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IIpencrapneHa 3amadya MOAAILHOIO YIIPABICHMSI 110 BHIXOAY AMHAMUYECKUMU CUCTEMAaMU YETBEPTO-
O MOPSIAKa C AByMsI BXOAaMM U IByMsI BbIxogaMu. [{Jisl ompeaeIeHHOro Kjlacca TaKUX CUCTEM Mpeji-
JIOXEH CIOCO0 MpUBEAEHUSI pacCMaTPUBAEMOM 3aJaul K 3agaue ynpasieHus (IIpsIMOii BapUaHT)
WY HaOmoneHus (IyajabHbIii BapyuaHT) ISl CUCTEMbI ¢ OMHUM BxomaoM. Ilomxom ocHOBBIBaeTCs Ha
NIBYX ITOCJIEA0BATEILHBIX IPE0OPaA30BaAHUSIX OA00MST 3AMKHYTOM CUCTEMBI “O00BEKT—PETYJISITOP MO
BBIXONY”, HAIOIIMX BO3MOXHOCTb OOHYJIUTh OJHY M3 CTPOK MAaTPHUIIbl PEryJsiTopa Mo COCTOSIHUIO
WJIM OOMH M3 CTOJIOLIOB MaTpUlibl HaGmoaaresst. MccienqoBaH KJlacC CUCTEM, [JIsI KOTOPHIX YCJIOBUE
TakKoro OOHYJIEHUSI OMHOBPEMEHHO SIBJISICTCS YCJIOBUEM CYIIECTBOBAHUS PETyJISITOpa I10 BBIXOMY.
JlokaszaHbl TeOpEMBI O HEPABEHCTBE MHIEKCOB YIIPABISIEMOCTH U HAOJIOIAaEMOCTU B CUCTEME TIpU
BBIITOJTHEHUU MpPEACTaBICHHBIX ycJioBuii. [IpenyioxkeH BapuaHT MCITOJb30BAHUSI U3BECTHBIX (DOP-
myn bacca—I'ypa u AKkepMaHa, CyIIECTBEHHO YIIPOIIAIOIINI CUMBOJIbLHBIE BhIPAXKEHUS IJISI pETY-
JsiTopa (HabsoaaTesist) B mpeodpa3oBaHHO cucTemMe. PaccMoTpeHbl mpuMephbl IpUMEHEHU S TTpe-
JlaraeMoro IoAxojaa, Kak B MPSIMOM, TakK U B AyajdbHOM BapuaHTe. CHUMBOJIbHBIE BBIYUCIIEHUS B
MATLAB noaTtBepkaaioT TOCTOBEPHOCTh Pe3yJIbTaTOB.

DOI: 10.31857/50002338823010122, EDN: JCCFZI

Beenenue. OOBEeKTHI YIIPABICHUSI, ONMUCHIBaeMbIe CUCTEMAaMU YeTBEPTOTO MOPSIAKA C IBYMSI YIIpaB-
JISTIOLIUMM BXOAAaMU, JOCTAaTOYHO pacIipoCTpaHeHbl KaK B aBuanuu [1], korga npogoiabHoe [2] u 60Ko-
BoOe [ 3] ABMXKEHMS JIeTaTeJIbHOTO allllapaTa pacCMaTPUBAIOTCS pa3aesibHO, TAK U ITIPU OPOUTATILHOM ABU -
KEHUH KOCMMWYECKOTO arapara Bo B3aMMOCBI3aHHBIX KaHaJlaX KpeH—pBICKaHbe [4]. Bo3aMoxkHBIE OT-
Ka3bl UBMEPUTEIBHOI annapaTyphbl MOTYT IIPUBOJINTH K CUTyallUM, KOTAA YHUCJIO U3MEPSIEMbIX BHIXOIOB
paBHO ABYM. J1J1s TAKMX OOBEKTOB pellicHMEe 3a0a4y CTA0MIU3aLnHK (C 3aJaHHBIM pa3MellleHUeM TT0JTIO-
COB 3aMKHYTOI CUCTEMBI YIIPABJICHHUS ) IyTEM ITOCTPOSHUST HAOI0OaTeNsI COCTOSIHUS [5] M3-3a oImooK
OLICHMBAHUSI MOXET IPUBOAUTH K HEIOCTATOUHOI TOYHOCTH CTAOMIM3AalIMM, a TaKXKe K ITOBBIIICHUIO
JJIUTEILHOCTU TTEPEXOIHBIX ITPOLECCOB U pacxoaa TorumBa. [1o3ToMy McciaenoBaHusl, HaNpaBIeHHbIE
Ha pellleHue 3a1a4d YIIPaBIeHUs 110 BBIXOIY CUCTEMOI YeTBEPTOrO MOPSIIKA C IBYMSI BXOAaMU U IBYMSI
BBIXOJaMMU, SIBJISIIOTCSI aKTYaJIbHBIMU.

BBumy MaTeMaTUUeCKOI CIIOXKHOCTH 3a1a9M MOAAJIBHOTO YIIPABJICHUS IO BEIXOAY B HACTOSIIIEE Bpe-
MsI €€ YHUBEPCaJbHOTO aHAJIMTUYECKOTO PEIICHUSI HE CYIleCcTBYeT. MI3BeCTHBIC METOIbI pEeIlIeHUSI Orpa-
HUYEHbI B IPUMEHUMOCTH COOTHOIIIEHUEM MEXIY KOJIUUYECTBOM COCTOSHUI, BXOJOB U BBIXOIOB MU
KOHKPETHBIM BUIOM MaTpUIL COCTOSIHUS, YIIpaBleHUsI U HabmoaeHus1. Tak, MeToI pellieHus JaHHOI
3a7a4M, OCHOBaHHBIN Ha moaxomax Ban mep Boyma [6], mpenmonaraer, 94To cyMMapHasi pa3MepHOCTD
BEKTOPOB YIIpaBIIEHUsI U HAGIIOAEHUST OOJbIe pa3MEPHOCTU BeKTopa coctosHus [7]. [lapamerpuye-
ckuii MeTon [8], 6asmpylolIniicss Ha BRIACIICHUN PETYJISITOPA IO BBIXOAY M3 OOIIIETO ITapaMeTpU30BaH-
HOI'0 MHOXECTBa PEryJsiTOpoB (HabJrogaTelieil) Mo COCTOsIHUIO [9], HampsIMylo TIPUMEHUM JIMIIb B
YACTHBIX CIy4yasx, KOTAa MapaMeTphl PAacIIOIOXEHBI TaK, YTO OOHYJIEHUE HYKHBIX CTOJIOLIOB (CTPOK) B
peryasTope (HabogaTese) 1o COCTOSTHUIO O4eBUIHO. B 00111eM Xe citydae i1 orpeaesieHus rmapamMeT-
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ITPUBEAEHUWE MOJAJIBHOT'O YITPABJIEHUA 27

pPOB, TIPU KOTOPBIX pean3yeTcsl peryasaTop 10 BEIXOAY, BO3HUKAeT HEOOXOMMMOCTh pelllaTh HEJTUHEN -
HbIE CUCTEMBI YPABHEHUIA, YTO aHATUTUYECKHU CASIATh 3aTPYAHUTEIbHO WM HEBO3MOXHO. TakKe ume-
€TCd 3aBUCUMOCTD OT ITOPSAKA CIAeA0OBAHMS XeJTaeMbIX ITOJTIOCOB.

B HacTosieii paboTe misl onpeaeseHHOro Kjlacca CUCTEM YeTBEPTOro IMOpsiAKa ¢ IByMsI BXOJIaMU U
JBYMSI BEIXOJAMU 3a1a4a YIIPaBICHUS 10 BBIXOAY CBOAUTCH K 3aa4e yIIpaBieHUs (HaOII0aeHMsI ) IO CO-
CTOSIHUIO JIISI CUCTEMBI C OMHUM BXOIOM, pPellleHUe KOTOPO €IMHCTBEHHO M XOPOIIO u3BecTHO [10].

1. ITocTanoBka 3aaauu. 3aaHa MOJIHOCTHIO yIIpaBJisieMasi U TOJIHOCThIO Habmogaemasi cuctema [11]
X =Ax+Bu, y=Cx (L.1)

3[[er X — BEKTOP COCTOAHHNA C YUCIIOM KOMIIOHCHT n = 4, u — BCKTOD yIpaBJICHUA C ABYMs BXOJaMU

4x4 4x2

r=2,y — BeKTOp BbIxoma pa3mepHoct m = 2, A € R™" — marpuua cocrosausi, Be R — matpuia

2x4
ynpasieHus (BxonoB), C € R™ — marpuua HabmoneHus (BbIX0o0B), R — MHOXECTBO BelECTBEHHBIX
MaTpHUIIL.

TpebyeTrcst onpeaeINTh MAaTPUILy peryisTopa no Beixony F e R>, o0ecIIeunBalolIy0 MaTpULIE 3a-
MKHYTOI cucteMbl A* = A — BFC 3agaHHbIi XapaKTepUCTUYECKUI MOIruHOM [12]:
¢* (L) = poly (A — BFC) = A* + piA’ + pid” + piA' + pidl. (1.2)

2. [IpuBeneHnue K 3a7a4e ynpaBaeHUs ¢ OTHUM BX0A0M (mpsaAMOii moaxon). [1peamnonoxm, 4To MHAEKC
HaomogaemocTtH [13] 3aganHoif cucteMsl (1.1) paBeH aByM, T.€.

C
det #0. 2.1
© {CA} 2.
S
N
BseneM o6o3HaueHMeE U1 MATPUILIBI HAOTIOAATEISI IO COCTOSTHUIO
L = BF. 2.2)

Han matpurnieit 3amkHyTo# cucteMbl A* = A — LC BBINOJHUM MpeoOpa3oBaHue roaooust [14]

e e [Pl B ] [CL 0] [ CL T
_PCO :_PC] CAL :02><2 _PCO - CAL :_PC]

Ac=NAN"" NLCN™!
22
e 61oku Pg, Pey € R™ TakoBel, 4T0
H H H
- Terq Hers Hers
2851 o1 ife2 ife13 {feis
—[Pco:Pm]:Rc:CAN Z{ | | 3 },
Teay iTean a3 o
a rnpeobpa3zoBaHHas MaTpUlla COCTOSIHUSI PA3OMKHYTOM CUCTEMbI UMEeT BU
00110
U 0001
A =NAN = . 2.3)
Tenn (T2 {Tas (e
H H H
Teapi¥ca2 ifc23 M2
3neck u nanee 0,,,, — HyJIeBast MATPULIA, UMEIOLLLAsl pa3MEPHOCTb 1 X m, I, — eAMHWYHAsA MaTpulia, UMe-
o118l TIOPSIIOK A.
[anee, BHITIOJIHUB €11le OJHO IpeodbpazoBaHue nogoous [14] uepe3 MaTpuily

I2 :02><2
T. =
¢ {CLEIZ ’

MOJIYYMM MaTPUILy, KOTOpasi TOJKHA UMETh KeJaeMblil oTMHOM @*(A):

_ 0 . | 0
=T AT, = > 2 =Ac—| 2 |[(CA +P,C)LICL].
¢ = lcficle {—PCO—CAL—PCICLE—PCI—CL <7l { aC)LiCL]

Kc

O06ecrieueHUE XKeJIaeMOro IOIMHOMA MaTPpUILIE AE myTeM BbIoopa maTpulbl K npencrasnsger coboit
3a/1a9y MOOAJBHOTO YIIPaBISHMS IO COCTOSTHUIO ¢ AByMs Bxogamu (MIMO — multi input multi output
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cuctema). /s nmpuBeneHus K 3agade ¢ omHUM BxogoM (K SIMO — single input multi output cucteme)
OOHYJIMM OHY U3 CTPOK MaTpulbl K.

T T
ITycTh ¢, ¥ ¢, — COOTBETCTBEHHO MepBasi U BTOpasi CTPOKU MaTpulibl HabmoaeHust C. YcinoBus 06-
HyJIEHU$ NepBoii (a) ninu BTopoii (0) ctpoky MaTpuubl K¢

|
(a) [1]0][(CA +P¢,C)L|CL] =| ¢/ AL —[1]0] R {OM}MQL iclTL =0,

L[]
—
=P CL |

|
(6) [0{1][(CA + P,C)L|CL] =| ;AL - [0{1]R {OIZXZ}[I}JL L[ =0,

—Pg, CL |
IIPpUHNMAaIOT COOTBETCTBCHHO BU
T T T T
€A —71g14C C A —7y5C
(@) [ . 2:|L=02x2, (6) { v '}L=0M 24)
¢ )
ITpu 3TOM HeHyeBas cTpoka MaTpullbl K- CTAHOBUTCSI COOTBETCTBEHHO paBHA
i [0,,,][07 1.1 1]
(a) [0]1][(CA + P¢,C)L|CL] =| ;AL —[0{1] R IM X e;LicL |,
L 2 JL :
—Pc; CL |
. i . [0,, (17 1 |
(6) [1{0][(CA + P, C)L|CL] =|¢/AL - [1{0]R¢ I“ 0 ¢/Lic/L|.
L "2 JLY] :
L —Pc; CL | _

[1pu BeITTOTHEHMM OMHOTO U3 ycaoBuii (2.4) mpuxonum K SIMO-cucreme

A = Ac —bcke (2.5)
¢ MaTpulei cocTossHus (2.3) 1 COOTBETCTBEHHO MaTpulieii yrpaBieHUs (BEKTOP-CTOI0e1)
(a) be =[010011]", (6) be =[0}0i1}0]" (2.6)
Y MaTpULEi peryasTopa (BEKTOP-CTPOKa) kz = [ké1 Ik&], rae kgl,kzz e R,
K- TA— T K- TA T
(a) { $I:| _ {cz :cz,4c2 L (6) ? _|© T"c1,3c1 L. 2.7)
ke, L) ke, ¢
SIMO-cuctema (2.5) MOJTHOCTBIO yIIpaBsieMa Py yCIOBUU
det[be |Achc|Abc [Athe | # 0. (2.8)

Uc

3agaya MOAAJILHOTO YIIPABJICHUS IPU KETAEMOM XapaKTEPUCTUYECKOM MOJUHOME (O* (k) B SIMO-
cucteMe (2.5) pelraeTcs ¢ moMollbto popmyabl Akkepmana [10]:

[k ke, | =[0]0]0[1]UC'g* (Ac) =[0]0[0 1] Uc'g* (A)N, 2.9)
meAg = NA'N™ (1 =0,....4), U¢ =[be | Abe | A% IA3Bc], Be = N 'be.
Martpuuy Ha6moaatens L (2.2) onpeneavm U3 COOTHOLLEHUST
clTL
ch
clTAL '
e, AL

NL =
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C yuetoM 3HaueHui1 (2.4) u (2.7) COOTBETCTBEHHO MOIYyYNM

0o | T0T 07
3 ke, 0|+ [caN"']lo]
a) NL = = ke, + ke,
( ) }"Cl’4kz2 0 Cl C 2N_l O C2
ke + "c2,4kg2_ L1 L]
ke | [0] 0]
5 0, 0| + | CAN|l0]|
6) NL = = K, + kc,.
© kg1+’"c1,3k£2 'S il R
”c2,3kgz | —O— —0—

Takum obpa3zoM, B cuTy 3HaUeHUI (2.6), B o6oux ciaydasx (a) u (6) MaTpulia HabIrOgaTENsI IO COCTOS -
HUIO paBHA

T

L =N"[bc|Acbc] ke = [be | Ab] ke (2.10)
C |2 Cc¥”C kT C| C kT . .

C2 C2

Ycnosue ooHyeHus (2.4) OyneT OTHOBPEMEHHO YCIOBHEM pa3pellIMMOCTI ypaBHeHUs (2.2) OTHO-
CHUTEJIbHO MaTPHUIIBI PETryiIsATopa 1mo Beixomy F [6], ecii IepBBIii MHOXKUTENb B JICBOM YaCTH PaBEHCTBA
(2.4) saBnsieTcs JIEBbIM aHHYJISITOPOM MaTpUlIbl B, T.e. COOTBETCTBEHHO €CJIu

el A — 1 b cIA — 1y el
() { : L4 2}3 =0,, (6) [ 2 €23 I}B =0,,. (2.11)

T T
C ¢

IMycts B = (BTB)_'BT — nceBgoobOpaTHas MaTpulia [6] Kk MaTpulie ynpasiieHus B. Torma penieHue
ypaBHeHUs (2.2) 1 3agauu (1.2) B 1ieJIOM IpU BBIMTOJHEHUU yeaoBuii (2.1), (2.8), (2.11) ¢ yyeToMm 3Haue-
Hust maTpulibl L (2.10) mpruHUMaeT BUL

_o ke
F = B'L = B' [b :Abc]{ S} (2.12)
L&
OtMmeTuM, yTo ycioBue (2.11) mpruBOOMMOCTH K 3amade YIIpaBIeHMUs C OTHUM BXOIOM MOXET OBITh

BEPHO, TOJIBKO €CJIM MHIEKC YITPaBIsIeMOCTH paccMaTpuBaeMoii cuctemMsl (1.1) 6ombiie nHaeKca ee Ha-
omomaemoctu [13]. ChopMynnpyeM 3TO YTBEpXKICHUE B BUIE TEOPEMBIL.

Teopewma 1. 3agaHa MOJHOCTBIO YIpaBisieMasi U MOJHOCThIO Habjogaemast Tpolika MaTpull co-
CTOsIHUS, ynipaBieHus: U HaomoaeHus (1.1). ITycTb nHAEKC uX HAOII0JaeMOCTU paBeH 2, T.€. BbITIOIHSI-
T T
ercs ycaosue (2.1), 1 cripaBeaIMBO ONHO U3 paBeHCTB (2.11), roe COOTBETCTBEHHO €; U €, — CTPOKU
MaTpULIbl HAOJIONEHMUS, A Iy 4 U Iy 3 — SJIEMEHTBI MaTpuiibl (2.3). Torna MHAEKC yIpaBIsieMOCTH MaT-
putl (1.1) paBeH 3 (OoJbllle MHAEKCA HAOTIOAAEMOCTH).

Hdoka3zaTenbcTBo. s 1oKa3aTeaIbCTBA HEOOXOIUMO U JOCTATOUHO MOKA3aTh, YTO BHIPOXKIACT-
cs MaTpulia

U =[B|AB].
B cuny ycnoBus (2.1) BeIpoxkaeHE€ MaTPULIbI U 5KBUBaJICHTHO BBIPOXIEHUIO MaTPULbI Nf], KOTO-

pasi UMeeT HEHYJIeBOI aHHYJIATOD [6]:

!"c1,4c§B
["c1,3 + ”c1,2/”01,4 ;"c1,4

~oy -

rcmc;Bi ¢/ A’B —1{0], ru4#0,
¢;AB | c;A’B
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clTB ! clTAB
e "B [0]1}0}]0] 0
~TT ] 0 X C T b I’ = )
© NO=| 20 S (WO =
¢, AB i ¢, A'B ["C2,3 §VC2,4 + "cz,1/"c2,3 §0§_1]7 ez % 0.
Feas¢i B ;A’B
Torna cripaBenIMBbI paBEHCTBA
0] I ClT ] [0,
T Tooe-1]0] T T o 2q—1| & Cg T,2 T \ 241 ch
(a) I‘C]’402AB = Cl A N 02AB = Cl A N N - T B = CI A B - CI A N
0 c A Tc14€, B
L] uey L O
= C;FAzB —_ CFAZN_I [O%l;rcw ;O]T C;FB = c;rAzB - (rClqz + VCL3I'CI’4) CIB,
0] [ clT i I clTB
-0 SR T o 0,
(6) 7er:elAB = AN |cTAB = AN | N—| & || B=clA’B-cIAN'| " |=
’ 1 0]><4 01><2
_0_ _ch_ _”cz,3clTB

o~ (PRI T
= ¢;A’B - ¢;A’N'[10]0]7c55] /B = ¢;A’B — (e, + Feas¥cas) €1 B.
Teopema nokasaHa.

Han6o:bl11y10 BEIYMCIUTEIbHYIO CI0XHOCTD B MpeajiaracMoOM aJirOpuTMe TpeacTaBisieT (popmyia
AkkepmaHa (2.9). 3To 00yc0BJIeHO HEOOXOIMMOCTbIO BO3BOAUTDH MAaTPUILy YETBEPTOTO MOPsIIKA B TPE-
THIO W YETBEPTYIO CTETIEHM, a TaKXKe O0palliaTh MaTpUILy, COMEPKAIIYIO YKa3aHHbIe CTEIIeHU. MexXmy
TEeM PEe3YJIbTaT COAECPXKUT OOJIbIIOE KOJIUUECTBO MOMOOHBIX C/laraéMbIX, OTCJIEIUTb KOTOpbIe B OOIIEM
cliydae 3aTpyOHUTEIbHO KaK Bpy4YHYIO, TaK 1 ¢ IpuMeHeHreM KoMaHabl “simplify” 8 MATLAB. Jlanee
B BHUIE€ TEOPEMBI IIPEIIOKEH METO pacueTa MoaaabHOTo peryisaropa mist SIMO-cuctemsl (2.5), He Tpe-
OyIolIMii BO3BEIEHUSI MAaTPUIL B BHICOKME CTETICHU 1 CYILIECTBEHHO YIPOILAIOIINil OKOHYATEIbHOE CUM-
BOJILHOE BBIpaXKCHUE IJISI PETYIISITOPA.

Teopewma 2. Pemenne 3agaun MogaabHoro yipaBiaeHusd 111 SIMO-cuctemsr (2.5) ¢ obecrieyeHU -

4 3 2
€M XapaKTepPUCTHYECKOro MoIMHOMa O* (A) = A" + piA”" + pyA~ + p{'A + p{ 3anuceiBaeTcs B BUIE

T *
(a) k¢ = [”cz,l + ki ;"cz,z + 4cx — fanskers ;”cza + ke ;”cz,4 + APCJ,

(2.13)
(6) k(T: = [”cu +4cr — feaskers ;rCl,2 + ki g"cu + Apgs ;"C1,4 + kc1,4}
e

Tera = Tep + Tesferss Tean = Tean + Teaslerss
dc = reiifera — Tenaferss dc = reanlcas — Feailcoas
fe = reade — rél,2s fe = Fepsde — rC22,l>
Apcy = P> + e ApSy = D5 + Ty,

(a) JApS; = pi + 1,35 (0) JApE; = pi + Ica4
doi = P+ T, ApGss dor = P+ 1o APGs,s
dcr = Apéy + "c1,3AP(ﬂ§3a dcr = Apéy + ey s APGs,
kcu = ("01,1("(:1,4‘]0 - ”c1,2QC2) - fm,zl’b/"c: k01,2 = ("cz,z(’”cz,ﬂa - "cz,lqcz) - fcz,ll’(T)/tCa
keiz = ("01,4!’5k = raipqer + deqe)/Tes kcia = (ch,spf)k = reader + deden)/Te-
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JdoxaszaTenbcTBo. 3agmada MogajabHoTro yipasiaeHusd 111 SIMO-cucremsr (2.5) sKBUBaJIeHTHA

3ajaye ¢ obecreyeHreM TOro Xe rnojanHoma ¢* (1), Ho 11 Gosiee MPOCTOl CHUCTEMBI:

0 § 0 § 1 § 0 0 0 g 0 g 1 g 0 0
_ 0{0i{01i1 0|— _ 00011 00—
A* = - kTa ps = - kT,
(a) ¢ Ienife2 ez (fois 0| ¢ ©) ¢ 0000 11°¢
0 i 0 i 0 i 0 1 Tean e ifeas e 0
KC bc KC bc
ke = (72 ¥"C2,2 ¥rC2,3 ¥rC2,4] +Ke, k¢ = [reas ¥’"01,2 ¥’"01,3 ¥”c1,4] + Ke.

Penrenue 1ol 3amauyn KOMITIAKTHO 3aIlMChIBaeTCs ¢ MoMollbio anroputma bacca—I'ypa [9]:

LI _ PR * x|l L1 _ ki ox * x|l
ke = [Po ;P1 ;Apcz ;Apcs]rc ) ke = [Po ;Pl ;Apcz ;APC3}TC >
fep {faa |0 ]0 —teaa | Tteaat 1 ]0
= —ton |~z 110 = Tean | Te2s 0 10
(a) T = H H H (6) T = H H H
c 0 ! | ol C 0 ! | il
| W) | Icia | g_"cz,z g_"cz,4g
H H H H H H
0 i—ren i—Tes 0 |7 |73 10
Fy | R 0 ~toas | ey 0]
Teiz | TTas | Tos | Tzt e (Y Teas
H H H H H H
H H H H H H
T = 1| Tenfers efers i—ren 0 T = 1 [ feaifeas | feapleas 10 =7,
c 7y P2 d | ol ¢ 7y 2 | 0 | d
c| ~Tefepi ez | de c| ~Teor iTTeale2pi Vi dce
fende | Teade ; c ;’c XL ; Teapdc tcg c
e
a2 = fep t Tasfciss Teaq = Fea T Icaslc2,40
dc = Feyfers — faaforss dc = Teaalcas — Feaileoss
2 2
@) Ic = Toiade — Ko © Ic = Teasde — ooy
a g _ g _
dc = dcrey; — Foifers dc = dcrcas — Teaferns
k% %
Apcy = p> + T Apcy = Py + Tcas
k % ko L3
Apcs = P35 + raiss Apcs = py + reya

ITpu aTOM ycnoBue NoJHOM ynpasisieMocTy (2.8) mpuHUMaet BuUn 7. # 0, T.e.

2 2
(@) Kyp # Ferade, (0) réay # Fepade.

Harnee, BBIMOJHUB IiepeMHOXeHMe B opmyie bacca—Iypa, 3amuireM BeIpaxkeHUS 11 KO3 b U~

eHTOB perynsaTopa kg = [kcw fkm,z fkcm §k01,4]1

7 7
_ 1Ak * cl4 S ox cl4 o
keytc = oy ([1’1 EAPcz} + Apcs ["c1,1 i"c1,3]) —Tei2Po = ey [QCl i‘kz] — Tei2o»
—Tci2 —Tci2
k _ *’A * A * rCl,4 2 % _ rCl,4 2 % _
ci2fc = e || PriAPcs |+ Apes [rCI,l i"c1,3] —TcaPo = Teipn [‘101 f‘lcz] —IciaPo =
—Tcin —Tcin
_ * !0 Icia | x| Tcr4 2
(@) =12 [‘]af‘]cz]_"cm Po V| —4qc ["C1,2§VC1,4] = a4 Po ida — Ic1,29c¢2>
—Tci2 —Tci2
o Teia L Tcra
_ sk A K * ; ; _ * | i
keiste = (|:P0 1D ;Apch + Apcs [Oi"(:l,l §rc1,3]) a2 | = | Po idaidce: || TTaz |
de de
*
kcia = Apcs,
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_ - % Ica3 2w 23 2w
keiife = Teay ([1’1 §APC2 + Apcs ["cz,z ¥"c2,4] — T3P0 = e [401 ¥qC2] — T3Py =
—Tca —Tca,
_ % §0 Teas | x| Ica3 2
= |7c2,1 [QC1 ¥CIC2] Tz | Po iV |~ da [’02,1 ¥"cz,3] = ~Te23| Po {da — Fe2,19¢25
—Tca —Tca
6) 1k _ % §A % Ap* Ica3 S ox Ica3 - s
(6) c2fc = Teaa || P iApPca |+ APcs [”Cz,z *"cz,4] — T2 Po = T [qc1 ¥QC2] — 210>
—Tca, L ~Tca1
3k
kCl,3 = Apcs,
C Icas C UoX]
_ ki ki k k _ ki H
keyalc = ([1’0 D EApcz} + Apcs [Oi”cz,z i"cz,4]) T2 | = [1’0 idc1idca || ~Tear |
de de |
rae
— ¥ % — a3k k
dci = Pi + TcApcss 5 doi = DI+ T Apes,
(a) >k k ( ) k k
dcr = Apca + e 38063, dcr = Apca + Teo sADCs-

ITocie oGpaTHOTO MEepexoaa oT BEKTopa E(Tj K BEKTOpY kg noay4daercs pesyabTar (2.13).

Teopema noka3zaHa.

Taxum o6pa3om, pu BbIMOIHEHUHU yciioBuii (2.1), (2.11) u (2.14) peryasgTop o Beixony (MaTpuua F)
paccuuThiBaeTcs 1mo ¢popmye (2.12) ¢ moacraHoBKoit 3HaueHU (2.13).

IIpumep 1 (a). Tpedyercsa pemuth 3agavy (1.2) Aas MaTpUIl COCTOSIHUSI, YIpaBJICHUS U
HabmwogeHus (1.1):

ay i 0 lagziag 00
i1
A= Do idh3ihy B = by b C= 0:0:10
—_ H H H = =
a1 0 jas;iay, | 00 0;0;0;1
H H H
H H H
Gy (G4 (0304 | L bas i

3anuiileM IepBbie 1B OJI0YHbIC CTPOKU MaTPUILIbl HAOIIOOAEMOCTU:

0{0 g 10
N = ¢ = 010 % 01 detN=a31a42.
CA a1 0 las; a, ’ T
Ay a4,2¥a4,3 Ay 4 |

Ecnu a;,a,, # 0, To MHAEKC HAGII0IaEMOCTH PaBEeH 2, T.€. BEPHO ycaoBue (2.1).
st mpoBepku (2.11) paccunuTaeM CIeayIONIyio MaTpUILy:

! T ! ~
feu i fea A3y — Qa3 G304 + Qy304 5 — Ay 0y 3 — A3 30y

25-1 Tein i Te2n Aaly) — Ay a3 4 (40t Gy 4Gy — Gy 0y 4 — B3 40y,
R, =CA'N = = B ,
Tcz {23 ay t a3 y3 t+ 4y
H H
Tcia ifeos a, i Gyq T Gy,

e d,; = (ay, (ay —ayy) + ay,a4,) / a,,. PaccmaTpuBaemasi 3amaya NpUBOAUTCS K 3alaye MOAAIbHOIO
yIIpaBJIeHUS C OMHUM BXOJOM, TaK KaK BBIIIOJIHEH BapuaHT (a) ycioBus (2.11):

1A —ries | [a]0]as5]07[016y, 1010,
el 010, 10]05,,/05,,

ITpoBeaeM NpoMeKyTOYHBIC PACUEThI M3 TEOPEMBI 2:

a3

1 =0,

ey = Top 1 raslfons = Guatsy + 33054,
dc = reyifors — fapfos = @ifcr — Gl as
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2 -
Ic = "c1,4dc —fey = 43 (03,4"c1,1 - a1,4"c1,2)a
x k _ £ 3
Apcy = P> +Tcry = Py + 4305, — @055,
ko __ %k — ES
Apcs = py 1o = P53 +a + a5,

— >k ko __ k 3k
do = P +reApcs = pr + (01,3‘13,1 - al,la3,3)(p3 +a, +a3),

_ £ 3 ko __ k E3 2 2
dcr = ApEs + 103008 = P35 + (@ + a53) p5 + ap) + ay3 + @05 + a5,
— =~ k — ~ ~ ES
ke = (T (”01,4401 - "c1,2‘1c2) —Tci2Po )/fc = (o (03,4401 - 01,403,1402) —Tci2Do )/fc >

— * _ - - %
kcis = (FeraPo — fora9cr + dc‘lcz)/fc = (@3 7c1149c2 — Teradar + @400 )/tc ,

TIE 7oy = @3054 — G433, Goi = qer + @119ca- C YIETOM HEPABEHCTBA a;3,d,, # 0 MOXHO YTBEPXKIATh, YTO
ycioBue (2.14) monHoii ynipaBasieMocT SIMO-cucTeMbl CIipaBelInBO, €CIIU

2 2
U305 — 40 # G405, (G5 — @)
T T T
CornacHo BelpaxeHu1o (2.13) usz reopemsl 2 paccuuraeM peryasarop ke = [ka Ikcz}:

T
k¢ Tea t ke ;"cz,z +dcy ~ ferakers

T i *
ke, Teas + ke ifeos + ADS

Q3041 + Q3045 — Q045 — Q33041 + Koy [G14Gs1 + Gy 4045 — Gr504 4 + Goy — B3 4kci3

I *
ay5 + ke s AT a4t a3+ a,t P

e keyz = ke + dyy-
ITo dopmyne (2.12) onpenearM UCKOMYIO MaTPUILy PETyjsTopa I10 BBIXOIY:

0 0
! -1 t1int ! -1
F= by, §b2,2 0§ 1 §0 §0 lay, iay, /a4, ki _ by, §b2,2 (Ke; + az,zkzz)/%,z
busibiy] [0100001]] 0 | 0 |IkD [T by b, K.,
‘ ‘ § —
B 0 E 1 B
[bc |Abc]

Takum 06pa30M, IIOCJIC€OJOBATECJIbHOCTDb pacy€Ta KCKOMOI'O PETYIATOPA MMECT BUL

el = G383 — A3, Tep = Gadz) — 411334,

Teyl = Q1304 — Qa3 Top = Qa3 + 3305,
~ _ 3 % 2 * % &
dor = aiy + pyayy + paay + protapsas(py + 20 + as;),
ok & 2 2
der = P> +(ay +az3) pi + a) t a3t a3+ 4303,
ag ) = (04,1 (al,l - az,z) + 02,104,2)/"3,1 ,  Io = (03,4”01,1 - al,4rCl,2)a
2 2 2 % %
a=a,+a,+a;+a,0, ta))n;t+a;30,;+ (@, + a4yt 03,3) 2

_ ~ ~ * I — ~ ~ * ~
ke = (e (03,4CIC1 - a1,403,1‘102) —Tai2Po )/fc, keis = (@sfciider — Fepdor + G40 )/fc +a,

b4,2 2 _b2 2

P a304) — 33041 + Koy + @k | Q404 + G 303) +a — 3 4ke 3
_b4 1 g b2 1 a2,3 + § a2,4 +
== %) i %)
by1byy — by 5b4, ~ "
a3+ ke A+, t a3+ a,t P

CumBonbHbIe BeruncieHus B MATLAB [15] noaTBepaniau paBeHCTBO NOJIMHOMOB (1.2).

N3BECTHA PAH. TEOPUA U CUCTEMBI YITPABJIEHUA  Ne 2 2023



34 3YBOB, JIAITMH

IIpumep 1 (0). Tpedyercsa pewmnTs 3amavy (1.2) @1 MaTpull COCTOSHMS, YIIPaBJIeHUS U Ha-
omoaeHus (1.1):

a1 a3 014 by b,
H H H
G, 0 {ay, 00 1i0:0:0
A= s as | D by b, T lojt]o0]
as) 303,2 303,3 303,4 by, §b3,2 0{1,0{0
a4,1§a4,2§ 0 §a4,4_ 0 % 0

3arnmiem IICPBLIC IBC OJI09YHEBIE CTPOKHM MaTpHUIIbl Ha0JIFOJaeMOCTH:

1{0o{o0}o0
~ C 0i1:0:{0 det N
= = . c =da .
CA A A G13 Gy 1324

H H
G1ith) 0 oW

Ecnu a,3a, 4 # 0, TO MHAEKC HAGIIOIaEMOCTH PaBeH 2, T.€. BEpHO yciaoBue (2.1).

st mpoBepku (2.11) paccunuTaeM CIEayIONIyI0 MATPUILY:

! T ~ !
Teu i fea A3z T AgQy ) — Q33 — Gy Qyg | Gh 401 — Gy 1y y
21 Teio i Te2 A3z T 4Gy — Q033 — Gy )0 4 |Gy 404 ) — Gy 044
R, =CA'N = = ,
Tas {23 a +az3 @
H ~ H
Tela ifc2a qptay Py tayy,

e a, = (a4 (as4 — a33) + a3054) / a,,. PaccMarpuBaemas 3amaya MpUBOAUTCS K 3aJadye MOAATbHOIO
YIIpaBJIeHMS C OMHUM BXOJIOM, TaK KaK BBIIIOJIHEH BapuaHT (0) ycimoBus (2.11):

T T n n n n n T
€A — 1€ _ 0%“2,2 20302,4 b, §0§b3,1 §0

= =0
T i ini ini | %2
c, 0/ 11i0{ 0 |[b,i0ib,/0
ITpoBeneM NpoMeKyTOUHBIE PACUYETHI U3 TEOPEMBI 2:
Tean = Fea T Foaslcs = Gruly) + Gy 10,
dc = Teaplers — Teaifcoa = Galcan — Aaalcas
£ = d 2 -
c = Tea3le —Tea = g (az,l’”cz,z - a4,1"cz,1),
k * _ *
Apcy = Dy + ey = Dy + a0y, — Gy ryy,
% % ok
Apcy = Py +Fcaa = D3 Ty t+ Ay,
_ox %k %
o1 = Di + 1eanApes = i+ (ar4045 — a50044) (D5 + ayy + ay4),
_ * x % * 2 2
dcr = APy + IeraADEs = D5 +(@y + a44) PY + Gy + iy + Gy004 4 + 0y 4045,
— ~ k — ~ ~ sk
kCI,2 = ("cz,z (rc2,34c1 - ”c2,1‘102) — Feo,1Po )/tc = (”cz,z (az,quI - ‘12,4‘14,1402) — 12,1 P )/tc s

keig = (FeasDo — Feaader + chcz)/’c = (@ 47c229c2 — Terndor + az,IPE)k)/tc ,

TIE Feay = Gy 1045 — y0y55 Go) = o + A449c,- C YIETOM HEPABEHCTBA 4 3@, 4 # 0 MOXHO YTBEPXKIATh, UTO
ycioBue (2.14) monHoii ynpasiasieMocTu SIMO-cuctemMbl BEpHO, €Cun

2 2
@104y — Gy 4y # )10y, () — Ay y).
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CormnacHo BbipaxkeHU10 (2.13), U3 TeopeMbl 2 pacCuMTaeM PEryJsiTop kC = [kCI |kcz}

T !

k¢ Ter T der — Teaskera e + ko
T - *

ke, Tz + Ap3 Tera T kea

305 + Q40,1 — G055+ Goy — Gy ikers (G303 + G alyy — G103 — Gy r0 4 + ke

« -
A+ @yt a3+ a,t P ap + Kepa

e kcyg = Kkepa + ay g

ITo dpopmyne (2.12) onpenearM UCKOMYIO MaTPUILy PETyJsTopa I10 BBIXOMIY:

o[
L b3,1

1
ibl,z} [1 000} I 0 | ke :{bl,ﬁbl,z}l ke
b, ]0] ] 1/“13%”3,3/013 kcz b ibss (kzl+a3’3k;2)/a1,3
0 |

B+
[bc |Abc]

Takum 06pa30M, IIOCJI€OJOBaTCJIbHOCTDb pacy€Ta NCKOMOTIO PETYIATOPA MMECT BU

Yoo = QogQy) — Oy Ay, Teop = Gpalyn — (p oy 4,

Feol = Gp Q4 T 0y Gy, Teop = Gy 1G4y — (p oy,
~ _ 3 2 % * * *
Goi = Guq + APy + aapy + Pp + aaa,,(p3 + @y +2a4,),
ok * 2 2
der = P> +(ay, + 04,4)173 T, tau, t a0, t+ a0,
a4 = (a4 (a4 —ay3) +a305, )/ Mg, o=y (afcay — ylcay)s
2 2 2 * *
A=y, ta33 T a4+ Q)03+ A33044 + Gy 40,5 + (@yy + a3 + a4,4)p3 + D5,

— ~ ~ % i _ ~ ~ E3 ~
keiy = (rean (a2,1qC1 - 02,404,1%2) —Tc2,1P0 )/fc s keia = (@afcander — Teaideor + @10 )/fc +ayy,

b3,2 ’_bl,z * ~
b at @y, tazta+ ps a, + ke
F 511 by

bibsy — biybsy| a, +

@40y + Gy 4y + 0 — y ke 4 G+ @404y — @y oG4 + Keyp + G35k 4
32

ag; a3

CumBonbHbIe BeruncieHus B MATLAB [15] noaTBepaniayu paBeHCTBO NOJIUMHOMOB (1.2).
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3. IIpuBeneHue K 3aja4e HAOIIOAEHUS C OJHUM BXOOM (IyaabHbli moaxonx). IIpenmnonoxum, 4To uH-

nexc ynpasisiemocTu [13] 3apanHoit cuctemMsl (1.1) paBeH 2, T.e.

det[B/AB] # 0.
U

BBenem o603HaueHUE 111 MATPUILIBI PETYJIITOPA MO COCTOSTHUIO
K =FC.
st MaTpuliibl 3aMKHYTO# cucTteMbl A* = A — BK BbInmosHUM nmpeobpa3oBaHue nonodus [14]

_ ﬁ_lA*I—j _ |:02><2 :_PBO} |:KB KAB} |:_KB |_PBO KAB}

I2 I_I)BI 12 | _PBl

02><2 | 02><2 |
Ap=U"'AT U 'BKU
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2x2
e 6;10ku Py, Py, € R™ Takossl, uto

111 {7812
P, Tar1 i K
BO S, 2 B2,1 {7822
- =Ry =U AB= s
Py, 831 {7832
"B4.1 17842

a mpeoOpa3oBaHHAasI MaTPHILIA COCTOSTHUS PA30MKHYTOM CUCTEMbI UMEET BUI
Oioirm,l irm,z
H H H

H H H
H H H
0 ;O;rBz,l 7822

A =U'AU = (3.3)

H H H .
1 §O§VB3,1 g"Bs,z
0 % 1 %"34,1 %"34,2_
Jlaiee, BBITIOTHUB €1lle OTHO ITpeoOpa3oBaHme momoous [14] yepe3 MaTpuiILy

T I, -KB
= |
? 02><2: I, ’

HOJIYYMM MaTpPULLy, KOTOPAs JOJDKHA MMETh XKeJTaeMblil TOJTMHOM ¢ (A):

02)(2 :_PBO - KAB - KBPB] ~ K (AB + BPB]) |
I,| -P,—KB As - KB (02112
2 | Bl
e SEm——
Lg

Ap =Ty :;TB:[

O6ecrieyeHKe KeTaeMoro MoJMHOMa MaTpuiie A} IyTeM BbiGopa Matpuiibl Ly npeacrasisieT coboii
3a7a4y MOJAJIbHOTO HAOIONeHUS TI0 COCTOSTHUIO ¢ 1ByMsT BxogaMu (MIMO-cucrema). s ipuBene-

HUS K 3a7a4e ¢ onHUM BxonoM (K SIMO-cucteMme) OOHYIMM OAUH U3 CTONOLOB MaTpUllbl Ly.
ITyctb b; u b, — COOTBETCTBEHHO IMEPBbBII U BTOPOIi CTONOLIBI MAaTPUIIbI yIIpaBiieHUs B. YciaoBus 06-
HYJIEHUSI IIepBOTo (a) win Broporo (6) cronbua Matpuubl Ly

= Ysxis

1
K(AB+BPy,)][1] |KAb —Kb,[0{1][0,, L] Rg M
(a) = N

KB 0
Kb,
i | 0
K(AB +BPy)|[0] | KAb, Kb, [10][0,, |I,|Rg | |
(6) — —_— = 4x
KB 1 KB -P,
Kb,

MPUHUMAIOT COOTBETCTBEHHO BU[,
(a) K[Abl — g4 b, :bl] =05, (6) K[Abz — Ig3aby :bz] =0, (3.4)

[Tpu 5TOM HEeHyneBOI CTONOET MATPUILIBI Ly CTAHOBUTCS COOTBETCTBEHHO PaBEeH

, 01]
[K (AB + BPy, )} m KAb, — Kb, [0{1][0,,, |I,|Ry m
(a) - | SRS 7 W — ,
KB 1 KB -P,
Kb, |
. 1M
© [K(AB + BP,, )}H _ | Kb, — Kby [1/0][0,0 L, Ry M |
KB 0 KB -P
Kb, |

[1pu BeITTOTHEHMM OMHOTO M3 ycaoBuii (3.4) mpuxomum K SIMO-cucreme
A% = Ag — gy (3.5)
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¢ MaTpuiei cocTossHus (3.3) 1 COOTBETCTBEHHO MaTpUIleii HaOII0AeHUS (BEKTOP-CTPOKA)
(a) ¢z =[0]0{0{1], (6) cz =[0]0]1{0] (3.6)

T
U MaTpuleil Ha0moaaTens (BeKTop-cronoden) ly = [l;l :1;2} , e lg;, Ig, € R>,

(a) [11?.1 :132] = K[Abz — Iga b, :bz], (6) [lBl :132] = K[Abl — I3, by :bl]- (3.7)
SIMO-cuctema (3.5) MoHOCTBIO HabJIIogaeMa Ipu yCJIOBUU

T

T
cpAg
T,2
CpAp
T,3
cpAj

—
Ng

det # 0. (3.8)

3azaya MOJAILHOTO HAGIIIONCHYSI TIPY KeJTaeMOM XapaKTepUCTIYeCKOM nosmHoMme ¢* (A) B SIMO-
cucteMe (3.5) pelraeTcsi ¢ MOMOIIbIO AyalibHOM (popMyiibl AKkepMaHa [10]:

1 N N
LBI} = ¢* (Ag) N5 [0]0]0]1]" = U”'p* (A)N5'[0]o]o]1]", (3.9)
B2
riue
~T
Cp
. EpA
A, =U"'A0 (=0,..4, Ng= ~TBA2 , &g =czU"
B
~§A3

Matpuny perynsropa K (3.2) onpenesimM n3 COOTHOIIISHUS
KU = [Kb, |Kb, |KAb, |KAb,].
C yuetoM 3HaueHuii (3.4) u (3.7) cCOOTBETCTBEHHO MOIYyYUM

(a) KU = [02><1 %lsz %"34,1132 %lm + ’”B4,21B2] = I, [0202021] + g, [0202021] [ﬁ_lABIﬁ_lAﬁﬂ,

Takum o6Gpa3oM, B crity 3HadeHMI (3.6), B o60oux cirydasix (a) u (6) MaTpHIla peryasaTopa ITo COCTOSTHUIO
paBHa

T ~T
K = [lmllnz]l: TCZ }ﬁl - [131:132][ i‘j (3.10)

CpAp Cp

Ycnosue o6HyJieHUs (3.4) OyaeT OMHOBPEMEHHO YCIOBUEM pa3pelIMMOCTU ypaBHeHUs (3.2) oT-
HOCUTEIBHO MaTPUIILI PETYIITOpa IT0 Bhixony F [6], eciv BTOpoii MHOXKUTEIb B JIEBOIM YaCTHU paBeH-
cTBa (3.4) aBaseTcs npaBbIM aHHYJISITOPOM MaTpulibl C, T.€. COOTBETCTBEHHO €CJIN

(a) C[Ab1 — g4 b, lbl] =05, (0) C[Abz — Ig3aby lbz] =050 (3.11)

IMycts C' = CT(CCT )_1 — nceBmoo6paTHas MaTpulia [6] K MmaTpulle HabmoaeHus C. Torma penieHue
ypaBHeHMs (3.2) u 3amgauu (1.2) B 11eJioM IIpu BhImostHeHUU yeiioBuii (3.1), (3.8), (3.11) ¢ yueTom 3Haye-
Hust matpuibl K (3.10) mpuHuMaeT BUIL

F=KC' =l :132]{?’ }cﬁ (3.12)
CgA
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OtMeTuM, 9To ycinoBue (3.11) MprBOAMMOCTH K 3agayue HAOMIONEHUS C OMHNM BXOIOM MOXKET OBITh
BEpPHO, TOJBKO €CJIM UHIAECKC HAOJI0JaeMOCTH paccMaTpuBaeMoil cucteMsbl (1.1) OoJibllie nHAECKCA ee
yrpasisgemocTu [13]. ChopMyaupyem 3TO yTBepKIEHUE B BUAE TCOPEMEL.

Teopema 3. 3amaHa MOJHOCTBIO yIIpaBiaseMasl 1 IIOJIHOCThIO HabJItogaeMasl Tpoilka MaTpuIl CO-
cTostHuS, yripaBieHus 1 HabmoaeHus (1.1). ITycTs mHIeKC X yIIpaBIsIeMOCTH paBeH 2, T.€. BBIIIOIHSI -
ercs yciaosue (3.1), u cripaBeaiuBo oaHO U3 paBeHCTB (3.11), rae coorBeTcTBEeHHO b, 1 b, — cTONOLBI

MaTpHUILIbl YIPABIECHUS, A Iz, U Fggy — DJIIEMEHTBI MATPULIBI (3.3).
Torma nngexc Habmomaemoctu MaTpuil (1.1) paBeH 3 (GoJbIle MHAEKCA YIPABISIEMOCTH).

Hdoka3zaTenbcTBo. s 1oKa3aTeaIbCTBA HEOOXOIUMO U JOCTATOUHO MOKA3aTh, YTO BHIPOXKIACT-

Cd MaTpula
K- C
T |CA

B cuity yeoBust (3.1) BeIpoxkIeHUe MaTpULIbl N 5KBUBaJIEHTHO BbIpoxXaeHUIo Matpuiibl NU, KoTo-
past UMeeT HEHYJIEBOM aHHYJIATOp [6]:

T
0,, | Cb, |Chyry,, | CAb [110/010]", ey =0,
“ Nﬁ:[ oAb, CA’h, | 22} (NO)* =11 o T
Cber4,l %CAbzé CA’b, %CA b, Iesg t §FC41 2_120 . Tesy %0,
L C4,1 | | i
0i1{0{0 =0
© No-| | 0,, | CAb, |Cbyry;, - [0] U 1. 2 =0
= | i i 5 = | p o
CAb, ECberB,z §CA2b1 i CA2b2 Fesn %rc4’2 + %%02_1} Fess # 0.
L i C324 i

Torna CIIpaB€aAJIMBbI paBE€HCTBa

(a) CAb,ry,, = CAb,[0/0]0/1]U 'A%, = C(U —[b, |b, |Ab, [0,,]) U"'A’D, =
= CAzb1 - [Ole ¥Cb2 ¥Cb2"B4,1 ¥02x1]ﬁilA2b1 =
= CA’b, — Cb, [011]7,, 0] 'A%, = CA’, — Cb, (regy + Fesiliear)»

(6) CAbris;, = CAb[0/0{1/0]U'A’p, = C(U —[b, |b, |0, |Ab,]) U"'A’D, =
= CA2b2 - [Cbl !02><1 iole !Cbl"m,z]ﬁ_lAzbz =
= CA’b, — Cb, [1/0/0}r5,]U'A’D, = CA’b, — Cb, (rey5 + Fesalics ) -
TeopeMa JOKa3aHa.

I1o ananornu ¢ paccyxnaeHusIMH 0 (hopmyie (2.9) B zTaHHOM cliydae HauOOJIbIITYIO BRIYMCIUTEIbHYIO
CJIOXHOCTB IpeACTaBIIsIeT AyajibHas (popMysia Akkepmana (3.9). lanee B BUuae TeOpeMbl IIPEaIOXKEH Me-
TOI pacueTa MogajibHOro Hadomomareas it SIMO-cucremsl (3.5), CylIeCTBEHHO YIIPOLIAIOIINK €ro
OKOHYATEeIbHOE CUMBOJIBLHOE BhIpaxkKeHUE.

Teopema 4. Perenue 3agaun MmogajabHOro HaomoneHus mwist SIMO-cucremsl (3.5) ¢ obecrieye-

4 3 2
HYEM XapaKTepUCTUIECKOro nmoauHoMa ¢* (A) = A" + pfA” + piA” + pA + p; 3anucsiBaeTCst Kak

Taio + lpyy a1t qpy — T3 alpa)
oo t Gy — Teaulps, Tga1 + o)
@ ly=| L) = ' , (3.13)
B32 T /B3 I3y + Apg;
*
Taay + Apgs Fgay t lpa;
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e

Fsoy = Fgay + Tesatears Faio = Mg t 183278425
dy = Fgii7a1 — TB2,1M83)15 dy = Fgoal3n — Ta12lBa s
g = rB4,ldB - "1;22,1, Iy = "Bs,de - "1321,2:
Apg, = Dy + Iaips Apy, = P> + 12,25

(a) JApg; = pi + 8315 (6) JApps = Py + g,
gy = DI+ TeAPgs, gy = DI + T 2APgs,
gpy = Appy + "B3,1AP§3, gy = APp)y + Ta 2 ADR3,
lgiy = (r1y (rB4,IQB1 - "Bz,quz) - fBz,lpg)/tB > Iy = (F2n ("133,2‘]131 - "Bl,zqnz) - fBl,sz)k)/fB s
lgsy = (Fga 1 Do — TooGm + quBZ)/ I, lpsy = (Fg32l6 — Teiodmr + quBZ)/ Ig.

HdoxkxaszaTeabcTBo. Bocrionb3yemcst pedyiabratom TeopeMbl 2. M3 coobpaxkeHuit gyanbHocTH [16]

MOJIOKUM A = A;. Torma, nockosbky b = ¢g, MaTpuua HabmonaTesst (BeKTop-cronbeu) ly Oyner
paBHa TPaHCIOHUPOBAHHOU MaTpulie peryisTopa k¢ (2.13) u3 Teopemsr 2.

ITpu aTOM ycnoBue noHOM HabmonaeMocTy (3.8) mpuHUMaeT BUL fy # 0, T.ce.

2 2
(@) rpyy # tpardp,  (0) 1o # Figsodp. (3.14)
Teopema JoKa3aHa.

Takum o6pa3om, npu BeIMOJIHEHUHU yciioBuii (3.1), (3.11) u (3.14) peryasTop o Beixony (MaTpuua F)
paccuuTtbiBaeTcs 1mo ¢popmyde (3.12) ¢ moacraHoBKoit 3HaueHM (3.13).

IMpumep 2 (a). TpebyeTtcs peliuTb 3anayvy (1.2) 1Jisi MaTpUIl COCTOSIHUS, YIIPaBJIeHUST U HAOII0Ae-
Hug (1.1):

ap ;al,z ;01,3 ;01,4 0{0

a0y, 0,5 a by, 0 0/0{1/0
A= | D1 B2 %3 Dy . B= 2,1 , = i

010 {a5ia34 0:i0 O§0§0§1

Ay §a4,2§a4,3§a4,4 0 §b4,2

3anuieM IepBbIe I1Ba OJIOYHBIX CTOI0IIA MATPULIBI YIIPABISIEMOCTH:

010 {ayb,; a4by,
b1 0 {ay,b,;1a54b _

U =[B|AB] = 8‘ 0| - “aj:b:z , detU = —a,,a, 453,05 .
0 §b4 2 §a4,2b2,1 §a4,4b4,2

Ecmu a,,a5 4b, b, , # 0, TO MHIEKC yNPaBJISIEMOCTH PaBEH 2, T.€. BEPHO ycioBue (3.1).

st mpoBepku yciaoBust (3.11) paccunraeM CIeayIONIyIO0 MaTPUILY:

b
4.2 ~
a0y — 4,14y _b (a1,4az,1 T304 — Q433 — 02,2a1,4)
TB11 | TB12 2,1
o Fgrp | 1 b, ~
Ry =U'A’B=| ™ | B2 — b (G204 — @4032) | Galay + 34045 — G33044 — Gyl y
%‘,—/
TB3,1 {7832 4.2 oot
i :
H
Taa | B 5
B4,117B4.2 4 tay, (by / byy) (@ +ayy)
(b2,1/ b4,2)a4,2 a3+ ay, ]
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e dy, = (a4 (a, —as3) + a;3a3,) / a, , . PaccmaTtpuBaemMast 3agauya mpuBOAUTCS K 3aja4€ MOJATIbHOTO Ha-
OJIIOICHUS C OMHUM BXOJOM, TaK KaK BBEIIOJHEH BapuaHT (a) yciaoBus (3.11):

0/0{1/07[ a0,
0/0/0{1]| 0

ITpoBenem rmpoMeXKyTOYHBIE PACUETHI N3 TCOPEMHEI 4:

ay,b,, 10107

C[Abl — T4 b, :bl] = b l0l0
21 iV

=0,

Igyy = Iy t+ Fg3ifpa) = (bz,l/b4,2)(al,2a4,1 + a2,204,2)>
-

7BZ,]
dy = TB1,1"B4,1 — B2,1/B31 = (bz,l/b4,2)(al,2fl}l,l - 01,171;2,1),

g = rB4,ldB - "1;22,1 = (b2,1/b4,2 )2 a, (04,2f131,1 - a4,1’_'Bz,1)s

g
Apgy = P> + gy = P> + G20y, — ay,055,
Apgs = p5 + g3y = Py +ay +ay,
gy = P+ e Apps = P+ (4,00 — a,05,) (05 + @y + a5 5),
qr> = Apg) + 13 APy = py + (@ + ay,) pi + 012,1 + 022,2 + a4y, + a0,

lBl,l = ("Bl,l ("134,141;1 - "B2,1QB2) - fBz,IPg)/tB = (b4,2/b2,1)(r31,1 (%,2@31 - 01,2a4,19132) - fm,lpé‘)/% >

Ip11

1133,1 = ("1;4,1P(>)k — Fpoqm T dBQBz)/tB = (b4,2/b2,1)(al,2fBl,IQB2 - ’_'32,1531 + a4,2l76k)/73 5

[Bl,l

TOE 7y = Gy1G45 — Gy504y, Qg = qp; + @119y C YIETOM HEPABEHCTBA @53 4b,,b,, # 0 MOXHO yTBEp-
XKnaTh, 4To yciaoBue (3.14) nonaHoit HabmomaeMoct SIMO-cucTeMbl BBIIOJIHSETCS, €CIIU

2 2
y\ly — 04y # 4,04, (Gyy — @)
T
T 4T
CornacHo BeipaxeHuto (3.13) u3z reopemsl 4 paccuutaem HadmonaTels ly = [lm Ilm] :

| g1o + Ipyy T33n + lg3;
[131 |1132] = w |
322 t Gpy — Teailesy | Tan + APps

(b4,2/b2,1)(al,4a2,l + U334 — Uy a3 — Aol g + Z}l,l) (b4,2/b2,1 ) (az,4 + iBs,l)

7 *®
@y 40y + 34045 — G304 4 + Gy — Ay olps, pyta;ta, ta;t+agy,

b

rae iBB,l = Zaz,l +a,.
ITo popmyne (3.12) onpenenuM KCKOMYIO MAaTPUILy PETYJIsITOpa I10 BEIXOIY:

010
1 0{0] 1/5134 107]10/0 1
F =1y g, |—| | | 4 = —[(1g, + as5lg, )/ a4 g, |.
e d
[551&} ct

Takum 06p330M, ITIOCJICJOBATCJIBbHOCTD pacy€Ta NCKOMOTIO PETYJIATOPA MMECT BU
Tarl = Qipthy — A 1Ghns  Teoy = GiaGsy — G110y,

Igi| = @y1G4p — (yplyy,  Fpoy = Gipdy) + Gypay ),
~ _ 3 x 2 * * *
Gp = a + pyayy + pyay + pltana(py t+ 24, +ay,),
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% * 2 2
gy = Py +(ay +ay,) P+ aiy + ay,y + apay, + apa),
g = (a4 (@) = as3) + a3a54) /a0y, T = @y (a4l — daifian)

2 2 2 % *
a=a +a,+a;5+a,ay, + a0+ asa, + py (@, +ay, +azs) + py,

- _ ~ = x\ [ 7 _ ~ - ~ *\ /7 ~
1131,1 = (rBl,l (‘14,241;1 - 01,204,14132) — 121D )/tB 5 1133,1 = (01,2731,14132 — Fg2,1 91 T Q4200 )/tB + a4,

, - - -
1/ byl 0 | s+ (st — ayybiy + Iy + a3,3133,1)/ iy Gy 4 + g3,
= H

H ~
%k
0 ;1/ by g5+ (@0, + 440, +a— 04,21133,1)/ Gy Py ta,+a, +a+ay,

IIpumep 2 (6). TpedyeTcsa pewnTh 3amauy (1.2) misi MaTpUll COCTOSIHMSI, YIIpaBJIeHUSI U Ha-
omoneHus (1.1):

a a0 010 0:0
inin
A= Do i3y B = by} 0 C= 110{010
il ISR R S B P =l0lal = :
A1 i3 {33034 0:0 0;130;0
H H H H
H H H H
Q4110421043044 0 by,

3anuineM TICPBLIC IBA OJIOUHBIX CTOJIONA MaTpulbl YIIPpaBJIACMOCTH:
0 0 al’zbz’l 0

0 (a0, az,4b4,2

. b ~
U = [B :AB] = (Z)J N detU = —01,203’4[)22’11)3,2.

H H
H H
0 | 320y {3445

H H
H H
0 §b4,2 204,2172,1 §a4,4b4,2

Ecnu a, ,a; 4b,,b,, # 0, TO MHIEKC YIIPABASEMOCTH PaBeH 2, T.€. BEpHO ycaoBue (3.1).
st mpoBepku yciaoBus (3.11) paccurraeM ClAeayIONIy0 MaTpUILy:

~ 4.2
A Q1 T 0y3037; — 0110y — ) 4035 - (02,303,4 - 02,403,3)
%/—J
81,1 ;rBl,Z b1 o
H
14 2 "B21 {822 b,,
= = H = 3 ~
R;=U AB P (@00 + G305 — Q045 — Guabiy)|  G3alys — B34y |
B3,1 /832 b5
i .
T4, {1342 a, +a,, (by2/bsy) 24
L (bz,l/b4,2) (a4, +ds,) 33+ dyy

The d, = (a5, (a33 — ay)) + a,a3,) / a,,. PaccmaTpuBaeMasi 3amaya MpUBOAUTCS K 3aJaye MOIAJIbHOIO
HAOJIIOIEeHUS ¢ OMHMM BXOIOM, TaK KaK BBHIIIOJIHEH BapuaHT (6) ycimoBus (3.11):

110/0]07[0/01a;4b, ay by, |
0{1,0/0]/00 0 | b,

ITpoBeneM MpoMeXXyTOUYHbIE PacYEThl U3 TEOPEMBI 4:

C[Ab2 - I’B3‘2b1 :bz] = = 02><2‘

a2 = Mo + Te3olfpan = (b4,2/b2,1)(az,3a3,4 +ay40,4),

12

dyg = Igoolesp — Meiolean = (b4,2/b2,1)(03,4"32,2 - 513,3"131,2),

Iy = rB3,2dB - ”1321,2 = (174,2/172,1)2 as 4 (02,47‘132,2 - a2,37B1,2)5

B

ko % _ %k
Apgy = Py + 1oy = Py + Q34045 — U330y 4,
* ES _ E3
Apgs = P3 +lgan = D5 + @35 + ayy,
— k ko £ k
G = P+ T nAPps = P+ (@54045 — a53044) (D7 + @55 + ay4),
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_ * * % * 2 2
Gy = APpy + T34y APss = Py + (@33 + Gy ) 3 + @iy + iy + Q33044 + 3,403,

lgry = (T2 ("33,2‘131 - "Bl,quz) - fBl,Zp(;k)/tB = (b2,1/b4,2) (782> (02,45731 - 02,303,4432) - ’731,21’3‘)/73 s

/BZ,I

lB4,1 = ("B3,2P(>)k — g9 + dB‘IBz)/tB = (bz,l/b4,2)(a3,4fB2,ZQB2 - F1;1,2‘71;1 + ‘12,4173‘)/73-

lB4,l

THE Fgyy = Gy4Q43 — Gy3G44, Gp = G + @339p;- C YIETOM HEPABEHCTBA @ ,a54b,,b,, # 0 MOXHO yTBeEp-
XKIaTb, 4yTo ycinoBue (3.14) noaHoit Habmogaemocty SIMO-cuUcTeMbl cripaBeaInBO, €CIn

2 2
W40y — Q3034 F (y30h 4 (a4,4 - 03,3)-

T
T \yT
CornacHo BelpaxeHuto (3.13) us reopemsl 4 paccuuraeMm HadmonaTens lg = [lm Ile] :

k%
[lB] Ile] _ | Tei1 + 982 — Tesoleay | 7e31 t APgs
I - J—
ooy + g Tgay + lpa;
7 *
G5 + Q3855 — 411855 + Gy — Gy 4lpa Pyt a;+tay, tayyt+agy,

b

(b2,1 / b4,2) (01,204,1 @305 — G104, — Q44055 + ZSZ,I) (bz,l / b4,2) (04,2 + l~B4,l)

e lg, = Z;4,1 +as),.
ITo popmyne (3.12) onpenenM NCKOMYIO MAaTPUILy PETYJISITOpa I10 BEIXOIY:

10
1 [ Vay, [00i0]1011|
F = Iy, |1, ] — s NN =—[(lg + a1 N, ].
[BIIBQ]sz a1,1/al,2ilfofo 020 b2)1[(Bl 01,1132)/01,2|Bz]
|:5]7;} O%O
=
A c

Takum o6pa3zom, Iocaea0BaTEIbHOCTb pacyeTa UICKOMOTO PEryJsiTopa UMeeT BUIT

BBip = 334 — Qyalzy,  Igpp = 34043 — 3304 4,

Bl = o334 T Ay 444,  Feop = pals3 — 3044,
~ _ 3 % 2 * * *
dp = @33+ Piays + Piass + pro+ a3 aa,5(p5 + 2055 + ayy),

. ak £ 2 2
qg, = D5 t+ (03,3 + a4,4)p3 t @3+ Ayt 30,4 T G340,
A, = (03,2 (a3,3 - al,l) + a1,2a3,l)/a3,4 , IB=a3, (02,4"32,2 - 02,3"31,2),

2 2 2 % *
a=a) +a;+a,+ a0+ a3, + a0, + py(ay +ay +ag,) + py,

7 _ ~ = S — 7 _ ~ p— ~ S — ~
Ipoy = (Fgas (@G — @305, 4G82) — Fa1 200 )/ g, Ipsy = (@G47p2298) — Teide + Babo )/ Igtd,,

i 7 *
F = l/bll -0 Hlay, + (02,303,2 T a0+ a— 02,41134,1)/01,2 oy tay tay, tayytay

~ 7 H
0 1/ by a4 + (03,204,3 — Ay 4055 + Iy ) + @y lps, )/ Qi34 + Ipg,
CumBosbHbIe BeiuncieHusi B MATLAB [15] moaTBepauiv paBeHCTBO MOJAMHOMOB (1.2).

3akmovyenne. s TMHEHON IMHAMUYECKOUN CUCTEMBbI YeTBEPTOTO TOPSIAKA C IBYMSI BXOJAMU U IBY -
M1 BBEIXOJIaMU IIPY HepaBHBIX MHAECKCAX YIIPaBISIeMOCT! Y HAOIIOIAaEMOCTH, a TAK3Ke IIPU COOJIIOACHUN
ycaoBuii (2.11) nnm (3.11) monydeHo aHAJIMTUYECKOE pelIeHNE 3a1a4 MOIAJIbHOTO YIIPaBISHMSI IO BbI-
xony. B ocHOBY pellieHHsI TT0JIOXKEHO TIpUBEIcHNEe YKa3aHHOM 3a/1a4y K 3aa4e yrpaBlieHUs (Haboae-
HUSI) C OMHUM BXOOOM, BEIIIOJIHEHHOE C IIOMOIIbIO IIpe0oOpa3oBaHUi MOA00MS 1 OOHYJICHUS OMHOI 13
CTpOK (OMHOIO U3 CTOJIOLIOB) MAaTPUIIbI peryisiTopa (HabmomaTesist) mo coctossHuio. [1pu aToM cienyer
3aMeTUTbh, 4To ycioBus (2.11) nim (3.11), Korna ykazaHHOe OOHYJI€HUE OMHOBPEMEHHO 00eCIeuynBaeT
CYIIIECTBOBAHME PEryJISITOpa MO BHIXOMY, OTPAaHUYMBAIOT KJIACC OOBEKTOB, IJISI KOTOPHIX IIPUMEHUMO
MpeaIoKeHHOe pelieHre. JJaHHoe 00CTOSITENbCTBO OOYCIOBICHO MAaTeMaTUUECKOM CIIOXHOCTBIO 3a/1a-
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YU MOTIBHOTO YIIPaBJICHMS 110 BEIXOAY B 001IeM Buae. OMHAKO CYIIECTBYET psiI MPUKIIATHBIX 3amad,
YIOBJIETBOPSIONIVX TTPUBEAEHHBIM YCIOBUSAM. B yacTHOCTH, 3TO 3amadya opOUTATIBLHOMN CTaOMIM3aluU
BO B3aMMOCBSI3aHHBIX KaHajlaX KpeH—pPBICKaHbe [4, 5] Tpy HaIWIUM U3MEpEeHHI yIila U YIITOBOil CKO-
POCTH TOJIBKO B OTHOM M3 3TUX KaHAJIOB.

10.
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15.

16.
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