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1. BBEAEHUE

[Ipu pazBuTHU PA3IUIHBIX HEYCTOWIUBOCTEH B CIIy-
YalHBIX CpeJlaX BO3HUKAIOT fABJICHUS, CYIIECTBEHHO OT-
JITYAIONINECsT OT TOro, € €M OOBIYHO IPUXOJIATCS
BCTPEYATHCS B CTATHCTHYIECKO# dpusuke. B qacTHOCTH,
OKa3bIBaeTCH, YTO, CKazKeM, CPe/IHsAs SHEPT U paccMaT-
puBaeMoil BeJIMINHBI pacTeT MeJJIeHHee, UeM KOPeHb U3
CpeJIHero KBaJj[paTa 9TOil BeJNYNHBI, a 00e 9TH CKOPO-
CTH POCTa, B CBOIO 0YepPeib, OOJIbINE, 9eM CKOPOCTH PO-
CcTa TUIUYHON peasin3anuu nlyvaeMoil esmansst. [lo-
JI0OHOE sIBJIEHUE TOJIYYHJIO Ha3BAHIE IIePEMEZKAaeMOCTI
(cm., manpumep, [1]).

Bonee Toro, okazpiBaercs, 9TO B CTAIMOHAPHON B
CTATUCTUIECKOM CMBICJIE CIIYIalHOi cpejie BO30yK/1a-
emMas BeJIMYNHA MOXKET PaCTU CYIIePIKCIOHEHINAJIbHO,
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nanpumep, kKak exp(tint). Ilpumep Takoro moseenus
UCCIIeIOBaH, B 9aCTHOCTH, B pabore [2], riae pacemorpe-
Ha MOJeJIbHAS TOomyJisiius Oakrepuit. VIHTEHCHBHOCTH
JleJieHnsi GaKTepuil mojarajiach CTAIMOHAPHON BO Bpe-
MEHU U CJIYYaiiHON 10 IPOCTPAHCTBEHHBIM IT€PEMEH-
HBIM, IIPUYEM ee CpeHee 3HAYUeHNe OBbLIO PAaBHO HYJIIO.
Kpowme Toro, B momens BrioueHa auddysus Gakre-
puii. Ilog00HBIN CyTIePIKCIIOHEHITNAJIBHBII POCT DoJiee
U3BECTEH JIJIs HEJIMHEIHBIX YPABHEHUI, TAK UTO MOXKHO
CKa3aTh, 9TO CJIyIalHOCTb BOCIIPOU3BOUT HEKOTOPHIE
3 dEKTHI, OOBITHO CBI3AHHBIE ¢ HEJTUHEHHOCTHIO.

ITens macToseit pabOThI — C/IEIATD €Ile OJIUH Iar
B 9TOM HATIPABJICHUN U MOKA3aTh, YTO CJIYYAHHOCTH MO-
2KET BOCIPOM3BOJUTH U 0OJiee TOHKHE ABJIEHUS, 0ObIU-
HO CBSI3bIBAEMbBIE C HEJTMHEHHOCTHIO, 8 UMEHHO, U3y Iae-
Mag BEeJIMYUHA MOYKET 32 KOHEUHOE BPeMsi 0OPATUTHC S
B GeckoredHOCTD. [lo/100HOE SIBJIEHIE XOPOIIO U3BECT-
HO JIJIsl HEJIMHEHHBIX YPABHEHUN TEIIONPOBOIHOCTH C
SHEPIOBBIJIEJIEHUEM, PACTYIIEM IIPU POCTE TeMIepary-
pol. Tlomo6Hble pesKUMBI IPUHATO HA3BIBATH PEXKUMa-
M ¢ o6ocTpenneM (cM., Hanpumep, [3]), a B KoHTeKCTE
GiusKoi aBTopaM QU3MIECKoit TeMaTHKH, cM. [4].
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B mnacrosimeit pabore Mbl MOKazKeM, HYTO pexKu-
MBI ¢ 0OOCTPEHNEM MOTYT BO3HHKATDH U TIPU PA3BUTHH
HEyCTOWYMBOCTEN B CIyYailHbIX cpenax. s sroro mo-
CTATOYHO, YTOOBI CIydaiiHoe 1moJe, 0T KOTOPOro 3aBu-
CUT Pa3BATHE HEYCTOINMMBOCTH, IOCTATOTHO TACTO MPH-
HUMAJIO JTOCTATOTHO OOJIBIIAEC 3HATCHMS.

Komeuno, pa3surne HEyCTOWIMBOCTH B CJIyJailHOM
CpeJie 3aBUCUT OT TOTO, KaKas HEYCTOHYUBOCTH KOH-
KPETHO PAaCCMATPUBAETCSH, XOTs SIBJICHUE IEPEeMerKae-
MOCTH HOCHT OOmmii xapakrep. s KOHKPETHOCTH MBI
OrPAHUYINMCST PACCMOTPEHUEM IIPOCTON MOJIETH U3 Pa-
Goret |2]. TIpu mocTpoeHNN HAIUX TPUMEPOB MBI Oy 1eM
onuparbcg Ha paboTsl [5, 6], pasBuBmux uien paboTbl
[2].

Konkperuszamus u 0000IIeHNsT PE3yIbTATOB, TOJTY-
YEHHBIX B paMKaX HM3yYeHHsl PAacCMaTPUBAEMOIl Ipo-
CTOM MOJIESIN, TIPOBOJIMINCH B PA3TMIHBLIX HAIIPABICHH-
SX, B TaCTHOCTH, PACCMATPUBAIICH HEYCTONIUBOCTH B
HECTAIMOHAPHBIX CJIYUYARHBIX CpeJax M JPyrue CXOJI-
Hble 3ajaun (cM., Hampumep, [7]). Henocpesacrsenuo
UCIIOJIb3yeMas HaMU MOJIE/Ib BOCTpeOOBaHa CKOpee He
HEIIOCPEJICTBEHHO B (DU3KKE, & B PA3JIUIHBIX €CTECTBEH-
HBIX ¥ I'YyMAHUTAPHBIX HAYKaX, HAIPUMED, JIEMOIpa-
dun, rae ee, HECMOTPA Ha OYECBUHYIO YIIPOIIECHHOCTD,
YaCTO PACCMATPUBAIOT KAK PEAJUCTHIECKYIO MOJIE/b
JUISL pACIIPOCTPAHEHUs JIIO/Iel, U B OMOJIOIMN B aHAJIO-
MUYHBIX 33a9aX (CM., HAIIpUMED, KPATKuii 0030p 10-
J06HBIX pador B [8]). OTMeTHM TakKe 0YeHb PAHHIOK
pabory ¢.B. BesbioBuda Mo pazBUTHIO HEYCTONIHBO-
CTH B CJIy4aliHBIX Cpejiax, B KOTOPOil BO MHOTOM 3apo-
JIJIACH TIOJIXO/IBI K 9TOI 1pobieme [9].

2. MOJIEJIb CJIYYAMHON CPE/bI

Cuestyst pabore [2], Mbl OyieM ONUCHIBATD HAIILY 3a-
Jlady B JIMCKPETHOM HpHOJIMKeHUH, He (PUKCUPYsl BHU-
MaHUsI HA TOHKUX JIETAJIAX CTPOEHUs PACIPEICICHUsT
IJIOTHOCTHU TOIYJIAIAN OAKTEPHIA.

[TpeaosiozkuM, 9To gacTuipl (6akTepun) IepeBu-
raforcst no resouncientoii pemerke Z4, d € N. Bpe-
M3l IIoJIaraeTcs HellpepbIBHbIM. [IycTh B HauaIbLHbII MO-
MEHT BPeMeHH B HEKOTOPOii Touke = € Z? maxommiach
OJlHA YACTHUIA. 3a MaJoe BPEMs 3Ta YACTHIA MOXKET
OCTATHCA HA MECTE, TIEPEMECTUTHLCS B COCEIHUN y3eI1 pe-
METKN, Pa3AeUuThCA HAJBOE WM TMOTHOHYTh. DBOJIO-
U €€ TIOTOMKOB IPOUCXOIUT IO TOMY YKe 3aKOHY, He3a-
BHUCHUMO JIpyTa OT JIpYTa U OT BCeil MPeIbICTOPUN. DTOT
IPOIECC 0OHEIMHSIET BETBJICHNE U OJIy2KIaHue TACTHII,
MOTOMY €ro HA3BIBAIOT BETBSTIMMCS CJIy YAHBIM 0Ty 7K-
narmem (BCB) [10,11]. Onumiem KOHKPETHO MeXaHU3-
MBI BETBJICHUS U OJTy 2K IAHHS.
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B marmmeit mojesmm mHTEHCUBHOCTH JlejIeHUs U Tube-
JIN YACTUI SIBJISIIOTCS CJIYIARHBIMU BEJIMIUHAMI U HE
zaBucatT oT Bpemenn. PopmasibHO MBI Oy/eM 0OO3Ha-
garh 4epes V1 (z) := VT (z,w) unrencusnocts Je-
JICHUsI 9aCcTHUIl HajBoe, a depe3 V™~ (z) V™ (zr,w)
— WHTEHCUBHOCTL uX rubenn. I[lepemennas w Tmoj-

YEPKHUBAET CJAYYailHOCTH BeJmduH. MbI cuuraeM, 4To
napbl MHTEHCUBHOCTEH B PA3JIMIHBIX TOYKAX PEINET-
KM HE3aBUCUMBI M OJIMHAKOBO PACHPE/IETCHBI. Bemman-
Hy V(x) V(z,w) V*t(z) — V~(x) Gyaem na-

3bIBaThb C.Hy‘la.f/'IHbII\/I IIOTEeHIIaJIOM. Maremarugeckoe

O’KWJIAHNE, BBITUCIEHHOE 110 PACIIPEIETEHIIO 9TOM CJTy-
JaifHON BeJIMYWHBI WU, TOBOpsi Oojiee (opMaJbHO,
10 COOTBETCTBYIOIIEMY BEPOSITHOCTHOMY IIPOCTPAHCTBY
(Qy, Fy,Py), 6ynem 0603Ha4aTh YIJIOBBIMU CKOOKAMU
(-), nerasm cMm. B pabore [10].

BeeieHHbII IOTEHIMA] MOXKHO MOHUMATh KaK CJIy-
Jaitnyio cpeay Ha Z%, KOTOpas yIpaBiIseT HpPOIECCOM
BeTBJIeHus. EIe pas moaepKHeM, 9To CaydaiiHas cpe-
Jla CTallMOHAPHA, T.e. He 3aBUCUT OT BPEMEHH, U II0Be Ie-
HUE IIPOIeCCa OIIpeiesigeTcss KOHKPETHON peaan3anueil
cpeapl. [opobuyo peamusanuio V(x,w) upu HEKOTO-
poM (PUKCHPOBAHHOM w Oy/1eM Ha3bIBATh «3aMOPOKEH-
HOit cpenoii» [10]. B masbHeiimem, 1ro6bl yIpoCTHTD
BBIKJTAJIKA, TIEPEMEHHYI0 W OyJIeM MHUCATH, TOJBKO €C-
JII XOTUM TIOJIYEPKHYTH 3aBUCUMOCTH OT KOHKPETHOI
peasiu3aIie Cpeibl.

[lepememmenne 9acTuIr Mo perreTke B HAIIEH MOJe-
JIN YIIPABJISIETCS TPOCTBIM CHMMETPUIHBIM CJTyIaiHBIM
Gury K aHneM, Kax B [5,6,10]. Yactuna, Haxosmmascs B
OGO TOUKE PENIeTKH, KJIET BPEMsl, PACIPE/ICTICHHOE
T10 SKCIIOHEHIINAJILHOMY 3aKOHY € TTapamMeTpoM » > 0, a
3aTe€M PABHOBEPOSITHO TIEPEMEIIAETCS B OJIHY U3 COCEJI-
Hux ToueKk pernrerku. [lomobmHoe ciyaaiinoe 61y anme
Oy/1eM ONUCHIBATH JUCKPETHBIM JIAILIACHAHOM

(eAf) (2) = 5o () - f(@)),

= x—
|2/ —z|=1

2d

e »x > 0 — xkosddurnuent muddy3un.
CoeuHUM OIUCAHHBIE MEXAaHU3Mbl BETBJICHHUS B

CJIly9aiiHO# cpeje U OJIy2KJIaHUsI, OIMCAB SBOJIFOIIIO
qacturel B BCB B coyuaitnoit cpege. s ymobersa
BBEJIEM CpeJIHee BpeMsl OXKWJIAHUsI B IIPOU3BOJIbHOM
Touke r € Z% xax

() = (3 + VT (2) + Vf(aﬁ))_1 :

DBOJIIOIHS TACTUTIBI, HAXOIATIEHCSI B TOUKE T, BBITJIS-
JTAT CJIEJIYTIONIIM 00pa3oM. JacTuria 2KJaeT SKCIOHEHIH-
aJIbHO pacipejiesieHHoe BpeMst ¢ mapaMeTpom 7(x) "1, a
3aTeM MTHOBEHHO YMHPAET, JEJIUTCA HAIBOE WA TIe-
peMelaeTcsi PABHOBEPOSITHO B OJIHY W3 COCEJIHUX TO-
qeK perreTKku. BpIOOp OJHOrO U3 3TUX TpeX COOBITHIL
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[POUBBOJUTCA C COOTBETCTBYIOIIUMU BEPOATHOCTAME
V= (z)r(z), VT (x)r(x) n s7(x).

BCB B cayuaiinoit cpesie B MOMEHT BPEMEHU ¢ €CTh
cucrema "actur Ha Z¢, a, 3HAYUT, HOTHOCTHIO OMUCHI-
BaeTCs HAGOPOM YHCIICHHOCTEH 9acTuIl fit () B TOUKAX
y € 7% B MoMeHT BpeMmenu t. B HAIMX mpemosIozKe-
Husx fo(y) = 0(z,y), Lae & — HAYAIBHOE IIOJIOZKEHHE
nepBOil YaCTHUIIBI.

B 3amopozxkennoit cpege V(z,w), T.e. upu dbukcu-
POBAHHOM W, IBOJIOIHUS YACTHUIL HPEJICTABIACT CODOI
CTOXACTUYECKHH MPOIIECC, a MOTOMY YUCJIEHHOCTH Yac-
THUIL B KayKJI01 TOUKe L1 (y) = (Y, w) ecThb coydaiinas
BEIMYUHA. TUCJICHHOCTH YACTULL ABJIFAETCH CJIOZKHBIM
00BEKTOM, IIOTOMY B 3TOI paboTe Mbl OCTAHOBUMCS Ha
U3yUEHUHU IIEPBOTO MOMEHTA, T.€. CPEJIHEll YUCJICHHOCTH
vyacruil, Kak B [5]. JIjsi 3aMOPOYKEHHOH CpeJibl Cpe/l-
HIe YHCAeHHOCTH YacTHIL B Touke y € Z¢ npn ycmoun
cTapTa IMpoIecca B TOUKe I HA3BIBAIOTCS «3aMOPOKEH-
upiMu» (quenched moments, em., mamnpunmep, [5]) u Bol-
YUCIAIOTCS yepeaHenueM 1o peamusanuaym BCB B aroii

cpene:
mi(t,z,y) ==mi(t,z,y,w) = Egpe (y,w).

3amMernM, YTO U3 JIOKAJBHBIX CPEIHUX YHUCIEHHOCTE
YaCTHUIl B TOYKE Y B MOMEHT BpPeMeHHU { MOXKHO IOJIy-
YUTHh CPEJIHUE YHUCJEHHOCTU YacTHIl B ITPOU3BOJILHON
obmactn A C Z% npu moMoIm cyMMIPOBAHMSI:

ml(ta T, A) = Z my (t,l’,y).

yeA

B Tom qucJie, MOZKHO HCCJIeIOBaThb YHUCJIEHHOCTH YacC-
THUIL Ha Bceit pelreTKe:

ml(t7l’,Zd) = Z ml(taxay)'

IS

Kaxkmoit 3aMopoKeHH0# cpejie COOTBETCTBYET CBOIt
Habop 3aMOpOXKeHHbIX cpenunx my(t, z,y). B Hameit
MOJIE/IN CPeJia CIIydaiiHa, I09TOMY 3aMOPOKEHHBIE MO~
MEHTBI — TOZKE CJIydaiiHble BeanmInHbl. BHOBD, ciryvaii-
HbBIE BEJIMYUHBI CJIOZKHO M3y9IaTh HANDPAMYIO, U MBI Oy-
JIEM yCPEJHATh MX, HO B 9TOT pa3 — 110 peaju3alu-
M CPEJIbL. YCPEITHEHHBIE 110 CPEJIe MOMEHTBI [0 yCTO-
SIBIIEHCST TEPMUHOJIOTUH HA3BIBAIOTCS «OTOYKZKEHBIMIT»
(annealed moments, cm., Hanpumep, [5]) n obosHava-
H0TCs CaeyromumM obpasom: (my (¢, x,y)).

3. MIPEACTABJIEHUE TUITA

OEMHMAHA-KAITA

MozkHo nokasars (cM., Hanpumep, [10]), aro 3amo-
POXKEHHBIE CPEeJIHUE UNCAeHHOCTH JacTull mi(t,x,y) B
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BCB yioBaeTBOPSIOT CIEYIONIM yPABHEHUSIM:

W - %Aml (t,x,y) + V(z’w)ml (t,x,y),
m1(07$7y) = 6($’ y)

M)
PaccmoTpennoe ypaBHEHHWE €CTh JIUCKPETHBINH AHAJOT
YPABHEHUST TEIJIONPOBOJHOCTH CO CIyIalHBIM SHEPTO-
BDBIJICICHIEM.

Kak nokazano B paboTe [2], 9BOJIONHST TOJIST 3aMO-
poxkeHHbIix cpeguux mi(t, z,y) B pamrax sagadam (1)
MOKET OBbITh M3y4eHa C IIOMOIIBIO MHTEIPAJIA MO CJIy-
YafHBIM TPACKTOPUSAM, T.€. ¢ IOMOIIBIO (DOPMYJIBI THIIA
Oeitnmana—Kara:

t

E, |exp /V(Jcs,w)ds 0(zs,y)|
0

mi(t,z,y,w)

rje rs — caydaiinoe GiryzKaaHue ¢ renepaTopoM xA; a
MaTeMaTHIecKoe oxKmaanue B, Bbraucasgercs s Tpa-
EKTOpUil CJIydaitHOro GJIy K IaHus DU YCJIOBUU CTapTa
B TOYKE .

[peacrasienue (2) MOXKHO HHTEPIPETUPOBATE CJIe-
mytoruM  obpaszoM. PUKCHpyeM 3aMOPOXKEHHYIO Cpe-
Jly, COOTBETCTBYIOILYI0 HEKOTOPOMY w. Bilyxkaanue xg
HAYMHAETCS B TOYKE & W WMEET EAMHUIHYIO <«MAac-
cy». Hamee, B KaxKJ0il TOUKe z, B KOTOPYIO HOIAIa-
eT ciydaiinoe OJIyzKJaHue, «Macca» YBEJIUIUBACTCA B
exp (V (2) 7(z)) pas, rue 7(z) — Bpemsi IpeObIBAHUST B
9TON TOUKe. BIIyKJIaHne OCTAHABIMBAETCS B MOMEHT
BpeMenn t. Eciu oHO 0Ka3a/0ch HE B TOYKE ¥, TO €ro
Macca 3aHyssercs. Pemenne my(t,x,y) npejcrassier
€000t yCpeIHeHne MOy IEHHBIX «MACC» MO BCEM TPACK-
TOPUAM OJIyKJIAHUST L. DTa UHTEPIPETAIUA TO3BOJIsA-
€T TOBOPHUTB O IpejicTaBieHnu (2) u, COOTBETCTBEHHO,
o zazaue (1), Kak 0 «cirydaitHoM GJIyKIAHUK B CJIyYaii-
HOM HOTEHIUAJEe», CM., HAIpuMep, [12].

BaskHBIi pesysbrar, JJoKa3aHHBIH B [5], riacut, aTo
npejicraBienue (2) 3ajaer pertenne 3ajgaqn (1) Torma
M TOJILKO TOTJI&, KOT/Ia OHO KOoHeuHo. Ecu npepcrasiie-
uue (2) st my(t, z,y) obpamaercst B GeCKOHEIHOCTb,
TO MBI HE MOYKE€M TOBOPUTH O KOHEYHOCTHU CpeJiHeil Juc-
nennoctu dacturr B BCB. To ecTh uncieHHOCTD TacTHIl
B BCB HaCTOIBKO HEOMHOPO/IHA, UYTO HE MOXKET OBIThH
OIIUCAHA CPEJHUM.

HamoMunM, 9TO B HEKOTOPOM 3KCIHEPUMEHTE <BBI-
MOJIHEHUE YTBEPYKJCHUS TOYTH HABEPHOE» 3HAUT,
q9To BepOHTHOCTb HNCXO0/10B SKCHepI/IMeHTa7 JJId KOTO-
PBIX YTBEPXK/IEHNE BBIIOJHEHO, paBHa exunune. Koned-
HOCTH 3aMOPOKEHHBIX MOMEHTOB mi(t,z,y) mjisd 1o-
YTH HaBEpHOE KAaXKIOH 3aMOPOKEHHOH Cpejbl He ra-
PAHTUPYET KOHEYHOCTH YCPEJIHEHUS [0 BCEM CPEJIaM
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(m1(t,x,y)). Hanpumep, pacupejieneHne 3aMOPOKEH-
HBIX MOMEHTOB MOKET UMETh B KAKOM-TO CMBIC/IC <«Ts-
JKeJIble XBOCTBI» M, COOTBETCTBEHHO, HE HUMETh MaTe-
MATHYECKOTO OKMUJAHMS. «XBOCTOM» MBI 110 yMOJIYa-
HUIO OyJeM Ha3bIBATh yYACTOK IJIOTHOCTH MOTEHIHA-
Jla, yXOIAUil B IUIIOC 6ecKOHeIHOCTh. B paszm. 6 doymer
MOKA3aHO, 9TO y7Ke SKCIIOHeHITHAILHO PacIIpe e IeHHbIi
HOTEHIMAJT TIOPOKIACT PACIIPEICJICHAE 3aMOPOKEHHBIX
MOMEHTOB, HE HMeIoIee KOHeYHOro cpegmero. OrcyT-
CTBUE OTOKXKEHHOI'O CPEIHEr0 MPU HAJUIAU 3aMOPO-
JKEHHBIX [OKA3BbIBAET, YTO, XOTA B KAXKJIOH KOHKDET-
HOIl cpejie OIHMCaHHe CPEJHUME YUCICHHOCTSMHU HMEeT
CMBICJI, IOBEJICHUE MOJIC/IN «B IEJIOM» He OIUCHIBACTCS
CPEJIHUME XapaKTEPUCTUKAMHA.

Bajada CIeAyIoNEX PasieaoB — BBIACHATH YCJIO0-
BHUsI, IPU KOTOPBIX OTOXKKEHBIC H 3aMOPOKEHHBIC CPE/I-
HUEe O0OpaIarTcs B OECKOHEYHOCTH, 8 TAKZXKe OIUCATH
MOBEJICHAE OTOYKKEHHOTO CPEJIHEr0, €CJIM OHO KOHEY-
Ho. B arux paszenax Mbl Oy1eM OImpaThes Ha METOJIBI,
passutble B paborax [5,10].

4. YCJIOBUS CYIIIECTBOBAHUYA CPEJTHUX
YUCJIEHHOCTEMN OJ1 HECJIYVYAMHOT'O
IIOTEHIINAJIA

st Havasia paccMoTpuM OoJjiee TPOCTON Cirydait
HECJIyJalfHOTO NOTeHIMaJa, KOTOPBIl OrpaHuYeH CHU-
3y. To ectb Gymem mpejmnosaraTb, ITO0 HHTEHCUBHOCTH
PA3MHOXKEHUsI ¥ TUOEN TaCTHIl He SBJIAIOTCS CJIydaii-
HBIMI BesmanHaMu. [loTeHInas BHOBb €CTh Pa3HOCTh
MeZKJ[y WHTEHCUBHOCTBIO JI€JIEHUsI U WHTEHCUBHOCTHIO
CMEepPTU JaCTHUIL Ka}K}lOI‘/JI TOYKE PEIIeTKH.

Econ morennman V(x) orpannveH cBepxy HEKOTO-
poii koucranToit C' € R, To npencrasienne Deiinvana—
Karma (2) mst smo6oro ¢ > 0 orpanndeHo:

ml(ta z, y) = Ez

/A

E; lexp /Cds = exp{C't}.

0

Takum obpazom, perrenne KOHEIHO st Jjiroboro t > 0,
KaKuM ObI HU OBLJT OrPAHUYEHHBIN TOTeHIHa V.
Tenepr paccmoTpuM cirydail  HEOrPAHUIECHHOTO
CBEpXy MOTEHIHAA U O0bICHUM, KaK IIPEJCTABICHIE
(2) MoxkeT OKazaThCs GECKOHETHBIM. [TIaBHOE CBOHCTBO
HEOTPAHUYIEHHOTO TOTEHITNAJIA — BO3MOXKHOCTD ITPUHU-
MaTh Bce O6GJIbIIe U OOJIbINE 3HATEHUS [TPU Y/IAJTCHIH
OT CTapTOBOW TOUKM x. JadurcupyeM OECKOHETHYIO
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[0CJIEIOBATENBHOCTD { T, X1, L2, ...}, TAKYIO UTO Ha Hefl
[TOTEHITNAJI HEOTPDAHIMIEHHO BO3DACTAET:

lim V(z;) = oc.

1—00
3amMeTum, 9TO ITOT Ipejes OepeTcs Mo pPerneTke u Hu-
KakK He 3aBUCUT OT BPEMEHH t.

BadukcupyeM  IPOU3BOJIHHO

to > 0. Cuyuaitnoe Ouy»Kpanue 3a Bpems ty MOXKET
«y0eKaThb» CKOJIb YTOIHO TAJIEKO OT CTAPTOBOI TOUKHI

MOMEHT BpEMEHU

z. Tloromy cyImecTByeT HEKOTOPOE CEeMefCTBO Tpa-
exTopuit Guyxknanust T (x;), CTAPTOBABIINX B TOUKE
T M HAXOUMIIUXCA B TOYKE I; BCe BpeMsd ¢ to/2 10
to. Kaxnas orpenbuas tpaekropus us T (z;), crod B
TOUKe X; BpeMs to/2, Habupaer Maccy, 3aBUCAIILYI0 OT
V(x;). Takum obpazom, dem Gouibliie i, TeM OOJIbIIe
«Macca» KaxKJIOH TpaeKTOPHUH, IMPpUYEM IIPeJesl 3TON
«MaccChl» Tpu ¢ — 00 6eckoHeveH. Tak ITO POCT «Mac-
cbl» cemeiicrBa T (x;) MOTEHIMAIBHO HEOIDAHWYEH W
MOXKET «B30pBaTh» mpescrasiaenne PeitnmanaKara.

O/ iHaKO 3aMeTUM, YTO TPAEKTOPUU U3 CEMeNCTBa
T (x;) — 9T0 pelKue TPAeKTOPUU U BEPOSITHOCTH BbI-
O6paTh WX CpeJi BCEX BO3MOXKHBIX TPAEKTOPHIl CTpe-
MUTCS K HYJIIO TIPHU yJIaJleHuH OT CTAPTOBON TOYKH, T.€.
npu i — oo. CopeBHOBaHME MeXKJy MaJEHUEM <BEPO-
arHocTuy cemeiicta T (x;) u pocrom «maceol» T () u
OTIPEJILJISET, CMOYKET Jii OJIYKIAHUE B MIPEJCTABICHIH
(2) HabpaTh GECKOHEUHYIO «MAaCcCy» B MOMEHT BPEMeHH
to, T.e. OyJET JIM CaMO TIPEJICTABICHIE KOHETHO.

DTO COPEBHOBAHUE MOYKHO OMUCATH KOJMIECTBEHHO
C TIOMOITIBIO OTIEHOK, CM. JleMMy 2.4 B pabore [5]. Oka3bi-
BAETCs, ITO BEPOSITHOCTH TOTO, UTO CJIydaiiHoe OJIyK-
nanue »x/A 3a Bpems t yiizeT OoT cTapTOBOH TOYKK Ha
paccrosiaue, 0oJibITiee 1, YObIBaET ObICTPee IKCIIOHEH-
ThI:

P ( m[aoux] |xs| = r) <exp{—rinr+ O(r)}.
s€|0,t

(3)

3aMeTuM, 9TO TJIABHBIN W/IEH ACHUMITOTUKHU B IIPABOiT
9acTU He 3aBUCHUT OT t, ¢ U Pa3MEPHOCTH d.

EcrectBeHHO OoxujgaTh, uro, ecam V(x) pacrer
GbicTpee, weMm xzlnz, To pocr exp{V(z)} «obroHmT»
crias OJIyKIaHUS W WHTEpPecyIoliee Hac perreHne 00-
patuTcss B 6€CKOHEYHOCTL. BoJjiee TOTHO, OXKHUIACTCS,
9TO KOHEYHOCTH HMNJIU 6eCKOHe‘{HOCTb IpeJcTaB/JICeHU A
Deitnmana—Kara onpesessercss KOHETHOCTHIO Win Hec-
KOHEYHOCTBIO TIpejiesia

Vix)

_— 4
EI )

lim sup
|z|— 00

rae |- | — Li-merpuka Ha 74, paBHasE cyMMe MOJLyIeit
KOODJIMHAT .
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DopmasbHble oreHKn (cM. slemmy 1 B ITpusoxe-
HUM) OTYACTHU IIOJTBEPKIAIOT ITO OXKujanue. A MMeH-
HO, ecn mpejiest (4) HeOTpHUIATENeH, TO ITIPeJICTaBIIe-
Hue (2) KOHeYHO; ecsm Tpenes (4) He CyIecTByer, TO
upezcrasienue (2) Geckoneuno. Eciau ke paccmarpu-
BaeMBIil TIpeIes KOHETHBINH U TOJI0KUTEIbHbIA, TO B 00-
meM cjiydae HIYero cka3arh Helb3st. OTeapHo 3ame-
TUM, 9TO KOHEIHOCTb U OECKOHEIHOCTD yTBEPKIAIOTCS
cpagy i Beex t > 0.

Hampumep, B ciydae OJHOMEDPHOI DEIETKH JIJIst
HecusydaiiHoro norennuana V(z) = |z| upemen (4) pa-
BEH HYJIIO, &, 3HAYUT, HEOTPUIATEJILHOE pEIleHne 3a-
nmaan (1) cymecTByer, eIMHCTBEHHO U 3aJIa€TCs COOT-
BeTcTByOMMMM npejcrasiaennem Deitnvana—Karma. s
Hecstydaiinoro norenimana V(x) |z|? mpemen (4)
obparaercss B 6eCKOHETHOCTb, COOTBETCTBEHHO, UHTE-
rpan Qeitamana—Karma obparaercs: B 0eCKOHETHOCTD 1
HEOTPUIIATEILHBIX perteHuil yxke ner. C TOUKM 3peHus
BCB, stoT ciay4ait 03HaYaeT, YTO YNCTEHHOCTH YACTHUI]
CTOJTb HEOJHOPOIHA, UTO HE MUMEET CPEJHErO.

5. YVCJIOBUS CYIIIECTBOBAHUSI
3AMOPO>KEHHBIX CPEJIHUX
YNCJIEHHOCTEN OJIsI CJIVUAMHOT'O
MIOTEHIIVAJIA

B jaHHOM pasjesne MBI IIOKarKeM, KaK HepefiTu oT
PE3YJILTATOB /I HEC/Ty YaiiHOrO IMOTEHIUAIA K PE3Y/Ib-
TaTaM JJIg CIy9aiiHoro norennuaa. i ymo0cTBa Mbl
OyseM OpPMYJIUPOBATL PE3YJILTATHI I AOCOJIOTHO
HeIIPEePBIBHBIX CIYYafHBIX TIOTEHINAIOB C IIOTHOCTHIO
fv. Jdng caydas IMCKPETHBIX TOTEHIUAIOB BCE YTBEP-
JKJICHNS QHAJIOTUYIHBL.

Pacemorpum  corygaiiubiii moTeHnnas, OrpaHuYueH-
HBIH CHH3Y. 3aMETHM, YTO JJIs 3aMOPOKCHHBI IT0TEH-
mad V(z,w) MOXKHO paccMaTpuBaTh KAK HECITydaii-
HBIT TToTeHImalI. B Takom cirydae, ecii Jiji HEKOTOPO-
ro CJIydaifHOTO MOTEHIHAIA TOYTH BCE €r0 PeaJTu3allin
UMEIOT HENOJIOKUTENbHBIH pesest (4), To st Hux Oy-
JIeT CyIeCTBOBATh €JIMHCTBEHHOE perenue 3aaaun (1).

IIpu 1moJOGHOI ITOCTAHOBKE BOIPOCA KAXKETCS BO3-
MOZKHBIM CYIIECTBOBAHEE CJIyYAHHBIX TOTECHIUATIOB, Ta-
KHUX 9TO JIIsl HEKOTOPBIX HX PeaTU3aIiil Ipeaes BhIIe
CYIIECTBYET, a Jjist HeKOTOpbix — HeT. O1HaKo B pabore
[5] mokazano, aTo ecsm

[

10 tpesest (4) mouTH HaBepHOe HEIIOJIOXKUTEIIEH, B IIPO-
TUBHOM CJIydae — MOYTH HaBEPHOE IIpeJies OECKOHEUEH.

(5)

Inx) TV (@ <o
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Takum 0OpazoM, OTBET MPOCT: €CJIU IPABBIil XBOCT
HOTEHINAIA JOCTATOYHO JICTOK B cMbicse (5), TO 3a-
nada (1) mouTH HaBepHOE MMeeT eJIMHCTBEHHOE HeOT-
puratesbHoe perenne. Maso Toro, ecim ycmiosue (5)
HapyIIeHo, To 3agada (1) moYTH HABEpHOE HE MMeeT
€JINHCTBEHHBIX HEOTPUIIATE/IHbHBIX PEITCHH.

CewmeiicTBO pacipejesieHnii CO CTEIIeHHbIMEI XBOCTa~
MU 9aCTO UCIOJIb3yeTCs Ha TpakTuke. Hampumep, B Ma-
TEMATUIECKON CTATUCTUKE UCIOJIB3YETCs pacipejiesie-
nune CThIojieHTa, B SKOHOMHKe — pacipejesenne [Ta-
pero, a B munreuctuke — 3akoH lumnda. [Ipocreiimmii
[IpUMep BO3HUKHOBEHUsI CTEIIEHHOTO 3aKOHA B (PU3UKE
— pacupejenenne Koim, HOgBIIAONEECs B IKCIIEPU-
MEHTe C OTpPaKeHHeM JIyda CBeTa OT 3epKaJia, IT0Bep-
HyTOro Ha ciydaiuplii yros. Kparkuit o630p 3aBucu-
MOCTeil B Pa3IMIHbIX 00/1aCTIX (PU3UKU, KOTOPDHIE OTIHU-
CBIBAIOTCH CEMENCTBOM pacIpeJe/IeHui CO CTeleHHbIMUI
XBOCTAMH MOXKHO HafiTH, HanpumMep, B padore [13].

Pacnpeiesienust co cTermeHHBIM XBOCTOM UMEIOT «Tsi-
JKeJIbIii» TPaBBINl XBOCT U CIHOCOOHBI TOPOXKIATEH BBICO-
KU€ <«IHUKW», ITO MOXKET IPUBECTH K «B3PBIBY» IPE/I-
crapyienusi Qeitnmana—Kana [5]. Hanpumep, ogrOoMep-
HBII TIOTEHINAJ C TIJIOTHOCTHIO

2/2%, x> 2,
fv(z) =

0, T < 2,

HE yI0BJIeTBOPsET ycjaoBuio (5):
o0
ENE
nzz2 ) zlnz

2 2

Taxum o6pasom, 3amaua Komm (1) B aTOM ciayvae He
UMeeT HEOTPHUIATEIbHBIX PEIIeHNi, & COOTBETCTBYIO-
mee BCB He jiomyckaer ommcaHust P IIOMOIIUA 3aMO-
POXKEHHBIX CpeslHuX M1 (t, T, Yy).

1o 9TOro MOMEeHTa yTBEPKJICHUs JAHHOTO pa3esia
chOPMyIUPOBAHBI TOJBKO JJI OUPDAHMYIEHHOTO CHU3Y
noreniuaia. OrpaHMYeHHOCTb CHU3Y IT03BOJIsJIa CUU-
TaTh, 9YTO y HOTEHIMAJA HET TOYEK C HEXapPaKTEPHO
HU3KUM TOTEHIINAJIOM, TAaK HA3BIBAEMBIX «sM». Kciam
JKe MTOTEHINAJ HeOTPAHUIEH CHU3Y, TO 10 Mepe y/IaJie-
HUsI OT CTAPTOBOIl TOYKU MOIYT TOSIBJISITHCS BCe DoJiee
rayOoKme «siMbl». [OTeHIMAIBLHO OHM MOTYT YHHUUYTO-
JKATH OOJIBIIYIO 9acTh YacTHUIl M, TEM CaMbIM, yOepedb
npejacrasaenne tuna Peitnmana—Kara ot nabopa Gec-
KOHEYHOI «MaCChl» 38 KOHEIHOE BPEMS.

OxasbiBaeTcst, 9T0 TaKOil 3 HeKT BOZMOKEH TOJIb-
KO Ha pemreTke Z!', Tak Kak B 3TOM Ciydae IPH JIBH-
JKEeHUHU Ha OECKOHEYHOCTD OJTy2KIaHne 00s13aH0 TPOUTH
10 BCeM 00PA30BABIIMMCH fMaM, 6€3 BO3MOKHOCTH UX
oboiitTu. Ha perrerke pazMepHOCTH 2 U BBIIIE OJTy K/ 1a-
HUE MOXKEeT ODONTU OTpUIlATe/IbHBbIE SIMbI, TEM CAMBIM
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B30pBaB NpejcTaBienue (2), noapodHee CM. 3aMevdaHne
Ha cTp. 629 B padore [5].

Takum ob6pazoM, JjIsd MPOU3BOJIHLHOTO ITOTEHITHAIA
B JIFOOBIX PA3MEPHOCTSIX BBINOJHEHNEe yeaoBust (5) mo-
IIpesKHEMY TapaHTHPYeT CYIMECTBOBAHNE €TMHCTBEHHO-
ro pemennsi. B pasMepHOCTSIX 2 M BBIIIE 9TO YCJIOBHUE
ABJIAETCHA HeO6XO)II/H\/H)H\’I 1 JOCTATOYHBIM.

Kak ycranosseno B paGore [5], B ciyuae pasmep-
Hoctn 1 mpu HeBbIOJMHEHHN yciosus (5) HeoOXo/m-
MO [POBEPUTH CYIIECTBOBAHUE JOCTATOYHO TJIyOOKHIX
«SIM» TIOTEHITUAJIA TTPU HOMOIIH CJIETYIONIETO YCJIOBHS:

-2

/1n|x|fv(ac) < .

— 00

(6)

Eciu ycnosue (6) BBIIOJHEHO, TO «gM» HET, COOTBET-
CTBEHHO, npejcraBiedue (2) GeCKOHEYHO U HEOTPUIa-
TeJIbHBIX perennii netr. OHaKO, eCIIU JIeBBIi XBOCT 110~
TEHIMAJIA JJOCTATOTHO TsI7KeJ 1 nHTerpadt (6) pacxomT-
CsI, TO ODIMETo OTBETA HET.

B nepsom npumepe 3Toro pasjesa moTEeHITHA IMeT
TAZKEJbIA IPaBbIil XBOCT, YTO IPUBOIANUIO K <«B3DbI-
By» upegcrasienns: Qeitumana—Karma. Jobasum sromy
IIOTEHITUAJIY TSKEJIBII JIEBBII XBOCT, YTOOBI IIOPOJUTH
«sIMBI», KOTODbIE YMEHBIIAT POCT CPETHUX YUCIEHHO-
creit gactun. Paccmorpum pasmepHOCTb 1 U caemyto-
YO TJIOTHOCTH MOTEHITHAJIA:

w%, T > 2,
fv(z) =<0, z € [-2,2],
log2 1 r < -2

[z In? [z

IIposepum ycaosue (6):

—2
log2/2

4 ln(|z|)| Zlnx

To ects ycioBHE HAPYIIEHO, U, TOTEHITUAJILHO, JIJIsT Ta-

log2/2

5 0.
zln®x

a|n?|z]

koro V() MOXKeT CymecTBOBAThH €JIMHCTBEHHOE DEITie-
aue 3ajadan (1). Yrobbl B 3TOM yOenuThes, HEOOXO-
JIMO CZIeJIATh NPSAMYIO OIEHKY IPEJICTABICHNAsT THIIA
Oeiinmana—Karna. [lomobmas omenka mpoBegeHa B pa-
6ote [5], rue nokazano, uro upeacrasienne Peitnvana—
Kana Oyier koHedHbIM Jjist JII00BIX (2, ).

IMoasenem uror pasm. 5. 3amada (1) umeer cMbIca
He JUIs BCEX MOTEHIMAJIOB. B wacTHOCTH, ecim moTeH-
uaJl UMeeT CTEIIeHHOUW XBOCT BHUJA 1/xk7 k>3, 0B
pasmepuoctu (k — 1) 3amaua (1) me umeer neorpuria-
TeJbHBIX pertennii ist ¢ > (0, a coorBercrByiomee BCH
HE JIOIYCKAeT OIUCAHUE IPHU MOMOIINA 3aMOPOKEHHDBIX
CPeJIHIX YnCIeHHoCcTel qactut ajsa ¢ > 0.
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6. YCJIOBUS CYIIIECTBOBAHU
OTOXK>KEHHBIX CPEJHUX
YUCJIEHHOCTEN OJI CJOYYAMHOI'O
IIOTEHIINAJIA

B upeapraynmmx pasaenax Mbl ONUCAJIN YCJIOBH Ha
noreniual V (z,w), Ipu KOTOPBIX CYIIECTBYET PelleHue
sagaqan (1) ig HOYTH HABEPHOE KAXKIONH peasn3aliun
caydaitnoro norennuaia. OQHAKO Jazke ecjiu 3aMOpPO-
JKEHHbIE MOMEHTDI 1 (¢, T, Y, w) KOHEUHbI JJId KazKJION
peasiuzanuu cpeipl w, m (t, x,y,w) Kak ciydaiinas Be-
JIMIMHA MOKET He UMeTh MaTeMaTUIeCKOrO OXKIIAHUSI.

Paccmorpum  sror  cayuait  6osiee  11OIpOOHO.
3amMeTuM, YTO  KaXKJ0e 3aMOPOKEHHOE  CpeJIHee
mi(t,z,y,w)) BKIOUaeT B cebs TPAEKTOPHU U3

npeacrapiaennst Peitnmana—Kana, KoTopble cToAT B
craproBoii Touke x Bce Bpems [0,t]. BeposrHocTb
«BBIOPATH» TaKyld TPAGKTOPUIO paBHa exp{—xt} B
CHUJTY SKCIIOHEHIUAJILHOCTH BPEMEHH MEezKJLy CKadKaMU.
Torma Bepna ornenka
t
(my(t,z,y,w)) = ( e *'E, exp /V(Jcs,w)ds ,
0
npuYeM TIOCJe/IHUII MHTerpaJ 6Gepercs 10 TPaeKTo-
pusM, ocraoommmes B myde spemsd [0, t]. Ilosromy
V(zs) = V(0) u cayuaitnocrn Bayrpu E,(-) nmer. s
yao6cersa obozraunm V = V(0) u npomoskuM:

(ma(t,z,y,w)) = (V") = e (V).

U3 sroit onenku BoiTekaet, uro (mq (¢, x,y,w)) Ko-
HeweH, TonbKo ecam koneuno (eV'). OkaspiBaercs,
9TO JIUISE TIOTEHNHAaIa V', IMEIONEro SKCIOHEHITTATBLHOE
pacupejieJIeHne, MATEMATHIECKOE OXKHJIAHUE IO Cpe-
ae (eV') KoHeuHO TONBKO KOHeuHoe Bpems to. VIHbI-
MU CJIOBAMH, IKCIOHEHIUAIBHO PACIPEICICHHBIN 110-
TEHIIA TIOPOXKJIAET HACTOJIBKO HEOTHOPOIHDBIE PEAT-
3aIUU CPEJT, 9TO OIUCHIBATH IIOBEJICHUE CUCTEMBI yCPE/I-
HEeHMeM I10 CpeJlaM MOYKHO TOJIBKO JIMIIL KOHeTHOE Bpe-
mst [0, o).

OKCIIOHEHIINAJIBLHOE  PACIIPEIETICHNE  SBJISAETCS B
HEKOTOPOM
(e¥"). A umenno, 1y1s1 pacupesenennit V ¢ xBocramu,
Yy 3KCHOHEHIUATHLHOTO

CMBICJIE€ IIOI'PaHUYHBIM JIJIgd BEJIMYNHBI

KOTOpBIE JIerde, TeM XBOCTBI
pacrpe/ie/ieHus, BEpHO

(V") < 0. (7)

B 1o ke Bpems j1 pacupenesenuii V' ¢ xBoctamu Tsi-
JKejiee, 9YeM y SKCIIOHEHIUAJIBHOTO, <th> obpartaercst
B OeCKOHETIHOCTD 11 Beex t > 0. Hakomerr, mtst 9Kcmo-
HEHIINAJIHLHOTO PACIIPE/IEICHUS BeJIMIIMHA, <th> KOHEI-
Ha HEKOTOPOEe KOHEYHOE BPEeMsl, a 3aTeM 00pallaeTcs: B
OECKOHETHOCTD.
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Pasymeercs, UHTEPECHO Y3HATDH OLEHKY CBEPXY
g (my(t,x,y,w)), MOCKOJbKY OJHON OIEHKU CHU-
3y HeJ0CTATOYHO, YTOOBI YTBEPXKJATh KOHEIHOCTD
(ma(t,x,y,w)). dus 370ro HeOGXOAUMO OTIEIBHO Pac-
CMOTDETH JIBA BUJIA MOMEHTOB: JIOKAJIBHBIN (M (T, x,y))
u robambuetit (my (¢, z, Z%).

st T106aIbHOTO MOMEHTA, U IIPOU3BOJILHOIO PAC-
npeJie/IeHus TOTEHIAa, V' TOYHbIC OICHKHU MOy YeHbI
eme B pabore [5] U BBINIAAAT CJIEILYIONIUM 00PA3OM:

(8)

To ecTn <th> ABJIAeTCd OrpaHuYeHueM U CBepXy, U CHU-
3y € TOYHOCTBIO JI0 HEC/IYyYIallHOIO MHOYKUTEJISI.
C nomomipio oneHKN (8) MBI MOJIyUaeM IOBeJIeHne

et <ew> < <m1(t,x,Zd)> < <th>.

IIEPBOrO OTOZKZKEHHOT'O MOMEHTa IIPU OOJIBINX BpeMe-
HaX:

In (m4(t, z, Z%))
In(exp{Vt}) ©)

Dra dopMa 3armcu yaobHa: OHA OKOHIATE/IbHO CBSI3bI-

1
t—o0

BaeT KOHEYHOCTH OTOXK;KCHHOI'O MOMEHTa C KOHEUHO-
croio (eV).

Beipaxkenune (9) mosposisier rpy6oO OIEHATH CKO-
POCTH pOCTa OTOXKYKEHHBIX MOMEHTOB. Hampnwmep,
ecsm V' mMeeT CTaHJAPTHOE HOPMAJLHOE PaCIpe-
nenenne, To In{exp{Vt}) t2/2. CremoBaTesbHO
<m1(t,x,Zd)> pacTer ¢  CyHep KCIOHEeHIHMAJbHO
cKopocTbio exp{t?/2}.

B ciydae JIOKaJIbHBIX MOMEHTOE YCJIOBUE KOHETHO-
CTH OTOXKYKEHHBIX MOMEHTOB He MeHsIeTCsI

— KOHeU-
HocTh (my(t,x,y)) BHOBb paBHOCHIbHA ycyoBuio (7).
OnHako BbIBOJL BbIpazkeHus tuma (9) Gosee coroxken. B
YACTHOCTHU, HET PE3YJILTATOB JIJIsl CJIydast HOTEHIINAJIA C
NPOU3BOJILHBIM pactpeeaeaneM. OHAKO MOKHO Bbl-
JIGJIATH JIBA JIOCTATOYHO OOIMUX CeMefCTBa MOTeHInA-
JIOB, KOTODPBIE TIOKPHIBAIOT TPAKTUIECKH BCe CJIyUam,
HCIIOJIb3yeMble B ITPUKJIA/IHBIX 3a/lav9aXx.

[TepBoe ceMelcTBO MOTEHITNAIOB, «TPAHUIAY KOTO-
poro mpeacTasisger coboil YKCIOHEHINAIBHOE PacIpe-
JleJieHne, paccMoTpeHo B padore [10]. Dro morennma-
JIBI ¢ ACUMITOTUYECKHU IKCIIOHEHINATBHBIM, TAK HA3DI-
BaEMbIM «BEHOYIJIOBCKIM» XBOCTOM: JIJIS UX (DyHKITAH
pacupejesennst F'(z) BepHo

—In(1 - F(2))

cz

lim

Z—00

=1, ¢c>0, a>1.
B ciyuae norennuasa uz 3TOro cemeiicTBa COOTHOIIIE-
Hre (9) NpUHUMAET CJIey O BUJI:

In <m1(ta Z, y)>

lim ey

t—o0

=1. (10)

Hopmanbraoe pacripesiesierne BXOJUT B CEMEHCTBO ITO-
TEHINAJIOB C BeHOYJIJIOBCKUM XBOCTOM. B wacTHO-
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CTH, JJIs TIOTeHIuAaa, HOAIUHSIONIerocsa CTaHIapTHO-
My HOPMAaJIbHOMY PaCIpEIe/JeHui0? KOHCTAHTHI PABHBI
a =2, ¢ = —1/2. TToromy nopsijiok pocra (mq (t, z,y))
Oyner pasen exp{t?/2}, 4To coBmajaeT ¢ paHee BLIYUC-
JIEHHOI CKOPOCTBIO POCTA <m1(t, x, Zd)>. [Monyaaercs,
YTO CKOPOCTH POCTA CPEIHEH YHCICHHOCTH YACTHUIL Ha
BCeil pelreTKe CoBlaaer ¢ paHee BBIYUCIEHHONR CKOPO-
CTBHIO POCTA CPeHEll YUCIICHHOCTHA YaCTHUI] B OTJICJIbHOI
TOYKE.

Bropoe cemeiicTBO MOTEHIMAJIOB IIOJIydaeTcsl B3s-
Trem Jjiorapudma OT MEPBOrO CeMeiicTBa U COIAEPKUT
HOTEHIUAIB ¢ OYeHb JITKHMHU, TaK HA3BhIBACMBIMH
«rymMBesieBCKuMm» XBoctamu [14], KoTopble BeTpedaroT-
csl B Teopum dKCTpeMyMoB. JLis nx dpyHKmum pacipe-
jesienusi F'(z) BepHO

—In(1-F(2))
cexp{za}

ﬂOKaSaTeJILCTBO pe3y/bTaToOB JIJId 3TOI'O cemeiicTBa

lim

Z—00

=1, ¢>0, a>1.

npuBesneHo B jiemMax 2 —4 pasnerna [Ipunoxkenne. nsg
HOTEHIMAJIOB U3 3TOro cemeiicrsa coornomtenue (9)
NPUHUMAET CJIEJLy O BUJT:

In <m1 (tv €, y)>
o~ tint

13 seipakennit (10) n (11) MOXKHO 3aMETUTB, UTO

(11)

t—o0

9eM Jierde XBOCTBI IOTEHIHaJja, TeM CKOPOCTH POCTa
O/MKe K 9KCIIOHEHITNAJIbHOI. Bo3HIKaeT Bompoc: cyrie-
CTBYeT JIA IIOTEHIIUAJ, TaKOIl YTO CKOPOCTH POCTa OTO-
JKIKEHOTO cpeHero 6bima nopska e“t? OkazpiBaercs,
JI0001 TTOTEHITNAJI, OTPAHMIEHHBIN CBEPXY KOHCTAHTON
C, obajiaeT CIIeyIoNIM CBOCTBOM:

tlg(r)lo In(exp{Vt})/t = C.

TTosToMy /I OMPAHUYEHHOIO HOTEHIUAIA U3 PE3YJ/ib-
rara (9) ciepyer, 4TO CKOPOCTb POCTA OTOKIKEHHOTO

MoMmenTa pasHa eC?.

7. SBAKJIFOYEHUNE

Cdopmyupyem erre pas3 MOy IeHHbIE PE3YIbTATHI.
st Toro 4TOOBI HE IEpPerpyKaTh CTAaThI0 MaTeMaTH-
YEeCKUMU BBIKJIAJIKAMHI, Mbl HE CTPEMIJINCH BOCIIPOU3-
BECTH HAdaJbHBIE ITAIbl PA3BUTUS IOIIYJIAINUNA Yac-
rur; (6akrepuii). ACUMIITOTHIECKHI POCT cpeiHeit Tuc-
JIEHHOCTHU YaCTHUIl B ONMCAHHONW HAMW CHCTEME 3aBUCHT
TOJIBKO OT ACHUMIITOTHIECKOTO TTOBEJIEHNUsI [IPABOTO XBO-
cTa HoTeHIHasa. B 9acTHOCTH, eciIi OTEeHITHA JI0CTa-
TOYHO MEJJICHHO yOBbIBAeT Ha OECKOHEIHOCTH, TO IIPO-
UCXOIUT B3PBIBHOI POCT Uncja OakTepuili U UX Cpe/l-
HsIsl TUCJCHHOCTD (DOPMAJIBLHO 00paIaeTcs B 6eCKOHe -
HocTb. Kpome TOro, Mbl IOKa3ajd, YTO KOHEYHOCTH
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CpeJiHell YMC/IEHHOCTH OAaKTePHil JIjist KayKI0i KOHKPeT-
HOHl peajim3aliuu CpPebl He TapAHTHPYET KOHEIHOCTH
CcpejiHeil YucaeHHOCTH OaKTepuil 1Mpu yCpeIHEeHUH 10
camoii cpejie. B wacrHOCTH, JiIs1 TTOTEHIIMAA C IKCIIO-
HEHIINAJIHHBIM [TPABBIM XBOCTOM YCPEIHEHUE CpeHei
YUCEHHOCTH CYIIECTBYET TOJBKO KOHETHOE BpEMs, a
3aTeM obpalaercsd B 6eckoHedHOCTh. HOBBIM pe3yiib-
TaTOM B 9TOI 0OOJIACTH CTajia Tpeie/ibHas TeopeMa 1
JJIsE TIOTEHITAJIA ¢ TYMOEJIEBCKUM IIPABBIM XBOCTOM.

Mpr mosraraemM, 9TO «B3PBIB» CPEJIHUX HUHUCICHHO-
CTeil MOZKHO YCTPAHUTD 3a CUET HECTAI[MOHAPHOCTH Cpe-
ael. OIHAKO CTPOrHE UCCTETOBAHNS TTOT00HOM CUCTEMBI
C HeCTaIllMOHAPHOM c/Iy4ailHoOil cpejoit Ha Kouery 2022
roja HaM Hen3BecTHBI. [lepBble pe3yaIbTaThl B 9TOH 00-
JIACTH TIOJIY YCHBI B IUCCEPTAIMOHHOIT padore [15], koTo-
past, 0/IHAKO, II0Ka He OIyOJIMKOBaHA B PEIEH3UPYEMOM
JKypHAJIE.

ITocTrpoennbie HAMEU TpUMEPHI (DOPMAJIBHO CBsI3a-
HBI C 33J[a9eil O MOBEJICHUN OIS OAKTePHil, HO
[IPEJICTABJISETCH, YTO IOJ00HBIE K€ SIBJIEHUS MOIYT
pa3BUBATHCS MPU MOJXOJSIINX YCAOBUSX U IIPU Pas-
BATHUU JIDYTUX HEYCTOWYMBOCTEH B ciaydailHOil cpejie.
Kax u B apyrux ciydasx, ¢popmaabHoe oOparieHne pe-
menns B OECKOHETHOCTH CBUIETEILCTBYET 00 OrpaHu-
YeHHO puMeHnMocTH Mojiesn. [Iporre Bcero canrars,
9TO B PEAbHBIX IMPUJIOKEHUAX B3PBIBHOI POCT MOIIy-
JIAINN OTPAHUIUBACTCH KOHEIHOCTHIO PECYPCOB CPE/IBI.
A umenno, pocT yncia 6akTepuil OrpaHuIUBACTCS TO-
rJia, KOTJia OHM CheJIaf0T MPaKTUIeCKu BCro muiry. Kak
U B JIpyruxX 3ajJadax O PA3BUTUU HEYCTOIYIMBOCTHU B
CJIyYailHBIX CPeJIax, IMOJIyYeHHbIE Pe3Y/IbTaThl BbI3bIBa-
FOT OIIpe/Ie/IEHHbIe YKU3HEHHBIE AJLIIO3UNA, K KOTOPBIM
XO4YeTCsl OTHOCUTHCA C OCTOPOXKHOCTHIO P HEITOCPE/I-
CTBEHHOM ITPOEKTUPOBAHUU PE3YIHTATOB HA OKPYKAIO-
IYI0 PEasbHOCTD.

dunancupoBanue. Pabora B.K. u E.f. momgaep-
xana Poccuiickum dbormoMm dbyHIaMEHTATBHBIX HCCITE-
nosarnii (rpant Ne 20-01-00487).

ITPMNJIO2KEHUE

Pacemorpum  3amaay Komm st HecstygaitHOro
OIPaHUYIEHHOrO CHU3Y noreHnuasa f(x):

W = xAmq(t,x,y) + f(x)mi(t, z,y), (12)
ml(oa T, y) - 6(x’ y)

IIpencrasnenne tuma Peitamana—Kana s penrenuns
sazaun (12) BBINISLIAT TaK:

o(zs,y) | (13)

t
mi(t,z,y) = E, |exp / £ (22)ds
0

568

rjie Ts — CaydaitHoe OJIyKIaHne ¢ TeHepaTopoM >4, a
MaTeMaTHIecKoe oxKujanue B, BbraucasgeTcs Jas Tpa-
eKTOPHIi CJIydaiiHOro OJIyKIAHUSI TIPU YCJIOBUU CTAPTa
u3 Toukn ¢ € 74,

HamoMunM, 9TO €IMHCTBEHHOE HEOTPUIATETHLHOE
pemtenue 3agaun (12) cymiecTByeT Toraa U TOJILKO TO-
rja, Korja npejcrasierne (13) KoneuHo, cM. pas. 3.
Cdopmymupyem J1emMy, KOTOpast CBSI3BIBAET KOHEY-
HOCTBH TpejicTaBienus (13) co CKOpoCTbIO BO3pacTanus
bynxmun f(z) ma Z%. Dra memma Gbuta joKazaHA B
pabore [5] cpasy Juisi caydasi CaydaifHOrO MOTEeHIHa-
sa. Ml ostb3yeMcst ¢xeMoil JJoKa3aTeabeTsa u3 [5], Ho
paccMaTpuBaeM Hec/TyIailHbIi MOTeHIIaL.

Jlemma 1. Jljia npencrasienus tuma Peitrmana—
Kara (13) perrenns 3agaun Konm (12) Bepro ciejtyio-

1ee:
a) ecsm
lim M <0,
z—oo xlnw
o (13) xoneuHo Jyis Beex (x,1);
b) ecim
lim L&) _
z—oo xlnw

10 (13) Geckoneuno st Beex (z,t).

Jloka3aTeJibCTBO IyHKTA a). B cujly OueHku
CBepxy

ml(ta T, y) = Ez

JIOCTATOYHO JIOKA3aTh KOHEYHOCTH IIOCJIEHEr0 WHTE-
rpaJia.

Sadurcupyem TPOU3BOJILHO MOMEHT BpeMeHH t.
Pacemorpum cemeiicTBo TpaekTOpuil Tg, KOTOpbIE HE
yerean ybexkarh 3a BpeMs ¢ JaJIbIne, 9eM Ha PACCTOsI-
HIIE 7. OT CTapTa, T.e. MaXe(oy |Ts| = n, Tme |- | — Ly
HOpMa. BKJiaj| Kak10ii TaKoii TPAEKTOPUU B IIPEJICTaB-
snenne QPeiinvana—Kara #e 00JbIe BKIaIa TPACKTO-
puM, KOTOpasi Cpa3y UPLITHYJIa B TOYKY u3 Kyba |z| < n
C caMbIM OOJIBIITIM TIOTEHINAJIOM U OCTABaJIACH TaM BCe
spems (0,t]. DTor BrIAM paBen exp{tmax|, <, f(z)}.
Takum 06pazomM, ToryIaeM

t
E, |exp ?/f

o0

P,(max |zs] = n)exp{t max flx)}.
— " "selo,] |z|<n
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paborer  [5]
Pp(maxgepoy [rs|] = n) Obimo ormeneno cBepxy Kak
exp{—nlnn + O(n)} upu n — oo. Iomb3ysich dT0i
OIIEHKOI, HayuHad C

B 1emwme 2.4 BbIpPaKeHUe

paccMOTpUM  HEKOTOPOe 7N,
KOTOPOTO

P.( m[ax] |zs] =n) < exp{—nInn+ Cn}
s€|0,t

JIJIsSI HEKOTOPOii KoHCTaHThI C.

[Tonb3ysice ycinoBuem

lim, o0 f(2)
zlnx

<0,
BoIbEpeM 7y, TaK 4TO JJId N > 7N BbIparkKeHue
max|,|<n f(2)/nInn mexur B orpeske (—oo;e| s
HEeKOTOporo € > 0. 3aMerum, 4TO MOXKHO B34Th CKOJIb
YTOHO OJIM3KOE K HYJIO €.

[Tonb3ysach ABYMS TPEABIIYIAMA PACCYKJICHUSIM,
paccMoTpuM ng = max(ng, ny). s ny BepHo

P.(max |zs| = n)exp{t max f(z)} <
3 Pl o] = ) exp{ s 1 0))

<Cp+ Z exp{—nlnn + Cn} exp{t max f(z)}

s |z|<n
oo max f(x)
C |z|<n
=C —plnn|l-— — = |} <
1+7; expyTnamn Inn nlnn
<Ci+ ;o expl —nlnn 1737155
X 1 p lnn )
n=nsa

riae C] — KOHCTaHTa, OTBEYAIONIAS KOHETHON CyMMe OT
0 mo ns.

Jljist KazkJ10ro (PUKCUPOBAHHOIO ¢ MBI MOYKEM BbI-
6parhb Takoe ny, arobel C5 := 1 — C'/Inny — te GbI-
J10 6b1 cTporo Oosbitie HysId. Torma uccaeayeMblit ps
OI'PAHUYUBAELTCSI CBEPXY CXOJSIIITUMCS PSIJIOM:

Ci+ Z exp{—nlnn(l—% —ta)} <

n=ns

<Ci + Z exp{—Csnlnn} < co.

n=nsg

W3 mpejicraB/ieHHOM IEIIOYKUA HEPABEHCTB CJLYIET,
qT0 mcxoaHoe mnpeactapaenne tumna Peiinmvana—Kara
mq (t, x,y) OrPAHUYEHO CXOMAIUMCS PAJOM JJIst JIEOOO-
ro dukcuposannoro t > 0 u x € Z u mynxr a) JIoKa-
3aH.

8 KIT®, Boim. 4

HokazaresbcTBo nyHKTa b). Eciam cynpemywm
CPEJIHNIX 10 TPAEKTOPHAM, CTAPTYIONUX U3 HyJist Oec-
KOHEYEH,

t
sup Eg [exp /f(xs)ds O(x,y)| =00, (14)
yEeZ

0
TO 0bOIIIee peicTaBerHne Tuiia Peitnmana—Kara rakke
PaCXOIUTCST:

E, |exp /f(acs)ds 0(zt,y) | = 0. (15)
0

JlokazaresbCcTBO 9TOr0 (hakTa TEXHUIECKU T'POMO3JI-
KO€, B TOYHOCTH IIOBTOPSAET paccykjeHne Ha cTp. 628
paboTs! [5] 1, B CBSI3U € 3TUM, 3/1€Ch HE TIPUBOJIATCS.
Hamomuum, 9rTo [ orpanmvena CHH3Y, W IIyCThb
f(x) > a, a < 0. B cuiy ycinoBug myukra b), Mbl MO-
JKeM BbIOpATh MyTh, COCTOANMA u3 n + 1 maros, u3s
HYJIA B Yy, TAKOH 9TO
lm W) (16)
n=00 [yn| In [yn|
PaccMoTpuM cemeiicTBO TpaeKTopuil OJryzKIaHus,
KOTOPBIE IIPOXOJAT B TOYHOCTHU IIyTh {0, Y1, . . ., Yn }, 10O~
CTHUTalOT TOUKH Y, 32 BpeMs t/2 u ocraBIneecsi BpeMsi
CTOAT B Yy, ONeHUM MUHMMAJILHBII BKJIa/] 9TOr0 ceMeii-
CTBa B MaTeMaTudeckoe oxujanue u3 dhopmysnl (14):

Eo |exp /f(zs)ds Oy, (1) (17)
0

Brawase OneHMM IPUPOCTBI «MACCHI» TPACKTOPHIT M3
paccMaTpuBaeMoro cemeiictsa. B cmmy orpanmuenno-
CTU HOTEHIHMAJA CHU3Y, IPUPOCT «Maccel» 3a [0,t/2],
B KaxkJ0ii Touke Gosbiie exp {at/2}. Ilpupocr «mac-
cbl» B nocaeaneii Touke pased exp { f (v, )t/2}. Uroro-
Basl OLICHKA CHU3Y IIPUPOCTA «MACCHI» COCTABHUT

exp {at/2 + f(ya)t/2). (18)

Teneps OIEHUM BEpPOSITHOCTH «BBIOpATb» Tpa-
eKTOpHUIO  ceMelicTBa. BepoaTHocTh BbIOOpa  IIyTH
{0,91,...,9yn} B npocrpancree pasna (1/2d)". Kou-

YeCcTBO INPBIKKOB 3a BpeMs { MMeeT IIyaCcCOHOBCKOE
pacipejiejieHue ¢ IapaMeTpoM st, IIOTOMY BEpO-
SATHOCTD IOJIYYUTh POBHO T CKAYKOB 3a Bpemsd t/2

paBHa
n

(o)
P(nt/Q) = exp{—st}.
TTosbsysick popmystoit Crupsunra jist 1!, Moy dum

P(ny2) = exp{—nlnn+ O(n)}.
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Haxkomner, BEepoSTHOCTL, TOrO, YTO TPAEKTOPHs OCTa-
JaCh CTOATH B TOYKE Y, BCE BpeMd 1/2 B Cumiry IKC-
HNOHEHIIMAJLHOCTH BPEMEHH MEKJLy CKadKaMU paBHa
exp{—xt/2}. Iroroas oreHKa CHU3Y BEPOSITHOCTH Ce-
MelicTBa TpaeKTOpHUii paBHA

(3 (19)

ﬁ) exp{—nlnn — sxt/2}.

O6bepunum onenku (18) u (19):

t
Eo |exp / f(za)ds 8y, (2) | >

exp{at/Q—i—f(yn t/2 —nIn(2d) —nlnn — »xt/2} =
exp{f(yn)t/2 —nlnn+ O(n)} =

(
exp{ —nlnn(l N <lnn) )}

2nlnn
Corutacuo upemnosozxkenuto (16), mosydentoe Bbipa-
JKeHHe He OTPAHUYEHO IPU N — 00 JJIs JIHOOBIX (z,1).

TTosromy cynpemym (14) pasen 6eckoneunocru. Cieno-
BaTEILHO, UCXO/IHOE NpejcTaBienne Tuma Deitnvana—
Kara (17) 6ecKoHETHO U JeMMa JTOKa3aHa.

O6o6menne pesynpraros paborst [10] ma ciyuait
MPONU3BOJIBHOTO CEMENCTBa CIIyYalHBIX HOTEHINAJIOB
JIeJIAeTCS TIPH TOMOIIIH JIOKA3ATEIbCTBA AHAJIOTOB JIEMM
6.2, 6.3 u 6.4 u3 pabotrsl [10] . MBI f0Ka?KEM TOJIBKO Pe-
3YJBTATEI, TpEeOyEeMbIe JIJTsl TIEPBOIO OTOXKKEHHOTO MO-
MEHTa: aHAJIOr JIEeMMbI 6.2 B BUIe JIeMM 2 U 3 U aHAJIOT
JeMMbl 6.3 B Bujie JieMMbI 4.

Baech n gasee Boipaxkenue f(x) ~ g(x) o3nagaer,
qro lim, o f(2)/g(x) = 1. dus ciaydaiiHoil BeJnIuHbI
V(z) ¢ dynkuumeit pacupenenenust F(x) Oymem Ha3bl-
BaTh XBOCTOBOM dyHKnueit S(z) mononaHenne K bHyHK-
In pacnpegeﬂeﬂnﬂ S(x) = 1 — F(x). Beegem 06o-
sHavennst: M (t) := <th> u G(t) :=1In M(t).

Jlemma 2 HyCTb & — a6c0JIIOTHO HelpepbIBHAS
ciyJaiiHas BeJIMINHA C XBOCTOBON (DYyHKITHEIH

S(z)=e", >0, a>1

Torpna G(t) umeer cieyoree aCUMITOTUIECKOE TIPe/T-
CTaBJICHUE:

G(t) ~a tint, t— oo.

HHokazarenbcTBo. Haiiyiem npejicrasienne dpyHK-
mn M (t) wepes xBocroByto dhyHKIMO S(2):

M(t) = () R/e“dF R/e“da F)=
= f/e“”dS = —Sel® C:O +/S(z)d(e”).

R R

570

HNcnonb3yst MOHOTOHHOE yObIBaHME S(2), TTOSLYINM

M) = t / S(2)e'ds = t / et gu (20)

R R

PaccyzKjienue, KOTopoe Mbl IPUMEHHUM Jlajiee, IIpU-
BOJIUT K MeToy JlaItaca, eciu n3Ha4daabHO (DYHKIIUS
S(z) 6omee nmpocrast, Hanpumep InS(z) = z% a > 1
[10,16]. B mamewm ciaygae ucnosbzoBars Meros Jlama-
ca HaIIpSMYIO He HOJIY4HTCA U IIPHJIETCS ITIOJHOCTHIO
HOBTOPUTH PACCYZKICHNIE.

1t TpoCTOTHI BBIKIAM0K ToIoRknM ¢ = 0 m v = 1.
Paznoxum bdyukmmio tx — e” B pan Teitnopa B okpect-
HOCTHU ee TOYKH Makcumyma r* = Int:

> .17 T
DD o

k=3

.1 )k
tr—e® =tx* —e” —§e"L

=Int:

IlomcraBuMm B TipenblayIee BhIpaskeHne x*

1 = (z —Int)k
tzfe””:tlntftfit(xflnt)thZ%

k=3
Taxum 06pazoM, MOy IUM
M(t) = t/et‘”_exdx =
R
—ly(z—Int)’—t 5 =k
= te““t*t/e : = M dr (21)
R
Wcenemyem  mpaBblit  mHTErpas, —CAejiaB  3aMeHy
z=+t(x —Int):
iy = (z —Int)k
R k=3
1 1, > okt
%/exp{az }exp{z I dx.
R k=3

Ilocaemauit nnrerpas uccieoBan B pasi. 2.5 paboTol
[16], roe nokazano, uro ou ecrb 1+ O (%) Yauroias
9T0, U3 BhIparkeHust (21) mosryanm

M(t) _ t/etzfemdl‘ -~ etlntft\/g <1 +0 <%)) ’
R

t — 0.
Taxum o6pazom, 1uist G(t) = In M (t) umeem

G(t) ~tint, t— oo, (22)

9TO €CTh yCJoBHE JieMMbl i ¢ = 0 m o = 1.
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B obmem ciyuae, mpu ¢ > 0 u v > 1, BoIAUCICHUST
60oJtee TPOMOBIKH, OJTHAKO OOIIMIT XO/T PACCYK/ICHUS HE
MeHsieTcsl. [J1aBHBII wieH acuMoToTuky tInt 3aMeHuT-
ca Ha o~ 'tln (t/ac), uro skeuBasentHo o~ ‘tlnt 1pu
t — oco. C yuerom 3TOro 3aMevYaHusi MOYXKHO CUUTATD
JEeMMY JOKa3aHHOM.

JlemMma 3. Ilyctp & — abCOJIOTHO HeNpepbIBHAS
ciIydaiiHas BEJUYIUHA, I XBOCTOBON (DYHKIIUU KOTO-
poii BepHO

In S(z) ~ —ce”,

c>0, a>1, x— occ.

Torpma G(t) umeer cieyoree acCUMITOTUIECKOE TIPe/T-
CTaBJICHUE:

G(t) ~a 'tint, t— oo.

JokazareabcTBo.  Dukcupyem  MIPOU3BOJIHLHO
€ > 0. ITo yciioBurO JieMMbI, HAUNHAsI ¢ HEKOTOPOT'O X,
IJId T > T BEPHO

—(14¢e)ee™ <InS(z) < —(1 —¢&)ce™™.

Jutst yiobeTBa BBEJEM CJeyIonue 0003HaICHUS:

g(x) == —ce®, cpi=14¢, c_:=1—c¢.

B stux ob6o3HaUEeHUSIX, HAUNHASL C HEKOTOPOTO X, JJIs
T > Xy BEPHO

cice® <InS(x) < c_ce™™. (23)

Bocnosb3zosarbest oneHkamMu (23) MOMKHO TOJIBKO
HaunHas ¢ Zo. 1loaromy pasobbem dynkimo M(t) B
npescrasiennn (20) Ha JiBa HHTErpaJa;

M(t) :t/S(z)e”dz:t 70(...)+t7(...). (24)
R —00 zo

OrneHnM BTOPOIt MHTErPAJT € JBYX CTOPOH:

oo
t/eterc+g(:v)daC <

zo

00 S
< t/eterln S(:v)daC < t/eterc,g(a:)dz.
xo o

Ho6asum nepsblit unrerpas u3 (24) or —oo 10 xo:

o] Zo

t/etx+c+g(z)dx+t / €tz+1nS(I)d$<
o —0o0
< M(t) <
e’} Zo
gt/etw+c,g(z)dz+t / etw—i—lnS(w)dx. (25)
o — 00

Paccvorpum orieHKy CHU3Y B IPEJBIIYINEM BbIpaske-
nnu. [IpemcraBum ee B cleayromeM BUe:

t/em“*g(“’)dx—i—
xo Zo
+t/etIJrlnS(z)dIE*t/6tm+c+g(x)dl'.

Ilepsebrit uaTerpaa oboznadnm 3a Ji, CyMMy BTOPOTO
u Tperbero — 3a B . Takum ke 06pa3oM IIpeJcTaBIM
PaByo 9acTh BhIpaxkeHus (25) B BUJe HHTErpaJos J_
uB_:

Jiy+By <M(t)<J-+B_. (26)

Onennm By um B_, BOCHOJBH30BaBIIUCH TEM, UTO
S(z) <1,ag(x) <0:

By =t / eltw i S(@) gp ¢ / elotera(@) gy <
—0 “oo
z z
<t / edr +t / edr < 26!,
“ “

Taxum ke 0o6pa3oM, OlleHNB B CHU3Y 1 IOBTOPUB pac-
cyX)aeHus st B, mosyanm

Byl <267 |B_| < 26",
WMurerpansr J4 u J_ npencraBidoT coboil DyHKIIN
M (t) pst caygailHON BEJMYUHDBI ¢ XBOCTOBBIME (DYHK-

c_ce™”

axT
¢ m e , COOTBETCTBEHHO. B Takom

MUSMU €

cJIydae BOCIIOJIb3YeMCsl JIEMMOI 2:
InJ, ~a 'tlnt; InJ_a 'tint.

Taxkum obpazom,

_In(Jy +By) : By _
Jm = = im i {1 ) =1, (27)
T.€.

In(Jy + By) ~In(J_ + B_) ~a 'tnt.
Bosbmewm Jiorapudm or Boipazkenus (26):
1Il(<]+ + B+) < G(t) < hl(Jf + B,)

JleBast m mpaBasi 9acTH aCHMITOTUYIECKU SKBUBAJIECHT-
HBI o 'tInt, a, 3HAUNT, G(t) acMMITOTHIECKY SKBUBA-
JIEHTHA TOMY K€, U JIEMMa JIOKa3aHa.

Jlemma 4. Ilycrs f1(t) u fo(t) — HeupepbiBHbBIE
GYHKIINNI, TAKAE ITO

In f;(t) ~atlnt, t - o0, 1 =1, 2.

8*
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Torma st uxX cBEpTKU

W(t) = fi % folt) = / (@) falt — 2)da

BEpHO

InW(t) ~atlnt, t— occ.

Hoxka3zaresbcrBo. 3anuiem dyukuuu 1n f;(t) B
BHJIE

In f;(t) = atInt 4+ p;(t), i=1,2.

CoriacHO PeIIToIOKEHUIM JIEMMBI, 715t JTI000T0 € > ()
cymecrsyer K = K(g) > 0, Takoe uro

lps(1)] < K +etlnt, i=1,2. (28)

DTu OlEeHKN 03HAYAIOT, 9T0 cBeprka W () riaaBHbIM 06-
pa30M 3aBHUCUT OT IVIABHOU YacTu acuMiToTun at lnt.
O6osnaunm 3a Wy(t) uHTErpas, COOTBETCTBYIOMIMIL
CBEPTKE TJIABHBIX YacTeil acCHMIITOTHK:

t
Wo(t) :/eawlnw-l—a(t—;c)ln(t—w)dx.
0

Torma W (t) MOXKHO OIEHUTH CJIEJIYIOMUM 06pa3oM:
WO (t)e—QK—Zet Int < W(t) < WO (t)€2K+28t lnt.

Bzss norapudwm, ¢ 0benx cTopoH Moy M

InWy(t) — 2K — 2etInt < In W (t) <
<InWy(t) + 2K + 2etInt.  (29)

Uccnenyem acumnroruyueckoe nosenenne Wo(t) mpu
t — oo. Urobnl mpuMmeHnTh MeTos, Jlammaca, meo6xo-
JIAMO M30ABUTHCS OT MEPEMEHHOTO MTepeIe/ia NHTErPH-
poBaHusl, clejiaB 3aMeHy T = tz:

1
Wo(t) = t/eatZln(tZ)+a(t*tZ) In (tftz)dz.
0

VHpocTuM oIy 9€HHOE BBIPAXKEHNUE:

1
Wo(t) _ ﬁ/eat Int+a(t—tz)ln (t—tz)dz —
0

1
:teatlnt/eat(zlanr(l*Z)11’1(1*2))dz_ (30)
0

Mpbl HaxXOMMCS B YCIOBUAX NPUMEHEHUsI METOJIa
Jlanmaca. OH yTBepKJIaeT, UTO MOCJIETHUI HHTETrpaJl

(30) mpm Gosbmux ¢ GIM30K K 3HAYEHWIO CBOEil 10-
JIMHTErpaJbHON (DYHKINU B TOYKE MakCHMyMa (hyHK-
mm zlnz + (1 — 2)In(l — 2), cm. [16]. DyHxUMS
zlnz 4+ (1 — 2)In(1l — 2) B Toukax 1 u —1 gocruraer
MaKCHMyMa, KOTOPbIi pasen mymo. [losromy mpu 60716
mwmx ¢ uarerpaJ u3 Boipaxkenus (30) acUMITOTHYECKH
PABEH €IMHUIIE:

Wo(t) ~ te®™  InWy(t) ~ atlnt, t— oc.
TloncraBus Jannoe BhpazkeHue B HepaBeHcTBo (29), 1o-
JIydaeM yTBEpXKJIeHHe JIeMMbL.

Kombunupysi temmbr 2—-4 u moaxomsl U3 pabOThI
[10], moJsryaum OCHOBHOI pe3yJibTar:

Teopema 1.

PacemoTpuM BeTBsIIeecs caydaiinoe Oy KIaHue B
catydaiinoii cpese ¢ norentmasom V (x). Iycrs aysa xso-
croBoii dyrknum S(x) noreHnnAaNa BEPHO

InS(x) ~—ce™, ¢>0, a>1, ©— .

Torna

1 t
hm n<m1( 7x7y)> — 1
t—oo o tint
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