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PaccmarpuBaloTcsl KpaeBble 3amay UISl TapMOHMYECKOro, OMTapMOHUYECKOTO ypaBHe-
HU, a TaKKe OOIIEro MOJIUrapMOHUYECKOTO YPaBHEHMUST UTSI MHOTOCBSI3HBIX 00JIacTeil Ha
IUIOCKOCTH. 3a1auu CBOISTCS K PEHICHUIO TMHEMHBIX MHTETPAIbHBIX YPaBHEHUI Ha rpa-
HUYHBIX KOHTYpPax, KOTOpbIE MpeAroaraoTcs riankuMu. [1pencTaBieH airopuT™ BbIBOIA
anmnmpoKCUMAIIMU UHTETPAIbHBIX YPaBHEHUN JIMHEMHON CUCTEMOI ¢ y4eTOM Jiorapudmu-
YECKHUX OCOOEHHOCTEH SiIep MHTErPaIbHbIX OTIEPAaTOPOB, YePe3 KOTOPHIE BHIPAXKAIOTCS MH-
TerpajbHble YypaBHEHMS. B alroputMe MCHonb3yeTcsl MEPUOAUIHOCTD (DYHKIIUIA, 3amaH-
HBIX Ha 3aMKHYTBIX TPAaHUYHBIX KOHTYpaX. C pOCTOM YKCJIa TOYEK CETKH ITOTPEITHOCTD arl-
MPOKCUMAIMK yObIBAET OBICTPEE YeM IIar CETKU B JIH000U (DUKCUPOBAHHOM CTETICHMU.
PaccmarpuBaloTCst PWIOXKEHHMS K PEIICHHIO 3a1a4 THAPOAMHAMUKY, OUIBTpAIIUU U IpY-
MM 3aa9aM TEOPETUIECKON (PU3NKI.
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HUYecKas 1 burapMoHudeckasi GyHKIIMM, KpaeBbIe 3a1a4l, cxeMa 0e3 HaChIILeHUs
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1. Bregenne. OqHUM U3 pacIpOCTPAHEHHBIX MOIXOI0B K MOCTAHOBKE KPaeBbIX 3a1a4 SIB-
JISIETCSl CBElIEHWE K CHCTeMaM WHTEeTrpajibHbIX ypaBHeHU. [IpenmyiiiecTtBa, Kak mpaBuio,
OOBSICHSIIOT T€M, YTO BO3MOXHO JOOUTHCSI YMCIIEHHON alMmpoOKCUMAllUU YPAaBHEHU JIydllle
BCSIKOM alIIpOKCUMAaIuY CTEMEHHOIO MopsaKa ¢ 1000 Harepen 3afaHHol cTeneHblo. Ha-
MMpUMeEpP, 3TOTO JOOMBAIOTCS 3a CUET UCMOJIb30BaHUs KBaapaTyp I'aycca. Bokpyr aToro cBoii-
CTBa YaCTO BBICTPOEHBI TaKWE aJITOPUTMBbI, KaK METOJl TPAHUYHBIX MHTErpajbHbIX ypaBHe-
HU (TaKXXe U3BECTHBIM KaK METOJ TPaHUYHBIX 3JIEMEHTOB) U METO/I CITIEKTPAJIbHBIX JIEMEH -
TOB (cM. [1, 2], Takke 0630p cCOBpeMeHHBIX padboT npuBeacH B [3]). B Tunmuarom ciaydae mist
MOTYJISPHOTO METO/Ia CIIEKTPAIbHBIX 2JIEMEHTOB CaMO YpaBHEHME BbIpaXkaeTcsl B TEPMUHAX
nuddepeHnaabHoro orneparopa. MHTerpupoBaHue xe BBOAUTCS yXKe B IPoliecce MoCTpoe-
HUS YHUCJICHHOTO ajJiropuTMa ero perneHus. st aToro nuddepeHIanbHbIi onepaTop U3
MCXOMHOTO YpaBHEHUS CJIEyeT pacCMOTPETh Kak orepaTtop Haa [MaIb6epTOBBIM MPOCTpaH-
CTBOM CO CKJISIDHBIM MPOU3BEICHUEM, UMEIOIIMM MHTETpaJibHBIN BUl. Torga cBeieHue K
cUCTeMe JIMHEWHBIX YPAaBHEHUI MOXET BBITIOHSTHCS, HAalIpuMep, 1o Mmetony [anepkuHa Ha
OCHOBe 0a3UCHBIX QYHKIIN, BRIpaXkaeMbIX B TEpPMUHAX MHOTOWIeHOB YeObllieBa (TOYHOCTh
anrnpoKCHMMallMM MPU 3TOM JIOCTUTAETCS 3a CYET UCTOJIb30BaHUS COOTBETCTBYIOIIMX KBa/ -
patyp). l1s1 MeTona TpaHUYHBIX UHTETPAJIbHBIX YPaBHEHMIT Gojiee XxapaKTepeH MHOM Moj-
xon. B aToM ciyyae K MHTerpajbHOMY BUIy OOBIYHO MPUBOAUTCS CAMO UCXOTHOE ypaBHE-
Hue. Hanpumep, ypaBHeHue Jlamnaca MmoxHo nepecdhopMyIupoBaTh B MUHTETpaJIbHOM BUJIE C
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MCMOJIb30BAHUEM OTEPATOPOB MPOCTOTO M NBOMHOTO cloeB. B MI0CKOM cilyyae 3TO MHTe-
rpajbl 110 OJHOMEPHOi1 rpaHuIle (YTO MO3BOJISIET pacCMaTPUBaTh (DyHKIIMU Ha TpaHUIIE KaK
nepuoauueckure). Mx anmpokcumaiysi oqHaKo 3aTpyaHEHa TeM, 4To (PYHKIIMU siipa MOTYT
UMeTb ocobeHHOCTH. [To 3Toif MpUYMHE OCHOBHOM 3amadeil JUIs MeToma TPaHWIHBIX MHTE-
TPATBHBIX YPaBHEHU SIBJIIETCS] pa3BUTHE METOMIOB IMMOCTPOSHUS KBaAPaTYPHBIX (hOPMYJT TSI
MHTETPAJIbHBIX OTIEPATOPOB C SAPOM. IJ151 MOCTPOSHMSI YMCIIEHHBIX CXeM PelIeHUST KPaeBbIX
3a/1a4 B 00J1aCTsIX, OTPaHUYEHHBIX TJIaJKUMU 3aMKHYTHIMU KOHTYpaMM, B paboTe yYUThIBA-
€TCsl TIEPUOANYHOCTD U aHAJTUTUIHOCTDb (DYHKIIMI, OMpeAeIeHHBIX HAa 3TUX KOHTYpax.

[Mpenyaraemoe ncciaenoBaHUEe UMEET CIIEIYIOIIYIO CTPYKTYDY.

B pasn. 2 dopmynupyetrcs ocHoBHast Teopema, KOTopast TIpeACTaBIsIeT COO0M KOHCTPYK-
TUBHBIN aJITOPUTM ITOCTPOCHUS KBaApaTypHOU (hOpPMYIIbI TUHEHOTO UHTETPAITLHOTO OTle-
paTopa, AEMCTBYIOILETO Ha IMepruoandecKyto pyHKIMO. 11 KBagpaTtypHoi (opMyJibl J1OKa-
3bIBAETCS IKCITOHEHIIMATbHAS OlLIEHKA MOTPENTHOCTH.

B paszn. 3 nmpuBeneHbl TpU KBagpaTypHbie (pOPMYIIBI TSI TMHEHBIX MHTETPaJIbHBIX OIlepa-
TOPOB TApPMOHUYECKOTO U OUTAPMOHNYECKOTO YpaBHEHUIA.

B paszn. 4 dopmynupyeTcst Teopema 2 0 KBaapatypHoit hopmysie TMHEHHOTO MHTETpaib-
HOTO ollepaTtopa cucTeMbl BeKya m1st Tpon3BOILHOTO MTOJTUTAPMOHNYECKOTO YpaBHEHUS.

B pasn. 5 BeIBOIMTCSI YMCIIEHHAs] CXeMa C SKCIOHEHIIMAJIIBHON CXOAMMOCTBIO PEIIeHUS
KpaeBbIX 3a1a4 1Jis ypaBHeHus Jlariaca.

B pasn. 6 BRIBOOUTCS YMCJICHHAsl CXeMa ¢ 3KCHOHEHIIMAIBHOM CXOOUMOCTBIO PEIIeHUs
KpaeBbIX 3a1a4 11 OMrapMOHUYECKOTO YpaBHEHUSI.

B pasn. 7 BBIBOAMTCS YMCJIEHHAs] CXeMa C BKCIOHEHIIMAJIbHON CXOIMMOCTBIO pelIeHUs!
KpaeBbIX 3a1a4 I MOJIUTaPMOHNYECKOTO YPaBHEHUS.

B pazn. 8 1 9 npuBeneHbl YMCIEHHBIE CXEMbI pacueTa TeYeHUs BS3KOW XKUAKOCTU B TPU-
ommkeHnn CTokca B MHOTOCBSI3HOI o6jacTu. CXOOMMOCTh METOAA WJUIIOCTPUPYETCS Ha
puMepax.

2. OcHoBHas Teopema. [paHUYHbBIE MHTETpaJbHbIE YpaBHEHUSI BbIpaxaloTcsl yepe3 Jiu-
HeliHbIe OIlepaToOphbl BUIA

1
D(2) = L(F(2) = [ H(EZ = DF (@)’ .1
0

C SIIPOM, SBJISIONIMMCS (DYHKIIMEW eNMHUYHOTO TIeproaa, pencTaBuMoit psimom dypobe

H(z) = %0+ D (h,cosnx +r,sinnx); x =2mz (2.2)

n=1

Koadduiments! psina @ypbe onpeaesioTcs 1o U3BECTHBIM (opMyiaM

1 1
h, = 2j H(z)cos2mnzdz, r, = 2]’ H(z)sin 21nzdz (2.3)
0 0

Jluneilinble onepaTtopsl NeMCTBYIOT Ha GyHKUMU F(Z) eITMHUYHOTO TIepuoAa, U B pe3yib-
TaTe necTBus nonydyaercs GyHKuus ®(z) eTMHUIHOTO MEPUoa.
Hazosem yactuHo cymmoii psina Pypbe hyHKIMKM H(7) BhIpaXkeHNe

by hy M-1 '
Hy(2) = 5 + TCOS Mx + Z (h, cos nx + r, sin nx)
n=l1

M=N/2, x=2nz

2.4

B yacTuyHylo cyMMy BXoasT wieHel psina @ypee ¢ koaddbuuumeHramu h,, r,,
n=12,...,N/2 -1, axko3ddUUMEHT NOCIEAHErO WieHa /i, AEJIUTCS Ha 2.
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dopmysia BeIUMCISHUS MHTErpaa ajis oneparopa (2.2)

1 N
P, = _([H(z - z)F(2)dz = ;gﬁilfj, D, =d(z), F =F()

2 =Jj/N, j=12..,N=2M

(2.5)

Ha3bIBaeTCsl KBaIpaTypHOil (hopMysioil, 3HaYeHus g,, — KoadduneHTaMy KBaapaTypHOH
dbopmynsl, a BernunHa p y

1 N
pv =max(jpyl). Py =[HGE-2)F@dz - g F; i=12...N (2.6)
0 =

Ha3bIBAETCS MOTPENTHOCTHIO KBaIpaTypHOIA (hOPMYITHI.

KoHcTpyrupoBaHMIO KBaapaTypHBIX (hOPMYJI TSI TAKKUX OIepaTOPOB MOCBSIIEHA OOLIMP-
Has utepatypa [4—11]. O6GbIYHO KBagpaTypHble (hOPMYJIbI UMEIOT CTEMIEHHOUN MOPSIIOK
TouHOCTU. OCOOBIf MHTEpPEC BHI3BIBAIOT KBaJApaTypHble (POPMYIIbI, TIOTPEITHOCTh KOTOPBIX
yOBIBacT OBICTpee JII000M CTeIleHN mara ceTki. B MmoHorpadum [4] oHM Ha3bIBAIOTCS KBa-
paTypHbIMU popMyiaMu 6€3 HACHIILEHUS U UMEIOT MTOTPELIHOCTh, YOBIBAIOIIYIO 9KCITOHEH-
LIMAJIbHO C POCTOM YHCJia TOYEK CEeTKU.

AJITOpUTM mocTpoeHUst Takux (popmyn goctaroyHo cioxkeH [11]. [Tonab3ysich ke nepuo-
JIUYHOCTBIO MOXHO MOJYYUTh MPOCTYIO 0011yI0 hopMyty 1Jisi KO3 hUIIMEHTOB KBapaTyp-
HOi1 GOpMyJIBL g,,,.

IMpenyaraemMblii aJITOPUTM C SKCMTOHEHLIMAIBHO MaJIOi MOrpelIHOCTbIO C(hopMyTMpoOBaH
B TeopeMe 1, BeITeKarolleil u3 pesyabrarosn [12, 13].

Teopema 1. dnsa nepuonudeckoro sapa H (2.2) koaddunmueHTs KBaapaTypHoi dop-
MyJibl (2.5) BeIpaxaloTcs yepe3 yacTuuHbie cyMMblI (2.4) ero psina @ypbe (2.2)

Em = #HN(zm) =
| [l  h " .
= N{E + 7’”(—1)"’ + Y (h,cos(2unm/N) +r, sm(ZTmm/N))} 2.7
n=1

Torna xBanparypHast ¢opmyina (2.5) ¢ koabbuuneHTaMU g;_; O0NanaeT CienyouMMu
CBOIICTBaMU.
1. B IMCKpeTHBIX TOUKAX X; = 2ng; = 2wi/N ;i =1,2,..., N OHa OIpenenseT TOYHbIE 3Ha-
yeHwus ornepartopa (2.1), neiicTByroliero Ha GyHKIIUU
F(z) =1, cos x, cos2x,...,cos(M — 1)x, cos Mx
sin x, sin 2x,...,sin(M —1)x; x=2nz, M = N/2

2. Eciu dynkuus F(z) v sapo H(z) nepuonuuHbl F(z +1) = F(2), H(z +1) = H(2), a
WHTETPaJI TI0 TIEPUOIY

(2.8)

1 N N
JH(z - zi)|dz <h wcymma Z|gj_,~| = LZ|HN(zj - z,~)| <o (2.8a)
0 =l N =

OTPaHUYEHBI MOCTOSTHHBIMU /1 U G, HE3ABUCSIIMMU OT N , U, KpoMe Toro, F(z) — aHanuTu-
yeckasi (byHKIIMSI, TO IMTOTPEIIHOCTb KBaApaTypHOil (popmyJibl (2.7) 3KCIIOHEHIIMAIBbHO YObI-
BaeT C pOCTOM YMCJIa TOYEK CETKU N, a UMEHHO UMEeT MECTO OlIeHKa

1 N
py = [ H(z - 2)F(2)dz - Zlg,-f,-F,, pw| < Ce™V, 2.9)
0 =

rae noctosiHHble C U s 3aBUCSIT OT pyHKUMA H(z) u F(Z).
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Jlns1 mokazaTtefibCcTBa cBoMcTBa 1 TeopeMnbl 1 TociaenoBaTeibHO MPOBepsIeTCS TOYHOCTh
3Ha4YeHUii oneparopa (2.1), 1efiCTBYIOIIETO Ha KaXIyt0 OTAEIbHYI0 (hyHKIIMIO cucTeMbl (2.8)
(10Ka3aTeabCTBO B TIPUJIOKEHUN).

DKCMOHEeHLMallbHas olleHKa (2.9) (cBOMCTBO 2) 1OKa3bIBAETCs CIEAYIOLIUM 00pa3oM.

IMpenctaBuM GYHKIIUIO CyMMOI YaCTUIHOM cyMMEI psiia Ddypbe 1 ee 0CTaTOYHOTO WIeHa

F(z) = Fy(2) + Ry (2)
A M-1
Fy(z) = 70 + Y (A, cosnx + B, sin nx) + Ay cos Mx (2.10)
n=1

Ry(2) = D (A,cosnx + B,sinnx)+ By sin Mx; x =2mz
n=M+1
C nmomo1ipio olieHOK KoaddutmeHToB Pyphe aHATUTUYECKON (DYHKIINY, UMEIOIIeH eau-
HUYHBI niepuos (cMm. [14], cTp. 89)

4, < CO", |B|<CO; 0<6<1 .11
OLICHUM OCTATOYHBIN YIEeH
Ryl<clo¥+ 3 20" |=cl 8" << 2.12)
n=M+1 1-6

C nmomopsio (2.10) pa3dbmBaem nMorpenrHocTs (2.6) Ha [Ba ClaraeMeIX Py; = Py + Pp

1 N
Py = IH(z' - z)Fy(2)dz' — Zgj—iFN(zj)
0 =i (2.13)

1 N
Py = IH(z' — )Ry (2)dz' - ) g, iRy (z))
0 J=1

DyHkuus Fy(z) ABasieTcs JUHEHOM KoMOMHauueit pyHkuuii (2.8) 1 B cuity Teopemsl |
KkBaznparypHas ¢opmyna mist Fy(z) TOUHAa M1 MUMEET HYJEBYIO NMOrpeliHoCTh p, = 0. Janum
OLIEHKY BTOPOTO cJlaraeMoro p,. B cuiy HepaBeHcTBa (2.12) u ycnosuii (2.8a) umeem
<

Pyl = lpsl < +

1
[HE ~ )Ry ()dz
0

N
Zgj—iRN(Zj)
/= (2.14)

1 N
< “H(Z' _ Z,')”RN(Z')'dZ' + Z|gj—i||RN(Zj)| S(h+ G)C%GM
0 /= )

ITocne 3ameH (4 + 6)C % =C,0= e’ mosydaeM TpeOyeMy1o OLIEHKY.

C nmomonibio TeopeMbl 1 CTpoSITCS KBaapaTypHble (POPMYJIbI ¢ SKCITOHEHIIMATBHOM CXO-
JTUMOCTBIO JIJISI THTETPAJIbHBIX OMepaTOPOB C JIOTapUMMUIECKMMU OCOOEHHOCTSIMU, a TaKKe
IJIST OTIepaTopoB nUddepeHIIMPOBaHNS U UHTeTpUpoBaHus. Jlaiee, MpUMeHsIsT METOM Tpa-
HUYHBIX 3JIEMEHTOB, CTPOSITCSI KBaapaTypHble (POPMYIIbI ¢ SKCITOHEHIIMAIbHOM CXOIUMO-
CTBIO JUTS IMHEMHBIX OTIEPATOPOB TPAHUYHBIX MHTETPAJIbHBIX YpaBHEHUIA.

3. Kaaparypusbie opmybl 1151 JIMHEHHBIX onepaTopos. [IpuBeneM ¢ moMoOIIbIo TeopeMbl |
BBIBOII OCHOBHBIX KBaJIpaTypHBIX (hOPMYJI IS METO/Ia TPaHUYHBIX 9IEMEHTOB.

Ilpumep 1. KBaapatypHast dopmyna mis sinpa H = 1. Haxonum psiop @ypee H = 1 u ya-
CcTU4HYIO cymMy H y(z) = 1 m o dopmyne (2.7) nonyuunm g,, = 1/N . KBanpatypHas dpopmy-
Jia TIpUMET MIPOCTEUIINIA BUL



BBICOKOTOYHLIE YMCJIEHHBIE CXEMbI PELIIEHUA 347

1 N
[Fdz = LY F(z) (3.1)
0 N 4

B MmoHorpaduu [9] nokazaHa 3KCITOHEHIIMAIbHAas OlieHKa yObIBAHUS TTOTPEIIHOCTU KBaJl-
patypHoii dopmyibl (3.1) mist aHanuTrueckoit dyHkiuu F(z) = F(z +1). Eme paHblie B
MoHorpaduu KpbutoBa [8] 1967 r. nokazaHa aGCOMIOTHASI TOYHOCTb KBaApaTypHOil (hopMy-
761 (3.1) aJ1s1 TPUTOHOMETPUYECKUX TTOJIMHOMOB (2.8).

IIpumep 2. KBamparypHas ¢opmyna Wi siapa ¢ JorapupMuUieckol 0CoOEHHOCTHIO
H =1n |sin th|. Jlorapudmuyeckast o0cCOOEHHOCTb UMeeT MeCTO B (pyHKIMU [puHa 11 ypas-
nennst Jlaruiaca. Slapo H(z) = In|sin mig| mpencrapmsiercst cenyioumm psizom ®ypee

H(z) = —(mz + Zicos kxj; x =2mz (3-2)
k=1

CocraBisieM 9YacTUYHYIO cyMMy (2.4) 1 110 (popmyite (2.7) TeopeMbl 1 HaxonuM Koadpdu-
LHUEHTHI g,

M-I
Hy(z) =—In2 L cosMx - > lcoskx; M=N)2
2M =1k (3.3)
1
om) = Hy(2,),  8m = Not(m)

OHa JaeT ToOYHbIe 3HAYeHUs MHTerpaia i cucteMbl pyHkumit (2.8) u BeiBeneHa B [15] u
3aTeM B [9].

Ilpumep 3. KBanparypHas cdopmyna mis sinpa H = %sinz(nz) In(2sin nz)z. OHa nmeer Me-
cto B pyHKLMK [prHa 111 GMrapMOHWYECKOTo ypaBHeHusI [ 16] v BeIBeneHa BriepBbie B [13].
Bonee pocTo oHa BEIBOAUTCS C TTOMOIIBIO TEOpEMBI 1 clieayommuM oopa3om.

Snpo H = %sinz(nz) In(2sin Tcz)2 nmeeT psn Dypbe

— cos(kx) .
Sk -1y

CocrasisieM yacTuyHyto cymMmy (2.4) 1 no opmysne (2.7) reopeMsbl 1 Haxoqum Koahdu-
LIMEHTHI g,

H(z) = i —gcosx + x =2nz (3.4)

M-1

Hy(z) = 1y —COS(];IX) _3cosx+ > —cosgkx)
4 4MM- -1 8 k=2 2k(k” —1) (3.5)
04m) = Hy (@) & =0a(m); M = N/2
KBanparypnas ¢popmyira
il 1
[4sin’(nz - 2) In2sin w(z - 2))" Fo)dz =+ Y oa() = DF, (3.6)
0 J=1

B TOYKAX g;, i = 1,..., N aeT TOYHbIE 3HAYEHHUSI MHTErpaia st cucteMbl GyHKUUA (2.8) 1 o
TeopeMe | UMeeT 3KCITOHEHIIMAIBLHO MaJIylo ITOrPeIrHOCTh (2.9).

BeiBenennsie dhopmyinnl (3.3) u (3.5) niasg koadduumeHToB 0Um) U O (M) UCTIOIB3YIOTCS
MpY anmpoKCUMAILIMM JIMHEWHBIX MHTETPAJIbHBIX YPaBHEHU TSI pellieHUsI KpaeBbIX 3a1ay
rapMOHMYECKOTO 1 GUTApPMOHUYECKOTO YpaBHEHUIA.
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Puc. 1. [paHUYHBII KOHTYpP U HampaBJIeHe HOPMaJIu.

ITose3HbI TakKe KBapaTypHbIe (DOPMYIIBI VTSI OITepaTopoB nuddepeHIMPOBAHUS U UH-
TerpupoBaHus. X MOXHO TaKKe TIOJIyYUTh C TIOMOIIBIO TeOpeMbI 1, moJib3ysach psimom Dy-
pbe TTeproaNIeCcKOi nebTa-OyHKIIMN

d(sin(2mz)) = 1 + 2 cos(2mkz)
k=1
u psinoB Dypbe 115 ee TPOMU3BOAHOM U MHTETpaJa.
[TpencraBuM NMPOM3BOIHYIO B BUE JIMHEIHOTO orepaTropa, pa3jaoXuM siapo B psia Dypbe
U yepes ero KoadduimeHTs! BeITUIEeM Ko3(hGUIIMEHThI KBaaApaTypHOit (hopMyIIbl 1151 orie-
patopa Ipou3BOTHOMN

dF(z) _ | d 4n !
—_— = IH(z' - F()d7, H(z) = ——3(sin(2nz), gy = — E k sin(2nkz,,)
dz dz N =

AHaJIOrMYHO HaxoasTcsl Koa¢hGUIIMEHTH KBaapaTypHoit ¢opMyibl w11 uHTerpaiza. Ha-
XOIUM

sin(2rtkz,,)

x> I=

M-l
. 1
H(z) = | 8(sin(nz)dz, g, = —
'[ "N ,;
KsanpaTtypHas ¢hopMyJia 1S TepBooOpa3Hoii, MHTErpas o MEpUOLY KOTOPOil paBeH Hy-

1 ' " g N
JII0 UMEET BUJL, JF(z)dz = .[0 H(Z' - 2)F(Z)d7 = Zj:l gj-iF;.
4. ITocTpoeHue cxeM /il pelIeHNUs NOJUTapMOHHYECKOT0 YPaBHEHHS.

4.1. Cucmema unmeepanvholx ypasueruii. CUCTEMY MHTETPAIbHBIX YpaBHEHUM 1711 (DYHK-
uuu O(x, y), yIOBIETBOPSIONUIEN B 0071aCTH .S TTPOU3BOJIbHOMY MOJIMTAPMOHUYECKOMY ypaB-

HeHuio A"® = 0, seiBen U.H. Bekya [14]. UM BBeneHb! dyHKIMM [prHa G(k)(r), 3aBUCS-
1€ OT PaCCTOSTHUS r MEXIy AByMst Toukamu M = M(x,y)u M' = M(x',y") (puc. 1).

PM, M) = (x' = x) + (' =) (4.1)

HavanpHasa ¢ynknms IpuHa ompenensiercss GopMyiaoi V=6 = In(r(M,M")), a

k
octayibHble DyHKIMU [prHa G ), k =1,2,... HAXOOITCS TTOCIENOBATENBHO U3 PEKYPPEHT-
HBIX YpAaBHEHU I

(k)
AGh = 1], dG 1 _ G (4.2)
rdr dr
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OTkyna noiaydyaem
k

2k
G® — 4’1;7[1nr - Zl] 4.3)

i=11

[TpuBeneM BbIpaxkeHUs 1151 IEPBBIX Tpex ¢hyHKIUi [puHa G u ¢V ug?
GM,M’") = In(r(M,M"))
2
M,M'
M, M) = %(ln(r(M, M) -1 (4.4)
GPM, M) = 4(1n(r(M M) — -)

I'paHUYHBIA KOHTYp obnacTu dS ompenessieTcs: NapaMeTpUuecKuM ypaBHEHUEM x (s),
y(s), Toe s — HaTypaJIbHBIl HapaMeTp KOHTYpa (JulnHa ayru) (puc. 1).

Ha rpanuue onpenensitorcst pyHkuuu I'puHa G(k)(s,s') = G(k)(M (s),M(s')) u ee HOp-
MaJbHas MPOM3BOIHAS

(k) (k) (k) &) dy' k) dx'
% (s, s") = JdG™ _ 9G n;c_’_aG gy =06y G X (4.5)

on' ox' a7 ox' ds' 9y ds'

Kak (yHKIUM IBYX KOOPIUHAT s U §'.

CucreMa TpaHWYHBIX ypaBHeHMI Bekya 11T MOJMTapMOHWYECKOTO YpaBHEHUsI UMeEeT
CJIEYIONILYIO CTPYKTYPY:

Z(Al 1V11+B1 lq)l 1)_0

Z (Al ZV'—I + B[—2q)i—l) — 0 (46)

i=

AV + B = o,

k) ptk

rae A — JIMHEWHBbIE ONepaTOpPhI

!
AV O sy = [ 6O (s, s W P (s)ds’
0

L~ (k)
BV (s) = | aaG—,(s,s')d")(s')ds'; k=1,2...,m-1 (4.7)
O n

(k)
oM = AVomr), VM = 92
on'
NeicTByole Ha QYHKIUIO (D(k)(s') U €€ HOPMAaJIbHYIO IPOU3BOIHYIO V(k)(s'), ONnpeneseH-
HbIE HA FPaHMUILIE.
4.2. Memod nocmpoerusi cxemul ¢ IKCHOHEHUUANbHOU CXO0UMOCMbIO 0151 peuleHUs1 NOAU2aAPMO-
HUYeCK020 ypasHeHlUs. ApTYMEHTOM NOIbIHTErpaJbHbIX (DYHKIIMIA OIlepaTOpPOB A® u B gp

JISIeTCs JUIMHA OyTU s, QYHKLIMU UMEIOT IIEPUO, paBHBIN JJIMHE YTy / TpaHUYHOrO KOHTYpa
(puc. 1).
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Koopnunaty Touku M(x,y) Ha KOHType yOIOOHO 3alaBaTh MapaMeTpUYEeCKUMU ypaBHe-
HUSIMU X = ((2), ¥ = Y(2), 1€ O(z) 1 Y(z) — GyHKLUMM NTapamMeTpa Z ¢ EIMHUYHBIM ITIEpUO-
noM. [lapameTtp z 1 KoopauHata s cBsi3aHbl 1 depeHIMaATbHBIM COOTHOLIEHUEM

2 2 1
ds _ |(axY (@Y _ _
dz (de ’ (dzj lf(Z) ’ '([ f(Z) de=1 “5)

e f(z) — INIOTHOCTb TOYEK HA KOHTYpE.

3nech ciienyer oopaTuTh BHUMaHUE Ha TO, YTO Oaromapsi Mpou3BOJIbHOCTU (hyHKLMU [(Z)
ceTKa Ha KOHTYpe T10 [IJINHE AYTY TPOU3BOJIbHA, a [0 MapaMeTpy 7 — paBHoMmepHa. [1o mapa-
METpy Z IlIar CeTK Bcerna paseH 1/N, a mo mapaMmeTpy § 1Iar He paBHOMEPEH U paBeH
B =1If'(z;)/N . Touku ceTKU peKOMEHIYEeTCs CTYIATh B OKPECTHOCTY HAMOOJIbLIE KpUBU3-

Hbl KOHTYpa WIM B OKPECTHOCTM MUHUMAJIBLHOIO PACCTOSIHUS JIBYX COCETHMX I'PaHUYHbBIX
KOHTYPOB.

3amMeHol ds = [f (z)dz uHTerpajibHble onepaTtopsl (4.7) NPUBOASITCS K BULY

1
A O) = [ 60 2 W @ (2)dz
* (4.9)
BP0 () =[G (. )0 ()i
0

(k) (k)
Gz, 7) =90 Ay _JG dx (4.10)

ox' dz' oy d7
Jlist BIBOAA KBaApaTypHbIX (hopmyn onepatopos (4.9) ciaenyeT BbIAEIUTb OCOOEHHOCTD Y
siIpa MHTETPaJbHOTO OllepaTopa U BOCTOJIb30BaThCSI TEOPEMOIA 2.

Teopema 2. Ilyctb dyHkuus G(z;,z7) UMEET B TOUKE 7 = Z; IEPUOANYECKYIO OCOOEHHOCTD
U MIPENCTaBJISIETCS B BUIIE

V@0 = KH@E - 2)+ 8305 =1, =120, (4.11)
rae dyakuus H(z) npencrasisiercs psaoM Dypee (2.2) ¢ yactuuHoit cymmoit H y(z) (2.4),
dynkumsa g(z;, z7) — 6eckoHeuHo nuddepeHuupyeMa, UMEeT eIMHUYHBINA Iepuon g(z;,z + 1) =
= g(z;,7) U B TOUKE 7 = Z; PA3JIOXKECHUE
8(z:,2) = g(z:,2) + 0(z — %)

Torna

1
!F(Z)@H(zi,z)dz = #Zﬁ[&ﬁq" — )+ GFz) + Ry; i =12...,N
B(m) = -H(z,,) + IILIN(zm); m=12,...,N—1, B(0)= Hy(0) (4.12)
Gy =G6(z,2)); i# ), Gy =8z,%)
OcraToyHBblit UieH Ry yObIBaeT ObIcTpee 100011 GUKCUPOBAHHON CTENEHHU # 1Iara CeTKU
Ry = o(1/N").

Jloka3zaTtenbcTBO. IIpuMeHsst TeopeMy 1 K IiepBoMy M BTOpOoMY ciaraeMbIM (4.11) ¢pyHK-
uuu G(z;, 7), oayyaeM
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1 N
[FKH(z - z)dz = %Z Kl yzjF; + Ry
0 /=l

1 N
1

jg(z,-,z)dz =—> 8(z,2,)+ Ry,

0 N

Bropas dpopmyna siBisiercst kBaapaTypHoii opmyroii (3.1) u3 nmpumepa 1. OcrtatoyHbie
YJIeHBl 00enX GOPMYIT MEHBIIIE JIFOOO0I CTeTIEHM 111ara CETKHU.

CymMMupys 3TU [B€ KBaapaTypHble (OpMyibl U MOACTAaBISIS 8(z,2;) = G(z,2;) —

—K:H(z; — 7)), 8(z;,%) = G,-(,-k), MOJIYYUM KBaapaTypHyo (opmyny (4.12) TeopeMsl 2 , 4TO U
TpeboBaJIOCh 10KA3aTh.

Hwuxe 6onee mogpoOHO ONMUCAHO TIPUMEHEHUWE M3JIOKEHHOTO MeToAa K MOCTPOEHUIO
CXEM C 9KCITOHEHIIMAJIbHOI CXOAMMOCTBIO JJIs1 pelIeHN it TapMOHNYECKOTO U OMTrapMOHUYe-
CKOI'0O YpaBHEHM M.

5. Cxema 115 pelieH!s1 TAPMOHUYECKOTO YPABHEHHUSI.

5.1. Hnumeepanvhoe epanuuroe ypaguernue. Paccmorpum dyHkuuio ®(x,y), rapMoHuYe-
CKYIO BHYTPH 00JIACTH .S, OTpaHUYEHHO [TaIK1UM 3aMKHYTBIM KOHTYpOM 0.5 (puc. 1).

I oTOTO CiTydast cucTeMa ypaBHeHUit Bekya (4.6) cBOOUTCS K OMHOMY YpaBHEHUIO

AV(s) + Bd(s) = 0 (5.1)

C noMo1pto napameTpusaunu ds = lf (z)dz uHTerpagbHble oriepaTopbl A U B IpuBOaSITCS
K Buny (4.9)

1
AV&)=—IGQJUV&3V&Wk'
(5.2)
_Gdy aGa'x
ox'dz  dy'dz

Taxkas opma uHTerpaabHoro ypaBHeHus (5.1) u nuHTerpajabHoro oneparopa B (5.2) npu-
BeleHa B paodore [17].

Bo Bcex BHyTpeHHUX Toukax obsactu S pyHkuus ®(M) nipeacrasisieTcs B BUIE CYMMbI
MOTEHIMATIOB MPOCTOTO 1 ABOMHOTO CJIOEB:

B@@fG@m@m D)z, Gy(z.7) =

2nd(M) = _[ (—G(M M) (M )+ d(M' )des; M'e dS (5.3)
s al’l

ODTU Xe ypaBHEHUSI MOXHO MOJYYUTh C MOMOIIBIO TEOPUM ITOTEHIIMAJIOB IPOCTOTO M
IBOMHOTrO cyioeB [18].

Hwxe ¢ moMoIibio TeopeMbl 2 MOMydeHbl KBaapaTypHble (hOpMyJIbI IJIsI orepaTopoB A u B.
I'pannyHOE MHTEerpasibHOE ypaBHeHUeE (5.1) MPpUBOAUTCS K JMHEWHOM cUCTEMe ypaBHEHMUIA.

5.2. KeadpamypHoie ghopmynst a5 onepamopa A. J1iist TOro, 4ToObl BOCIIOJIb30BaThCSI TEOPE-
MOt 2, HEOOXOAMMO BbIIEIUTH B GyHKUMU G(z,7') JorapudmMruyecKyto OCOOEHHOCTb MpHU

7' =z C noMOIIbI0 ACUMITOTUYECKIX COOTHOIICHUIA

rZ,2) =l =s|(1+0ls — o) = [f(@)|' — 2 (1+0(z' = 2)) =

= &;Hsin Tz — 2)|(1+ Ofsinm(z' - 2)]) (5.4)
Haiinem rnipencrasieHue pyHkuuu [punHa (4.11) Teopemsbr 2
G(z,7) =Inr(z',z) = In¥=>2 lf(Z) +Injsin(z' — 2)| + O fsin(z' — 2)| (5.5)
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BueMm K; =1, H(z) = 1n|sir1 n(z)|, G; =1n M [Tonb3ysick psagoM Dypbe A1 GYHK-
T

uun H(z) (3.3), ¢ TOMOIIbIO TeOpeMbl 2 TTOIYYUM KBaApaTypHYyto ¢OpMYyJy ¢ SKCITOHEHIIM -
aJIbHOI CXOOMMOCTBIO Ui MHTeTrpaiabHoro omeparopa (5.2). Ee yno6HO BEIpa3uTh 4epes

marpuuy A; pasmepHoct N X N
u 1
AV(z) = D AV ilfys Ay = ‘N(B(V = J) +Gy)
j=1

B(m) = —Insin %’”‘ +o(m); m=12..,N—-1 B0 =o(0) (5.6)

N/2-1

om) = — 1n2+ﬂ+ 1 o5 2Mkm ; m=0,12,...,N,
N N

=1 k

.. If;
tne G; = G(z;,z;)npui # juGy; = lng, fi=f(z).

OnHOMEpHBI MaccuB om) cooTBeTCTBYeT (hopmyie (3.3) B mpumepe 2.

5.3. Keadpamypmwie gpopmynwi oz onepamopa B. TlokaxeM, uto pyHkums G, (z, 2 ) (D(z') — P(z))
B MHTErpajbHOM omneparope B (5.2) He UMeeT 0COOEHHOCTH MpH 7' = Z.

J1J151 5TOro BBIMUIIIEM Pa3/IOKEeHMSI T10 CTeNeHsIM Az = 7' — 2

2
8_xAz+l(a xjAzz +0(AZ)

9G _ x'—x _ 0z 2 a_z2
ox' r(Z,2) PfPAZ +0(A7)
dy _dy 82)/ 3
= =+4+-—=Az+0(A 5.7
i 8z2z (AZ) (5.7)
Ox 0y oxd%y  19%x ay} 2 3
ZEAZ+ | ==+ == (A7 + O(Az
a_Ga_y:E)zaz (azazz 297 0z < Az
ox' 97" P A + 0(A7)
INepecTaBmsist x U y, HAXOOIUM g—Ggl IToncraBustst aTn BeIpaxXxeHus B popmyny (4.10)
Yy og
g G, IoIy4uM
. 1 |[ox 82y dy azxj
G,(2,7)=——|=——==—= |+ 0(A2), (5.8)
@) 22 f2 (az 97> 9297 (32

YTO U JOKA3bIBAET CyLIECTBOBaHME KOHEYHOro npesaena G,(z, z).
Orcrona ripu 7' — z IS TIOABIHTETPAIbHOUN (DYHKIIMY oriepaTopa B Moaydyum

G,(2, ) D(Z) - D(2)) = O(z' - 2), (5.9)

4yTO 1 TpeboBaaoCch MokazaTtb. KpoMme Toro, B CHIy epuOAMYHOCTH (DYHKIIMI Ha KOHTYpE,
MoAbIHTETpaibHAsE (DYHKIIMSI omneparopa B MMeeT eIUHUYHBIN Tepuon 1Mo MapameTpy z.
CrnenoBaTelIbHO, MHTErpaJabHbIN oniepaTop B MOXHO BBHIUMCIISITH O KBaapaTypHOil pop-
myJie (3.1) mis nepronuyeckoit (pyHKIMKM 63 0COOEHHOCTEe U BhIpa3uTh oriepatop B yepe3
KBaZpaTHyIO MaTpuuy B; pasmepHoctu N X N
N N

Bd(z,) = 2‘1 B,®; B = %G, i%j, B =-YB8, (5.10)

=

ij
J=1
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Taomuua 1
N 32 48 64 80 96 112 128

€ 49x107% 19x107° 74x1077 29x10% 12x1077 47x10" 19x10"12
g, 72x107% 35x1073  20x107° 13x107° 92x107* 68x107* 52x107*

roe G

nij

= G,(2,2))- Oyuxkums G, (z;,2 ;) OTIpEeNeNsIeTest ¢ MoMOILbIo dhopmyisl (5.2). Tlox-

cTaBiss B Hee G = %ln[(x - x')2 +(y - y')z], MOJIYy4YUM

X;—X; d Yi = Yidx .
G2, 2)) =~ ’d—y— — 'd—; i#
1 2 1 Z; (5.11)
2 2 2
X =x(z), yi=¥z), B =0-x)"+0-y;)
5.3. Ilposepka cxodumocmu. IlpoBeprM CXOOMMOCTH ANIIPOKCHMMAIMM WHTETPATBLHOIO
ypaBHeHU:I (5.1) ¢ TOMOIIBIO NCKYCTBEHHOTO TOYHOTO PeIIeHMUSI.

. 2 2
PaccMOTpuM 2JIIunC x = acos 2wz, y = bsin 2nz u pyHkimo ® = x° — y°, rapMoHUye-
CKYIO BHYTPH 3JUTUIICA. BbIYucisieM ee 3HaYCHUS M 3HAYCHUS] HOPMATIbHOMN MPOU3BOIHON @ ;,
V', Ha sMIice B TOUKax z;, j = 1,2,..., N.
CocTaBisieM aInmpoKCHUMAIINIO JIEBOM YaCTU MHTETPaIbHOTO ypaBHeHUSI (5.1)

N
g = (AV, If; + By®;), (5.12)
Jj=1

e V;, @, f; — 3HaueHus1 PyHKLMI Ha 3JUTMIICe B TOYKaX Z;, j = 1,2,..., N.

IMorpemiHOCTBIO amnMpPOKCUMALIUM UWHTETPAIIbHOTO YpPaBHEHUS SIBJISIETCS BeJMYMHA
€= max|£i|,i =12,...,N.

B tabin. 1 npuBeneHsl 3HaUEHUS € B 3aBUCUMOCTH OT YMCJIa TOYEK CETKU N IS 3JIUIica
a =1, b =0.1. B nepBoii cTpoke 3TU 3HAYECHUST BBIYUCIIEHBI TI0 TIPEIJIOKEHHOI cXxeMe, a BO
BTOPOIi CTPOKE TI0 CXeMe BTOPOTO MOopsiaKa, MpemioxXeHHoH B [19].

Yuciio Toyek CeTKM IO CXeME C 3KCTTOHEHIIUAIBHOM CXOMUMOCTBIO pacTeT 1o apudMeTu-
YeCcKOU MpOrpeccuu, a MOrpelrHOCTh — MO0 reoMeTpuyeckoil. Torma Kak B cxemMe BTOPOTO
MOPSIIKA MOTPEITHOCTh B 3aBUCUMOCTH OT YMCJIa TOYEK CeTKM N yObIBaeT ropas3io MemIeH-
Hee T10 CTeNIEHHOMY 3aKOHY ~ N =2,

3HaueHus pyHkuuu ®(M) Bo BHYTPEHHUX TOUYKaxX 00JIacTH S ONpenesssioTcsl MHTerpa-
oM (5.3). [logpiHTerpanbHast GyHKIIMS OCOOSHHOCTEI He MMeeT, ¥ KBaapaTypHOu ¢hopMy-
JIOI ¢ SKCOHEHIINAIBHOI CXOOMMOCTBIO SIBJISIETCS IIpocTeiiiast popmyna u3 npumepa 1 (3.1)

N
2d(M) = %Z[—G(M, MV (M) + DM )G(M,M)f;; MeS, (5.13)

J=1

roe M ; — TO4YKa TPaHUYHOU CETKHU.

2
Eciu Touka M mumeeT koopauHaThl (x,0), TO ee TOYHOE 3HaUYeHUE paBHO x . BBemem oT-

HOCUTEJIBbHYIO NorpeltHoctb A = (®(M) — xz)/xz. Torna MakcumaibHasi TOrPELHOCTb PaBHA
max|A| = 6x10° mpu N =128 max |A| = 2x107 mpu N =160

maX|A|:1><10_8 npu N =192; max|A|:4><10_10 npu N =224
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HNHTerpasibHOE ypaBHEHUE BHEIIIHE 3a1a4M BbIpaxkaeTcsl Yepes Te ke caMmble OrepaTophl,
YTO U JUISl BHYTPEHHEl 3a1auu. BeIcTpoTa CXONMMOCTH YUCJIEHHOI CXEMBbI /J1s1 BHEILIHEH 3a-
Jlayy IeMOHCTpUpyeTcsl B [23] cpaBHEHUEM OMNpeAeIeHHbIX YUCAEHHO 3HAYEHUI C TOUHBIM
pelleHMeM 3aJayd TOTEeHLMAJbHOIO OOTEeKaHUs 3JUIMIca X = acos2mz, y = bsin2nz,
z € (0,1) c OONBLIMM OTHOLIEHUEM ETO MTOIYOCEH.

3aMeTUM, 4TO MPENJIOXKEHHAs! YACIEHHAsl CXeMa AAaeT aOCOJIOTHO TOUHbIE 3HAYEHUSI U151

r
CKOpOCTU D qucro LMPKYJISILIMOHHOTO OOTEKaHUS BJUTUIICA AJ1s1 JTI000r0 YKcia ToUekK CceT-
K1 N 2 4 u mo0bIX 3HAaYEHUSIX MOJIyoCceil 3Jutnrca a u b. Jto TeM 0oJiee YIMBUTEIbHO, YTO
TOYHBIE 3HAYCHMST TTOJTYYaAIOTCS IJIsI JOCTATOYHO CJIOXHOMN NIPpOOHO UppallMOHATbHOMN (yHK-
1002071

y
2 2 2 2
W + b — (@ - bY) cos 2mz
6. CxemMa C 3KCNOHEHIMAJIbHOI CXOIMMOCTBIO /ISl pellieHns OMrapMOHMYECKOro ypaBHEHHsI.
6.1. Cucmema unmezpanvubix ypasuenuii. CUcTeMe TPAHUYHBIX UHTETPaJbHBIX YPaBHEHMIA

N 2
Bekya (4.6) mpu n = 2 COOTBETCTBYET Cy4ait OMrapMOHNYECKOTO ypaBHeHUsST A“D(x, y). Dra
cucTemMa ypaBHEeHU I TPUHUMAET BU:

AV (s) + BO(s) + AV V(s) + BYdV(s) = 0
AVO(s) + Bo(s) = 0

Jluneitnbie onepatopbl A U B onipenesnieHsl B (4.9). OHU anMpOKCUMUPYIOTCS MaTpHU-
uamu A; (5.6) u By (5.10).

(6.1)

Boimuiem oneparopsl A u B, onpenenenusie B (4.9)

A O(s) = —iG‘“(s,st‘”(s')ds', BYD(s) = jaai’;,”(s,sW”(svds' (6.2)
oMy = aoM"), VO = ag”:)
GOm, M = @(ln(r(M,M')) -1
G (z,7) = %L(])gl_aaifz_’; (6.3)
aa(; (s.5)ds" = Gz, )

2 , , '
PMM) = —x) + (- y)
Btopoe ypaBHeHMe cucTeMBbl (6.1) SIBIIsIETCSI MHTErpabHBIM ypaBHeHMeM (5.1) ms rap-

" 1
MOHWYECKOU DYHKIIUU o,

3HayeHusT QYHKUMK BO BHYTPEHHUX TOUKaxX 00yacTy § HaxonsTcs no dhopmylie aHalo-
TUYHOM

2nq>(M)=gS -G(M, M) (M)+<I>(M)M—
EXY a}’l'

oG (M, M)

1)
— GO, My 92 () +q>“>(M)— A MeS (6.4)
on' on'
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6.2. Keadpamypnas ¢popmyna ons onepamopa AV, WHTerpanbHbiii oneparop (6.2) ¢ moMo-
LIbIO TTapaMeTpusanuu ds = lf (z)dz MOXHO MPEeICTABUTh B BUIE

| Lr@
AW =[Oy U@, 6V == SEHE - 15D, (69)
0 T

e BblaeJdeHHast o0co0eHHOCTh H (7' — z) paccMoTrpeHa B npumepe 3 (3.4)

H(z) = Lsin’(nz) In@sinmg)? = L - 3cosx 5o _costko) - op (6.6)
2 4 8 =2k = 1)
OyHKIWMS g(z, 7') — aHamUTU4IecKast GYHKIVS eIMTHUYHOTO TIepUo/Ia o 000UM apryMeH-
TaM W yIOBJIETBOPSIET yCJIOBUIO g(Z,7) = 0.
ITo TeopemMe 2 misi MHTETPaJbHOTO OIllepaTopa IoJydaeM CJIEOYIONIYIO KBaapaTypHYIO
dbopmyy

N
AW O@) =3 APV,

J=1

) rf )
A =——2 (B, (i - j|) + G; (6.7)
i 4n2N( l(l |) ij )
B](m):—H(Zm)JF(X](m), m:1’25"-9N_15

rie G = Gz, z)npni # ju Gy =0.

OnHOMepHBIIt MACCUB 3HaYEeHUI O (m) omnpenessieTcs no koadduimentam psaa Pypee (3.4)
C IIOMOIIBIO TEOPEMHEI 1.

m M-1
oy (m) = 1 + (—1)2 _3cos(2mm/N) " cos(27c2nm/N)
4 AMM” -1) 8 =2 2n(n" —1) (6.8)
1
Bi(0) = 0y (0) = ——
4 —-4M
6.3. Keaopamypnasa gopmyaa oaa onepamopa B,. IlpeobpasyeM sigpo oneparopa B,
dy . dx ;. 1 . 2 . 2
GO =L oy X (—ln X' =x)+0 - —1) 6.9
b el R b2l (=07 + ' =’ (6.9)
BrinensieM iorapuMudecKyo 0coOOeHHOCTh
2 2
6P(7) = KQHE -9+ 8(7); K(g) = -5 Y& _dxdy (6.10)
An\dz" dz  d7” dz
ITo TeopeMe 2 HAXOLMM MATpHLLY, aNPOKCHMUpyoLLyio oreparop B
B = K@y (i = /) + G (5. 2)) (6.11)

6.4. Ilposepra cxooumocmu. CXOOVMOCTb UMCICHHON CXEeMBbI IJISI OMTapMOHUYECKOTO
ypaBHEHUST MOXHO IMPOBEPUTH Ha NCKYCTBEHHOM TOYHOM PEIICHUH TaKXKe KaK 1 JIJIsT TapMO-

3 3
HUYECKOTO ypaBHEHMS B pasn. 5. Beioupaercs 6urapMmoHmdeckas ¢GyHKIus @ = x° — y° u
JUTIST Hee HaxONSITCS 3HAYEHUs B TOUKaX TPAHUYHOM CeTKU 3HaueHus1 hyHKimu @;, ee HOp-
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Taoauma 2
N 32 48 64 80 9 112
€ 7% 1074 2.8x 107 1.1x107° 5.6 %1078 1.3x 1078 6x 107
3 1.4 x 1072 55%x 1074 22 %107 8.7 % 1077 3.5% 1078 1.4 x 1077
g, 9.6x1073 4.7 x 1073 2.7 %1073 1.8 x 1073 1.3 %1073 9.3 x 107
8  2.6x1072 1.2 x 1072 6.9 x 1073 4.4x1073 3.1x 1073 22x1073

. . Lo . .
MaJbHOI NMpou3BOnHON V; dyHKUMI (I)f) " VI-( ) ,i=12,..,N. IlorpentHOCTH YMCIEHHOM
CXEMBI IS CUCTEMBI ypaBHeHMI (6.1) BEIYUCISIOTCS IO hopMyIam

N
g = (AuVlfj + By®, + AWVl + B;1)®§?>)

vt
= . (6.12)
8 = X (4V i, + Bo")

yrJ

—

~.

B Ta6:1. 2 npuBeaeHbl 3HaUEHUS MAKCUMAJIbHOM MOTPEITHOCTH € = max |8,-| , 0 = max |5,-| B
3aBUCUMOCTHU OT YMCJia TOYeK ceTKu N ang syummncaa =1, b = 0.1.

B mepBBIX IBYX CTpOKax MPpUBEIEHBI MOTPEITHOCTU CXEMBI C DKCIIOHEHIIMAIBLHOM CXOIM-
MOCTBIO € U 0, a B CJIEAYIOIIMX JABYX CTPOKAX MOTPENIHOCTA CXEMbI BTOPOro ropsiaka [22],
o6o3HaueHHbIe € 1 §;. Kak BUIHO M3 TaGIUIIBI, TOTPEITHOCTD KBaAPaTYPHBIX hopmyt mpu
112 TouKkax CeTKHU Ha IISITh TTOPSITIKOB MEHbIIIE MOTPEIITHOCTU CXeMbI BTOPOTO MOpsiaKa, KOTO-
past OOBIYHO MCITOJIB3YETCSI VTSI PEIICHUs] KpaeBbIX 3a/1a4 OMTapMOHUYECKOTO YPaBHEHMUSI.

Bce nmpuBeneHHBIEe TabIUIIBI TTOKA3bIBAIOT YOBIBAaHKE TTOTPEITHOCTH IO Te€OMETPUUYECKOI
MPOTPECCUU TIPU YBEJIMYCHUH YHCIIA Y3JI0B CETKU MO apu(dMeTHUecKoil Mporpeccuu Tak,
KaK ¥ TIOJDKHO OBITh B CXeMe C 9KCITOHEHITNATbHOM CXOIMMOCTBIO.

. N 3 3
CXOIMMOCTD BBIYUCIICHUN OUTapMOHUYECKOU QYHKIIUKA X~ — )~ BO BHYTPEHHUX TOYKAX
MPOBEPSIEM TaK Ke, KaK M CXONUMOCTbD JIJIs rapMOHUYeckoi hyHkumu. Eciu Touka M uMeer

3
KoopauHaThl (x,0), TO ee TOUHOE 3HaYeHUe PaBHO X~ . YncCleHHbIe 3HAUeHUST HAXOIUM C IO~
MOILBIO alMPOKCUMALIMKA MHTErpabHOM (popMyIisl (6.4). BBeneM OTHOCUTEILHYIO ITOrpeli-

HOCTb 8@ = (P(M) — x°)/x" . MaKCHMAaIbHAsI TIOTPELIHOCTb PABHA Max |6D| = 8 x 107 1pu
N =128; max|3Q| = 3.0x107 mpu N =160; max 39| = 1.5x107° nmpu N =192;
max|3®| = 5.5x107"" mpu N = 224.

KaK BUIHO N3 NMPUBCACHHbIX PC3YJIbTAaTOB Bbl‘{VICJ’leHVI]}’l, MOrpCIrHOCTU y6b[Bal’OT TaK>XKe

10 TEOMETPUIECKOIT TIPOrPECCUM.

7. Cxema ¢ IKCIMOHEHLIMAJIBHOM CXOIUMOCTBIO IS peaieHus NMOJTUMrapMOHUYECKOro ypaBHe-
HHSA. AHAJIOTUYHO MOXKHO ITOJIYYUTDb KBaJApPaTypPHBIC (I)OpMyJ'IbI C BKCIOHEHIIMATHOM CXOmu-

MOCTBIO JJISI ONEPATOPOB A® u B® mna mo6oro HaTypaJbHOTO k =1,2,3,... B cucreme
ypaBHeHUi Bekya @ (4.6). J11s1 3TOro 1OCTaTOYHO 3aMETHUTh, YTO SIAPO oA (2.2) omnepa-

k
TOpa A® ¢ tounocTsio 10 MHOXUTENST K MMeeT MEePUOINYECKYI0 OCOOEHHOCTD

H(z) = %(sin(nz))Zk In(2sin nz)*

Anpo npencrasisieTcs B BUIE G(k)(z,-, =K H(z; —2)+gz,2), k =0,1,2,..., rne pyHK-
uus g(z;, ) AHAIMTUYHA U UMEET EAMHUYHBIA NTEpUO 0 00OMM apryMeHTaM.
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Puc. 2. TpaHUYHbIE KOHTYpa MHOTOCBSI3HOM OGJIACTY U HAMPaBJICHUE HOPMaJIeid.

l'lepuo;mquKy}o 0COOEHHOCTH MOXKHO Pa3JI0XUTD B pA d)ypbe C MOMOIIbIO CIACAYIOIIUNX
dbopmyn

o

%m(z sinmz)? = -3 COSMX ¢ — opy
n=1 n

.2 1 1 . 4 1 1 3
sin“(mz) = —=cosx +=, sin (z) = =coS2x — —COSX + =
(m2) 2 2 (m2) 8 2 8

sin6(nz) =L cos3x + icos 2x - Beosx + i,...
32 16 32

16

2 cos mx cos nx = cos(m + n)x + cos(m — n)x

[Tpusenem psawl i Hy, k = 0,1,2,3

H, = —(Zicoskx]; x =2nz

k=1

H, = 1_3cosx - cosgkx)
4 8 =2 2k(k” = 1)

=

7 cos(x) + 25c0s(2x) Z 3cos(kx)

H2=

32 3 192 =2k (K - 4) (&7 -1)
1. = 37 _79cos(x)  97cos(2x) _49cosBx) . < 45 cos(kx)
T2 256 640 1280 Shak(® - 1)(k* - 4)(Kk* - 9)

HOns Hy v H| psinel @ypee npuseneHs B (3.2) u (3.4).
C noMol1IIbl0 TeOpeMbl 2 MOXHO BbITTMCAaTh KBaJApaTypHbie (hOPMYJIbI C SKCITOHEHIIM AT b-

HOM CXOAVWMOCTBIO IIJISI OIepaTOpPOB A(k)V(k), k =1,2,3,4. OcobeHHOCTH siIep G,(,k) (4.10)

OIepaTopoB B® ornuarorcst ot ocobenHoCTEl sanep G*» OIepaTopoB A® Tonbko MHOXM-
TeJIEM U [IJIs1 HUX KBaApaTypHble GOPMYJIbl HAXOASATCS aHAJIOTMYHO.

8. YucaeHnas cxema JUIsl pelieHus 3a1a4 ruApoAMHAMMKUA. PaccMoTpuM pellieHue miocKoi
3a7a4y TeUYEeHUsI BA3KOU XUAKOCTU B TpuoOamkeHun CTokca B MHOTOCBSI3HOM obGyactu S,
OTpaHUYCHHON CHAPYKU KOHTYPOM 0.5, 8 U3HYTPU KOHTYpamMu dS;, i = 1,2,...n (puc. 2).

KpaeBas 3agaua nis ¢pynkuum toka W(x, y) craButcs Tak. B 061acTu TeyeHust KUAKOCTH S
dyukuus toka W(x, y) u naBieHue p(x,y) yIOBIETBOPSIOT YPABHEHUSIM
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¥ _dp o _ dp.
AL AL =X 8.1
u o =3y u . 3 (x,y)e § (8.1)

W3 Hux crenyer rapMOHUMYHOCTh (yHKUMU aaBieHus Ap(x,y) = 0 1 OUTapMOHUYHOCTD
GYHKIIMM TOKA
2
AW(x,y) =
Ha rpanuiie obnactu 3anarorcs 3HaueHus1 pyHKIMMU ToKa W(s) 1 ee HOpMaIbHOI MPOU3-

BOJHOM ¥ (s)
on

Y5 = v(s), 8_‘?8 =v(s); (x,y)e 9§ (8.2)
S

on

J1J1s1 MHOTOCBSI3HBIX 00J1acTeii hyHKIMM Y(s) Ha rpaHuniax dS;, i = 1,...n GyHKIMM TOKa Y(s)

OIpenesIeHbl C TOYHOCTBIO 10 MMOCTOSTHHBIX 3HAYEHUH ¢;, i = 1,...n. JIJIs ompeneneHus 3Tux
TTOCTOSTHHBIX 3HAUYCHU TpeOyeTCs ellle BBIMOJIHEHNE YCIOBUI OMHO3HAYHOCTH AaBJICHUS B

obactu S. M3 HUX ciemyeT BBITIOHEHHE CICAYIOIINX YCIOBUI Ha KaXIOM KOHTYpe 0.5,

=0,1,...n: .[a Bp ds =0, Toe ds — 3JIeMEeHT JUIMHBI.

B cuny Toxnectsa g_p =-u oAY

N

YCJI0BUA OJHO3HAYHOCTU JAaBJICHUA MIPUHNUMAIOT BU

jaA‘P 0, i=12..n (8.3)

3amgavya CBOOUTCS K PELICHUIO CUCTEMbl MHTErpaJbHBIX ypaBHeHU (6.1), KoTopas mjis

rpaHUYHBIX 3HaUYeHU (8.2) yHKUMid Y(s), v(s) U GyHKUUI ‘I’l(s) u V(l)(s) IIPUMET BULL

Av(s) + By(s) + A"V O(s) + BOW!(s) = 0

(8.4)
AV sy + B¥P(s) = 0

N3 cuctemsl ypaBHeHUi (8.3), (8.4) onpenensrorcst QyHKIMKU V(l)(s), lI’l(s) Ha rpaHU-
uax dS;, i = 0,1,...,n ¥ MOCTOSTHHBIE ¢; HA TPaHULAX 0S;, i = 1,...n. 3HaYeHUs] GYHKLMU BO
BHYTPEHHUX TOYKaX 00JacTH S BBIpaXkaroTcsl Yepe3 KOHTYPHBIE TpaHUYHbIe MHTErpaiibl (6.4).
IMongprHTerpaibHble (YHKIIMM HA KaXKIOM KOHTYpe INMEepUOIMYHBI M HE UMEIOT OCOOEHHO-
creii. [ToaTomy KBampaTypHble (DOPMYJIbI IUISI HUX UMEIOT BUMA, aHAJTOTUYHBIHM (5.13) miist cioy-
Yyasi FTaApMOHUYECKOTO YPaBHEHUS B pasi. S.

N
2d(M) = %Z [—G(M, MWV (M;)+ DM )G, (M, M)~
j=

-G M, MV (M;) + @ (M;)G (M, Mj)]/fj; Me S, (8.5)

rae M ; — TOYKa PaHUYHOM CETKHU.
9. IIpumeps! pemieHust 3a1a4 riAPoAMHAMUKH. B KauecTBe mpumepa MpUMeHEHUs] YUCIIeH-
HBIX CXeM pazl. 8 paccMOTpUM cieayolyto 3anavy. [1ycTe BHyTpU HEMOABUXXHOTO DJUTUII-

2 2

TUYECKOTO LIMJIMHApPA: x_2 + y_2 =1 c moylyocsiMH a M b BpalllaeTcsi KpyroBoi LIMJIMHIP paau-
a

yca R: (x — xo)2 + y2 = R’. Tlonocts S MEXIy HMWIMHAPAMU 3anoJHEHa BSI3KOUW XKUIKO-
ctbio. HyxHo onpenenuts dyHkuuio Toka W(x, y).
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[MpuBeneM YMCIEHHYIO CXeMy pellieHusl. [paHUYHbIe TOYKW CETKU PACIIPEAC/ISIIOTCS Clie-
JyloLuyM o0pa3oM: Ha sjuiuIice N Touek ¢ uHaekcamu i = 1,2,..., Ny, Ha OKpyXXHOCTU N,
TO4YeK c MHaekcaMu i = Ny +1, Ny + 2, ..., Ny + N; = N. Cuctema UHTErpajIbHbIX ypaBHe-
Huit (8.4) anmpoKCUMUpPYETCs MO MpPeMTOXKEHHBIM KBaapaTypHbIM (hopMyjdaM JUHEHHOM
CUCTEMOI

.MZ

My 1) (Mg _
(A,.,ijfj+3,.j\1!j+A,.j viir, + BYWS )_0

~
N

N .1

Zi (A,.,V}“zf, + B,,\PS”) =0

K »T0i1 cucTeMe mobGaBisieTCs alIIpoKcuManus ypaBHeHUsI (8.3)
> v =0 9.2)

Ha smmunice 3anatorest yenosust W, =V, =0, j=1,2,..., NyunHakpyre ¥, = ¢, V; =1,
Jj=Ny+LNy+2,.., N HU3cucremsl 2N + | ypaBHeHul onpenestorcs 2N + 1 HeusBecT-

HBIX 3HAUECHUN: ‘P(jl), Vj(l), j=L...,N =N, + N, u q. PyHKUHNs TOKa BO BHYTPEHHMX TOUYKaX
obnactu S onpenensiercs o popmyre (8.5). [TorperHOCTh anMmpOKCUMAITAY OTIPENeISIeTCs
CpaBHEHWEM C TOYHBIM PEIIIeHUEM, a €CJIM eT0 HET, TO C TIOMOIIbIO MCKYCCTBEHHOTO TOYHO-
ro pelleHusl MOTPEIIHOCTEN € U 6 HaxomsaTcs 1Mo dopmyiam (6.12). PaccMoTpuM 4yacTHBIE
cyJau.

ITlpumep 1. TTycTh MOOCTb MEXIY ABYMSI KOAKCHAIBbHBIMU KPYTOBBIMU LIMJIMHAPAMU 3a-

MOJIHEHA BSI3KOM XUIKOCThIO. BHemHuii Kpyr panuyca R, = 2, a BHYTpEHHUl paauyca R,.
BremHuit Kpyr HemoABUXKEeH, a BHYTPeHHUI Bpaiaercs. Ha rpaHuiiax KpyroB 3amaroTcst
ckopocTH vy = 0 U v; = 1 cooTBeTCTBEHHO. 1151 GyHKLIMM TOKA 3a4aeTCsl 3HAUEHUS PaBHOE
HYJIIO Ha BHELITHEM KPYTe U ¢ — Ha BHYTpeHHeM. 3HaueHue ¢ U (yHKIIMS TOKa B 00J1aCTU Te-
YeHMsI TIoJJIeXXaT OIpeAcIeHNIO. DTa 3agadya uMeeT TouHoe perieHue [20]

2 2 2
‘I—‘(r) — Rl(_r + RO 2+ 2R0211‘1(I'/R0))
2R — R)

Ha I'paHUIaX Kpyra BbIIIOJIHAIOTCA YCJIOBUA
¥
V(Ry) = =

¥
= 0’ R = = 1
or r=R, V( 1) ﬁr—&

2 2 2
\P(RO) — 0, \IJ(RI) =g = Rl(_Rl + RO + 2R0 ln(RI/RO))

2 2
2(Ry — R)
JIJ1st YMCIeHHOTO pellIeHUs ATOM 3a1auu TpaHUYHbIE YCJIOBUS (8.2) MUMEIOT BU
R R
Y,. =0, Y.,.=q, — =0 =— =1 9.3)
|BSU |851 on 25, on a5,

W3 pemenus cucremsl ypaBHeHuit (9.1), (9.2) HaxonsTca 3HaYEHUS ‘P(»l), V;l), Jj=1, ..
N = Ny + N, Ha TpaHMLIE U BeJIMYMHA PAacXoia KUAKOCTH g. DYHKLMS TOKa BHYTpU obJa-
CTH S onpenesieTcs 1Mo HaliIeHHbIM TPaHUYHbBIM 3Ha4eHUsIM 1o popmyJie (8.5).

Hwuxe npuBeneHa tabi. 3, neMOHCTpUpYyolasi 3aBUCUMOCTb MOTPEITHOCTH BBIYMCIICHUS
pacxona 8¢ ot yMcaa Touek N 1uist paauyca R, = 2 u paguycos R, = 0.5, 1 u 1.5.

JLJ1st Bcex 3HaUeHUI paiuyCcoB XapaKTepHa CKOPOCTb YObIBAaHUSI IOTPEIITHOCTH MO TEOMET -
PUYECKOI MPOrPecCUr C pOCTOM YHCIa TOUEK M0 apudMeTuecKoil mporpeccun. 3HaMeHa-



360 ITETPOB

Taomuna 3
R, | N ‘ 6 8 10 12 14 16
05 & 18x10* 11x10 69x107 43x10®% 27x1077 17x107"
N 12 16 20 24 28 32
1 8¢ 1.8x107* 1LI1x107  69x1077 43x10% 27x10° 1.6x10710
N 32 40 48 56 64 72

15 8¢ 48x107° 46x10° 46x1077 46x10% 45x107° 45x10710

Taoamma 4
Ax ‘ N ‘ 8 12 16 20
0.5 dq 8.2 x 107* 53x107° 3.6 %1078 2.3x 10710
N 16 24 32 40
1 dq 13x 1073 1.6 x 1073 1.9 x 1077 2.1 %1077

TEeJIM TeOMETPUUYECKON IMPOrpeccruu MeHbllle efuHMIbI. OMHaKO C YBEJIMYEHUEM paauyca
3HaMEHaTes b MPOTPECCUM YBEJTUYUBAETCSI.

Ilpumep 2. T1osocTb MEXAY NBYMSI KPYTOBBIMY LIMJIUHAPAMU, PACTIOJIOXEHHBIMU 3KCIIEH-
TPUYHO, 3aIlOJHEHA BSI3KOM XMAKOCTbIO. BHemHUi Kpyr paauyca Ry = 2, a BHYTPEHHUIA
panuyca R, = 0.5. Kpaesble ycioBust Takue Xe Kak B npenpinyiiem npumepe (9.3). 3Have-
HUeE pacxoda g v (pyHKIIMs TOKa BHYTPU O0JIaCTH TEUEHUS MOJJIeXKaT OonpeesieHuo. 3aaadya
Tak>Ke MMeeT TOUHOE pellleHue, HO ropas3no 6osee ciaoxHoe. [1ob3ysach TOUHBIMU (OPMY-
mamu [21], HaxomuMm: g = —0.43157034963 mpu pacCTOSTHUU MEXIy IEHTpaMU KpPYroB
Ax = 0.5 g = —0.26752948323 npu Ax = 1. B Ta6i1. 4 nmpuBeneHbI MOTPEITHOCTH BHIYMCIIC-
HUS pacxoja MpU pa3IMYHOM YMCJIE Y3JIOB CETKU N ISl paCCTOSTHUI MeXIy LIeHTpaMu Kpy-
roB0.5m 1.

Ha puc. 3,a n3o6paxeHbl IMHUM TOKA JUIs1 KPYTOBOro UMIMHAPA, panuyca R, = 0.5, Bpa-
LIAIOIIETOCS C eIMHUYHOU CKOPOCThIO BHYTPU HEMOABUXKHOTO KPYrOBOTO LIMJIMHAPA paany-
ca R, = 2. PaccTosiHMe MexXy LIeHTpaMU KpyroB paBHO 1. @yHKIIMs TOKa UMeeT 3HaueHus 0
Ha BHEIIIHEM LuIMHApe U ¢ = —0.2675 Ha BHyTpeHHeM. BHYTpu 00/1aCTH IMHUU TOKA UME-
0T oTpuuareabHble 3HadeHus1 (i/5)q, i =0,1,...,5 u nonoxurensHele 0.017, i =1,2,...5.
Ha BHelIHeH OKpY>XHOCTH 96 TOouek, a Ha BHyTpeHHeM Kpyre 64. KapTuHa JTUHUI TOKa He
OTJINYAETCSI OT MOCTPOCHHO! HAa TOUHOM PeIlIeHUU.

ITlpumep 3. TTonoCTh MEXAY BHEITHUM SJUTUITUYSCKUM W BHYTPEHHUM KPYTOBBIM LIMJTMH-
IpaMU 3aIl0JIHeHA BI3KOM KMAKOCTBIO (puc. 3, 0). DIUIMIIC U KPYT 3adaI0TCSI YpaBHEHUSIMU

2 2 1

XX o, (x+l)2+y2=Z

4 1
KpyroBoii HMJIMHApP BpalllaeTcsl BOTPYT CBOE OCH C TTOCTOSTHHOM YIJIOBOM CKOPOCTBIO, a
BHEITHUM SJUTUNITUYIECKUN IIVUTMHIP TTOKOUTCS. 3HaYeHUsI (DYHKIIMY TOKa M CKOPOCTH KU -
KOCTHM Ha HEMOJBWXXHOMN JUTMIITUYECKO# IrpaHulle MojiaraeM HyjneM. CKOpOCTh Ha TpaHMIIe
Kpyra roJjiaraeM paBHOI equHUlIe, a 3HaYeHue (PYHKIMU TOKa paBHbIM ¢. it 9TOM 3anayu
TOYHOTO PEIISHUST HE CYIIECTBYET M TOYHOCTD alllPOKCUMAIINN JIUHEHHOMN CUCTEMBI TIPOBE-

o 3 3
pA€TCA HAa NICKYCTBEHHOM TOYHOM PCIICHUN 6I/IFapMOHI/I‘-ICCKOI/I (I)YHK]_[I/II/I X —y.
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Puc. 3. JIuHuM TOKA BSI3KOM KUAKOCTH BHYTPH SJUTMIITUYECKOM 00JIaCTH, CO31aBacMbIe a) BPAILIEHUEM JIBYX KPYTo-

BBIX LMJIMHIPOB a) B ONMHAKOBOM HAIpPaBJICHUM, 0) B IPOTUBOIOJIOXHOM HAMPABICHUH.

B Tabi1. 5 MpUBOISTCS HEBSI3KM € U O, a TAKXKE MMOrPELIHOCTA BO BHYTPEHHMX TOYKAX: B

touke M((1.9,0) morpewmHocts ¥(1.9,0) — (1 .93) u B Touke M,(0,0.08) morpemrHocTb
¥(0,0.8) + (0.8%) Ipy pasTMUHBIX 3HAYSHUSX YHCIIa TOUEK Ha KOHTYpax N, oM N|.

IMonaras N; = N, = 64, u3 penieHus JUHEHHONW CHUCTEMBl YPaBHEHUN HaXOIUM

g = 0.1698 1 HeusBecTHbIE ‘P,(-]), V,-(I), i=12,...N, + N,, a dyaxkuuio Toka ¥(x, y) BHyTpU

00J1acTH BBIYMCIIsIEM Mo anmpokcumMaiivu (5.3). Ha puc. 3,6 npuBeaeHbl iuHuu Toka W(x, y) =
= const. /IBa 3aMKHyTBIX cemMeicTBa TMHUI ToKa pasnenset tuHus W(x, y) = 0, npumbIkaio-
masi K rpanuiie ajummnca. M3 mepBoro cemeiicTBa BbIOpaHbI TPU 3aMKHYTHIE JTMHUU TOKa
Y =¢q/3, 2q/3 v nunua ¥ = ¢, coBnagaroias ¢ rpaHuiieit kpyra. Jlist BToporo cemeiicta
BBIOpAHBI IMHUM C OTpULIATEIbHBIMU 3HaUeHUSIMU QyHKIMU Toka ¥ = —0.05/,7i = 1,2,...,5.
Ilpumep 4. TlonocTh MEXIY /UTUNITUYECKUM U IBYMSI KPYTOBBIMY 1IUJIMHAPAMU 3a1I0JTHE-

2 2

Ha BSI3KOM XXUIKOCThIO (puC. 4). DJUIUIC M KPYTM 3aJar0TCsl YpaBHEHUSIMU x? + yT =1,

(xt1)?+y* =1/4.

KpyroBbie MIMHAPHI BpalllaloTCsl BOKPYT CBOEH OCH C MOCTOSTHHOM YTJTOBOUM CKOPOCTHIO
B OTHOM HampapjieHuHu (puc. 1,a) U B MPOTUBOIIOJIOXHBIX HarpaBieHusx (puc. 1,6). BHem-
HI/II7[ IIWJINHOP ITOKOUTCA. 3Ha‘{eHI/IC (byHKHI/II/I TOKa U CKOPOCTDb >JKMIKOCTHU Ha HCHOI[BI/I)KHOﬁ
SJUIMOTUYECKON IpaHMIIe MojaraeM paBHbBIMU HyI0. CKOPOCTh Ha IpaHUIIe KaXIOTro Kpyra
rnojiaraeM paBHOI enMHUIIE, a 3HaYeHUe PYHKUUU TOKA PABHBIM ¢. DTO 3HAaUYCHUE MoJie-
2KUT OITPEACICHUIO.

Taoauma 5
Ny, N 32.64 48.96 64.128
€ 22x107° 9.4 %1078 22x1078
3.8%107° 6.0 x 1078 9.5x 10~
M, 6.2x 1073 1.7 x 1074 4.6 %1070

M, 1.5% 1073 57 %107 2.1x107°
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a 0
Puc. 4. JIuHuM TOKa BSI3KOM XKUIKOCTU BHYTPH SJUIMIITUYECKON 0GJIACTH, CO3NaBaeMbIe a) BPALLEHUEM ABYX KPYyro-

BbIX TUJIUHIPOB a) B OIVMHAKOBOM HallpaBJICHUHU, 6) B IIPOTHUBOITOJIO2KHOM HaIlpaBJI€HWUU.

3agaya CBOAMTCS K PELICHUIO cUCTeMbl ypaBHeHUU (9.1) ¢ nByMsi HOTOJTHUTEIbHBIMU
ycinoBusiMu (8.3) paBEeHCTBO HYJIIO LIMPKYJISILIMIM Ha KaXI0i OKpy>KHOCTU. OHM CeayIoT U3
TpeOOBaHUs OMHO3HAYHOCTHY (DYHKIIMM TaBJICHUS U C TIOMOIIIbIO KBaapaTypHoit hopmyibl (3.1)
anrpoKCUMUPYIOTCS CIEAYIOIIMM 00pa3zoM

No+N; W No+N+N, o
Z \Pi = O, Z \Pl' =0
i=Ny+l1 i=Ny+N;+1

Ilpumep 5. TlpemyioxxeHHast cxema ynoOHa TakKe Il pacyeTa OOTeKaHU I TTepUOaUIECKUX
CTPYKTYp. [J1s1 ydeTa 5TOi MEPUOANIHOCTH HAIO YIECTh IEPUOANIHOCTh B hyHKIMMU [priHa
U PEIIUTh 3aayy 00TeKaHMS B TiepuoaniecKoit siueiike. [TokaxkeM 3To Ha pellleHUH 3a1auu
MMOTEHIIMAIBHOTO OOTEKAHUSI MEPUOINUECKON PEIIETKU KPYTOBbIX IMJIWHAPOB MEXIY TBYMSI
IUTIOCKOCTSIMMU. 3amada CTaBUTCS CJenylolnuM odpa3zoM. Mexny nIByMs IUIaCTUHAMU pacro-
JIOXXEHHBIMM Ha YPOBHSIX y = *h IMoMmelleHa nepruoandeckasi 1ernouyka KpyroBbIX LWJIWMH-
IpoB paauyca R ¢ LEHTpaMu B TOUKaxX y = Yy, X = kL, k =...—1,0,1,2,... Torna nepuonnue-
ckasg dyHkuusi Toka W(x + L, y) = ¥(x, y) noTeHUMaIbHOTO OOTEKaHUS HAlIETCs U3 pellie-
HUSI CJleaylomleii KpaeBoi 3amauud. B oOnactu TedyeHUsT QyHKIIMST TOKa JOJDKHA
YIOBJIETBOPSATH YypaBHeHUIo Jlamiaca, Ha MjaacTUHaX OHa OJKHA MPUHUMATD MTOCTOSTHHbBIE

3HaueHUs | U f,, @ Ha KPYTOBOM LIVUIMHIPE 3.

JIist Takoi 3amauu 10Ka3bIBaeTCsl TeopeMa eIMHCTBEHHOCTU TaKXKe Kak ISl BHYTpEHHEM
KpaeBoii 3amauu it ypaBHeHwus Jlarutaca. [1pennonarast, 4to cyliecTByIoT aBa petienus W,
u ¥,, nomydaem, uro pasHocth OV = W, — W, yaosieTBopsieT ypaBHeHUIo Jlaruiaca u HyJie-
BbIM KpaeBbIM ycioBusiM. Toraa B mpsimoyronbHuke S = x € (—L/2,L/2), y € (—b,b) (sueii-

Ka MEepUOAUYHOCTH): MHTerpas .[s (grad S‘I-’)dedy NPUBOIUTCS K MHTErpajay IO IpaHULIE
STUEHKU .[S (8‘1’ ag—‘y)ds OH, 0YEBUIHO, paBeH HYIIO, TAK KaK, Ha IIacTUHaxX 1 Ha Kpyre O = 0,
n

a Ha CropoHax x =+*L/2 WHTerpadsl B CWIy TEPUOTUYHOCTA COKDPAIIAIOTCS.
.[s (grad S‘I’)zdxdy = (. Orcrona ronyyaeM: grad 6 = 0 = 8¥ = const = 0.

Pewrenue 3agaum cBoguTcsl K MHTerpasibHomy ypaBHeHUIo (5.1)AV (s) + BY¥Y(s) = 0, tae
Y(x, y) — byHKUMs TOKA, a V' (s) = 0¥ /dn — CKOpOCTh Ha rpaHuile. B MHTErpasbHbIX Orepa-

Topax A u B — dyHkuuio I'puna G(x,y) = %ln(x2 + y2) HY>XXHO 3aMEHUTb Ha MEPUOArYe-

cKyto dyHkuio ['puHa

Gx.y) =11n {%((sh(xy/z»z + <sin0»x/2>)2)}
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Puc. 5. JIuHUM TOKA MOTEHLIMAIBHOTO LIMPKYJISILIMOHHOTO OOTEKAHUsI PELIETKH KPYTOBBIX LIMJIMHIPOB MEXIY IBY-

M1 IUTOCKOCTSIMU: 2) CUMMETPUYHOE 00TeKaHue, 0) aCCUMMETPUYHOE OOTEKaAHUE.

Jlasee HY>XHO BOCITOTb30BAaThCs KBaApaTypHBIMU (opMynamu (5.6) mwis onepatopa A u
(5.10) nnsa oneparopa B.

Ha puc. 5 u3o6paxeHbl IMHUU TOKA JIJIs1 00TEKaHUS TIEPUOANYECKON CUCTEMbI KPYTrOB pa-
nMyca R =1 ¢ leHTpaMM B TOUKAX y = Yy, X = k21, k = ...—1,0,1,2,... MeXay OIByMsI IJIaCTH -
HaMU, pacroJIOXKeHHBIMM Ha YPOBHSX y = t1. Ha nnactuHax 3agaioTcs HyJieBble 3HAaUeHU S
¢dyHKIIMM TOKa, a HAa OKpy>KHOCTH ¥ = 1. 3HaueHUs1 PyHKIIMIT TOKA HA U300pakKeHHBIX JIU-
HUSIX MEHSTIOTCS OT HYJISt 10 enuHuIIb ¢ marom 0.1. Kpome Toro nzo6paxxeHbl KpUTUYeCKUe
JIMHUM TOKa, paslelisiolire HarpaBieHrne CKOpOoCcTh Ha HuX. Ha puc. 5,a 1ieHTpbl Kpyros
PACIOJIOKEHBI Ha CpenHel JIMHUM y, = 0 MeXay IiacTuHaMu. B aToM cityyae KapTvHa Jiu-
HUI TOKa CUMMETPUYHA OTHOCUTEIbHO JIMHUU HIEeHTPOB. KpuTnueckoit TMHUM TOKa COOT-
BETCTBYeT 3HaueHMe (pyHKuuMU Toka 0.5576. B KpuTHUECKOIl TOYKE, PaCIIOJOXKEHHON Ha
CpeaHeii IMHUU, KPpUTUYECKasi TMHUS TOKa pa3esisieTcsl Ha IBE€ BETBU HUXXHIOIO U BEPXHIOIO.
Mexny HUXXHEH MIacCTMHON M HYKHEW BETBbIO KPUTUYECKON JIMHUU TOKA XXUIKOCTb TEUET
cneBa HarpaBo ¢ pacxogoM Q = 0.5576, a Mexay BepxHeil BETBbIO U BEpXHEil IIacCTUHOMN
JKMIKOCTb T€YET CIIpaBa HaJleBO C OTpUIIaTeIbHBIM pacxoaoM Q = —0.5576. Mexny oKpyX-
HOCTBIO U ABYMSI BETBSIMU KPUTUYECKOIN JIMHUM TOKA XUAKOCTb ABUXKETCS MO 3aMKHYTHIM
JIMHUSIM TOKa IPOTUB YaCOBOM CTPEJIKH.

Ha puc. 5,6 LeHTpBI KpYyroB pacloIOXeHHI BhIllle CpenHeil IuHuu, 1.e. y, = 1. IIpu aTom
Te4eHre He CUMMETPUYHO, HO TakKKe KaK 1 B CHMMETPUYHOM CJIydyae UMEeeTCs KpUTUIecKast
JINHUS TOKA ¢ UHBIM 3HaYeHueM GhyHKunu Toka 0.5365. Mexny HUKHe TIacTUHOMN W HIK-
Hel BETBbIO KPUTUYECKOM JIMHUU TOKA KUIKOCTb TEUET CJIeBa HarpaBo ¢ pacxoaoMm Q = 0.5365,
a MeXy BEpXHEM BETBbIO U BEPXHEU MIACTUHOM XXUIKOCTb TEYET CITpaBa HAJIEBO C OTpULIA-

TeabHBIM pacxonoM Q = —0.5365.

3akmoyenue. [IpemyioxkeH KOHCTPYKTHUBHBINM aJITOPUTM TIOJTYYEHUST YHUCIEHHBIX CXEM C
5KCMOHEHUUAIBHON CXONUMOCTBIO JIS1 PELIEHUST KPAaeBhIX 3a1a4 JJIs1 TOJIMTapMOHUYECKOTO
YPaBHEHUSI B IPOU3BOJBHBIX MHOTOCBSI3HBIX 00J1aCTSIX, OTPAHUYEHHBIX INIAAKMMU KOHTYpa-
Mu. Matpulibl 4;, B; KBanpaTypHbIX GOPMYJI MHTETPAbHBIX ONIEPaTOPOB A U B JIETKO Ha-
XOJISITCSI C TIOMOIIIBIO BBITTHUCAHHBIX PsinoB Dypbe mis hyHKIui [prHa ¥ MpUMeHEHUS Teo-
peMm 1 u 2. [1o cpaBHEHMIO C U3BECTHBIMU, NPEAJIOKEHHBII AJITOPUTM MPOILLE MPOTrpaMMUpy-
eTcsl, TaK KaK BCe KBaApaTypHble (h)OpPMYJIbl UMEIOT SIBHYIO M IpocTyio ¢opMy. O61acTu, B
KOTOPBIX pelIaeTcsl KpaeBasl 3alaya, MOTyT ObITb CAMbIMU Pa3HOOOPa3HbIMU, B TOM UHCIIE
MHOTOCBSI3HBIMU. JIOCTaTOYHO 3a/1aTh TPaHUILy 00JacTU ABYyMsI TapaMeTpUIeCKUMU (hyHK-
LUSIMU WK Jaxe B ouubpOBaHHOM TaOJIUYHOM Buie. [1pemioxkeHHbIil alrOpuTM MO3BOJISI-
eT pellaTh KaKk BHYTPEHHUE, TaK M BHELIHUE 3aJa4u 0€3 YCIOXHEHUS CXEM.
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Ecnu e cpaBHMBATh MPEMIOKEHHYIO YUCICHHYIO CXEMY C 3KCIOHEHIIMAIbHON CKOPO-
CThIO CXOJMMOCTHU C IPYTMMU PA3HOCTHBIMU WU C U3BECTHBIMU CXEMaMU BTOPOTO MOPSIAKA
MeToAa IPaHUYHBIX DJIEMEHTOB [22], TO OHa CYlIECTBEHHO SKOHOMUYHEE, U MO3BOJISIET 10-
CTUTAaTh MAIIMHHOW TOYHOCTH TMPU CPABHUTETBHO MAJIOM YUCJIE JIEMEHTOB CETKU (OKOJIO
coTHM). PelieHue NMHENHHONM CUCTEMbI COTOTO TIOpsIIKa peliaeTcs NMpakTUiecKu MTHOBEH-
Ho. CxeMa Takxke ynoOHa ISl pacyeTa IEpUOANIECKUX CTPYKTYP. [JIsT 3TOT0 1OCTaTOUYHO pe-
IINTb MHTEIrpaJIbHOC YPAaBHCHUEC Ha OﬂHOﬁ sI4yeiike NEPUOANYHOCTU U 3aMCHUTD Cl)yHKLll/llO
I'prHa Ha nmepruoanuecKyto QyHKIMIO [prHA ¢ coXxpaHeHHEM ee 0COOEHHOCTH B HyJie. 3aMe-
TUM, UYTO B CUJTy COXpaHEHUST 0OCOOEHHOCTU KO3 GUIIMEHTHI KBaIpaTypHBIX (hopMyJT HE Me-
HSIOTCS, a TIepUOANYECcKasl CTPYKTypa B YMCIEHHOW cXeMe YYUThIBAETCS 3a CUET MePUOaUY-
Hoctu byHkiuu [puHa. [Ipemiaraemble YUCIEHHbBIE CXeMbl MOXXHO TIPUMEHSITh HE TOJILKO B
TUAPOAMHAMUKE, HO U ISl pelIeHUs IPYTUX 3a7a4 MaTeMaTU4eckKoil (DU3MKU, CBOIASIIIUXCS
K KpaeBbIM 3a/1ayaM JUIS SJJTUITUYECKUX YPaBHEHUIA.

Hanpumep, kpaeBble 3aauu ISl pellIeHUsT IIIMPOKOTo Kjlacca TEOPUM YIIPYTOCTH U3JI0-
KeHbl B MOHOTpaduu [24]. B Heil ucnonb3yeTcst MeTol KOH(OPMHBIX OTOOpaXKEeHU A, TOCTU-
KUMBIN JIJI1 OTpaHMYEHHOTO Kjlacca 3ajay, Torna Kak MpeACTaBlIeHHasl YUCJIeHHas cxemMa
MPUMEHUMa JIJI TPOU3BOJIbHBIX T€OMETPUUYECKUX 001acTeit.

HccnenoBaHue BBINIOJTHEHO 3a cyeT rpaHTta Poccuiickoro HaydyHoro ¢doHaa (mpoekT
Ne 22-21-00833).

IIpunoxenune

JlokaszaTeIbCTBO TepBOro cBoiicTBa TeopeMbl 1. TTociemoBaTelbHO TTPOBEpsSieM TOXIE-
CTBEHHOCTb KBaJIpaTypHOi (hopMyibl (2.7) B IUCKPETHBIX TOUKAX Z;, j = 1,2,..., N IS Kax-
ot GyHKIUU cucTeMbl (2.8).

I11. Ilposepka mounocmu gopmyast 0as F(z) = 1. [IpuBenemM TouHOE 3HAYEHUE UHTErPATb-
Horo orepaTtopa (3.1) ¢ ssmpom (3.2)

2

3HaveHMe 1Mo KBaIpaTypHoil popmyse TeopeMsbl 1 TaKoBO

1 1
[ - P = [Pz = (I
0 0

N N
o, = Zgj—iFj = zgj—i (I12)
=l j=1

Dopmyiy (3.7) wist KOIDOUIMEHTOB g;_; TIPENCTABIISIEM B BUIE

A N N

g === +...» cos2nn(j —i)/N +...

2N A =

31ech BMECTO HECYILIECTBEHHBIX MHOXMTEJIEHN MOCTaBAEHbI TOUKU.
IToxaxewm, 4To

sin 2nn(j — i)/ N

N N
D> cos2nn(j —i)/N =Y sin2nn(j—i)/N =0, n=1....M-1, i=1..N, (II3)
j=1 Jj=1

u Torna oueBuaHO popmyisl (I11) u (I12) onpenensior paBHbIE 3HAUYECHMSI.
Bocnosnb3yeMcsl TOXAeCTBOM

N ._z(—1+zN)
;zj 14z
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i2ntn/ N . .
TMozcTaBisis B Hero KOMILIEKCHoe uncio z = e/ = cos 2nin/N + isin2nn/N , nonyuyum
N

N =™ =1u z_iZjV:l Z=0=> 27:1 cos2nn(j —i)/N + i2rnn(j —i)/N =0, uto u noKa-
3piBaeT hopmyiry (I13). Takum obpa3om, KkBampaTypHast GopMyJia SIBISIETCS TOIHOI.
112. Ilposepxa mounocmu gpopmyawt o4 F(z) = cosQnkz), k =1,...,M —1.

ToyHoe 3HaueHUE MHTETrpajJbHOro OrepaTopa BbIpaxkaeTcsl yepe3 ero Ko3¢hUIIMeHThI
Dypbe

1
[ H(z - 2 cos@nke)dz = %hk cos(2mkz) — %rk sin(2mkz)
0

Berauciinm 370 3HAYCHUE IO KBaAPATYPHOI hopMyIie TeopeMsl 1 st g;_;
N N
> gjicos(2nkz;) = Y g; ; coskx;
= 7=

PasbuBaeM g,, Ha TPU CIaraeMble g, = &, + &, + &

& = i[@Jrh_Mcos Mxm:|7 & = iMZ_:I h, cos(2nnm/N),
NL2 2 N 3

=
& = = > r,sinQuam/N)
n=l1

Borauciyum ¢ moMomibio ¢popMyJI OpTOTOHAJIBHOCTH [25]
N N

Z;coskxj sinnx; =0, Z;coskxj cosnx; = M,,;
Jj= Jj=

k=01. .M, n=12..M-1
N

ZSinkxj sinnx; = M&,; nk=12..,M-1
=

8, =0 mpu k#n u O =1 mpu k=n

BKJIaJbl B KBaIPaTypHYIO GOPMYJTY CIaraeéMoro g,

N Yo Th h
> gjicoskx; = Z—[— + M cos M(x; — xi)} coskx; =0
p =N2 2
C/IaraeMoro g,, -
N QM (N
D g} coskx; = ~ h, [Z cos(n(x; — x;)) cos kxjj =
Jj=l1 n=1 Jj=1
LM (Y
=— > h,| D cosnx;cosnx; coskx; | =
N=o A
=
=— Y h,(cosnx;M3,; ) = % cos kx;
N n=1

Bxutagel cmaraemoro g,

N | M N
Zg}"_i coskx; = v Z 7, [Z sin(n(x; — x;)) cos kxjj =
Jj=1 n= j

1 Jj=1
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n Jj=1

LM (Y
== D" 1| D sinnx; cos nx; cos kx; | =

S

-1

1 . Ve .
= > r,(sinnx;M$9,;,) = —=%sin kx;
N £ n ( i nk) 2 i
CyMMUpys BCE BKJIAIbI, TTOTYIUM

N
h o
D gjicoskx; = % coskx; — Lsin kx
= 2 2
Takum obpa3oM, kBagpaTypHast (popMmysia B TOUKax X; = 27g; Ja€T TOYHbIE 3HAYEHUSI.

[TpoBepka TouHocTU opmynbl wist F(z) = sin(Qmnkz), k =1,..., M — 1 nmpoBoauTcs aHa-

JIOTUYHO.

11.

12.

14.
15.

16.
. Bounos O.B., Bounog B.B. UucneHHBI pacyeT HeCTallMOHAPHBIX IBUXEHUI UIeIbHONW HECXKU-
18.

19.

20.

Takum obpa3oM, cBOMCTBO 1) TeopeMbl 1 mToKa3aHo.
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High-Accuracy Numerical Schemes for Solving Plane Boundary Problem for a Polyharmonic

—

11.

12.

Equation and Their Application to Problems of Hydrodynamics

A.G. Petrov®*

4[shlinsky Institute for Problems in Mechanics of the RAS, Moscow, Russia
#o-mail: petrovipmech@gmail.com

Boundary value problems are considered for harmonic, biharmonic equations, as well as the
general polyharmonic equation for multiply connected domains on the plane. The problems
are reduced to solving linear integral equations on boundary contours, which are assumed to
be smooth. An algorithm for deriving an approximation of integral equations by a linear sys-
tem is presented, taking into account the logarithmic singularities of the kernels of integral
operators, through which integral equations are expressed. The algorithm uses the periodici-
ty of functions defined on closed boundary contours. As the number of grid points increases,
the approximation error decreases faster than the grid spacing to any fixed degree. Applica-
tions to solving problems of hydrodynamics, filtration and other problems of theoretical
physics are considered.

Keywords: Linear operators, periodic functions, Fourier series, harmonic and biharmonic
functions, boundary value problems, scheme without saturation

REFERENCES

. Boyd J. P. Chebyshev and Fourier Spectral Methods. Dover: Mineola, 2001.
. Orszag S.A., Gotlib D. Numerical Analysis of Spectral Methods. Theory and Applications. SIAM,

Philadelphia, Pennsylvania: 19103, 1977. 169 p.

. Hafeez M.B., Krawczuk M.A. Review: Applications of the spectral finite element method // Arch.

Comput. Methods in Engng., 2023, pp. 1—13. doi: 10.1007/s11831-023-09911-2

. Babenko K.I. Fundamentals of Numerical Analysis. Moscow; Izhevsk: R&C Dyn., 2002. (in Rus-

sian)

. Babenko K.I. Some remarks on the discretization of elliptic problems // Dokl. Akad. Nauk SSSR,

1975, vol. 221, pp. 11—14. (in Russian)

. Algazin S.D. h-Matrix, a New Mathematical Apparatus for Discretization of Multidimensional

Equations of Mathematical Physics. Moscow: URSS, 2017. 246 p. (in Russian)

. Algazin S.D. Numerical algorithms without saturation for the Schrédinger equation of hydrogen at-

om // Num. Meth. Prog., 2018, vol. 19, pp. 215—218. (in Russian)

. Krylov V.I. Approximate Calculation of Integrals. Moscow: Fizmatlit, 1967. (in Russian)
. Kress R. Linear Integral Equation. Springer, 1999. 380 p.
10.

Kalitkin N.N., Kolganov S.A. The Fermi—Dirac functions. Direct calculation of the functions //
Preprint no. 235, Moscow: Keldysh Inst., 2018. 29 p. (in Russian)

Belykh V.N. The problem of constructing unsaturated quadrature formulae on an interval // Sb.:
Mathematics, 2019, vol. 210, iss. 1, pp. 24—58.

Petrov A.G. Numerical schemes without saturation for periodic functions // Dokl. Math., 2018,
vol. 98, no. 1, pp. 348—352.



368

ITETPOB

13.

14.
15.

16.
17.

18.
19.

20.
21.

22.

23.

24.

25.

Petrov A.G. Algorithm for construction of quadrature formulas with exponential convergence for
linear operators acting on periodic functions // Rus. Math., 2021, vol. 65, no. 2, pp. 75—80.

Bari N.K. Trigonometric Series. Moscow: Fizmatlit, 1961. (in Russian)

Petrov A.G., Smolyanin V.G. Calculation of a capillary-gravity wave profile on a surface of a heavy
liquid of a finite depth // MSU Bull., 1991, no. 2, pp. 92—96. (in Russian)

Vekua I.N. New Methods for Solving Elliptic Equations. Moscow: Fizmatlit, 1948. (in Russian)
Voinov O.V., Voinov V.V. Numerical method for calculating unsteady motions of an incompressible
ideal fluid with free surfaces // Dokl. AN SSSR, 1975, vol. 221, no. 3, pp. 559—562.

Sobolev S. L. Partial Differential Equations of Mathematical Physics. Oxford: Pergamon, 1964.
Kazakova A.O., Terent’ev A.G. Numerical solution of boundary value problems for the polyharmon-
ic equations // Vychisl. Mat.&Mat. Fiz., 2012, vol. 52, no. 11, pp. 2050—2059.

Landau L.D., Lifshitz E.M. Fluid Dynamics. Oxford: Perganmon, 1987.

Kazakova A.O., Petrov A.G. Viscous fluid velocity field between two cylinders which rotate and
move translationally // Fluid Dyn., 2016, vol. 51, no. 3, pp. 311—320.

Kazakova A.0O., Petrov A.G. Computation of viscous flow between two arbitrarily moving cylinders
of arbitrary cross section // Comput. Math.&Math. Phys., 2019, vol. 59, no. 6, pp. 1030—1048.
Petrov A.G. Saturation-free numerical scheme for computing the flow past a lattice of airfoils and
the determination of separation points in a viscous fluid // Comput. Math.&Math. Phys., 2011,
vol. 51, no. 7, pp. 1239—1250.

Muskhelishvili N.I. Some basic problems of the mathematical theory of elasticity. Dordrecht:
Springer, 2010. 732 p.

Hamming R.W. Numerical Methods for Scientists and Engineers. N.Y.: McGraw-Hill, 1962. 411 p.



	СПИСОК ЛИТЕРАТУРЫ
	REFERENCES

