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PaccMoTpeH reoMeTpuuecKuii MoaXo K ONMUCAaHMIO DJIEKTPOMArHUTHOTO TOJIS B Cpefie C MICTOUHUKAMU KaK
€IMHOTO TOoJIEBOro 00bekTa. OnucaHre OCHOBBIBAETCS Ha KOBapUMAHTHOM GEeCKOOPIWMHATHOM ITOAXOIE,
MIPUHSITOM B COBPEMEHHBIX TEOMETPU30BAHHBIX MOJIEBBIX TEOPUSIX. YpaBHEHUsT MaKcBelaa B cpele ¢ Uc-
TOYHHMKAMU TMTPEACTaBICHBI B TePMUHAX TUDdepeHIIMATBHBIX 2-(hOopM IS 3JIeKTPUIECKOTO 1 MAarHUTHOTO
MoJieil B 4YeThIPEXMEPHOM MPOCTPAHCTBEHHO-BPEMEHHOM KOHTHUHYyMe. OOIIMe ypaBHEHMST BKIIOUAIOT B
ce0s pa3IMYHble YaCTHBIE CIyJ4ar paclipOCTPaHEHUS, PACCESTHUS U U3JTyYeHUsT SJIEKTPOMATHUTHOTO TTOJIST

B Cpelax ¢ pa3HOOOPa3HbIMU CBOMCTBAMMU.
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BBEAEHWE

OTnyne 3JeKTPOMAarHUTHOTO TOJIS B BAKYYME OT
TOJIsI B Cpelie OO0YCIOBJIEHO HAJIMYMEM B MOCIIEIHEN
MUKPOCKOITMYECKUX 3aPSIA0B ¥ MATHUTHBIX MOMEH-
TOB U B3aUMOJENCTBAEM C HUMH TOJI. DTO B3aMO-
JIECTBHE BKIIIOYAET B CEOST paccessHUE U TTEPEUBITY-
yeHrne. MMKPOCKONMYECKUE TIOJISI OIMCHIBAIOTCS
ypaBHeHUsIMU MakcBeuta—JIopeH1a, KOTOphIE pas-
OMBAIOTCS Ha JBE Iaphl.

I1epBas mapa:

rotE = _B_B’
0x, (D
divB =0,
BTOpas Iapa:
rotH = 4n j+ a—D,
c 0x, 2)
divD = 4mp.

3nech BBEIEHBI IMPOCTPAaHCTBEHHO-BPEMEHHBIE TIe-
PEMEHHBIE X = (X, X).

VYpaBHeHus (1), (2) onuchIBalOT MaKpOCKOIIMYE-
CKUe€ II0JIsI, yCpeOHEeHHBIE 110 (pU3MYecKy 0eCKOHEeU-
HO MaJIOi 4-00ylacTh MpoCTpaHCTBaAa—BpeMeHM. Ta-
KOM TOIX01 OCHOBAH Ha MPUHIIMMAX KJIaCCUYECKOM
MaKpOCKOIIMYECKOM 3JIeKTpoauHaMuKu JlopeHna.
VpaBueHus (1), (2) B o01IeM ciiydae BKIIOYAIOT B Ce-
0s1 Kak T10Jis1 6€3 UICTOYHUKOB (BOJHBI), TaK U TOJIS,
MOPOXIaeMble UICTOYHUKAMU — IUIOTHOCTSIMU 3apsi-
OB P U TOKOB j, O0bEIUHSIEMBIMU B 4-BEKTOP TOKA

J=(cp, j). [Ipu 3TOM ycpeaAHEHHBIE MUKPOCKOIIUYE-
CKMUe€ IUIOTHOCTH 3apsIIOB P U TOKOB

<J> =J +Jy =P, )+ (Po> Jo)

BKJTIOYAIOT B ce0$1 WieHbI, UMEIOIIUE Pa3TNYHbIN (hu-
3WYECKUIA CMBICT. A UMEHHO, 4-ToK J = (cp, j) oTpa-
JKaeT peaklMIo Cpelbl Ha BJEKTPOMAarHMTHOE MoJe,
CBSI3aHHYIO C IPOCTPAHCTBEHHBIM Tepepacnpenesie-
HYEM 3apsIoB M WX ABIKeHHeM. Mnu, nHade, 4-TOK
J nnpyuuposaH nosneM. C Opyroii cTOpoHbl, 4-TOK
Jo = (¢py, jo) CBSI3aH ¢ BHELLITHUMU UCTOYHUKAMU (HA-
MpUMep, ¢ BHEITHUMU 3apsaaMi Y TOKaMH).

Dduznyecknii cMbICT pas3aesieHUusl ypaBHEHUt
Maxkcsemna (1), (2) Ha mapsl CleayIInii. YpaBHe-
HUST U3 TIEPBOM Taphbl SABJISIOTCS OIHOPOIHBIMU.
Tem caMbIM OHM OmNpedesisitoT CBOWCTBA IOJsI, He
CBsI3aHHBIE C MCTOYHWMKaMHW. HamportwB, BTOpas
rmapa ypaBHeHU I MakcBesia COaepXXUT UCTOUYHM -
KU 2JIEKTPOMArHUTHOTO T0JISI — MJOTHOCTD 3apsiaa
p ¥ TUIOTHOCTH TOKa j, 3aJaHHBIe KaK (pyHKINU
MMPOCTPAHCTBEHHBIX KOOPAWHAT U BPEMEHMU.

DdyHmamMeHTaAIbHOE 3HAYEHUE Pa3NeIeHUST YpaB-
HeHUii MakcBeiila Ha mapbl OOHapyXMBaeTcsl Tpu
00bEeAMHEHUU TI0JIel B KOCOCUMMETPUYECKUI TeH-
30p MOJIsI BTOPOTO paHra B MCEBIOEBKIUIOBOU MET-
puke MuHKoBckoro [1, 2]. B aToM ciiydae nepBasi ra-
pa 3amnuchiBaeTCsl KakK PaBEHCTBO HYJIO BHEIIHETO
mddepennmana Tea3opa noisa [3—5]. Kak n3Bect-
HO, omnepalusl BHelIHero nuddepeHIIMpoBaHUsI HE
CBsI3aHA C HaJaW4ueM MeTpuku [6]. B To ke Bpems
BTOpasi mapa Jijisi CBOero HalMcaHusl y>xe TpeoyeT Ha-
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JIMYMS METPUKH. DTO CBSI3aHO C IPUMEHEHHUEM OIIe-
patopa Xomxa U3 IpocTpaHcTBa AuddepeHIaIb-
HBIX (DOpPM, KOTOPBIZ 0OTOOpaxKaeT KOCOCUMMETPUY-
HbI1i1 TeH3op tumna (0, k) Ha rer3op Tuna (0, n — k), toe
n — pa3MepHOCTb MPOCTPAHCTBa, kK — paHT KOBapu-
AHTHOTO KOCOCUMMETPUYHOTO TeH30pa [7].

OTMeTHM, YTO BJIEKTPOMATHUTHOE TI0JIe KaK (Pu-
3UYECKUI 0OBbEKT XapaKTEepU3yeTCsl BeTMYMHAMMU Ha-
MPSDKEHHOCTEM 3JIEKTPUYECKOTO0 M MAarHMTHOTO IO-
JIeil, TIOCKOJIbKY UMEHHO OHM HEMOCPEACTBEHHO 13-
MEPSIIOTCSI B OKCIIEPMMEHTE I10 MEXaHHMYECKOMY
BJIMSIHUIO Ha 3apsiibl ¥ TOKU. MHBIMU CITOBaMM, JIIO-
6oe oIurcaHue SJIEKTPOMATHUTHBIX SIBIICHUI B paM-
Kax KJIACCUYECKOM 3JIEKTPOAMHAMUKY, TIPETEHIYIO-
1ee Ha MpPsIMOE COOTBETCTBUE C IKCIIEPUMEHTOM,
JIOJIKHO onupaThest Ha BenmuuHbl E u H.

BDTO 3aMeYaHMe CIOEJIaHO B CBSI3U C POJIbIO IJIEK-
TPOMArHUTHBIX MOTEHIIMAJIOB B COBPEMEHHOI KJlac-
CUYECKOIi, a 0COOEHHO KBAaHTOBOM, 3JIEKTPOIUHAMM -
Ke IJIs1 aHaJIn3a 3a1a4 U3JIy4eHUsT U pacCesTHus, CBSI-
3aHHBIX C pEIIEHUWEM HEOTHOPOIHBIX ypaBHEHUM
MakcBemia [8]. HamoMHMM, 4TO II€pBOHAYaIbHO
MOTEeHIUAJbl (B PEISITUBUCTCKOM CJydyae OHU OO0b-
€AUHSIIOTCS B OUH 4-TIOTeHLIAaN, Wiu 1-¢popmy) ObI-
JIX BBEACHBI B TEOPUIO KaK MaTeMaTUUECKUII IIpUeM,
o0JIeryaronmnii peneHrne KOHKpeTHBIX 3amad. Brio-
CJIENCTBUU CKaJSIpHOMY IOTEHLMATy ObLUI IpUIaH
CMBICJI SHEPTeTUYECKOI XapaKTEPUCTUKHN B Y4aCTHOM
cliygae 3JeKTpOCTaTMYeCKOro Iojisi. BekTropHOMy
MOTeHLIMAAy “TIOBE3JI0” MEHbIe, ero (MU3nJeCcKUii
CMBICJI B KJIACCMYECKOM TeOpU He OOHAPYKMBAETCSI.

HMcnonp3oBaHre MOTEHIIMATIOB MOPOXIAeT Mpo-
O0emy KanuOpoBKU. ITOCKOJIBKY TTOTEHLIMAIBI OIpe-
JIeJISIIOTCS. HEOJHO3HAYHO, Ha HUX MOXHO HAJIOXUTh
T€ WIW UHbIE TOTIOJTHUTEIbHBIE YCIOBUS (KATMOPOB-
KW), BEIOMpaeMble COTJIacHO crielinuKe paccMaTpu-
BaeMmoii 3amauu. IIpu 3TOM MoOJy4YeHHbIE pelleHUs
MOTYT OKa3aThCsl HE YIOBJIETBOPUTEIbHBIMU MO OT-
HOIIIEHWIO K OOILIMM TIpUHLIMIIaM cuMMeTpuu. Ha-
MpUMeEpP, KYJOHOBCKasi KaJluOpoBKa HapyllaeT Jio-
PEHII-MHBApUAHTHOCTb.

B cBs13u ¢ 3tuM, ucxons u3 npuHiuina Okkama
(cokpalieHus “cyliHocTel”), MOKHO MOCTaBUTH 3a-
Ilavy KOBApMAHTHOTO (PEISTUBUCTCKOTO) OMMCAHMS
BJIEKTPOMATHUTHOTO T10JIsI, BKJIIOUasl TIPOLIECCHI pac-
CesITHUS M U3JTYyYeHUsI, KaK eTMHOTO MEPBUYHOIO 00b-

eKTa 0e3 06paH_ICHI/IH K ITOHATHUIO ITIOTECHIINAJIOB.

MATEPHAJIbHBIE YPABHEHUW C VYHETOM
IMPOCTPAHCTBEHHOU NUCITEPCUU

Cucrema (1), (2) nasg MakpomnoJjieit He mojHa, U
IOJDKHA OBITH IOTIONIHEHA 3aBUCUMOCTBIO 4-TOKa B
cpene OT AJIEKTPOMarHUTHOTO TOJIS:

J =J(E,B). (3)

KoHkpeTHBIII BUA 3TOTO ypaBHEHMS OIpPEIeIseTCs
CBOMCTBAMM U CTPYKTYPOM Cpedbl U yCTAaHABJIUBAET-

ABIITEKOB, XAITAYEB

¢ BHE paMoK dJIeKTpoauHaMHKU. JJIst 3TOro Heoo-
XOIMMO MOJIeIUPOBaHUE CBOMCTB cpenbl. M3 3akoHa
COXpaHEeHUs 3apsia CleayeT YCIOBUe paBeHCTBa HY-
JITO 4-TUBEPTEHITNH TOKA:

V.-J=0. 4)

OTO yCI0BUE UTPAET POJIb CBSI3U, B PE3YJIbTATE KOTO-
poii U3 YeThIpeX YpaBHEHU (3) HE3aBUCUMBIMU OKa-
3bIBAIOTCSI TOJBKO TpU. Takoe CBOWCTBO UMEET Iy~
OOKMI1 (PUBNYECKUI CMBICIT U SIBJISIETCS CJICACTBUEM
TeopeMbl Hetep o cBsI3u cMuMMeTpuu IMTpOCTpaHCTBA—
BPEMEHMU C COXpaHEHUEM Toka [7].

C nmomoliipio epBoro ypaBHeHus (1) MoXHO Haii-
™™ 3aBucuMocTh B(E). Torma ypaBHeHue (3) ympo-
1aeTcs:

J =J(E). ®)

B urore BTOpas mapa ypaBHeHM#t MakcBemaa (2)
MpUOOpEeTaeT BU/I

rotH = 4, + 92
ox, (6)
divD = 4np,.

Peaknust cpenbl Ha II0JIe OMMCHIBAETCS MOCPE-
CTBOM MHAYKLIMU 3JICKTPUIECKOTO 1ojist D u Harps-
XeHHocTu MarHutHoro nojsg H. Eciu nonspusanus
cpenbl pasaeliseTcsl Ha DJIEKTPUYECKYI0 U MATHUT-
HYIO COCTaBIISIIOIIME, TO MaTepUaIbHbIE YPaBHEHUS
MMEIOT BUJ,

D = D(E), -
B = B(H).

OO0OparuM BHMMaHUE, YTO IIOCIeAHEE PABEHCTBO 3a-
MMCcaHo KaK oopaTtHast QYHKIIUSI, TOCKOJbKY B OTJIM-
yye OT IIePBOIO COOTHOIIECHUS CBSI3bIBA€T MArHUT-
HYI0 MHAYKIINIO B (MCTOYHMK 1OJIs1) C HAIIPSDKEHHO -
cTbio MarHuTHoro Tionss H (peakuwmeit cpenpbl).
MarepuanbHble ypaBHeHHs (7) TakoKe MOTYT 3aIli-
CBIBAThCSI C TIOMOIIBIO BEKTOPOB 3JEKTPUUECKOM IT0-
Jsipusauuu P 1 MmarHuTHOM nosisipuszanuu M cpefibl:

D = E + 4nP(E), ®)
B = H + 4nM(H).

Otcrona ciaenayeT CBsI3b MeXAy NOsIpU3alueii cpeabl
Y UHAYLIMPOBAaHHBIMU I1OJIEM IJIOTHOCTSIMU 3apsiia P
¥ TOKA j:
p =—divP,
i_oP + rot ML.
¢ ox,

©)

DyHKIMOHAIBHBIE COOTHOLIEHMS (7) ISt INHEH-
HOI cpenbl MPENCTaBISIOT COO0OI B OOIIEM cirydae
JIMHEWHYIO CBS3b BUOA

D =£E,

B = (iH.
JIuHeitHBIe MHTETPATbHBIE OIEePATOPHl TUIJIEKTPH-
4yecKoil € 1 MarHUTHOI [I mpoHuIIaeMocTeil heHoMe-

(10)

KPUCTAJUUIOTPA®UA  Tom 68  Ne 3 2023



KOBAPUAHTHOE TIPEJICTABJIEHUE YPABHEHU MAKCBEJJIA 403

HOJIOTUYECKU CTPOSITCS C YYETOM IIPOCTPAHCTBEH-
HOIl M BPEMEHHOM NUCIIEPCUM, a4 TAKXKE aHU30TPO-
NUU CPeabl, UCXOMIS U3 PEASITUBUCTCKOTO MPUHIIMIIA
MPUYUHHOCTHU:

D(x) = D(xp,X) =
o SO (11)
= '[dxo J. dxg(x09x05X7X)E(x0aX)a

—oo Xo>[X|

B(x) = B(x,x) =
= Idx{) I ax'w(x,, xp, X, X YH(xp,x'). (12)

—oo xo>[x|

Anpa € 1 L IPEACTABISIIOT COO0I TEH30PBI BTOPOTO
paHra, 4To B OOIIEM Cly4yae YYUTHIBAET aHU30TPOII-
HbIe cBoMcTBa cpenbl. MHTerprpoBaHue MPOBOIUTCS
10 BCEMY MHTEPBAJTy BpEMEHHU X; < X, ¥ 10 CBETOBO-
MY KOHYCY aOCOIOTHOIO IPOIILIOT0. DTO OTpakaeT
TpeboBaHME, YTOOBI OTKJIWUK Cpedbl OIpeaecsics
TOJIBKO TIOJISIMU B TIPOIIJIOM M HACTOSIIIIEM, a TakKXKe
BO3MOXHOCTh pPaclpoCTpaHEHUsI CUTHAaJja IJisl Bpe-
MEHMU Molo0Horo nHTepBaia. [locienqHee orpaHuye-
HUE, OJHAKO, B aGCOTIOTHOM OOJIBIIUHCTBE CITyJaeB
BBITIOJTHACTCA aBTOMATHYCCKM, ITOCKOJIbKY BpPEMs
JIeiCTBUSI BHEIIIHETO BO3MYILEHUS OOBIYHO TaKOBO,

q9TO X, > |x| I[TosTOMY MOXHO pacHpOCTpaHUTh 00-

JIaCTh MHTETPUPOBAHUSI BO BHYTpEeHHEM MHTErpaje,
KakK 3TO OOBIUHO JIe/IaeTCsl, Ha BCe MTPOCTPAHCTRO.

OTMETUM, YTO YUET PEIITUBUCTCKOM IIPUINHHO-
CTU HE OTHOCHUTCI K HEBEPOSITHBIM ciydasiM. [Ipo-
CTble OLIEHKM ITOKa3bIBAlOT, YTO MPU JIMTEIHLHOCTH
umnyasca ~10712 ¢ o6nacTh pacnpocTpaHEHUS CUT-
Hasa uMeet nopsnok 10~* m = 102 mxm. Eciiu nuHeii-
HBIE pa3Mephl 00JIACTU MPOCTPAHCTBEHHOM OUCIEp-
CHUU TIPEBHIIIAIOT 3Ty BEJIMYUHY, TO HEOOXOIUM Yy4eT
PEASITUBUCTCKOM NMpUYMHHOCTU. Hampumep, IMMKo-
CEKYHIHBIN UMITYJIbC K€CTKOTO PEHTTEHOBCKOTO U3~
JIydeHUs1 (TeXHUYECKUe IIOAPOOHOCTH OCTaBJIsieM
SKCIIEPMMEHTATOpPaM) paclpoCTpaHUTCd B cpene (B
YaCTHOCTH, B KpuUcTajie) He Oosee yem Ha 300 MKM.
Ecnu obiractu IpocTpaHCTBEHHOI HEOTHOPOTHOCTH
(pImMTaKCHANIbHBIE CIIOM, He(eKTH T.I.) He IPEeBbI-
1IAIOT 3TY BEJMYUHY, TO PEASITUBUCTCKUN NPUHILIMI
MPUYNHHOCTHU COBEPIIEHHO HeoOxoauM. B manbHeii-
1IeM He OyJeM paccMaTpUBaTh TAKyl0 BO3MOXHOCTb
¥ OTPAaHUYMMCS OOIIEIPUHSITHIM ITPUOJIVKESHUEM.

B (11) u (12) 10JKHO BBIMOJHSITHCS YCIOBUE Mpe-
JIeJILHOTO mepexona mist Bakyyma, kornaD =Eu H =
= B. B aTOM crniyyae siipa € v |l IEPEXOsT B NeJibTa-
GYHKIUM, T.e. UMEIOT CUHTYJISPHBINA xapakTtep. [1o-
aToMy cooTHommeHus (11) u(12) mpenmnoururenbHee
3aIMChIBaTh B BUJIE, MCKIIIOYAIOIIEM CUHTYJISIPHOCTh
sIIep UHTETPaJIbHBIX OMEepaTOPOB:
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D(x) = E(x,,X) + j dx) x

X[ X, X, % XD, X) = (13)
xo>[x|
= E(anX) + )ZeE(XO:X)a
B(x) = H(x),x) +
+ J. dx, J. ax'x,, (%o, X5, X, X YH(xp, x') = (14)

—o0 x>[x|
= H(X(),X) + )zmH(x()’X),

TOE Y U )Y, — A0PA UHTETPATIBHBIX OIIEPATOPOB, COOT-
BETCTBYIOIIME 3JIEKTPUIECKOM M MArHUATHOM I1OJsI-
pusyeMocTsIM cpenbl. [lajmee OymeM MCITOIb30BaTh
MaTepuaibHbIe YPaBHEHUSI UMEHHO B TAKOM BUIIE.

OOBIYHEBIC MaTepUaIbHBIC YPAaBHECHUSI UMEIOT Xa-
PaKTEp JIOKAJIbHOM JIMHEWHOM CBSI3U MEXIY MHIYK-
LIASIMU U COOTBETCTBYIOLIMMMU ITOJIMHU. B yacTHO-
CTHU, 11 NPO3payHbIX ONITUYECKU HEAKTUBHBIX Cpel
oneparopsl € 1 [I IEPEXOAIT B CKATSIPHBIC BEJTMYMHBI
B CJIydya€ M30TPOINHBIX Cpel M B TEH30pPbl BTOPOIO
paHra B cjiydae aHM30TPOITHBIX cpel [9].

Ucnonwsys (13) u (14), MoxXHO 3amucaTh ypaBHe-
HUs MakcBeia B CJIeIyIolIeM BUIE:

TepBasi Tmapa:

rOtE = —a_B = _a_H_M = _a_H_4T[jm,
ox, 0x,  0x, 0x, (15)
divB = divH + div(§, H) = divH — 47tp,, = 0,
BTOpasl rapa:

9E  0GE) | yoi — 9E | 4
X, 0% ox, (16)
divE = 4mp, — div(} E) = 4mp.

Beenem, ucxonst us Buaa (15) u (16), BeTUINHBI

rotH =

1 0% E) . .
J=LBXB oo g4
41t dx, b b
Jop = —-=div3,E),
4m (17)
J 1 9G,H)
" 4m ox,

T = ——Ldiv(z, H),
47t

oOpasyoniyue IIoIapHoO 4-BEKTOPHI “3JeKTPUUECKO-
ro” u “MarHUTHOro0” TOKOB:

J =Jo +J. = (00,00) + oo o) = (Jp, J),
Jm =(']m07Jm)a

1 A o, 0} E)
J, = | —div(}.E A2
e 43( iv(x E)e” + ox, ]

J, = l(—div(f(mﬂ)eo + MJ.
4n 0x,

(18)
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BbIBOJ1 OCHOBHBIX YPABHEHU I
BJIEKTPOMATHUTHOI'O ITOJIA

PaccmoTpuM 4YacTHBI cilydail 3J€KTpPOMAarHuT-
HOTIO ITIOJISI B BaKyyMe. byneMm McxoauTh u3 KOBapu-
aHTHOTO T€H30pa I10JI51, 3aJJaHHOTO B HEKOTOPOM 0a-
suce € (j =0, 1, 2, 3) mpocTpaHcTBa MUHKOBCKOTO,
CHa0XXEHHOTO 1€KapTOBbIMU KOOPAWHATAMU X = (X, X):

0 E E, E,

-, 0 -H; H
Fy = 1 3 11 ’ (19)
rae E}, f[j KOMITIOHEHTHI 4—BeKTOpOB I10JI1

T T
E=(0,E)", H =(0,H)".
TCHBOp ITOJISI MOXKET OBITH IIpeacTaBJI€H B BUIC
PasaoXkKEeHUA IO KOCOCUMMETPUIHOMY 633H0y1

F=Fje ne)y=F ' re')+ Fe ne')=
=" ANE - H3(e1 A e2) + Hz(e1 A e3) -
- Hl(e2 Aed).

31ech CUMBOJIOM A O0O3HAYE€HO BHEIIHee (TeH30p-
HOE) KOCOCUMMETPUYHOE YMHOXEHNE 4-BEKTOPOB:

arnb=a®b—-b®a=ab-ba.

BseneMm B paccmoTrpeHue oreparop (3Be3my) Xom-
xka. Ctporoe omnpenejieHUe orneparopa Xoaxa BBO-
IUTCS B Teopun nuddepeHunanbHbIX dopm [7] 1 B
MOJITHOM BUJIE 3[IeCh He TToHamoouTcs. s neneit Ha-
cTosiei paboThl 1OCTATOYHO OMpeaeUTh AeHCTBUE
orneparopa Xomaxka Ha TeH3op nois F, T.e. kococum-
METPUUYHYIO 2-(QOpMYy B MICEBIOEBKINIOBON METPU-
Ke, COIJIACHO CJIeIYIOIIeMY MPaBUITY:

(20)

wF =" ne' e’ ne’) F =gy, (1)

31€eCh €, — MOJTHOCTBIO AHTUCUMMETPUYHBIA TEH30D
YETBEPTOTrO PaHTa; KpOME TOro, UCIOIb30BAHO IBOM-
HO€ CKaJIsipHOe Ipou3BeacHue auan (ab) u (cd):

(ab)--(cd) = (b c)(a- d).

Tenzop *F Ha3biBaeTcst AyajJbHBIM 10 OTHOIICHUIO
K F. Onepatop Xomxa JIMHeeH, a TakXke IS IICEBI0-
€BKJIMJI0BOI METPUKHU 00JialaeT CBOMCTBOM aHTHCA-
MOJYaJILHOCTU ** = —1, ¢ TIOMOILbIO KOTOPOTO MOX-

HO ONpeeluTh OOpaTHBIA omepartop * ' = — .
ITonb3ysich 3TUM OIIpeaeIeHUEM, MOXHO COCTaBUTh
CJICIYIOIIYIO TAOJMUIy IJIsi 0a3MCHBIX KOCOCUMMET-
PUYHBIX 2-POopM:

' ne)=—e" ne; xe Ae') =€ Ae;

>1<(eo A e3) =—¢' ne’; #(e' A e2) =" ne’; (22

13 0 2 2 3 0o 1
#e ne)=—e Ane ; He Ae)=e Ae.
Paccmotpum nelictBue oneparopa Xomka Ha 4-TeH-

0
30pBUlaEe Ad:

ABIITEKOB, XAITAYEB

>l<(eo Aa) = *(eo A aue”) = (23)
= —(e2 A e3)a1 + (e1 A e3)a2 - (e1 A ez)a3.

HeiicTBys1 orreparopoM Xomka Ha pasioxeHue (20),
¢ yuetoM (22) u (23) moydum Cleayrolee BhIpaxke-
HUe€ JJIs1 fyaJibHOTro TeH3opa *F:

+F = (+F);(e' ne’) = (<F)(e’ nel)+
+ (4F) (e ne')=—e" A H + (e’ A E)).

Bun dopmyn (20) n (24) mokasbIBaeT, 4TO Ipeoo-
pazoBaHUe MyaJbHOCTH, OCYIICCTBISIEMOE OMEPaTO-
poM XoIxKa, MEHSIET MECTaMM 3JIEKTPUYSCKOEe 1 Mar-
HUTHOE 1o 1o npasuiy: E < —H.

PaccMoTpuM ellle ofHY BaXKHENIIYIO Oollepaliuio B
TeOopUHr BHEITHUX (DOpM — BHeIIHU M nuddepeHian
¢dopMbI KakK JHUHEeitHOe O0TOOpaKeHUue MHOXKEeCTBa 7-
¢opM Bo MHOXKeCTBO (r + 1)-dopmMm [4, 7]. BHemHuiA
nuddepeHIan MpeAacTaBasieT COOO0OM aHTUCUM-
MeTpuyHoe nuddepeHupoBaHue, obobIIaoee
ornepanuio B3SITUS pPOTOpa OT BEKTOpa Ha ciaydai
MPOCTPAHCTBA MPOU3BOJBHOTO YHCJIa U3MEPEHUIA.
I[ToBTOpHOE TIpMEeHEHUE oTiepaTopa d naeT Hyb:
d(dA) = 0. ns 2-dopmbl BUIa

(24)

A=¢ re A;
BHEIITHUN nuddepeHmai paBeH
dA = ¢ ne’ Ae'0,4,. (25)

Ecnu mopeiictBoBaTh BHEITHUM AU depeHIInaTIoM
Ha TeH3op noJjist F (20), To, commacHo (25), monyyum

dF =¢ ne’ A ekaiﬂk =0, (26)

MOCKOJIbKY, COIJITaCHO TIepBOiMl Mape YypaBHEHUit
Maxkcsenna (1) ¢ yaetom H = B, xoadpuiimeHTHI
3-dopmel (26) oOpalaroTcs B HYJIb.

Temepp, ecnu ToelicTBOBaTh BHEITHUM OUdde-
peHLIMaJIOM Ha myajbHbIN TeH3op noiasd *F (24), to
AHAJIOTUYHBIE BBIYUCIECHUS] TPUBOASAT K YPAaBHEHUIO

d(*F) =¢e-J =gy, 27

3necw J = (J,, J) — 4-BekTop TOKa. B oTcyTCTBUE MC-
TOYHMKOB YpaBHeHME (27) IIepexoauT B

d(*F) = 0. (28)

ITockonbKy orepauus BHelIHero aud@epeHimn-
pOBaHMsI UHBapUaHTHA, ypaBHeHUs (26) u (27) npen-
CTaBJISIIOT CO0O0I OECKOOPIMHATHYIO 3aIIMCh YpaBHE-
Huii MakcBe/la B HPOU3BOJIBHOM MHOTrooOpa3uu
TIpH IIPON3BOJIHLHOM BBIOOpE KooparHaT. Takast pop-
Ma ypaBHEeHMI MakcBeia MCIIONb3yeTcsl B OOIIeiH
TEOpPUU OTHOCUTEIILHOCTHU.

Ha mepBer1it B3nIsiD ypaBHeHUST MakcBelria B hop-

Me (26), (27) MOryT OBITH UCITOJIb30BaHbI U B Goce
MPOCTOM cJlydae MeTpUKU MuUHKOBCKOro. OmHaKo
aHanu3 ypaBHeHUit (26) u (27) moKasbIBaeT, 4TO 3TO
He Tak. JleiicTBUTeIbHO, BHEITHUMN TuddepeHiman
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KOBAPUAHTHOE TIPEJICTABJIEHUE YPABHEHU MAKCBEJJIA

10 ONIPEeIeICHUIO IIOBBIIIAET paHT (POPMBI Ha €OAVMHI-
11y, YTO MPUBOAUT K AuddepeHIIMaTbHBIM COOTHO-
meHusIM st 3-popm. IIpy 3TOM MCTOYHUKM IIOJISI
MIPOSIBJISIIOTCS HE HEIIOCPEACTBEHHO, a YePE3 CBEPTKY
C aHTUCUMMETPUYHBIM TEH30POM YETBEPTOI'O paHTa,
00pa3syst, KaK TOro 1 TpeOyeT YCIIOBHE KOBApUAHTHO-
CTU ypaBHeHMi1, 3-popmy. Pasymeercs, pemars Ta-
K1€ HEOJHOPOIHBIE YpaBHEHUS 3aTPyIHUTEIbHO.
Hecny4aiiHo B 00Ieii TeOpuM OTHOCUTEIBHOCTH,
Kak IIPaBWIO, pacCMaTPUBAETCSI OMHOPOIHAS CUCTE-
Mma (26) u (28).

CylliecTByeT, OOHAKO, ajJbTepPHATUBHBIN CMOCOO
KOBapUAaHTHOTO OITMCAHMS JIEKTPOMArHUTHOTO IT0-
151, JIas 3TOrO TIOHAmOOUTCS ellle OOUH MHBapHUaHT-
HbIi oniepaTop. DTo nuddepeHIMaTbHbIN olepaTop
KOrpaHMUbI O, MOHWXAIOWINI cTerneHb GOpMBl Ha
enrHuLy [7]. Oreparop & MOXHO MHTEPIIPETUPOBATE
KaK KOBapMaHTHYIO IUBEPIeHIIMI0 aHTUCUMMETPUY -
Horo TeH3opa. s paccMaTpuBaeMoro cirydast 2-gop-
MbI B METprKe MUHKOBCKOTO OIIEpaToOp KOTPaHUIIbI
MEPEXOUT B OOBIYHYIO 4-TUBEPTESHIINIO:

8 = *7ld* = V

[ monydeHnsT aTbTepHATUBHOTO BUIA YpaBHe-
HUII Makcseijla HEOOXOIMMO MOAEeHCTBOBAThH OIe-
paTopoM KorpaHUIbl Ha TeH30p noJs (20) u ayaib-
HBI1 eMy TeH30p (24). Vcnnonb3yst hopMyity mist ou-
BEPreHIUU TUabl

V-(@ab)=V-a)b+aVb),
MOJIYYUM CJIEIYIOIIYI0 CUCTeMy ypaBHeHUid Makc-
BeJlJIa B PEISITUBUCTCKO hopme:

V-tF)=V- (=" AH+x" AE)=0, (29)

V-F=V-( AE+x" AH))=—-41J. (30

DTU COOTHOIIIEHUS, TAaKXKe Kak U (26), (27), aBiis-
I0TCSl KOBapUAHTHBIM TIPEICTaBICHUEM TT0JIEBbIX ypaB-
HeHUil ¢ uctouHukamu. Paszymeercs, cuctembl (26),
(27) n (29), (30) onuCHIBAIOT OIHO U TO XK€ 3JEKTPO-
MarHUTHOE T10JIe ¢ UCTOYHUKAMU U B 3TOM CMBbICTIE
9KBUBaJIEHTHbI. OQHAKO MEXIy 3TUMU CIlocodbaMu
OIMMCaHUsI UMEETCsI CylleCTBeHHOe pasznuuue. OHO
3aKJII0YaeTcsl B TOM, UTO OMNepaTop KOTpaHMIIbI MO-
HIXaeT CTerneHb POPMbI HA €AUHUILY U B pe3yJibTaTe
VCTOUHUKOM TIOJII OKa3bIBAaeTCS HEMOCPEICTBEHHO
4-BexTop ToKa. Eciau ucxonuts us (29) u (30), To pe-
IIEHUE HEOIHOPOIHOM CUCTEeMbI OyAeT BbIpaXKkaTbCsl
yepes3 cBepTKy 4-Toka J ¢ TeH30poMm I'puHa BTOporo
paHra, comepxaliuM 2* = 16 KOMIIOHEHT; B TO XK€
BpeMsI aHaJIornyHoe pelrneHue (26), (27) Oymer Buipa-
XKaTbCs 4Yepe3 CBepTKY 3-¢GopMbI €-J C TEH30pOM
I'puna yeTBepTOro panra ¢ 4* = 256 KOMIIOHEHTaMU.

Cuctema (26), (27) onmuchIBaeT Mojie ¢ UICTOYHU-
KaMU TTOCPEICTBOM €IMHOTO 00BhEeKTa — TEH30pa I10-
Js F, comepxaliero ¢ yaeToMm aHTUCUMMETPUU 1IECTh
He3aBUCHMBIX KOMITOHEHT. PellleHre 3TOi CHUCTEMBI
OOBIYHO HMIIETCS OIS KOMIIOHEHT 4-TroTeHImrana (c
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TOUYKMU 3PEHUS TEOMETPUU OHU TIPENCTABJISIIOT COOO
JIOKaJIbHbIE (DOPMBI CBSI3HOCTU) A, YIOBJIETBOPSIIO-
mux yciaoBuio F = dA, T.e.:

Fy = 9,4, — 9,4,

Torma ypaBHeHMe (26) yIOBIETBOPSETCS TOXIE-
CTBEHHO B CUJIy CBOICTBA BHEIIHETO NU(depeHII-
ana d(da) = 0. IMeHHO 3TO 0OCTOSTEILCTBO O0Y-
CJIOBJIMBaET BBeleHUE 4-TIOTeHIIMala KaK yI100HOTO
nHcTtpymeHTa Teopuu. Hanee nons E v H onpenensi-
IOTCSI TI0O KOMITOHEHTaM 4-TIoTeHLIMajla 10 U3BECT-
HbIM (hopmyiam. Kak BugHo, 4-1ioTeH1LIMaI Ipu pea-
JIU3alu TakKoil MporpamMMbl TpencTaBlisieT coOOi
JIMIIIb TPOMEXYTOYHOE 3BEHO, OOecrieuuBalrolee
yIIpollleHYe TIoucKa peleHus. B To ke Bpemsi cucre-
Ma (29), (30) 3anumcaHa HETOCPENCTBEHHO 115 4-BeK-
TOpoB 1051 £ v H v TopoXnaroIiero Mx MICTOYHUKa J.

Ilepeiinem k oOlIeMy ciayyaro Mojasi B CpEXE.
B pamkax KoBapuaHTHOTO 4eTblpexMepHoro opma-
JIM3Ma TeH30D T10J1s TeTepb OyJEeT ONPenesIThCs 4-BeK-
Topamu HanpstkeHHocTu E = (0, E) anekTpudeckoro
MOJIsl B BAKyyMe U HaIpsi)KeHHOCTW MarHUTHOTO MO-
as1 H= (0, H) B cpene. Takast HenmpuBbIYHas1 ¢hopMa
TEeH30pa MoJIsl CBsI3aHa C TeM, YTo, cortacHo (7), Ma-
TepuajibHO€ ypaBHEHUE JJIs1 MAarHUTHOTO TOJIs 3au-
CbIBaeTCsl KaKk 0OpaTHOE COOTHOLIEHUE.

3ameTuM, 4TO cooTHomeHus (18) mis 4-TokoB
MOTYT OBITh 3alMCaHbl B KOBAPUAHTHOM BUJE CIEIY-
IOLIIUM 00pa3oM:

J, = 4LV (@ AGE)),

T (31)

Iy =LV AGLH)).
47

Torna ypaBHeHust MaxkcBesia B cpefie ¢ yueTtom (15),
(16) mpuoGpeTaroT BUA;

V-zF)=V- (—eo AH+ >k(eo A E)) =4nJ,,

(32)
V-F=V-(’ AE+#e" A H))=—4nJ.
CootHomrenus (32) pemaroT IMOCTaBJICHHYIO 3a-
Jady HaxXOXIEHUST OOOOIIEHHOTO KOBapUAaHTHOIO
MpeaCcTaBIeHUs] YPABHEHWI 3JIEKTPOMATHUTHOTO MO~
JISI B pa3/IMgHBIX cpeaax.

@dyHmaMeHTaJbHBIE COOTHOIIeHUS (32) MMEIoT
CUMMETPUYHBII BUJ M CBSI3bIBAIOT I0JISI U TOKU B 00-
IeM ciiyyae JIMHelHoi cpeapl. I1pu 3TOM, MOMUMO
00111ePU3NIECKOro TpeOOBaHMS BEIIIOTHEHUS IIPUH-
1MMna MPUYMHHOCTU, OHW HE MMEIOT OrpaHUYEHUit
Ha XapakTep B3aMMOAEUCTBUSA TIOJSI CO CPEIOW.
YpaBHeHus (32) MoKa3bIBaIOT, UTO, KaK U CJICAOBAJIO
0XWJaTh, MOJS B Cpelie ONpEeNesisIioTC HE TOJbKO
“ayIeKTpUYecKUM” J, HO U “MarHuTHbIM” J,, TOKaMu.
KoHeuHo, 3To yTBepxKIeHre HOCUT B 3HAYUTETbHOMN
creneHu (hopMasibHbIN XxapaKTep, MOCKOJIbKY UCTUH-
HBIM TOKOM SIBJISIETCSI BEJIMUMHA J).
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VpaBHeHU: (32) MO3BOJISIIOT CTaBUTh Ha €OWMHOM
OCHOBE pa3HOoOOpa3Hbie 3adayd B3anMMOACHCTBUS
rmoJist 1 Bellectsa. [lepeunciaum yacTHbIE Cydyau.

Ecam paccmaTtpuBaeTcs 1mojie B BaKyyMe 0€3 Mc-
TOYHMKOB, TO cucTeMa (32) CTaHOBUTCSI OMHOPOIHOM
cucTteMoii BoTHOBOTO TUIa. COOTBETCTBEHHO, pellle-
HUS MOTYT ObITh MPEACTaBJIEHBI UYepe3 BOJHbBI pa3-
JIMYHBIX TUIIOB, B MEPBYIO OYEpEIb Yepe3 IIOCKUE
BOJIHBI.

B cinyyae, ecnu 3agaHbl BHELIHUE UCTOYHUKU
(ToK J;;) B BaKkyyme, TO HEOqHOpoAHas cuctema (32)
paccMaTpMBaeTCsl KaKk OCHOBA 3alayd U3JTy4eHUs C
BO3MOXHOCTbBIO TPUMEHEHUSI U3BECTHBIX MOJIXO/0B,
B YaCTHOCTHU NpUOIKeHus1 bopHa.

[MycTh 3amaHBl XapakKTePUCTUKU CPEmbl X, U X,
IpH YCIOBUM OTCYTCTBUSI BHEIIHMX TOKOB. Torma
ypaBHeHUs (32) ¢ yuetoMm (31) mpencTaBiisiioT coOoit
omnpenencHHble (YHKIMOHAJIBHBIE COOTHOIICHUS
IS TToJIeii. XapakTep 3TUX COOTHOIICHUI OIIpeaesisi-
€TCsl TUTIOM MaTepuaIbHbIX YPaBHEHUM (JTIOKaIbHas
WJIN HeJIOKaJIbHas CBSI3b, OOHOPOIHOCTH 110 BpeMEHU
M IIPOCTPAHCTBY, aHU3O0TPOIINsI) U IPUBOAUT K pa3-
JIMYHBIM MaTeMaTU4Y€CKUM (I)OpMaM: CKaJIApHBIC JIN-
060 TeH30pHBIe, mud@epeHLInaIbHbIE WJIN WHTE-
rpasibHBIe ypaBHeHUsI. OMHAKO B JIIOOOM CiIydae 3TU
COOTHOIIIeHUSI, KakK ciaenyeT us (17), OyayT omHOpoOII -
HbeIMHU. K Kpyry Takux 3amad OTHOCSTCS KJIacCUde-
CKHre mpoOJIeMbl paccesiHUs B cpeae, BKIIIoYast Av-
dpaxiuio.

HakoHel, paccMoTpuM oOIIMiA ciydail, Korga B
cpede MPUCYTCTBYIOT BHEIIHME MCTOYHUKU. Torma
VIIOMSIHYThIE BbIIIEe (PYHKIMOHAJIbHBIE COOTHOIIIE-
HUSI CTAHOBSITCSI HEOMHOPOOHBLIMU. Takoil cirydaii
BKJIIOYAET B ce0d 3a1a41 M3JTy4eHMS OT 3aJaHHBIX UC-
TOYHMKOB B Cpejie.

HauGonee oyeBMAHBIM IIOOXOAOM K PEIICHUIO
ypaBHeHMI (32) siBJsieTcsl Iepexol B o0paTHOE Mpo-
CTPaHCTBO C IOMOIIBIO 4-TIpeoOpa3oBaHus Dypbe.
Ora mpolenypa IpUBOAUT, B YaCTHOCTHU, IS OJHO-
POOHBLIX 3aJa4y K ANCIICPCUMOHHBLIM COOTHOILICHUAM
JUISI BOJIHOBBIX BEKTOPOB IOJISI U HETPUBUAIbLHBIM
YCJIOBUSIM Pa3pellIMMOCTU JISI (PYpbhe-KOMIIOHEHT
nosiei. B utore mpu TakoM MOAXOJE OKAa3bIBAETCS
BO3MOXHBIM HaXOXIEHUE SIBHOTO BHIA MOJIEN OIS
pa3IUYHBIX MOAEIbHBIX 3a/1a4, BKJII0Uasl pacCessHUE B
cpelax ¢ MpOCTPAaHCTBEHHOM TMCIIepCcUeii. DTH Mpo-

ABIITEKOB, XAITAYEB

0s1eMbl BBIXOAST 32 paMKU HacTosiileid paboThl U MO-
I'YT CTaTh IPEIMETOM AaJbHEHIINX UCCIeTOBaAaHUIA.

3AKJIIOYEHHNE

M3noxeHHbIt dopMasiu3dM TpeamnosaraeT pac-
CMOTpPEHUE IJEKTPOMArHUTHOTO TOJISI B Cpelie C UC-
TOYHMKAMM KaK €AWHOro 00beKTa, OMMCHIBAEMOIO
TIOJTHO CCTEMOI ypaBHEeHMT MaKcBea B KOBapH-
aHTHOM BUIIE, U obOecrneuynBaeTcs IpeacTaBIeHUEeM
nosieit yepes auddepeHuuanbabie 2-dhopmbl. [Ipu-
MEHEeHUEe reoMeTpruueckoro hopmaansmMa mo3BoJisieT
HE TOJIBKO PEISITUBUCTCKM KOBApUAHTHO ONUCHIBAThH
MoJIe U UICTOYHUKHU, HO U TIPEACTABIISITH BCEBO3MOXK-
HbIE MPOLIECChl PACITIPOCTPAHEHMSI, PACCESIHUS U U3-
JIydeHUsI mojieif B paMKax eguHoro mnonxona. Ilpu
9TOM BaXKHO, YTO pellieHHEe 3aJauu ONpeaesIeHUs Mo~
JIS1 OCYIIECTBIISIETCS] HEMOCPEACTBEHHO, MUHY$ 0Opa-
IIeHWEe K TMOTEeHLMajlaM, KOTOpO€ HEU30eXHO IMOo-
poxXnaeT mpoojieMy KaTuOpPOBKHU.
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