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B pabore npuBeneHo 3aMKHYTOE aHAJIMTUUECKOE pellIieHUE 3a1auM TIOCKOH nedopmainu
O pejlakcalluM HaIpsDKeHUH B IUIACTHHE, BSI3KME CBOMCTBA KOTOPOM pas3iMyaloTcsi Mpu
pactsikeHUM M cxatuu. O6paTuMble U HeoOpaTuMble AedOopMallMy MOoJaraloTcsi KOHeu-
HeiMU. Mcrionb3yeTcsl TMHEHO-BsI3Kasi MOJIeJIb Ha OCHOBE 9KBUBAJIEHTHOIO HAaIpsiKe-
HUsI, KOTOPOE SIBJIIETCS] KyCOYHO-JIMHENHOW (DYyHKILMe IMTaBHBIX HAMpPsKeHWM ¢ mapa-
METPOM Pa3HOCOIPOTUBIIsIEMOCTU. OOCYXIAIOTCSl XapaKTepHbIe MUl 3TOH MOJIENIN 0COo-
OGEHHOCTH pelIeHUsI.
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DOI: 10.31857/S0032823523050132, EDN: QPGCOZ

1. Beegenne. MexaHnueckre CBOMCTBA MaTepraioB MOTYT 3aMETHO Pa3/INyaThCs TIPU PaCTsi-
XKEHUM U CKAaTUM. Yrpyrue 3pdeKThl TaKoro poaa 0OCyKIaINCh B pa3IMYHbIX padorax [1—7],
IUTSL X OTIMCaHUS ObLIIA CO3[aHbl ClielMaIbHbIE PA3HOMO/IYJIbHbIE TEOPUU YIIPYTOCTU. YIO-
MSIHEM HeJlaBHee McClieIoBaHre, B KOTOPOM TaKasli TEOpUs CTPOUTCS U151 HEJIMHEMHO-yTIpy-
rux Marepuasos [8]. B Teopuu miiacTUYHOCTU TaK>Ke U3BECTHBI MOJICJIN, CIIOCOOHBIC YYUTHI-
BaTh aCUMMETPUIO B MoBeneHUN Matepuana [9—11]. Onucanue MaTeprayioB, ISl KOTOPBIX
BSI3KME CBOMCTBA pa3JiM4yaloTCs TIPU CXKAaTUU U pacTsKeHUM (CM., Hampumep, [12—19]), mo-
KeT OBbITh TaHO HAa OCHOBE CTEIMAIbHOTO BhIOOpA SKBUBAJIEHTHOTO HATIPSIKEHWS B TTOTEH-
LaJIbHBIX 3aKOHaX Mmoyusydectu [20—22].

Ha puc. 1 npuBeneHa WUIIOCTpalys pa3HOCOIIPOTUBIISIEMOCTH BSI3KOM nedopmanuu pac-
TSDKEHUS U ckaTusi. I300paxkeHbl rarpaMMbl “CKOpOCTb nedopMaliuu—HarpsikeHue” 1ist
NIBYX JJMHEMHO-BSI3KUX MaTepuanoB. s Kaxkmnoro n3 HUX 3¢hdeKTuBHbIE KO3GhGUIIMEHTH
BSI3KOCTHU TIPU CXKATUM U PACTSDKEHUN Pa3InyaroTCs B YEThIpe pas3a, HO JUISI OMHOTO M3 HUX
BBIIIIE BSI3KOCTh TIPU CXKATUU, a JIJIsI BTOPOTO HA00OPOT.

B HenaBHeM uccienoBaHuu [23] moydyeHbl aHAIUTUYECKHME PEIIeHHUs O pejaKcaluy Ha-
MpsKeHUIt B U30THYTOM B YCIOBUSIX IIOCKOM nedopManuuy miaacTUHE IS ABYX JUHEHHO-
BSI3KUX MOJIeJIeil pa3HOCONPOTUBIISIIONIErOCs MaTepraiia ¢ IaJKUMU MOTeHIIMaTIaMU MOJ3y-
yectu. B omimune ot [23], 31ech MpoBeeHo ucciieloBaHre TOM e 3a1a4u TSl KyCOYHO-JI1-
HEWHOro MOTeHIIMAIa TIOJI3YUYEeCTU U 00CYKIAI0TCsl KaUeCTBEHHbIE Pa3Inyusl pPelIeHU.

CraTbs opraHM30BaHa ciienylolnuM odpa3om. B pasn. 2 mpuBemeHa mocraHOBKa 3adadyu.
B pasn. 3 npuBeneHb 001IMe COOTHOIIIEHUSI MOJIeIM MaTepuaia. B pasn. 4 KpaTKo U310KeHO
M3BECTHOE pellieHue 00 YyIpyroM M3rube HeckKMMaeMoll HeJIMHEMHO-yNpyroil IJIacTUHBI.
B uccnenoBaHUM UCIIOB3yeTCsl HECXKUMaeMasi yripyrasi Mmoneib [eHKu, Kak HauboJiee 1po-
CTasi M, BMECTe C TeM, KOPPEKTHO OINMMCHIBAIOIIAS TOCTATOUHO IIIMPOKUIA CIIEKTP MaTEPUAIOB
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Puc. 1. Pa3zHOCONIPOTHBIISIEMOCTD BSI3KOI 1ehopMaliiy CXaTusl/pacTsKeHNS.

MpY YMEPEHHBIX yIpyrux necdopmManusx. Jlajsee pasHOCOMPOTUBIISIEMOCTh MaTepuaia pu
YUCTO YNpyroit AecdbopMalini He YIUTHIBAETCSI, YTO TTO3BOJISIET COCPEAOTOUNTHCS MUCKITIOUM-
TeJIbHO Ha BSI3KUX 3(ddekTax. B pasn. 5 monydyeHo pellieHre 3a0auyM pelakcalluy MIaCTUHBI
IIJIsI TCH30PHO-JIMHEHOro 3aKOHA MOJI3y4eCcT MaTepuaja ¢ SKBUBAJIEHTHBIM HaIpsixKe-
HUEM Oy, OMUCHIBAIOIINM Pa3HOCOMPOTUBIISIEMOCTD BIA3KOH nedopmanuu. DTO 9KBUBA-
JICHTHOE HaIpsDKeHWE MPEICTaBIIsSIeT cOO0M KyCOYHO-JTMHEHHYIO (DYHKIIUIO TIaBHBIX Ha-
MIpsDKeHU, B KOTOPYIO BXOAUT MapaMeTp MaTeprajia, OTBeYalomnii 3a pa3HOCOIPOTUBIISIC-
MOCTb. TTOBEpXHOCTh G, = const TpPEACTaBAseT COOOW IIECTUIPAHHUK JIEXKAlIMid Ha
TUAPOCTATUYECKONM OCU (IJIs1 NBYX TMpenesibHbIX 3HAYEeHWI MapaMeTpa pa3HOCOIIPOTUBIIsIe-
MOCTH HIECTUTPAaHHUK BBIPOXIAETCS B TpeyrojbHyio npusmy) [20—22]. I1pouecc penakca-
LIMY HaTpSDKeHW# B U30THYTOM TIacTUHE TPOXONUT B IBe cTaauu. Ha mepBoit ctanuu Ha-
MPSKEHHOE COCTOSTHUE B TOWM YacTW M3O0THYTOM TUIACTUHBI, KOTOpasl cxXaTa B MPOIOJILHOM
HarpasJIEeHUU X, (CM. pUC. 2), COOTBETCTBYET ONHOI U3 rpaHeil eCTUTpaHHUKA, a Halpsi-
>)KEHHOE COCTOSIHHME B TOUKAX PACTSIHYTOI YacTH IJIACTUHBI COOTBETCTBYET MPOTUBOMOIOX-
HOIi rpaHU IIeCTUTpaHHUKA. B onpeneaeHHbIIT MOMEHT BpEMEHU HAIPSIKEHHOE COCTOSTHUE
KaXXJI0i TOYKHU TUIACTUHBI BBIXOIUT HA CMEXHOE C COOTBETCTBYIOIIEH IpaHbIO IIECTUTPAH-
HUKa peOpo M HauMHaeTcsl BTopasi CTaaus pejakcauuu. B KoHile pas3n. 5 nmpuBeaeHo 3a-
MKHYTOE€ aHAJIUTUYECKOE PellleHre TSl peslakcalliy U3rnbaloiero MoMeHTa. B pasn. 6 06-
CY>XIAIOTCS CBOICTBA MOJIyYEHHOTO PEIIeHNsI B CDABHEHUU C JIPYTMMU MOJIEJISIMU Pa3HOCO-
MMPOTHUBJISIEMOCTH.

2. ITocranoBka 3agaun. [1psmoyronbHad 1iacTiHa B Hee(hOPMUPOBAHHOM COCTOSTHUU B
JIekapToBoii cucreMe KkoopauHat OX;X,X; ¢ 6a3UCHBIMU BEKTOPaMU e, €,, €3 OrpaHUYEHa
HepaseHcTBamn 0 < X, < H, —L/2 < X, < +1/2,-1/2 < X; < +1/2 (puc. 2). K miactune
MPUJIOXKEH U3rMOAIOIINit MOMEHT M , BCIEACTBUE YEro MjacTuHa AeOopMUpYEeTCs] CHUMMET-
PUYHO OTHOCUTENIBHO TuIockocTh OX;X5. edbopMrpoBaHHas IIACTUHA MOXET OBbITh ONU-
caHa B LUWJIMHAPUYCCKON cHUCTeMe KOOpAMHAT Or@z ¢ 6a3sUCHBIMU BEKTOPaMHU €, €y, €.
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Puc. 2. 13rub miuacTUHBI B yCIOBUSIX TUTOCKOM techopMaIivu.

IMonaraercsi, 4TO U3rMO MPOUCXOAUT B YCIOBUSIX IJIOCKOI AeopMaliiu (JU1s1 4ero TpeoOyIoT-
Cs1 OTPAaHWYEHUS Ha TOpPLaxX MJIACTUHBI, HAXOASLIMXCS B IMIIOCKOCTH OX | X,). AKTUBHOE Ha-
Trpy>K€HME T10JIaraeTCsl JOCTaTOYHO OBICTPBIM, YTOOBI MOXKHO OBLIO IpeHeOpeyb neiicTBueM
BSI3KMX 3(hHEKTOB MpU 1ePOpMUPOBAHUU.

N3zornyras niactuHa 3ahuKCUpoBaHa OT MepeMeIleHUI U pacCMaTPUBAETCs TTPOLIECC pe-
JIaKCall¥ HaIMpsDKeHUH 3a c4eT BA3KMX 3(h(heKToB, B YaCTHOCTH, OTIPENEIISIETCS] 9BOJTIOIMST
M3TUOAIOIIET0 MOMEHTA.

3. Moaenp matepuana. Kunemaruka 60b1Iux aedopMalidii IpuHUMAETCSI B BUIIE MYJIb-
TUTUIMKAaTUBHOTO pasjoxeHus [24] TeH3opa rpamueHTa nedopmanuu F Ha obGparumylo

(yrpyryio) F¢ u Heo6patumyio (Bsa3kywo) FC cocraBnsiomnine

F = F°F° (3.1)

Huxe ncrnonb3yercst npocTeiiiiiasi Mojie/ib HeCXKMaeMoro Marepuaina [eHKU ¢ ynpyrum
3aKOHOM

6=-pl+2uh° wm s=o¢-(1/3)Itre =2uh° (3.2)

3mech L UMEeT TOT K€ CMBICI, YTO MOILYJIb CIBUTA B JIMHEIHOI TEOpUHU YIPYTOCTH; G €CTh
TeH30p HampstkeHuit Ko, I ecTh eMMHUYHBIN TEH30p; § €CTh JIeBUATOP HAIPSKeHWIA;

2
h® = In V° ecTp ynpyruii gorapucdmMudeckuii TeHzop aedopmaumuu [eHKH, (Ve) =B’ =

T
=F° (Fe) , rae B® ectb ynpyruit nesblit TeH30p gedopManuu Komm—Ipuna, V¢ ecTs ynpy-
TUi JIeBBIN (TMIPOCTPAHCTBEHHBIN) TEH30p PACTSKEHUI; YYTEHO, YTO TSI HECXKMMAaeMOTO Ma-

tepuana tr h® = 0; ckansgpHas GYHKIMA p BBOIUTCS U3-32 OTPAHMYEHUIT HECXKIMAEMOCTH.
Heo6paTumast (Bsizkast) ecdopmMalinsi MaTepraja OIMChIBaeTCS TMHEWMHBIM 3aKOHOM TTOJI-
3y4ecTH BUIa

2
w=Ca pe_ W _ dW 9% _ Oeq 90 (3.3)

n do  do,, Jdo N Jdo

3nece W = W(oeq) €CTh MOTEHLUMAT TIOJI3YYECTH; Ggq €CTh SKBUBAICHTHOE HAIPSIKEHUE;

D° ecThb TEH30p CKOPOCTU HEOOPATUMOI neOPMAaLUM; 1| €CTh KO3(hGUIMEHT BA3KocTH. Ec-
2

JI TIONIOKUTD Geq = +/J5, Tie J, = (1/2)trs”, uim, anbTepHaTHBHO, G, = () — G3)/2, rue

O 11 O3 €CTb HauOOJIbllIee 1 HAUMEHbLIIEE NIABHBIC HATIPSDKEHUSI, TO MTOJyYMM OOBIYHYIO JIU -
HEMHYIO BI3KOYIIPYTYIO MOJENTb 6€3 pa3HOCOMPOTUBIISIEMOCTH PACTSIKEHUIO/CXKATUIO.
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Puc. 3. CeueHue 1eBUATOPHOM TUIOCKOCTBIO TTOBEPXHOCTEM Ceq = const (dbopmymna (3.4)).

bynem ncnonb3oBaTh ciaeayiollee onpeaeieHrne 3KBUBAJIEHTHOTO HanpsixkeHus [20—22]

O . 1 D Y Bl Sl et PO (3.4)
2 2+B 2 2+ 2+PB

e mapameTp Matepuaia 3 > 0 oTBevyaeT 3a pa3HOCOMPOTUBIISIEMOCTD BSI3KOM neopMaIin,
S| U §3 €CTb HauOOJIbLlIEe U HAUMEHbLIEE COOCTBEHHbIE 3HAYEHMSI AEBUATOPA HAPSIKEHU S .
CeveHust TIOBEPXHOCTEH G,y = const IEBUATOPHOM MIOCKOCTBIO MPU PA3IUYHBIX 3HAYEHU -
sax mapametrpa [ uzoGpaxeHbl Ha puc. 3. Tlpu [ =1 5KBMBaJIEeHTHOE HaMpsKeHUE
Ceq = (51 — 53) / 2 cOOTBETCTBYET NpusMe Tpecka (MaTepuasl He MPOSBISIET Pa3HOCONPOTUB-
nsieMocth). [lpenenbHbIM 3HAYSHUSIM TTapaMeTpa Pa3HOCOMPOTUBISIEMOCTH 3 =0 U 3 — oo
COOTBETCTBYIOT TPEYToJibHbIE Mpu3Mbl Mapuorra u MBneBa [25] € G4 = 3s / 4u0C.q = —3s3 / 2.
HJtst 3TUX TIpeneabHbIX TMTOBEPXHOCTEN 3KBUBAJICHTHBIE HAMPSDKEHUST TIPU OMHOOCHBIX Ha-
MPSKEHHBIX COCTOSTHUSIX CXKATHS M PACTSKEHUs OMMHAKOBOM 1O MOIYJTIO Harpy3Koit pas3iu-
yaroTcs B ABa pasa (rmpu = 0 GoJibliie 5KBUBAJICHTHOE HAIPSKEHUE B CITyJae PacTsKeHMs,
npu 3 — o Hao60poT). [IPOMEXYTOUHBIM 3HAUYCHUSIM [3 COOTBETCTBYIOT IIECTHYTOJIbHBIC
MPU3MBI.

Wcnonb3yemast Moneiib ¢ 5KBUBAJICHTHBIM HampskeHUeM (3.4) omuchIBaeT pa3HOCOIIPO-
TUBJISIEMOCTb BSI3KOM Aedopmanmu. JIecTBUTEIbHO, TIPU OMHOOCHOM PAaCTSKEHUU
6,=03=0, 6,=7T>0, s = 261/3, Sy =83 = —61/3. [Ipy opHOOCHOM cXaTuu
06,=0,=0,0,=T<0, 5y =5, =—03/3, 53 =20;/3. Torna no (3.4) npu pacTsxeHNN
Ocq = T/ 2 ¥ CKOPOCTh ehopMaliiu MOJI3y4eCTH B HATIPABJIEHWUU JE€MCTBUS PACTATUBAIOLIECH
CWJTBI €CTh
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tens —

c _ Geq aceq _ %[aﬁeq h + acﬂ%j r

n 9o, 1N\ ds do, 9s; do;) 4n’
a TIPU CXATUM Gy = —%g > 0 ¥ cKOpOCTb JedOopMaIiy TIOI3yIeCTH B HATIPABICHIH
+

NEeCTBUS CXKUMAIOLIEH CUJIbI €CThb

¢ _ O30 _ G_(aia_ﬁia_j _ 1[1 + 2sz
comp n 863 n aSl 803 aS3 863 4n 2+ B

3nech T ecTb HOpMaJIbHOE HAIpsiKEHUE Ha TUIOLIAIKe, MePIEeHAMKYISIPHONA HalpaBIeHUIO
cxarusi/pactskenust; T > 0 st pactsikeHust, T < 0 mist cxaTtusi.

Ecnu f = B > 1, TO cKOpPOCTH HeOOGpaTUMOi nedopMaliy pU OJHOOCHOM HATrPYKEHUU
CXXaTusl U paCTSIXKEHUSI OAMHAKOBOI 10 MOJIYJIIO HArpy3KOit COOTHOCSITCSI KaK

Diomp :(1+2B)2 .
chel'lS 2+B

Ecmmxe B =1/B <1, 10

¢ 2
Dcomp _(2+B) _l<1
C
D, 1+2B A
To ectb, ecnu st MaTepuana 2 Ha puc. 1 B = B, To st matepuana 1 § = 1/ B . YuutbiBas,
4yto 3 > 0, ucronbdyemasi MOJEIb CIOCOOHA OMKMCATh PA3HOCOTPOTUBIISIEMOCTD BSI3KOIA
nedopManuu B OrpaHUYEHHOM, XOTSI M JOCTAaTOYHO IIMPOKOM, nuarnasoHe: mpu =0
C C C C
Dcomp/Dtens = 1/4’ 1pu B —> Dcomp/Dtens =4.
4. TlpensaputenbHas ynpyras nedopManus u3rudéa B HECKUMAEMOH HEJIMHEHHO-YNPYrou
miactuHe. KruHemaTuka u3ruda B yCIOBUSIX IUIOCKOM nedopMaiiuy onyMchiBaeTcsl ypaBHEHU -

amu [26—28]:
r=,’3+%, (p:AXz, Z:X3

BHyTpeHHUIT ¥ BHEITHUM paanuychl KPpUMBU3HBI U30THYTOM TIJIACTUHBI MOTYT OBITH BbIpa-
JKEHBI B BUJIE

5 =B, r22/3+27H; A:%, B:%(lnt(AH)z—AH)
A

3pech y yron usruba, L u H — AjiviHa M TOJIIIMHA IUIACTUHBI COOTBETCTBEHHO (CM. pUC. 2).

Kpowme Toro, cripaBeuINBO paBEHCTBO 17 = A7 [26].
I'pamyieHT medpopmaiiiy AuaroHaabHbI, F = (Ar)_l e. Qe + Ar [ ®e, +e, ®e;. Tensop
nedopmarmy [eHKM Takoke IMaroHanbHbId, umeeT Bunh = —In(Ar)e, ® e, +1In(Ar)e, ® e,.

3ameuanue. TlockonbKy rpanueHT aecdopmauuu F B paccMaTpuBaeMoil 3agade nuaro-
HaJIbHBIA (B CMEIIaHHOM KOOPAMHATHOM 0asuce), TO, moJjarasi, 4To 3TO CBOMCTBO UMEIOT

taxcke F¢ u F¢, u3 (3.1) nuddepeHINpOoBaHUEM IO BpEMEHH MOXKHO ITOTYYHTh
. -1
F(F') =D-D",

. . -1
e D = sym(FF_l), D = sym (FC (Fc) ), 2sym( )=( )+ (). 3mecs Touka Han cumso-

JIOM O3HA4YacT ITOJHYIO ITIPOMN3BOAHYIO ITO BPEMCHU.
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T
C apyroii cTopoHbl, 115 auaroHanbHeix F€ u h® = In [Fe (Fe) } BEPHO, YTO

e = B (F)
IMpupaBHuBas mociename HOPMYITBI, UMEEM
h® =D -D° 4.1)
Besne nanee BMecTo popmyisl (3.1) Oymet ncnonab3oBaThbes (4.1).
VuuTeIBas, 4TO IIPU 9MACTO yIpyroM aedopmuposanun h® = h, umeem
Sy = —Sgp = —2UIn(Ar), s, =0 4.2)

W3rubarmoimit MOMEHT Ha CAVMHULY OJIMHBI B HAITpaBJICHUMN 7 = X3 €CThb

M = rfc(p(prdr = ]%Grrrdr + 2|.LT (hqe,q, - hf,) Fdr = l[r26,,]r2 -
7 " 7 2 %0,_,"

]rzdo- 2 E e e r e e
_E;ll‘d—r”rdr+2u.|‘(hw—h,,)rdr:—uj(hw¢—h,,)rdr+

fi i
+ ZM]Z (héw - hfr)rdr = MT (h&P - hf,)rdr = %]g(sq,q, = s, ) rdr (4.3)
i 7 e

31ech B IIEPBOI CTPOKE MCIIOJIb30BaH yIpyruii 3akoH (3.2); BO BTOPOM CTPOKE MCITOIbL30Ba-
HO MHTETPUPOBAHUE 110 YaCTSIM M TOT (DaKT, YTO TMTOBEPXHOCTHU TUIACTUHBI CBOOOIHBI OT Ha-

NPSCKEHUH, T.€. O, (/) = O,, () = 0; B TpeTbell CTPOKE MCIOIb30BAHO YPAaBHEHUE PABHO-
Becus r dG,, /dr = Gy — Gy

dopmyina (4.3) BepHa U IpU peslakcalliy HapsDKeHWI; peakcalys U3rudoaroiiero MoOMeHTa
OMHO3HAYHO OMpenessIeTcsl U3MeHeHHeM (DYHKLIMU (S<P<P - s,,) BO BpeMmeHHU. HavanbHast Benu-
YHA M3rU0aIonIero MOMEHTa onpenesisieTcs 1o (4.3) ¢ y4eToM yIpyroro pemeHus (4.2):

n
My = 2ufIn(Ar) rdr
i
5. Penakcanus HaNpszKeHWid B IJIACTUHE
5.1. Hauanvuwiii sman penaxcayuu. C MOMEHTa BpeMeHHM ¢ = () HauMHaeTCsl pejlakcaliust
HaIpsDKeHW B TUIACTMHE, KOTOpask IPUBOINUT K CHWKEHUIO MPWIOXKEHHOTO U3THOAIOIIEro
MoMmeHTa. [ToCKOIbKY MaTepua IMOJTHOCThIO 3a(UKCUPOBAH OT MiepeMEIeHU, TO B (hOpMY-
je (4.1) D = 0, a mojiHasi TPOM3BOAHAS 110 BPEMEHM COBITAIACT C YACTHOM MPOU3BOIHOIM:

a_he =_D¢
ot
HWcrnonb3yst ynpyruii 3akoH s = 2uth®, MOXXHO 3armucaTh NPebIIYLIEE PABEHCTBO B BUJIE
ds = -2uD* (GR))

ot
CormnacHo (4.2) B ynpyro M30rHyTou IjacTUHE B HadaJbHbIII MOMEHT BpEMEHU BO BHYT-
penHeM cioe (r < 1/A) s, = 5, > 0, 5o9 = 53 < 0, 5., = 5, = 0. Bo BHetHem crioe (+ > 1/ 4)
HA000POT, s, = 53 <0, 540 =5 >0, 5., =5, =0. Torna mo (3.3) u (3.4) nmeem crenyio-
e paBEHCTBA JUTSI KOMIIOHEHT CKOPOCTH HeoOpaTnuMoit aedopMarivu.



K PEJIAKCALIMU HATTPSIKEHUN 889

Bo BHyTpeHHeM cioe

D = Ocq 0, Dpy= “1-28 0, D = Oeq =1+ (5.2)
n 2n 2 +B n B+2
Bo BHemHEM citoe
c c (0 ¢ O, —
Dl = -1-28 <0, D= Oeq2+P >0, DS = Ocq—1+f (5.3)
ﬁ]B+2 mp+2 n B+2

3Hak Dj, onpenessiercs: BeandanHoii B: ecmu B> 1, To Df, > 05 ecmu 0 < B < 1, 10 Dy, < 0.

(4
IMpu aTom mockonbKy —1 — 2B < =1+ 3 < 2 + 3, To Dy, B 1I060M CITy4ae SBJISAETCS MPOMEXKY-
TOYHBIM IJIABHBIM 3HaU€HMEM TEH30pa CKOPOCTU HeoOpaTumoii necopmanimu. Bo BHyTpeH-

HeM cioe Dy, = Di, Dy, = D5; BO BHElIHeM cioe Hao6opoT, Dy, = Dy, Dy, = Di. 3nech u
nanee D{, D§, D5 ecTb HauGoJIbllee, HAMMEHbILEE ¥ TIPOMEXKYTOUHOE IJIABHbIE 3HAYECHUSI

tensopa D. Buipaxenus (5.2) u (5.3) BepHHI 10 TexX MOp, MOKa S, OCTAETCs MPOMEXKYTOY-
HBIM IJIAaBHBIM 3HaYeHUEM AeBUaTOpa HampspkeHuii. [Toka 3To BepHO, KOOpAMHATHOE Ha-
MpaBJIeHWEe, COOTBETCTBYIOIIEe MAKCUMAIbHOMY TJITaBHOMY 3HAYEHUIO JeBHaTOpa HaIpsiKe-
HUIi, COBIIAJAET C KOOPIMHATHBIM HaIIpaBJIeHNEM MaKCUMaJIbHOTO TIIaBHOTO 3HAYEHUS TeH-
30pa CKOPOCTH HeoOpaTumoil aedopmaniu (M TO e camoe IS MUHUMAIbHBIX TJIaBHBIX
3HaueHwuii). B atom cinyudae u3 (5.1) ¢ yuetom (3.3) u (3.4) mwist Tpou3BOJIBHBIX YKCEN a U b
MOXHO TTOJTYIUTh

3 (as, — bs, — cs3) _ —2u(aD1c — bDS _cD3C) = —Gqu(a+b1—B 4ol +ZBJ (5.4)
n

ot 24P 2+PB
Ecnu B (5.4) BbIOpaTh a = QL, =0uc-= 3 B , TO UMEEM
22+ 22+
2
aceq — (3 §1 = Bs3j -0 I-_L3(1 + B + B ) (55)
or  9r\2 2+B “m (2+p)
aecnu BeiOpaTtba =1, b = 0 1 ¢ = 1, TO MOXHO TIOJTy4YUTh

=) _ 35 nl+p (5.6)

ot n2+p

IMepBoe U3 3THUX ypaBHEHUI eCTh OOBIKHOBEHHOE UM depeHIIMaTbHOEe YypaBHEHHE C pa3-
NEJISTIOIUMUCS TIEpEMEHHBIMU, KOTOPOE MO3BOJISIET HAWTH DBOTIOLIMIO SKBUBAJICHTHOTO Ha-
npsikeHus (3.4):

3(1+[3+[32)H

3 1
Oeq = G(e)qe @ , Ggq (r) = 3“;%%““ (4r)| (5.7)

3aech ISt OTIpeieIeHNsT KOHCTAHTBHl MHTeTPUPOBAHUST UCITOJIb30BaHO HAYaIbHOE YCIIO-
BUE — paclipejieieHe 3KBUBAJEHTHOTO HANpPSIKEHWST B HAaYaJIbHBIE MOMEHT BpeMEHU
0
Ceq (r,0) = Ocq (r), KOTOpOe OnpenesieTcs: YIpyruM pelieHueM (4.2).
VYpaBHeHue (5.6) yIOBIETBOPSIETCS HEMOCPEACTBEHHBIM MHTEIPUPOBAHUEM U TTO3BOJISIET
HaWTU Pa3HOCTb (5, — s3) KaK GYHKIMIO BDEMEHU:

73(1+B+ﬁ2)”t
3.0+B)° | e

s — 83 =4 1+
S 41+p+p°

|ln (Ar)|
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HavanbHoe ycyioBHe MpU 3TOM TaKXe ONpeaesseTcs YIpyruM pelieHuem (4.2): B MOMEHT
BpeMeHM ¢ = () pa3HUIla MaKCUMaJIbHOTO M MWHUMAJILHOTO TJIABHBIX HATIPSIKEHUI €CThb
4u|in (Ar).

Bo BHyTpeHHem croe (r < I/A) Sop = S = —(s; — s3), BO BHelHeM cioe (r > 1/A)
Sep = Spr = S| — 83 CrnenoBatenbHO, 1o hopmyrie (4.3) MOXeT ObITh HaiifieHa peJlakcalvs U3-
rubarolilero MOMeHTa:

n 1/4 ”
M =lJ-(s(P(P _Srr)rdr = —l J- (Sl —s3)rdr+l (51 —S3)rdr —

2” 2 f 2474
3(]+B+B2)p
2 |

1 7
- M, 1+§(+B)2e e |l 59
41+B+B

n

e My =21 I In (Ar) rdr. dnst MaTepuana 6e3 pasHOCOMPOTUBIISIEMOCTH BsI3KOI1 nedopma-
i

unu (B = 1) bopmyna Bbie npuHuUMaeT Bua M = Mye " Al

Jarnee HaM MOTPEGYIOTCS TAKXKE (POPMYJIBI, OMKCHIBAIOLINE SBOJIOLMIO BEJIMUUH (5 — §,) U

(s —s). U354 mpua=1,b=1,c=0ua=0,b=-1,c =1cyderom (5.5) cienyer, 4ro

Isi=%)_ W 3 _ _00%g 24P
ot n2+p " o 14B+p
sy=s3) _ _p 3B _ 9% B2+
ot N2+ 9 14p+p
HuTterpupyss T BbIpaXkeHUsI ¢ yderoM (5.7) M HavaJdbHBIX YCIOBUI (sl -5 )|t:0 =
= (85 = 83),_ = 2u|In (Ar)| = %% Gug» IMEEM
By
S| — 8 = Gng;ﬁz e (2+B)* M _(] + ZB)(] _ B)
1+B+B 3(1+B)
_3(I+B+ﬁ2)ut
o oo BCHB) | e _(B+2)(B-1)
27853 = 0q— 5| € ALVA
1+B+p 3B +P)

4.2. Koneunwiii sman peaaxcayuu. 13 hopmy Beliie ciieayert, 4to eciu B > 1, TO B MOMEHT
BpeMEHU

N (4B B+
13(1+B+p) B+2)B-1)

HAaMpSDKEHHOE COCTOSIHUE BBIXOAWT Ha peOpPO MOBEPXHOCTH MOJ3YYECTH C S, = S3; & €CIHU
0 < B < 1, TO B MOMEHT BpeMeH!

an_(+B)” | 3(1+P)
u3(1+p+p) (1+2B)(1-B)

(5.9)

(5.10)
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HaIpAa>XK€HHOC€ COCTOAHUE BbLIXOJIUT Ha pe6po TTOBEPXHOCTU ITOJ3YYECTH C §p = §j. HpI/I‘-lCM

9TO NPOUCXOOUT OJHOMOMEHTHO BO BCEX TOUKAX IJIACTUHBI.

Ilocne aToro HauMHaeTCsl BTOPOii aTan penakcamu. Marubdaroiinii MOMEHT, COOTBETCTBYIO-
LI TTIepexo/ly BO BTOPYIO CTaAUIO PejlaKcaliui, MOXeT ObITh HaiteH 1o dopmyJie (5.8):

MMO! B>l

Mr=M()=] P (5.11)
TBM(), 0< B <1
Ha Bropom aTare penakcauuu, eciu 3 > 1, To s, = 53 = — s / 2u
. G, 00 c
95 _ 2uDf = —2u—S47Ted oy Ped §Esl
ot N 00, n 4n
311ech y4TEHO, YTO B 3TOM CJIydae Oeq = 35 / 4. UuTterpupys, uMeeM
3l __E Bl
Sl = S]l e 4n(t t) :—G: e t t _iwag e 4n(’ t) G: = Ge (t*)
t=t 3 q 9 B(l + B) q q q
Y nanee, Bo BHYTpeHHeM ciioe (r < 1/A) Soo — S, = —(81 — 83) = —35/2, a BO BHewHeM
cnoe (r > 1/A4) sop = S, = 5 — 53 = 35,/2. Tlo popmyre (4.3):
r I/A n
17 3
M ==\ (Sop — Sy ) ¥dr = == | syrdr + sirdr =
i s+ o3
1 1
Mk Iz l/A 3M
+9 -1 (t=r*) [ _ (1—1%)
= —(B )(B )e m Ggqrdr - j Ggqm’r = —B 1e n
B(I+B) 174 1 2B
Ecmu 0 < B < 1, To Ha BTOPOM 3Tare peJakCaluu §; = §; = — S3 / 2u
2
B G., 00
953 _ —uDf = —u a0 o Hl+ 2Bgeq __3u(1+2 5
ot m do; M2+P 4N 2+
31ech yUTEHO, UTO Ggq = _31+28 s3. IHTeTpupys1, nmMeem
42+8
(1B au(12pY
_ 4n[2+ﬁj(”)_ 42+B 4n(2+ﬁj(”)_
S3 = S3|t:t* e = ———Geqe =
1+2B
3u(1+2B ’ o
__aCeB=B) ) )
= ———Geqe
9 1+
Y nasniee, Bo BHYTPEHHEM clioe (r < 1/A) soq — 5, = = (8 — 83) = 353/2, Bo BHeIlIHeM ci1oe

(r >1/A) Sp = S, = 8 — 83 = —353/2. Tlo bopmye (4.3):

n l/A 3 r
M = ‘J(%@ Sy ) rdr = 3 J. syrdr — 41][‘ syrdr =

i "

:(2+B)(1—B);%%(%J“-f*)[fz oM J= 1-p
2
1

Ocgrdr — _[ Geqrdr
A it

3(1+PB)

1428
248

j -

0
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HTak, 3BOJIOIMS U3TMOAIOIIETO MOMEHTA B MIPOIIECCe peslakcalluy B 11eJIOM OMMChIBAETCS
YpPaBHEHUSIMU:

—npu 0 <P <1:
3(1+B+B2)“
2 |
+i—l(l+ﬁ) ~|e L | T
+B+
M _ P+p (5.12)
M, s
3 _3_“(@] (1-1%)
T Pe dmi24p .=
2
2
e+ =N (2+B) _In 3(1+B) :
w3(1+p+p*) (1+2B)(1-B)
—mpu f§ > 1:
31+ﬁ+ﬁ2)u
2 |
1+i—(l+B) S|e I
M _ 1+p+p (5.13)
Mo (e
Pt t*t*
Ee n , b 2=>r*
2B
2
et =N @+p) | 3BO+P)

W3(1+B+p) B+2)(B-1)
B wactHOCTH, IUTSI TIpENEIbHBIX 3HAYSHU TapaMeTpa Pa3HOCOTIPOTUBIISIEMOCTH:
—npu P =0:

3,
i+ie”, t£4?3n
M _ H
3
Moo 13 S, 4mn3m
2 T 3
—1pu f§ — oo:
34
1,3, , In3n
M |4 4 3
MO_ /4 3
3 ' 5 mn3n
2 3 u

TpaekTopusi HaIpSIKEHHOTO COCTOSIHMSI B IPOCTPAHCTBE IE€BUATOPHBIX HAMPSLKEHMIA
un3zo0OpaxkeHa Ha puc. 4.

6. O0cyxkaenne pe3yrbTaToB. B [23] paccMOTpeHBI ABe JIMHEITHO-BSI3KME MOMIEN, OCHO-
BaHHbIE HA PA3JIMYHOM OTIpe/IeJICHUM SKBUBAJIEHTHOTO HanpsikeHus |9, 10]:

2
:j—:{:; Oeq = [sz —(3«/3/2)(1J3T/3, ae [-1,1],

e J; = dets, o otBevaet 3a TCA (mpu o = 0: 04 = \/72); u



K PEJIAKCALIMU HATTPSIKEHUN 893

S S,

] t=0 m =0

" B, ’.‘/ i " //,- \ ol
> 1 ““\\/ :

0<B<1 p P .
- [ =t
SZZ

_Sep uin(n| s

pIn(Ar)| __Jee g 1 o=

u/In(Ar)| = g HlnCAD)

t=r*

Puc. 4. Tpaekropusi HaANpPSKEHHOTO COCTOSIHMSI TIPOM3BOJIBHOM TOYKM TulacTMHbL. ClieBa I MaTepuaia c
0 < B <1, cnipasa utst Mmatepuana c 3 > 1. BepxHsist TpaeKTOpusl Ha KaX10M rpaduKe COOTBETCTBYET TOUYKAM ILIa-
CTUHBI BHYTpeHHe obnactu Ar < 1, HUXHSS — ToYKaM BHeIIHeH obnactu Ar > 1 (Toyku Ha HeHTpaNbHOIi To-

BepxHOCTU Ar = 1 CBOGOIHBI OT HATIPSIKEHUIA).

2

o n, 520 .

W= 06,= \/l(nlsl2 + n2s22 + n3s32), mo=9 ! ;o i=1,23
2n, 2 n, s5<0

nf=(0-k)?, n=(1+k}’; kel-11],

TIE S;, Sy, S3 €CTh YIIOPSIIOYEHHbBIE 110 yOBIBAHUIO IVIaBHbIE 3HAYEHMSI IeBMaTOpa Hallpsike-
HUIA.

I[Ipy omHOOCHOM HATrpyXKE€HUM CKATUS WIA PACTSKEHUSI CKOPOCTh JTedopManuy moa3y-
YeCTU B HaIIpaBJICHUU ASHCTBUS CUJIBI IJISI IEPBOI MOJIEIN OIMCHIBACTCSI paBEHCTBAMU

c T 2/3 ¢ T 2/3
Diens = 3n, (1 - OC) / s Dcomp = 3n, (1 + OL) /
J1y11 BTOpPOIii Monenu

+ - + —
DL, = 2n" +n T D(fomp _n +2n T
M, M,
3aeck T ecTb HOpMaJIbHOE HAMPSKEHUE Ha IUIOLIAAKE, MePHeHANKYISIPHON HaPaBIeHUIO
cxkatus/pactskenust; T > 0 mos pactsikeHust, T < 0 1u1st cxxaTusl.

OrTcioia O4eBUIHO, YTO JIBa MaTepHaia, CXeMaTUIHO M300pakeHHbIe Ha puc. 1, TIpH OImu-
CaHWU C TIOMOIUIBIO MEPBOU U3 ITUX MOAEJEi pa3IM4YaloTCsl TOJBKO 3HAKOM MapaMmeTpa o, a
MpY ONMCAHUU C TIOMOIIBIO BTOPOI MOJIEIN — 3HAKOM TTapaMeTpa k .

Penakcanust u3arnb6amiero MOMeHTa IIJIACTUHBI 110 TIEPBOI MOJENIN ONpeAessieTcsl B ma-
pamMeTpudeckoM Bue [23]

0

Mo_ o)1 1+ V60g

My, T @a£1/3—(5/2)§2+3c4dc
w1 0{/1+3«/—60c§(1/2—§2)d
DR AT SERERES

]
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1.0
M/ M,
0.5F
Matepuan |
0 L !
4 ) 0 lg(ut/m) 2

Puc. 5. Penakcauus usrubatomero momeHTa M B rutacture. JIMHeHas MOJEb C pa3HOCONPOTUBIISIEMOCTBIO BSI3-
kot nedopmanuu (3.3), (3.4); pemienue no dopmynam (5.12), (5.13). [Mapamerpsl MaTepuanoB: 1js1 Mmarepuana 1
B =0, ana marepuana 2 3 — co. [TyHKTUpHAs JIMHUSI COOTBETCTBYET PELIEHUIO ISl MaTepUaia 6e3 pa3HOCOMpPO-
tusisiemoct M / My = efw/ n BepTuKkaibHbIE JIMHUNA COOTBETCTBYIOT MOMEHTAM BPEMEHH 1* Tepexoia MeXITy
aTanamu penakcauuu (bopmyist (5.9) u (5.10)), korna HampsKEHHOE COCTOSTHUE BBIXOAUT Ha pedpo GyHKLIMU MO~
3y4eCcTH; TOPU3OHTAbHASI IMHUSI COOTBETCTBYET 3HaueHUsIM M B 3T MOMEHTHI BpeMeHU (bopmyia (5.11)).

rae M( ecTb HayajbHbII U3rUOAIOIINIT MOMEHT, Y ITapAMETP PELICHUS, IIPOTUBOIIOJOXHbIIA
10 3HaKy C O, ¢ BpeMs, L Moayinb casura. IIpu o = 0 (a1 matepuana 6e3 TCA) ¢popmynst

—ut
BBIILIE TIPUBOOAT K BEIpaXXeHU10 M / My=e i/ .

J11s1 BTOpOoit Monenu B SiBHOM Buze [23]

+ 2n;
M = leXp {_nsup W + § €Xp {_ o n—mf ur
M, 4 nJ) 4 3 n,

+ - - + -
Nsup =max{n g }s Ring =mm{n g }

3neck wist Matepuana 6e3 TCAn™ = n” =1 nTakxe M/My = e ™ /na

O06a penieHNsI UMEIOT OHY OCOOEHHOCTh: OHU MPOTHO3UPYIOT UASHTUYHYIO peJlakcalliio
IIJIST, BOOOIIIe TOBOPSI, pa3HbIX MaTepUaoB, CXeMaTUYHO TIpeACTaBIeHHBIX Ha puc. 1. To ecThb
IUJIST 3TUX pEIIeHWI UMeeT 3HaUeHHe, BO CKOJIBKO pa3 pasnndaercs 3¢ GeKTUBHAS BI3KOCTh
Marepuasia py PacTSKEHUN U CKaTUW, HO He MMeeT 3HaYeHUsI, Kakast U3 HUX OoJiblile, a Ka-
Kas1 MeHblie [23]. DTy 0COOEHHOCTb HEMPOCTO MPOBEPUTH IKCIIEPUMEHTAIBHO, MTOCKOJIbKY
IIJIsT 3TOTO HYXHBI IBa MaTepuaja ¢ OMMHAKOBBIM YIIPYTMM MOAYyJIeM, Bsi3Kasl AedopMaiius
KOTOPBIX COOTBETCTBYET cxeme Ha puc. 1. Tem He MeHee, TaKoe TTOBeIcHUE PEIIeHU I KaxKeT-
¢S JOCTaTOYHO CTPAHHBIM.

B oTitmune ot HUX, MOJIydeHHOE B IIPEAbIAYILIEM pa3aesie pellleHUe IPOrHO3UPYET PA3HYIO
pelakcaluio Ijis 3TUX MaTepualioB. [pacduku peiakcalumy M3rHOaloero MOMEHTa, pac-
cuuTaHHbIe 110 opmynaM (5.12), (5.13) mist o6oux MatepranoB, IIPUBEACHBI Ha pUC. 5.

PaccmatpuBaemasi Momenb IIpOrHO3UPYET, 4TO B Matepuaje 1 (cM. puc. 1), ojss KOToporo
CONPOTUBJICHUE BSI3KOM HedopMallii pacTsLKeHUST HIDKe, yeM JedopMaiuu ckaTust (CKO-
pocTh nedopMaly IIPU PpaCTSDKEHUHU BBIIIIE, YeM IIPU CKaTUU, TIPY OOWHAKOBOIA ITO0 MOJIYJTIO
Harpyske), pejaakcalys M3Tnoalonero MOMeHTa IIPOMCXOIUT MeIJIEHHee, YeM B MaTtepuale 2.
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Ha o6oux rpadukax (cM. puc. 5) MpocaeXuBarOTCsl TOUKU Mepernda, COOTBETCTBYIOLIME
Mepexoay MEXIy STalaMM pejakcalliid, B KOTOPBIX HAIPSKEHHOE COCTOSITHUE TLIACTUHBI
BBIXOIUT Ha PeOPO KYCOUHO-TMHEMHOM (PYHKIINH MTOJIBYIECTH.

ITockonbKy TUHEHHO-BSI3Kas MOJIEb, BOOOIIIE TOBOPSI, TOJBbKO MPUOINKEHHO OMUCHIBA-
€T MOBEIEHWE pealibHbIX MAaTepUajoB, Ha MPAKTUKE YaCTO MCIOIb3yeTCsl 0000IIeHHAs BSI3-
Koymnpyrasi Mmonejib MakcBesia (cM., Harpumep, [29, 30]). Dra moaens npeacTaBisieT coboit
MapaJiyie;IbHO COeNMHEHHBIE JIMHEMHO-BA3KHME 3JIEMEHTHI C pPa3HbIMM CBOMCTBaMM. B Kax-
JTOM TaKOM BJIeMeHTe o0Iast nepopMalivst omHa U Ta Xe, a o0Illee HampsKeHUe B CUCTeMe
€CTb CyMMa HalpsDKeHU B Kaxknoii BeTBU. [lomyyeHHbIe 30ech pemeHus (5.12) u (5.13) mo-
TyT pacCMaTpUBaThCsl KaK pelIeHUs] B KaxXKIOoil BeTBU 0000IlleHHOIt Momenn Makcsellia,
YUUTHIBAIOIIEH Pa3HOCOIPOTUBRISIEMOCTh BSI3KOMY 1e(hOPMUPOBAHMUIO.

HccnenoBaHue BHIIIOJIHEHO B paMKax rocymapcrBeHHoro 3aganust UMuM JJBO PAH.
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Stress Relaxation in Bended Viscoelastic Plate with Tension-Compression Asymmetry

G. M. Sevastyanov®*
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The paper presents closed-form analytical solution to the plane-strain problem of stress re-
laxation in a bended plate with tension-compression asymmetry (TCA) in viscous proper-
ties. Reversible and irreversible strains are assumed to be finite. We utilize a linear viscous
model with equivalent stress that is piecewise linear function of the principal stresses with
TCA parameter. The specific features of the solution are discussed.

Keywords: viscoelasticity, creep, bending, tension-compression asymmetry
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