s

see Fig. 1.
It is shown that it is possible to reduce the second 

harmonic content of LEUTL FEL by an order of 
magnitude by increasing the beam energy spread 
twofold from 0.1% to 0.2%. Moreover, increasing 
the energy spread from 0.1% to 0.25% reduces the 
second harmonic content of FEL by almost two 
orders of magnitude. In this case, the total FEL 
power decreases several times and the gain length 
doubles. This method of reducing the FEL second 
harmonic content appears to be the simplest and 
is feasible, for example, by increasing the electron 
energy spread already in the photoinjector.

Reduction of FEL second harmonic power is 
possible using the second harmonic of the undulator 
field in antiphase to the main field. It is shown that 
the effects of the undulator field second harmonic and 
increased electron energy spread mutually reinforce 
each other and effectively suppress the FEL second 
harmonic radiation. A twofold increase in electron 
energy spread from s e = 0.1 % to s e = 0.2 % and 
simultaneous use of an undulator with a second 
field harmonic with amplitude 5% of the main field 
reduces the FEL second harmonic content by two 
orders of magnitude. Increasing the energy spread 
to s e = 0.25 % and the second field harmonic with 
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amplitude 10% of the main field further reduces the 
FEL second harmonic content to P P2 1 0.0001/  %.

Using a dual-frequency undulator with field 
harmonic is technically difficult to implement, but it 
allows changing the second harmonic content in the 
spectrum without changing the total radiation power 
and without changing the FEL gain length.

The obtained results can be used in theoretical 
and applied research and experiment design when 
analyzing the nonlinear response of second harmonic 
generation (SHG) with a coherent FEL radiation 
source.
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