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OcHoBHas IpobyieMa, CBsI3aHHas ¢ runeprpadamMu, — 3TO UX XpaHeHeHue. Ecau runeprpad 6e3
0COOEHHOCTE, TO JJIsI €ro ONMKMCAaHMsI YaCTO MCIOIb3YIOTCS pa3psKeHHbIE MaTpUllbl. 1J1sT paboThl C
k-omHOPOMHBIMY TUTIeprpadaMM 4acTO TPUMEHSIOT MATPUIIBI CMEXXHOCTHU, OMHAKO OHU 3aHUMAIOT
0O0JIBIIIOE MECTO B ITAMSITA KOMITbIOTEPA U B 1IEJIOM XpaHEeHEeHUEe K-MEePHBIX MACCUBOB HE OUY€Hb Y100-
HO. 311ech IpeIaraeTcs OAHO pellleHre 1T OTTMCAHUS U XpaHeHUS 9KCTPEeMaIbHBIX K-OTHOPOIHBIX
runeprpadoB. OTo 6a3a — yHUKaJbHas XapaKTEPHUCTUKA SKCTPEMaIbHOTO rureprpada, Koropast ofi-
HO3HAYHO ero onuchiBaeT. KpoMe TOro, 6a3bl MOXKHO TTPUMEHSITH ISl ITIOMCKA MOIITHOCTH 9KCTpe-
MaJIbHBIX k-OmMHOpPIHBIX TureprpadoB. Hamu mpencraBieHbl alrOPUTMBI MepedyucieHus 6a3 u
MpeacTaBieHa TUIIOTe3a 00 aHATUTUYECKOM BHUe (DOPMYJI, OTIMCHIBAIOIINX MOIITHOCTHL MHOXKECTBA
3KCTPEMANIbHBIX k-OTHOPOMHBIX runeprpados. st faHHOM 3a7a4y UCIOIB3YEeTCs orepalus 00b-
ennHeHus 6a3, Takke BBEICHHAsI 31eCh.

DOI: 10.31857/50002338823050037, EDN: TEEFBU

Beenenne. [mneprpadsr HaunHasa ¢ XXI B. aKTUBHO IPUMEHSIOTCS IJIST aHanu3a ceteit [1, 2], mpu-
3HAKOB U XapaKTEePUCTUK IMPUHAIICKHOCTH (TaKMX, KaK TETrM, CBOIICTBa, HEO0OsI3aTeIbHbIE TapaMETPHI)
[3]. I'padbl 1 runeprpadbl IUPOKO UCIIONB3YIOTCI KaK B COBPEMEHHBIX (DYHIaMEHTAJIBHBIX UCCIEI0-
BaHWUSIX, TaK U TIPU PELICHUHN TIpaKTUIeCKUX 3aga4y. OIHAKO OOJIBIIMHCTBO aJITOPUTMOB Ha TUIIEprpa-
dax onepupyeT cieraJbHbIMU KJIaccaMu TunieprpadoB [4]. XapakTep orpaHUYeHUI, HAKJ1aJbIBAEMbIX
Ha JaHHbIE KJIACCHI, MO3BOJISET TOYHEE OMUCHIBATh MOJIE]IN aHATN3UPYEMbIX TaHHBIX.

ITpu 3TOM HYKHO YUYUTBIBaTh, YTO caMU runeprpadbl CyTh aMOP(MHbBIE CTPYKTYPHI, UMEIOIIUE CJia-
Oble O011IKEe YEePThI, YTO MPUBEJIO K MOCTPOSHUIO Kjlacca OAHOPOIHBIX TUIleprpadoB. DTo 1aeT BO3MOX-
HOCTb IIPUMEHSTh HEKM1 001U arapart Npu ux ucciienoBaHuu. JaHHY0 CTpyKTYpy HE3aBUCHUMO APYT
OT ApyTa Hayaju pa3padaThiBaTh KaK TOIOJOIH [5], TaK U KcclienoBaTe/n B 00J1acTU 0000IIEHUS TEO-
pum rpadoB [6—13]. Bonblioe KoaMdecTBO cTaTeit mo packpackaM rurneprpacdoB MoKa3bIBaeT aKTyalb-
HOCTb (pyHIaMEHTaAIbHBIX UccienoBaHuii. C Apyroii CTOpOHbI, UMEETCS IUMPOKUIL CIEKTP padoT, CBSI-
3aHHBII C OMHOPOIHBIMU runeprpadamu [14—21], roe mokaspiBaeTcss UX NPUMEHUMOCTb B pa3iesiax
yIIpaBJIeHUs CETIMU U 6a3aMu JaHHbIX, IIU(MPOBAHUU U MOJIEJIMPOBAHUU.

I'maBHBIMM KITFOUEBBIMHU 3a4adyaMU B 00J1aCTM KOMOMHATOPHOM TOIOJIOTUH M TEOpUU TutieprpadoB
Bceraa ObLIM BOIPOCH TToAcYeTa. 3AeCh CTOUT YIOMSIHYTh KaK JaBHHUE OCHOBOIMoJaratole padoThl,
Hanpumep [22, 23], Tak u coBpeMeHHBIe [24—26]. CloXHbIE METOIBI OACYETA 3a4aCTYIO OIUPAIOTCS Ha
cneun¢uyecKre CTPYKTyphl-IIpeacTaBiaeHus rpadoB 1 runeprpadoB, KOTOpbie MO3BOISIOT B3IISIHYTh
Ha HUX C UHOU CTOpPOHHI [27, 28].

B cTaTthe mpomomkaeTcs ucciienoBaHne 0a3bl — CTPYKTYPHI, OITMCAHHOM B [28], a *MEeHHO paciumps -
eTcsl TTIoHsTHE 6a3bl Ha k-MEPHBIN ClTydail ¢ MOCTPOEHUEM orepaliuu oObeIMHEHUs ABYX 0a3 U peau-
3allMy aJITOPUTMA oacyeTa 6a3.

1. DKcTpeMajbHbIe OMHOPOAHBIE THIIEPrpacbl U 6a3bl. J11s1 paboThl ¢ 6a3aMM HEOOXOAUMO JATh OIpe-
neneHue rumneprpadam, 3KCTpeMaJIbHOCTU U caMUM 0azam.

! PaGora BbinonteHa npy hbuHaHcoBol momiepxkke PODU (mpoekt Ne 21-51-53019 TDOEH_a).
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68 BEPELIKWUM u np.

Onpenenenue 1. Tunepepagp H(V,, E) — COBOKYITHOCTh MHOXECTBA V, U3 1 BEPILIUH U MHOXE-

CTBa HEMYCTHIX TOAMHOXECTB MHOXeCTBa BepIUUH E [4], ¢, — a7leMeHTBl MHOXeCTBa E, rae i = 1,|E | —
euneppebpa.

k k .
Tuneprpad H" = H" (V,, E) Ha3bIBalOT k-00Hopodusim tutieprpadom (uniform hypergraph (UH)),
ecimv e = k, Ve, € E.
B pasinyHbIX OTPAC/ISIX MATEMAaTUKK YACTHBIE CIy4au JaHHBIX OObEKTOB BCTPEYAIOTCS IO MHBIMU

MMeHaMU: JJIs1 k = 2 maHHasi KOHCTPYKIIMSI COOTBETCBYET HEHaIIpaBJIeHHOMY rpady, He UMEIoIIeMy Tie-
TeJib. B Tomosoruu naHHbIe CTPYKTYPbl UMEHYIOTCSI KOMITJIEKCaMu ¢ pa3MepHocThio kK — 1[5, 28].

Hau6onee Touno ctpykrypy UH onucheiBaeT k-MHAEKCHAs MaTpULa CMEXHOCTU X k(H k) =(x.)>

e MHAEKCHl i; = 1,nmipu j = 1, k. Takast cTpyKTypa SBIETCS YHUBEPCAIBHOM, HO C TOYKH 3PEHUS Xpa-
HEHMS MaTPUILIbl CMEXHOCTH B IaMSITH.

Ter[epb pacCMOTpUM CBOMCTBO OKCTPEMAJIbHOCTU. Ero MoXHO HaiiTU HECKOJIbKUMU CHOCO6aMI/I,
HarmpuMep 4€pe3 MaTpuily CMEXKHOCTH. OmnuineM IMOHSTUS TOMEHOB Hy.]'[efl 1 €AMHUIL, KOTOPBIC HaAM
MOJIE3HbI B NAJIbHENIIEM OIIpEaACJICHUN.

Onpenenenue 2. Jomenom nyseit — Dy(X, ,’,‘ ) (edunuy — D,(X, ,’,‘ )) Ha3bIBA€TCSI MHOXECTBO STY€eK
MaTpHUIbl CMEXHOCTH C IMOTapHO HEPABHBIMU MHIEKCAMU, PABHBIMU HYJIIO (€IUHUILIE), TIPU 3TOM He Cy-
ILIECTBYET paccMaTprMBaeMOM eNMHUYHOM (HyJIeBOIi) SUeiikKu, oTyinvaolieiics ot napsl ssueek us Dy (D)
TOJIBKO OMHUM MHIEKCOM M HaXOMISIIeCs MEXTy HUMMU.

TCHCpL BOCITOJIB3YEMCA NaHHBIM OIICPCACIICHUEM B 3aJaHUN ocoboro OKCTPEMAJILHOI'O KJ1acCa UH.

OnpeneneHnue 3. OnHOpoaHbI runeprpad H, ,',‘ Ha3bIBAETCS IKCMPEMAAbHBIM, €CIIU IIJISI COOT-
BETCTBYIOLIEH €My MaTPUILIbI CMEXKHOCTH X,’,‘(H:) BBIIOJIHIETCS MPABUJIO PA3aeJICHUS JOMEHOB HYJICH
U eAVHMULL, COCTOSIIIEe U3 CASTYIOIINX YCTOBUIA:

1) Bce eqHUYHBIE STYeHIKM 00pa3yroT AOMEH €IUHMULI;

2) Bce HyJIeBble STUeiiK1 00pa3yroT 1OMEH HyJIeld;

3) siueiika x, , € D(XY) wm D(XY) = &;
4) staeiika x, ., , € Dy(XX) nu Dy(XY) = @.

o o k k
B nanbHeiimeMm skecrpemanbHblii UH, OyneMm o6o3Hauats yepes EUH,, .

dpyruMu caoBaMu, IPaBUJIO pa3aeieHUs JOMEHOB HyJIei U eAUHUL MOXHO c(hOPMYJIMPOBATh Clie-
JIYIOIIMM 00pa3oM: JOMEH eIVMHULL CTPYIIITUPOBAH OKOJIO STYEMKN ¢ MUHUMAaJIbHBIMU UHAEKCAMM, a JO-
MEH HyJIeil — OKOJIO STYeiKU ¢ MAaKCUMAaTbHBIMU UHAEKCAMU, U MEXIY HUMU HAaXOAUTCS IPaHUIIA, KO-
TOpast U30JIMPYET HYJIU U €IUHULIBI B CBOUX JOMEHAX.

Oco06bIif UHTEpEC MPEACTaBISIET OIMCaHNe JAHHOM rpaHULbI MeXay foMeHaMu. OJHUM U3 CITOCO-
0OB ee onmucaHus IBasgeTcsa 06a3a.

. k
2. Bba3a u kpurtepuii 3kcrpemanbnoctu UH,. Ilycte n, k€ Z, kK > 1. 111 MHOXECTBa MHIEKCOB
I, = {i eZ:1<5i< n} (HOMepoB) BBeAeM 0003HaUYeHUE k-MHIEKCHBIX YIIOPSIOYEHHBIX MOAMHOXECTB

muoxectsa I,: I = {(i,...i;) : 1 < i; <n,i; <i, Vj}. Onpenenum Ha I yactuummIit nopsiIoK: Moso-
XuM (i 1< j<k)y2(m;:1<j<k), ecnmm i;2m; Vj, n (i;:1<j<k)>(m;:1<j<k) npu
(G:1<j<k)yz2(m:1<j<kyn(;:1<j<k)#(m;:1< j<k).

Teriepb MOCTPOUM KOHCTPYKIIMIO, TMO3BOJISIIONIYIO aireGpandecKuM CIocOOOM OMUCATh IKCTPE-
vambupii EUHy. T H = (x, ) = H'(V,,E) nonoxum Ii(H*) ={G.....i)e I : x,_, =1} =
={G....i)e I, {u, 1< j< k}e E}.

Onpenenenue 4. [ycts H* = (.= H*,, E) —ue nycroit EUHY (E # ). [IonMHOXeCTBO UH-

-k ok , , k " k
nexcoB [,(H") ={(i,...,i,)} n3 I, Ha3bBaeTcst Gasoit Wit EUH,, eciy BBINONHSIIOTCS ClIELyolIne
YCJIOBUSI:
. . -k ok
a) 1Tl pa3HBIX 3NEMEHTOB (ij,..., i) U (my,...,m;) U3 I ,(H") OTHOLIEHME NTOPSIIKA HE ONPENECIIEHO;
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OBBbEAMHEHUE BA3 1 OHEHKA MHOXECTBA 69

—k —k
6) msa V(i,...,i,) € I,/f(Hk), rne (i,...,i) & In(Hk), CYLLIECTBYET Takoil (my,...,m;) € [n(Hk), 4YTO
(il,"-’ik) < (ml"'-,mk)‘
PaccMotpuM Ha cieayouiem npuMepe 6a3sy.
IMpumep 1. Ilycte nman H;‘ =H* (V;,E)), tme MHoxectBo rumeppedep S = {{v,v,,v3,V4},

—4 4
{Vl: V25 V3 V5}, {Vl: V25 V3 Vé} H {Vls V25 V3 V7}}’ CHCHOBaTCﬂbHO, 17(H ) = {( 1 H 2a 37 7)} .
Ter[epb 3aJaM IMMOHATUEC MAaKCMMAJIbHOI'O ITOAMHOXECTBA MHICKCOB.

k gk
Onpenenenue 5. [lonMHOXeCTBO MHACKCOB (my,...,m ) u3 1, (H") (te. x,, , = 1)HasbiBaeTcs
MakCUMalbHBIM, eci x; ; = 0, Y(,...,0) > (my,...,m,).

o o k k
3To OnpeacJACHUEC O3HAYACT CICAYIOLICC: IJId Ka>KIO0N TPOUKH 13 In (H ) CYLIECTBYET MaKCHUMaJIb-
Hasd TpOﬁKa M3 9TOIr0 K€ MHOKECTBA.

Teopewma 1.JIw60it EUH H* = H" V,,E)= (x; ;) AMEeT eAMHCTBEHHYIO Oasy 1 3Ta 6asza ecTb
—k
In(H").

Jloka3aTeabCTBO JaHHOI TEOpEMBbI ISl 3-MEepPHOTO cirydyast mpuBeAaeHO B [28]. OHO Jierko pacuupsi-

eTCs1 Ha k-MEpHBI cIyJdaid.
Ternepb MOXXHO BBECTU MPUHIIMIT TOCTPOECHUS 0a3bl HA OCHOBE MAaKCUMaJIbHOTO MOAMHOXECTBA.

Tk . . k
Teopema 2. Ilycts 1, = {(i,...,i,) € I, : 1OOBIE Mapbl Pa3IUYHbIX NOAMHOXECTB UHIEKCOB HE

k
CBA3aHbl OTHOLLICHUEM ITOpAAKA 13 In } ﬂaHHOC MHOXECTBO IMTOAMHOXKECTB ABJIACTCA MaKCUMAJIbHBIM.

Torma [ ﬁ — 6a3a HEKOTOPOTO EUHI;.

—4
IIpumep 2.Ilycth Ig(H4) ={(1,2,5,7),(2,3,5,6)} — 6a3a HEKOTOPOTO SKCTPEMATLHOTO 4-OIHO-
4 4
ponHoro runeprpada Hy = H (Vg,E). Torna E = {v,v5, V3, Va}s Vi, Va2, V3, Vst (V15 Vo, Vs, Vet Vi, Vas V3, Vo) s
{Vla V2,5V, V5}9 {Vla V25 V4, V6}7 {Vla V2, V4, V7}a {Vla V2, V59 V6} > {Vla Vs VS! V7} H] {Vla V3a Vg, VS} s {Vl’ V3’ Vg, V6} s {Vla V3’ VS’ Vé}’
(V25 V3,Va, Vst V2, V35 Vas Vet s V2, V3, Vs, Ve it
W3 teopem 1 1 2 BBITEKAET cIIeAyroniast Teopema.

. k
Teopema 3. OqHoponHblii tunieprpad H, ABISETCS SKCTPEMATIbHBIM TOLIA M TOJBKO TOTIA, KO-
rna H* numeer 6a3y.

JoxazaTeabCTBO MOCIEIHUX TEOPEM OUEBUIHO U HE BbI3bIBAET 3aTPYAHEHUIA.
IMMpumep 3. Ilyctb n=5 u fs =1{(1,2,5), (2,3,4)}. Jlerko BuUIETh, UYTO 2-KOMIIJIEKC
3 _ 3 _
HS - H (I/Sa E), roe E - {{Vla V21 V3}9 {V17 Vz, V4}: {Vh V2a VS}’ {Vla V31 V4}’ {Vla V35 VS} ’ {Vla V41 VS}, {V27 V37 V4)} 3aja-
ercs 6a3oii /5.
3. O0benunenne 6a3. basy MOXHO 3a1aTh TaKXkKe Yepe3 rpaHully, pa3faesionlyo JoMeHbl D, u D,

PaccMoTpuM MaTpuily CMEXXKHOCTH, KOTOpasl IpeACcTaBiaseT co00i k-MepHBIit Ky0, Kacaloluiics Ha-
Yyajia KOOpAMHAT BHEIITHMM YIJIOM STYeiiK1 ¢ MUHUMaJIbHMU MHAeKcaMu. OcH KOOPpAMHAT COOTBETCTBY-
IOT POCTY MHAEKCOB, 1 0€3 ITOTepr OOITHOCTH MOXXHO CUMTATh, YTO ITOPSIIOK OCEM TaKOM XKe, KaK ITopsI-
JIOK MHAEKCOB MaTpHULbl. [ paHUIY MOXHO MpPeNCcTaBUTh B BUE MHOXECTBA TOYEK, Kax1ast U3 KOTOPhIX
MMeEeT JIOKAJIbHbIe MUHUMYM WJIM MAaKCUMYM PacCTOSHUS A0 Hadajla KoopauHat. [1pu 3ToM Hy>KHO I10-
HUMAaTh, YTO TaKasl MOBEPXHOCTh UMEET Psi JIMHUKM CUMMETPUM, KaXaask U3 KOTOPHIX AEIUT MOBEPX-

HocTb nonosnaM. Hac nnrepecyer oonacte, B KOTopoid §; < i, <...<i_; <i,.

C y4eTOM BBIIIECKA3aHHOTO IPaHMIIA MEXKAY JOMEHAMU SBISIETCSI K-MEPHOM MTOBEPXHOCTHIO, KOTO-
pasi IpeacTaBIsIeT COOOM OObeNMHEHME BHEIIHEH I'paHUILILI (IO OTHOILIEHUIO K Hadajly KOOpPAMHAT)
MHOXeCTBa K-MepHBIX ITapajuiesicnuIieoB. [J1aBHast nuaroHaib KaxkKa0oro napauiejenuiiea CoeIuHsIeT
HA4ajio KOOPAWHAT U OOUH M3 JIOKAJIbHBIX MAKCUMYMOB PACCTOSIHUS OT TPaHUILIbLI O Hadyajla KOOPIU-
HaT. Toukr MaKCUMYMOB B MHTepECYIollIeil Hac 00J1aCTU ¢ yIOPSIOUYeHHBIMU 3HAYEHUSIMU KOOPAUHAT
ONUCHIBAIOTCS ITOJIMHOXECTBAMU MHIEKCOB, 00pa3yIolInx 3J1eMeHThI 0a3bl. Ecyiu 6a3y npeacraBUTh Ta-
KOl k -MepHOIi ITOBEPXHOCTHIO, TO JIETKO IOHSThH, YTO OYAYT O3HAYATh OIlepallui OObeIMHEHUS U TIepe-
cedyeHus 0as.
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70 BEPELUKWH u np.

Konuyenuyus o6sedunenus baz-nogpexrnocmeii. Pe3ynbrart orepaliii MOXXHO MPEACTABUThH KaK TPaHUILY,
00pa30BaHy0 MaKCMMyMaMU JIBYX I'PaHULI, CACAYIOIINM 00pa3oM: eCiu JIyd, MPOXOASIINil U3 Havyaja
KOOPIMHAT B TOYKY MaKCMMYyMa, IIPOXOIUT Yepe3 BTOPYIO TpaHUILy Aajiee UCCIeIyeMOM TOYKH, TO 3Ta
TouKa B 6a3y He BKimouaeTcst. [Tocite mepebopa Bcex MaKCUMAaTbHBIX TOUEK HY>KHO IIPOBEPUTH TOYKU Ha
HaJu4uue Mopsiaka Mexxay HUMU. OCOOEHHOCTBIO TTOCTPOCHUS SBJISIETCS TO, UTO JIUITHUMU OCTAThCS
MOTYT TOJILKO TOYKH, pa3Indaloiuecs Mexay co0oii He 60j1ee 4eM Ha OIHYy KOopauHaTy. TakuMm obpa-
30M MOXHO OTCOPTUPOBAB TOYKH B JIEKCUKOTpa(UueCKOM MOPSIIKe (T.e. CHaYaIa 1o NepBOil KOOPIH-
HaTe, IIOTOM TIpY PaBEHCTBE T10 BTOPOIii, €CJIM paBHBI 00€ KOOPAMHATHI, TO MO TPEThEU M T.I.), HANTU
TOUYKM, pasjiMyaroniiecs He 6ojiee YeM Ha OJHY KOOPAMHATY U UMEIOIIUEe MEHbIIIee 3HaYeHUE KOOPI-
HaTHI, ¥ yOpaTh NX 13 0a35l.

OIHaKO C TOYKM 3peHUs] 0a3bl, Mbl HE XpaHUM €€ KaK IMOBEPXHOCTh, a XpaHMM KaK Habop MaKCH-
MaJIbHBIX ITOAMHOXECTB MHOXKECTBAa MHAEKCOB, UTO HAKJIaIbIBA€T CBOM OrpaHUYEHMS Ha OIIepallHio
00beTMHEHNUS.

ITepBBIM paccMOTPUM BCHOMOTaTeIbHbBIN aTOPUTM ITOMCKA MeCTa B CIIMCKe, A1 J0OaBICHUs HO-
BOTO 3JIeMEHTAa 0a3bl.

Anroputw™m 1. ITonck MecTa 1j1s BCTABKM 3JIeMEHTA.

BxonHble naHHBIE: OTCOPTUPOBAHHBIN B JIEKCUKOTpaUUIECKOM ITOPSIAKE CIIUCOK A MOAMHOXKECTB MH-
JIEKCOB, KaXI0€ U3 KOTOPBIX UMEeT IJIUHY k 1 TIOCTENHW 3JIeMEHT KOTOPOTO HE MTPEBOCXONIUT #; ¢ — KO-
JIMYECTBO 3JIEMEHTOB B CITUCKE A; b — MOIMHOXECTBO UHIEKCOB TOTO X€ TUIIA, YTO BXOIST B A; p, j —
CUETUYUKU, PABHbIE HYJIO.

BbixonHble NaHHbBIE:  — MO3ULIUS B CIUCKE A', KyAa OyIeT Hy>KHO BCTaBUTb DJIEMEHT b.
HIar 1. YBenruuuBaem j Ha 1.
[Iar 2. Ecau j = g, To Iepexoaum K 1mary 4.

Llar 3. Ecimu A; <= b BJIEKCUKOTpahUYeCKOM CMBICIIE, TO TIEPEXOIMM K IIary 1, nHa4Ye mepexoanm
K 1ary 4.

I ar 4. YcranaBnuBaeMm f, paBHBIM J.

[Iar 5. 3aBepiiiaem aJropuTM™.

JaHHBII aIrTOpUTM OYIET UCIIOIb30BaThCs KaK BCIIOMOTATENIbHbII B CIEAYIONIEM aJITOPUTME 100aB-
JICHUS DJIEMEHTa B 0a3y.

AnroputwMm 2. O6benrHeHre 6a3bl C OMHUM DJIEMEHTOM.

BxonHble maHHBIE: OTCOPTUPOBAHHBIN B JIEKCUKOTPA(UUIECKOM ITOPSIAKE CIINCOK A MOIMHOXKECTB MH-
JIEKCOB, KaXKI0€ 13 KOTOPBIX UMEET JJIUHY kK 1 TOCIEAHUI 3JIEMEHT KOTOPOTO HE IIPEBOCXOINT #1; b — MO/~
MHOX€ECTBO MHJEKCOB TOTO XK€ TUIIA, YTO BXOJSIT B A; ¢ — KOJIMYECTBO BJICMEHTOB B CIIUCKE A; p, j — CUET-
YyuKU, paBHbIC 0;  — ITO3ULIUS B CIUCKe A', Kyaa OyIeT Hy>KHO BCTaBUTh 3JIEMEHT b.

BbixonHble naHHBIE: CTTUCOK A' TIOAMHOXECTB UHAEKCOB, KaXKI0€ U3 KOTOPBIX UMEET IJIUHY K.
I ar 1. YcranaBimmBaeM ¢ Kak pe3yibTaT pabOTHI ajiropuT™a 1 ¢ mapamerpamMu A u b.

HIar 2. Jo6aBasieM B CITUCOK A' 37IeMeHTHI 4;, tne i = 1,1 —1.
I ar 3. dobaBisieM B CIUCOK A' 3JIEMEHT b.

Iar 4. JoGasisieM B cNUCOK A' 3JIEMEHTHI A;, Tae i = ﬁ

HIar 5. YBenuuuBaem g Ha 1.

Hlar 6. YBenuuuBaeM p Ha 1.

Iar 7. Eciu p = ¢, To nepexonum K miary 12.

Hlar 8. Eciu A,; <= b, Vi, To ynansiem p-ii 31eMEHT U3 A', MHa4Ye TIEPEXOMM K I1ary 6.
Iar 9. YmeHbiiaem ¢ Ha 1.

HIar 10. YMeHbl1aem g Ha 1.

Iar 11. [Mepexonum K miary 8.

HIar 12. YBenuuuBaeM p Ha 1.

HIar 13. Ecau p > g, To mepeiiTu K mary 15.

Hlar 14. Eciu A,; >= b; Vi, TO ynajseMm t-ii 31eMeHT U3 A', MHa4Y€e NePEXOIMM K Liary 6.
HIar 15. Bo3Bpamiaem A'.
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OBBbEAMHEHUE BA3 1 OHEHKA MHOXECTBA 71

JlaHHBII aJITOPUTM TOXKE UCIOJIb3YEM KaK BCIIOMOTaTeJIbHbIN B aJITOPUTME OObEeIMHEH M ABYX 0as.
Anroputm 3. O6beauHEHME ABYX 0a3, MPeACTaBICHHBIX B BUAE CITMCKOB ITOAMHOXKECTB.

BxonHble maHHBIE: OTCOPTUPOBAHHLIC B J'IGKCI/IKOFpa(l)I/I‘-IeCKOM nopsaake CIIMCKHN An B IIOAMHO-
2KECTB MHACKCOB, Ka>KI0€ N3 KOTOPbLIX UMECT NJINHY k v moclIemHUIA JIEMEHT KOTOPOIro HE MPEBOCXOAUT

n; g, M ¢, — KOJINYECTBO 3JIEMEHTOB B CIIUCKaX A U B COOTBETCTBEHHO; j — CYETYUK, paBHbIi 0.
BbixonHbIe TaHHBIE: CITUCOK A' TIOAMHOXECTB UHAEKCOB, KaXK10€ U3 KOTOPBIX UMEET IJIUHY K.
HIar 1. YcranaBnmuBaeM A' = A.

OIar 2. YBenuuuBaem j Ha l.
Ular 3. Ecnu j > ¢,, TO 3aBeplliaeM aJITOPUTM.
LIar 4. YcranaBiuBaeM A', paBHbIM Pe3yJIbTaTy aJlfOPUTMa 2 ¢ apamerpamu A, B;, q;.

PesynbraToM paboTHI ajiroput™a 3 OyneT 6a3a-oobenuHeHue 6a3 A u B.

k o o
4. Mommnocts MHOXKecTBa EUH,. OTnenbHbBIN MHTEepec npencTaBiieT co00il OLleHKa MOIITHOCTH MHO-
JKEeCTBa BCEX 9KCTpeMaJibHbIX K-OMHOPOAHbIX runeprpacdoB. MHTepec B JaHHOIT 00J1aCTH CBSI3aH C pas-
paboTKOI HOBBIX AJITOPUTMOB UM POBaAHMS JAHHbBIX, TOCTPOSHHBIX Ha TOMOJOTMYECKUX TTPUHILIMIIAX,
B YACTHOCTH Ha CBSI35IX BEPILIMH BHYTPU KIIIOYEBOTO IKCTpeMaibHoro rureprpada [15—17], Tak Kak yeM
ObICTpee pacTeT MOIIIHOCTh MHOXECTBa, TeM 00Jiee YCTOMUYMBbBIM SIBJISIETCS KJTIOU TTPU ITPOCTOM Tiepebope.
k
Yepes 2, 0603HAYMM MHOXKECTBO BCEX IKCTPEMAIbHBIX k-OMHOPOIHBIX rUreprpacdoB Ha MHOXe-
k k k
cTBe BepiuvH V,, uepe3 B, (p) — MHOX)ecTBO 6a3 EUH,, cocTosiiiux U3 p 2JeMeHTOB, a uepe3 B, (p) —

MOIITHOCTh MHOXECTBa SBI;( p), T.€. B,f (p) = |%IZ( p)|- 3amuiiieM Takxe CyMMy Bcex B,f (p):
By = > Bi(p) =D B(p) = |2y
p p

2 -1 k
N3sBectHO, uto B, = 2"~ [lyia onpeiesieHrsT MOIITHOCTU MHOXKecTBa 2, GBUT MPEIIOKEH ClIeLyIo-
LU TTYTh.

Tak kKak Kax1oii 6a3e COOTBETCTBYET CBOI EUHﬁ, TO ObLJ1a HaIlMcaHa IporpaMma Ha si3bike Cu, Ko-
Topasi MpU 3aJaHHOM # CO3[aBajia BC€ BO3MOXHbBIE Tpoiiku uHAEKCoB (1 < i, j, k,< n). Takum obpazom
3aJlaBaJIUCh BCe 0a3bl, COCTOSIINE U3 OMHOM TPOUKU. DTU NJaHHBIE SIBJISIIOTCS Ha4aJlbHBIMU JJIsI CIICTY-
IOIIIETO PEKYPCUBHOTO aJITOPUTMA.

Anroputwm 4. [loocuer B,/f(p).

BxonHble naHHbIe: A — cIUCOK 0a3; deep — ypOBEeHb INTyOMHBI peKypcuu (M3HAYILHO [NTyOMHA paB-
Ha 1); p — HOMep.

IlepemeHHbBIE: Subsets — MacCUB MOJMHOXECTB U3 kK UHAEKCOB; ckhn — YUCJIO COUYEeTaHUU U3 1 MO
k; j — cuetuuK (paBeH p); new — CIIMCOK MOJIMHOXECTB MHJIEKCOB (CHavaJjia MycToii).

IIar 1. YBenuuuBaeM j Ha 1.

ar 2. s kaxaoi napsl i U j-i 37eMeHT U3 subsets, Tie i > j, ¢ TOMOIIbIO aJIrOpUTMa 2 TIoJlyyaeM
CITMCOK A'.

[Mar 3. Ecnu gnuHa cnivucka A' 6oibliie deep, To NpubaBiisieM KOJIMYECTBO HAMIEHBIX 2JIEMEHTOB K
B,',‘ (deep) 1 BbI3bIBaEM TEKYILIMIA AJITOPUTM C TTapaMeTpamu A, deep +1, j.

[ar 4. Ecnu j > ckn, To 3aBepliiaeM aJITOPUTM.

I1o 3aBeplleHUIO BCeli MpOrpaMMBbI IoJIydaeM 3HaYSHUS B,f (p).

3aMedaHUE. yCThb [a] — OKpYTJIEHUE YKCIia a 10 OauxXkaiiiero ueaoro 6ojbliero a. Toraa:

Dmnsik =2 p<[n/2],

2)nnsik =3 p<[n(n-2)/8].
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72 BEPELIKWUM u np.

Taomna 1. 3HaueHUst B,f (p) st n = 3,12

n
P 3 4 5 6 7 8 9 10 1 12
1 1 4 10 20 35 56 84 120 165 220
2 5 35 140 420 1050 2310 4620 8580
3 10 140 952 4420 16060 49060 | 131560
4 35 770 7755 50820 250965 | 1011010
5 1 216 6072 80784 691185 (4377824
6 16 2078 66778 (1082492 |11384930
7 288 28790 990774 |18465944
8 12 6283 534309 [19088128
9 620 167729 (12694436
10 20 29532 (5424445
11 2706 |1469826
12 109 | 245235
13 1 23800
14 1184
15 22
16
%i 2 5 16 66 352 2431 21760 (252586 |3803648 |74327145

YacTb 13 MOTYyYEeHHBIX B,’f(p) IUISI citydast k = 3 mpeacraBiieHa B Ta0a. 1 u 2, a st kK = 4 — B Tabu1. 3.

o o k
BerHHH CTpOYKa 3a4a€T n, a JICBbIN cToden —p. B nocnenneii CTPOKE IPUBECICHDbI Bn — o011Iee Koau-
yecTBO 6a3 Ha n BEpHIMHAaXx.

OTMeTnM, 9TO BpeMs pacueTa pacTeT OBICTpee SKCIIOHEHTHI U IIpH # = 17 cocTabiisieT 6osee 100 4 Ha
4-gnepHOM Tipolieccope ¢ yactotoit 3.0 GHz. BeenctBre 3Toro 0coObIif MHTEpeC TIPEICTaBIIsSIeT aHa -

JIMTUYECKUI BUI B,],‘(p).

3 3
Hawm usBectHo, uto B, (1) = C, (Mcxons 3 cnocoba 3anaHus HadalbHbIX JaHHbIX). OTCI0a BOZHUK-

JIO TIPEAIIONIOXEHUE, YTO B,',‘ (p) — nonuHoMUabHasA pyHKLMS. s MOATBEPKAEHUS €To ObLT MpuMe-
HEH MeTOH KOHEYHBIX pa3HOCTel MIsT ceTouHOM (hyHKIUKU. OOQHUM M3 TpUMEHEHWI JTaHHOTO METoaa
SIBJISIETCSI HAXOXIEHUE TTOJTMHOMA, TIPOXOISIIETO Yepe3 TOUKU CETOUHOM (yHKIIUU (TTPU €ro CYIIECTBO-
BaHnMn). COOCTBEHHO IJIST 3TOTO OH M OyJIeT MCIOJb30BaH. Jlajiee KpaTko OMUIIIEM €TO0.

Ans 3HayeHWit X : Xy, X, + h,x, + 2h,...,X, + nh HaM HU3BECTHBl 3HaueHUs1 QYHKUUU f(x)
yO’ylayZ""ayn'

2
Torna y,,; — y;, = Ay, — KOHEYHbI€ Pa3HOCTU NEPBOrO Mopsiaka, Ay, — Ay, = A"y, — KOHEUHbIe pa3-
HOCTH BTOPOTO Nopsnka, A — KOHeYHas pPa3HOCTb i-TO MOPSIIKA.

3
ITyctb 3anaHa cetouHas dbyHkius 11 B, (2). Ee 3HaueHuUs ipeacTaBieHbl B Ta0. 4.

A S — . 3
Tak kak A" # 0 pu i = 1,6 1 paBHbI 0 IIPU GOJIBIINX /, TO UIIEM B, (2) B BUIe MHOTOYIEHA IIIECTOTO
rnopsiaka.

Ha ocHoBe 3T0if ceTouHOiT (hyHKIINM ObLTa TOCTPOEHA CUCTEMA M3 CEMU IMHEMHBIX YPaBHEHUM Cle-
IYTOIIETO BUIA:
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6
D 5x, =5,
i=0

6
D 6'x,, =35,
i=0

6 .
D 7'x,. = 140,
i=0
6 .
D 8, = 420, 4.1
i=0

6
D9, = 1050,
i=0

6
D 10'x,., = 2310,
i=0

6
D 11, = 4620.
i=0

31ech B KauecTe HEU3BECTHBIX BHICTYITAIOT KO3(MMOUIIUEHTH MHOTOUICHA.
Pemus cuctemy (4.1), moirygaem

B(2) = %(5;1" 450 + 125" — 750> — 1308> +120m) = 5C°,.. (4.2)

Ha ocHoBe ypaBHeHUsI (4.2) MOXXKHO 3aMETUTh, YTO KOJIMYECTBO 0a3 CBSI3aHO C YMCJIOM COUYETAHUIA.
DTO MOXHO OOBSICHUTh TEM, UTO ABa 3jIeMeHTa 0a3bl UCHOJIb3YIOT IISCTh MHIEKCOB, YTO MpearnojaaraeT
CBsI3b KOJIMYECTBA MHIEKCOB B OOHOM 3JIEMEHTE (TpHM) M KOJIMYECTBO 3JeMeHTOB B 0a3e (1Ba). Kpome
TOTO, KOJIMYECTBO 3JIEMEHTOB B BBIOOPKE (7 + 1) CBSI3aHO ¢ TeM, UTO IpU # = 5 yKe CyIleCTByeT 6a3a u3
JIBYX 3JIEMEHTOB, 3TO TpeOyeT CyILIeCTBOBAHMSI COOTBETCTBYIOIIEIO YUCiaa codeTaHuii. OmHaKO JIETKO

3 9 o
ybenutecs, uro B,(3) # C,,;. CienoBaTesbHO, NpEANoIaracM Hajauuue 0oJjiee CI0XHON KoHuUrypa-
1A IJ1s1 JAHHOTI'O 3HAYCHU .

B 11e1oM Ha OCHOBE BhILLIECKA3aHHOTO MOXKHO BBIIBUHYTDH CJICAYIOLIYIO TUITOTE3Y.

IT'mnore3a 1. 3HaueHus Bj(p) MMEIOT BUJL

t(n,p)—x
Bj(p) = z aicsf:t(n,p)—is (43)
i=0
rmne ¢ — 1eJIoYyrucjieHHas q)yHKLlI/Iﬂ, paBHasd pasHULEC MEXKIOY 3[) N MOIIIHOCTBHIO HAMMEHbBIIIETO MHOKECTBA
BEPIIMH, HA KOTOPOM BIIEPBbLIC BCTPECUYACTCA 0asza u3s p BJIEMECHTOB; X — HEU3BECTHOC LICJI0C 4YMCJIO,
OIrpaHMYMNBAIOICEC KOJINYCCTBO CJ1ara€MhbIX B (bOpMyJ'[C (OHpCHCHHeTCH SMHI/IpI/I‘-IGCKI/I).

[ HaxoXIeHuUs a; ObUT pa3padoTaH CrieliMadbHbIA aITOPUTM 5.
Anroputwm 5. Haxoxnenue koapduiirmeHToB a; u3 dopmynsl (4.3).

BxonHbie naHHbIe: b — MacCUB HaliIEHHBIX 3HAYECHU N 15 B;(p).
Hlar 1. gy, = b,.
— 3p
Olar 2. a = b — ayCoiynpye1-
_ 3p 3p
H_I a r 3. a2 - b2 - a0Cn+t(n,p)+2 - aICn+t(n’p)+l nu T.,H., HOKa ai ¢ O.
C noMo1IbIO JAHHOTO aJIrTOpUTMa ObUIN HaliieHbI clieayole opMYyJIbl 11 B,f (p):
3 3
B, (1) =C,,
3 6
B,(2) =5C,.,,
3 Ay 9 9 9
B,(3) =10C,,5 +40C,,, +2C,.,,

B)(4) = 35C\2 +315C)%, + 475C.%, +55C.2%,,

n
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Tabommua 2. 3HayeHUst B,f (p) s n=13,16

n
p
13 14 15 16

1 286 364 455 560
2 15015 25025 40040 61880
3 318604 710710 1481480 2917200
4 3488485 10650640 29439410 74923420
5 22226490 95125888 355158254 1185493232
6 88238945 543587562 2796484482 12434174318
7 227858000 2080567626 15069874468 90742384028
8 393517284 5502260799 57442352968 476744725216
9 462608192 10273381932 158592213110 1848828612124
10 373867707 13744477309 322690904368 5392594433660
11 208364244 13301782998 490018279354 12000177549 114
12 79794344 9358980694 560266567338 20595468085478
13 20772294 4791740884 485082228194 27483018 141586
14 3601692 1779649432 318975261710 28680686348246
15 402028 475731212 159354798682 23496815033552
16 27396 90305451 60344252884 15142647607778
17 1054 11918226 17232209478 7678979 141312
18 19 1057345 3680175340 3059932450790
19 59482 580612338 955105234348
20 1894 66480772 232311475937
21 26 5386142 43696630958
22 297470 6287511734
23 10500 681758612
24 201 54552102
25 1 3123620
26 121344
27 2842
28 28
29 0
s 1885102 080 62062015 500 2652584 509 440 147 198472495020

B)(5) = C)lg +200CY, +2736C1¢ + 8992C1 s + 8141CL, +1376C.>5 +26C.,,

B (6) =16C , + 1774C,1,§9 + 30032c;i8 +153544C1%. +
+285054C.%, +191805C.% +38545C.%, +1725C.%, + 5C.%,,

BX(7) = 288C2,, +22454C%,, +423922C2,, + 2875886C2L, + 8246146C>L, +
+10547388C2, + 5875430C> +1276780C2 s + 89210C2, +1240C2.,.

G/ BbIPpAa>XC€HMA HE ITPOTUBOPEYAT TMIIOTE3€ 1, CKOPEEC, IMTOATBCPKIAIOT €€.

KpomMme Toro airoputM 5 MOXXHO 3aBepllIaTh, €CJIM JaHHbIC IIPU HY>KHOM KOJIMYECTBE BEPILIMH elle He
HaMIEHbBI, YTO MO3BOJIIET MOIYUYUTH KO(PMUIIMEHTHI He 151 BCEX clIaraeMbIX (pOPMYIT, HO IJIs1 HECKOJIb-
KUX HadyaJIbHBIX. 31eCh IpeAcTaBIeHbl OOHApYKEHHbIC 3HAYESHUS U1 crydast p > 7:
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Taommuna 3. 3HayeHUst B,j (p) s n = F
n
r 4 6 7 8 9 10 11
1 1 15 35 70 126 210 330
2 15 140 721 2709 8295 21945
3 1 140 2464 22008 133420 623744
4 35 3375 84279 1098438 9536535
5 1 2044 171734 5238452 88689918
6 555 199380 15585508 540661052
7 70 135782 30289620 2269968192
8 4 54003 39581578 6795045616
9 12026 35399344 14867483686
10 1353 21866088 | 24205132388
11 62 9349758 |29695839838
12 1 2760306 | 27694261340
13 561186 19745037108
14 79284 10797372548
15 8078 4534416086
16 619 1461616993
17 34 360729056
18 1 67837883
19 9646694
20 1026445
21 80774
22 4642
23 186
24 4
gg‘; 2 6 32 352 9303 683463 161960219 |143145033003
Taomna 4. CeTouHast pyHKIIMSI KOHEYHBIX pa3HOCTEH ISt B,f ()
n 5 6 7 8 9 10 11 12
B 2) 3 35 140 420 1050 2310 4620 8580
Al 30 105 280 630 1260 2310 3960
A2 75 175 350 630 1050 1650
N 100 175 280 420 600
AY 75 105 140 180
A’ 30 35 40
A® 5 5
A 0

BX(8) = 12C* ; + 5983C
+62307684C% | + 240698789C>* | + 465642053C>*, + 458320446C >, + .

B)(9) =

B(10) = 20C°,, +28912C

MN3BECTHA PAH. TEOPUA U CUCTEMBI YITPABJIEHUA

Ne 5

2023

+13 +.

24 +380834C2 , +7587703C, +

3 +4518253C° ¢ + 219352392
+4544828277C°,, + 47003537429C

620C.7,; +150369C2] ¢ + 8232384C>] s + 168534426C.1, +
+1582063660C2 5 + 7589760929C. 1, + .

+17 +



76 BEPELUKWH u np.

IMonyyeHHBIE pe3yabTaThl IO3BOJISIOT 000OIIUTHL TUITOTE3Y Ha OOIIMIA CTyJaii.

lTmnoresa 2. 3HaueHus B,f (p) IMEIOT CJIENYIOLIMI BUL:

t(k,n, p)—x

Bi(p)= . aC

n+t(k,n,p)—i>
i=0

rmae ¢ — LeJIo4YrcaeHHas QYHKIIMS, paBHas pa3HUIIE MEXIY kp 1 MOIITHOCThIO HAMMEHBIIIETO MHOXECTBA
BEPIINH, HA KOTOPOM BIIEpBbIC BCTpedaeTcs 6a3a U3 p 3JIeMEHTOB; X — HEM3BECTHOE 1IeJI0€ YUCII0, Orpa-
HUYMBaIONIee KOJIMYECTBO ClaraeMbiX B opMyJie (OIIpeacseTcs SMIMPUISCKU).

Mgt k= 4 monck aHAIUTUYECKUX (POPMYII 3aTPYIHEH B CBSI3U C HEIOCTATKOM HAMIEHHBIX 9KCIIEPU-
MEHTaJIbHbIX 3HaYeHU. OgHako 115 p < 4 Ko3DPUIIMEHTHI ObLIN HAACHBI:

Bl(1)=C,,
B}(2) = 15C),, + 5C,,, + C,,

4 12 12 12 12 12 12 12
B,(3)=C,c+127C s +722C,., +610C,,; +183C,., +17C,;, + C, .
DTo TakKe TMOATBEPXKIAET CIIPaBEIJIUBOCTD IIpeaaraeMoii TUIOTE3bI.
3akmouenne. ConracHO pe3yIbTaTaM MCCIIeIOBaHUsI, TTIOJYYEeHO OIMMCaHKe OOIIero MpUHIIMITA 00b-

k

ennHeHnus 6a3 EUH,, a Takxke anroputM o0beIUHEHUS IS KOHKPETHOTO TIPENCTaBIeHUs 0a3bl B BUIE
o 3 o

MHOXeCTBa MOAMHOXeCTB. BblIu cieiaHbl OlleHKH, CBSI3aHHbIE ¢ 3a1aueii nepeuncieHus EUH;: Haii-

o 3
neH obmwmit Bua mis R (p), monydyeHbsl KOHKpeTHbIe hopMyibl 11 ciayvaeB 1 < p < 7; oMOMPUYECKU
orpeesieHa BEpXHsIS OlleHKA MaKCUMAaJIbHOM pa3MepHOCTU 0a3bl B 3aBUCUMOCTU OT KOJIMYECTBA Bep-

3
IIMH EUHn . BaxxabiM ntorom pa6OTbI ABJIACTCA MpeajiaracMasd ruinoTe3a aHaJIMTHNYCCKOIO Bruaa (1)01)—

k o
My 111 B, (p), KOTOPOiA HE MPOTUBOPEYAT NPOBEAEHHbBIE PACYUETHI HEKOTOPBIX (DOPMYJI.
ITpu mpomoikeHUn ucciaeqoBaHUs B JAHHOUW 00JIacTU MpearnojaraeTcsl MOATBEPAUTh TUTIOTE3Y U

HalTU aHaJIUTU4YeCKre (pOPMYJIbI IJIsT B,’f(p) 1 o01IyI0 QOpMYITy IJIst 973’;,(1)), B TOM uucie ajs k > 3.
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