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Abstract. Investigation of high-order harmonic generation (HHG) in the large fullerene C g4, molecule under
intense laser field is presented. To model the C,q, molecule and its interaction with the laser field, we employ
the tight-binding mean-field approach. Our detailed analysis of the HHG power spectrum reveals the multi-
photon resonant nature of harmonic generation, shedding light on the underlying quantum processes involved.
We examine the dependence of cutoff harmonics on both laser intensity and frequency, providing valuable in-
sights into the optimal conditions for enhancing HHG in C,g,. We demonstrate that the C,4, molecule exhibits

a significantly stronger high harmonic intensity compared to the more widely studied Cg, fullerene.
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1. INTRODUCTION

One of the fundamental processes in intense lasermatter
interaction is high harmonic generation [1,2], which allows
for the production of coherent ultraviolet and x-ray radia-
tion in atomic systems. HHG involves highly multiphoton
processes [3], offering access to extreme time resolution and
enabling attosecond physics [4, 5]. Among nanostructured
materials with potential for nonlinear extreme optical appli-
cations, carbon allotropes [6,7], such as fullerenes [8], are
of particular interest. Fullerenes are large molecules formed
by closing a graphite sheet, and their stable closed topologi-
cal structure makes them intriguing for study. The discov-
ery of fullerene C,, [9] stimulated research into many oth-
er fullerene molecules with different symmetries [10—15].
Large fullerenes have since been the subject of active inves-
tigation [16—19].

In the field of HHG, enhancing conversion efficiency is
crucial, and it strongly depends on the density of emitters
and possible excitation channels. Atomic clusters have shown
promise in significantly increasing harmonic intensity com-
pared to atomic systems [20—22], leading to a growing inter-
est in extending HHG to graphene quantum dots [23—26],
and fullerenes [27,28].
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Theoretical studies have predicted strong HHG from
both C,, and C,, molecules [29—33], as well as solid Cg, [31].
Notably, increasing the number of atoms in fullerene mol-
ecules results in more excitation channels that can amplify
the HHG signal. Therefore, exploring the HHG process in
large fullerenes holds great significance.

In this letter, we present a microscopic theory that inves-
tigates the extreme nonlinear interaction of large fullerene
C,5o With strong electromagnetic radiation of linear polariza-
tion. We uncover the general structure of the HHG spectrum,
including its cutoff dependence on laser intensity/frequency
and its relation to molecular excitations. Our findings shed
light on the potential of large fullerenes in HHG and open
new avenues for further research in this field.

The paper is organized in such a way. In Sec. II presents
the basic model of multiphoton excitation and HHG in
fullerene Ciso- In Sec. I1I and 1V present the results of the
numerical study and conclusions, respectively.

2. THE MODEL
We start by describing the model and theoretical ap-
proach. Fullerene C,g, is assumed to interact with a mid-in-
frared or visible light laser pulse that excites electron coherent
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dynamics. The schematic structure of C,g, is deployed in
Fig. 1. The C,4, molecule is invariant under the inversion
with respect to the center of mass and has icosahedral point
group (I,) symmetry. We assume a neutral C,q,, which will
be described in the scope of the tight-binding (TB) theory.
The electron-electron interaction (EEI) is described in the
extended Hubbard approximation [32,34,35]. Hence, the to-
tal Hamiltonian reads:

H=Ho+ Hin, (1)
where
Ho=— E tljctcscjc
(i,j)o
(2)

+7 ”lc”zc+ ZVljnlnl

— is the free fullerene Hamiltonian. Here c};j creates an elec-
tron with spin polarization ¢ = {T, l} at site i ((_S is the
opposite to ¢ spin polarization) and <i, J > runs over all the
first nearest-neighbor hopping sites with the hopping integral
between the nearest-neighbor atoms at positions r; and r Iz
The hopping integral approximated by

ty =1y +aldy | — 1)), 29, 32:

where dy = 1.54 A, #, = 2.17 ¢V, and the electron-lattice
coupling constant oo = 3.5 eV /A. Input coordinates for the
C,s are generated with the program Fullerene via a face-spi-
ral algorithm [36]. The initial structure is further optimized
by a force Held specifically designed for fullerenes [37]. The
second and third terms in (2) describe the EEI Hamiltonian
with on-site U and intersite V; = 0.50d,,,;,, / d;; Coulomb

repulsion energies, where d,,;, is the minimal nearest-neigh-

n
bor distance. The light-matter interaction is described in the

lengthgauge
H int — le

where E(t) =f (t)EOécosmt is the electric field strength,
with the amplitude £, frequency  , polarization € unit

3)

lG lG’

vector, and pulse envelope f(t) = sin2<nt / T). The pulse
duration 7 is taken to be 10 wave cycles: 7 =20 / o.
From the Heisenberg equation under the Hartree-Fock ap-
proximation one can obtain evolutionary equations for the

T
Cjcscic

single-particle density matrix
(o) —
P =
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Fig. 1. Eigenenergies of fullerene molecule Cq, (a) and
the absolute value of transition dipole moment matrix el-
ements at interband transitions (b). The inset in (a) is the
schematic structure of C,g,.
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are defined via density matrix p(.-c) and
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its initial value:
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3. RESULTS
First we consider eigenenergies and possible optical tran-
sitions of considered system prior the interaction with the
strong laser pulse. These results are obtained by numerical
diagonalization of the TB Hamiltonian. With the help of the
obtained eigenstates y,, ( ) we also calculate the matrix ele-
ments of the transition dlpole moment:

- eZ\Vu

z\lfu
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The results for eigenenergies and the absolute value of
transition dipole moment matrix elements at interband tran-
sitions are shown in Fig. 1. In Fig. 1, we observe that the ico-
sahedral symmetry of C,q, leads to highly degenerate states
with numerous dipole-allowed excitation channels. The op-
tical gap in C,q, is approximately 1.8 eV, which is narrower
than that in C; (2.74 eV). Notably, the transition dipole mo-
ment exhibits peaks within the range of 1.8—15 eV, suggest-
ing the presence of efficient multiphoton excitation and sub-
sequent high-energy singlephoton transitions. These factors
play a significant role in shaping the high harmonic genera-
tion (HHG) spectrum, as we will explore in the following.

To study the HHG process in C,4, fullerene molecule we
evaluate the high-harmonic spectrum by Fourier Transfor-
mation of the dipole acceleration,

a(t) = d’d() / dr’, (%)
where the dipole momentum is defined as
a(r) = eShel?) (1) ©)
ic

Then

oo
a(Q) = fa(t)eiQ’W(t)dt,

—0o0
and W(t) is the window function to suppress small
fluctuations [38] and to decrease the overall background
(noise level) of the harmonic signal. As a window function
we take the pulse envelope f(t). To obtain the mean
picture which docs not depend on the orientation of the
molecule with respect to laser polarization, we take the wave
polarization unity vector as€ = (1 / «/5 ){1,1,1}. The spectra
are calculated for moderate Coulomb repulsion energy,
U =2 eV. The relaxation rate is taken to be iy = 0.1 eV.
For the convenience,_ vge_ normaliz_e the dipole acceleration
by the factor @y = ew d, where ® =1eV/h and d = 1A.
The power radiated at the given frequency is proportional to
‘a(Q)‘z. The time propagation of Eq. (4) is performed by the
4-order Runge-Kutta algorithm. As an initial density matrix
we take a fully occupied valence band and a completely
empty conduction band.

Moving forward, we delve into exploring the dependence
of high-order harmonic generation (HHG) on the pump
wave frequency within a range of im = 1 — 2¢eV. In Fig. 2, we
illustrate the HHG spectra’s frequency dependence, revealing
that due to inversion symmetry, only odd harmonics arc
generated. Notably, in the cutoff region of high harmonics, a
distinctive feature emerges, showcasing the gradual decrease
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Fig. 2. (Color online) The dependence of the HHG spec-
tra on the wave field frequency is illustrated for C g, using
the normalized dipole acceleration Fourier transforma-
tion, a(Q) / ag, plotted on a logarithmic scale. The wave
wave intensity is 10 TW/cm?. The color bar shows the
fre-quency of the pump wave in eV/®

of HHG intensity as the wave field frequency ® increases. It
is interesting to observe that the cutoff harmonic position
can be approximated by the scaling relation N cut X o 32,
Comparing this with atomic HHG via the free continuum,

where N, o o> [2], we find that for C, g9, the cutoff

harmonic energy (h@N ,, o /2

rate as the pump wave photon energy increases.

) decreases at a slower

Conversely, for the low harmonics, we observe an
alternating variation with respect to the frequency. This
behavior can be attributed to the multiphoton resonant
transitions between the valence and conduction bands.
This resonant-nature of HHG is further elucidated in Fig. 3,
where we depict the dependence of emission strength for
the 3rd, 5th, 7th, and 9th harmonics on the pump wave
frequency. It is apparent that these harmonics exhibit
resonant behavior. Analyzing Fig. 1(b), we observe that
the transition dipole moments for interband transitions
exhibit peaks around these resonant-frequencies, providing
additional support for the multiphoton resonant transitions.
For instance, the highest peak for the 3rd harmonic occurs at
1.9 eV, and from Fig. 1(b), we find that the transition dipole
moment has a local peak at3m ~ 5.7 eV/h with multiple
excitation channels. The resonant behavior is further
substantiated by the residual population of conduction
band energy levels, as depicted in Fig. 4. Here, we plot
the population of conduction band energy levels after the
interaction, revealing a significant population of levels. This
observation further confirms the importance of multiphoton
resonant transitions in the HHG process of large fullerene
C,g under intense near-infrared laser fields.

JETP, Vol. 165, No. 1, 2024
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Fig. 3. The dependence of emission strength for the 3rd, 5th, 7th, and 9th harmonics on the pump wave frequency for the setup of
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Fig. 4. (Color online) The residual population of conduc-
tion band energy levels for the setup of Fig. 2.

Next, we delve into investigating the dependence of the
cut-off frequency on the pump wave intensity by analyzing
the HHG spectra for different intensities. Fig. 5 presents
the HHG spectra’s dependence on the wave field amplitude.
Unlike HHG in atoms [2], where the cut-off energy is pro-
portional to the wave field intensity, in the case under con-
sideration the cut-off energy tends to saturation for strong
laser fields. This trend becomes apparent when looking at the
bottom panel of Fig. 5, which shows the relationship between
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cut-off harmonics and wave intensity (I). The plotted data
is accompanied by a fitting function of the form 1'/4. In the
intensity range up to 15 TW/cm?, there is a good agreement-
between the numerical data and the scaling function, which
indicates a fairly good approximation. However, it is note-
worthy that beyond this intensity, the saturation phenom-
enon becomes apparent.

Another notable aspect of the HHG signals in fullerene
molecules is their dependence on the size of the molecule.
To explore this, we compare the HHG signals per particle
for Cg, and Cg, in Fig. 6. As observed, there is a substan-
tial increase in the HHG signal for C,g, a trend also ob-
served for graphene quantum dots in previous studies [23].
This enhancement can be attributed to the density of states,
indirectly reflected in Fig. 1 through the transition dipole
moments. From Fig. 1, it becomes apparent that Cg, pos-
sesses significantly more transition channels than Cg,, which
contributes to the amplified HHG response. Next, we would
like to clarify the procedural aspects of the Fourier transform
process. The applied approach includes the numerical solu-
tion of equation (1) in which the function a (t) is discredited



22 AVETISSIAN, etc.

107 ] 40
10' b 118
(NN
10 L] 30
107! 05
< 102
a 3 F1 20
= 10
10 F "
10° F 10
10 | 5
107 ‘
0 5 10 15 20 25 30
Harmonic order
35
_30f
[}
-9 — A
o 25 r
- 1 A A A
.% /‘//
£ -
g 20 /
/A
/
15 | «

0 5 10 15 20 25 30 35 40
Intensity (TW/cm2)

Fig. 5. (Color online) In the top panel the dependencies
of the HHG spectra on the wave field amplitude is il-
lustrated for C g, using the normalized dipole accelera-
tion Fourier transformation, a(Q) / a, plotted on a loga-
rithmic scale. The pump wave frequency is ® = 1.5eV/h
(wavelength 827 nm). The color bar shows the pump wave
intensity in unity TW/cm?. The lower panel shows the de-
pendence of the cutoff harmonics on the wave intensity
together with the approximation function (solid line).

at regular intervals in the time [0,7]. Before the interac-
tion, a (t) is zero, and after the interaction, a residual a(t) ,
resulting from the conserved level populations is negligible.
Considering that here the signal takes the form of a continu-
ous function with a limited bandwidth, we resort to an ap-
proximation of the continuous Fourier transform by a dis-
crete analog, carried out in the time domain [0,7 ], where
the field-induced HHG occurs. It is noteworthy that insig-
nificant fluctuations occur at the time boundaries of gen-
eration development, which contribute to increased noise
within the harmonic signal. This in turn smears harmonic
signals towards the end of the spectrum. The most- intense
SHG occurs at peak amplitudes of the laser field. This leads
to the need to introduce a window function to suppress these
minor fluctuations. It was important to clarify that the ap-
plication of this window function docs not-change the rate
of harmonic generation in the remaining part of the spec-
trum, which is confirmed by our calculations. To illustrate
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Fig. 6. The comparision of HHG signals per par-
ticle for C5 and Cg,. The pump wave frequency is
o =1.5 eV /h (wavelength 827 nm) and wave inten-
sity is 10 TW/cm?.
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Fig. 7. (Color online) The top panel shows the x-com-
ponent of the dipole acceleration versus time along with
window functions. Wave intensity 10 TW/cm?, frequency
is 1 eV (wavelength 1240 nm). The lower panel shows the
SHG spectrum calculated using window functions cor-
responding to the dipole acceleration in the upper panel.

this concept, we have chosen the exponential spectrum

from Fig. 2, in particular the one with the highest harmonic

cut-off. The X-componcnt of the dipole acceleration a, (t)

is shown in fig. 7. It is scaled around its maximum value and

mapped to the appropriate window functions. Wc use three
window functions: hypergaussian

t—1/2)

Wia(t)=expi—|———

T2

with different parameters 1) = 13 f5, 1, = 16 f5, and the
pulse envelope

JETP, Vol. 165, No. 1, 2024
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W, = sin?

t
g
with 13 = 13 /5.

Turning to the bottom panel of Fig. 7, we visualize the
high harmonic generation spectrum for these window func-
tions by contrasting them with a direct Fourier transform.
It is noteworthy that the absence of a window function lim-
its the spectrum of harmonics to the 35th order, which is ac-
companied by a significant background. However, enabling
window functions effectively removes the dominant hum,
producing distinct-peaks corresponding to higher harmo-
nics. It can be seen from this illustration that the frequency
of the harmonics is practically independent of the features
of the window functions. Therefore, any of the mentioned
functions can be used in an equivalent way. In the case under
study, we chose Wj.

4. CONCLUSION

We have conducted a comprehensive investigation into
the extreme nonlinear optical response of large fullerene
molecules, with a particular focus on Cq,, which possesses
icosahcdral point group symmetry commonly found in such
systems. Our study utilized an accurate quantal calculation
of the HHG spectra using a mean-field approach that takes
into account manybody Coulomb interaction. By solving the
evolutionary equations for the singl-particle density matrix,
we revealed resonant effects within the HHG spectra and
observed a remarkable enhancement in the HHG yield com-
pared with Cg. Unlike atomic HHG, where the cut-off ener-
gy is directly proportional to the pump wave intensity, in C g,
for mid-infrared or visible light laser pulses, the cut-off en-
ergy saturates for high-intensity laser fields, gradually decrea-
sing as a function of the pump wave frequency. This behavior
highlights the unique response of large fullerene molecules to
intense laser fields, which could open up new possibilities for

extreme nonlinear optical applications.
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