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OIITMMAJIbBHOE BOCCTAHOBJIEHNE KBAJIPATITYHO
MHTETPUPYEMON ®YHKIINN 11O HABJIFOJAEHUSAM 3A HEN
C TAYCCOBCKHMMU OIIINBKAMMN

Crarbst MOCBAIIEHA PEIIEHNIO 3aJ1a91 ONTUMAJIHLHOIO B CPEIHEKBaPATAY-
CKOM CMBICJIE CTOXACTHUYECKOT'O BOCCTAHOBJIEHHS KBa/JIPATUYHO HMHTErPHUpYe-
MOl OTHOCUTEJBHO Mepbl Jlebera dbyHKIMM, 3aIaHHON HA KOHEIHOMEPHOM
KoMmIakTe. B Heil 000CHOBBIBaETCs IMPOIEAypa ONTUMAJIHLHOTO BOCCTAHOBJIE-
HUsl BBIMIEYKA3aHHOM (DYHKINN, KOTOpas HAOJIIOIAeTCH B KAXK IO TOUKE STOTO
KOMIIAKTa C TayCCOBCKUME OIMMUOKAMU. 371€Ch TPUBOMIATCS YCJIOBUS CyIIECTBO-
BaHU4 ONTHUMAJIBHON IIPOIEyPhl CTOXACTUUECKOI0 BOCCTAHOBJICHUS, a TaKXKe
ee CBOHCTBa HECMENIEHHOCTH U COCTOATeNbHOCTH. Kpome Toro, mpeiozkena
u 000CHOBaHA IIPOIEIYPa MOYTH ONTHUMAJIBHOIO CTOXACTUIECKOTO BOCCTAHOB-
JIEHWsI, KOTOPAasl O3BOJISIET: 1) OIEHUTH 3aBUCUMOCTD CPETHEKBAIPATHIECKOTO
OTKJIOHEHHS OT KOJITYeCTBA OPTOIOHAJIBHBIX (DYHKIWIA U duciia HabJII0IeHuil,
ii) HajiTu TAaKOE KOJMYECTBO OPTOrOHAJBHBLIX (DYHKIHIT, KOTOPOe MIHUMU3U-
pyeT 3TO CpeJIHEKBaIPaTUIeCKOe OTKJIOHEHHE.
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1. BBenenue

CraTbs HOCBSIIIEHa TEOPUH OINTHMAJILHOIO BOCCTAHOBJICHUsT KBAAPATUIHO WH-
TerpupyeMbIX (DYHKIIHMI OTHOCHTEIHLHO Mepbl Jlebera, ompeaeeHHbIX Ha KOHEY-
HOMEPHOM KOMIIAKTE, KOTOPbIe HADJIIOMAIOTCS ¢ TayCCOBCKUME ommnOkamu. B meit
YCTAaHABJIMBAIOTCS YCJIOBUsI CYIIIECTBOBAHMSI OITUMAJILHOM IIPOIELy Phl BOCCTAHOB-
JICHUS TI0 KPUTEPHUIO MUHUMYMa, cpeiHekBaaparndeckoro orkiaonenns (CKO), nc-
[TOJIb3YIOIIEH MEHUMAIbHOE KOJMIECTBO OPTOHOPMUPOBAHHBIX (DYHKIIHIA.

[Tox 3amaueii croxactuaeckoro Boccranossenusi (CB) nemssecTHOl DyHKINM
13 HEKOTOPOI'O KJIacca OOBITHO MOHUMAIOT CJIEIYIONIee: NMEETCsT BOSMOXKHOCTD Ha-
OJ1I0/1aTh 3HAYMEeHre 9ToN (DYHKINN ¢ OITUOKAMU B JII000# TOUKe 0DJIACTH ee oIpe-
JlesieHust 1 TpebyeTcst OIEHUTh (BOCCTAHOBUTH) €e 110 Pe3yJibTaTaM HaOJIOIeHui B
COOTBETCTBUU C 3aJ@HHBIM KpHUTepueM onTuMaJjibHocTh. Clemnyer OTMEeTHTD, ITO
9Ta npobsieMa OTHOCUTCS K TEOPUH HelapaMeTpPHYecKoro (6eCKOHETHOMEPHOIO)
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onenuBanus. 3ajadaM Henapamerpudeckoro onenusanus (HO) nocesmieno 60.1b-
10€ KOJIMYECTBO UCC/Ie0BaHuil, Hanpumep, [1-22].

O0630p pe3ysIbTaToOB, B XPOHOJOIHIECKOM Topsijike, 110 Teopun CB dyaKImii.

B [3, 4] paccmarpuBaercst 3aj1a4a OleHUBAHUST OTHOMEPHON HEU3BECTHOM KBa/I-
PATUYHOMHTEIPUPYEMON IIJIOTHOCTH PACIIPE/IEJIEHUS 110 HE3aBUCUMBIM HaOJIIOIe-
HUAM 3a Hell. B Hux J1oKa3bIBaeTCs, UTO M €€ PelleHus CIeAyeT MCIOJb30BaTh
siJIepHbIe OIeHKH [3], KOTOpbIe SIBJISIIOTCS aCUMIITOTHYECKH HECMENeHHBIMU U CO-
CTOATEILHBIMU. BIiocjencTBuN Takoil KJIacc OIEHOK IOJIYyYM/I Ha3BaHUE OIEHOK
[Tapszena—Pozenbarra.

[5] — =10 pabora, B KOTOPOI ComepuTcst 0600mIeHre oneHoK [lapzena—Poszen-
OJ1aTTa HA MHOTOMEPHBIH CJTyJaii.

Crarbsi [6] mocBsilieHa pEIIEHUIO 3aJIa9i BOCCTAHOBJICHUSI CKAJISIPHON HEM3-
BeCTHOH (DyHKIINM 110 HAOIIOACHUSIM 3a Hell ¢ HEKOPPEIUPOBAHHBIMU I'ayCCOBCKH-
MU OIMMUOKAMM B KOHETHOM YHCJIE TOUEK M3 0o0JIacTh ee ompeneseHusi. B pabore
OIUCAHBI ONTUMAJIbLHBIE PEKYPPEHTHBIE aJrOPUTMbI €6 BOCCTAHOBJICHUS, 8 TaKKe
yCTaHOBJIEHA CKOPOCTb MX CXOAUMOCTH K HEHU3BECTHOM (DYHKITHIM.

B [7] paccmarpuBaercst 3a/iaua BOCCTAHOBJIEHUsI HEU3BECTHOM MJIOTHOCTU PAC-
Npeie/IeHus OTPE/ICJICHHON Ha YUCIOBOM TIpsiMoii. B Hell mpeioskeHa mpoeKInoH-
Has onerka 1ot mworanoctu, CKO koropoit skeupasieaTHo CKO mpoeKIumoHHoi
onenkn, npepnoxkennoit H.H. Yennoseim B [9)].

B [8] pemaercs 3amaua HO HenspecTHOl MI0THOCTH paciipejieieHnst abcoJIoT-
HO HEIPEPBIBHON CJIyYaifHOM BEJMYMHBI B IPEIIIOI0KEHUN, YTO UMEETCSI BO3MOXK-
HOCTH HaOJIIOIATE 1M HE3ABUCUMBIX CJIYIAWHBIX BEJIMIHH, IJIOTHOCTDH PACIIpeIee-
HMs KOTOPBIX HEM3BECTHA. B craTbhe yCcTaHOBJIEHBI YCJIOBHS, KOTOPbIE 0DECIIeUnBa-
IOT CYIIIECTBOBAaHUE sIIEPHOI OIEHKU 9TON Hem3BecTHO# 1orHoctu. Kpome Toro,
JOKa3aHO, ITO 9THU OIEHKN aCHUMIITOTUTIECKN HECMEIeHHbIE U COCTOsITeIbHBIE. Pe-
3yJILTAT UCCIACIOBAHISA 0000IIaeT n3BecTHbIe pe3y ibrarsl [lapsena—Pozenbiara,
Mépdu [3-5, 7).

B wmonorpadun [9] wusmoken HoBbIl Meroxn perienns 3azad HO. B wmeit
H.H. YennosbiM BoepBble ObLIO BBEIEHO IOHSITHE IHPOEKIIMOHHON OIEHKH. Ero
MMOJXOJ K BOCCTAHOBJIEHUIO HEM3BECTHOM IIJIOTHOCTU PACIPENEIeHNUsT COCTOSIT B
OIIEHKE «OTPE3KOBy» K03 puimeHToB psaa Pypbe 9TO ITOTHOCTH 0 ITOIXOIATIEH
cucTeMe OPTOHOPMHUPOBAHHBIX (byHKIM. OKa3a/10Ch, 9TO 3TU OINEHKU ABJISIIOTCS
JINHEHHBIMU (DYHKIMOHAIaMI OT Hadjrogennii. C UX MTOMOIIBIO CTPOSTCS OITH-
MaJibHbIe OlleHKN B cMbicsie Kpurepust MunnmyMa CKO. Takoil moaxos mo3BoJII
aBTOPY JI0Ka3aTh CYIIECTBOBAHUE TAKOIO KOHEYHOTO YHUC/Ia IIeHOB psaga Pypbe
OITEHKH, KOTOPBIH 00ECIIeTnT CXOANMOCTD K HEM3BECTHOMN IIJIOTHOCTH, IPIIEM CKO-
POCTH CXOAUMOCTH I10 HOPSIIKY BEJIMYUHBI SIBJISIACH ONTHMAJILHOIA.

B monorpadun [10] npemioxken MeTo | pelenus 3a1a49u BOCCTAHOBJICHUST HEM3-
BeCTHON (DYHKIMH, KOTOPBII OCHOBBIBAETCs Ha TEOPUU IONepedHrKoB Kosmoro-
poBa u Teopeme [mmBenko—Kanresium.

[11] — 310 MoHOrpadus, KoTopast MOCBSIIEHA U3JI0KEHUIO ACUMITOTUICCKUX
MeTosoB B Teopuu Toueanoro n HO. B neit Takyke nzmaraercst TeOpUst OTCHUBAHS
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HEU3BECTHOTO IVIAJKOrO KBaAPATHYHOMHTEIPUPYEMOrO CHTHAJIa, HabJIIOZAeMOro
Ha (oHe agIUTUBHOIO «0OeJI0ro» rayCccoBcKoro myma. Ilokazamo uro 3To 3amada
HO. B kauecrBe Kpurepus ucrnojb3opan kpurepuit muanmyMma CKO. ITokasano,
4TO cymiecTByeT Takas onenka curasia, CKO koropoii (10 mopsifiky BeJUYuHbI)
sksupaJienTHo CKO onrumasbaoi onenku. Takzke HOKa3aHO, UTO BLIIEyKa3aH-
Has OIEHKa HEyJIydIIacMa.

Mownorpadus [12] nocesimiena HO HensBecTHO! IIOTHOCTH DPACIIpeIeJICHUS.
B meit 151 siepHBIX OIIEHOK ILJIOTHOCTH pacipenesnenust 1lapsena—Posenbiarra
YCTAHAB/IMBAIOTCS ACHMIITOTHICCKAST HECMEIEHHOCTD U COCTOATEIbHOCTEL. Kpome
TOTO, B Heil NCCyieJOBAHbI IIPeJieIbHbIE CBOMCTBA YKJIOHEHUN 3TUX OIEHOK ILJIOTHO-
CTH OT UCTUHHOW IIJIOTHOCTU PAacIpejie/ienns. B KHure Takke M3/1araercs MeTO/I
HOCTPOEHUA HENapaMETPUYICCKON OIEHKHN PErPECCUOHHON KPUBOW.

B [13] HaxomsiTest CKOPOCTH CXOAMMOCTH OIMEHOK MAKCHMAJIbHOTO MPAaBIOIIO0-
ous B 3amadax HO mensBecrHoit (byuknym u3 Lo 110 HAOIIOIEHUSAM 3a Hell B KOHEY-
HOM YHCJIe TOYEK. B cTaTbe MOJIyIeHbl YC/IOBUs, IIPYU BBIIOJHEHIH KOTOPBIX, CKO-
POCTH CXOAMMOCTH HEy/IydIaeMa. B dacTHOCTH, HOKa3aHO, YTO JJisi MOHOTOHHO
nen3BecTHoil byHknn u3 Lo HenuHelHas ONEHKA MaKCHUMAJILHOTO ITPABIOIOI0-
Ous 110 MOPSAKY BEJIUINHBI UMEET CKOPOCTH CXOAUMOCTH, JIYUIIYIO IO CPABHEHUIO
¢ Jio00it JIMHEHHON HelapaMeTPUIECKON OIEHKOI.

B [14, 15| comepxxkurcst oapobublii 0630p pesysbraTos 1o Teopun CB. B Hux
JIUIS PElIenns 9TOH 3a/[a491 UCIOJIH30BaH MUHUMAKCHBIH TIOJXO/I.

B [16] auist ABYXKOMIOHEHTHOIO CJIy4aiiHOro BeKTOpa (IepBasi KOMIIOHEHTaA
KOTOPOI'O — 9TO CJIYYailHbIA 9JIEMEHT CO 3HAYEHHIMU B HEKOTOPOM H3MEPHUMOM
IPOCTPAHCTBE C BEPOATHOCTHOU Mepoli, a BTOpas — ciydaiinad BeJII/ILII/IHa) pac-
CMaTpHUBAETCA 3aJa4a OIEHUBaHUA (DYHKIIUA PErPEeCcCUU JIJIsi IePBOM KOMIIOHEH-
TBHI 110 N HE3ABUCUMBIM HaOJIOeHnsIM 3a BTOpOiil. Ilpenmomaraercs, aro dhyHK-
sl PErPecCUu MPUHAIIEKUT HEKOTOPOMY KJIACCY TJIAJIKNX KBaIPATHUIHOUHTET-
pUpyeMbIX (DYHKIINI, Y KOTOPOIO U3BECTHBI TAKHE METPUICCKIE XapaKTEPUCTUKI,
Kak e-3uTporusd 1o Koamoroposy 6o monepednunku Kojmoroposa, ncc/ieryores
acumnrorndeckue cpoiictsa ee CKO.

Mownorpadus [17] nocssimena Teopun HO u cocrour u3 tpex rias. B kuure
n3yaraiores cieayionte nanpasiernst teopun HO: 1) meromsr mocrpoennst HO;
ii) crarncrudeckne cpoiicrBa HO: cxoamMocTh 1 CKOPOCTH CXOIUMOCTH; iii) asar-
tusHble nporeaypbl HO. Hanpasienus 1) u ii) moapobHo obcyKaioTest B riase 1.
Hamnpagsienue iii) cocrasisier 0OCHOBHOE cojiepzKaHue MOHOTpaduu 1 HOIPOOHO 13-
JIOZKEHO B IJlaBax 2 U 3.

B crarbe [18] pemaercs 3a1a1a BOCCTAHOBJICHUST HEU3BECTHON CKAJISIPHON KBa/I-
pPaTUIHOMHTErPUPYEMOil (PYHKITUU IO HaOJIIOJACHUSIM 3 Hell B KaKI0H TOUKe KO-
HETHOMEPHOI KOMIIAKTHON 00JTaCTH OIpe/Ie/IeHNsT C He3aBUCUMBIMU TayCCOBCKUMU
ommbkamu. B Heil, B clieKTpaabHOM IPEICTABJICHUH, YCTAHABINBAIOTCS YCJIOBHS
CYIIIECTBOBAHUS MIPOIEYPbI ONTUMAJILHOTO BOCCTAHOBJIEHUS B CMBIC/IE KPUTEPUsT
vuanmyMa CKO. Kpome Toro, mokasbIBaeTcs, 9TO 3Ta MIPOIEIypPa BOCCTAHOBJIE-
nus 00J1aaeT CBOMCTBAME HECMEIEHHOCTH U COCTOSTETHLHOCTH.
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[19] —5T0 crarhsi, KOTOpas MOCBSINEHA HPUMEHEHHUIO OITHMAJIBHBIX METO-
JIOB MHTEPIIOJISIUI, OCHOBAHHBIX Ha CBOMCTBAX SJLIMNTHYECKUX (Gyukuuil Abde-
Is1—KoOu, TS OleHNBAHUST HelapaMeTpuiIeckoil perpeccun. B Heit mpuBoguTcst
OIUCAHNE METOJIOB OITHUMAJILHON MHTEPIOJIAINE CTATUCTUIECKUX JTAHHBIX IIPU UC-
[T0JIb30BaHUN HEKOTOPBHIX KPUTEPUEB ONTUMAILHOCTH. B 4aCTHOCTH, OIUCAHO, KAK
HCIIOJIB30BaTh 3TH METOJbI Jist pertenns 3agadu CB.

Crarbs [20] nocssimena paspaborke meroga CB curnasos jyist obmux jmHeii-
HBIX Mojiesieil. B meil mokazamo, 1o 3amada CB MoxKeT OBITH CBeleHa K PEIIeHUIO
MOHOTOHHBIX BapUAIMOHHBIX HEPABEHCTB. UMCIEHHOE PEIIeHne KOTOPLIX MOYKET
OBITH HAMIEHO C IIOMOIIBIO M3BECTHBIX 9(P(MEKTUBHBIX BBIYUCIUTEIBLHBIX POIE-
Jayp. B Heil mokasaHo, 9TO CHJIBHO MOHOTOHHBIE BapHAIlMOHHBIE HEPABEHCTBA MMe-
0T BEPXHIO I'PAHUILY.

B crarbe [21] paccmarpuBaercs 3a/iada OleHUBaHUST JIMHEHHOTO (DYHKIIHOHAJIA
110 HAOJIFOJIEHUSIM 3a HUM, KOTOPBIE SIBJISIOTCS aJIUTUBHON CMECHIO 9TOTO (PYHK-
nuoHaJsa n «6eI0ro» rayCcCoBCKOIo mryMa. B KadgecTBe OIeHOK 3TOTO (PyHKITHOHATIA
UCIOJIB3YIOTCSH TTPOEKIINOHHBIE. B cTaThe ONMUCHIBACTCS METOJNKA BBIOOPA TAKOI
HAMTydIreil oneHku. B Hell J0BOJBHO MOAPOOHO M3TATAeTCT Ues TOCTPOCHUST Ta~
KOTO POJIa OTICHOK.

Pa6ora [22] nocesimena CB ckassipHbIX, TIAJIKUX, JeT€PMUHIPOBAHHBIX, KBA/I-
PaTHIHOMHTEIPUPYEMBIX (DYHKIMI OTHOCHTEILHO MephI Jlebera Ha jeiicTBUTEIb-
HOI TPSAMOH 10 HADJIOMEHUSIM 38 HUMH C HE3ABUCHUMDLIMHU T'ayCCOBCKUMU OIIHIO-
KaMHU B KasKJIOil TOYKe 00JIaCcTH OIpee/eHus. B Heil ycTaHaBIUBAIOTCA yCJIOBHS
CYIIEeCTBOBaHUSI ONTUMAJILHOTO OIEHUBAHUS B cMbIcsie Kpurepust MuaumyMa CKO.
OCOBEHHOCTRIO pacCMaTPUBAEMOIl B CTAThE 3a1a9H ABJISIETCSI TO, 9TO KaK HabJIIo-
JaeMasl IIoCJIe10BaTeIbHOCTh, TaK M KPUTEPHil KaIeCTBa OMUCHIBAIOTCS HE B KOOP-
JUHATHOM IIPEJICTABJICHUN, a B TepMuHax kKodddunnentoB Pypbe HAOIIOIEHMI,
BOCCTaHABINBaEMOI (PyHKINN 1 omKrOoK HaboAeHuil. Takoe mpeacraBieHne mos-
BOJISIET TIPU UCIIOJIb30BAHUN TPUTOHOMETPUYIECKOTO Oasuca (pOpMyIUpOBATL pe-
3yJILTATHI B IIPOCTON ya00HO# dopme. JjIst maHHOTO C/Tydast MOy IeHbl JIETKO IIPO-
BepsieMble YCJIOBHSI CYIECTBOBAHNSA ONTUMAJILHON IIPOIELYPhl BOCCTAHOBICHUS, &
TaKKe TaKWe ee CBOMCTBA, KAK HECMEIEeHHOCTb U COCTOSITeIbHOCTL. Kpome Toro,
1St Tiaakux PyHKIUI n3 npocrpancTsa CobosieBa IOCTPOEHA IIPOIIELy pa BOCCTa-
HOBJIEHUSI, KOTOpasi SKBUBaJeHTHA ONTUMaJIbHON. ClielyeT OTMETHTD, ITO B 9TOM
caydae mocrpoerHast nporenypa umeer CKO, xkoTopoe obiaaer CjemnyronMu
CBOICTBaMU:

(i) u3-3a HAJIMYUST CMEIEHUsT OTKJIOHEHUE MEHBIIE OITUMAJIBLHOTO);

(ii) He 3aBHCHT OT BOCCTaHABJIUBAaEeMOil DyHKIWY;

(iil) oHO HeysrydIIAEMO.

AxkryanpHOCTE. Kak ciiemyer u3 BbIlIenpuBeeHHOro 063opa, mpobseme CB mo-
CBSIIEHO MHOXKeCTBO uccienoBanuii. B [3-17, 19, 20| nannasi npobiaema cdopmy-
JINPOBaHA B KOODIAUHATHOM IIPEJICTABIEHUN, MATEMATUIECKOE OITUCAHUE KOTOPOTO
cocrapiistior dopmyiibt (1)—(4) u (15) pasuena 2. U3 [26] caemyer, uro perenne
9KCTpeMaJIbHOM 3aja4u (15) CyInecTByer, MOCKOIbKY BbINOJTHEHBI YCIOBHsI JIEMMbI
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SAuroBa—don Heiimana, nmpuaeM OHO sIBJISIETCSI aHAJIUTUIECKON (yHKInel. 3Ha-
qut, pertenue 3aaaun (15) He siBsieTcst GopesieBCKoil byHKIME u mosToMy He
CyILIeCTBYeT HellapaMeTPUYCeCKON CTAaTUCTUYECKONH OIEHKM HEeU3BECTHON KBaJpa-
TUYHO MHTErpupyemMoil (pyHKInM, HabrogaeMoil Ha oHe 3 IUTUBHOTO «OeIoro»
nryMa.

OrmernM TakKe cTaThio [21], B KOTOPOii OKA3aHO, 4TO HE CYIIECTBYET, B KOOD-
JIMHATHOM IIPEJICTABICHUH, OIEHKH MaKCHMAJILHOIO MIPABIIOINOI00Ms HEN3BECTHO
KBaJIPATHIHO MHTErpUpyeMoii (byHKInM, Hab/ogaeMoil Ha (oHe moMex, Ipe-
CTABJIATONINX COOOHM TayCCOBCKYIO CIIYyYIAfHYIO (PYHKITUIO, JIEYKAILYIO B HEKOTOPOM
IJILOEPTOBOM IIPOCTPAHCTBE.

B pab6ore [18| mpemioxken Apyroii MOAX0J, KOTOPBIA Ipeinojaraer, 4ro Ha-
omonarorcs kodddunuentor Pypbe aIUTUBHON CMECH HEM3BECTHOW (hyHKIIMH U
rayccoBckoil (yHkiuu ommbok, koropast umeer suj (7). Takoe mnpemcrabienue
ObLIO HA3BAHO B TEKCTE CIEKTPasbHbIM. B wacraocT, u3 (7) CIEAYIOT yCIIOBHsI
CYIIIECTBOBAHNS U ABHBIN BUJI OIIEHOK Kak10T0 Kodddunmenta Pypbe n ero guc-
rnepcun. DTOT (PaKT MO3BOIUI aBTOPAM BIIEPBbIE YCTAHOBUTL SBHBIA BHJ OIITH-
MasbHOI Henapamerpraeckoii onenkn n CKO nenssectHoit dbyukIimm (Teopema 1,
caencreue 1). Onupasich Ha 3TU PE3yJIbTATHI, YCTAHOBJIEHBI CBONCTBA HECMEIIeH-
HOCTH W COCTOSITEJIbHOCTH 9THX OIEHOK (TeopeMmbr 2, 3). OTmernm, 4To U3 pa-
6ot [3-17, 19-21] He sicHO, HACKOJIBKO IIPEJJIOKEHHBIE B HUX HElapaMeTPUIecKie
OIEHKU OJIM3KH K OINTHMAJIBHBIM.

Omnmpasich Ha 9TH PE3yJIbTAThI, YCTAHOBJIEHO:

(i) sBrast 3aBucumoctb CKO HemssecTHOI hyHKIMI, KOTJIA B KAYECTBE €€ OIeH-
KU UCIOJIb30BaHa caydaiiHas pyHKINs, UCIOJIb3YIONAas TOJIbKO mepsble N € z”"
cjlaraeMblx B (23) mwm € 7" \ 0 Habiozenuit (Teopema 4);

(ii) st kazkoro m cymecrsosanne NO(m) € Z | koTopoe socTaB/steT MuHu-
mastbHoe 3Hadenune sromy CKO (reopema 5).
Kpoue Toro, mpejijioykKen KOHCTPYKTHBHBIH criocob maxoxenns snadernns NO(m)
(Teopema 6). DTOT pe3yIbLTAT IIO3BOJIMJI YCTAHOBUTH YCJIOBUS SKBHBAJCHTHOCTH
CKO u m™!, a takwxe sksusanentnoctn N°(m) u m (ciencreue 3). lanmbie
YTBEPKJICHUS TIO3BOJISIIOT JIaTh ONpe/Ie/ieHIe MTPOEKIMOHHOI onenkn HeHrosa
(emorpu dbopmyiry (40)) u ycranosurs ee CKO. Ilocsietee 1103BOIMIIO OLEHUTD
CKOPOCTB CXOJIIMOCTH 39TOfi IPOIEyphl K Hem3BecTHOH dyHkmmu (reopema 8),
a TaKKe ee HE3aBHCHMOCTH OT Bhja HemsBecTHON dyHkmu (Teopema 10).

B koHIle cTaThu NpuUBEIEH IPUMEP, B KOTOPOM VIAeTCsl B SIBHOM BHJie HalTH
_l’_
snaenme NO(m) € Z .
Pacnostoxkenne marepuasia paboTbhI CIeIyIoIIee.

B pazgene 2 usaraercst mocranoka 3agadun CB B clieKTpabHOM IIpeJICTaBIe-
HUU.

B pazgene 3 ycranaBiamBaeTcsi YCJIOBHE CYIeCTBOBaHUs perrenus 3ajaan CB
(reopema 1), KoTOpoe B CBOIO 04epeib siBisiercs 3aaadeit HO. Kpowme toro, 31ech
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YCTAHABIMBAIOTCS TAKHE CTATHCTHYCCKHE CBOHCTBA ONTHUMAIBHOIO BOCCTAHOBIIC-
HIsI, KAK HECMEINEHHOCTH (TeopeMa 2) U COCTOATELHOCTE (Teopema 3).

Paznen 4 nocesimien naxoxjenuto 3asucumoctu CKO Vi, (N) or gucia uc-

[OJIb30BAHHBIX OPTOHOPMUPOBAHHBIX (byHKIHMIT 1 Yncsia HabroaeHnii (Teopema 4).
. +

Beck: 1) mokasbBaeTca uTo i Kaskgaoro m € Z '\ 0 cymecrsyer N°(m), koro-

poe nocrasisier Vi, (N) HanMenbliee 3Hauenne (Teopema b); i) yCcTaHOBJIEH KOH-

CTPYKTHBHBIH cmocob maxoxaerns NO(m). Kpome TOro, MOTydeHbl yCIOBIs 3K-

NO(m)

suBasienTHoCTH Vi, (NO) 1 , a Taxoke sxBuBatentHocTn NO(m) u m.

Pases1 5 MoCBsIIEH ONUCAHUIO CBOMCTB ONTUMAJIBHBIX IPOEKIMOHHBIX OICHOK,
mvetorux CKO V,,,(NY(m)) (emorpu cdbopmyty (40)) memssectroit bynkimmm, Ha-
3BaHHBIX B pabore onerkamu Yennosa (IIOY). 3ech TakKe JI0KA3aHO, ITO:

_1
1) TIOY cxomurest K Hen3BeCTHOH (DYHKIMH CO CKOPOCTBIO HOPSIIKA T~ 2
2) TIOY siisieTcst aCUMIITOTUYIECKU HECMEIEHHON U yCTAHOBJICHBI YCIOBHSI €€
COCTOSITETHHOCTH.

JlokazaTeIbCTBO BCEX YTBEPIKJICHUII COCTAB/ISET COMEPIKAHUE JIBYX IPUIIOXKE-
HUI.

2. Onpenenenus u 0603HaYeHUsA, HEOOXOAUMBIE AJsd (POPMYJIUPOBKHA
3a/1a49M CTOXAaCTHUYECKOro BoccTaHoBJieHnsi. O6ocHOBaHME
BO3MOXKHOCTH KCIIOJIb30BaHUS CIEKTPAJIbLHOIO IIPEeACTaBJICHUS

2.1. Ilycrs K — koneunomepnbiit kommnakt, B(K)—6openesckas o-aare6-
pa B K, a Ly(K,A) — muoxecrso dynxmuit f: K — R! — kpagparuuno nn-
TErpupyeMBIX OTHOCHTENbHO Mepbhl Jlebera A ma K, re. fK f2(x)dr < oo.
[Mockonbky Lo(K, A) — cemapabesbioe ruibbepTOBO IPOCTPAHCTBO, TO B HEM
cymiecTByer (BoOOIE TOBODsI HEeJIMHCTBEHHAs) MOJIHAS, OPTOHOPMUDPOBAHHASI
cucreMa (DyHKIMT, KOTOpYyIO MbI obosHadaem depes {@;(x)};>0, T.e. s

mobux j,j €7 (Z+ 2770 {o0}) dynxmun ¢;(z),pj(x) € La(K,A) ra-
KHe, 9To fK @j(x)pj (x)dr = 0;j, 3mece &y —cumBon Kponekepa, mpmaem

o0
> f gp? (x)dx < oo [24]. Orcrona caemyer, aro jyist noutn Beex x € K
j=0K

(1) fl@) =Y cipj(x),
=0

rje {cj}jez+ — kosdbdurmentst Pypue byukuuu f(z), e. ¢; = [ f(x)p;(z)dz.
K

IIycrs (2, F,P) — mosiHOE BEPOSITHOCTHOE IIPOCTPAHCTBO, HA KOTOPOM 3aJa-
+
na msMepnMas bynkmus n: Z - x 0 x K — Rl obosnauaemas n,, (), Takas, aro
+
Jutst mobbix * € Kmwm € Z '\ 0 Beinosinens! ycaosust (ny).

Yemous (ny):

(2) Eng,(z) =0, o?% E/nfn(:n)dzn < 00,
K
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u daa mobwx y,x € K npuvem y # x um # ¢
(3) Enp,(x)ng(z) =0, Eng (y)nm(z) =0.

Baeck yepes E(+) obosnauen unrerpas Jlebera OTHOCUTETHLHO BEPOSITHOCTHOR Me-
po P.

Ouesuao, uro Ha o-anrebpe B(K) ® F onpezenena mepa A x P, o6oznauae-
mast P.

[Tpeamosoxkum, ato B 060t Touke x € K Mbl HabmomaeM GyHKIHIO Y, (),
KOTOpasi mpeJicrasisier coboit cymmy dbyukimii f(z) € Ly(K, A) u ny,(x), Te. Ha-
6romaem GyHKIWO f(2) ¢ aIMTUBHBIME OIUOKAMHU Ty, (2):

(4) Ym () = f(2) + nm(x ZC](P] )+ 1 (2) *]T:;—H.B.,

rume m € 7" \ 0 — HOMep HAbJIO/IEH S

2.2. Hawm Takke norpebytorcst obo3nadenus jijist Koahdurmentos yphe ciry-
JaiHbIX DYHKIMN Y () 1 1y ()

(5) %é/mw%@@

K
(6) j 2 / ()03 ()
K

N3 (5)-(6) caemyer, uro xoadpdbunmentsr Pypoe, I KazKI0ro m € 7" \ O

ujE€Z — sro cayuaitnbie pesmuaunbl. A uz (1), (4), (5), (6) cremyer pasen-
cTBO P-11.1.
(7) vl =c;+nd, —P-mm

Tak kak f(z) € Lo(K, A) u Boimonenst yciosus (ny), o u3 (7) caemyer, 9410 J11st
moGoro m € ZF \ 0

(8) S +EMmL)?] =D EWL)? =E> (4h)’
7=0 Jj=0

i=0

Yemoust (ng):

(1) 0']2- = E(ngn)2, Jje Z+, m.e. ducnepcus xoappuyuenmos Dypve owubox e

3a6UCUM, 0T, HOMEPG HAOAI00eHU;

[ee]
(ii) 02 £ 3200]2 < 0.
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U3 [23] cemyer, uro econ usBectHbI Koaddunuentsr Oypbe HAGOpa {yi} AR

k=1,m

meZ" \ 0, To Jirobast nHabirogaemast yHKIUst U3 Habopa {Ym ()} ek mgomyc-
mez \0

KaeT IIpecTaBJIeHue P-mourn BCIOLY

9) um() 2> yhoj(x).
7zt

J

Y y . .
[Tycrs Fyy, u Fiy, 0-anredpbl, MOPOXKIEHHBIE CeMEeRCTBAMU CJIy YailHbIX BETUINH
J J
W te—tm m {yk}jez+ , COOTBETCTBEHHO, T.€.

k=1,m
(10) 2o {yl i
(11) ﬂéa{y{,...,y%,jez+}.

OueBnsHO, ITO Yy (1) stBasIETCH Foty @ B(K)-m3Mepumoit corywaitnoit dyHKimeit.

Onpegerenme 1. Jhobyo Fi, @ B(K)-usmepumyro gyrxuuro f,, () co sna-
wenuamu 6 RY nazosem onenxoit dynruyuu f(x) € La(K, A), no pesyavmamam

mez"t \ 0 nabarodenusi.

Onpegerenme 2. Ouenxy f,,(x) nazosem mOmycTHMOI, ecau

(12) E | [fn(x)de < cc.
/

O6osnatmm wepes My, (P) — MuONKecTBO momycruMeix oreHok f,,(z). Owde-
BHIHO, 9T0 Ma 1, (P) # @ n sBsiercst ruab6epTOBBIM IPOCTPAHCTBOM.

Onpepenenue 3. Jlonycmumyro ouenxy fm(:n) G./\/lgm(ﬁ) bydem Ha3vi-

6amb IPOEKIMOHHOI, ecau ona donyckaem npedcmasaenue P-n.a.
o

(13) Jm(z) = § Cj,m‘:oj(x)a
J=0

ot + g i
2de Onn waorcdoeo jEL u meL \0, a cjm —Fp -UsMEPUMAA CAYHATIHAA
BEAUNUNG, KOMOPAA Asasemcs Koapduyuenmom Dypve ouernku fo (), npuuem

o 2
E Zocjm < 00.
]:

MHO2KeCTBO HPOEKIMOHHBIX OLEHOK obo3HaduM depe3 My, (P). Ouesnunmo

My 1 (P) € Mo (P).
129



B crarpe paccmarpuBaeTcs 3ajada [OCTPOCHUS HPOCKIMOHHBIX —OIEHOK
fm(z) € My, (P) Hemssectnoit dynxunn f(x) € La(K, A) no mHabmogennsam omnu-
cbiBaeMbIM (7) TaKuX, 9TO

(14) E/ [f(@) = fn(2)]’dz = inf .

% Jm () EM2,m (P)

(14) — 7o kpurepuit muanmyma CKO orHOCHTEIbHO MepBI P.

Onpegenmm, 9To MBI OyJIeM ITIOHUMATD 10/ ONITHMAJILHON TPOEKIMOHHON OLeH-
KOIi.

Onpegenenme 4. Ipoexyuonnyo ouyenxy f,0(x) € My, (P) nasosem onmu-
MaAHOT, ecAl

1 —Ax2x: :E—onzx.
(15) e ! [£(2) — Fu(a)]dz = E / [F(2) - F(@)]%d

fm m (P
fm (2)EM2,m ( i

[IpejcraBienue JAHHBIX 3aJa4l CTOXACTHYIECKOIO BOCCTAHOBJICHUS B hop-
Me (5)—(15) GyieM Ha3BIBATH CIEKTPAJIBHBIM [IPE/ICTABICHICM.

2.3. llenbio maHHO CTATHU SBJISETCS:

1) moKa3aTeLCTBO CYNIECTBOBAHUS TIPOIEIYDPbl BOCCTAHOBJICHUs (DYHKIUN
f(x) € Lay(K, A), ucnonp3ymormeii KOHEIHOE UHCIO OPTOHOPMUPOBAHHBLIX (DYHK-
nmii, a Takxke Haxoxgenne ee CKO;

2) ucceoBaHe CTATUCTUIECKUX CBONCTB 9TOi HPOIIELyPbl BOCCTAHOBJICHUSI.

3. YcioBus CyliecTBOBAHUS OIITUMAJIBHBIX OIEHOK
Hen3BeCTHOIl dyHKINN

O6oznaunm My ,, (P) — MHOXKECTBO GECKOHETHOMEPHBIX CJIy4YaifHBIX BEKTOPOB
~ o . . =+ +
G = (€0,m>Ci,ms - - - ), TAKUX, 4TO: 1) 1y yroboro j € Z - u xaxgoro m € Z -\ 0
. o0
- —~ J .. ~ 2
colydaiiHasl BeIMIUHA ),y — Fr -U3MepuMa, i) E Y |cj7m| < 0.
Jj=0
3.1. Ecm fp,(z) € Ma,,(P), To P-iourn Beiogy mmeem

o0
(16) fm(x) = Z/C\j,m(pj(x)v
§=0
rae Cjm € Mg,m(P) — fﬁj -u3MepuMas ciydJaiiHasi BeJMdnHA, j € Z+, a meE

ez” \ 0, xkoropas sBisiercss Koadbunuenrom Pypre oneHku f, () € My, (P),
T.e. P-11.1.

(17) G 2 / Fonl)o; (@) da.
K
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U3 (16) caemyer cooTHOIIEHNE

(18) /\fm )Pde =EY 22,
1=0

KOTOpOe fABJIgeTCs 060bIenneM n3BecTHOro pasencrsa [lapcesans (24, 25].
Us (18) cnexyer, aro Mgm(P) — TUIBOEPTOBO POCTPAHCTBO.
Kpowme Toro, u3 pasencrsa (18) ciemyer yTBepkjieHue.

IIpennoxkenne 1. Mg,m(ﬁ) U Mgm(P) — U30MOPPHDL.

IIpexnoxenune 2. Jlaa mobozo m € z*t \ 0 onmumarvras npoexyuorHas
oyenxa f9(x) € My (P) cywecmeyem mozda u moavko mozda, koeda cyuecmey-
rom {¢0} € Ma ,,(P) maxue, wmo

(19) EZ ¢j — Cjm) :EZ[C]

{Cj 77L}]>06M2 m(P j=0 j=0

JlokazarenbcTBO IpeIoyKeHust 2 MpuBeieHo B npuioykerun 1 (cm. myskr I1.1.1).

Samewanne 1. VI3 yTBep:ienns Tpe/IoXKeHUA 2 CHIEyeT, UTO JId CyTiie-
CTBOBAHUs OITUMAJIBHOI IIPOEKIUOHHON omeHkn (yHknun u3 xiaacca My, (P)
HEOOXOMUMO U JOCTATOYTHO, ITOOBI CYIIECTBOBAIN ONTUMAJILHDBIE OIEHKN ee KO-
durmenros Pypre.

3.2. B ganHOM 1yHKTE MbI CHOPMYIIUPYEM YCJIOBUS CYIECTBOBAHUST PEIICHHsI
sazaun ontuManbaoro CB dyukimn usz Lo (K, A).

Vemosust (ng).

yemo dan mobwx j €L uwme LT \ 0 cemeticmeo {ni,} ezt obpasyem

mezZ\0

2AYCCOBCKYI0 CUCIEMY HEROPPEIUPOSAHIIE CAywalins seauvun ¢ Law(nd,) =
= N(0,0%).

O6oznauny CKO onrumanbroil ornenku depes Vi, (00).

Tenepb MOXKHO ¢POPMYINPOBATE TEOPEMY CYIIECTBOBaHUs onTuMabHOro CB.

Teopema 1. IIyemo f(x) € Lao(K, A) u evinoanens yeaosus (n;), i =1,3.
Toeda dan nowmu ecex z € K um € 77\ 0 CYWECEYEM ONMUMAALHAR NPOEK-

YUOHNAA OUEHKD f O(z) € Mgm(P), Komopas P-nowmu ec10dy donyckaem nped-
cmasaenue

(20) Fi(@) =Y 2lnei(a),
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a CKO xomopoti Vy,(c0) umeem eud:

Jm(2)EM2,m

22 Vi (00) = inf E a;—Ama; 2da;:i0002-.
(22 )= it [ 1) Fule) 2

HokazarenbcrBo Teopembl 1 npuseieno B [Ipuwioxenun 1 (em. nysxr I1.1.2).

Bameuanue 2. YrBepxjenue teopembl 1 B ommuune or [3-17, 19-21], ycra-
HABJ/IUBAET JOCTATOYHLIE YCJIOBUS CYHMIECTBOBAHHUS ONTUMAJLHOI MPOEKIMOHHOI
onenku dbyuxnun u3 Lo(K, A) 110 nabogenusim 3a Heil ¢ HE3aBUCUMBIMU [ayCCOB-
CKIMU OIITNOKAMI.

3.3. U3 reopemsl 1 ciemyeT mpocToit BU, ONECHKI ﬁg (x).

Cu G,ZICTBI/IG 1. IIycmo svinonnens, ycrosus meopemol 1. Tozda darsn Kastcdozo
mez"t \ 0 nowmu 6crody omuocumervro mepoi P onmumanvrasn oueHKa fm( )
donycraem npedcmasaeHue:

(23) RO = = e,
k=1

Hokazarenbcro ciaencrsust 1 npuseneno B [Ipunoxkenun 1 (em. mysxr I1.1.3).
3.4. CBoiicTBa ONTUMAJBLHBIX OIIEHOK.

Teopema 2. Ilycmov swnoarens yeaosus meopemuv, 1. Tozda ouenxa (20) —
HECMEULEHHAA.

HokazarenbcrBo TeopeMbr 2 npuBeieHo B [Tpumoxkennu 1 (em. mynkr 11.1.4).
Teopema 3. Ilycmov svinosrers yCJLOGUﬂ meopemuvl 1 u das nowmu ecex

x € K omnocumenvro mepw Jlebeza pad z o; cp]( x) — cxodumcea. Tozda ouerka
=0

f,g(:n) — COCTMOAMENDHAA.

HokazarenbcrBo Teopembl 3 npuseieHo B [Ipmwioxenun 1 (em. nyskr I1.1.5).

4. BaBucumocts CKO onenku HenmsBectHoit dyukiuu f(x) € L2 (K, A)
OT KOJIMYECTBA MCIOJIb3yeMbIX OPTOTOHAIBLHBIX (DYHKIIHIA,
4ypcsia HabJIIOIeHNII 1 HEKOTOpbIe ee CBOCTBA

N
4.1. Iycrs bynxmmn fy(z) £ Y ¢jpi(x), e ¢ £ ff x)dx, a N€
=0
€7 — UHCIO <HCHOMB30BANHBIX> OPTOTOHATBHBIX (byHKImﬁ. OueBnHO, YTO

fN(!E) S LQ(K,A)
Hycrs f2 v (z) € My, (P) — onruManbhas IPOEKIMOHHAST OIEHKA HEM3BECT-
noit dpyukmmu fy(x) € Lo(K, A). OueBngno, uro B cuiy TeopeMbl 1 oHa mmeer
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BUI;

N
(24) T n(@) 23720, (2)p;(@).

J=0

U3 (24), B cuny teopembl Oybunm, caeLyeT paBeHCTBO
-~ 2 al 2
(25) e [ |7t de =ED"[of "
K J=0

~0
upHieM c;,, umeer suj (21).

Iycrs Vi (N) — CKO onenku f,2 v (z) or dynxmun f(z) € Lo(K, A), ana
LIOCTPOEHNUsI KOTOPOIi HCIOIBb30BaH «OTPe30K» 13 N-0pTOroHaabHbIX dyHKIMA 1
¢ yncsiom Habsmonenuit, pasabiM m. OueBunno V,(N) gomyckaer npejcraBieHne

~ 2
(26) V) 2 E [ [ @) = 2 n(o)] do.
K
CdopmyupyeM OCHOBHOI pe3yJibTaT 3TOrO ITYHKTA.

Teopema 4. I[lycmv svinoarenvs ycaosus meopemovr 1. Tozda das a0bvix
mez” \0, N € 7" CNPABedAUBHL CACIYULUE YMEEPHCIEHUA.
1) Vin(N) donycraem npedcmasaenue

N
1 2 2 2
(27) Vn(N) =>" [Eaj - Cj] L mn)-
§=0
2) Iycmo HfHLQ(K,A) > 02 u cywecmeyem xoncmanma Chg > 0 makaa, “mo
0(2] > Chg. Toeda cnpasedauso, Hepasencmsea
2 o’
(28) 0 < Cio < Vin(N) < max <HfHL2(K’A), E) .
HokazarenbcrBo Teopembl 4 npuseieHo B [Ipuioxenun 2 (em. nyskr 11.2.1).
4.2. U3 yrBepxkaenns: TeopeMbl 4 BLITEKAET MPOCTOE CJIE/ICTBUE.

CraencrBue 2. [lyemo svinoanenvs ycaosua meopemos 4. Tozda cnpasediucon
caedyrougue ymeeporcoeHu.

1) IIpu wasicdom m € 7" \ 0 nocaedosamenvrocmo {Vp, (N)}
GOPAEN, PEKYPPEHIHOMY COOTHOULEHUIO

Nezt ydosaem-

1
Vin(N +1) = Vip(N) = c&yq + EU%H

_ 2
j=

pewerue komopozo umeem 6ud (22).

(29)
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2) IIpu xasicdom N € 7" wacmunman nocaedosamenvrocm {Vm(N)}m€Z+\O

YIOBAEMBOPAEN, PEKYPPEHMHOMY COOMHOULEHUIO

N
1
Vi1 (N) = Vin(N) = ————) "0
+1( ) ( ) (m+1)m ‘_00-.7
(30) ~ N J=
_ 2 2
VaN)| == 3 G+ a0
j=N+1 j=0

pewenue komopozo umeem sud (22).
HokazarenbcrBo ciencrsust 2 npuseeno B [Ipuioxkenun 2 (em. myskr 11.2.2).

Bameuanue 3. U3 yreepxkuenusi 2 cuaepcrsus 2 u (27), cieayer, 9To Jjist
moboro N € Z*

: 2
Jim Vipy1(N) = lim Vi (N) = Y .
j=N+1

[TosTomy

lim lim V,,(N)=0.

N—o00 m—00

+
4.3. B TOM myHKTE yeTaHOBUM, 4TO IpH KaxkaoM m € Z '\ 0 mocsienoBaTein-
HOCTh {Vip ()}, + MMeeT e MHCTBeHHBIH MUHIMYM.

Teopema 5. Ilycmv svnoanerv, ycaosus meopemos 4. Toeda npu xasrcdom
mezZt \ 0 cywecmeyem eduncmeennoe NO(m) € z”" maxoe, 4mo

(31) inf Vin(N) = Vin(NO(m)).
NeZ

HokazarenbcrBo Teopembl b npuseieHo B [Ipuioxenun 2 (em. nyskr 11.2.3).

Bamedarnue 4. VI3 yTBepKIeHUST TEOPEMBI D CJIEJIYeT:

a) aust sioboro N € Z" maeer mecto HepaBEeHCTBO
(32) Vin(N) = Vin (N (m));

+ +
6) mist Beex s € Z ' takux, uto NO(m) —s > 0u N°(m) + s € Z " umeer me-
CTO HEPABEHCTBO

(33) Vin(N°(m) — 8) — 2V (N (m)) + Vi (NO(m) + s) = 0.

4.4. B sTom nmyHkTe Oy/IeT OMUCAH KOHCTPYKTUBHBIH CIIOCOO HAXOXKIEHUST 3HA~
wermst NO(m).
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Teopewma 6. Iycmv evnoarenv, yeaosua meopemnt 4. Toeda N°(m) € z”"
donycraem npedcmasieHue

N 2 o)
+ . g
(34) No%m)=inf{ N € Z Ejﬁf >
7=0 Jj=N+1

HokazarenbcrBo TeopeMmbr 6 npuseieno B [Tpumoxkennu 2 (em. mynkr 11.2.4).

4.5. B sTOM IIyHKTE, OCHOBBIBasiCh Ha Teopeme 6 YyCTaHOBJIECHBI COOTHOIICHUS
NO(m) o2
skpuBasientHoctn Mexxay CKO I[IO9 )7 L.
J=0
Teopema 7. I[lycmv evinoanens, ycaosus meopemov, 6. Tozda daa ar06020
+
m € Z \0 umerom mecmo nepasercmea

NO(m) 02 NO(m) o2
(35) —L < Vu(N(m)) <2 L,
m - m
7=0 7=0
m.e
No(m) o
(36) Vin(N%(m)) = .
=0 M

HokazarenbcrBo Teopembl 7 npuseeHo B [Ipuioxenun 2 (em. nyskr 11.2.5).

4.6. U3 yrBepkKIeHns: TEOPEMbl 7 BLITEKAIOT BaYKHBIE YTBEPIKICHUSI.

Cuaemcrue 3. ITyemv svinoanenv, yciosus meopemv, 7. ITycms 6vinoars-
omes yCJLOGUﬂ'
(1) sup a < Ch,
jGZ
(ii) eywecmeyem jo € {0,..., N%(m)} maxoe, wmo O' > C12 > 0. Tozda cnpa-
68e0AUBHL CACIYIOULUE YMBEPHCICHUA.

1)

(37) C12 N()Tflm) < Vi(N°(m)) < CllNO(m)
m.e. Vi (N9( ))xNon(lm),

2)
(38) NO(m) = m.

HokazarenbcrBo ciencrsust 3 npuseeno B [Ipunoxkenun 2 (em. myskr I1.2.6).
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5. IIpoekninonHbie OlleHKN UeHIIoBa M UX CBOMCTBA

+
B paszene 4 6bu10 jgokazano, aro s Jjodoro m € Z\0 CKO V,,(N) upo-
exmmonnofl onenku f,0 \(x) nmeer eauHCTBeHHBIH MUHEMYM (Teopema 5), Ko-
. + .
TopeIit jocturaercs B Touke NY(m) € Z'. B Hem Taxke HaiilieH KOHCTDYK-

TuBHLI crocob maxoxaenus N°(m) (reopema 6). Kpome Toro, B pasmerne 4
YCTAHOBJICHbI COOTHOIIEHNS] SKBUBAJCHTHOCTH (CM. TeopeMma 7, CJICJICTBHE 3)

01y o ) 2 NOGm)
Vin(N%(m)) < > & < =7 < const.
j=0

5.1. B 9TOM IyHKTE OLPEIEINM, YTO CJICJYeT IIOHUMATH I0J] IIPOCKI[HOHHOI
onenkoit Yennosa (II0OY) nenssecrnoit dyuxun f(x) € La(K, A).
st sToro oboznadmmM

(39) Fn(@) & Fan @)oo

Ouesnzno, uro f,%(z) € Mgm(ﬁ) u jonyckaer, B ety (20), mpecraienue P-mod-
TH BCIOJLY

NO(m)

(40) Z Cy m®j (T

m .
1 . ~0
riae C — E — J-d KOMIIOHEHTa 66CKOH6‘IHOM€pHOI‘O BEKTOpa C,, S

€ I\\7J127m(P), KOTOpBIil siBjisieTcss Koaddurmentrom Dypbe ONTUMAIBHON OIEHKU
fn(@) € M, (P).

Onpegencune 5. F @ BK)-usmepumyo  dynwuuo  f(x) € Mg’m(ﬁ)
6ydem nasweamsv upoexnuonuoit onenkoit Yennosa (IIOY)  dynryuu  f(z) €
€ Ly(K, A), ecau ona donycrkaem npedcmasaenue (40).

U3 sroro onpenenenus: [IOY u (25) caenyer, uro CKO I1OY or dhyukiuu
f(z) € Ly(K, A), obosnanaemoe Vi, (NY(m)), mmeer B

- 2 00 NO(m) o2
4y Ve = [ [1@) - P o= > e 3 D
K j=NO(m)+1 j=0

5.2. U3 yrBepK/jeHusT TEOpEMbI 7 CJIEJyeT OIEHKA CKOPOCTH CXOJNMOCTH
ITOY k memssecrnoii dyukuun f(x) € Lo(K, A) korga m — oco. HeiicrBuresnbo,

U3 YTBEPKIEHUS CJAEIACTBUS 3, MOCKOIbKY N O(m) S Z+, nMeeM
(42) Vin(NO(m)) = m™".

Takum o6pa30M JOKa3aHO CJIeyIoIiee yTBEP2KIAeHUE.
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Teopema 8. I[lycmwv svinosnenvt yeaosus meopemot 7 u caedemeus 3. Toeda
s _1
(43) 1F = Fllsg,.,. ) = Om™2).

5.3. B arom mynkTe OymyT ycranoBsienbl crarucrudeckue coiicrsa [10Y (40).
Teopema 9. I10Y (40) obaadaem caedyrousumu c60UCNEAMU.:

1) dan mobozo m € 7" \ 0 ouenra (40) — cmewennasn;
2) ecau evinoanenve ycaosus meopemv. 5, mo CKO I10OY ydosaemsopsem
HEPAGEHCTNEY

(44) Vin(N°(m)) < Vin(00);

3) ouenka (40) acumnmomunecku necmewernas, m.e. oaa nowmu ecex x € K

(45) lim Ef)(z) = f(x);

m—ro0

4) ecau dan mobozo x € K E ajcp]( z) < oo u Z cjp;(w)| < oo, mo
o

£@) —— f(a).

m—o0

HokazarenbcrBo TeopeMmbr 9 npuseieno B [Tpumoxkennu 2 (em. mynkr 11.2.7).
5.4. B sTom mynkTe Mbl yecranoBuM yejosust Hezaucumoctu CKO ITOY or
onernBaemoit dyukun f(z) € La(K, A).

Teopema 10. Ilycms svinoarenv, ycaosus meopem 5, 6. Tozda umeem nepa-
68EHCMEBO

sup inf sup E/ [f(z) - fm,N(a;)]zda: <
J(2)EL2(KA) NEL™ f n (2)EMa i (P)
(46)
[e'e) 0_]2
<2 O

Jj=0

Hokazarenbcro Teopembr 10 npuseseno B Ipusioxkennn 2 (em. myskr I1.2.8).

5.5. B sroM myHkTe MBI mpuBoauM npumep 3agadun CB, KOoTOpbIil 103BOIHT
ommcarh ee penieHue siBHO. 113 yreepxk aennit reopem 8, 9 u sisnoro sua I10Y cie-
JIyeT, ITO peleHue 3ajadn onTuMaabHoro CB cBoAMTCS K HAXOXK/JEHHIO SIBHOTO
suma NO(m). Tlostomy comeprkamme TIPHBOIEMOTO MPUMePA MOCBATIEHO HAXOMK-
nemmio snadenns NO(m).

i 2

IIpumep. Ilpeanonoxkum, 9TO SJEMEHTH MOCeoBaTebHOCTe! {Cf}j>0 1

2
{o5tiz0 ZIOMYCKAIOT Mpe/ICTaBIeHIT

2 _
1) 0_7 - O-Oqu

2) 3 - Coq2)
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e 03 >0u c2>0,aqe(0,1),i=12,j €Z". B cuiry Teopem b, 6 cyie-

creyer N°(m) € 7" rakoe, uro mf Vin(N) =V, (N, mpuaem mist mo60ro
NezZ*t
N > N°(m) mveer MecTo HepaBeHCTBO

IR

Jj=0

SHL

o
2
E: >
j=N+1

KOTOpOE C y9IeTOM IPEJIIOIOoKeHuii 1) u 2) J0IyCKaeT [pejcTaBIeHne

%z:o > ¢ Z qz

j=N+1

Craso 661Th, B ety Teopembl 5, pu N = NY(m) umeer MecTo paBeHCTBO

9 NO(m)+1 NO(m)+1
(47) o 1 _ e W ada ™
ml—q  1—gq m 1—q

+ .
Hirke paccMOTpiM JiBa JacTHBIX ciaydas, Korja NY(m) € Z' wmoxkeT GBITH Haii-
JIEHO SIBHO.
+
Hust dbopmysnupoBku pesysbratoB 060o3Haunm, ecan a € Z -\ 0, 1o |a] — 310

HeJsias 9acTh YUCJIA @.
2
Cuyuaii 1. Ilycrs g1 = qo. Torna us (47) cuenyer, uro ecim - + -9 — > ¢q, TO

2

In 20
cim-+o,
No(m) = {71;)1(]1 o J

Caywuait 2. Ilycrs g2 = (q1)%. Torma us (47) caenyer, 1o

2 2 2(N°(m)+1) 2
(48) @ _ COQl + @qNO(m)-l-l
m 14+ ¢ m !
0
(48) sT0 KBajIpaTHOE ypABHEHHE OTHOCUTEIHHO q{v M+ B poimoeno yCJI0-
BHE
o3(1+q1) 4mc3

LT
2mcgq1 0(2](1 +q1) ]

1o N°(m) umeer Buj

No(m) =

S (14 ) |

Ingy
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ITPNJIO?2KEHUE 1

I1.1.1. Chavama ycranosum yTeep:kienne npenjoxenus 2. Iyers f(z) €
€ Ly(K,A), a fm( ) € Mg’m(P) — HEKOTOpasl IIPOEKINOHHAs! OlfeHKa. [10CKOIbKY
cucreMa {@;(x)} >0 — mosnHass oproHopMmupoBanHasi, To u3 (1), (13) u Teopemsr

Qybunn s 00oro m € z* \ 0 cireyror paBeHcTBa

o0 o0
o~ 2 ~
E/[f(x)—fm(fc)] de =EY_ [ej = Gm]" =D Elej = Gm]’
i j=0 j=0
OTCIO,H&, B CI/IJIy Hpe,ILJIO}KeHI/IEI 1, nMeemM

i 7, Ay = in —Cj
(I1.1.1) _ inf (ﬁ)E/[f(m)—fm(a:)] dx = f ZE im)]

fm(x)EMa2 m W cj, mEMzm(P =0

~ B yj
[Mockommbky Ma ,, (P) MHOYXKECTBO JF7, -U3MEPUMDIX KBaIPATUIHO UHTETPU-
pyembix ciay4vaiinbix seauans. V3 (I1.1.1) cieyer HepaBeHCTBO

inf ~E/fa: —fmaj 2daj> inf Ec'—/c\-7m2.
Fn(@)EMe,1n (P) )= fm(a)] ;)Ej,mem,m(m 5~ in)

/\0 o
Orcrona cieayer, 9To OleHKa Cj i, AIBJISICTCS ONTUMAJILHON TOLJA M TOJIBKO TOLJA,
KOTIa,
. ~ 2 ~0 12
- inf E[cj — cj,m] = E[cj — cj7m] .
¢j,mEMz,m (P)

~0
Taxmm obpasoM, ecin CyIecTByeT Cjm» TO UMEEM HEPABEHCTBO

in Zlﬁ—rn,fl?2fl7/oO ¢j — ¢ 2'
f (ﬁ)E/[f() fm(@)]"d >ZE[J o)

ﬁn(SC)EMZm

nf / [f () — Fnl@)]da > f} Efe; —&m]” =

Fon () EMg,m (P

— ot EY [l = E [ @) - B a
K

Ej,meMZm(P ]_

c9 (). JoKasaTeaneTBo 3aKOHYEHO.

s

rae f(x) £
0

J
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I1.1.2. Jlokasamenvcmeo ymeepoicdenus meopemos 1. U3 yTBepzxienus npeJ-
JIOZKEHUSI 2 CJIEAYET, UTO CYLIECTBYET ONTHMA/IbHAS IIPOEKIINOHHAsI OLCHKA fm( )e
€ MQM(P) TOrJIa U TOJBKO TOryIa, Korja BeinosHeHo (19). Tlostomy nmeem

in x—Ax2x: x—AOxzx.
f(ﬁi[U<>(m<ﬂd e [ [£() - 72"

fm(w)eMZm A

OCHOBHBIM COJIEPYKAHUEM yTBEPKICHNS TeOPeMbl 1 SB/ISeTCA T0KA3aTeILCTBO Pa-
Bercts (20)—(22).
ITostomy pacemorpum E [ [f(z) — £0

m(m)]2dx. U3 yTBepKIeHus HPeIozKe-

K
aust 2 (em. dopmyast (I1.1.1) u (25)), umeem

(T1.1.2) E/[f( ) — f dx—ZE‘c] Jm

K

Orciona cremyer, 9T0 [yl KaXKJIOro j € zZ" TpebyeTcst 10 pe3ysbraTaM HabJIo-
nennit (yq, ... ,ym) HOCTPOUTH ONTUMAJBHYIO B CPEIHEKBAIPATHIECKOM CMBICTIE
OIICHKY Koscbdmm/leHTa dypre ¢;. 3aMeTHM, YTO B CHILY (7) pacupejeeHne Ciy-
YalHOH BEJIMYUHLI 17y, SBIAETCS TayCCOBCKUM, T.C. Law(ym) = N(cj,o ) Ussecr-
HO [1, 2|, uTO B JAHHOM Cily4ae ONTUMAJIbHAsS OIEHKA KoacbcbI/HmeHTa Dypoe c¢j,
110 pesysbrataM Habuojenuil ¢ ommokaMu (Y], . .., Y ), obo3HATaeMasT cjom,
[aJaeT ¢ OIEHKONH MaKCHMAaJbHOrO Ipasonoaobus. CiegosarebHo, cjom umeer
Bug, (19). YMHOXKEM JIeByIO U 1paByio dacTb (19) Ha ¢;(x), a 3aTeM BBIIOIHAM
CYMMHPOBAHIE 10 BCEM j, B pe3ysbraTre norydnM (18).

Tenepn nafinem snadenne E [ [f(z) — fng(:n)]zdzn, B cuny (I1.1.2), (7), (19) n
K

COB-

IPEIJIOZKEHU A 1 umeem

ﬂOKaSaTeJH)CTBO 3aKOHY€HO.

I1.1.3. Jloxasameavcmeo ymeepoicdenus caedcmeus 1. VI3 (20)—(22), n reo-
pembl Qybunn BorTekaeT (23), IMOCKOIBKY

N o0 o0 1 m
Fo@) = S ehnes@) = L3 yesla) =
Jj=0 J=0 k=1
BN N TS g
k=1j=0 k=1

ﬂOKaSaTeJH)CTBO 3aKOHY€HO.
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I1.1.4. Jlokasameavcmeo ymeepocderus meopemv 2. U3 (7), (20) u (21) mia
mobbix 7 € Kum e Z* \ 0, B cuity Teopembl PyOunm, mveem

[ee] m
~ 1
Efm(z) = &mei(@ Z pilz Z i)~ Z
7=0 j=0 =1
o0 1 m
= ¥j (@E (cj+ E"k Z oz (2).
=0 k=1

ﬂOKaSaTeJH)CTBO 3aKOHY€HO.

I1.1.5. /loxasameavcmeo ymeeporcdenus meopemov, 3. Ham Hag0 ycTaHOBUTD,
9TO IJIsT TOUTH BeeX = € K

@) —— f(a).

m—ro0
JlocTaTovHo IOKa3aTh, UTO JUCHEPCHUS OIEHKU f,g(:zz) CTPEMUTCS K HYJIIO, KOTJIa
m — 0.

Hna xaxkgoro x € K BblMmcanM JUCHEPCHIO OIEHKN ﬁg(x), 0003HATAEMY IO
Df%(x). U3 (20), (7) u (21), B cuny Teopemsl Oybunu, mmeem

Df2(x) = E[f3(z) — f(@)]* = E | Y (@m —¢j)0i(2)| =
j=0
“E[X Y@ =B Y we@| = > e
j=0 k=1 Jj=0 """ k=1 j=0

Tak Kak psif E gpj( )ajz JUTsl TOUITH BeeX ¥ € K cxomurest, TO n3 mOC/IeHETO
7=0
PaBEHCTBA CJIe/lyeT yTBep:KeHne TeopeMbl. J{oKa3aTebCcTBO 3aKOHIEHO.

HPUJIO?2KEHUE 2

I1.2.1. Joxasameavcmeso nepsozo ymeeporcdenusn meopemu 4. V3 onpeese-
uust V;, (N) cieayoT paBeHCTBa

V,(N) = E / [£(2) — Fv(a) + fv(a) — FOy ()] do =

K

00 N N N
= E/ D (@) =Y i)+ > (@) = T ne(@)| de=
i =0 =0 =0 =0
2

00 N
:E/ Z cjpj(x +Z j(x)| du.

K Jj=N-+1 7=0
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Orcioga cireyer, 9To JJist JOObIX m € 7" \0, N € 7" CKO Vin(N) umeer Bu

(I1.2.1) Z c; +EZ

j=N+1
m .
Tak Kak c =L 5 yl, To B cny (7) mveem
k=1
1 m
11.2.2 = — =
( ) m;_: Cj+nk =¢+— kzlnk

[Tosromy (I1.2.1) ¢ yuerom (I1.2.2) u ycmoswuii (n;), i = 1,3, B cuity reopembr Dy-
6unn, nveer Buj (23). deitcrBurensao

[e%S) N 1 m ' 2
Z c?—FEZ mZ"i =
7=0 k=1

j=N+1
o0 N 1 m m )
(I1.2.3) Z cj —I—Zm EZ”{:Z”?«
j=N+1 7=0 k=1 k'=1
o9 N 2
Zgj S o2k Za
j=N+ =0 Jj=N+1

Otciofa ceayeT mepBoe yTBEPKICHNE TEOPEMBI.

VcranoBuM BTOpOE yTBepzK/leHue Teopembr 4. 13 TEPBOTO Y TBEPKIEHMST Teope-
MBI ctestyet, uto Jyist aoboro N € Z7 CKO onenku f N(z) € Mg,m(P) Vin(N)
nmeer Buj (11.2.3).

Host Vi, (N) Tpebyercsi yCTaHOBUTD JIJIsl KAXKJIOTO M OIEHKY CHu3y. fIcHO, 910
Vin(N) cocrout u3 JIByX CjlaraeMbiX, MPUYEM [EPBOE SIBJISIETCS MOHOTOHHO yObi-
BaIoIIeil 110CJIe/I0BATEIbHOCTBIO, & BTOPOE CJaraeMoe — 3TO MOHOTOHHO BO3PAC-
TaroIas MOCAE0BATEILHOCTD. [l09TOMY, B CHITY YCIOBHUil, UMEET MECTO BBIKJIAIKA

oo N 9
. . 2 9
1nf+ Vin(N) = 1nf+ E ¢+ E — | =
7 7 m
NeZ NeZ" \ ;ZN1 =0

N—oo 3 "NS04—~ m

[e%e) N 0_2 0_2
=max [ lim E lim —L | = max <0, —0> > Ci9 > 0.
. m

JHokazareabCcTBO 3aKOHYEHO.

11.2.2. JlokazaTeabCcTBO yTBEp:KIeHus ciaeacTBus 2. VI3 yTBep:Kaenus teope-
Mbl 4 (eM. dopmyity (27)) oueBHIHBIM 00PA30M CJIELYeT YTBEPKICHHUE CJIC/ICTBIS.
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I1.2.3. Jloxasameavcmeo ymeeporcderus meopemov. 5. B cuity Teopembr 4
Vin(N) nomyckaer mpejcrasierue (23), U3 KOTOPOrO CJIEAYET, UTO OHO COCTOUT

u3 IBYX Cjlal'a€MbIX:
o
— IIePBOE U3 HUX — DTO P Z c?, KOTOPBIN CXOUTCH, IIOCKOJILKY CXOAUTCA
j=N+1

(o] o0
P 2:003 = H f HiQ KA < 0O OueBUIHO, YTO HOCIEIOBATEILHOCTD { > c?}
J= J= N>0

N
o
(HpI/I Bozpactanuun N ) ABJIACTCA HeBO3pacTalolleil, T.e. Z c? <
j=N+1 J
IIO9TOMY

— BTOpOE CJIaraeMoe — 3TO CXOJISIIAasiCsl HeyObIBAIOIIAsl TI0C/IE0BATEILHOCTD
N 00 +
{Z 0]2} (Z 0]2- =0’ < oo). [Mosromy mpm kaxzom m € Z '\ 0 onpese-
i=0 " Jyso  \=1
JIEHbI MHOZKECTBA

2
Al é{‘jGZ*—: %

_y 0
Azné{jGZ+:——c§<0}7é®.

Crnenosarensho, ecmu N € AL (N € A2), To B cuty ciencTsust 2 mMeeM Hepa-
BEHCTBO

Ouesnmno, uto Al N A2 # @. Tlostomy cymectsyer Takoe NY(m) € Z+, 910
Al N A2 = {N°m)}. Orcioma crenyer (31). JlokazaTeabCTBO 3aKOHYEHO.

I1.2.4. Jloxazameavcmeo ymeepoicdenus meopemui 6. V3 jjoKa3aTeibeTBa TEO-
peMbl 3 ciielyer, 9To Jijist JIIOObIX m € z" \Ou N € Z" CKO OTIEHKU fn(g,N(x) €
€ Mgm(ﬁ) umeer Buy (I1.2.3). U3 yrBep:kieHusi TeopeMbl 5 Cleiyer, 9To Cy-
mecteyer dbynkmms N (ZJr \0) — 7" obosnauaemas N O(m) rakas, uaro mms
KazKJIoTo m € 7" \ 0 u siroGoro N € 7" mveer mecto HEPABEHCTBO

Vin(N) = Vi (N°(m)).
O6o3nauuM

(T1.2.4) é{ L, N2 N(m)

1{N2N0(m)} 0, N < N%%m).
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W3 noxazarenbcTBa TeopeMbl H Takzxke caemayer, ato N > N O(m) TOT/I& U TOJIb-
N o2 (=) 5
J
KO Torjia, Koz >, 74 > 3o ;. Ilosromy mveenm
7=0 j=N+1

1 =1 .
{N=No(m)} Nez §:0—J2> £
=0 ™ j=N+1

O6o3naunM
N 02 00
(I1.2.5) lm(N) & el S | N e :
P L S {N€Z+: PO EDD 02}
j=0 j=N+1

OueBUIHO, UTO JJIsI KAXKIOro m € 7" \ 0 u 06oro N € Al
(I1.2.6) oy (N) = 0.
Uz (I1.2.5) u (I1.2.6) caexyer, aro £,,(N) molyckaer mpejcraBieHne

N 2 oo
o“
(11.2.7) l(N) = max Z EJ - Z c?,O
§=0 j=N+1

U3 rpacdukos dyukiwit V,,(N) u £, (N) st kazxkgoro m € YAl \ 0 u smo6oro
Nez* CJIETYIOT:

(i) mepaBeHCTBO

(11.2.8) Vin(N) = £ (N),
(if)
(11.2.9) NOm) = argn_1i+n Vin(N) = argn_1i+n l(N).
NeZ NeZ

Us (I1.2.7) u (I1.2.9) ciemyer yrBepxeHue Teopembl 6. JlokazaresabcTBo 3a-
KOHYCHO.

I1.2.5. Jlokasameavcmeo ymeeporcoenus meopemos 7. CHAUATA 3aMETHM, 9TO
u3 TeopeMbl 4, crencteus 2 u (41) crenyer, aro Vp,(N°(m)) nomyckaer mpescras-
JIeHne

00 NO(m) o

0 o _ 2 Uj

(M210)  Va(N°(m) =Va(N)| | = >0 G+ D

J=NO(m)+1 J=0
s (I1.2.10) coemyer HEpaBeHCTBO

NO(m) o2
(11.2.11) Vin(N°(m)) > -,
m

0
KOTOPOE JIaeT ONEHKY cHu3y Bemumauunl Vi, (NO(m)).
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+
U3 yrBepxaenust reopemsl 6 cieyer, 9ro jyist iroboro m € Z '\ 0 umeer mMecto
HEPABEHCTBO

NO(m)

o0
2
Z Cj-

Jj=0 j=NO(m)+1

(I1.2.12)

3 |hqw

[Tosromy m3 (I1.2.10) u (I1.2.12) cremyer HepaBeHCTBO

N
(I1.2.13) Vin(N°(m)) < 2

=
)
3|

Il
=)

J
s (I1.2.11) u (I1.2.13) cieayer yTBep:KeHue T€OPEMBI 7,

NO(m)
Vin(N°(m)) =

3 [

<.
Il
o

ﬂOKaBaTeJH)CTBO 3aKOHY€HO.

I1.2.6. YrBep:KeHue Cae/CTBYs 3 OYEBUHBIM 00PA30M CJIEILyeT U3 yCIOBHIi 1)
u ii) cIeCcTBUS U JTOKA3aTeIbCTBA TEOPEMBI 7.

I1.2.7. Jloxasameavcmeo ymeeporcdenuti meopemovl 9.
1) U3 (40) cremyer, aro
NO( ) m 2 No(m 1 m
F(@) =" |ejpi@) + > nipi(x)| = fyom (@) + p— > nlej(@
j=0 k=1 J=0 k=1

BosbMmeMm maTemaTmtueckoe OXKHIaHME OTHOCHTEIBLHO JIEBOH U mpaBoil wacTeil mo-
CJAeJHEr0 paBeHCTBa, UMeeM

B N%(m mo
(I1.2.14)  Ef0(x) = fyomy(@) +E Y %Zni%(m) = fnom) (@) # f(2).
§=0 k=1

Orcrona cieyer cMmereHHocThb oneHku (40).

2) Jlyist noKasaTesibCTBA BTOPOIO yTBEPXKJECHUS TEOPEMbl HAJO0 YCTAHOBUTH
nepasenctso (44). B cuny Teopemsr 4, aia mo6oro N = N°(m) nmeem nepasen-
CTBO

Vin(NY(m)) < Vi (N).
[Tepexomst xk ipemery ipu N — 0O B TOC/I€IHEM HEPABEHCTBE MMEEM

Vin(N%(m)) < lim Vj,(N) = Vpu(00).

N—oo
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3) Tenepb ycTaHOBUM TpPETbe yTBepzKIeHHe TeopeMbl 9. JIjist 3TOro pacemor-
pum (40). Tlepexons K mpemesny B HeM, KOTJIa M —» 00, UMEeM Jisl OYTU BCEX
rzeK

lim Efm( )= lim fNO(m)(x).
m—00

m—ro0

B cmty mynkra ii) creacreus 3 N°(m) —— oco. ITostomy

m—ro0

lim fyogm (@) = f().

m—0o0

Crajio 6bITh, onenka (40) — aCUMITOTHYECKH HECMEIICHHASI.
4) HokazkeM Terepb CBOHCTBO cocrosiTeabrocTu onenku (40). B cuity vepasen-

crBa YeObINéBa MMeeM It JIFOOBIX M € A \Oume>0

s 2 1.7 2
(11.2.15) P([70@) = f@)* > ¢) < ZE|f@) - F@)"
Pacemorpum npasyio dacts HepaBeHcTsa (43). U3 (40) caemyer, aro
0o 1 NO(m) m
frg(l’) — flz) = — Z cjpj(@ E an%
J=NO(m)+1 j=0 k=1

[Tosromy E|f,2 (x)—f (m)|2 JIOIYCKAeT IIPEeJICTaBIeHIe

E| /(@) - f(2)

| 2

00 NO(m)

1 m
=E|- Z ¢jpj(@ E an% =
(I1.2.16) j=NO(m)+1 j=0 k=1
0o 2 1 NO(m)
= Z cjpj(x T Z J‘pJ
J=NO(m)+1 =0
o0
W3 crnencteust 3 M yCIOBUII TEOPEMBI CJIEAYET, UTO PAIbI Yo cipi(a)],
J=NO(m)+1

N°(m)
> J?cp?(a:) Jutst moarn Beex @ € K cxomsrest, mosromy nmeeM
J=0

Z cjpj(xz)] ——0,

m—0o0
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Orcrona cireayer, 9To Jjist Jr060r0 € > () mMeeT MeCTO PaBeHCTBO

lim P(|f5@) - f@)* > <) = 0.

m—0o0

TeopeMa JOKa3aHa ITIOJIHOCTBIO.

I1.2.8. Jlokazameavcmeo ymeepotcdenus meopemos 10. V3 nokazareabcTBa
teopembl 7 cieayer, aro CKO ITOY ymosierBopsier HepaBeHCTBAM

No(m NO(m)

2 Z VaNo(m) > 7 2L

3aMeTuM, 4TO U3 TeopeMbl 4, ciencTBusa 2, TeopeM 5, 6 uMeeM HEepaBEHCTBO

(11.2.17) Vin(N9(m)) = inf inf E/ [f(z) — fN,m(a;)]2da: =
N€Z+ fm,N(w)eMZm(P)
NO(m 2 0o NO(m) o o 92
Ty @<y Ty Do 20
m < m m m
j=0 J=NO(m)+1 j=0 =0

[Tockonbky mnpasast 4actb HepasencrBa (I1.2.17) me saBucur or f(x) €
€ Ly(K, A), 10 u3 Hero ciejyer yrBep:KIeHHEe TEOPEMBbI.
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