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HEXPVYIIKAYA ®NJIBTPAIINA
TP OTPAHUYEHHBIX BHEIITHAX BO3MYIIIEHU X2

PaccmarpuBaercs 3a1a1ua dubTpaIiuy 1 JINHEHHBIX CUCTEM, TI0/IBEPXKEH-
HBIX IIOCTOAHHO JEHCTBYIONIUM BHEIIHUM BO3MYIIEHHUAM, IIPA 3TOM KadeCTBO
dbuabTpaIun XxapakTepusyercs pa3MepoM OrPAHIIHBAIONIEr0 JITUIICONIA, CO-
JIepzKallero OleHNBaeMbIil BBIXO cucTeMbl. 1Ipesioken perysapHbIil Moaxom
K PeIeHnIO 3312491 HEXPYIKON (DUIbTPAINN, COCTOAIIEI B CHHTE3e MAaTPHUIIBI
buabTpa, KOTOpast BBIIECPKUBACT JIOIIYCTUMbBIE BAPUAIIMHA CBOUX KOIMDUIM-
entoB. [IpuMenenne KOHIENTINA WHBAPUAHTHBIX SJLUIMIICOUJIOB ITO3BOJIMIO TIe-
pedopMyIMpOBaTh UCXOIHYIO MPOOJEMY B T€PMUHAX JIMHEHHBIX MATPUIHBIX
HEPaBEHCTB U CBECTHU €€ K ITapaMeTPUIeCKON 3aade IOIyolIpeIeJ IEHHOTO IIPO-
IpaMMUPOBAHUA, JIETKO peIIaoneiica YUCICHHO.

Crarbs IPOJI0JIZKAET CepUio paboT aBTOPA, MOCBSIIEHHYIO BOIIPOcaM (huiib-
Tpallldy IPHU HecIy4dailHbIX OIPAHUYEHHbIX BHEITHUX BO3MYIICHUAX U IOIPEIl-
HOCTAX U3MEpPEeHuit.
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dbuabTpalus, HeXPYIKOCTb, HADIOAaTe b Jtoenbeprepa, JuHEHHbIE MATPUYI-
Hble HEPABEHCTBA, MHBAPUAHTHBIE JJLIATICOUIBI.
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1. Beenenne

Bamaua GUABTPAIUE, COCTOSIIAST B OIEHKE COCTOSIHUSI [IHAMUIECKOI CHCTEMBI
[0 U3MEPEHUSAM, [PHU CJIydYaiiHbIX BO3MYIIEHUSX JIOIYCKAET IIPAKTHIECKH UCYep-
nbIBaloIee pernterne ¢ noMonpio Guasrpa Kamvana. OnHako BO MHOTEX CHTYya-
[USX TIPEIIONOKEHNE O CAYIA{HOCTU IIYMOB $IBJISIeTCsI HEOIPABIAHHBIM: YaCTO
U3BECTHO JIMIIIb, UTO BO3MYIIEHUsI SIBJISIOTCS] OPPAHUYEHHBIMH, & B OCTAJILHOM IIPO-
U3BOJIBHBIMU; B 9TOM CJIydae MOKHO CTPOUTH 2aPAHMUPOSAHHbLE OUEHKH COCTOSI-
uuit. Takoii noaxon Bocxomut K paboram Bunenxaysena, Beprcekaca u Poseca,
Igenme [1]; B oredecrBennbix paborax [2, 3| Obula pasBUTA JTUICOUIATLHAS
TeXHUKA (DUIBTPAIN.

[To3xke, HA OCHOBE TEXHWKH JIMHEHHBIX MATPUYHBIX HepaBeHCTB |5, 6] u KoH-
eI UHBAPUAHTHBIX 3JIJIMIICOUJIOB, aBTOPOM HaCTOsIIEHl cTaTbU COBMECTHO C

! Okonvamnme Temarmaeckoro nomepa 5, 2024.
2 PesysibTaThl HCCIIeIOBAHEIT, TPEJICTABICHHBIC B PA3Ienax 4 u 5, OIyHeHbl 3a CHeT CPeJICTB
Poccuiickoro nayunoro donga (mpoexr Ne 21-71-30005), https://rscf.ru/project /21-71-30005, .
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B.T. Tossikom B [4] Gblia uccienoBana 3ajada GUIBTPAIUN JJisi CTAIIHOHAPHBIX
3a/a4 [IPU OIPAHUYCHHBIX HECIydailHbIX Bo3MyIeHusix. Ilpu sTom B Kiacce Ju-
HEMHBIX CTAIMOHAPHBIX (PUJILTPOB IIPOOIEMa OKA3aIaCh [TOJIHOCTHIO PA3PEIIIMOIi:
OBLI IOCTPOEH ONTUMAJIbHBIH (PUALTP U MOJIydYeHa PaBHOMEPHAas OIEHKA COCTOsI-
HHS: ee OMMOKa rapaHTUPOBAHHO 3aKJIIOYEHA B €IMHBIA SJIIMIICOUI, JIJIT BCEX MO-
MEHTOB BpeMeHH. DTa TeMaTHKa BIOCJIEeICTBUN Oblia passuta B [7-9).

C sapyroit CTOPOHBI, B CHCTEMY YIIPABJIEHUsT HEM30EKHO IIPUBHOCUTCST HEOIIPe-
JEJIEHHOCTD, OOYCJIOB/IEHHAas] HETOYHOCTBHIO TEXHUYECKON PpeaM3allii PEeryJIsiTo-
pa mim HeoOXOANMOCTBIO HACTPOIKH €ro ImapaMeTpPoB B IIPOIECCe SKCILIyaTallN.
B [10] 6b110 moKazaHo, 4To Masble BO3MYIIEHHsT KOIbDMUIMEHTOB ONTHMAIBLHOTIO
peryJsiTopa MOI'YyT HPUBOINUTEH K IOTEPE MM CBONCTBa CTaOMIN3UPYEMOCTH. DTO
sIBJIEHUE TIOJIy9IUJIO0 Ha3BaHWUE IPYNKOCMU, BIOCIEICTBIHN OHO HMCCIEI0BAJIOCH B
Pa3HOOOPA3HBIX MOCTAHOBKAX 3aJ1ad; CM., Hanpumep, [11]. B [12, 13] 6bur npeyio-
JKEH IMOJXOJ K MPobJieMe TOCTPOEHHST T.H. HEXPYNKUL PE2YAAMOPOS — T.e. BhIIEp-
JKUBAIOIIUX Bapuallii CBOMX IIapaMeTpPOB, — IPUMEHHTEILHO K 3a1a4e IOAaBjIe-
HHS HEC/TyYailHbIX OrpaHUYEHHBIX BO3MYIIEHMUIA.

Hacrosimmast craThbst mpomozkaeT obe 3T JIMHUN HccaegoBanmii. B Heit mpen-
JIATaeTCsl PEryJIsipHBIA MMOJXOJ K PEIIeHUIO 3aaui HELPYNKOU Puibmpayu, co-
CTOMAINEH B CUHTE3€ MaTPHUIIbl (pUILTPa, KOTOpasl BBIIEPKUBAET Jonycmumoie Ba-
puamuu cBoux kKoddgduimeHToB. OKa3bIBAeTCsl, UTO [TaKe MaJIble BO3MYIIEHUSI
MAaTPHIIBI OIITUMAILHOIO (DUJIBTPaA MOI'YT HAPYIIATh HHBAPUAHTHOCTE SJIIAIICOMIA
(IIOJIy IE€HHOTO B IIPE/IIIOJIOKEHUI ee TOYHON Peasin3allin), COIEePIKAIIEro HeBSI3KY
CHUCTEMBI: TPAEKTOPUU HEBSA3KH MOTYT €ro MOKuAaTh. Lleqbio paboThl sIBJIsIETCS
[IOCTPOEHUE T.H. HETPYNKOU Napbvl: MATPUIBl PUILTPA U COOTBETCTBYIOIIETO — 110
BO3MOKHOCTH, MAJIOI0 — 3JIIAIICOUIA, COIEPKAIIEr0 HEBSI3KY CHCTEMBI IIPU BCEX
JIOIIYCTUMBIX BO3MYIIEHHUAX MaTPHUILI (pUILTPA.

2. 3amava ¢puabTpaIUu: TOCTAHOBKA U PeIeHre

HamomunM mocTaHOBKY W pelrenne 3aa49u (PpUIBTPAINNA [IPH OIPAHMICHHDBIX
BHEITHUX BO3MYIEHUSX. PacCcMOTPUM JIMHEHHYIO HEIPEPLIBHYIO JUHAMUIECKYIO
cucTemy

&= Az + Dyw, z(0) = xo,
(1) y = Cz + Dyw,
z = Chz,
e AecR™™ CeRX" CLeR™™, Dy eR™™ DycRX™ ¢ cocrosmuem

z(t) € R™, mabmomaembiv Boixomom y(t) € RY, onenmpaembiv Bexonom z(t) € R™ u
BHeNTHIM BozMyTeHneM (mmymMom) w(t) € R™, yI0BIeTBOPAIONTIM OrDaHIIeHIT0>

lw(t)]| <1 musseex t > 0.

3 Baech u masee || - || — eBKIMIOBA HOPMA BEKTOpA U CIEKTPAIbHAS HOPMA MATPUIBI, S —
IIPOCTPAHCTBO CUMMETPHUYHBLIX MATPHIL N-T0 MOpsAKa, | — euHUYHAass MaTPHUIla COOTBETCTBYIO-
el pa3MepHOCTH, & BCE MATPUYIHBIE HEPABEHCTBA MMOHUMAIOTCS B CMBICIE 3HAKOOIIPEIEIEHHOCTH
MaTpHIIL.
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XoTsI IpUpPOJa BO3MYIIEHUI B COCTOSIHUM ¥ BBIXOJIE CHCTEMBI, BOOOIIE TOBODSI,
pasjaudHa, yJgo0HO CUYMTATh MX OJHUMU M TEMH »Ke, IoJjaras 9To MaTpHIlbl [
u Dy «BbIpe3aioT» u3 BeKTOpa w pasmble «kKycku». Ilapa (A, C) upenmonaraercs
HabJII0IaeMOIA.

IIycrs cocrosiime T cucTeMbl HeOCTYITHO U3MEPEHHIO 1 NH(MOPMAIII O CUCTEME
[IPEJIOCTABIISIETCST ee BBIXOJAOM Y. llocTpomm (uIBTP, ONUCHIBAEMBIl JTHHEHHBIM
nnddepeHmaabHbBIM YPABHEHNEM OTHOCUTEILHO OIEHKHN COCTOAHNSA I, BKIIOTIAIO-
oM B cebd paccoriacoBaHue BBIXOAA Y U ero nporuosa CT:

(2) T=A7+ L(y—C7), LeR™.

Crpykrypa dumibrpa (2) Takas ke, Kak B n3BecTHOM Habmmonarese Jloenbepre-
pa [14, 15]: on siBsiercsi JIMHEHHBIM CTAIMOHAPHBIM, U MOJJIEXKUT BBIOODY JIHIIb
HOCTOsIHHAsT MaTpuna L, KOTOpyIo Oy/eM Ha3bIBATh Mampuyel Guisvmpa.

Beesiem B pacemorpenne nesasky e(t) = x(t) — x(t); cormacuo (1), (2) ona 6y-
JIeT YIOBJIETBOPATH b hepeHITMATLHOMY YPaBHEHHIIO

(3) ¢ =(A— LC)e + (Dy — LDy)w.

Torma TouHOCTD DUIBTPAIINN, COCTOAIIEN B OIEHUBAHUN BBIXOJ/A 2, OyJIeT Xapak-
TEPU30BaTh BeJIMINHA

ep =z—2=Ci(x —2) =Che.

Basadeil sBJISI€TCS HAXOXK/IEHIE MUHUMAJIBHOIO (B OIIPEIeJIEHHOM CMBbICTIE) e~
HOT'O 3JIJTATICON/IA, COJIEPIKAITETO HEBI3KY €7.

VHI0OHBIM TEXHUYECKMM CPEICTBOM JIjIsl PEIIeHMs 3TON 3aJadi OKa3aJiCsl all-
nmapaT JJMHEHHBIX MaTPUIHbIE HEPABEHCTB U UEOJIOTUS WHBAPUAHTHLIX JJLIUIICO-
wiioB [5, 6]. HaroMHrM, 9TO Sj1IMIICOUL C TIEHTPOM B Havasle KOOD/MHAT

Ez{a;E]R”: TPz < 1}, P=0

HA3BIBACTCS UHBAPUAHTIHOIM JIJIS JIMHAMUIECKON cucteMbl & = Ax + Dw, ecin
u3 ycaosust x(0) € € cnenyer x(t) € E st Bcex MomenToB Bpemennu t > 0. ITpn
5TOoM, eca € — MHBAPUAHTHBIN SJUIMIICOU ¢ MaTpureli P, To JMHEHHBIH BBIXO
z(t) = Cx(t) € R" aqunammdeckoit cucremsl npu z(0) € € Oyer npuHaIIeKATh JJI-
JIATICOULY

&, = {ze]R{T: zT(CPCT)_lz < 1},

KOTODBbIil HazbiBaeTcsi ozpanuvusatousum, a 1pu x(0) ¢ £ Gyaer crpeMuTbesi K
HEMY.

4 Bamerwnm, uto Marpuna dunprpa L crabmmmsupyer cucremy (3). CylmecTBoBamne Marpu-
et L Taxoit, arobbr marpuna A — LC' Gbuta yeToWvanBoii (rypBUIIEBOIi ), BHITEKAET U3 CBOHCTBA
HabJII01aEeMOCTH UCXOLHOMN cucTeMsl (1).



Takum 00pa3oM, HIACOJOrHsT WHBAPHAHTHBIX /OrPAHIIUBAIONIIX SJIIHIICOH/IOB
[TO3BOJISIET TIPU MAJIBIX YKJIOHEHUSIX OIEHUTh PABHOMEPHYIO 110 { TOYHOCTH (DUJIb-
TPAIWH, & IPU OOJIBIINX YKJIOHEHUSIX — aCUMIITOTHIECKYIO. B paMKax 3TOro moi-
xojia 1pu (BUKCUPOBAHHOM L HaiijleM MUHUMAJIBHBII OrpAHUIUBAIOIIAN /LA
couJi, a 3aTeM MUHUMH3UpyeM ero 1o L. B kadyecTBe Kpurepuss MUHUMAJIbHOCTH
OrPAHMYMBAIOIIETO SJLIUIICOUA OOBIYHO HpUHUMaeTcst kpumepull caeda f(P) =
= tr CPC™, coorBeTcTBYIOMMIt CyMMe KBaJIPATOB €r'0 MOJIYOCEi.

B pabore [4] 6bu1 yeTaHOBIIEH CIIey IOl Pe3yIbTAT.

Teopema 1. Ilyemv Qy, Yy — pewenue 3adauu
min tr H

npu oepaHuUYeHUAT

ATQ+QA-YC - CT'YT +aQ QD) — YDy
DfQ - DIY" —al

H

ommocumensro mampuynox nepemennur Q €S, Y e R™* H € S" u ckanaprozo
napamempa o > 0.

<0,

Tozda mampuua onMuUMaIbH020 GUALMPA AGEMCA BVIPANCEHUEM
L, =Q;Y,
* * * 9

a4 MUHUMAABHOIG 02PAHUHUBAIOWUTL IAAUNCOUD, COOEPAHCAUUT OUWUOKY OUEHKU 6D
xoda z cucmemwi (1) npu xg = 0, onpedeasemes mampuyet

1T
C1Q, Cr.
O6paTuM BHUMaHME, YTO IPHU (PUKCUPOBAHHOM (¢ JIAHHAs 3aJja4a CBOLUTCH K

HECJI0KHO pelraeMoil 3a/1a4de MOoJIyolpeJIeICHHOIO IPOrPaMMUPOBAHHA.
Bameuganune 1. Ecin wmsBectHo HauanbHoe cocrostane x(0) = g cucre-
MBI (1), TO K OrpaHUYEHNSIM ONTHMHU3AIMOHHO 3319 B TeopeMbl 1 j106aBisercs

T
Zy Q$0 < 17

ogravaromiee, uto e(0) = z(0) — (0) = zy € £.
Eciu ke HavaibHas TOYKA IPUHAJIEIKUT HEKOTOPOMY IAAUNCOUY HAHAADHBLL
cocmoanull

z(0) € & = {a; cR™: z"Pylz < 1}, Py >~ 0,

TO B KA4ECTBE JIOMOJTHUTEIHLHOTO OIPaHIIeHHsI JOOAB/ISIeTCsl JIMHEIHOEe MaTPUIHOE
HEPaBEHCTBO

-1
Q=< kK,



osnagarworee, 4o & C €. B srom ciayuae BHoBb mmeem e(0) = z(0) — 2(0) =
=z(0) e & CE.

Takum 06pa3oM, B 060UX CJIydasx MapaAHTHPYETCsl PABHOMEPHAs OIEHKA TOY-
HOCTHU (PUIBTPAIINAMN.

3. lnBapraHTHOCTH W HEXPYIKOCTH

Byzem rosoputh, uto Marpuia (Guiabrpa L U HOJOKHUTEIBHO ONpPeeseHHast
marpuia P = Q71 0bpasyior nexpynxyio napy ¢ ypoBHEM HEXPYTKOCTH 7, €CJH
qutst Besikoro A ||All < 7y, Bosmymiennast marpuna Guibrpa L + A crabuinsu-
pyer cucremy (3) u marpuiia P onpejessier ee nHBApUAHTHBIH dsmicons. [Tpu
5TOM OyjileM Ha3bIBATb HETPYNKUMU KAK caM (DUIBTD, TAK U COOTBETCTBYIOIIHIL
OrPAHUYUBAIONIHI SJTUIICOM, COJMEPKAIIMI ONMOKY ONEHKH BBIXOJA CHCTEMBI.
Kak u panee, OyleM CTPEMHUTBCS CIEJIATH €r0 110 BO3MOKHOCTU MAJIBIM.

CdopmyaupyeM OCHOBHOI pe3yJibTaT CTaThH.

Teopema 2. Ilycmo @, Y docmasasiom pewenue 3adave
min tr H

npu oepaHuUYeHUAT

ATQ+QA-YC -CTYT +aQ +eCTC QD — YDy +ecCT™Dy ~Q

DfQ - DIYT +eDiC —al +eD3 Dy 0 | <o,
vQ 0 —el
H ¢
=0, = 0,
(er o) =0 @

ede onmumusayua eedemca no mampuinsm nepemennsim Q € ST, Y € RM<E
H € S", craraproti nepemennoti € u ckarapHomy napamempy o > 0.
Tozda mampuua

ciQ et

ONPEIEAAEM HETPYNKUT 02PAHUMUBAIOWUT INAUNCOUOD OAA OWUOKY OUEHKU SbITO-
da z cucmemwi (1) npu xo = 0, coomsememeyrowutd Hexpynkot nape

L=Q'Y, P=Q7"

C YPOBHEM HETPYNKOCTU 7.

JlokazaTesbCTBO 9TOrO U MOC/IEAYIONINX YTBepXK IeHui npuBeeno B 11puroxke-
HUU.

Kak u panee, 3amada, chopMmyanpoBaHHass B TeopeMe 2, HMPEICTaBJIAET CO-
0oif TapaMeTPUIECKyIO 3a1ady IOJIYOIPeIeIeHHOrO IPOrPaMMIPOBAHUS, JIETKO
PEIIAaIoNTyI0CTd IUCTEHHO.



Wcnonb3yeMblit IOIX0/, OCHOBAHHBIN Ha IOCTPOCHUM OOIIEH KBaIPATHIHOI
dyuknun JlsanyHoBa i HEOIPEJEJIEHHOW CUCTEMBI, JAaeT JIUIIb JOCTATOYHBIE
yCJI0BUS POOACTHON acHMITOTUYEeCKO# ycroiauBocTu. He Oymem ocranaBimBaTh-
st TIOAPOOHO Ha aHAJIU3€E CTEIeHN KOHCEPBATU3MA TOJIYYaeMOH SJITUIICON 1A TBHO
OTIEHKHU, OJIHAKO IIPUMEPBI CBUJIETEIbCTBYIOT O TOM, 9TO KOHCEPBATU3M HE OYEHb
BeJIUK.

3amedanwne 2. ObparuM BHUMaHEHE, 9TO HEXPyIKas Marpuia Guiabrpa L
pobacTHO CTAOUIU3UPYET CUCTEMY

é=(A—(L+A)C)e+ (D — (L+A)Dy)w

IpU BCEX JIOIyCTUMbIX HeotpeeenHoctsx A ||A]| < . Tpu Takoii cneruaibHoit
CTPYKType MaTPHIbl 3aMKHYTOH CHCTEMbl pobacTHasl CTaOMIN3AIMs BO3MOXKHA
upu Jsirobom 7y (eMm., Hanpumep, |6, 3amedanue 5.2.1]). UabiMu cioBaMu, ypoBeHb
HEXPYIIKOCTHU Y MOYXKET OBITh 3aJIaH MPOU3BOJILHO OOJIBIINM, 9TO MPUBEJIET JIUIIb
K YBEJIMIEHUIO pa3Mepa HEXPYIIKOTO WHBAPUAHTHOTO JLIUIICOUIA.

4. JIucKpeTHbIil cyJait
Pacemorpum stmHeitHyI0 cucTeMy B JUCKPETHOM BPEMEHU

Tpy1 = Az + Dywy,
(4) yr = Cxy + Dowy,
2z, = Chay,

¢ HAYAJIbLHBIM YCIOBHEM Zg, Tie A € R™™ C e R>X" O € R™" D; € R™™,
Dy € R*™ ¢ cocrosinmem 3, € R”, HabogaeMbIM BBIXOIOM ¥ € RY, orennbae-
MBIM BBIXOJIOM 2f € R” u BHermmHuM BO3MyIeHueM wy € R yI0BIETBOPSIONTIAM
OTrPAHIYICHHIO

lwell <1 mus Beex k=0,1,2,....
[Tapa (A, C) upeamonaraercs HabIIIOIACMOI.

Kak u B HempepbIBHOM cjIydae MOCTPOUM (PUILTD, OMUCHLIBAEMbIN JINHEHHBIM
PA3HOCTHLIM yPaBHEHHEM OTHOCHUTEILHO OLEHKU COCTOSHUS Tj, BKIIOYAIONUM B
cebs paccoriacoBaHmue BBIXOAA i u ero npornosa CTy

Tpi1 = ATy + Ly, — CFy), L e R™

B KOTOPOM TIOJIJIEKUAT BBIOOPY MOCTOSTHHAST MaTpuiia Gpuisrpa L.

Perrenne 3a/1aun HaX0XKJIEHUSI MUHAMAJIBHOTO OI'PAHUYIUBAIONIETO SJIIUIICOMIA
(ompeiesieHne KOTOPOTO OCTAETCsI [0 CYIIECTBY TAKUM K€, KaK M B HEIPEPbIBHOM
cJlydae), COJEPKAIEro OMMOKY OIEHKH

ek = 2k — 2k = Creg,

Ie e, = T — Ty — HEBA3KA CHCTEMDbI, YCTAHABJIMBACTCA CJIEAYIOMIEH TEOPEMOI.
Oma sIBJIETCA JUCKPETHBIM aHAJIOIOM TEOPEMBI 1.
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Teopema 3 [4,6]. [Tycmo Qy, Y, — pewenue 3adavu

min tr H
npu oepaHuUYeEHUAT
—aQ  (QA-YO)T 0 g oo
@a-ve  —q -y <0 (gr ) R0 @-o
1

0 (QDy —YDy)"' —(1—a)l

omHoCuUMessHo Mampuurur nepemennor @ € ST, Y € R H € S™ u ckanap-
nozo napamempa 0 < o < 1.

Tozda mampuua onMuUMaIbLH020 GUALMPA AGEMCA BVIPANCEHUEM
L, =Q;Y,
* * * 9

a4 MUHUMAABHOIG 02PAHUHUBAIOWUTL IAAUNCOUD, COOEPHCAUUT OUWUOKY OUEHKU 6Dl
zoda z cucmemuv, (4) npu xo = 0, onpedeasemcs mampuyeti

ciQ; et

OripejiesicHre HEXPYIKON IMapbl OCTAETCST TAKUM »Ke, KaK U B HEIPEPBIBHOM
cjlydae; ee HaXOXKJIeHUe IIPOU3BOJUTCA B COOTBETCTBUU CO CJIE/IYIOLUIUM DE3yJIbTa-
TOM.

Teopema 4. Ilycmo @, Y docmasasiom pewerue 3adave

min tr H
npu oepaHuUYeHUAT
—aQ +CTC (QA-YO)T eCT D,y 0
QA-YC -Q QD1 —Y Do vQ <0
eDIC (QDy —YDo)' —(1—a)[+eDIDy, 0 | 7
0 Q) 0 —el
H O
=0, Q=0
(cx @) 70 @

ede onmumusayua eedemca no mampuinsm nepemennsim Q € ST, Y € RM<E
H € S", craraproti nepemennoti € u cxarapromy napamempy 0 < a < 1.
Tozda mampuua

ciQ et

onpedeasem Hexpynkull 02paHUYUSAUWUT INAUNCOUOD OAA OWUDOKY OUEHKU 6bILO-
da zj cucmemwv, (4) npu xo = 0, coomeememeyrowull HeTpynkol nape

L=Q'v, P=Q7"

C YPOBHEM HETPYNKOCTU 7.



Kak u B HenpepbIBHOM cilydae, ONTUMUA3AIMOHHAS 3a/a4a U3 TeopeMbl 4 mpeji-
cTaByseT coOON HECJIOKHYIO TTAPAMETPUICCKYIO 3a/1ady TOJIYyOIPEIeJIEHHOTO TPO-
IpaMMUPOBAHUS.

Ob6paruM BHUMaHIE, UTO 3aMeUaHrie 2 COXPAaHSIET CBOIO CUJIY U B JUCKPETHOM
caydae. A nMenHo, pobacTHas CTaOUINBAIUS CHCTEMbI

€41 = (A — (L + A)C)ek + (Dl — (L + A)Dg)wk

pU BCeX JONYCTUMBIX HeolpesesaeHHocTsx A: [|All < Bo3MoxKHa 1npu JH060M
SHAYEHUM yPOBHS HEXPYIKOCTH 7.

5. IIpumep

[IpogemoHCTpUpPYEM TIPEJIOXKEHHBIN MOAX0 K (DUIBTPAIUN OIPAHMICHHDBIX
BHEIITHUX BO3MYIIEHUT ¢ UCTIO/Ib30BaAHNEM MHBAPUAHTHBIX IJLIUIICOUIOB Ha ITPUMe-
pe 3a7a9u OICHIBAHUST COCTOSHIS JBOHOIO IPYKUHHOTO MasgTHHKA (CM. puc. 1).

wi

ky ky

m my

0 X X X
Puc. 1. /IBoitHoit npyKUHHBIIT MasSTHUK.
IlycTb o1, To — KOOPAUHATHI JIEBONO W IIPABOIO Teja, & U1, Uy — UX CKOPOCTH,

prdeM Ha IIPABOE TEJIO BO3IEHCTBYeT BHEIHee BO3MYyINeHue wi. HempepbiBHasd
MOJIEJIb BO3MYIIIEHHBIX KOJIEOAHMII CHCTEMBI OIUCHIBACTCSI Y PABHEHUSIMI

T1 = v1,

To = Vg,

. k1 + ko )

b = ————x1 + ——,

mi mi

. ko ko 1

Vg = —T] — —Ty + —Wwi,
ma ma ma

rie ki, ko — K03(DPUITUEHTHI XKECTKOCTH JIEBOH W IPABOW IPYKUHDBI, M1, Mo —
MAaccChl JIEBOT'O U IIPABOrO TeJia,

Bsgas B xagecTse BEKTOPpa COCTOAHUNLA

T
T2
U1
U2
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B KadecTBe HaOJIIOAaeMOr0 BBIXO/Ia — 3AIYMJICHHBIN BEKTOP KOOPANHAT

1= () +o1 ().
€2 w3

a B Ka4deCTBE OIleHUBaeMOI'O — BEKTOD CKOpOCTefI

= ()

npuxo/uM K cucreMme Buza (1) ¢ marpuramu

0 0 10 0 00
A:_gi()o’ D=0 00/,
mi mq 1
ko ko — 00

= =00 Mo
mo mo

1000 001 0
C‘(o 100)’ D2_<0 0 0,1)’

ITpu sTom

w=[wy |, Jw|<1.
w3

[Iycts majsee mapaMeTpbl CUCTEMbI €IUHUIHBL: k| = ko = mqp = me = 1, mycTb
Takxke Py = 0,151.

Cuadajia B COOTBETCTBHM C TeopeMoii 1 Haiimem pelrenme 3aiadm 6e3 ydera
TpeboBanus Hexpymnkoctu. [lomydaem marpuiy duibrpa

1,4808  0,2309
—0,1641 2,1590
—0,5457 1,0867
0,6232 3,4354

L, =

U MaTpHUILy
5,0166 —0,1455 —2,0847 —0,0184
| —0,1455 6,1854 —0,1544 —1,5832
@ = —2,0847 —0,1544 4,0310 0,0762 |’
—0,0184 —1,5832 10,0762 1,3265

KOTOPBIM COOTBETCTBYET MUHIMAaJIbHBII OFpaHHqHBaIOLHHﬁ QJIJIUIIC g* C ManHHeﬁ

11 {03167 —0,0046
¢1Q.°C1 = (—0,0046 1,0863 )’

coJlepzKallnii OMUOKY €1 OIEHKH BBIXOIA Z.
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0,6 F

0,2

-1,0 -0,5

V1

Puc. 2. OrpannuunBaroriue 3/1IUIICHI.

Tenepn 3a1a/MCsT YPOBHEM HEXPYITKOCTH

v =2.

Pemup onmuMusainonnyo 3a/1ady U3 TEOPEMbI 2, HAXOIUM MAaTPUILy (DUIbTPa

u MaTpUILy
5,3807
~ | -o0,1112
@ =1 _2.0697
—0,0284

23,3910
0,9883
14,5498
0,9240

—0,1112
6,2215
—0,1462
—1,5363

0,9878
21,9974
1,0207
26,6793

—2,0697 —0,0284
—0,1462 —1,5363
3,3329  0,0697
0,0697  1,2650

B pesynbrare mosmydena nexpynkas mapa (Z, ]3), rIe

0,2446 0,0103 0,1522  0,0097
=~ 0,0103 0,2301
0,1522 0,0107 0,3951 —0,0054 |’

P=

0,0097 0,2790

12

0,0107  0,2790

—0,0054 11,1299



gy

EEsEmEEwEEn
.
.
-

|
-1,0 -0,5 0 0,5 1,0
Puc. 3. Tpaekropun HeBA30K.

KOTOPOII COOTBETCTBYET HEXPYIKUN OrPAHMIMBAIONIAN JIIUIC £ ¢ MATPUTIEH

~ 11 (03951 —0,0054
¢io _<—0,0054 1,1299 )’

coflepzKanuii omubKy €1 ONeHKH Bbixona z. OBpaTnM BHUMAaHHE, UTO Pa3Mepbl
(mo kpurepuio ciaena) umncos € u £, OTIMYAOTCs MeHee, YeM Ha 9%.

Ha puc. 2 crtomraoit unueit n300parkeH HEXPYNKHI OIPAHHIUBAIONIAN 91
e €, a NYHKTHPOM — MHHHUMAJIBHDI OrpaHHauBaionuil smmic E. TodedHoi
JIMHUel II0Ka3aHa HPOeKIUs JJIMICOMIA HAYAJIbHBIX COCTOSIHHMIT Ha IIJIOCKOCTb
(v1, v2), IpeCTABIISIIONIAsT COOOM SJLIUIIC ¢ MATPUIIEHT C'1P0C'1T (cm. 3ameuanue 1).

Terepb mofBEPrHEM ONTUMAJIBHYIO MaTpUIly (huibrpa L, BO3MYIIECHUIO

—0,0171  0,1641
—0,0714 —0,4232
—0,9640 —0,1353 |
0,2461 —0,7643

A= JAl = 1.

Ha pwuc. 3 Todeunoit nuHmMeil mokasaHa TPAEKTOPHUsI HEBSI3KH €] IPU HEKOTO-
POM HavaJIbHOM ycJioBuH o € &) (€ro MpoekIust Ha IIIOCKOCTb (U1, Ug) MOKa3aHA
KPY?KKOM ), HEKOTOPOM JIOIIYCTMMOM BHEIIIHEM BO3MYIIEHUU W U MaTpure Gpuiib-

13



tpa Ly + A. Kax BHJIHO, TpaeKTOpHA MOKH/IaeT He TOJBKO MHHUMATbHBIH orpa-
HuuuBaomuil sumnce &, HO ¥ HEeXPYIKUil orpaHmduBaomuil sammiac £ — npu
TOM, 9TO pa3Max HEOIPEAEJICHHOCTH B MaTpule (pUabTpa BABOE MEHBIIE YPOBHA
HEXPYIKOCTU Y = 2.

Juist cpaBHEHUsT TIOJIBEPIrHEM BO3MYIIEHHIO BJiBOe Oosibiiiero pasmaxa (|[2A[ =
= 2 = 7) HexpylKyto marpuily uibrpa L. TpaeKTopusl HEBA3KH €] CHCTEMbI
P TOM K€ HA9aJbLHOM YCJOBMHM M BHEIIHEM BO3MYIICHUHU IIOKa3aHa Ha PHUC. 3
CILIOIIHOM JIMHKEH; KaK BUIHO, €€ IOBEICHHE 110 OTHOMICHHIO K OIPAHMIHBAIOIIEMY
SJLIAIICY NPUHIUIINAILHO UHOE.

Berancnennst nposogmmcs B cpege MATLAB € HCHOJIB30BAHHEM  IIAKETA
cvx [17].

6. 3ak/aroueHne

[IpemoxkeH TpoOCTOt U yHUBEPCAIBHBIN MOIXO/ K PEIICHUIO 3aadi HEeXPYII-
KO (pu/IbTpaIuu MPpON3BOILHBIX OIPAHHICHHBIX BHEITHIX BO3MYIIEHHUI C HCIIO b
3oBaHueM Habsogaresst. Iloaxom ocHOBaH Ha MeTOe MHBAPUAHTHBIX JIIUIICOH-
JIOB; TPUMEHEHNE 3TOM KOHIEHIUNA TO3BOJMIO epedOPMYIUPOBATL HUCXOIHYIO
IpobJIeMy B TEPMUHAX JTUHEHHBIX MAaTPUYHBIX HEPABEHCTB U CBECTH €€ K IapaMeT-
pUvecKoil 3ajiade MOJIyOlPeIeIEHHOTO TTPOTPAMMUPOBAHUS, JIETKO PeIalonieiics
quceHHO. D(hPEKTUBHOCTH METO/IA IPOJIEMOHCTPUPOBAaHA Ha IPUMEpPE IBOMHOIO
MPY2KUHHOTO MasgTHUKA.

ITPNJIO?2KEHUE

JlokazarenbcrBo Teopembl 2. Hessska e cucrembl (1) myst BO3MyIeH-
Hoii marpursl dpunbrpa L + A yiosiaersopsieT juddepeHImaabHOMy Y PaBHEHUTO

(I1.1) é=(A—(L+A)C)e+ (D — (L+ A)Dy)w.

Coruacho (6], ycsioBue MHBApUAHTHOCTH SJUIMIICOUAA ¢ Marpuieii P = Q‘l >0
Jutst iuHamudeckoit cucremsr (I1.1) skBuBanenTHO cymectBoBannio o(A) > 0 Ta-
koro, aro JIMH

) (A= (L+A)0) " Q+Q(A— (L+A)C) +a(A)Q Q(Dy—(L+A)D,)

(D1~ (L+A)D2)"Q —a(A)]

BBINIOJIHAECTCS TIPU BCEX JONMYCTUMBIX 3HAUEHUSX MATPUIHON HEOIpeIeIeHHO-
cru A ||Al] < 7.

Byznem npesnonarars, uro cymecrsyer takoe « > 0, uro nepasencrso (I1.2)
BBINOJIHSAETCsT IpU Beex jionycTuMbix A; Torga (I1.2) MoxkHO mepenucarb B Buje

(A—LO)'Q+Q(A—LC) +aQ Q(Di— LDy)
(Dy — LD9)*Q —al

B <§> A(=C —Do)+ (:gg) AT(Q 0) <o.

14



[To semme Turepcena [16] (cm. Takxe [6, ciaencreue 2.2.6]) 910 HEpABEHCTBO
BBIIIOJIHEHO TOTJIA U TOJIbKO TOLJIA, KOrja cymecTtByer € > 0 Takoe, 9To

(A—LO)TQ+ QA - LC) + aQ Q(Dy — LDs) N
(D1 — LD2)"Q —al

+e <:g;> (-C —Ds) + L <%2> (Q 0)<0

€
w 1o jgemme [lypa

(A-LO)'Q+Q(A—LC)+aQ+eCTC Q(Dy—LDy)+:CTDy ~AQ
(D, —LDy)'Q+eDYC —al +¢eDg Dy 0 | =<0.
vQ 0 —l

BBojist HOBYIO MaTpuUHyIO IepeMeHHyo Y = (QL, nmpeobpasyeM IOC/IeIHEEe CO-
OTHOIIIEHUE K JINHEHOMY BHJLY

ATQ+QA-YC-CTYT+aQ +CTC QD1 —YDy+eCT™Dy ~4Q
(I1.3) DIQ-DIYT+eDIC —al+eDI D, 0 | <0.
7Q 0 —l

[Tockomeky €1 = Cie, TO HEBSA3KA €] COAEP:KUTCSI B OIPAHUIUBAIOIIEM 3JLIIHII-
coujie ¢ MaTpUIei C’lQ_lC{F . TakuMm obpazoM, IPUXOIUM K 3a/5a9e

min tr C;Q *CT  npu orpanmenmsx (I1.3) u Q > 0.

CorutacHo [6], aTa 3a/a4a SKBUBaJEHTHA 3a/aue MUHIMU3auu tr H 1pu orpanu-

vyenusix (I1.3) u
H

rie H € S” — BciomoraresibHast MaTpudHas IepeMenHast. Teopema 2 joka3ana.

JlokaszarenbcrTBo Teopembl 4. Hepsiska cucrembl (4) 1jisi BO3MYIIIEHHOMN
MaTpuibl buabTpa L + A 6ymeT yaoBIeTBOPITH PA3HOCTHOMY yPABHEHHIO

(H.4) €kt+1 = (A — (L + A)C)ek + (Dl — (L + A)Dg)’wk.

Cornacno [6], ycoBue WHBAPHAHTHOCTH 3/UMHTICONIA ¢ Marpuneir P = Q™1 = 0
Jutst uHamudeckoit cucremsl (11.4) skBuBanenTro cymecrBoBannio o(A) > 0 Ta-

koro, aro JIMH

—a(A)Q (A—(L+A)C)"Q 0
(IL5) | Q(A—(L+A)C) -Q QD1 — (L +A)D2) | <0
0 (D1 — (L+A)D,)'Q  —(1—a(A)I

15



BBIIIOJIHAETCS TIPH BCEX JIOMYCTUMbIX 3HAYCHHUSX MATPHIHON HEOIPEEIeHHO-
cru A: ||A]] < 7.

Byznem npejnosnarars, uro cymecrsyer takoe « > 0, uro Hepasenctso (I1.5)
BBITIOJTHSIETCST TIPU BCEX JOMYCTUMBIX A; TOT/Ia TIEPETHIIEM €ro B BUE

—aQ (A-—LC)'Q 0
QA-LC) -Q Q(Dy — LDy) | +
0 (D, —LD)'Q —(1—-a)rI
0 -CcT
+{Q|A(-=C 0 -Dy)+ [ 0 |AT(0 Q 0)<0.
0 ~Dy

BHoBB Bocmosb30oBaBIuCh JjeMMoil [Turepcena 3ak/ouaeM, 9TO 3TO HEpaBEH-
CTBO BBITIOJTHEHO TOTJIA W TOJBKO TOTJA, KOTIa cyIecTByeT € > () Takoe, 9TO

—aQ (A—LO)TQ 0
QA - LC) -Q Q(D1 — LDy) | +
0 (D, —LD)TQ —(1—-a)rI
-CcT 5 [0
el 0 |(~c 0o D)+ (@] (0 @ 0)<o0
—DT = \o
w 1o gemme [lypa
—aQ +eCTC (A-LC)'Q eCTD, 0
QA - LO) —-Q Q(Dy — LD,) 7Q 0
eDIC (Dy — LD)'Q —(1—a)I+eDIDy 0 '
0 ~¥Q 0 —el

BBojist HOBYIO MaTpuUHyIO IepeMeHHy0 Y = (L, mpeobpasyeM IOCIeIHEe CO-
OTHOIIEHUE K JIMHEHHOMY BULY

—aQ +eCTC (QA-YO)T eCTD, 0
QA-YC -Q QD1 — YD, 7Q
(HG) T T T O
€D2 C (QDl — YDQ) —(1 — Oé)] + €D2 Do 0
0 vQ 0 —el

AHaIOrMYHO HellpepbIBHOMY CJIy4dalo, IIPUXOIUM K 3ajade
min tr C;Q *CT  upu orpanmuennsx (I1.6) u Q > 0,

SKBUBAJICHTHOIT 3a/1ade MuHuMusanuu tr H npn orpanmdenusx (I11.6) n

H ¢
(e @)=

rne H € S” — BciomoraresibHast MaTpudHas epeMentast. Teopema 4 jgoka3ana.
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CHUHTE3 POBACTHBIX PEI'VJIATOPOB MHOT'OMEPHBIX CUCTEM
TP HECTAIIMOHAPHBIX ITAPAMETPUYECKHUX
1 OTPAHUYEHHBIX BHEITHUX BO3MYIIIEHUAX!

PaccemarpuBarorcs uHeitHbIE MHOTOMEPHBIE CHCTEMBI, ¥ KOTOPBIX (hu3mde-
CKHe IapaMeTpbl MOI'YT MEHATH CBOU 3HAUEHUs (OT U3BECTHBIX HOMUHAJILHBIX )
[IPOU3BOJILHBIM U HECTAIIMOHAPHBIM 00pa3oM. OObEKT yIIpaBJIEHNUs TOBEPXKEH
JEMCTBUIO MOJUTaPMOHIMYECKAX BHEITHUX BO3MYIIEHU, COIEPIKAIITUX [TPOU3-
BOJIbHOE YUCJIO HEU3BECTHBIX YaCTOT ¢ HEU3BECTHLIMU aMILIUTYIaMU (UX CyM-
Ma orpanuuena). PopMmysupyerca 3ajada CUHTE3a PEryJIaTopa, KOTOPbIil ra-
paHTUpPyEeT POOACTHYIO YCTONIUBOCTH 3aMKHYTON CHCTEMbBI U 0DECIIeIHMBAET
JKeJIaeMble OIMMOKHU 110 PEeryJupyeMbIM IIEPEMEHHBIM i O0BbEKTa C HOMU-
HAJILHBIMU TIApAMETPAMU B YCTAHOBHUBINIEMCs pexkume. Perenne 3ajaan oc-
HOBAHO Ha HpejcTaBiennn ypasHernii cucremer B (W, A, K)-dopme, mist Ko-
TOpOH opMysIIpyeTcs U perraeTcs: cranjgapTaas Hoo-3a/1a9a ONTHMI3AINN.
ZKesraemast TOYHOCTD CHCTEMBI 0DECIIEUMBACTCS C TOMOIIBIO AHATUTHIECKOTO
BBIOOPA BECOBOW MATPUIIBI IIPHU PEryJIUPYEMBIX TIe€pEMEeHHbIX. [1peyioKeHHbIi
METO/T CHHTEe3a WTIOCTPUPYETCsl HA IPHUMEpE DEIeHusT U3BECTHON TeCTOBOM
3a/1a90.

Karuesnie caosa: muHEHBIE MHOTOMEPHBIE CHCTEMbBI, PODACTHOE yIIPABJICHUE,
CHHTE3 PEryaaTopa, H.o-onTuMu3anus, OrpaHmdeHHbIe BHEIIHIE BO3MYIIEe-
HUS, HeCTaIlMOHAPHBIE ITapaMeTphl.
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1. Beenenne

[Ipob6eme anam3a pobacTHOI ycTONYNBOCTH U pOOACTHON cTaOMIM3aIluN C Ce-
pemuabl 80-x rr. XX B. yaessieTcss IpUCcTajJbHOe BHUMAaHHUE UCCIIeI0BaTesel, ITo
[TOATBEPXKIAETCsI MHOIOYNCJIEHHBIMU CChLIKAMU Ha pabOThl 3TOrO IIEpHOoa, yKa-
saHHbIME B Gubsnorpadusax [1-4]. Camu monorpadun cojepkar nogpobHoe u3-
JIO’KEHIE M3BECTHBIX METOJIOB U IIOIXO/0B K PEIIeHN0 YKa3aHHBIX 3ajad. Bmecre
¢ TeM HeoOXOIMMO IOIIEPKHY T caeayiomue pyHIaMeHTAIbHBIE YePThI IOIYJIgp-
HBIX METOJOB aHAJIN3a U CHHTE3a COBPEMEHHOW TEOpUHN YIIPABJIEHUSI:

— u3BecTHble TeXHUKN Ho-, Hoo-, l1-, pi-cunTe3 1 MoOgasIbHoe yrpasieHue (pas-
MeIIeHHe TIOJIIOCOB) MOI'YT IPUBOJUTH K CUCTEMAaM C OY€Hb HU3KO pOOACTHOCTDIO:
3amachl yCTORIMBOCTU 10 (hase M MOJLYJIIO HEJIOIyCTUMO MaJjbl (Ha dhu3ndaeckoM
BXOJIe/BbIXOJIe 00BEKTA);

! PesyabraTe! mccsteJOBaHMIl, TIPE/ICTAB/ICHHbIC B PA3/IeTax 2 U 3, MOJTyYeHbl 38 CIET CPEJICTE
Poccuiickoro nayanoro donga (mpoexr Ne 23-29-00588), https://rscf.ru/project/23-29-00588)/ .
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— MOPSIJIOK PEryJIATOPa MOYKET CUJIBHO IPEBBINIATH MOPI0K (PU3UTIECKOTO 00b-
eKTa;

—3a9aCTYI0 CTPOSTCST TOJIBKO PErYJISITOPBI 10 COCTOSIHUIO, & HE TI0 U3MEPSIEMOMY
bU3TIECKOMY BBIXO/Ly O0DBEKTA;

— ypaBHEHUsI COCTOsIHUST (U [lepelaTOuHasl MATPUIIA) — BTOPUYHbIE (DOPMBI OITH-
caHusi, UX KO3(PUIUEHTHI 3a9aCTyI0 He UMEIOT (DU3UIECKOTO CMBICIA.

EcrecrBenHO paccmaTpuBarTh ypaBHEHHs] B (DU3MUECKUX [IEPEMEHHBIX (HA OC-
HOBE 3aKOHOB MEXAHWKHU ¥ JEKTPOJMHAMUKN), TaK KaK OHU MMeoT Kodbdurm-
EHTBI C $ICHBIM (DUBMUYECKUM COJIepKaHieM (Macca, MOMEHT WHEPIUU, eMKOCTb,
HH/IyKTHBHOCTD, COIPOTHUBJICHNE U T.7.). Ilepexos or ncxomubx ypasuenuii B (hu-
3UYECKNX TEPEMEHHBIX K YPABHEHUSIM COCTOSIHUSI WJIN TePeJaTOTHBIM MaTPUTAM
BeJeT K IEPEMENTNBAHIIO M PA3MHOXKEHUIO BAPbUPYEMbBIX ITaPAMETPOB. DTO CHJIb-
HO TIOBBINIAET KOHCEPBATU3M PEe3YJIbTATOB aHAJIN3a W CUHTE3A.

B macrogmeit pabore paccMaTpuBaiOTCAd ypaBHEHUs 00beKTa B (DUIUICCKUX
nepemeHHbIx. [Ipesyraraembiii moxo/ onupaercsi Ha BeejgeHHbie panee (W, A)- u
(W, A, K)-bopmbr ypasrennii [5-8|. Ha 6a3e TexHuku KpyroBoro Kpurepust abeo-
JIIOTHOI yCTOMYMBOCTU, PA3BUTON B [9], U [OHATHUA paJuyca 3allacoB yCTONYUBO-
cru [10] mokasbiBaeTcst, 4TO pe3ysbTaThl yKA3aHHBIX paboT Ha CAMOM JeJie CIpPa-
BEJJIUBBI U [P HECTAIIMOHAPHBIX OTKJIOHEHUAX (DU3UTECKUX MTapaMeTPOB 00beKTa
OT HOMUHAJILHBIX B T€X YK€ JMala30HaX. DTO BECbMa BayKHO KaK C TEOPETUIECKOI,
TaK U C MPAKTHIECKON TOYEK 3PEHUs.

Ha npakTuke peajibHble JIMHAMUYECKHIE CUCTEMBI [10/IBEPYKEHDI JIEHCTBUIO HEU3-
MepsIeMbIX BHEITHUX BO3MYIIEHUIT, KOTOPBIE B MATEMATHIECKON TEOPUU aBTOMATHU-
YECKOIrO YIIpaBJIeHHsI ONPAHUYUBAIOTCS B Kakoii-in6o Hopme [11]. TTosromy Bo3HU-
KaeT 3aj1a9a obecrievdeHnst 3a1aHHbIX (He GoJiee JOIyCTUMBIX ) OTKJIOHEHHI PeryJim-
PyeMBIX IepeMeHHbIX 00beKTa oT Hyss. [Ipobieme momaBieHnsi BHEITHUX BO3MY-
IIeHNU{T IOCBSIIEHO MHOTO HcceoBanuii, Hanpumep [11, 12]. B nacrosimeit pabore
B Ka4eCTBE HEM3MEPAEMbIX BHEITHUX BO3MYIIEHUI PACCMATPUBAIOTCS [TOJTUTAPMO-
HU4YecKkre (PYHKIUU ¢ HeU3BeCTHBIM (6ECKOHEUHBIM) YUCIOM YacTOT U ¢ HEU3BECT-
HBIMU aMIUIUTYJIAMHI TAPMOHHUK, CyMMa KOTOPBIX OI'DaHUYEHa 3a/[AHHBIM YHUCJIOM,
kak B [10]. B wacTHOM cily4yae KpaTHBIX YaCTOT JAHHBIE BO3MYIIEHUsI TIOKPbIBA-
10T haKTUIEeCKN BECh KJIACC (PU3NYECKH BO3MOXKHBIX BO3MYIIEHNI B MHYKEHEPHOI
[IPAKTUKe: OHU HEIPEPBIBHBI U UMEIOT KYCOYHO-HEIPEPBIBHBIE TPOU3BO/IHBIE I10
BPEMEHHU, UTO MO3BOJIAET UX HPEJACTABUTH aDCOJIOTHO cXomsamuMucs psigamu Dy-
poe [10].

Taxum obpaszom, B HacTOsAIIEH paboTe paccMaTPUBACTCA 3a/a4a CUHTE3a Pery-
JISITOPa TI0 BBIXO/LY, KOTOPBIi, C OHON CTOPOHBI, 0OecIeInBaeT pobacTHYIO yCTOM-
YUBOCTH 3aMKHYTOH CHUCTEMBI HPU HECTAIIMOHAPHBIX OTKJIOHEHUSX (DU3NYECKUX
napaMeTpoB o0beKTa OT HOMUHAJIBHBIX, & C JPYTIOfl CTOPOHBI, TapaHTUDPYeT 3a-
JIaHHBIE OTKJIOHEHUsI PETYJIUPYEMBbIX IEPEMEHHBIX OT HYJIsl IPU JICHCTBUN BHEIITHUX
BO3MYIIIEHNN YKA3aHHOI'O BBIIIE KJyacca. B olpejiesieHHOM CMbIC/Ie Takas 3aja4da
MOXKET paccMaTpuBaThCs Kak 3ajada cunre3a LPV-cucrem (Linear Parameter-
Varying systems) [13-16|, ojHako BOIpochl 3a3JaHHOII TOYHOCTH B paboTax 3To-
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IO HAIPaBJIEHUS HE PACCMATPUBAIOTCS, & JIOKA3aTeJIbCTBO YCTONIMBOCTH II€JIH-
KOM ormpaercst Ha Bropoil meron A.M. JIsnynosa, aro menee 3(hMEKTUBHO 110
CPABHEHUIO C YaCTOTHBIMU KPUTEPUSIME, UCIIOJIb3YEMBbIMU 3/1€Ch aBTOPAMHU, B CH-
JIy U3BECTHBIX TPYyAHOCTEH 110a60pa ny»kHoit pynkimn JIsmynosa. [Tomumo sToro,
crpykrypa (W, A, K)-dbopMbl HENOCPEICTBEHHO MO3BOJIsIET PaboTaTh ¢ TEMU KOH-
TypaMu, B KOTOPBIX U HAXOJSITCS BapbUpPyeMble IIapaMeTpbl. DTO MO3BOJISIET 38,18~
9y 0 pobACTHON CTAOUIN3AIMN, CBOJIMAIIEHCS K IOCTPOSHUIO PEryssaTopa, obecre-
YUBAIOIIEro TPeOYeMblil pajyc 3a1acoB yCTOWINBOCTH B KOHTYPaX, TJIe HaXO/sAT-
sl BapbupyeMble (bU3UIecKre apaMeTphl, PEliaTh ¢ TOYHOCTBIO JI0 HEOOXOMMbBIX
U JIOCTATOYHDBIX YCJOBUH 10 OTHONIEHUIO K PAJUYCy 3allacoB yCTOHUIMBOCTH. DTO
DJIABHOE MIPEUMYIIECTBO JAHHOTO IMOJXO/a K CHHTe3y pODACTHOTO PEryJsiTopa Io
CPABHEHUIO CO BCEMU U3BECTHBIMU B JINTEPATYPE METOIAMMU.

Perenune takoii 3ajaum CBOJUTCA K CTAHAAPTHON 3ajade H.o-ONTHMU3aIny,
a 3aJlaHHas TOYHOCTH JIOCTUTAETCs IyTEM CIIEIMaJbHOTO BHIOOPA JUArOHAJIBHO
BECOBOI MaTPHIIbI IPU PETYJIUPYEMbIX IEPEMEHHBIX 00bEKTA, JIJIsi BHIOOPa dJIeMEH-
TOB KOTOPOIi JIaHbl anajuTudeckue hopmysibl anasorudao [10]. [Ipu srom nopstiok
peryJsiTopa He MpeBbIIIaeT MOPSIIKa UCXOJAHOIO (DU3HUIECKOrO 00bEKTa yIIpaB/ie-
HUS.

IIporpamMuo mamubiii moaxon peajnsosan B cpege MATLAB ma ochose ma-
kera Robust Control Toolbox [17] u ucosb3yeT TeXHUKY JIMHEHHBIX MATPUYHBIX
nepasercts (LMI), cm. [18]. TlpuBoaurcst npumep cuHTe3a peryssitopa Jjisi Ii-
POKO M3BECTHON TecToBOil 3amaqn [5—8, 19-22|. Pabora siBiisieTcst pacuimpeHHbIM
u3JI0KeHneM JIokIa 108 |9, 20].

2. IlpenBapurenbHbIE CBEIE€HUS

2.1. Onucanue obsexma u pe2yssmopa

Pacemorpum 00bekT yrnpasjieHus B (pU3MIECKUX TEPEMEHHBIX, OMMCHIBAEMBII
CJIEYIONUMU YPABHEHUSIMHT:

0 Li(p)z(t) = La(p)u(t) + L3(p) f (1),
y=NZz(t),

rie Z(t) € R! — BekTOp (PUBMIECKUX [IEPEMEHHBIX OOBEKTA, yIIPABIICHIS (oH comep-
JKUT KOOPJIMHATBI, CKOPOCTH, YCKOPEHUs, TOKU, HAIpszKeHus: u T.11.); u(t) € R™ —
BEKTOD YIPABJISIONINX BO3AeicTBUil; iy € R"? — BEKTOP U3MepsieMbIX U OJHOBpE-
MEHHO DEryJupyeMbIX IepeMeHHbIX; f(t) € R™3 — BeKTOp HEM3BECTHBIX BHEIIHUX
BO3MYILECHNI, OMCAHHBINA Huzke. Marpuna N — usBecTHast BelleCTBEHHAsI MaTPULIA
pasmepoMm [mg X 1|, L1(p), La(p) u L3(p) — nosmHOMUAIBHBIE MATPUIBI PA3MEPOM
(I x 1], [l xm]u [l xms]:

ZLl p', La(p ZL(]])] Ls(p ZL?’ ",

7=0
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e LW @) k) .
ne Ly”, L, Ly’ — u3BecTHBbIC BEIECTBEHHbIE MATPUIIBI COOTBETCTBYIOMINX a3
MEpOB, (1, (ig U (x3 — U3BECTHBIE Yncia (qg, a3 < a1), p = d/dt — oneparop -
dbepennuposanusi. O6bekr (1) mpesmnonaraercss CTabUIM3UPYEMBIM U JIETEKTU-

PYEMBbIM.

[Ipeanonaraercs, 910 KaxKjas KOMIIOHEHTa BeKTopa Bo3myinenuii f;(t), i =
= 1,m3 sBISETCH OrPAHUYICHHON ITOJUTAPMOHUYIECKON (DYHKIIMEH CJIeIyIOIero
BU/IA

(2) £it) =Y fisin(wpt + ¢ir), i =T, ms,

k=1

rae fir >0, i, Wk, © = 1,m3, k=1,00 — HeU3BeCTHbIE AMILIUTYIbI, (pa3bl U
9acTOThl BO3MYIIEHUsI COOTBETCTBEHHO. TaK»Ke MpeIIoaaracTcsa, 9To CyMMa aM-
IWIATYA, [ KaKJI0H KOMIIOHEHTBI OrPaHUYEHA;

co
(3) Zfzkgfz*a i:17m37
k=1

rae f* — 3aJaHHBIC YHCITIA.

B ornmuume or [6, 7], rue BHeIIHee BO3MYIIEHUE IIPEJIIOJIATATIOCH OrPAHUIEH-
HLIM B CPEIHe-KBaJIPATUIHOM CMBIC/IE, B HACTOMIIEH paboTe BO3ZMYILIECHUS MOL'YT
UMEeTh HEOIPAHMICHHOE UMCI0 FApMOHHUK IIPH OIPAHUYCHUHN Ha UX abCOJIOTHLIE
SHAYCHUS.

[Ipemonaraercs, 9To CymecTBYeT CTabUIM3UPYIONHH (IPU HOMUHAJIBHBIX 1A~
pamerpax) perysasitop Jjsi oobekra (1):

(4) u(t) = K(p)y(t),

rie K (p) — nepegatodnasi MATPHIA PETYJIsITOPA, COJEpPKaIlas MPABUJIbHBIE [Iepe-
JIATOYHBIE (DYHKIIUN.

2.2. 3adava pobacmmozo aHaiu3a

[Tpeanonoxum, ato y obbekra (1) B Marpunax Lgl), i=0,0a1, ng ), j=0,0a9
AMeETCd 71 3JIEMEHTOB, KOTOPBbIE MEHSIIOT CBOM 3HAYEHHMS OT M3BECTHLIX HOMHU-
HasrpHEX BesmanH A, . .., A BapbupoBanie mapamMeTpos MO¥KHO OTICATh (DyHK-
LUAMU BPEMEHU:

M) = X+ AN(D), i=Tom,

rie AN;(t) — OTKJIOHEHHUE §-T'0 DJIeMEeHTa MATPUIII OObEKTa 0T HOMUHATBLHOTO 3HA-
YeHus, TaKoe UTO BIIOTHseTCs A;(t) € [AMR A3X] | pppraem rpaHUIBI HHTEPBa-
0B AR \IAX gepspecTHDL.

Cucrema (1), (4) acuMITOTHYeCKH yCTOHYMBA IPU HOMUHAJILHBIX 3HATEHUSIX
N i =T, n BappupyeMBIX mapaMeTpos \;(t).

Bamgaua 1. Tpebyemcs nwatdmu donycmumoie 3HAUEHUA )\?in, Apax g =T, n,
npu komopwuix cucmema (1), (4) acumnmomuuecku yemotivuea.
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Kanonuueckas (W, A, K)-dopma — criernaibiast (hopMa IIpeJIcTaBIeHnsl ypaB-
Henuit cucremsr (1), (4), cm. [5, 8, 9|:

(5) y=Wnu+ Wiu, u=Ay,
u =

y = Wart + Waou, Ky,

rae Wi;(p), i,j = 1,2 — nepenarodnble MaTPHIBI, KOTOPBIE HE COJEPIKAT BapbH-
pyeMbIx apamerpoB \;(t), curaausl 4(t) u y(t) — dbysxnun uz R™, Koropble Ha-
3BIBAIOTCS < PUKMUGHBLMU> BXOJAMU U BBIXOJAAME, KaK U COOTBETCTBYIONIMHA UM
KOHTYD ynpasienusi, A = diag [\, ..., \,| — JuaronanbHas MaTpuIa, cogepKa-
11ast TOJIbKO BapbUpyeMble IlapaMeTphl, BeKTOPbI yrpasienus u(t) u Boixona y(t)
y7Ke ObLIM OIUCAHDI BBIIIIE.

B [6] nokazamno, 1ro 3amkHyTast cucreMa (1), (4) Beceryia MoxKeT OBITH IPUBE/ICHA
k sxBuBasienTHoll (W, A, K)-dopme.

Cucrema (5), pasoMKHyTasl 110 BXOJaM U, UMEeT CJIEYIOILYIO [epeaTOTHY IO
MaTpHUILY:

(6) W(p) = =AWy + WinK(I — W K) " W] = —AW (p),

rje I — equHUYHAST MATPUIA Pa3MepPOM (Mg X mg).

BazkHoii 0COOEHHOCTBIO TIepeIaATOIHON MATPUIlbl (6) sABJISETCST TO, YTO Bapbu-
pyeMble ITapaMeTphl COJAEPKATCs TOJIHKO B JUANOHAJBHON MaTpuiie Koddduiinen-
TOB ycujieHusT A, TO9TOMY MOYKHO BOCIIOJIB30BATHCST KPYTOBBIM KPUTEPUEM, ITOOBI
HCCJIEIOBATh PODACTHBIE CBOMCTBA 3aMKHYTON CHCTEMBI.

Coryaco KpyroBOMY KpPUTEPHUIO, PACCMATPUBAETCS HETMHEHHAsT CHCTEMA
ynpasyieHus: Buja [23|:

(7) o(t) = =W(p)), &) =elo(t),t],

rae W(p) — nmHeiiHas 9acTb CUCTEMBI, B PACCMATPHBAEMOM CJIydae OHa IIPe]-
crapisier coboit [n x n| uepemarounyto marpuiy (6), ¢(o,t) = [¢1(01,t),...

s @n(on,t)]T — BexTOp HemmHeHBIX 37MeMenHTOB (B OGIIEM CiTydae HECTAIno-
HAPHBIX ), YbH XapaKTEPUCTHKH YIOBICTBOPSAIOT HEPABCHCTBAM:

(8) a; < @ < Bi, (;Di(ovt) =0, i1=1Ln,
(2

rae o; <1, i > 1 onpenessior I'PAHHIBI CEKTOPHON HEIMHEHHOCTH, KOTOpasi
OrpaHNIMBACT XapaKTEPHUCTHKY i-it HesmueitnocTn. Cucrema (7) ¢ £(t) = o(t) (re.
B OTCYTCTBHE HEJIMHEHHOCTH) ACHMIITOTHYCCKHI YCTONINBA TI0 CIIOCO0Y HOCTPOCHMUS
peryssTopa s ciydas A; = AV

C yderoM BBeJIeHHBIX 0003HadMeHHIT (hopMympyeTcst MoAUMUKAINS KPYTOBOIO
kpurepus [9]:

Teopema 1. IIycmo nepedamounas Mampuya AUHETHOT “ACTU CUCTIEMbL
YO06AEMBOPAET HACTNOMHOMY MAMPUYHOMY HEPABEHCMEY

(9) [T+ W (—jw)T I+ W(jw)] > R%,  we0,00),
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L(t) - A°

W(p)

Puc. 1. Kanonunueckas (W, A)-dbopma ¢ HecrarmonapabivMu Kodddurmentamn.

y

2de R =diag[r1,...,ry| — duaeonasvhas mampuya, 4ou ssemermo, ydosaemso-
parom yeaosuam 0 < r; < 1,4 =1,n, moeda cucmema (7) abcorrommo yemotivuea
npu A00uT HeaunelHocmAar ud Kaacca (8), y KomopouLr

1 1 —
1—‘—""2’ 5@ 1—’,"2’ ? 7n

(10) (67
Teopema 1 crpaBeyInBa, eCiii 3aMEHATH HEJMHEHBIC 97IeMEHTH! (8) JInHeRHbI-
MU HecTaluoHapubiMu ;[0 (t),t] = 1;(t)o;(t), i =1, n:

(11) o(t) = =W(p)(t), &) = Lt)a(t),

rae L(t) = diag[l1(t),...,In(t)] — muaronanpHass MaTpuIa HECTAIMOHAPHBIX KO-
5 UIIEHTOB yenIenusi, bl HOMUHAJBHbBIC 3HAYCHHUS PABHBI ¢IUHUIE (B 9TOM
cryuae cucrema (11) acummrorndeckn yeroiramsa mpu \; = AV, i = 1,n).

st sToro ciyvast Teopema 1 mmeer ciestyioniee BazkKHOE

Cuexcrue 1. Ilyemv nepedamounas mampuya W(p) e (11), esamasn
us (6), ydosaemeopaem wacmommomy mampuuromy nepasercmsy (9), moezda cu-
cmema (11) acumnmomuuecku yemotiuusa 8 uesom 0Af HECMALUOHAPHULL KOIp-
PUUUENTNO6 YCUNEHUA, NEAHCAUUT 6 2PAHUUAL:

1 1 R

L)< ——, i=Tn
1+7r; Z() 1—r; ! "

(12)

B ominune or [6, 7] ykasaHHbIe I'DAHHIBI CIIPABEJIUBBL JJisl HECTAIIMOHAPHOTO
crydas.

Basgada 1 MokeT GBITH pereHa Jiist IPOU3BOJILHOrO Habopa (hbU3NIECKUX Ia-
paMeTpPOB € UCIOJIb30BaHneM KaHoHH4uecKoil dopmbl (5). BamkHyTas cucrema (5)
¢ mapamerpamu \; = A, i = 1,7, KaK u paHee, aCHMITOTHICCKH yCTOIMHBA 110
nocrpoenuio peryisropa (4). W3 caeacersust 1 mosydaem, 9TO B KarK/blil KOH-
TYp YUIPABJIEHNSI, COOTBETCTBYIOIINIT U;, MOYKHO J0OABUTH HECTAIOHAPHBIE KO-
5hOUINEHTB! YCHIIeHNs, KOTOPbIE MOI'YT MEHSITh CBOW 3HAUCHUST HE3ABUCHMBIM U
HPOM3BOJILHBIM 00pa3oM B pejenax (12) u mpu 9ToM cucreMa He IIOTepsieT yCeToii-
quBocTH. JlomycTUMbIe IpaHUIBl U3MeHeHns ITuX Kodbdurumenros ;(t), i = 1,n
JIETKO MOTYT OBITH II€PECIUTAHBI B JOIyCTHMBbIE I'DAHUIBI BAPHUPOBAHNS HECTa-
IIIOHAPHBIX (DUBMIECKNX apAaMeTPOB CHCTeMBI. llosiCHsIOmAs CTPYKTYPHAST CXe-
Ma TokasaHa Ha puc. 1, rme W - Ta e mepemaToumas Marpmia, 9to u B (6),
n A = diag [\), ..., \0] — mmaromambmas MaTpuIa, cojeprKantas HOMEHATBHBIC
3HAUEHNST BAPbUPYEMBIX IADAMETPOB.
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Kpurepnit pobactHoll ycTOHYINBOCTH, JAIOIMIHI perenue 3a1a49u 1, 6611 cdop-
MmysiupoBsaH B [9]:

Teopema 2. Ilyecmv nepedamounas mampuua (6) ydosaemeopsem «wacmom-
Homy mampuynomy wepasencmsy (9), mozda umerom mecmo caedyrouyue 0ony-
CMUMDLE 2PAHUUDL HECNAUUOHAPHBLT HE3AEUCUMDBIT USMEHEHUT 8APOUDPYEMBLT Na-
pamempos \i(t), i = 1,n, npu KOMOPHLT COTPAMAENCA YCMOTUUCOCTID:

\? \?
_g)\.t g_Z’ ':1’ ,
T4y, Sl sz, i=Ln

(13)
2de )\? >0, 1 =1,n — uzeecmnovie HOMUHAAOHBLE SHAYEHUA BAPOUPYEMBIT NADA-
MEMPOE.

B ormmmvme or cranuoHapHbIX IPAHUIL, MOy IeHHBIX B [5—7], B KOTOPbIX dburypu-
pyeT eIMHCTBEHHBII OOIIUil paJinyc 3a11acoB yCTOWINBOCTH, B HACTOsIIEH paboTe
JUTsl HeCTalMOHAPHBIX TpaHuly (13) u3MeHeHuii BapbUpyeMbIX apaMeTpoB yd-
TBIBAIOTCS JUAIIA30HBI, OIpe/JiesisgeMble CBOUMU WHJIUBU/IYAJIbHBIMU 3HAYECHUSIMU
PaJIyCcoB 3alacoB yCTONUIUBOCTH (3TO Jlajiee yTOUYHsIeTCs: B TeopeMe 4).

Ipammuer (13), oueBuIHO, CIIPaBEIUBBI U JJIs CIy9ast CTAIMOHAPHBIX H3MEHEe-
HUI UCCIIeTyeMbIX TTapaMeTPOB.

3. IlocTtanoBka 3amaun

CdopmynupyeM Be 3ajiadu CUHHTE3a PODACTHOIO PETyJISTOpa: B IEPBOIl BHEIII-
Hee BO3MYIIEHHE OTCYTCTBYeET (3a/ada CTAbUIN3AIIN ), & BO BTOPOil YIUTBIBAIOTCS
JIeficTBIs BO3MYIIeHHiT (3a/1a9a O/IaB/IeHNsT BHEITHUX BO3MYIIEHUI ).

Bajgaqga 2 (3amada pobactHoil crabuimsanun). s obsexma (1) mpebyemcs
natimu pezyaamop (4), xomopwd obecnevusaem acuMNMOMUYECKYI0 YCmotiuu-
socmo damknymot cucmemve (1), (4) dan 6cex HECMAUUOHAPHOIT OMKAOHEHUT
Pusuneckur napamempos 06seKma 0m HOMUHGALHOIT 3HAYEHUT, AEHCAULUT 6 3a-
daHNbIT UHMEPEANAT

AP NG (8) < AP =T 7,

ede \M NP i =1, n — 3adannovie epanuybl.

Crenyromast 3ama4a (pOpMyJIMPYETCsl ¢ YIEeTOM JIeHCTBUsT BHEITHUX BO3MYIIE-
Huit f(t), Koropble npenonaraTcs u3 kiaacca (2), (3).

JleficTBrue TaKuX BO3MYIIEHUN YIUTHIBAETCS IMOCPEICTBOM TPEOOBAHUI K TOU-
HOCTH CHUCTEMbBI, KOTOPBIE BBOISTCSI B pOpME OrPaHUYCHHMI Ha yCTaHOBUBIIHECS
3HAYEHHS OIMINOOK 10 PEryJIUPYEMbIM II€PEMEHHBIM:

Yi st = lim sup|y;(t)], @ =1,ma.
t—o0
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Bajgada 3 (3amada pobacTHOrO MOJABJIEHUsI BHEIIHUX Bo3MylneHuit). /las
obsexma (1) mpebyemes natimu peeyaamop (4), xomopuwi obecnevusaem acumn-
momuueckyro yemotduusocmy damkrymoti cucmemos (1), (4) das ecex necmavuo-
HAPHOLT OMKAOHENUT, PUSUMECKUT NAPAMEMPOE 00BEKMA 0T HOMUHAANHBLT 3HA-
wenuti, AEHCAUUT 6 3a0AHHVLT UHMEPEANAT

AP () < AP =T,

a maxosHce YAoeaemaopAem mpeboSAHUAM K MOYHOCTIU NPU JeTCmeut Heuseecm-
HOLT BHEWHUT 603MYyusenutl u3d kaacca (2), (3) npu HOMUHANHWT 3HAYEHUAT Pu-
3UNECKUT NAPAMEMPOS

(14) yi,st < ’Yy;,ku 1= 17m27

edey; >0, i =1,mg — 3adanrvie wucaa, v > 0 — 3adanmnoe Uil MUHUMUSUPYEMOE
YUCAO.

4. Pelmmrenne mocTaBJeHHBIX 33a49 Ha ocHoBe H . -onrummsanum

Permenne obenx 3a/1a1 0CHOBAHO HA TeXHUKE H -ONTUMU3AINH, CTAHIAPTHYIO
dOPMYIUPOBKY KOTOPOI MOXKHO 3aIlCATh KaK

(15) 1Tzwlloe <7, Z = Tew(p)w,

rie Tsm(p) — nepenarodnasi MaTpuIia 3aMKHYTOH CHCTEMbI, CBSI3bIBAIOIIAs Pac-
IMIUPEHHBII BXOJ W CUCTEMBI C PACHIUPEHHBIM BBIXOJOM Z, 7Y — 38J@HHOE MJIU MU-
HUMHU3UPYEMOE YHCJIO.

st mcmob30BaHMsSI TOW TEXHUKH HEOOXOANMO TaK C(OpPMHUPOBATH BEKTO-
pbl W, Z u Marpuily Tsg(p), 9robbl perienue coorBercryomeii Hoo-3amaun (15)
SABJISJIOCH TaKzKe pelieHueM Jijisd ¢cOpMyJINPOBAHHBIX BbIIIE 3349 2 1 3.

HucsienHoe pemienne 3a1a49u (15) MOXKeT ObITH BBIIIOJHEHO TIOAXO/AININM CTaH-
JIAPTHBIM [IPOrpaMMHBIM obectieuenueM. Harmpumep, B HacTosiIeir paboTe UCroib-
soBan naker Robust Control Toolbor nz MATLAB, tak xak dopMupyembie 371eCh
H -3a/121111 MOT'YT OKa3aThCs BHIPOXKIEHHBIMU U COOTBETCTBEHHO 15l UX PEIIEHIS
TpebyeTcst NCIoIb30BaTh 1oAx0) Ha ocroe LMI [24].

4.1. Pewenue 3adavu 2

s perennd 3a/1aun 2 ypaBHEHUsI PACIIHPEHHOTO 00HEKTa UMEIOT BUJ

7 =Wz + Wipu, @=A",

(16) y = Wai(p)zo + Waz(p)u, u= K(p)y,
z = Rozy, z0=1u-+w, Ry=diag [r?,rg, .. ,7’2],

rae wi — PUKTUBHBIA BXOJ 00BEKTa, UCIOJIL3YEeMbIil ist obecriedenns pobacT-
HOCTH 3aMKHYTOI cucreMbl, 0 < r? <1, i=1,n — xXKejlaeMble 3HAUCHUs 3JIEMEH-
tos 79 B marpune R uz (9). Crpyxrypnas cxema (W, A, K)-bopmbr st 970

3aJiaan n300pakeHa Ha puc. 2.
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AO

W.(p) W,(p)
Wy (p) Vsz(p)l

K(p)

Puc. 2. Kanonnueckas (W, A, K)-bopma B ciyuae 3amauu 2.

CooTBeTCTBYIONHE PACIINPEHHBIE BXOJHON 1 BBIXOJHON BEKTOPDI U [EPEIATOq-
Hag Marpuia B (15) 3ammuceiBaloTCsa Kak

(17) w=w, Z =%, I = ROTzowp

re 1, — MePeIaTOTHAST MATPHIA 3AMKHY TONH CHCTEMBI, CBA3bIBAIOIIAS BEKTOPEI
w1 1 zp.

CgoiicrBa pemenus 3agaqn (15) qist cucremsr (1), (4) OMECBIBAIOTCS CIIEIYIO-
el TEOPEMO.

Teopema 3. ITycmov pezyasmop K (p) natiden 6 pesyavmame pewenus co-
omsemcmeyrowet 3adavu (15)—(17), moada on obecnevusaem yemotivusocms cu-
cmemos (1), (4) npu

i < Ni(t) < i N0, i=T1
PR 3 X 7 L ) 1= Ln.
L+r L—r "

3deco, r; = 7‘? /v, i =1,n, 2de 7‘? — 30$0aHHbBLE BHAYEHUA INEMEHMOE JUALOHANLHOT
mampuuwe Ry, a v — snavenue, natidennoe npu pewernuu 3adavu (15).

JlokazaTeIbCTBO 3TOTO U MOCEIYIONINX yTBEPKIeHU npuBelieHbl B [Ipuio-
ZKeHUU.

OmniiieM 4acTOTHBIE CBOHCTBA CHHTE3MPOBAHHBIX cucTeM. Ilycrb w;(p) — 1e-
pesarounast PyHKIUS PA3OMKHYTOH cucTeMbl (5) 110 i-My (DUKTUBHOMY BXOJY U;
(o i-My BapbupyemMoMy Iapamerpy ;). Torja crupapeyimBa Cieiyromasi

Teopema 4. ITycmv 6vinoaneno wacmomuoe mampuynoe repasercmso (9),
mozda 20doepa Hatikeucma cucmemuvr (5), padomrrymotc no i-my durmueho-
MY 6T00Y Uj, HE KACAEMCA KPYaa Paduyca r; ¢ UEHMPOM 6 KPUMUYECKOT MOUKE
(—1,70) na naockocmu zodoepaga w;(jw).

Teopema 4 maeT oveHb BAXKHYIO € (PU3UIECKON TOUKM 3PEHUST WHTEPIPETA-
10 9aCTOTHOIO MATPUIHOTO HepaBeHCTBa (9), IPOMLIIOCTPUPOBAHHYIO HA PUC. 3,
a UMEHHO: YTO JIMArOHAJbHBIE JIEMEeHThI MaTpullbl R = R/ onpeesnsior pajiu-
yC 3amacoB yCTONIUBOCTH T; CUCTEMBI, PA3OMKHYTOM 110 i-My BXOmy ;. [lpu 3ToM
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A Imw(jw)

Re w,(jw)

Puc. 3. Unmocrpamusa Kk Teopeme 4: r; — pajuyc 3aacoB yCTONINBOCTU
10 i-My (PUKTUBHOMY BXOJY U;.

napaMerp A; sIBJISIETCS MHOXKUTEJIEM IIepejaTouHoil dpyHKuum w;(p), a 3amaBae-
Mble ITPOEKTUPOBIIUKOM JIMArOHAJJIbHBIE 3JIE€MEHTDI 7‘? MaTpuisl Ry onpenessior
JKeJlaeMble PaJNyChl 3aI1aCOB YCTOMYUBOCTHU TIO ¢-MY BXOMY Uj.

4.2. Pewenue zadavu 3

Bajaua 3 TakyKe perraercsi ¢ MoMOIIbio crangapTHol Hoo-3amaun (15), B Ko-
TOPOii ypaBHEHUs] PACIIMPEHHOIO 00'bEKTA OIUCHIBAIOTCS aHAJIOTHIHO [6, 7]:

§=Wii(p)z1 + Wia(p)u + Wis(p)f, = A",
(18) y = Wai(p)z1 + Waa(p)u + Waz(p)f, u= K(p)y,
2= Ro(i+wi), 2 =QY%,

rie @ =diag[qi,...,qm,] — BecoBas MaTpuia, 3JEMEHTbI KOTOpoi ¢; > 0,
1 = 1,m9 BbIOUpPAIOTCH TaK, YTOOBLI 00ECIIEYUTHL TPeOOBAHUSI K TOYHOCTH CUCTE-
Mol (14). Crpykryphas cxema juist (W, A, K )-dbopmbl nokazana Ha puc. 4.

AO

|‘<1

W.(p) W,(p) Ws(p)
__W(p) Wy(p) VV23(p)y 0"

K(p) ’

Puc. 4. Kanonnueckas (W, A, K)-dbopma B ciryuae 3azaquu 3.
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YuuThIBast CTPYKTYPHYIO CXeMy Ha PHUC. 4 U COOTBETCTBYIOMINE ypasHenus (18),
[IOJTyIaeM CJIETYIONINEe BEKTOPLI W U Z:

o' =w [T, = #)=[w]+i")R y QY
W OKOHYATE/IbHO MATPUILY 3aMKHYTOU cucTeMbl Ty:
ROngwl ROTzof |: w1 :|
QV Ty QYT |

viae Toows Thypy Tyw, s Typ — nepenaTounble MATPUIILI 3AMKHYTOI CUCTEMbBI COOT-
BETCTBEHHO OT Wi K 29, OT f K 2Zp, OT wy K Yy ¥ OT f K ¥.

(19) z:[“]:gﬁmm:

Z2

Teopema 5. Ilyemv pewena 3adaua (15), (19), 6 xomopot ssemernmo. dua-
20HAALHOT MaAmMPuLbE Q 6LIOPAHBL COZAACHO BBIPANCEHUAM

2

ms3
a= D1 /WP i=Tms,
j=1

mozda pezysamop K(p) obecnewusaem acumnmomuvieckyo ycmoluusocms cu-
cmemw, (1), (4) u yemanosuswuecs owubky 6 caedyowuT JUana3oHax:

A0 0
Y < )\i(t) < v

X ) A0>07 ‘:T7
(20) L+ 1—r ! ! "

Yjst <VY;, J=1,ma,

eder;, i =1,n uy — me e camvle NEPEMERHDIE, WIMO 68 meopeme 3, a y; >0, 5=
= 1,mg — orceaaemoie OWUOKY DPELYAUPOBAHUA.

U3 nokasaresbcrBa TeopeMbl b ciejyer, dro 3aMkHyTasi cucrema (1), (4)
win (5) coxpaHsieT yCTOWIMBOCTH HPH HECTAIMOHAPHBIX OTKJIOHEHHsIX busn-
YEeCKHUX [apaMeTPOB OOBEKTa B JMAla30oHaX, 3aJaHHBIX MEPBBIM HEPABEHCTBOM
B (20). ITpu 5TOM rapanTUpyeMble PaJyChl 3al1aCOB YCTOYMBOCTU T; CBSA3AHBI C
KeJTaeMbIMHA PaJILyCaMI 3aI1aCOB yCTORYUBOCTH ) I Peasln30BaBIIIMCs 3HAUCHH-
em « nipu perennn 3agaqu (15), (19) coornomenmsavu r; = 19 /v, i = 1,n.

Bamernm, uro Bropoe HepasercTBo B (I1.4) (cm. Ilpuioxkenue) npu BbiGOpe
BECOBOH MaTpHIpl () B COOTBETCTBHU C TEOPEMOH 5 NPHUBOAUT K BBIIIOJHEHHUIO
TpeboBaHuii K ToHOCTH (BTOpOe HepaBeHCTBO B (20)) TOJIBKO HPU HOMUHAJIBHBIX
3HAMEHUSAX BaPBUPYEMBIX mapamerpos \; = AV, i = T n.

5. IIpumep

B kadecTBe MILIIOCTPATHBHOIO IIPUMEpa B3sITa M3BECTHAs 3aJiada O JIBYXMAaC-
cooit cucreme 21, 22]. Cucrema, cocrosiimas U3 JBYX TeJEKEK, CBSI3aHHBIX IPY-
JKUHOM, OIUCHIBACTCSI yPABHEHUSIMI
(21) @y =3, @z =m4, I3=—qr1+qr2tutf,

T4 = qT1 — qIT2, Yy = x2,
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Puc. 5. IByxMaccoBas cucrema.

re ¢ — YKeCTKOCTh IPY>KUHBI, KOTOpasi MEHSIET CBOE 3HAYEHHE B HEKOTOPOM HEU3-
BecTHOM MHTepBaJie. HomunaabHoe 3Hadenue q BbiOpano paBHbIM gy = 0,8. Cur-
HaJI BHEIITHErO BOSMYIIEHUsI [ IMPUJIOzKeH B TOI »Ke TOUKe, 4TO U yupasjenne. Ha
puc. 5 cxeMaTuIHO M300pazkeHa CTPyKTypa obbekra (21), 3aMKHYTOr0 UCKOMBIM
peryisitopom K (p).

[TosicanM (busnIecKy0 MOTHBAIMIO PACCMOTPEHNsT HECTAIIMOHAPHDBIX 3HATEHIIT
JKECTKOCTH IPY2KUHbI ¢(t): JuHeiHblil 3akoH ['yKa crpaBe/jiuB TOJBKO IPU MaJIbIX
OTKJIOHEHUsIX OT ITI0JIOXKeHHsI paBHOBecHsl (Cxkarusi/pactsizkenusi). [Tpu Gosbiimx
JKe OTKJIOHEHUSX OT IOJIOKEHUs] PABHOBECUsI (3HAUUTEJHLHOM PACTSZKEHUU WJIN
CYKATUU MPYKUHBI) 9TOT 3aKOH CTAHOBUTCS HEJIMHEHHBIM, UTO TO3BOJISIET IIPEJi-
CTaBUTh €r0 KakK JIMHEHHBIH HeCTAaIMOHAPHBIN 3aKOH, B KOTOPOM KO3(MUIINEHT
JKECTKOCTH TIPYZKUHBI MEHsIETCsl HeCTAIlMOHAPHBIM 06pa3oM [25].

B zagade 3 Heobxoanmo 06ecrevnThb 33 IaHHYI0 TOYHOCTh 3aMKHYTOM CHCTEMBbI
IO PeryjaupyeMoi U OJHOBPEMEHHO U3MepdAeMON IIePeMEHHOU Yy U MaKCUMU3UPO-
BATH 3aIaChbl yCTOMIUBOCTA 110 (PUKTUBHOMY KOHTYPY VIIPABJICHUSI, COIEPIKAIIEMY
BapbUPYyEMbIl apaMeTp (.

Cucrema (21) zanucsiBaercs B (W, A, K)-dopme (18), uro yke ObLIO cieiano
B [6, 7], HO9TOMY OIlyCTHM JleTajm 9TOTo lepexoja U cpasy mepeiiiem K hopMysin-
poBanuio Hoo-3amaun (15) 1151 KOHKpeTHOl paccMarpuBaeMoit cucrembl. s pe-
mrerns (15) nemosb3oBasocs cramngapraoe mporpammuoe obecriederne MATLAB,
peanusyiomiee perienne Ha ocHoBe LMI-TexHukm, mosroMy ypaBHEHUs] OO0bEKTa
HEOOXOIUMO IIPEJICTABUTh B COOTBETCTBYIOIIEH 00O0OIEHHOI opMe B IPOCTpaH-
CTB€ COCTOAHUIL:

&= Ax + Byw + Bou; zZ = Chix + Diyw + Diosu;
y = Cox + Doy W + Dyou.

Marpuipr 06061IeHHOI0 06bEeKTa IMEIOT BT

0 0 10 0 0
0 0 01 0 0
A= —q q 00 P Br= 1 11
q —q 00 -1 0
By=1[0010]";

| Ro-(=q ¢ 0 0) ] 10|
“i=lgz. 0100 P00

Cy=1[0100]; D15 =[00]T; Dy =[00]; Doy = 0.
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1l gl=0328 A ]

4 3 2 0 ]
Re{W(jw)}

Puc. 6. T'omorpad HaiikBucra pa3soMKHYTO# CHCTEMBI.

B uncirennom sKcriepuMeHTe UCIIOIB30BAIUCEH CJISLYIOININE TapaMEeTPhL: YKeIae-
Masi omubOKa peryiauposanus y* = 0,5, BHelIHee BO3MYIIEHIE OIPAHUYCHO BeJIH-
qnnoit f* = 1. Torma coorBeTCTBYOMNI BeCOBOM KOI(MMUIMEHT HAXOIUTCS B CO-
OTBETCTBUH C TEOPEMOI b:

Q= (/) =4, Q=2

Bropoit mapamerp, HEOOXOIMMBIii Jijisi CHHTe3a (¥KeJaeMblil PaJiinyC 3amacoB
ycToitanBocTH), BeIOpan Kak Ry = 0,9.

CuHTE3 PerysisiTopa, peaJM30BaHHBINA C HOMOIIBI0 GyHKINA hinflmi makera
Robust Control Toolbox MATLAB, naer peryJisitop:

1,045 - 10'2(p + 0,5409) (p? + 0,713p + 1,049)
(p? + 256,8p + 5,289 - 10%)(p® + 202,9p + 4,86 - 105)°

(22 K@p)=-

OnrumasibHoe 3Hadenue v = 1,01895 maer obecrieunBaeMbIii pajuyc 3amacos
ycroiiausoctn R = Ry/v = 0,883, uro rapaHTupyer cucreMe COXpaHeHHe yCTOM-
YUBOCTU [IPU HECTAI[MOHADHBIX WM3MEHEHUsIX apamerpa ¢ (Ipu HOMUHAJE
qo = 0,8), JexKalyx B CJEAYIONMX Ipejeaax (IpaHuax):

0,425 < ¢(t) < 6,853.

[ocnemnee coorsercTByer ¢ = qo/(1+ R) = 0,425 u ¢™™ = ¢p/(1 — R) =
= 6,853. MoxkHO HaiiTu OoJiee TOYHBIE I'PAHUIILI JTOIMYCTUMBIX U3MEHEHU HecTa-
IIOHAPHOTO mapamerpa ¢(t) 6e3 moTepu CUCTEMOil YCTONIMBOCTH, HCIOIb3Ysl TEO-
peMy 2, KoTopasi OCHOBaHa Ha KpyroBoM Kpurepun (cMm. taxkxke [23|). Ucrunnoe
snavenne napamerpa R =171 B (9) pasro 0,974, oHO 6bLIO HAJIEHO C OMOIIBIO
ronorpacda HaitkBrucra cooTBeTCTBYyIOINIEH IepeaTOTHON DYHKIINN PA3OMKHY TOM
cucrembl (6) qyist A = qp, uzobpazkennoro Ha puc. 6. I'paHuIpl, moydYeHHbIE C

31



(@)

0,5
0.4 /.

0,3 /
0,2

0 5 10 15

Puc. 7. Ilepexonnast XxapaKTepUCTUKA 3aMKHYTONW CHCTEMBI.

romMoIbio rogorpada HalikBucra, 3HaIUTEILHO IITUPE, 9€M rapaHTHPYEeMbIe U CO-
CTaBJIAIOT
0,406 < q(t) < 30,995.

Ecnn pacemarpuBaTh TOJIBKO CTAIIMOHAPHYIO HEOIPEIEJIEHHOCTDh apaMeTpa ¢,
TOrJIa TOJIyIuM erre 0oJiee TMPOKUE TPAHUITEI POOACTHON YCTONINBOCTH:

0,263 < ¢ < 61,297.

DT TpaHUIBl TAK¥Ke IOJyUYeHbl Ha ocHoBe rojorpada Haiiksucra (puc. 6), Ha
KOTOPOM O0O3HAYEHbI TOUKU: g1 (gm2) NMOKA3BIBAET BO CKOJIBKO Pa3 MOXKHO
YMeHbINTH (yBeanuuThb) K03 OUIMEHT yeuIeHust KOHTYpa 6e3 [oTepH yCToiau-
Bocru. [Tpu 5T0M BapbUpyeMblil apaMeTp ¢ sIBJSETCsT MHOMKUTEJIEM [epeIaToy-
HOI (DYHKIME PA3OMKHYTOIO KOHTYDa, OTKYJa U IIOJIy9YarOTCsl BbIIEyKa3aHHbIE
IPAHUIIBL.

Bee HaiijieHHbIe MDAHUIBI 3HAYUTEJLHO IHUpe, YeM u3BecTHble. CpaBHUTEb-
HBIIl AHAJN3 Pa3/IMYHBIX HAauOOJIee YCIENHbIX IOIXOJ0B K CHHTE3y Deryssitopa
Jutst oobekra (21) mposesen B [19)].

Kilaccuaeckue nokazaTeyd 3alacoB yCTONYUBOCTHI 110 MOLYJIIO U (ha3e olpee-
JISTIOTCsI JIJIsi KOHTYPa, yIPABJIEHUs, PA30MKHYTOIO TI0 PEAJBLHOMY BXOMy u (ujm
BbIXOMY Y), 1 paBubl L = 354 dB, ¢; = 64,5°.

[TepexoyHast XapakTepuCTHKa 3aMKHYTOM cucreMmbl (21), (22) npu f = 1 noka-
3aHa Ha pHC. 7. MOKHO 3aMETHTh, YTO yCTAHOBUBIIEECS 3HAYCHHUE PEry/IHpyeMoil
nepeMmennoi yg = 0,434 yaoBaeTBopsieT TpebOBAHNAM K TOYHOCTH Y < y* = 0,5.
PeanmsoBaBiieecss 3HaueHne OIMUOKKM PEryJInpOBaHHs HE CJMIIKOM CUJILHO OTJIH-
YAeTCs OT KEJAEMOT0, UYTO TOBOPHUT O HEBLICOKOH CTENEHM JOCTATOYHOCTH METO-
Jla CHHTE3a II0 3TOMY IIOKasaTe o KadecTBa. Ha puc. 8 mokaszaHa aMILIATYIHO-
YACTOTHAsA XapaKTEePUCTUKA IIePeJaTOYHONl (PyHKIUU OT f K Y, KOTOpas HOCUT
MOHOTOHHO YOBIBAIOIIHIT XapaKTep, U3 9ero CIeAyeT, 9TO CTYIEeHIATOe BHEITHee
BO3MYIICHHE SIBJISIETCST HAMXY/IIINM JIJIs cucTeMbl (21), (22).
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Puc. 8. AMIuTy 1HO-9aCTOTHAST XaPAKTEPUCTUKA 3aMKHYTON CHCTEMBI.

B npumepe Bo3mytiieHne f NpUIIOKEHO COTVIACHO € YIIPABJICHUEM K MIEPBOil Te-
JIEYKKe, 1 TPeOOBAHMS K TOTHOCTH TIPU ITOM BBLITIOTHAIOTCS. 3aMETUM, UTO OHU
TAKKe BBIMIOJTHAIOTCS, €CIU f IPUIOKHUTb KO BTOPO#l TeJIeXKKe.

6. 3ak/arouenue

ITpe/yroxKeH MeTOJ| CHHTE3a, KOTOPbIH MOYKHO HCIOJIB30BATH st PEIICHUST Pe-
AJIbHBIX MHYKCHEPHBIX 33144, TaK KaK OH 00JIaJaeT PsJIOM JOCTONHCTB:

a) paccMaTpUBaeMBblil IPAKTHYCCKN BazKHBII KJIACC BHEITHUX BO3MyIeHuii (2), (3)
JIOCTATOYHO IIHPOK: OH OXBATBIBAET MOIEMEHTHO orpanmdennsle |f;(t)] < fF, i =
=1, m3 GyHKIUM BpeMeHn, KOTOpbIE, B YaCTHOCTH, HEIPEPBIBHBI U KYCOYHO- T (-
dbepeHImpyeMbl, 9TO MO3BOJIAET MPEJACTABATH UX AOCOMIOTHO CXOJSIIUMCS PSIIOM
Dypoe (2) (ecam yacrorsl kparhbl) [10] (Takue BosMyIeHust GU3NIECKHE TOTBKO
U BO3MOYKHBI B MHXKEHEPHOH IIPAKTUKE);

6) B MeTOjIe pacCMaTPUBAIOTCS HECTAIOHAPHBIC OTKIOHECHHsT (DU3UICCKHUX IIapa-
METPOB 00'bEKTA;

B) NPOIEypa CHHTE3a CBOAUTCS K DEIICHUIO0 CTaHIapTHON 3a1adn H-onruMu-
3aIun;

I') METOJ| CHHTe3a HOCUT HeMTePATHBHBIH XapakTep, a HallICHHbIN PeryisTop nme-
eT MOPSJIOK, HE IPEBBIIIAONINI TOPSIOK 00bEKTA.

BmecTe ¢ TeM, Kak IMOKa3bIBAIOT HCCJEOBaHUs, IpoBejeHHble B [6, 8, 19,
HECMOTDs Ha 3HAYUTEJIbHBIE MPAHUIIBI JOIMYCTUMBIX OTKJIOHEHHUIT (busnieckux mna-
pPaMeTpPOB OT HOMUHAJIBHBIX (IIPH KOTOPBLIX 3aMKHYyTast CHCTEMa COXPAHsET YCTOli-
YHUBOCTB ), BO3MOXKHA CHTYAIUsI, KOIJa PaJIIyC 3alacoB yCTORINBOCTH Ha busnde-
CKOM BXOJIe WJIM BBIXOJIe OObEKTa yIPaBJIEHHs BEChMa MaJ, 4TO FOBOPHUT O HPaK-
THYecKoit HepaboTocrocobHocTH nocTpoeHHoro peryisropa [10]. TTosromy BosHU-
KaeT 3a/1a4a Pa3BUTh IIPEJJIOZKEHHbIH B JIAHHO paboTe MeTOo/ CHHTe3a B HAIIPAB-
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JIEHUU JIOTIOJIHUTEJILHOTO ydeTa TpeOOBaHUil K PaJnycy 3allacoB yCTONYINBOCTH Ha
busnaeckom Bxoje/BbIx0e 06bEKTa [8], XOTsI B pACCMOTPEHHOM TIPUMEPE 3aIIachl
YCTOHYMBOCTHU B 9TUX TOYKAX Pa3MbIKaHUd I10JIyYUJIUCh BECbMa COJIMIHLIMU.
Kpowme Toro, xorsi GpICTpOIeficTBIE 3aMKHYTOI CHCTeMBbI (BpeMsl peryimpoBa-
HUST) B IPUMepE MOJIy9IIOCh JOCTATOYHO MasbiM t, & 10 cek, yder TpebGoBaHUs K
OBICTPOEICTBUIO CUCTEMBI IIPU CUHTE3€ PEryIdTopa TaKyKe HEOOXOIIM.

ITPUJIO?2KEHUE

JlokazarenbcrBo Teopembl 3. U3 (15) u (17) ciemyer, 4To BBIIOJIHS-
eTCsl HepABEHCTBO

(IL.1) TE  (—jw)R2T o, (jw) < 721,  w € [0,00).

2ow1

[punnvas o BEUManue, 910 Ty, = [I + W (jw)]™! (em. [5-7]), momygaem
(IL.2) [+ W(—j)"[I + W(jw)] > R§/7*, w € [0,00),

aro copmazaer ¢ (9), rme R? = R3/~%. U3 Teopembl 2 ciiefiyer, 4TO AOMYCTHMBIC
I'PaHUIBI COBIAJAIOT C AaHAJIOTUYHLIMU B TeopeMme 3.

Uz (I1.2) upu w — oo caenyer I > Ry/vy, OTKyja 3aKj09aeM, 9TO Peasu30-
BaBIIeecs 3HAYEHUE Y OyJeT YI0BJIETBOPATL HEPaBEHCTBAM

’y>r?, 1=1,n.

JokaszarenbcrBo Teopembl 4. Ilycrs t;(p) — nepenarounast GyHKIMsT 3a-
MKHYTOH CHCTEMBI, CBA3BIBAIONIAS $-10 KOMIIOHEHTY BEKTOPA W] C i-ii KOMIIOHEH-
TOif BeKTOpa zp. B CHIly JUArOHAJLHON CTPYKTYDbI MAaTpHIbl R mepenarodnast
bynxius ot wy; K 2z Gyner 79t (p). Cama e t;(p) cessana ¢ w;(p) anagorom
KJIACCHIECKOro cooTHomeHust [10]

ti(p) = 1/[1 + wi(p)].

Takum obpasom, mepeatounas yHKIHA OT wi; K 2 Oymer 79/[1 4+ w;(p)], a
C JPYroOil CTOPOHBI, OHA SIBJISAETCS (-M JIHATOHAJILHBIM SJIEMEHTOM IIEPEAATOYHOI
marpuisl RoT% ., , KoTopas B cuiay (17) yaosiersopsier nepasenctsy (15). Cire-
JIOBATEJIbHO, U JIFOOOIT ee 3JIeMEHT YIOBIEeTBOPSIET AHAJOTHYHOMY COOTHOIIEHUIO,
u rora [|rY/[1 + wi(p)]|leo < 7, nm B SKBUBaMERTHO bopMe

(IL3) [+ wi(—w)l+wi(w)] > (/)2 =12, weo, ).

JlokazarenbcrBo Teopembl 5. Ilpemnosnoxum, uro 3ajgada (15) pemena
Jist MaTputibl Ts(p) us (19), Torma cooTBETCTBYOMIIE HEPABEHCTBA CIIPABE IJINBBI
JUIST KasKJI0TO OTIEJIBHOTO OJIOKA IepeaTOqHOl MaTpHIlbl. PaccMoTpuM TOJIBKO
JUaroHaJIbHbIe OJIOKU:

(I1.4) HROTZOuuHoo <7, ”Q1/2Tyw”oo <.
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[TepBoe HepaBeHCTBO MOXKHO TipejicTaBuTh B hopme (I1.1), mu1st Koropoit mposo-
JISITCST PACCY XK JICHUST AaHAJIOTUIHBIE TEM, UTO BBITIOJHSIIUCH JIJIsI CJIyUasi TEOPEMBI 3.
U3 gero coemyer, 9To nepBoe HepaBeHCTBO B (20) BBIIOJIHAETCH.

Bropoe 6Gsiounoe nepaperctso B (I1.4) obecrieunBaer TpebGoBaHUsl K TOYHO-
cru (14), KOTOpOE MOYKHO TPEJICTABUTHL B SKBUBAJIEHTHOI (hopme:

T, (—jw)QTyw (jw) < 7°I.

B [10] mokazano, 4TO eciu HOCIe/[Hee HEPABEHCTBO BbINIOJIHSIETCsI, TOTA IPH Jeii-
CTBUU BO3MYyIIeHUsI U3 Kjacca (2), (3) ycraHOBUBINUECs] 3HAYEHUST PErYIUPYEMBIX
IIePEMEHHBIX Y/IOBJIETBOPSIOT HepaBeHCTBAM

2

ms
(IL.5) qiyzst <~? Zf]* . i=1,mo.
=1

Ecnu Boibpars BecoBble KO PUIMEHTDI ¢;, ¢ = 1, My COIVIACHO YCIOBUSIM TEOPe-
Mbl 5 1 nogcraBuTh ux B (I1.5), To mocse 09eBUIHBIX MPEOOPA3OBAHU TIPUIEM K
nesieBoMy HepaseHCTBY (14).

Uraxk, oba HepaBeHcTBa B (20) BBIIOJHAIOTCS, U TeOPEMa JIOKA3aHA.
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OJHOBPEMEHHAA CTABMJIN3AIINA IBYMEPHBIX
JINMHEMHBIX MIEPEKJTIOYAEMBIX CUCTEM
HA OCHOBE CBEPXYCTONYMBOCTHU
1 TEXHUKW D-PA3SBUEHNA!

PaccvarpuBaeTcs 3a/1aa 0 JHOBpEMEHHOM CTaAOMIN3AIIT CeMeCTBa JTUHET-
HBIX CHCTEM BTOPOTO MOPSJIKA C IMOMOIIBIO CTATUYIECKON JIMHEHHO 00paTHO
CBS3U 10 COCTOSHUIO TPUMEHUTEIHHO K CUCTEMAM C MepeKTIoueHusaMu. B ocHo-
Be IIPeJJIOZKEHHOTI'0 MOAX0/1a JICKUT U3BECTHBII MeTO CHHTEe3a, KOTJa C IIOMO-
IMIBIO PEelIeHns 339U JIUHEHHOTO NPOrPaMMUPOBAHUS UIIETCA CTATAICCKUN
peryndaTop, IPUBOAAIINNE MATPUIILI HEKOTOPOTO CEeMeENCTBa, COCTaBJIAIONICIO
MEPeKJII0IaeMyI0 CUCTEMY, B 3aMKHYTOM COCTOAHNAM K CBEPXYCTONINBOCTH, ITO
rapaHTHpyeT 9KCIIOHEHIINAJIBHYIO YCTONINBOCTb COOTBETCTBYIOMIEH ITePEKJIIO-
qaeMoil cucteMbl. JIaHHBII MeTO/T pa3BUBAETCS Ha CIyUail, KOT/Ia He BCe ceMeii-
CTBO MATPHI] MOXKeT ObITh OJJHOBPEMEHHO IIPUBEJIEHO K CBEPXYCTOWYNBOCTH:
JIJIsT HETIPUBOIUMBIX MATPHI] C IIOMOIIBIO TEXHUKN [D-pa3dueHns opeIesaior-
cs JIMHETHbIe OUPDAHMYEHUs HAa MHOXKECTBO CTaOMIIN3UPYIOINIIX PEryJsiTOPOB,
KOTODbIe JI00aBJIAIOTCA K OUPAHMYEHUdAM B 3a/ade JIMHEHHOrO IIPOrpaMMU-
posanusg. KpaTko aHaJn3UPYyIOTCS CBOWCTBA CUHTE3UPOBAHHON IIE€PEKIIIOYae-
Moit cucremsl. [IpuBonTes npuMep perenns 3a/1a49 CUHTE3a IPeJI0ZKEHHBIM
OAXO0M.

Kamouesnie crosa: mecTarlmoHApHBIE CUCTEMbBI, CHHTE3 PErYJIATOPa, CBEPX-
YCTOMYNBOCTD, CTATUYECKUI PEryJIaTOpP IO COCTOSHUIO, OJJHOBPEMEHHAs CTa-
OuM3aIusi, CUCTEMbI C MePEKJIIOICHUSIMU.

DOI: 10.31857,/S0005231024060038, EDN: XXQHFY

1. BBenenue

Samaga 00nospemernoti cmabuAU3GUUL 3AKITIOYAETCA B IOMCKE OJHOIO 3aKOHA
yIIpaBJIeHHs, 00eCIeYNBAIOIEr0 YCTORNYNBOCTE BCEX JIEMEHTOB HEKOTOPOI'O Ce-
MelCTBa JUHAMUYIECKNX OObeKTOB. Takue 3a1aduu COCTABJISIOT OTAEJBHBI KIacc
B obs1acTH pobacTHOro yupasieHusi. Hanbobmmii mHTepec OHU BLI3LIBAJIN B IIEPH-
ox ¢ koria 80-x u B 90-e rogpr XX B. [1-6]|. B npukiaHoM cMbIcIIe TIOMyIsIPHOCTD
HOJIyYUII TIOJIXO0/] Ha, OCHOBE JIMHEHHBIX MarpuuHbx HepasencTs (JIMH), npemio-
JKEHHBI B [2, 7], uTo cBsi3ano ¢ nosiBjieHneM 3(h(OEKTUBHBIX YUCIEHHBIX METO0B
PeIeHusT 3a/1a1 [OJIYOIPEIIEHHOIO IPOIPaMMIPOBAHMSI.

! PesyabraTn! mccstejoBanmii, Ipe/ICTABICHHbIE B pasjiese 4, ojIyueHs 3a cuet cpejcts Poc-
cuitckoro Hay4noro donga (mpoexr Ne 21-71-30005), https://rscf.ru/project/21-71-30005/ .
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ConepkaTelbHO OIN3KIE 387491 CHHTE3a BOZHUKAIOT B TEOPUU CUCTEM C Ne-
pexaroveruamu (MHAYe TeOpUn nepexarovaemus cucmem) [8, 9], koropas nzyuaer
HECTAI[MOHAPHBIE CHCTEMBI CIIENAaIbHOIO Bujia. [lapamerpsl (1 cTpyKTypa) TaKux
CUCTEM MEHSIOTCsI C T€ICHUEM BPEMEHM 0 HEKOTOPOMY IPABUJIY, HA3BIBAEMOMY
3axoHom nepexarovenut. Jlatee paccMaTpUBAIOTCH TOJBKO JIMHEHHBIE TEPEKJIIO-
JaeMble CHCTEeMbI, KOTJIa B KAUeCTBe MEHSIIOIIUXCs apaMeTpoB (MeXK/y KOTOPbI-
MU TIPOUCXOJAT TEPEKJIIOYEHNsT) BBICTYIAIOT MATPUIBI JIXHEHHBIX MOJCUCTEM U3
HEKOTOPOTO M3BECTHOTO MHOXKECTBA. Perrenne 3a/1aum 0 JHOBPEMEHHOM CTaOMIN3a-
AU JIJIst TAKUX CUCTEM JIOCTABJISIET JIUITh HEOOXOIUMOE YCIOBHE ACHMIITOTHICCKOI
YCTOWYUBOCTH, KOTOPOE HE YUUTHIBACT BIUSHUE MEPEKTIOUCHUI Ha yCTOWINBOCTD
CHCTEMBI, TOT/Ia KaK B CaMOM ODINEM C/Iydae 3ajada CHHTEe3a PEeryIsTopa mepe-
KJIFOYaeMON CUCTEMBI COCTOUT B IMOWCKE 3aKOHA YIIPABJIEHUs, TAPAHTUPYIOIIECTO
ACHMIITOTHIECKYIO YCTOWINBOCTE TIPU JIIOOOM MPOU3BOJBHOM 3aKOHE MTEPEKJTIO-
gennit. Takasi 3ajiada CHHTE3a SIBJIIETCS HAMHOTO O0JIee CJIOXKHOM, 9eM IIPOCTO
o/lHOBpeMeHHasi crabusu3arus. OCHOBHBIM WHCTPYMEHTOM €€ DEIleHUs CJIyZKUAT
ITIOUCK PEryJIITOPOB, 00ECIIEINBAIOIINX CyIecTBOBanue ooIeil hyukinn JIamyno-
Ba y BCEX IMOJICHCTEM.

Omnmcannas obmras 3aa49a CTaOMIN3aIiNd JTUHEHHBIX CHCTEM C IT€PEKJIIOYCHUsI-
mu OblLTa uccseioBata, B dactaoctu, B [10, 11|, ry1e GbLT HpeyiozKeH HOBBIH MO/~
XOJI K €€ PEIIEHNIO C ITOMOIIBIO CTATUIECKOrO PEry/IsiTopa o cocTostHnio. OCHOB-
HOIl mjeeil 1moaxoia OBbLIO HCIIOJIb30BAHUE CEEPITYCMOUHUBOCTU, KOTOPAs IIPUME-
HUTEJIbHO K TeOpun yupapienusi Obura mpemyioxkena u unsydena b.T. Tlomskom
u I1.C. Ilep6akoseim B [12; 13]. B [12] onucanbl cBepxycToifunBbie MaTpUIbl U
HCCIIE/IOBAHBI CBOWCTBA, JIMHEHHBIX CUCTEM C TAKUME MATPHIAMHU (CBEPXYCTONIH-
Bble cucTeMbl), a B [13] paceMoTpenbl 3a7a4n CHHTE3a PErYJISITOPOB, TPHIAIOIIIX
3aMKHYTOI CHCTEME CBOMCTBO CBEPXYCTONYMBOCTH, TaM K€ HCCIEI0BAH CHHTE3
CTATUYIECKOTO PEry/IsiTOpa IO COCTOSHUIO B (OpMe PEIeHus 3a/1a9u JUHEHHOTO
nporpammupoBanusi. B [14-17] ¢BepXycToRYMBOCTb UCIIOIB30BAIACH JJisl Pellie-
HUs WHBIX 33189 TEOPHUHU YIIPABJICHUSI.

Wcronb3oBanne ¢BepXyCTONYMBOCTH HPUMEHUTENBHO K II€PEKIIIOYAEMbBIM CH-
creMaM OOYCJIOBJIEHO CJIEYIONIUM CBOMCTBOM: JIIOOOE CEMENCTBO CBEPXYCTOMNIH-
BBIX CHCTEM OJMHAKOBOI'O TOPSIIKa 00pasyeT IKCIOHEHIUAJIBHO YCTONIUBYIO CHU-
CTeMy € IHepeKJIIOYeHusIMU [IPU JII060M 3akoHe nepeksodenuil [18]. Mmenno sro
CBOIICTBO MCIOJIb3YEeTCsl B YIOMSHYThIX paborax [10, 11| myst Toro, 4robbl npu cus-
Te3e MepeKksIoIaeMoli CHCTEMBI 3aBE/IOMO TapaHTUPOBAThL ee YCTOHInBOCTh. B [11]
IpUBeJIeHa TeopeMa, PACIPOCTPaHsIIoNas pe3ybrarhl [13| Ha ciydail cucrem ¢ e-
peksouenusimu. B wacrrocru, |11, Teopema 3| naer mHeobxomumbie 1 JOCTATOUHBIE
YCJIOBUSI CYILIECTBOBAHUS DEryJIATOPa, KOTOPLIH IIPUBOJUT BCE CEMEUCTBO MCXO-
HBIX CUCTEM K CBEPXYCTONYMBOCTH, HO He IIpejijlaraeT KOHCTPYKTUBHBIN ajlrOpUTM
CUHTE3A.

B [13] nokazano, 9T0 CBEPXCTAOUIIU3AIIN PETYIISITOPOM 110 COCTOSIHUIO MOYKHO
JIOOUTBCSI JIAJIEKO He BCerjia, TI09TOMY TIOJXOJ, onucanHblii B [11], MoxkeT okazaTh-
Csl HEIIPUMEHUM, TaK KaK HEe CYIECTBYET CBEPXCTaOUIU3UPYIOIIETO PEryJIsiTOPa,
Y/IOBJIETBOPSIOINIETO BCEM HEOOXO/IMMbBIM OIPDAHUYEHUIM OJIHOBpeMeHHO. B HacTos-
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miefi pabore npeiozkena Moaudukanust noaxoa [11], B koropoii mis noacucrem,
He IPUBOIUMBIX K CBEPXYCTOWYMBOCTH, UINETCs IMIPOCTO CTaOMIN3UPYIONINi pery-
sgarop. Ilporenypa cunTe3a CBOAUTCS K PEIICHUIO 3aJa9d JUHEHHOIO IIPOrpaM-
mupoBanusi (Tak ke kak B [13|), B Koropoil JinHeiiHble OrpaHUYeHUs pa3OUBa-
IOTCA Ha JIBa THIIA: IIEPBBLIN 3a/1aeTCs CUCTEMaMM, KOTOPbIe MOYKHO IIPUBECTH K
CBEPXYCTOWIUBOCTH, & BTOPOW — TeMH, KOTOPbIe HeJb3s. i mocieHux cucrem
OrpaHMYeHHsI, 3aIAI0IIKe 00/IaCTh CTAOMIM3UPYIOIIUX PErY/ISITOPOB, UIMYTCS C II0-
MOIIBIO TexHUKN D-pazbuenusi [19, 20| uccienoBanneM yCcTOHYMBOCTH XapaKTe-
PHUCTHYECKOTO TTOJIMHOMA 3aMKHYTOM cucTtembl. [Ipu perennn ornmcanHoi 3a1a4u
JIMTHEHHOTO TTPOrPAMMUPOBAHUS TAPAHTUPYETCST TOJIBKO YCTONINBOCTD OT/IETBHBIX
HOJICHCTEM TIEPEKJIIOIAeMONl CHCTEMBI (T.€. OHA IIPEJCTABISET COOON Kiaccude-
CKYIO 3aJ1ady 00 OJIHOBPEMEHHOi CTabHIn3alni), & CBOMCTBO 9KCIIOHEHIMAIBHOIT
YCTONYINBOCTH IIPU ITPOU3BOJILHBIX EPEKIIOTIEHIAX COXPAHIETCST TOJIBKO I IO
MHOKECTBA, CBEPXYCTONYIMBBIX MaTPHII.

Eime ogauM orpaHudeHunEM IOJX0JIa CJAYKUAT TO, 9TO OH HPUMEHUM TOJIBKO
K IEPEeKII0YaeMbIM CHCTEMaM BTOPOIO IOPsA/Ka, TakK Kak [D-pa3bueHue TPy IHO-
OCYIIIECTBUMO JIJIsI CJIyUaeB UCCJIeI0BaHust OoJjiee UeM JByX mapamerpoB. OgHaKO
TYT CJeIyeT OTMETHTH OOIIMYIO CJIOYKHOCTH 3a/a9 aHAIN3a U CUHTE3a ITePEKJIIO-
JaeMbIX CHCTEM JIayke B IIPOCTBIX CJIydasx HEBBICOKOro mopsijka [8, 21, 22|. Tlo
CyTH, €IUMHCTBEHHBIM 3(P@PEKTUBHLIM METOJOM aHaIu3a W CHHTE3a yCTONYUBBIX
[IEPEKJIIOYAEMBIX CUCTEM SBJISIETCsl YUCIEHHAsI IPOBEPKa CYIIECTBOBaHUs OOIeit
kBajpaTuaHoil dyHkuuu JlsmyHoBa y Bcex ee mnojcucreM |7, 23|, uro sBisercs
JIOCTATOYHBIM YCJIOBUEM YCTOMYIUBOCTHU ITPHU JIFOOOM CHUTHAJIE TIEePEKJTIOUCHU.

CraTbs OpraHm3oBaHa CJIELYIOMMM 00OpasoM. B pasmenre 2 ommcaHbl CBEpX-
YCTOMYINBBIE CHCTEMBI, UX CBOMCTBA W IPUMEHEHWE B 3ajadax CTaOW/JIM3aIiun Jiu-
HEWHBIX CHCTEM C IlepeKJiiodeHusIMu. Pasnent 3 comepkuT popMaIbHYIO IIOCTAHOB-
Ky 3aJla91 CHHTEe3a peryyaropa. B pasmeste 4 sTa 3aja4da penraercs, OMUCAH AJITro-
PUTM CHHTE3a U KPATKO aHAJIU3UPYIOTCS CBOWCTBA CHCTEMBI C TMEPEKJIIOTCHUSIMU,
3aMKHYTOW HaMJIEHHBIM PEryjsiTopoM. B pa3zjesie 5 NpuBeIeH YUCICHHBINA TPU-
Mep PeIleHus 3a/1a91 OJHOBPEMEHHON CTAOUIN3AIIMHI [TPE/JIOKEHHBIM TTOIXOI0M.
Pabora 3aBepinaercsa BbIBOJAMU U ONMMCAHUEM BO3MOXKHBIX IIEPCIIEKTUB Pa3BUTH
[IOX0/1A.

2. llpenBapurenbHBIE CBEIE€HUS

2.1. Ceeprycmotinuocmy AUHETHLLT CUCTIEM

Marpuma A € R™*"™ naseiBaercsi cBepxycroitunpoii [12], eciu Ha ee TyiaBHOI
JIMArOHAJIA CTOSIT OTPUIATE/IBHBIE THCJIa, KOTOPBIE 10 aDCOIFOTHON BEJTUIHHE TIPe-
BOCXOJIAT CYMMY a0COJIIOTHBIX BEJUYUH BHEJUATOHAJIBHBIX JIEMEHTOB B TOIl XKe
CTPOKE. DTHU YCJIOBUS 3aIMCHIBAIOTCS KaK

—Qj; — Z laij| >0, i,j=1,n,
JFi
7€ @;j — 9JEMEHT MaTPUIbl A, PACIOIOKEHHBI B i-ii CTPOKe U j-M CTOJIOIE.
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Beauaumny

o0(A) =0 =min | —a; — g laijl |, 4,j=1n
1
J#i
HA3BIBAIOT CMENEHbIO C6EPTYCMOoiMu60cmu MaTpuIbl A.

JIuneiinast craimoHapHasi cucreMa
(1) &= Az, x(0) =z,

y Koropoit x(t) € R™ — BekTop cocrosinusi, T # 0 — HauaJbHBIE YCJIOBHS, a MaT-
puiia A — CBEPXyCTOWIMBAasI, HA3BIBAETCS CEEPTYCMOUNUBOT CUCTNEMOT.

B [12| mokazano, uro cBepxycroifunBas cucrema (1) ycroifumBa B cMbICTe
Re{\(A)} < 0, rae A(-) — cobcTBeHHBIE YnCIa MATPHILI, a JJIsd ee BEKTOpa CO-
CTOSIHMSI TIPH JIFOOBIX HAYAJIBHBIX YCJIOBUSX CIPABEJJINBA OIEHKA:

(2) lzlloo < flzollece™", >0,

rae [|z]eo = Jnax |2[3| — BeKTOpHas 0O-HOpPMA, T[; — - KOMIIOHEHTa BEKTOpa .
<i<n

U3 sroro csemyer, 9T0 y CcBEpXyCTOiunBOi cucrembl (1) ecTb HeKBajpaTHIHAS
dyuknus JlsmyHoa Bua

(3) V() = [|#/lco-

dror pe3yabTaT OKa3bIBa€TCd BECbMa IIOJIESHBIM JIJIfd aHaJ3a U CUHTE3a CUCTEeM
C IIEPEKJIIIOICHUAMU.

2.2. Cucmemnl ¢ NEPERNIOUCHUCM:
CEEPTYCMOTUMUBOCTND U CEEPTCMADUNUSAUU

PaccvoTpuM JimHEHHYIO CUCTEMY € I1ePEKJII0YeHusIMI

(4) L(t) = Apwyx(t), x(0) =zo #0,
e Ay € A={A; e R : s € S} — akrupnas (peammsyemas) B TEKyIuii Mo-
MeHT BpeMenu Marpuna, S = {1,...,S5}, S € N - koHeuHOE MHOKECTBO MHJIEKCOB.

3HaUYeHNe MaTPUIIBI Ap(t) 334aeTCd KyCOYHO-IIOCTOAHHBIM U3MEPUMBIM CUTHAJIOM
HEePEeKJIIOYCHU I

(5) p(t) : [0,00) = S.

Tem cambim Ap(.) SBJISIETCS MAaTPUIHO3HATHON (DYHKIIMEH Ha BEIeCTBEHHON OCH,
IpUHAMAIONIEH 3HaUeHNs] 13 MHOYKECTBA, BEIeCTBEHHLIX MaTpull A.

Hekoropsle JlonosHuTe/IbHBIE OrpaHndenus Ha p(t) OyiayT OroBOPEHbI OTIE b
HO B COOTBETCTBYIONUX pazienax. Jlajgee B nHmekcax ykazaHue 3aBUCUMOCTH OT
BpeMenu byHKIwH p(t) st IPOCTOTHI OILYIIEHO.
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B [18, Teopema 1| mokazano, 94To e€ciu MHOXKECTBO A COIEPKUT TOJIBKO CBEp-
XyCTOHYUBBIE MATPUIIBI, TO cUCTeMa (4) ABIAETCS IKCIOHEHIUATIBHO YCTORINBOLL
npu JiIoOOM CUrHAJIE HepeKaoveHnii (5) M NPOM3BOJLHBIX HAYAIBHBIX YCJIOBH-
ax xg. Takyio cucreMy OPHHATO Ha3bIBATH CBEPXYCTOMYMBOIL cHCTeMOil ¢ Iepe-
KJIOUEHUAME. BoJiee TOro, 3ToT pesysibTar ClIpaBeJIuB JIjis JIOObIX (B TOM quc/e
GECKOHEUHBIX ) MHOXKECTB CBEPXYCTOIYMBLIX MATPHIL JTIO00H pa3MEPHOCTH.

JlokazaTeLeTBO COOTBETCTBYIONIEl Teopembl B [18| ocHOBaHO Ha HEpaBeHCTBe
(2) u amaju3e BepXHUX OINEHOK BeKTOpa cocroshus cucrembl (4). Bosee mpocro,
[18, Teopema 1| siBisiercst criencreueM (3), Tak Kak ||z Hpemcrasiasier coboii
oburyo dpynkiuo JISmyHoBa 1 BCeX CBEPXYCTOMYUBLIX CHCTEM.

B [10, 11] paccMaTrpuBajach JUHAMUYICCKasd CUCTEMa C IIEPEKIIOYCHUIMUA BUIA
(6) t=Apx+bu, A,€A zeR" b,eB={beR" secS}

rae b, — aKTUBHDBII BEKTOP NP YIPAaBJIEHUM, KOTOPLIH BBOAUTCA 1O aHAOTUH
¢ marpuneit cucremsl A, B (4), u € R — yupasmsonuii curnas, dopmMupyembiii
JIMHEHHBIM CTATUYECKUM PEryJIsiTOPOM II0 COCTOSHUIO:

u="Fk'x,

e k € R™ — BekTop-crosiber; ero K03 puImeHToB.

B [11] craBuiacek 3ajaua mOUCKa CTATHYECKOrO PEry/sTopa k, OJHOBPEMEHHO
[IPUBOJIAIIEI0 K CBEPXYCTONYNBOCTH BCE MHOYXKECTBO MATPHIL

(7) M={M,= A, +bsk", s S}

saMKmyTOf cucrembl 4(t) = Mya(t) = (A, + b,k ")z (t), M, € M. Eciu Taxoit pe-
IYJISITOP CYIIECTBYET, TO OH HA3BIBACTCS 00HOBPEMENNO CEEPTCMAOUAUSUPYIOULUM.

B (7) u manee MHIEKC «S» WCIOJIB3YeTCs Yy MATPHIL (U UX IJEMEHTOB), UTO-
OBl IOAYEPKHY T, UTO JAHHbIE BHIPAYKEHUST OTHOCATCS K dJIeMEeHTaM MHOXkKecTB A
u M, a He K akTUBHBIM MaTpunam A, wmr M.

B [11, Teopema 3| ccopmyaupoBanbl HEOOXOIUMbIE U JOCTATOYHBIE YCJIOBUS
CyIIeCTBOBAHUST OJJHOBDEMEHHO CBEPXCTAOUIM3UPYIONIEro perysitopa (OHU onpe-
JEJIAIOTCS Pa3pEUMOCTBIO CIIEITUAIbHON CUCTEMBI JIMHEMHBIX HEPABEHCTB U MTPO-
BepsaoTcs dnciaeHHo). C IpakTuIecKoil TOUKYM 3peHHsl 9T yCJIOBUs YI0OHO TIpei-
CTaBUTL B BUJE CJIEAYIONIENH 33/ a9l JIMTHEWHOTO TPOrPAMMUPOBAHUS:

max o,

(8) —(a3; + k) = > nij =0, i=Tm,
J#i
_nfj < afj + bik; < ”fja i,j=1,n,i#j, s€S,

rie aj; + bjk; = mj; — snementnl MaTpun m3 MuoxecTsa (7) 3aMKHYyTOfi cucTe-

Mbl. B 3ajade (8) mepeMeHHBIME SIBJISIOTCS CTEHEHb CBEPXYCTOWYMBOCTU O, KO-
s duIenTs! kj peryaaropa u HeOTPUIATEIbHbIE BCIOMOTaTeIbHbIC CKaJISpHBIE

1epeMeHHbIe nfj
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B Takoit dpopMyampoBKe yCJIOBHS CYIIECTBOBAHHUS CBEPXCTAOMIN3UPYIONIErO
peryisitopa (mau paspermmmocT 3agadu (8)) maer Teopema 2.1 u3 [13], Koro-
pasi yTBep:KJIaeT, 4ro ecau o, k — perrenne 3agadu (8) u o > 0, TO peryasTop
k — omHOBpeMeHHO cBepxcrabmimsnpyromuii, B npoTuBHoM ciydae (mpu o < 0)
CBEPXCTAOMIIM3AINS yIPABICHICM BHIA U = k| & HEBO3MOMKHA.

3. IlocTtanoBka 3amaqn

PaCCMOTpI/IM 3a1avy CHUHTE3a CBerCTa6I/IJII/ISI/Ipy10H_(eFO CTaTUYICCKOT'O peryJid-
TOpa IO COCTOAHUIO JIJILA rILByMepHOI'?'I CUCTEMDBI C IIEPEKJIIOYCHUAMU BUIa

9) i=Ax+bu, u=k'z, A, A={A,cR¥? scS8},

rje B oinane ot (6) marpurpst A MHOXKecTBa A MMEIOT pasMepHOCTh 2, a BEKTOp b
3aJaH U He IOABEPIKEH TePEKJIIOUCHUSIM.

CuHTe3MpOBaTh CBEPXYCTONYMBLI PEryIsiTOp, el 3a1a4y (8), gaxe B 9TOM
GoJtee y3KOM ¥ [IPOCTOM CJIyuae MOXKHO Jlajieko He Beerga. B |20, crp. 138] aBropsr
BBIJIEJISIIOT HEKOTOPBIE CJIydan Jijis (PUKCUPOBAHHBIX MaTpuil B (9), Korjga cBepx-
cTabIIM3aIs 3aBEI0MO HEBO3MOMKHA: HAIIPUMeED, ecn BeKTop b € R? comepxkur
HYJIEBBIE 3JIEMEHTHI, & COOTBETCTBYIOIAsl CTPOKa B MaTpuile A He yI0BIeTBOPSIET
YCJOBUSIM CBEPXYCTONINBOCT.

Hasee B (9) momozxum b = [1 1]7. s storo ciaydas B [13] momydeno meobxo-
JIMMOE M JIOCTATOYHOE YCJIOBHE CBEPXCTAOMIN3UPYEMOCTH MaTpuIl Ag:

(10) 7(As) = ai; — a3y + a3y —ajpy <0;

a ecim 7(Ag) =20, s €S, TO cBepxCTAOUIN3AIUS CTATHYECKUM DPErYJISITOPOM IO
COCTOSTHHIO MaTPHIBI Ag HEBOZMOXKHA.
Takxke Oygem mpearnosararhb, 9To cpeau Marpur Ag € A ecTb He IpuBOAuMbBIE
K cBepxycroiiunBocTu coriacto ycaosuio (10). CemeiicTBO Takux MaTpuI] 0603Ha-
qnM depe3 Ag, ¢ € Sp C S. OcTanbHble MATPHITE!, IPUBOANMBIEC K CBEPXYCTONIN-
BoCTH, 0003Ha"aI0TCa Kak Ay, ¥ € Sy C S, ecrectBenno Sy, USy = S.
PaccvoTpuM ciefyonyio 3a1ady CUHTE3a.

Bamaua 1. JTas cucmemv (9) natimu cmamuueckuti cmabuaiusupyrowyut pe-
2YAAMOP MO COCMOANUIO, KOMOPwL das cemetlicmea mampuy, Ay obecnevusa-
em ceeprycmotivucocmyv mampuyy, My, = Ay + bk sammnymoti cucmemu, a 0as
ocmanvnulr mamput, Ay — ycmotinusocms 3aMKHYMOT CUCTEMDL.

Samaga 1 gpisiercs 3ajadeil OJHOBPEMEHHON CTaOWIN3AIMH, KOIJA IS
HECKOJIbKUX O0BbeKTOB (IOJICUCTEM) UINETCs OONMil CTabUIM3UPY IO PeryJisi-
TOP, U FapaHTUPOBATL €€ Pa3PelINMOCTh 3apaHee HeBO3MOXKHO. IIpu aToM ycToii-
YUBOCTH CUCTEMBI C MEPEKJIIOUEHUSIMI, 3aMKHYTOI HAlIEHHBIM PETYJISTOPOM, TaK-
)Ke He rapaHtupyercs (B omimume or 3amadn (8)). Bosee moxpobHO cBoiicTBa
peltenns 3a7a9u 1 B NPUJIOXKEHUH K YCTOWYMBOCTU CUCTEM C MEPEKJIIOYCHUSIMU
OIICAHBI B CJIEIYIOIIEM paselie.
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4. CuHTe3 CTAOMIM3UPYIOIIETO PETyIaTOpa

N3-3a nammans marpuiy Ay, ¢ € Sy, He ABJISIONUXCS CBEPXCTAOUIN3UDPYEMBI-
MU, pelieHne 3a1a4u 1 ¢ moMoIbio (8) 3aBe0MO HEBO3MOXKHO.

Jlist perrenust 3aa4qu 1 mpeiaraeTcs MOIX0/I, OCHOBAHHDIN Ha PEIeHnN 3a,/1a~
9K JIMHEHHOIO IPOrPaMMHUPOBAHMSI, KOTOPBI MOXKHO PacCMaTPUBATDL KaK MOJIH-
dbukarmio 3agaqm (8), B KOTOPOIi JIJIsl HE IPUBOIMMBIX K CBEPXYCTOWYMBOCTU MaT-
purt 6yaeM UCIOIB30BATD JIMHEHHBIE 110 k orpaHnYdenns, 00ecrevunBaloIe yCToi-
YUBOCTD 3aMKHYTOI cucreMbl ¢ MaTpuniamu My. Takue orpanndenus MOryT ObITDH
HOJIyYeHbI ¢ MOMOIIBLIO TexHuKu D-pasbuenus [19, 20|, koropas onucana jasee.

st mpocToThl HAEKCH ¢ y MaTpull A u M u ux saeMeHToB omyiieHbl. C yde-
tom b = [1 1]7 XapaKTepHCTHYCCKII TTOJIMHOM MATPHIIS 3aMKHYTOMH CHCTEMbI

air + k1 aiz + ko

M=A+0bk" =
+ bk ao1 + k1 ago + ko

nMeeT BHU
d(s,k) = det(s] — M) =
= 82 — S(kl + ko + a1 + CL22) + kl(agg — CL12) + kz(all — a21) + det(A).

Coruacuo [20] npu usmenenuu k pacnosiozkenue Kopreii d(s, k) MoxKeT U3MEHUTH-
Cs1 TOJIBKO B CJIyYae, eCJIU BEIeCTBEeHHbIH KOPEHb (MJIM BEeleCTBEHHAsI 4acTh Iaphl
KOMILIEKCHO-CONPSIZKEHHBIX KOPHeii) Tiepeiiier yepes Houb (4epe3 MHUMYIO OCh Ha
KOMILIEKCHOfT 11ockoctn). CooTBeTcTByIONme rpaHuibl D-pasbueHns onuchbBa-
I0TCs TapaMeTpudeckuM ypasHenueM d(jw, k) = 0 wiu B siBHO# (opme:

{ —w? + k1 (a22 — a12) + kg(all — agl) + det(A) =0,

11
( ) w(k‘1 + ko + ay1 + agg) =0.

IIpn w = 0 cucrema (11) mveer ocoboe pernenne
(12) k1 (a22 — a12) + kz(all — a21) + det(A) =0,

KOTOPOE JIaeT ypaBHEHNE OHON M3 TPAHUIL.

YpaBHeHHe BTOPOii IDAHUIBI 33/[ACTCs PABEHCTBOM, MOJIyYEHHBIM I3 BTOPOTO
ypaBuenust B (11):

(13) k1 + k2 +a11 +ag =0,

C TOH pasHuleil, 4To I'paHulleil CIAYyKUT He BCd IpAMad, a JIyd, UCXOAAINN 13
TOYKHU TepeceveHnst ¢ npsiMoit (12), KoTopelil apamerpuyeckn 3aaercs (HOyHK-
UAMUA:

—_

ki(w) = ;( ? +a?; — aznfan + azn — a2)),
1
(14) kg(o,)) = _;(w2 + a%z — CL12[CL11 + aoo — agl]),
r=—a1 — a2 + a1 +az, w € (0,00).
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['panunpt D-pasbuenust, 3agasaembie (12) u (13), (14), pasbuBaioT mI0CKOCTH
napamerpos peryisropa (ki, k) Ha Tpu obsacTu:

~ BeIIeCTBEHHBbIE YacTh 0OoMX KopHeill mosjmuoMa d(s, k) HeoTpuIaTebLHbIE
(Re{A12(M)} > 0);

— OJH KOpeHb moamHoMa d(s, k) ycroituus, a sropoit — mer (Re{\ (M)} <0,
Re{A2(M)} = 0);

— 06a Kopus nosmHoMa d(s, k) ycroituuset (Re{A; 2(M)} < 0).
[Mocnenusisi obmacThb, tae Marpuna M 3aMKHYTOH CHCTEMbI yCTOHUMBA, 3a7aeT
MHOKECTBO CTaOUIM3UPYIONIUX PETYJIATOPOB JJisl COOTBETCTBYIONIEH MaTpuibl A.
['paHuIbl 5TOr0 MHOYKECTBA 3aAI0TCsI JIMHEHHBIMA OPAHIYEHUSIMHU, [IOJTY TaeMbl-
mu u3 (12), (13).

Wcnonb3ys HaiigeHHble OrpaHndIeHns, TPUXOIUM K CJIeAyIOIeil 3a1ade JuHeii-
HOT'O ITPOTPAaMMUPOBAHUs, pa3pemniaolieit 3agady 1:

max o,

CL —I—k ZTLU ‘:1,2,
—nl <all+kj<nd, i j =12 0% €Sy,

ij
kT 20 <0, i=1,2, ¢ €Sy

B (15) orpanndenus Ha J€MEHTBI MATPHUIL 3AMKHYTBHIX mojcucreM My, 1 € Sy,
COBIIQJIAIOT C aHAJIOIMYHBIME B 3a/1a4e (8). Bekropsr cf’ € R? u ckassIpbl zf € R,
HaliJleHHbIE C TTOMOINBIO0 [D-pa3dmenns, 3aJaf0T JTUHEHHbIe OTPAHUYIEHMsI, 0becIie-
YUBAIOIIIE YCTONIMBOCTE 3aMKHYTOI CHCTeMBI ¢ MaTpuramu M.

Tenepb MOXKHO cOPMYJIUPOBATHL AJTOPUTM pelleHus 3alJadn 1 11 cucTe-
MBI (9).

Aaropurm 1.

1. Haitrir mogmuozkectBa Ag n Ay, mMarpur oobekra Ag € A ¢ momorsio (10).

2. Jna marpur Ay noctpouts D-pasbrerne COrIaCHO OINUCAHHOMY HOAXOLY H

HaTH TTapaMeTpbl orpaHuvenuii, ucrosb3ys (12), (13).
3. CdopMupoBarh u permuTh 3ajady JUHEHHOro nporpaMmmupoBanus (15).

CymecTBoBanue perienust 3ajadn (15) onpeesisercs TeMu xKe yCJIOBUAMHE, 9TO
u y 3azadn (8): ecam Haiijeno pemenne k, o > 0, To 3a7a4a 1 pemiena.

OmnrcanHbli aJITOPUTM MOYKET HCIOIb30BATLCS It PElIeHnst o0meii 3a1adm ¢
IPOU3BOMLHBIM BeKTOpoM b = [by be] T € R? B cucreme (9). Omnako B 3TOM CIIy-
Jae HeJIb3s1 UCHOJIb30BaTh Kpurepuil (10) ayis moncka MuoxecTBa Ay, ¢ € Sy, 1 B
[IEPBOM IIYHKTE aJrOpUTMa 1 CJIeyeT HPOBEPATH CBEPXCTAOHIN3UPYEMOCTb MaT-
pur; Ag, s € S, ucnoub3ys nponeaypy cunresa us [13, pazzgen 2|. B arom ciaydae
cucrema (11) mpumer Bug

{ —w? + k‘l(blagg — bgalg) + kg(bgall — blagl) + det(A) =0,
w(k‘lbl + koby + a11 + agg) = 0.
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CoorBercTBeHHO U3MeHsITCst pacueTHble dopmysbl (12), (13) u (14) misa noucka
rpaHui; 06JaCTH YCTONIMBOCTH.

Cieyer OTMETUTD, 9TO HEPBBIA IIYHKT aJropuTMa 1 IO3BOJIAET IIPOBEPHUTH
TOJIBKO HEOOXOIMMOE yCJIOBHE OJHOBPEMEHHON CBepXCTaOUIN3UPYEMOCTH, 8 NMEH-
HO CBEPXCTabUIN3UPYEMOCTb OTIEIbHBIX MaTPHI], HpUYeM I (PUKCHPOBAHHO-
ro BekTopa b. Ho maxke eciim Bce maTpuipl Ag, s € S cBEPXCTAOUIM3UPYEMBI 10
OT/IEJIbHOCTH, OHU B COBOKYITHOCTH MOT'YT He OBITH OJHOBPEMEHHO CBepxcrabu-
JIM3UPYEMbIMHU. B 3TOoM citydae ajropurm 1 MOXKHO HEMHOIO MOAMMDUIMPOBATE:
cbopyupoBaTh cemeiicTBO Ay «BPYUHYIO», HCIOIb3Ys B KaueCTBe IEeJeBOro IOKa-
3aTesisi yCIOBHE

max[Syl,

T.e. UCKATh paspermumyto 3ajady (15), B KOTOpOil MAKCMMAJIbHO BO3MOXKHOE YHC-
Jgo Marpull u3 A OpUBOAUTCA K CBEPXYCTOMUMBOCTU. Takas 3amata sSIBJISETCS
KOMOMHATOPHON ¥ JiIsi HEOOJLIINX pasdMepHocTeil S pelaercs HPOCTLIM Iepe-
Gopom. [ng 66bImUX pasMepHOcTeil MOXKHO HCKAThb MHOMXKECTBO Sy Ha OCHO-
Be aHajm3a 00JIACTH IEePecedYeHrs MHOYKECTB CBEPXCTAaOMIU3UPYIOMINX PEryJis-
TopoB Marpull Ag, § €S, KOTOpble MOXKHO IIOCTPOUTHL B SIBHOM BHJIE, IIpOoaHa-
JIM3UPOBaB HEPaBEeHCTBA —my; > |mfj|, i,j = 1,2, i # j, mogpobHee cM. mpuUMep
B paszjiese 5.

3aMeTnM Tak¥Ke, ITO CYIIeCTBYeT BBIPOXKIEHHBIN CJIytvail, KOrma Hi OXHY MaT-
puny un3 A HeJb3s IPUBECTH K CBEPXYCTOWUMBOCTH C IIOMOIILIO CTATHIECKOIO
peryngTopa. Torga IpHUMeHEHHE IPEeIIOKEHHOIO IOIXO0Aa CBOIUTCS K aHAJIH-
3y Iepecevdenns: 00JacTeil CTaOMIM3UPYIONINX PEryIdTOPOB, KOTOPhIE HAXOIATCS
D-pazbuennem. Ecim nepecedenne objiacTeil HEIYyCTO, TO OHO COCTABJISIET MHO-
JKEeCTBO OJHOBPEMEHHO CTAOUIN3UPYIONIHX PEry/IsITOPOB IO COCTOSHUIO, & €CJIH
IIyCTO, TO TAaKHX PEryjsTOPOB He cylmecTByeT. HaiigeHHoe MHOMXKECTBO MOXKHO
TakzKe HCIOJIb30BaTh JIJI ONTUMU3AIUNd Ha HEM HHBIX KPHUTEPUEB OINTHUMAJIb-
HocTu peryisaropa |23, 24]. TIpu sToM 06/1aCTH OJHOBPEMEHHO CTAOHIU3UPYIO-
IIAX PEryJgTOPOB MMeeT IIPOCTO BHJ, TaK KaK 3aJaeTCd CHCTEeMON JIMHEHHbIX
HEPaBEHCTB.

Boime  ymommuasioch, 9To cmcreMa ¢ mepeksodeHusMu (9) MoxkKeT TepsaTb
CBOICTBO 9KCIOHEHINAJILHON YCTOMIMBOCTU IIPH JIIOOOM CHI'HAJIE [T€PEKJIIOYCHUIA,
UMEIOIIEM MeCTO JIJIsl perenus 3aja4u (8) (TouHee OHO COXPAHSIETCsI TOJIBKO JIJIst
IIePEKTIOUeHNii MeXKly CBEPXYCTOIIMBBIME MaTpunaMu Ay, 1 € Sy) B TO Bpemst
Kak Jijist Beeii cucrembl (9) BBINOJHSIETCS JIUIIb HEOOXOAMMOE YCJIOBUE YCTOWYH-
BOCTH II€PEKJIIYaeMOi CUCTEeMBbl — YCTONYMBOCTL KazK/I0H OTJAEJbHON MaTpPUIIbI
MHOX)KecTBa, M.

B cwiy mocriemmero cpoiicTBa MOXKHO HCIIOJIB30BATH M3BECTHBIE IOIXOMBI K
obecriedeHnio ycroifunBocTu cucreMbl (9) 3a cuer BBeJeHHsI OrpaHUYEHUI Ha 3a-
KOH mepeksouenuii p(t). Hanpumep, usBecren 1ojxoj], B KOTOPOM OTPAHUYNBA-
eTcsl MaKCUMaJbHasl 9acToTa IepeK/Iodennii. s 3Toro BBOAUTCS IOHATHE 6pe-
menu npocmos (dwell-time), koropoe obosnauaercs depes tg > 0. OHo onpeessi-
eTcsl KaK MUHUMAJILHBIA UHTEPBa BPEMEHU MEXKJIy JIBYMsl COCEIHUMU IT€PEKJIIO-
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YeHUAMU, TAPAHTUPYIONINN YCTONINBOCTD HMEPEKII0IaeMONl CUCTEMBbI IIPHU JII0OOM
nopsijike nepexsrouenuii. B [25] npeiozken ajropurM noncka BepxHeil OIEeHKH ¢y,
B OCHOBE KOTOPOT'O JIC?KUT CJIEIyIoIasd TeopeMa.

Teopema 1 [25]|. ycmo ty > 0 — 3adannoe wucao. Ecau cyuLecmeyrom ma-
kue Py € R?*2, i€ S, wmo
P, >0, Vi,
Al P+ PA; <0, Vi,
eAllapiedils < P Vi # j,

mo cucmema (9) sKCNOHEHYUAALHO YcmOoTMuea das a0bozo 3axona p(t), oeparu-
YEHHO20 BPEMEHEM NPOCTOSA L.

OrneHka BpeMeHH tg WINETCsT OJHOMEPHBIM ITOMCKOM: CHadaja BbIOUPAETCS HEKO-
TOPOE JIOCTATOYHO OOJIbINIoe Yrcyo Tg > (0, /I KOTOPOro ycJIoBus Teopembl 1 1pu
A; = M;, Vi BBIIOJHSIOTCS, TOTJA UCKOMasl OlEHKa, OyIeT ty € (0, 70]. Janee ta
OIIPEJIEJIIETCS C YKEJAEMON TOYHOCTHIO METOIOM IIOJIOBHHHOIO JI€JIEHUsT OTPE3KA.
Haiinennasa orenka BpeMEHHU IMIPOCTOs ABJISIETCS HAWIYHIINEH B CMBICIE KBaJIpa-
THIHBIX QyHKIWUI JIsmyHoBa.

5. Ilpumep

Paccmorpum cucrenmy (9) mpu b = [11]7 u ¢ muoxkecTsom marpuiy A:

-1 1 1 4 1 -1
riae As umeror caenytone 3uadenusi 7(Ag) u3 dbopmysbr (10) 1 cobeTBeHHBIX
ancen A(As):
T(A1) = —1, 7(As) = -5, T(A43) =1,
AAD) = —1,5+ 71,658, A(As) = {3,372, 2,372}, A(A3) = 1+ 51,414,

Marpurst A1 u Ay MOXKHO CBEpXCTaOMIM3NPOBATh, & MaTpuily As — Her, co-
[JIACHO TIEPBOMY IIYHKTY aJiropuTMa 1 (hOPMUPYIOTCST CeMeiiCTBa MaTPUIL

Aw = {Al, Ag} n A¢ = Ag.

C nomonipro Texunku D-pasbuennst Ha ocHose (12)—(14) onpeensiercst obracTb
CTabMIIMBUPYIOMNX PErYJIATOPOB Jylst MATPUIbl Az, ee TPaHUIbI OLPEIEISIIOTCs
CJIC/TY IOIIUMU HEPABCHCTBAMM:

2k1 — ko +3>0,
k14+ ko +2<0.
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Puc. 1. a — I'parunpr D-pasduenus jjist MaTpulibl As; 6 — PesybrarThl peneHust
3aza4n (15): HalileH bl peryssaTop MoKa3aH KPYIHON YepHOil TOYKOI.

[Tepexoast K hopMe OrpaHUTIEHN, UCIIOIb30BAHHON B (15), [OJLY Y1M:
o =[-21]", 2z =-3,
c=[11", z=2,

TJie JJIst HPOCTOTEI OIYIeH BePXHUT MHIEKC ¢, TaK Kak Ag COCTONT BCEro u3 oHoOM
MAaTPHITHL.

Pucynox 1,a wumocTpupyer npuMeHeHHe OMUCAaHHON TeXHUKU K marpure Asg:
B npocrpancrBe kKoadbdurmentos peryssaropa (ki, ko) cruiomHoil jguHueil n300-
pazkeHa IIpsMad, 3agaBaeMad 2k — ko + 3 = 0, a IyHKTHPHOI IOKa3aHa IpAMasd
ki + ko + 2 = 0 (BumuMast ee 4acTh He sBJISIETCs TPAHUIIEH, T.e. 1udpoil 2 0603Ha-
YeHa BCsl TIOJIYIJIOCKOCTh «CJIeBa» OT CILIONIHON mpsiMoit!). 3akparineHa MCKoMast
00J1aCTh CTAOUIN3UPYIONIUX PErYJISITOPOB k, a mudpamu 1 u 2 0003HAUEHBI OCTAB-
mmecst 06J1aCTU B MOpsijiKe, yKasaHHOM mocsie (14): B mepBoii 06a coOOCTBEHHBIX
3HaYEHNs] MATPUIILI 3aMKHYTOl cucrembl Heycroiansel (Re{\ 2(M3)} > 0), a Bo
BTOpOii HEeycToiunBo TobKO ogHo U3 HUX (Re{A;(M3)} < 0, Re{A2(M3)} > 0).

Ha mocnemnem srtame pertennst 3ajadu 1 MpowsBOanUTCs (POPMUPOBAHUE U
THCICHHOE DEIIeHNe 33adn JIMHEHHOTro mporpammuposanus (15) ¢ momorbo

HOJIXOJISIIIEr0 IIPOrPAaMMHOT0 obecredeHnst (B HACTOSIIEH CTaThe HUCIOIb30BAIICS
MATLAB ¢ nakerom cvx).

B pesynbrare cunTesa HaiiIeH peryssTop:
(17) kT =[-2,635 —4,135],

pu KoTopoM MaTpuiibl My u Mo — CBepXyCTONYUBBIE CO CTEIEHBIO CBEPXYCTOM-
unpoctn o = 0,5 > 0, a marpuna Ms — ycroitunBasi. CiemoBareibHO, 3aada 1
OJIHOBPEMEHHOM CTaOMIN3AIIN PEIIEHA.
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0,06}

0,05}

0,04}

X(1)

0,03}

0,02}

0,01}

0
-0,11 -0,10 -0,09 -0,08 -0,07 -0,06 -0,05 -0,10 -0,09 -0,08 -0,07 -0,06 -0,05
x1(9) x1(1)

Puc. 2. ®azosbie moprper cuctemsr (9), (16), (17) mpu x(0) = [-0,1 0]
u BpeMeHamu mpoctosi: ¢ — tg = 0,2 cu 6 — t4 = 0,255 c.

Ha puc. 1,6 mpommaiocTpupoBana Mpoleaypa CHHTE3a: CILJIONIHBIMU JIHHUSI-
MH U300parKeHbl I'PAHUIIBI MHOYKECTB CBEPXCTaAOMIN3UPYIONINX PErYJIsITOPOB IS
Marpur, A1 1 Ay, HOMyYEHHbIE N3 AHAJIN3a HEPABEHCTB —m;ﬂi > ]ml@\, i,j=1,2,
1 # j, % = 1,2, a nyHKTUPHOI JINHUE — MPAHUIIBI MHOXKECTBA CTAOMJIN3UPY FOITIX
perysiaropos mjst MmaTpuiibl Az. Kpynnoil 4epHoil ToYKoil 1mOKa3aHO HaiiaeHHOEe
9UCJIEHHO peIlleHne, a MEeJKUMHM TOYKAMU BOKDPYT BBbIIEIEHA 00JIACTb, COMepIKa-
Iasl peryJigTopbl, KOTOPBIE YJOBJIETBOPSIOT OIPAHHYCHUSIM B COOTBETCTBYIOIIEH
sazade (15).

Cucrema (9) ¢ marpuriamu (16) u peryasropom (17) He obajgaer cBoiicTBOM
9KCIIOHEHIUAJIBHON yCTONYMBOCTH [IPU IIPOU3BOJILHOM 3aKOHE TiepeKJroueHuii p(t).
Ha puc. 2,a nokazana Tpaexropus cucrembt (9), (16), (17) npu 2(0) = [-0,1 0] "
u curHasie p(t), KOTOPBIH MeHsIeT aKTUBHYIO MATPHILY Yepe3 WHTePBaJ BPEMeHH
tg = 0,2 ¢, upuYeM IEePeKJIIOUCeHNs IPOU3BOMASTCA TOJLKO MEXKIAY Marpumamu Aq
u Az (WM COOTBETCTBEHHO TOIBKO Mexkay My u M3 3aMKiyTOl cucremsr). B srom
cirydae TpaekTopust cucteMbl He orpanndena (||z(t)||oo — oo upu t — 00).

C ucnosb30BaHUEeM OIMCAHHOTO ajaropuTma [25] Haiijena onenka BpeMeHH 1mpo-
cTOd /t\d = 0,254 c. Ha puc. 2,6 nokazan (a30Bblil IOPTPET CUCTEMbBI IIPU YCJIOBHUAX,
aHAJIOTMYHBIX PHUC. 2,0, HO ¢ BpeMeHeM IpocTod tg = 0,255 ¢, m3 KOTOPOTro BUJIHO,
9TO TPAEKTOPHUSA CUCTEMBI CXOIUTCA K HYJIIO C TeYCHUEM BPEMEHHU.

OTMeTuM, 9TO YHCJIEHHAsl MPOBEPKA C IIOMOIIBIO IOIAXO0/]a K OJIHOBPEMEHHOM
crabunzaruu, omrcanHoro B |7, 20|, nokazasa, uro st marpur A 1pu cuHTese
CTATUYIECKOI'O PEryJIATOPA II0 COCTOSTHUIO COOTBETCTBYIOIIEE JTUHEHHOE MaTPIUIHOE
HEPaBEHCTBO, TAPAHTHUPYIOIIEe CYIIeCTBOBAHUE OOIell KBaAPATUIHON (DyHKITIH
JIsanyHoBa, Hepa3permmo.
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6. 3akaroueHne

B pabore mpemiorkeH MOAXOI K PEIIEHNIO 3aaYNi OJHOBPEMEHHON cTabmans3a-
MK JIMHEHHBIX CHCTEM BTOPOIO MOPSAIKA CTATHIECKUM PErY/IsiTOPOM II0 COCTOSI-
HUIO, KOTOPLIA sIBJIseTCsd MOAMpUKAIMEeil M3BECTHONO METOJa CUHTE3a [IePEKJIIO-
JaeMbIX CHCTeM Ha OCHOBE CBepxycroiiumBocTH. llpomenypa cuHTe3a peryiasaropa,
KakK M B MCXOJHOM METOE, CBOIUTCS K PEIICHUIO CIIENUAJIbHON 381891 JTUHEHHO-
ro nporpaMmMupoBanus. lIpuBegen aaropuT™ cuHTe3a U KPATKU aHaIu3 CBONCTB
HallIEHHOI'O PEry/IsiTOpa C TOYKN 3PEHUsT YCTONIMBOCTU IEPEKII0IAEMON CHCTEMBI.
[IpetozkeHHast POIIEIypa CHHTE3a IPOUJIIIOCTPUPOBAHA UNCIEHHBIM ITPHIMEPOM.

HoBas mporeiypa pacimmpsieT KIace penraeMbIx 3a1ad Ha MATPHUIbI, He MpPU-
BO/IUMbIE K CBEPXyCTOMYMBOCTH, IIEHOIO IIOTEPU 3aBEIOMOI 3SKCIIOHCHIINAJIHLHONI
YCTONUUBOCTH MEPEKJII0UAeMOiil CCTeMbl (OHA COXPAHSIETCSl TOJBKO JIJIs TIOJMHO-
JKECTBA CBEPXyCTOMYMBLIX mojcucTeM). Onmcana 9acTHIHAS KOMIICHCAIST 9TO-
ro HeJIOCTaTKa OrPaHUYEHUEM YaCTOThI MEPEKJIOYEeHUl, OCYIIeCTB/IdAeMasd dYepes3
OIICHKY MUHHAMAJILHOI'O BPEMEHHM MTPOCTOSI U3BECTHBIM METOJOM.

PasBuruem maHHOro 1moIX0a MOXKET CJIYZKHUTD IMOIBITKA yUIeTa BPEMEHU IIPO-
CTOs B IIPOIIELype CUHTe3a. B KagecTBe MPeIe/IbHOTO CIydas MOXKHO BOODIIE OTKa-
3aTbCsl OT CBEPXYCTONYUBOCTH U (POPMYJIUPOBATH 3a/1a9y O IMOMCKE OINTHMAJILHO-
IO IO BPEMEHHU MIPOCTOS CTATUYECKOTO PEryadTopa Ha MHOXKECTBE OTHOBPEMEHHO
CTaOMIMBUPYIOIINX PEryJIATOPOB, HAlIGHHOM C IIOMOIIBIO OIMMCAHHON IIPOIe/1y phl
D-paszbuennsi.

Jpyroit 3a1adeil JaabHERINX UCCIeOBAHNI SIBJISETCA aHAIN3 KJIACCOB, «aHa~
JIOTUYHBIX» CBEPXYCTOMYMBOCTH, 3aBEIOMO T'apaHTUPYIOIIMX CYIIECTBOBaHUE 00-
meit pyHkmun JIsimyHoBa y MaTpUIL IEPEKIIOYAEMO CUCTEMBI, HO 60J1ee IITMPOKHX.
Hanbomee oveBHIHBIM KAHINIATOM B 9TOM HAIIPABICHUU BUISITCS INATOHAIBHO
YCTOMYUBBIE MATPUIIBI, TOAMHOXKECTBOM KOTOPBIX SBJISIOTCS CBEPXYCTONYUBBIE.
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VCCJIEJJOBAHUE 3®®EKTA BCILJIECKA PEIIEHIN
OTHOT'O KJIACCA PASHOCTHBIX YPABHEHMUIA!

PacemarpuBaercss Kiace XOpoImmo M3BECTHBIX U3 JIMTEPATYPHI TPEXUJICH-
HBIX JIMHEHHBIX PA3HOCTHBIX YPABHEHUU BBICOKOI'O TOPSIIKA U HCCJIEIyeTCs
HEACHMIITOTUIECKOE [TOBEICHIE UX PEIIEHUI IIPU HEHYJIEBBIX HAYAJBHBIX YCJIO-
BUSX U3 eIuHUIHOTO Kyba. [lokazaHo, 910 11 HEKOTOPBIX IIOJIMHOXKECTB KO-
addurmenToB n3 06/IaCTH yCTONIMBOCTH BCErJa HANIYTCA HAYAIbHBIE YCJIO-
BUs, IPUBO/ISIINE K 8CNAECKY — OOJIBITOMY OTKJIOHEHUIO PEIIEHUI OT MOJI0XKe-
HUsI PABHOBECHsI, U ITO 9TU OTKJIOHEHUsI MOT'YT ObITH CKOJIb YTOJIHO BEJIHKU.
WccenenoBanbl pasHooOpa3Hble YacTHBIE CJIyYau, MPUBOJISTCS TPUMEpPHI.

Kamouesnie crosa: TpexdaaeHHOE PA3HOCTHOE YPABHEHNE, YCTONINBOCTD, HEHY-
JIeBble Ha4daJIbHblEe YCJIOBUS, BCIJIECK PEIIeHUI.

DOI: 10.31857/50005231024060047, EDN: XXDFHU

1. BBenenue

CpaBHHUTEILHO HEJIABHO B JIUTEPAType HAOJIOAAETCS WHTEpPeC K U3yUYeHHIO W
[MOHUMAHUIO SIBJICHUSI GCNAECKA PeueHutl YCTONINBBIX auddepeHnualbHbIX I
PA3HOCTHBIX YPAaBHEHUI, BBI3BAHHOI'O HAJMYMEM HEHYJIEBBIX HAYaJbHBIX yCJIOBUI
[IPW OTCYTCTBUH BHEITHUX Bo3MyIennii. [1o Berteckom mormMaeTcs 00IbIme OT-
KJIOHEHUsI pelleHnuil OT II0JIOXKEHUsI PABHOBECUs HA KOHEUYHBIX MHTEpBaJlaX BpeMe-
HI. BasKHOCTD TaKNUX UCCIeI0BaHi 00bsICHIETCS MHOTUME TpuaunHaMu. OvueBu/I-
HO, YTO TaKOe II0BeJIeHNe KpaiiHe HeXKeJIaTesIbHO B WHXKEHEPHOiT npakTuke |1, 2| u
MOXKET IIPUBECTH K HEIITATHON paboTe MiIu IMOJOMKE II(MPOBLIX CUCTEM yIIpaBJIe-
nus. lasee, ecin npu UCCaeI0BAHIN HEJTMHEHHON CUCTEMbI B OKPECTHOCTH TOIKH
pPaBHOBECHS UCIIOJIL3YETCs €€ JTUHeAPU30BaHHas MOJIE/Ib, TO BCJIEICTBHE OOJIBITIX
OTKJIOHEHUH TPAeKTOPUSI MOYKET BBINTHU M3 00JIACTU HMPUTSYKEHUsT HeJIMHEHHON CH-
CTEeMBbI, U MOJIe/Ib MOTEPsieT aJeKBATHOCTH. HakKomHell, HeKOTOpble COBPEMEHHDLIE
MOIIHBIE METOAbI ONTUMU3AIUA MOT'YT BBIKA3bIBATH HEMOHOTOHHYIO CXOJIUMOCTD,
3aTPYAHSIONIYIO UX aHAJIN3, U 9TO sABJIEHNE TPeOyeT O00bsICHEHUT; U3 CAMBIX CBe-
JKUX MyOJIUKAIMA Ha 9Ty Temy ormeruMm |3

OKOJI0 JecsaTu JieT Has3akd, 3TUM HallPaBJIEHHEM MCCJIEIOBAHUN YKUBO 3alHTE-
pecoBasicst Bopuc Teomoposua Ilonsik, m ¢ Tex mop MM OBLIO HAMMCAHO MHOTO

! PesymbraTsl mccsieoBaHmil, IpeACTaBIEHHbIE B pasgenax 3.2.2-3.2.6, MOIyYeHbl 3a cyer
cpencrs Poceniickoro nayanoro donga (mpoekt Ne 21-71-30005, https://rscf.ru/project/21-71-
30005/).

Asrop npusnarenen B.H. Yecrnory u [I.B. IlaToBy 3a 1eHHBIE YKa3aHUs [0 YJIy9YIICHUIO Ka-
9eCTBa MPEJICTABICHUST MaTePUAIA.
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crareil 110 JaHHOW TeMaTHKe; U3 HanboJsiee 3HAYMMBIX paboT mpusejeM [3-8|, Ko-
TOpBIE MOCBSAIIEHBl U3YYEHUIO BCILIECKA KAK B HenpepbIBHOM Bpemenu (judde-
peHIa/IbHbIEe YPABHEHHUsI), TaK U B JUCKPETHOM (PAa3HOCTHBIE yPABHEHUs). DTUM
unTepecoMm Bopuc TeomopoBud 3apa3ua MHOTUX CBOUX YUYEHUKOB, B TOM YHCJIE U
aBTOpA HACTOSIIEH CTaThbh, B KOTOPO# ucciemayercs 3hdeKT BCIJIECKA PEIeHMit
OJIHOT'O KJIaCcCa Pa3HOCTHBIX YPaBHEHUI.

B 1o Bpems Kak ciydail Henpepuierozo 6pemenu JI0 OLUPEICJCHHOI CTeleHn
u3ydeH B Jjreparype (Hampumep, cM. [5] ¢ obmmproii Gubauorpadueil, BKIO-
Jaloleil Kio4deByio pabory [9]), pasnocmivim ypasHeHuaMm YIeJeHO OYeHb MaJIo
BHUMaHUsl. B jarepaType MMeeTcsi HEMHOTO Pa3pO3HEHHBIX Pe3YJIbTATOB, OTHOCSI-
IIUXCA K MHOTOMEPHBIM JICKPETHBIM CHCTEMAaM U 9UCICHHOMY [OCTPOCHUIO BEPX-
HUX OIEHOK OTKJIOHeHuii ux perennii [10, 11]; k azanruHoMy ynpasienuto [12];
K M3YYEHUIO 3aBUCUMOCTH BEJMYMHBI BCIJIECKA OT CTENEHH YIPABJISIEMOCTH CHU-
crempr [13]. OnHAKO HACKOJIBKO M3BECTHO aBTODPY, HPOCTEHINAsi M eCTECTBEHHAST
[OCTAHOBKA 3aJ1a9U — OICHUBAHUE BCIUIECKA DENICHUil CKAJSPHBIX DPA3HOCTHBIX
YDABHEHUI — IIOYTU He MCCIIeI0BAIach. BeposTHO, 1epBasi cepbe3Hasi MOIbITKA B
9TOM HAIIPABJICHNH OblIa IpeuprHsaTa B (6], rae ObLIM MOy YeHbl TOUHbIC 3HAUe-
HUSI UM HUZKHUE ONEHKH BEJIMIUHbL BCILIECKA, JJIsI KJIACCOB PACIIOJIOXKEHNsT KOPHE
XapaKTEPUCTUUECKOTrO MOJIMHOMA YPABHEHUS M PA3IMIHBIX HAYAIbHBIX yCJIOBHI
U PACCMOTPEHO IOBEJIEHNE DEIeHnil TakyKe U IIPH HEeHYJIEeBOM JeTePMUHUPOBAH-
HOM BHEIITHEM BO3MYIeHUH. VICIoab30BaBIIMecs] TeOpHsl U METO/bl PA3HOCTHBIX
ypaBHeHuil u3oxkensl B [14].

OtrmernM ere OjHO MHTEPECHOE HAIPABJICHHE HCCICAOBAHUI — PasBUTHE Be-
POSITHOCTHOTO TIOJIXO/Ia K OIEHKE BCIUIECKA, B PAMKAX KOTOPOro KoddbuimeHTsl
/UM HadasIbHbIe YCJIOBHS YCTONYUBOIO PA3HOCTHOIO yPABHEHHUS IIPEIIOIArAI0T-
sl CJIyYaHBIME, U JIEJIAeTCsl HONBITKA OIEHUTh BEPOSITHOCTh HAJMYUS BCILIECKA,
BEJINUNHY ero MaTeMaTHIeCcKOro OXKUJIAHUS U T.J1.; M. |8, 15].

B nannoit pabore n3yvaercsa siBjeHHE BCILIECKA TPUMEHUTENIBHO K TPEXU/IeH-
HOMY YPaBHEHHUIO, XapaKTEPHOMY JJIsl 3aJad IIOMYy/IAINMOHHON JMHAMUKA IPU
HCIIOIB30BAHNY JTMHEAPU30BAHHBIX Mojeseil. [lepBoil mpumedaTebHO cTaThei,
usydasineill 9T0 ypaBHeHus, siBiasiercst [16] (Ha ceropmsiminuii qeHb sra pabora
nmeer 267 murupoBanuii B 6ubsmorpadudeckoit 6aze manubix Google Scholar),
r/1e OBLIN TOJTy I€HBI HEOOXOMMBIE U JIOCTATOUHBIE YCJIOBUS €10 ACHMIITOTUIECKOI
YCTOHUMBOCTH B TepMUHAX KOIDMUIMEHTOB YPABHEHNUST; & IMEHHO, OBbLIO JTAHO STB-
HOE OIMcaHue 00JIACTH yCTONUIMBOCTH Ha IJIOCKOCTH JIBYX €ro Ko3(h(UIMEHTOB.

[Toz:ke 3TH pesyabTaThl ObLIM OGOOIIEHBI B CTOPOHY HAJIMYHMs HECKOJIBKUX
sanaszapiBanuii [17, 18], komiuiekcHO3HAUHBIX KOd(durmentos [19], BeKTOPHBIX
ypasuenuii [20, 21|, HAXOXKIEHUsS AJBTEPHATUBHBIX JOKA3ATEIbCTE (hOPMBI 001~
cru ycroitanBoctu [18], mpuiiozkenuii K HEIPEPBIBHBIM CUCTEMAM C 3aI1a3/[bIBAHNsI-
mu [22] u zp.; Takxke ormeruM [14], rye npuBeeHBl OyYUTEIbHBIE 00CY K ICHUS.

V106HO0IT uepToil penieHus U3yvaeMOro ypaBHEHHs SIBJIACTCS TO, UTO, UMes.
BCEro TPU HEHYJIEBBLIX YJIeHA, OHO BBLIKA3BIBAET OOJIBIIOE Pa3HOOOpa3ue THUIIOB I10-
BEJIEHUsI IIPY PA3IMIHBIX HAYAIBHBIX YCJIOBUSX U 3HAYEHUSAX JIBYX BaPbUPYEMbIX
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ko3 durmenTos. Kpome Toro, Hajmame Bcero AByX KOI(MDDUIMEHTOB 00/erdaer
aHaAJIN3 [MOBEJIEHNs PEIIeHNI UMEHHO B TepMUHAX KO(PMUIIMEHTOB, a He KOPHEIi.

[lepBble pe3yabTaThl 110 U3y YeHnI0 3(PHEKTOB BCILIECKA B 9TOM ypPaBHEHNUN Obl-
JIM TIOJTyUeHbl B [6]; 3/1€Ch 9Ta JIMHUS UCCIIeI0BAHNN IPOJIOJIZKEHA U IPEIIPUHSITHI
[TOIBITKH OJIYYUTh TOYHBIE AHAJTUTUICCKIE BBIPAYKEHUST JIJIsI BEJIMIHMHBI BCILIECKA
WIN ee HUXKHUE OIEHKM. B psifie CIeruaJbHbIX CIyIaeB MOKA3aHO, ITO BCILIECK
Hen30€eKeH, & ero BeJnInHa (PaBHO KaK ¥ MOMEHT) MOTYT IPHHUMATE CKOJIb YTO/-
HO OOJIbIINE 3HAYCHUS].

B crarbe npuHaTH cTaHgapTHbIEe obo3HadeHus: R — 1moJie BEeIeCTBEHHBIX M-
cesl; 3HAYOK > 03HA4aeT «MHOIO OOJIBbIIE»; CUMBOJ R O3HAYAET <«IIPUOJIMKEHHO
PaBHO»; CUMBOJI := COOTBETCTBYET «00O3HAUUM Uepe3»; CUMBOJIBI |-| u [-| o3Ha-
YaT OKPYIVIEHHE J10 GJIMKANIIero Mejoro BHU3 M BBEPX COOTBETCTBEHHO; | - | —
abCoJIIOTHAsT BeJIMYNHA, 9HCiIa; \; — i-il KOpEHb YpaBHEHHSI; € — OCHOBaHUE HaTy-
pajbHOrO Jorapudma; i HeIbIX § >  OMHOMHAJIBHBIN Kodddunment obo3Ha-

!
uaercst uepes C! = m

2. Onpenesteansi, 0003HAYEHUS, TIOCTAHOBKA 331441

PaccmarpuBaeMm ciieryroniee CKajsipHOe JIMHEHHOE OIHOPOIHOE TPEXTIIEHHOE
Pa3HOCTHOE ypaBHEHHE cTereHu n + 1:

(1) Tpe1 — axp +brxg_, =0, k=1,2,...

C BeIeCTBEHHBIMI KoM PuimeHTaMn a, b; ero xapakKTepUCTUIECKUT MHOTOUIEH
nMeeT BHJL

p(A) = A" — g™ 40,

IIpemomnaraercst, uro Hadaaphbie yetosus 20 = (x_,, ... x_1,z9) € R"! ume-
o1 epuamanyo zopmy: |29, = 1. Takoe nomymenue He orpaHmIIBaeT OGIIHO-
CTH, TIOCKOJBKY pertenne 3apucut juneiino or z(0).

PaccmarpuBaeM JIMIIb ACUMITOTUYECKU yCTOWUMBBIe ypaBHeHus (1), T.e. Te,
JTsT KOPHelt \; KOTOPBIX BHIOHEeHO |)\;| < 1. O6osnaumm wepes S, C R? obmactn
yeroitausoctu ypastenus (1) Ha mrockoctu Ko3hpUIUEHTOB; SICHO, YTO OHO HEILy-
cro. Tt (a,b) € S, peleHns: aCUMITOTHIECKU CTPEMSTCS K HYJII0; HHTEPEC TIPe/I-
CTaBJIAET MCCIICJOBAHUE MOBEJCHUs PeIleHnii IIpU KOHEYHBLIX 3HAYCHUAX k.

51 nanubiX (a,b) € S, u gannoro (9, wepes
) 9y p

se(a,b,2?) = max |z
k>1
0003HAYMM MaKCUMaJIbHOE 3HAYEHUE PellleHns ypasHeHus (Tpaekropun). Tam, rie
9TO He JIOMyCKAeT PasHOUTeHHi, omyckaem aprymentst y s(a, b, z(?)). Toopm,
YTO PELICHUE UCNLIMBIBAETN BCNALCK, €CIH 9TA BEJIMUUHA GOJIbIINE eJIUHUIIBI, & CO-
OTBETCTBYIOIIeEe 3HAUEeHNe HOMepa urepanun k* = arg max |xy| HasbBaeM momer-
Mom 6CNAECKQ. F
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Taxoke OyeM OIEHUBATDL 004GCTML 6CNAECKG — TY IACTb P, 0bIacTH yCTONIN-
Boctu S;, B KOTOPOH MOXKET HaOJII0IaThCs BCIIECK XOTsI Obl IPHU KAKUX-TO Ha-
JaIbHBIX ycsioBusix. O6JIacTu BCIIECKa JIJIsT HEKOTOPBIX KOHKPETHBIX HATaIbHBIX
YCJIOBHUIT TaK2Ke IMPEICTABIISIOT HHTEPEC.

Buepsbie simneapuszoBannasi Mojeb (1) Oblia npesjioxkena B [23]; Bxopsiiue
BeJIMYINHBI UMEIOT CJIEIYIOmnil (pU3nIecKuil CMBICT: k — 1o/l HADJIIOIEHUs 38 I10-
MyJIsueil, ry, — I3MeHeHne pa3Mepa MOy A B k-M TOTy, 1 — PEIpPOy KTHBHbIH
BO3pacT 0cobeil B MOIY/IANN, ¢ — KOO(MMUINEHT BBIKUBAEMOCTH, b — IIOIOJIHEHIE
MIOMYJIATINE 32 CUET POXKIaeMOCTU. e mim mHble HAada/bHbIE YCIOBUS OTBEYAIOT
pa3MepaM IOIYJIANNE B 1 JIET, IPEIIIeCTBYIONUX Hadaly HaOJIIOIEHNS 38 IIOIIy-
JANUEN ¢ NCIOJIb30BAHUEM JIAHHON MOJIEJIN.

VCTOMYINBOCTDL ypaBHEHHUSI COOTBETCTBYET HEM3MEHHOCTH pPa3Mepa, IOIyJIAIN
BO BpPEMEHH, a BCILIECK PEIIeHUN O3HaYaeT aHOMAJILHO OOJILINON TEKyIMUil Ipu-
poct/y6buib. U 10, u 1pyroe HexKeJaTeIbHO ¢ TOUKHU 3PEHUs SKOJIOTUIECKOIO PaB-
HOBECHSI.

3. OcHoBHBIE PE3YJIHTATHI

8.1. Obaacmu yemotuusocmu U 8CNAECKa
Ha naockocmu Kospduyuernmos ypasrernus (1)

Ha puc. 1 mokasan Buj objactu ycroiiunsocru ypauenust (1) Ha miockocTu
ko3ddunmentos (cm. (16, 18]).

Herpymaro mokasarhb, 9To 151 3HaUeHuit KoadgduimeHTos B ooaacmu Kona C =
= {a,b: |a| + |b| < 1} (myHKTHpHAs JUHW) BCIJIECKA HET HU IPU KAKUX HAYAIb-
HeIx yceaoBusax. Hac OymyT mHTEepecoBaTh JIMIEL 00/TACTH, COCTAB/IEHHBIE U3 MHO-
xkectB | u I1 («KpbUIBIIKKY ), JIs KaXK/0il TOUKH KOTOPbIX uMmeeM |a| + [b] = 1
U Takue HavaJIbHBbIE YCJIOBHS, JAIOIINE BCILIECK, CyIIeCTBYIOT (cM. Teopemy 1
u3 [15]).

s mwromam obsiacTu BCIsiecKa P, mMeeM IPOCTYIO BEPXHIO oreHky. [leii-
CTBUTEJIBHO, W3 ypaBHeHWH rpanurpl obmactu S, (cMm. [16]) BuaHO, 9TO mpasoe

1,0
0,8
0,6
0,4
0,2

< 0

0,2
0,4
0,6
0,8
1,0

-1,0  -0,5 0 0,5 1,0 -5 -1,0 -0,5 0 0,5 1,0 1,5
a a

Puc. 1. O6nacts yeroitansocru S, ypasaernus (1) myst n = 3 (ciesa) nu n = 2 (cupasa).
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KPBUIBIIIKO JIEXKHUT B Tpeyroibauke ¢ Bepmuaamu (0,1); (1+1/n,1/n); (1,0); ero
IO/ b paBHa 1/n, Kak U IJIOMa b JIEBOr0 KPBLIBIIIKA, a OCKOILKY Vol(C) =
= 2, TO MoJIy9aeM

1

Juist n > 1 (npu n =1 B OlEHKe BbIIlle UMeETCsi PABEHCTBO). B ety cummerpun
(em. pue. 1) 970 cupaBemMBO M JUIsl Y€THBIX 3HadeHuil n. Takum obpasom, st
ypaBrenuit (1) «BepoOSITHOCTB» BCILUIECKa YOBIBAET € POCTOM HOpsiKa (Tak, ywke
upu n =7 nveem Vol(P,) ~ 0,08 x Vol(S,)), HO B JajbHERIIEM YBHIUM, 9TO
BEAUNUHA BCTIAECKA MOYKET NPUHUMATH CKOJIb YIOAHO Gosbime 3uadenust. Orme-
THM, 9TO JJIsl YCTORYIMBBIX YPaBHEHUI 00IIero Buja HaOJIOJAeTCsl POBHO 0OpaT-
Hasl KAPTUHA: ¢ POCTOM Pa3MEepPHOCTH BCIUIECK CTAHOBUTCSI TUIIUYHBIM sIBJICHUEM

(cm. [15]).

3.2. Beaununa ecniecka npu «cmanaapmnbm» HAYANOHDIT YCAOBUAT

ObpaTtnMcest K OTEHUBAHUIO GeAUYUNHb, BCILIECKa. 1Ipy M3BECTHBIX CTemeHn N,
koadummenrax (a,b) € P, u Hauanpnbx yeaopusx z(0) anciennoe suaueHme pe-
mennst Ty, k= 1,2,... MOYKeT OBITH HAWIEHO MPIMBIMH BhITHCTeHIAM. OIHAKO
JKEJIATEJIBHO UMETh AHAAUMUYECKUE BHPAHCERUA IS BEJIMIUHBI BCIIECKa. B 06-
IMEeM CJIy9ae 9TO MPEJICTABIACTCS 3aTPY/IHUTEIHLHBIM, 1 HIZKE OYIyT JAHBI ONCHKN
BEJINIUHBI 1 MOMEHTA, BCILIECKA JIJTsT CHETNATBHBIX HAYATBHBIX YCJIOBUN W HEKO-
TOPBIX KJIACCOB KO(DDUIMEHTOB.

Hastee OysieM m3ydaTh MOBEICHHUE DEIICHUI MPU «CTAHIAPTHBIX» HATATbHBIX
YCJIOBUSIX

(2) 20 =(0,...,0,1).

3.2.1. Hmxknss onenka. [pu (0 = (0,...,0,1) u3 (1) mememienno momydaen,
YTO NEPBbIE N UTEPAINii T He 3aBUCAT OT b:
(3) z = a¥, k=1,2,...,n,

T.e. BCIUIeCK Habutiofaercs st Beex (a,b) € Sy, |al > 1; nubiMu croBaMu, MHOKe-
crBa I npeacrasisior coboit obmactu Bemmecka mpu 20 = (0,...,0,1). Bemraunna
BCILIECKA MOXKET OBbITh OIEHEHA CHHU3Y KAk

(4) x> =|a|" > 1.
Bupouem, HETPY/IHO BUJIETH, ITO TA ONEHKA MOXKET OKAa3aThCs OYeHb Tpy0oii.

IHpumep 1. Illpu n =10 u ¢ = 0,001 paccmorpum mapy Ko3hOUIUECHTOB
a = ”TH —e=1,099 u b= % = 0,1. Umeem sz, = 2,5703, B TO BpeMsi KaK UCTUH-
HOe 3Ha'UeHNe BeJMTINHBI BCIJIECKA, OJYIeHHOEe IPSIMBIMU BBIUNCJIEHUSIMH, TaeT
» = 13,0732, u ono mocruraercs npu k = 111 > n.

3.2.2. Tounas xomOuuatopuas ddopmyma. Wrak, [jisi HaYAJIBHBIX 3HAUE-
it 2(0) (2) meem
zp = a” = Xpo, 0<k<n.
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[Tpomoskum urepuposars 1o k. Ha ciemyromux (n + 1) marax BejunduHa Ty 3a-
BHUCHUT Tak:Ke ¥ 0T KO3(MPuImeHTa b, 1 IpsIMbIMI BLIYUCJICHUAMHI TOJLY Ia€M

rp = Xpo-— C,%_nak_(n—’_l)b
= Xpo— X1
st n+1<k<2n+1)—1,

k—(n+1)

rie 3aBucanuii or kodddunuenTta b e C,i_na b oboznaden gepes Xy, 1.

Ha tperbem nukiie u3 (n + 1) urepaiuii pereHne TakyKe 3aBUCHT 1 OT b2:

rp = Xpo— X1+ C]%_2nak_2(n+1)b2
= Xpo— Xp1+ Xppo
o 2(n+1) <k<3n+1)—1,

k—2(n+1)p2

rJie cJraraeMoe Cg_%a , 3aBuCsIIEe oT b%, 0603HAUEHO UYepe3 X k2

[Tpomomkass nTepupoBaTh U COOUPasi BMECTe MOJIY YeHHbIE BhIPAYKEHUsT, TTPUXO-
JUM K CJIEYIONIEMY Pe3y/IbTaTy.

Yreepxgenne 1. Pewenue xp ypasnenus (1) npu mauasonox ycaosu-
ar (2) umeem 6ud

k/(n+1)] o ' '
5 T = —1Y Y kit Dy k=0,1,...
k—jn
=0

[Tonydennoe BbIparkeHue IMPEACTABISET OO0 TOYHOE pPeINeHne ypaBHe-
aust (1), (2), ofHAKO OHO BPSIJL JI MOYKET OBITH [OJIE3HBIM JIJIsl OIIEHKY BEJMYNHBI
U MOMEHTa BCILJIECKA.

3.2.3. Ilapamerpuueckoe cemeiictBo ypasuenmii (1). Crenys [6], paccmorpum
crrelyioniee ceMeiicTBo Ko uimenTos:

nn

_ g — n+1
(6) a—1+n,0<a<1, b=ua 7(71—#1)"“’

rae a — mapamMerp. B [6] mokasano, 9To MaKCHMAJIBHBIN 110 aBGCOIIOTHON BETHIHHE
kopenb ypasHenust (1), (6) pasen

an n—+«

P 1 n+1

U OH MMeeT KpaTHOCTDH JIBa.
U3 ypasrenusi rpanutibl obiactu S, (Hanpumep, cM. reopemy 5.3 u3 [14]) cie-
ayer, 9to Touka (a,b) (6) mpuHajiekuT MHOXKecTBY | (IpaBoe <«KpPBIIBIIIKO ;
AHAJIN3 JIEBOTO KPBLIBIIIKA aHAJOMMYeH B Buy cuMMerpun). Ha puc. 2 sromy
apaMeTpPUIECKOMY CEeMeiCTBY COOTBETCTBYET TOUYEUHAs KPUBAS.
Ananms noseneHnst peneHuii TAKOro cemeiicTBa MpOIe MO CPaABHEHWIO ¢ 00-
muM ciiydaeM; B [6] paceMaTpuBaIuCh CHEUAILHONO BUJIA HAYAIbLHBIE YCIOBHUS,
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0,1 ¢ . . . .
0,8 0,9 1,0 L1 1,2 1,3 1,4

Puc. 2. ITapamerpuueckoe cemeiictso (6) koadbdunuenros ypasuenus (1).

JIJIs KOTOPBIX yJIaJI0Ch BBINUCATH SIBHBIN BUJI pelieHus ypaBuenust (1) u mosyanThb
AHAINTUIECKOE BBIPAYKEHUE JJIsT BEIMIUHBI 1 MOMEHTA BCILIECKA. 3/1eCh PACCMOT-
DM «CTaHJAPTHBIE» HAadaIbHbIE yCjioBust (2).

Usyuum crepsa npocreiimuii caydait n = 1, T.e. ypaBHEHHE BTOPOIO MODSIKA.
U3 (6) umeem
a=1+a 0<ac<l, b=a?/4,

TaK 4ITO KOPHU XapaKTePUCTUHYECKOrO ypaBHeHHs PaBHBI A1 = A2 = p =g < 1.
Jist HagaabHbIX yeaoBuit x_1 = 0, x9 = 1 HeMeJIeHHO MOy IaeM

(7) zp=(k+1)p" k=1,2...
1 BEJIMYUHY BCILJIECKa JIETKO OICHUTDL. rD;JIH MOMEHTa BCILJIECKa I10JIyYaeM
E* = max{k: xp_1 < x}

u, muddepennupys 1o k, IPpUXOIUM K

<8> o= e = )

Mopcrasmsist k = k* B (7), 1y1st BEIMYUHBI BCILIECKA TTOJTY YaeM HUZKHIOK OLEHKY

P _P_ 2
()t 2
g (1—p+ p (1—-aw)e

Taxmm 06pazoM, U3 MOCTEIHNX JABYX (DOPMYJI CIeIYeT, ITO JlaKe NI ypaBHe-
HUsl BTOPOTO MOpsika (n = 1) u MOMEHT, 1 BEeJIMYMHA BCILIECKA MOT'YT IPUHUMATH
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CKOJIb YTOJHO OOJIbINNE 3HAYEHU IPU o — 1, T.e. IPU IPUOJNKEHUN K TPAHUIE
0bJIacT yCTONINBOCTH.

3.2.4. Eme o koncepBaru3me omenku (4). Paccmorpum tenepb obmuii ciy-
qait n > 1. Kak ObLI0 OTMETEHO BBINIE, HA MEPBBIX 1 UTEPAINSIX PeIleHne MMeeT
By (3). OHO MOHOTOHHO BO3PACTAET IIPU BCEX JOIYCTUMBIX 3HAUCHUSIX @, U BEJIU-
qUHA i, = a" MOXKET OBITH IIPUHSTA B KAUeCTBe HIMKHEN OIeHKN BeILecka. Moxk-
HO MOKA3aTh, IYTO IIPU PACCMATPUBAEMBIX HAYAJIBHDBIX YCIOBUAX 20 ua,beuna (6)
pelenne Ty YHUMOIAJBHO, IOITOMY BEJIUYMHA BCIJIECKA PasHa T, = a" TOrIa U
TOJIBKO TOTJIA, KOTIA Ty > Tpi] = a™t! —b. C yuyerom BeIpazKeHns st b (6) mo-

JIydaeM, |UTO IpU
nn—i—l

1<a<a1:(n+1)n+1_nn%_v

—

[¢)

BeJINYMHA BCIUIECKA JlaeTcs BbIpaxkenueM s = (1 + a/n)" ~ e®

BCILJICCK OOJIBIIIE.

,aIpu a > ap

IIpumep 2. Huan = 10 umeem o = 0,3232, u 3, = 1,3745 naet TouHOE 3HA-
YeHIe BeJIMIUHBI BCIIECKa TIpn Beex o < 1. Opmako mpn o = 0,9 mctuanOE 3HA-
deHne BCILIECKa PaBHO » = 7,5965 > s, = o’ = 2,3674, u oHO JoCTHUTAETCS HA
mtare k = 106 > n. [{ns cpaBHeHus, BeJindanHa BCIJIECKA TIPU (IIPEIIOIOMKUTE b
HO HAUXY/IIIX) HATAJIBHBIX YCIOBHUIX 20 = (—1,...,—1,1) paBua » = 14,4601.

Takum obpaszoM, Kak u st KOIDPUIMEHTOB a, b OOIIEro Buja, OIEHKA 7
BCILIECKA MOYKET OKa3aTbCd O4eHb rpyboii, ecim a > . Huke Oyjier mnosydena
ropaszo 6oJjiee TOUHAS OIEHKA.

3.2.5. AnanmTiaeckasi HHXKHS onieHKa. Vmest B By dopmyiy (7), ubayKimei
0 M TIOJTydaeM CeAYIONIT Pe3yIbTAT.

Vreepxkagenune 2. [ ecex k > 1 pewenue cemeticmea (1) ¢ xoappunuen-

mamu (6) U HAYANLHOMU YCAOBUAMU 2(0) = (0,...,0,1) oeparuneno crusy eeau-
YUuHoT

2 k
9) Ty 2y = (k+1)p" k=1,2,...

n—+1

[Tpu Gospimux k 9Ta OleHKa IpeJAcTaBssieT co0Oil acUMIITOTUKY s pere-
HUN Tf.

Mowment Beniecka ky mOCIEI0BATENILHOCTH Y, MOKET OBITH IIPUHAT 38 OIEHKY
HCTUHHOTO MOMEHTa, BCILIecka k*:

(10) B~k = {LJ _ {MJ .

1—p 11—«

CoorBercTBeHHO TO/CTaBIsAst npaByto Yactb (10) B (9), moiaydaem ciemyrorLyio
OLICHKY 7, BEJIMYMHBI BCIUICCKA PEIICHUS T
~ 2 n+1
(11) wZyR ——— ——.
(I1—-a)en+a«
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0,5H ]

0 1 1 1
0 50 100 150 200

k

Puc. 3. Ucrnnnas tpaekropus xj (BepxHsis Kpusasi) juist n = 10, a = 0,8;
3HAYEHUs] HA KOHIIAX MEPBBIX 6 MUKJIOB (3KUPHbIE TOYKN); 3HAYEHUsT Yj, (HUK-
HsIsl KDUBast ).

U3 dopmyrn (10) u (11) BITekaeT nHTEpecHOE HAOIIOEHUE. YBEJIMYEHUE 10~
psZiKa N ypaBHEHUsI IPU (DUKCHPOBAHHOM (v BEJIET K POCTY 3HAYEHUsI MOMEHTA
BCILJIECKA, B TO BPeMsI KaK CaMa BeJIMYHHA BCIJIECKA MeHsieTcs odeHb MaJio. C apy-
roff cTOpoHBI, IpU (DUKCUPOBAHHOM 7 YBEIUUEHUE (¢ BJICUET POCT 00EUX BEIUUIHH.
9T0 KapTHHA OTIIMYAETCs OT TOfl, KoTopas HabJIoJaeTcs Jist ypaBHeHuil ob1ero
THIA, B KOTOPBIX, KaK MPaBUJIO, 00€ STH BEIMYUHBI PACTYT C POCTOM HOPsIKa
ypaBHeHUsT U IpHOIIKeHnn Ko3hDUIHEHTOB K I'DaHuUIe 00JaCTH yCTONIHMBOCTI
(cM. pesysbraTsl B [6]).

IIpumep 3. Ha puc. 3 BepxHsis KpuBasi COOTBETCTBYET PEIIECHUIO Xj IIPU N =
=10, a = 0,8 (rakKe NOKa3aHbl 3HAYEHUS Ha KOHIAX IWKJIOB JUIHHBL (1 + 1),
00CYKTaBITUXCA B pazferie 3.2.2, a HUKHssT — OIEHKE Y.

Wctunnoe 3nadenune BCIiecKa paBHO ¢ = 3,9227, m OH JOCTUTAETCA Ha IIare
k* = 51. Onenxn (11) u (10) maror >, = 3,7469 u k;, = 54; orHOCHTE/IbHAA OMHOKA
OLICHKM BEJIMYUHBI BCILIECKa cocTasisgeT 4,7%.

ITpu Tom ke 3nadennn o = 0,8, HO OoJiee BLICOKOM IOPsIAKE ypaBHeHus: n = 20
MoJiy9aeM MPUMEPHO TO Ke 3HadeHwme 3 = 3,9274 11 BeJIMYWHBI BCILJIECKa, HO
ropaszo Oosibiiee 3Hadenue k* = 97 momenTa Bceiuiecka. Haboomarormeecst pas-
JITYHE C MPEJBIIYIIIM CJIyIaeM OObACHAETCS MOIYIEeHHBIMU BBINIE BbIPAYKEHUSI-

u (11) u (10).

C apyroit cropoHbl, mjsi Toro ke n = 10, HO Tpu ropaszao OOJIbIIeM 3HaYe-
Hun mapamerpa o = 0,95, onenku garor i, = 14,7824 u k; = 218, B TO Bpemsd
KaK MCTUHHOE 3HAaYeHUe BCIIECKa Tp paBHO » = 10,7483, m oH JlocTUTaeTCA TIPH
k* = 153. Takum 06pa30M, © MOMEHT, U BEJIMINHA BCILIECKA BBIPOCIN 3HAUUTEIb-
Ho. OTHOCHTENbHAST OMMOKA ONEHKH COCTaB/IsgeT 4dyTh Oosee 1%. Pesynbraror
[IpeJICTaBIeHbI Ha puc. 4.
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Puc. 4. To xe, uro na puc. 3, vo pu o = 0,95.

Takum 006pa3oM, TOYHOCTH OneHKH (9) pacrer ¢ HPUOJIMKEHUEM 3HAUEHUS (v
K €IMHHIIE, & ITO KaK pa3 TOT CJIydail, KOrja BCIJIECK HabOJIIOIAeTCs Ha JAJEKHX
urepanusx k u nupumenenue obieit popmysibl (5) TpebyeT onpe/eseHHbIX YCUIIIii.

3.2.6. /Ipyroe mapamerpuyeckoe ceMmeicTBo. KopoTko obCyanM elmne OJHO Ia-
pameTpuieckoe ceMeicTBo ypasHeHuit (1), 3a/1aBaeMoe COOTHOIEHUSIMU

1
a=1+=-—¢ b=-
n

¢0 < & < 1 ynavanbubivu yenosusivu (2). Ipu Masibix € gotycrumast Touka (a, b)
JIeXKUT OJIM3KO OT mpaBoro yria obsactu Sy. Ipu e — 0 (u dbukcupoBanHoM n)
BEJINYMHA BCIIECKA HEOIDAHUYEHHO BO3pacTaeT (MOCKOJIBKY MaKCUMAJBHBIH 110
MOJLYJIIO0 KOpeHb ypaBHeHus (1) crpemurcs K p = 1 U uMeeT KpaTHOCTH J[BA); 9TO
HOBe/IeHIe TUIINYHO U JJIsl ypaBHeHuit obiero Bua (cu. [6]).

SadurcupyeM Terepb MaJioe 3HadeHHe £ U OyjeM yBeJIUIuBaTh IMOPSIOK N
ypaBHeHusi. B orimume oT Beex cilydaeB, paccMOTpeHHbIX B [6] (pocr Besmuu-
HBI BCILIECKA) 3/1€Ch HAOJIIOaeM POBHO IIPOTHBOIOJIOKHYIO KAPTUHY: BeJUUNHA
BCILIECKA ymenvuaemces 10 a” ¢ pocroM n. IIpocroe oObsicHenne 3Toro sBIeHus
COCTOHMT B TOM, 4TO TOouKa (a,b) npubsmxkaercs Kk Touke (1,0), Koropas IpuUHAI-
JteskuT obsact C, B KOTOPOi BCILJIECKA HET.

3.2.7. YraoBble TOYKH MHOXecTBa S,,. [l HEKOTOPLIX 3HavueHuil KO-
enroB (a,b) € S, yIaercs MOJIyYUTh sIBHBI BUJ PEIIEHUs ¥ IIPOAHAIU3UPOBATD
ero nopejienne. TaKOBBIME SIBJISIFOTCSI YIJIOBBIE TOUKHM OOJIACTH YCTOWTHMBOCTH.

[Tepeble «rpuBnaibHble» 3HadeHus: a = 0, b = +1 (BepxXHsst U HUKHSISA YIJIO-
Bble Touku Ha puc. 1). Tak, qst b = 1 KOpHU XapaKTEPUCTUIECKOrO MOJTMHOMA
p(A) = A" 4+ 1 ects xKophn w3 Mumyc euHUILL. OHI PABHOMEPHO PACIIOJIOMKEHBI
Ha OKPYXKHOCTHU €IMHITHOIO PaIuyca; IIOAydacM Pe3yJbTaT, KOTOPLIA HeMelIeH-
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Puc. 5. Pemennst ypasuenus (1), (2), n = 10 (cruiomaast juHwst )
U ero aCUMITOTHKA (ILYHKTHD).

HO cJie/iyeT u3 Y TBepxKaeHus 1 Wn »Ke OH MOXKeT ObITh IOJIYIeH HEIOCPeICTBEeH-
HBIMU BBIYMCJICHUSIMH.

VYreepxkagenne 3. Ilpua =0, b=1 pewenue (1), (2) umeem 6ud

0 npu  mod(k,n) # 0,

= (=)™ wpu mod(k,n)=0.

B ciyuae b = —1 kapTuHa COBEPIIEHHO aHAJIOTMYHAS, HO HEHYJIEBbIC 3HAUYCHUST
peIleHust paBHbI €JINHUIIE.

Jpyroit, bojiee MHTEPECHON YTJIOBOH TOYKON SBJISIETCS G = "TH, b= % (u ee
CUMMETpUYIHAS ¢ = —”T“, b= %, cM. puc. 1), KoTopasi IPUHAJJIEKAT HapaMeT-
pudeckomy cemeiictBy (6) ¢ o = 1. B sTom ciygae crapimumii kKopenb pasen p = 1
U UMeeT KPATHOCTD JBa. B ormyinvne OT NpeIbIIyInero cjiyvas, PeneHue Ty Pacxo-
JIUTCsI, U U3 Y TBEPXKJEHUST 2 CJIeJIyeT, 9TO OHO PACTET 10 KpaiiHeil Mepe JIMHEITHO

¢ pocroM k. Toumee, nmeeM CJieIyIOMMil pe3yIbTAT.

Vreepxagernne 4. Ilpua =1+ %, b= % ACUMNIMOMUKE PEWEHUA YPAEHE-
nus (1), (2) daemes caedyrouwgum evipasiceruem:
20k+1)  2n-1 _ 2  2n+2
n+l 3n+1 n+l1 3n+1°

Nnmocrpanus g n = 8 mpuBegeHa Ha PUC. H; BUJIHO, ITO aCUMITOTUIECKA
dopmysia BecbMa TOYHA U JJIsi MAJIBIX 3HAYCHUI k, & CAMO PEIleHne 09eHb ObICTPO
BBIXOJIUT Ha, ACUMIITOTHKY.

3.2.8. MiutiocTpaTuBHbBI puMep. B 3ak/odueHne mpeacTaBuM IUCACHHYIO UJI-
JIFOCTPAIMIO BEJIMYMHBI BCILIECKA DerieHnil ypaBHerust (1) ¢ HAYAJIbLHBIMEU YCJIO-
pusivn z(0) = (0,...,0,1) upu nIpOU3BOJLHBIX 3HAUEHUAX KOIDDUIUEHTOB a,b €

€ Pn.
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Puc. 6. O6sacts P;F u Besmumna BeIUTeCKa B PA3HBIX €€ TOUKAX.

B mpocreiimmem ciaytaae n = 1 00JaCTBIO BCIIECKA YPABHEHUS SIBJISICTCST TPE-
YTOJIBHUK Pf' ={l<a<2a—1<b< 1} namiockocTu KO3hDUIMEHTOB U CHM-
MeTpHdHBIi eMy TpeyroibHuk P, = {—2 <a < 1,a+1 < b < 1}. Kak nokasaso
BLITIE, BCTJIECK HAGIIONAeTCs JUia BeeX ToueKk u3 Py m Py, U ero MEHIMAIbHOE
3HAYCHUE PABHO (.

[Iposegien ciemytoruit skcriepument. CirydaiiHbIM 00pa3oM B 00/1acTu Pf OBI-
Jjio cregepupoBaro N = 10000 Touek, n 11 KaxXKJI0r0 ypaBHenus ¢ kKoddduimen-
TaMU, OIPEIEISIEMbIMU KOOPJIMHATAMI COOTBETCTBYIOIIEH TOUKHU, IUCJCHHO IO/I-
cunTaHA BeJIMYUHA BCIIecKa. Pucynok 6 m3obparkaerT 00J1acTh 771+ (Tpeyrosn-
HUK) ¥ 3HAYCHHs BCIIECKA PEIICHNI COOTBETCTBYIONNX ypaBHenuii. Buanum, 1to
00J1acTh OOJIBINTUX 3HAYEHUN BCILIECKA HEBEJIUKA, U, COIVIACHO AHAJOTUIHBIM JKC-
MEPUMEHTAM, €€ 0TI YMEHBIAETCs ¢ POCTOM Topsiaka n. OIHAKO B COOTBETCTBUN
C TIPEJICTABIEHHBIMU BBIIIE PE3YIBTATAMUI, SEAUNUHG BCNAECKG MOYKET IPUHUMATD
CKOJIb YTOJIHO OOJIbIHE 3HAYEHUsT i KOI(MDDUIMEHTOB, O/JIU3KUX K T'PaHUIE 00-
macru P

4. 3akaroueHne

B cratbe nccienoBanbt 3PEeKTHI BCIIECKa, PEIICHN N3BECTHOTO U3 JTATEPATY-
PBI TPEXUIIEHHOT'O PA3HOCTHOIO yPABHEHMST, HMEIOIIET0 IIPO3PATHOE TPAKTUIECKOE
npoucxoxkaenne. IlokazaHo, 94To BCILiecK Hem3OexKeH, ecau KoM UIUEHTh IPH-
HaJJIeXKaT OlpeIeJIeHHBIM IIOAMHOYKECTBAM ODJIACTH YCTONIMBOCTHU; TAK¥Ke IOKa-
3aHO, YTO MOMEHT M BEJINYNHA BCILIECKA MOI'YT IIPUHUMATH IPOU3BOJILHO OOJIBIITHE
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suadenud. J[j1sT HEKOTOPBIX CHEIUAIBHBIX 3HAYEHUNH KOI(MDMUINEHTOB U HATIAb-
HBIX YCJIOBUM MOTyYeHbl TOUHbIE BhIPAYKEHUS JJIST BEJIMIUHBI 1 MOMEHTA BCILJIECKA
U aHAJMTUYIECKe HUKHUE OIEeHKN.

,Z[aanefmme nccJaeJoBaHnd BKJIIOYAIOT B cebsl aHaJIm3 HeaCHMIITOTHYIECKOIO

HOBEJIeHUsI PellieHnii npyrux cemeiicrs (a,b) € Pp,, B 9aCTHOCTH £-IAPAMETPU30-

BAHHOTO ceMeiicTBa W3 pasjesna 3.2.6, a TakyKe WHBIX CHEIUaJbHbIX ypaBHEHUI,
HAIIpEMED TeX, KOTOPble paccMOTpeHbl B [17]. BaciyKuBaer BHUMAaHUS [IOJIy YeHUe
BEPXHUX OICHOK.
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AJITOPUTM HAXO2XKJEHINYA OBOBIIEHHOTO
YEBBIIMTEBCKOI'O TEHTPA MHOXKECTB,
3AJAHHBIX OIIOPHBIMU ®YHKIINAMMN

CraTbs mocBsleHa 3ajade ontumusanuu. [lycrs A, B C R™ — BblyKJible
KOMIAKTHI. Pacemorpuy MunmMasbioe ncio t¥ > 0 takoe, uro t° B HaKpbI-
Baer A nocse casura na sextop ¥ € R™. Ileas — najitu t° u 2°. B wacrnom
clydae, Koraa B sBagercs eIMHUYHLIM IMapoM C meHTpoM B myste, 20 u t°
M3BECTHBI KakK 4eObINIEBCKUN [EHTP U 4eOblmeBcKuii pajuyc A. B nanHOi
CTAThe PACCMATPHUBAETC ciydail, Korja A u B oupelessiorcs ¢ HOMOIILIO
cBoux onopHbIX dyHkImil. [Ipeaioken ajaropur™ B Jiyxe rapJueHTHOIO CIIyC-
ka B.T. Tlonska myist 9hdekTUBHOTO pernenust Takux 3a1a9. AJITOPUTM UMEET
CBEPXJIMHEITHYIO CKOPOCTHh CXOAMMOCTH U MOXKET PEIIaTh CTOMEPHBIE TECTO-
BBIE 3312491 338 PA3YMHOE BPEMsi, OJHAKO JJIs TAPAHTUU HAJMINSA CXOIUMOCTU
HEOOXOMMBI HEKOTOPBIE JOMOJHUTEIbHbIE yeaoBust Ha A u B. Jonomaurennb-
HO HCCJIEIOBAHO MOBEJCHUE aJrOPUTMA JIJIsi IIPOCTOTO YACTHOIO CJIydasi, 9TO
[IPUBOJIUT K Psi/ly TEOPETHUIECKUX Pe3yIbTaToB. V3ydarorcs Tak:ke BO3MYyIIe-
HUsI 9TOTO YaCTHOTO CJIydasi.

Karouesnvie crosa: ontuMusaryst, 4eObIIIEBCKUI IEHTD, IPA/IMEHTHBII CIIyCK.

DOI: 10.31857,/S0005231024060059, EDN: XXDBSM

1. Beenenne

IIycrs A u B — Boimykibie komnakTel B R™. ITyers t0 € R — nanMenbiee HeoT-
PHUIATEIBHOE YHCII0, TAKOE YTO HEKOTOpas CABHHyTas Komus t°B mokpeisaeT A,

(1) tY =min{t >0| 3" cR": 2° +°B > A}.

Ha puc. 1 nokasan npumep onTuMajbHO KoHpurypamuun A u B.

MozKHO 3aMeTHTh, UTO Ta »Ke 3aJada HUMEeeT CMbBICI, ecju A HEeBBITyKJIO.
eiicTBuTENbHO, ecu B Takoi 3amade A 3aMEHUTL Ha €€ BLIIYKIYIO 0D0JI0UKY
conv(A), o ontumamsabie ¥ 1 t ocranyTes npeskamvu. VTax, 63 orpanmteHs
OOIITHOCTH MOXKHO CUUTATDL, 9TO A BBLIIYKJIO.

Sagaua HaAXOXKIEHUS YeOLIIIEBCKOTO LEHTPa MHOXKECTBA SABJISIETCA YaCTHLIM
cITydaeM ommcanHoi Beime saaam: ecin B = B1(0) = {y € R™ | ||ly|| < 1}, o 2° —
qebbIeBcKuii eaTp A. VI3BecTHO, 94TO ee MOXKHO OBICTPO PEIINTD, ecju A KoHed-
HO [4]. Ho B menom mojo6Hble 3aaui OKA3bIBAIOTCSI BBIYUCIUTEIHLHO CJIOXKHBI-
Mu. B mociennne rogbl UM YIEISIIOCh HEKOTOpoe BHUMaHue. Hampumep, 3amada
HAXOXK/ICHUsT IeObIIIEBCKOrO TIeHTpa Tepecedenust mapos NP-cioxuas [5]. Jaxke

67



X+ /AB

Puc. 1. Onrumanbhas koudurypamus A u B.

BBITHCIICHUE YeOBIIEBCKOTO IEHTPa IePeceueHn ABYX SIIAICOUI0B ABIACTCS CY-
IIECTBEHHOI 11pobJieMoit [16]. YV 4eBBIeBCKOro MeHTa eCcTb NPAKTHIECKIe IPUMe-
nHenns. OH MOXKeT OBITBb IIOJI€3€H IPH PENICHUU 3aJa4 JOITOCPOYHOIO TUIPOTep-
MaJIbHOrO ItaHupoBanust [17], 3amad perpeccun ¢ mrymom [18|, wpenrudukarmn
JMHEHHBIX JUHAMIYCCKNX cucreM ¢ mymoM [19], kubepbesonacuocrn [20, 22| u
poGororexuuku [21].

PaccMOTpHM Takue 331841, B KOTOPBIX ONTHMAaIbHEIT 20 e/MHCTBEeHHBIII.

[lens cocTonT B TOM, ITOOBI pa3zpaboTaTh aJIrOPUTM, KOTOPBIH 3(h(HEeKTUBHO pe-
maeT 3aJady, eciau MHOXKecTBa A n B onpejiesieHbl CO CBOMMU OIOPHBIMU (DY HK-
mussMu. HamoMauM duraTessio, 9To I gaHHOro MHO:KecTBa M C R" 3HaveHne
onopuoit dyukiuun M B Touke p € R™ ompesensercs CaeayIonuM 00pa30M:

hat(p) = sup{(p,y) |y € M}.

B srux obo3znagenusax

(2) A={yeR"|(y,p) <halp) Vpe "'},
(3) B={yeR"|(y,p) <hp(p)¥pe "'},
re S = {y € R" | ||y|| = 1} — crannaprras eammmanas chepa. 3atem mpobiie-

My (1) MOxHO 1epedOpMyIUPOBATD:
(4) " =min{t| 32" € R": (z,p) +t-hp(p) > ha(p) Vpe S"'}.

B mekoTopoM cMbIC/IE 9TO 3ajiada JIMHEIHOINO IPOrPpaMMUPOBaHUsT ¢ OECKOHETHBIM
9UCJIOM Orpanndenuii. leficTBUTEIbHO, MUHIMUBUPYETCS JTUHEHHBIN (DY HKITMOHAJT
(w,c) =t, w=(t,x1,...2,)" € R"™ c=(1,0,...,0)", ¢ ygerom orpanmdenmii
(w,b,) < ha(p), tae b, = (hg(p),p1,...,pn)T, 9TO MOMKHO BLITOTHATLCS 15
JIFOOOTO P €IMHUTHON HOPMHEL.
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Ouus u3BecTHBIH 1M0/1X071 K 11pobsieme ommcad B [1]. ABTop BbIOUpaeT KoHeYHOe
9HCJIO JIUHEHHBIX OrpaHMYeHNil, COOTBETCTBYIOIINX CETKe Ha eIMHUYIHON cdepe,
U pemaeT 3a/ady JUHEHHOro IpOorpaMMUPOBAaHUAS C YYETOM 3THUX OTPAHUYCHUN.
HemoctaTkoM 3TOr0 10IX0Ma SIBASIETCSA TO, UTO JIOCTATOYHO MeJIKasl CeTKa Ha €1~
HUYHOI cdepe O6OIBIION pasMEepHOCTH COMEP:KUAT CJIUIITKOM MHOI'O 3jeMeHTOB. Ha
MIPAKTHUKE BBIYUC/ICHUS CTAHOBSITCS CJIMIITKOM TPYIHBIMU pu 1 > 4. Takmm obpa-
30M, pas3paboTKa aJIrOPUTMa, CIIOCOOHOIO PEIIUTh IOCTABJIEHHYIO 3a/1a9y B 0O0JIb-
MIX Pa3MEPHOCTHAX, ABJIAETCA aKTyaJbHON HCCIeJ0BaTeIbCKON 3a1adeil.

[Ipexk e yeM onuChIBATH AJATOPUTM, UMEET CMBICJT HAITOMHUTD IUTATENIIO, ITO
JJIsI CTPOro BhIMyKJjoro kommnakTa M C R™ ero onmoprasi (pyHKIIMS UMEET CJIELyIO-
MUA TPaIUCHT:

(5) Vhy(p) = arg I;gﬁ(p, Y)-

Ouesnpno, (p,y) = ha(p). Ecau M BbIyK/I0, HO HE CTPOrO BBIMYKJIO, MOXKHO
paccemorpers cybiuddepentman Ohyy(p):

(6) Ohn(p) = H(p) N M,

riae H(p) = {y € R"|(p,y) = ha(p)}. Cybuuddepenimanom BoiyKiIoii dbyHKImm
f:R® - R B TouKe () HA3BIBAETCsI MHOYXKECTBO BCEX BEKTOpOB v € R™ rakmx,
aro f(z) — f(xo) = (v,z — o) aus Beex x € R™. Takne BEKTOPBI ¥ HA3BIBAIOTCS
cyborpajguentamu f B ToukKe xg. Jlerko BujeTh, uro ecqim M CTPOro BBIMYKJIAA,
To cyOnuddepeHima ee OnopHoOit (HYHKIMK SIBISETCsT OJTHOIIEMEHTHBIM MHOYKE-
CTBOM B KazKJIO TOYKeE:

Ohy(p) = H(p) "M = {y € M|(p,y) = hu(p)} =

(7)
= qargmax(p,y) o = {Vhu(p)}-

yeM
O6o3HaYMM BBIIYKIIyI0 000510uKy MHOXKecTBa M Kak conv(M), a r-cuabHO Bbi-
nykiyo obonouky M kax strconv,(M). MHoxkecTBO Ha3bIBAETCs r-CHJILHO Bbl-
MYyKJIBIM, €CJIH €r0 MOXKHO TIPEJICTABUTHL B BUJIE MMEPECEUCHUsT IAPOB Pajyca r.
[Ipemmnomnoxum, M CR™ MOKHO HOKPBITE mapoM pasuyca r. Torga strconv, (M) —
9TO IIepeceveHne Beex MapoB pajuyca 1, cogepxkammx M (Tak:ke Kak BBILYKJIasT
obosiouka M — 310 mepecedeHne BCex MOJIYIPOCTPAHCTB, cojepxkamux M).

2. AJII‘OpI/ITM n TeopeTmIeCKue pe3yJibTaTbl

YT006bI OIMCAHHBIN HUYKE AJTOPUTM HABEPHsIKa comlescs, A u B JI0/KHBL yi10-
BJIeTBODATH yeyosmio: dynxmusa f: S — R, f(p) = (2%, p) + t°hp(p) — ha(p)

JIOJDKHA MMETh DOBHO 70+ 1 JIOKAJIBHBIX MUHEMYMOB pY,...,pJ.;, W BBIILyK-
Jasg 000JIOYKA MHOXKECTBAa 3THX MHUHUMYMOB JOJKHA COJEpPKATh HOJbL: (0 €
€ int(conv(py,...,pY +1)). Hedbopmasbro, sTu ycosus o3uadaior, 9To 3aj1a4a JIi-

HeHHOro mporpamMMupoBanust (4) umeer poBHO N + 1 aKTUBHBIX OMPAHUYEHMUIA.
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IIycTpb pi1,...,Ppt1 — BEKTOPHI €IMHUYHON JJIMHBL. ByJ/leM HCIOJIB30BATH Cjie-

JAYIOIIe 0O03HATCHUSA:

(8) a; = ha(p;), a=(ay,... an01)7,
(9) b; = hp(p:), b= (b,...,bys1)",
ar (p)1 - (P1)n
10) e (p?)l (pz-)n |
ant1 (Pn1)1 oo (Pnti)n
bv - ()1 - (P
a1) My — b.2 (@)1 (p?)n
bpt1 (Pn+1)t oo (Prti)n
Jlemma 1. Ecau 0 € conv({pi,...,pnt1}), mo daa t,x maxuz, wmo (pj, x) +

+thp(pj) = ha(pj) ut munumarvho, cnpasediueo pasercmso

t
1

(12) M, | =a

Tn

Cuegcrue 1. Ucnoavdys npasunro Kpamepa, umeem

det M,
(13) = z,
det M, b
Aaropurm 1.
HaumeMm ¢ TOYeK p1, ..., Ppe1 € S, PABHBIX BEpPIIMHAM CIIYYailHO HOBEPHYTOrO

paBUILHOIO cuMIiLiekca. Ha kark1oit ureparun OyaeM j1e/1aTh CjieayIoInee:

1.
2.

70

Haiinem perienue cucrembl JinHeiiHbIX ypasHenuit (12), ¢, z.

BamMeHnM KaxKAblil p; Ha P}, KOTOPBILIl SIBJISIETCS JIOKAJIBHBIM MUHIMYMOM (DY HK-
i fi.(p) = (z,p) + the(p) — ha(p), HaliIeHHBIM ¢ HOMOMIBIO TPAIAEHTHOTO
CIIyCKa U3 HAa4aJIbHOI TOUKH p;. I'pajenT f; , MOYKHO BBIYMCIINTD CJIEYIOIIIM
0bpasoM:

(14) V fi2(p) = x + targmax(p, y) — arg max(p, y).
yeB yeA

Ecnu cymectByeT HECKOJBKO INTOOAJIBHBIX MAKCUMYMOB (p,y), BbIOEpEM IIPO-
M3BOJIBHBIN.

. Eciin cpenn p) mer ny6iukaroB, HOJMOXKUM p; PABHBIME P, U 3aBEPIIAM 3Ty

UTEPAITHIO.
/

B nporusnoM citytae yaanum gy6imnkarst u3 {p)}. Ilycrs L — MHOXKecTBO OCTaB-

IIUXCsT MEHEMYMOB Dl



BbImosHuM rpailenTHLIN CIyCK 10 MUHHUMYMa f; , HaduHAasi ¢ (PaBHOMEDHO)
CIIyYaifHOrO 3jeMeHTa eIuHUIHOI cdepbl. Eciim 3T0T MUHEMYM HeE COBIIAJIAET
Hu ¢ ogHuM 3djgeMenToMm L, nobasum ero B L. Bymem menars Ttak 10 Tex mop,
/
noka B L ne Oyzer n + 1 sjmemenToB. 3aTeM IIOJIOXKUM P; PaBHBIMI p; U 3aBep-
[IAM 9Ty UTEPalnio. Kcan KOJIMIecTBO BBIIOJIHEHHBIX MOIBITOK OoJbine K, HO
erre He HaiiieHbl N+ 1 Pas/JMIHbIX MUHUMYMOB, IIEPE3aIyCTUM BEeCh aJITOPUTM.
OcranoBuMCsI, KOTJa t U & U3MEHSIIOTCSI TOCTATOYHO HE3HAUUTEBHO 38 OIHY
ATEPAIMIO W KOIIa KOJMYECTBO UTEPAIMil IPEBLIIIAET HEKOTOPDIA IIpee.

['pajieHTHbII CIIyCK OMKCAH, HAIIPUMED, B KJIACCHYECKOil KHUre |2].

Jasee obcynuM TUIBI 3aJia9, KOTOPbIE MOYKHO PEIIUTH C HOMOIIBIO aJrOPUT-
Ma 1.

Jlemma 2. Ecau B cmpozo svinykaaa, mo gynwrkyua fi o = (z,p) + thp(p) —
—ha(p), t € RT, x € R" dugpepernyupyema 6 a1060m c60eM MUHUMYME.

B wacrnocrn, f;, quddepennupyema B CBOMX MIHIMYMaX JITA 32189 HAXOK-
Jlenus geOblmeBckoro IenTpa. JduddepennupyeMocts fi,; B MHHEMyMax TaKKe
MOKET OBITH IIOJIe3HA JIJIsi IPABUIBHONI CXOAMMOCTH IPaJUeHTHOro cirycka. Ho
CYIIECTBYIOT MOAUMUKAINN TIOAX0a TPAIUEHTHOrO CITYCKa, KOTOPhIE MOI'YT CXO-
JUTHCS U K HEIJIAJIKAM MUHIMYMAM.

Teopema 1. Iyemo p,...,p0. 1 — munumymee f(p) = (2% p) + t°hp(p) —
—ha(p), 0¢€ int(conv(py,... ,pg_i_l)). ITyecmv B cmpozo ewinykaa. Ilpednoso-
orcum, wmo das amobozo j € {1...n+ 1} u dan amobott mouku p us wexomopou
oKpecmHocmu, p(])-

(15) Mllp = p9* = f(p) = ullp — p9I1*,

ede M, i, o — xorcmanmot, 1 < o < 2. Toeda 6 nexomopoti okpecmuocmu pewe-
nus aseopumm (1) cxodumes co ecmenenvio crodumocmu «. To ecmv daa t, x u3
nexomopoti oxpecmmocmu t9, 0

(16) H(t/ - t07x/1 - ‘T(1]7 v 71'; - ‘T?L)TH < C”(t - tov‘rl - 1'(1), R ‘ng)T”a7
2de t', ¥’ — cocmosnue arzopumma na caredyrowet: UMepauuL, ecal MeKyUee co-

cmoAHue PasHo T, .

Teopema 2. Ilyemv B = B1(0), A = conv((v1+C1)U...U(vp11+Chry1)), 20e
v; € R, C; CR™ — cuavro evinyravie MHoscecmea ¢ paduycom CusbHoll 6oinyx-
nocmu v < 0. Taxoce nycmo f umeem woma 6w n + 1 nyneti. Toeda anzopumm
1 umeem xKsadpamuuHyr croduUMOCMb.

3. Yucaenasie IKCIIEPMMEHTbI

Ko, KoTopblii HCTTOIB30BAJICS JIJIsT TUCIEHHBIX 9KCIIEPUMEHTOB, a TaK¥Ke PUCYH-
KI HaxonaTcs B mybmamanom gocryne ma GitHub, https://github.com/Paul566/
GraduateThesis. Kiacce conmsepa naxoaurces B (daitie GradientDescentSolver.py.
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AnropurMm 1 6611 peain30Bad U IPOTECTUPOBaH. Bo BpeMs Bcex TecToB 15 ure-
paruit XBaTaJio, 9TOOBI AJITOPUTM COIIEJICsT ¢ MAIIMHHON TOYHOCTBIO. Bo Beex
CTydasX TOTPEIIHOCTh HTOTOBOIO pe3yJbTaTa COCTaB/saaa okoao 1071410716,
B 6osbmmacTBe cotyuaes Hh—7 ureparuii ObLIO JOCTATOTHO.

Bo Bcex Tecrax aJropuTM HMMeJ CJIEAYIOIIHE ITapaMeTpPbl: MaKCHMaJIbHOE KO-
JimdecTBO nreparuii: 20, mapaMerp CKOpPOCTH 00yYeHns B TPAINEHTHOM CITycKe: 1,
KOJIMYECTBO TOIMBITOK HAUTH N + 1 MuHUMYMOB: 101, MakcuMaJbHOE KOJTUIECTBO
maros npu rpagueHTHoM ciycke: 1000, rpaJreHTHBIH CIYCK IPeKpaIaeTcs, ec-
mm f usmMensiercst Menee ueMm Ha 10710 1Ba MmHEMYMa cunmTaroTcs LyGIMKATAMH,
ecJlm HOpMa X pasHunbl Menbime 1070, MakcHMasbHOE KOIHYECTBO Iepesalryc-
xoB 1000. Mcronb3oBajics 0ObIYHBIN TPAIMEHTHDBIN CIIycK 6e3 mogudukarmii. [l
HEKOTOPBIX CepHuil TeCcTOB OyIEeT Mpe/ICTaB/IeH IpapuK 3aBUCUMOCTHU OIMTHOKN BbI-
XOJIHBIX JAHHBIX OT BPEMEHM BBINOJIHEHUsI. Bbramcienus: nposomuanch Ha CPU
Ha, OOBITHOM HOYTOYKE.

1. Haunem ¢ ouenn npocroii cepuu tectoB. Ilyers B = Bi(0), A — ciayuaitabrii
CHUMILIIEKC, COJIEp:KaIlNii IEeHTp OMUCAHHON cdepbl. Pe3yabraTbl 4ncaeHHbIX
3KCIIEPUMEHTOB 711 pasmeprocTn 100 mpemcrasiensl Ha puc. 2. KoneuHo, pe-
[IeHrne MOJOOHBIX 3aJa9 C IIOMOIILIO aJOPUTMa 1 He UMeeT IPAKTUIEeCKOro
CMBIC/Ia, JaHHas Cepusl CUMYJIANMI ITPOBOAMIACH B IEISIX TECTUPOBAHUSI.

Kak BumHO, make cTOMepHBIE 381a91 PEIIAlOTCs 3a HECKOJIbKO CEKYH/I.
Haiitu omopuble pyHKIMH B 9TOM CJIydae HECIOXKHO:

(17) hs(p) = pl,

_ P
(18) Vhg(p) = TR
(19) ha(p) = max(vi, p),
(20) Vha(p) = arg %?x(vi,p).

2. Tenepnb mepeiizem K 6oJiee CI0XKHON cepun TecToB. IlycTh MHOXKeCTBO A — BbI-

nykJsiast obosouka n + 1 sjmumnconsioB, a B — map. PesyabraTbl 9uCIeHHBIX
SKcHepuMeHTOB Jij1si pasmeproctu 100 mpecraBiieHbl Ha puc. 3.
B srom ciayuae Ha perenne 100-MepHOit 3812491 aJICOPUTMY TPEOYIOTCS I1ECAT-
KI CEKYH/I, ITO IPUMEPHO Ha MOPSIJIOK JT0JIbIIeE, TeM B peabayteii cepuu. O1-
HaKO B OOJILIITMHCTBE CJIYIaeB IJTsT CXOINMOCTH BCe PABHO TpeboBaIoCch H—7 ure-
paruii. YBeJaudeHne BpeMeH! BBIIMOJIHEHNS CBSI3aHO C YCIOXKHEHNEM BBIYKCIIE-
Hust onoproit dbyukiuu A. eficruresnbro, s ssmuinconga E = v+ M By (0),
rme M — marpuna, v € R™,

(21) he(p) = (p,v) + max (p,y) = (p,v) + max (p, Mu)=

yeM B1(0) u€B1(0)
(22) = (p,?]) + max (MTp7 u) = (p,?]) + HMTp”7
u€B1(0)
MT MMT
(23) Vhg(p) =v+ ML b

v+ .
1M Tpl| M Tp]|
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Puc. 2. Ilorpemnocts ¢ B 3aBUCHMOCTH OT BpeMeHH BbInoJiHeHus, n = 100,
pesynbpraTer 100 TecToB.
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Puc. 3. [lorpemnocTs ¢ B 3aBucuMOCTH OT BpeMeHu BbinostHenust, . = 100.
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Ecmn A = conv(EyW U ... UE,11), E; = vj + M;B(0), onopuyio dbynkruo A
MOZKHO BBIYHC/IUTE CJICAYIOIIAM 0OPa30M:

(24) ha(p) = max hp, (p).

Barem rpajmenT h4 BbMUCISeTCA KakK IpajueHT hg,, vae Ly — sammncont c
HanbossmuM hg, (p).

Taxmm 06pazoM, BBIYHC/IEHHE OMOPHON (DYHKIUN BBITYKJION 000109k 1 + 1
SJUIMIICOMIOB BBIYUCINTE/IHLHO TOPa3I0 3aTpaTHee.

4. YacTHbIil ciaydail cuMIIJIEKca B IIape

IIyctsb B 9TOM paspese B — map, a A — CUMILIEKC, COIepKalluil IIEHTP OMUCAH-
HOit cheprl. B aTom ciryuae 20 + t°0B coBnasaer ¢ onucanHoii cdepoit A. locra-
Touno pacemorpers caydait ¥ = 0, tY = 1, B = B1(0), mosToMy 9TH paBeHCTBa
Oy/IyT IpEIo/IaraTbCsd Ha MPOTIKCHUN BCEH TVIABBI.

Jlemma 3. Munumymol fi, 3a6ucam moavko om x u ne 3asucam om t.

Onmpegenenne 1. Muoowcecmeo F CR"™ asasemesa 3aMulKGHUEM MHOMCE-
cmea makuxr v € R", wmo fi, = (z,p) + hp(p) — ha(p) umeem n+ 1 munumy-
MO8 Ha eduHuwHotl cihepe.

[Mockonbky st © € F' anropurm 1 umeer maHc CONTHCH (MHAYE aJrOPUTM
IIPOCTO HE CMOZKET HAiITH 1 + 1 MUHUMYMOB [y ;), H3y9IM HEKOTOPBIe CBoiicTBa [,
0CODEHHO OTPAHUYECHUS HA €0 00bEM.

Jlemma 4. Ecaun =2, mo F = conv(AU—A), Vol(F) =2Vol(A).

ITycrb vy, ..., vp41 — Bepumabl A. Crienyromast iemmMa onuceiBaer F' B repmu-
HaX U1y...,Un+1-

Jlemma b.
(25) F={z e R"|(vj —z,vj) > (v — ,0i) Vi, j},
(26) F={zeR"|(v; —z,v; —z) > (v —z,v; —x) Vi, j}.

F — mnozoeparnuk, 02paHuMeHHbil 2unepniockoCmamu, co0epHcauumy v;, U
OPMOONANOHLMY V; — Vj, OAA 6CET T F J.

Teopema 3. I[lyemv A CR"™ — n-MmepHuitl CuUMNAEKC C SEPUUHAMU U1, . . .
cosUngt, F={x e R"(v; —z,v; —x) 2> (v; — x,v5 —x) Vi,j}. Samem

(27) Vol(F) = nlVol(A),

U ecAl euinosHAemca pasencmeo, mo F zamowaem R™.

Teopema 2 yTBepKIaeT, ITO CYIIECTBYET HEKOTOPasi OKPECTHOCTDL PEIeHMUsI,
Takasi 9YTO aJroOpuTM 1 CXOIUTCS ¢ HEKOTOPOI CKOpOocThio. OIHAKO OHA HUYIErO He
TOBOPHUT O pasMepax 3Toil okpecTHOCTH. Clleyomiue IBe TeopeMbl Jal0T HEKOTO-
pyio uHdoOpMaIHio 00 3Tl OKPECTHOCTH.
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Teopema 4. Ilyemv D = max ||v; — v;||. Ecau na mexywet umepayuu Aa-
Z7-7

2opumm 1 naxodumcesa e cocmosnuu t, x, 2de x € F u

7
16v/4 — D2’

t <1, mo ||| < ||z||, ede t', &' — cocmoanue arzopumma na caredyrowet umepa-
yuu.

(28) l|lz]| <

Teopewma 5. Ilyemv d =min|jv; —vj|| u d > 1. Toeda daa cocmosnus t,
(2

)

x, 2de x € int(F), t <1, na caedyrowet umepayuu ||’ < x. Caedosamenvho,
/
' € F.

[TockosbKy 1pu GosibIINX N Bce pebpa CIIydailHOro CUMILIEKCA, BIIMCAHHBIC B
eAUHUYHYIO cdepy, HOYTH HAaBEPHSKA UMEIOT JIHHY Oosiblle 1, IpuBeIeHHAS BbI-
1€ TeopeMa MOYTH HaBepHSKa IPUMeHnMa. B 9Tux ciaydasx gocrarodso ||z|| < 0,5
Ha Ha4YaJbHON MTEpaIUH JJI CXOAUMOCTH aJI'OPHTMa 1.

5. CBg3b 4eOBIIIIEBCKOTO IEHTPA CUMILIEKCA
¥ BO3MYIIIEHHOTO CHMILIEKCA

B npeapraymem pasgeiie OIucaHo IIOBeAeHue aaropuTMa B ciydae, Korna B —
map, a A — CUMILIEKC, cojepzKalluil IIeHTp cBoeil ommcannoil cdepol. Perrenne
TAKOH 3aJa9d OYEBUIHO: HY?KHO IIPOCTO BIIMCATH CUMILICKC B cdepy. IlosTomy
[IOKa YTBEPXKICHNs, IIPUBEIACHHBIC B IPEIBLIYIIEM pas3jelie, Ha IpaKTuKe Gecrio-
nesnbl. ComeprKaTeIbHbIM CIIydasM ABJISIICS Obl aHAJINS3 BO3MYIIECHHON 3aa91 U3
HIpeAbLIYIIero pasiea.

Teopema 2 onuceiBaeT Kiacce MHOXKecTB A, nearp YebbmeBa KOTOPHIX MOXKHO
HAHTH ¢ TOMOMIBIO aIropuT™Ma 1. DTH MHOXKECTBA ONUCHIBAIOTCS KAK «BO3MYIIEH-
Hple cuMmintekcel»: A = conv((vi + C1) U ... U (Upq1 + Cpy1)), TO€ v — TOUKH,
Cj SBJIAIOTCH T-CHJIBHO BBIIYKJIBIMUA MHOXKECTBaMH, a f rapaHTHPOBAHHO HMeeT
n + 1 myneit. THTYyUTUBHO MOXKHO HAJIEATLCS, 9TO MOBEACHUE aJropurMa 1 mid
«BO3MYIICHHOTO» CHMILICKCA HE JOJIZKHO CHJIBHO OTJIMYATHLCA OT €ro IOBEICHHS
JUIST CUMILIEKCA, M3YYEHHOrO B HpeaplayineM pasaene. OOCyIuM 3TO B JTaHHOM
paszee.

IIycre B — map Ha HOpOTs?KEHUU 3TOrO pasiea. B Teopeme 2 MOXKHO cle-
nare Cj C B, (0) ¢ momornpio capura, mockoubKy C)j r-CHIIBHO BBIIYKJIO, & 3HAMAT,
comepxKuTCA B 1mape paguyca 7. CdhopmyaupyeM TeopeMmy o MHOXKecTBe I, ompe-
JIEJICHHOM B IPEABIIYIIeM paselie.

Teopema 6. ITycmv B = B1(0), A = conv((v1 + C1) U...U (vp11 + Cnt1)),
Cj - r-cumvno ewnyravie mnoocecmsa, kak 6 meopeme 2. Ilyemov Cj C By (0).
F — amo wmmoorcecmso x € R™ maxux, wmo fi.(p) = (x,p) — ha(p) umeem n+1

MURUMYMOS Ha edunuunoll cepe. [Tycmo A — cumnaexc ¢ eepuunamu vy,
A = conv(vi,...,Vn41). Hycmo F' — mmooicecmeo x € R™, maxux wmo fi »(p) =
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= (z,p) — hz(p) umeem n + 1 munumymos na edurunnot chepe. Tozda

(29) F+ B,,4(0) D F,
2de d = min ||v; — vjl|.
i#]
Bameuanne. CrpabeyInBo HECKOJIBKO Gojiee CHIILHOE yTBep K IeHHe:
(30) F+ B.(0) D F,
rie

n}ax H}g%)fl(hci (p) — th (p)
(31) e= T <

a0~

Hamnpuwmep, ecimu Bee muoxkectsa Cj ogunaxosel, To F'D F'.

6. 3ak/arouenue

Pacemarpusaercss 3amada  onrummsaruu (1), IIpenjoxken, peanmszoBan u
0OCy>KJIeH aJropuTM 1, pemaronmii 3a1ady /Jig KOHKPETHOI'O KJIacca MHO-
kectB A, B. AjaropuTM BBINOJIHSIET HECKOJIBKO mrTepanmii. Ha kaxkmoit mrepa-
MM OH MINET MUHUMYMBIL «3a30pa» MexKIy A u x + tB, ucno/b3ys rpaJliedTHbI
ciyck. Ha nmpakTuke aaropurs™ cXoauTcst 09eHb ObICTpO gazke st 100-MepHbIX 3a-
a4, IeMOHCTPUPYsI KBaIPATUIHYIO CKOPOCTb cxoquMocTh. OIHAKO, YTOOBI rapaH-
THUPOBATh HAJUYNE CXOAMMOCTH, HEOOXOIMMO HAJOXKUTDH JIOIOJHUTE/JIbHbIE Orpa-
HuueHust Ha A u B. BbLI0 TeopeTuieckn UCC/IeI0BAHO MTOBEIEHNE aJlOPUTMA, JJIsI
3aj1a9 BHUJA <«CHUMILIEKC B Imapes. VccienoBaHbl CBOMCTBA MHOXKECTBa F TaKmx
HavYaIbHBIX YCJIOBHA, 9TO CYMECTBYET N + 1 MUHUMYMOB f; ;, U, TAKAM 00pa3oM,
ajropuT™M 1 MoxkeT J1oiiTu 110 ciemytorneii ureparuu. Jlasee ObLIO TOKA3AHO, 9TO
€CJI HEMHOT'O BO3MYTUTB CUMILIEKC, TO F' TOXKe m3MeHuTCst HecuibHO (Teopema 6).
OcCHOBHBIE TeOpeTHIecKasl Pe3yJIbTaThl: TeopeMa 1 0 CKOPOCTH CXOMUMOCTH aJjIro-
pHUTMa; TeopeMa 2, OIMUCHIBAOIIAS KJIACC 38/1a9, K KOTOPBIM IIPUMEHUM aJITOPUTM;
TeopeMa 3, orpaHmvuBaonias o0beM F' 1 Jaroras CUMIATHIHBIN (DAKT O 3aMOIIe-
nun R"; Teopembl 4, 5, OMUCHIBAIOIINE TaKue HadaJbHbIE YCJIOBHS, IPU KOTOPBIX
CXOUMOCTD ajroputrMa 1 rapaHTHpoBaHa; TeopeMma 6, KOTOpasi yCTaHABINBACT
CBsI3b MeXKJIy MHOxKecTBOoM F', Korma A — cuMinutekc u korga A — BOSMYIIEHHBII
CUMILIIEKC.

ITPUJIO?KEHUE

JlokaszarenbcrBo demmbl 2. Pyuxiun (z,p) u thp(p) muddepenmupye-
MmblL. JloctaTogHO JOKa3aTh, 9TO hy auddepeHnupyeMa B MUHUMYMaX fi ;.

ITycrs pg Oymer MuHEMYMOM fi.; ha — BBIIyKIasd dyHKIMdA, nMelomas cyo-
muddepentman Ohy. [Tocrponm nokasarenberso oT npotusHOro. Ilycrs Oha(pg)
nMeeT Gojiee OJTHOTO DJIEMEHTA.
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s moboro € > 0 cymecrByer 0 Takoil, uro jyist jaoboro p € Bs(po) BbIIOI-
HAETCs CIEIyIolIee HEPaBEeHCTBO:

(IL1) lo(p) — (o) — (9,2 — po)| < €llp — poll-

st Beex y € Oha(po)

(IL.2) ha(p) = ha(po) + (¥, — po),
(IL.3) —ha(p) +ha(po) = (—y,p — po)-

Ypasuenus (I1.1) u (I1.3) mator

(IL4)  ¢(p) — ¢(po) — ha(p) + ha(po) < llp — poll + (9,2 — po) — (¥, p — Po)s
(IL5) f(p) — f(po) <ellp — poll + (9 — y,» — po).

[Mockombky B Oha(pog) GoJbIle OXHOTO 3JIE€MEHTa, CYIIECTBYET TaKoil y €
€ Oha(po), uro y # g. Torna npu p — po = opi=4;

(IL.6) f(p) — f(po) < ed —dllg —yl,

9TO MEHbIIE HYJIA JAJId JOCTATOIHO MaJIbIX £. S4Ve) IpOTUBOPEIUT TOMY, YITO f
nMeeT MUHUMYM B Do .

JlokazarenbcTBo Teopembl 1. JloctaTtouno paceMorpers ciydait 20 = 0,
[TOCKOJIBKY JIPYTHE CIydar MOXKHO CBECTH K 9TOMY IOAXOISAIINM CABUIOM. Bymem
canTark, uto 2 = 0. Ias p u3 HekoTOpOit oKpectHOCTH U (pg) CIIPABEJJIUBLI CJIe-
JIyIOLINE HePaBEHCTBA!

(H.?) {ft,x(p) = (x,p) +thB(p) — hA(p) (m,p) + (t—to)hB(p) +,qu—p0H2,

(z,p)+ (t—1")hp(p) + M|lp—p°||°.

NV

fta(p) = (x,p) +thp(p) —ha(p)

ITycrs p' — munnMyM fi, B U(p?). Cuauasia onennm ||p’ — p?”.

(fi2(0) = (2,0) + thu(p)) — ha(p)) >
> (z,p') + (t — tOhp() + plp’ — p°)1%,

(IL.8) _
fra®) < min {(z,p) + (t —t°)hp(p) + M|p — p°|I} <
peU(®Y)
< (,p)) + (t = 1) hp(p)).
Torna

(IL9)  (x,p) + (t =t s () + plp’ = °I? < fra(®)) < (z,p9) + (t— ") hp(p)),
(I1.10) (z,p') + (t = tOhs(@) + plp’ — P°11? < (2,0)) + (t — t°)hp(p)).
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OTKyIa moydaem
(TL.11) plp" = p°11° < (2,0 = p) + (¢ = ) (hp(p)) — k().

Ucnonb3ys nepasenctso Kommu-ByHsakoBckoro u onpeneienne rpajuenTa Omop-
Ho#t bYHKINU, [TOJTYIUM

(IL.12) plp =117 < (2,0 —p') + (t =) (hp(P}) — ha(p')) <
(IL.13) < lzlllp" = piIl + 1t = [[Vhs @D = p)II(1 + o(1)).
Torna

(IL.14) Ip" = pY|l < Const(|lx]| + |t —°])

JIJIst HEKOTOPOit KoHCTaHThl Const, He 3aBUCINEl OT © U t B HEKOTOPOIl OKPEeCT-

noctn (tY, 2°). Tereps ecth onenka morpermmocTn ||p’ — ng.

JI1s1 cocTosiHUST anropuTMa Ha cierylomeit urepamun t', '/,

(I1.15) (', p) + t'hp(P) —ha(pf) =0Vj e {1,...,n+1},
(I1.16) (@', p}) + (¢ = t)hp(0)) = ha(p)) — t*hp ().

D10 cucreMa JMHEHHBIX ypapHenuii orHocuTensno x’ u ' — ¢, ITockoabKy mpu
JIO60M (PUKCUPOBAHHOM j TIpaBasi 4aCcTh ypaBHEHUs paBHa h A(p;-) — tOhB(p;-) =
=—f (p;-), TO HOpPMa I[IPaBOil CTOPOHBI BO BCEH CHUCTEME HE IPEBOCXOIUT
Vi +IM||p] —p?HO‘ < Const(||z|| + [t — t°|)*. Marpuia sToii cucTeMBI He BbI-
poxkgena, ecin 0 € conv({p),...,p},;1}), 9T0 crpaBesmBoO, eciu t U & JOCTa-
touno 6muskn 1o 10, 20, Ofparnas MaTpuIa MMeeT OrpaHHUEHHYIO HOPMY s
(P, - -+ P)yq) U3 HEKOTOPOI OKPECTHOCTH ?,...,p° +1) - Takum obpasom, crpa-
BEJIJINBA ONEHKA

(IL.17) It =2y —af,.. a2l —ap) T < Const(|l]| + |t — °)* <

(T1.18) < Const|(t — %,z — 29, ...z, — 22)T|°,

UTO 3aBEPIIAET JOKA3ATETBCTBO.
JokazareabcTBo TeopeMpl 2. JIOCTATOIHO JOKA3aTh yTBEPIKICHHE JIIs]
20=0,t"=1.
1. Bamerum, uro (ANIB) C U(v; + C).
j

HeitcrBurensio, 1o Teopeme Kapareomopu A siBiisiercss 0ObeIMHEHUEM CUM-
IJIEKCOB C BEpITMHAMH U3 MHOKecTB vj + Cj. CUMIUIEKC, ABAIONIIACS TO/-
MHOXKECTBOM IIapa, MOXKET II€PECeKaTh IPAHUILY IIapa TOJILKO II0 CBOUM Bep-
mmHaM. Mrak, kaxxnada Touka u3 A N JB npunamae:kut v; + C; 11 HEKOTO-
poro j.
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2. Jna kaxkgoro j muoxectso (v; 4+ Cj) N OB comepKut He Gojiee OIHOTO 3ile-
MEHTA.
JlokazkeM OT MPOTUBHOIO, T.€. €CJIH JJIi HEKOTOPOTO j CYIIECTBYIOT PA3/INIHbBIE
a,b e (v;+ C;) NOB. Ilycrs M — r-cunbHO BhIyK/Iast obosouka {a,b}: M =
= strconv,({a,b}). IlockombKy MHOKecTBa vj + Cj CHIIBHO BBIIYKJIBIE,

(H.lg) MCUj+Cj.

ITockomnbky a,b € 0B = 0B1(0) ur < 1,

(11.20) M N (R™\ B) # 0.
Torma
(IL.21) (vj +Cj) N (R"\ B) # 0,

9TO HpOTHBOpPednT ToMy, urto (vj + Cj) C B.

3. Jns xazzoro j muoxkectso (v; + Cj) N OB comepKUT POBHO OIHUH JIEMEHT.
ITo penprmymenmy nynkTy vj + C; mepecekaer 0B ne 6osee weM B 01HOI TOUKe.
ITo ycsoBuio TeopeMbl f umeeT He MeHee n -+ 1 myseii, Torna A N 0B umeer e
menee n + 1 anementos. Urak, (v1 +C1)U. ..U (vy41 + Cry1) nepecekaer 0B
Kak MHHUMYM 110 1 + 1 Toukam. Takmm obpazoM, Kaxgoe MHOXKecTBO v + O
nepecekaer 0B.

4. B HEKOTOPOIi OKPECTHOCTH KasKJI0T0 CBOEIO HyJId f UMeeT KBaAPATUIHYIO BEPX-
HIOIO OIIEHKY.
Hycrs pY, . .. ,pg_ﬂ —wuymu f. st cuvmsiexca S = conv({pY, . .. ,ng_l}) " TOY-
KU P U3 HEKOTOPOil OKPECTHOCTH p(])- cripaBeiyInBO paBeHCTBO: hg(p) = (p, p?-) =
=1-1 Hp—p?Hz. [Mockombky S C A, ha(p) = hs(p), 9T0 1aeT HCKOMYIO OIEHKY
1—ha(p) <1—hs(p) = 3llp — P21

5. B HEKOTOPOiT OKPECTHOCTH KazKJI0r0 CBOEro HyJIs [ MMeeT KBaJpaTUIHYIO OIeH-
Ky CHU3Y.
v; + C; C B ((1 — T)p?), crenosarensio, A D conv (B, ((1 — r)p)u ...
L UB (L =7)p%.1)) = Br(0) + (1 — r)conv({pY, ..., p% 1}). Bcm A — 1o
CyMMa CHMILIEKCA M Iapa, TO MCKOMasl OleHKa ClpaBeyinBa. lorja u s
JaHHOro A 9Ta OleHKa CIpaBe/InBa.

Taxmm 06pa3oM, TOKA3aHO, 9TO BCE YCJIOBHUS TEOPEMBI | BBITIOIHEHDI, IPUIEM (@ =
= 2. Torza B 9T0i1 3a/1at€ MIPUCYTCTBYET KBAIPATUIHAS CXOIUMOCTD aJiroput™ma 1.

,HOKaSaTeJIbCTBO TE€OpeMbl 3. OHpe,HEJII/IM peIIeTKYy A, IIOPO2KACHHY IO
Vi — Un+1, 1<i<n:

(I1.22) A={c1(v1 —vpy1) + .- 4 cn(vn — vpa1)|c € Z}.

O6bem sreMeHTapHOIT staeiikn 9Toit permerku pasen n!Vol(A).
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Pacemorpum guarpavmy Boponoro st A. Ilyers C — siueiika gmarpaMMbl
Bopomnoro, comepxkalias HyJb.

(11.23) - { € R"|(z,y) < §<y,y>vyeA\{0}}.

MOoKHO 3aMEeTUTh, ITO

1
(T1.24) F = {az € R"|(z,v; —vj) < 5(% — v}, 0 — Vj) Vi,j} .

ITockommbKy v; — v; € A, HaOOp JIMHEHHBIX OrpaHMYeHuil, onpejaesionux F, -
JISIETCST TTOIMHOYKECTBOM MHOXKECTBA JTMHEHHBIX orpanundennii, onpemessonux C.
Torma C C F, n

(I1.25) Vol(F) = nlVol(A)

cJIeIyeT HeMeIJICEHHO.

Ecmu Vol(F) = Vol(C) = nlVol(A), To F' = C u F 3amomaer R", HOCKOJIBKY
C zamomaer R"™.

lokazarenbcTBO TeopeMBbI 6.

1. Ecmm a1 KazKaoro j cymecTByeT Takoil pj € S™=1 aro s moboro i #£3j

(I1.26) he; (pj) + (v, pi) = hey (py) + (Vi pj),

To x € F. JleiicTBUTEIbHO, KazKIOMy MUHEMYMY ft 5 (p) coorBercTByer cBoit C)
(cM. J10Ka3aTeIbCTBO TeopeMbl 2, pasdzen 3), u s Toro, 4robbl Cj mmern
CBABAHHBIN ¢ HUM MIHIMYM, JOCTATOTHO BBIIOTHEHHUS (,D;) — hy;1+0;(P)) <
< (x,p5) — hvj+c,; () Ans mHekoToporo pj, 4ro sKBuBasenTHO (I1.26).

2. PaccMoTpuM npeblayImil My KT JUId pj = ﬁ Torna ecu st Kaxka0ro j
J
u J106oro i # j
(T1.27) he; (vj — ) + (vj,v; — x) = he,(v; — x) + (vi,v; — ),
Torga x € F.
3.
(HQS) 0< th (p) <

nockoibky Cj C B,(0). 9o naer ciemyroriee.
4. Ecmm Jyist KayKAbIX § U 1 # j

(I1.29) (vj,v; — ) = (vi,v; — ) + 1,

To x € F.
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5.

CpaBuum:

(11.30) {z e R" | (v; —vj,x) — (v; —vj,v5) =
(I1.31) {x e R" | (v; —vj,2) — (vi —vj,v5) =20} = F.

Ecmm x € F TO T + 7“”: ”2 € F. Torna

(I1.32) F+ B,4(0) D F,

9TO U TPebOBAJIOCH.
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O TPAHTYHOM 3HAYEHUMN 3AITA3ABIBAHNA I ACUMIITOTUKE
HEIIPEPBIBHOT'O ITPOTOKOJIA KOHCEHCYCA IIEPBOI'O IIOPAAKA

Nsyaaercs 3amada coriacoBannsi XapaKTEPUCTUK B MHOTOAT€HTHON CHCTe-
Me ¢ mHPOPMAIMOHHBIMU BJIUSHUSIMA. B 9acTHOCTH, M3ydeHA MOIE/h MHO-
TOAreHTHO! CHUCTEMBI, B KOTOPOil MHMOPMAIIU MEXKIY areHTaMH eperaeT-
Csl C TMIOCTOSIHHBIM JIJIs BCEX areHTOB 3ara3ipiBanneM. C IOMOIIBIO KPUTEPHUsT
HaiikBucra, npumenerroro IIBIIKUHBIM JJIsI CHCTEM C 3ala3/IbIBAHUEM, I10-
JiydeHa opMysia JJIs FPAHMYHOIO 3HAUEHUsI 3ala3/[bIBAaHUS, BXOISAIIEr0 KaK
napamMerp B cucreMy JuddepeHnuaabHbIX YPaBHEHNN ¢ HECUMMETPUYHOI 110-
CTOSIHHOM JTartacoBckoit marpurieit. Halifeno ycioBue, mpu KOTOPOM YCTOM-
YUBOCTH CHUCTEMBI HE 3aBHCHT OT 3ala3jbiBanud. [losydyeHHble pe3ysbTaTh
0000TIIAIOT HEKOTOPBIE PaHee MOy IeHHbIE PE3YIbTATHI U MOTYT OBIThH ITPUMe-
HEHBI IIPU aHAJN3€ COIVIACOBAHUS XapPAaKTEPUCTUK B MHOI'OAI€HTHOU CHUCTEME
CO CJIOZKHBIM IIPOTOKOJIOM.

Karuesvie caosa: MHOTOAr€HTHAS CHCTEMAa, KOHCEHCYC, COOCTBEHHBII IPOEK-
TOD, JIAIIACOBCKAsi MATPUIIA, Oprpad CB#A3€il, yIpaBjeHNe C 3ala3/IbIBAHUEM,
mero;t Llpimkuna.

DOI: 10.31857,/S0005231024060068, EDN: XXBDLA

1. BBenenue

Hauunast ¢ 40-X TOJIOB IPONLIOrO BeKa MOSBUJIOCH MHOXKECTBO IIyOJIMKAIA 1
KJTACCMIECKUX PE3YJILTATOB 10 YCTOWIMBOCTU KBA3ZUIIOJIUHOMOB, (DYHKINOHAIb-
Ho-ud depeHmaabHbIM  ypaBHeHustM, JuddepeHnuaabHbIM YPABHEHHAM ¢ OT-
KJIOHSIIOIIMCsI apryMeHTOM U T.II. (cM., Hanpumep, [1-6]). Cucrembr ¢ 3amaspl-
BaHUEM — TaKzKe XOPOINO M3YYEeHHBIH pas3jiesl TEOPUU ABTOMATUIECKUX CHCTEM
(cm., nanpumep, [7-13]).

[Tpobiema 3anasjplBaHnst B MHOTOANEHTHBIX CHUCTEMax ¢ UHMOPMAIMOHHDI-
MU BJIMSHHUSIMU U3yUY€HA PsJIOM aBTOPOB B PabOTax 110 KOHCEHCYCy (CM. HAlpu-
mep, [14-20]). Bo Bropoii yactu kuuru [14| npusejgen 0630p HEKOTOPBIX ITyOJIHI-
Kanuii 110 3ala3/JbIBaHuI0 B JUCKPETHBIX CHCTEMAX, CUHXPOHU3AIMH B CETAX C
3aa3/IbIBAIOIINMUI CBSI3sIME, TIPUOIUKEHHOMY KOHCEHCYCY B CETSIX C 3a/leprKKaMu
B M3MEPEHUsX U JIp.

B nmammoit ctaTbe mcciaeyercs: IpOTOKOJ COTJIACOBAHNSA XapaKTEPUCTUK B MHO-
roarenTHbix cucremax (MAC) ¢ Bpemennoii 3azepxkkoii. IIpemonaraercs, 4aro
areHThbl TTOJTYyYaloOT JIAHHBIE O COCTOSTHUSIX CBOUX COCEJIEH C 3ama3/IbIBAHNEM, a TaK-
JKe TI0 TOH 7K€ TOIIOJIOTHH YCPETHSIOT CBOU JIAHHDbIEe Oe3 3ala3 IbIBaHns JJIsi COTJIa-
COBaHUSA XapaKTepUCTHUK. [IJisi TAaKOro IMPOTOKOJA PEIIaeTCs 3a/1a4a 3aBUCUMOCTH
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IPAaHUYHOTO 3HAYEHHUsA 3alla3[bIBaHUdA OT CIEKTPa JAIIacoBCKOH MaTpuubl. Ilo-
cTaB/IcHHas 3allada aKTyaJlbHa He TOJIbKO IJId MOJesiedl MHOIOAr€HTHBIX CHCTEM
C JIAIJIACOBCKOI MAaTpuIlell, HO W JIJI CUCTEM C HPOU3BOJILHON KBaJApPaTHON MaT-
puteil. Ecau gy1a cuMMeTpHYHOM MaTpUIBl PelleHue JaHHOH 3aJadu CBOLUTCA K
PEIICHNIO CKAJISIPHOIO yPaBHEHUs C JefCTBUTEIbHBIMU KOdbdUInenTaMu, KoTo-
pas JOCTaTOYHO XOPOIIO U3ydeHa, TO JJId IPOM3BOJILHON KBaJAPAaTHON MaTPHIIBI
aHAJIOIMYHOE CKAJISIPHOE yPaBHEHUE C KOMILIEKCHBIMU Kodddumnuenramu He Obl-
J0 uccaenosano. VccienoBanme Takike IpesCcTaBgeT TEOPETUYECKHUT MHTEpeC:
HOJIyY€HHBIE PE3YJIbTAThI MOT'YT ObITH HCIOIB30BAHbL JIJIs AHAJIIM3a CUCTEM C MHO-
YKECTBEHHBIMI BX00M 1 Bhrxogom (MIMO-cucrembr).!

MAC ¢ undgopMaIrmoHHBIMI BO3JACHCTBUAMN 3aHIMAIOT TEHTPATLHOE MECTO
cpenmn Bcex MAC, BeTpevaromuxcss B Pa3IMIHBIX IIPEIMETHBIX 001acTaAX (CM.,
Hanpumep, [21-26]). OcobeHHOCTh TAKUX CUCTEM COCTOMT B TOM, YTO CHCTEMa C
nH(MOPMAIMOHHBIMU BO3IEHCTBUSAMHU, KAK OOBIYHO, IIPEJICTABIIAETCH B BUJI€ OPUEH-
THPOBAHHOTO rpada, BEPIIUHBI KOTOPOI'O COOTBETCTBYIOT areHTaM, a JIyT'd — BO3-
JefCTBUSAM arenToB IApyT Ha Jpyra. [Ipm nmpuMmeneHnn HempepLIBHOTO ITPOTOKOJIA
crpouTcst MaTpuia Jlammaca, n cucreMa OMMCHIBAETCS crucTeMoil anddepeHmaib-
HBIX ypaBHEHUI ¢ OCTpoeHHoi MaTpurieil Jlamaaca.

Crarbst ©MeeT CJIeIYIONIyI0 CTPYKTYpy. B pasiese 2 npuBeieHbl OCHOBHBIE T10-
HATHSA U OIIPEJIeSIEHUS, UCIIOJIH30BaHHbIE B PabOTe, M3JI0KEHBI HEKOTOPbIE N3BECT-
Hble pe3yJIbTaThl 110 TPAHUYHBIM 3HAUEHUSAM BPEMEHHOI 3a/IepKKHU U NPUBE/ICHBI
BCIIOMOTaTe/IbHbIE U paHee JIoKa3aHHble yTBep:k/JeHusd. B paziese 3 npusejieHb
IVIABHBIE PE3YJIHTATHI HACTOSAIIENH PAOOTHI U UX CJIEJCTBUS.

2. Heoﬁxo,zmeIe IOHATNA M BCIIOMOraTeJ/JIbHbI€ Pe3YyJ/IbTaTbl

Pacemorpum MHOrOAreHTHYyI0 cucreMy ¢ MHOKecTBOM areHToB V = {1,... ,n}.
Takyo cucreMy MOXKHO TIpejicTaBUTh B Buje oprpada cesseit I' = (V) E), rue
E CV xV — muoxkectBo ayr. B arux 0003HAYEHUSIX MHOXKECTBO areHTOB — 3TO
mHOKecTBO BepimHa oprpada ['. Ilpemmonaraercs, 9To ecim areHT j BIUSET Ha
areHTa i ¢ BeCOM @jj, TO CyIECTBYeT Jyra M3 BePHIMHBLI j B BEPIIMHY i C BECOM
a;j. Marpuny A = (a;j) Ha30BeM KOMMYHUKAIHOHHON Marpureil (uam maTpurei
BJIHSTHIIY ).

Onpenemenwne 1. L — mampuua Jlansraca, coomeememeyrowas opepagdy T,
onpedeasemca cAedyrouwum oobpasom: ora i # j lij = —a;j, Ly = Zk# ik -

ITo ompemenenmnio marpune! Jlamnaca L1, = 0,, tme 1, u 0,, — BEKTOpBI pas-
MEPHOCTH 7, COCTOSIIIINE U3 €IUHUI] U HYJIEHl COOTBETCTBEHHO. DTO 0O3HadaeT, 910 ()
SIBJIsIETCsI COOCTBEHHBIM 3HaueHneM L. JIerko ycTaHoBUTH (HAIPUMED, € IOMOIIBIO
TeopeMbl [epriropuna), 4To KaxKJ0oe HeHyJeBoe cOOCTBEeHHOe 3HaveHue L mmeer
[TOJIOXKUTEIbHY IO JIEICTBUTEIHHYIO YaCTh.

! HexoTopble M3/I03KeHHBIC B HACTOSINEH CTATHE PE3yILTATH 0€3 JOKA3ATEILCTE U BKPATIE
npejcrasienbl B pabore koudepennuu RusAutoCon-2023.
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Onpegenenune 2. Undexc v xeadpamnoti mampuys, A — smo nopadox nau-
boavwezo sHcopdanosa bAoka ¢ HYaesoT JUAZOHAADIO 8 HCOPAGHOBOT POopME MaAM-

puupt A uau munumaavhoe wucao v, ydosaemeoparouee pasencmey rank(AY) =
= rank(AVT1).

Onpexenenne 3. Cobcmeenmvim npoexmopom (cm, nanpumep, [27]) xead-
pamnoti mampuuv, A nazwearom udemnomenmmyro mampuuy AT,y xomo-
poti R(AT) =N(AY) u N(A") =R(AY), 20e v — wumdexc mampuuv, A,
R(X)={y:y= Xz} - obnacmo snauernuis mampuyw, X, N(X) = {z : Xz =
=0} — nyav-npocmpancmso (adpo) mampuyv, X .

Onmpexenenne 4. Bydem 206opumsv, wmo MAC ¢ sanazdviearnuem u 3adam-
HObLM NPOTIOKOAOM YCMOTMUBA, ECAU CYUECMEYEM KoHeuHvll npeden 6exmopa Ta-
DAKMEPUCTNUK A2EHTNOG.

Onmpexenenne 5. Bydem 206opumsv, wmo MAC ¢ sanazdviearuem u 3adam-
HOBLM NPOTNOKOAOM CTOOUMCA, ECAU KOHCEHCYe docnuzaemca s 1106020 eexmopa
HAMANBHBLT SHAMEHUT UAU eCAU Npeden 6EKMOPa TAPAKMEPUCTIUK A2EHM0E MOIHC-
no npedcmasums 6 eude cl,, 2de c € R — snauenue xoncencyca.

B nmammoii crarbe paccMOTPHUM IIPOTOKOJI KOHCEHCYCa B MHOTOAT€HTHBIX CUCTE-
Max B BUJIE

(1) #(t) = —aLx(t) — bLx(t — 7),

rmea>=0,b>0,a#b.

[Tporokout (1) siBsIeTCS YACTHBIM CJIy9YaeM CHCTEMbI C 3alla3/IbIBAHUEM:
(2) a;(t) = Alx(t) + Agx(t — T),

JIJIsE KOTOPO#i 4acToO U3y4daloTesl JBe 3aa4u: 1) IPU KAKOM YCJIOBUH YCTONIMBOCTD
CHCTEMBI HE 3aBUCAT OT 3alla3/IbIBAHNS; 2) €CJIU YCTONINBOCTD 3aBUCUT OT 3aIa3-
JbIBaHUs, TO HAITU I'PaHUYHOE 3HAYCHUE 3alla3/(bIBaHusl.

[Tycrs I — equHnvHasi Marpuria. XapakrepucTuieckas (QyHKIUs cucTeMbl (2)
OTIPEJIEJISIETCST CJIETY FOIITIM 0DOpa30M:

(3) f(s) =det(sI — Ay — Age™"7T).

UsgecrHo, uro dyukiwms f(s) nenas (aHagurudeckas BO BCell KOMIUIEKCHOI
IJIOCKOCTHU) ¥ BCE €€ HYJIN HA KOMILIEKCHOM [IJIOCKOCTH PACIIOJIOXKEHBI CJIELY FOIIUM
00pa3oM: CyIIeCTBYeT JeHCTBUTEIBHOE YHUCIIO 7) TAKOE, YTO HET HyJIel s, I KOTO-
pbix Re (s) > 1, u TosbKo 1i1st KOHewHOrO uncia Hyseil oinosasercsa 0 < Re (s) <
< 1. Cucrema (2) usyvasach MHOrUME aBropamu (cM., Hanpumep, [1, 5, 6, 9-12]
u 6ubsmorpaduio B [9]). Jocrarounoe ycsioBue ycroiuupocTu cucreMsl (2) B 3a-
BUCUMOCTH OT TPAHUYHOIO 3Ha4YeHHs T JaHo B [9] ¢ uCIoab30BaHNeM JIMHEHHOTO
MaTPUYHOIO HEPABEHCTBa M MeToja JIamyHoBa. 3aBUCUMOCTD yCTONYINBOCTH OT T
4yepe3 0600IeHHbIe coOCTBeHHbIe 3HaueHnss A1 u Ay uccaenosana B [12]. Hezasu-
CHMOCTH yCTONUMBOCTH CHCTEMbI OT BEJTMUUHDI 3al1a3/IbIBAHNS TOCBSIICHO HEMAJIO
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pa6or. Hanpumep, B [12| nokazano, uro ecam marpunst Ay u A+ Ag B cucreme (2)
YCTOWYUBLI U BBIIOIHACTCS YCJIOBUE

(4) p((iwl — Ay)71Ag) < 1, Yw > 0,

TO cucreMa (2) ycroitunsa.

B [10] uccienoBano BinsiHEe apaMeTpa 3ala3/bIBAHUs HA YCTOHYMBOCTD JIU-
HEMHBIX JUHAMUYECKUX CHUCTEM C 3amasjgbiBanueM. JIis 9To# 1em aBTophI IIpel-
JIO?KWJIA YaCTOTHBII METO/[I aHAJIA3A.

B [11] upuBesenbl cBoiicTBa CIEKTpa KBa3UIOJUHOMA (2) U HM3yveHa CBs3b
MEXKIY MaKCHMAaJIbHO JIOIMYCTHMOI KPaTHOCTHIO COOCTBEHHBIX 3HAYEHUN U CIEK-
TpaJabHON abCImccoit — HAMOOBINER AeHCTBUTENIHLHONR YACTHIO CIEKTPA MAaTPHUIIBI
JUHAMUYECKONH CUCTEMBL.

J11st MHOTOAr€HTHOMW CUCTEMBI ¢ NH(MOPMAIMOHHBIMEA BIAUSHUAMEI 3aBUCUMOCTH
TPAHUYHOIO 3HAYEHUS 3alla3/bIBaHUs OT CIEKTpa MaTpuIlbl Jlariaca mpejcTas-
JisteT OOJIBITION MHTEpeC U SIBJISIETCsSI HETPUBHAJIbHON 3a1aueil. OHAKO IIPOTOKOITY
KOHCEHCYCa C BPEMEHHOM 3a/IepKKOil IIOCBAIIEHO CPABHUTEJIHLHO HEMHOIO paboT.
Tem He MeHee, KaK ObLIIO OTMEUYEHO BBIIlIe, HECKOJIBKO pa3/iesoB KHUrH [14] mocssi-
IIIEHBI OT/IE/IBHBIM acleKTaM MPoOJIeM CEeTEBOTO YIIPABICHUS C 3alla3/IbIBAHUEM.

B [23] BriepBbIe 6611 paccMOTpeH cieyomuil 6a30BbIil IPOTOKOJI ¢ BPEMEHHOTH
3a1eP2KKON JIJIsT CUMMETPUYHOTO CJIydas:

(5) Bi(t) = =Y ag(wi(t —7) — a(t — 7)),

JEN;

rae N; — MHOXKECTBO areHTOB j, KOTOPBIC BIIUAIOT HA AreHTa i ¢ BECOM Gjj.

VYesioBue KOHCEHCYyca Jjisi TAKOTO MPOTOKOJIa (¢ CUMMETPHYHBIM TpadoM) CBO-
JUATCA K CKAJIAPHOMY CJIy4dalO0 U HEOQHOKPATHO BBLIBOAUIOChL PaA3HBbIMU aBTOPAMMU.
Hanpuwmep, u3 [1] aror pesysbrar MOXKHO HOJIyYUTh KaK YaCTHBIA cirydail. Yeso-
Bue ycroitunsoctu (5) HaliJIeHO TakKe Jisl IPOU3BOJILHON YCTONYUBON MaTPUITBI
B [28].

Hpyroii, He MeHee peaJMCTUUHBII IPOTOKOJ 06Cy K ascs B [29]:
(6) i(t) = = > aij(wi(t) — w(t — 7)),
JEN;
WM B MaTPUIHOI (popme

(7) z(t) = —plx(t) + Ax(t — 1),

rJe /i — CyMMa 9JIEMEHTOB CTPOK MaTpuibl A, KOTopas CUNTAeTCs OJMHAKOBOI
JUIst BCEX CTPOK MaTpuibl A.

UssecrHo, uro ycroituusocTs (5) 3aBucur or L, Te. cucrema (5) ycroiivumsa,
€CcJIM T He IPEBBIAeT HEKOTOPOrO IPAHMYHOrO 3HAYCHHS, 3aBHUCSIIETO OT CIICK-
tpa L. Kpowme Toro, ecim B cucreme (5) KOHCEHCYC JIOCTHIAETCsI, TO €r0 3HAUCHUE
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He 3aBucut oT 7. OxHako cucrema (6) ycroitunmsa mpu JIFOGOM T, HO €CJIH TAKXKe
JIOCTUTAETCsl KOHCEHCYC, TO €r0 3HAUEHHE MOXKET 3aBHCETh OT T (CM. Teopemy 2

B [29]).
Manee pacemorpum mpotokost (1). OTveTnm, 9TO 3Ta CHCTEeMa UCCIELYeTCst ¢
LIOMOIIBIO CKAJISIPHOTO YPABHEHMUS

(8) y(t) = —ay(t) — By(t — 7),

e o = al, f = b\, A — coberBenHoe 3Havenue mMarpuisl L. Ypasaenue (8) st
JEHCTBUTENBHBIX Unces o u 3 W3ydajoch MHOTMMU aBTopamu. Hampuwmep, erre
B 1950 r. B [30] GbLIM U3yUEHBI KOPHU TPAHCIEHIEHTHON (DYHKIMU, SIBJISIONIEH-
¢l XapaKTEePUCTUIECKON (PYyHKIHEH CKAISIPHOTO Pa3HOCTHO-Iu(dOEPEHINATBHOTO
ypasuenust. (Takxe cm. [1] u npumep 2.4 B [12]).

Bostee obmuit caydgai

(9) y(t) — eyt —7) = —ay(t) — by(t — 1)
6bw1 u3yueH B [9], re paccMarpuBasach 3a/a4a yCTONUYUBOCTH B 3aBUCHMOCTH OT
JeCTBUTENbHBIX YUCe] a,b U c.

Baeck u3yuaem cucremy (1) ¢ mOMOIIBIO CKajsIpHOrO ypaBHeHus (8), riae « u
(3 — KOMILJIEKCHbBIE YHCJIA.

Bamernm, uro ecau a = 0, To poToko. (1) craHoBUTCS GA30BBIM POTOKOJIOM
KOHCEHCYCa ¢ BPEMEHHOIT 3aj1ep:kKoil (Marpudnasi dpopma (5)):

(10) &(t) = —Lz(t — 7).

11 periennst UCCJIeAyeMbIX TPODIeM TOHAI00ITCS CJIeIYIONIIe N3BECTHRIE Pe-
3yJILTATBI, TECHO CBSI3aHHBIE C TEOPUEH MHOIOAr€HTHBIX CHCTEM.
Vreepxkagenune 1. [31] Jlas moboti aanaacosckots mampuuys L ee underc
(cm. onpedenenue sviwe) pasen edunuye, m.e. ind L =1, u
(11) LL" = L'L = 0pxn.

Canenyromas Teopema Jokasana B [31, Teopema 5.
Teopema 1. L" =limy_,oo (I +tL)~1.

Vreepxkagenne 2. [32] Ecau x(t) — pewenue cucmemos (12)

(12) #(t) = —Lx(t),
(13) tllglo z(t) = L™ x(0).

Vreepxkagenune 3. ITyemv cucmema (10) yemotvusa, a x(t) asasemcs pe-
wenuem (10). Tozda dasn pewernua (10) maxoice umeem mecmo (13). Ecau 0 —
npocmoe cobcmeennoe snauenue mampuys, L, mo npomokoa (10) crodumcs ®
KOHCEHCYCY.

VrBepKaeHne 3 JIErKO JIOKA3bIBAETCH C IIOMOIIBIO TE€OPEMbI O KOHEYHOM 3Ha-
YeHUU, YTBEPXKJIEHUS 2 U TeopeMbl 1.
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3. OcHoBHBIE pe3yJjabTaThbl

Pacemorpum cieyroniue 3amaan st cucrembl (1): 1) npu Kakux 3HAYEHHSIX
a u b cucrema (1) ycroitunBa HE3aBUCUMO OT T; 2) €CJIM yCTONYUBOCTH CUCTEMBI
3aBUCHUT OT T, TO HAWTH I'PDAHUYHOE 3HAYEHWE T; 3) €CJIU JOCTUTAETCsl KOHCEHCYC
JIJTsT JTIOOOTO BEKTOPA HAMATBLHBIX 3HATEHUI, TO 9eMy PABHO 3HATEHUE KOHCEHCYca?

Xapakrepucruueckas (yHkiust cucrembl (1) siBasieTcst TpPAHCIEHIEHTHOI
dyHKIMEH 1 nMeeT B

(14) f(s) =det(sl +aL +be "°L).

Ecmun A\; € o(L) — cobcrBennoe 3HadeHne MaTpuipl L, To f(s) MOXKHO Hpe-
CTaBHUTDb KaK

Fs) =T £ () = T](s+ar; +bre7™).
j=1 i=1

Hyers fi, (s) — xapakrepucrudeckas (byHKIUS CUCTEMBI JIJIsl CKAJISIPHOTO CJIy-
qasi:

(15) Iy, =Q(s)+ P(s)e”™ =s+aXj+b\je™ =0, j=1,...,n,

rae Q(s) = s+ a)j, P(s) = bA;.
J1st uceneioBanmst yeTOHIMBOCTH KBA3UMHOIOUIEHA BOCIIOIB3YEMCsT METOJIOM
Lpimkuna [7]), ocHoBaHHBIM Ha Kpurepun HaiikBucra Jyist ciydasi ¢ 3ama3iblBa-
mnem?. Jls sroit mesmm xpasmmuorowten Q(s) + P(s)e™"*s mpuMem 3a xapak-
TEPUCTUUIECKYIO (DYHKIIMIO CHCTEMBI € 3allas3/IblBalonieil 0OpaTHON CBS3BIO U €ro
YCTOIMBOCTD OIEHUM 110 aMILUIUTYIHO-(Da30BON XapaKTePUCTHKE COOTBETCTBYIO-
1meil PA3OMKHYTOIl CHCTEMBI € 3aI1a3/IbIBAHUEM.
AmiunryiHo-ha3oByI0 XapaKTepUCTHKY PA30MKHYTON CHCTEMBI ¢ 3alla3/[biBa-
HUEM TIpeJicTaBuM Kak (6osiee moapobHo eM. [7])
P(iw)

. b\ -
(16) Wr(iw) = ———=e '™ = ———L—
Q(iwT) iw + al;

—iTw ﬁ e—irw
iw+ a '

rae o = aq +iag = a)j, = 31 +if2 = bA;. dna npoctorel y « u [ omycTum
HUZKHUIA UHIEKC, KOTOPBIHA yKA3bIBAET Ha j-¢ COOCTBEHHOE 3HAYEHUE MATPHUILI L.

Haiee B paboTe apryMeHT cCOOCTBEHHOIO 3HadeHHUs \; 0003HAYNM depes ¢;, T.c.
osoKuM ¢; = arg(\;). Ilycrs

o Plw) o BitiB  (BitiBe) (o —i(w )
W) = Qiwr) a1 +i(w+az) a2 + (w + az)? B
(17) __BaaAPwtar) onfy—Bi(wta)
a? + (w + ag)? a? + (w+ az)?

= z(w) +iy(w) = Wo(w)ew(“’),

2 Dror METOJ] TECHO CBA3aH C IIPUHIIUIIOM apryMeHTa.
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n
(18) W, (iw) = W (iw)e™ ™ = WO(w)ef®) e=imw,

Ecmu W (iw) = x(w) + iy(w), T0 m0ocsIe HEKOTOPBIX IPeodpa3oBaHmii MOKHO II0-
Ka3aTb, 4TO

(19) (s + )+ (v + gD Y e,

rne R = %, re. dyukus W (s) MHUMYIO 0Cb KOHMDOPMHO O0TOOpazkaer B
OKPY?KHOCTD.
Canenytomiee yreepKenue cieayer u3 (17) u Toxgecrsa (19).
Vreepxkagenune 4. Amnaumyono-dasosas xapaxmepucmura W(iw) sens-
EMCA  OKPYICHOCTADIO MG  KOMNACKCHOT MAOCKOCTIU €  UEHMPOM 6 TOUKE

b . bIm()j) _ bl
<_%’ " 2aRe(}\)) u paduycom R = 2aRe();) ”
3ameTuM, 4To
Prw

20 ___ b
(20) Y a? + (w + az)?

Cornacuo |7] Bbipazkenue (17) HazoBeM aMILIUTYIHO-(DA30BON XapaKTEPUCTU-
KO PA30OMKHYTOU 9K6UBAAECHMHOT CHCTEMBI 0€3 3alla3/IbIBaHusd. YCTONINBOCTD
Pa30MKHYTOM 9KBUBAJEHTHON CHCTEMBI CJICJIYET U3 BhIpakeHusi () = s + a), rje
a > 0, a 7efCTBUTENbHBIC YACTU A TOJOKATEIbHBI. AMIINTYTHO-(Da30BYIO XapaK-
TEPUCTUKY 3aMKHYTOI CHCTEeMBI C 3alla3/bIBaHueM IIPEJICTABUM KaK

W (iw)
1—W-(iw)

B cuny xpurepust HaiikBrucra sKBUBaJIeHTHAS CUCTEMa YCTONYINBA, €CJU TOU-
ka (1,40) sexKuT BHe XapaKTepPUCTUKH, U HeycToliumnBa, ecan Touka (1,40) jsexkur
BHYTpH Hee.

B creyomneM yTBEpKICHUH IPUBEIEHO JOCTATOTHOE YCJIOBHE yCTORINBOCTH
cucremst (1).

Vreepxkagenune 5. Cucmema (1) yemotuusa npu awobom snavenuu T = 0,
ecal

a 1
(21) —>  max ———.
b~ Xjeo(L)\{0} oS @;
3amedanue 1. JJokazaTebCTBO yTBEPKICHUS D TAKYKE MOXKHO TIOJTYy YUTh U3
snamennToro merona llomska 06 ycroamBocTn M POOACTHON YCTONYIUBOCTH OJI-
HOTHUITHOW CUCTEMbI, COCTOSIIEH U3 OJMHAKOBBIX 3BEHBEB U yCUJIUTEJIEH, Omy0,/iu-
A(s)

kosanuoro B [33|. Cornacuo [33|, eciin W (s) = B(s) coOcTBenmast (cremenn A(s)
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Puc. 1

He Gosbiie crenenn B(s)) u He MMeeT NMPaBBIX HOJIOCOB, TO JYIs yCTONYMBOCTH
D(W (s)) Bce kopan D(p) moskHbL jtexkarh BHE KpyTra pajuyca ||[W(s)||oo:

(22) Ipill > I (s)[]co-

Y C))
B paccmarpusaemom 3jeck ciydae W(s) = — o6) coDCTBEHHAsI, HE UMeeT IIpa-

BBIX 10JII0COB, a D(p) = 1—p. CorylacHo yTBepKICHUIO 5, JJIst BCEX § UMEeeT MECTO
|[W(s)|| <1, r.e. Bomomasiercst ycaosue (22).

Bameuganne 2. Emme o1HO TOKA3aTEIbCTBO YTBEPKIACHNS 5 MOXKHO HOJIY YUTh
Kak cJsesicrue u3 TeopeMsl 2.1 B [12] (em. mpumep 2.6 Tam ke), IPUMEHUB €€ st
cucremsl (1).

B [34] 06061meH b 9acTOTHBINA METO/I, TIOXOXKHUii HA YACTOTHBIN METO aHAJIV-
3a OJIHOTHUIIHBIX cucTeM [33|, IpUMeHeH Jyisi aHa/In3a MHOIOAT€HTHBIX CHCTEM CO
B3anMozeicTByomumu arearamu. Takxke B [34] B upumepe 2 6bLI10 paccMOTPEHO
MHEPIIMOHHOE 3BEHO ¢ 3anasabiBanuneM. OIHAKO JJIsT €r0 YCTOHYNBOCTU IPUMEHEH
00OOIEHHBIN YACTOTHDBIN METOJ, JIJTsT APOOHO-PAINOHAILHON (DYHKITUN, HE SIBJISIO-
mIelficsa TPAHCICHICHTHONA.

OrmeruM, 4TO IpU BbIOJAHEHNN HepaBeHcTBa (21) okpykuocTh ADX paso-
MKHYTOIl CHCTEMBI CTPOrO MPUHAJJIEXKUT eAuHuIHOMY Kpyry ¢ nearpoM B (0,0)
(puc. 1,a).

Teopema 2. ITycmov ycaosue (21) we sunosnero u

AjeA:{AeU(L)\{O}yang}.

COS ¢;

Tozda deticmeumenvhvie wacmu Koprel keazummnozourena (15) ompuyamens-
Hbl, ECAU

EIR
\/\5’2—0%—042 7

u cucmema (1) yemotivusa npu aobom T < T, 2de Ty = miny e Té.

arccos <—61a1+62\/ 5|2—a?>

(23) T<T =
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Corunacno [7], eciim W (i0) < —1 (puc. 1,6), To umeercst ojiHa KPUTHYECKAsT Ta-
crora. B arom ciryuae § < 1, KpUTHIECKOE 3HAUCHHE 3aIIa3/IbIBAHNS OIIPEIC/IICTCH
¢AMHCTBEHHBIM 00Pa30M U SIBJISICTCST TPAHMYHBIM: €CIU T < T, TO KBa3UMHOIO-
wien (15) ycroitums, a upu 7 > 7 — HeycToiMUB.

[Tpu BbInOsIHEHNN yesoBuil Teopembl 2, ecu |[W(i0)| < 1, o ADPX asa pasa
[epeceKaeT eIMHUYHYIO OKPY’KHOCTb M UMEIOTCS JIBE KPUTUYECKUE TaCTOThI Wi
U way, Ijie w1 < ws, COOTBeTCTBYIomMe ToukaM A u B u3 puc. 1,6. ITo stum Kpuru-
YECKMM YacTOTaM OIPEAEIAIOTCS JBa KPUTUYCCKUX 3HAYCHUS 3alla3/IblBaHus T1
U T9 COOTBETCTBEHHO. B 3TOM citydae npu 7 < 7o CUCTEMa yCTOWIMBA, U Ty SIBJISAET-
sl TPAHMYHBIM 3HAYEHHEM YCTOWIMBOCTH CHCTeMbl. Ecmu 71 > 7 > 7o, TO cucrema
HeycToitunBa. Ecmu 7 > 79, TO najibHeliee yBeJmIeHne T NPUBOIUT K IePe1oBa-
HUIO HEYCTOIUMBOCTH M yCTONUMBOCTH cucTeMbl. Ecim Toukn A u B gocratouno
OJMBKH, T.e. PasHHUIA 3HAYEHUI T{ M Ty JOCTATOYHO MaJia, TO BO3ZMOXKHO CKOJIb
YTOHOE YUC/I0 HHTEPBAJIOB YCTONIMBOCTU W HEYCTOWIMBOCTH.

CunexcrBue 1. Ecau L — cummempuyunasn aanaacoscras mampuya, b =1 u
a =0, mo uz (23) das Kasxcd020 cOGCMBEENNO20 ZHAMEHUA NOAYUUM:
j  arccos( T
Tg=—v— = -
0 . .
Aj 2
3aMeTuM, 4To To = ﬁ DTOT pe3yJIbTaT COBIAIAET C PE3YJIbTATOM, IPUBE-
JieHHbIM B [23]. OtHaKo /ISt CKaJIsIPHOTO CJIydasi JaHHasl OleHKa Oblia IIPHBEICHA
B [7] B KadecTBe pUMepa U HEOJHOKPATHO ObLIa HOJIyYeHA B PA3IMIHON JuTepa-
Type.
ITycts B (23) b = 1 u a = 0. Torzma aas cOOCTBEHHOTO 3HAYEHUA Aj B CHILY
orpuraresnsaocta o = bIm (\;) = Im (\;) BbimomHsIeTCS

_&> .
ot () arcostsinien) _ /2 1o
Al Al Al

Cunexcreue 2. Ecau L — npoussoavnas aansacosckas mampuua, b = 1 u

a =0, mo
N Y
To = min — (— — |¢|) .
X#0 [N \2 J

DTO BbIpasKEHHE COBIIQJAET C PE3YJIbTATOM 00 YCTOHUMBOCTH HMPOU3BOJIBHOMN

MATPHIIBI, TIOJIyYeHHbIM B [28].

Cuaexgcreue 3. Ecau L =1, m.e. pacemampusaemca cKaAAproll cAy4al
ypasrenua (1), mo us (23) noayuum:

- arccos(—‘;—g) _arccos(—7)
N2 Vo2

I[Tosryvennoe BBIpaskKeHHE COBIAJIACT ¢ MPAHMIHBIM 3HAYCHHEM T IS CKAJISPHOTO
ypasuenus (2.22) uz [1] (cm. npumep 2.4 u3 [1]).
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Teopewma 3. Ilycmv cucmema (1) yemotivusa. Tozda ecau x(t) — pewenue
cucmembl
&(t) = —aLx(t) — bLx(t — 1), t>0;
z(t) =0, te[-,0),

lim z(t) = L"z(0),

t—o00

m.e. 8eKmMop, Kk Komopomy crodumcs npomoxoa (1), ne sasucum om rxoapduiu-
ewmos a u b, a maxorce om T.

CraencrBue 4. Ecau ycaosue meopemyvi 3 evnoanerno u 0 — npocmoe cob-
cmeennoe 3nauenue mampuis, L, mo npomokos (1) cxodumcs x koncencycy, sana-
uerue KOmopoz2o PasHo 3HAMEHUI0 KoHcencyca 6azosoz2o npomokoaa @(t) = —Lx(t).

4. 3akaroueHne

B nannoit craThe mcciieoBaH MIPOTOKOJ KOHCEHCyca ¢ 3amnas3abiBanneM. [lomy-
9eHO YCJIOBHE, TPU KOTOPOM CXOJIMMOCTH IPOTOKOJIa KOHCEHCYCa He 3aBUCUT OT
3ama3/bIBaHus. B cilydae HapyIlIeHUsI 9TOrO yCJAOBUSA HAMICHO BBIPAXKEHUE JIJIST
FPAHUYHOTO 3HAYECHUST 3ala3/IbIBAHII. 1aKyKe MCCIeI0BAHO ACUMITOTHIECKOe 10~
BeJeHne JAHHOrO MPOoToKoja. JloKkaszaHo, UTO ecjim B MHOTOAreHTHOW CHCTeMe C
3ama3/IbIBaHUEeM I JII0O0I0 BEKTOpa HAYaAJbHBIX 3HAYECHUN KOHCEHCYC HOCTHUIa-
€TCsl, TO OH OIPEE/IAeTC TPOU3BEIeHNEM COOCTBEHHOIO IPOEKTOPa Ha BEKTOP
HadaJIbHBIX 3Hadenuii. [lomydennoe B pabore BbIpaskKeHue JJjisi TPAHUIHOINO 3Ha-
JeHus 7T 0600IIaeT HEKOTOPBIE paHee MOJIydeHHbIe hopMyJbl. danbHeimmm 06b-
eKTOM HCCJIE/IOBAHUST aBTOPOB sIBJISIETCsI MOJIEJIb KOHCEHCYCa B BuIe (2), COIIACHO
KOTOPOIT areHThI CIiepBa, MOJIYIalOT JJaHHBIE OT CBOUX HEIOCPEICTBEHHBIX COCEIEH
0e3 3aIepPKKH, & MOTOM ¢ HEKOTOPO# 3aIePKKOI T — OT OCTAJIbHBIX areHTOB.

IIPUJIO?2KEHUE
HokazarenbcrBo yrepxkgeans 5. Ecmu seinonnsiercs ycaosue (21),
To gy moboro \j € o(L) \ {0} cupasemiuso
a 1
b~ cose;
13 11oc/1e1Her0 HEpaBEeHCTBA CJIelyer:

a®> _ Re*(), )+Im (\) )
— > — > .

Torna

2
W) = | BB \/w2 [

af + (w+ ag)? + (w+ o)
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Taxum obpasom, ecin § > maxy;eq(1)\{0} %d)j, to |[Wp(iw)| < 1, u uporo-
ko (1) ycroitaus upu o6oMm 7.

HHokazarenqbcTBO TeopeMbl 2. 3aady KOHCEHCYCA CHCTEMBI C IIPOTOKO-
jom (1) BGymem uccaeoBaTh ¢ MOMOIIBIO KBasuMHOrodieHa (15) ¢ mapamerpaMu
Aj wiu Aj. IIporokou (1) ycroitaus, ecim ajst KazkI0ro Aj € A COOTBETCTBYIOIHiL
kBasuMHorowriet (15) ycroiiaus.

Urax, nns GUKCHPOBAHHOIO A; HCCIELyeM YCTOMYMBOCTL KBAa3HMHOTOYJIE-
ma (15).

YBesmdeHne 3ana3abBaHis T MOXKET [IPUBECTH K ToMy, 9To Touka (1,0) Oymer
JIezKaTh BHYTPU aMILIATYiHO-ba30Boit xapakrepuctuku W (iw). 3nadenue T, npu
KoTOpoM HyJu (yHKnuu (15) mepexousiT MHUMYIO OCb WJIM IIPU KOTOPOM TOYKA
(1,0) npunayexur W, (iw), HaspiBaroT KpuTudeckuM. Takue BpeMeHa U 4acTOThI
OIIPEJICTSIIOTCS YCJIOBUEM

(I1.1) W-(s) =1,
WIH Ke
(I1.2) WO (w)e?@eimw — 1,

s semonaenns (11.2) momkmo 6bTh:

18]
a? + (W + ag)?
re n — neJjoe IIOJIOZKHUTEJIbHOE YMCJIO.

DWow) = =1; 2)0(w) — Tw = —27n,

Veqosue |W0(w)| = 1 semonmsercs, korma (w + az2)? = |82 — of, re.

(I1.3) w=%4/|82 — a? — as.

Torma

(I.4) x:_51041+52(w+042) :_51041i52\/|5|2—042'
' a? + (w+ a)? 18] 7

Y= Cofp—Piwtaz)  afrEBVIBR —of
af + (w + a)? B> '
U3 Broporo ycmosus, T.e. (w) — Tw = —27n, caemyer:
cos B(w) = cos(Tw — 2mn);
(I1.5) cos B(w) = cos Tw.

Pacemorpum niosipobuee 6(w). B ety 22 + y? = 1 (nmockombky (r,y) — Touxa
HepeceveH st ¢ eIMHNIHO OKPY2KHOCTBIO) cos f(w) = x, n u3 (11.3), (I1.4) u (IL.5)
TOJLY THM:

/ 2_ .2
arccos <—61a1i626|26| al)
. arccos T
11.6 7 = =
(1L.5) ’ w +/ 812 — o — az
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Ecmm \; — koMmIuIekcHoe coOCTBEHHOE 3HaUeHne JIaIlJIaCOBCKOi MaTpuinl L, To
yerottausocts (15) nceaeayem s Aj u ;. 3namenarens npasoit yacru (IL.6) mno-
cTUraeT MaKCUMAJILHOTO 3HAYEHUSI IPU OTPHIATEIBHON MHUMON 9acTH PaccMar-
PHBAEMOil ITapbl COOCTBEHHBIX 3HAYCHUI U IIOJIOKUTEILHOM 3HAKE Hepe]| KOPHEM,
Te. pn w = \/|B]2 — a2 + |az|. Ananoruuno, unciuTeNH — YOBIBAIONIAS HEOTPH-
_ Braitpy \/W

1812
sHauenne dyHkimn arccos(x). [losToMy MUHEMAIBHOE 3HAUEHHUE T JOCTHIAETCS
pu cOGCTBEHHOM 3HAYEHUN C OTPUIATEIBHOM MHUMOI 9acTbio, 1 IPAHITIHOE 3Ha~
Jenue onpezenserca BeipazkenneM (23). Torpa rpanudnoe 3HaUeHHE 33JICPAKKH
qutst (1) onpesiensiercs: Kak 7o = minAje A TOJ .

ITaTeJIbHadAd CbYHKLLI/IHI qyeM OOJIbIIe 3HAYCHUE < >, TEeM MEHDbIIIC

HHokazarembcrBo Teopembl 3. llycTb yciioBue st TpaHUYHOrO 3HAYE-
Hust T BbIIOIHEHO. Torma 2(t) Oyer uMeTh pejies1, U B CUJLy TEOPEMbI O KOHEYHOM
3HAYEHUM II0JIyYUM:

x(o0) = lim s X (s) = lgr% s(sl +alL + be_STL)_liﬂ(O) =

s—0

s—0 t—00

1 - -1
(IL7) = lim <I +=(a+t e—ST)L> 2(0) = lim (I +t(a+ be_T/t)L> 2(0).
COFJI&CHO TeopeMe 1 umeeMm

—1
lim (14 ta+beL) = lim (I+¢L)~" = 1",

t—o00

Torma uz (I1.7) momyunm

lim z(t) = lim (I +tla+ be_T/t)L) o z(0) = L"z(0).

t—o00 t—o00
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HEOBXOJINMBIE YCJIOBUS S9KCTPEMYMA
I METO/I HEMIIITAITA-UTOHA B 3AJIAYE
OIITUMAJIBHOI'O BHICTPOJIEMICTBU S I'PYIIIION
HECUHXPOHHBIX OCHMJIJISITOPOB!

PaccemarpuBaercs 3aiada onTUMAIBHOTO YIIPABJIEHUs TPYIIION, COCTOSIIEH
U3 TPOU3BOJIBHOIO YHCJIA HECHHXPOHHBIX OCIUJLIATOPOB C OOIUM CKAJISAP-
HBIM yIPABJISIONINM BO3I€HCTBUEM, 110 KpUuTepuio ObicTposeiicrBusi. [Iposese-
HO aHAJINTUIECKOE UCC/IeI0OBaHNe 3a1a49n. J{0Ka3aHO CBOMCTBO CUJIBHON JOCTH-
JKAMOCTH U TJI00aJIbHOI yIIPABJIsI€MOCTH, HARIEHO IPOIPAMMHOE YIIPABJICHUE,
KOTOPOE MEPEBOIUT CUCTEMY W3 HAYAJA KOODIAWHAT B (PUKCHPOBAHHYIO TOY-
Ky 110 KpUTepuio ObicTpojeiicTBust. [ mepeBoja IpyIibl OCIUIATOPOB B
COCTOSTHUE MOKOSI HAWJIEHBI TPACKTOPHUH, YIOBJIETBOPSIONINE KAK yPABHEHIIM
JIBU2KEHUST CUCTEMBI, TAK U JIOTIOJHUTEIHLHBIM YPABHEHUSIM, [OJIyIEeHHBIM Ha
OCHOBE MATPHUYIHBIX YCJIOBHIT HEBBIPOXKICHHOCTH PeJIEHHOr0 yiipaBienus. [Ipo-
BEJIEHO CpaBHEHUE KJIacCu(pUKAINN TPAGKTOPHIl 110 KOJIMIECTBY MEPEKJIIOIe-
HUIl yIpaBJieHUs], HAWJEHHBIX ¢ HCIOJIb30BAHNEM HEOOXOMMBIX YCIOBHIT SKC-
TpeMyMa U JucJaeHHOTo asiroputma Heitmrragra—Tona.

Kmouesnie crosa: mpuanun makcumyma llonrparnna, onTumabaoe yipasiie-
HUe, HeCUHXPOHHBIE OCIUIIATOPDI, UTeparnoHHbIil mporecc VTona, ypasne-
nue Heitmmraara, cuiibHast TOCTUXKUMOCTD, TJI00a/IbHAS YIIPABISEMOCTD, T€0-
MeTpuyecKas Teopus yIpaBJIeHHS.

DOI: 10.31857/50005231024060071, EDN: XWRNLI

1. Beenenne

B 60-x romax XX B. amepukaHnckue marematuku Vton n Heftmmraar mpesio-
JKUJIM UTepPaIMOHHBIA MeTos |1, 2] moBopoTa OIOPHON THIIEpPIUIOCKOCTH IS [0~
HCKa pelleHus 3a/1a4u oNTuMasbHoro yupasieaus (30Y) no Kpurepuo 6bICcTpo-
JeficTBUST Ha OCHOBE HJieil BBITYKJIOTO IIporpaMMUpoBaHus. VTepalinoHHbII aJro-
PHUTM TO3BOJISIET BEIUUCINTD HAYMAIBHBIN BEKTOP COMPSI?KEHHON CUCTEMBI, KOTOPBI
WCIIOJIB3YETCs JIJIsi OIPEJICJICHUsT ONITUMAIBHON TPAEKTOPUN HCXOTHON CHCTEMBI,
V/IOBJIETBOPSIIONIEH 3aJaHHBIM TPAHHIHBIM YCJIOBUSIM, U IIPUMEHUM B CJIyvae Bbl-
IIYKJIOI'O MHOKeCTBa JocTrzKuMocTu. OHa U3 MpobseM yKa3aHHOIO IOIX0Ia 3a-
KJII09aeTCA B TOM, UTO OJHOMY CTAPTOBOMY COCTOSTHUIO CHUCTEMBI MOXKET COOTBET-
CTBOBATH OECKOHEYHOE KOJUIECTBO HEKOJIIMHEAPHDBIX MEXKIy CO0OH HavdaIbHBIX

! PaGora BbimosHena mpu (bHHAHCOBON TIOIIEPYKKE TPAHTA MOJIOJEKHBIX HAYIHBIX IMIKOJI
MucruryTa npobsem ynpasiaeanss PAH 2023-2025.
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BEKTOPOB COIIPSI?KEHHOMN cuCTeMbI [3]|, 9TO CyIIECTBEHHO BJIMsieT Ha CXOIAUMOCTH
anropuTma. B [4] moguepkuBaercs, U4TO CXOAUMOCTH IIPUBEJIEHHOIO AJTOPUTMA
BO3MOKH& TOJIBKO B CIydae, KOraa 00JIacTh JOCTHXKUMOCTHA 00J1a1aeT CBOMCTBOM
cTporoii BeIIyKJIocTU. IIpoBepKa yKa3aHHOIO CBOMCTBa HE IIPEICTABJSIETCS BO3-
MOXKHOM /I HEJIMHEHHBIX 3a/a4. B ¢BOIO odepeib, /sl yIPaBIAeMbIX JIMHEHHBIX
CHCTEM BBIIYKJIOCTh MHOYKECTBA JTOCTUKUMOCTH CJIEIYeT U3 KOMITAKTHOCTU W BbI-
YKJIOCTU MHOYKECTBa JIONMYCTUMbIX yrpasjienuii [5]. Tlosromy smHeitable 3a1a4n
OBICTPOIEICTBIUSI C BBIMYKJIBIM MHOYKECTBOM JOIYCTUMBIX YIIPaBJIEHUI 06/1a1a10T
HEOOXOMUMBIM CBOMCTBOM CTPOrOil BBIILYKJIOCTH MHOXKECTBa JocTu:KuMocTH. Crio-
cob ydera HeOHpeJIeJeHHOCTH B BbIOOpE Iara ajropurma Heitmragra—Tona, or
KOTOPOI'0 CYIIECTBEHHO 3aBUCHT CKOPOCTH CXOIUMOCTH, Ipeiaraercs B [6]. Ilpen-
JIOZKEHWE 110 YJIyYIIeHUIO CXOAUMOCTH MeTojia 66110 paceMorpeno B [7]. Eme oaun
ATEepPaIMOHHbBI MeTOJ MUHIMAaKCca Ha OCHOBe (PYHKIHUK MUHKOBCKOIO IIpeICcTaB-
JieH B [8], ryie npuBejieHa WHTEPIPETAINS BBIIIEYKA3AHHBIX METOJOB B COPSI?KEH-
HOM IPOCTpaHcTBe. VTepallmoHHBIA aJropuT™M pacdera ONTHMAJILHOIO 10 OBICT-
POIEHCTBHUIO pelleHusl sl JIMHEHHBIX CHCTEM Ha OCHOBE IIPHUHIUIIA MaKCHMYyMa
npuBoguTes B [9]. BopocaM cxoauMocT YUCIEHHBIX METOJOB B OITUMU3AIMOH-
HBIX 3aj1a4ax ObLM nocesinenbl panane paborsl B.T. Tlosusika, vanpumep [10].

Jpyrue MeToabl HAXOXKIEHWsT HPUOIMYKEHHBIX PeIIeHnil 3aad ObICTPOIeli-
CTBUS JIJIsI IMHEHHBIX CUCTEM Pa3HOOOpa3HbI M IPEICTABIISAIOT OIPEICJICHHBIA HH-
Tepec ¢ TOYKU 3PEHHs IMMUPOTHI MCIIOIb3YEeMbIX HOIX0A0B. MeToIbl IONCKa yIIpaB-
JIEHWS B PeaIbHOM BPEMEHH, OCHOBAHHDIE Ha UJIee MIPEIBAPUTEILHON alllPOKCHMAa-
nuy obJsracTeil TOCTUXKUMOCTH U BBIYHC/ICHUSI HAYAILHOI'O BEKTOPA COIPSIZKEHHOM
CHCTEMBI B IIPOIecce yIpaBienusi, paccMorpenbl B [11]. CuMIiuieKcHble TOKPBITHsI
BBIILYKJI0i 000/I0YKHM MHOXKECTBa, JJOCTHKUMOCTH JIEZKAT B OCHOBE UTEPAIMOHHOIO
AJITOPUTMAa, MCIOJB30BAaHIE KOTOPOro Ipejjiaraercs B pabore s MOMCKa MUHH-
MAaJIbHOIO BPEMEHM JIBUXKeHUsl JinHeiHoH [12] u mesmueiinoit [13] ynpasisembrx
CHCTEM, TAKOIO YTO HAYAJIO0 KOOPJMHAT OyIeT HpUHAJIe:KaTh IpaHuIe 00JacTh
JOCTMZKUMOCTH. TeXHWKa MHBAPUAHTHBIX 3Janconnos, passurtas B.T. Tloxskom
u ero coaBropami [14], siBjisieTcst OCHOBOM 115t HOCTpOeHHUsT 3(PHEKTUBHBIX OIEHOK
MHOKECTBA, JTJOCTUXKMUMOCTH CHUCTEM C BHEIIHHMU BO3MYIIEHUSIMIA.

Jl1st 3a71a9M  yCIOKOEGHMS IIPOU3BOJILHONO YHC/Ia JIUHEHHBIX OCIUJIISITOPOB C
O6IIUM CKaJISIPHBIM yIIpaBJjeHneM B [15] ObLIO 110y YeHO acCUMIITOTUYECKOe OIITH-
MaJIbHOE yIpaBjeHue B (popMe CHHTE3a, IIe 00beINHIIOTCS HECKOJIBKO ITOIXO0/I0B.
IlepBast nmest 3aKII0IAETCA B MCIOJB30BAHNN HOPMAJIN K IIPUOJINXKEHHON o0Ja-
CTH JOCTHXKHMOCTH KaK HadaJIbHOIO BEKTOPA JJIsl COIPSI?KEHHBIX IIePEMEHHBIX
npu OosbIUX SHeprusix. Vcrmob3oBaHue yIpaBaeHUs] ¢ YMEHbIIEHHOI BepXHE
rpaHuIeil Mo3BOJISIeT CUCTEME JOCTUYb MaJjIoi OKpecTHOCTH HyJ/Is1. U makomerr, me-
To1 06006mIeHHBIX (hyHKIM JIsSyHOBa TIpUMEHSETCA JIsi IOCTPOECHUS CUHTE3a B
OKPECTHOCTH TEPMUHAIBHOTO ToJiozKenus. s mmardopMbl ¢ TpON3BOJILHBIM KO-
JIMYECTBOM JIMHEHHBIX OCIMJUISITOPOB KMCCJIe0BaHa CTPYKTypa yipasienus [16],
npeJiCTaBJIeHHAd €JIUHCTBEHHON BHEIIHEH OIrPAHUYEHHON CUJION.

JlamHast craThs IOCBSIIEHA 3aa9e OMPAHMYCHHOTO CKAJIAPHOIO YIIPABJICHUS
CPYIIION HECHHXPOHHBIX OCIIJIIITOPOB IO KPUTEPHUIO OBICTPOIEHCTBUSA, I KOTO-
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POif, HACKOJIbKO M3BECTHO aBTopaM, ajropurm Heitmmragra—VITona He npumMeHsi-
cst. [Toaromy BOZHUKJIA HJIesl CDABHUTH AHAJIUTUICCKHE PE3YJILTATHI, [OJIy YeHHbIE
paHee JIsl JIByX HECHHXPOHHBIX OCIMJLISITOPOB B YaCTH Pa3OMEeHNs] IUIOCKOCTH Ha-
YaJIbHBIX 3HAYEHHUIT IepPBOTrO OCHIILISITOPA IO KJaccaM yupassenuii [17], a Takxe
PACIPOCTPAHUTD AJATOPUTM HA TPYIIILY, COCTOSIIYIO U3 GOJIBIIEr0 YUCIIa OCIHLIIsI-
Topos [18].

CraTbsi COCTONT U3 BBEJICHNUS, IIECTH PA3/IE/I0B, 3aK/IIOUCHHsI U UMEET CJIe/LYI0-
HIYI0 CTPYKTYpPy. B pasiese 2 NpuBOIUTCs IOCTAHOBKA 3aJIa4d ONTHMAJILHOTO
ylUpaBJjeHns Jijtst cucreMbl N HECHHXPOHHBIX OCIMJIISITOPOB 110 KPUTEPUIO OBICT-
POJIEiiCTBHSI ¢ OPAHUYEHHBIM CKaJIsIpHBIM ylipaBJjeHueM. Paszen 3 paccmarpusa-
eT BOIIPOCHI yIIPABJISIEMOCTH CHCTEMBI, & UMEHHO CBSI3BIBACT yIIPABJICHUsI, [IEPEBO-
JISAIe HA TPAHUILY MHOMKECTBA JIOCTHKUMOCTH, C yIPABICHUSIME, [HE€PeBOJISIIIN-
MU CHCTEMY B HAUaso KOOpJIMHAT. B pasjese 4 cOrIacHO NPUHIMILY MaKCHMyMa
IToHTpsirMHA TIOJTyY€HO ONTUMAJILHOE YIIPABJICHUE, COJePKAIee B KAueCTBe Hens3-
BECTHBIX I1APAMETPOB KOHCTAHTBI 13 (DYHIAMEHTAJIBHOIO PEIeH sl COPSZKeHHOMN
cucrembl. B pasjene 5 npUBOAATC HEOOXOMUMbBIE YCJIOBUSI SKCTPEMyMa B BUJIE
HeJIMHEHBIX MATPUYIHBIX PABEHCTB. B paszzesie 6 ONUCHIBACTCS PUMEHEHUE HHC-
nenHoii nponeaypbl Heftmragra—ToHa Jyist HOMCKa HAYATBHOIO BEKTOPA, COIIPSI-
JKEHHOM CHCTeMBI JIsl OCTPOEHNs] IPUOJIMZKEHHOTO K ONTUMAJILHOMY yIIPaBJIe-
Hust. IloyueHHble Pe3ysIbTaThl WUTIOCTPUPYIOTCS MOJEINPOBAHUEM B pasjesie 7.
I[Tocste wero B 3akiodeHnn 8 hOpMUPYIOTCsI IUIAHBL JaIbHEIIel paboThL.

2. IlocTanoBKa 33297 ONTUMAJIBHOTO YIIPABJICHUS TPYIIION OCOMIISTOPOB

PaccmarpuBaercs jmneitnas 3ajilada ONTUMAJILHOTO yIpaBienusd s N HecuH-
XPOHHBIX OCHUJIIATOPOB, CBA3aHHLIX OIDAHMYEHHBIM CKaJIAPHLIM YIIPaBJICHU-
em [18]. Junamuka ynpas/isieMoii CHUCTEMbI OIMUCHIBACTCs CJICIYIONIUMUI ypPaBHE-
HUSMU:

4i(t) = pi(t),
pi(t) = —wiqi(t) + u(t),
wjFw, Vj#Fk, jk=1,...,N
x(t) = (q1(t),p1(t),...,an (), pn ()" € R*N.

(1)

Kommonentst g;(t), pi(t) BekTopa cocrosianst X(t) SBISIOTCS KOODIMHATON M M-
ILYJIBCOM -T0 OCITHJIISITOPA € 9acTOTO! Komebanuit w;, ¢ = 1,..., N. O6nacrs 3Ha-
vyennit ynpasiennst U 3a1aeTcst OTPE3KOM Ha IPSAMOii:

(2) u(t) € [—e,¢] =U.
Cucrema (1) MoxkeT OBITH IepenncaHa B MATPUIHOM BHUJIE

x(t) = Ax(t) + Bu(t),
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rae A — MaTpuia CUCTeMbl, B — MaTpUIla yIPaBIEHHS:

AL 0 0 ... 0 0

0 A, 0 ... 0 1
A=|0 0 A ... 0| Ai:< 0 1>7i:1,,,,,N,B:

) ) ) . —w; 0

R : 0

0O 0 O AN !

L[eJIBIO yYpaBJICHUA ABJIFACTCA TEPEBO CUCTEMbBI (1) N3 3aJaHHOI'O IIOJIOZKEHU A
B Ha4YaJIO KOOpJAWHaT
0) = * * \T
X( ) = X0 = (q17p17"' 7QN7pN)
0 T
X(T ) = X710 = (0,0,...,0,0) .

Y

3)

Bpewmsi apuxkenns cucrembl TV — Kpurepuit 3a/a4m GBICTPOIEHCTBIST

70
(4) T = /dt — min .

u(-)eU
0

Hutst cucremsr (1)—(3) B coepytorem pasjiesie OyieT uccaeoBata 3a1ada yiupas-
JIIeMOCTH C IPUMEHEHHMEeM alliapara FeoMeTpUIecKoii Teopun yupasienus [19].

3. Pemenue 3a/1aum ynpaBjiseMoCcTn

st u3ydenusi Bonpoca ynpasisemMocTu cucreMbl (1) ¢ orpanmdenusimu (2)
IIepeluIlIeM ee KaK CUCTeMY BEKTOPHBIX I10JIei:

(5) F(x,u) ={fi +ufz | uecU},

1=DP1 Y ..« TPN En 1491 o cee N4AN Ipn
(6) N P

_ Zp.i _ w2
- (2 K] b
" 0qi ' Ops

0
7 = — +.
™ 2 o 3pzv ZE: Opi-

Onpexenenne 1. Jlunetinas cucmema (A, B,U) obaadaem ceoticmeom
CUNBHOT DOCTNUNCUMOCTNL, ECAU MHOHCECTNEO JOCTNUNCUMOCTIY 8 HEHYALEOT, MO-
MEHIM, BPEMEHU UMEET, HENYCMYIO SHYMPEHHOCTD A A100020 HAUAABHO20 CO-
CMOAHUA CUCTNLEMDL.

CBOWCTBO CUIIBHOMN JOCTHAKUMOCTH Jist cucTeMbl (1)—(2) ycranaBiamnBaeTcst U3 Teo-
pembl Cycemana—/Txkapmxesnaa [20)].
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Teopema 1 (Cyceman—/Ixxappkesny).  Awnasumuveckas cucmema &(t) =
= f(z(t),u(t)) obaadaem ceoticmeom cusvHol OCTNUNCUMOCTIU 6 MOYKE T MO~
2da u moavko moezda, Koz2da pazmeprocms udeanra anrzedbpv. Jlu, nopostcdernnozo
cucmemoti, coenadaem ¢ pasmeprocmyvlo NPOCMPaAHCMEa COCTNOANUTL

(8) dimLy(z) = 2N.
JIemma 1. Cucmema (1) ¢ ozpanuneruimu (2) ABAACMCA CUNBHO DOCTNUIHCU-
MOT.

JlokazaTeabcTBo. IIpuBoaUTCS BBIUMC/IEHUE BCEX HEHYJIEBBIX BEKTOPHBIX
ToJ1eil J17Ist TIOCJIEIYIOIIErO OIIPEIe/IeHIS PA3MEPHOCTH Hiaeasa ajareopol Jlm.

FrF 0 0 ... 0 0 ]
0 F, 0 ... O 1 0 N,
f3 [fl7f2] . . . - - 0 ) Z aqla
. . : . : — =1
0 0 0 ... Fy 1 0
1€ BBCCHDbI O603Ha‘{€HI/IHZ
0 1
e
Fr 0 0 .0 1 0
0 F2 0o ... 0 0 _w% N 9
=l == 0 0 B 0 |l = e
S S -1 0 - P
0 0 0 ... Fy 0 —wk
F, 0 0 0 0 W2
0 F 0 ... O _w% 0 N 28
f5:[f17f4]:_ 0 0 fz3 ... 0 = :Zwia_7
oo : 0 w i—1 4i
- : N
0 0 0 ... Fy) \~wx 0
Fy 0 0 0 w% 0
0 F2 0o ... 0 0 wzll N a
fo=lffsl=-0 0 F5 ... 0 =1 :nglyv
S SRR P w? 0 - 9P
0 0 0 Fy 0 Wi
al a
fon = [f1, fan—1 DN 12 INZZ N >1,
0
IN-2
fanv1 = [f1, fon] = Zw 50 N > 1.
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Cucrema 2N BekTOpHBIX noutedt { fa, f3, ..., fan, fon+1} ABIseTcs nuHeHO He3a~
BUCHMOIi, 9TO YCTAHABJINBACTCS U3 OLPEIeTUTEIs

0 -1 0 wi .. 0 (—1)Nw2N=2
1 0 —w} 0 ... (—1)N- 12 0
0 —1 0 w% 0 (—1)Nw§N_2
(9) det |1 0 —w2 0 ... (—1)N-12N—2 0 |
-1 0 wjzv 0 (_1)Nw12\7N_2
1 0 —wd 0 ... (~D)N-1e3N2 0

KOTOPBI ITOCPEICTBOM 3JIEMEHTAPHBIX IPe00PA30BAHUIT TPUBOJIUTCS K OIIPEIE/IU-
TeJII0 OJI0THO-IUATOHAJIBHON MATPHUITHI

2

(10) det <‘g/ &) — et = [ J[ @-w?)] #0

I<i<j<N

B cuity cucrembl (1), 4ro, ¢ omopoii Ha Teopemy 1, 3aKaHUYMBAET JOKA3ATEIHCTBO
sieMMbl. [Ipu Beraucienun onpejennress Oblia BBEJIeHA MaTPHUILA

1 w? .. w%N_2

1 w3 ng_Q
W=[1 w? w2

1w L W

KOTOpasi COBITaJaeT ¢ MaTpuieii BammepMoHIa, ¢CBORCTBO OIpEIeNTe ST KOTOPO
u 6p110 ncnosb3oBano B (10) [16].

Onpegenenne 2. Jlunetinasn cucmema (A, B,U) nasweaemcs 2a06a.10H0
YNPasafemot 8 Hyse Ha UHMEPSAAE [t, 00), ecau 0as A106020 HAYAADHOZ0 YCAO-
sus xg € R2V cywecmeyem ynpasaenue u € U maxoe, wmo coomsememeyrowyan
mpaexmopus docmuzaem mouku X(T°) = 0 daa nexomopozo T° € [tg, 00).

Ha Bompoc o robaabHoil yIpaB/IsieMOCTH JIMHEHHON CUCTeMbl B HyJle IIPU Ha-
JIMYMU OPPDAHUYEHNl Ha yIpPaBJIeHHe oTBedaeT TeopeMa u3 [21].

Teopewma 2 (JlaCamnb, Kouru). Aemornomnasn cucmema (A, B,U) npu U €
€ R™ v intU # & 2a06a1v10 ynpasasema 6 nyae mozda u mosvko moeada, x020a:

1) rank[B, AB, ..., A" 1B] = n.
2) Re(A\;) < 0 das xaorcdozo cobemeennozo snaverun N; mampuuys, A.

Jlemma 2. Cucmema (1) ¢ oepanuvenuem (2) Acaaemcs 20004010 YNPaGAA-
emotl (6noane ynpasasemot).
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Jlokazarenbcrpo. IlepBoe ycioBue TeopeMbl 2 SKBUBAJIEHTHO yCJIOBUIO (8)
reopembl 1. Kpome Toro, ms cucremsr (1) Re(A;) = 0. Takum ob6pasom, Teopema 2
BBIIIOJIHEHA U cucTeMa (1) sBisgeTcs rI106abHO YIIPaBIISeMON B HyJIe.

JlokazkeM CBOMCTBO IJ100aJIbHON YIIPABJISEMOCTH C IOMONIHI0O KOHKPETHOI'O T10-
CTPOEHHUsI, UCHOJIBb3Ysl obiee pertenne auddepeniuaibaoro ypasaeaust (1) ¢ Ha-

JATBHBIM COCTOSIHEEM (7, PT, ..., 0N, PN)-
. ¢
3 1
qi(t) = % sin(w;t) + ¢; cos(w;t) + o /Sin(wi(t — 7))u(T)dT,
(3 KA

(11)

0
t
pilt) = pt cos(wit) — qlwssinwit) + / cos(wilt — 7))u(r)dr,
0

i=1,...,N.

YupaBiisieMoCTh B HyJjle TapaHTHPYeT CyNIeCTBOBaHWE yrpasieHus u(t) Takoro,
9TO B HEKOTOPBIIl MOMEHT t] BEKTOP COCTOAHUS (t]) COBHAJET C HAYATIOM KOOD-
JUHAT.

t1
*

. 1
b sin(w;t1) — q; cos(w;ty) = — [ sin(w;(t; — 7))u(7)dr,
wj Wj
0

(12) g
it cos(wity) + giw; sinfwits) = / cos(wi(ty — 7))u(r)dr,
0
i=1,...,N.

[TokaxkeM cBsi3b Mexkjy yrpasieHueM u(t) u yupasieHueM ug(t), IepeBoIsImIM
CHCTEMy U3 HadajIa KOOPAUHAT B TOUKY (qi, —pJ, - .., ¢xn, —Pi) 32 Bpems to. Takoe
perrenne mMpeCTABIACTCS B BUIE

to
| .
= o /sm(wi(to — 7))uo(7)dr,
7
(13) tg t=1,...,N.

—p; = / cos(wi(to — 7))uo(7)dr,

0

[oxcrasss (13) B (12), momyunm:
to t1

wiio/sin(wi(tl —to + 7))uo(T)dr = wiio/sin(wi(tl — 7))u(T)dT,
(14) fo g
/cos(wi(tl —to+ 7))ug(r)dr = /cos(wi(tl — 7))u(T)dT,

0 0
i=1,...,N.

103



Buibupast t1 = tg, u(t) = ug(t; — t), moaydaem, aro cucrema 06JIa1a€T CBOHCTBOM
r7106aIbHOM YIPABIISEMOCTH B CHJLy IPOU3BOJIBHOCTH (¢, —D7,. .., N, —PN)-

Bameuganne 1. Yupasisemoe cocrosuue (qj,pj,--.,qn,Px) C YIPaBieHH-

eM u(t) 3a BpeMs tp COOTBETCTBYET MIOCTUKHMOMY COCTOSHHIO (g, —pji,...

. qN>—DPx) € yupasienueM u(t), B3STBIM B 0OPATHOM BPEMEHH 3a TO Ke Ca-
MO€ BpeMsl.

4. YpaBHeHUS TPUHIMIIA MAKCHMyMa

Hanee npuBojgrest yrBepKienus npunnuia Mmakenmyma [onrpsruna (TIMIT)
TSI FICCTIEIOBAHMUST 33a<1 OUTHMAJIBHOrO yupasienust (1)—(4).

a) Tlamuabronnan 3aJa9 OIITUMAJIBHOI'O YIIpaBJI€HUA

hy = =Xo + &1 +m (=g +u) + .+ Envpn + v (—wian +u) =
N
15
15 “Xo+ Y &ipi + ni(—wie +u), —Ao >0,
i=1
e P(t) = (&1(t),m (1), ..., En(t),nn(t))T — BeKTOP CONpPSKEHHBIX HepeMeHHBIX,
a A\g — KOHCTaHTa.
6) FamuasTOoHOBA CHCTeMa, COCTOsAINAA U3 ypaBHeHuil quHamMuku (1) n conps-
JKEHHOI CHCTeMbI:

Ohy,

&i(t) = — o = wimi(t),
qi

(16) i=1,...,N.

00 = 9 = g,(1)

772 - 8]9@ - (2 9

B) yCJIOBI/Ie MaKCUMyMa:
N N

(17) hy» = max h, = —Xg + Z(fz‘pi — mwlg;) + u* Zm-

u(-)EU i=1 i=1

Compsizkennast cucreMa (16) u ee perenue, cojepzxkariee 2N HEM3BECTHBIX TTOCTO-
STHHBIX KO3(MPUIINEHTOB:

i (t) = —W%m (1), m = C’ll coswit + 012 sin wqt,
(18) ,
iin(t) = —winn(t); ny = O} coswyt + C% sinwyt.

OurumasbHOe ylpasieHue u* onpejensercs U3 ycaoBus Makcumyma (17):

N N
(19) u'(t) =¢ signz 7; = €sign (Z C} coswit + C?sin wit> .
i=1 i=1

B cirenyromem pazaesne OyayT BbIBEIEHBI HEOOXOIUMBIE YCJIOBHUS IKCTPEMYyMa
J7si cucTteMbl N HECUHXPOHHBIX OCITULISTOPOB, KOTOPHIE TTO3BOJISIT UCCIIEI0BATD

peleHre 3a/a4n B JII000M 3a/IAHHOM KJIACCEe HEePEKIIOYCHNUIT PeJICHHOro yIpasJe-
uust (19).
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5. HeoOxomumMbie yciioBug IKCTpeMyMa

Yupasienue u*(t) cormacuo (19) siBisiercst peseiinbim. [Tepekiodenust yrpas-
JIEHUST TTPOUCXOMIAT B MOMEHTHI BpeMeH™ t,,, m = 1, K — 1. IlycTs 7, — ayimrenbno-
CTH N-TO WHTEpBaIa MoCToSHCTBa yipasyienns, n = 1, K. Torga u*(t) ¢ K — 1 me-
pekmmodenuem 1 K € N urTepBaIaMi MOCTOSHCTBA YIIPABJICHUST UMEET BUJI, TPEJI-
crasyiennblit na puc. 1. Takoe yupasmienne 6yjem ornocuts K Kiaaccy ¢ (K — 1)-m
[EPEeKJIIOUEHUEM YIIPABJIeHUsI. Y YUThIBasi BUJ ONTUMAJIBHOIO yipasienus u*(t),
MOxKHO 3anucarh perienne (1)—(3) npu pazimunbix 3Hadenusx K. Crour Takxke
OTMETHUTD, ITO YIPABIEHUE Ha MEPBOM MHTEPBAJE MOXKET OBITH BRIODAHO Kak €,
TaK U —&, JIJIsl 9er0 BBOJUTCA MapaMeTrp s, paBHbiii 0 u 1 coOTBETCTBEHHO.

K K K
22(_1)3+1 COS wiZTk — cos wiZTk =
; k—j k=1

Jj=1

w2 P
= (DK 4 (-1 <—’ sinw; T + ¢} cos wiT()) ,
e \w;
(20) ' i=1,...,N.
K ' K K
22(_1)3+1 sin wiZTk — sin wiZTk =
j=1 k=j k=1
| = (—1)5%< — pfcosw;T° + qfw; sinwiTO),

Bameuganue 2. Cucrema (20), cocrosimas u3 2N ypaBHEHHUIA, JaeT BO3MOK-
HOCTb Hccie/[oBaTh Kiaacc 2N — 1 nepekJiiouenuit, 1y KOTOPOro TpedyeTcst orpe-
JEeMUTD AIUTEJIHHOCTH 2N HHTEPBAJIOB.

Bameuanue 3. Pemenne cucremnr (20), orBeuatomiee yupasieHuto u*(t)
I HAYAJIBHOTO BeKTopa o = (¢}, p}, ..., ¢k, Pi) T, coorserctByer —u*(t) ams

_ * * * * \T
_330—(_Q17_p17---7_QN7_pN) .
'HJIH nccjieJoBanngd KJiacCOB praB.HeHI/Iﬁ C 6OJII)H_U/IM KOJIMIECTBOM II€PEKJIIOIe-

HUN TIPUBOJATCS CJICAYIONINE HEOOXO[AUMbIE YCIOBUS IKCTPEMYMa, aHAJIOTHIHBIC
YCJIOBUSIM JIIsl JIBYX OCIIHJLIISITOPOB, TI0JIyYeHHbIM B [17].

Jlemma 3 (HeoOXoiuMble yCJIOBUSL IKCTpeMyMa). Besakoe pewenue 3adawu
(1)~(4) 6 kaacce kycouno-nenpepwvienuix ynpasaenutd (19) ydosaemeopsem cucme-

0
0 — 1, € te, € tg, —€ 1, € Tt
S S - S N —>
Vo Vo v Vo v
T T Ty T Tk

Puc. 1. Buy ontuvasnbsaoro ynpasierust u*(t).

105



me ypasneruts (20) u donosnumenvioim K — 2N ypasrenuam:

cos(wits) cos(witsy1) ... cos(witston—1)
sin(wits) sin(witsyr) ... sin(witsion—1)

(21) det - =0,
cos(wnts) cos(wntss1) ... cos(wntstan—1)
sin(wnts) sin(wytsy1) ... sin(wytsion—1)

s=1,...,K —2N.

,HO Ka3aTeJbCTBO. HepeKmoquHe OIITUMaJIbHOI'O peﬂeﬁHOI‘O YiipaBJieHU A

B MOMEHTHI tp,, m = 1,..., K — 1 nupusogur K obmysernio (19):
N

(22) ZCilcosw,-tm—l—CZ?sinwitm:O, m=1,...,K —1.
i=1

s KoMIaKTHOCTH 3anuineM Bee ypaBHeHUs (22) B MATPUYHOM BHJIE, & MMEHHO,

(23) (C, Q) =0, m=1,....K—1,
e
cos(witm,)
sin(wity,)
C=(Cl 2 ... .Ch. C%). Q=] ...
cos(wWntm)
sin(wnty,)

[Tostyuennble ypaBHeHus (23) mepenuineM CJeyonmM 06pa3oM:

cos(wity) cos(wity) ... cos(witg—2) cos(witi—1) T
sin(wity) sin(wite) ... sin(witg—o) sin(witg—1)
“e “e “e “e X
cos(wnty) cos(wnte) ... cos(wntrx—2) cos(wntr—1)
(24) sin(wyt1) sin(wyts) ... sin(wytg—2) sin(wytg—_1)
Ci
|
x| ... | =0.
Cy
CX

VYciaoBue CymieCTBOBaHNs HETPUBHAJILHOT'O BEKTODa C »sksuBasientno K — 2N
YpaBHEHUAM BHUJIa

(25) det (957Qs+17---7ﬂs+2N—1) =0, s=1,...,K—2N.

B cnemytomem pasmesie OyieT NpuBeeH aJIbTEPHATUBHBIN CIIOCOO HAXOXKICHUST
OIITUMAJILHOIO PeIllleHusi, OCHOBaHHbI Ha Meroie Heiimraara—rona [3].
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6. YucaeHHBIH AJITOPUTM ITOMCKAa HAYAJIBHOTI'O
3HaAYCHUdA COIIPAKEHHOI'0 BEKTOpa

Heussectanie moctosiaable Ko3(ddunumentsl C, BXomsme B ONTHUMAIbHOE
yupasjienue (19), OJHO3HAYHO BBIUUC/ISIOTCS [0 HavdajbHOMY BekTopy (0) =
= (£1(0),m1(0), ..., &n(0),mn(0)T mnsa compsokenmoit cucrembr ypasrenwuii (16)
10 CJIEYIOIIEMY HPABHUILY:

c=(Cl, ¢ ..., Ck, C%) =
(26)
=<771(0), —Sluf?), o (0), _511(10)>'

Beenem muOX)ecTBO H,, KOTOpoe cocrout u3z BekTopoB (0) u onpesesser
YZIOBJICTBOPSIONIHE I'PAHIYIHBIM ycaoBusAM (3) Tpaekropun x(t) cucremsr (1).

[Touck (0), ocroBamublii Ha uTepanuoHHoM aaropurme Heiimraara—rona,
IPUBOJUTCS B BUJIE TIOCIIE0BATEIBHOCTH 1AroB [3].

Munmpmanm3amus. 3agaercs Xg — (UKCHPOBAHHBIN HAvaJbHBIH BeKTOp B (3).

Bribupaercs HaUa/IbHBIIT HODMUPOBAHHBIN BEKTOD o = (f%o), 1750), e ,51(8), 77§\(,]))T =
_ _*o
%0l

3amedarnune 4. 3a HauaIbHBII BEKTOD 1Py MOXKHO IPUHATH JFOOO0I BEKTOP,
PACIIOJIOXKEHHBI B MOJIYIPOCTPAHCTBE [), KOTOPOE OIPEIe/IseTCsT TUIIEPILIOCKO-
CTBIO, OPTOTOHAJILHON BEKTOPY X(.

BBoggrcs ciemytoriue BeTMIUHBL:

F(d’h) 3 (h)
/ (Sm w17'> , ( (h) & >
—— ) esign 7, COSwW;T — sinw;T | dr
w1 W
0

i=1 v

i=1 g

F(vn) N f(h)
- / (coswyT)esign < ngh) COS W;T — :} sin O.)ﬂ') dr
0

(27)  Ipp,)(¥n) = ,
F(¢n)

SinwyT .
—— | esign
wWN
0

F("ph) N (h)
— / i (h)cosw-T—gi sinw;T | dr
(coswnT) esign Z 7, i " i
0

VR
S
-~
o
%
&
\]
KN
E
<
B
k>
\]
~_
QL
\]
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rae Yy = (§§h),n1 . ,SN ,nN ) — BeKTOp, nocrpoennsiit Ha h-m (h =0,1,...)
nrare anropurma. F(1y) onpemessiercss Kak pelieHne ypaBHEHUs

(28) (P, x0 = Ipp,)(¥n)) =0

ITar 1. Cuemyronuit BEKTOP 101 ONPEIESETCST B COOTBETCTBUN C YPABHEHUSIMI:
Jlm) =10 — 27" (%0 — Lp(ypy)(¥0)),

3

™|

[IPY 9TOM BBIOMpAETCd HAUMEHbBINEe W3 HEOTPUIATEJILHBIX IEbIX 9HCEN 171, IS
KOTOPBIX BEKTOP 1)1 YIOBJ/JIETBOPSET HEPABEHCTBY

%0 — I (o) (%0)]?

(29)
P =

(30) (¥1,%0 = Ip(ype) (Y1) < — St
ITar 2. [Ipeanonarast, 970 B 3TOi Ke 06JACTH WHIYKTUBHO MOCTPOEHBI BEKTO-
pul Yo, Y1, ..., Py, CIEIYIOMUN BEKTOD p11 ONPEIENIIeTC Kak
1/’h+1 = p — 27" (%0 — Ip(y,) (Pn)),
31 7,(m)
31 Bkt
Yhi1 =
il

[P 3TOM BBIOMPAETCH HAMMEHbIIIee U3 HEOTPHUIATENHHBIX EIbIX YUCEN 1M, JIJIsd
KOTOPBIX BEKTOD p+1 YIOBIETBOPSIET HEPABEHCTBY

7 2
() (st X0 — T (W) < — o (00

Torma smbo vy, € H, njst HeKOTOporo h, mbo MOCTPOeHNE PUBOANT K OECKOHE -
HOH TI0CJIEIOBATEILHOCTH BEKTOPOB g, W1, P2, . .., JEKAIIUX B MOJYIPOCTPAH-
crBe D 1 0018 1aI0MNIX CIEIYIOMIIMI CBOMCTBAMM:

1) aucna F (1), F(¢1), F(12),... 00pasyror MOHOTOHHO BO3PACTAIOILYIO 110-
CJIe/I0BATEILHOCTD, CXOAdILyIocs K unciy T
2) lim [ = X;
) Jim Fn) (Wn) = Xo;
3) mocsIeoBaTEIbHOCTE BEKTOPOB 0, Y1, Y2, ... HUPUOIIKAECTCA K MHOXKE-
crBy H,.
Bameuanune 5. O HAXOXKJEHUU pellleHus ypaBHeHus (28).
Oyuxiyst (P, xo — [;(1y)) sBiIsieTcss HENPEPLIBHON O NEPEeMEHHBIM p, t.
[Ipu m060M HUKCHPOBAHHOM 1, OHA MOHOTOHHO BospactaeT 1o t [3]. Tloaromy
peltienre ypasHenus (28) onpejie/isieTcsi 4epe3 MOCTPOeHNe 3HAYCHUI yKA3aHHOMN

dbyuknum st Bozpacraroineii mocsenoBaTeabHoct F(1)y) ¢ NCHIONIb30BAHIEM Me-
TOMIa, OMCEKIINY M INCJIEHHOTO WHTETPUPOBAHMSI.
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7. MonemmpoBaHue

st meMOHCTpaIuu Pe3y/IbTaToB, MOJIYUeHHBIX B paszienax b, 6, TpUBOINTCs
pacdeT ONTUMAJIBHOTO YIPABJIECHUS JIJIT CUCTEMbI JBYX HECUHXPOHHBIX OCIIHJILISI-
TopoB (w1 =1, wy = 1,4) ¢ ucnosb3oBaHueM Kak HEOOXOJUMBIX YCJIOBHH IKCTPE-
MyMa, Tak u Meroja Heitmragra—lTona. 31ech u majiee JJjisl OrpaHUYeHUs] Ha
ylpapJienre BoibepeM 3Hadenue € = 0,4.

PaccMaTpuBaeTcs MHOMKECTBO HaTalbHBIX COCTOAHMIT cucTembt 2o = (¢, pf,0,0) T,
rae |¢f] < 2,2, |pi| < 1,5. s xinaccos tpex (K = 4) u gersipex (K = 5) nepe-
KJIIOYEHU ITPOU3BOINTCS IIOMCK PEIeHuil B cooTBeTCTBUM ¢ JieMMoil 3. Kaxkmoe
[TOJTyI€HHOE PeIlleHne POBEPSIETCA Ha COOTBETCTBHE TOMY KJIACCY ITEPEKJIIOUE-
HUs, B PaMKax KOTOPOI'O OHO ObLIO Halijeno. B coorBercrBum ¢ 3amevanueMm 3
HCCJIeIOBaTh HY>KHO TOJIBKO IIOJIOBHHY paccMarpuBaeMoii obsiactu. Pesyibrar
B BUJI€ PA3MEUYEHHOI'O MHOYKECTBA YIIPABJISEMOCTH, Kyda TaKKe BKJIOYCH KJIACC
JBYX [EPEKJIIOYEHU, aHATIUTHIECKOE OIICAHNE KOTOPOro MOXKHO HailTh B paboTe
aBTOPOB (22|, npezcraBien Ha puc. 2. KoumuecTBo IepeKJIIoUeHnii yIpaBIIeHst
orMmedeHo Ha rpadure mudpamu. Vz3o0parkeHHbIe IIOCAMI U MUHYCAMHU TOTKH
COOTBETCTBYIOT VIIPABJICHUSIM CO 3HAYEHHEM € M —& Ha IepPBOM HMHTEpBaJe CO-

2,01

R

EE I SRR R S I
LR I A I
IR R R E R R E R
R R

+h o+
_1’O< | T o o S S
B R L
B b AR A
O A I I A A
E L

* +
+

—1,5 1

—2,0 1

20 —15 —10 -05 00 05 10 15 20
q,

Puc. 2. MHOXKeCTBO ylIpaBsieMoCTH EPBOro ocnuisTopa (iremma 3).
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Puc. 3. MuoxecTBo yupasigemocru nepsoro ocuuuiaropa (Meron Heiimragra—rona).

— h=0 |
1,5 — h=1
— h=2
— h=3
— h=4
1,0 — h=5
—— h=6
— h=T1
_ = =g
305 — h=9
—_ — h=10
[ — h=11
< / — h=12
0,0 — h=13
~ é — h=14
———7 — h=15
62‘/ — h=16
—0,5 — h=17
ﬂ —— h =18
— h =19
— h=20
-1,0 — h=21
0,00 3,00 5,00 6,85 10,00

t

Puc. 4. T'paduk ypasuennii (28) st pasauaHbIX 3HAUEHUI h.
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Py
=)

Puc. 5. MHoKecTBO yIIpaB/isieMOCTH IIEPBOIO OCIUJIISTODA.

OTBETCTBEHHO. KPUBBIM JIBYX HEPEKJIIOUEHNI ¢ BBICOKOI MPO3PAIHOCTHIO OTBEYa~
IOT YIIPpABJIEHUs, TPUHUMAIONINE OTPUIIATEIbHBIE 3HAYUEHNs HA TIEPBOM WHTEPBAJIE.
OTMedaroTcst CIeayoIe 0COOEHHOCTH IPeIIaraeMoro moaxoa: OTCYTCTBHAE HH-
dopManyy 0 JOIMYCTUMOCTH UCIIOJIb30BAHUS TOI'O WJIM MHOI'O KJIACCA yIPaBJICHHS
JIJIsI KOHKPETHOI'O HAYAIbHOTO YCJIOBUS, UTO MPUBOAUT K HEOOXOTUMOCTH HCCIIEI0-
BaHWA PA3JIUIHBIX K, CJIO2KHOCTDH IOUCKA PEIIEHUs] CUCTEMbl HEeJIMHEHHBIX yPaB-
mennii nopsiaka K. OgHAKO yKa3aHHBIM METOJ, MO3BOJISIET MCCIEI0BATDL CJIyYar
Pa3INIHBIX BBIPOXK/IEHNH, KaK HaIPUMEDP, KJIACC JIBYX IEPEKJIOYeHNl, U TOJIy-
JaTh aHAJIUTHYIECKHE KOHCTPYKIMH Jjisi (DOPMUPOBAHUS T'PAHMI] KJIACCOB, YeMY U
OTBEYAIOT CUHUE W KpaCHble KPUBbLIE HA PUC. 2.

Ha puc. 3 npuBogurcs KinaccupunmpoBanHas ILIOCKOCTh IIEPBOrO OCIMAJLIATO-
pa, ToJIyd9eHHas ¢ HCHoab30BanneM Metoma Heitmranra—ITona. OcHOBHBIME I1a-
paMeTrpaMy IpH HAXOXKIECHUM HOBOIO IPHUOIMKEHHUS 1)j, ObLIM TOYHOCTH OIpe-
JleJieHVsi KOpHs ypaBHeHUsl (28) W orpaHuveHue Ha BeJMYMHY ONIMOKM, Olpe/ie-
JIsIeMOIl KaK €BKJIMIOBO PACCTOAHUE OT KOHIA HAMJICHHOI TPAaeKTOpHH 0 Hadaja
koopauHat. Kaxioe Hosoe Haiijennoe 3nadenue F(1)y,) ucnosnb3yercs B kadecTse
HAYAJIbHOIO HpUOIMKeHusl Jjisi oupeeserns F(1y,11) B cuily MOHOTOHHOTO BO3-
pacranus uucen F(vg), F(11),... CkazanHoe mwuniocrpupyercst Ha puc. 4, rie
upejicrasiiet rpaduk Gyukuii (¢, xo — I;(Yy)) aus pasnuanbix b npu BeIGope
HauaabHOro BekTopa X = (0,1,0,0)7.
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Puc. 6. ®azoBbie m10CKOCTH JeThIpeX OCIUJIIATOPOB.

0,4

0,2

u ()
2

—0,2

—0,4

0 2 4 6 ; 8 10 12 14

Puc. 7. CK&J’IHpHOe ViipaBJjieHue C JA€BATbIO NEPEKJIIOYEeHUAMN JIJId CUCTEMbI YeThbIpex
OCIIMJIJIATOPOB.

Ha puc. 5 npuBojgnurcs anaaun3 OOJIBIIIEr0 MHOYXKECTBA YIIPABJISEMOCTH, KOTO-
poe BKJIOUaeT B cebst 14 KJIaccoB yIPABJICHUS C YI€TOM BBIPOXK/IEHHBIX KJIACCOB
OJTHOTO W JIBYX Tepekaiodennii. KommaecTBo mepermovennil yupaBiIeHns TaKkKe
OTMEUEHO Ha rpaduke udpamu.
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st mamroctparun paboTsl MeToma Heitmraara—lToHa TpuBOIUTCS TpUMED
JJIsI 9eThIpeX HEeCHHXPOHHBIX OCIUJLISITOPOB CO CJICAYIOIIMMU IIapaMeTPaMU:

(33)  e=04, {wi},={1,14, 17,2}, x0=(2,25,0,...,0,0)7.

B pesyinbrare paboThl ajaropuTMma OBLIM MOJIYYeHBI: HAYaJbHBI BEKTOD COIPs-
YKEHHOU CHUCTEMBI

$(0) = (0,336, —0,372, —0,334, —0,149, —0,504, —0,158, —0,562, 0,141)

u kpurepuii 3agaxn 10 = 14,795. TpaeKTopun ABUKEHNS OCIIH/LISITOPOB IIPUBO-
agTcs Ha puc. 6 ¢ o0IUM CKaJIAPHBIM yIpaBIeHUEM, OTOOPaskKeHHBIM Ha PHUC. 7.

Crour OTMETHUTH, YTO HpOTrpaMMHas peaju3alys ajropuTMa Heiimmrramra—
Urona paboraer mgoctaTodHo OBICTPO U 3hDEKTUBHO, 3aaBasg TPUOIUKEHHYIO
KJIACCUPUKAIINIO MHOYKECTBA YIIPAB/ISIEMOCTH IIEPBOIO OCHUJLIATOPA 110 KOJIHYe-
CTBY IIePEKJIIOUEeHNI yIpaBjeHnusi. UTO, B CBOIO OYepeb, OIpeesser 00JIaCTH
3HAYEHUI KOHCTAHT (DYHIAMEHTAJIBHOIO PEIeHNsT COIPSIKEHHON CHCTeMBI JJIsl UX
[TOMCKA, U3 HEOOXOINMBIX YCJIOBUN SKCTPEMYMA.

8. 3ak/roueHne

B cratbe paccmoTpeHa 3ajada ONTHUMAJIBHOIO YIIPABJICHUS] T'PYIIION HECHH-
XPOHHBIX OCHUIIATOPOB C OJHUM CKAJAPHBIM YIIPABJIAIOINIM BO3ACHCTBUEM IO
KpHUTepuio ObIcTpomeiicTBus. [lokazaHa CBs3b MEXKIY MHOMKECTBOM JIOCTHXKHMO-
CTH U yupasJsieMocTH. st mepeBojia rpyIinbl OCIHULIATOPOB B COCTOSTHUE TTOKOST
HailIeHbl TPAEKTOPUN C TIOMOIIHIO HEOOXOINMBIX YCIOBUN SKCTPEMYMA U € HCIIO b
30BaHMEM uTeparuoHHoro ajaropurma Heitmmragra—rona. [IpoBeneHo cpaBHeHne
ITOJTy I€HHBIX KJIaCCH(PUKAIINN TPACKTOPHUI HA OCHOBE KOJMIECTBA MePEeKII0IeHUI
peJieiiHoro yupasjenns. Pesyiabrarsl paboThl HTEPAIMOHHONO aJrOPUTMA, TAKHe
KaK KJIACC IIEePEKJIIOYEHU, OlleHKA BPEMEHU JIBUKEHUS CUCTEMbl I MOMEHTOB IIe-
PEKJTIOUEHNUsI, MOTYT OBITH HCIIOJIb30BAHBI B KAIECTBE HAYAJILHOTO MPHUOJIMKEHUS
JI7IsT TIOUCKA PEIIeHnsT Ha OCHOBE HEOOXOJIMMBIX YCJIOBHI 9KCTpEMyMa.
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KAK VJIVUIINTH POBACTHOE YIIPABJIEHUE
JIMHENHOM HECTAIIMOHAPHOM CUCTEMOI
C IIOMOIIbIO SKCIIEPUMEHTAJIBHBIX JAHHBIX!

Tlokazano, uTo pobacTHOE yIpaBjeHUE, MOCTPOEHHOE TOJIBKO 10 AlpUOP-
HOIt WHGOPMAIINKT O HEOPEIEJCHHOCTA B 00BEKTE, MOYKET ObITh 3HAUUTE b~
HO YIIy4IIEHO 3a& CYeT JOIOJHHUTEIBHOIO HCIOJb30BAHUS SKCIIEPUMEHTAJIb-
HBIX JaHHBIX. V3maraercd cuHTe3 000OIEHHBIX H . o-yIIpaBIeHUil Hen3BECT-
HOI JIMHEHHOII HeCTAIMOHAPHON CUCTEeMOIl Ha KOHEYHOM I'OPU30HTE, KOTOPbIEe
ONTUMU3UPYIOT YPOBHHU TallleHHs] BHEIITHETO U/ UJIM HAYAJIbHOIO BO3MYIIEHUI,
a TaK»Ke MaKCHMaJIbHOE YKJIOHEHIE TEPMUHAJIBHOIO COCTOAHUS CUCTEMBI. Me-
TOJ] He TpeOyeT BBIIIOJHEHUS YCIOBHUS HENCUIE3AIOIIEr0 BO30Y K IEHIS NN PaH-
TOBOTO YCJIOBUsI, TAPAHTUPYIOIINX UICHTU(DUIINPYEMOCTh CHCTEMBI, ITO [03-
BOJISIET 3HAYUTE/IBHO YMEHBIINTh 00bEM SKCIIEPUMEHTATbHBIX JTAHHBIX.

Karouesvie caosa: smHelinass HecTalmOHAPHAsT CHCTEMa, HEOIPE/IeJIEeHHOCTD,
pobacTtHoe ymupasjenne, 0600meHHas Ho,-HOpMa, IBOMCTBEHHOCTD, yCJIOBUE
HENCYE3aI0IIero Bo30y K IeHNs, IMHEHHbIE MATPUIHbIE HEPABEHCTBA.

DOI: 10.31857/S0005231024060086, EDN: XWPXEE

1. BBenenue

B macrositiiee Bpemst B TeOpun yIIPaBICHNUST AKTUBHO PA3BUBAIOTCS METOIBI CIH-
Te3a POBACTHBIX 3aKOHOB YIPABJIEHUs C UCIOJB30BAHUEM JIAHHBIX, TOJIYYIEHHBIX
B IIPEIBAPUTETHLHOM SKCIIEPUMEHTE. T paUIOHHbBIe METOIBI OA3MPOBAIINCH B OC-
HOBHOM Ha MCIOJIBL30BAHUN TOJBKO anpuophoii uudopmarmu. [Ipumenenne skcre-
PUMEHTATHHBIX JAHHBIX 3HATUTEIBHO CYy?KAET MHOYKECTBO OOHEKTOB, BBIJEISIEMbIX
Ha OCHOBE AMTPUOPHON WHMOPMAIINN, ITO B KOHETHOM UTOTE MO3BOJISIET CHHTE3MPO-
BaTh HOJIee KadecTBEHHOE yrpasjenue. s cucreM ¢ mapaMeTpuyecKoi Heolpe-
JIETIEHHOCTBIO DOJIBITIOE MECTO 3aHUMAIOT METO/bl CHHTE3a PODACTHOTO yIpaBJie-
HUsl, OCHOBaHHbBIE HA TPUMEHEHUH Teopur H oo -ONTUMAJIbHOIO yIpaBjieHus (CM.,
Harpumep, 0630p [1]). OcHoBHast ujest, JexKalasi B OCHOBE STHX METOJI0B, COCTO-
UT B TOM, UTO MCXOJHAS HEOTPEIETCHHAsT CHCTEMA MPEICTABIACTCS B BUIE JTBYX
MOJICKICTEM, CBSI3AHHBIX 0OPATHON CBSI3BIO: OJHA TOJACUCTEMA M3BECTHA, & JIPyTast
COJICPKUT MATPHUILY HEM3BECTHBIX APAMETPOB 00beKTa (B aHIIOA3bIMHOIT JIuTepa-
Type Takast MOJie/Ib Ha3biBaeTcs «linear fractional transformation modely» uau co-
kpamiento «LFT modely). Jonosauresnbhbie BXOJI U BBIXOJ U3BECTHOI TOJICHCTE-
MBI, SIBJISTIOIITIECST COOTBETCTBEHHO BBIXOIOM ¥ BXOJIOM HEM3BECTHO MTOICHCTEMBI,

! PaGora Bemosmena mpu dunancosoii mommepxrke PH® (mpoext Ne 24-11-20023).
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Ha3bIBAIOTCH BXOJIOM M BBIXOJIOM Heolpe/iesieHHocTu. Ecin arpuophast nundopma-
U BbIpakKaeTcsd KBaAPAaTUYHLIM HEPABECHCTBOM OTHOCHUTEJILHO MAaTPUIILI HEU3-
BECTHBIX IIapaMeTPOB, TO BXOJ U BBIXOJ HEOIIPEJICJIECHHOCTH Y/IOBJICTBOPAIOT COOT-
BETCTBYIOIIEMY KBaJIDATUIHOMY HEpABEHCTBY. TakuM 0Opa3oM, UCXO/IHAST CUCTEMA
C IIapaMeTPUICCKON HEOIPEAE/ICHHOCTBIO «IIOIPYZKACTCA» B U3BECTHYIO CUCTEMY,
COIEPZKAIIYIO JOIOJTHUTEIbHOE BO3MYIIICHIE N3 3aJJaHHOTO KJIacCa M HA3BIBACMYIO
Jajlee pacmwupenHoii. B urore B KadecTBe pobACTHOIrO yIpaB/IeHUS, MUHIMU3U-
PYIOIIEro 3a/iaHublil (pyHKIMOHAJ, BBIOMPAETCS COOTBETCTBYIOIIEE MUHUMAKCHOE
yIpaBjeHue JJjid PaCHIUPEeHHONR CUCTEMbl IIPOTUB BHEIIHEr0 U AOIIOJIHUTEILHOTIO
BO3MYIIICHUI.

B cunrtese 3aK0HOB yIpaB/IeHHS 10 SKCIEPUMEHTAILHBIM JAHHBIM ITPEIIIO A~
raeTcsi, 9TO BOBMYIIEHUSA B OOBEKTEe WM ITOMEXU B M3MEPEHUSX IIPU IIPOBEIEHUN
9KCIEPUMEHTOB IIPUHAJIEXKAT HEKOTOPOMY KJIACCY M UMEIOT OIpeeeHHbIe Ipa-
HUIIBI. DTO HO3BOJISIET CYAUTH 00 00JIACTH HEOIIPEIEIEHHBIX IIapaMEeTPOB 00bEKTa,
KOTOPbIe MOIVIM Obl TeHEePUpPOBATh MOJIy4YeHHble JaHHble. OIHaKo HEIIOCpeICTBeH-
HOE IepeHeceHne OIMUCAHHOIO BBIIIE CHHTE3a poOACTHOIO YIIPABJICHUSI OKA3AJIOChH
3aTPYIHATELHBIM, TaK KaK IOJyIaeMOe IIPHU HUCIOJIHL30BAHIN IKCIEPUMEHTAIb-
HBIX JAHHBIX HEPABEHCTBO ABJISIETCS] KBAJIPATHUIHLIM OTHOCHUTE/IHLHO TPaHCIOHH-
POBaHHOI MATPHUILI HEM3BECTHBIX HapaMeTpoB. Kak Oymer moka3aHo jaJjee, 3TO
[IPEIATCTBIE MOXKHO ODOMTH, €CJIM OT UCXOJHON HEOIIPEIEeJIEHHON CHCTEMbI TIepeii-
TH K JABONCTBEHHOI CHCTEME M XapaKTePH30BaTh ONTHMU3UPYEMBbIN (DyHKIMOHA
B TEPMHUHAX JIBOWCTBEHHON CUCTEMBI.

B cBsI3M ¢ BO3HUKINEH TPY/HOCTHIO TOSIBUIMCH HOBBIE HOAXOJBL. B [2] pobact-
HOE yIIpaBJeHue JJisl TUHEHHBIX CTAIMOHAPHBIX CUCTEM B OTCYTCTBHE BO3MY IIIEHMI
7 TIOMEX B M3MEPEHUSX CTPOUTCS HA OCHOBE MApPAMETPUBAINU B TEPMUHAX IKCIIE-
PUMEHTAJILHBIX JTAHHBIX MHOYKECTBA BCEX MATPHUIL 3aMKHYTOI CHCTEMbI, COLJIACO-
BAHHBIX C 9KCIIEPUMEHTAIbHBIME JIAHHBIMU. DTOT HOAX0/ B [3] pacupocrpansiercs
JIUTsl CUCTEM C BO3MYIIEHUEeM, a B [4] — 1yist JIMHeHHBIX HeCTAIMOHAPHBIX CUCTEM C
BoamyIieHueM. B [5] HEoOXoauMbIe U IOCTATOUHBIE YCJIOBUS POOACTHON CTAOUIH-
3alUK OJIydeHbl Ha ocHOBe JieMMbl [Turepcena [6]. B [7] nokasano, aro pobact-
Hoe Ho-ylupaBileHHe 110 S9KCIEPUMEHTAJIbHBIM JAHHBIM [PH JTOCTATOYHO MAaJIbIX
AMILUIATYIaX BO3MYIIEHUI MOYKET OBITh YJIYYIIEHO 3a CYET KOMIIPOMIUCCA MEXK-
JIy TeJISIMU YIPABJIECHUsT U UJICHTU(DUKAIINN, JIOCTUTAEMOTO IIyTeM Pery/isapu3aIiin
dyHKIIMOHATIA.

K skcnepuMeHTaJIbHBIM JaHHBIM B 9THX paboTax MPeIbsBSIOTC OIpeIe/IeH-
Hble TPeOOBAHUS: JJIsi CTAIMOHAPHBIX CHUCTEM MATPHUIA, COCTABICHHAS U3 U3Me-
PEHMIT COCTOAHUI U YyIPABIECHUN 10 TPACKTOPUNA CUCTEMBI, JTOXKHA ObITH MaKCH-
MaJIbHOTO CTPOYHOTO PaHra, & i HeCTAIMOHAPHBIX CHCTEM MATPHUIILI, COCTAB-
JIEHHBbIC U3 U3MEPEHUIl COCTOAHUI M yIPaBJICHUN B HECKOJIbKUX IKCIEePUMEHTaX,
B KasKJIblii MOMEHT BPEMEHHU TaK>Ke JOJI?KHBI MMETh MaKCUMAaJbHBIA CTPOYHBIA
paur. it BBIMTOJIHEHUsT 9TOrO PAHTOBOIO YCJIOBUsI TPEOYeTCs, ITOOBI BXOJIHBIE
CUTHAJIBI B 9KCIIEpUMEHTaX obecrednii Hemcdyesatolnee B30y KIEHNEe B CHCTEME,
a B HECTAIMOHAPHBIX CHCTEMaX 9TO elle 1 TpedyeT IMPOBeAeHHe JTOCTATOIHO DOJIb-
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OI0T'0 9MCJIa IKCIIEPUMEHTOB, HGO6XO,ZLI/IMI;>IX JLJIA I/I,ZLeHTI/I(i)I/IHI/IpyeMOCTI/I HEU3BECT-
HBIX IIapaMeTpPOB.

B [8, 9] ayst cranmonapHbix cucreM 6e3 BO3MYIIEHHUN U ¢ BO3MYIIECHUSIMU 10
JIy9IeHbI HEOOXOMNMBIE U JOCTATOTHBIE YCIOBUS WHMOPMATHBHOCTH IKCIIEPUMEH-
TaJbHBIX JAHHBIX 110 OTHOIIEHWIO K CHHTE3UPYEMOMY 3aKOHY YIIPABJICHUS, IPU
KOTOPBIX CYTIECTBYET eUHast JTHHEHHAsT CTAIIMOHAPHAS 00paTHAsT CBA3D JJIT BCEX
00BEKTOB, COTTIACOBAHHBIX C HKCIECPUMEHTAJLHBIMA JAHHBIMUA. DTHU YCIOBUS TIO-
JIYUYEHBI [IPH UCIIOJB30BAHUU MATPUYHOIO BapuaHTa S-jeMMbl [10] u BbIpaykeHbt
B TePMHUHAX JIMHEHHBIX MaTpudHbix HepapeHcTB (JIMH), saBucsimx ToiabKo or
9KCIIEPUMEHTAIBHBIX JIAHHBIX. Pe3yIbTaThl MATEMATHIECKOTO MOJIETUPOBAHUS, B
TOM YHCJIE U [IPUBEJIEHHBIE B [9], IOKA3BIBAIOT, YTO y2Ke [IPU CPABHUTEJILHO HEGOIIb-
MIAX aMILIATY/IaX IoMeX B m3Mepenusx ykazanuoie JIMH maoT moBosbHO rpydyio
OTIEHKY COOTBETCTBYIOIIEMY MOKA3ATEII0 KAYIECTBA CUCTEMbI MJIN JIaXKe OKa3bIBa-
I0TCSI HEPA3PEIMUMBIMA. DTO MPOUCXOIUT IO TPUUUHE TOTO, U9TO C POCTOM aM-
IJIATY/BI IOMEXU MHOXKECTBO OOBEKTOB, COIVIACOBAHHBIX C IKCIIEPUMEHTATbHBIMI
JIAHHBIMU, 3HAYUTEILHO paciupsiercs. U xors hopMabHO jijisi 00eCIIeIeHUsT WH-
dOpMaATHBHOCTH JTAaHHLIX HEe TpeOyeTcs Hemcde3aroliee BO30YKICHNE B CHCTEME,
YKa3aHHOE MHOXKECTBO MOXKET CTaTh HEOI'DAHUYIECHHBIM JTayKe MIPU HEDOJIBINX aM-
IUTATY/IaX TTOMEX, eC/IN JJIs SKCIEPUMEHTATHHBIX JAHHBIX HE BBITOJIHIETCS DaH-
roeoe ycjoue. Takum obpa3om, cuHTe3 pOOACTHOTO YIPABJICHUS, OMUPAIOIIANCS
TOJIBKO Ha KCIEPUMEHTAJIbHBIE JTAHHBIC, KAK M CHHTE3 HA OCHOBE TOJIBKO AIPU-
opHO#t HMOPMAITIH, UMEET CBOU JOCTOUHCTBA W HEJAOCTATKH. [lodTOoMy KazxKkeTcst
€CTECTBEHHBIM OObEIMHUTD 3TH TIOJIXOJIBI, MyCTh Jayke TPU BO3MOXKHOM KOHCEepBa-
TUBHOCTH TTOJIYIAE€MBIX PE3yILTATOB.

ITepBast OIBITKA B 9TOM HAIIpaBJIeHNH ObLTa IpeapunsTa B [11], rue mapamer-
PBI 0OpaTHOI CBS3U IO COCTOSIHUIO JIJIsl JINHEHHBIX CTAIIMOHAPHBIX CUCTEM U HEKO-
TOPBIX KJIACCOB HEJIMHEMHBIX CUCTEeM HaXOJATCA IIPU COBMECTHOM HCIIOIb30BAHUN
allpUOPHBIX M 3KCIIEPUMEHTA/IbHBIX JaHHbIX Ha OCHOBE TaK Ha3bIBaeMO#l Teopuu
muokuTeseit [12]. B [13, 14| s cranumoHapHbIX cucreM Ha 6ECKOHETHOM IOPU30H-
Te OBITIO MOKA3aHO, YTO TPAJUIIMOHHBIC METOAbI CHHTE3a POOACTHOTO YIIPABJICHA
10 aIlPUOPHOIl MHQOPMAIINY, OCHOBAHHBIE Ha TeOpUU H oo -ONTUMU3AINU, MOTYT
OBbITH IIPUMEHEHBI B CHHTe3€ 0000IIeHHOT0 H oo-ONTUMAJILHOIO YIIPABJICHUS 110 SKC-
HEePUMEHTAJILHBIM U allPUOPHBIM JaHHBIM, €CJIM OT MCXOJHON cUCTEeMBbI IepefiT K
zBoiicTBeHHOi. 715 aT0ro Tpebyercs obobmennyio H,-HOpMy XapaKTepu30BaTh B
TepMHUHAX KBaJpaTuaHoil pynkimm JIgmyHoBa 11 ABOMCTBEHHOI CUCTEMBI, IpeJI-
CTaBUTH YpaBHEHUs JBOUCTBEHHOU HeolpeneaeHHOH cucreMsl B Bulie LF'T mMonenn
C COOTBETCTBYIOLIIUMHU HEPABEHCTBAMU ]Il BXOJa U BBIXOLA HEOILPEIEJCHHOCTH
U B KadecTBe POOACTHOTO yIIpaB/ieHus BbIOparh 0606mennoe H ,-onTuMaibHOe
ylIpaBjlcHHe JJI TalleHusl BHEIIHETO U JONIOJIHUTEIbHOIO BO3MYIICHHU B U3BECT-
HOI IIOJICUCTEME ITOU MOJIEIN.

B macrogmieit paboTe sTa naesa paclpocTpaHACTCA Ha aHAJIN3 U CHHTE3 ONTH-
MaJIbHBIX 3aKOHOB YIIPaBJICHHUS [JIsl IIOJIHOCTBIO HEOILpeIe/ICHHBIX HeCTalllOHAD-
HBIX CHCTEM Ha KOHEYHOM ropu3oHTe. lleaMu ynpasiieHUS ABIAIOTCS MUHIMEI3a-
sl yPOBHEH TallleHusl BHEIIHETO ¥/ WM HAYa bHOTO BO3MYIICHHI, M3MepseMbIX
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HAUXYIIIAMHA 3HAYCHUAMA OTHOIICHUHN KBa/IPATUYHBIX 110 COCTOAHUSAM W yIpPaB-
JIEHHSAM (DYHKIIMOHAJIOB K <« HEPIUU» COOTBETCTBYIOIIMX BO3MYIIECHUI, a TaKKe
MaKCHUMaJIbHOE YKJOHEHUE TEPMHUHAJIBHOIO COCTOAHUS, U3MEPAEMOe HAUXYIIITUM
3HaYEHHEM OTHOIICHNS KBAAPATUIHON (POPMBI TEPMUHAILHOIO COCTOSIHUSI K SHEP-
MK BO3MYINeHHi. Bce 9TM mokasarean BBIPayKaioTCs B TEPMUHAX OOOOIIEHHOI
H-HOpMBI TUHEWHOH HECTAIIMOHAPHON CHCTEMBbI Ha KOHEUHOM TOpH30HTE. B oT-
qmane ot [4] 3meck He TpebyeTcst BBINOJHEHHsI PAHTOBOIO YCJIOBHsI, YTO TI03BOJIsI-
eT 3HAYUTE/JHbHO YMEHBIITUTh 00beM SKCIePUMEHTAIbHBIX JaHHbIX. Ha mpumepe
ypaBHenusa MaTbe OyieT IpogeMOHCTPUPOBAHO, YTO CHHTE3 pOOACTHOIO yIIpaBJIe-
HHSI HECTAIMOHAPHON CHCTEMOI MOXKET OBITh OCYIIECTBJIEH JlayKe IPU U3MEPEHUN
OJIHOI1 TPAEKTOPUHU HA KOHETHOM MOPHU30HTE. DTO JIOCTUTALTCS 38 CUET COBMECTHO-
'O HCIIOJIb30BAHMS SKCIEPUMEHTAIbHBIX JAHHBIX W AllPUOPHON MHMOPMAIUT, IIe
HOCJICHAA UTPACT PEryJIAPU3UPYIONLYIO POJIb B TEX CIydadx, KOTJa ITPOUCXOIUT
BBIPOKIeHIe MH(MOPMAIMOHHBIX MATPHUIL ¥ CHCTEMa, OKA3BbIBACTCA HEUICHTH(DUIIN-
PyeMOii.

2. IloctanoBka 3ama4n

2.1. DKcnepumernmanvHbvle 0aHHbLE

PaccMoTpuM Heolpe/ie/IeHHYI0 CUCTEMY

x(t+ 1) = Ax(t) + Buu(t) + w(t), x(0) = xo,

2.1

@1) z(t) = Cyx(t) + Dyu(t), t=0,...,N —1,

B KOTOpOIt Z(t) € R" — cocrosuue, u(t) € R™ — yupasmrenue, w(t) € R™* — meus-
MepsieMoe Bo3MylIenue, z(t) € R™ — nenesoii Bbxos. Ilpemanosnaraercs, 4ro Ha-
JaJbHOE COCTOSIHHE Tg U HeCTalMOHApHLIe MaTpulbl cucreMbl Ay, By, Cy u Dy
Hen3BecTHLI. B obieMm 1rane Tpedyercs Ha OCHOBE MH(MOPMAIINN, ITOTYIeHHON U3
9KCIIEPUMEHTOB, U allpUOPHOI WHMOpPMAIUN CHHTE3UPOBATD JINHEHHbIE 0OpaTHbIE
CBS3U 110 COCTOSHHUIO, KOTOPBIE ONTHMUBUPYIOT PA3JIMYHbIE OKA3aTEeI KadecTBa
3aMKHYTOl CUCTEMBI: yPOBEHb TAIlleHNs] HAYaIbHBIX U /WM BHEITHIUX BO3MYIIEHU
Ha KOHEYHOM T'OPU30HTE U Ha OECKOHETHOM MOPU30HTE IJIs1 CTAIMOHAPHLIX CUCTEM,
MaKCHMaJIbHOe OTKJIOHEHNE TEPMHUHAJIBLHOTO COCTOSIHUSI U JIP.

Undopmarmsi 0 HeM3BECTHBIX MaTpuilax cucreMmbl (2.1) u3Biekaercs U3 Ko-
HEYHOro Habopa m3MepeHnii ee Tpaekropun upu t = 0,..., N B pe3yabrare MIpo-
pegenus L > 1 skcuepuMeHTOB. A MMEHHO, JOIYCTUM, YTO B [-M SKCIIEPUMEHTE
HOJTy9eHBI U3MEPEHNsT COCTOAHNS CUCTEMBI X0, [, 1,1, - - -,LN,] U IJIEBOT0 BBIXO-
JA 20,15 - -+ ZN—1,] IPU BLIOPAHHBIX YIPABICHUAX U, [, ..., UN—1,] 1 HEKOTOPBIX
HEeU3BECTHBIX BO3MYIIECHUAX W, [, - . ., WN—1,. s kaxmoro t = 0,..., N oboszna-
9UM MaTPHUIBI

o, = (xt,l"'iﬂt,L), Uy = (Ut,l"'ut,L),
(2.2)

Wi = (wt,l”’wt,L)a Zy = (Zt,l"‘zt,L)a
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KOTOpPbIE COJepzKaT COOTBETCTBYIOHINE JTaHHbIE BCEX 3KCIEPUMEHTOB B Ka)K,ZLbeI
MOMEHT BpEMEHU. B CUJIy ypaBHEHUA 00BLEKTA JJId 9TUX MaTPHUIL BBIIIOJITHACTCHA

CI)t—',-l _ Agreal)(pt + Bt(real)Ut LW,

(2.3) . l
7, = "o, + Dy,
(real) (real) (real) (real)
e A; , By , Gy un D, — peaJibHbIE HEU3BECTHDBIE MAaTPHUIILI yPaBHe-

nuii cucrembl. O603HaAYNM

A(real) B(real) N o _ o e W,
A(T’eal) _ t t 7 b, — < t>7 & _ < t-i—l)7 W, = < t>
t (Ct(real) Dgreal) t U, t+1 Zy t 0

U 3alullleM ypaBHEHUA (2.3) B BUJIC JIMHEHHON MaTPUYIHON perpeccuun
(2.4) B = AP, +W,, t=0,...,N—1.

IIpeacraBum oblmee IPEIOIOKEHAE O BO3MYIICHHN B SKCIEPUMEHTAX B BUIE
L
YCJIOBHSL ) | wmwgl =W,WI <, re.
=1

o~ Q ~
(2.5) mw?<<0t3):m.

B wacrrOCTH, ecin Zlel |wt,l|2 < a?, o Q = o?l. Ecim ayia Beex t BosMmyTe-
HEE YJI0BJeTBopsieT orpaHndeHuio ||w(t)||oo < dy JUIsi HEKOTOPOTO 3aJJAHHOTO dy,
KoTOpoe Gy/IeM Ha3bIBATH YPOBHEM BO3MYIeHus, T0 ) = d2n, LI.

Bameuanue 1. Ecin B ypasaenun (2.1) Bo3MylleHHe NPEJICTABUMO B BHUJIE
w(t) = By, 1v(t), tme v(t) € R™ u ||v(t)||oc < dy, TO 4 = d%nvLBv,tBEt.

Hasee, u3 (2.5) caenyer, uro marpunbl A; nopsika (ng +n.) X (ng + ny),
KOTOpBIE MOTJTH GBI T'eHepHpOBATh MOJTy IeHHbIe B 9KCIePUMeHTax MaTpuipl O, u Z;
IIpU BLIOPAHHLIX yIpaBaeHUAX Uy 1 HEKOTOPBLIX MaTpHUIaX Wy, YAOBIETBOPSIOMIIX
orpannyenuio (2.5), XapakTepu3yoTcsi HepaBeHCTBAMU

(2.6) (Dpp1 — A (Prr — AD)T <y, t=0,...,N—1.
Hpe,HCTaBI/IM 9T HEPpaBEHCTBa B BUJE
(2.7) (At Loy )YV (A Iin )t <0, t=0,...,N—1,

Ijle CUMMeTPUYeCKUe MaTPUIbI \I/(l)(t) nopsiika (2ng + ny +nz) X (2ng + ny +
+n.) pas6 6ok ULV (8), 0,5 = 1,2

») pasbusatorca na Gmoxn W’ (1), ,j = 1,2 coOTBETCTBYIONMEro MOPsAIKa 1
BBIMUC/ISIIOTCA CJIELYIONIIM 00Pa30M:

&Jt&\)tT ‘ *
(2.8) vy = ——=- ——— _
@1 ® | P @l — O
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Obo3naunm Tepe3 A,Ep) MHOYKECTBO MATPHUIL Ay, COTIACOBAHHBIX C PE3YIbTATAMI
9KCIIEPUMEHTA, T.€. YJOBJIETBOPSIONIUX HepaBeHCTByY (2.7) jis JaHHOro t.

P) SIBJISIETCSI, BOODIIIE TOBOPsI, HEOrPAHUIEHHbBIM,
1 BBISICHUM, [P KaKUX YCJIOBHUSX OHO Oyjer orpaHuveHHbIM. [ljist sTOr0 0003HAa-
quMm gepe3 Im(-), Ker(-), span(-) u rank(-) obpas, siipo, auHeiiHOE MOAIPOCTPAH-
CTBO CTOH6HOB 7 CTOJIOIOBBIN PAHI COOTBETCTBYIOIIE MaTPHIIBL. Homycrum, 910
rank <I>t = s < min{n, + n,, L} u upejcraBum marpuryy (IJt B BUJI€ CUHTYJISIPHOTO
pasioxkennst |15]

~ GT
D = (F1 ) ( by Osx(L—s) > 1T = FYGT,
(2.9) O(ng+nu)xs  O(natnu)x(L—s) G3

Fy € Retnu)xs - py e Ritetn)x(metnu=s)  p— (B ), F'F=1,

HOKa}KeM, 9TO MHOZKECTBO Ai

rae ¥ = dlag (M,...,As) >0, \; — cobcrBenHble Uncia MHGOPMAIMOHHONW MaT-
PHUIIBI <I>t¢t , span ] =Im EI;t, span Fy = Ker EI;;F, span G = Im EI\>;F, span G =
= Ker ®;. Boibepem opTOHOpMHPOBAHHBIN 0Aa3WMC, COCTOSINUN M3 CTOJOIIOB MaT-
puriel F', BBe/IeM COOTBETCTBYIONINE MTEPEMEHHBIE

A=a (R R) = (AVAP), AV ermxs, AP e Rrexnetmom—s)

~1 ~ )
7 00O3HATIM <I>£ ) = FlT ®,. Torja suneiinast MarpudaHasi perpeccust (2.4) B HOBbIX
[IEPEMEHHBIX 3AIIMIIETC KaK

(2.10) By = AWM L =0, N1,

1) Agreal)(l) B

= EG;F uMeeT IIOJIHBII CTPOYHBIA panr, a

A (real)

«IIPOEKIUST» MaTPHUIbI A,

riae (s x L)-marpuia EI\>£

Ha mommpocTpancTBo Im @y, T.e. ee cTpoKM sIBJIsI-

X (real)

I0TCsI IPOEKIINSIMI CTPOK MaTpHIBL A,

(p)

Jlemma 2.1. Mnootcecmeo Ay Mampuy, COAACOBAHHOIT € IKCNEPUMEH-

Ha moAmpocTpancTeo Im Py

masvhoimu darrvmu Dy = col (B, Up), das komopwx eepro (2.9), npedcmasasem
0601 Heo2paruMeHHbLll 6bIPOHCOCHHBIT < MAMPUNHBLT IANUNCOUD», onpedeembitl
HEPaABEHCMBOM,

(2.11) AV = AR A - AT <

20e &ELS)(D = &Jt+1§>§1)TZ_2 — OUEHKA MEMOJOM HAUMEHDUUL KEADPAMOE MU~
PUYDL &Erml)(l) 6 (2.10).
(p)

CrexcrBue 2.1. Mnooicecmeo Ay
%0200 8bINONHEHO PAH2080€ YCAOBUE

02PaHUYEHHO moz2da U MoAbKO moeaa,

(2.12) rank < gﬁ > = Ny + Ny.

(p)

B smom CAYHAE MHONCECTNEO At cocmoum u3 mampuu, onpede/memmx Hepa-

DR, u szS)(l) _ AIELS)‘

sencmeom (2.11), 6 Komopom KE
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JlokazaTebCcTBa 9TON U MOCIEAYIOMUX JeMM npuBeaensl B [Ipumoxenun. U3
9TOI JIEMMBI CJIIyeT, UTO II0 IOJIYYEHHBIM JAHHBIM B OOIIEM CJIydae MOXKHO

(real)(1)
t

I/I,HGHTI/I(bI/IHI/IpOBaTb TONBLKO A — <IIPOEKIIUIO» HEU3BECTHOM MaTpHUIIbI Ha

nopocrpanctBo Im ®,. IIpu Bbimossenun panrosoro ycioeust (2.12) marpu-
1a AY“‘” B (2.4) upentudunupyema, a «MaTPUIHBINH JUUIUICOUI» U COOTBET-
CTBEHHO MHOYKECTBO A,Ep) orpannverbl. OTMETHM, 9TO JJIsI BBIIIOJIHEHUsT PAHIO-
BOro ycJioBust (2.12) HeoGXouMO, ITOObI KOJMYECTBO U3MEPEeHUii ObLIO He MEHbIIIe,
9eM CyMMa PasMepHOCTeil BEKTOPOB COCTOSIHUS U YIpaBJeHust, T.e. N = Ny + 1.
B ormmyue or [4] B paccmaTpuBaeMoM 371ech cuHTE3e POOACTHOTO YIPABJIEHHsI He
TpebyeTcsl BLIIOJIHEHISI PAHIOBOIO YCJIOBHUS M KOJIUIECTBO IKCIEPUMEHTOB MOYKET
OBITH MEHbBIIE, YeM N, + 7,. Kak Oymer mokasaHo jajee U IPOIeMOHCTPHPOBAHO
Ha IIpUMepe, eCJIU PAHNOBOE YCJIOBHE He BBIIIOJIHEHO W COOTBETCTBEHHO WHQOD-
MAallMOHHAs MATPHUIIA BBIPOXKJIEHA, TO OrPaHUYEHHE ODJIACTU HEOIPEeIeIeHHOCTH
[IPOMCXOUT 38 CUeT HCIIOJIH30BaHUs allpUOPHON MHMOPMAIINH.

Bameuanune 2. Ecin HenmspecTHasi HecranmoHapHasi cucrema (2.1) sBiser-
cd TEPUOINYIECKON € U3BECTHBIM IEPUOIOM 1', TO MATPHUIIBI KCIEPUMEHTAJIbHBIX
JAHHBIX MOI'YT OBITH C(OPOPMUPOBAHBI 110 U3MEPEHUSAM OJIHON TPACKTOPUU Ha, MH-
repsade [0, LT]. dyst sroro npu t = 0,...,T 0603HAYNM MATPUIIbI

¢, = (l’t LT+t x(L—l)T—l—t) , U= (Ut UT+t """ U(L—l)T+t) )

Wi = (wewrie - wp—nyree),  Ze= (22044 21-1)7+)

U TIOJLy9UM ypPaBHEHUsI, aHAJIOrMIHbIe (2.4), 1 COOTBETCTBEHHO HEPABEHCTBA, aHa-
norugsbie (2.7) mpu t =0,...,T — 1.

Bamedganue 3. Jljsi Hem3BecTHOI cranuoHapHOi cucreMbl Buja (2.1), mis
KOTOPOI, B YaCTHOCTH, MOYKHO IIPOBECTU TOJBKO OJINH IKCIEPUMEHT, T.€. BHIOpATH
L =1, uz marpur (2.2) coctaBUM MaTPUIBI

q)[OJV—H — (q)O-"q)N—l)a @[17]\[} — (q)lq)]v),
Uon-1)= Uo...Un-1), Zjon-1)=(Z0...ZNn-1),
W[O,N—l} =Wy...Wn_1).

~

B stoMm ciyudae mmeer mecto ypasuenne & = AP 4 W g koropom

%= ( Do, n—1) ) i ( D1 > W < Wio,n—1 )
Uon-1) /" Zion-1 )’ 0

Orcroa aHATIOTUYIHBIM 00pA30M IPUXOAUM K HepaBeHCTBY Buja (2.7) co crarmo-
papuoil Marpuueii W) ornocnrenbno Hem3BecTHO MATPHIIBI TAPAMETPOB A.

2.2. AnpuopHas uH@opmaus

[Iycth, Kaxk 9TO NPUHATO B TPAJAUIMOHHBIX METOJaX CHHTE3a PODACTHOTO
yIIpaBJICHUS, UMEETCA JIOIOJHUTEIbHAsd MHMOPMAIMA O TOM, YTO HEHM3BECTHBIE
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a
Puc. 1. Muoxecrsa Aép), Aé ) u At MaTpHUI], COIJIACOBAHHBIX TOJIBKO
C 9KCIIEPUMEHTAIbHBIMU, TOJBKO C AIPUOPHBIMU U C KCIIEPUMEHTAJIb-
HBIME U alPUOPHBIMU JAHHBIMU.

MaTPUIIbI Agreal), t=0,...,N — 1 yIOBJIETBOPSIOT OIPAHUICHUSIM
(2.13) (A= AD(A — ADT < 21, Af = ( A B ) ,
Ct Dt

B KOTOPBIX A} U p; — 3a/iaHHble MATPUIBI U CKAJIAPBI, XapAKTEPU3YIOIIHIe IEHTPHI
U PAJINYChl «MATPUIHBIX Chep». JAIUIIEM 3TO HEPABEHCTBO B BHUJIE

(2.14) A, NP, nt<o,
e marpuna W) (¢) cocront u3 610K0B \115]2) (t), 1,5 = 1,2 u umeer Buj

I | *
(2.15) v = —— - ——— -
AV BEAVVAVER
(2)

O6o3naunM gepe3 A’ MHOXKECTBO MATPHI A, YIOBIECTBOPSIOMINX JJIs JAHHOTO ¢
HepaBeHCTBY (2.14), n yepes Ay = A,Ep) N Aia) MHOYKECTBO MATPHIIL, YIOBIETBO-
psiornux HepaBeHcTBaM (2.7) u (2.14). Takum o6pasom, At — 9T0 MHOKECTBO BCEX
MaTpul] Ag, CONIACOBAHHBIX IPU JIAHHOM ¢ ¢ 3KCIIEPUMEHTAJIBHBIMEI U AllPUOPHbI-
(real)

mu JaHubMi. OueBnano, 9To A, € A¢. Ha puc. 1 g mumocTpaiuu cxe-
MATUYIHO U300parkeH OJINH U3 BO3MOXKHBIX BAPUAHTOB PACIOJIOXKEHUs] MHOMKECTB
A,Ep), A,Ea) 1 ux nepecedeHust Ag.

O6oszmavum mabop marput, Ajg y_1] = (Ag, ..., Ay_1), CONIACOBAHHBIX TOJTb-
KO € 9KCIIEPUMEHTATHLHBIMEI, TOJHKO ¢ AIIPUOPHBIME U C TEMU ¥ JPYTUME JAHHBIMI
ansg Becex t = 0,..., N — 1 coOTBETCTBEHHO Yepe3 AE(I)))N—I} = (Aép), e ,Al(\l;)_l),

(a) _ (a) (a) _
A[07N_1} = Ay’ ANl ) T A N_1 = (A0, .-, AN_1).
2.8. Heau ynpasaerus

Kawecrso neonpe/enennoii cucremst (2.1), 3aMKHyTOl yIIpaBJICHIEM BUIA JIV-
HefHON HecTalmoHapHOil 06paTHO cBsi3n 1o cocrosiuuio u(t) = ©ux(t), Gymem
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OICHMBATH MAKCHUMAaJIbHO BO3MOXKHBIM YPOBHEM TallleHUsl Ha4YaJIbHOI'O W BHEII-
HEro BO3MYIIEHUl, T.e. BepxHeil rpaHurieii 0606mennoil Hy,-HOPMbI 3aMKHYTOI
CHCTEMBI IIPU BCEX MATPUIIAX CUCTEMBI, COIVIACOBAHHBIX C 9KCIEPUMEHTAIbHBIMNA
¥ allPUOPHBIMU JTAHHBIMU:

’7900(@[0,N—1}§ R,S) =

(2.16) HZ”%O, Nt xT(N)Sx(N)
= sup su To T 5
Ajo,N-1]€A[0,N—1] L0, W g R~ o + ”w”[Q N-1]

1/2

)

e R=RT">0u S =5T >0 - BecoBble MATPUIIBI HAYAIBHOTO U TEPMIHAIb-
HOI'O COCTOSIHUII COOTBETCTBEHHO, H£||[207 q= S0 1€(9)]?. Cmbica sToro kpurepus
MOXKHO TOSICHUTB CJIeAyonuM oopa3oM. COCTOsTHIE CHCTEMBI B TEKYIIHA MOMEHT
BPEMEHU 3aBUCUT JITHEHHO OT HAYAJBLHBIX YCJAOBUN U BO3MYIIEHU, U UX yBeJIMYe-
HUe TPUBOJIUT K COOTBETCTBYIOIIEMY YBEJIUYEHUIO ITePEMEHHBLIX cocTosdnud. Jlas
TOrO ITOOBI XaPAKTEPU30BaTh IMOBEJICHIE CUCTEMBI [P HEOIIPE e IeHHBIX HaTA/b-
HBIX YCJIOBUSIX W BO3MYIIEHUSX, HOPMAaJU3yeM COOTBETCTBYIOMINN (DyHKITHOHAJ
BEJIMYMHOI, PaBHOU YKa3aHHOI B 3HaMeHaTese CyMMe, WM, YTO TO Ke caMoe JJIsd
JIMHEHOW CUCTEMbI, OTPAHUYUM 3Ty cymMMy emmauieil. Jisa cranmmonapuoil cu-
creMbl Ha OecKOHeYHOM ropusoHTe B (2.16) cuemyer nojoxkurb S =0, N = 0o u
A€ A, tme A — MHOXKECTBO HEM3BECTHBIX MATPHI CHCTEMBI, COTVIACOBAHHBIX C
9KCIEPUMEHTAJILHBIMU U aIPUOPHBIMU JTAHHBIMU.

Korma nagamgsHoe cocTosinue HyseBoe, 00001eHHast Hoo-HOpMa IIpeBpaIiaeTcst
B cTaHIapTHYIO Hoo-HOpMY

9 T 1/2
(1203, + 2 (V) S2(N))
(2.17) Yoo(Op,n-1);5) = sup sup
Ajo,n-1]€A[0,N-1] WED [[wlljo, n—1]
gro coorBercrByer R — 0 B 0606menuoii Ho-nopme (2.16). Ilpu orcyrcrBun

BHEIIHEro Bo3MylieHus, T.e. npu w(t) =0, kpurepnii (2.16) npuanMaeT BUI Yo-
HOPMBI

Y0 (Op,n-11; R, S) =

(2.18) 12I1%, vy + 2T (N)Sz(N)
= sup sup o1 ,
Ao, N-1]€EA[0,N—1] T0F0 xR~ o

1/2

XapaKTepU3yIoneil MakKCUMaJ/IbHOE 3HAYeHHEe KBaJIPATUYHOIO (YHKIMOHAJIA Ha
TPAEKTOPHUAX CHUCTEMBI [IPU HAYAJIBHBIX COCTOSHUAX, TPUHA/JIEKAIUX SJUIUIICO-
uny rTR7'z < 1. Ecm B ypasmenmn (2.1) mveem C; =0 u Dy =0, To mony-
YUM BEPXHIOI I'DAHUILy MAKCHMAJILHOIO YKJIOHEHHS TEPMUHAJIBLHOI'O COCTOSHUS
3aMKHYTON HEOIPeIeeHHON CHCTEMDI

YN (Op,n—1; R, S) =

1/2

(2.19) 2T (N)Sz(N) /
= sup sup | —p—s— 5

Ajo,N—1]€A[o,N—1] Zo,w \ L( R~z + HwH[o,N_l}
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B nambmeiintem Tam, riae 9TO He ABJISETCS HEOOXOIUMBIM, BECOBBbIE MATPHUIILI B
KadecTBe apryMEHTOB PacCMaTpPUBAEMbIX HOPM OY/IYT OITYCKATHCS.

Sa/ada 3aK/I09a€TCsI B TOM, YTOOBI, HE MMesl U He CTPOsd MaTeMaTHIecKyIio
MOJIeJIb CUCTEMBI, CUHTE3NPOBATh yIIPaBJIEHNE, IIPU KOTOPOM OJIMH U3 TepPevdunc-
JIEHHBIX BBIIE KPUTEPUEB OIPAHIYEH 3aJaHHON KOHCTAHTOI, T.e. B OOIIEM CJIydae

Ygoo (O, n—1]) < -

3. Anmaymm3 3amanHoil cucreMbl HA ocHoBe (pyHKIMEN JIgmyHnoBa
JIBOMICTBEHHOI CHCTEMBbI

111 3a1aHHo0il CUCTEeMBI

z(t+1) = Ax(t) + Bo(t), x(0) = o,

(3.1)
z2(t) = Cx(t) + Dyv(t), t=0,...,N—1

06061enHoil Ho-HOpMOII ¢ BecoBbiMU MaTpuiiamMu R >0 m S > 0 HavaabHOrO
U TEPMUHAJBHOI'O COCTOSHUII HA3BIBACTCS MaKCHUMaJbHOE 3HaYeHUE KBaIPATHO-
o KOPHSI U3 OTHOIIEHHs CYMMbI KBaJipaTa [o-HOPMBI BBIXOJa U KBaJIPATUYIHON
GOPMBI TEPMUHAJIBHOTO COCTOSTHUST CUCTEMBI K CyMME KBaJIPATUIHON (DOPMBI HAa-
YaJIbHOIO COCTOSHUS U KBaJ[paTa [o-HOPMbI BO3MYIIIEHHUS, T.€.

1/2

2 T
12012, x_yy + 2T (V) Sz(N)
(3'2) HHH (R, S) = sup )
! o B lzo + vl
o,V Ty ) v (0, N—1]
rjie cynpeMyM Gepercs 1o BeceM HadasbHbIM cocrosiausiM 2(0) = g 1 BceM BO3MY-
IIEeHUSAM v € lo, OJHOBPEMEHHO He OOPAIIAIONINMC B HOJIb.
WsBecTHa cieayomnast Xapakrepusalus 06001meHHoil H y,-HOPMBI Ha, KOHEIHOM
WHTEpBaje B TepMuHaxX QpyHKIUN JIAmyHOBa, KOTOpPas TIPUBOIUT K BBIYUCIEHUIO
9TOU HOPMBI C MTOMOIIHIO JUHENHBIX MATPUIHBIX HEPABEHCTB.

Jlemma 3.1 [16]. Obobwennasn Hoo-nopma (3.2) cucmemwv (3.1) ydosaemeo-
paem ycaosuto || H | goo (R, S) < v mozda v moavko mozda, kozda daa npupauwierus
dyrnxyuu Vi(r) = 27 Xpr ¢ Xy = X >0, Xg <?R™Y uw Xy = S no mpaexmo-
puu cucmemo, 0an ecex t € [0, N — 1] eeprol nepaserncmea

(3.3) Vi1 (2(t +1)) = Va(z(t)) + [2(0)F = ?u(t)* < 0.

Bameuanune 4. s crannapraoii H.,-HOPMBI U3 IPUBEJIEHHBIX B jleMMe 3.1
yenosmit ncaesaer HepasencTso Xo < Y2R™L, a my1d 4o-HOPMBI 1 MAKCHMATBLHOTO
YKJIOHEHUSI TEPMUHAJILHOTO COCTOsIHUSI B HepaBeHCTBe (3.3) mcde3aioT COOTBeT-
ctBenno ciaraemoe v2|v(t)|? u craraemoe |2(t)|%.

CdopmynupyeM Be JIEMMBI, JIOKA3aTe/IbCTBa KOTOPBIX IpuBeaeHbl B 1pnito-
JKEHUH, TTO3BOJIAIOIINE YCTAHOBUTL COOTBETCTBHE MEXKIY 0000IeHHbIMU H oo -HOP-
MaMui TpsIMOR 1 IBoiicTBeHHON crucreM. IIpeaBapurenbHO HAIIOMHIM, UTO 0000-
menHast Ho,-HOpMa SBJISIETCS WHIYIMPOBAHHON HOPMOI JIMHEHHOI'O OIEpaTopa,
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nopoxgaemoro cucremoii (3.1) u orobpaxkatomiero napy (xg,v(t)) € R™ x Iy =
= Z1, COCTOSINIYIO U3 HAYAJIBLHOIO COCTOSHMS U BO3MYINEHHsI Ha BXOje, B Hapy
(x(N),z(t)) € R™ x ly = Eg, COCTOSIIYIO U3 TEPMUHAILHOIO COCTOSHUS U I[EJIe-
BOTO BBIXOJA, T.€. || H ||goo = ||[I'gool|, e

Fyoo : 21 =R™ X [0, N — 1] = Z2 = R"™ x [3[0, N — 1] : (xg,v) = (x(N), 2).
CkaJssipHble IPOU3BE/ICHIST B 9THX IPOCTPAHCTBAX OLPEJICIAIOTCH KAk
()21 = a1 (R 22(0) + (vi(t), va(t)),
( )z = 21 (N)S2(N) + (21(2), 22(8))1,.
Jemma 3.2. Conpaoicenmoui onepamop Uy, u €20 nopma onpedeastomes xax
IM: B2 = E1: (ST'2(N),0(t) — (RZ(0), 2(1)),
(3.4) Tl = sup | ooy *2 OR7O -
a(N),7 | ZT(N)STIE(N) + 107 vy
ede T(t) u Z(t) ydosaemeoparom ypasreruim
Z(t) = AfZ(t + 1) + Clo(t),
Z(t)=B;z(t+1)+D;v(t), t=0,...,N—1.

Jlemma 3.3. Obobuennan Hoo-mopma ¢ secosvimu mampuyamu R uw S wa-
YANDHOR0 U MEPMUHAALHO20 cocmoanutl cucmemv, (3.1) cosnadaem ¢ 06obusen-
10T H oo -HOpMOU ¢ 8eCO8bMU Mampuyamy S U R Ha4aisoH020 U MEPMUHAALHO20
cocmoanuti deoticmeenHoti Cucmembol

za(t+1) = Ay_1_zq(t) + CN_1_yva(t),

(3.5)

(3.6)
Zd(t) = B]’{‘/—l—tznd(t) + D]’TV—I—tUd(t)v t= 07 e 7N - 17
m.e.
1/2
. <|rzu[20,N_1]+xT<N>Sx<N> e
o, rd R1xg + ||[v|]2, a
(3.7) ’ 0 [0, N=1

1/2
o Izallfy, 3y + 24 (N) Rza(N) /
21 (0)S™2a(0) + [lvallfy x— 1

Cuaexcrue 3.1. Makcumanvnoe ykaonenue yn(R,S) mepmunarvrozo co-
cmoanusa cucmemv, (3.1) coenadaem ¢ (S, R)-nopmoti deoticmeennoti cucme-
st (3.6), 6 komopoti Ct =0 u Dy =0, m.e.

1/2
zT(N)Sz(N)
sup Tp-1 2 -
o,V !EOR To + HUH[O,N—H

1/2
g (Ml + ) Rea(N) /
24(0)£0 3 (0)S~1z4(0) ’

24(0), va

(3.8)
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u coomsemcmeenno Yo(R,S) :’y](\?)(S, R). Cmandapmnas Hso-nopma cucme-

s (3.1) caedyrowgum obpasom vipasicaemcs 6 MepMuHAT 060TGCMEeHHoT cucme-
Mol (3.6):

1/2
(=13, 5y + 2T (V) Sz(N))
sup =
20=0,v#0 HU”[O, N—1]

szH[O,N—l}

= sup /2
2a(0), v (xg(o)s—lxd(O) + [lvallf, N—1]>

YuurbiBasi COVIACHO JieMMe 3.3 PaBEHCTBO COOTBETCTBYIONIUX 0OOOIIEH-
HBIX Hoo-HOPDM M TPSIMON ¥ JIBOHCTBEHHON CHCTEM M IPUMEHsisl JJisi HOPMbI
|HD || ,00 (S, R) npoiicrsemnmoit cucremsr (3.6) memmy 3.1, npuxomum K ciiestyio-
meil xapakTepusanuu 0606meHHON H o-HOPMBI HCXOHO{ CHCTEMBI.

Teopewma 3.1. [Jas cucmemu: (3.1) evnoanaemes ycaosue ||H||goo (R, S) < 7y
moezda u moavko moezda, K020a cyuecmeyem GyrHKuuL ‘A/t(xd) = a:dTPtxd c P >0,
Py < 725_1 u Py = R, npupawerue xomopot no mpaekmoput 080TUcmMEeHHOT
cucmemwi (3.6) npu ecex t =0,..., N — 1 ydosaemeopsem nepasencmseam

(3.9) Vet (za(t +1)) = Vi(@a(t)) + [za()* = 7*Jea()* < 0.

Bameganune 5. Ilpun amasormaHOil XapaKTepU3aIUU Yo-HOPMbI U MAaKCH-
MAaJIBHOI'O YKJIOHEHHsI TEPMUHAIBLHOTO COCTOSHUSA B HepaseHcTBe (3.9) mcuesHyT
cooTBeTcTBeHHO ctaraemble |2q(t)|? m v2|vg(t)[?, a ama H.o-HOPMBI B yCIOBHSIX
TeopeMbl 3.1 coreyer nosoxkuTh R = 0 (cM. 3amedanue 4).

Bameuanue 6. 3anuceiBasi HepaBeHCTBa (3.9) st KBaJpaTudHbiX HOPM B
MaTPUIHOM BHUJIE, IIPUXOJIUM K JIMHEHHBIM MAaTPUYIHBIM HEPABEHCTBaM

B * * *
Av_14Py1 — B * *
<0,
(3.10) Cn-1-tPim1 0 e
0 BN 1y Dy —1

Py<~*S™', Py=R, t=0,...,.N—1

OTHOCHUTEJIbHO MaTpPHUIL Pt, KOTOpbIE€ pa3pe€munMbl TOI'ZJa W TOJIBKO TOr/a, KOI'Jda

[1H ||goo (R, S) < -

Bamewanne 7. Marpuup! byukuit V;(z) = 27 Xz u Vi(zg) = $3Rgl‘d psi-
MOIl U JBONCTBEHHOIl CHCTEM CBA3aHbI COOTHOIICHHMEM I = 72X&1_t. 910 Hero-
CPEJICTBEHHO TIpoBepsieTcs], eciau B HepaseHcTBax (3.10) ocyriecTBuTh 3aMeHy

_ A2yv—1 .

P, =~°Xy_, u crapjapTHeIM 00pa3oM NPUHTH K TOMY, UTO Jjs (DyHKIHH
V(z) = 2" X2 1o TpaexTopun cucremb (3.1) BBITOHSIETCS HEpaBeHCTEO (3.3).
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3amedanwne 8. st craloHApHO cHCTEMBl Bce yKasaHHBbIe GyHKIUN JIs-
[IyHOBA MMEIOT IIOCTOAHHLIE MAaTPUILL, a Marpuia P > R yIoBJIeTBOpIEeT CTaIo-
HAPHOMY BapHaHTy 1epsoro HepaseHctsa (3.10) [16].

4. CuHTEe3 3aKOHOB YipaBJ/ieHUdA Heonpe,aeneHHOf/i CHCTEMO

4.1. Obobusennoe Hoo-ynpasierue na KOHEYHOM 20PUOHIME

OmmieM OCHOBHBIE INArM IOJYYEHHUs 10 SKCIEPUMEHTAIbHBIM U AIIPUOPHBIM
JTAaHHBIM BepXHEH TpaHuIbl 0000IeHHON H o-HOPMBI C BECOBBIMHU MaTpuiamMu R
1 S U COOTBETCTBYIOIINX ITapaMeTpoB ©; 3aKOHOB YIIpaBJIEHUs [IJIsT HEOIIPE e/ IeH-
HOit cucrembr (2.1). YpaBHeHUsI 3aMKHYTO# CUCTEMbI UMEIOT BUJ

Z(t) = (Ot + Dt@t)l‘(t).

YunrbiBas BBEICHHLIC 0603H8}16HI/I}I, opeJcTaBUM 9TH yYpaBHEHUA B BUJIEC

(4.1)

x(t+1) = (In, On,xn.) A¢ ( Ig: > x(t) + w(t),

(4.2)

0 = Onns 1) &0 57 )20

rae Ay — HemsBecTHast (Ng + ny) X (Ng + ny)-Marpuna, Oy — (n, X ng)-Marpuia
IApaMeTPOB PEry/IaTopa. JaluileM YPaBHEHHs ABOMCTBEHHON CHCTEMBI:

za(t+1) = ( g )TAﬁ_l_t ( é ) zq(t) +

ON_1—¢

(4.3) N ( @N{H >TA§_H ( ? > wa(t),

zd(t) = z4(t).

PaceMoTpuM Takzke cHCTeMy, KOTOPYIO HA30BEM DACIIMPEHHOMH, ¢ JIOOJIHU-
TEJBHBIMA UCKYCCTBEHHBIME BXOIOM WA (t) € R™ T y ppixomom 24 (t) € R™e 7=
OlpEJIe/ISIEMYIO Y PABHEHUSIMU

I T
xo(t+1) = wa(t),
(4.4) < ON -1 >

o) =an(t),2a(t) = (o )y + (7 ) wale)

B KOTODBIX Z4(t) € R™ — cocrosinme, wg(t) € R™* — Bo3mymenue, z,(t) € R™ —
1esieBoii Bixo. JlomycTum, 9To JOMOJHUTEIBHBIH BXOJHON curHas wa(t) B cu-
creme (4.4) npu Beex t > 0 yJI0BIETBODPSIET HEPABEHCTBAM

wa® \" n o [ walt) B
(4.5) < zA(t) > s (N 1 t)< zA(t) ) <0, k=12,
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e marpunsr W) (1) samamer B (2.8) u (2.15). MHOXKECTBO BCEX TAKHX CHTHA-
70B WA (t) obosnaunm vepes W a. Onpejiesinm ypoBeHb TallleHusi BOSMYIIEHUH ¢
BecoBbIMu Matpuiiamu S > 0 u R > 0 cucremsr (4.4), (4.5) xax

1/2
lzallh, 1y + L (V) Raa(N)
23 (0)S™2a(0) + [lwallfy x_y

wAEW A wa(O), Wq

Ygoo(S; R) = sup  sup (

Bamermm, uto npu wa (t) = AL, za(t) ypasmenns (4.4) coBnagaioT ¢ ypapie-
HUSIME (4.3) U BBIIOJIHSIIOTCS CIIeIyolue HepaBeHcersa npu k = 1, 2:

(wm) >TW>(N_ - ( wa(t) > _

ZA(t) ZA(t)
T
=2A (1) ( AJTVI—H ) GE(N —1—1) ( AJTVI—H ) za(t) 0.

Taxum obpasom, wa(t) = ALY | ,2a(t) € Wa u, ciemosatenso, cucrema (4.3)
npu BeeX Apg y—1] € Ajo,N—1] «TIOTPy?KeHa» B pacmmpenHyio cucremy (4.4), (4.5),
a obobmennas H.-nopma ¢ BecoBbiMu Marpumiamu S > 0 u R > 0 nBoiicTBeHHOi
cucreMbl (4.3) He IPEBBIMIAET YPOBEHb FAlleHNs] BO3MYIIEHHT Ygoo (S, R). Cop-
MyJIUPYEM U JOKayKeM CJIELYIOIee OCHOBHOE YTBEPIK/ICHUE.

Teopema 4.1. Bepxnas epanuna 0606uennoti Hoo-1opmovt ¢ 6eCO8bLMU MATN-
puyamu R u S meonpedeaennot cucmemo: (2.1) npu zaxone ynpasaenus u(t) =
=0x(t) ¢ On_1-¢t = Q41 tjrll, t=0,...,N — 1 ydosaemeopsem HepaseHcmesy
Ygoo(Opo,n—1]; R, S) <7, ecau caedyrousue numfmme MAMPUYHDLE HEPABEHCTNEN

pazpewums. ommocumenvio Pr = PE >0, Q; u i ) k=12

=
N
=

(4.6) 0 Zﬂt Z:“ 22 +Kt

ORI Py=R, Py<~?5™!
t — 0 _721 ) N — 11, 0xY )

8 KOMOPLLT \II( ) = \I/Z(;?)(N —1—1t), i,j = 1,2 obosnauarom coomeemcmsyrousue

6a0KU MaAMPUY, \I’(k) (N —1—1), a mampuuwe $F)(t) zadamve 6 (2.8) u (2.15).
Jlokazarenbcrso TeopeMmbl 4.1. Cormacuo jemme 3.3 06o0IIeHHAS

H.,-#opma ¢ BecoBbiMu MaTputiamu R >0 u S >0 UCXOMHON CHCTEMBI IpH

KazKJIOM A[o, N—1] COBIAJAET € 000011eHHONT  H o-HOPMOIT ¢ BECOBBIMH MAaTpPHIIA-
v S >0 u R >0 nsoiicrBennoii cucremsl (4.3). Tak kak cucrema (4.3) mpu
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Apo,N—1] € Ajo,N—1] «TIOTPy’eHa» B pacmupennyto cucremy (4.4), (4.5), To yka-
3aHHAas ee HOpMa He IIPEBLINAET YPOBEHDb TallleHHsl BO3MYIMIEHHI Y400 (S, R) cu-
cremsl (4.4), (4.5). B cBoto ouepenip, Ygoo (S, R) < 7, ecan cymmecTByeT (yHKILHSE
Vi(zq) = 2X Pixg ¢ P >0, Py <428~ u Py = R, ny190 KOTOpOi#i 10 TPaeKTOpHH
pacmmpenHoii cucreMbl npu Beex t = 0,..., N — 1 BBIIOJHAIOTCS HEpABEHCTBA,

(4.7) AV + [za()]F = 7P wa(t)]* <0

Jutst BeeX wa (t) € W a, yaossersopstiomux HepaseHcTBaM (4.5). B 91oM MoxKHO
yOeuThest, ecym cIoKuThL Hepasenctsa (4.7) mpu ¢ =0,..., N — 1 u npuasarsb Bo
BHUMaHHUe HadaabHOe M TePMHUHAILHOE YCJIOBUS I MaTpuilbl b

Hanee, cormacuo S-uporie/rype Jyist Boinosaenust (4.7) npu orpanndennsx (4.5)
JIOCTATOYHO BBLIIIOJIHEHUS] HEPABEHCTB

AV + za (0P = 22 [wa (1)~
(4.8) 2w wa® N\ wa(t)
() oo (L) <0

JUTs BCeX Tq(t), we(t), wa(t) m HEKOTOPBIX ,ugk) >0, k=1,2, 1e 2,(t) = xo(t) m
ZA(t) = col (x4(t), we(t)). Takum obpa3oM, ecsm BbIIOJIHEHBbI HepaBeHcTBa (4.8),
TO Ygoo(Opo,n—1); I, S) < Ygoo (S, R) < 7. Barmmceisas nepasencrsa (4.8) B Buje
MATPUYHBIX HEPABEHCTB

! P, I : * : (k)
On_1t ) T On 1 - Zﬂt vE(N —1-1t) <0,
0 K, k=1

BBOJIsI HOBbIE MATPHWYHBIE MepeMeHHble (Qri1 = On_1 4Py, t=0,...,N—1mu
npumensisi jemmy Ilypa, crangaprabiM obpa3oMm nosydnM HepasencTsa (4.6).
Teopema mokazana.

Bameuanune 9. Kak nokazano B [17, reopema 4.1|, S-mpore/rypa MozkeT ObITH
HeyIIepOHON 1P JBYX KBaJPATHYHBIX OPAHUYEHUSX, €CJU NPUMEHUTEJHHO K

(1) (2)

paccMaTpuBaeMoii 3aate TP HeKOTOPBIX (v~ M (¢~ BBIIOJHSCTCA HEPABEHCTBO

1 2
ag )\I/(l)(t) + a,g Re) (t) > 0 mus Beex ¢ (9TO TPOBEPSIETCS HELOCPEICTBEHHBIM
. 1 2
PEIleHneM STHX JMHEHHBIX MATPUIHBIX HEPABEHCTB OTHOCUTEIHHO ai ) u ag )).
B srom ciryuae yesaosust TeopeMbl 4.1 HEOGXOAUMBL U JIOCTATOYHBI JIJIsl BBIIOJIHE-

HISI HEPABEHCTBA Ygoo (S, R) < 7.

Bameganne 10. Ilpu nocTpoeHnn 3aKOHA yIPABICHHUS TOJBKO 110 SKCIIEPH-
MEHTAJILHBIM JAHHBIM HJIH TOJIBKO [0 AlPHOPHOi HHMOPMAIU B CHILy HeyIlepo-
HOCTH S-TIPOIE/YPbI C OJJHAM OrPAHMYCHHEM YCIOBUsS TeopeMbl 4.1 SBJIsoTCs He
TOJILKO JIOCTATOYHBIMH, HO TaKXKE M HEOOXOAMMBLIMU JJIsi BLIIOJIHEHUS HEPaBEH-
CTBA Ygoo (S, R) < 7.
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Bameuanue 11. Eciu B ypaBuenun (4.1) Bo3MyIlieHHe IPEJICTABIMO B BUJIE
w(t) = By,1v(t) (cM. 3amedanne 1), TO U3 KOHTEKCTa CJIEIYET, UTO IEIEBOIl BbI-
XOJ1 PACIITHPEHHOM CHCTeMbI GY/IeT paBeH 24(t) = Bl ,2,4(t). DTo npusejer K Tomy,

)
YTO IIPY BBIUUCACHUN BePXHEH IpaHuIbl 0000IeHHONH H o-HOPMBI HEONIpe/Ie/IeH-
HOit cucremsl (4.1) orHOCHTEIBEHO BO3MyIeHus v(t) ciaeyer B 6I0KaX, CTOSIINX B

YETBEPTOi CTPOKE M YEeTBEPTOM CTOJIONE HepaBeHCTB (4.6), 3ameHuTh ciaaraemoe [
T
ua By, By 4.

Bameuganue 12. Jljast cranyoHapHoii cucreMbl (CM. 3aMedanue 3) BepXHsis
rpanuiia 06001eHHOt H o-HOPMBI ¢ BECOBOIT MaTpuileil HATAIbHOTO COCTOSTHUST R
npu 3akone ynpasienns u(t) = Ox(t), rae © = QP ™!, yaosnersopsier nepasen-
CTBY Ygoo (©; R) < 7y, €ciin «CTalpoOHApHOE» IIePBOE JIMHEHHOE MaTPHYHOE Hepa-
BeHCTBO B (4.6) paspemmnmo oTHOCUTENHHO P = PT>R Qu u(k) >0, k=12
Dror pesyabrar ipu L = 1 coracyercst ¢ COOTBETCTBYIOIIUM pe3yJibraToM B [14].

(a) (p)

HaszoBem rapaHTHpOBaHHBIMI 1 OGO3HAMUM Y€PE3 Vg0, Vgoo M Ygoo MUHUMAIIb-
Hble BepxHue rpauunbl 0000mennoit Hoo-HOPMBI 3aMKHYTOW CHCTEMDbI, KOTOPBIE
cornacHo Teopeme 4.1 MoryT OBITH JOCTUTHYTHI IIPU 3aKOHAX YIIPaBJICHHSI, CHH-
TE3UPOBAHHBIX 110 IKCIIEPUMEHTAIbBHBIM U allpUOPHBIM JAHHBIM, TOJIBKO IO allpH-
OPHBIM U TOJIBKO IO 3KCIEPUMEHTATbHBIM JIAHHBIM COOTBETCTBEHHO. DTO MUHU-

k
MaJIbHbIe 3HAYECHUS 7Y, JJIsi KOTOPbIX HepaBeHCTBa (4.6) paspemnmbl npu ,ug ) = 0,

k=1,2, upu ,ugl) =0, ,ugz) > 0 u nupu ,ugl) = 0, ,u£2) = 0 coorBeTcTBEeHHO. U3 Teo-

PEMBI 4.1 HEIIOCPEJCTBEHHO CJICIyeT HEPaBEHCTBO
e < miin {1 222}

KOTOPOE OObsICHSIET MPEUMYINECTBO POOACTHBIX 3aKOHOB yIIPABJIEHUS, ITOCTPOECH-
HBIX 10 allPUOPHBIM U 9KCIIEPUMEHTAIbHBIM JAHHBIM, HaJl POOACTHLIMU 3aKOHAMMU
yIIPpaBJIEHHS, IOCTPOCHHBIMI TOJILKO II0 AITPUOPHBIM HJIN TOJIBKO 110 SKCIIEPUMEH-
TaJIbHLIM JaHHLIM. A KMMEHHO, ¢ OJHOI CTOPOHLI, KOIJa alpuopHas uHdOpMa-
IHsl JIOCTATOYHO Ipy0asi, T.e. PaJuychl p; MATpudHbIX cdep B (2.13) mocrarodno

(a) *
BEJINKH U COOTBETCTBEHHO 7Ygoo HPUHHMAET OOJIBINOE 3HAUEHHE, TO Vgoo MOZKET
OKa3aTbCsI MAJIOH, eC/IM TIOMEeXH B U3MEPEHUsIX He OUeHb OOJIBIINNE, T.€. HeDO I~
MU SIBJISTIOTCSI MaTPUYHBIE SJIIUIICOUIHI A,Ep e JPYTOil CTOPOHBI, €CJIN TOMEXH
B U3MEPEHUIX OKA3bIBAIOTC HOCTATOYHO OOJIBIINMU U COOTBETCTBEHHO OOJIBLIION

(»)

ABIIACTCH Ygoo UM, OOJIEE TOTO, €CJIN He BBIIOJIHAETCH PAHIOBOE ycJIoBue U nHMOP-
MallMOHHAsl MaTpPHUIla ABJIAETCA BBIPOXKJICHHOH, a MaTPUYHbBIC 3JIJIMIICOUIbI Aga)
OKa3bIBAIOTCS HEOIDAHUYEHHBIMU, TO 7500 MOKET TeM He MeHee CTaThb MaJloil 3a
CYeT MAJIOCTU PAJINYyCOB MaTPUYHBIX cdep [PU UCIOJIH30BAHUU AlPUOPHON HH-
dopmaruu. DT BBIBOABI OYIYT HOATBEPKICHBI PE3YJIBTATAMI MATEMATHIECKOTO
MOJIeJINPOBaHUs B pazjiesie .

4.2. vo-VYnpasaerue na xorneurHom 2opusonme

IIycTp Temnepb 1o 9KCIHEPUMEHTAIBHBIM U AllPUOPHBIM JAHHBIM TpeOyeTcs I10-
CTPOUTH yIpaBJieHne, MUHUMU3UPYIOIIee Yo-HopMy. /lomycTuM, 9TO SKCIEpUMeH-
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TaJIbHbIC JIAHHBIC, KaK U PaHee, YJIOBIETBOPAIOT cooTHommenusM (2.4). B orn-
qre OT U3JI0KEHHOI'O BBIIIE CHHTE3a 0000IIEeHHOr0 Hoo-ylpaBiieHnsl Telephb ypas-
uerne (4.2) me comep:kuT Bo3MyIneHust w(t), ypaBHEHHE IBOWCTBEHHON cucTe-
MBI (4.3) He COJEP:KHUT IIEJIEBOTO BhIXOTa z4(t) (cM. 3aMedanme 5), a ypaBHEHHE
pacimpenHoii cucrembl (4.4) He COAEPKUT MEIEBOrO BBIXOHA, T.€. 24(t) = 0. B co-
OTBETCTBHE C TUM B HepasencTBax (4.8) mcuesaer ciaraemoe |z, (t)|?. B konedanom
UTOrE 9TO IPUBOJUT K TOMY, UTO BEPXHsisl TPAHUIIA Yp-HOPMbI HEOIIPEICTICHHOMN CH-
crembl (2.1) He mpeBblIIaeT 7y, ecau paspemmMbl HepaseHcTBa (4.6), B KOTOPBIX
B 9eTBEPTON GJIOYHON CTPOKE M YeTBEPTOM GJIOYHOM CTOJIOIE OTCYTCTBYET CJla-
raemoe I. BamMeTHM TakzKe, UTO IPU CHHTE3e CTAHIAPTHOTO Hoo-ylpaBieHus B
ycaoBusax Teopembl 4.1 ciemyer nomoxkuth R = 0.

43 anae/zeﬂue MAKCUMANDHOIM, YKAOHEHUEM TNEPMUHAADHO20 COCIMOAHUSA

PacemoTpuM cuHTe3 yrpaBJIeHUsl TI0 SKCIIEPUMEHTAIBHBIM U AllPUOPHBIM JIaH-
HBIM JIjIsl MEHUMU3AIUA 380aHHOr0 B (2.19) MaKCHMAIbHOTO YKJIOHEHUSI TEPMU-
HATBLHOTO cocTostHus Y (O, ny—1]; 1R, S) B Heompeeen ol cucreme

(4.9) z(t+1) = Awz(t) + Buu(t) + w(t), z(0) = xo.

Tak Kak ueneBoﬁ BBIXO/I B CUCTEME€ OTCYTCTBYET, TO B 9TOM CJIy4dae MaTpPUIIbI C
IKCIIEpUMEHTAJIbHBIMUA JTaHHBIMU YJIO0BJIECTBOPAIOT YPaBHEHUIO

l —~
(4.10) O = AN, W,
(real) p(real)
B KOTOpOM A = (4; B;"""), a ocranmbHble MATpHIB! 3a7aHbl B (2.2) 1
W,W,' < Q. Marpuipt Ay, coracoBaHHbIe ¢ 3KCIEPUMEHTATLHBIME TAHHBIMIE,
OIIPEJIEJISIIOTCsT HepaBeHeTBaMu (2.7), B KOTOPBIX Telepb

(real)
t

i\)ti\);‘[‘ | *
(4.11) vy = ———- ——— _
@1 ® | Pl —
(1)

u OJIOKH 3TOI MATPUITHI OOO3HAYINM KaK \I/Z-j (t), i,7 = 1,2. Marpunpst A, corya-
COBaHHBIE C AllPHOPHBIMU JIAHHBIMH, OIIPEJICJISIOTCs HepaBeHcTBaMu (2.14), B KO-
Topbix A} = (A} Bf). Ucxonuas cucrema (4.9) npejcraBuMa ypaBHEHHEM

(4.12) x(t+1) = A, < j;;: > x(t) + w(t),

,ZLBOfICTBeHHaH CUCTEeMa OIIMCBhIBACTCA YpPaBHEHUEM

I

T
ON_1_4 ) A%—l—txd(t)v

(4.13) mali+1)= (

Zd(t) = a;d(t),
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a pacIIupeHHas CUCTEeMa — yPaBHEHUEM

st +1) = )Twm),

za(t) = wa(t), 2a(t) = za(?),

B KOTOPOM WA € W A. AHAJIOIHYIHO JIOKA3aTeIbCTBY TeOpeMbl 4.1 mpnjiem K Hepa-
BercTBaM (4.8), B KOTOpBIX Telepb we(t) =0 u 2a(t) = 24(t). SamuceiBas stu
HEPABEHCTBA B BUJIE MATPHYHBIX HEPABEHCTB, IOJIyYNM JIMHEHHBIC MaTPHIHBIE
HepaseHCTBa Bua (4.6), KOTOPbIE ONPEIETIAI0T BEPXHIO MPAHUILY MAKCHMAJbHO-
ro YKJIOHEHUS] TEPMUHAIBLHOTO COCTOSIHUS HEOIPEICTICHHOM CHCTEMBI IIPH 3aKOHEe
yupasienus u(t) = Oyx(t), rae On_1-t = Q41 t:—llv t=0,...,N —1.

(4.14) ON-1-¢

5. nmrocTpaTuBHBIA TpAMEDP

[IpuBeneM pesyabTaThl psijia SKCIIEPUMEHTOB C CHCTEMOM, IIOJIy9YeHHON IyTeM
JUCKpeTn3anun ¢ marom h ypasuenns Matbe
d? ¢
—— +wi(l 4 esinwr)p = u+ v,
dT?
OIIMCHIBAIOIIETO KOJIeOaHUsT apaMeTPUIeCKOro ocimisitopa. [IpemxcraBum mosry-
YEHHOE yPABHEHUE B BUIE CHUCTEMbI

a(t+1) = ﬂ%ﬂ+f;nwﬂmh T xﬁ%%<2>uﬁ%+<2>vﬁ%

dﬂ:<ég>$@+<g>u®,t:Q”WN—L

rae x(t) = col (p(th),p(th)), [v(th)| < dy, wo =7, w=2m, ¢=0,01uh=0.2.
MaTpuiipl 9TUX ypaBHEHUIl HEHM3BECTHBI U SIBJISIOTCsT OJIOKAMHU MATPHUIIHI Agrml)
Juts Kaxkjoro t. Takum obpa3oM, cucrema B KaxK/IbIii MOMEHT BPEMEHU COJIEPIKUAT
12 mem3BecTHBIX MapamMeTpoB, a Bcero na ropuzonte N = 10 umeer 120 neuspect-
HBIX IIapaMeTpoB. B kadecTBe meHTpa MaTpUYIHON cdepbl Aia) BO3bMEM MaTPU-
1y A}, KoTopasi COOTBETCTBYET JIMHEHHOMY OCIMJLIATODPY, T.e. cucreme (5.1) mpu

e=0.B 9KCIIEpUMCHTEC HaYaJ/IbHbIC YCJIOBH 1 KOMIIOHEHTBI BEKTOPa YIIPpaBJICHUA

(5.1)

BBIOMpAJINCE CIydaiino Ha uHTepBase [—1, 1], a BosMyleHne Takzxke CJIydaifHO Ha
unrepsaie [—d,d]. BecoBble MaTpuUIlbl HAYATBHOIO W TEPMUHAJBHOIO COCTOSIHUI
paBubl R = 0,11 u S = 0,05/ cooTBeTCTBEHHO.

Ha puc. 2 criominast KpuBasi COOTBETCTBYET KBaJApaTy rapaHTHPOBAHHON 0606-
meHHON Hoo-HOPMBI 7Ygo, B 3aBUCHMOCTH OT yDOBHs BO3MYyIIEHUs d B 9KCIEDH-
MEHTE, TOJIYYEHHO 110 KCIEPUMEHTAJIbHBIM U allpUOPHBIM JTaHHBIM Ha TOPU30H-
Te N = 10 upu Tpex skcrnepumenTax L = 3 u ¢ pajguycaMu aIpuOPHON Heompe-

_ (a)2
nenennoctu pp = 0,02. Touxkamn ormedena mpamasd Yoo = 0,37, COOTBETCTBYIO-
masi KBaJapaTy TapaHTUPOBaHHON 0000IeHHO# H o -HOPMBI U KCIIOJIb30BAHUN

132



0,4

0.2k 4 L 110 anpHOPHBIM JaHHBIM
5

T10 aNPHOPHBIM H YKCTIEPUMEHTABHBIM JTaHHBIM

— = I peaybHOro oobeKTa

I'apanTupoBanHas o6o0meHHas H_ -HopMma

0 0,1 0,2 0,3 0,4 0,5 0,6

YpoBeHb BO3MYIICHHH

Puc. 2. l'apantupoanunas obobimennas H..-nopma u obobmennast H,-HopMa peabHO-
ro 00beKTa MPU YIPABICHUN HA OCHOBE SKCIIEPUMEHTAJIHHBIX U AIPUOPHBIX JIAHHBIX B
3aBUCUMOCTH OT YPOBHSI BO3MYIIEHUSI.

8t .
..... 1] 1t
- —0s,t ',"
4t g
0
1 2 3 4 5 6 T8 9t
\ / N
—4 5 g N
. . , »' “\ ‘ . / :'
N SN R . /i
—8r \\\ ’,,’J/ N ,f’gf——ﬁ‘\—-’
e T “‘ - . s "
-12}

Puc. 3. KomnonenTs! BekTopa napamerpos O; kax (OyHKINU BPEMEHH.

TOJIBKO aHpHOpHOfI I/IH(i)OpMaU,I/II/I, T.€. 9TO TO 3Ha4Y€eHHE IIoKa3aTeJld, KOTOPOoe

JIOCTUTAETCA TIPU TPAIUIIMOHHOM pobacTHOM yupasieHnnn. [I[yHKTUpHAs KpuBas

oTBeYaeT KBIPaTy 0000IMEHHON H oo-HOPMBI Yieqr = 'ygoo(AEge]%llu, ’[“0 N—l]) 3a-

MKHy’l’OfI CHUCTEMBI, COCTOHH_[eﬁ n3 peasibHOI'o 00BEKTA C MaTpUullaMH ITapaMeTpPOB

Alread 6 6 6 i -
0N 1] (ecsi GBI OHU GBLIM U3BECTHBI) U OOPATHBIX CBsA3ell ¢ MATPUIAMU [apa
METPOB @f()’ N—1]» COOTBETCTBYIONIIX Vgoo- VI3 PHCYHKA BUJIHO, HACKOJIBKO ’y;“go B

(a)2

*2 2
3aBUCUMOCTHU OT d MEHbIIIe, YeM ngOO , HACKOJIBKO PYgoo IIpeBbIIacT PyTeal 1 HACKOJIb-
KO IIocjieJHdd, B CBOIO O4Y€epe/ib, IIPEBbIIIacT MHUHHUMAJIbHOE 3Ha4YeHUE KBaJlpaTa

133



0,8

— ° 7 10 3KCHCPHUMCHTAJIbHBIM JaHHBIM

= = 110 anpHOPHbIM JIAHHBIM

0.6 i ;

10 allPUOPHBIM U SKCIIEPUMEHTAIBHBIM JaHHBIM Y /

0,4

0,2

l'apanTupoBannas o6obmenHas H, -Hopma

0 1 1 1
0 0,03 0,06 0,09 0,12 0,15

VYpoBens Bo3MyIeHUH d

Puc. 4. lapantupoBannbie 0bobmennbie Ho-HOPMbI KaK (DYHKIIUNA YPOBHS BO3MYIIIEHUS
JIUTsl PA3JINIHBIX BUJIOB UCIOJIB3YEMON HHMOPMAIIH.

0060011eHHON H o(~-HOPMBI PEATHEHOTO OOBEKTA IPU ONTUMAJILHOM YIIPABICHUHT JIJIsT
2 _ Lok

[TOJTHOCTBIO M3BECTHOTO 00bekTa, paBHoe v~ = 0,202. Poct kpusoit Ygoo € BO3pAC-

TaHueM d B 9KCIIEPUMEHTE OObSICHSIETCsI COOTBETCTBYIONIUM YBEJIMIEHUEM pPa3Me-

POB MATPHUIHBIX SJIIATICOUIOB A,Ep). Ha puc. 3 nas mpumepa npuBegeHbl rpaduKn
N3MEHEeHNsI BO BpeMeHH KOMIIOHEHT BEKTOPa IapaMeTpOB yipasieHus O} npu d =
= 0,48.

Ha pwuc. 4 npusemennl rpadukyd KBaJIpaToB TrapaHTHPOBAHHBIX 0000IIEH-
HbIX H,o-HOPM IIpU HUCIOJb30BAHUK 3SKCIEPUMEHTAJbHBIX W aIlpPUOPHBIX JaH-
HBIX (CILIONIHASI KpHUBasi 7500), TOJILKO 9KCIIEPUMEHTATBHBIX JAHHBIX (IITPUX-

(»)

IYHKTHPHAsT KPUBAs Ygoo) U TOIBLKO AllPUOPHON nrdopManun (IyHKTHPHAs Ipsi-
a o

Mas 7!502,). st KazKJIoro ypoOBHS BO3MYIIIEHUI B SKCIIEPUMEHTE IePBLIE JIBE HOP-

MBI BBIYHCJIAJINCH IIPU OJHUX M TEX K€ SKCIIEPUMEHTAJIbHBIX JAaHHbIX. V3 puc. 4

BHJIHO, ITO g0, HAUMHASI C HEKOTOPOI'O yPOBHsI BO3MYIIEHUI B 9KCIIEPUMEHTE, 3Ha-

(p) (a)

YUTEBHO MEHBIIE Ygoo U BCEIJIA HE IIPEBBIMACT Ygoo, KOTOPOE BBIYHCIAIOCH DU
pr = 0,02. Tlpu yupasiieHrH, KOTOPOE IMOJIYYIE€HO TOJBKO M0 SKCIEPUMEHTATLHBIM
JIAHHBIM 0e3 ydeTa anpuopHoil wHdopMaIun, Ipu OOJIBINX OIMMUOKAX B U3Mepe-
HHUAX MaTPUIHBIC SJLIUIICOMIHI Aip) YBEJIMYINBAIOTCA B pa3Mepax U rapaHTHpO-
BaHHBII YPOBEHDb TallleHns] BO3MYIIEHN OKA3bIBAETCS ITOCTATOTHO OOJIBIIIM.

Ha puc. 5 Tak ke, kaxk Ha puc. 4, npuBeJeHbl rpadUKN KBaJIPATOB rapaH-
TUPOBAHHBLIX 000OIIEHHBIX H o-HOPM IIPU HUCIIOJIb30BAHUN SKCIEPUMEHTATBHBIX 1
AIPUOPHBIX JAHHBIX (CIJIONTHAS KPUBAsT 7;]‘00) U TOJILKO 9KCIIEPUMEHTAJILHBIX JTAaH-

(p)

HBIX (I_HTpI/IX-HYHKTI/IpHaH KpuBad ’Ygoo) C €IMHCTBEHHBIM OTJIMYIHNEM OT IKCII€PU-
MECHTa Ha PpHC. 4 — MOZeJIMpoBaHue IIPOBE/ICHO IIPU paJuycax HEOIIPpEJCJICHHOCTU B
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25 L — == II0 3KCIICPUMCHTAaJIbHbIM JIJaHHBIM 'l

H_-HOpMa

110 anPUOPHBIM U SKCIIEPUMCHTAIbHBIM JTaHHBIM

0o01IeHHAs

~

13

['apantupoBanHas o

VYpoBeHb BO3MYILEHUH d

Puc. 5. TapanrupoBanubie 006001eHHbIE H o-HOPMBI MIPU UCIOJIb30BAHUN KCIIEPUMEH-
TaJbHBIX U AIIPUOPHBIX M TOJIHKO KCIEPUMEHTAJIbHDBIX JIAHHBIX, KOTJIa Ha, OCHOBE TOJILKO
AIPUOPHBIX JAHHBIX PEIIEHUs] HE CYIIEeCTBYET.

(1)50

anpuopHoii uadopmaruu p; = 0,6, /st KOTOpBIX HepaseHcTBa (4.6) pn i,
uf’ > 0 "epaspemuMbl. PUCYHOK IOKA3bIBAET, UTO B CJIydae HEIOCTATKa AIlPH-
OpHO#T mHMOPMAaINK, KOrga 00JAaCTh HEOIPEIeJeHHOCTH ITPUXOINTCS BBIOUpPATH
OOJIBIIION M rapaHTHPOBAHHOE 3HAYEHUE IIOKA3aTe sl B 9T0I 00/1aCT OKA3bIBACTCH
OI'POMHBIM WJIN JIazKe He CYIIECTBYET, UCIOIb30BAHIE 9TOH HHPOPMAaIU B cOYeTa-
HUU C KCIepUMEHTAJbHBIMI JAHHBIMU II03BOJISIET TeM He MeHee CHHTE3MPOBATH
CHCTEMBI C JIYYIIIM Ka4eCTBOM, YeM IIPH KCIIOJb30BAHUU TOJBKO KCIEPUMEH-

TaJIbHBIX JaHHDbIX.

Ha puc. 6 mpuBemeHpl rpaduKi KBaIpPaTOB TapaHTUPOBAHHBIX OOOOIEHHBIX
H-HOPM IIpH KMCIOJIb30BAHUN SKCIIEPUMEHTAIBLHBIX M allPUOPHBLIX JTaHHBIX B 3a-
BHCHMOCTH OT YPOBHsI BO3MYIIEHUsT d B 9KCIEPUMEHTE JIJIT PA3HOIO KOJHIECTBA
9KCcIiepuMeHTOB: L = 1 — mTpux-IyHKTUpHAs Kpubasi, L = 3 — CIJIOIIHAsT KpU-
Bast, L = 10 — nyukTupHasg KpuBasg. V3 9TOro prCyHKa BHIHO, 9TO, BO-IIEPBBIX,
Jlazke TIPHU OJTHOM IKCIIEpUMEHTe, KOIJla PAH['OBOE YCJIOBHE 3aBEIOMO He BBIIIOJIHSI-
eTcsl U cucTeMa HeuJIeHTHhUIupyeMa, rapaHTHPOBAHHBIA ypPOBEHD TallleHus BO3-
MYIIEHUII MEHbIIIEe, YeM COOTBETCTBYIOIIUI YPOBEHbD, Oy YeHHbBIH P POOACTHOM
VIIPABJIEHUH 110 AllPUOPHOI WH(MOPMAINH; BO-BTOPBIX, €CJIU OIIMOKN B M3MepPEHNU-
sIX HE OYeHDb OOJIbIIKE, TO IPHU YBEIUYEHUHN YNUCJIa SKCIEPUMEHTOB yYMEHBIIACTCS
JIOCTUTaeMbIil TapaHTUPOBAHHBI yPOBEHb TallleHns] BO3MYIIEHUIT; B-TPEThUX, €C-
JIM OIMMOKY B M3MEPEHUSIX JOCTATOYHO OOJIBIINE, TO YKA3aHHBIA ypPOBEHb IIOYTH

a)2
HE 3aBUCHUT OT YMCJIa IKCIEPUMEHTOB U IPUMEPHO paBeH véol, = 0,37.

Ha puc. 7 npuBenenbl rpadukn KBaJpaToB TapaHTUPOBAHHBIX OOOOIEHHBIX
H-HOPM 1IpU UCHOJIH30BAHUH SKCIEPUMEHTAJIBHBIX U AIPUOPHBIX JAHHBIX B 3a-
BUCHMOCTHU OT YPOBHSI BO3MYIIIEHUsI d B SKCIIEPUMEHTE [IJIsi PA3IHIHBIX 3HATCHUI
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Puc. 6. l'apanTuposanubie o6061ieHEbIe H o -HOPMBI KaK (DYHKINUNA YPOBHS BO3MYIIIEHU
JUTsl PA3JIMTHOTO YHCJIA SKCIEPUMEHTOB.
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VYpoBeHb BO3MYIIIEHHH

Puc. 7. lapantupoBannbie 0bobmennbie Ho-HOPMbI KaK (DYHKIIUNA YPOBHS BO3MYIIIEHUS
[IPU PA3JIMIHBIX PAJIycax MATPUIHLIX c¢dep B allpuopHOil HHMOPMAIINN.

PaIIyCcOB MATPUIHBIX cep B anpuopHoit nadopmaiun. C yBeJmIeHreM panyca
MHOXKECTBO MaTpUIl Ay, COIVIACOBAHHBLIX C AIPUOPHLIMU JAHHBIMU, PACIIHPICT-
Cd W COOTBETCTBEHHO PACTET rapaHTUPOBAHHbBINA YPOBEHDb IalllcHUs BO3MYIICHUN B
HEOIIPEJICJACHHON CucTeMeE.

136



6. 3akaroueHne

B crarbe Teopernyeckn 000CHOBaH M 9KCIEPUMEHTAJILHO IMOATBEPXKIACH HOBBII
METOJI TOCTPOEHHUsI ONITHUMAJIbHBIX 3aKOHOB YIIPaBJI€HUsI JIMTHEHBIMI HECTAIlnOHAD-
HBIMH O0bEKTAMHU Ha KOHEYHOM IMOPHU30HTE U JIMHEHHBIMU CTAIMOHAPHBIMIA 00bEeK-
TaMu Ha GECKOHETHOM TOPU30HTE I10 3KCIIEPUMEHTAJIbHBIM JIAHHBIM U allPUOPHOI
nuapopmaruu. [enbio ypasiienust sBisieTcss MUHIMA3AIUs 00001eHHol H o -HOP-
MbI 3aMKHYTO# HeOIpeIeeHHOI CUCTEMbI, KOTOpasi, B YACTHOCTHU, XapaKTepU3y-
€T yPOBHU TallleHUsl BHEIHErO U/UJIM HAYaJIbHOIO BO3MYIIEHWH, MaKCUMATHHOE
YKJIOHEHIE TEPMUHAJILHOIO COCTOSIHUSA, a B OTCYTCTBUE BHEIITHEI'O BO3MYIIEHUS —
MaKCHUMaJIbHOE 3HAYEHNE KBAIPATHIHOTO (DYHKIINOHAJIA COCTOSTHUS U yIIPaBJICHHS
[IpU HeOIIpeIeJIeHHBIX HadadbHBIX YCIOBUAX. V3yUueHa 3aBUCHMOCTD KaueCTBa CHH-
TE3UPYEMOIl CUCTEMbI YIIPABICHUsI OT PA3JIMIHBIX (PAKTOPOB: yPOBHSI BO3MYIIE-
HUsI B 9KCIEPUMEHTAX, KOJUIECTBA IKCIEPUMEHTOB, PaJIyCOB MATPUIHBIX cep
B anpuopuoii madopmanuu u ap. Ilokaszano, aro meTon ocraercs 3PpOEKTUBHBIM
Jazke Ipu HeOOIbITOM 00beMe SKCIIEPUMEHTAIBHBIX JTaHHbIX, KO/ HE BBIITOJIHSI-
FOTCsT HA YCJIOBHE HEMCUe3aloInero BO30yKIeHNsI, HI PAHTOBOE YCJIOBUE, HEODXO-
JUMBIE JJIsI HACHTH(PUIIPYEMOCTH 00bEKTA.

HNPUJTO?2KEHUE
JlokazarenbcrBo seMMmbl 2.1. 3anumem HepaBeHCTBO (2.6) B BHe
ADDTAT — @ 1 BTAT — AB DL + Dy B — Q<0
I C y4eTOM 3aMeHBI I€PEMEHHBIX IIPEICTaBUM €ro Kak
X ATz SMTAMT  AMaOF = = S
AR G, BUTRDT - ADGIEL, B, 0 <0
Boliesnss IOMHBI KBaIPAT, Oy IUM
~ ~ ~ ~ ~ ~ T
AW <I>t+1¢§1)TE_2] »? [AS’ - <I>t+1¢§1)TE_2} <y,
rae
Ty =0+ By {@S)TE—%S’ - 1] oL .
T _

[ToscTapisisi crofa BbIpaskKeHue st &)t+1 u3 (2.10) u yuurbiBast, 9TO EI;EDEI;? =

)

~ ~1 .
= %2, nonyunm I'y = Q; > 0. Boruncistst TpajienT 1o AE OT MaTPUYHOI HOP-

MBI HEBABKH, T.e. PyHKIMN tr (&)t—i—l - ﬁgl)zlsgl))T(EI;tH - ﬁgl)égl)), U IPUpPABHU-
Basg €ro K HyJIO —2<T>t+1i\>§1)T + 2&%1)513121);1\)121)11 = 0, BLIpa3UM OIICHKY AgLS)(l)
. (real)(1)
METO/IOM HAMMEHDIINX KBa/JPATOB HEM3BECTHOI MaTpuipr A, B (2.10) kax
AESHD _ g,  pWTy—2
t = Pp41Y; :

JlokazarenbcrBo semMmbl 3.2. B cuy ypasuennii (3.1) u (3.5) umeem

2T+ DEE+ 1) — 2T OF() = oL ()3() — 2L ()5(1).
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Cymmupyst 5t ypaBaernnst o t = 0,..., N — 1, moaydaum
cT(N)S[STIZ(N)+ < 2,0 >,= 2T (0)RT[RZ(0)]+ < v,Z >, .
Taxum obpasom,
< Tgoo(x(0), v), (ST1Z(N), ) >z,= (w(O),v),FZOO(S_lf(N),?J\) >z,

9TO U TpebOBAIOCh TOKA3ATh.

JlokazarenbcTBo dJemMbl 3.3. Tak Kak HOPMBI CONPSIZKEHHBIX OIEPATO-
POB PaBHBI, TO cormacho jemme 3.2 mveeM || Ty || = [|T5 ||, nie mopma conpsiken-
HOro oneparopa 3ajaana B (3.4). Caenaem B (3.5) 3ameny Bpemenn t = N — 1 — 7,
obosnaunm T(N — 1) = z4(1), "(N —1—=7)=v4(7), Z(N—=1—7)=24(7) m
upuzeM K ypasHenusiv (3.6), B KOTOpBIX T 3aMeHeHO Ha t. Torma omeparop P;k]oo
PEJCTaBUM KaK

Tt (57 '24(0),va(t)) = (Rza(N), za(t))

goo

1/2

”Zd”%q N-1] + xdT(N)Rxd(N)
sup

ITg =
g 24(0),vg %T(O)S '24(0) + ”Ud”%O,N—l}

wll = :

9TO 1 Tp66OBaJIOCb JOKa3aThb.
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